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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO OPEN PERIODIC
WAVEGUIDES

ANDREAS KIRSCH

ABSTRACT. In this paper we consider the propagation of waves in an open waveguide in
the half space R2 = {2 € R? : z5 > 0} under Dirichlet- or Neumann boundary condition
for 9 = 0. The index of refraction n = n(z) is periodic along the axis of the waveguide
(which we choose to be the x;—axis) and equal to one for x5 > hg for some hg > 0.
Based on a Limiting Absorption Principle, derived in a former paper, we formulate a
radiation condition, prove existence and uniqueness of a solution and describe explicitely
the asymptotic behavior along the axis of the waveguide. This behavior depends crucially
on the existence of non-evanescent (normal to the axis of the waveguide) modes.

MSC: 35J05

Key words: Helmholtz equation, open waveguide, propagating modes, radiation con-
dition

1. INTRODUCTION

In this paper we study the boundary value problem
Au+k*nu = —f inRi, u=0 or Opu=0 forx =0, (1.1)

where R? := {z € R? : 25 > 0}. We assume that the (real valued) index of refraction
n € L*(R%) is 2r—periodic with respect to @1 and equals to 1 for zy > hg for some
ho > 0 and n(z) > ng in R3 for some ng > 0. Furthermore, & > 0 denotes the (real) wave
number which is fixed throughout the paper and f € L*(R?%) with compact support in
Who where W" := R x (0,h) C R2 denotes the layer of height h > 0.

The boundary value problem (1.1) has to be complemented by a radiating condition. In
contrast to the case of the scattering by bounded objects the present situation is more
complicated due to the presense of guided waves (or propagating modes). The investi-
gation of radiation problems for periodic structures (which include layered mediua as a
special case) has a long history, and it is impossible to list all of the relevant literature.
Instead, we refer to [BL22, Pet80] for a comprehensive introduction of electromagnetic
scattering theory for diffraction gratings. The radiation condition plays a central role in
our investigation. If guided modes are excluded, prominent examples are the upwards
propagation radiation condition (see, e.g. [CWZ98]) or the angular spectrum represen-
tation condition, see e.g. [Hoh20, CM05, CE10, HLR21]. For layered or periodic media
guided modes exist in general, see Example 1.1 below, and the radiation condition has
to be modified. We believe that a proper radiation condition should be justified by a
limiting absorption principle as we have done it for the case of (1.1) in [KL18, Kirl9] or
[Kir25]. In [Kir25] we included the important case that the cut-off values are critical (see
Definition 2.1 below).

Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID
258734477 — SFB 1173.
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However, if a radiation condition has been formulated, the question of existence and
uniqueness should be answered without the help of the limiting absorption principle.
This is the aim of the present work.

The formulation of the radiation condition requires a detailed description of the guided
modes of this equation. Before we study modes we begin with a couple of examples which
show one of the aims of this paper.

Example 1.1. (a) We consider the simplest case of a homogeneous half plane Ri with
Dirichet- or Neumann boundary conditions at xo = 0. Let f € L*(R%) have compact
support. Then the unique solutions up and uy of the problems Au+k*u = —f in R% for
u=up and u = uy, and up = 0 and Op,uny = 0 for xo = 0, respectively, satisfying the
Sommerfeld radiation condition, is given by

1

up(e) = § [ [H bl = ol) = B (a = )] @)y, @ € B,

52
{ *
ux(e) = § [ [ Fo = o) + B (a = )] @)y, @€ B

2
R+

respectively, where y* = (y1, —y2)' and Ho(l) denotes the Hankel function of order zero
and type one. From the asymptotics

eiﬂ'/4 ezk|w\

—e
2V2rk /x|
(see, e.g. [Col04, Leb65]) we obtain for fized x5 > 0 that

l
4

HV (k|lz —y|) = TEEY 4 O as |z — oo

up(z1, ) = O(z1|™%?) and uy(z1, 1) = O(x1|7Y?)  as |2y — oc.

One might guess that the reason for the different rate of decay along the azis of the
wavequide lies in the different kind of boundary condition. However, this is not the true
reason as the following case of a one-layer medium shows.

(b) Let n(x) = 1 for xo > 1 and n(x) = ng for 0 < x9 < 1 and any constant ny with
0 < ng <1, and let f have compact support in R x (0,1). Then the unique radiating

solution uy of Auy + k*nuy = —f in R2, d,,uy = 0 for x5 = 0, decays as 1/|z1[** as
|z1| — oo.
(c) If, on the other hand, n(z) =1 for xo > 1 and n(z) = 1+ % for 0 < zy < 1, then
the solution up of Aup + k*nup = —f in R%, up = 0 for xo = 0, decays as 1/|x1|Y? as
|z1| — oo.

One can show these statements of parts (b) and (c) by investigating the smoothness of the
Fourier transform of the solution with respect to x1. It also follows from Theorem 2.10
below for general periodic refractive indices n = n(z) (by using Example 2.3).

It is one of the aims of this paper to give a precise characterization of the cases when the
solution decays as 1/|z1|"/? or 1/|x,[>? as |z1]| — oo.

Besides the layer W" we define the sets Q" = (0,27) x (0, k) and Q> = (0, 27) x (0, c0)

and ', = (0,27) x {h} and set Q = Q" to simplify the notation.
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2. MoDES, RADIATION CONDITION, AND FORMULATION OF THE MAIN RESULT

We recall that a function f : R — C is called a—quasi-periodic for some o € R if
f(t+2m) = e f(t) for all t € R. We define the spaces

Ho(Q") = {u|gn : uw € H'(R?), u(:, z2) is a—quasi-periodic for all z»},
H, (Q®) = {ulg~ :u € HL,(R?), ulgn € HL(Q") for all h > 0}.
In addition, we include the boundary condition u = 0 for x5 = 0 into the spaces in the
case of a Dirichlet boundary condition without indicating this in the notation.

For a = 0, i.e. for the periodic case, we denote the spaces by H;er(Qh) and H;erv*(Qoo),
respectively.

Definition 2.1. (a) a € R is called cut-off value if there exists { € 7 with |+ (| = k.
(b) o € R is called critical value if there exists a non-trivial solution ¢ € H,, ,(Q)
of A¢ + k*n¢ = 0 in Q™ satisfying the boundary condition at x5 = 0 and the Rayleigh
eTpansion

qb(x) _ Z¢Z ei,/k2—(€+a)2(r2—h0)+i(z+a)xl

LeZ

for some ¢, € C where the convergence is uniform for xo > h for all h > hy.
The set of critical values o € R is denoted by A. For a € A we define the space M(«) of
modes by

M(a) = {ng € Holt’*(Qoo) . ¢ satisfies A¢ + k*ng = 0 in Q°°, the b.c., and (21)} .

We note that « is critical or a cut-off value if, and only if, o + ¢ is critical or a cut-off
value, respectively, for every ¢ € Z. From the definition we observe directly that the set
of all cut-off values is given by {+k, -k} +Z = {ck+{ :0 € {+1,-1}, ¢ € Z}. Tt is
obvious that « is a critical value with mode ¢ if, and only if, —« is a critical value with
mode ¢. Finally, we note that M(a) = M(a + () for all £ € Z.

The following hermetian sesqui-linear form plays an important role.

, Ty > hg, (21)

E(u,v) = 1 / (00,0 — 00y, u] du for u,v € H(Q™). (2.2)
Qoo
We note that F(u,v) is also well-defined if only u d,,0 — v 0,,u € L'(Q>). In [Kir25], the
following properties have been shown.
Lemma 2.2. Let o« € A and ¢ € M(a).

(a) Then the coefficients ¢, in the Rayleigh expansion (2.1) vanish for all £ € Z with
|0+ af < k.

(b) Let ¢y = 0 for all ¢ € Z with |{ + | < k. Then ¢ is evanescent, i.e. for every
h > hg there exist c¢,n > 0 with |p(z)| < ce™"2 for xy > h.

(c) The mode spaces M(a) are finite dimensional.

(d) Let k ¢ %N and o € A. Define the subspace Meyan(t) of M(a) for a € A by
Mevan(a) = {¢ € M(a) : ¢ is evanescent}
={peM(a):¢;=0 for [{+a] <k}.

Then the codimension of Meyan(cr) in M(car) is zero or one.
3



(e) Letu € M(«) andv € M(B) for o, B € A and at least one of them is evanescent.
Then E(u,v) ezists and

E(u,v) = 2m’/[u 0,0 — 00y,u| ds  for any b e R (2.3)
Cy
where Cy, = {b} x (0,00). Furthermore, E(u,v) =0 if « — 3 ¢ Z.

With respect to Example 1.1 we consider two simple examples for which the cut-off value
k is critical.

Example 2.3. (a) The function ¢(z) = e*** is a mode (k—quasi-periodic) for the homo-
geneous half plane R with Neumann boundary condition, i.e. {0} = Meyan(k) & M(E).
This corresponds to part (a) of Example 1.1.

(b) Let n be defined as n(x) =1 for zo > 1 and n(z) =1+ % for 0 < xy < 1. Then

P(r1,79) = "t {

is in CY(RY) and satisfies (1.1) in R% \ {z2 = 1} and ¢ = 0 for xy = 0. Therefore, ¢ is
a guided mode in M(k) which is not evanescent. It is easily seen that there exist k > 0
with Mepan(£k) = {0}. This example corresponds to part (c) of Example 1.1.

A further example for the case {0} G Mcyan(k) & M(k) is given in [Kir25], Example 3.5.

1, To > 1,
sin(2o7/2), 0<xy <1,

We make the following assumption.
Assumption 2.4. Let k ¢ 1N and let k (and thus also —k) be critical values, i.e. +k € A.

The assumption that the cut-off values are critical decribes the new situation in this
paper. If the set {+k, —k} + Z of cut-off values is disjoint from the set A of critical
values we refer to [Kir22] for a complete discussion. If the assumption k& ¢ IN is violated,
ie ke %N then the space Myan(k) can have co-dimension 2. This situation requires a
different discussion. From Lemma 2.2 we conclude that every ¢ € M(«) is evanescent if
a € Ais not a cut-off value. However, if o € A is a cut-off value, i.e. |{ 4 a| = k for some
(€7, and ¢ € M(a) then ¢ is evanescent if, and only if, ¢; = 0.

The following assumption is standard.

Assumption 2.5. For every a € A and every v € Meyan(a) with v # 0 let the linear
form E(-,v) be not trivial on M eypan ().

Under this assumption it has been shown in [Kir25] (Theorem 4.1) that only finitely many
critical values in the interval (—1/2,1/2] exist, i.e. AN (—1/2,1/2] is finite. We number
them by &;, j € J, where J C Z is a finite set, i.e. AN (—1/2,1/2] ={a;:j € J}.

By Assumption 2.4 the cut-off values are critical. If we decompose k into k = {4 K with
{ € Zsoand k € (—1/2,1/2] then also £k are critical and thus included in AN(—1/2,1/2].
Therefore, |J| > 2, and we denote these particular critical values by &; = k and &_; = —k.

With the form E from (2.2) we construct a basis of M(&;) for every j € J.

Let j € J and let M yan(é;) # {0}. Let (-,-); be any inner product in the finite dimen-

sional space Meyan(d;). With the hermetian sesqui-linear form £ from (2.2) we consider
4



the self-adjoint eigenvalue problem to determine A, ; € R and non-trivial ¢*/ € Myan(@;),

C=1,....,m; = dim M, yem(&;), with
E(¢",4) = Aj (9" ), for all ¥ € Mepan(@;) . (2.4)

The eigenfunctions ¢’ are orthogonal with respect to the inner product (-, -);. We nor-
malize the eigenfunctions such that (¢%7, ¢*7); = §pp. Then {¢*/ : £ =1,...,m;} is an
orthonormal basis of M.y, (@;) for every j € J. Furthermore, by part (e ) of Lemma 2.2
and Assumption 2.5,

E(¢™, ¢ = 6406, Aj#0 forall{=1,...,m;and ¢'=1,...,my.

Note that the eigenfunctions depend on the chosen inner product. We have shown in
[Kir25] that the Limiting Absorption Principle leads to inner products of the form (u,v); =
k? f Qquv dx for positive functions ¢ € L (W) which are periodic with respect to ;.

In the case M(£k) 2 Mevan(££) We extend this basis to a basis of M(d+,) = M(£k).

Lemma 2.6. Let Assumptions 2.4 and 2.5 hold and let M(é1) = M(£k) 2 Meyan(£R).
Then there exist unique ¢ € M(Ek) = M(*k) with E(¢*,v) = 0 for all ) € M pan(£r)
and ¢* has the form

Qgi(;t) = eilkwl + ¢evan($)a To > ho,

where ¢% . is evanescent. Therefore, if {o"F 0 =1,...,m1} is a basis of Meyan(£k) =
M pan(Ga1) determined by the eigenvalue problem (2.4) then {(bg’il A =1,... ,ml} U
{d*Y} is a basis of M(%k).

For the proof we refer again to [Kir25].

The term E (éi, éi) is not defined because qgi does not decay as 9 — oo. However, we
have the following analog of (2.3):

Lemma 2.7. Foro € {+,—} set

W (2) = 05,07 () 07 (2) — 00,07 (2) 97 (x) — 20k
=2 Im[@zlqga(x) gzga(x)} — 201k,
U(@) = 0507 (2) 0~ (2) — Ouy 6 (2) F (x)  for w € RL.

Then fo W7 (1, x2) dxg is uniformly bounded with respect to H and x1 and converges to

fo 7(x1,x9) dxy as H — 00, and this limit is constant with respect to x;.
The same holds for 1 replacmg Yo

Proof. The decomposition (for x5 > hg) as ¢° (21, x2) = e7* 4 ¢7 (4, x5) and
Oy, ek eotker = ik vields

¢U(x) = QZ Im[ I1¢evan( ) gvan('r) + 6I1¢evan( )eazkxl + ¢evan( )89616‘”—’”“}

Uniform (with respect to H and x;) boundedness and existence of the limit follow from

the quasi-periodicity and exponential decay of ¢ewm( ) as xg — 00.
5



We fix a < b. For H > hy we use Green’s theorem in the rectangle (a, b) x (0, H) to obtain

H H
/w"(b, x9) dxy —/¢U(a,$2>d$2
0 0

b

_— / (00,07 (21, H) 7 (0, H) — 0,07 (0, H) ¢° (21, H)] dry

b
- _/[a’ﬁzﬂggvan(a:l?H) qga(wlvH)_amqggvan(xlaH) QASUCUDH)] dwl?

a

and this converges to zero as H tends to infinity.
For ¢ we use the same arguments (note that 9,,e™** e=thz1 — 9, e~ik1 gikr1 = (), O

Analogously to H; ,(Q>) we define
H{(RY) = {uls2 : u € Hy (R?), ulyn € H'(W") for all h >0} .
Now we are able to formulate the radiation condition.

Definition 2.8. Let Assumptions 2.4 and 2.5 hold. Fiz Ry > 1, and let &£ € C°(R)
with £ (1) = 1 for £x1 > Ry and £ (x1) = 0 for a1 < Ry—1. A solution u € H. (R?)
of (1.1); that is, of

Au+k*nu = —f inR%, u=0 or dy,u=0 forxzy =0, (2.5)

satisfies the open waveguide radiation condition if u has a decomposition in the
form u = uPrP + u e where

(a) uP™P and u™* have the forms

uP"P () = Z f”(xl)z Z ag; ¢ (), (2.6)

ce{+,—} JEJ LioXy ;>0

u(r) = ul(z) + ! Z VE (31) 97 (x), x € R? (2.7)

\ |I1| oe{+,—}

respectively, for some apj, bt € C and v/ € HX(R2). If Meyan(£k) = M(LE)
then b* = 0.
(b) The Fourier transform Fu™ = (Fu ") (w, z3) of u™® with respect to x, satisfies

lm [0y, (Fu)(w,z2) — iVE? — w? (Fu"*)(w, z2)] = 0 (2.8)

To—r00

for almost all w € R.

Remark 2.9. If b* # 0 then vy — u™(z) decays as O(1/\/|x1|), and its Fourier trans-
form is only defined in the distributional sense. However, this distribution is reqular and in
Li(R) for every q € (1,2) by Lemma B.2 of the Appendixz. Therefore, (2.8) is well-defined.

We can now formulate our main result.



Theorem 2.10. Let Assumptions 2.4 and 2.5 hold and f € L*(R%) have compact support
in Who =R x (0, hy).

(a) Then there exists a unique solution u € H. (R%) of (2.5) satisfying the radiation
condition of Definition 2.8.

(b) Furthermore, the part ul* € HNRZ) decays as O(|z1|7*?) along the azis of the
wavegquide in the sense that for every h > hg there exists ¢, > 0 with

Ch

rad
||u* ||H1(an) < m forallm e Z (29)

where QM = (m, m + 2m) x (0, h).
(¢) Finally, for every a > 0 there exists ¢ = c(a) > 0 such that |u(x)| < ¢/ \/x2 for all
|z1] < a and x93 > hy.

We note that this theorem extends Theorems 5.2 and 6.1 (for the unperturbed case ¢ = 0)
to the case where the cut-off values are critical. If the corresponding mode spaces M (=+k)

satisfy Meyan(£k) & M(£E) then the radiating part u™* decays as O(1/+/|z1|) rather
than O(1/|x1|*?) as x; — +o0.

The remaining part of this paper is devoted to the proof of this theorem.

3. THE FLOQUET-BLOCH TRANSFORMED PROBLEMS

3.1. The Floquet-Bloch Transform. The Floquet-Bloch transform F'¢ of a function
¢ € C§°(R) is defined by

(Fo)(t,a) = Y ot +2ml)e ™™ tacR.

Lel

This formula directly shows that for smooth functions ¢ and fixed o the transformed
function t — (F'¢)(t, o) is a—quasi-periodic while for fixed ¢ the function a — (F'¢)(t, «v) is
periodic with period 1. It is hence sufficient to consider (¢, «) € (0,27)x(—1/2,1/2). Then
F has an extension to a bounded isomorphism from L*(R) onto L*((0,2m) x (—1/2,1/2))
and

1/2 2r
IFOR s ansirmam = | [1FO)E ) dtda = / BPdt = 6l
~1/2 0
The inverse transform is given by
1/2
(F1g)(t +270) = / g(t,a)e®™ida, te€(0,2n), LEZ.

~1/2

If p € L'(R) N L*(R) and f € L>(R) is a—quasi-peridic for some o € R then

F(of)(@,8) = Y oz +2nl) f(x + 27L) e >
LEZ

= > pla+2n0) (@) e = (Fo)(@,6 ~ a) ()

Lel

(3.1)

7



7(F90)(x a) f(z)dx Z/ (z + 270) f(z)e2rloidy = 7¢(I)md9€ 2

because f(x)e* ™ = f(x + 27r€) From this formula we note that the Fourier coefficients

a(a) = 5= 02W(F<,0)(x, ) e"HF2dy of the a—quasi-periodic function (Fy)(-, a) are given
by

17 |
a(@) = — [ (@) ez = (Fp)(t+a) (3.3)
where
1 .
(Fo)(lw) = I p(r)e ™dr, weR,

denotes the Fourier transform of ¢.

In view of our scattering problem, we apply the Floquet-Bloch transform to the variable
r1 and consider z, as a parameter. Recalling that W" := R x (0, k) and Q" := (0, 27) x
(0,h) and I = (—1/2,1/2) it has been shown (see, e.g. [LZ17, Section 6]) that F' is an
isomorphism from H'(W") onto

L*((—=1/2,1/2), H(Q")) = {u € L*((—1/2,1/2), H'(@Q") : “ 7 u(z, @) is }

a—quasi-periodic
equipped with the norm of L?((—1/2,1/2), H(Q")).

3.2. Formulation of the Quasi-Periodic Problems and Reduction. We set ¢*(z;) :=
§*(x1)/+/|z1] to simplify the notation and note that the part v := u[* € H}(R?) satisfies

(A + k*n)v = —g inRi, v=0or 0;,v=0forzy =0,
where ¢ is given by

g@) = fl2) + Y W (A+E) (1) ()]

oe{+,—}

+ 303 Y an(A+En)[€7(x1)¢" ()]
oe{+,—} J€J oA ;>0

~

+ 3 V) (1) 00, 67 (x) + ay ((27) (21)6° ()] (3.4)

oe{+,—}

3 ST YT (€ (1) 006" @) + 0, ((€°) (21)6 ()]

oe{+,—} J€J oA >0

for ¥ € Q. The radiation condition (2.8) for u"* turns into the following radiation
condition for v.

xllinoo [0, (F) (w, m2) —iVE? — w? (Fu(w, 25)] = iVk? — w? Z b F (o7 e”™ ) (w) (3.5)
oe{+,—-}
8



for almost all w € R because > .. b F(p° nggmn(-,@))(w) and its derivative with

respect to , converge to zero as x; — co. Here we note that F(¢” e?™) € L4(R) for all
q € (1,2) by Lemma B.2.

We now consider the quasi-periodic problems. For every fixed o we determine v(-, ) €
H. .(Q>) such that

(A+En)i(-,a) = —(Fg)(-,a) inQ®, ©=0o0rdy,0=0foraz,=0, (3.6)
subject to the radiation condition, that

lm [0y, 0022, ) — in/k? — (€ + )2 (22, )] exist for all £ € Z. (3.7)
2—>00

~ 2T A — . . ~
where 0y(z2, @) = o= [;7 de(@1, 2, @)e 7M™ dzy are the Fourier coefficients of 0(-, 2, a).

x

In order to reduce the problem to the bounded region Q = Q" we introduce a special
solution w = w(-,a) € H} (Q>\ Q) of

Aw(z, o) + k*w(z,a) = —(Fg)(z,a) for z3 > hy, w(x,a)=0for x5 =hy. (3.8)

Theorem 3.1. For every o € [=1/2,1/2] there exists a solution w(-, o) € H, (Q® \ Q)
of (3.8) such that w(xs, ) satisfies the radiation condition (3.7).
If { + a # Lk the solution is unique and

lm [Dy,we(za, ) — in/k? — (€ + )2 wy(z2, )]

xT

(3.9)

Z b’ [201’]{]—"(@”'6”’““)(6 + ) + F("e7™ 1) (0 + a)] )

1
V= (l+a)

If 0+ o = +k, i.e. £ ==+l and a = +x, the solution is unique if one requires that (3.7)
holds in the form

3 ~ p— — — Z7“‘/4
xilm Op, Wy j(T2, £K) = 5 b>e . (3.10)

The solution w(-, &) has a decomposition in the form
w(r,a) = Wylr,a) + Vi —aW(r,a)
+ Ve +aW_ (z9,0) + Vi —ave+aW(z,a)
where Wy, Wy, W € C=(Q> x [-1/2,1/2]).

Furthermore, there exists ¢ > 0 with [[w(-, )| 20,y < cH and ||Op,w (-, @) 20y < ¢ for
all H > hy and o € [—1/2,1/2].

(3.11)

We will prove this theorem and further properties of the solution in Appendix A.

We recall the a—quasi-periodic Dirichlet-to-Neumann operator A, : Ha/ (T — Hga Y (1)

(where I' = T, = (0,27m) x {ho}), given by

(Aad) (1, o) = i /K> = ((+ )2 e ™™ 2y € (0,2m),

LeZ

where ¢y = % 027r B(1, ho) e F71 dg) are the Fourier coefficients of ¢(-, ko).

With the (unique) solution w(-, ) of (3.8) we have:
9



Theorem 3.2. Fiz o € [—-1/2,1/2].

(a) Let v € H, (Q) satisfy (3.6) and the radiation condition (3.7). Then 0]q € HA(Q)
satisfies

Vi -V — Enoglde — [ (Ad)Yds = [(Fg)(-,a)vde+ | On,wids  (3.12)
/ Juorefraores |

for all vy € HL(Q) with w = w(-,«) from Theorem 3.1.

(b) Let v € HL(Q) satisfy (3.12). Extend 0 by

o(z) = w(z,a) + Z By(ho, ) ellEree givV =) @e=ho) = g 5 p

Lel

with Fourier coefficients 0y(ho, at) = 5= O% (21, ho, ) e ™0 dgy - Then 0 € HY ,(Q™)

satisfies (3.6) and the radiation condition (3.7).

Proof. (a) In Q> \ @ the difference d := 0 —w € Hij*(Q‘X’ \ Q) satifies Ad + k*d = 0,
and their Fourier coefficients dy(xo) satisfy dj(z2) + (k* — (£ + @)*)dy(z9) = 0 for zo >
ho and d¢(hg) = vs(ho) and the radiation condition (3.7). Since the general solution
of the differential equation is dy(xy) = ame'VF ~(Ha*(@2=ho) L p o=t/ =(tHa)*(@2=ho) the
radiation condition yields b, = 0, i.e. 0y(29) —we(z2) = Ve(hg) €'V k2= (t+a)*(z2—ho) and thus
Op, 0(21, ho) = Opyw(x1, ho) + (Au®) (21, ho). Green’s theorem, applied to © and ¢ in @,
yields the form (3.12).

(b) The extended ¢ satisfies the differential equation, the radiation condition (3.7), and
the continuity conditions 9|y = 9|_ on Iy, and 0,,0|4 = 0w + Aq® on I'y,. Green’s
theorem, applied to ¢ and ¢ in Q> \ Q, for some ¥ € H}(Q>) which vanishes for 5 > H
(for some H > hy) yields the variational form of (3.6). O

3.3. Solvability of the Quasi-Periodic Problems. After these preparations we want
to show solvability of (3.12) for every a € [—1/2,1/2]. We write (3.12) as an operator
equation in the form L,o = r, where L, : H:(Q) — H:(Q) and r, € H.(Q) are given by

(Lav, ) 1) —/[Vv -V — kK*nv)de — /(Aav)ﬂds

Thy

(Vv -V — k*nvi]de — 27m'z VE2 — (0+ )2 v(a) y(a),

Lel

(Fg)(-,a) ¢ dx + / Opyw (-, @) 1 ds

0

@\ @\@

(Ta, V) 1) =

— /(Fg)(, o) ¢ dx + 2 Z Oy wy(ho, @)W

Q LeZ

where v(a), ¥p(ar), and wy(xs, ) are the Fourier coefficients of v(-, hg, @), ¥ (-, ho, @), and
w(-, T2, ), respectively.
Since L, is Fredholm with index zero (see, e.g., [Kir25], Lemma 3.7) a necessary and suf-

ficient condition is that the right hand side r, is orthogonal to the nullspace of the adjoint
10



of L, — which coincides with the null space of L, itself (see again proof of Lemma 3.7 of
[Kir25]). Therefore, we have to show that for every j € J the following holds

/(Fg)(-,&j)@dan /6x2w(-,dj)wds = 0 forallp € M(q;). (3.13)
Q Thy

Theorem 3.3. Let Assumptions 2.4 and 2.5 hold and let a;; € C and b* € C (in the
case that Meyan(£k) G M(£k)) be given by

2 Fi@)de, b = — i/ b*(z) dz . 3.14
s W]‘/f 07 - R!f(a:)cb(:v)x .14

Then (3.13) holds, and for every a € [—1/2,1/2] there exists a solution v € H(Q) of
(3.12) and also a solution © € H), ,(Q>) of (3.6) satisfying the radiation condition (3.7).

Proof. From the form (3.4) of g and (3.1) we obtain

(Fg)(z,a) = (Ff)(z,a) + > bF 10,0 (- w2) + (9°)"0°(-, x2)] (1, )

se{+,—}

+ 3 ST S P26 00,07 (- wa) + (€)' 9" ()] (21, )

se{+,—}j'eJ 8)\21 >0
= (Ff)(z,a) (3.15)

+ Z b [2(Fo”) (21, a0 — sK) O Oy, 0% () + F (™) (1, o0 — s&)q?)s(a:)}

se{+,—}

0 Yy 2(FE) @na — dy) 0,0 (2)

se{+,—}j'eJ 8)\21 >0

+ F(E") (21, — ay) 67 (2)].

(Here we denoted the summation indices by s € {4+, —}, ¢’ and j' instead of o, ¢ and j,
respectively.)

Let v = ¢ or ¢ = ¢° (if j € {1,—1}). For H > hy we use Green’s theorem in
(0,27) x (ho, H) for the &;—quasi-periodic functions w(-, &;),9 € Héjv*(Qoo \ Q) and
11



obtain

/(Fg)(-,@j)ada: +/6x2w(-,@j)ads
Q Thy
/ (Fg)(a;)Fde + / [0y, 6,) T — w(-, &;) Ouy ] ds
Q Thy
/ (Fg)(-,dy) o + / (000 65) T — (-, ) 0,70] ds
Q 'y
_ / [Aw(-,4;) P — Apw(-,d;)] da
QI\Q
/(Fg)< O‘J)Edl‘ + /[axzw("&j)w_w(Vdj)amm ds. (316>
QHE Tu

In the following we discuss the line integral and the volume integral for the different
choices of .

Case (A): o = ¢%.

The line integral tends to zero as H — oo because of the boundedness of %Hw” £2(ry) and
|0z, w]r2(ry;) and the exponential decay of ¢

To consider the volume integral in (3.16) for the different terms in the form (3 15) of Fig
let the pair (¢(21), ¢(x)) be given by (p,¢) = (£,¢") or (¢, ¢) = (£°/+/]-|,¢*). Then

[ Fla+ )06 w.a) @ de = [ F200,6+0)(0.8) 5790) da

Q> Q>
- / 126/ (21)00, B(2) + (1) ()] F49(a) d (3.17)
- / [0(21)00, 8(z) + O (¢ (21)(2))] F99 (@) dx
/ BVYRETINY BVRETINY 1 (.5 I /
:/QO (Il) [az1¢(x) gbed (CL’) - gb(m) 8171@%7 ([)3)] dr = _% E<¢7 ¢ J) / ¥ (5(71) dxl

where we used (2.3) in the last step.
Now we distinguish between two cases.
Case (A1): ¢ # ¢, Then E(¢, ") = 0, and the volume integral in (3. 16) vanishes.

Case (A2): ¢ = ¢*. Then ¢ = £ and E(¢7, ¢*7) = A, ;. Furthermore, f ) (x1)dzy =

o since X (z1) = 1 for 27 > Ry and £+ (z;1) = 0 for +2; < Ry — 1.
12



Altogether we have

YR
[ (Fo)ec) T e = [ (F)) T dr — a5
Q> Q>
_ > el
_/f(x)gbe (x)dx — ayg; 5l 0
2

by the choice of ay; from (3.14).

Case (B) &; = ok and ¢ = ¢°. We go back to (3.16) and discuss again the line integral
and the volume integral. To discuss the 1ine integral we decompose ¢7 into ¢7(x) =

e 4 go  (x). The part fFH [Opyw(-, a]) oan — W(+, &) GxQQAﬁgwn} ds converges again to
zero. By (3.10) of Theorem 3.1 we have

2

lim [ [Opw(zy, H, oK) e7*1 —w(zq, H,0K) Oyye™1 ] ds = 2 lim Op,w,;(H, oK)
H—o00 H—o00

0
- VTR

Next, we consider the volume integrals appearing in (3. 16) We show that they converge

to 0 as H — co. Let again (p,¢) = (£2//]-],¢°) or (¢,¢) = (€%, ¢"7). Then, by the
same arguments as in the derivation of (3.17),

00 H
[ Flasrneo)tondrde= [ @) [[0n0@) 5 - 6(2)20,67(2)] dusdar
QH —00 0
It ¢ — %7 and o — & i otd 5 — 57 5 57 o |

p = &° then fo [@clgb @7 — Q"7 0y 0 ]d:cg is bounded with respect
to H and x; and converges to [, [0y, ¢" ¢7 — ¢t 3z1€5“] dzy = —5L E(¢!7,¢°) = 0.

2m
Therefore,

Jim [ F[(A+Kn)E ¢" ] (x,0k) ¢7(x)dx = 0.

QH

Let now ¢ = ¢* and o(z,) = ¢*(z1) := £%(21)/+/|21]. Then
/ F[(A + k*n)(p° (ﬁs)} (x,0RK) gg"(q:) dz

7(z) — ¢°(x) Oy, 07 (2)] o dzy (3.18)

SQJ
<
®
S
S~—
>

[0,,0°(x) 97 (2) — ¢*(x) B, 07 (x) — 20ik] day dy (3.19)

13



since ¢°(x1) vanishes for ; — £oo. In (3.18) and (3.19) we have the terms 8351@3”5 —
° 896145" (if s = o) and 8x1g5_” o — ¢° xlqg" (if s = —0o). In the first case we apply
Lemma 2.7 to the form (3.19) which yields that fOH [8mlgz§"(x) ¢7(x) — ¢7(2) By, 97 () —
20ik| dz is uniformly bounded with respect to H and z; and converges (as H — c0) to

some ¢(x1) = ¢ which is constant with respect to z;. Therefore, application of Lebesgue’s
theorem on dominated convergence to (3.18) yields that

lim | F[(A+kn)(° ggg)] (z,0k) 7 (x)dx = 0.

H—o0
QH
For the second case we apply Lemma 2.7 to the form (3.18) and argue in the same way.

Now we substitute these terms into (3.16) and obtain

/ (Fg)(z, 0r) ¢ (x) d + / Do, 10(, o) 07 () ds

Q Ty
= /‘(Ff)(x70"%) ¢EU<$> dr — ba\/ 2k eiiﬂ'/4 =0
Qoo
by the form (3.14) of b*. -

3.4. The Dependence on the Floquet-Parameter. Next we study the dependence
on « which is necessary for the application of the inverse Floquet-Bloch transform. It is
convenient to transform the equation into the space H,,.(Q) for the function o(x,a) =

e~ "*"19(z, o). To simplify the notation we define the operator J, : H} ,(Q>) — H},,.,(Q>)

per,*
as (Jou)(z) = e7*®1y(z). Then the equation L,0 = r, in H:(Q) is equivalent to
JoLady ' 0(- ) = Jare in Hp(Q), (3.20)
ie.,
/[V(v €M) .V (Y etonr) — E*n g dr — 2m'z VE2 — (04 a)2 0y
4 tez
= (JoTo, V) H / Fg)(-, o) v eion do + /&Qw ) 9 eiaz1 ds
Q ho
for all ¢ € per(Q) where v, = fo (21, ho) e"**1dxy and 1, are the Fourier coeffi-

cients of the 2w —periodic functlons 0(+, hg) and (-, ho), respectively. We observe that
the operator J,L,J, 1'is not differentiable at the cut-off values @ = £+ — and also not
invertible because +x are critical values by Assumption 2.4. This situation is new and
has not treated before.

We consider first the dependence on « of the right hand side. The term “smooth” means
C* in the following.

Theorem 3.4. (a) For |j| > 2 there exists a neighborhood of &; in which the transformed
right hand side Joro € HY. (Q) depends smoothly on «.

per
For j = 41, i.e. &; = £k, it has the form Jare = ri(a)VE F a + 75 (a) where r(a) €

H;ET(Q) depend smoothly on « in a neighborhood of +k.
14



(b) Furthermore, we have in a neighborhood of +k:
(JaTas Ji,{¢£’i1>H1(Q) = (@ F k) [nfz(a) +VEF anie(a)] ,0=1,...,mq, (3.21)

(JaTar Jexd ™)@ = VEF api(a) + (aF x)p5(a), (3.22)
where nﬁ,p}t depend smoothly on o for j =1,2 and £ =1,...,m;.

Proof. (a) We recall the form (3.15) of Fig. Since f and (£7)" have compact support with
respect to x; their Floquet Bloch transforms are smooth with respect to a.. Furthermore,

from Lemma B.1 of the Appendix we have F'(¢%’)(x1, a—0ok) = m/4 Me a-oR)el 4
A%(x1, ) with smooth A?. This proves the form of J,r,.

(b) Formula (3.22) follows directly from parts (a) and Theorem 3.3. Indeed, from (a) we
obtain (Jor, Jend® ) m(o) = V& F a (ri(a), Ji,{gzﬁ > o) F (5 (@), Jend®) (@); and from
Theorem 3.3 we conclude that (ry (£x), Ji,i(b YHL(Q) = O and thus (15 (), Jo.0F VHI(Q) =

(o F k) pi () for some smooth function pi.

It remains to show (3.21). We note that (A+k%)w = —Fg and (A +k?)(e/Fr-oz1 gttty —
e ER T 24tk — @)Dy, P — (2K — @) 2¢"F!] . Exactly as for (3.16) we obtain by Green’s
theorem in (0, 27) x (hg, H) for the a—quasi-periodic functions w(-, o) and e~ (Fr-e1ptEl ¢

H,,(Q@>\ Q) that
<Ja7“a, Jin¢£7i1>H1(Q) _ <7,0” ei(a¥/€)z1 (be’il)Hl(Q)

= /(Fg) (l‘, Oé) ei(aFr)z (Z%:i:l (.T) dx + / 83:2w($7 Oé) (bf,:tl (.13) cilaFr)z1 g

Q Ty

~ [ (Fo)(a,0) ) T d

QH

+ /[amw(xa C“) ¢é,il (l’) - w(a:, Oé) am ¢Z’i1(x):| eii(a%‘i)zlds (323)
'y

- / [2i(a F k) 0,08 () + (a F £)*¢4H (2)] w(z, o) da.
QF\Q

Since ¢“*! decays exponentially and - ||w(-, @) z2(rp;) and |0z, w(-, @)]|r2(ry) are bounded
by Theorem 3.1 we obtain again that the line integral converges to zero and thus

(Taras Jend™™ o) = / (Fg)(x, ) P (z) XoFhmn g
O
+ / [2i(a F k) Oy P51 () + (o T H)Z&i—l(az‘)] w(z, ) dx .
O\
The second integral ist of the form (o F x) [A1(a) + vk F a As(a)] with smooth functions

Ay, Ay by Theorem 3.1. For the first integral we consider the different parts of F'g and

use the representation (3.15). The mappings a — (Ff)(z,a) and a — [2(F&) (21,00 —
15



Q1) Opy @79 (1) + (FE) (11, o0 — Gijr) qbe/’j/(x)} are smooth because f and £* have compact
supports. Next, we consider for s € {+, —}

/ [Q(F@S/)(gjh o — Sl{) 8:01([58(33) + (FSOS”)(ZEL a — 8K>¢Es($)}&i—1<x)ei(in—a)x1 dr
Q>

= / [(FSDSI)@laOé — SK) 8x1§£5 + axl((FQDS')(xl,oz — sm)q@s)] SOEL (1) H(g) ¢l i(ER—a)z1 .
QOO

- / (Fo) (@1, a = sw) [00,0° () (654 (2) e/0Fa1) — 8 () Dy, (6541 (2) o) | da

Qoo

2m o)
— [ a—sne @m0 [10,60) ) - () 0,57 (0)] doadoy
0 0

+iaF ) [(Fe)oa ) 6@ FH@ e T do
QOO

— il R) [ ()0 — 5w) () @) 50 o
QOO

because [~ [0, 0° () 9EEL () — ¢°(2) D, 90F1 ()] day = 5 E (¢, ¢*F1) = 0. Now we use
Lemma B.1 for (F¢*)(z1, @ — sk) to obtain the desired form (3.21). O

The dependence of the operator J,L,J; ! on « has been studied in, e.g. [Kir25] (Subsec-
tion 5.1) or [Kir22] (Theorem 4.3, part (c)), and we repeat the arguments. The operator
is certainly smooth for o not being a cut-off value. We consider the case of the cut-off
value @ = k and translate the value to a = 0, i.e. define L(a) := JoiwLatnJits for a
in a neighborhood of 0. Recalling that k = £ + & with / € Z>, we decompose L(a) into
L(a) = L(a) + p(a) B with

(L(a)u, o)) = / (¥ (u eeH0m) . (i o) — k2 ) da

Q
— QWZZWW\/I@‘Q ({+a+ k)2,
040
pla) = 2mi \/k2 —(U4+a+k)? = 2miV2%k+av—a,
(Bu,v)pg(@) = u;;
for u,v € H;GT(Q) where u, = fo u(zy, ho) e —tr1dy, are the Fourier coefficients of the

2m—periodic function (-, hy). We note that Bu = (u,b),b where b € H), (Q) is defined
by (u,b), = u; = 5= f027r u(zy, ho)e~#1day for u € H,.(Q). Then L(e) is infinitely often

differentiable in a neighborhood of 0 and p(a)? is smooth with L [p()?]|a—o = 872k # 0.

We can now apply a functional analytic result presented in the following subsection.
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3.5. An Abstract Singular Perturbation Result. In the following two theorems let
H be a (complex) Hilbert space, K(«) : H — H and r(«) € H for a € (—dp,09) C R
be families of compact operators and elements, respectively, which depend continuously
on a € (—0dp,dp). Set L(ar) = I — K(«) and assume that 1 is a semi-simple eigenvalue
of K(0); that is, N'(L(0)*) = N(L(0)) where N (L) = {z € H : Lz = 0} denotes the
nullspace of an operator L. Furthermore, let P : H — N C H be the projection onto
the finite dimensional space N := N (L(O)) with respect to the direct decomposition
H =N @ R(L(0)). We assume that this decomposition is orthogonal.
The case that K(a) and r(a) depend smoothly on « had been considered before, see,
g., [KS24]. We consider the case that K(«) and r(a) are merely continuous with a
square-root type continuity at zero.

Theorem 3.5. Let U be neighborhood of 0 and let the compact operators K(a) : H — H
for o € U C (—=1/2,1/2) have the forms K(a) = K(«) + p(a) B where K(«) is smooth,
i.e. infinitely often differentiable, in U and p(c) : U — C is continuous with p(0) = 0
such that p(a) # 0 for a # 0 and p* is smooth with 2-[p(@)?]la=o # 0. Furthermore,
B : H — H is the one-dimensional operator, given by Bv = (v,b) b for v € H and some
be H.
Let Ny be the orthogonal complement of Pb in N, i.e. Ny :={¢p € N : (¢, Pb) = 0}.
(If Pb = 0 then No = N.) Let Py : N — Ny be the orthogonal projection, given by
Pyv = v — (v, Pb)Pb/||Pb||>. (The operator Py is the identity if Pb = 0.) Furthermore,
let P,PK'(0 }/\/ Ny = Ny be one-to-one.

(a) Then L(«) is invertible for o # 0 sufficiently close to 0.

(b) Let, in addition, the right hand sides r(a) and their projections Pr(«) and PyPr(co)

have the forms

) =ri(a) + pla)ra(a),

Pr(a) = pla)pi(a) + ap(a), (3.24)

PyPr(a) = ala(e) + pla)g(a)],

with smooth functions rp(c), pm(a), gm(a) € H. (In particular, Pr(0) =0.) Then

the unique solution u(a) = L(a)™'r(a) for a # 0 has a decomposition in the form
u(@) = w(e) + pla)uz(a)

where u;(a) are smooth in a neighborhood of zero.

Proof. We use the splitting H = N'@® R where again N := N(L(0)) and R := R(L(0))
with corresponding projections P and @ := I — P, respectively. Furthermore, we set
L(a) = I — K(a). Then the equation L(a)u(a) = r(a) is quivalent to the set of equations

[PL(a) = p(a) PBluN(a) + [PL(a) = p(a) PBJuR(a) = Pr(a),
QL(a)uM(a) + QL(a)u™ () = Qr(e)
for u(a) = u"'(a) + uR(a) with (vV(a),u®(a)) € N x R.
We consider first the case Pb # 0 and remark on the (simpler) case Pb = 0 below.
We decompose N' = N(L(0)) into N' = Ny @ span{Pb}, i.e. Ny = span{Pb}*, and

recall that Py : NV — Ny is the corresponding orthogonal projection. Then we have
17
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PyPBv = (v,b) PyPb = 0 and (PBuv, Pb) = (v,b)||Pb||*. Applying P, to the first quation
and multiplying the first equation by Pb results in the equivalent system

PyPL(a)uN(a) + PyPL(a)uR(a) = PyPr(a), (3.25)

QL(a)uV(a) + QL(a)u"(a) = Qr(a), (3.26)

(PLu™, Pb) — plu B)|[PEI? + (PLu®, Pb) — p(u®,0)|[PB> = (Pr.Pb)  (3.27)

where we dropped the argument « in the previous equation. Analogously, we decompose
uN (@) into vV (a) = u) (o) + s(a)Pb with u) (a) € Ny and s(a) € C. Then (3.25) —
(3.27) is written as

PyPL(a)u) + PyPL(a)u™ + s(a) PyPL(a)Pb = PyPr(a), (3.28)
QL()u) + QL(a)u® + s(a)QL(a)Pb = Qr(a), (3.29)

(PLuy , Pb) + s(PLPb, Pb) — p(uy . b)||Pb||* — sp(Pb, b)|| Pb|
+ (PLu™, Pb) — p(u®,b)||Pb||*> = (Pr, Pb). (3.30)
First we note that (u)’,b) = (u}), Pb) = 0 for v} € Ny. We devide (3.28) by a and

(3.30) by p(a) and write the resulting system in matrix form A(a)v(a) = 7(«) for v(a) =
[} (), s(a), u®(a)]" € Ny x C x R where

LPPL(a)|n, LPyPL()Pb LpPL(a)|r
QL()|n, QL(a)Pb QL(a)|r

(where we dropped the argument « in the second row) and

) qi(a) q2(cv)
Ph) | = | (p(a), Pb) | +p(a) | 5o (p2(), Pb)

72(04) - p(a < (Oé),
) Qri(a) Qrz(a)

where we used the assumptions on r(a), Pr(a), and PyPr(a). Since a — L(a) is smooth
there exists a smooth operator valued function « — M (a) with

L(a) = L(0) + al’(0) + o*M(a).

Substituting this into the form of A(a) and using L(0)|y = L(0)|x = 0 and PL(0)|r =
PL(0)|r = 0 yields a decomposition in the form

Ala) = A(0) + pgg) Ai(@) + ads(a)



where

Py,PL'(0)|n, PoPL'(0)Pb  PyPL'(0)|r

A(0) = 0 —Polt (o) Pol* |
0 0 QL(0)|=
N 0 0 0
Ai(a) = 5 | (PL'(0), Pby (PL'(0)Pb,Pb) (PL'(0).,Pb) |,
pla) 0 0 0
2 0 0 0
+ 2| (PM(a), Pb) (PM(a)Pb,Pb) PM(c)-,Pb) |,
pa)? 0 0 0
P()PM(Oé)/\/'O P()PM(O[)Pb P()PM(O()|R
As(a) = 0 0 0
QL) — QL(O)PL  QL(0)r
0 0 0
+ « 0 0 0

QM(a)lny, QM()Pb QM(a)lr

depend smoothly on a. As a trianguar matrix with invertible diagonal operators

Py PL(0)|n, : No — No, —||Pb|* # 0, and QL(0)|gr : R — R the matrix A(0) is
invertible. By a simple argument using the Neumann series and collecting terms with
even and odd powers of p(a) (and noting that p(a)? is smooth) we obtain that the
solution v(a) € My x C x R of A(a)v(a) = #(«) has the form v(a) = vo(a) + p(a)vi ()
where v;(«) are smooth. Therefore, the solution u(o) € H of L(a)u(a) = r(«) which is
the sum of the three components of v(«) has the required form.

Finally, we look at the changes for the case Pb = 0. In this case the system (3.25) — (3.27)
reduces to the system (3.25), (3.26) for R = I, and we obtain a 2 x 2— matrix system for

the unknowns u? € A and «® € R. In the same way as before we obtain invertibility of
L(a) for a # 0 close to 0 and smoothness of u”(a) and u(«) if Pr(0) = 0. O

3.6. Application of the Abstract Theorem. We go back to the discussion of equation
(3.20) and consider « in a neighborhood of the critical cut-off value &; = k. (The
case G_; = — is treated analogously.) Therefore, we set H = H,.(Q) and L(a) =

Ja+,€La+,€J_1 and 7(a) = JaiwTarrs. We have to check the assumptions of Theorem 3.5.

a+kK
First we note that N' = N(L(0)) = {Jdlg : ¢ € M(r)} and Ny = {Jd|g : ¢ €
Mevan(k)}. The decomposition L(ar) = L(a) + p(a) B has been discussed at the end of
Subsection 3.5. In [Kir25] (Lemma 5.3, part (b)) the formula

<[N/(0)J,iw, J“¢>H1(Q) = —2 / ¢ O, wdr = E(w, )
QOO
for all w € M(k) and ¢ € M yan(r) has been shown. The Assumption 2.4 on E implies

that PyPL'(0)|n; is one-to-one on Nj. Therefore, all of the assumptions on L(a) are

satisfied.
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For the assumption with respect to the right hand side r(a) we apply Theorem 3.4. The
conditions (3.24) follows from part (a) of Theorem 3.4 and (3.21) and (3.22) (replace Kk —«
by k — (k+ a) = —a).

Therefore, all of the assumptions of Theorem 3.5 are satisfied. As mentioned above the
same arguments hold also for the critical value &_; = —x. Furthermore, the critical values
&; for |j| > 2 are different from the cut-off values £x. In this case L(«) and r(«) are
smooth near &;, and we can apply the analogon of Theorem 3.5 (see, e.g., Theorem 3.2
of [KS24]) and obtain smoothness of ¥ near &;.

Summarizing, we have shown the following representation of v(z, o) = Jyu(z, «).

Theorem 3.6. Let Assumptions 2.5 and (2.4) hold and let a;; € C and b* € C be given
by (3.14). Then, for every a € [—1/2,1/2], there exists a solution o(-,a) € HL(Q) of
(3.12) and also a solution O(-,o) € HY ,(Q™) of (3.6) satisfying the radiation condition
(3.7).

Furthermore, the solutions can be chosen to be smooth with respect to o in a neighborhood
of the critical values &; for |j| > 2 and continuous in a neighborhood of 41 = £k and
have the form

() = D1 2(, ) + VEFatyi(,a) (3.31)
in a neighborhood of &1 = £k where 01 4 (-, ) and Uy (-, ) depend smoothly on c.

3.7. Proof of Theorem 2.10. (a) Uniqueness has been shown in [Kir25], Theorem 4.8.

Existence of a solution is constructed with the the solutions (-, a) € H(Q) of (3.6). We
define 7 as the inverse Floquet-Bloch transform of 9, i.e.

1/2
" xy + 27l xg) = / O(x,0)e*™da, z€Q™, LEL,

—-1/2

and u := u" + uP™P with uP"P from (2.6) and

rad rad o 0' o' 2
u N x) = u(x) Z b7 (1) ¢ () , reR:.
\% J€{+ -}
Then u satisfies Au + k*nu = —f in R? and the boundary condition. To show the

radiation condition (2.8), we observe that (Fu")(w, z5) has the form

(Fu™) (w, 25) = (Fu) (w, x5) Z b7 F(p7 e ) (w) + Z b F (97 3pan) (W, 22) .
O'G{"r } Je{+7_}
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For w = ¢+ « and x5 > hy we use Theorem 3.2 and obtain

(Fu™ ) (w, 25) = (Fu™(a,x5) = O(xy,a Z b F(7e”™ ) (0 4 o)
oe{+,-}
+ Z bgf((poqggvan)(g—i_a?x?)
oe{+,-}
_ wg(:zcg,a) + @z(ho,a) ei\/k2,(£+a)2(x27ho) + Z bgf o mkxl)(g‘i‘&)
oe{+,—-}

T Z b" (90 ¢evan)(£ + «, x2) .

The last term tends to zero exponentially as x5 — oo. With (3.9) we obtain for {1+« # +k

lim [0, (Fu™ (04 o, 29) — i /K2 — (€ + )2 (Fu™ ) (0 + a, 1)) =

{

- k2 — ((+a) Z b7 [QUik‘F(Sﬁaleaikxl)(g +a)+ ]:(gamlemkxl)(f + a)}

oce{+,—}
— iR = (C+a)? > 0 F(" )+ )
oe{+,—-}

G
- - (eI e )] = o

for all { € Z and o € [—1/2,1/2] where we used Lemma B.2. This proves the radiation
condition (2.8).

(b) We show the decay property (2.9). Let ¢; € C*°(R) for j = —1,0,1 be a partition of
unity of the open covering (—k—48, =k +06)U(k—08, s +6)U((—1/2—6,1/2+8)\{k, —}) of
[—1/2.1/2], i.e. supp¥i1 C (£k—6, £r+6) and supp o C ((—1/2—0,1/2+6)\{r, —K})
and 231:71 Yi(a) =1 for a € [-1/2,1/2]. Then, using (3.31)

L 12 1/2
uxy + 27l xy) = Z / V() o(z, a) e?™ da = / vo(z, o) 2™ day
=179 —-1/2
1/2 1/2
+ / VE — avy(z,a) e®™ da + / VE+ av_(x,a) e da
_1)2 ~1/2

where vy (-, @) = Po(@)0(:, @)+ ()14 (-, )1 (@)1, (@) and ve (-, @) = P (@)ba2 (-, )
depend smoothly on a. We note that suppvy C (—1/2,1/2) and vy = 0 near £1/2. Par-
tial integration of the integral containing v, yields fj{% vo(z, @) ™ day = O(1/|¢}9) for

any j € N since vy is 1—periodic with respect to a.. For the integral containing vy we can
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also perform partial integration one times and obtain (for v, )

1/2 1/2
1 d .
/ VE—avg(z,a)e B ——— / _[mm(%a)} BRI
127l do
—-1/2 “1/2
K+0 1/2
’U+<J], Oé) ei27r€a d / VK a 'U+<CC Oé) i2mlo do .

127r€

1
 dnl / VE—
K—0

—-1/2

The second integral behaves as O(1/|¢|) (partial integration again). The first integral
behaves as O(1/+/|¢|. Indeed, we write

KR —Q

K46

1 .
/ vy (x, ) e?™ da =
-5

K

K16 K46
1 2l / 1 270
= vy(z,a) —vp(x, k)| e %da + vi(x, K e do
[ A= b (wa) = vt o) [
k=6 K—0
K+0 K+9
=— K — adla)e®™ da + vi(z, K / e2me oy
/v e

K—0

since vy (z, ) — vy(x, k) = fol Lop(zta+ (1 —t)k)dt = (a — K) fol Oavy (z, ta + (1 —
t)k) dt = (o — k) (). The first integral behaves again as O(1/|¢|) by partial integration.
For the second integral we write

K+8 ) - 2m|e|§
1 j2me 27 / | ] et |-
e’Lﬂ'OLda — e’Lﬂ'K _6 LLTT. d/B — _6 1t s1gn dt
/ K— VB V2r[l] Vi

K—0 = —2m||6

2r|eld 1

Since the sequence a; = [~ arltls V7 © e~itsient 4t is hounded, this integral behaves as O(1/+/|).

(c) Since uP™P(z) decays exponentially it is sufficient to study u™¢. First, we show a
representation of u" in the half plane x5 > hg. First we note that v satisfies (A +
k*n)u? = —g for w3 > ho where § is given by

g@) = Y>> an(A+En)[E7 (28" ()]

ce{+,—} JE€J oA ;>0
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We recall that g(x) vanishes for |z;| > R and decays exponentially as x5 — 0o. We claim
that u"*¢ has the representation

ra Z ~ *
weile) =5 [ o) [HE(kle — y) — (bl — o)) dy
R? ~ho
z rad (1) .
g fu (y) Oy, Hy ' (k|z — y|) ds(y)
Thg
=2 G [EO K — o)) - BO (bl — o)) d
1 0 0 Y Y (3.32)
R? ~ho
z rad o H(l) klr — d
+ 2 u,"(y) 0y, Hy ' (k|2 — yl) ds(y)

T Z b—/ (1)6° () By, HS (kz — ) ds(y)

J€{+ } Thg

where y* = (y1,2ho — y2)" and v, = R x {ho}. Indeed, it is well known (see, e.g.
Lemma 7.1 of [Kir22] for h = hg) that the volume potential satisfies the differential equa-
tion and the radiation condition (2.8) and vanishes on ;. The line integrals are of convolu-
tion type with the L'(R)—function z1 — ¥ (zy,x9) := Zﬁng (k+/23 + Y2)?) |ys=ho-
The Fourier transform of ¥ is given by (FW¥)(w,z,) = e?VF*~w1@2=ho) (see formulas 3.
and 4. in [GRO7], Section 6.677), and satisfies (2.8) trivially. We can now use the con-
volution theorem for the Fourier transform (for go"g%" we refer to Lemma B.2 of Appen-
dix B) which shows that the double potetial with density u™*¢ satisfies the homogeneous
Helmholtz equation and the radiation condition (2.8). The jump condition yields that the
line integral coincides with u™® on . Therefore, the right hand side of (3.32) satisfies
the same differential equation as v"* and the radiation condition and coincides with u"*¢
on 7y, Therefore, it has to coincide with u™¢ everywhere, and (3.32) is shown.

For the volume integral and the line integral with density u7%? (which decays as O(1/|z;[*/?)
by part (b)) we can use the results of [Kir22] (see Lemma 7.1 and proof of Theorem 6.2).

These two terms decay as 1/,/Z3 as 9 — oco. The line integral with the density go"ngS"

which decays only of order 1/4/|x1| along v, is investigated in Lemma B.3 of Appendix B
(replace xo — hg by x2). This ends the proof of Theorem 2.10.

APPENDIX A. PROOF OF THEOREM 3.1

A.1. Preparations. We recall that ¢7(z1) = £7(x1)/+/|21]. From (3.4) we observe that

for 25 > hg the right hand side ¢ has a decomposition in the form g(z) = ¢ (z,) +¢® ()
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where

R S CER IR

oe{+,—}

= Y 200k (@) + 0" (@)]
oe{+,—}

gD (@) = D (A +EN) [0 (21) 0 ()]

oce{+,—}

+ Z Z Z g (A + K*n) [€7 (1) " ()]

oe{+,—} JEJ X ;>0

= > 1) (1) 00,07 () + O, ((#7) (21)67 (1)) ]

oe{+,—}

£ 2D a7 @) 0,64 (@) + 00, ((€) ()0 (@)]

o€{+,—} j€J oA, >0

For the Floquet-Bloch transform we use (3.1) and the representation of Lemma B.1
(part (b)) to obtain

171'/4k
\/_

+ Z b [2 oik A% (x1,0 — oK) + Oy, A% (21, 0 — Oﬁ)}eailml
oe{+,—}

(Fg(l))($1, Z ¥ R — oa [ 2k (a _ Uﬁ)} ei(a+al7)m1

oe{+,—-}

and

—7,7r/4
2\/_ Z baU\/lﬂl—UOée(a )T [2aﬂﬁ1¢evan< ) —|—’L(Oé—0'/ﬁ?) evan(x)}
g oe{+,—}

+ Z ba QAU(:EDO‘_U’%) I1¢evan( )+ax1A (33170‘_0'%) evan(m)}
oe{+,—}

XYY 2P @0 - &) 0,6 (@)

oe{+,—} JEJ a), ;>0

+ F(E7") (1,0 — d5) 6" ()]

(Fg(2))(l’, C“) =

with smooth functions A*. We solve (3.8) by expanding Fig and w into Fourier series

of the form (Fg)(z,a) = 3 ,c; §e(w2, @) €97 and w(z,a) = 3,0, we(we, @) T

respectively. The splitting Fig = Fg™ 4+ Fg® implies a splitting of the Fourier coefficients
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~(2)

Ge(wg, ) into gy(ze, ) = gél)(oz) + §,” (22, @) where

. ein/4k 1
iy(a) = =V ViFalE o (aF )

1 . o
2— Z b"/ [20ik A% (21,00 — oK) + 0y A% (21, 0 — OK)] otk gmilothn g,
oe{+,—} 0

1 4 .
Qél)(a) = — Z b / [20ik A7 (21,0 — oK) + 05y A7 (21, 00 — OK)] eotkr1gmilatten g,
T
0€{+7_} 0

for ¢ # +/, and the analogous form for f]éz) (22, ) which we decompose as

() e—i7r/4

gl (.’L'Q,CK) = 471'\/_

S Vovi—oa / 20,07, (2) + (0 = 09) 3 (2)]

oe{+,—}

e OTL g0 4 G’ (29, @)

(A1)

where ng) € C°((ho, 00) x [~1/2,1/2])) because of the smoothness of A* and F¢*.

We note that f]él)(a) is independent of x5 and all terms of gf) (9, ) decay to zero expo-
nentially as o — o0o. Furthermore, we note that the Fourier coefficients tend to zero as
|¢| = oo because of the smoothness of (Fg)(-, a).

Lemma A.1. (a) ngl) € C™[=1/2,1/2] for € # £L. For every m € N there exists ¢, > 0
with |g(1)( )| < foralll € Z and a € [—1/2,1/2].

\€|m+1

(b) g(l)( ) and gf) (9, ) have the forms

oin/A )
i) = =0 VaFalE g @F )] + (¥ 06 ), (A2)

gé)<$2, a) = \//ﬁ—aGf’ﬂ(xg,a) + \//f—l—aGf’*)(xQ,a) + Gf)(aﬁg,a), (A.3)

respectively, where G € C®[=1/2,1/2] and GEQ),Gf’i) € C%((ho,00) x [-1/2,1/2]).
Furthermore there exists n > 0 and for every m € N some ¢, > 0 with ]f]f)(@,aﬂ <
e "2 for all £ € Z and (x2, ) € (hg,00) x [—1/2,1/2].

|€|m+1

Proof. (a) This follows from the smoothness of A*.
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(b) We write g( )( ) as

~(1
3 () =

e VP VE—all+ L (a — k)]
VT 2k
2m

1 4
+ %b+ /[22]{3 A+($1, o — Ii) + am1A+(x17 o — 5)] €Z(K¥Q)$1 dxy

0
2w

+ %b /[8;,;1 (A_(xl, a+ k) e_wm) U gy
0

The integrals are smooth with respect to o since A* depends smoothly on x; and . Fur-
thermore, since fo% At (z1,0)dr; = 0and AT(-,0) is 2r—periodic and also A~ (1, 2k) e~ 2%
is 2 —periodic we conclude that both integrals vanish for oo = &, i.e. g( )(a) has the form
(A.2). For 9(,@2( ) one argues in the same way.

The representation (A.3) and the estimates for | gf)(xz, a)| follow directly from (A.1), the
smoothness of ¢* and its exponential decay. ([l

The coefficients wy(x2, @) have to solve
w) (w9, ) + [k2 — (£ + a)?] we(za, @) = —Go(9, @) for x5 > hg, wy(hg,a) =0. (A.4)

Therefore, if {4+« # +k the solution wy(z2, @) of (A.4) is given by wy(z2, @) = wé (29, )+

wf)(xg, «) where

(1)
9y () [1 _ VK- (Z—i—a)?(xg—ho)}
k2 — (0 + «)?

_ gé )( ) oV (t+a)2(@a—ho) _ | 5s > ho (A5)
VR—((+aP JR—((+a? |

o % o oIV R () |w2—ya| _ ,in/ k2= (l+a)*(w2+y2—2ho)
w,” (T, ) = 2/9@ (Y2, @) E (o] dyz, w3 > hg.

wél)('x% Oé) - =

ho

They depend smoothly on x,. We investigate the dependence on o and show

Lemma A.2. (a) wél) € C>((ho,00) x [=1/2,1/2]) for all ¢ # +/.
(b) For { = +{ we have
w)) (w2, 0) = wi)(wy, £x) . (A.6)
+ (2= ho) [V F a Wi (@s,0) + (5 F ) W™ (2, 0)]

k )
WY (wa, E) = =\ b e (@ — ho) (A7)
20) X

[—1/2,1/2]) are bounded.
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(c¢) For { € Z we have

wf) (x9,) = Wf) (x9, ) + VE—« W€(2’+) (x2, @)
+ VK + Wf’_)(:vg, a) + VE—avik+a WZ(Q’O)(QJQ, @)

where WE(Q), Wf’i), Wf’o) € C°((ho, 00) x [-1/2,1/2]).

(d) we(xe, ) = wél)(xg, @) —i—wf) (xq, ) satisfies the radiation conditions (3.9), (3.10) for
allt €Z and o € [-1/2,1/2].

(e) For every m € N there exists ¢y > 0 with [we(x2, @) + |0z, we(w2, )| < g for all
0] > { and (4, ) € (ho,00) x [—1/2,1/2].

(A.8)

Proof. (a) This is obvious.
(b) If £ = 40 we use the representation (A.2) and obtain

I 1
\/kQ_(ig+a)2 B VEFaVk+i+a
ek pE 1 (1)
- P g eEn) - VR
and lim, 4, _ e e™/* b Since (e'* —1)/z is analytic in C we obtain that
Vi)

the second term in (A.5) has the form
ei\/ka(inga)Q(ngho) -1
Vk — (£ + a)?

= i(xg — ho) [1+ VK Bi (9, ) + (FL:FOé)B (xz, )]

for some smooth (even analytic) functions B(ij ) which are bounded. Substituting this into
the form (A.5) of w )(mg, «) we obtain the representation (A.6).

iVEZ—(t+0)2|wa—ya| _ piv/k2—(£+0)2 (wy+ya —2hg)
Vk2—(t+a)?

(c) For wéz) (22, ) we use (A.3). If £ # %/ the term
is smooth (and bounded), and we have the decomposition into
w (15,0) = Ve—aW(@y,a) + Ve +aW (g, a) + W (x,,a)

where W W, (%) ¢ C>((ho,00) x [~1/2,1/2]) are bounded.
If ¢ = 4/ we have, in addition, to use

ei\/ k2—(£l4-0)?|zo—ya| _ ei\/ k2 —(+l40a)? (z2+y2—2ho)

\/k2—(ié+a)2
+ VK B (xg, a) + (/iqioz)B(f)(xg,oz)
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with smooth functions BYY and BY”) and obtain (A.8). For ¢ + a = £k we obtain from
(A.5)

wfé(m, +k) = i/g(ﬂz(yg, +kK) [|:132 — o] — (z2 + 12 — QhO)} dys . (A.9)
ho
d) Let ¢+ a # £k. We look at the form (A.5) for w!” and w!®. For w'" we obtain
V4 Y 1
ot [(Fo
Oryto® (23, 0) — i/ (T P Dy, 0) = 9@ _ iFg )ta)
B ((ta /R ((rap
— [/ Z ba QO'ZICF( ol mkxl)(g—l-&)—FF( all azkrl)(€+a)] .

k? — (0 + «)?
For wéQ) the decomposition of the interval (hg, 00) of integration into (hg,z2) U (22, 00)
yields after a short computation

oe{+,—}

o0

Doy ) (22, 0) = i/K2 = ((+ @)?w? (s, 0) = / 3¢ (g, ) VIl ) gy,

2

and this tends to zero as xy — oo by the exponential decay of ¢ and ¢“. Therefore,

the radiation condition (3.9) is shown for ¢ + « # +k.

For { +a = +k, ie. £ =+l and a = %k, from (A.7) and (A.9) we obtain after the same
computation

evan

o

| k , .
Op, W j(x9, £K) = — %bie_”/4 —|—/g(ﬂ)(y2,i/£) dys , (A.10)

€2

and this converges to —\/% bt e /4 as 19 — oo. Therefore, w_ (o, +k) satisfies the

radiation condition (3.10).

(e) This follows directly from (A.5) and the estimates for | gél)(a)] and | f]l@ (y2, @)| from
Lemma A.1. O

A.2. Proof of Theorem 3.1. After these preparations we turn to the proof of Theo-
rem 3.1. The Fourier series with the coefficients wél) (29, ) and wf) (22, @) from Lemma A.2
yields the form (3.11) of w(z, ). The terms Wy(z, ), We(z,a), and W (x,a) consists
of the series of the corresponding Fourier coefficients when we separate terms involving

VE —a, Vk+a, or Vk —avk + a, e.g.,
Wo(z,a) = Z [wél)(%, a) + W@(z) (2, )] elre)m
(£+0
+ 3 [wD (s, 08) + WD (23, 0)] el
oce{+,—}
+ (5= @) WD (@a,0) €™ 4 (k4 a) W (15, @) eI

All coefficients are smooth with respect to x and a. Also, by part (e) of Lemma A.2 the

coefficients tend to zero of every order as ¢ — oo, uniformly with respect to (z,«a) €
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[0, 27] x [ho, H] x [=1/2,1/2] for every H > hy. This shows that Wy(z, a), Wi (z, ), and
W (z,«) are smooth.

We finally show that there exists ¢ > 0 with ||w(-, @) || 2,y < cH and ||Op,w(-, @) || L2y <
cforall H> hy and a € [-1/2,1/2].

For |¢| > { we have \we(z2, )| + |Ozywe(w2, a)| < 5 by part (e) of Lemma A.2 while for
¢ = £/ we have x—i‘wig(xg,a)‘ + |Onywy j(x2, )| < ¢ by part (b) and (c) of Lemma A.2.
Therefore,

2
||w('7$2704)||%2(0,2w) =2r Z|we($2,a)‘
tez
1
§27r2|wg(3:2,a)]2 + CZK_Q + cas < da3.
lel<t 6|7

For the derivative we argue in the same way. This ends the proof of Theorem 3.1.

APPENDIX B. THE FOURIER TRANSFORM OF SOME PARTICULAR FUNCTIONS

Lemma B.1. Let (T € C®(R) with £ (x1) = 1 for 1 > Ry (for some Ry > 2w) and

&(x1) =0 forzy < Ry—1. Set £ (x1) = £ (—xq) for xp € R. Set 7 (x1) = £7(x1)/ /|71
for o € {+,—}. Then we have:

(a) /((p")’(xl)e_w“ dr, = ov/—onBe ™" + BR?(B) forBeR,

where R € C*(R).
(b) Set R := {(z1,5) € [0,21] x (=1,1) : B#0}. Then F(¢°') € C*(R) and

e—i7r/4

2y

where A* € C*(RxR) is B— quasi-periodic with respect to x, and satisfies fo% A% (21,0)dx, =
0.

F(p")(x1,8) = o V—opB P 1 A%(x,8)  for (x1,B) €]0,27] x (—1,1)

Proof. (a) We consider 0 = + and ¢ for p*. For any R > R, we have by partial integration

R R
/<P/<5U1) e Pdry = p(R)e " + if / p(r1) e P dy

1 " h
- —ifR —ifx1 d . —iBx d
\/Ee zﬁ/—\/x_le x1 + if3 / o(zy)e 1
0 Ro—1
R
+ iﬁ/iewxl dry .
0 .
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In the last integral we substitute ¢t = |f|x;. Then, with s = sign f3,
R|B| R|B]

' 1
/ —zﬁxl xl 26 \/_ —zstdt - ZS\/_/ \/_ —zstdt
and this converges to
. r 1 g _ 7cost—issint T ‘
5 —e "dt =1s ————dt = isq/—= 1—1s
VI [ Vil [ 161 (1 — i)
0

— /W’6|€isw/4 _ \/——ﬂ'ﬁe_mM

as R tends to infinity. Here we used foo ol dt = foo st jt = /7/2 and /= = i/ 3]
for f > 0. Therefore,

o0

/ O(xy) e P de, = /—mBe ™t + BRY(B)
where R* () =1 ORO \/in e dyy — if;ofl ¢(x1) €1 dxy is smooth.
The case 0 = — is treated in the same way or we use that d%lgo’(:vl) = —¢'(—z1) where
o (x1) =& (21)//|x1] = . Then
/(90_),@1) e Pdyy = — / ¢ (—z1) e P dry = — / ¢ (x1) €7 day

— — JrBe i 4 BRY(-).
(b) Expanding F'(¢”')(x1, ) into a Fourier series yields

(Fle™)wn,B) = @§(B) e + 3 gf(B) el
040
where the Fourier coefficients are given by
27
1 ,
G0 = 5= [P, Be i = L / .
0
For ¢ # 0 and |3 < 1 the formula e~ — )00 —i(t+B)z1 and partial in-

9p1° o [Fi(e+B))P 02
tegration (sufficiently often) yields that ¢f(5) depends Smoothly on [ for ¢ # 0 and
decays of order 1/[¢|P for all p € N. Therefore, »_,.,©7(3) e+ is smooth and

2m o ilx
o 2ez0¥i(0)e fidry = 0.
Finally, the coefficient ¢ (/) has been treated in part (a) and gives the desired result. O

Lemma B.2. Let £ € C®(R) with {(x) =1 for x > R and {(x) =0 forx < R—1 (for
some R > 1), and let ¢ € C*(R) be a—quasi-periodic. Set

oo) = 22

ﬁgb(ac), reR.
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(a) Then g € LP(R) for all p > 2, and the Fourier transform ¢ = Fg (in the sense of
distributions) of g is reqular and in LY(R) for all q € (1,2).

(b) The Fourier transforms F(g(m)) of the derivatives g™ of order m = 1,2, ... (in the
sense of distributions) are in L'(R) and satisfy F(¢™)(w) = (iw)™ §(w).

(c) For any f € L*(R) the Fourier transform of the convolution g o f € LP(R) is reqular
and is given by F(go f) =g f € LI(R).

Proof. For any j € N let g;(z) = g(x) for |z| < j and g;(x) = 0 for |z| > j. Then g,
converges to g in LP(R) for all p > 2 as easily seen.

(a) We expand ¢(z) into the Fourier series ¢(z) = Y, ¢r €/“t)7 with coefficients ¢, € C
which decay arbitrarily fast to zero as £ — 400 because ¢ is smooth. We compute the
Fourier transform as

/5 e " da Z@/g I dy =y geh(t+a—w)

LeL LETL

hi(t) = /i\/‘? ¢ 4y — /—ezmdx + /6 Loite gy
R

. Jltl
— _ezySIgntdy +
V] / VY
RJt|

NV [A(t) — A(Rt)] +

where

where we used the substitution y = |t|z and set

[¢]
1 L
= /—ezy&gntdy, teR.
0 VY

Now we use A(t) = Aioo + O(1//|t]) as t = oo with Ao = /5 (1 +14). We define
Rt1
1

h(t) = m [A(£o0) — A(RE)] + / me_l e dr fort=0.

Since the second term decays as O(1/]t|) as t — +oo (partial integration!) we observe
that h(t) — and also h;(t) — decays as O(1/|t]) as t — foo and are bounded near ¢ = 0.

Next we show convergence of h; to h in L4(R) for every ¢ € (1,2). Indeed, we compute

0 00
[AGE) — A(=o0)| |AGE) — A(+oo)|?
|h; —hl|], = / 072 dr + / e dx .
o 0
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We bound the integrands (uniformly with respect to j) by

|A(jt) — A(—o0)|? < clt|~9?, —-1<t<0,
|t]o/2 =L oell, t< -1,

|AGE) — AFoo)[* [ et™2, 0<t <1,
|t|a/2 ct™, t>1.

where we used the boundedness of |A(jt) — A(f00)| in [—1, 1] and the estimates |A(jt) —

A(F+o0)| < ¢/v/jlt] < ¢/+/|t| for £t > 1 and j > 1. Also the integrands converge to zero
pointwise for all ¢ # 0. Lebesgue’s theorem on dominated convergence yields convergence

of h; to hin LI(R).

This implies convergence of g; to ¢ in LI(R) where g(w) := 3, de h(l + o — w).

It remains to show that ¢ generates the Fourier transform of g. To show this let ¢ € S.
Then fR gj ¥ dx converges to fR g1 dx by the convergence of g; to ¢ in LI(R). On the

other hand, [, g;vdr = [g gj 1 dz converges to ngzﬁda: by the convergence of g; to

g in LP(R). This shows fRQ@de = ng@ZA)dx, i.e. the Fourier transform of g in the
distributional sense is regular and generated by g € LY(R).

(b) For any ¢ € S we have

/ (Fo'™) (@) (w) do = / ¢ (@) (Fg)(x)dr = (~1) / o(0) L (Fy)() da

dx™
= (=)™ [ g(x) F((—iw)") () dz

= ()"

B P

§(w) (i) " () deo = / §(w) (i) " () dw

which shows the claim because v is arbitrary.

(¢) Jo(fog)) ¥ dzx converges to Je(fog) ¥ dz for any ¢ € S. On the other hand

[Gegyiis = [Fogpvds = [Fovin » [fova
R R R R

by the convergence of g; to ¢ in L9(R). This implies

/(fog)aﬁdx = /fgwdx for all ) € S,
R

R
i.e. the Fourier transform (?o\g) of f o g in the sense of distributions coincides with the
regular distribution generated by f ¢ € LY(R) for all ¢ € (1,2). O

Lemma B.3. Let ¢ € C*(R) be k—quasi-periodic for some k € (—1/2,1/2), k # 0. Let
¢ € C®(R) be equal to 1 for x1 > R (for some R > 1) and equal to 0 for x; < R—1. For
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every a > 1 then these exists ¢ = c(a) > 0 with

)/f %H (k\/ (1 —41)? +($2—y2)2)‘92:0dy1 < \/%_2

for all xo > 1 and |z1] < a.

Proof. Define

1
\I’($1>$2,yl) = (/f\/ 5131 $2 —y2> )‘yz=0
\/3/_
 kay Hél)/(k\/(yl —x1)% + a3
Vi —21)? + 23

By the asymptotics for the Hankel function we have W(xy,zo,y1) = Voolx1, T2, 91) +
U(xq,x2,y1) where

- T2 ik~/ (y1—z1)2+a3
\I»’oo(ll?lal'Qayl) =7 [(yl _x1)2_'_1,%]3/4\/m 2

with v = —\/%6”/4 and

|‘T’($17$2>y1)‘ < c

X2

[(yr — 21)% + 235 g1

We estimate since x5 > 1

o0 o0

/|‘P($1,x2,y1)‘|¢(y1)]dy1 < ¢y 1 [(y1 — 21)2 %]5/4@

R-1 R—

< i) 1 d C1
c— .
3 [(y1 — 21)? + 14/ T3

R-1

Therefore, it remains to estimate the part with W.,. We split

oo 2a o0

/ Ueo(w1, w2, 91) d(y1) dyr = / Ueo(w1, w2, 91) d(y1) dyr + /\I/oo(xl, T2, Y1) G(y1) dys -
R—1 R—1 2a
The first term on the right hand side is estimated by ¢/,/z, because |y; — x1 is bounded.
We consider the second term and substitute y; = x1 + tx5. Then

[e.9] o0

1 l 2
\/\Ijoo(xlyl'%yl)ﬁs(yl)dy = ’}/l{ / €ka2mdt.

/ SNCENINEEY

2

From i—; +t> %t for t > 2“36;2“ and thus

‘;_L‘ _ |a:1| _ lmlv2
N EE N R \/t—i-xl/xm/_ \/t—l—xl/xQ—i-\/_ 1z 1372




. o0
we obtain [sa-s)
2

1 xT
m — \[| dt < W Therefore, we can replace \/ﬁ by Vi and

have to estimate

x wczk\/tQ
/ e )3/4\/ b(r + tn) dt

2a—x7

2a— 11

7 lwgk\/t2 zxzk\/t2

= —_— (xl + th / ( T+ txZ) dt
£2 1 1)3/4 1)3/4

) (P +1) \f / f

2a—x

eiarz[k\/t2+l+(€+n)t] 2 zzgk\/t2
Z Z-Hﬁ)aﬂl/ dt — / (— ( 1+tl’2) dt
€7

(tQ + 1)3/4\/5 12+ 1)3/4\/’

where we expanded ¢ into a Fourier series of the form ¢(y1) = >, ¢ e!t+m)y1 - The
second integral can certainly be estimated by ¢//Z3. Since ), [¢,| is finite it is sufficient
to estimate the integrals appearing in the Fourier series uniformly with respect to £. We
split

/ zwz[k\/tQ +14+(+k)t ] /T eixz[k\/tz-&-l-&-(é-i-n)t] ]oeixz[k\/ﬁ-i-l—&-(é—i-m)t]
_ (B.1)

(t2 + 1)3/4\/‘ (t2 4 1)3/4\/g (t2 4 1)3/4\/g

where 7' is chosen such that ﬁ < 2|/@\ We study the first integral on the right hand
side and make the substitution s = s(t) = £ [V#2+1—1] +¢. Then s(0) = 0 and

I+r
s'(t) = m + 1, thus §'(0) = 1. From |¢ + k| > |&]| for all £ € Z and the property of

kt kT 1
T we conclude that §'(t) > 1 — a2l A 2 Furthermore, |s'(t)| < k/|x|

and [sY)(t)| < cfor all t € [0,7] and j = 2,3. Since s is strictly monotonously increasing
there exists the inverse function ¢t = t(s) which satisfies £(0) = 0 and #(0) = 1. By
differentiating s(t(s)) = s for all s three times we easily obtain an estimate of the form
tW)(s)| < cforall s € [0,s(T)] and j = 1,2,3. We write ¢(s) in the form ¢(s) = s7(s) with
T(s) == fol t'(ps) dp and observe that 7(0) = 1 and 7(p) > |k|/k. Making this substitution
for the first integral of the right hand side of (B.1) we obtain

n eixz[k\/t2+l+(€+ﬂ) i Z:EQ (L+k)s (S)

/ — zkxz / ds
(t2 + 1)3/4\/' 3/4 (s)

0
s(T) s(T)
_ zk:vz / 77Z)(S m:g(ZJrns zkwg / 77Z} S B zxz (l+k)s ds
\/g 3

0 0

s(T) )
+ et / — ¢ s with  Y(s) =
0

o
~
—~
(V)
S—
[\
=
w
~
=
\]
—
(V)
SN—

34



Since ¥(0) = 1 we write ¥(s) in the form ¥(s) = 1 + si(s) with ¢(s) := fo (ps) dp.
The function ¥ is continuously differentiable as seen from the smoothness of t(s) and its
derivative up to order 3. Therefore,

s(T) s(T)

/ w(S\)/g— 1 ezxg (L+rK)s Sds = / @E(S) \/geixg(ﬁ—i-n)s dS,

0 0
and we can apply partial integration to see that this integral can be estimated by
We note that ¢ is independent of ¢ and x».

¢
zo|l+K| "

Furthermore, the substitution 0 = 3|0 + k|s and the boundedness of foz \/LE et do yields

that the integral fo 7 ew2(t+1)s ds behaves is O(1/+/x2|¢ + k|). This finishes the dis-
cussion of the first integral on the right hand side of (B.1).
For the second integral on the right hand side of (B.1) we consider first ¢ With |0+ k| > 2k.

Then \/t27+k—1t|eum| < 2= = 1. We make again the substitution s = s(t) = £+ VE2+14t
t'(s)

and observe that §'(t) = ﬁ + 1 is again positive. Since s > W is
M—H{\

differentiable on [s(7"), o) we can apply partial integration and obtain an order of —&—
We note again that c is independent of ¢ and z».

Let finally ¢ With |0 + k| < 2k. (There are only finitely many of these ¢.) Since the

function ¢ — m is smooth on [T, 00) and 45 [k\/ 2+ 1+ ({+ K)t] > 0 the method
of stationary phase yields the order O(1/,/3). O
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