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GRANAD is a program based on the tight-binding approximation to simulate optoelectronic properties of 
graphene nanoflakes and Su–Schrieffer--Heeger (SSH) chains with possible adatom defects under electromagnetic 
illumination. Its core feature is the numerical solution of a time-domain master equation for the spin-traced 
one-particle reduced density matrix. It provides time-resolved evolution of charge distributions, access to induced
field dynamics, and characterization of the plasmonic response. Other computable quantities include energy 
profiles, electron distribution in real space, and absorption spectra. GRANAD is written in Python and relies on 
the JAX library for high-performance array computing, just-in-time (JIT) compilation, and differentiability. It 
is intended to be lightweight, portable, and easy to set up, offering a transparent and efficient way to access 
the properties of low-dimensional carbon structures from the nanoscale to the mesoscopic regime. GRANAD 
is open source, with the full code and extensive documentation with usage examples available at https://
github.com/GRANADlauncher/granad.git.

Program summary

Program Title: GRANAD
CPC Library link to program files: https://doi.org/10.17632/723d4m4z9x.1
Developer’s repository link: https://github.com/GRANADlauncher/granad
Licensing provisions: MIT
Programming language: Python
Supplementary material: Code, documentation and demo files.
Nature of problem: Accessing the dynamical optical properties of graphene nanoflakes and one-dimensional 
polymer chains up to the mesoscale in the presence of adatoms represents a conceptual and computational 
challenge. Easily accessible classical methods fail as they do not accommodate relevant quantum effects. At 
the same time, quantum-mechanical ab initio time-domain approaches are computationally costly, and their 
implementations are often difficult for the user to set up and extend due to the high complexity of the codebase.
Solution method: A theoretical framework that combines an electronic meanfield approach with a Lindblad
like master equation is implemented to describe these carbon-based systems, where interaction with an external 
electric field is described semiclassically in the tight-binding approximation. Many-body effects are modeled via 
a nonlinear interaction term in the Hamiltonian, while dissipative processes are included in the master equation. 
Simulations are performed in the time domain, providing detailed access to physically relevant quantities. The 
implementation is lightweight, easily portable, and can be extended to incorporate other materials and nanoflake 
stacks.
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Additional comments including restrictions and unusual features: The program relies on the JAX library, enabling 
differentiation of its core functions. It is intended to be extendable to, e.g., electric field parameter optimization 
for desired nanomaterial response and to popularize the differentiable programming technique further. 

1. Introduction

Graphene is a two-dimensional carbon allotrope whose exotic prop
erties have put it at the center of interest for various research com
munities [1--4]. Mesoscopic doped graphene flakes are a particularly 
promising optical platform [5] because their resonances typically fall 
in the near-infrared to visible range, enabling interactions with other 
optically active systems such as atoms or molecules [6]. Graphene is 
also highly tunable: Rapid progress in manufacturing and experimen
tal techniques enables the fabrication of regular-shaped nanoflakes and 
perylene chains [7], as well as external control of doping, edge types 
[8], and defects. Their Fermi energy can be tailored by variation of 
external temperature, surrounding chemicals [9], and laser illumina
tion [10]. This unlocks a wide variety of practical applications [8]. 
Another carbon-based material of high theoretical interest, especially 
for its topological [11] and nonlinear optical [12] properties, is the Su
Schrieffer-Heeger (SSH) chain, realized, e.g., in polyacetylene polymer 
chains [13].

The simulation of both graphene flakes and SSH chains up to the 
mesoscale and, particularly, their interaction with light presents a con
ceptual and computational challenge. For larger structures under long
wavelength external illumination, a classical description in terms of 
material parameters may be apt [14--16]. The response of mesoscopic 
flakes and polymer chains is determined by their atomistic arrangement, 
necessitating inherently more complex quantum mechanical approaches 
[5], requiring efficient implementations [17,18].

Recently, doping small graphene flakes with adatoms has come 
within experimental reach [19], offering a new potential platform to 
study phenomena at the interface of solid-state physics and quantum 
optics. Yet, modeling such structures is challenging as it requires bridg
ing methodologies characteristic of the two realms to capture processes 
occurring at different size- and timescales within one coherent frame
work. The pioneering work on graphene nanoflakes of [5,20,21] has 
been extended to include adatoms in later works [22,6].

The challenge to model carbon structures up to the mesoscale in an 
easily interpretable yet efficient way prompts us to implement a hybrid 
method incorporating techniques from solid-state physics and the study 
of open quantum systems. To respond to such a challenge, we present 
GRAphene Nanoflakes with ADatoms (GRANAD), a lightweight and effi
cient open-source program for modeling the electronic and optical prop
erties of graphene flakes as well as polyacetylene chains in the presence 
of adatoms. GRANAD is written in the Python programming language 
with the goal of being easily accessible and portable across various plat
forms. It exploits the JAX library for performance to contribute to its 
further popularization in scientific computing communities. To set up a 
simulation, GRANAD allows for a specification of the atomistic structure 
of a given material in a Lego-like fashion. The specification process is de
signed to be easy to use and mimics common object-oriented semantics. 
It operates mainly on Python primitives and is not performance-critical. 
The actual time propagation takes place by Just-in-time compilation (JIT 
compilation) of a composition of pure functions. This logical separation 
represents GRANAD’s user-friendly and efficient design principle.

The rest of this paper is structured as follows. In section 2, we in
troduce the theoretical framework behind GRANAD, centered around a 
time-domain master equation for the spin-traced one-particle reduced 
density matrix, from which physical properties can be computed. We 
then present the simulation program itself in section 3, and provide ex
ample results on optical characteristics of graphene nanoflakes and SSH 
chains in section 4. Comprehensive usage examples of GRANAD cov
ering the steps of setup, actual simulation, and post-processing for a 

Fig. 1. (a) Example 7-site flake with a two-level adatom with the ground 
and excited states of energies 𝜖𝑔, 𝜖𝑒 coupled to the 6th carbon site with the 
coupling strengths of 𝑡𝑔 and 𝑡𝑒, respectively. The electron hopping between 
nearest-neighbor sites occurs with the rate 𝑡. (b) Hamiltonian of the given flake 
constructed following eq. (1). GRANAD can capture electron dynamics beyond 
the nearest-neighbor approximation both in the hopping energies and electron
electron interactions.

variety of physical problems and scenarios are available in the online 
manual. We discuss performance in 5, along with documentation and 
software management aspects of GRANAD in section 6, and conclude 
the paper in section 7.

2. Theoretical framework

The theoretical foundation of GRANAD is a Lindblad-like master 
equation utilizing a one-particle tight-binding approximation, intro
duced by J. Cox et al. [21] and extended in later works [6,23,24]. Along 
the same lines, GRANAD simulates the dynamics of the spin-traced one
particle reduced density matrix of 𝑝𝑧 electrons in carbon structures. 
Henceforth, we refer to this quantity as the density matrix for short. The 
Hermitian part of the master equation incorporates both a semiclassical 
interaction with external electric fields and a nonlinear Coulomb inter
action term. At the same time, dissipative processes are considered via a 
non-Hermitian relaxation term. Adatoms are modeled as multilevel sys
tems electronically coupled to all or selected nanostructure sites. In the 
following, we summarize the theoretical framework.

2.1. Free Hamiltonian and density matrix

The one-particle tight-binding Hamiltonian reads as

𝐻tb = −
∑
𝑙,𝑙′

𝑡𝑙,𝑙′ (|𝑙⟩⟨𝑙′|+ |𝑙′⟩⟨𝑙|) +∑
𝛼

𝑡𝛼,𝛼|𝛼⟩⟨𝛼|−∑
𝑙,𝛼 

𝑡𝑙,𝛼(|𝑙⟩⟨𝛼|+ |𝛼⟩⟨𝑙|) ,
(1)

where the Latin index 𝑙 numbers the carbon sites on the flake, and the 
Greek index 𝛼 labels adatom orbitals. We refer to the parameters 𝑡𝑙,𝑙′
as hopping energies set by default at 𝑡𝑙,𝑙′ = −2.66 eV [25]. In general, 
they can be defined as functions of distance or the neighborhood in
dex between the sites identified by 𝑙 and 𝑙′. They are conceptualized 
as free parameters, sourced externally, e.g., from a Wannierization, fit
ting procedure or experiment. They can also be left entirely free in the 
case of explorative modeling. The diagonal term 𝑡𝑙,𝑙 is the 𝑙-th onsite en
ergy. Similarly, 𝑡𝛼,𝛼 is the 𝛼-th adatom orbital energy, while 𝑡𝑙,𝛼 is the 
hopping rate between the 𝑙-th flake site and the 𝛼-th adatom orbital. Ex
tensive literature is devoted to details of modeling adatoms on graphene 
[26--29,6] where information of adatom energy levels and their coupling 
strengths with graphene can be found. Adatoms on graphene tend to lo
calize in three possible positions: top - above a single graphene site, 
bridge - between a pair of sites, or hollow - in the middle of a selected 
hexagon. In general, fluorenes, hydroxyl groups, gold, silver adatoms 
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and carbon radicals favor top position and their coupling strengths tend 
to be comparable to the coupling among carbon sites on graphene. Non
metallic and a few metallic adatom types (Pd, Pt, Co) localize at the 
bridge position. Most of metallic adatoms including early transition met
als prefer the hollow position, with couplings to six hexagon sites at least 
an order of magnitude weaker than the nearest-neighbor carbon-carbon 
coupling in graphene. For many applications, it is enough to consider 
a single adatom orbital to describe graphene nanostructures in the low 
energy range around the Fermi level [29].

A typical nanostructure, such as a basic 7-site flake is shown schemat
ically in Fig. 1 with an adatom attached to site 6 with the couplings 
𝑡6,𝑒 = 𝑡𝑒 and 𝑡6,𝑔 = 𝑡𝑔 between the 6th carbon site and the excited and 
ground states of the two-level adatom. The corresponding Hamiltonian 
matrix is shown. The Hamiltonian diagonalization provides the set of 
eigenstates |𝜑𝑗⟩ and the corresponding energies 𝜖𝑗 . The eigenstates can 
be represented in the basis of discrete sites {|𝐿⟩} localized at positions 
of carbon atoms: |𝜑𝑗⟩ =∑

𝐿 𝑎𝑗𝐿|𝐿⟩, where the index 𝐿 ∈ {𝑙, 𝛼}, and 
the transition matrix with elements 𝑎𝑗𝐿 is unitary. Naturally, the set 
of eigenstates {|𝜑𝑗⟩} also constitutes a basis. The two bases are conve
nient for complementary applications and are used in GRANAD.

2.1.1. Ground state density matrix

The ground state density matrix for an 𝑁 electron system is con
structed as a mixture of the lowest-energy one-particle eigenstates |𝜑𝑗 ⟩
according to the Aufbau principle [6]. We assume these eigenstates to 
be ordered by increasing energy and define a critical state index accord
ing to 𝑁𝑐 = ⌊𝑁2 ⌋. Denoting by 𝑁< =

∑
𝜀<𝜀𝑁𝑐

the number of eigenstates 
below the HOMO level and by 𝑁= =

∑
𝜀=𝜀𝑁𝑐

the number of degener

ate eigenstates at the HOMO level, the ground state density matrix is 
diagonal in the energy basis

𝜌 =
∑
𝑗

𝜌𝑗𝑗 |𝜑𝑗⟩⟨𝜑𝑗 |, (2)

with

𝜌𝑗𝑗 =
1 
𝑁

⎧⎪⎨⎪⎩
2 for 𝑗 < 𝑁𝑐,
𝑁−2𝑁<

𝑁=
for 𝑗 =𝑁𝑐,

0 for 𝑗 > 𝑁𝑐, 
(3)

where the factors of 2 originate from the fact that the density matrix 
is spin-traced, allowing for 2 electrons per eigenstate according to the 
Pauli principle, and 1 

𝑁
is a normalization factor such that tr𝜌 = 1. In the 

absence of degeneracy, eq. (2) reduces to the usual eigenbasis expres

sion of the density matrix 𝜌 = 𝑒−𝛽𝐻tb

tr𝑒−𝛽𝐻tb
at zero temperature (𝛽 → ∞). 

In the following, we refer to the ground state density matrix as the 
ground state for short. Note that the number of electrons 𝑁 can, in 
general, differ from the number of carbon sites 𝑁𝑠. In this case, the sys
tem is doped with electrons (𝑁 >𝑁𝑠) or holes (𝑁 <𝑁𝑠), leading to a 
non-uniform charge distribution which induces Coulomb interactions in 
the ground state constructed according to eq. (2). In this case, the true 
ground state of the system has to be determined self-consistently such 
that the Coulomb repulsion vanishes.

2.1.2. Self-consistency

The 𝑁 -electron ground-state in the presence of doping or adatoms 
corresponds to an inhomogeneous distribution of charge 𝜌(𝑛)

𝐿𝐿
. Here, 𝑛 is 

an iterative index. For the initial iteration, 𝑛 = 0, 𝜌(0) is given by eq. (2). 
This distribution gives rise to the induced potential

𝜙
(𝑛)
ind = −𝑒𝑁

∑
𝐿,𝐾

|𝐿⟩⟨𝐿|𝑣𝐿𝐾 (
𝜌
(𝑛)
𝐾𝐾

− 1 
𝑁𝑠

)
, (4)

where 𝑣𝐿𝐾 is the Coulomb matrix describing the strength of interac
tions of electrons on sites 𝐿 and 𝐾 , 1 

𝑁𝑠
represents a uniform distribu

tion of charge and 𝑒 is the elementary charge. The induced potential, 
added to the tight-binding Hamiltonian, modifies its eigenstates and 

energies, based on which a new 𝑁 -electron ground state 𝜌(𝑛+1) can 
be constructed analogously to eq. (2) based on new eigenstates |𝜑(𝑛)

𝑗
⟩. 

The procedure is iteratively repeated until self-consistency is achieved, 
yielding a self-consistent Hamiltonian 𝐻sc and density matrix 𝜌sc. To 
smoothly converge the process, the Hamiltonian in subsequent itera
tions is constructed as

𝐻 (𝑛+1) =𝐻 (𝑛) − 𝑒(1 − 𝑝mix)𝜙
(𝑛−1)
ind − 𝑒𝑝mix𝜙

(𝑛)
ind , (5)

where 𝑝mix ∈ [0,1] is set by default at 𝑝mix = 0.05 and can be reset by 
the user. For the initial iteration, 𝐻 (0) =𝐻tb.

2.2. Dynamics

Electromagnetic illumination drives electronic transitions in the sys
tem and gives rise to charge dynamics, which are tracked through a 
master equation, as described below.

2.2.1. Interaction with an electric field

GRANAD implements various types of external potentials, allowing 
for the exploration of different aspects of the optical response in the 
nanostructures under study.

Typical plane-wave excitation is modeled within the quasistatic cou
pling scheme, which gives rise to the external potential

𝜙ext (𝑡) = −

[
𝑒
∑
𝐿 

𝐫𝐿|𝐿⟩⟨𝐿|+ 𝐝𝑒𝑔|𝑒⟩⟨𝑔|+ 𝐝𝑔𝑒|𝑔⟩⟨𝑒|] ⋅𝐄(𝑡) (6)

where E(t) is a spatially uniform, time-dependent electric field, 𝐫𝐿 de
notes the site positions in 3D space and 𝐝𝑔𝑒 = 𝑒⟨𝑔|𝐫̂|𝑒⟩ = 𝐝⋆

𝑒𝑔
denotes the 

transition dipole moment (for illustration, we have focused on a single 
atomic transition). The first term in Eq. (6), diagonal in the site basis, 
accounts for the internal structure of the joint system of the flake and 
adatom. The two terms coupling the adatom states describe the transi
tions induced by the electric field in the adatom modeled as a point-like 
system. Currently, three types of electric fields are implemented: a con
tinuous cosine-like illumination, a pulse characterized by a Gaussian 
envelope, and an initial kick perturbation represented by a Dirac delta, 
commonly used in linear-response calculations.

GRANAD also includes the implementation of an external potential 
generated by a point-like dipole emitter, which simulates the optical 
excitation of an atom or small molecule located near the nanostructure. 
This external potential is given by

𝜙
dip
ext (r, 𝑡) =

1 
4𝜋𝜀0

pdip(𝑡) ⋅
r − rdip|r − rdip|3 , (7)

where pdip(𝑡) is the time-dependent dipole moment of the point-like 
emitter, rdip denotes its position and 𝜀0 the vacuum permittivity.

Additionally, GRANAD enables users to easily implement custom 
time- and spatially-dependent external potentials, such as the poten
tial created by external, fast-electron beams or spatially modulated laser 
beams.

2.2.2. Coulomb Hamiltonian

The external field induces charge oscillations on the nanostructure. 
The redistributed charge gives rise to the time-dependent Coulomb po
tential

𝜙ind(𝑡) = −𝑒𝑁𝑒

∑
𝐿,𝐾

|𝐿⟩⟨𝐿|𝑣𝐿𝐾 (
𝜌𝐾𝐾 (𝑡) − 𝜌sc

𝐾𝐾

)
, (8)

where 𝜌(𝑡) is the time-dependent density matrix of the system.
Both potentials are added to the Hamiltonian

𝐻 [𝜌(𝑡)] =𝐻sc + 𝑒𝜙ext (𝑡) + 𝑒𝜙ind(𝑡) . (9)

Note that the electron interactions 𝑣𝐿𝐾 ≠ 0 give rise to collective non
linear effects, e.g. in the plasmonic response [30,31]. Coulomb interac
tions, affecting the optical resonance positions of the system, play an 
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important role in the simulation of the nanostructure dynamics modify
ing, e.g., its absorption properties [22].

2.2.3. Master equation

A nonlinear master equation describes the dynamics of the electronic 
density matrix

𝜌̇(𝑡) = − 𝑖 
ℏ
[𝐻 [𝜌(𝑡)] , 𝜌(𝑡)] + [𝜌(𝑡)] . (10)

Here,  [𝜌(𝑡)] is the relaxation functional discussed below.

2.2.4. Relaxation

GRANAD currently supports two relaxation models: phenomenolog
ical and Linbdlad-equation based. The phenomenological model is used 
in literature to model relatively large ensembles of similar particles or 
atomic systems [32,33,21,30] and as such, is appropriate for relatively 
large nanostructures without adatoms. It describes the relaxation with 
a single parameter, the decoherence lifetime 𝜏 :

[𝜌(𝑡)] = − 1 
2𝜏

[
𝜌(𝑡) − 𝜌stat

]
. (11)

Above, 𝜌stat is a predefined stationary state to which the system relaxes, 
identified with the ground state of the system.

The recently introduced saturated Lindblad model [34] is more suit
able for smaller nanostructures, especially those with adatoms. It allows 
one to capture different relaxation timescales related to, e.g., spon
taneous emission in the hybridized adatom-nanostructure systems on 
the one hand, and electron-scattering- or phonon-induced dephasing in 
graphene on the other. In this model, the relaxation is described with 
the Lindblad term

[𝜌(𝑡)] =
∑
𝑘 
𝛾𝑘

(
𝐿𝑘𝜌(𝑡)𝐿

†
𝑘
− 1

2

{
𝐿
†
𝑘
𝐿𝑘, 𝜌(𝑡)

})
, (12)

where 𝛾𝑘 are relaxation rates for processes described by Lindblad opera
tors 𝐿𝑘. To account for the Pauli principle in the one-electron approach, 
the 𝛾𝑘 are dynamically suppressed when the target state of the transition 
approaches full occupation [34].

All observable quantities are constructed from expectation values 
involving the trace of the density matrix. GRANAD focuses on the cal
culation of optical properties, such as induced charge distributions, 
dipole moments and electric fields, plasmonicity characterization via the 
energy-based plasmonicity index (EPI) [30], as well as energy and ab
sorption spectra. A detailed list is given in the online documentation.

3. Program summary

In the following, we describe the operation of GRANAD. A simula
tion is organized into three steps: setup, solving the master equation and 
postprocessing. Setting up a simulation requires constructing a given 
finite structure as a list of orbitals. In this list, each orbital is repre
sented by a dedicated object and can couple to any other orbital in a 
highly customizable way. Simulations are performed by mapping the or
bitals and their couplings to arrays. These arrays are then processed by 
a function that is just-in-time-compiled to machine code for numerical 
integration of the master equation (10), based on the diffrax library 
[35]. The output of a simulation is an array of density matrices, sampled 
at user-specified points in time. From this array, time-dependent expec
tation values of any operator specified by the user can be computed and 
converted to the frequency domain with further built-in methods. Code 
examples are provided to accompany this formal description. In all these 
examples, we assume a preceding global import of both GRANAD and 
the JAX distribution of numpy as in Listing 1.

3.1. Main classes

GRANAD models orbitals, groups of orbitals and bulk materials with 
a corresponding class.

i m p o r t g r a n a d 
i m p o r t j a x . n u m p y a s j n p 

Listing 1: Global imports for the usage examples.

• An Orbital is a dataclass, analogous to a C struct containing op
tional fields specifying the position and a user-defined tag associ
ated with the orbital. If unspecified, the orbital position defaults to 
the origin and the tag to None. There are no methods associated 
with this class.

• An OrbitalList is a collection of orbitals, offering insertion, 
deletion and addition operations like a regular Python list. It im
plements all numerical simulation methods and can be constructed 
in two ways: The user can define a custom orbital collection or it 
can be obtained as a finite cutout of an infinite material, as dis
cussed next.

• A Material is characterized by an infinite lattice structure with 
additional information about orbital positions and couplings in 
the unit cell. Materials are exposed by a dedicated class, called 
MaterialCatalog. Currently, GRANAD supports two materials: 
graphene and chain, but the code is prepared for future exten
sions. Finite structures can be cut from the material instance by 
calling its cut_flake method. Currently supported shapes include 
triangular, hexagonal, diamond and rectangular geometries with 
armchair or zigzag type egdes, as well as different types of SSH 
chains that may be used in particular to model polyacene or polyene 
structures. All these structures have been the subject of interest in 
numerous recent studies [36--38,30,6,23].

Listing 2 demonstrates the instantiation of two OrbitalLists to 
describe the following structures:

• A single adatom, modeled as a two-level system hosting a single 
electron. This system is created from two Orbitals, representing 
its ground and excited states with energies of ±0.5 eV, which are 
combined into an OrbitalList.

• A triangular cut of the Material graphene, with a base length of 
10 Å and an armchair edge type. 

# a d a t o m c o m p o s e d o f g r o u n d a n d e x c i t e d s t a t e o r b i t a l s 
g r o u n d = g r a n a d . O r b i t a l ( ) 
e x c i t e d = g r a n a d . O r b i t a l ( ) 
a d a t o m = g r a n a d . O r b i t a l L i s t ( [ g r o u n d , e x c i t e d ] ) 
a d a t o m . s e t _ o n s i t e _ h o p p i n g ( g r o u n d , − 0 . 5 ) 
a d a t o m . s e t _ o n s i t e _ h o p p i n g ( e x c i t e d , 0 . 5 ) 
a d a t o m . s e t _ e l e c t r o n s ( 1 ) 

# c u t t i n g f l a k e f r o m M a t e r i a l 
g r a p h e n e = g r a n a d . M a t e r i a l C a t a l o g . g e t ( " g r a p h e n e " ) 
f l a k e = g r a p h e n e . c u t _ f l a k e ( g r a n a d . T r i a n g l e ( 1 0 , a r m c h a i r = T r u e ) ) 

Listing 2: Usage example - defining structures.

By default, GRANAD considers every orbital to contribute one elec
tron to the structure. The structure is modeled as a closed-shell system, 
such that 𝑁 electrons occupy the 𝑁∕2 lowest energy levels. This set
ting can be modified to account for electron or hole doping with the 
set_electrons function. The close analogy of OrbitalLists to 
regular Python lists can be exploited to define hybrid systems by list 
concatenation. Listing 3 demonstrates how to combine the previously 
defined flake and adatom by adding the adatom at the top position above 
the 16th carbon atom at a distance of 3,Å. The resulting flake geome
try and energy structure can then be visualized using built-in dedicated 
methods.
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# c r e a t i n g h y b r i d s y s t e m 
c o u p l i n g _ s i t e = f l a k e [ 1 6 ] 
a d a t o m . s e t _ p o s i t i o n ( c o u p l i n g _ s i t e . p o s i t i o n 
+ j n p . a r r a y ( [ 3 . 0 , 0 , 0 ] ) ) 
f l a k e _ w i t h _ a d a t o m = f l a k e + a d a t o m 

# v i s u a l i z i n g t h e f i n a l g e o m e t r y a n d e n e r g y l a n d s c a p e 
f l a k e _ w i t h _ a d a t o m . s h o w _ 2 d ( s h o w _ i n d e x = T r u e ) 
f l a k e _ w i t h _ a d a t o m . s h o w _ e n e r g i e s ( ) 

Listing 3: Plotting the structure and energy levels.

3.2. Coupling orbitals

The class OrbitalList offers dedicated functions to specify cou
plings, run simulations, and process results. Couplings are specified by 
the following private attributes of the OrbitalList:

1. The tight-binding Hamiltonian 𝐻tb is represented by _hamilto
nian.

2. The Coulomb interaction matrix 𝑣 corresponds to _coulomb.
3. Dipole moment elements, e.g., −𝑒𝐫𝑒𝑔 for the adatom, are encoded 

by _transitions.

Each coupling is a hash table that is used to construct a matrix repre
sentation of the corresponding Hermitian operator. All couplings map a 
pair of orbitals to a value. For illustration, Listing 4 shows setting the fol
lowing couplings: the transition dipole moment element in the adatom 
to 1 eÅ with an orientation along the 𝑥 axis and hopping energies to 
2.0 eV between the site of the flake to which the adatom is coupled and 
both adatom orbitals.

a d a t o m . s e t _ d i p o l e _ e l e m e n t ( g r o u n d , e x c i t e d , [ 1 , 0 , 0 ] ) 
f l a k e _ w i t h _ a d a t o m . s e t _ h a m i l t o n i a n _ e l e m e n t ( c o u p l i n g _ s i t e , 
a d a t o m , 2 . 0 ) 

Listing 4: Specifying the coupling.

Instead of coupling single orbitals, groups of orbitals can also be 
coupled. This is to facilitate, e.g., the coupling between the adatom and 
the graphene flake, potentially containing thousands of orbitals, where 
specifying each individual orbital combination is no longer feasible. The 
coupling does not need to have numerical values, but can also be an ar
bitrary function depending on the orbital distance. This allows a high 
degree of flexibility in configuring the tight-binding parameters during 
simulation setup and is covered extensively in the online documenta
tion.

3.3. Running simulation and processing results

The OrbitalList exposes a method for running time-domain sim
ulations. Listing 5 demonstrates such a simulation to compute the time
dependent single-particle energy occupations of the previously specified 
hybrid system where decoherence processes are captured via a decoher
ence time approximation according to (11) with a decoherence time of 
ℏ𝜏−1 = 10 meV. As discussed in [5], the exact value of this phenomeno
logical parameter is expected to exert less influence on the resulting 
dynamics compared to finite size and edge effects, initial state with a 
single electron excited from the HOMO to the LUMO+2 level is consid
ered. Coulomb interactions are turned off in this simulation by setting 
Coulomb interaction scaling parameter to 0. The actual simulation is 
performed by integrating the master equation (10) numerically when 
calling the method master_equation. This method returns an array 
of density matrices, the central quantity accessible from GRANAD. By 
default, the fifth-order Runge-Kutta method with adaptive step size is 
used. To reduce memory usage, instead of saving the full time-dependent 

density matrix, one can specify a list of operators whose expectation val
ues will be evaluated as an output. All additional optional arguments, 
including those to set alternative diffrax-based solvers and step size 
options are extensively documented online.

# s e t t i n g t h e i n i t i a l s t a t e 
h o m o = f l a k e _ w i t h _ a d a t o m . h o m o 
l u m o = f l a k e _ w i t h _ a d a t o m . h o m o + 1 
f l a k e _ w i t h _ a d a t o m . s e t _ e x c i t a t i o n ( h o m o , l u m o + 2 , 1 ) 

# r u n n i n g t h e m a s t e r e q u a t i o n 
r e s u l t = f l a k e _ w i t h _ a d a t o m . m a s t e r _ e q u a t i o n ( 

r e l a x a t i o n _ r a t e = 0 . 1 , 
d e n s i t y _ m a t r i x = [ " o c c _ e " ] , 
e n d _ t i m e = 1 5 , 
c o u l o m b _ s t r e n g t h = 0 . 

) 

Listing 5: Running the simulation.

Listing 6 shows how to plot the structure, its energy levels and the 
results of the simulation performed in Listing 5. In Fig. 2(a), adatom 
sites with indices 18 and 19 overlap in space. In (b), the energy levels 
of the initial state are shown. Two adatom levels with energies ±0.5 eV 
appear in between the HOMO and LUMO states of the flake; the electron, 
originally occupying the adatom ground state, is excited to the LUMO+2 
state. The simulation results, shown in (c), present the time evolution 
of the states’ occupancy in the energy basis.

f l a k e _ w i t h _ a d a t o m . s h o w _ 2 d ( s h o w _ i n d e x = T r u e ) 
f l a k e _ w i t h _ a d a t o m . s h o w _ e n e r g i e s ( ) 
f l a k e _ w i t h _ a d a t o m . s h o w _ r e s ( r e s u l t ) 

Listing 6: Plotting the results.

To aid with common tasks in processing density matrices to com
pute physical quantities, such as the computation of expectation values, 
polarizabilities, or spectra, a variety of convenience methods exists, 
detailed in the extensive documentation. In the next section, we will 
demonstrate the versatility of this approach, considering specific exam
ples.

It is also possible to consider optical relaxation channels captured 
by Wigner-Weisskopf transition rates accessible via a dedicated built-in 
function. These rates are defined as

𝛾𝑖𝑗 =
𝜔3
𝑖𝑗
𝑒2

3𝜋𝜀0ℏ𝑐3
∑

𝑘=𝑥,𝑦,𝑧
| ⟨𝑖|𝑟𝑘|𝑗⟩ |2. (13)

Here, ℏ𝜔𝑖𝑗 is the difference between single-particle energies 𝐸𝑖 and 𝐸𝑗 , ⟨𝑖|𝐫|𝑗⟩ is the matrix element of the position operator 𝐫 between states 𝑖
and 𝑗, 𝜀0 is the vacuum permittivity, ℏ is the reduced Planck constant, 
and 𝑐 is the speed of light.

4. Usage examples

In this section, we illustrate the usage of GRANAD with four exam
ples featuring the absorption spectra of linear SSH chains with adatoms, 
the plasmonicity of hexagonal graphene nanoflakes, charge dynamics 
on a triangular flake with a gold adatom, and the induced field distri
bution around a hexagonal-shaped flake, that reside at the lower end 
of the mesoscopic scale. Our fifth example addresses the real-time dy
namics in a hybrid system composed of two nickel atoms and 8-acene, 
representative of a broader class of systems relevant to nanoscale elec
tronic structure studies.

Structure 1 
Fig. 3a documents the absorption spectra obtained for a linear SSH 

chain of 70 sites with an adatom attached to site 35. The spectra are 
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Fig. 2. (a) Structure of the flake + adatom hybrid system, the adatom sites with indices 18 and 19 overlapping in space; (b) the energy levels of the initial state. (c) 
simulation results - time evolution of the states’ occupancy in the energy basis.

Fig. 3. (a) Square root of normalized absorption spectra for an undoped linear atomic chain with 70 sites and an adatom, for different adatom-chain coupling strength 
𝑡 = 0 to 2𝑡0, where 𝑡0 = −2.66 𝑒𝑉 . (b) Real-space charge distribution (circles located at chain sites) of single-particle energy states for selected adatom-chain coupling 
strengths. The sizes and colors of the circles are proportional to |𝑐𝑗𝑙|2. The distances of the diamonds above or below the sites of the chain represent values of the 
expansion coefficients at 𝑙𝑡ℎ site for the eigenstate |𝑗⟩, i.e., 𝑐𝑗𝑙 .

shown as functions of the adatom-chain coupling strength 𝑡35,𝑒 = 𝑡35,𝑔 ≡
𝑡 and correspond to a decoupled chain-adatom system for 𝑡 = 0. The 
energy of the main resonance approximately doubles as the adatom is 
strongly coupled near the middle of the chain, effectively splitting it into 
two sub-chains with eigenstates that tend to localize on the left- or right
hand side of the adatom as the coupling strength increases (Fig. 3b). The 
rich physics in the intermediate region leads to resonance splitting and 
avoided crossings. This system was analyzed in depth in Ref. [22].

Structure 2 The energy-based plasmonicity index (EPI) has been de
veloped as a measure of the collective character of optical resonances 
in nanoscaled molecular systems [30] ranging from 0 to 1. Fig. 4 shows 
the absorption spectrum of a 10 fold doped hexagonal nanoflake with 
the EPI values calculated for each absorption peak. The high EPI value 
of 0.62 associated with the resonance at 1.4 eV indicates the creation of 
an infrared plasmonic resonance due to doping, while other high energy 
peaks preserve their single-particle-like or mixed nature. The plasmonic
ity index of hexagonal and triangular nanoflakes was characterized in 
Refs. [30,31].

Structure 3 The third example concerns the charge dynamics on a 
triangular graphene flake with a gold adatom. Based on Ref. [28], we 

model the gold atom as a two-level system with its ground and excited 
states corresponding to the 5𝑑 and 6𝑠 orbitals, respectively with ener
gies of −1.3 eV and −0.3 eV. In a free atom, the lower orbital is fully 
occupied and a single electron sits in the level close to the Fermi en
ergy. We couple the adatom orbitals weakly to one of the corner sites 
𝑙𝑐 of the flake with 𝑡𝑒 = 𝑡𝑔 = −0.2 × 2.66 eV. Small changes of the cou
pling energies have weak impact on the overall optical response. The 
energies of the hybridized eigenstates and their initial occupation are 
shown in Fig. 5a. The charge distribution of the states that originate 
at the adatom, namely the highest occupied (HOMO) orbital and the 
orbital below (HOMO-1) is depicted in the inset of Fig. 5b. Due to opti
cal selection rules, the transition dipole between the 5𝑑 and 6𝑠 adatom 
states vanishes. However, due to hybridization and charge transfer to the 
flake, a considerable dipole moment arises, as suggested by the charge 
distributions in the eigenstates and confirmed by calculations. As a re
sult, upon a resonant continuous-wave illumination polarized along the 
𝑥 axis, the charge oscillates between the HOMO and HOMO-1 orbitals 
in cycles resembling Rabi oscillations (Fig. 5b). At times when the am
plitude of these oscillations drops, other energy levels become active. 
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Fig. 4. Normalized absorption spectra and EPI corresponding to some of the transitions for a 10-fold doped hexagonal cut graphene nanoflake with each side having 
a length of 1.42 nm (4 hexagons/side). The inset shows the induced charge distribution in the first excited state of the flake.

Fig. 5. (a) Eigenstates of an 10 fold doped, noninteracting triangular cut graphene nanoflake with an adatom coupled to a corner site of the flake in the plane. The 
color bar represents the ground state occupation of the eigenstates. (b) Time evolution of the HOMO and LUMO states of the system upon an 𝑥-polarized continuous 
resonant illumination of energy ℏ𝜔=𝐸LUMO −𝐸HOMO . The adatom exhibits a transition dipole moment of 7.5 Debye, corresponding to approximately 2,5×10−29 Cm, 
along the 𝑥-direction. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Charge dynamics on graphene nanoflakes with adatoms was investi
gated in Ref. [6].

Structure 4 Fig. 6 presents the inducedfield distributions calculated 
with GRANAD around an armchair-edged hexagonal graphene flake 
with over 2500 carbon sites. The presented pattern for the field distri
bution is obtained for a continuous 𝑥-polarized plane-wave illumination 
at a resonant frequency 𝜔 such that ℏ𝜔 = 0.66 eV.

Structure 5 Oligoacenes are a class of systems of prime importance 
for many technological applications, ranging from molecular devices to 
quantum computing [39,40]. They consist of linearly connected ben
zene rings with metal atoms attached. This hybrid system has opened up 
new paths in the functionalization of nanoscale materials [39]. Here, we 
consider a system composed of 8-acene, doped with two nickel atoms, 
placed at opposite ends of this quasi-1d structure at distances of 1Å and 
1.5Å, respectively, from the 8-acene, illustrated in Fig. 7. We consider 
a single orbital per nickel and carbon atom, each contributing a single 
electron. We determine the geometric positioning of the nickel atoms 
following [39,41] and tight-binding parameters like in [42]. We adopt 
a distance-dependent form of the hopping 𝑡(𝑟) between the nickel orbital 
and 𝑝𝑧 carbon orbitals according to

𝑡(𝑟) = 𝑐 ⋅ exp
[
−𝑞

(
𝑟 
𝑟0

− 1
)]

, (14)

where 𝑐 = 0.261 eV, 𝑞 = 3.2, 𝑟0 = 1.8Å. Note that we have slightly ad
justed the value for 𝑐 compared to the 𝑝-orbital parameterization in 
Ref. [42] to achieve an energetic separation of 0.073 eV between the 
tight-binding eigenstates most localized on the nickel atoms. In analogy 
to the spin transfer results presented in [39], we focus on the transfer 
of electronic charge between the two nickel atoms. To this end, we il
luminate the system with a Gaussian pulse centered around 40 fs, with 
a frequency of 0.07 eV, and a full width at half maximum of 56 fs. The 
results are displayed in Fig. 7.

Different types of dopants, such as transition metal atoms, can be 
taken into account similarly by adjusting the numerical parameters ac
cordingly, as pointed out in [42] and following studies of TM-doped 
graphene [43,41]. This is the key strength of the parametric tight
binding approach employed by GRANAD. By trading accuracy for speed 
and scope, GRANAD positions itself as a versatile intermediary between 
highly accurate quantum and more phenomenological classical simula
tion frameworks.
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Fig. 6. Distribution of the 𝑥-component of the scattered electric field around an 
armchair-edged hexagonal flake made of 2520 carbon atoms subject to a reso
nant illumination. The electric field values are transformed using a logarithmic 
scale normalized to maximum field amplitude. The two square brakets on the 
color bar represent the phase and the scaled amplitude of the field respectively.

Fig. 7. Charge transfer dynamics in 8-acene doped with two nickel atoms. The 
hybrid system is considered under the illumination of a Gaussian pulse described 
in the main text, facilitating the transport of charge between the two nickel 
atoms located at opposite ends of the structure. The tight binding ground state 
at time 𝑡= 0 suffers a slight reduction of the initial occupation of the two nickel 
atoms, corresponding to approximately 0.5 units of charge being contributed to 
the oligoacene. The inset displays the geometry of the system.

Scripts used to generate the results and Figs. 3-7 are available openly 
on the GRANAD GitHub repository. Please note there are many more 
example scripts available in the code documentation.

5. Code performance

Next, we analyze the performance of the GRANAD code, which is 
machine-specific. Fig. 8a presents the computation time required to sim
ulate the optical response of systems containing between 270 and 13266 
atoms. In these simulations, we consider triangular nanoflakes with arm
chair terminations, and the total simulation time is set to 40 ℏ∕𝑒𝑉 . This 
duration ensures well-resolved excitation features in the frequency do
main after applying a time-to-frequency Fourier transform. The resulting 
absorption spectra are shown in Fig. 9.

For benchmarking, we utilized the Hyperion supercomputer at the 
Donostia International Physics Center (DIPC). Hyperion consists of 232 
nodes with a total of 12336 cores. Most nodes are equipped with either 
Intel Xeon Gold 6248R (Cascadelake) or Intel Xeon Gold 6342 (Icelake) 
processors. In our benchmark calculations, we used 24 cores on a single 
node, represented by the red points in Fig. 8a. The solid red line shows 
a fit to the data, following the relationship 𝑡 ∝𝑁𝑎, where 𝑎 = 2.9. This 
power-law dependence aligns with the computational complexity of the 
algorithm, where direct integration of Eq. (10) involves matrix multipli
cations that scale as (𝑁3). Additional benchmarks conducted on the 
ATLAS supercomputer, with varying numbers of cores, are also shown 
in Fig. 8a. These results exhibit a similar scaling, further validating the 
observed performance trends.

Moreover, the performance of GRANAD can be significanty en
hanced when deployed on Graphics Processing Units (GPUs). As il
lustrated in Fig. 8b, the computation time for addressing the electron 
dynamics of triangular nanoflakes is drastically reduced when using an 
NVIDIA A100 PCIe GPU, compared to using e.g. an Intel Xeon Platinum 
8358.

6. Documentation and software management

GRANAD is extensively documented using Sphinx. The software 
and its documentation, including a complete description of all public 
datatypes and functions as well as usage examples and setup installa
tions, are hosted on GitHub, which also provides continuous integration. 
GRANAD is fully open-sourced under the MIT license. Installation of the 
newest version can take place via the pip command

pip install git+https://github.com/GRANADlauncher/granad.git

provided both git and Python pip are installed. A complete list of the 
packages GRANAD depends on is given in the pyproject.toml in the of
ficial GitHub repository. The newest official documentation is available 
at https://granadlauncher.github.io/granad/.

7. Conclusion

We have presented GRANAD, a simulation program to investigate 
the optoelectronic properties of systems composed of carbon-based low
dimensional nanostructures with adatoms in a tight-binding framework. 
Its main capability is the numerical integration of a time-domain mas
ter equation for the spin-traced one-particle reduced density matrix, 
taking into account many-body as well as dissipative effects. GRANAD 
offers access to static as well as dynamic quantities and includes the 
possibility of studying the time evolution of initially excited states. A 
semiclassical approximation allows us to take into account the influ
ence of time-harmonic, potentially pulsed, or ramped-up electric fields. 
The theoretical approach taken by GRANAD allows us to simulate the 
interplay between charge dynamics, external electric fields, and dissipa
tive effects in a carbon-based nanomaterial of finite extent to high detail. 
GRANAD is intended to expedite the computation of optical properties of 
nanomaterials in structures of up to mesoscopic scales, as its implemen
tation is lightweight and designed to be easily usable. Planned future 
extensions include the capability to model multiple orbitals in layered 
2D structures, microscopic electromagnetic field effects at the level of 
the Peierls substitution [44] as well as to exploit the differentiable ca
pabilities offered by JAX in parametric investigations of nanomaterial 
properties.
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Fig. 8. (a) Computation time as a function of the number of atoms 𝑁 for simulating the time evolution of triangular nanoflakes with armchair termination. The 
dashed-dotted red line represents a fitting function of the form 𝑁𝑎, where 𝑎 = 2.9. The simulations have been run using different number of CPUs of either the 
supercomputer Hyperion or Atlas. See the labels for specific details. The total simulated time is 40 ℏ∕eV. (b) The code has been executed using a single Intel Xeon 
Platinum 8358 on Hyperion (brown line) or a NVIDIA A100 PCIe GPU (purple line). The total simulated time is 4 ℏ∕eV.

Fig. 9. Absorption spectra of undoped triangular nanoflakes with armchair ter
mination for different numbers of atoms 𝑁 . A hopping parameter of 2.66 eV 
and a propagation time of 40 ℏ/eV are used.
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