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A P P L I E D  S C I E N C E S  A N D  E N G I N E E R I N G

Active learning for nonparametric multiscale modeling 
of boundary lubrication
Hannes Holey1,2,3*, Peter Gumbsch2,4, Lars Pastewka3,5*

Lubricated friction is a multiscale problem where molecular processes dictate the macroscopic response of the sys-
tem. Traditional lubrication models rely on semiempirical constitutive relations, which become unreliable under 
extreme conditions. Here, we present a simulation framework that seamlessly couples molecular and continuum 
models for boundary lubrication without fixed-form constitutive laws. We train Gaussian process regression models 
as surrogates for predicting interfacial shear and normal stress in molecular dynamics simulations. An active learn-
ing algorithm ensures that our model adapts in scenarios where common constitutive laws fail, such as at layering 
transitions. We demonstrate our approach for nanoscale fluid flow over rough and heterogeneous surfaces, pav-
ing the way for accurate boundary lubrication simulations at experimental length and timescales.

INTRODUCTION
Many phenomena in nature and engineering are multiscale: Molec-
ular processes interact with larger-scale features to determine the mea-
surable, real-world response of the system. An important example is 
friction, where interfacial slip is controlled by a combination of mo-
lecular interactions across the interface (1), the geometric features 
of surface roughness (2), and the elastic energy stored in the struc-
tural deformation of the contacting bodies (3). Such mechanical pro-
cesses cause earthquakes (4) and are responsible for a large fraction 
of energy dissipated in machinery (5). Although the construction of 
numerical multiscale models for fracture (6, 7) and plasticity (8, 9) 
has been carried out for at least three decades, modeling friction has 
relied on combining insights from single-scale molecular or continuum 
calculations, limiting the predictive power of numerical models. We here 
present a multiscale simulation framework that uses nonparametric sta-
tistical models from machine learning to pass information between 
molecular and continuum scales. Our results demonstrate the con-
current multiscale modeling of lubricated frictional interfaces, enabling 
the design of tribological systems. The model does not require the speci-
fication of fixed-form constitutive relations for the response of the liquid, 
as commonly used in lubricant design (10, 11). We show that this cap-
tures even situations where no constitutive model is applicable, such as 
for lubricants that are pressurized while geometrically confined between 
contacting peaks on the rough topography and undergo jamming 
transitions from liquid to solid states.

The role of viscous lubricant films is to separate the two sliding 
surfaces. Friction reduces because dissipation occurs predominantly 
within the film. Driven by the need to reduce energy dissipation, 
tribological research is currently moving toward low-viscosity lu-
bricants (12). This reduces the film thickness toward mixed and 
boundary lubrication regimes, where the lubricating film is not 
much thicker than the average height of peaks on the contacting 

rough topographies, also called asperities. Lubricants then experience 
extreme conditions in some regions of the contacting bodies, where 
fluid films have a thickness on the order of the size of the lubricant 
molecules (13, 14), whereas other regions remain well lubricated. Mo-
lecular specificity can no longer be neglected at these scales, control-
ling effects like ordering (15), density layering (16), solvation forces 
(17), and fluid-wall slip (18–20). The small regions of intimate contact 
then dominate the macroscopic friction measured in experiments.

Atomistic modeling techniques have become a standard tool in 
tribology (21), providing mechanistic insight into the energy dissipa-
tion and mechanochemistry of dry and lubricated contacts (22, 23). 
Yet, incorporating these atomistic insights into large-scale models 
remains challenging. Thus far, most approaches are of sequential na-
ture, where atomistic simulations parametrize constitutive laws that 
are subsequently used on the continuum scale (24–27). With care-
fully chosen constitutive models, these approaches successfully bridge 
scales and are of particular use when experimental calibration is chal-
lenging. However, by construction, sequential models do not account 
for the feedback from the large to the small scale—an aspect that is 
important in tribology, because dynamic frictional systems may evolve 
into regions not considered for calibration and minuscule changes in 
surface inclination may lead to substantial changes in friction (28).

Concurrent multiscale schemes solve the small-scale and the large-
scale problem at the same time, enabling the two-way coupling miss-
ing in sequential models. One class of concurrent multiscale schemes 
has been unified under the umbrella term heterogeneous multiscale 
method (HMM) (29, 30). The key idea is to solve a macroscale prob-
lem, where missing data come from representative microscale simu-
lations, which are, in turn, constrained by the macrosolution. For 
instance, in grid-based continuum solvers for the Navier-Stokes equa-
tion, molecular dynamics (MD) simulations provide time-averaged 
stress tensor components at each grid point given its local strain rate. 
This is possible when the small-scale problem converges to a steady 
state much faster than the macroscopic variables change, i.e., in the 
case of large timescale separation, a key assumption of the HMM. 
The HMM and various flavors thereof have been applied to small-
scale flow problems with atomistic-continuum coupling (31–38). 
Among the drawbacks of the HMM are the enslavement to the smallest 
time step and the handling of noisy data on the continuum scale, 
which is why many authors fall back to precomputed lookup tables 
and interpolation using surrogate models (33, 37, 38). This leads to 
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probabilistic machine learning techniques, such as Gaussian process 
(GP) regression (39), which can handle measurement noise and yield 
measures of the error made when interpolating.

GP surrogates can make fast and accurate predictions for high-
dimensional inputs and have recently been successful to predict 
quantum mechanical energies and forces on the basis of atomic en-
vironments (40). Probabilistic surrogate models have also been used 
in continuum solid mechanics, e.g., to couple crystal plasticity with 
coarse-scale continuum calculations (41), for one-dimensional heat 
transfer (42), or to study the deformation of microstructured mate-
rials (43). The GP uncertainty allows constructing so-called on-the-
fly schemes (43–46), which update the underlying training database 
during a simulation, if test inputs are not well represented by the 
initial training data. This is particularly useful for problems with 
sudden changes in the constitutive behavior, for instance, due to 
phase transformations or chemical reactions. Frameworks in which 
the GP uncertainty guides the acquisition of new training data be-
long to the broader field of Bayesian optimization. Usually, this leads 
to a trade-off between exploration of the whole available feature space 
and exploitation of particular regions of interests (typically around 
extrema) with high accuracy. Here, we focus on the exploratory 
approach, which is historically referred to as kriging (47) or, nowa-
days, active learning.

In this work, we present a concurrent multiscale framework 
that couples molecular and continuum simulations of lubricant 
flow (see Materials and Methods). On the continuum scale, we 
solve the mass and momentum balances for thin film flows, where 
we leverage the thin film assumption to average out the gap coor-
dinate (48). In contrast to conventional reduced-order equations 
in lubrication (49), our scheme is agnostic of the functional form 
of the constitutive law. We achieve this by using GP regression to 
construct surrogate models directly for the stress tensor, informed 
by nonequilibrium MD simulations of highly confined fluids. The 
surrogate avoids redundant and expensive MD simulations by in-
terpolating between prior calculations. We use the posterior vari-
ance of the GP to determine where new molecular simulations are 
necessary, leading to an active learning or “learn-on-the-fly” scheme 
for multiscale lubrication.

RESULTS
Coupling framework
Figure 1 illustrates the coupling between continuum fluid dynamics 
and MD simulations, enabled by GP regression and an adaptively 
updated database using active learning. The continuum solver 
explicitly updates mass and momentum densities according to gap-
averaged conservation laws, which requires knowledge of the 
interfacial stress state (see Materials and Methods). Next to the den-
sity fields, the gap topography and the sliding velocity determine the 
stress (see Fig. 1A).

Thus, for a given point in the quasi two-dimensional domain, we 
calculate the normal and shear stress components with nonequilibri-
um MD simulations of a fluid between two flat interfaces (see Fig. 1B). 
Because running an MD simulation at each grid point of the continu-
um scheme would be computationally unfeasible, we interpolate be-
tween the results of only a few MD runs in the input space spanned by 
the continuum field variables, the topography, and the boundary con-
ditions (such as the sliding velocity). Note that there is no one-to-one 
correspondence between the MD and the continuum grid cells. 

However, the variation of the gap over the length of the MD cell 
should be small such that the assumption of a representative MD 
element with flat interfaces used in the present work is justified. 
Our surrogate model based on GP regression provides stress pre-
dictions as well as their uncertainties (see Fig. 1C). The training da-
tabase successively grows during the course of a simulation by the 
addition of new MD results each time the prediction uncertainty 
does not meet a predefined criterion. Every addition of training data 
leads to a readjustment of the GP’s hyperparameters by maximiz-
ing the likelihood of the posterior distribution (see Materials and 
Methods). The location of new training data is determined by an 
active learning framework (see Fig. 1D), which requests new MD 
runs under conditions that show the largest uncertainty at the cur-
rent time step.

Confinement effects
To highlight the importance of atomistic effects in boundary lubrica-
tion, we simulated a one-dimensional parabolic slider (Fig. 2A)—
a typical benchmark problem in the lubrication literature—and 
subsequently lowered the minimum size of the constriction to-
ward molecular confinement. The gap height profile is given by 
h(x) = h0 + 4

(
h1−h0

)
∕L2

x

(
x−Lx∕2

)2 , where Lx = 1470σ is the 
length of the domain, and h1 and h0 are the maximum and mini-
mum gap heights, respectively. Note that, here and in the following, 
all quantities are given in terms of atomic mass (m), as well as the 
length scale ( σ ) and the energy parameter ( ϵ ) of the Lennard-Jones 
(LJ) interatomic potential (Eq. 6) used in the MD simulations (see 
Materials and Methods). We kept the maximum gap height con-
stant, h1 = 60σ and considered four different minimum gap heights 
h0 = [11.76, 8.82, 7.35, 5.88]σ . The lubricant flow is induced by the 
flat lower wall, moving with a constant velocity U = 0.12(ϵ∕m)1∕2 
in the positive x direction. All simulations started from constant ini-
tial conditions with density ρ = 0.8mσ−3 and flux jx = Uρ∕2 , the 
latter corresponding to the gap-averaged Couette mass flow rate. 
Dirichlet boundary conditions fixed the mass density at the domain 
boundaries, with vanishing mass flux gradient (i.e., Neumann BCs 
for jx ). We used a relatively high resolution of the continuum fields 
with 200 finite volume cells along x, which led to grid cells on the 
order of a typical MD box.

Figure 2B shows the converged mass density profile for the 
four minimum gap heights. The mass density profiles are charac-
terized by a density peak in front of the constriction, which drops to 
a level below the ambient density in the diverging part of the pro-
file. The deviations from the ambient density increase for narrower 
gaps. The density profiles for the two larger gap heights, h0 = 11.76σ 
and h0 = 8.82σ , appear smooth and look similar to the profiles one 
would expect from a continuum calculation. Upon further reduc-
tion of the minimum gap, however, the density profiles show large 
gradients, particularly in regions of high pressure and narrow gaps. 
The inset in Fig. 2B shows two snapshots of MD simulations under 
conditions indicated by arrows. At large densities and small gap heights, 
the confined fluid forms layers that span the whole gap. Steps in the 
density profile indicate transitions between states with different num-
bers of layers.

The momentum density profiles shown in Fig. 2C are approximate-
ly symmetric about the center of the domain, with their maxima at 
the point of the smallest constriction due to momentum conserva-
tion. The gap-averaged mass flux for a pure Couette flow under am-
bient conditions is ρU∕2 = 0.048(mϵ)1∕2σ−3 . Deviations from this 
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average flow rate occur due to superimposed pressure-driven flow, 
enhancing the flow rate in regions of negative pressure gradients, 
and lowering it in regions of positive pressure gradients.

Figure 2D illustrates the GP posterior prediction for the pres-
sure, where the mean is given by the solid lines and the shaded area 
represents the prediction uncertainty through a 95% confidence in-
terval. Here and in the following, when discussing uncertainty in the 
GP predictions, we exclusively plot and consider confidence intervals 
on the basis of the GP posterior variance without consideration of the 
signal noise σn , i.e., epistemic uncertainty. The signal noise is intrinsic 
to the data acquisition method, here our MD simulations, and de-
pends on the system size and the length of the sampling interval (i.e., 
aleatoric uncertainty). Hence, it does not tell much about the predic-
tive ability of the model but helps to make better predictions because 
it acts as a regularizer and avoids overfitting.

Pressure excursions in front of the constriction are inversely cor-
related with the minimum gap height, similar to the mass density 
profiles. Pressure maxima coincide with density maxima in front of 
the constriction and reach up to 2.8ϵσ−3 , almost twice the ambient 

pressure. Behind the constriction, the pressure drops to approxi-
mately two-thirds of the ambient pressure for the smallest gap, 
where it also shows the largest uncertainty. Figure 2 (E and F) shows 
the GP posterior prediction for the shear stress at the bottom and 
top wall, respectively. At the bottom wall, the magnitude of the shear 
stress is largest at points with large positive pressure gradients, i.e., 
where pressure-driven flow opposes the shear flow induced by the 
walls. A negative pressure gradient with pressure-driven flow in the 
same direction as the wall movement reduces the shear stress on the bot-
tom wall. The opposite effect can be observed for the shear stress 
on the top wall, taking its maximum absolute value in the center of 
the domain, where the mass flux is largest. Again, this qualitative 
behavior is expected from hydrodynamics, but for the two smallest 
gap heights, anomalies similar to those observed in the mass density 
are present in both shear stress curves. For instance, in Fig. 2F the 
shear stress in the center of the domain for h0 = 5.88σ clearly devi-
ates from the overall trend seen at the three larger gap heights, indi-
cating a sudden change in the way how shear is accommodated locally. 
Additional MD test data in the center of the domain confirmed that 

var(Yn) ( t)2

 ( ) dz

qn qn+1
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Fig. 1. Graphical representation of the active learning workflow for nanoscale lubrication problems. (A) At every time step n, as long as the continuum solver has 
not converged to a steady-state solution, we calculate the explicit time update of the unknown field qn+1 . The stress components that determine the update depend on 
the field variable at the current time increment qn and on constant boundary conditions c, such as the gap height distribution h(x , y) and the wall velocity U. Normal (p) 
and shear stress components τ =

(
τxz , τyz

)⊤
 are calculated with nonequilibrium MD simulations (B). Field variables and boundary conditions span the input space Xn of 

our stress surrogates, built as GP regression models (C). In the two-dimensional case, we consider three separate GP models, one for each stress component. The shear 
stress models are multioutput GPs, which predict the shear stress at the top and the bottom surface with a common kernel. Hyperparameters are optimized using maxi-
mum likelihood estimation (MLE) every time new data are added to the training database. (D) The stress prediction is evaluated on the basis of the GP posterior variance. 
If the maximum variance is larger than a prescribed tolerance σt , additional MD data are acquired. Otherwise, the macrosolver proceeds with a time update.
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density and shear stress deviations coincide and that the GP model 
tries to capture these effects (see fig. S1, D to F). Integrating normal 
and shear stress profiles over the whole domain allows calculating a 
hypothetical friction coefficient. Here, friction increases by 40% go-
ing from the largest to the smallest gap height.

Deviations from the smooth profiles expected from a continuum 
viewpoint can be explained by atomistic effects. Figure 3A shows the 
generic MD simulation setup, that generates a combined Poiseuille-
Couette flow (see Materials and Methods), acting as a representative 
volume element of the local flow state. The input variables gap height, 
mass density, and mass flux in the two lateral directions (assuming 
constant sliding velocity) lead to a diverse collection of flow states, 
which can be characterized by density and velocity profiles across 
the gap (z coordinate). In Fig. 3B, we show MD simulation results 
for a flow state close to the point of minimum constriction in Fig. 2B 
(right inset). The density profile shows the typical layering effect of 
highly confined fluids, with six layers across the full gap height with 
h = 6σ . The outermost fluid layers are more than 12 times denser 
than the input fluid density ρ = 0.79mσ−3 . Despite the high mass flow 
rate jx = 0.08(mϵ)1∕2σ−3 , a deviation from the linear Couette profile 
due to the pressure gradient at the point of constriction is not visi-
ble. However, when extrapolating the linear velocity profile to the 
walls, small deviations from the no-slip assumption become visible. 
Thus, fluid-wall slip helps to accommodate the high flow rate rather 
than a Poiseuille-like velocity profile. The profiles shown in Fig. 3C 
correspond to a flow state close to the point of maximum pressure/
density for the smallest constriction in Fig. 2B (left inset). Although 
with h = 7σ only slightly wider, eight fluid layers form within the 
gap, due to the elevated mass density ( ρ = 0.84mσ−3 ). At a flow rate 
of jx = 0.06(mϵ)1∕2σ−3 , no slippage occurs between the outermost 
fluid layers and the walls.

The one-dimensional parabolic slider is an idealization, neglect-
ing the flow in the direction perpendicular to the sliding velocity. By 
controlling the flow rate in the perpendicular direction and measur-
ing the wall shear stress τyz , we train a separate GP model, which 
allows us to study realistic gap profiles h

(
x, y

)
 with our multiscale 

solver. Next to the density profiles, Fig. 3 (D and E) highlights flow 
profiles in x and y directions in green and orange, respectively. At 
these larger gap heights ( h = [15σ, 22σ] ), layering effects are still 
visible close to the walls, but a homogeneous region without density 
oscillations develops in the center of the gap, reaching the target den-
sities around 0.8mσ−3 . In the sliding direction, mass flow rates above 
(Fig. 3D) or below (Fig. 3E) the Couette flow rate lead to the bow-
out out of the velocity profiles in the positive or negative x direction, 
respectively. Pressure gradients perpendicular to the sliding direc-
tion lead to Poiseuille-like profiles.

Building a training database
Our data-driven framework for boundary lubrication relies on an 
adequate training database incorporating results from MD simula-
tions that represent the local stress states in the confined fluid. The 
constitutive relations for the confined fluids are given by GP regres-
sion models that interpolate between those stress states measured 
on the atomistic scale. A natural choice to generate training data are 
sampling strategies that optimize space filling, such as Sobol sequences 
or Latin hypercube sampling. However, the bounds of the hyper-
cube in input space depend on the continuum solution, which is a 
priori unknown. Thus, we used only a small quasirandom database 
of MD simulations close to the initial conditions (within ±1% of the 
initial density and ±50% of the initial mass flux) as a starting point 
for our multiscale simulations. Then, the MD database was incremen-
tally augmented by an active learning algorithm during individual 
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simulation runs, selecting new training inputs from the continu-
um solution at the current time step. For high-dimensional inputs, 
this approach ensures that only physically relevant inputs are con-
sidered, i.e., we are usually not interested in large portions of the 
input space. We used the variance of the GP posterior as the acqui-
sition function, favoring exploration of uncertain regions of the 
input space at the current time step over exploitation of regions 
that are expected to yield immediate local improvements. At each 
time step, we ensure that the maximum variance of the GP posterior 
distribution for output Y is lower than a predefined uncertainty toler-
ance σ2

t,Y
 . We chose a combination of absolute and relative toler-

ances, σt,Y =max
(
σ0
t,Y
, αΔY

)
 , with relative error α w.r.t. the maximum 

difference in the predicted quantity ΔY =max(Y ) −min(Y ) , and 
lower bound σ0

t,Y
 for reasonable tolerance levels during start-up from 

constant initial conditions. If this is not the case, we run additional MD 
simulations at the point of maximum variance for this time step. After 
convergence to a steady state, the so-obtained database of MD runs can 
be used as a starting point for new multiscale simulations for different 
geometries and/or with a lower uncertainty tolerance.

Figure 4A shows the final size of the MD database for simula-
tions with the parabolic slider geometry for three different minimum 
gap heights h0 = [14.70σ, 11.76σ, 8.82σ] . For each geometry, we 
subsequently lowered the lower bound of the uncertainty tolerance 

between individual runs (by halving the variance), starting from (
σ0
t,p

)2

= 2 × 10−3ϵ2σ−6 and 
(
σ0
t,τ

)2
= 1 × 10−4ϵ2σ−6 for pressure and 

shear stress GP, respectively. In total, we performed four iterations, i.e., 
reducing the allowable width of the confidence interval by a factor of 
4
√
2 , whereas the relative tolerance was kept constant (=0.05). The 

initial tolerance levels were chosen to be approximately one order of 
magnitude larger than the noise variance measured in MD. The da-
tabase size required for convergence grows with decreasing minimum 
gap height at constant tolerance level, as well as with decreasing 
uncertainty tolerance at constant gap height. Although the size of 
the final database differs for a sample of training runs (N = 10) with 
randomized initial conditions, reproducible results could be ob-
tained with moderate amounts of MD runs. Once a sufficiently 
large MD database exists, further refinement of the multiscale solu-
tion can be obtained by reducing the relative error α , which we did 
for the two smallest gap heights in Fig. 2. This led to databases with 
62 and 74 MD runs for h0 = 7.35σ and h0 = 5.88σ , respectively.

Figure 4B shows the growth of the MD database for a single sim-
ulation of the parabolic slider geometry with h0 = 8.82σ at the high-
est uncertainty tolerance (highlighted with a star in Fig. 4A). After a 
few simulation time steps based on the initial database with five train-
ing points, the pressure uncertainty exceeds the tolerance for the first 
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Fig. 3. MD setup and characteristic profiles computed from MD. (A) Slab geometry for the simulation of combined Couette and Poiseuille flow in narrow gaps using 
nonequilibrium MD simulations. Interactions between the fluid (blue) and wall (gray/black) atoms are governed by an LJ potential. The outermost layers (in z) of the walls 
are frozen to fix the gap between the walls and apply shearing at constant velocity. The central layers of the wall slabs mimic the connection to a heat bath using a 
Langevin thermostat, keeping the temperature in the system approximately constant. Pressure-driven flow is enforced by the Gaussian dynamics framework, which 
maintains a constant mass flow rate in both x and y directions. (B) Mass density (upper x axis) and velocity profile (lower x axis) for a training simulation in a narrow gap. 
Symbols illustrate time averages of atomic velocities in bins distributed across the z coordinate. The black dashed line is a linear fit to the velocity data. (C) Same as (B) but 
at a larger density and gap height and lower mass flux. (D and E) Density and velocity profiles at larger gap heights and with nonzero mass flux in the y direction ( vy shown 
as orange disks). The configuration in (D) is located at a point with negative pressure gradient [ vx (z) convex], whereas the configuration in (E) experiences a positive pres-
sure gradient [ vx (z) concave].
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time (see Fig. 4C). Further additions to the database follow as the 
simulation proceeds, with eight and six runs triggered by the pres-
sure and shear stress GPs, respectively, leading to a total number of 
19 required MD runs.

Next to the first addition to the MD database at time step 79, we 
highlight the training at time steps 240 and 876 with blue, green, 
and orange markers, respectively. The colored lines in Fig. 4 (D to K) 
correspond to these time steps. Figure 4 (D and E) shows the con-
tinuum field variables, mass and momentum density, at the three 
selected time steps, whereas Fig. 4 (F to K) shows the GP prediction 
for pressure and shear stress. In the GP plots, shaded areas highlight 
the 95% confidence interval and dashed lines around the confidence 
band mark the uncertainty tolerance. The red dashed vertical lines 
in Fig. 4 (F, H, and J) mark the locations, where the uncertainty 
exceeded the tolerance, which triggered new simulations. Note that 
the solution and stress profiles at time step 876 are already close to 
the steady state, and no additional MD training runs were required 
to reach it. To ensure that the GP predictions are reliable, we ran 
additional MD simulations to generate test data for each of the three 

time frames (see fig. S2). The mean absolute error (MAE) between 
the measured stress components from MD and the GP prediction 
decreases with increasing time step, i.e., with increasing database 
size (see fig. S2L). Figure S2L also includes MAE values for the four 
narrowest gap heights (Fig. 2) computed from test data shown in 
fig. S1 (A to C).

Multiasperity and slip-patterned surfaces
Real-world lubrication problems can rarely be reduced to 
one-dimensional models. We performed an equivalent training 
procedure also for two-dimensional problems (see fig. S3), 
using a gap height profile that mimics a single asperity given by  
h
(
x, y

)
= h1−

(
h1−h0

)
cos

[
π∕Lx

(
x−Lx∕2

)]
cos

[
π∕Ly

(
y−Ly∕2

)]
 . The  

two-dimensional framework uses an additional GP surrogate model 
for the wall shear stress perpendicular to the sliding velocity. Yet, the 
size and the growth of the MD database upon refinement of the tol-
erance levels are similar to the one-dimensional case (see fig. S4).

We used the training database generated with the single asper-
ity gap profile for simulations of multiasperity gaps arising in the 

A

D

B

C

F G H

I J K
E

Fig. 4. Data acquisition during training for the one-dimensional parabolic slider. (A) Size of the MD database after convergence for four training iterations, with 
subsequently reduced tolerance level and for three gap heights. For each gap height, the final database of an iteration served as a starting point for the next finer tolerance 
level. (B) Growth of the database (DB) during the first iteration of a training sequence with large uncertainty tolerance σ0

t,p∕τ
 and minimum gap height h0 = 8.82σ [high-

lighted with a star in (A)]. The simulation starts with an initial training database of five MD simulations, and dotted vertical lines indicate time steps where the tolerance 
limit was hit by either of the GP models, which triggered new MD runs [shown as the maximum variance of the GP models normalized by the uncertainty tolerance σt in 
(C)]. Three time steps (79, 240, and 876) were chosen and marked with blue, green, and orange symbols, respectively. (D and E) Snapshots of the solution at the high-
lighted time steps for mass and momentum density (mass flux), respectively. (F to K) Prediction of the GP models at the three time instances for pressure and shear stress, 
respectively, where the shaded region indicates the 95% confidence interval given the posterior variance around the posterior mean (solid lines). The dashed lines high-
light the extent of the tolerance band around the mean, and the red vertical dashed line in (F), (J), and (H) indicates the physical location, where the tolerance was hit.
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lubrication of rough surfaces. Figure 5A shows the gap height profile 
for such a system with mean height ⟨h⟩ = 38σ and self-affine surface 
topography with root mean square roughness 

�
(h−⟨h⟩)2�1∕2

= 6σ 
generated from a power spectral density with Hurst exponent 
H  =  0.8 for roughness wavelengths 400 ≤ λ∕σ ≤ 1400 . The side 
length Lx = Ly = 2940σ of the square domain was discretized using 
256 × 256 finite volume cells with periodic boundary conditions in 
both directions. Although trained on a much simpler geometry, only 
11 additional MD training runs were requested by the active learn-
ing algorithm during the simulation (using the same tolerance level 
as in the last step of the training). The steady-state pressure map 
for the two-dimensional domain in Fig. 5B shows pressure excur-
sions in front of constrictions in analogy to the one-dimensional 
example. Shear stress maps can be obtained in the same way from 
the GP shear stress model, as shown in Fig. 5C for τxz on the bottom 
wall. Tangential and normal forces, i.e., the integrals over the pre-
dicted stress profiles, determine the macroscopic friction coefficient. 
Thus, in principle, our framework allows for systematic characteriza-
tion of frictional properties with atomistic resolution.

Pressure excursions due to height variation in lubricated gaps 
dominate the load bearing capacity of the fluid film. Next to the gap 
height, surface properties may also vary along the lateral dimensions 
of a lubricated gap. It has been shown that heterogeneous surface 
properties may also contribute to the load bearing capacity (26). We 
used this fact to highlight the flexibility and extensibility of our frame-
work by simulating the shear-driven flow between two parallel walls, 
where the upper wall surface has a checkerboard pattern, as shown 
in Fig. 5D. Neighboring square patches on the checkerboard have 
alternating surface energies, which manifest themselves in a differ-
ent effective wall slip between the outermost fluid layer and the solid. 
In practice, the surface energy has been adjusted through the wall 
fluid interaction ( ϵslip

wf
= κϵstick

wf
 ) in the MD simulations, with scale 

factor 0 ≤ κ < 1 . Because the height is constant, it does not need to 
be considered as an input to the GP models. Instead, we used the 
scale factor κ as a continuous input to both the pressure and shear 
stress GP models. We used κ = 0.05 for slippery patches and κ = 1 
for sticky patches on the upper wall and interpolated smoothly be-
tween those values across the domain boundaries. Following a training 

A

B

C

D

E F

G H

I J

K L

Fig. 5. Multiasperity and slip-patterned surfaces. (A) Self-affine topography (gap height) for a rough lubricated contact with sliding velocity U = 0.12(ϵ∕m)1∕2 in the 
positive x direction. (B) Steady-state pressure profile as given by the mean of the GP posterior distribution. (C) Shear stress profile ( τxz ) at the bottom wall. (D) Checker-
board stick-slip pattern on the surface of the top wall of an otherwise flat channel. Atomistic surfaces in the black area have ϵwf,slip = 0.05ϵwf,stick . Sliding occurs again in 
the positive x direction, leading to the illustrated flow field relative to the lower, moving wall. (E) Density and velocity profile across the gap coordinate for a MD simulation 
in the slipping domain [ρ = 0.77mσ−3 , jx = 0.074(mϵ)1∕2σ−3 ] with notable wall slip at the lower surface. Density layering is less pronounced at the slipping wall. (F) Density 
and velocity profile across the gap coordinate for an MD simulation in the sticking domain [ρ = 0.79mσ−3 , jx = 0.064(mϵ)1∕2σ−3 ]. (G) Steady-state pressure profile as given 
by the mean of the GP posterior distribution. (H) Variance of the pressure GP at steady state, normalized by the uncertainty tolerance σt,p . (I) Steady-state shear stress 
profile at the lower wall ( τxz ) as given by the mean of the GP posterior distribution. (J) Variance of the shear stress GP at steady state, normalized by the uncertainty toler-
ance σt,τ . (K) Same as (H) but for τyz . (L) Same as (I) but for τyz.
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procedure akin to the previous examples, we computed the steady-
state solution for the heterogeneous channel, which is illustrated 
by the streamlines in Fig. 5D. The streamlines illustrate the gap-
averaged velocity field relative to the ideal Couette flow without slip 
and pressure gradient, i.e., �⃗u rel =

(
jx∕ρ−U∕2, jy∕ρ

)⊤ . The effect of 
the modified fluid-wall interface becomes evident in the density and 
velocity profiles of the MD calculations. Figure 5 (E and F) shows 
the density and velocity profiles ( vx ) of MD training simulations in 
the slipping and sticking domain, respectively. Although the profiles 
in the pure sticking domain show the typical density layering and 
no-slip velocity profiles, the weaker interaction between the upper 
wall and the fluid in the slipping domains lead to notably reduced 
density oscillations and an increased wall slip. The predicted pressure 
profile and uncertainty at a steady state as given by the GP posterior 
mean and variance, respectively, are shown in Fig. 5 (G and H). The 
heterogeneous surface properties lead to a pressure profile with 
maxima and minima at the transition from slipping to sticking do-
mains (in the sliding direction) and vice versa, respectively. This is 
a direct effect of momentum conservation, which is altered due to 
the change in the wall boundary conditions. The uncertainty of the 
pressure prediction is largest at both extrema but relatively low com-
pared to the selected threshold for active learning. The magnitude of 
the shear stress profile τxz at the upper wall is lower on the slipping 
patches than on the sticking patches (see Fig. 5I), which is expected 
due to the reduced interaction. The shear stress on the top wall in 
the direction perpendicular to the flow is shown in Fig. 5K, with 
maxima and minima located at the corners, and has low uncertain-
ties (Fig. 5, J and L).

DISCUSSION
Our multiscale coupling scheme enables the inclusion of atomistic 
effects into continuum representations of lubricant flow. The stress 
surrogate models capture confinement effects such as fluid layering 
or wall slip and transfer them to the continuum solver. Thus, we were 
able to solve lubrication problems on length scales, which are im-
practical or even unfeasible with all-atom simulations. Interpola-
tion of the surrogate models combined with active learning relaxes 
the enslavement to the time step of the atomistic scale, requiring 
only a few representative MD simulations to reach a steady state 
(see Fig. 4A). Lowering the uncertainty tolerance of the active learn-
ing scheme allows fine-tuning the resolution of the macroscopic solu-
tion, leading to a trade-off between accuracy and computational cost. 
Although we investigated only a simple model fluid, we believe that 
our framework is directly transferable to more complex fluid mod-
els to describe the behavior of real lubricants. The main challenge 
lies in the automatic setup and equilibration of increasingly complex flu-
ids and interfaces in MD, whereas the basic coupling framework may 
need only minor adaptations.

Our multiscale solver measures stress tensor components direct-
ly, thereby avoiding the detour of finding suitable parametrizations, 
e.g., viscosity or slip length. Machine learning surrogates for the stress 
tensor (50, 51) are often designed to fulfill thermodynamic constraints, 
such as objectivity or isotropy. The reduced order model of the lu-
brication problem circumvents such considerations because we do 
not need to measure the full three-dimensional stress tensor. We de-
liberately designed our method to work in cases where continuum 
assumptions break, such as for strong confinement. Nevertheless, 

thermodynamic constraints might confine the allowable range of 
hyperparameters (52).

The choice of input variables controls the level of detail at which 
atomistic effects are resolved. For instance, if we had chosen the ap-
plied strain rate γ̇ = U∕h as an input variable, instead of wall velocity 
U and gap height h independently, density layering at small gap 
heights (e.g., Fig. 3, B and C) would have been homogenized in the 
constitutive surrogate model. The flexibility of the GP surrogate 
models were underpinned by the extension to two-dimensional prob-
lems, i.e., going from three to four input dimensions (Fig. 5, A to C), 
or by considering structured surfaces by replacing one of the input 
variables (Fig. 5, D to L).

The computational cost for training the GP model grows with the 
cube of the number of training points (MD simulations), whereas 
making predictions (inference) has only linear complexity. Although 
the MD will likely stay the bottleneck of our method (see fig. S5B), 
more complex models (e.g., with many input dimensions) might re-
quire us to resort to sparse GPs, which build the covariance matrix 
with only a subset of the training data (39). Thus far, we have used 
“vanilla” GP models, which worked already quite well for nontrivial 
problems but may not always be the optimal choice. For instance, 
when approaching severe confinement as in Fig. 2, rapidly changing 
outputs dominate the covariance everywhere in the input space, which 
requires more training also in regions where not much happens. 
Such nonstationary behavior cannot be modeled with covariance 
kernels that only depend on relative distances. So-called deep GPs 
(53) borrow ideas from deep neural networks and warp the input 
space by putting a GP prior on the inputs. Several of these nonlinear 
input transformations can be stacked on top of each other, each one 
acting as a latent variable, which are then used as inputs to common 
stationary kernels (53, 54). Future models might as well exploit pos-
sible correlations among the outputs, such as between shear stress 
components on opposite walls.

Previous multiscale schemes for thin film or lubricated flow have 
achieved coupling through an exchange of flux and pressure gra-
dient variables between the atomistic and the continuum repre-
sentation (34, 45, 55). Usually, a constant force corresponding to a 
continuum pressure gradient is applied to all atoms in an atomistic 
representative volume element, and the resulting mass flux is mea-
sured. This assumes linear response to be able to consider Couette 
and Poiseuille contributions separately (55) and requires similar in-
terfacial conditions at both the top and bottom wall. However, ef-
fects such as fluid-wall slip at opposing walls of a sheared fluid film 
can differ substantially due to different local strain rates (e.g., Fig. 3D) 
or different wall constituents (Fig. 5D). In contrast, we control the 
densities of conserved variables on the atomistic level according to 
our continuum solution and measure the corresponding fluxes in 
the system. Note that mass flux occurs both as a controlled variable 
(in the momentum balance) and as a flux (in the mass balance). 
While stress describes the flux of momentum and depends on the 
constituents, mass conservation is always exactly fulfilled, i.e., we do 
not need to measure a “resulting” mass flux. Hence, we control the 
mass flux in a thermodynamically consistent way by applying a fluc-
tuating (in time) force to fluid atoms according to the Gauss’ prin-
ciple of least constraint (56) and measure stress tensor components, 
which manifest themselves as wall traction. This framework can be 
extended by including more conservation laws, such as the conser-
vation of energy, which would require the measurement of heat 
fluxes in the system. Here, we assume that any heat generated due to 
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viscous heating of the thin film is immediately conducted away to 
the heat bath, which justifies the isothermal assumption.

One of the most important quantities of interests in tribology is 
the coefficient of friction, i.e., the ratio of friction forces to the ap-
plied normal load. When predictions of multiscale models such as 
ours will eventually be compared to experiments, our choice of cou-
pling variables allows a direct propagation of model uncertainties in 
the pressure and shear stress to the coefficient of friction. This avoids 
expensive sampling techniques for error propagation and helps to in-
terpret simulation results, particularly in lubrication regimes under 
extreme conditions.

In the future, the MD training database may not only be limited 
to data that we computed on our own but also profit from the vast 
computational expertise and efforts of fellow tribologists. This would 
require standardized output formats, metadata, and public reposito-
ries following the FAIR (57) principles, a topic currently under ac-
tive development in tribology (58) and the entire materials science 
community (59). Within our framework, we implemented data man-
agement with dtool (60), which might be extended to interact with 
existing infrastructure.

MATERIALS AND METHODS
Continuum description of thin film flows
We denote the density field of a conserved variable with q ≡ q

(
r⃗ , t

)
 . 

Thus, the time evolution of q is given by the continuity equation

where fi ≡ fi
(
r⃗ , t

)
 describes the corresponding flux in the Cartesian 

direction i ∈
[
x, y, z

]
 . Note that, here and in the following, bold sym-

bols (e.g., q and f  ) indicate vectors of arbitrary length, representing 
a collection of variables, whereas arrows (e.g., r⃗ and j⃗ ) indicate Car-
tesian 3-vectors. Equation 1 generally holds for conserved quanti-
ties, but here, we focus on the conservation of mass and linear 
momentum, given by their densities ρ and j⃗ ≡ ρ �⃗u , respectively, 
where �⃗u describes a velocity field. Mass and momentum flux vectors 

are then given by fi =
{⃗
j ⋅ ��⃗ei ,

[(⃗
j ⊗ j⃗

)
∕ρ+p1−τ

]
�
�⃗ei

}⊤

 , where τ is 
the viscous stress tensor; p is the pressure, which, for an isothermal 
compressible fluid, is given by an equation of state p(ρ) ; and 1 and ��⃗ei  
denote the unit matrix and vector in the Cartesian basis, respec-
tively. Expressing τ as a linear function of the symmetric gradient of 
�⃗u (Newtonian fluid), yields the well-known Navier-Stokes equation. 
For thin film flows, proper dimensional scaling leads to dimension-
ality reduced forms of the Navier-Stokes equation, which can be 
readily solved.

Here, we seek a lower dimensional description of the thin film flow 
problem, which should be agnostic to the particular form of the con-
stitutive laws τ

(
ρ, j⃗

)
 and p(ρ) . We briefly recap the main ideas of this 

approach, but refer to ref. (48) for a more detailed derivation and vali-
dation. We want to solve Eq. 1 in a thin gap bounded by two walls, given 
by Ω=

{
r⃗ ∈ℝ

3
:
[
0, Lx

]
×
[
0, Ly

]
×
[
h
1
, h

2

]}
 , where h1 ≡ h1

(
x, y, t

)
 

and h2 ≡ h2
(
x, y, t

)
 describe the topography of the lower and upper 

surface, respectively, and the gap profile h
(
x, y, t

)
= h

2

(
x, y, t

)
− 

h
1

(
x, y, t

)
 is much smaller than the lateral dimensions Lx and Ly . 

Thus, we integrate Eq. 1 across the small dimension z, i.e.

considering the rules for differentiation under the integral sign, 
which leads to

where overbars denote gap-averaged fields (e.g., q = h−1 ∫ h2
h1

qdz ), 
and s is a source term that arises from the average

Without loss of generality, we simplify the source term by assum-
ing a flat lower wall h1 = const. sliding against an upper stationary 
profile h2

(
x, y

)
 , leading to

Hence, the time evolution of q is fully determined by average 
flux components in x and y directions, as well as unaveraged flux com-
ponents evaluated at the top and bottom wall. This approach is similar 
to conventional thin film descriptions, such as the Reynolds equa-
tion for lubrication, with the only difference that we make no as-
sumption about the constitutive relation of the fluid. Assuming that 
the density field can be additively split into a gap-averaged and a 
z-dependent part, i.e., q

(
x, y, z, t

)
= q

(
x, y, t

)
+ δq(z) , where δq(z) 

depends only implicitly on x and y via q , we showed that the lubrica-
tion problem can be formally split into two subproblems: one so-
called macroproblem, which describes the time evolution of the 
gap-averaged fields according to Eq. 3, and a microproblem that re-
solves the flow across the gap. The two subproblems are coupled be-
cause the microproblem determines the relevant fluxes for the time 
evolution of q , which, in turn, defines the constraints for the micro-
problem. We used a finite volume description of the two-dimensional 
domain and solve the macroproblem using an explicit time integra-
tion scheme (61). Nonequilibrium MD simulations of confined flu-
ids provide the solution of the microproblem, i.e., the fluxes required 
for closure of the macroproblem.

MD simulations of confined fluids
We performed nonequilibrium MD simulations of confined fluids 
between flat atomistic walls and determined the normal and shear 
stress components in these systems. Temporal averages of the mea-
sured stress constitute the database to train a surrogate model, which 
is used to close the evolution equation on the macroscale. To pro-
vide a proof of concept, we use a simple model system, but extension 
to more advanced models for realistic lubricants and interfaces should 
be straightforward.

�q

�t
+

�fx

�x
+

�fy

�y
+

�fz

�z
= 0 (1)

h2(x,y,t)

∫
h1(x,y,t)

(
�q

�t
+

�fx

�x
+

�fy

�y
+

�fz

�z

)
dz = 0 (2)

�q

�t
+

�fx

�x
+

�fy

�y
+ s = 0 (3)

s=
1

h

[
�h2

�x

(
fx − fx |z=h2

)
−

�h1

�x

(
fx − fx |z=h1

)
+

�h2

�y

(
fy − fy |z=h2

)
−

�h1

�y

(
fy − fy |z=h1

)

−
dh2
dt

(
q−q|z=h2

)
+
dh1
dt

(
q−q|z=h1

)
+ fz |z=h2 − fz |z=h1

]
(4)

s=
1

h

[
�h2

�x

(
fx− fx|z=h2

)
+

�h2

�y

(
fy− fy|z=h2

)
+ fz|z=h2 − fz|z=h1

]
(5)
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Hence, all interatomic forces between pairs of fluid atoms, pairs 
of wall atoms, as well as fluid-wall interactions are governed by the 
LJ interatomic potential

where rij =∣ r⃗ i − r⃗ j ∣ is the interatomic distance, rc is the cutoff radi-
us, and ϵ and σ are the energy and length scale parameters of the pair 
potential, respectively. We cut the interatomic potential at rc = 2.5σ 
and shift energies by U

(
rc
)
 to reach zero at the cutoff. Upper and 

lower walls consist of atoms arranged in a face-centered cubic single-
crystalline structure with lattice constant a = 1.2σ , which leads to a 
wall density of 2.31σ−3 . The {111} planes are exposed to the fluid, 
and the periodic wall slabs have lateral dimensions that are integer 
multiples (n) of 4a

√
3∕2 and 7a

√
2∕2 , respectively, leading to a 

nearly quadratic surface area (we used n = 3 for most of our simula-
tions, but at least n > 1 ). The walls consist of nine {111} layers each, 
where the outermost wall layers are frozen, a central region of four 
layers is used to apply a thermostat, and the remaining four layers 
undergo free dynamics. We apply the Lorentz-Berthelot mixing 
rules for the interactions between fluid and wall atoms, where 
length scale and energy parameters are obtained via arithmetic, 
σwf =

(
σf+σw

)
∕2 , and geometric mean, ϵwf =

(
ϵwϵf

)1∕2 , of the in-
dividual parameters, respectively. Note that, in our simulations, we 
set σf  and ϵf  as well as the mass m of a fluid atom to unity, and the 
wall parameters are chosen such that the ratio of length scales, 
masses, and energies resembles that of a model argon/gold inter-
face (62) (see Table 1). For systems with heterogeneous surfaces, 
we scaled the energy parameter accordingly ( ϵslip

wf
= κϵstick

wf
 ), with 

scale factor 0 ≤ κ < 1.
Initially, we placed two identical wall slabs at a distance of h + σ 

apart in the z direction and filled the space between them with fluid 
atoms at random positions. We apply a Berendsen thermostat to all 
fluid atoms for 50,000 time steps and restrict the maximum distance 
per step to 0.1σ to avoid a blow up of the system from overlapping 
particles due to the random initialization. Following the initial ther-
malization, rigid atoms of the lower wall are then displaced with a 
constant velocity U to impose a shear flow. We apply a Langevin 
thermostat to the central region of each wall acting only on the pe-
culiar velocities, with a coupling time of 100Δt, where Δt = 0.005τLJ 
is the integration time step and τLJ =

√
mσ∕ϵ . At the same time, we 

integrate the positions and momenta of the fluid atoms using the 
Gaussian dynamics scheme (56), which fixes the overall mass flux 
vector by applying a force correction in the velocity Verlet time inte-
gration. Thus, we constrain the mass flux in x and y directions to the 
value given by our continuum solution, thereby simulating a com-
bined shear- and pressure-driven flow in the system.

The time to steady state can be approximated by the time it 
takes for a shear wave to travel across the gap, which yields an up-
per limit tshear = h2 ∕(2πν) with kinematic viscosity ν = η∕ρ . Thus, 
systems with the largest gap height (60σ) need approximately 150τLJ 
or 30,000 MD time steps to reach a steady state. All simulations 
shown here ran for another 50,000 steps before we started sampling 
of the shear and normal stress. Note that this time is substantially 
longer than a single continuum time step, which was relatively small 
( ∼ 0.1τLJ ) in the examples shown here. This is mainly for numerical 
reasons given the low viscosity of the LJ fluid and relatively small 
macrodomains with high spatial resolution. We have used a variety 
of sampling times, which affects the uncertainty of the measured 
stress averages, but all the results shown here have been sampled for 
at least 100,000 steps.

We ran all MD simulations on a desktop workstation equipped 
with an AMD Ryzen Threadripper PRO 5965WX processor (24 cores). 
Each simulation ran on six CPUs, irrespective of the box size. At 
constant lateral box dimensions, gap height and fluid density deter-
mine the number of total atoms. For our training simulations, which 
had between 15,000 and 25,000 atoms, this led to wall times ranging 
approximately between five and 15 min (200,000 time steps), re-
spectively (see also fig. S5A).

We probe the normal and shear stress in the confined fluid under 
the combined pressure- and shear-driven flow. Although the global 
pressure of a homogeneous system in equilibrium is unambiguously 
defined by the virial theorem, difficulties arise, e.g., in nonequilib-
rium systems, when long-range interactions have to be considered 
or when the stress tensor needs to be resolved locally in a heteroge-
neous system, such as the confined fluids we investigate here. We 
refer to ref. (63) for a recent review of the various aspects of molecu-
lar stress tensor computation. Our coupling framework requires stress 
tensor components both in a gap-averaged sense and evaluated at 
the wall fluid interface. If the wall separation is large enough that 
interfacial effects do not extend to the center of the fluid film, the 
former can be obtained by evaluating the virial expression in a re-
gion in the center of the channel. Here, we use a mechanical defini-
tion of the stress tensor, which we probe as surface traction at the 
interface between fluid and wall. The only relevant gap-averaged stress 
is the pressure p, which we calculate as the mean of the normal stress 
on the upper and lower wall.

GP regression and active learning
Our multiscale scheme is based on the propagation of continu-
ous field variables, whereas the stresses required to close the sys-
tem are calculated in representative MD simulations. Computing 
stresses from MD at every macro time step and at each grid point 
would lead to many redundant MD runs. Instead, we formulate a 
surrogate model for the stress, which is informed by the MD 
data. We use GPs to describe the relation between input X and 
stress output f

where each output describes a multivariate Gaussian normal distri-
bution with mean given by the mean function μ(X) and covariance 
given by the kernel k(X,X∗) . Here, we use a zero mean function and 
the Matérn3/2 kernel to describe correlations among inputs

U
�
rij
�
= 4ϵ

⎡
⎢⎢⎣

�
σ

rij

�12

−

�
σ

rij

�6⎤
⎥⎥⎦
, rij < rc (6)

f (X) ∼ ��
[
μ(X), k(X,X∗)

]
(7)

k
�
Xi,Xj

�
= σ2

�
1+

√
3d

�
Xi ,Xj

��
exp

�
−
√
3d

�
Xi,Xj

��
(8)

Table 1. Mass, energy, and length scale parameters used in the MD 
simulations with the LJ interatomic potential. 

m (g/mol) ϵ (kcal/mol) σ (Å)

 Ar  39.95  0.238  3.40

 Au  196.97  5.29  2.63
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where d
�
Xi,Xj

�
=
∑nd

k=1
l−1
k

��
Xj,k−Xi,k

�2 is the scaled distance be-
tween inputs Xi and Xj and σ2 is the kernel variance that describes 
the uncertainty at distances much larger than the correlation length 
scales lk . Furthermore, we assume noisy observations, where the noise 
is normally distributed with zero mean and variance σ2

n
 , which we 

verified with MD simulation data (see fig. S6). In GP regression (39), 
Bayesian inference allows updating our prior belief by conditioning 
the predictive distribution on the training data {X∗

,Y
∗} . The poste-

rior mean function is then given by

and the covariance is given by

Here, predictive variables are the shear stress components τxz 
and τyz , both evaluated at the top and bottom wall, as well as the 
gap-average of the normal stress, i.e., the pressure p . The continu-
um solution qn ≡ q

(
x, y; tn

)
 at time tn is used to map from the two-

dimensional Cartesian space to the input space of the GP. Besides 
the three continuum field variables, boundary conditions such 
as the constant gap height profile h

(
x, y

)
 , wall properties κ

(
x, y

)
 , and 

the wall sliding speed U can be used as inputs. In this work, we 
used X =

(
h, ρ, jx , jy

)⊤ for simulations with varying gap height, and 
X =

(
κ, ρ, jx , jy

)⊤ for simulations with constant gap but slip-patterned 
surface.

We use independent GP models for the orthogonal stress com-
ponents in normal (pressure p) and shear directions ( τxz and τyz ). To 
predict shear stresses at the bottom and top wall simultaneously, 
we use multioutput GPs assuming no correlation among the outputs 
but equal correlations among inputs of the same output dimension. 
This corresponds to a sum of separable kernels, leading to a block-
diagonal kernel matrix with identical blocks on the diagonal (64), 
i.e., the same set of hyperparameters for all dimensions. The predic-
tion strongly depends on the choice of hyperparameters. With four 
length scales and one variance parameter per kernel, this culminates 
to 15 parameters, which we optimize by maximizing the logarithmic 
marginal likelihood

of the GP w.r.t. the hyperparameters. We use a gradient based mini-
mization of the negative marginal log likelihood and randomly per-
turb starting configurations to avoid being trapped in local minima. 
The initial starting configurations are found via grid search for the 
length scales and analytical optimization of the corresponding vari-
ance (65). We check at each time step n, whether the prediction 
Y
n
= f ∣X

n
,X

∗
,Y

∗ meets a predefined uncertainty tolerance σt , i.e., 
we check that max var

(
Yn

)
< σ2

t
 . If this is not the case, new input 

variables are chosen at the location where the prediction uncertain-
ty is largest, i.e., Xnew = argmaxXn

var
(
Yn

)
 . Note that aleatoric uncer-

tainty is excluded from the predicted variance when evaluating the 
necessity of new training data.

Supplementary Materials
This PDF file includes:
Figs. S1 to S6
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