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1 | INTRODUCTION

Regularity concepts for functions, related to Besov and Sobolev spaces with dominating mixed smoothness, play a fun-
damental role in many areas of pure and applied mathematics. For instance, they appear naturally in the context of
approximation theory [31], numerical analysis [28], probability theory [14], statistics [8], and the study of (stochastic)
partial differential equations [4, 21]. Function spaces with dominating mixed smoothness of Sobolev type were originally
introduced by Nikol’skii [17, 18] in the 1960s and afterward generalized in numerous directions, like to the more general
class of Besov spaces. For general introductions to Besov spaces with dominating mixed smoothness and their history we
refer, for example, to [26, 27, 34].

Besov spaces with dominating mixed fractional smoothness are often classically defined by Fourier-analytic approaches
relying, for example, on an anisotropic generalizations of the Littlewood-Paley theory, cf. for example [27, Chapter 2].
While the Fourier-analytic definitions of Besov spaces with dominating mixed smoothness have, with no doubts, many
merits, there has been a systematic on-going effort to derive various equivalent characterizations of these function spaces,
each coming with its own advantages. For instance, Besov spaces with dominating mixed smoothness can be equivalently
defined by using atomic, wavelet and spline representations, see, for example, [34, Chapter 1.1], or characterized as tensor
product of the corresponding isotropic function spaces, see [29].

In this paper, we define Besov spaces with dominating mixed smoothness, on the product of the real line and the torus,
based on the anisotropic generalizations of the Littlewood—Paley theory, see (2.2). The main result are two equivalent
characterizations of these function spaces in terms differences, see Definition 3.1 and Theorem 3.2, assuming fractional
regularity a € (0,1)?, integrability p € [1,o]? and q € [1, c]?. Consequently, this equivalent characterization can be
deduced for Besov spaces with dominating mixed smoothness on bounded domains. Similar results were previously
derived, either on the whole space R4, bounded domains or the torus T¢, by Triebelet al., see, for example, [27, 35]. Building
on these works, we present an accessible and transparent proof, taking care of domains with a mixed structure.
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The characterization by difference is well-suited to study the Besov regularity with dominating mixed smoothness of
random fields, emerging in probability theory and related fields. Note that, in contrast to their isotropic regularity, the
Besov regularity of dominating mixed smoothness of many random fields does not get worse with increasing space dimen-
sion. For instance, the (fractional) Brownian sheet is, in higher dimension, much smoother when its regularity is measured
with dominating mixed smoothness, see, for example, [14, 15]. This observation becomes essential, for example, when
developing pathwise approaches to stochastic partial differential equations, see, for example, [9, 21]. Using the characteri-
zation by difference, we derive a Kolmogorov criterion for Besov regularity with dominating mixed smoothness of random
fields. Consequently, we deduce the regularity of Gaussian fields and of the solution to the stochastic heat equation.

Organization of the paper: in Section 2, we recall the definition of Besov spaces with dominating mixed smoothness
and present some of their elementary properties. Three equivalent characterizations of these Besov spaces are provided
in Section 3. The Besov regularity of random fields, such as Gaussian fields and the stochastic heat equation, is studied in
Section 4.

2 | BESOV SPACES WITH DOMINATING MIXED SMOOTHNESS

In this section, we introduce Besov spaces with dominating mixed smoothness on the domain R X T with complex-valued
distributions, based on the corresponding anisotropic generalizations of the Littlewood-Paley theory. We shall present all
results for Besov spaces with two-dimensional domains as this allows us to develop the main conceptional ideas and
to avoid unnecessarily cumbersome notation. Nevertheless, let us remark that all presented results and their proofs can
be modified to cover Besov spaces with higher dimensional domains as well as real-valued distributions. Moreover, the
extension of the presented results to vector-valued distributions can be obtained by defining all operation componentwise.

We begin by setting up some notation. The Euclidean norm in R? and the corresponding scalar product are denoted
by | - | and (-, -), respectively. Analogously, T¢ is the d-dimensional torus, which we identify with the interval [—7, ]¢
in RY. The space of Schwartz functions f : R¢ — C is denoted by S(R?) := S(R%, C) and its dual by S’(R?), which is
the space of tempered distributions. By abusing the notation, we also denote by (-, -) the dual paring between a Schwartz
distribution and a Schwartz function. For p € [1, co] we write LP(R%) : = LP(R¢9, C) for the Lebesgue space of p-integrable

functions on R¢ with usual norm || - || p- For a function f € L'(R%) the Fourier transform is defined by

F(E) i= /R O g e R

and so the inverse Fourier transform is given by 7~ f(x) := 27) " 4F f(—x) for x € R4 If f € S'(RY), then the usual gen-
eralization of the Fourier transform is considered. Moreover, we define the support of a distribution f € S’(R%) denoted
by supp f as the intersection of all closed sets A with the property

@ € CX(RY), suppp CRI\NA= (f,p)=0.

Furthermore, for measurable functions g; : RXT —-C, i=1,2, h: RXR — C we define the following two
convolution operators by

g1 % h(x) = / gl —YhO)dy and gy %, g2(0) = / g1(x = V50 dy.
R2 RxT

We will frequently use the notation Ag < Bg, for a generic parameter 6, meaning that Ag < CBg for some constant
C > 0 independent of 8. We write Ag ~ By if Ag < Bg and Bg S Ag. For integers jg, kg € Z we write jg S kg if there is
some N € N such that jg < kg + N, and jg ~ kg if jg < kg and kg S jg-

Let us now recall the Littlewood-Paley characterization of isotropic Besov spaces. A dyadic partition of unity (y, p) in
dimension d is given by two smooth functions on R? satisfying supp y C {x € R¢ : |x| < g}, suppp C {x € R? : ; <

|x| < g} and y(z) + ijo p(27/z) = 1 for all z € RY. We set

p_ii=x and p;:=p(27/.) forj>o0.
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Taking a dyadic partition of unity (y, o) in dimension two, the Littlewood—Paley blocks are defined as
ALif :=F N1 Ff) and A;f :=F ' (o;Ff) forj>0.

Note that, by the Paley-Wiener-Schwartz theorem (see, e.g., [32, Theorem 1.2.1]), A j f is a smooth function for every
j > —1and for every f € S’(R?) we have

f= ZAjfizler{)lonf with S;f 1= ) Af.

1 i<j—1

For « € R and p, q € (0, oo] the isotropic Besov space is defined as
Bg’q(Rz) = {f € S,(RZ) . |f|a,p,q < oo}

with |flepg 1= ||(2712,/1,) 21)

jZ—l”fq'

The class of Besov spaces contains as special cases the Sobolev-Slobodeckij spaces B} p([RZ), the Holder spaces BS, ., (R?)
as well as the Nikolskii spaces Bg,oo (R?).

In order to introduce Besov spaces with dominating mixed smoothness, we need Lebesgue spaces of mixed integrability
D = (p1, p2) € [1, )%, which are given by

LP(RXT) :={f : RxT — Cis measurable and ||f|l5 < oo}

p1/D2 1/p1
with [1fll5 = < / ( JACRE dy) dx> .
R T

We adopt the convention that we view functions f € LP(R x T) as periodic functions defined on R2. This allows us to use
the classical Fourier analysis without introducing trigonometrical polynomials.
On the Lebesgue spaces with mixed integrability the standard inequalities like Minkowski’s, Holder’s, and Young’s

inequality are available.
Lemma 2.1.

(i) For p € [1,00]? and f,g € LP(R x T) we have

I +gllp < NFllp + gl
(i) Let p,p’ € [1,0]? be such that 1/p; +1/p, =1 and 1/p, +1/p, =1 If f e LP(RxT) and g € LP'(R x T), then
fg € LYDR X T) and
Ifgla,n < 1IN -

(iii) Letp, p',7 € [1,0]* besuchthatr; > pland1+1/r; =1/p; +1/p]fori =1,2.Iff e LP(Rx T)andg € LP'(RxT),
then

If = gllr < f 1l -

The proofs follow straightforward by applying the corresponding inequality for the classical Lebesgue spaces and are
thus omitted here.
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Let us introduce the space S,’,Z(IRZ) of Schwartz distributions, which are periodic in the second component. More
precisely,

S, (R?) 1= {f € S'(R?) : f(x1,x, +2km) = f(xy,x,) for all k € Z},

where the equality in the above definition is understood in the sense of distributions. We understand the space of the
periodic Schwartz distribution as a subspace of Schwartz distributions. Following [27, Chapter 3.2.3] we can identify distri-
butions defined on R X T with the space S,’,Z(IRZ). The motivation for identifying functions with their periodic extensions
on the entire space lies in the fact that it simplifies various tasks, such as the demonstration of maximal inequalities. As
highlighted in [27, Remark 3.2.3 and Chapter 3.2.4], this approach makes the many proofs more straightforward. A sim-
ilar rationale applies to the Fourier transform: by considering the Fourier transform on the entire space, we can directly
utilize well-established results, rather than working with Fourier coefficients and Fourier series. Ultimately, both repre-
sentations are equivalent [27, Chapter 3.2.1-3.2.3]. For a dyadic partition of unity (y, p) in dimension one, f € S,’TZ(RZ),
£ =(£,8) € R?and (j,k) € {~1,0,1,2, ...} the anisotropic Littlewood-Paley blocks are given by

ALf =T o EOFF@], AL = F o EDFF©)], Ajif = AlAZS,
Sif = Y Alf, sifi= ) A’f, and S f i=SISif,

i<j-1 I<k—1

cf. [1, Section 6.2.1]. It will be convenience to write

pj ® pi(€) 1= pjEpr(E), & =(&,6) ER

In particular, note that we have A, f = F e i ® pi] * f and

f=2 Apf = lim S}S3f forany f € S'(R?).
Jjk>—1

Indeed, for any f € S} (R?) and ¢ € S(R?) we have (f —S;S}f,¢) = (f,® — S]S;®). It thus suffices to verify ¢ =
lim; _ SiSiqa for any Schwartz function ¢ € S(R?). Since the Fourier transform is an automorphism on S(R?), the

convergence follows from lim; _, o, Zf e_1(Pj ® P)Fp = Fo.
Following [27, Chapter 2.2] we define, for parameters

2

a = (al’a2) € Rz? ﬁ = (pl’ pZ) € [17 00] and a = (ql’ CI2) € [17 00],

the Besov spaces with dominating mixed smoothness as
BE (RXT) = {f €SL®) : |flzpz < oo} with

075 = (2108 W)y e ) 7

j>-1 ||€‘11 ’

For f € 57’72(|R2) we note that the dyadic block A; ), f = F e ; ® pi] * [ are periodic in the second component and

therefore it makes sense to take the LP-norm in the second component over the torus T. Moreover, we can identify
f € LP(R x T) as a periodic distribution in the canonical way:

Lemma 2.2. Forany f € LP(R x T) the distribution
SR 3¢ (f.g) = / F e, x2)@ (e, ) dxa dxy
R2

is well-defined in S;Z(Rz), where f is periodically extended on R X R.
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Proof. We need to show that the integral is finite. We start by deploying the monotone convergence to obtain
[ 15Gnxpn xldxadn
R2

= lim [f (1, x2)p(x1, X5)dx,dxy 2.3)
M= Jrx[-w(2m+1),w(2m+1)]

IA

lfellq + lim | f (1, x2)p(x, X2)|dxodx; .
M= Jrx{[-r(2m+1),~7|u[z,7(2m+1)]}

The first term is finite by Holder’s inequality. For the right integral of the last term we obtain

/ ey, )9, %) dadxs
Rx[7,m(2m+1)]

7(2k+1)

= kgl/ﬂ% / |f Cers X2)(x1, x2)|dx,dxy

m(2k—1)
1 1

7(2k+1) P2 (2(2k+1) o

/ / 1fGer. ) P2dx, / lpCar x)|%dx | dxy
R

7(2k—1) w(2k-1)

M=

<
k

1l
—

1 (7k+1) @

=2/(/|f(x1,x2)|P2dx2>p2 / lp(xy, x2)|%2dx, | dxy
k=1“R T

7(2k—1)
1
an a

m 7(2k+1) 2

< Rl [| [ tweniedn| o]
k=1] 7R 7(2k-1)

where we used Holder’s inequality with 1/p; + 1/q; = 1 fori = 1, 2. It remains to show that the last integral is summable
over k. Using the fact the ¢ decays faster than any polynomial we find
1
q1

a a
7(2k+1) 9

/ / lpCar x)|%dns | dx
R

7(2k—1)

Lis a

7(2k+1) qQ

39
(1 +x) %% sup <|¢<x1,x2)|q2(1+x1)q1 xj‘“l) dx,| dx

Xx1,%ER

IA

R
7(2k—1)

m(2k+1) 2

3 34—
/ 1+x) / xz_3q2_1dx2 dx, sup <|go(x1, x)| 21+ xp)0 x, >
R 7(2k—1) R

IA

3 34—
S@k—-1) sup (|§0(X1’x2)|q2(1+x1)q13€2 q2>-

x1,X%€R
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Hence, we find

/ G )@, x)dxadxy
Rx[7,7(2m+1)]

X1,%€R

3 3+ x 1
S sup | lp(ey, )| 2(A + x) 0 x, * Z —— <.

A similar argument can be used to bound the remaining integral in (2.3). Hence, we have shown the continuity of f as a
Schwartz distribution. The periodicity in the second component is obvious and therefore we obtain f € S. 2(IRZ). [l

This allows us to define the Fourier transformation of a function f € LP(R x T) by identifying the function f as a
periodic distribution in the second component. Hence, we have

FU o) = ([, Flp))

for f € LP(R x T), ¢ € S(R?). We thus understand the support of 7(f) in the sense of distributions.
The following Bernstein-type inequalities have been proved in [3, 20]. In fact, the proof is analogous to the isotropic
case.

Lemma 2.3. Let Bbea ballin R and C be an annulusin R. Leta, € R, 1 < pi <p1<ooandl < p; < p, £ . For any
f €C®(R xT), we have

. a4 = =)
@ Iff € LPPXR X T), supp Ff C2BXR, then 8 fllpppy S22 " P Ifllipt oy

B , k(IBl+— =)
(i) If f € LPPPI(R x T), supp Ff C R x 258, then 18 fllpp)y S 2 7 P2 1N oyt

(iii) If f € LI?(IR XT), supp Ff C2/CXR, then ||f]l; S 27N I8N f1I.
() If f € LP(R X T), supp Ff C R X 25C, then |||l ; S 27N [l -

Proof. For the sake of completeness, we will prove the second assertion. The other claims follow by a similar argument.
Let® € S(R)have compact Fourier support and F()(£,) = 1 for &, € B. Define ;. (y,) : = 259(2Ky,). Then, F()(€,) =
F()(&E,/25) and F (i )(&,) = 1 for €, € 2% B. Furthermore, since f corresponds to a smooth function once can use the

dominated convergence theorem to show that 65 f has Fourier support contained in the same set. Consequently, for ¢ €
S(R?), then

/R R GRS OGRS
= /R PEF@ICNE £ (1, £)dEdE
- /R 2 /R o P ) o (6, £yt
- /R2 /RZ /R emiCmtEx)emiany, (y))o(x;, x,)8) F(€), &)dy,dx,dx, dE,dE,
= /R /% /R emitmbmeinnelaty (v, — £)p(x;, x,)95 f(§1, £)dy,dx,dx, dEydE,
- /R 2 /R e gt ) dadx, /R B2 — £ F (&1, E)dEdy,dE,

- / F@)E ) / Fpi(vs — E)f (&1, E)dEdyydE,,
R2 R
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which implies
5 f(x1.x5) = / S5, — y2)f et y2)dys
R

by the fundamental lemma of calculus of variation and since the Fourier transformation is an automorphism on S(R?).
Applying Young’s inequality we find

1
)
165 Fllpy.ps) < ( / |a§¢k(yz)|’2dy2) 1 N py o0
R
1
2
= zk<1+'ﬁ">( / |(a§zp>(zky2)|’2dyz) 1l py 0y
R
1

-
= 2’<<1+'ﬁ'—1/r2>< / |(a§¢)(y2>|’2dyz> 1 N0
R

1 1
k(IB1+——

1 —_
—) r
=2 B P ( / |a§¢(y2)|’2dy2> 1 W oyt
R

with— =1— i, + —. The claim follows from the fact that ¥ € S(R) and therefore every derivative is L"2 integrable. [

r p; P2

2.1 | Elementary properties

As immediate corollaries of Lemma 2.3 and the definition of the Besov spaces with dominating mixed smoothness, we
obtain the following embedding results and the subsequent lifting property.

Lemma2.4. Fori =1,2and j = 1,2,3leta;, 3; € Rwith; < a;, 1 < p;,q;withp = (p1,p,) € [1,0]?andq = (q;,q,) €
[1, 00]%. The following are continuous embeddings:

. (aq,005) (B1,a2) (aq,002) (a1,32)
C C
D By g RXDEB, o yRXDand By o0 \(RXT)C By o gn®XT:
(i) BY“(R x T) € LP(R x T) for any (a;, ;) € (0, 0)?,

(O¢1+(L—L)

@i B @ty B RxT)ifps < p
(p3.p2).4 = T (p1.02)4 3=Fb

(a0 +H(~———)

P3 P2 (ot1,0t2) .
(RxT)c B(pl,pz),q(R X T)if p3 < p,.

(iv) B

(p1.P3):4

Proof.
(i) First, we observe that (2/1—21)) i>-1 €€ a-1/ ‘13)_1, which implies

(ag,03) (B1.a2)
B g ® % T € By ) RXT).

Moreover, the monotonicity of the I spaces, that is, [ C 19 for1 < q < q, proves the first embedding. The
second embedding can be obtained analogously.
(i) Since [|f]l; < Zj’k 14 1SNl = 11 l0,0).(py,py).1,1) for any p € [1, ]2, we deduce from (i) that B;"q(R xT)C

0,0) D,
Bp,(1,1)(R XT)CLP(RxT).
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(iii) and (iv) Note that due to supp F(A; ,f) € 2/Bx 2kBand A, f smooth, Lemma 2.3 (i) and (ii) yield
Js Js

1 1

(-1 k(L_L
BB pspy @0 1A kS llpypy S22 P2 114 kS ll(py.ps)- m

j
14 1S Npy,py) = 2

Lemma 2.5. Let a = (a;,a;) € R? p=(p1,p;) €[1,0)? and = (q1,¢;) € [1, 0] If f € Bg’a(lR X T), then 9, f €

(n—1,a2) (e,02—1)
53 (RxT)andd,, f € Bﬁﬁ (RxT).

Proof. Let f be a smooth function with compact support and recall

”axlf”(al—l,az),ﬁ,é = ”(2(a1_1)j||(2a2k”Aj’k(axlf)nphpz)kz_l”542 >j ”

s_qllea”
First, note that
Aj @y, ) = FH(pj(6)pr(E)F Oy, )
= F 1 (pj(6D)pi(€2)) * By, f) = 0y, (FH(0j(6)pi(€2)) * f) = 4, Aj (),

where we used the properties of the convolution operator. Since supp F(4;(f)) € 2/Bx R for some ball B C R,
Lemma 2.3 (i) yields

”Aj,k(axlf)”pl,pz = ”axlAj,k(f)”pl,pz S 2j”Aj,k(f)”p1,p2~

Hence, we get

j k —
100, P15 S [| (2571 18Pl py 1) oyl ) = 1f Ny

j>-1 Hf‘h

and thus f* — 0, fisabounded and linear operator on C;°, which has a continuous extension from C:°(R X T) to Blif E(R X

™. O

For the regularity analysis of the Gaussian fields in Section 4, the following generalization of Young’s inequality for
convolutions will be useful.

Proposition 2.6. Let o, a,, 81,5, € R and py, ps, g1, 92 € [1, oo] satisfying

o<t il 1<t and o<tio il o<
p b1 D2 q 1 @
Then, forany f € plere2) (RxT)andg € A2 (R x T) we have
’ (p1,.p1)(q1,91) (P2:P2):(q2,92)
(e +B1,02+B2)
[, 8€ B(p,p),(q,q) R xT)

with

IS 7, 8lliery+81.00+8).p00@0) S I Moy, (o100, a1,00) 18118182, (P2 D)1 (02.02)-

Proof. The Littlewood-Paley blocks of the convolution satisfy for j, k > —1

Ajif o, © = F (0} ® pIT 78] = F [0y ® o) *F £1% F ' 1(p; ® pi) "],
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Using Young’s inequality for convolutions, we bound

1/2

2j(a1+ﬁl)+k(otz+ﬁz)”Aj’k(f o) g)”(p,p) S<2j0q+koc2”7:—l[(pj ® 1) Ff]”pl)

- _ 1/2
X (2”"1“‘52 17~ 1(o; ® ) Falll, )
Hence, by the Holder’s inequality it suffices to show

1/2

H (2jo¢1 ||<2k012”7:'—1[(pj ® pr) Ff]”P1>k>_1“t’L11> ”qu p ”f”(051,062)’(111’171),(‘11"12) (2.4)

jz-1

(and consequently the analogous estimate holds true for g). To verify (2.4), we decompose f = Ej,k Ajf. Due to the
compact support of p and Young’s inequality we obtain

1/2

etk P (o, @ k) F £,

<ojatke |-t [(Pj ® Pk)l/ZF[Aj’vk’f]] lp,
j/,k/

JHl k4l

. _ 2
< pJaitkas Z Z |7 1[(pj ®pk)1/ M llAj ke fllp,

J'=j—1k'=k-1

Jj+1 k+1
(il (o ] ’
< Z Z 2=('=Dea p—(k k)az<2j a1+ka2”Aj’,k’f“p1)
J'=j—1k'=k—1

JH1 k1

S DY, 2arke|a, ufll,
Jj'=j-1k'=k-1

Taking the ¢91- and ¢%-norm, we conclude

”<2jal||(zkaz||r—l[(pj®pk)1/zFf]||pl)k>_1||€ql> ”M2 Z 22]011+k062||Ajkf||p1

j>-1 Jj=—1lk=-1

= ”f ” (et1,02),(p1,P1):(q1,42)" D

3 | CHARACTERIZATION VIA DIFFERENCES

In this section, we derive two equivalent integral representations of the Besov norm with dominating mixed smoothness
from (2.2). To give the classical background, let us recall corresponding characterization for isotropic Besov spaces. It is
well-known that on the isotropic Besov spaces B;‘,q(RZ), for a € (0,1) and p,q > 1, the norm |f], , 4 from (2.1) and the
two norms

1/q
115 1= ||f||p+</|h|‘°‘q sup. IFC+1)— f()||g|:|hz) ’

[r[<]h

1/q
11850 =161+ ([ tesusc+n = son et

are all equivalent, for f € Bz’q(IRZ), see, for example, [32, Theorem 2.5.12].
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To obtain the analogous result in the case of Besov spaces with dominating mixed smoothness, we define the rectangular
increments

Onf(x) 1= 1 + hy,xp + hy) = f(xg, x5 + hy) = f(xg + hy, X)) + (X1, %)

and the directional increments

Sp, f(x) 1= f(x1 + hy, x3) — (X1, X2),
Op, f(x) 1= f(x1, %3 + hy) — f(x1,X3)

for h = (hy, hy), x = (x1,x,) € R2.

Definition 3.1. Fora = (a;,a;) € (0,1)%,p = (p1, p2) € [1,o]? and ¢ = (q;,q>) € [1, ]*> we define

1 1
(€8] arq q a axq q @
A1 o= 1f 1 + / gy et ppe 4t /h‘ @ sup 182 1%
apq b R |r1|S|h1| P |h | gl I”zlslhzl P |h |

dh lh/‘]zdh a
+ /|h1|—a1fh /|h2|—oczqz sup |“:|r1r2f||q2 hz h_l
R T Ir11<Ihy 2] <hy P |hy| |7 |

and

1

1
@) _ _ paq a —aq Q@ dh,
12,5 =015+ ([ e, e )"+ ([ eoie et )
q
dl’l ql/quh
AR A = Wy
: : i) Tl

for f € SQZ(RZ) with the usual modification if g1, q,, p; or p, is equal to infinity.
It turns out that these norms are equivalent Besov norms with dominating mixed smoothness.

Theorem 3.2. Leta = (a1, @) € (0,1)% p = (p1, p2) € [1,0]* and g = (q1,9>) € [1, ] Then, || - ”(‘1)— 7 I ”gczijq and

| - llz 5,3 are equivalent norms on the space BE _([R x T), that is,

2 1 D,
1/ lzpg S WSS  S IFIG - S I flzpg. for f € Sp(RHNLPR XT).

Furthermore, one can replace the integral domains in definitions of || - (1) and I - ||(2 by hy,h, € [-1,1].

Remark 3.3. A straightforward modification of our proof yields an analogous characterization of (non-periodic) Besov
)

apqand

spaces with dominating mixed smoothness on R? by replacing the torus by the real line in the definitions of || ||
2
IF ISy -

3.1 | Proofof Theorem 3.2

Before we prove Theorem 3.2, we provide several auxiliary results.
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Lemma 3.4. Forany f € S;Z(IRZ), J1,Jj» = —1 and some a > 0 the maximal function is defined as

(x) := sup 1451,/ (= Y)| —, x € R% 3.1

YR 1 4 (2201, P+ 222y, )

f*

J15J2

Then, we have for all k;,k, > —1 and p € [1, ]? that

sup 10, 1 @), 1, DNl S min(1, 20~ ) min(1, 20279 f7 |
<2741 |y <272 ?

sup 184, (A, 1, llp S min(1, 20741 £2 ),
|hy<27F1

sup [18,(4;, ;, Nl p S min(1, 2027 £

|hal<22

Remark 3.5. The function fj*.1 i is periodic in the second component. Therefore, the LP-norms in Lemma 3.4 are well-
defined.

Proof. Step I: We prove in the case j; < k;,i € {0, 1} that

10, (A, 5, O] S 2017 k0+=k) - (), x € R

J1:J2

For |h;| < 27k we estimate

IChy hy)(A 1, I

1
<27k / (52(Aj1,jzf)(x1 + hy, X + thy) = 05(A), 1, (X1, X5 + thy)) dt|
0

1 .1
< 2_(k1+k2)/ / 10102(4j, 1, )(x1 + t1hy, x5 + £5h,)] dE, dey
o Jo

<27kitk)qup 18,8,(A;, ;, /(%1 = z1, %5 — 25)
|z;]<27ki i=1,2

|a152(Aj1,j2f)(x1 — 21, X — 2,)|

S/ 2_(k1+k2) Sup /2
a

zi]<27ii=12 14 (22)1]|z |2 + 22/2|2,|2)

|5162(AJ1 jzf)(xl Z1, Xy — Z3)|

< 2~ (kitks)
1t @z 4 2 )

(3.2)

where we have used j; < k; in the fourth step. In order to estimate the supremum we proceed similar to Lemma 2.3. Let
1 be a smooth compactly supported function satisfying ¥(¢) = 1 on the support of p. Setting ¥ := F~ [y ® 3] € S(R?),
we have

Ajpf =F e, @ pp PN @ $27721)]
=Aj,f PR @ p(2772)]

Ah’jzf % (2(11"—}'2)\11(2]1 . 2]2.)) .
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Therefore,

[0102(Aj, 1, (X1 — z1, X3 — Z5)|
= |22(j1+j2) /R2 Aj 5, F()818,% (271 (xy — 21 — y1), 212 (x5 — 2, — 1)) dJ’|
< 220140 /2 18,5, f G = Y1, % = y)I(A + 2271 |yy — 21> + 222 |y, — Zz|2)_b dy
R
< 22(j1+j2)f}:’j2(x) /RZ <1 + Q¥1|y|? + 2% |J’2|2)§>(1 + 221y — zy|* + 2%2|y, - Zz|2)_b dy
with some arbitrary large b > 1. Next, applying the triangle inequality, we find

. . 2 . . 2 . . 2
1+ (20917 + 1229, S U+ (2002, P + 222,70+ 2271 |y, = 207 + 2221y, — 2,

and therefore we can estimate the supremum in (3.2) as follows:

0102(4j, 1, )(x1 — 21, X5 — 23)
sup

. . 2
2R 14 (12022 + 222"

S 20 f7 | () sup / A2y =zl 425y -2 dy
zeR?2 JR

SUf L@ [ il b ay
R2

for ¢ = b — a/2 which can be arbitrary large. Since the integral is finite, Step 1 is completed by combining the last line
with (3.2).
Step 2: If j; > k, and j, < k, we show that

Eor @) DN S 2275 (F1 L Coy b ) + f ) ()
Applying the same arguments in second coordinate only, we get for arbitrary b > 1

Iy (A, O
<1y, 1, 0+ hy,xp + ho) — (4, 5, )0 + hy, X))
+ 1A, 1, /)X, % + hy) = (A, (1, x2)1[=3pt]

> [02(A;, j, /)x1 + hy, x; — 25)| b [02(A;, 1, /) (x1, x5 — 2)|

_k2
a2 +2 su a7

2R 14 (22|5,)?)

< 27k su
2R 1422015

S 22k (f;:,jz(xl +hy, %) + f;l’jz(xl’x2)>

. . —b/2
sup 1+ 2201 |y, |2 + 222y, — 2,2 dy

z,ER

. . 2
/ 1+ @y, 2 + 222 [y, )Y
R 14 (222"

sk (fr L G+ + ) (%)

-b)2

. . a/2 . .
sup / (14 221 [y, 2 4 222y, — 2, 2) % (1 4 2201 |y | 4 2202y, — 2, 2) " dy
RZ

z,ER
S 2k (f;l’jz(xl +hy,x) + f;l,jz(xbxz)) /[RZ 1+ y1l + 1y~ dy.

The analog statement holds true for the case j; < kq, j, > k».
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Step 3: We conclude the first inequality of the lemma.
First note, that in the case j; > k; for i € {1, 2} we can use the translation invariance of the Lebesgue measure on R X T
such that we obtain

I > sup Aj i fC=Pp
el SR <2h|y1| +2720y,D)"
14,5,
= sup REALEE =145, I ps

yerz 1+ (271]y;| + 272y, ])@

which proves the assertion using the triangle inequality. Next, the case j; < k; fori € {1, 2} follows from Step 1, while the
case j; > k; and j, < k, follows from Step 2 by taking LP-norm on both sides. Similarly, for j; < k; and j, > k.

Step 4: We conclude the second and third inequalities.

For |hy| < 27%1 and j; < ky, we have

1

18, | < 27 / 8,(8;, ) + It x)de
0

<27 sup  81(4;,;, /(%1 — 21, X))

|z11<27k1

But at this moment we can repeat the arguments from Steps 1 and 2 to obtain

sup ”5]11(A]1 ]zf)”p pS 2(]1 kl)”fj J2 p
|hy |<27k1

Moreover, for j; > k; the triangle inequality (see Step 3) implies

sup |I5h1(AJ1,J'2f)”l_’ S ”f;flijHp

Iy |<27k1

Consequently, applying similar arguments for &), f we conclude the lemma. O

Lemma 3.6. Let Q C R? be a compact set, p = (p1, p>) € [1,0]? and r € (0,1). Assume further that g € LP(R x T) n
S,’TZ(IRZ) satisfies supp Fg C Q. Then, the following inequality holds:

(-»
| yere 1g+ Iylz/’

_ S gl

Remark 3.7. The function g should be interpreted as a periodic function in the second component defined on R?. This
way the assumption supp Fg C Q is reasonable in the sense of distributions.

Proof. Let f € LP(R x T) and x = (x1, X,). We define the iterated maximal function

M(f)(x) := sup —
Lel, |I1| I IZEIZ

/ 1 2)ldzdz,
A
where I denotes the set of all intervals containing xy.

Step 1: We first show that the inequality

lpCx =Y Mol : 33
yeugz T S (M(lel")(x)) (3:3)
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holds for ¢ € S(R?) with supp F¢ C Q and all x € R?. Denote the cube around the origin with side length [ € (0, 1] by
Q, :=[-L1] x [-1,1]. For any continuous differentiable function & which is defined on Q; the mean value theorem yields

1

[h(a)] S iélof |h(2)| + sup [Vh(z)| S (/ |h(Z)|rdZ> + sup |[Vh(z)|, a€ Q.
z& Q1

ZEQ, zZ€Q;

A simple scaling argument shows that for all functions h, which are continuously differentiable on Q;, we have

1

|h(0)| = |h(l-0)| S l_§ (/ |h(z)|rdz>’ + lsup |Vh(2)|.
Q

Z€Q;
Next, let us fix x,y € R%, 1 € (0,1) and set h(a) := ¢(x —y — a). We also denote by Q;C_y the cube with side length [
and center x — y. Then, using the previous inequality, we find

1

lp(x —y)| = [h(0)| S l_7</ Ih(Z)IrdZ> + sup |Vh(z)|
Q

z€Q

2 r
=l_7</ |go(x—y—z)|’dz> +1sup |Ve(x —y —z)|.
Q

z€eQ

Now, the integral on the right-hand side can be bounded by

1 1

( In |<o(z>|rdz> = ( / / |¢(Z)|rd22d22>
Q) [x1=y1=Lx1=y1+1] ¥ [x2=y2—Lx—y,+1]
< ( / / |<o(z)|’dz2dz2>
[xX1=Iy11=Lx1+Iy11+1] 4 [xa=1ya|=1xa+1y2 | +1]

< (G4 + D + D) (M)

1

S @+ yPHMAel )7,

where in the last step we used the inequality

1 1 2 2
A+ D@+ 1yDr <@+ 1yDr @+ 1yl

As a result, dividing by (1 4 [y|*/") and then taking the supremum over y € R? we obtain

o=yl _ -2 1 Ve(x —y)|
I Il + 1 sup —o I
ver2 1+ |y|?/r verz 1+ |y|?/r

The assumptions on ¢ allow us to insert [33, Theorem 1.3.1], that is,

\V/ - —
[Vo(x —y)I < su lp(x — y)I
yerz 1+ |y 7 jepa 1+ |y|2/7
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in the previous inequality in order to obtain
lp(x =y _ -2 ! lp(x = y)I
R S 1T (M(glN) ()T + L sup Tm———,
yer? 1+ [y] /r yer2 1+ [y] /r

Choosing [ > 0 small enough and absorbing the term on the right-hand side proves (3.3).

Step 2: In this step, we want to prove the claim of the lemma. For p = oo, the claim is obvious. For 1 < p; < oo let
¥ € S(R?) with $(0) = 1 and supp F3 C B;(0). Define g,(x) := ¥(rx)g(x) € S(R?) and observe that the function g, (x)
is in S(R?) by the Paley-Wiener-Schwartz theorem. Then, since the Fourier transformation transforms products of two
functions into convolutions we have supp 7'g; C Bgiam(a)+1(0). Consequently, (3.3) implies

lg:(x — )l

D TR S (M(|g: 1)) S Mgl (3.4)
YER?

Moreover, g converges in L* to g as 7 — 0. Indeed, let ¢ be a Schwartz function such that #@ = 1 on Bgiym(q)+1(0). Then,
we have

8:(%) — gu(x) = F T\ (Fg. Fp — FguF@)x) = F (F(g: * @) — F(gr * N(X) = (g — &) * H(x).

By Young’s inequality and dominated convergence, this implies that the family (g;, 7 > 0) is a Cauchy sequence in L.
Hence, it converges to some g € L. By the fundamental lemma of calculus of variations, it is straightforward to show
that § = g almost everywhere. Hence, after taking r — 0 in (3.4), we integrate both sides to find
g¢-y) :
sup —————| S I(MgI")r lIp-
Hmwl+mﬂr Mg I

P
Since p;/r > 1 we can apply [13, Theorem 2.16] (after reducing it to the R? case in the style of [27, Proposition 3.2.4.]),

P P
which states that the iterated maximal function is a bounded operator from L~ — Lr, and we obtain

” gt-—y)
sup ——
yer2 1+ |y|?/7

_ S ligly
p P

which proves the lemma. O
Corollary 3.8. Fora > 2and p € [1, ]?, the function f;.‘l i from (3.1) satisfies

155,500 < €115 .
for a constant ¢ > 0 that does not depend on f, jy, j,.

Proof. Rescaling A; . f, we define

jlij
gh,]z(xl’x2) = Ah,jzf(Z_jlxl,Z_jzxz)

such that the Fourier transform of g;, ;. is supported in [-C, C]? for some fixed C depending only on p. Then, we calculate

1
P1/p2 /P

b2
T “u 1A, 5,/ Cx =) dx dx
Juj2p R 'ﬂ'ye[RF{)Z ) ) ) 2.4/2 P22 !
A+ @21y |7+ 222]y,7) )
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. X . . P> P1/p2 /p
< 18),,j, (21 x1 = 21 yy,202x; — 2)2y,)| 4
el P G
(1 + %]y |" +2220p,|7) )
1/p1

p1/p2

; ; p
/ / 8j,.j, (211X — y1,2/2x; — ¥5)| ’
= sup dx, dx,
R |JT yer? 2 P2

a/
A+ Iyl + 132D )

. . D> P1/p2
( 18),,j,(21x1 — ¥1,272x;5 — y))| dx2> dx,
T

1/p1

IA

e @+ 1y

IA

p1/p2 1/p
( M(Igl )T (thhzhxz)dxz) dx1>

P2 p1/p2
< </M(|Aj1,j2f|r) r (xl,xz)dx2> dx1>

S ||Aj1,j2f||p,

1/p1

7~

where we used inequality (3.4) with r = 3, r < min(py, p,) in the fifth step and the strong continuity of the maximal
a
operator similar to Lemma 3.6. O

Lemma3.9. Let p € [1, oo]> Forevery f € LP(R x T) there exists a sequence (&j,.5)j1.j,>1 € LP(R x T) with supp Fgj, j, €
{£ e R? : |&| <2/t and |&,| < 272} such that im; Aj,— 00 &j,.j, = f in S'(R?). Furthermore, there is a constant ¢ such that

g5 s <c sup I0Fllps (3.5)
[ri]<27Ji
Igj,1 = &jp-1allp < sup 118, flip, (3.6)
[ry|<2=0
“gl,]z gl]z—lllp <c Supv Ilarzf“ﬁ’ (3-7)
[ra]<27/2

for j11j2 > 2, and

o ._ . P ) )
8..js ~= &1z ~ 8j1—Lj> T 8jrjr-1 T 8ji-1j,-1-

Proof. Step 1: We show a first estimate of || gE i l|  in terms of ||, /|| - To this end, we generalize the approach by [19, Chap-
ter 5.2.1] to the rectangular increments. Let K : R — R be a Schwartz function with smooth Fourier transform supported
n[-1,1]and / Kp(x)dx = 1. Set K, := a'K(a™'") for a > 0. Then, for by, b, € (0, 1), the function

&b, b, (X) 1= (Kp, ® Kp,) * f

satisfies supp F'gp, », € {§ € R?: |&] < bl_1 and |§,] < bz_l} as well as the convergence to f in S’(R?) for b; vV b, — 0.
Furthermore, the sequence is periodic in the second component, which follows by a simple calculation. Choosing b =
(27J1,27J2), we obtain the sequence (g 1. )j1.j,>1 and the first part of the lemma. Now, for the second part we notice that
for h = (hy, h,) we have

Ky-ji () = 21K (27 hy) = 22071 (2217 hy) = 2K, ;1) (2hy)
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fori =1, 2. Hence, we can compute the following:
(Ky-G1-» @ Ky-jp) * f = / Ky--n(h)K -, (hy) f(x1 — hy, X5 — hy)dhydh,
R2
- / 2K 1-0@h)K - () () — 2hy, %, — hy)dhydh,
R2

= [ KK s ()G = 2y, = o
RZ
In a similar manner, we obtain
(Kth ® Kz—(jz—l)) ¥ f = / Ky-j; (h1)Kzsz(h2)f(x1 — hy, x5 — 2hy)dhydh,
R2
and
(Ky-h-n ® Ky—j,-1) * [ = / Ky-ji (h)K5-j, (hy) f(x1 — 2hy, x5 — 2hy)dhdh,.
RZ
Consequently, we find
gj[l]’jz =Ky ®Ky-jp) * f — (Kz—(jl—l) ®Ky-pp) * f—(Ky-is @ Kz—(jz—l)) % f
+ (Ky-(1-1» ® Ky—(j-1) * f
- / Ko (K o () (g — iy, X, — )
R2
= f(x1 = 2hy, x5 — hy) — f(x1 — hy, x5 — 2hy) + f(x; — 2hy, X, — 2hy))dh,dh,
= [ K hKy s () G + s + )
RZ
- f(xl + 2]’11, Xy + hz) - f(xl + hl! Xy + 2h2) + f(xl + 2]’11, Xy + 2h2))dh1dl’l2
= | KKy (TG + s +
R2

Next, Minkowski’s integral inequality yields

1

N p1/p2 H
(/ </ ‘/ (Ky-i1 @ K- (=) f(x1 + hy, x5 + hz)dh‘p dx2> dxl)
R \JT'JR2

1

P p1

1/p,
/ ( / |<Kb1®1<bz><—h>|< / |th(x1+h1,x2+h2)|"2dxz> dh) dx;
R R2 T

< ) |(K2—j1 ® Kz—jz)(_h)”“jhf(' + hl’ -+ hz)”pdh
R

IA

_ / Ky ® Ky )(—IITIuf |t
R2

< 2|(K2—11 ® Ky-i2)(—h)| sup [IO0.fllpdh
R

[ril<lh]

- / (K ®K)(-R)  sup T, flldh
R2

Iri|<27Ji |y
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Step 2: We will prove (3.5). In order to estimate SUD . <2 iy | ICJ-fll 5 in the previous line, we need to establish the
following property:

sup ”D(rl,rz)f”p < (1 + hl)(l + hz) sup ”D(rl,rz)f“p (3-8)

[ril<hl; [ril<l;

for h = (hy, hy), 1 = (I3, 1,) € (0, 0)? and f € LP(R?). First, we note that, for integers ny, n, € N and |r;| < n;l;, we obtain
with fl' = ri/ni fori = 1,2 that

100, fllp =6, (FC+ 11, = FCD,
=18, (fC +Fini, ) = FCDMp

cxz(Z Fe+ji )= fC+( - 1>f1,->>||_
j=1 P

< S, (FC+ 1) = FC+ G = DFL D
j=1

:n1“5r2(f(' + fl’ ) - f(’ ))”p
=n 187, (FC, - + nafa) = FCG Dl

<ny YIS (FCo-+ jP) = FG- + (= DRIl
j=1

:n1n2|||:|(f1,f2)f||p-

Hence, sup ||, fllp < miny sup [0, ) fll5- Using this estimate, we deduce (3.8) as follows:
ril<nil; ril<l;

sup 10g oSl < sup N0, oS5
[ril<hil; ror2) TP [ril<[h;1l; ror)

< [ 1Tha1 sup 10, Sl

ril<l;

<@ +h)A+hy) |Sl|11:; ”D(rl,rz)f”p,
ril<li
where [z] :=inf{n € N : n > z} for z € R. In combination with Step 1 we conclude

g, lp < / IK®@K)(~h) sup [O.fllpdh
RZ

ril<27i|hy]
< / (K@ K)(=m)IQA + | DA + |ha|) sup IO, fllzdh
R2 [ri|<27i

2

= sup ||Drf||p</ K(h)(1+|h|)dh> .
R

ri|<27

Since K is rapidly decaying the last integral is finite and the estimate (3.5) is done.
Step 3: We want to show (3.6) and (3.7). We use the same representation as before, namely

(Ky-(h1-n @ Kp-1) * f = / Ky-ji(h)K5-1(hy) f(x — 2hy, x5 — hy)dhdh,
R2
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to obtain

gj1 — 8j-11 = (Ky-ip) ® Kp—1) * f — (Ky-(1-1») @ K1) * f

= /R2 K- (h)Kp-1(hp)(f (x1 — hy, X5 — hy) — f(x) — 2hy, X, — hy))dhydh,
= /R Ko (hKors (o), 5y + B, + o)y
Again, applying Minkowski’s integral inequality and a variable transformation in x; we find
g1 = &1l < || 1o @ Ko XIS, Flpch
$ [ 1Ko IS, Pl

< / K(=h)l  sup  [18,, flldhi.
R

[r1<2771 |y |

Analogously to (3.8) or using [19, Chapter 4.2, Eq. (8)] we have

sup I8, fll; <@+ 1) sup I8, flIp.

[r1|<27/1 Ry | r|<2701

Hence, we obtain

50 ~8)-11llp < sup 18, fllp | KG-ROIQ+ Dk
R

[r]<271

As before, the integral on the right-hand side is finite since K is rapidly decreasing and therefore (3.6) is proved. In the
same way, we can verify (3.7). O

With these auxiliary lemmata at hand we can prove our main theorem.

Proof of Theorem 3.2.. Step I: We show | fII5 5 4 < [Iflla,pq forall f € Bga(R x T).
Let f € Bf_j’ q(R x T) with anisotropic Littlewood-Paley decomposition f = )
note that f € LP(R x T) and || f]l; S 1115 -
By the triangle inequality and Lemma 3.4, we can bound

P1/p2
sup |[I[dr,r,fllp = sup / < / |D<r1,r2>f(x1,x2)IPZdXz> dx;
Iril<27*i Inl<27ki \/R \JT

< Y sup 10gm @50l

Jidaz—1Iril<27k

Pks—1 Ajyf.Due to Lemma 2.4, we first

1/p1

< 2 min(l’2()1—1(1))min(l,z(]z—kz))”f;’fl j2||p.
J1:J22-1

Discretizing the integrals, we have

dh ql/qzdh
s ( [ s 0,080 ) 58
/R 1 T Inlslinish, P TR A

1/q
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s Z gois (3 2wk sup [[mFs
k,=0 [ri]<27ki
1
- - k] 4:\91/%2 /n
< Z 20141k Z 2%2q2k2 Z Z 2(]1—k1)+(12—k2)||f ”2
k=0 k,=0 J1=—1j=-1
1
oo © K q>\91/42 '
a1q1ky a2qaky 1=k || £ _
+ Z 2 Z 2 2 Z 2 ”fhsjzllp
k=0 k,=0 J1==1ja>ky
1
- - k go\D1 /% /n
arqrk ar2qaky 2=k || £*
+ Z 2o Z 2 Z Z 2 “f]'l,jz”p
ky= ka=0 J1>ky ja=—1
1
© % q1/92 /n
a1q1ky a2q2ks
+ 22 22 Z zllfjljz
ky=0 J1>ky j2>ky

=. T1+T2+T3+T4.

For some ¢ € (0, min{l — a;,1 — a,}), we can bound with Jensen’s inequality (or Holder inequality)

a1
(e 00 k1 ky £ 2
T‘f1 = z Z Z Z 2((A—a1)(j1—k)+(A—a2)(j2— 1‘2))2(“1]1‘“’(2]2)||fj1 "
ki=0\k2=0 \j1=-1j,=-1

a

0 0o kq ky Q2
< (A—ay—e)(j1—k1)+(A—az—€)(j2—k2))q2 9(a1 j1+a22)q2 22
~Z(Z I 2 115,15
k1=0 \k;=0 j1=-1 jp=-1
a1
(e ki 2
= 2 2 (=1 —e)(j1—k1)q2 901192 Z Z 2(1—ay—e)(jo— kz)sz“z]zQz”f |q2
J1s Jz
k1=0 \Jj1=— J2=0 ja<k;
0 ky 91/%
. . Q2
< (-1 —e)(j1—k1)q2 p1 j192 ( Qo || £* )
s2l Xz 2haa||(2)f7 05) |,
k=0 \Jj1=-1 1270
q1
sl @) 1L, ) |
J15J2 jolle e
2 q2 1 q1

Moreover, for some ¢ € (0, min{l — «;, at,}) we have

a
© © ky 22\ g,

Tgl = 2 2 Z Z 2((A=a)(j1—k1)—a(j2— kz))z(“lh"'“zjz)”f”z

k1=0\ k=0 \j1=—1j2>k;
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a
oo k] e8] jz_l q2
< z Z 2(1—a1—e)(j1—k1)q2 921 j192 Z 2 2—(a2—e)(jo— k2)¢1220‘2]2l12||fj1 JZHQZ
k1=0 \j1=-1 Ja=—1lky=-1
a1
0 ky 3 \ 2
= Z 21—y —&)(j1—k1)g2pe1 192 <2“2]2 I )
. J1sJ2 i le
k1=0 \Jj1=— J2"az
. q
I )., )
Jud2 J2 fqz j1 '“0111
The remaining two terms can be estimated analogously. Therefore, we get
ih 01/9 ih Vo
[imren( [iree  sp go,nEg2) o8
R T P11l rsl<hy P |hyl ha

(2221117, 015)

J2

< (2 ..
fa 1 fa

For the increments in the one direction, we discretize the one-dimensional integral and apply Lemma 3.4 to find

dh
2191 q 71
[ s a1

[ril<lhyl

(69
1
a1k1q1 01
sl D2 sup 115, f1l;
ky=0 [rp]<27%1
1
[ 0 0 a1 \q
< Z 201kiqy Z Z min(1, 201=kDy| £*
S Y (L2005
k1=0 J1=—1j,=-1
1
S k1 ) a1\ q
< Z 201kiq z z 201k ||
~ . J1 Jz
k1=0 J1==1j=-1
0 a1 H
S 3 5
J1 Jz
k1=0 j1=k1+1 j,=-1
In order to treat the first term, we fix some € € (0,1 — a;). Then, we get
i~ © Y
2a1kigy 2 2 201—k1)
Z ) ”le Jz
kq=0 Ja=—1j1=—
1
qa\ 4,
= \a @2-1
0 0 © % 0 92 q2
—a——=J2
< Z 201kiq1 Z Z 2J2029(j1— k1)||f Z 2 Q-1
= ) J1J2 P )
k=0 J2=-1 \j1=-1 J2=-1
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1 a1\ q
oo ky oo @\ 2
< 2 2 21k o(j1—k1) z <2]20¢2||f )
~ . . J1sJ2
ky=0| ji== Ja=—1
1
© kq . ‘ ' 0 . @\ 2
= z Z 2011 91— —e)(j1—k1)pe(j1—k1) 2 <2]20¢2||f1< ”I_J)
J1sJ2
ky=0] j1=—1 J2=—1
a o
o0 1 ) ) (o] qZ qQ
< 2 Z 21 j1q1 p(1—a—e)(j1i—k)q z (2]2012” * ”p)
~ JisJ2
1G=0 ji=—1 Jja=-1
@ \ar
[So] [So] @ aQ o8]
= 2 201191 Z (2]2“2”]‘ Il ) Z 2~ (-1 —e)ki—jiq1
. . J15J2 ]
ji=-1 J2=-1 ki=j1
L
4 \a
3 @19 3 J2ct A
< 2 2aiid Z (2 20t )
s| | 17 s ,
J1==1 Ja==1
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where we used Holder’s inequality in the first and fourth steps and the triangle inequality in the second step. Similar, for

some ¢ € (0, a;) we can estimate the second term as follows:

1

) ) S a\ar
2aikiqy Z Z oA
Z . ”fh,Jz”p
ky=0 J1=ki+1 jo=—1
1
aAN\g
LN q
© © © 92 ) a2
< Z 2a1kiqy Z Z 2]2052||f
~ . . J1 Jz
k1=0 J2==1 \Jji1=ki+1
1\«
0 0 r
< Z 201k Z 2J20292 Ee
< T
k=0 j1=k1+1 Jo=—-1
[Se] 6] [oe]
= Z 2a1j1p— (a1 —e)(j1—k1)p—e(jr1—k1) Z 20200 £ |q2
J1 Jz
ky =0 ji=ki+1 Ja==
1
a4 \a
[S¢] [Se] 6] qQ
< Z Z 201191~ (a1 —e)(ji—k1)qa Z 202%4% || f* |q2
~ Jis ]z

k=0 j1=k,+1 Ja=-1

a1\ q
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IA

Z 2“1]1‘11

1=—

A

(o]
z 201j1q1

Jji=-1

(2

s

Y, 2|y

Ja=-1

J20242 || £ 92
Z 2 ”fh,jz”[’

J2==1

a1

5

a1

;

1

a1

1

- a
Z o—(—e)kiq
Ky =0

where we used Holder’s inequality in the first and fourth steps and the triangle inequality in the second step. Hence, we

arrive at

—051111
</R 15n fIIp |h|>

1

“ <2“1]1

(2“2]z||fh i ) .

J2

¢ ) ||€ '
@2/ j N

Performing the analogously steps with the integrand &), f and combining these estimations with Corollary 3.8, we

conclude

1
IFIE, 4 <

11l + || (20‘111

<l (=1

1
Step 2: We prove | fllz 53 S IS -
Let (gj,,,)j,.j,>1 € LP(R x T) be a sequence of functions fulfilling supp Fgj.j, €6 € R? :

(=55,,05) |, ) |
g2 7P J2 fqz i f‘]l

(2“212||Aj1sz“p>J'2||fq2>j “
1

and f = lim;, ,;,_ &j,.j, in S'(R?) as constructed in Lemma 3.9.
Setting g;, ;, = 0if j; = 0or j, = 0 we find, for any J,,J, > 1,

Ji I

Z Z (gh,jz —8j1-1j, —8jrjp-1 T gh—l,jz—l) =

J1=1 ja=1

Consequently, we can write f as a telescope sum

f= Z z (gjl,jz —8ji-1j, ~ 8j1jp-1 T gh—l’jz_l) = Z Z ngpjz

J1=1j2=1

with

O

gjl,jz '

NeXt, let kl’ k2 >
sum in S’(R?) implies

18 i N = | > Z B (850

= &ji.j» ~ &ji-1.jz

h1=1j2=

Ji
z (thz —&j,,0

j1=1

J1

a1

J1

= Ifllap,

q-

(6]

which shows together with Step 1 the equivalence of || f||z 57 and || f ||___.

%54
€] <271 and |§z| <272}

- 8j,-17, + &j,-1,0)

= Z (thz - gh—lJz) = &1y,

j1=1

J1=1 ja=1

~ 8j1.j-1 T 8ji-1,j,-1-

—1 be the indices from the Littlewood-Paley characterization. Then, the convergence of the telescope

Z Z 1A%, kZ( 8, Jz)“P

J1=1 2=
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As previously, ngljz € LP(R x T) implies the periodicity in the second component of the Littlewood—-Paley block

Ak, k, ( ng1 j2> and therefore the LP-norm is well-defined. Now, the idea is to split the double sum into four terms

(o] [e]
O
2 2 gl

J1=1j2=1

(6] (6] [o0] [Se]
”Akhkngl”p + Z ||Ak1-kzng1,1||p + Z ”Akl’kngh”p + Z Z ”Akl,kzgj‘:ll,jz”p
J1=2 J2=2 J1=2 j2=2

(o]
= ”Akhkzgl,l”p + Z ”Akl,kz(th _gjl—l,l)”p
J1=2

o0 [se] [e+]
+ Z ||Ak1,k2(g1,j2 _glyjz—l)”p + Z z ”Akhkzgjlzll,jz”p
J2=2 J1=2 jo=2

and to analyze each one individually. More precisely, we want to estimate them in the £9:(£%2) norm. By no surprise each
term is going to correspond to one term in || f ||EI1 )55' Before we start with each term, let us make the following observation.

For some f € LP(R x T), we have

18k ie, (O, = 177 [Gor, ® o] = f

<177 (o, ® P sy 171l = 1P Lol g 17115 S 171155 (3.9)

where we used Young inequality for LP(R x T) (Lemma 2.1) in the second step.
Let us now start with the first term. By Lemma 3.9 we have supp 7g; ; € Q,, where Q, is a cube with side length 2
centered at the origin. Therefore, by the support of the Littlewood-Paley decomposition we have

”Akl,kzgl,l”p =[P ((ox, ®Pk2)7?g1,1)”p =0 forky > 2 or k; > 2.

Together with (3.9) and an application of Young’s inequality for LP(R x T) we find

1
a\q

- o @
2 2“1‘11"1( 2 2“2q2k2“Ak1,ksz1”?)

k1=—1 k2=—1

! ! @
=| 2 2< 2 2“2q2k2||Akl,k2g1,1||?>

kl =—1 k2=—1

2
<Nl = Ik @K <1, < [ wwian) 71, < 151 (3.10)

This completes the treatment of the first term.
For the second term, we note that by the support of the Littlewood-Paley decomposition and supp 7g;, ; C{§ € R? :
|£1] <2/t and |&,] < 2} we have

[18s,.1, (8111 = 81|, = 177 (Cor, ® o1, )F (811 = -1, = 0
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for k; > j; + 2 or k, > 2. Consequently, we have

Ny g

- - © a2\ q
k k
Z 2191k Z 20G2k, z ||Ak1,k2(gj1,1 _gj—l,l)“p
ky=— ky=—1 j1=2
L
l 51 q1
- 1 a@
, X q2
< Z 2@k Z Z 202 Zl{kl—lﬁh}”Akbkz(gjh —8j- 11)“ )
ky=—1 J1=2 \kp=-1
1
QN g
e 0 1 E
B K k Q@
_ z qa1q1ky 2 Z 2022 2||Ak1,k2(gj1,1—gj—l,l)“p
ky=— Ji=max(k;—1,2) \ky=—
1
1\11\ ¢
0 1 @
K k q2
< Z 2aaik > Y 2 [lgj1 = gj-1all,
ky=—1 Ji=max(k;—1,2) \kp=-1
L
- © 91\ q;
< 2 20!1Q1k1< Z sup |I6,, fll5
k= =max(k;—1,2) Ir11<27/1
1
o a1 \a
< Z 2061Q1k1< sup I8, fllp
el i iniz2h
1
o © 1\
< 2 2a1q1ky sup 15, fll
ky=— ji=1 I |<2~U1tki=2)
(o] 0 E
< Y 2an( Y gmala2t)sup s, f18
j1=1 ky=— Iri|<2-U1+k=2)
o © a
< 22—0{111 Z 2alq1k1 sup ||5rlf||;1—)1
j1=1 ky=-2 Ir1 |Szikl
1
[es) . g q1
< 290k sup IS, Il )

k=2

Ir <27k

where we used (3.9) in the third step and (3.6) in the fourth step. We also utilized multiple times the Fourier support of
the functions as well as multiple index shifts.
Now, a Riemann sum argument reveals that

o)

5

k1=—1

o]

[o+]
q1kq Z 20292k 2 ”Akhkz(gjl’l

ky=—1 J1=2

- gj—1,1)||§,2
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1
_ dh; \ ™
S [ s pesg ) (311
R 1<l | P |h|

Going through the same steps with the third term we obtain

oo [s9) [s9)
Z 2011Q1k1( 2 2a2q2k2 Z ||Ak1,k2(g1,jz _glsj2_1)||§2>

ky=— ky=—1 J2=2

1
_ dh
< h, % sup |18 fIE—=) . (3.12)
(/T 2 i<l P |hy]

Hence, it remains to estimate the last term in our telescope sum decomposition. Again, we observe that by the support of
the Littlewood-Paley decomposition and supp Fg;, ;, € {£ e R? : |&| <2/t and |£,] < 272} we have

||Ak1,k2gD || = |7 ((ox, ®Pk2)FgD

J1.J2 1112)” fork; > j; +2o0rk; > j, +2.

Therefore, we obtain

1
Y

92\
2 20141k z 2“2q2k2<2 2 14y, 11J2” )

ki=-1 ky=—-1 J1=2 ja=2

1

a4\ qy

) e co o0 a2 E
— k k
= Z 20@mf 2 2720252 Z Z 1{k1—1<h}1{k2—1<12}”Ak1 k& 1 12”
ky=— ky=—1 J1=2 j2=2
i
9 [+ © o0 2\
k k
S| Y 2makl B ogne 2<2 > {k1—1<J1}1{k2—1<12}”gh,]z”p>
ky=— ky=— J1=2 j2=2
1
NN q
S S © o0 92\
s| Y amakl Y 2“2%"2(2 D <oz sup IS,
ki=— ky=— J1=2 jp=2 Iril <2~ I
1
1\
. © . 0 a2\
<| X ekl 3N zazqzkz( D sup IIIZIrfllp>
k— ji=ki—1 | ky=— Ja=ky—1 Iri|<27V
1
1\N )
© © © o )4
< Z 21 q1ky Z 2 %242k, Z sup ”Drf”p
ky=—1 J1=1ky=—1 Ja=1Iri|<27Uitki=2)

85U8017 SUOLILLOD BATe81D 3cedldde ayy Aq pausenob ae ssppiie YO ‘8sn JO s3I0} AreIqi8UIIUQ AB|IA O (SUONIPUOD-PUR-SLLIBY/LID"AB|IM AeIq 1 U1 UO//:SANY) SUORIPUOD pUe SWB | 8L 88S *[5202/0T/ST] uo Arigiauliuo A8|im ‘91bojouyde | in4 ninsu| Jaynss e Aq ZzT00yZ0Z euew/Z00T OT/10p/w0d" A8 |mAke.d jpul|uo//sdny woly pepeojumod ‘/ ‘SZ0Z ‘9T92ZZST



2142 %ﬁgﬁ{&]ﬁéﬁ’g‘%ﬁHE NIKOLAEV ET AL.
[NACHRICHTEN |

a

- o a2\ q
Z 20191k Z 2“2q2k2< sup |||:|rf||p>

J2=1{ky=—1 ky=—1 Iri|<2~Vitki=2)

IA

Ms

(o]
j1=1

A
™
M

o] [So]
2‘“1]12‘“2]2( Z 2“141(/1‘”{1—2)( Z 20242(j2+k—2)

kl =—1 k2=—1

a

a2\ q
X sup 100l
|r;]<2=Uitki=2)

PPE

a1

© © a2 \a
21~ %2 z 201491k z 2a2q2k2< sup |||:|rf||p>

ky=—2 ky=—2 Iri]<27*

I\

||M8

1
aN\T

00 o a2\ a2
DY 2“2q2"2< sup ||Drf||p> :

ky=—2 ky=—2 Iril<2hi

N

where we used (3.9) in the second step and (3.5) in the third step. After that, we used multiple index shifts as well as the

triangle inequality for the ¢, £92-norms in the seventh step. Employing Riemann sum arguments yields

1
QN

a2\ a2
Z 201q1ky 2 2“2q2k2<2 2 [ ka8, Jz” >

kl——l kz——l 2]2 2
dh q1/9 dh
< h,|~%% / h, |~ %292 su b 2 ke §
/Rl ! < T| ? |r1|5|h1|v|p”2|Sh2 ”Drl er”p |hy |> |7y
Putting (3.10)-(3.13) together we finally obtain
||<2061k1 “(zfxzkz||Ak1ssz”l_7)k12—1”€‘h)k22_1| ca1
(69 [s9)
O
= || 20(1k1||<20¢2k2||Ak1,k2<Z Z gjlajz)”p> ”5‘12 ”fql
n=til k1 2-1 ky>—1
k k
< H(Z“l 1“(2012 2||Ak1,k2g1,1”p)klz_l”ftu>k22_1”€q1
(69
+ || 2a1k1||<2a2k2 Z ||Ak1,k2(gj1’1 _gjl—l,l)”p) ”fqz ||fq1
]1:2 k]Z—l kzz_l
(69
+ ” 2a1k1||<2a2kz 2 “Akl,kz(gl,jz _gl,jz—l)”p) ||£q2 ”W1
]2:2 klz—l k22—1

1/q

(3.13)
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o0 o0
+ || 20(1k1||<20¢2k2 2 Z kl k,8 h Jz |p> ”ng ||€q1
J1=2 ja=2

kiz-1 ky>—1

S IS

ap.q

Step 3: We show the equivalence of ||f||(_1)__ and ||f||(_2)__ Since ||f||(2) hS ||f||(___ is obvious, it remains to verify

IIf ||(_1)__ SIf ||(2) . We start with by estimating the square integrands in the norms || f ||(li) 7 and || f ||(2 . Moreover, we

notlce that the only difficulty happens for h; near zero. Therefore, we are only interested in a small rectangle near zero.
Letry,7, € Rsatisty |h;| < |r;] < 2|h;| for i = 1,2. We write the rectangular increments as

D(rl,rz)f(xl,xz) D(n —|h |)f(xlax2) + D(n rz——lh |)f <x1,x2 + = 5] |h2|>

Ihaly _

. h .
Owing to |r, — %rzl = |r)(1 - | |r5| — |hy| < |hy|, we obtain
2

”D(r],rz)f”ﬁ < Slulpl ”D(rl,fhz)f”ﬁ Is) Sup ||D(r1,s2)f”p
Tit|=

<lhy|

The above inequality is obviously true for r, < |h,|, too. Therefore,

sup I0¢ ) fllz< sup 100, ) fliz + sup 106 S N5

Ir1I<lh],lr2]<2]hy| [riI<lhy].|tl=1 [r1I<lh ]2 ]<]hy|

Starting with q;, g, < o0, integrating both sides leads to

B e o dhz /9 dhl
/thll 1%(/?”12' i e I |) Tl
B ~ dh, a0/ dh,

/thll “1"1</T|h2| 22 |r1|s|S£|I,)Ir|=1 IID(rl,m»fIIﬁ@) Tl

dh ql/quh
+| [ I / =% sup Qe fls ) o
4 1 ( T 1 <l ral <l tvrof Plhy| |y |

Hence, a change of variable 2h, — h, reveals

/¢

1/q

1/q1

. — _a o dhy D v
202 /thll 1Q1</I|h2| 202 |r1|§|:RR'2|Sh2 I, rz)f”p i, |> W
. . th 0/ dhl Va
< /thll 1‘11</Tlhzl zqz|r1|s|sﬁ|r,)|r|=1”D(“’Mf”ﬁ@> Tl
1/q

dh q1/% dn
+| [ I / || 7%2%  su 00 flzp= ) o
/R ' P i1 <l iral<lha T A
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Therefore,
_a _a i\ dny "
forren( firen s onangRE) R
1 - . an, \""" dn, v
S3mo1 /R”‘ll “1"1</Tlhzl i I IIDm,fhz)fIIﬁ@) Tl
2 _ ) an, \™' " an, v
< g /[R | q( /1r [y 2 lrlslglpll|||j<rl,h2>f||l—,@> e (314)

where the last estimated follows from sup .\ _; I8¢, cn,)f Iz < 100, 1) f 115 + 10—k, f 5 and substituting —h, — h,
for the second term. Proceeding similarly in the first coordinate, we deduce from

sup ey m) S5 < sup 10eh ) fliz + sup 10 )z

[r1l<2lhy| [z]=1 [ril<lhsl

that

1/q1

dh Q1/Q2dh
|y~ / lol™2% sup 100, mpflpm= ) 7
/R 1 2 Ir1|<P1 S ] |

dh2 ql/qZ dhl l/ql
/lhll_alql /|h2|_a2q2”|:|(hl,h2)f”p?_ T . (3.15)
I\ Jr T || |

I\

Combing (3.14) and (3.15), we find

dh Q1/Q2dh
h,|~q /h —0q su O Q@272 “r
/R | ( (e s A8 )

dh2 ql/qZ dhl l/lh
< 2a1 — 2“2 — </ |y |~ (/ |h2|—a242IID(hl,hz)f||§@> W)

2 2 ” 10k, ) Iz

T2 120 —1 |h1|0¢1+1/Q1|h2|“2+1/Q2

1/q1

(fhsqz)'

Furthermore, we obtain the corresponding result for g; = o0 or g, = oo by canonical modifications of the above formulas.

Moreover, the directional integrands &, f, &y, f in the norms || f ||(_1 ) _ 7 IIf ||(2) behave as in the isotropic case. There-

fore, one can repeat [32, Theorem 2.5.12, Step 3] in a similar fashion as above to obtaln the corresponding estimates. This

implies the equivalence of || f ||(_1 )_ 7 IIf ||(2) and the theorem is proven. O

3.2 | Besov spaces with dominating mixed smoothness on compact domains

Functions spaces on domains play a crucial role, for example, in the study of partial differential equations and of stochastic
processes, cf. Section 4. In view of the difference characterizations of Besov spaces with dominating mixed smoothness,
presented in Theorem 3.2, there is a natural localized version of the Besov norm with dominating mixed smoothness as
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well. We define for the domain D :=[0,T] X T the local Besov norms with dominating mixed smoothness on D by

1

L 1 dn ‘h/‘bdh E
©) _ B —aq P24 92 &t il §
1555 == Iflop + /0 h </0 (001, ) f D1y ) |h2|> N

1

1
1 o 1 a
- dh, \ 2 - dhy \ %
+ / B (18 S loz) " s )+ / B (18, lp-n5) " T )
0 2| 0 |hy

where

T p1/p2 i
Ifllp,p := (/ </1r |f(x1,x2)|P2dx2> dxl)
0

and D — h; := [0, min{(T — h,), 0}] x T}]. Following, for example, [32, Section 4.3.2], we introduce
@ - @ . c
BE,E(D) ={f e Bﬁa(R xT) : suppf C D}
and
Sy,(D) :={f € S;,(R?) : supp f C D}.

The following result is a direct consequence of Theorem 3.2 and verifies that || f ||( DEFT is indeed a localized version of

I fllz5g:

Corollary 3.10. Let p,q € [1,0]? and & € (0,1)%. Then, || - ||( ___ and [ - are equivalent norms in B__(D) that is,

”ozpq

Ifllz5g S IAICL S fllapg. forf € S'(D)NLP(R?).

D&.p.q

Remark 3.11. Another way to define a local version of the Besov spaces with dominating mixed smoothness is to introduce
the norm

Ifllpzpg :=inf{ligllzsg : & € S'(R*)s.t.g = f onD}.

Unfortunately, to the best of our knowledge in the case with dominating mixed smoothness not many results are known
regarding the above norm. However, there are many results regarding these type of norms in the isotropic case, see, for
instance, [23, 32]. The alternative characterization of the Besov spaces (Theorem 3.2) could be a crucial tool to obtain the
corresponding results in the case with dominating mixed smoothness, which appears to be an interesting question for
future research.

The global Besov norm with dominating mixed smoothness and its corresponding local version are additionally related
by following multiplier theorem.

Proposition 3.12. Let f € S; (R?) with ||f||(2___ < oo for some D :=[0,T] x T, where T € (0,0), & € (0,1)*, p,q €
[1, c0]?. Then for any ¢ € S(R) satisfying supp ¢ g [0, Tlwehave (p ® 1)f € Bg’q(Rz) and

e ® Dz < el 1l 50

forliglier == llgllo + 19 llo-
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Proof. For the LP-norm, the support assumption on ¢ immediately implies

p1/p2
I ® DIl = < / ( / |qo<x1>f(x1,x2)|P2dxz> dxl)
R T
T /D> 1/p
=( / ( / |¢<x1>|P2|f(x1,x2>|P2dx2> dx1>
0 T

< llelleollfllp,p-

1/p1

Next, we have to estimate |y, », (¢ ® 1)f)llp—p, 5 for any h; € [0, 1]?. We can write with directional increments
O (@ ® D61, X5) = 81 82 (9 ® D)y, x)

_ sl 2

=5} (9Ce)a? 0, x))

= (1 + h)p, , f Ce1, x2) + 5;111§0(x1)5;212f(xl, x3).
The first term we can estimate as follows:

lo(x1 + h)py ny f (1, X2)1 < Nl @llzeo ITRy by f (15 X2)1-
For the second term, we use the mean value theorem in order to find
|5;111¢(x1)5;212f(x1, )| <19 NIy |5;212f(x1, x)|-

Consequently, we obtain

100, 1, (@ @ D) X1, XD, 5

< Nllzo Dy iy fllp-ny 5 + Pill@ o167 fllp-n, 5-

Now, we have to integrate over h;, h, with the associated weights/powers (see definition of || f ”g)ﬁﬁﬁ)' We notice that
. 4.Ds

1
hl_“lql % is integrable over [0, 1] for i = 1,2 since 1 — a; > 0. Hence, we have
1
. . dh a/9 dh
B _ q
/ hl a1q1 (/ h2 w22 (”Dhl,hz((¢ ® l)f)”D—hpﬁ) 2 ﬁ) ﬁ
0 0 : !
, . dh a/9 dh
S q1 / h—oqql / h-“z‘]z D = CIz_z 1
||go||c1 ; 1 ; 2 (” h1,h2f”D hpp) N |hy |

1 dnh 01/
+</ h;“zqz(lléhzflla,ﬁ)%#)
0 2

q
Steld (115 )

D,a.p.q
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Since

164,((p ® DN)Ips = 9Sn, fllps < 1®llecIn, f I 5>
it remains to examine the term [|6y,, (¢ ® 1)f)lIp—p, 5- Using the mean-value theorem, we find

16, (@ @ D) < [ f (31 + by, x2)0p, @l + 193, f1 < N NIz 1y [ f (1 + hy, x2)| + @l |6, f1-

19

Consequently, multiplying with hl_q and integrating over h; we find

1

- dh
a1q1 q1 am
/ A ENCIP
0
! 1
- dh - dh
< ¢l / | FC+hl, S+ el / e
0 0
1
- dh
q q a1q q 1
< gl firng + / G I,
0

where the first integral over h, is finite since [|f(- + hy, X2)llp—p, 5 < I fllp5 and hil_al)ql_l is integrable over [0, 1].
Combining this with the previous estimates we establish the result. O

4 | REGULARITY OF RANDOM FIELDS

While having access to various equivalent characterizations of Besov spaces comes with many advantages, in this section,
we want to briefly discuss one in the context of probability. As a rather straightforward consequence of the presented char-
acterization of Besov spaces with mixed dominating smoothness by differences (Theorem 3.2), we shall derive a version
of Kolmogorov’s continuity criterion for the Besov regularity with dominating mixed smoothness of random fields. Recall
that the Kolmogorov’s continuity criterion is a standard tool to verify the sample path regularity of stochastic processes,
see e.g. [30]. Moreover, let us remark that the study of Besov, Sobolev, and Holder regularity of stochastic processes and
random fields is a classical topic of on-going interest, see, for example, [2, 7, 14, 22, 24, 25], and references therein as well
as [10] for a more detailed discussion on related works.

Let (Q, F, P) be a probability space with expectation operator E, T € [1, o0), and (R™, | - |) be the Euclidean space. Fur-
thermore,letX : [0,T] X T X Q — R™ be a continuous random field which is periodic in the second argument, that is, for
each xq,x, €[0,T] X T, X(x;, x,) is a real-valued random variable and the mapping (x;, x,) — X(x1, x,)(w) is continuous
for almost all w € Q.

Proposition 4.1. Let X : [0,T] X T x Q — R™ be a continuous random field. If p = (p1, p2),q = (q1,q2) € [1, 00)? with
@1 £q <p1 £ pranda = (a;,a,) € (0,1)? such that

(1+0f1‘h)5—f (1+a2‘h)5_§
E [|D(h1,h2)X(x1’ x2)|p2] 5 hl h2 5 (41)

(+ayq) 2 (+apqy) 22
E[16r,X(0)1”2] Shy " and E[I6, X Shy ",

forallx, € [0,T — h,], x, € T and hy, h, € [0,T], then “X”E(Z))T]xlraﬁa < oo almost surely, where @ = (ay, a,).
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Proof. Using Fubini’s theorem, Jensen’s inequality the assumption of the proposition, we get for D = [0,T] X T

q

1 1 o
_ _ ¢ dhy \© dh
E / A / 1, (100X o-n5) 57 ) T
0 0 |7y |7y

a1
a

b p1

e e P dh dh
S/0 /) /O (/H_[E“D(hlshz)x(xl’xZ)I Z]dx2> dx, h;+azq2 hi+o¢ﬂl

a

1 1 (14« RS2 (14g RhS a2
< h( lql)‘H p2 p1 h( 2Q2) 92 P2 P1 th dh'l < 1
~ 0 o 1 2 h;‘mz% hi"‘“l‘h ~

1
— q1 dhl
E l/o h (1185, Xllp—n, 5) m]

b Pl

o I=h P dh
:/ hlalq1 / </[E[|5h1X(x1,x2)|p2]dx2> dx; h—l <1,
0 0 T 1

and

1
_ dh
E|l [ (16, X]p5)" -2
VO S (181X o) T
)

1 ! n . |"an
- 2
=/ hzazlb / </[E[|5h2X(X1,X2)|p2]dx2> dx; ﬁ <1.
0 0 T 2

Furthermore, since X is continuous on [0, T]?, we have || X|| p,p < o almost surely.

Hence, we get E[|| X ”532,)3,1‘3@] < oo and thus || X ”532,)5,5,5 < oo almost surely. O

Remark 4.2. The assumption in Proposition 4.1 that the random field X is continuous can be replaced by a suitable
condition on the parameters p, g, a. Indeed, since

E[1X(x + h) — X()|P2] S E[IORX(0)1P2] + E[185, X(0)IP2] + E[18,,X (x)]P2],

one can apply the classical Kolmogorov continuity theorem for random fields (see, e.g., [16, Theorem 2.3.1]) to obtain a
continuous modification of X for suitable p,q, a.

Remark 4.3. The special case p; = p, = q; = g, = oo, which corresponds to Holder regularity with mixed dominating
smoothness, is a common tool in probability theory, used, for example, in the context of stochastic partial differentiable
equations [21] and of general random fields [12]. For the special case of Holder regularity, a Kolmogorov continuity
criterion, related to Proposition 4.1, was presented in [12, Theorem 3.1].

Remark 4.4. Proposition 4.1 holds analogously for random fields X on the domains [0, T] X [0, T] and T X T, respectively.

To conclude this section, we provide two exemplary applications of the presented Kolmogorov’s continuity criterion for
Besov regularity with dominating mixed smoothness.
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4.1 | Exemplary application: Gaussian fields

Gaussian fields constitute a central object in probability theory, see, for example, [16]. In the following, we consider a
continuous centred Gaussian random field W with covariance function

Qx,y) :=E[W)W(y)] for(x,y) €[0,T]xT.
In particular, for each x € [0, T], W(x) is a Gaussian distributed random variable with mean zero and variance Q(x, x).

Corollary 4.5. Let p € Nbeevenand & = (a;,a,) € (0,1)% Let W be continuous centered Gaussian random field such that

Q(X,y) = Ql(xlfyl)QZ(x27y2)’ X,y € [07 T] X —[l—’

for some continuous functions Q1,Q, : [0,T] X T — R satisfying
2(1+a;)/p
“:l(hi,hi)Qi(xi!xi)l S hi ’ hhhz € [09 1]7 X; € [O’T - h’l]7 X € -I]—,

fori=1,2. Then, “W”E?T]XTEﬁE < oo almost surely with p = (p, p).

Proof. Since W is a Gaussian field, we know that [], W (x) is a Gaussian random variable for h = (hy, h,) € [0,1]%, x; €
[0,T — hy] and x, € T. By the equivalence of Gaussian moments, the assumption of the lemma and [12, Proposition 4.1],
we obtain

p/2
E[T.W )P = CENDWEIT = CpI 100 Qi X1 S R I R,

and

E[16,, W()IP] = CHE[|6, W (x)|*]P/?

=CpE [Wz(xl + Iy, X5) = 2W (X + hy, X)W (g, %5) + W2(xy, xz)] o2

1
= Cp Q02 X))y oy Q1 (61, X)IP/2 S by

for some constant C,, depending only on p. The bound for E[|6;,, W (x)|?] follows analogously. Hence, by Proposition 4.1
(@)

we get Wil rr 2 p.p)pp)

< oo almost surely. O

4.2 | Exemplary application: stochastic heat equation

Random fields are often modelled by stochastic partial differential equations, see, for example, [5]. To illustrate the previ-
ous result, let us characterize the regularity of the solution to the stochastic heat equation on R, X [—7, 7] with Dirichlet
boundary conditions:

du(t,x) = Au(t,x)+ &(t,x),
u(t,—m) =u(t,7)=0, teR,
u(0, x) =0, (t,x) e R, xT,

with spacetime white noise £. The latter can be realized as time derivative £ = dW,(x) of a cylindrical Brownian motion
W, (x) = 2121 Bj(H)g;(x), where B; = (B;(t), ¢ > 1) are independent Brownian motions on a probability space (Q, 7, P)
and (¢;);> is the orthonormal basis given by the eigenfunctions of the Laplace operator on {g € H 2(=m,m)) : g(-m) =
g(m) = 0}
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It is well known that the weak solution to stochastic heat equation is almost 1/2-Hdlder in space and almost 1/4-Holder
regular in time. The mixed regularity allows us to characterize the interplay between these two directional regularities.
To apply Proposition 4.1, we can exploit that the solution field u is a centered Gaussian field admitting precise estimates
of the rectangular increments, cf. [11].

Corollary 4.6. LetT > 0,a € (0,1)and1 < q < pwitheven p. Ifa = (% - é, 1_Ta — é) € (0,1]% thenu € B%a([o, TIxT)

almost surely with p = (p, p) and q = (g, Q).

Proof. Since u is a Gaussian field, we know that [J,u(x) is a Gaussian random variable for h = (h;, h,) € [0,1]%, t €
[0,T — hy] and x € T. By the equivalence of Gaussian moments and [11, Proposition 3.5], we obtain

/2 /2 -
ElTau(t, 1] = CoENDutt, )P < min {yh, by} < h/4p=p/2

for any a € (0,1) and where C,, > 0 is some constant depending only on p. Note that the upper bound in min{+/h, h,}
is sharp. We obtain (4.1) for o = % - % and o, = I_Ta - %. The necessary bounds for E[|[J,u(t, x)|P],i = 1,2, fol-
low analogously using E[(u(t + hy, x) — u(t, x))*] S \/h, and E[(u(t, x + hy) — u(t, x))*] < h, [6, Lemma 5.21]. Hence,
2)

Proposition 4.1 yields ||u||EO,T]xT’a’ (.2 (op)

< oo almost surely. O
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