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Abstract
Finding the eigenvalues connected to the covariance operator of a centered Hilbert-
space valued Gaussian process is genuinely considered a hard problem in several 
mathematical disciplines. In Statistics this problem arises for instance in the as-
ymptotic null distribution of goodness-of-fit test statistics of weighted L2-type as 
well as in the limit distribution of degenerate U-statistics. For this problem we 
present the Rayleigh–Ritz method to approximate the eigenvalues. The usefulness 
of these approximations is shown by high lightening implications such as critical 
value approximation and theoretical comparison of test statistics by means of Ba-
hadur efficiencies.
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1  Introduction

Weighted L2-statistics are ubiquitous in goodness-of-fit and time series testing prob-
lems, see Baringhaus et al. (2017) for a comprehensive list of articles up to 2015 and 
for more recent advancements, see Allison et al. (2023); Allison and Pretorius (2017); 
Bahraoui et al. (2018); Betsch and Ebner (2019); Hadjicosta and Richards (2020a); 
Henze and Jiménez-Gamero (2019); Henze et al. (2019); Henze and Mayer (2020); 
Hušková et al. (2019). The limit null distribution of weighted L2-statistics is typically 
that of ∥Z∥2, where Z is a Gaussian process taking values in a suitable function space 
and ∥ · ∥ is the corresponding norm. By the Karhunen-Loève expansion, the distribu-
tion of ∥Z∥2 is that of 

∑∞
j=1 λjN2

j , where N1, N2, . . . are independent identically 
distributed (iid) standard normal random variables, and {λj}j∈N is the sequence of 
positive eigenvalues of the covariance operator of Z. While the covariance kernels 
of the Gaussian process are often explicitly known, their complexity typically halts 
further analytical calculations. Hence, critical values for these tests are commonly 
determined via Monte Carlo simulation. In a few special cases, the pertaining eigen-
values can be calculated analytically (Baringhaus et al. 2018; Baringhaus and Henze 
2008; Bilodeau and de Micheaux 2005; Ebner 2023; Henze and Nikitin 2000; Matsui 
and Takemura 2005), particularly in relation to the classic eigenvalue problem of the 
Brownian bridge covariance kernel. For a rigorous derivation of the solution, refer to 
Deheuvels and Martynov (2003); Shorack and Wellner (1986). Other approaches to 
approximate the eigenvalues include using the quadrature method (Bilodeau and de 
Micheaux 2005), numerically finding the roots of the associated Fredholm determi-
nant (Ebner and Henze 2023; Stephens 1976, 1977), employing a stochastic Monte 
Carlo-type approach (Ebner and Henze 2023; Fan et al. 2017), or approximating the 
kernel (Božin et al. 2020; Jiménez-Gamero et al. 2015; Novoa-Muñoz and Jiménez-
Gamero 2016). Note that the same structure of limit distribution connected to the 
covariance operator of a centered Gaussian process occurs in the case of degenerate 
U-statistics. Recent examples are found in e.g. Aleksić and Milošević (2024); Allison 
et al. (2022); Bose et al. (2023); Cuparić et al. (2022a); Milošević (2020); Shi et al. 
(2022).

The primary objective of this paper is to introduce and apply the Rayleigh–Ritz 
method—previously overlooked in statistical literature—as a novel approach to 
approximating the largest m eigenvalues λ1, . . . , λm of the covariance kernel, as dis-
cussed in Kanwal (1971), Section 7.9. This method presents a robust alternative for 
cases where traditional techniques encounter limitations due to computational com-
plexity. The secondary aim is to address gaps in the literature by providing accurate 
approximations of these eigenvalues. The third objective is to present two illustrative 
applications in which knowledge of the eigenvalues yields deeper insights into the 
test statistics under consideration.

To achieve this, the paper is organized as follows: Section 2 presents the eigen-
value problem; Section 3 details the Rayleigh–Ritz method; Section 4 applies the 
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method to both established and novel eigenvalue problems in the literature for vari-
ous supports. In Sect. 5 we examine the eigenvalue problem for covariance kernels 
depending on unknown parameters. Finally, Sect. 6 discusses the implications of 
knowing these eigenvalues, including a method for approximating the quantiles of 
the asymptotic distribution and providing approximate Bahadur efficiencies for sev-
eral examples.

2  The eigenvalue problem

Let Bd denote the Borel σ-algebra of subsets of Rd, with M ̸= ∅ being an element 
of Bd and µ a finite measure on Bd

M = Bd ∩ M . Define L2 = L2(M, Bd
M , µ) as the 

(separable) Hilbert space consisting of (equivalence classes of) square-integrable 
measurable functions on M, equipped with the inner product ⟨g, h⟩ =

∫
M

gh dµ. 
Moreover, let ∥h∥2

L2 =
∫

M
h2 dµ and let Z = (Z(t), t ∈ M) be a centered Gauss-

ian process that can be considered a random element of L2 with E∥Z∥2
L2 < ∞. The 

distribution of Z is uniquely characterized by its covariance kernel K(s, t), s, t ∈ M . 
Consequently, as is well-known [see Duan and Wang (2014), Chapter 3], the dis-
tribution of ∥Z∥2

L2  corresponds to 
∑∞

j=1 λjN2
j , where Nj  are iid standard normal 

random variables and λj  are the positive eigenvalues, at most countable, associated 
with eigenfunctions fj  of the (linear second-order homogeneous Fredholm) integral 
equation

	 λf(s) = Kf(s), s ∈ M,� (1)

where K : L2 �→ L2 is defined as

	
Kf(s) =

∫

M

K(s, t)f(t)µ(dt),

corresponding to the covariance kernel K of Z [for properties of covariance kernels, 
see Shorack and Wellner (1986), p.207]. The task of finding eigenvalues and eigen-
functions is often referred to as the kernel eigenproblem; see Williams and Shawe-
Taylor (2003). Solving (1) analytically is generally considered challenging. For a 
list of solutions for specific choices of K, M, and µ, see Appendix A in Fasshauer 
and McCourt (2016). From now on, we assume that µ is defined by a non-negative 
weight function w on M, such that µ(dt) = w(t)dt and 

∫
M

tw(t)dt < ∞. We will 
also consider an example where M = N0 = {0, 1, 2, . . .} and µ has a density (in the 
Radon-Nikodym sense) with respect to the counting measure.
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3  The Rayleigh–Ritz method

As mentioned in the Introduction, let K(s, t) be a covariance kernel. Given that it is sym-
metric and nonnegative definite, its eigenvalues are real and nonnegative. Through-

out this paper, we assume implicitly that ∥K∥2
H =

∫
M

∫
M

K(s, t)2µ(ds)µ(dt) < ∞, 

which in turn implies that 
∫

M
K(t, t)µ(dt) < ∞.

For the sake of completeness, this section reformulates the Rayleigh–Ritz 
method. Let λ1 denote the largest eigenvalue of the covariance kernel K and let f1 
be the associated normalized eigenfunction, such that ∥f1∥2

L2 = 1. Let {ψj}j≥1 
represent an orthonormal basis of L2. The core idea is to approximate f1 by 
f1n =

∑n
j=1 αjψj , with α1, . . . , αn ∈ R, for some n ∈ N. In this approximation, 

αj = ⟨f1, ψj⟩, for 1 ≤ j ≤ n, which are unknown quantities (as f1 is unknown). To 
estimate λ1 = ⟨Kf1, f1⟩, we maximize the function

	
⟨Kf1n, f1n⟩ =

⟨
K

n∑
j=1

αjψj ,

n∑
j=1

αjψj

⟩
=

n∑
j,k=1

Kjkαjαk,

subject to

	

∥∥∥∥∥∥
n∑

j=1
αjψj

∥∥∥∥∥∥

2

L2

=
n∑

j=1
α2

j = 1,

where Kjk = ⟨Kψj , ψk⟩ = ⟨ψj , Kψk⟩. Using the method of Lagrangian multipliers, 
we set

	
L(x) =

n∑
j,k=1

Kjkαjαk − xδjkαjαk, x ∈ R,

where δjk is the Kronecker delta. The extremal values of α1, . . . , αk are determined 
from the equations ∂L(x)/∂αj = 0 for j = 1, . . . , n, leading to

	

n∑
k=1

Kjkαk − xαj = 0, j = 1, . . . , n.

This system of equations has a nontrivial solution if and only if the determinant

	

det




K11 − x K12 · · · K1n
...

...
. . .

...
Kn1 Kn2 · · · Knn − x


 = 0.� (2)
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Thus, the method calculates the eigenvalues of the n × n matrix Mn = (Kjk)1≤j,k≤n. 
For 1 ≤ m ≤ n, the m largest eigenvalues of Mn, denoted by λ̂1, . . . , λ̂m, estimate 
the m largest eigenvalues of the covariance kernel K, denoted by λ1, . . . , λm. Larger 
values of n will improve the approximation. In fact, Theorem 3.1 below shows that 
|λ̂i − λi| → 0 as n → ∞. Before stating and proving this result, we first see that the 
Rayleigh–Ritz method approximates not only f1 by f1n, but also the kernel K.

If {ψj(s), s ∈ M}j≥1 is an orthonormal basis of L2, then 
{ψj(s)ψk(t), s, t ∈ M}j,k≥1 forms an orthonormal set in the (separable) Hilbert 
space H = {h : M × M → R | ∥h∥2

H =
∫

M

∫
M

h(s, t)2µ(ds)µ(dt) < ∞}, with 
the inner product ⟨h1, h2⟩H =

∫
M

∫
M

h1(s, t)h2(s, t)µ(ds)µ(dt), for h1, h2 ∈ H. 
Thus, one can approximate the covariance kernel K(s, t) by

	
Kn(s, t) =

n∑
j,k=1

Kjkψj(s)ψk(t).� (3)

It is easy to see that Kn is symmetric and nonnegative definite, hence its eigenvalues 
are real and nonnegative. Moreover, it has at most n positive eigenvalues. Let Kn 
denote the operator analogous to K, defined using Kn instead of K. It is straightfor-
ward to verify that

	 ⟨Kf1n, f1n⟩ = ⟨Knf1, f1⟩ = ⟨Knf1n, f1n⟩.

Therefore, the Rayleigh–Ritz method essentially approximates both f1 by f1n and 
K by Kn.

The next result shows that the solutions of Eq. (2) provide good approximations 
to the eigenvalues of K.

Theorem 3.1  Let {λi}i≥1  denote the eigenvalues of K, arranged in decreasing order 
and repeated according to their multiplicity. Let {λ̂i}n

i=1  represent the solutions (in 
x) of Eq. (2), also arranged in decreasing order and repeated according to their mul-
tiplicity. Then, |λ̂i − λi | → 0 , as n → ∞, for each i.

Proof  Section 7.7 of Kanwal (1971), shows that

	 ∥K − Kn∥H → 0, as n → ∞,� (4)

where Kn is as defined in (3). Lemma 2.2 in Horváth and Kokoszka (2012) states that

	 |λ̂i − λi| ≤ ∥K − Kn∥L,� (5)

where ∥Ψ∥L = sup{∥Ψ(x)∥L2 : ∥x∥L2 = 1}. We also have that [see e.g. (2.3) and 
(2.5) in Horváth and Kokoszka (2012)] that

1 3
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	 ∥K − Kn∥L ≤ ∥K − Kn∥H.� (6)

 The result follows from (4)–(6). � □

Remark 3.2  It is desirable to have a bound for |λ̂i − λi|. From the proof of Theorem 
3.1, we have |λ̂i − λi| ≤ ∥K − Kn∥L, for each i, but ∥K − Kn∥L cannot be easily 
calculated. From (5), we also have

	
|λ̂i − λi| ≤ ∥K − Kn∥H =


∥K∥2

H −
n∑

j,k=1

K2
ij




1/2

,� (7)

The right-hand side of the above inequality can be readily calculated but, as it will be 
seen in Example 4.1 of the next section, the bound is not sharp.

Let E = (eij) the n × n matrix whose columns contain the eigenvectors of Mn, 
which are assumed to be normalized so that all of them have Euclidean norm equal to 
1 and arranged so that Mn(ei1, . . . , ein)⊤ = λ̂i(ei1, . . . , ein)⊤ and λ̂1 ≥ . . . ≥ λ̂n. 
Let fin(x) =

∑n
j=1 eijψj(x), 1 ≤ i ≤ n. As observed before for i = 1, the Rayleigh–

Ritz method approximates fi by fin. One may wonder if fi and fin are close. In the 
following we examine this point.

In order to approximate the eigenfunctions, they must be identifiable, so we 
assume that

	 λ1 > λ2 > . . . > λp,� (8)

for some fixed p ∈ N, where {λi}i≥1 denote the eigenvalues of K, arranged in 
decreasing order and repeated according to their multiplicity. Notice that if e is an 
eigenvector of Mn then so is −e. Because of this reason, we define

	 cin = sign(⟨fi, fin⟩), f ′
in = cinfin.

The next result shows that if (8) holds, then f ′
1n, . . . , f ′

pn provide good approxima-
tions to f1, . . . , fp, respectively. Notice that, in practice, cin is an unknown quantity. 
Therefore, f1n, . . . , fpn are good subrogates of f1, . . . , fp, except for the sign.

Theorem 3.3  Suppose that (8) holds. Then, |f ′
in − fi | → 0 , as n → ∞, 1 ≤ i ≤ p.

Proof  If (8) holds, Lemma 2.3 of Horváth and Kokoszka (2012) states that

	
∥f ′

in − fi∥ ≤ 2
√

2
αj

∥K − Kn∥L,� (9)
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where ∥Ψ∥L is as defined in the proof of Theorem 3.1, α1 = λ2 − λ1 and 
αj = min(λj−1 − λj , λj − λj+1), 2 ≤ j ≤ p. The result follows from the previous 
inequality, (4), (6) and (8). � □

Remark 3.4  The proof of Theorem 3.3 provides a bound for ∥f ′
in − fi∥ given in (9). 

The term ∥K − Kn∥L on the right-hand side of (9) can be dealt with as in Remark 
3.2. Nevertheless, the term 2

√
2/αj  is unknown.

It is evident that the choice of the orthonormal set {ψj}j≥1 depends on the support 
M and the weight function w(t). We provide examples for the most common supports 
and weight functions, utilizing orthogonal polynomials. For a list of classical polyno-
mials, see Table 1.1 on p. 29 of Gautschi (2004).

4  Applications

In this section, we employ the Rayleigh–Ritz method to address both resolved and 
open eigenvalue problems available in the literature. The solved cases serve to illus-
trate the accuracy of the approximations obtained, while the unsolved problems 
demonstrate the versatility of the method. We provide appropriate orthonormal 
bases tailored to the different supports and weight functions of the Hilbert spaces 
L2. Throughout, we use the notation u ∧ v = min(u, v) and u ∨ v = max(u, v) for 
u, v ∈ R.

4.1  Support M = [0, 1]

Let the integration domain be M = [0, 1]. We focus on the weight function w(t) = 1. 
Accordingly, a suitable set of orthonormal polynomials can be defined as follows:

	 ϕk(x) =
√

2k + 1 Pk(2x − 1), x ∈ [0, 1],

where

	
Pk(x) =

⌊k/2⌋∑
j=0

(−1)j (2k − 2j)!
(k − j)!(k − 2j)! j! 2k

xk−2j

denotes the Legendre polynomial of degree k. In what follows, n = n0 means that 
we have taken all polynomials with degree less than or equal to n0, that in the present 
case implies that we are considering the n0 + 1 elements ϕ0, ϕ1, . . . , ϕn0 .

Example 4.1  (Non-parametric goodness-of-fit tests) 

	● The traditional Cramér-von Mises test statistic possesses the covariance kernel 
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	 K(s, t) = s ∧ t − st, s, t ∈ [0, 1],� (10)

 refer to Shorack and Wellner (1986,  p. 14). It is a well-established fact that the 
sequence of eigenvalues is given by λj = 1/j2π2, j = 1, 2, . . . , [see e.g. Proposition 
1 on pag. 213–214 of Shorack and Wellner (1986)]. Table 1 presents the estimators 
of the five largest eigenvalues of kernel (10), for 3 ≤ n ≤ 15, along with the actual 
values. Throughout this paper, e-j stands for 10−j . Observing this table, we notice 
that, with the precision in it, for n ≥ 4 the estimator of the largest eigenvalue matches 
the actual value; n ≥ 9 for the second; n ≥ 10 for the third, and so forth. This table 
also displays the value on the right-hand side of (7) as well as maxi |λ̂i − λi|. Notice 
that the bound in (7) is, in most cases, larger than 2.5 times the true error.
	 An anonymous referee suggested that we investigate the behavior of the method 

when m is close to n, as well as its performance when both n and m are large. To 
this end, Table 2 reports the values of λ̂i for 6 ≤ i ≤ 15, and 5 ≤ n ≤ 22. By 
looking at Tables 1 and 2 (see also Fig. 2), we observe that: λ̂m is not a good 
estimator of λm, when m and n are close; the estimators for the largest eigen-
values exhibit rapid convergence, whereas convergence is slower for the smaller 
eigenvalues. These patterns are not unique to this particular example; they have 
been consistently observed in other cases as well. For brevity, we only present 
results for the current setting. Furthermore, increasing n excessively may de-
grade estimation accuracy due to error accumulation: recall that the quantities 
{Kjk, 1 ≤ j, k ≤ n} are integrals, some of which can be evaluated analytically, 
while others require numerical approximation. Since we are estimating relatively 
small parameters, the numerical integration error can occasionally exceed the 
magnitude of the quantity being estimated.

	 The eigenfunctions of the kernel (10) are well known [see, for instance, Prop-
osition  1 on pp.  213–214 of Shorack and Wellner (1986)], and are given by 
fj(t) =

√
2 sin(jπt), for 0 ≤ t ≤ 1 and j = 1, 2, . . .. Table 3 reports the values 

of ∥f ′
in − fi∥ for 1 ≤ i ≤ 5 and 3 ≤ n ≤ 10. As in the case of the eigenvalues, 

the table clearly indicates a rapid convergence of the eigenfunctions correspond-
ing to the largest eigenvalues. This behavior is further illustrated in Fig. 1, which 
shows the functions f2, f ′

2n for n = 3, 5, f3, f ′
3n, and f4, f ′

4n for n = 3, 5, 7, 9.

	● In Henze and Nikitin (2000), Equation (3.2), the covariance kernel is character-
ized by 

	
K0(s, t) = st(s ∧ t)

2
− (s ∧ t)3

6
− s2t2

4
, s, t ∈ [0, 1].� (11)

 Table 4 presents the estimators of the five largest eigenvalues of kernel (11), for 
4 ≤ n ≤ 16, along with the actual values, which are taken from Table 3.1 of Henze 
and Nikitin (2000). Observing this table, we notice that, with the precision in it, for 
n ≥ 5 the estimator of the largest eigenvalue matches the actual value. As observed 
before, larger eigenvalues require larger n, with exception of the third eigenvalue 
marked by*. In this case we conjecture that the authors of Henze and Nikitin (2000) 
made a numerical or typographical error in the fourth decimal place.
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	● In Ebner et al. (2022), Theorem 2.1, the covariance kernel is defined as 

	
KZ(s, t) = 1 − (2(s ∨ t) − 1)3

6
− st(1 − s)(1 − t), s, t ∈ (0, 1).� (12)

 Table 5 presents the estimators of the five largest eigenvalues of kernel (12), for 
3 ≤ n ≤ 15. Similar to the previous two cases, we notice a quick convergence of the 
first few eigenvalues.–

4.2  Support M = [0, ∞)

If the domain of integration is M = [0, ∞), we concentrate on the weight function 
wγ(t) = e−γt for a positive parameter γ. A suitable set of orthonormal polynomials 
can then be expressed as

	 ϕk(x; γ) = √
γLk(γx), x ∈ [0, ∞),

where Lk(x) =
∑k

j=0

(
k
j

)
(−1)j

j! xj  represents the Laguerre polynomial of degree 

k.

Example 4.2  (Testing Exponentiality) 

	● In Baringhaus and Henze (2008), the covariance kernel is specified in (7) as 

	 ρ(s, t) = min(1 − e−s, 1 − e−t) − (1 − e−s)(1 − e−t), s, t ≥ 0.� (13)

 In this scenario, the formulas for the eigenvalues are explicitly provided, see Theo-
rem 2 in Baringhaus and Henze (2008). It’s worth noting that in Ebner (2023), the 
author demonstrates that these eigenvalues also correspond to the covariance kernel 

	 K0(s, t) = e−s∨t − e−(s+t), s, t ≥ 0,� (14)

 and the first twenty eigenvalues are tabulated in Table 2 in Ebner (2023). Table 6 
presents the estimators of the two largest eigenvalues of kernel (14), for n = 10(5)30, 
and γ = 1, 2, along with the actual values, which are taken from Table 2 in Ebner 
(2023).

	● In Klar (2001), Theorem 2.1, the covariance kernel is defined as 

	 K(s, t) = (|s − t| + 2)e−s∨t − (s + t + st + 2)e−(s+t), s, t ≥ 0.� (15)

 Table 7 presents the estimators of the two largest eigenvalues of kernel (15), for 
n = 10(5)30, and γ = 0.5, 1, 1.5.
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4.3  Support M = R

If the domain of integration is denoted by M = R, we concentrate on the weight 
function wγ(t) = e−γt2

 for a positive parameter γ > 0. A suitable set of orthonormal 
polynomials can then be expressed as

	
ϕk(x; γ) =

(
2k k!

√
π/γ

)−1/2
Hk (√γx) , x ∈ R,� (16)

where Hk(x) = (−1)k exp(x2) dk

d xk exp(−x2) represents the Hermite polynomial 
of degree k.

Example 4.3  (Normality Test) 

	● In Ebner (2020), Theorem 2.2, the covariance kernel is defined as 

	
KZ(s, t) = (st + 1) exp

(
− (s − t)2

2

)
− (2st + 1) exp

(
−s2 + t2

2

)
, s, t ∈ R.�(17)

 The exact values of the four cumulants of the distri-
bution of T (γ) = ∥Z∥2

L2  with w = φγ  (denoted as 
κ1(γ) = E(T (γ)), κ2(γ) = E(T (γ) − κ1(γ))2, κ3(γ) = E(T (γ) − κ1(γ))3 and 
κ4(γ) = E(T (γ) − κ1(γ))4 − 3E2(T (γ) − κ1(γ))2) have been provided in Ebner 
(2020) for several values of γ. As seen in Sect. 6.1, 

	

κ1(γ) =
∞∑

j=1
λj(γ), κ2(γ) = 2

∞∑
j=1

λ2
j (γ),

κ3(γ) = 8
∞∑

j=1
λ3

j (γ), κ4(γ) = 48
∞∑

j=1
λ4

j (γ),

 where the set {λj(γ)}j≥1 denotes the solutions in λ of Eq. (1) with µ(dt) = wγ(t)dt. 
To verify the accuracy of the solutions of Eq. (2), we calculated the approximations 

	

κ̂n1(γ) =
m∑

j=1
λ̂j , κ̂n2(γ) = 2

m∑
j=1

λ̂2
j ,

κ̂n3(γ) = 8
m∑

j=1
λ̂3

j , κ̂n4(γ) = 48
m∑

j=1
λ̂4

j ,

� (18)

 where m is the number of non-null solutions of Eq. (2) obtained by considering the 
first n elements of the basis (16). Table 8 presents κi(γ) and κ̂ni(γ) for γ = 0.5, 1, 2, 
and m = n = 10(5)30.

	● In Henze et al. (2019), Theorem 5.1, the covariance kernel is characterized as 
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C(s, t) = exp(st) + 1

2
(exp(st) + exp(−st)) + 2 cos(st) − st − 4, s, t ∈ R.�(19)

 Note that the authors in this case assume γ > 1. Table 9 presents the estimators of 
the two largest eigenvalues of kernel (19), for 5 ≤ n ≤ 13, and γ = 1.5, 2, 3. In this 
case, the convergence is notably quick, especially for γ = 3.

	● In Dörr et al. (2021), Theorem 5, the covariance kernel is characterized as 

	

K(s, t) = exp
(

− (s − t)2

2

) ((
(s − t)2 − 3

)2
− 6

)

+ exp
(

−s2 + t2

2

) (
−

s2t2 (
s2 − 5

) (
t2 − 5

)
2

+ 6(s2 + t2) − s4 − t4

−s2t2 − st
(
s2 − 3

) (
t2 − 3

)
− 3

)
,

�(20)

	● s, t ∈ R. For n = 15, the largest eigenvalue λ̂1(γ) is approximat-
ed by λ̂1(1/2) = 0.966103408152626, λ̂1(1) = 0.600668091541773, 
λ̂1(2) = 0.398015644894253, and λ̂1(3) = 0.310469662783734.

Table 3  Values of ∥f ′
in − fi∥ for the kernel (11), 1 ≤ i ≤ 5 and 3 ≤ n ≤ 10

n ∥f ′
1n − f1∥ ∥f ′

2n − f2∥ ∥f ′
3n − f3∥ ∥f ′

4n − f4∥ ∥f ′
5n − f5∥

3 2.444705e−2 9.437187e−2 8.329145e−1 9.687312e−1
4 5.220099e−4 9.437187e−2 1.943579e−1 9.687312e−1 1.078522
5 5.220099e−4 6.096467e−3 1.943579e−1 3.132346e−1 1.078522
6 5.876814e−6 6.096468e−3 2.279650e−2 3.132346e−1 4.417897e–1
7 5.876814e−6 2.215575e−4 2.279650e−2 5.511943e−2 4.417897e–1
8 4.085192e−8 2.215575e−4 1.561379e−3 5.511943e−2 1.055505e–1
9 4.085192e−8 5.174104e−6 1.561379e−3 5.779082e−3 1.055505e–1
10 1.928001e−10 5.174104e−6 7.078110e−5 5.779082e−3 1.525461e–2

Fig. 1  f2, f ′
2n, n = 3, 5, f3, f ′

3n, and f4, f ′
4n, n = 3, 5, 7, 9, for kernel (10)
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Table 4  Estimators of the five largest eigenvalues of kernel (11) obtained for 3 ≤ n ≤ 15 with the 
Rayleigh–Ritz method
n λ̂1 λ̂2 λ̂3 λ̂4 λ̂5
3 3.196304e–2 1.058647e–3 1.564775e–4 0.000000e–5 0.000000e–5
4 3.196394e–2 1.093812e–3 1.633718e–4 3.999208e–5 0.000000e–5
5 3.196395e–2 1.094444e–3 1.787795e–4 4.309337e–5 1.330054e–5
6 3.196395e–2 1.094568e–3 1.792433e–4 5.121087e–5 1.484606e–5
7 3.196395e–2 1.094568e–3 1.794972e–4 5.155691e–5 1.950214e–5
8 3.196395e–2 1.094569e–3 1.795006e–4 5.189992e–5 1.976122e–5
9 3.196395e–2 1.094569e–3 1.795022e–4 5.190770e–5 2.014210e–5
10 3.196395e–2 1.094569e–3 1.795022e–4 5.191281e–5 2.015456e–5
11 3.196395e–2 1.094569e–3 1.795022e–4 5.191289e–5 2.016592e–5
12 3.196395e–2 1.094569e–3 1.795022e–4 5.191292e–5 2.016616e–5
13 3.196395e–2 1.094569e–3 1.795022e–4 5.191292e–5 2.016629e–5
14 3.196395e–2 1.094569e–3 1.795022e–4 5.191292e–5 2.016629e–5
15 3.196395e–2 1.094569e–3 1.795022e–4 5.191292e–5 2.016629e–5
true 3.196395e–2 1.094569e–3 1.795105e–4* 5.191292e–5 2.016629e–5

Fig. 2  Plot of the eigenvalues presented in Tables 1 and 2: horizontal lines are true values
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4.4  Support M = N0

If the domain of integration is M = N0, we concentrate on the measure with 
derivative with respect to the counting measure given by wϱ(t) = e−ϱϱt/t! for a 
positive parameter ϱ > 0. In other words, we consider ℓ2(ϱ), the (separable) Hil-
bert space of all infinite sequences a = (a0, a1, . . .) of complex numbers such that ∑

t≥0 |at|2wϱ(t) < ∞, with the inner product defined as

Table 5  Estimators of the five largest eigenvalues of kernel (12) obtained for 3 ≤ n ≤ 15 with the 
Rayleigh–Ritz method
n λ̂1 λ̂2 λ̂3 λ̂4 λ̂5
3 1.155505e–1 6.173688e–3 2.232223e–3 0.000000e–3 0.0000000e–3
4 1.157325e–1 6.553968e–3 2.287779e–3 1.615387e–3 0.0000000e–3
5 1.157342e–1 6.936156e–3 2.451756e–3 1.636573e–3 0.8705469e–3
6 1.157342e–1 6.941384e–3 2.699774e–3 1.851195e–3 0.8713323e–3
7 1.157342e–1 6.941476e–3 2.721395e–3 1.946449e–3 1.0884916e–3
8 1.157342e–1 6.942877e–3 2.723814e–3 1.971728e–3 1.1784099e–3
9 1.157342e–1 6.943677e–3 2.725788e–3 1.973082e–3 1.1888306e–3
10 1.157342e–1 6.943684e–3 2.728232e–3 1.976252e–3 1.1888330e–3
11 1.157342e–1 6.943684e–3 2.728373e–3 1.977335e–3 1.1955965e–3
12 1.157342e–1 6.943684e–3 2.728383e–3 1.977537e–3 1.1976705e–3
13 1.157342e–1 6.943685e–3 2.728387e–3 1.977544e–3 1.1978559e–3
14 1.157342e–1 6.943685e–3 2.728391e–3 1.977555e–3 1.1978559e–3
15 1.157342e–1 6.943685e–3 2.728392e–3 1.977558e–3 1.1979070e–3

Table 7  Estimators of the two largest eigenvalues of kernel (15) obtained for n = 10(5)30 and 
γ = 0.5, 1, 1.5 with the Rayleigh–Ritz method

γ = 0.5 γ = 1 γ = 1.5
n λ̂1 λ̂2 λ̂1 λ̂2 λ̂1 λ̂2

10 6.905560e−2 0.9839087e−2 3.091694e−2 4.061322e−3 1.581485e−2 1.958083e−3
15 6.949381e−2 1.0149090e−2 3.094987e−2 4.154889e−3 1.581630e−2 1.980193e−3
20 6.963910e−2 1.0301102e−2 3.095009e−2 4.168487e−3 1.581631e−2 1.980447e−3
25 6.965260e−2 1.0420650e−2 3.095011e−2 4.168621e−3 1.581631e−2 1.980510e−3
30 6.965294e−2 1.0445512e−2 3.095012e−2 4.168761e−3 1.581631e−2 1.980516e−3

γ = 1 γ = 2
n λ̂1 λ̂2 λ̂1 λ̂2

10 1.012749e−1 2.346677e−2 5.274782e−2 1.210710e–2
15 1.013091e−1 2.517918e−2 5.275176e−2 1.218831e–2
20 1.013168e−1 2.527533e−2 5.275292e−2 1.220204e–2
25 1.013204e−1 2.529163e−2 5.275300e−2 1.221051e–2
30 1.013211e−1 2.531704e−2 5.275301e−2 1.221147e–2
true 1.013212e−1 2.533030e−2 5.275301e−2 1.221201e–2

Table 6  Estimators of the two 
largest eigenvalues of kernel 
(14) obtained for n = 10(5)30 
and γ = 1, 2 with the Ray-
leigh–Ritz method

 

1 3

Page 15 of 40    135 



B. Ebner et al.

	
⟨a, b⟩ =

∑
t≥0

atb̄twϱ(t),

for a = (a0, a1, . . .), b = (b0, b1, . . .) ∈ ℓ2(ϱ). The practical computation of this 
inner product involves truncation of the infinite sum, say from t = 0 up to t = v, for 
some positive integer v.

A suitable set of orthonormal polynomials can be expressed as

	 ϕk(x; ϱ) =
(
ϱk k!

)1/2
Ck(x; ϱ), x ∈ N0,

Table 8  First four cumulants and their Rayleigh–Ritz estimators of the distribution of T (γ) = ∥Z∥2
L2 , Z 

a centered Gaussian process with covariance kernel KZ  in (17)
γ n i = 1 i = 2 i = 3 i = 4
0.5 κi(γ) 2.60125 4.71530 20.04364 133.19802

κ̂ni(γ) 10 2.57020 4.69630 19.97998 132.77912

15 2.59684 4.71475 20.04278 133.19340
20 2.60065 4.71527 20.04361 133.19786
25 2.60117 4.71530 20.04364 133.19807
30 2.60124 4.71530 20.04365 133.19809

1 κi(γ) 7.78710e−1 5.43015e−1 8.71502e−1 2.20625

κ̂ni(γ) 10 7.77820e−1 5.42902e−1 8.71372e−1 2.20598

15 7.78679e−1 5.43014e−1 8.71502e−1 2.20625
20 7.78709e−1 5.43015e−1 8.71502e−1 2.20625
25 7.78710e−1 5.43015e−1 8.71502e−1 2.20625
30 7.78710e−1 5.43015e−1 8.71502e−1 2.20625

2 κi(γ) 2.02207e−1 4.57767e−2 2.39200e−2 1.97036e−2

κ̂ni(γ) 10 2.02200e−1 4.57766e−2 2.39199e−2 1.97036e−2

15 2.02207e−1 4.57767e−2 2.39200e−2 1.97036e−2
20 2.02207e−1 4.57767e−2 2.39200e−2 1.97036e−2
25 2.02207e−1 4.57767e−2 2.39200e−2 1.97036e−2
30 2.02207e−1 4.57767e−2 2.39200e−2 1.97036e−2

Table 9  Estimators of the two largest eigenvalues of kernel (19) obtained for 5 ≤ n ≤ 13 and γ = 1.5, 2, 3 
with the Rayleigh–Ritz method

γ = 1.5 γ = 2 γ = 3
n λ̂1 λ̂2 λ̂1 λ̂2 λ̂1 λ̂2

5 3.367700e−1 1.860092e−1 8.767026e−2 5.795029e−2 1.388053e−2 1.271398e−2
6 3.378871e−1 1.860092e−1 8.769646e−2 5.795029e−2 1.388069e−2 1.271398e−2
7 3.378871e−1 1.861737e−1 8.769646e−2 5.795333e−2 1.388069e−2 1.271400e−2
8 3.380118e−1 1.861737e−1 8.769861e−2 5.795333e−2 1.388070e−2 1.271400e−2
9 3.380118e−1 1.861792e−1 8.769861e−2 5.795335e−2 1.388070e−2 1.271400e−2
10 3.380137e−1 1.861792e−1 8.769862e−2 5.795335e−2 1.388070e−2 1.271400e−2
11 3.380137e−1 1.861794e−1 8.769862e−2 5.795335e−2 1.388070e−2 1.271400e−2
12 3.380138e−1 1.861794e−1 8.769862e−2 5.795335e−2 1.388070e−2 1.271400e−2
13 3.380138e−1 1.861794e−1 8.769862e−2 5.795335e−2 1.388070e−2 1.271400e−2
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where Ck(x; ϱ) =
∑k

ν=0(−1)k−ν

(
k
ν

)
ν!ϱ−ν

(
x
ν

)
 represents the Charlier 

polynomial of degree k.

Example 4.4  (Testing for the von Mises distribution) The covariance kernel in Theo-
rem 1 of Jammalamadaka et al. (2019) is

	 K(s, t; θ) = E{Υ(s, X; θ)Υ(t, X; θ)}, s, t ∈ N0,� (21)

where

	

Υ(s, X; θ) = cos(rX) − ℜφ(s; θ) − ∇ℜφ(s; θ)⊤L(X; θ)
+ i

{
sin(rX) − ℑφ(s; θ) − ∇ℑφ(s; θ)⊤L(X; θ)

}
,

θ is the vector of parameters of the law in the null hypothesis, X is a circular random vari-
able having the law in the null hypothesis with parameter vector θ, ℜφ(s; θ) (ℑφ(s; θ)) 
is the real (imaginary) part of the characteristic function of X, ∇ℜφ(s; θ) (∇ℑφ(s; θ)) is 
the derivative of ℜφ(s; θ) (ℑφ(s; θ)) with respect to θ, L(X; θ) is the linear term in the 
Bahadur expansion of the estimator of θ, and Υ is the complex conjugate of Υ.

When applied to testing goodness-of-fit to the von Mises distribution, and the 
parameters µ (mean) and τ  (concentration) are estimated with their maximum likeli-
hood estimators, the above quantities become [see Mardia and Jupp (2000)]

	

ℜφ(s; µ, τ) = cos(µs)q(s; τ),
ℑφ(s; µ, τ) = sin(µs)q(s, τ),

L(X; µ, τ) =
(

sin(x − µ)/q(1; τ)
{cos(x − µ) − q(1; τ)}/{1 − q(1; τ)2 − q(1; τ)/τ}

)
,

where q(s; τ) = Is(τ)/I0(τ) and Is(τ) denotes the modified Bessel of the first kind 
and order s [see, e.g. Chapter 9 of Olver et al. (2010)]. After some calculations, one 
gets

	 K(s, t) = cos {(s − t)µ} Q(s, t; τ) + i sin {(s − t)µ} Q(s, t; τ), s, t ∈ N0,�(22)

where

	

Q(s, t; τ) = q(s − t; τ) − q(s; τ)q(t; τ) {1 + st/(τq(1; τ)}
− q′(s; τ)q′(t, τ)/

{
1 − q(1; τ)2 − q(1; τ)/τ)

}

and q′(s; τ) = ∂
∂s q(s; τ).
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Table 10 displays the estimators of the two largest eigenvalues obtained for 
n = 10, 15, 20, v = 10 (the same values were obtained for larger values of v) and 
µ = 0. As in the previous examples, rapid convergence is observed.

We juxtapose the results in Table 10 with those obtained by implementing the 
Monte Carlo procedure outlined in Appendix A1. The Monte Carlo procedure was 
repeated 500 times, for various values of N (the sample sizes). Table 11 showcases 
the mean and the standard deviation of the two largest values across the 500 replica-
tions. The means in Table 11 approximate the values in Table 10, and they converge 
as N increases. The standard deviations in Table 11 diminish as N increases. From a 
computational perspective, the Rayleigh–Ritz method outperforms the Monte Carlo 
procedure, as the former computes the eigenvalues of a significantly smaller matrix.

4.5  Support M = Rd

In this scenario, we concentrate on the weight function wγ(t) = exp(−γ∥t∥2), 
t ∈ Rd, γ > 0, where ∥x∥ =

√
x⊤x represents the Euclidean norm and ⊤ denotes 

the transpose of a vector. In the spirit of Baringhaus (1996), a suitable set of ortho-
normal polynomials can be expressed using (16) as

	

ϕ̃k1,...,kd
(x; γ) =

d∏
j=1

ϕkj
(xj) =

d∏
j=1

(
2kj kj !

√
π/γ

)−d/2
Hkj

(√γxj) ,

x = (x1, . . . , xd) ∈ Rd, k1, . . . , kd ∈ N0.

�(23)

We focus our attention on the classic BHEP test as presented in Henze and Wagner 
(1997) with covariance kernel given in display (2.3)

	
K(s, t) = exp

(
−∥s − t∥2

2

)
−

(
1 + s⊤t + (s⊤t)2

2

)
exp

(
−∥s∥2 + ∥t∥2

2

)
, s, t ∈ Rd.�(24)

The weight function considered in Henze and Wagner (1997) is

	
w(t) = φβ(t) = (2πβ2)−d/2 exp

(
−∥t∥2

2β2

)
, t ∈ Rd, β > 0.

Clearly, for γ = 1/(2β2), we have that

Table 10  Estimators of the two largest eigenvalues of kernel (22) obtained for n = 10, 15, 20, v = 10 
and µ = 0, with the Rayleigh–Ritz method
ϱ τ n λ̂1 λ̂2

ϱ τ n λ̂1 λ̂2
0.5 1 10 6.288772e−2 9.849891e−3 0.5 5 10 8.438256e−3 5.328604e−4

15 6.288772e−2 9.849896e−3 15 8.438256e−3 5.328604e−4
20 6.288772e−2 9.849896e−3 20 8.438256e−3 5.328604e−4

1 1 10 1.632234e−1 4.686629e−2 1 5 10 3.826515e−2 3.445026e−3
15 1.632234e−1 4.686841e−2 15 3.826515e−2 3.445029e−3
20 1.632234e−1 4.686841e−2 20 3.826515e−2 3.445029e−3
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	 wγ(t) = (2πβ2)d/2φβ(t),� (25)

and in such a case, from (25),

	

∫
K(s, t)f(s)φβ(s)ds = θf(t)

if and only if

	

∫
K(s, t)f(s)wγ(s)ds = λf(t), with λ = (2πβ2)d/2θ.

The exact expression of the first three cumulants of the law of the distribution of 
T (β) = ∥Z∥2

L2  with w = φβ  (denote them as κ1(β), κ2(β) and κ3(β)) have been 
given in Henze and Wagner (1997). If such cumulants are denoted as κ1(γ), κ2(γ) 
and κ3(γ), respectively, when w = wγ , then from (25), for γ = 1/(2β2), we have 
that

	 κ1(γ) = (π/γ)d/2κ1(β), κ2(γ) = (π/γ)dκ2(β), κ3(γ) = (π/γ)3d/2κ3(β).

In order to check the accuracy of the solutions of Eq. (2), we calculated the exact 
values of κ1(γ), κ2(γ) and κ3(γ) and the approximations in (18), where now m is the 
number of non-null solutions of Eq. (2) obtained by considering all elements in the 
basis (23) with k1 + . . . + kd ≤ n. Tables 12, 13 and 14 display κi(γ) and κ̂ni(γ) 
for γ = 0.5, 1, 2, n = 10(5)30 and d = 1, 2, 3. Looking at these tables it can be con-
cluded that κi(γ) and κ̂ni(γ) are very close for n ≥ 15, specially when γ = 1, 2.

Note that using the formulas from the first point in Example 4.3 we can easily 
approximate the hitherto unknown fourth cumulant of the limit distribution of the 
BHEP test. This would allow to fit a Pearson system of distributions as described in 
Sect. 6.1 to efficiently approximate the critical values of the test statistic.

5  Covariance kernels depending on unknown parameters

Until now, we have assumed that the covariance kernel is explicitly known. This 
assumption holds for all the examples presented in Sect. 4, with the exception of 
Example 4.4. In that particular case, the kernel depends on two parameters. To 
obtain the approximations shown in Tables 10 and 11, we fixed the values µ = 0 and 
τ = 1, 5. As outlined in the Introduction, a central motivation for approximating the 
eigenvalues of a kernel lies in its application to goodness-of-fit testing. For location-
scale families, the kernel associated with the test statistic typically does not depend 
on unknown parameters. In contrast, for families involving a shape parameter, the 
kernel generally depends on this parameter, which is often unknown in practice. If the 
kernel varies continuously with respect to the parameter, the result stated in Theorem 
3.1 remains valid when the parameter is substituted by a consistent estimator. This 
section establishes this result and presents two illustrative examples.
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Table 12  First three cumulants and their Rayleigh–Ritz estimators of the distribution of T (γ) = ∥Z∥2
L2 , 

Z a centered Gaussian process with covariance kernel K in (24) and d = 1
γ n i = 1 i = 2 i = 3
0.5 κi(γ) True 3.35825e−1 9.57324e−2 6.30525e–2

κ̂ni(γ) 10 3.30722e−1 9.41680e−2 6.16292e–2
15 3.35124e−1 9.56358e−2 6.29862e–2
20 3.35728e−1 9.57275e−2 6.30492e–2
25 3.35813e−1 9.57322e−2 6.30524e–2
30 3.35823e−1 9.57324e−2 6.30525e–2

1 κi(γ) True 8.83130e−2 8.07001e−3 1.69471e–3
κ̂ni(γ) 10 8.81463e−2 8.05925e−3 1.69165e–3

15 8.83081e−2 8.06992e−3 1.69469e–3
20 8.83128e−2 8.07001e−3 1.69471e–3
25 8.83130e−2 8.07001e−3 1.69471e–3
30 8.83130e−2 8.07001e−3 1.69471e–3

2 κi(γ) True 1.67944 3.51349e−4 1.68584e–5
κ̂ni(γ) 10 1.67930 3.51336e−4 1.68575e–5

15 1.67944 3.51349e−4 1.68584e–5
20 1.67944 3.51349e−4 1.68584e–5
25 1.67944 3.51349e−4 1.68584e–5
30 1.67944 3.51349e−4 1.68584e–5

Table 13  First three cumulants and their Rayleigh–Ritz estimators of the distribution of T (γ) = ∥Z∥2
L2 , 

Z a centered Gaussian process with covariance kernel K in (24) and d = 2
γ n i = 1 i = 2 i = 3
0.5 κi(γ) True 1.86169 7.38190e−1 7.87273e−1

κ̂ni(γ) 10 1.80572 7.24167e−1 7.67663e−1

15 1.85336 7.37210e−1 7.86174e−1
20 1.86047 7.38133e−1 7.87209e−1
25 1.86152 7.38187e−1 7.87270e−1
30 1.86166 7.38190e−1 7.87272e−1

1 κi(γ) True 3.92699e−1 4.36479e−2 1.28019e−2

κ̂ni(γ) 10 3.91340e−1 4.35734e−2 1.27726e−2

15 3.92654e−1 4.36472e−2 1.28018e−2
20 3.92698e−1 4.36479e−2 1.28019e−2
25 3.92699e−1 4.36479e−2 1.28019e−2
30 3.92699e−1 4.36479e−2 1.28019e−2

2 κi(γ) True 5.81776e−2 1.21539e−3 6.65175e−5

κ̂ni(γ) 10 5.81692e−2 1.21533e−3 6.65130e−5

15 5.81776e−2 1.21539e−3 6.65175e−5
20 5.81776e−2 1.21539e−3 6.65175e−5
25 5.81776e−2 1.21539e−3 6.65175e−5
30 5.81776e−2 1.21539e−3 6.65175e−5
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Throughout this section, we assume that the covariance kernel is known up to 
a finite-dimensional vector of unknown parameters θ, i.e., K(s, r) = K(s, r; θ) for 
s, r ∈ M , where θ ∈ Θ ⊆ Rd for some fixed d ∈ N. Note that the eigenvalues of 
K(s, r; θ) also depend on θ, and we denote them by λi(θ). In most practical sce-
narios, the parameter θ is unknown. Therefore, to apply the Rayleigh–Ritz method 
in Sect.  3, it is necessary to substitute θ in the expression of K with a consistent 
estimator.

Let {ψj}j≥1 be as defined in Sect. 3. Next, let X1, . . . , XN  denote a ran-
dom sample, and let θ̂ = θ̂(X1, . . . , XN ) be an estimator of the parameter 
θ. Define Kn(s, t; θ) =

∑n
j,k=1 Kjk(θ)ψj(s)ψk(t) as the analogue of (3), where 

Kjk(θ) = ⟨Kθψj , ψk⟩ = ⟨ψj , Kθψk⟩, and Kθ denotes the operator associated with 
the covariance kernel K(·, ·; θ). Let Mn(θ) = (Kjk(θ))1≤j,k≤n be the n × n matrix 
of coefficients. The following result shows that, under mild regularity conditions, the 
eigenvalues of Mn(θ̂) provide a good approximation to the eigenvalues of the kernel 
K(·, ·; θ).

Theorem 5.1  Let {λi(θ)}i≥1  denote the eigenvalues of K (·, ·; θ), arranged in decreasing 
order and repeated according to their multiplicity. Let ̂λ1 (θ̂) ≥ λ̂2 (θ̂) ≥ . . . ≥ λ̂n(θ̂) 

be the eigenvalues of the matrix Mn(θ̂). Suppose that θ̂
a.s.(P)

−−−−→θ and that 

∥K (·, ·; θ) − K (·, ·; γ)∥H → 0  as ∥θ − γ∥ → 0 . Then, |λ̂i − λi |
a.s.(P)

−−−−→0 , as 

N , n → ∞, for each i.

Table 14  First three cumulants and their Rayleigh–Ritz estimators of the distribution of T (γ) = ∥Z∥2
L2 , 

Z a centered Gaussian process with covariance kernel K in (24) and d = 3
γ n i = 1 i = 2 i = 3
0.5 κi(γ) True 7.16174 3.89456 6.64335

κ̂ni(γ) 10 6.78990 3.80774 6.46828

15 7.09987 3.88788 6.63171
20 7.15194 3.89413 6.64257
25 7.16030 3.89453 6.64331
30 7.16153 3.89456 6.64335

1 κi(γ) True 1.20027 1.61360e−1 6.53432e−2

κ̂ni(γ) 10 1.19318 1.61016e−1 6.51617e−2

15 1.20027 1.61356e−1 6.53418e−2
20 1.20026 1.61360e−1 6.53432e−2
25 1.20027 1.61360e−1 6.53432e−2
30 1.20027 1.61360e−1 6.53432e−2

2 κi(γ) true 1.38008e−1 2.87382e−3 1.77339e−4

κ̂ni(γ) 10 1.37974e−1 2.87363e−3 1.77323e−4

15 1.38008e−1 2.87382e−3 1.77339e−4
20 1.38008e−1 2.87382e−3 1.77339e−4
25 1.38008e−1 2.87382e−3 1.77339e−4
30 1.38008e−1 2.87382e−3 1.77339e−4
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Proof  We have that

	

∥Kn(·, ·; θ) − Kn(·, ·; θ̂)∥2
H =

∫

M

∫

M

{
Kn(s, t; θ) − Kn(s, t; θ̂)

}2
µ(ds)µ(dt)

=
n∑

j,k,u,v=1

{
Kjk(θ) − Kjk(θ̂)

} {
Kuv(θ) − Kuv(θ̂)

} ∫

M

ψj(s)ψu(s)µ(ds)
∫

M

ψk(t)ψv(t)µ(dt)

=
n∑

j,k=1

{
Kjk(θ) − Kjk(θ̂)

}2
≤

∑
j,k≥1

{
Kjk(θ) − Kjk(θ̂)

}2
= ∥K(·, ·; θ) − K(·, ·; θ̂)∥2

H,

where the last equality comes from Parseval identity. The assumptions made imply 

that ∥K(·, ·; θ) − K(·, ·; θ̂)∥H
a.s.(P )

−−−−→0, as N → ∞, and hence,

	 ∥Kn(·, ·; θ) − Kn(·, ·; θ̂)∥H
a.s.(P )

−−−−→0, N → ∞.� (26)

Finally, taking into account that [recall (6)]

	

∥K(·, ·; θ) − Kn(·, ·; θ̂)∥L ≤∥K(·, ·; θ) − Kn(·, ·; θ)∥L + ∥Kn(·, ·; θ) − Kn(·, ·; θ̂)∥L

≤∥K(·, ·; θ) − Kn(·, ·; θ)∥H + ∥Kn(·, ·; θ) − Kn(·, ·; θ̂)∥H,

the desired result follows from the above inequality, (4), (5) and (26). � □
As in the case where K is known, one can similarly obtain estimators (up to sign) 

of the eigenfunctions of K(·, ·; θ). Furthermore, the proof of Theorem 3.3 can be 
adapted to demonstrate that these estimators converge (up to sign) to the true eigen-
functions as N, n → ∞.

Example 5.2  (Poissonity Test) The covariance kernel associated with the statistic used 
for testing the goodness-of-fit to the Poisson distribution, as introduced in Rueda and 
O’Reilly (1999); Rueda et al. (1991), is given by

	 K(s, t; θ) = eθ(st−1) − eθ(s+t−2) − θ(s − 1)(t − 1)eθ(s+t−2), 0 ≤ s, t ≤ 1,�(27)

where θ denotes the (unknown) mean of the Poisson distribution. Since M = [0, 1] 
and w(t) = 1 we employ the basis introduced in Sect. 4.1. Table 15 reports the means 
and standard deviations (in parentheses) over 1000 replications of the three largest 
eigenvalues of the kernel (27), where θ is replaced by its sample estimate θ̂ (the 
sample mean of N observations drawn from a Poisson distribution with mean θ = 1). 
Results are shown for finite values of N as well as for the limiting case θ = 1 when 
N = ∞, across various values of n and N, using the Rayleigh–Ritz method. Figure 3 
displays these eigenvalues. As in the case when the kernel is fully known, small val-
ues of n yield good approximations to the largest eigenvalues. Consistent with Theo-
rem 5.1, the eigenvalues of K(s, t; θ̂) approach those of K(s, t; θ) as N increases.

Example 5.3  We revisit the kernel introduced in Example 4.4, this time addressing 
the scenario in which the parameters are unknown and must be estimated from the 
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observed data. Table 16 parallels Table 10, but with θ replaced by its maximum likeli-
hood estimator, θ̂. Specifically, Table 16 reports the mean and standard deviation (in 
parentheses) of the two largest eigenvalues of the kernel in Eq. (27), computed using 
the Rayleigh–Ritz method, across 1000 replications. Results are presented for several 
combinations of n and N, with θ substituted by θ̂. As can be seen from a one-to-one 
comparison of the two tables, the eigenvalues differ slightly. This discrepancy may 
be attributed to the additional layer of randomness introduced by using the MLE 
estimator θ̂.

6  Usefulness of eigenvalues estimation

In this section, we introduce two statistical use cases where an accurate approxima-
tion of the eigenvalues of the covariance operator is of paramount importance.

6.1  Limit distribution approximation

As noted in the Introduction, if Z is a Gaussian process that takes values in an appro-
priate function space and ∥ · ∥ is a corresponding norm, then ∥Z∥2 follows the 
distribution W =

∑∞
j=1 λjN2

j , where N1, N2, . . . are iid standard normal random 
variables, and {λj}j∈N is the sequence of positive eigenvalues of the covariance 
operator, K, of Z. Therefore, if λ̂1, . . . , λ̂m are estimators of the m largest eigenvalues 
of K, the distribution of ∥Z∥2 can be approximated by that of Ŵm =

∑m
j=1 λ̂jN2

j . 
The distribution of a linear combination of chi-squared variates can subsequently be 
approximated by simulation or by employing the method of Imhof (1961), which is 
implemented in the R package CompQuadForm Duchesne and de Micheaux (2010). 
This procedure has been utilized in Novoa-Muñoz and Jiménez-Gamero (2016); 
Rivas Martínez and Jiménez-Gamero (2021); Rivas-Martínez et  al. (2019) with 
eigenvalue estimators obtained as described in Appendix A1.

Next, we observe that by approximating the eigenvalues of the covariance opera-
tor, we can approximate the limiting distribution by a Pearson system [with the help 
of the R package PearsonDS Becker and Klüßner (2024)]. Initially, by directly 
evaluating integrals, the first two cumulants of the distribution of ∥Z∥2

L2  are

	
κ1 = E∥Z∥2

L2 =
∫

M

K(t, t) w(t) d t

and

	
κ2 = V(∥Z∥2

L2) = 2
∫

M

∫

M

K2(s, t) w(s)w(t) d s d t,

where V(·) represents the variance. Following the methodology in Henze (1990); 
Stephens (1976), the third and fourth cumulants can be computed as
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κj = 2j−1(j − 1)!

∫

M

Kj(t, t)w(t) d t,

where Kj(s, t), the jth iterate of K(s, t), is defined as

	

Kj(s, t) =
∫

M

Kj−1(s, u)K0(u, t)w(u) d u, j ≥ 2,

K1(s, t) =K(s, t).

Utilizing the identities in Remark 2.2 of Ebner (2023) [also compare to Corollary 1.3 
in Deheuvels and Martynov (2003)], we observe that

	

∞∑
k=1

λj
k = κj/(2j−1(j − 1)!), j = 1, 2, 3, 4,� (28)

thus sums of powers of the eigenvalues approximate the cumulants of the limiting dis-
tribution. This approach, applied by direct calculation of κ1, κ2, κ3, κ4 as described 
above, has been utilized in Ebner (2020); Ebner and Henze (2023); Henze (1990).

Example 6.1  We address the problem of testing the goodness-of-fit to a fully speci-
fied continuous univariate distribution using the Cramér–von Mises test statis-
tic. In this context, the null distribution of the test statistic is free from unknown 
parameters and can therefore be computed (at least via simulation) for each 
sample size N. To evaluate the applicability of the aforementioned approxima-
tions for estimating the null distribution, we conducted the following experiment: 
a sample of size N was drawn from the uniform distribution on the unit interval, 
the Cramér–von Mises test statistic was computed, and the corresponding p-value 
was approximated using the following methods: the distribution of Ŵm with 
(n = 10, m = 5), (n = m = 10), (n = 20, m = 10), (n = m = 20); the distribu-
tion of Wℓ =

∑ℓ
j=1 λjN2

j  with ℓ = 50, 100; and the Pearson system with cumulants 
estimated under the same four combinations of n and m, and computed according to 
Eq. (28), with the infinite sum truncated at ℓ = 50, 100. This procedure was repeated 
10,000 times. Table 17 reports the proportion of p-values less than or equal to 0.05. 
From this table, we observe the following: the p-values obtained via the Pearson sys-

Fig. 3  Mean in 1000 replications of the three largest eigenvalues of kernel (27) with θ replaced with 
θ̂ (the sample mean of N data generated from a Poisson population with θ = 1) for finite N and 
θ = 1 for N = ∞, for several values of n and N, with the Rayleigh–Ritz method
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tem tend to be slightly smaller than those computed using Imhof’s method; setting 
n = m yields results closer to the nominal level of 0.05; as either n or ℓ increases, the 
p-values converge toward the target level. Overall, the results in the table are quite 
close to the nominal value of 0.05, particularly for larger values of N. This behavior 
is expected, as all the considered approximations aim to estimate the asymptotic null 
distribution. Moreover, according to Stephens (1970), the critical values for finite N 
differ from those of the asymptotic distribution by an amount of order 1/N.

Example 6.2  We continue the analysis of the goodness-of-fit test for the Poisson dis-
tribution presented in Example 5.2. Since the null distribution of the test statistic is 
unknown, it is typically approximated using a parametric bootstrap (see Gürtler and 
Henze (2000) for results on the consistency of the bootstrap estimator of the null 
distribution). To evaluate the accuracy of the previous approximations to the null dis-
tribution and to compare them with the bootstrap estimator, we conducted the follow-
ing experiment: A sample of size N was generated from a Poisson distribution with 
mean 1. The test statistic proposed in Rueda et al. (1991); Rueda and O’Reilly (1999) 
was computed, and the corresponding p-value was approximated using the following 
methods: (i) the parametric bootstrap described in Gürtler and Henze (2000) with 
1000 bootstrap replications, (ii) the distribution of Ŵm for m = n = 9 and n = 9, 
m = 5, and (iii) the Pearson system with cumulants estimated for m = n = 9 and 
n = 9, m = 5. This procedure was repeated 10,000 times. Table 18 reports the pro-
portion of p-values less than or equal to 0.05. From this table, we observe the fol-
lowing: the results for m = n = 5 and n = 9, m = 5 are identical, indicating that 
omitting the smallest eigenvalues does not affect the p-value when using either Ŵm 
or the Pearson system. Moreover, there is virtually no difference between these two 
approximations. All values in the table are quite close to the nominal level of 0.05, 
particularly as the sample size N increases. This outcome is expected for the Ŵm and 
Pearson-based approximations, since both aim to estimate the asymptotic null distri-
bution. For the bootstrap method, this behavior is also reasonable, as it yields a con-
sistent estimator, providing results that converge to the nominal level with increasing 
sample size.

6.2  Bahadur efficiency

Here we demonstrate the importance of the approximation of eigenvalues for the 
test’s quality assessment, by calculating local Bahadur efficiency - one of often-used 
asymptotic criteria. Its widespread adoption as an asymptotic quality measure is pri-
marily due to its applicability to test statistics with non-normal limiting distributions. 
For details, we refer to Nikitin (1995), while a brief review is given in Appendix B.

Let G = {Gθ(x), θ > 0} be a family of alternative distribution functions, with 
G0(x) being the null family of distributions. The relative Bahadur efficiency of two 
sequences of test statistics {Tn} and {Vn} can be represented as the ratio of their 
approximate Bahadur slope functions c∗

T (θ) and c∗
V (θ), which are associated with the 

rate of exponential decrease for the level of significance achieved under the alterna-
tive. Typically, we are interested in the case when θ → 0, i.e., when we are compar-
ing the behavior of tests against nearby alternatives.
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Ŵ
m

, W
ℓ
 (I

m
ho

f)
 a

nd
 th

e 
Pe

ar
so

n 
Sy

st
em

 (P
ea

rs
on

), 
fo

r s
ev

er
al

 sa
m

pl
e 

si
ze

s (
N

)
Im

ho
f

Pe
ar

so
n

n
=

10
n

=
10

n
=

20
n

=
20

n
=

10
n

=
10

n
=

20
n

=
20

N
m

=
5

m
=

10
m

=
10

m
=

20
ℓ

=
50

ℓ
=

10
0

m
=

5
m

=
10

m
=

10
m

=
20

ℓ
=

50
ℓ

=
10

0
10

0.
05

38
0.

05
23

0.
05

19
0.

05
07

0.
04

95
0.

04
90

0.
05

35
0.

05
19

0.
05

12
0.

05
01

0.
04

88
0.

04
87

20
0.

05
49

0.
05

29
0.

05
25

0.
05

16
0.

04
99

0.
04

96
0.

05
44

0.
05

25
0.

05
20

0.
05

09
0.

04
95

0.
04

94
30

0.
05

58
0.

05
22

0.
05

17
0.

05
05

0.
04

90
0.

04
87

0.
05

45
0.

05
17

0.
05

11
0.

05
00

0.
04

84
0.

04
78

40
0.

05
60

0.
05

29
0.

05
22

0.
05

06
0.

04
94

0.
04

94
0.

05
57

0.
05

22
0.

05
14

0.
04

99
0.

04
93

0.
04

88
50

0.
05

38
0.

05
16

0.
05

10
0.

04
98

0.
04

85
0.

04
78

0.
05

28
0.

05
10

0.
05

04
0.

04
95

0.
04

70
0.

04
65

1 3

  135   Page 30 of 40



Efficient eigenvalue approximation in covariance operators–…

Given that likelihood ratio (LR) tests are optimal in the Bahadur sense [refer to 
Bahadur (1967); Rublík (1989)], for close alternatives from G, the absolute local 
approximate Bahadur efficiency for Tn is defined as the ratio of cT (θ) and the cor-
responding slope of the LR test, which equals 2K(θ) – twice the Kullback–Leibler 
(KL) distance from the given alternative to the class of distributions within the null 
hypothesis [see also Meintanis et al. (2022)].

If the weak limit of Tn is ||Z||2L2 , under certain regularity conditions [see 
Meintanis et  al. (2022)] the local approximate Bahadur slope is equal to 
c∗

T (θ) = b
′′

T (0)θ2/(2λ1) + o(θ2), θ → 0. The coefficient bT (θ) is the limit in prob-
ability of Tn/n. Therefore, the computation of λ1 is crucial in the derivation of local 
approximate Bahadur efficiency.

Example 6.3  In this example, we bridge the gap in the literature by presenting Baha-
dur efficiencies of exponentiality test associated with kernel ρ in (13), against the 
following frequently considered close alternatives:

	● the Weibull distribution with density 

	 gθ(x) = e−x1+θ

(1 + θ)xθ, θ > 0, x ≥ 0;

	● the gamma distribution with density 

	
gθ(x) = xθe−x

Γ(θ + 1)
, θ > 0 x ≥ 0;

	● the Makeham distribution with density 

	 gθ(x) = e−x−θex

(1 + θex), θ > 0, x ≥ 0;

	● the linear failure rate (LFR) distribution with density 

	 gθ(x) = e−x−θ x2
2 (1 + θx), θ > 0 , x ≥ 0;

	● the mixture of exponential distributions with negative weights [EMNW (β)] with 
density 

	
gθ(x; β) = (1 + θ)e−x − θβe−βx, θ ∈

(
0,

1
β − 1

]
, x ≥ 0.

Efficiencies of the test associated with kernel ρ are already presented in Ebner (2023), 
while a comprehensive comparison of exponentiality tests in terms of local approxi-
mate Bahadur efficiencies can be found in Cuparić et al. (2022b). For some recent 
results, see also Meintanis et  al. (2022). Therefore, as a complement of previous 
results, in Table 19 we just present results for the test from Klar (2001). The Baha-

1 3

Page 31 of 40    135 



B. Ebner et al.

dur efficiencies are obtained using the largest eigenvalues obtained via Raylegh-Ritz 
method for n = 10.

Example 6.4  Here we reconsider tests from Example 4.3 and calculate local approx-
imate Bahadur efficiencies against the following commonly used alternatives [see 
Milošević et al. (2021) and Meintanis et al. (2022)]. For the calculation of efficien-
cies, we use the largest eigenvalues obtained via Raylegh-Ritz method for n = 10. 
The results are presented in Table 20.

	● the Lehmann alternatives 

	 g
(1)
θ (x) = (1 + θ)F θ

ϑ0
(x)fϑ0(x)

	● the first Ley-Paindaveine alternatives 

	 g
(2)
θ (x) = fϑ0(x)e−θ(1−Fϑ0 (x))(1 + θFϑ0(x)

)

	● the second Ley-Paindaveine alternatives 

	 g
(3)
θ (x) = fϑ0(x)

(
1 − θπ cos(πFϑ0(x)

)

	● the contamination alternatives 

	
g

(4)
θ (x; µ, σ2) = (1 − θ)fϑ0(x) + θ

1
σ

fϑ0

(x − µ

σ

)

The outcomes are displayed in Table 20. It is evident that the tests are quite sensi-
tive to the selection of the tuning parameter, and as a result, the choice of the weight 
function significantly influences the behaviour of the tests. The test proposed in Dörr 

Tγ  with kernel (15)
Alternative γ 0 1 2 3
Weibull 0.672 0.817 0.868 0.884
Gamma 0.453 0.625 0.722 0.781
Makeham 0.855 0.987 0.982 0.835
LFR 0.962 0.798 0.657 0.555
EMNW(3) 0.668 0.889 0.974 0.995

Table 19  BE of exponentially 
of tests from Klar (2001) in 
Example 4.2

 

N Boot Imhof Pearson
n = m = 9 n = 9, m =5 n = m = 9 n = 9, m = 5

10 0.0596 0.0537 0.0537 0.0537 0.0537
20 0.0570 0.0510 0.0510 0.0510 0.0510
30 0.0540 0.0498 0.0498 0.0498 0.0498
40 0.0511 0.0470 0.0470 0.0471 0.0471
50 0.0497 0.0492 0.0492 0.0492 0.0492

Table 18  Empirical levels for 
testing goodness-of-fit to the 
Poisson distribution calculated 
with 10,000 replications, using 
a parametric bootstrap (boot), 
Ŵm (Imhof) and the Pearson 
System (Pearson), for several 
sample sizes (N)
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et al. (2021) is the least affected by the choice of tuning parameter. This test also 
demonstrates exceptional efficiencies against Lehmann’s alternative, which are very 
close to the highest efficiencies of the energy and BHEP tests [refer to Meintanis et al. 
(2022)]. However, this test is considerably less efficient under the contamination with 
N(0, 0.5) alternative. Conversely, in this scenario, despite being the least efficient 
against many alternatives, the test proposed in Henze et al. (2019) has exhibited supe-
rior performance compared to all the tests considered in the literature.

7  Comments and outlook

We highlight the high adaptability of the proposed method, which is applicable in any 
dimension, in discrete scenarios, and even for relatively small values of n, providing 
reasonable deterministic approximations. This adaptability is a distinct advantage 
over the competing stochastic method described in Appendix A. The Rayleigh–Ritz 
method can be extended to supports M  that model more complex data structures, 
such as matrix-valued data or functional data in a Hilbert space. In these cases, it is 
necessary to identify an appropriate set of orthonormal basis functions with respect 
to the integrating measure µ. Examples of weighted L2-type statistics in these spaces 
and the corresponding kernels of Gaussian processes are found in Hadjicosta and 
Richards (2020b) and Henze and Jiménez-Gamero (2021). Fortunately, the method 
remains computationally efficient when the orthonormal basis for the underlying L2 
space is implemented and performs well even for complex kernels. Although analyti-
cal solutions to the eigenvalue problem are preferable, the complexity of the formulas 
provided for the initial component of the kernel of the BHEP test [see Ebner and 
Henze (2023)] suggests that such solutions will be uncommon for more intricate 
kernels. Therefore, a proficient approximation, as provided by the Rayleigh–Ritz 
method, is sufficient for practical purposes.

Appendix A: Alternative eigenvalue approximation approaches

Appendix A1: Monte Carlo approach

This methodology was (not exclusively) introduced in Ebner and Henze (2023) and 
Fan et  al. (2017), and is associated with the quadrature method in the traditional 
numerical literature, see Baker (1977), Chapter 3. It can also be found in machine 
learning theory, see Rasmussen and Williams (2008), and for the approximation of 
the spectra of Hilbert-Schmidt operators, see Koltchinskii and Giné (2000). Assume 
that µ is a probability measure or equivalently that the weight function w is scaled so 
that it is the corresponding probability density function. Then, let Y ∼ w be a random 
variable. Therefore, we can rewrite (1) as

	 λf(s) = E(K(s, Y )f(Y )), s ∈ R.� (29)
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An empirical counterpart to (29) is found by letting y1, y2, . . . , yN , N ∈ N, be inde-
pendent realizations of Y and approximating the expected value in (29) by

	
E(K(s, Y )f(Y )) ≈ 1

N

N∑
j=1

K(s, yj)f(yj), s ∈ R.� (30)

Evaluate (30) at the points y1, . . . , yn to get

	
λf(yi) = 1

N

N∑
j=1

K(yi, yj)f(yj), i = 1, . . . , N,� (31)

which is a system of N linear equations. Writing v = (f(y1), . . . , f(yN )) ∈ RN  and 
K̃ = (K(yi, yj)/N)i,j=1,...,N ∈ RN×N , we can rewrite (31) in matrix form

	 K̃v = λv� (32)

from which the (approximated) eigenvalues λ1, . . . , λN  can be computed explicitly. 
Note that for every eigenvalue λj  we have an eigenvector (say) vj ∈ RN , whose 
components are the (approximated) values of the eigenfunctions (say) fj  evaluated 
at y1, . . . , yN . Obviously K̃ is a random matrix, so that the calculated eigenvalues 
are random as well.

Appendix A2: Matrix-based operator’ approximation approach

In Božin et al. (2020) the authors proposed the method for approximation of eigen-
values which is essentially based on the following steps: Recall (1), namely

	
λf(s) =

∫

M

K(s, t)f(t)µ(dt), s ∈ M,

with µ( d t) = w(t)dt and 
∫

M
tw(t)dt < ∞. 

1.	 Consider the symmetrized operator 

	
λf(s) =

∫

M

K(s, t)f(t)
√

w(t)w(s)dt, s ∈ M,� (33)

 which possesses the same spectrum as the one defined by (1).
2.	 If M = [−A, A], consider the sequence of symmetric linear operators defined by 

(2m + 1) × (2m + 1) matrices M (m)
ω = ||m(m)

i,j ||, |i| ≤ m, |j| ≤ m where 
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m

(m)
i,j = K

(
iA

m
,

jA

m

) √
w

(
iA

m

)
w

(
jA

m

)
.

 This sequence of operators converges in norm to the operator defined by (33), and 
hence the spectra of these two operators are at a distance that tends to zero.Observe 
that if M = [a, b] for arbitrary a < b, the operator is suitably adjusted. In the case of 
unbounded support, step 2 is performed after truncating the operator (33) in such a 
manner that the resulting operator differs from the initial one on a set of negligible 
measure.

While this method is effective and straightforward to understand, one of its main 
disadvantages is that it may not demonstrate optimal computational efficiency, espe-
cially when dealing with complex kernel functions.

We demonstrate how this method operates using the kernels from Examples 4.2 
and 4.3. The eigenvalues associated with the tests from 4.2 and 4.3 are displayed in 
Tables 21 and 22 respectively.

Table 21  Approximation of the largest eigenvalue λ1(γ) from Example 4.2 with A = 10
Kernel γ m = 100 m = 500 m = 1000 m = 2000 m = 5000
(13) 0 2.70032e−1 2.71923e−1 2.72186e−1 2.7232e−1 2.72401e−1

1 1.00554e−1 1.01133e−1 1.01227e−1 1.01276e−1 1.01306e−1
2 5.24446e−2 5.26588e−2 5.27049e−2 5.27296e−2 5.27449e−2
3 3.22069e−2 3.22729e−2 3.22988e−2 3.23134e−2 3.23227e−2

(15) 0 1.93010e−1 1.94551e−1 1.94746e−1 1.94843e−1 1.94901e−1
1 3.06451e−2 3.08897e−2 3.09206e−2 3.09361e−2 3.09453e−2
2 8.82674e−3 8.89719e−3 8.90608e−3 8.91053e−3 8.91320e−3
3 3.43041e−3 3.45777e−3 3.46122e−3 3.46295e−3 3.46399e−3

Table 22  Approximation of the largest eigenvalue λ1(γ) from Example 4.3
Kernel γ A m = 100 m = 500 m = 1000 m = 2000 m = 5000
(17) 0.5 5 1.19722 1.20201 1.20261 1.20291 1.20309

1 4 4.49887e−1 4.51685e−1 4.51910e−1 4.52023e−1 4.52091e−1
2 3 1.40959e−1 1.41522e−1 1.41593e−1 1.41628e−1 1.41649e−1
3 3 6.55722e−2 6.58342e−2 6.58671e−2 6.58836e−2 6.58934e−2

(19) 1.5 4 3.36331e−1 3.37675e−1 3.37843e−1 3.37928e−1 3.37979e−1
2 3 8.72568e−2 8.76048e−2 8.76485e−2 8.76704e−2 8.76835e−2
3 3 1.38116e−2 1.38668e−2 1.38738e−2 1.38772e−2 1.38793e−2

(20) 0.5 5 9.62013e−1 9.65857e−1 9.66340e−1 9.66582e−1 9.66728e−1
1 4 5.97812e−1 6.00201e−1 6.00501e−1 6.00651e−1 6.00741e−1
2 3 3.96036e−1 3.97618e−1 3.97817e−1 3.97916e−1 3.97976e−1
3 3 3.08925e−1 3.10160e−1 3.10315e−1 3.10392e−1 3.10439e−1
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Appendix B: Local approximate Bahadur efficiency

In order to compute the approximate Bahadur efficiency, we need the following con-
ditions to be met: 

1.	 Tn converges in distribution to a non-degenerate distribution function F,
2.	 log(1 − F (t)) = − aT t2

2 (1 + o(1)), → ∞,

3.	 The limit in probability under an alternative from G limn→∞ Tn/
√

n = bT (θ) > 0 
exists for θ ∈ Θ1.Then, we have

	 c∗
T (θ) = aT b2

T (θ)� (34)

which represents the approximate Bahadur slope of Tn. Typically, under a close alter-
native where certain regularity conditions are met, i.e., when θ → 0, bT (θ) can be 
expanded into a Maclaurin series. In the case of test statistics with an asymptotic 
normal distribution, the coefficient aT  is equal to the inverse of the asymptotic vari-
ance. However, when the distribution is that of 

∑∞
j=1 λjN2

j , λ1 ≥ λ2 ≥ ·, the coef-
ficient aT , which corresponds to 

√
Tn, is equal to λ−1

1  [for a detailed explanation, see 
Cuparić et al. (2022b)].

It’s important to note that the local approximate Bahadur efficiency is an approxi-
mation of the local exact Bahadur efficiency, a measure that is significantly more 
complex to calculate in practice. While Yu and Nikitin and I. Peaucelle. (2004) pro-
vided results for test statistics in the form of U- or V-statistics, the case involving 
unknown parameters still remains an open question.
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