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Abstract. We consider non-standard Markov Decision Processes (MDPs) where the
target function is not only a simple expectation of the accumulated reward. Instead,
we consider rather general functionals of the joint distribution of terminal state and
accumulated reward which have to be optimized. For finite state and compact action
space, we show how to solve these problems by defining a lifted MDP whose state space
is the space of distributions over the true states of the process. We derive a Bellman
equation in this setting, which can be considered as a distributional Bellman equation.
Well-known cases like the standard MDP and quantile MDPs are shown to be special
examples of our framework. We also apply our model to a variant of an optimal transport
problem.

1. INTRODUCTION

Classical MDP theory is concerned with the maximization of expected accumulated
reward ERy over N discrete stages or an infinite time horizon where the transition law
of the process can be controlled. Thus, we are interested in the first moment of the
random variable Ry representing the accumulated reward and aim to maximize this.
For the standard theory, solving these problems with the help of a Bellman equation, a
recursive equation for the optimal value of the problem depending on the time horizon,
see Puterman (2014); Herndndez-Lerma and Lasserre (1996); Bauerle and Riedex (2011)).

However, later there has been increased interest in criteria which also account for risk
in the sense of deviation from the mean or in higher moments of the accumulated reward.
Hence, in criteria which address other aspects of the underlying return distribution. A
widely discussed criterion for example is the risk-sensitive reward —E exp(—ARy) which
has first been addressed by [Howard and Matheson (1972); Jaquette (1976). It can be
considered as a criterion taking all moments of the accumulated reward into account
since

X () )k k
~Eexp(-ARy) =~y RN

Risk-sensitive Markov decision problems can again be solved using a Bellman equa-
tion, but the value function is time-dependent even in the stationary infinite horizon
setting (see the aforementioned references). For Q-learning in this setting, see Borkax
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(2002); Mihatsch and Neuneier (2002); [Borkar (2010); [Shen et al. (2014). Further exten-
sions include more general expected utility (Chung and Sobel (1987); Béuerle and Rieder
(2014)), the application of risk measures (Ruszczynski (2010); Béuerle and Ott (2011);
Shen et all (2013); Béauerle and Glauner (2021); Moghimi and Ku (2025)) or the con-
sideration of mean-variance problems (Mannor and Tsitsiklis (2011); [Cui et all (2014);
Béuerle and Jaskiewicz (2025); Bauerle et all (2025)). In the first two cases, it is again
possible to solve the problem with a Bellman equation on an extended state space, where
an auxiliary variable like the ’accumulated reward so far’ has to be added to the natural
state of the process. For mean-variance problems, one can take advantage of the fact that
the variance can be represented as an optimization problem. A recent overview can be
found in |Bauerle and Jaskiewicz (2024). Besides this, other papers considered quantile
optimization in the sense that P(Ry > t) for fixed t € R has to be optimized, see e.g.
Filar et al. (1995); Wu and Lin (1999); (Chow et all (2015); |Gilbert et al) (2017); ILi et al.
(2022). In this case, the problem can again be solved using a state space extension. In
particular, the latter three papers are also concerned with finding efficient algorithms to
solve MDPs with quantile criteria. In [Marthe et all (2024) the authors discuss among
others which utility problems may be solved by dynamic programming.

On the other hand, there is a stream of literature which deals with distributional
reinforcement learning. In this theory, the aim is to learn the distribution of the ac-
cumulated returns under a stationary Markovian policy (Bellemare et al. (2017, 2023);
Rowland et all (2019)) or equivalently to learn the quantile function (Dabney et al! (2018bJa))
and use parametric families to achieve this efficiently. This is similar to Q-learning for
a fixed policy. Optimization enters the scene by choosing greedy actions according to
an appropriate functional which relates to the target quantity. However, in general this
theory applies to problems where the classical MDP theory can be used (maybe on an
extended state space) and where the optimal policy can be found within the deterministic
stationary policies (Lyle et al) (2019) compares traditional RL (reinforcement learning)
to distributional RL).

In this paper, we combine the distributional approach with a very general optimization
target involving the joint distribution of current state and accumulated reward. More
precisely, if Fg is the joint distribution of the accumulated reward Ry_; and current
state Xy under policy o, we are interested in maximizing H(Fg) where H maps dis-
tributions to real values. Hence, H could map the distribution on the expectation of
Ry_1, yielding a classical MDP, to a quantile, to a probability or to the distance to a
given distribution. This gives a very flexible target, comprising, in principle, all previ-
ously considered cases. Also situations with constraints may be handled (see e.g. |Altman
(2021)); Basak and Shapiro (2001)). Of course, and this is crucial to note, we cannot
expect that we can restrict the search for optimal policies to Markovian policies, nor
can we restrict to deterministic policies in general. However, we can show that optimal
policies depend only on the current distribution of state and accumulated reward so far.
Thus, they depend on the history of the process, but only through a certain sufficient
statistic. We can also identify cases where the optimal decision rule is not randomized.
This is achieved by introducing a ’lifted” MDP with states given by distributions. The
approach is inspired by recent papers considering MDPs with distributions as states (see
e.g. Béauerle and Jaskiewicz (2025)). In order to keep the exposition simple, we restrict
here to finite state and action spaces and in Sec. [3 to finite state and compact action
space. The recent paper Pires et al) (2025) considers a related question, however is con-
centrating on infinite horizon discounted reward. They consider a possibly infinite state
space, but a finite action space. In their main theorem, the target function H has to
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satisfy some indifference properties and they do not define a ’lifted” MDP, hence there is
no typical value function. However, they provide a large number of different applications
ranging from Conditional Value at Risk optimization to Deep n networks.

The contributions of our paper are: (i) We introduce in a proper mathematical way
a very general optimization problem involving the joint distribution of the accumulated
reward and current state of a Markov Decision process. (ii) We introduce a ’lifted” MDP
to solve the problem recursively. We do this for finite state and finite/compact action
spaces. (iii) We show that cases previously treated in the literature like classical MDP
and quantile MDP are included as special cases. (iv) For the infinite horizon problem,
we discuss existence and reduction of optimal policies. (v) We give a new application of
approximating a given distribution by a random walk which we solve in a naive dynamic
programming fashion. This is a modification of an optimal mass transportation problem.

The outline of the paper is as follows: In the next section we introduce the model with
finite state and action spaces and derive the recursive solution algorithm under a continu-
ity assumption on the objective mapping H. In Sec. [Bl we consider the case of a compact
action space but restrict to distributions of the terminal state plus expected reward. In
order to obtain optimal policies, we need a further continuity property of the transition
law. In Sec. [ we briefly discuss the infinite horizon problem in our setting. Using
an example, we show that optimal stationary policies cannot be expected. However, we
prove the existence of optimal policies when the target function is Wasserstein-Lipschitz
and can reduce them to a certain set of policies. In the last section we consider differ-
ent applications: We show that the usual Bellman equation is included for the classical
objective of maximizing the expected accumulated reward. We also consider a quantile
MDP where we show a similar result. The last application is non-standard: We determine
the transition probabilities of a Markov chain in such a way that, at a fixed time point,
a weighted criterion of distance to a given distribution and expected transportation cost
is minimized. We solve this problem using naive dynamic programming and discuss the
results.

2. THE MODEL

By R (N) we denote the set of all real numbers (positive integers). Let Y be a Borel
space, i.e., a Borel subset of a complete separable metric space with its Borel o-algebra
B(Y). Then, P(Y) stands for the set of all probability distributions on (Y,B(Y)). We
equip P(Y') with the weak topology, that is, the coarsest topology for which the mapping
"= fY fdu is continuous for every bounded and continuous function f:Y — R.

Suppose we are given a classical Markov decision model with finite state and action
space. We are first interested in models with finite time horizon N € N. More precisely,
the model is described by the following items:

(i) E is the finite state space,
(ii) A is the finite action space,
(iii) 7 : £ x A — R is the one-stage reward,
(iv) ¢ is the transition probability from E x A to F,
(v) g : E — R is the terminal reward.

Thus, let (€2, F) be the measurable space with Q = E x (A x E)" and F the corre-
sponding power set. We define the set of all histories by H, := E x (A x E)", i.e.,
hn, = (xo,a0,...,x,) (for n = 1,... N) describes the sequence of states and actions
which have occurred up to time n. For n = 0, we have Hy = E. The state process is then
given by the random variables X,, : Q@ — E with X,,(hx) = z,, and the action process by
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the random variables A, : Q@ — A with A,(hy) = a,. A policy o is a sequence (0,,)Y

of history dependent decision rules, where each decision rule o, specifies the probability
distribution o,,(|h,) on the action space A for h,, € H,, and n =0,..., N — 1. We denote
this set of policies by Ily. It is well-known that a policy ¢ = (0,)Y=} € Ily, an initial
distribution v and the transition probability ¢ induce a probability distribution P¢ on
(Q, F) (see p. 23 in [Puterman (2014)) so that

P7(Xo = w0, Ao = ag, X1 = 21,..., Xy = 2n) =
V($0)00(00|I0)Q(551|I0, @0)01(01|ZE0, Qp, 931) Tt UN—l(aN—l|hN—1)Q(a7N|IN—1a aN—l)-

In classical MDP theory, we are interested in maximizing the expected reward of the
system over the time horizon when the initial distribution is v. Thus, we define for
n=01,....,.N—1

n N-1
Rn = ZT(Xk7Ak) and RN = ZT(XIWA]C) +g(XN)
k=0 k=0

For a fixed initial distribution v, one then tries to solve

V(v) = sup EJ[Rn]
o€elly
where E? denotes the expectation w.r.t. P7. It is well-known that the optimal policy
(which exists here, since state and action spaces are finite) can be found among the
deterministic Markovian decision rules and that it does not depend on v. More precisely,
when we define Vy(x) := g(z) and forn=N —1,...,0

Vi) = mage {r(e,) + 3 Vi (@)a(e'l, ), (21)
then V(v) = > Vi(x)v(z) and the maximizers in ([21) define an optimal (deterministic)
policy.

In this paper however, we generalize the optimization criterion to one where the joint
distribution of the accumulated reward and terminal state is involved. Since state and
action spaces are finite, the random variables Ry, ..., Ry take only a finite number of
possible values. In what follows, we denote by .S the finite set of all possible realizations
of the random variables Ry, Ry, ..., Ry. For a fixed policy o € Ily, let 7 be the joint
distribution of (X,,, R,_1), i.e.,

Fl(z,s) =P)(X, =2, R,1=5), (v,8)€ExXxS, n>1

Obviously, this distribution depends on the chosen policy o (and the initial distribution
v which is fixed and thus not part of the notation). Let now H : P(E x S) — R be an
arbitrary functional. The aim is to solve the following optimization problem

sup H(FY). (2.2)

oelly

The solution in (2.2)) is called a value function.

Example 2.1. Let us consider some special cases of our setting. Let F' € P(E x S).

a) Of course the classical case is included by defining

H(F) = (g(x) + s)F(,s).

z,s
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Obviously H(F§) = E7[Rx] in this case and it is just the expected accumulated
reward of the system and we can use the standard Bellman equation (2.]) to solve
the problem.

b) When we choose H(F)=}__  F(z,s)x(z,s), where

1, ifs+g(z)>t
x(x,s) =
0, else

for a fixed t € R, then H(Fg) = PJ(Ry > t) is the quantile of the terminal
accumulated reward. By varying the function y we can treat the probability that
the accumulated reward ends up in different areas.

c) Let £ C R. If W, is the Wasserstein distance between the distributions, then we
might consider

H(F) = Wi(F(-,5),G) = / Ft) — Gu(t)dt,

where G € P(R) is the given target distribution. Here, F. and G. denote the
corresponding cumulative distributions. Then the aim is to choose the policy o
such that the distribution of Xy is as close as possible to G, i.e., we wish to find
inf, e, H(FS). The distance Wi may be replaced by any other reasonable distance
between distributions.

In order to solve problems like (Z2]), we have to lift the MDP to a more general state space
which is given by joint distributions of the accumulated reward and original state of the
process. Moreover, actions in the lifted MDP are transition kernels from the augmented
state (x, s) of the process to the action space. Thus, we define

IV .= {r:ExS— PA)},

where S is as before the finite set of all possible realizations of the accumulated rewards.
More precisely, we formally define the lifted MDP which is a deterministic dynamic control
problem by the following data:

(i) P(E x S) is the state space where the interpretation of a state F,, € P(E x S) at
time point 7 is given as the joint distribution of (X,,, R,_1). Note here that since
state and action spaces are finite, F), is ultimately a discrete distribution on a finite
number of points.

(i) TI™ is the action space.

(iii) The one-stage reward is zero.

(iv) H : P(E x S) — R is the terminal reward.

(v)

v) The transition function T': P(E x S) x 1M — P(E x S) is given by
T™(F)(2',s) :=T(F,m)(a,s) = Z q(2|z, a)m(alz, s)F(z, s), (2.3)

(z,8,a) :r(z,0)=8"—3s

where (2/,s') € E'x S and ¢ and r are the data from our initial MDP defined at
the beginning of this section.

The previous data defines a lifted MDP which is indeed a deterministic dynamic control
problem. Policies in this lifted model are denoted by (f,) where f,, : P(E x S) — IIM.
Though state and action spaces are finite in the original formulation, this is no longer
true in the lifted MDP. Indeed, the price we have to pay for the model to be deterministic
now is that the state and action spaces consist of probability distributions and transition
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kernels, respectively. But in the end this also implies that there is no randomization over
the lifted action space necessary in order to improve the value.

We first prove the following crucial connection between the original MDP and the lifted
MDP. The notation v ® pu stands for the product measure between the two probability
distributions pu, v.

Proposition 2.2. For every policy o = (6,))=" in the original MDP model, there exists
an action sequence (g, ..., Tn—1) in the lifted MDP such that

P(Xy=2,Ry_1=8)=T™1oT™20...0T™(Fy)(x,s), (x,s)€ E xS,
where Fy = v ® &g and T™ is the operator defined in (2.3).

Proof. The proof is by induction over the length of the time horizon. First consider N = 1.
Then

Po(X, =2/, r(Xo, Ag) = ') = Z q(2' |z, a)og(alr)v(z) = T™(Fy) (', 8)
(@,a) : r(z,0)=s'
where my(a|z, s) = mo(alz,0) := op(a|z). Now suppose the statement is correct up to time
n < N — 1. For abbreviation we denote F\™"™ 1) = Tm-10T™-20 o T7(Fy) for

all n < N — 1. We have to show that P7(X,,,1 = 2, R, = s) = Féiol’""“)(:c, s). Thus, we
obtain by using the induction hypothesis in the second equation:

Pl (Xpi1 =2, Ry = §') =
> PI(Xpr =2 Ry =5|X, =2, Ryoy = s)PY(X, =2, Rp_y = 5) =

> PY(Xpn =2, Ry = §|X, = 2, Ry = 8)F™ ™) (2, 5) =

> q(@' |z, a)PI(A, = a| X, = 2, Ry_y = s)F{T0rm™-0 (g ) =

(z,8,a) : r(z,a)=s"—s

ST gk amalalz, )T a 5) = T (Fm ) (o),

(z,8,a) : r(z,a)=s"—s

where we define m,(alz, s) :=P%(A, = a|X,, = 2, R,_1 = s). Obviously, the definition of
7w depends on o. This proves the statement. O]

Remark 2.3. Proposition may appear surprising at first sight, since there is an
arbitrary (history-dependent) policy on the left-hand side and a "Markov’ policy (in the
sense of the lifted MDP) on the right hand side. However, it is well-known that in
Markov decision processes, for any history dependent policy, we can always find a Markov
policy such that the distribution of state and action at every time point (i.e., the marginal
distributions) coincide, see e.g. Theorem 2 in|Derman and Strauch (1966) or Corollary 2.1
in [Kallenberg (2002). This is essentially what also happens in Proposition 2.1.

On the other hand, given any action sequence (m,)"-; it is immediate (since the ac-

cumulated reward up to time n — 1 is a function of the history up to that time) that
by choosing o, (:|h,) := Tn(:|7s, 5,_1), We can construct from any sequence (7,) ) a
sequence (,)Y-; such that the equality in Proposition holds. As a result, we can
write problem (2.2)) as follows:

sup H(Fj)= sup H(I™ ' oT™20...0T™(F)). (2.4)

o€elly (705 y™N—1)
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The right-hand side in (24)) is a deterministic dynamic control problem, which can be
solved with the help of the value functions .J,,, where

In(F) = H(F),
Jo(F) = sup J1 (TT(F)), n=0,1,...,N —1, (2.5)
mellM

for FF' € P(E x S). We make the following assumption:

(C1): The mapping ' — H(F) is upper semicontinuous, that is, lim sup,_, .. H(F(z)) <
H(F) for any sequence (F(x) converging to F in P(E x S) as k — oo, ie.,
Fuy(z,s) = F(x,s) for every (z,s) € E x S.

Note that this condition is satisfied for all cases in Example 2.1]
We obtain the following result:

Theorem 2.4. Assume (C1), i.e., H is upper semicontinuous.
a) If (J,) is computed according to (2Z5)), then Jo(Fy) is the value function of problem

(m); i'e'; JO(FO) = SUDPgseny H(F]C\rf)
b) Mazximizers (f§,..., fa_q) in the recursion of (2.1) ezist, i.e., forn =0,1,...,N—1

[H(F) = argmax J,1(T™(F)), F € P(E x S).

n

c) Define the following state-action sequence starting with state Fy:

7TE)< = fJ(F0>7
F, =T™(F),

T = fu(Fn),
Fopi=T™o...0T™(F).

Then, (w8, 75, ..., mh_y) determines an optimal policy (o, ... ,05_1) for problem

Z4) as follows
n—1
(a’|h' ( znazr zkaak >
k=0

form=0,1,..., N — 1, where h, = (xg,aq,...,T,).

Proof. The proof proceeds by backward induction. For part a) we prove that (J,) com-
puted according to (2.3) satisfies

Jo(F)= sup H(T™'oT™ 0. . oT™(F))

forn=0,...,N — 1. For n = N — 1, the statement follows by definition. Suppose the
statement is true for n+ 1. We prove that it is also true for n. By (2.3) and the induction
hypothesis we obtain

Jo(F) = sup Jpr(T™(F))

ﬂ-nenlw

= sup sup  H(T™ ' oT™20.. . oT™(T™(F)))

Tn €M (Tpt1,. TN 1)

= sup H(I™'oT™o0...0T™(F))
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which proves the statement. It remains to show that the maximum points exist. We do this
again by induction, proving that all J,, are upper semicontinuous and the maximum points
exist. The argument for the induction starting at time point N — 1 is essentially the same
as for the induction step and we thus skip it. Set m = |E|-|S|. Consider the optimization
problem in (2.5]) and assume that J,,; : R™ — R is upper semicontinuous. Let 7 € ITM.
Clearly, if Fiyy — F in P(E x S) and 7y — 7 in IIM (ie., my(alz, s) = w(alz, s) for
every a € A and (z,s) € E x 5), then

> q(2'|z, ) (alz, s)Fy(z, s) — > q(@'|z, a)m(a|z, s)F(z, s)

(z,8,a) :7(z,0)=8"—3s (z,8,a) :7(z,0)=8"—s

for every (z/,s') € E x S as k — oo. Further, the set TI™ is compact, since ITTM = P(A)™.
By Proposition 2.4.3 in [Biuerle and Rieden (2011) there exists 7* € IIM such that

sup Jn+1( Z q(+|z, a)m(alx, s)F(x, s))

mellM

(z,8,a) :r(z,0)="—s
—dui( Y atlra)r(ale5)F.s)
(z,8,a) :7(z,0)="—s

and the mapping

F — sup Jn+1( Z q(+|z, a)m(alx, s)F(x, s))

menM (z,8,a) :r(z,0)="—s
is upper semicontinuous, which proves the statement. Note that the connection between
7* and o* follows from the proof of Proposition 2.2 O

We call the last equation in (2.5)) a ’distributional Bellman equation’. The term ’dis-
tributional Bellman equation’ has been used before (see e.g. Bellemare et all (2023)).
However, there the term refers to a recursive computation of the cumulated reward dis-
tribution under a fixed policy, i.e., in a first step there is no optimization involved.

Remark 2.5. Sometimes it may be sufficient to consider the distribution of Xy only,
without Ry_1. In this case, the transition function simplifies as follows:

T™(F)(2/,8) == > q(a'|z,a)w(alz,s)F(x,s)

(z,s,a)

= Z |z, a Zﬂ(a\x, s)F(x,s)
(z,a) s

= Z 2|z, a)7(alx)F(z,S),
(z,a)

where
> m(alz, s)F(z, s)
2 Fles)
Note that 7(a|x) is a probability distribution on the action space, since 7(a|x) > 0 and

obviously > #(alz) = 1. Moreover, 7(alz) depends only on . Hence, as the states in
the lifted MDP it is sufficient to con51der distributions F' € P(FE).

7(alx) ==




3. A SPECIAL CONTINUOUS CASE

In this section we briefly discuss the case of a compact (not necessarily finite) Borel
action space where we restrict ourselves to objective functions which depend only on the
law of X and add the expected reward up to time N — 1. As noted in Remark 2.5] in
this case it is sufficient to define the state of the process at time n in the lifted MDP as
the distribution of X,,. More precisely, what we change w.r.t. the model in the previous
section is that

(I): The action set A is a compact metric space.
Any given distribution v for the initial state and a policy o € Ily define a unique proba-

bility measure IP? over the space of trajectories of the states and actions. The construction
is standard, see [Puterman (2014) and the beginning of the previous section. We define

Fl(z) =P)(X,=2), z€kFE.

Formally, the aim is to solve

sup {H(Fjé) + E‘;[RN_l]} (3.1)

oelly

for a function H : P(E) — R. Thus, we obtain that the lifted MDP is defined by

(i) P(E) is the state space, where the interpretation of a state F,, € P(E) at time
point n is given as the distribution of X,,. Note here that F}, is ultimately a discrete
distribution on the finite set E. In particular we have Fj = v.

(ii) IM = {n : E — P(A)} is the action space.

(iii) The one-stage reward is given by 7 : P(E) x IIM — R with

r(Fm) = Z/Ar(:ﬂ,a)ﬂ(daM)F(aj).

(iv) H : P(E) — R is the terminal reward.
(v) The transition function T : P(E) x I — P(E) is given by

T™(F)(a') = T(F.m)() = Y /A q(2'|z, a)n(da)z)F(z) (3.2)

where ' € FE.

Note that a Markov policy in the original model can be linked to a sequence of actions
in the lifted MDP (analogously to Prop. [2.2). As mentioned in Remark 23] it is well-
known that for every policy o there exists a Markov policy 7 that induces the same
marginal probability measure (see Lemma 2 in [Piunovskiy (1997) for general models with
no necessarily finite action set). Therefore, we conclude that for ¢ = (o)) in the
original MDP model, there exists an action sequence m = (7,) - in the lifted MDP such
that

FR(x)=P(Xy=2)=T™1oT™20...0T™(Fy)(z), =€FE.

Thus, we have that

H(FY) + EJ[Ry-1] (3.3)
N—1
= H(T”J\f*1 oT™-20. .0 T”O(F0)> + Z f(T”’“l 0...0 TWO(FO),TFR>
k=0

where T™1(Fy) := Fy. Thus, the value iteration has the following form:
In(F) = H(F),
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Jn(F) = sup {F(E,7m)+ Jopir(T™(F))}, n=0,1,...,N—1. (3.4)
el
In this case, we need another condition to ensure the existence of optimal policies:
(C1’): The mapping F' — H(F') is upper semicontinuous, that is, limsup,_, ., H (Fz)) <
H(F') for any sequence (F{y)) converging to F' in P(E) as k — oo.
(C2): The mappings a — ¢(2'|x,a) and a — r(z,a) are continuous for all z, 2’ € E.
Note that M := max(y aepxa |7(2, a)| < co. Then we obtain:

Theorem 3.1. Assume (C1°) and (C2).
a) If (Jp) is computed according to (B.4) with T™ as defined in ([B.2), then Jo(Fy) is
the value function of problem [B), i.e., Jo(Fy) = supyen, {H(FS) + EJ[Ryn_1]}.
b) Mazimizers (f§,..., fx_1) in the recursion of (B.4) ezist, i.e., forn =0,1,...,N—1

fo(F) = argmax {r(F,7) + J,1(T7(F))}, F € P(E).

¢) Define the following state-action sequence starting with state Fy = v:
WS = f(ak(F())v

Fy =T™(F),

T = fu(Fn),
Fopi=T™o...0T™(F).

Then (m§, 75, ..., mn_1) determines an optimal policy (of,...,0n5_1) for problem

BI) as follows

o (alhy) =, (a|z,)
form=0,1,..., N — 1, where h, = (xg,aq,...,T,).
Proof. Part a) can be deduced by backward induction. Indeed note that
Ina(F) = sup {f(F, N1+ H(T“Nfl(F))} and

TN-—1

Tx-a(F) = sup {M(F.ax-) + Iy (T752(F)) |

TN-2

= swp R ) AT (F) )+ HT o T (F) )

(TN—2,"N-1)

Consequently,
n—1
INn(F) = sup {f(F, TN-n) + Z P(T™-0+0 o o T™"(F), mx_t)
(TN —ny»TN—1) 1
+H(T™'o...0 T”N*"(F))} and
N-1
Jo(F) = sup {f(F, 7T0) + f(TWN*(’“rl) o... OTWO(F),TFN_k)
(mo,--,TN-1) =1

YH(T™ 0. . .0 T“O(F))}.

Now observe that the expression in the curly brackets equals the right-hand side in (33).
This proves part a). For parts b) and c) we proceed as follows. Let (Fix), 7(x)) — (F,7) in
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P(E) x II™ as k — oco. Recall that it means that Fi(z) — F(z) and 7y (-|z) — 7(-|z)
weakly in P(A) for every x € X. We show that

f’(F(k),W(k)) — f(F, 7T) and T(F(k),ﬂ'(k)) — T(F, 7T)
as k — oo. Indeed, notice that

|P(Fy, mwy) — P, )| =

Z/ r(x, a)m gy (dalz) F, Z/ r(x, a)w(da|z)F(x)
(i, @) (dalz) — /A r(z, a)r(dalz)
v Z / r(a, @)m(dala) [ (o) = F(2)

r(z, @) (dalz) — /A r(z, a)r(dale)
+M§m: |Fy(x) — F(x)|.

Hence, the first term tends to zero by (C2) and the second term converges to zero by
definition. In the same manner, we show that T'(Fx, 7)) — T(F, 7). Clearly, m

compact, since ITY = P(A) x --- x P(A) (|E| times). Hence, the remaining parts follow
as before from Proposition 2.4.3 in |[Béuerle and Rieder (2011)). O

F(k) (I)

4. INFINITE HORIZON PROBLEMS

So far we have considered problems with a finite time horizon. Let us now briefly turn
to the situation with an infinite time horizon in the setting of Section 2l Hence, we deal
with the same problem as in Section 2l with the difference that we introduce a discount
factor € (0,1) and set N = oo. A policy o is a sequence (0g, 01, . . .) of history dependent
decision rules o, : H, — P(A). By Il we denote the set of all policies. The random
reward we are interested in is now given by

Ry := lim R,, where R, := Zﬁkr(Xk,Ak).

n—00
k=0

Clearly, Ry is well-defined and R, € [-M/(1 — 8),M/(1 — B)], where that M =
Max(yq)cpxa |[1(%, a)|. Let us consider the problem of maximizing the expected discounted
reward when the initial distribution is v, that is,

sup 7 [Roc].

o€ll
As in the previous section EJ stands for the expectation operator that refers to the
probability measure P? defined uniquely on H,, := (E x A)Y with o-algebra generated
by the cylinder sets, see [Puterman (2014). It is well-known that the problem can be
solved with the help of a fixed point equation and an optimal policy can be found among

stationary deterministic Markovian policies, i.e., an optimal policy ¢* is of the form
o*=(6,0,...), where & : E — A. Now for o € II, and B € B(R) define

FI(B)=P/(Ryx € B)
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as the distribution of R, under policy o, when the initial distribution is given by wv.
Assume that H : P(R) — R is an arbitrary functional. The aim is to solve
sup V (o), where V(o) := H(FY). (4.1)
o€llo

In this situation, it is in general not true that an optimal policy can be found in the set
of stationary deterministic Markovian policies as the following example shows.

Example 4.1. Consider the degenerate Markov decision process given by: E = {0},
A ={0,1} and r(z,a) = %a, i.e., the decision alone determines the reward. Thus, the
transition probabilities are given by ¢(0]|0,a) = 1. Further assume that § = 1/2. This
implies that R, is deterministic given by
1< /1\F
Ry = ) Z <§) Qf,
k=0

where (a)p2, is the sequence of chosen actions. Hence, R, € [0, 1] and we can obtain
any number in [0,1] by choosing (a;)$2, accordingly. Now fix B = {v/2/2} and let
o € . For FZ € P([0,1]) define the function H(FZ) := FZ(B) = P (R = V2/2).
Clearly, max,en., H(FZ) = 1 for o* represented by the actions (ag, a; . . .) being the dyadic
representation of v/2/2. But (ag,a; ...) is an infinite, non-periodic sequence. Thus, there
is no hope for any optimal stationary policy. Contrary, one can study the distribution of
R, under the restriction of stationary deterministic Markovian policies. In such setting
it makes sense to discuss the existence and properties of solutions to the distributional

fixed point equation R X+ BR, see e.g., Gerstenberg et al! (2023).

Here, we consider next the question of existence of optimal policies for (A1) and their
approximation. We denote by H = U,cnH,, the set of all histories. Since E and A are
finite, H is countable. Therefore, Il,, = P(A)? = {0 : H — P(A)}. By Tychonoff’s
theorem this set is compact in the product topology. Note that the mapping o — P is
continuous when the set of strategic measures is equipped with the weak topology.

We proceed with the following assumption

(C3): The mapping H is Lipschitz-continuous w.r.t. the Wasserstein W;-distance,
i.e., there exists K > 0 such that for all F,G € P(R)
|H(F) — H(G)| < K -Wi(F,G).

Note that (C3) implies that H is continuous w.r.t. weak convergence. This follows since
weak convergence plus the convergence of the first moments is equivalent to convergence
in the Wj-topology, see Theorem 6.9 in Villani (2008). Define for o € Il by Fg the
distribution of Ry under P7:

Fy =PJ(Ry € )

In this case, only the first /N decision rules of the sequence are important. Let

Vn(o):= H(Fg), Vy:= s%p H(FR). (4.2)
ocll
Further, let
Ay = {o€lle:Vn(o) = sup H(FF)},
o’ €lloo
A = {o€lly:V(o)= sup H(FI)}.

o’ €llso
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Note that under (C3) and our discussion the sets Ay, A, are non-empty. We obtain the
following result where we use the definition
LsAy := {0 € Il : 0 is an accumulation point of a sequence (o) with " € Ay}.
Theorem 4.2. Under (C3) we obtain:
a) The infinite horizon problem can be approximated by the finite horizon problems

lim sup H(Fg)= sup A}im H(FY) = sup H(FZ).
—00

N=00 5ell,, o€l o€l
b) There exists an optimal policy o* = (0§,07%,...) € Il for problem ([@I)) and () #
LsAy C Ax.
Proof. Parts a), b): Note that we have for fixed o € II, and n > m :
Bm-ﬁ-lM
1-p8"

— 0 for m — oo. The latter inequality follows since

H(FT) = H(F7) < KWA(F], F7) < K

BerlM
1-p

where

n m+1M
Wh(F? F2) <EJ|R, — Ry| = E < Z ﬁk‘T(Xk,Ak”) < 51 5

k=m-+1
Thus, the results are implied by Theorem A.1.5 in [Béuerle and Rieder (2011). O

Theorem states that the value of the infinite horizon problem sup .y H(FZ) can
be approximated by the value of the finite horizon problem sup,c;  H(F5) for large N.
This is not too surprising since § € (0,1) and the tail of the reward vanishes. Since the
initial distribution v if fixed, by Theorem 2 in |Derman and Strauch (1966), the policy o*
can be replaced by a Markov policy in the original MDP model.

5. SPECIAL CASES AND APPLICATIONS

We now discuss some special choices for H which are meaningful. In particular, by
setting H in the right way we rediscover some well-known results in the literature. In
order to simplify the presentation, we use the finite state-action framework, i.e., we can
work with sums instead of integrals.

5.1. Classical MDP. In the classical MDP theory, we want to maximize EJ Ry which
is obtained when we choose

H(F) =Y (9(x) + s)F(x5).
We show next that our general algorithm in the discrete case from (2.5]) yields the estab-
lished Bellman optimality equation as a special case. Let us briefly recall the standard

theory and denote by V,, : F — R the value function in the classical case. Set Vy = g
and due to (21))

Vo(z) = max {r(z,a)+ Z Vor1(2')q(2'|z,a) } . (5.1)

xT

The interpretation is

=2

Va(z) = Sup Eg[ (X, Ag) + Q(XN)]a

n

B
Il
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i.e., V,, is the maximal expected reward of the system from time n onwards when we start
at time n in state x. We begin with investigating our algorithm at time point N — 1 :

In-1(F) = sup H(T™(F))

mellM
= sup Z(g(x/) + T (F) (2, s")
rellM 2.5
=sup » (g +s) D q(@| a)r(alz, s)F(z,s)
wellM o, .8 (z,s,a):r(z,0)=s"—s
= sup > Z &)+ s +1r(x,a))q(x' |z, a)r(a|z, s)F(z, s)
rellM @ (z,8,a)
= sup {Z Z )+ r(z,a))q(2|z,a)n(alx, s)F(z, s)
rellM
z' (z,s,a)
+3°Y sql@'|a, a)nlale, s)Fx, )}
z' (z,s,a)

nellM

= sup Z Z )+ r(x,a))q(2' |z, a)r(alz, s)F(x,s) + Y sF(E,s)

z (z,s,a)

— Z sF(E, s) + Z P, 5) sup Z(g( )+ r(x,a))q(x'|z, a)
—ZSFES +ZFxSsupZ )+ r(x,a))q(2 |z, a)
—ZSFES +ZFxSsup{rxa +Zg q(z'|z,a)}.

From this observation we obtain the following conjecture for time point n:
F)= ZSF(E, s) + ZF(m, S)Wolz

where V,, is the value function of the classical Bellman equation in (5.1I). We prove this
conjecture by induction over the time horizon. For n = N we obtain:

JN(F)=H(F) = Z(g(z) +s)F(x,s) = ZsF(E, s) + Zg(z)F x, S

For n = N — 1 the statement is what we computed before. Now suppose the statement is
true for NN —1,...,n+ 1. We show that it is also true for time point n.

Jo(F) = sup Jppt (T7(F))

mellM
— sup {ZS’T”( )(E, s +ZT” nH(:ﬂ)}
rellM s/
= sup { S STT(E) +ZT” Vi (2)}
rellM sz’
/ /
= F
swp {38 X gl s)F.s)

s'x (z,8,a):r(z,0)=8"—35
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4 Z Z q('|z,a)m(a|z, s)F(z, S)Vn+1(x/)}

s'x! (z,s,a):r(z,0)=s"—s

= sup {Z Z s)q(z'|z,a)m(a|x, s)F(z, s)

melM ' (z,s,a)
+Z Z 2|z, a)m(a|x, s)F(z, s)VnH(x')}
= sup { Z r(xz,a)m(alx, s)F(z,s) —I-ZSF (z,s)
melM (z,s,a) (z,s)
+Z Z (2|, a)m(a|x, s)F(z, s)VnH(x')}
—ZsFEs+sup Z (a|lx, s)F(z,s){r(z,a) +Z (2|, a)Voy1(2)}
rellM
(z,s,a)

_ZSFES +ZFxssup{r:ca +Z (2|, a)Vaga ()}
_ZSFE5+ZFxs ZSFES+ZFCCS

Thus, when we look at the last two lines, it is possible to recover the classical Bellman
equation in our algorithm. In particular, the optimal strategy does not depend on F' and
is deterministic. The interpretation of J,(F},) for F,, = T™-10...0T™(Fy) defined in
Theorem 2.4 with Fy = d,, ® & is as follows:

n—1
T(F) = sup B m DS r(X, A +
(UO ----- Unfl) k=0
N-1
ZFn(xv S)  sup ng” """ UN*l)[ r( X, Ar) + 9(Xn)|-
x (070N -1) k=n

Hence, the algorithm separates at time point n the future from the past.

5.2. The case of quantile optimization. We are interested in the problem

sup P)(Ry > 1)

for a fixed ¢t € R. In other words, we want to maximize the probability that the accu-
mulated reward exceeds the threshold ¢. Hence, we can write the optimization criteria
as

PRyt +g(Xn) 2 t) = > Fi(w, s)Vi(z, 9),

z,s
where

1 ifs+ >t
Vn(z,s) = it s +gle) =

0 else.

Problems like this have been investigated in|Filar et all (1995); Wu and Lin (1999); Bauerle and Ott
(2011); IChow et al. (2015); [Gilbert et al! (2017); ILi et al! (2022). It is known that the
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value for v = d,, is given by Vj(zo,0) where V can be computed from the recursion

Va(z,8) =sup Y Vour (2, s + r(z,a))q(2'|z,a), n=01,...,N—1.  (52)

Let us consider our algorithm again at time point N — 1 :

JIn_1(F) = sup H(T™(F))

rellM
— V / /T7r F /!
WSEII{I%{Z:/ N(LU,S) ( )(LU,S)
= s V@) Y (e arale, $)F(s.2)
rellM =7 . —
z!,s (z,8,a):r(z,0)+s=s
= sup ZZVN (', s +r(x,a))q(2 |z, a)r(alz, s)F (s, x)
menM z' xz,s,a
= ZF S, ) sup ZZVN ' s+ r(z,a))q(2 |z, a)r(alz, s)

mellM

= Z F(s,z) sgpz V(@' s+ r(x,a))q(a'|z,a) =0 > F(s,2)Vy_i(z, ).

]

This gives rise to the following conjecture:
= Z F(x,s)Vyu(z,s),

where V,, is given in (5.2)). Here we start with Vyy defined above. For n = N, the statement
is true by definition of Vy. Now suppose the statement is true for NN —1,...,n+1. We
show that it is also true for the time point n.

u(F) = sup Jor(T7(F))
= sup Y Vo2, s)T™(F)(2/, s')

mellM o s
b

= sup. ZV"H («',s") Z q(@'|z,a)m(alz, s)F(z, s)

melM (z,8,a):r(z,0)=s"—s

= sup ZZV"“ (', s+ r(x,a))q(2'|z,a)r(alz, s)F (s, )

eIl M

x! x,s,a

= ZF s,x) sup ZZVW 7,5 + r(z,a))q(@'|z, a)r(alz, 5)

mellM
—ZFS:EsupZVon s+r(z,a))q(x |z, a) = ZFSZL’ ,S),

which completes the induction step. Thus, we can see that the optimal strategy does
not depend on F' and is deterministic. The recursion reduces to the recursion for V,,
which appears in a similar way in Wu and Lin (1999); Biuerle and Otti (2011). The
interpretation for V,, is

Vi(z,s) =sup P (Ry_1 + 9g(Xn) > t|X,, =2, R,_1 = 3).
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5.3. Optimal transport. We next consider a non-standard application. We want to
determine the transition probabilities of a random walk in such a way that at a fixed
time point a given distribution is best approximated in a certain metric, and at the same
time the cost of transporting the probability mass is minimal. The theoretical framework
is that of Section [B] with some minor extensions. Instead of maximizing a reward, we
now formulate the problem as one of minimizing cost. This can be considered as an
optimal transport problem. The optimal transport problem was first discussed by [Monge
(1781) and then refined by Kantorovich (1948), see Kantorovich (2006) for a reprint of the
original article. A lot of researchers considered the optimal transport problem and many
important results were established, see for example Rachev and Riischendorf (2006bja) or
Villani (2008) for monographs on the topic. The optimal transport between discrete-time
stochastic processes has connections to dynamic programming, see [Terpin et all (2024);
Backhoff et al! (2017); Moulos (2021). But we will pursue a different direction here. To
be more specific, we consider the following data. Let N € N be a fixed time horizon, G
be a given distribution on F. The terminal cost function H : P(E) — R is given by

P)i= [ 170 = Gt

which is the Wasserstein W, distance between G and the distribution F' of the terminal
state Xy of a controlled random walk. Here, F,. and G, are cumulative distributions of
F and G, respectively. More precisely, we define the approximating MDP (random walk)
by
(i) E={1,...,K}, K € N, is the state space,
(ii) A ={(a',a?) €[0,1]*: a* + a*® < 1} is the action space,
(iii) the transition probability from E x A to E for x € {2,..., K — 1} is given by

at, ¥=x+1,
Q($,|xaalaa2) = CL2, ¥ =x— 1,
1—a'—a? 2 =u,
and
1 /I 2 o -
q(2')0,a", a?) = @ T q(7'|K,a*,a*) = @, w=K-1,
1—a', 2/ =0, 1—-a%, =K,

(iv) rp(z,at,a?) = c,(ag + az) where 0 < ¢g < ¢; < ... < ey <1 are constants.

The transition law is that for a random walk (X,,) which can get from state = only in
state  + 1 or & — 1 or stay in z. The corresponding probabilities a',a? are subject to
the decision. The choice of a', a? incurs some cost. Note that we have a non-stationary
problem here and the transportation cost is non-decreasing in time. Thus, early transport

is cheaper than later transport. The objective function is then

nf {HER) + B[Ry, (5.3)
where Ry, = SN ' ci(AL + A2) with A, = (A}, A?). This is a weighted objective

of distance to the desired distribution and expected transportation costs. Note that the
assumptions (C1) and (C2) of Section 2 are satisfied and that the action space is compact.
Thus, (X,,) is a random walk on E, where the up and down probabilities can be chosen
and may depend on the history of the process. This kind of processes are called ’elephant
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random walk’ (see |Gut and Stadtmiiller (2021)), since elephants have a long memory. In
line with Section [3] it is here enough to consider the recursion for the distribution of the
first component X,,, hence we write F7(z) = P7(X,, = x), x € E. Recall that F§J = v.
Since the costs and transition functions have special structure, i.e., they are linear in the
action variables, it is sufficient to consider the set of non-randomized actions in the lifted
MDP, that is, the set of all mappings 7 : E — A. With a little abuse of notation we
denote the set by the same symbol II™ as in the previous sections. By a slight extension

of Theorem B.1], the value functions in this application are for n = 0,1,..., N — 1 given
by

In(F) = H(F),

Jo(F) = ierllij {Pn(E,m) + Jpir (T (F))} (5.4)
where

Po(Fom) = Y ra(,m(x)F(x)

= o3 F@)(@'(@) + (),
with 7(z) = (a'(z),a*(z)). In particular, 7(1) = (1,0) and 7(K) = (0,1) (i.e., a*(1) =
a'(K) =0) and
T (F) @) = Y a(@|e,w(2)F(z) =) gla'z,a (z),a* (@) F(z)

= a'(@ - DF@ - 1) +a*@ + D)F@ + 1)+ (1 —a'(2)) — a*(2)F(2).

We start with a given distribution Fy on E and have to compute Jy(Fp). The value func-
tion J,(F) describes the minimal sum of the expected transportation cost and remaining
distance of a terminal distribution of the random walk to the target, starting at time n
till the terminal time N.

Remark 5.1 (Connection to classical optimal transport). Note that when all ¢, = 1, then
Jo(Fo) is exactly the Wasserstein distance to the distribution G, also known as the earth-
mover distance. In order to see this, recall that the Wasserstein I/ distance between two

discrete distributions
K K
on = Z(A)jéj and vV = Z 191(5“
j=1 i=1

where w;,¥; > 0, for all 9,7 = 1,..., K and Zf; w; = Zfil 9¥; = 1 can be computed
from the following linear program (see [Kantorovich (2006))

K K
min Y Y gali — il (P)

j=1 i=1

K
s.t. qu,i:wj, jzl,...,K,
i=1

K
qu'ﬂ;:’l?i, izl,...,K,
7=1

>0, j=1,... K i=1,... K
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This linear program can be interpreted as a problem of transporting probability mass from
the distribution p to the distribution v with minimal cost, where the cost is given as the
sum of single masses times transportation distance. In our problem formulation we can -
within one step - only transport mass from one state to its neighbors, i.e., from 4 to 3 and
5, but not to 6. However, obviously for a given transport ¢ = ¢;; > 0 in (P) with j < i we
can split the transport in ¢ — j transports of the form ¢; j11 = ¢, gj4+142 = ¢, - .-, Gi—1,; = q-
The cost will be identical, because ¢;;|j —i| = ¢j j+1+¢j+1,j+2+- . .+ ¢i—1,;- Thus, consider
for a moment only transports with the additional restriction ¢;; = 0 fori ¢ {j+1,j—1}.
The corresponding cost of such a transport can be expressed by Z]K:_Ol Qjj+1+ Z]K:1 Qjj—1-
Now consider one time step of our model, say from n to n + 1 and let X,, ~ p and

X1 ~ v. We can realize the same transport in our model by choosing a'(j) = % and

a’(j) = qfoij L. Note that the (conditional) transition probabilities implied by a transport
(g;i) in (P) are given by P(X,,41 =i|X,, =j) = ‘Z—J The one-step cost of the transport if

cp,=11s
K

E(A} + A2) Z q“H q“ ) Z%yﬂ"‘z%a 1
=1

and hence the cost are the same in both models. Thus, the optlmal transport of (P) can
be implemented by decomposing it in neighboring transports and the terminal cost given
by the Wasserstein distance to the target. The remaining cost is exactly given by the
Wasserstein distance in the end.

However, this argument breaks if ¢, Z 1. In our problem formulation there is a time
aspect: It is cheaper to move mass early. In particular if K = 4 and Fy = (%,0,0, %)
and G = (3,%,0,0) and N > 2, then it is easy to see that Wi (Fy, G) = 1 and Jy(Fp) =

202

5(c1 + ¢2). However, if Fyy = (0 1 0,3) and G = (£,0,1,0) then again Wy(Fy,G) = 1, but

)9 )9
Jo(Fy) = ¢;. Hence, we get the same Wl— distance but different results in our optimization

problem.
Theorem 5.2. The following statements hold for the optimal policy:

a) If at time point n not all mass at x is moved, then xw ill only receive mass at later
time points and stay a sink. Formally, for any v € E

ar(z)+ai(r) <1 = a (v)+a(z)=0m>n+1.
b) A mass which has already been moved will keep its direction of moving.

Proof. Part a): Assume that a! (z)+a%(z) < 1 but @ (z)+a?,(z) > 0 for some m > n+1.
Note that the cost from the coordinate x equals

e (2)(@y, () + @5 (2))
and F,,1(z) > F,(z)(1—al(x) —a?(x)). Let m > n+ 1 be the smallest number for which
al (z) + a2, (x) > 0, which implies that F,,(z) > F,,i(x). Suppose that it is optimal in

period m is to transfer at least the mass F),(z)(cal (z) + aza?(z)), where ay, ay € [0,1)
are numbers such that

0 < ajal(z) + awa’(z) < 1 —ak(z) — a(x).
The cost from z in period m is
Cn B (2) (@, () + @5, (2)) > P () (ry (2) + @y (@)
But if the mass were transported at n, then the cost would be
cnFy () (@l (2) + @ (2)) < emFo(z)(onal (z) + aga’ ().
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Hence, it is not optimal to transfer the mass F,(z)(cial(z) + awa2(x)) at period m.
It is cheaper to transfer it at period n. Then, a@l(x) and @?(z) would not be optimal.
Therefore, it must hold a! () = a? (z) =0 for m > n + 1.

Even if x receives new mass at later time points this will not be moved, because without
loss of generality we can assume that older mass is moved first.

Part b): Moving a mass in one direction and back at a later time results in the same

distribution and just produces costs. Hence, this cannot be optimal. O]

Note. that the optimal policy does not depend on the precise value of the variables c¢,,.
However, the assumption 0 < ¢y < ¢; < ... < ¢y < 1 implies the structural properties in
Theorem (.21 From these observations, we obtain the following algorithm: Suppose the
state (distribution) at time n is given by (F,(1),..., F,(K)) and (G(1),...,G(K)) is the
probability mass function of GG. Define at point x € E :

AR =Y RG) - Y00, AR = Y EG)- Y GU)

If AF!(x) < 0, then in comparison to G mass is missing left of z, if AF!(z) = 0, then
in comparison to G the mass left of x is sufficient, if AF!(x) > 0, then in comparison
to G there is too much mass left of x. The expression AFY(x) has a similar explanation
concerning the mass right of x.

The optimal amount of mass which is moved can now be determined locally at each
point € E, just by knowing AF!(x) and AF%(x). At every stage n, we have to go
through all points x € F and do the following:

Algorithm 1 Optimal mass transportation algorithm

Require: n > 0 and (F,(1),..., F,(K))
while n < N do forall x € £
if AF!(r)>0and AF*(z) > 0 then

al(z) = a’(z) = 0.

else if AF!(x) >0 and AF*(z) <0 then
0} (2) = min{F(x), ~ AF(2)}.
a’(x) =0

else if AF!(r) <0 and AF¥(x) >0 then
a(r) = min{F,(z), —-AF!(z)}

n

al(z)=0

n

else if AF!(z) <0 and AFY(x) < 0 then
a,(r) = —AF)(z)

@3(x) = —AFi (z).

end if

Update F,11

n<n+1

end while

In the situation of the last case (AF!(z) < 0 and AF¥(x) < 0) it follows that F,,(z) =
G(z) and there automatically will be enough mass at point x to realize the move.

Also note that this situation can be extended to approximating a stochastic process in
continuous time by a Markov chain such that the distance between the marginal distri-
butions is minimized.
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FIGURE 1. Average Wasserstein distance of Fyy from Algorithm Il and the
target distribution G (rescaled normal distribution) over m = 100 initial
samples for o € {0.5,1,2,5} and K € {50,100}.

Let us conclude this special case by illustrating some numerical results obtained from
implementing Algorithm[Il First, we used a rescaled normal distributionon £ = {1, ..., K}
as the target distribution, i.e., G = (G(1),...,G(K)) for G(j) = ¢ /2.02(j)/ Eﬁil /2,02 (L),
where g /2,2 denotes the density function of a normal distribution with mean K /2 and
variance o2, where we chose ¢ € {0.5,1,2,5}. For the initial distribution, we used
m = 100 samples of probability distributions on E obtained from sampling K i.i.d.
random variables uniformly distributed on {0,1,2,...,10} and appropriate scaling. For
K € {50,100}, we applied the algorithm for N € {1,..., K/2 + 5} and determined the
average Wasserstein distance of the resulting distribution to the target distribution G over
the m = 100 sampled initial distributions. This seems more interesting and informative
than the value J; of the optimization problem itself, since this is difficult to interpret. The
results are shown in Figure[Il We observe a linear decrease of the Wasserstein distance in
terms of the number of time steps N. Depending on the choice of o, we notice some index
No = No(o) such that H(Fy) ~ 0 for N > Ny. It appears to be decreasing in terms of
the standard deviation o, but even for the smallest choice of o = 0.5, only K /2 time steps
are necessary to achieve an accurate approximation of the target distribution. Note that
using N > K — 1 time steps allows us to achieve any target distribution starting from
any initial distribution due to the construction of the algorithm with the 'worst case’ (i.e.,
the case with a necessary number of N = K — 1 time steps) being Fy = (1,0,...,0) and
G=1(0,...,0,1).

Figure I additionally shows boxplots generated from the Wasserstein distances of the
target distribution G for K € {50,100} and o € {0.5,1,2,5} and the distribution Fj,
obtained after performing the first 30 steps of Algorithm [Il for the m = 100 initial sam-
ples. We can again observe the smallest Wasserstein distance for the largest value of o.
Moreover, we notice that the dispersion of the Wasserstein distances is smallest for the
largest o as well.

For a second example, we used a rescaled shifted exponential distribution as the target
distribution, i.e., G = (G(1),...,G(K)) for G(j) = fr(4)/ Zﬁil frf), where fy(z) =
Ae M@=K/2) 3 > K /2, denotes the density of an exponential distribution with parameter
A > 0 which was shifted to the right by K /2. We chose A € {0.5,1,2,5} for our numerical
example. The initial distributions are sampled in the same way as before. The resulting
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FIGURE 3. Average Wasserstein distance of Fyy from Algorithm [Il and the

target distribution G (rescaled shifted exponential distribution) over m =
100 initial samples for A € {0.5,1,2,5} and K € {50,100}.

average Wasserstein distance of Fiy and G over the m = 100 initial samples Fj is shown
in Figure 3l Similarly to the case of a rescaled normal target distribution, we notice a
linear decay of the average Wasserstein distance. Moreover, the index Ny = Ny(A) with
H(Fy) = 0 for N > N, seems to be located at K/2 for any choice of A\. However, for
N < Ny, the average Wasserstein distance is larger for larger values of \.

5.4. Further Applications. The approach we describe here offers maximal flexibility
in shaping reward distributions to fit some targeted distributions. This is for example
interesting in portfolio optimization where constraints have to be met (e.g., Value-at-Risk
constraints, see Basak and Shapiro (2001)) or the return distribution is shaped according
to the risk preferences of the agent. There have been some applied studies in this direction
Brayman et al) (2023) and some theoretical findings about the connection between target
criterion and trading strategy (Cox et _al. (2014) as well as solution techniques|He and Zhou
(2011)). This aspect could be interesting for personalized robo-advising (Capponi et al.
(2022) where AT tools choose portfolio strategies which match with the agents’ preferences.
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Another application, as indicated in the last subsection, is an optimal approximation
of a continuous-time stochastic process (X;) (e.g. Brownian motion) by a discrete-time
Markov chain (Xn) in the sense that at pre-determined time points t; < ty < ... < t, the
weighted distance 7 | oIV (th,Xj) for a;; > 0 has to be minimized. In this situation
the transition probabilities of the discrete-time Markov chain have to be chosen. There
may be constraints about the domain of the transition kernel, i.e., transitions to only
certain values may be feasible.

More demanding applications include for example the optimal control of crowd behav-
ior. Such models are often formulated in terms of mean-field systems |[Carmona et al.
(2018) where the individual behavior is modeled in relation to the empirical distribution
of the other individuals. Individuals might be persons, cars, animals and so on. Often a
certain distribution of those individuals is preferred for example to avoid congestion, to
guarantee smooth exiting of a building, to obtain an optimal shape of a flock of birds etc.
(see Sect. 1 in (Carmona et al. (2018)). Thus, the aim is here to find a policy such that
the distribution of the individuals is optimally shaped.

6. CONCLUSION

In this paper, we studied Markov Decision Processes where the objective consists of
functionals of the distribution of the accumulated reward. We showed that these kind
of problems can be formulated as a dynamic program by defining a lifted MDP. The
corresponding Bellman equation yields an algorithm for solving these problems. We have
seen that this approach comprises many well-studied problems and allows a different point
of view on the traditional Bellman equation.

REFERENCES

Altman, E. (2021). Constrained Markov decision processes. Routledge.

Backhoff, J., Beiglbock, M., Lin, Y., and Zalashko, A. (2017). Causal transport in discrete
time and applications. SIAM Journal on Optimization, 27(4):2528-2562.

Basak, S. and Shapiro, A. (2001). Value-at-risk-based risk management: optimal policies
and asset prices. The review of financial studies, 14(2):371-405.

Béuerle, N. and Glauner, A. (2021). Minimizing spectral risk measures applied to markov
decision processes. Mathematical Methods of Operations Research, 94(1):35-69.

Béuerle, N. and Jasgkiewicz, A. (2024). Markov decision processes with risk-sensitive
criteria: an overview. Mathematical Methods of Operations Research, 99(1):141-178.

Béuerle, N. and Jaskiewicz, A. (2025). Time-consistency in the mean-variance problem:
A new perspective. IEEE Transactions on Automatic Control, 70(1):251-262.

Béauerle, N., Jaskiewicz, A., and Nowak, A. S. (2025). Mean—variance optimization in
discrete-time decision processes with general utility function. Automatica, 174:112142.

Béuerle, N. and Ott, J. (2011). Markov decision processes with average-value-at-risk
criteria. Mathematical Methods of Operations Research, 74:361-379.

Béuerle, N. and Rieder, U. (2011). Markov Decision Processes with Applications to Fi-
nance. Springer Science & Business Media.

Béuerle, N. and Rieder, U. (2014). More risk-sensitive Markov decision processes. Math-
ematics of Operations Research, 39(1):105-120.

Bellemare, M. G., Dabney, W., and Munos, R. (2017). A distributional perspective on
reinforcement learning. In International conference on machine learning, pages 449—
458. PMLR.



24

Bellemare, M. G., Dabney, W., and Rowland, M. (2023). Distributional Reinforcement
Learning. MIT Press. http://www.distributional-rl.org.

Borkar, V. S. (2002). Q-learning for risk-sensitive control. Mathematics of Operations
Research, 27(2):294-311.

Borkar, V. S. (2010). Learning algorithms for risk-sensitive control. In Proceedings of
the 19th International Symposium on Mathematical Theory of Networks and Systems—
MTNS, volume 5.

Brayman, S., Potts, N., Brayman, K., and Komissarov, Y. (2023). Profile to portfolio:
Where is the missing link? Financial Services Review, 31(4):246-265.

Capponi, A., Olafsson, S., and Zariphopoulou, T. (2022). Personalized robo-advising:
Enhancing investment through client interaction. Management Science, 68(4):2485—
2512.

Carmona, R., Delarue, F., et al. (2018). Probabilistic theory of mean field games with
applications I-1I, volume 3. Springer.

Chow, Y., Tamar, A., Mannor, S., and Pavone, M. (2015). Risk-sensitive and robust
decision-making: a CVvaR optimization approach. Advances in Neural Information
Processing Systems, 28.

Chung, K.-J. and Sobel, M. J. (1987). Discounted mdp’s: Distribution functions and expo-
nential utility maximization. SIAM Journal on Control and Optimization, 25(1):49-62.

Cox, A. M., Hobson, D., and OBIOJ, J. (2014). Utility theory front to back—infering
utility from agents’choices. International Journal of Theoretical and Applied Finance,
17(03):1450018.

Cui, X., Li, X., and Li, D. (2014). Unified framework of mean-field formulations for opti-
mal multi-period mean-variance portfolio selection. IEEE Transactions on Automatic
Control, 59(7):1833-1844.

Dabney, W., Ostrovski, G., Silver, D., and Munos, R. (2018a). Implicit quantile networks
for distributional reinforcement learning. In International conference on machine learn-
ing, pages 1096-1105. PMLR.

Dabney, W., Rowland, M., Bellemare, M., and Munos, R. (2018b). Distributional rein-
forcement learning with quantile regression. In Proceedings of the AAAI conference on
artificial intelligence, volume 32.

Derman, C. and Strauch, R. E. (1966). A note on memoryless rules for controlling se-
quential control processes. The Annals of Mathematical Statistics, 37:276-278.

Filar, J. A., Krass, D., and Ross, K. W. (1995). Percentile performance criteria for
limiting average Markov decision processes. IEEFE Transactions on Automatic Control,
40(1):2-10.

Gerstenberg, J., Neininger, R., and Spiegel, D. (2023). On solutions of the distributional
Bellman equation. Electronic Research Archive, pages 4459-4483.

Gilbert, H., Weng, P., and Xu, Y. (2017). Optimizing quantiles in preference-based
Markov decision processes. In Proceedings of the AAAI Conference on Artificial Intel-
ligence, volume 31.

Gut, A. and Stadtmiiller, U. (2021). Variations of the elephant random walk. Journal of
Applied Probability, 58(3):805-829.

He, X. D. and Zhou, X. Y. (2011). Portfolio choice via quantiles. Mathematical Fi-
nance: An International Journal of Mathematics, Statistics and Financial Economics,
21(2):203-231.

Hernandez-Lerma, O. and Lasserre, J. B. (1996). Discrete-Time Markov Control Pro-
cesses, Basic Optimality Criteria. Springer Science & Business Media.


http://www.distributional-rl.org

25

Howard, R. A. and Matheson, J. E. (1972). Risk-sensitive Markov decision processes.
Management Science, 18(7):356-369.

Jaquette, S. C. (1976). A utility criterion for Markov decision processes. Management
Science, 23(1):43-49.

Kallenberg, L. (2002). Finite state and action MDPs. Handbook of Markov decision
processes, pages 21-87.

Kantorovich, L. (2006). On a problem of Monge. Journal of Mathematical Sciences,
133(4).

Li, X., Zhong, H., and Brandeau, M. L. (2022). Quantile Markov decision processes.
Operations Research, 70(3):1428-1447.

Lyle, C., Bellemare, M. G., and Castro, P. S. (2019). A comparative analysis of expected
and distributional reinforcement learning. In Proceedings of the AAAI Conference on
Artificial Intelligence, volume 33, pages 4504-4511.

Mannor, S. and Tsitsiklis, J. (2011). Mean-variance optimization in Markov decision
processes. arXiw preprint arXiv:1104.5601.

Marthe, A., Garivier, A., and Vernade, C. (2024). Beyond average return in Markov
decision processes. Advances in Neural Information Processing Systems, 36.

Mihatsch, O. and Neuneier, R. (2002). Risk-sensitive reinforcement learning. Machine
Learning, 49:267-290.

Moghimi, M. and Ku, H. (2025). Beyond cvar: Leveraging static spectral risk measures
for enhanced decision-making in distributional reinforcement learning. arXiv preprint
arXiv:2501.02087.

Monge, G. (1781). Mémoire sur la théorie des déblais et des remblais. Histoire de
[’Académie Royale des Sciences, pages 666—704.

Moulos, V. (2021). Bicausal optimal transport for Markov chains via dynamic program-
ming. In 2021 IEEE International Symposium on Information Theory (ISIT), pages
1688-1693. IEEE.

Pires, B. A., Rowland, M., Borsa, D., Guo, Z. D., Khetarpal, K., Barreto, A., Abel, D.,
Munos, R., and Dabney, W. (2025). Optimizing return distributions with distributional
dynamic programming. arXiv preprint arXiv:2501.13028.

Piunovskiy, A. B. (1997). Optimal Control of Random Sequences in Problems with Con-
straints. Springer Science & Business Media.

Puterman, M. L. (2014). Markov Decision Processes: Discrete Stochastic Dynamic Pro-
gramming. John Wiley & Sons.

Rachev, S. T. and Riischendorf, L. (2006a). Mass Transportation Problems: Volume I:
Theory. Springer Science & Business Media.

Rachev, S. T. and Riischendorf, L. (2006b). Mass Transportation Problems: Volume II:
Applications. Springer Science & Business Media.

Rowland, M., Dadashi, R., Kumar, S., Munos, R., Bellemare, M. G., and Dabney, W.
(2019). Statistics and samples in distributional reinforcement learning. In International
Conference on Machine Learning, pages 5528-5536. PMLR.

Ruszezynski, A. (2010). Risk-averse dynamic programming for Markov decision processes.
Mathematical Programming, 125:235-261.

Shen, Y., Stannat, W., and Obermayer, K. (2013). Risk-sensitive Markov control pro-
cesses. SIAM Journal on Control and Optimization, 51(5):3652-3672.

Shen, Y., Tobia, M. J., Sommer, T., and Obermayer, K. (2014). Risk-sensitive reinforce-
ment learning. Neural Computation, 26(7):1298-1328.



26

Terpin, A., Lanzetti, N., and Dorfler, F. (2024). Dynamic programming in probability
spaces via optimal transport. SIAM Journal on Control and Optimization, 62(2):1183—
1206.

Villani, C. (2008). Optimal Transport: Old and New, volume 338. Springer.

Wu, C. and Lin, Y. (1999). Minimizing risk models in Markov decision processes with
policies depending on target values. Journal of Mathematical Analysis and Applications,
231(1):47-67.



	1. Introduction
	2. The model
	3. A special continuous case
	4. Infinite Horizon Problems
	5. Special Cases and Applications
	5.1. Classical MDP
	5.2. The case of quantile optimization
	5.3. Optimal transport
	5.4. Further Applications

	6. Conclusion
	References

