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Finally, the performance of the different information cri-
teria is compared in a simulation study and applied to

high-dimensional precipitation data.
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1 | INTRODUCTION

In multivariate extreme value theory, extremes occur per se rarely so that the dimensionality of
the data in fields such as finance, insurance, meteorology, hydrology, and, more broadly, environ-
mental risk assessment often approaches or exceeds the number of extreme observations which
is a big challenge in the statistical analysis of complex and high-dimensional data. Therefore,
a standard approach from multivariate statistics is to apply a dimension reduction method to
reduce the model complexity and circumvent the curse of dimensionality. A very nice overview
of different methods for constructing sparsity in high-dimensional multivariate extremes is given
in Engelke and Ivanovs (2021), including PCA, spherical k-means, graphical models, and sparse
regular variation, to mention a few.

In multivariate statistics, PCA is a widely used method for dimension reduction, data visual-
ization, clustering and feature extraction (Anderson, 2003; Muirhead, 1982). In recent years, the
literature on implementing PCA for high-dimensional and complex data of multivariate extremes
to construct some sparsity in the data has grown rapidly (Chautru, 2015; Clémencon et al., 2024;
Cooley & Thibaud, 2019; Drees & Sabourin, 2021; Rohrbeck & Cooley, 2023; Drees, 2025;
Wan, 2024). A classical concept of multivariate extreme value theory is multivariate regular varia-
tion (Falk, 2019; Resnick, 1987, 2007). A d-dimensional random vector X is multivariate regularly
varyingof index @ > 0 if there exists a random vector @ on the unit sphere such that

X D
p<_” s X e x> t) Zrp@c), 1o

for all r > 0. The dependence structure of the extremes of X is modeled in the spectral vector ®
whose distribution is also called angular measure and its covariance matrix is denoted as X =
Cov(0®). Drees (2025) and Drees and Sabourin (2021) set the mathematical framework for PCA
for the empirical covariance estimator of X by analyzing the squared reconstruction error, the
excess risk and their asymptotic behavior. However, until now, the research on the number of
significant principal components, the so-called dimensionality, in PCA for multivariate extremes,
is limited. In Drees and Sabourin (2021), the dimension was estimated through the examination
of empirical risk plots. An alternative approach is to analyze the scree plot, which is the plot of the
empirical eigenvalues, in search of an “elbow” as a cutoff point, indicating a minimal variation
in the empirical eigenvalues after this point. But a big challenge in extreme value theory is the
choice of the threshold t, which defines the extreme observations as the data whose norm is above
t. Changing this threshold also changes the number of extreme observations and the estimates
of the empirical eigenvalues. Thus, a change of the threshold results in a different scree plot and
possibly also in a different elbow. Given the ambiguity and uncertainty of both procedures, as
well as the need for case-by-case evaluation, a mathematically based approach is necessary. One
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of the few works that developed a statistical method for estimating the dimensionality is given
in Drees (2025), whose method is based on asymptotic results for the reconstruction error of the
projections and is a kind of testing problem with the disadvantage that it depends on different
tuning parameters.

In this paper, we propose information criteria to estimate the number of significant principal
components in multivariate extremes modeled through the covariance matrix X of @. Therefore,
we combine an approach of Bai et al. (2018) and Jiang et al. (2023) from high-dimensional statis-
tics with methods from extreme value theory (de Haan and Ferreira, 2006; Resnick, 1987, 2007)
and random matrix theory (Bai & Silverstein, 2010). We assume a spiked covariance model for the
covariance matrix X which goes back to Johnstone (2001) and is widely used in high-dimensional
statistics (Bai et al., 2018; Bai & Yao 2012; Fujikoshi & Sakurai 2016; Jiang et al., 2023; John-
stone & Yang, 2018) with applications in various fields, for example, speech recognition, wireless
communication, and statistical learning as mentioned in Paul (2007).

Spiked Covariance Model: The eigenvalues A1,..., Aq of X satisfy
/112/122"’2/117*>/lp*+1="‘=/1d_1=:/1>0. (11)

The smallest eigenvalue A4 is not considered to avoid numerical instability as it can be equal
to 0, if, for example, @ is concentrated on the subspace of the unit sphere with non-negative
values. The main objective of this article is to develop an estimator p, for the unknown dimension-
ality parameter p* of leading eigenvalues of X through information criteria; leading eigenvalues
are defined to be all eigenvalues that are greater than A. When d is relatively large compared
to Py, a useful lower-dimensional representation can be obtained by projecting the data on the
Dn-dimensional subspace spanned by the empirical eigenvectors of the largest p, empirical eigen-
values ﬁ\n,l >...> ;1\,,43". This lower-dimensional representation allows for more extensive and
in-depth analyses of the dependence structure in the extremes.

The estimation of the dimensionality p* in PCA is explored in this paper using two information
criteria: the Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC).
Similar information criteria were investigated in Fujikoshi and Sakurai (2016) for Gaussian ran-
dom vectors in a large-sample asymptotic framework and in Bai et al. (2018) for general data in the
high-dimensional case. Both criteria are motivated by a Gaussian likelihood function, although
our underlying model for ® is not Gaussian. Since in a Gaussian spiked covariance model with
k, observations, 2 times the negative log likelihood function can be written as a functional of the
empirical eigenvalues in the form

. A .
~ . An j kn -1
kn )" 108(An ) + kn(d — p*)log(z 5 _‘; ) + ky log ( 2 > + kpd(log(27) + 1),

i=1 =p* n

both the AIC and BIC are defined as functionals of the empirical eigenvalues ;l\n,l >...> /Aln,d. In
order to align with the extreme value setting that follows, where we have n observations but only
k, of these are extreme, we have denoted the number of observations as k,, instead of ». In the
classical Gaussian setting, k,, = n.

The main goal of this paper is to derive necessary and sufficient conditions for our AIC and BIC
to be consistent. Therefore, we require methods from random matrix theory to derive the asymp-
totic properties of the empirical eigenvalues, which are the basic components of the AIC and BIC.
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For this purpose, we differentiate between two cases when n observations are available and of
these k, are extreme. The first is the classic large sample size and fixed-dimension case, where
n — oo and the dimension d are fixed. As is typical for such information criteria, we find that the
BIC is consistent, whereas the AIC is, in general, not consistent. In the second case, we assume
thatd = d, alsodependsonnandd,/k, - ¢ > 0asn — oo.In this case, the empirical eigenvalues
are not consistent estimators for the eigenvalues anymore. For high-dimensional i.i.d. data with
finite fourth moments, it is well-known that the empirical spectral distribution function converges
to the MarcCenko-Pastur law (Marcenko & Pastur, 1967), which describes the bulk distribution of
the empirical eigenvalues. The spiked covariance model, introduced by Johnstone (2001), extends
the Marcenko-Pastur framework by adding a small number of spiked eigenvalues corresponding
to relevant dimension for the PCA. In the context of this paper, we derive as well the asymp-
totic properties of the empirical eigenvalues of X with the Marcenko-Pastur distribution in the
limit and use it for the investigation of the consistency of our information criteria. To the best
of our knowledge, this paper is the first one to develop consistent information criteria for the
dimensionality p* of the PCA in high-dimensional multivariate extremes. The only other infor-
mation criteria of Meyer and Wintenberger (2023) and Butsch and Fasen-Hartmann (2025) use
the concept of sparse regular variation to construct sparsity in the data, in contrast to PCA.

1.1 | Structure of the paper

Th1s paper is organized as follows: In Section 2, we properly define the empirical eigenvalues
/1,1,1, Ang Oof X, which are the main components in the definition of the information criteria.
In addltlon, we explore the asymptotic properties of the empirical eigenvalues, where in the
high-dimensional case, we restrict our study to a parametric family of distributions, the so-called
directional model. The subjects of Section 3 are the AIC and the BIC for estimating the loca-
tion p* of the spiked eigenvalue in the fixed-dimensional case, where Section 4 explores the
high-dimensional case when d, /k, — ¢ > 0 as n — co. We will examine the case 0 < ¢ < 1 and
¢ > 1 separately in Section 4.1 and Section 4.2, respectively. In both cases, we derive sufficient
criteria for the AIC and the BIC to be weakly consistent. In a simulation study in Section 5,
we compare the different information criteria and apply them to precipitation data in Section 6.
Finally, we state a conclusion in Section 7. The proofs for the results presented in this paper are
provided in the Appendix.

1.2 | Notation

Throughout the paper, we use the following notation and assume that all random variables
are defined on the same probability space (Q, F,P). First of all, ||x|| is the Euclidean norm for
x € R? and ||A|| is the spectral norm for matrices A € R¥¢, The matrix I; € R%¢ is the identity
matrix, e; is the i-th unit vector with 1 at the i-th entry and 0 else, 04 := (0,...,0)" € R4 is the
zero vector and 14 := (1,...,1)7T € RY is the vector containing only 1. For a vector x € R4, we
write diag(x) € R for a diagonal matrix with the components of x on the diagonal and for
A=(a®Y,...,a?) e R¥d the operator vec(A) € RY stacks the columns of A in a vector such
that vec(4) = (@®,...,a®")T and 4(A) denotes the i-th largest eigenvalue of A. If B € R%d
and A = B?> € R%d then A'/? := B denotes the square root of a matrix. A sequence of matrices
A1, A,,...€ R with fixed dimension d is denoted by (A,).en and if the dimensions d = d,
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depends on n, we write (A™),cx, where A™ e R%*¢:_ For a univariate distribution function F
the function F< : (0,1) - R with p — inf{x € R : F(x) > p} is the generalized inverse of F. By

. . . D . . . . .
5, we denote the Dirac measure in x € R4, Finally, — is the notation for convergence in distri-

P P-ass.
bution, — is the notation for convergence in probability and —— is the notation for almost
sure convergence.

2 | ASYMPTOTIC BEHAVIOR OF THE EMPIRICAL
EIGENVALUES OF X

The information criteria AIC and BIC of this paper are defined by the empirical eigenvalues
;1\,1,1,..., En,d of 2. Therefore, in the first step, in Section 2.1, we define and explore the empir-
ical eigenvalues and their asymptotic properties in the fixed-dimensional case, and then, in
Section 2.2, in the high-dimensional case. With the knowledge of the asymptotic behavior of the
empirical eigenvalues, we will be able to derive the asymptotic behavior of the AIC and the BIC
in Section 3 and Section 4. The proofs of this section are moved to Appendix A.

2.1 | Fixed-dimensional case
In the case where the dimension d is fixed, we consider the following spiked covariance model.
Model S.

(S1) LetX,X;,X,...beasequence ofi.i.d. regularly varying random vectors with tail
index a > 0 and spectral vector @.
(S2) The eigenvalues 44,..., 44 of 2 = Cov(0®) satisfy

MZ2A2 2> App==A1=: 1>0.
(S3) Let (ky)nen be a sequence in N with k, - oo and k,/n — 0 for n - co.

(S4) Suppose (up)neny is a positive sequence such that for n — oo, nlP(||X]| >
uy)/k, — 1and

vec(}QKT) T
sup  Vky kﬁEK ||zi||2 >]l{x||X|| > un}] —x“<veC(E[®® D)H -0,

xel - 147] 1

asn — oo.

The last assumption (S4) is a technical assumption that we require for some proofs (cf.
Remark 1). Uniform convergence is required in order to replace the threshold u, with the order
statistic || X, +1.m |- Ultimately, this condition is an assumption on the slowly varying function of
the tail distribution of || X]|, and it is an assumption on the growth rate of k,,.

Under these model assumptions, the empirical estimator for @ is defined as

~

n
1 Xi
8= 1Y ZLA(IXl > X1},
T AT e
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and hence, the empirical covariance matrix X, of X is

o 1w/ X A )( X A )T
Epi= =Y (5 -0, ) ( S5 -0, ) LUK > X e1mll) 2.1)
" s ( TR ANT 7 (kL

with eigenvalues jl\n,l >...> i\n,d where n € N is the number of observations and Xk, +1,,) denotes
the observation with the (k, + 1)-th largest norm. Both the AIC and the BIC information crite-
ria for the estimation of p* will be defined by the empirical eigenvalues /Tnyl,..., jl\n,d. Therefore,
it is important to know the asymptotic behavior. We start to derive the asymptotic behavior of
the empirical covariance matrix $, in the next proposition and use this to derive the asymptotic
behavior of the empirical eigenvalues.

Proposition 1. Let Model 1 be given. Then as n — oo,
~ D
\/kn<2n - 2) s,
where vec(S) follows a centered normal distribution with covariance matrix

Cov(vec((® — E[@])(® — E[O])")).

Remark 1. Inthebivariate case and for h : R? — R defined as h(x,y) = xy, the asymp-
totic distribution of

-, (X
S >]l{||X‘||>I|Xk 0
=1 ( ”Xl” ! (k,+1,1)

1

ky 4
was derived in Larsson and Resnick (2012, Theorem 1). The techniques of the proof
can be generalized and applied to Vec()in) with the technical assumption (S4), and
therefore, the proof of Proposition 1 is omitted. Note that if ||@|| = 1 for @ € R¢ then
lvec(667)|| = 1 and higher moments of ® exist, since @ is bounded. A complementary
result on the asymptotic behavior of the empirical covariance matrix is also given in

the recent publication Drees (2025, Theorem 2.1).
Now, we are able to present the asymptotic distribution of the empirical eigenvalues.

Theorem 1. Let Model 1 be given.

(@) Thenasn — oo,
(j’\n,lv-'v j’\n,d—l) = ()’19" i) ﬁd—l) + O]P’(l/\/k_n)s
(b) and

A~ A~ D
Vkn ((An,p*+1s- oo And-1) — Ald—p*—l) — M,

where the entries of the random vector M € R*P"~! are the (d — p* — 1) largest
eigenvalues of P,SP, in decreasing order, S is defined as in Proposition 1 and P, €
R js the orthogonal projection onto the space spanned by the eigenvectors with
respect to the eigenvalue A of Z.
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2.2 | Directional model in the high-dimensional case

In the high-dimensional setting, where d = d,, depends on n and d,, - o as n — oo, we restrict
our studies to a parametric family of distributions, the so-called directional model. A directional
model has the advantage that the underlying random vectors have an independent radial and
directional component, but still the covariance matrix ™ has a spiked structure. The explicit
definition of a directional model is as follows:

Directional Model: Suppose for any n € N that
r™ -— Ly Opxd, € Rxd, (2.2)
04,xp+ 1d,—p*
where T, € RP™P" is a covariance matrix with eigenvalues

‘fn,l Z e Zén,p* > 1,

v = (V... Vdn)T € R% is a centered random vector consisting of i.i.d. symmetric components
with variance 1 and finite fourth moment, and Z is a standard Fréchet distributed random variable.
Then the sequence of random vectors (X™),cn with

Y2 pm
X(n) .

=———— . ZeRh,
e 2y

follows the so-called directional model.
Due to construction, we see directly that the directional component

om ._ X" N A
XN ey

of X is independent of the radial component || X"|| = Z, and additionally, ®™ is the spectral
vector of the multivariate regularly varying random vector X of index 1. Thus, the dependence
structure of X is completely determined by @™.

Remark 2.

(a) Inhigh-dimensional models, it is necessary to specify the model as we have done
with the directional model, because due to the increase in dimensionality, the
empirical covariance matrix and even the covariance matrix do not converge,
and hence it will be impossible to get any kind of limit result without assuming
some structure on the underlying random vector X"”. Our model assumption
results, on the one hand, in a spiked covariance model for Cov(®™) where p*, the
location of the smallest eigenvalue bigger than 1, is independent of n and fixed
(see Lemma 1 for more details). On the other hand, it implies the independence
of the directional and the radial part of X" so that the order statistic of an i.i.d.
sequence ||X(1") I,..., ||X(n") || is reflected by the order statistic of the i.i.d. sequence
of radial parts Z,..., Z,.
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(b) Thedirectional model is inspired by several models in the nonextreme world. For
instance, Bai et al. (2018) employed a model of the form F(")l/ZV("), while Jiang
et al. (2023) considered a model of the form V¥ /||[V{™||,. The first model is not
suitable for statistical inference of extremes because the radial and directional
parts are not independent, whereas the second model is not suitable either, as the
covariance matrix only has eigenvalues equal to 1 if the components V; are sym-

. 1/2 1/2 .
metric. Therefore, our model X™ = ™" “y®™ /|| L™ “y™|| . Z combines both
approaches: The factor I“(")l/2 V™ serves as a latent vector for the directional com-
ponent ®™, which captures the spiked covariance structure. Normalizing it by
IT®?0)|| ensures that the norm of X is solely determined by Z, facilitating
the calculation of the order statistics of an i.i.d. sequence with distribution ||X(1") I
by the order statistics of the radial parts.

(c) Although Cov(0™)is a spiked covariance model with p* leading eigenvalues (see
Lemma 1) the support of the distribution of ®" might have a higher dimension
than p*. However, if &, - is large, then the support of ®™ is more concentrated
on the p*-dimensional subspace generated by the leading eigenvalues.

One special case for ®™ is the angular central Gaussian distribution, which is
obtained by using a Gaussian distribution for the i.i.d. entries of V", The density
of the angular central Gaussian distribution ®" is given by Tyler (1987) as

dn
2w

(&

fom(OIT™) = 222 det @™)1/2(0'T™ ' 6y 4/?, 0 {xeR% : |x|| = 1)

2

where det(-) is the determinant and I'(-) is the Gamma function.

(d) Scaling of V™ has no influence on the distribution of X, therefore, setting the
variance of V; to 1 is no restriction.

(e) The empirical spectral distribution (Bai & Silverstein, 2010, p. 5) of I'™® is
defined as

R

F () = diZﬂ{r:n,in}, xeR,
1

and the limiting spectral distribution (LSD) of I'™ is the Dirac measure &;, since

lim F™ (x) = hm—Z]l{.fnJ <x} +

n—oo

]l{l <x}=1{1<x}, xeR.

ﬂ

In the following, we denote the covariance matrix of 0" as
=™ = Cov(®@™)

whereas T™ is the covariance matrix of the nonstandardized directional component [™"/ >y,
Not only I, has the eigenvalues &, ;,..., &, p- but I'™ has likewise these eigenvalues. Additionally,
'™ has (d, — p*)-times the eigenvalue 1, which we denote as well as &, p11,..., §nq,.- We are still in
the setup of the last section because not only the eigenvalues of I'™ satisfy the spiked covariance
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structure

én,l > 2 én,p* >1= én,p*+1 == fn,dn

in (1.1) but as well the eigenvalues of =™ satisfy the structure in (1.1) although =™ has different
eigenvalue than T,

Lemma 1. Suppose (X™),cx follows the directional model and An; > -+ - > Ang, are
the ordered eigenvalues of ™ = Cov(®™). Then

jvn,p* > j'n,p*+1 == j'n,d,l-

Hence, there is a spike after the p*-th eigenvalue A, ,- of =™ and the eigenvalues Anpr+is
.» And -1 are all equal, as required in the definition of the spiked covariance model in (1.1). We
summarize the model as follows:

Model D.

(D1) Let X(”),X(l"),X(Z"),. ..X" be an i.i.d. sequence of d,-dimensional random vec-
tors satisfying the directional model with E[|V;|*] < co
(D2) The ordered eigenvalues &,1 > - - - > &, 4, of '™ in (2.2) satisfy

fn,l > 2> gn,p* >1= 5n,p*+1 == fn,dn,

whereas the ordered eigenvalues of ™ are denoted by Ap1 > 2 Ang,-
(D3) Let (ky)nen be a sequence in N with k, — o0, k,,/n — 0 and

dp/ky - c>0, asn— co.

Remark 3.

(a) The assumption d,/k, - ¢> 0 as n — oo guarantees that the dimension d,
increases with a rate similar to the number of extremes k;,.

(b) Due to Lemma 1, Model 1 is also a spiked covariance model but it is a special
type of spiked covariance model, namely, a directional model, where the dimen-
sionality parameter p* is independent of n although the dimension d,, depends
on n.

(c) Eigenvalues, which are larger than 1 + \/E, are called distant spiked eigenvalues,
whereby the asymptotic behavior of the corresponding empirical eigenvalues
changes if they are above or below 1 + \/E; see the following theorem: Due
to Silverstein and Choi (1995, Theorem 4.1 and Theorem 4.2), the assumption
&npr > 1+ 4/cis equivalent to (&, ,-) > 0 where

Pe() :=x<1 +c/ L dél(t)> =x(1+—==). 2.3)
x—t x—1
Analog to (2.1) we define the d,, x d,, empirical covariance matrix of £ as
g . o X" X" '
=" om|.| L _ _em n) )
— & Z | X<n>|| o 0w | 1Ix"ll > I, , I (24)
J
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with eigenvalues En,l >...> ﬁ\n,dn, where

n n)

N 1 :
om = x> 1x ).
k, s
e & x0T (et

In contrast to the empirical covariance matrix f‘.n in (2.1) with a fixed dimension d x d,

. . .. . oo, .
the dimension of the empirical covariance matrix X " in (2.4) is d, x d,, and hence,
growing in n.
Let us first present the asymptotic distribution of the eigenvalue A, ,..., Anq, Of

am . . . .
X under the constraint that I', and its eigenvalues &, 1,..., &, p+ are converging, and
afterward when &, ,» — .

Theorem 2. Let Model 1 be given. Suppose that I'y =T and (éu1,....6np) =
(1o ép) asn — cowith &, > 14 4/c.

(a) Letie€ {1,...,p*}. Then the asymptotic behavior

~ P
dphni — @c(&), asn— oo

holds, where @, is defined as in (2.3).
(b) Let (in(a))nen be a sequence in N with i,(a) > p* and in(a)/d,, — a € [0,1] for any
a € (0,1). Then

~ P
sup |dpAniy@ —Fe 1 —a)|—0, asn— oo,
a€(0,1)

where F; is the generalized inverse of F, with density

fulx) = ﬁ\/((l + \/E)2 -x)x-1- \/E)Z)’ xe((1- \/Z.)z’ a1+ \/5)2)’
0,

otherwise,

and point mass 1 —1/c at 0 if ¢ > 1. In particular, if (qn)nen is a sequence in N

~ P
with q, = o(d,) and q, > p*, then dpApq, — (1 + \/E)Z.

(¢) Suppose0 < ¢ <1 and (qn)nen IS a sequence in Nwith g, = o(d,) asn — co. Then
asn — oo,

(d) Suppose c > 1 and (qn)nen is a sequence in N with q, = o(d,) as n — co. Then as

n— oo,
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Remark 4. The limiting spectral distribution F, is called Mar¢enko-Pastur law after

the authors of Marcenko and Pastur (1967) and plays an important role in random
matrix theory (cf. Bai & Silverstein, 2010). Marcenko and Pastur (1967) first derived for
random matrices with i.i.d. components the asymptotic distribution of the eigenvalues

of the empirical covariance matrix when the sample size and the dimension tend to
infinity, which differs from the classical statistical setting with fixed dimension.

So far, we have assumed that the first p* eigenvalues &,1,...,&np Of I'™ are bounded.
Alternatively, it is also possible to suppose that &, ,» — co asn — co.
Theorem 3. Let Model 1 be given. Suppose &, - — o0 and &, 1 = o(d,lq/ 2) asn — oo.

(a) Letie€ {1,...,p*}. Then, the asymptotic behavior

~ P
dnAniféni— 1, asn—> o

holds.
(b) Let (in(a))nen be a sequence in N with i, («) > p* and iy(a)/d, — « € [0, 1] for any
a € (0,1). Then

~ P
sup (dpAni @ — Fe (1= a)| —0, asn— oo,
a€(0,1)

where F; is defined as in Theorem 2. In particular, if (q,)nen is a sequence in N

~ P
with q, = o(d,) and q, > p*, then dy A g, — (1 + \/(_:)2.

(¢) Suppose0 < ¢ <1 and (qn)nen is a sequence in N with q, = o(d,) asn — co. Then
asn — oo,

(d) Suppose ¢ > 1 and (qn)nen is a sequence in N with q,, = o(d,) as n — oo. Then as

n— oo,

k
u ~ P
1 2 dn)«n,i —>C.
kn — qn i=q,+1

(e) Suppose0<c<1landletie {1,...,p*}. Thenasn — oo,

dn ln,i P
T wd A%
1 n N
d,—i Zj=i+1dn/1n‘/
1/2

Remark 5. The assumption &,; = o(d,/ ") as n — oo guarantees that the largest eigen-
value grows sufficiently slowly compared to the dimension d,. When all moments of
V1 exist this assumption can be relaxed to &,; = o(dﬁ) asn — oo forany f < 1 due to
Remark 11.
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3 | INFORMATION CRITERIA FOR THE NUMBER OF
PRINCIPAL COMPONENTS IN THE FIXED-DIMENSIONAL
CASE

The aim of the paper is to derive estimators for p*, the location of the spike in the eigenvalues
of X = Cov(0®), which defines the dimensionality of the PCA, by exploiting information crite-
ria. In the context of PCA for Gaussian data, an AIC and a BIC was developed in Fujikoshi
and Sakurai (2016) and the consistency in the high-dimensional case for general data was ana-
lyzed in Bai et al. (2018). The AIC (Akaike, 1974) is based on minimizing the Kullback-Leibler
divergence between the true distribution and the model, and the BIC (Schwarz, 1978) maxi-
mizes the posterior probability. In this paper, we adopt these information criteria and study
their statistical properties. We start in this section with the fixed-dimensional case and give the
proper definitions of the information criteria under Model 1. The proofs of this section are moved
to Appendix B.

Definition 1. Suppose )Am,l >...> )A»n,d_l are the empirical eigenvalues of fln as
defined in (2.1).

(a) The AIC for the fixed-dimensional case is defined as

p d-1
A~ 1 ~
AICkn (p) = knz log(/ln,i) + kn(d -1- p) 10g<m z A”J)

i=1 Jj=p+1

k,—1

d-1
+ ky, log ( > + k,(d — 1)(log(27) + 1) + 2(p + 1)(d — p/2),

n

for p =1,...,d — 2 and an estimator for p* is p, := arg min;<p<4_» AICy (p).
(b) The BIC for the fixed-dimensional case is defined as

p d-1
~ 1 ~
BIC, (p) := Ky ) 10g(Zn;) + kn(d — 1 = p) log<d— > J>

i=1 —1-p J=p+1

d-1
+ky, log <%> + ky(d — D(log(27) + 1) + log(k,)(p + 1)(d — p/2),

n

for p =1,...,d — 2 and an estimator for p* is p,, := arg minj<p<4> BICy, (p).

Remark 6.

(a) Thepenalty (p + 1)(d — p/2) = (p + 1)d — p(1 + p)/2 arises as it is the number of
parameters that define a (d — 1)-dimensional normal distribution with an arbi-
trary mean vector and covariance matrix following the p-th spiked covariance
model (cf. Fujikoshi & Sakurai, 2016, Section 2). As baseline model, we take a
(d — 1)-dimensional normal distribution instead of a d-dimensional normal dis-
tribution because O is a random vector on the unit sphere and hence the first
(d — 1) components already determine the last component. In summary, we use
a modified version of the AIC and the BIC of Fujikoshi and Sakurai (2016) by
replacing d with d — 1 and dropping the last empirical eigenvalue En,d.
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(b) The AIC and BIC are invariant to scaling of the eigenvalues. Consequently,
scaling the sample covariance matrix fln, or equivalently the eigenvalues
anl,. = /Aln,d_l, does not affect the point at which the information criteria achieve
their minimum.

Next, we check the consistency of the AIC and the BIC. First, we present the result for the
BIC, which estimates the true parameter p* with a probability converging to 1.

Theorem 4. Let Model 1 be given. Then

lim P(BICy, (p) > BICy, (p*)) =1 for p # p*.
n—oo

In contrast to the BIC, the AIC is not a weakly consistent information criterion.

Theorem 5. Let Model 1 be given and M be the limit vector in Theorem 1. Then

P >0 i > *’
lim P(Alckﬂ(p) > AICkn(p*)) — {1 (gp(M) ) orp>p

for p < p*,
where
el 2 2
wmed gt ($a) )
I;H 2(d—1 -Dp) Z 2(d—1 - p¥) —pz;d

—(d—p—2)(d—p+1)+(d—p -2)d-p*+1)

form = (my,...,my) € R

Remark 7.

(a) Under some technical assumptions on the distribution of , it is possible to state
a density for M (cf. Davis, 1977) and derive that P(g,(M) > 0) < 1. For this paper,
it is sufficient to give an example such that the AIC is not consistent.

(b) Suppose (X™),.en follows the directional model withI'™ :=T := diag(9, 4,4, 1),
VW =V = (V, Va, Vi, V)T, where V; ~ U'({—1,1}) is uniformly distributed,
i=1,...,4, Z ~ Fréechet(1) and the dimension d = 4 is fixed. Then, we have
P(g,(M) < 0) > 0. The detailed calculations have been moved to Appendix B.

The inconsistency of the AIC and the consistency of the BIC are typical for these informa-
tion criteria in the fixed-dimensional case (cf. Burnham & Anderson, 1998, Section 2.8.2) and
Claeskens (2016, Section 2.2.1). In the high-dimensional case, the asymptotic properties differ.

4 | INFORMATION CRITERIA FOR THE NUMBER OF
PRINCIPAL COMPONENTS IN THE HIGH-DIMENSIONAL
CASE

The topic in this section is information criteria in the high-dimensional case of Model 1, where
d = d, depends on n and d, /k, — ¢ > 0 as n — oo. For the definition of the information criteria
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and the asymptotic properties, we need to differentiate between the cases ¢ <1 and ¢ > 1.

The reason behind it is that if d,, > k,, the last d,, — k;, empirical eigenvalues of ﬁ(n) are equal
to zero, that is, En,kﬁl =...= En,dn = 0. Therefore, in Section 4.1, we analyze the informa-
tion criteria for 0 < ¢ < 1 and in Section 4.2 for ¢ > 1. The proofs of this section are provided
in Appendix C.

4.1 | Information criteriafor0 <c<1

Inthecase0 < ¢ < 1, the definition of the information criteria are similar to the fixed-dimensional
setting but we would like to point out that in the high-dimensional setting, we do not necessarily
evaluate the information criteria at all possible values 1,...,d, — 1 but rather restrict to 1,...,q,
with g, < d,,. The number g, is called the number of candidate dimensions.

~ -~ ~(n)
Definition 2. Suppose An; >...> An4,-1 are the empirical eigenvalues of Z(n as
defined in (2.4) and let g, < d,, — 2.

(a) The AIC for the high-dimensional case with d,, < k, is defined as

p d,-1
o . ~ 1 ~
AIC; () := ) 10g(Anp) + (dn = 1= p) log<m > J>

i=1 Jj=p+1

1

d,-1 i
+log <k"k_ ) +(d, — D(log(27) + 1) + W

kn ’

for p =1,...,d, — 2 and an estimator for p* is p, := arg min;p<q, AIC} (p).
(b) The BIC for the high-dimensional case with d, < k,, is defined as

p dp-1
o ~ 1 ~
BIC; (p) := Y, 10g(An,) +(dy =1~ p) log(m > m)
i=1 n Jj=p+1
(p+1)(dn = p/2)
k, ’

ky — 1\
+ log < "k ) + (d, — 1)(log(27) + 1) + log(k,)

n

for p=1,...,d, — 2 and an estimator for p* is p, := arg min;p<q, BIC, (p).

In the next theorem, we present sufficient assumptions for the AIC® to be weakly consistent,
that is,

lim ]P’(arg 12};2 AICZ"(p) = p*) =1

n—-oo

and afterward for the BIC®.

Theorem 6. Let Model 1 with 0 < ¢ < 1 be given and let the number q, of candidate
dimensions satisfy q, = o(d,) as n — oo.
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(a) SupposeT, = I and (& 1,...,Enpr) = (1,-.épr) AS = co With &p- > 1+ \/E If
the gap condition

@c(&p) — 1 —log(@e(§p)) —2¢ > 0 (4.1)

with @, as defined in (2.3) holds, then the AIC® is weakly consistent.
(b) SupposeI', = I' and (éua,...,énp) = (&1,...,&pe) s — oo With &y > 1+ \/E If
the gap condition (4.1) does not hold, then

lim P(lgg;*{mckn(p) ~ AIC; (p )} > 0> <1

n—oo

and the AIC® is not weakly consistent.

(c) Suppose &y — o0 and &,1 = o(di/ 2) as n — oo. Then the AIC® is weakly consis-
tent.
Remark 8.

(a) Thedivision of AIC® by k;, in contrast to the AIC has no influence in applications,
as it does not affect the location of the minimum of the information criteria for a
fixed sample size n. As a result, in the simulation study, the minima of AIC and
AIC° coincide, and we do not need to distinguish between these criteria. The
division by k;, in the definition of AIC®, as in Bai et al. (2018), ensures that the
limit of the information criteria exists.

(b) The gap condition (4.1) was introduced in Bai et al. (2018), and it also guar-
antees that the gap between &,- and the nonleading eigenvalues is sufficiently
large.

In the following theorem, consistency criteria for the BIC® are stated, which are slightly
different from the results for the AIC®.

Theorem 7. Let Model 1 with 0 < ¢ < 1 be given. Suppose that either
T, — I such that (&,1,..., &np) = (E1r...n &) a8 1 — co with & > 1+ /e,
or

Eppr > 00 and &,y = o(d;/z) as n — oo.

(a) If & p+/log(d,) - 0asn — oo, then

n—oo

lim P( min {BIC° (p) — BIC® (p*)} >0) <1
1<p<p* ke, ky,
and the BIC® is not weakly consistent.

(b) If &np/log(d,) = co as n — oo, then the BIC® is weakly consistent.

35UBD|7 SUOLILIOD 9AIIERID 3qedl|dde au Aq pausenob are sapnle YO ‘8sn Jo sajni 10} AriqiTauljuQ A8[IM UO (SUOTIPUOI-pUB-SWLBIAL0D A3 | IM A Relq 1 puljuo//sdnu) SUOIPUOD pue SWd | 8Y) 88 *[520Z/0T/Zz] uo Arigiauliuo A8 ‘91bojouyos | In4 1mnsu| Bynsiey Aq 92002 SO/TTTT 0T/I0p/wod Aa|im Aeiqieuljuo//sdny woiy papeojumod ‘0 ‘69v6.9%T



16 L. L. BUTSCH and FASEN-HARTMANN
Scandinavian Journal of Statistics

Remark 9.

(a) When the gap condition is fulfilled, the AIC® is weakly consistent whereas the
consistency of the BIC® depends on the properties of £, ,-. The BIC® and, if the
gap condition is violated, the AIC®, tends to underestimate the number of signifi-
cant principal components. A similar result was also obtained by Bai et al. (2020)
for multivariate linear regressions in high dimensions.

(b) The consistency of the AIC® and BIC® in the high-dimensional case is opposite
to the fixed-dimensional case. Specifically, while the AIC may not be consistent
and the BIC is consistent in the fixed-dimensional setting, the opposite behavior
is observed in the high-dimensional setting. Moreover, in Theorem 6 (b), we have

lim IP( min {AICZ (p) — AIC? (p*)} > o) <1,

n—oo 1<p<p* n n
which is opposite to the fixed-dimensional case, where the AIC tends to overes-
timate rather than underestimate the number of principal components.

(c) The case c = 1isexcluded from the consideration due to potential complications
with the asymptotic behavior of the eigenvalues (see Bai et al., 2018, Section 4).
While Theorem 2 and Theorem 3 are valid for ¢ = 1, issues arise with the conver-
gence of ratios of quantiles of the Marcenko-Pastur law in Bai et al. (2018, Lemma
2.3)when g, = o(d,,) isnot assumed. If g,, = o(d},) is assumed, then the results for
0 < ¢ < 1 also apply to c = 1. Additionally, the support of the Marcenko-Pastur
law for ¢ = 1 is given by the interval (0, 4), which can lead to empirical eigenval-
ues close to zero, causing numerical problems when calculating the logarithm of
the empirical eigenvalues.

(d) If lim,_e&np-/log(d,) € (0, 00) further assumptions are needed to assess the
consistency of the BIC®.

4.2 | Information criteriaforc > 1

For the case ¢ > 1, we have to adapt the information criteria. Therefore, we follow the definition
of the AIC and the BIC in Bai et al. (2018), which leads to the following definition.

cps ~ ~ .. . NG
Definition 3. Suppose An; >...> Anq,-1 are the empirical eigenvalues of £~ as

defined in (2.4) and let q,, < k,, — 2.

(a) The AIC for the high-dimensional case with d,, > k, is defined as

p kn_l
i} ~ 1 ~
AIC, (p) := Z log(4n) + (kn =1 —p) 10g<m 2 ﬁnJ)
n J

i=1 =p+1

k,—1 )
+ log <dnd_ 1> + (kn - 1)(10g(27[) + 1) + %anp)’

forp =1,...,k, — 2 and an estimator for p* is p, := arg min;<p<q. AICZ (p)-
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(b) The BIC for the high-dimensional case with d,, > k,, is defined as

p k,—1
. ~ 1 ~
BICZn(p) = Z IOg(/ln’i) + (kn -1 —p) 10g<m Z An,})

i=1 T Ej=p+1

1

k,—1
> + (k, — 1)(log(27) + 1)

(p+D(kn —p/2)
dn ’

+1o dn —
A
+ log(dy,)

for p=1,...,k, — 2 and an estimator for p* is p, := arg min;c,<q, BIC; (p)-
For the consistency analysis of the AIC* and BIC*, we use the same definition for weakly
consistent as for the AIC® in Section 4.1.
Theorem 8. Let Model 1 with ¢ > 1 be given and let the number q, of candidate

dimensions satisfy q, = o(d,) as n — oo.

(a) SupposeI’, — I' and (&na,....Enpr) = (1,....¢p) as n — co With & > 1+ \/E If
the modified gap condition

@c(&npr) _1— 10g<@> _ Z >0 4.2)

c c

with @, as defined in (2.3) holds, then the AIC* is weakly consistent.

(b) Suppose I'y = I' and (&n1,..., Enp+) = (€15...,&pe) AS N — o0 With & > 1+ \/E
If the modified gap condition (4.2) does not hold, then the AIC* is not weakly
consistent.

(c) Suppose that &, p+ — o0 and &,1 = o(d,li/z) as n — co. Then the AIC* is weakly
consistent.

Theorem 9. Let Model 1 with ¢ > 1 be given. Suppose that either
T, — I such that (&,1,..., &npr) = (E1,..., &) as 1 — cowith & > 1+ /¢,

or

Eppr > 00 and &,y = o(di/z) as n — co.

(a) If &, p+/log(dy) — 0 as n — oo, then the BIC* is not weakly consistent.
(b) If &np/log(d,) = o as n — oo, then the BIC* is weakly consistent.

Remark 10.

(a) The AIC* is weakly consistent when the gap condition is fulfilled and not consis-
tent otherwise, whereas the consistency of the BIC* depends on the asymptotic
behavior of &, ;. The results are identical to the case 0 < ¢ < 1.
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(b) Since the last (d, — k) eigenvalues of fl(n) are equal to 0, additional simula-
tion studies showed that if the dimension d,, is sufficiently large, setting some
eigenvalues of £™ to zero has no big influence on the performance of the AIC*
and BIC*. However, when ¢ < 1, the zero eigenvalues do influence the perfor-
mance of the AIC and BIC. In such cases, we recommend first projecting the
data onto a lower-dimensional space to ensure that the zero eigenvalues have no
impact on the analysis.

5 | SIMULATION STUDY

In this section, we compare the performance of the different information criteria through a simu-
lation study. In the following, we simulate n times a multivariate regularly varying random vector
X of dimension d,. For the distribution of X, we distinguish three models. First, in Section 5.1, we
use the directional model and in Section 5.2, we extend the directional model by adding an addi-
tional noise term. Finally, the model in Section 5.3 exhibits asymptotic dependence but differs
from the directional model. In all models, we estimate the parameter p* by p,, based on n observa-
tions. We run the simulations with 500 repetitions. Throughout these examples, ¢ = d,, /k,. When
¢ < 1, we use the AIC and the BIC, and if ¢ > 1 we use the AIC* and the BIC*. If for some ¢, k,
is larger than n, we set k, = n. The code for the simulations is available at https://gitlab.kit.edu
/projects/178647.

5.1 | Directional model

First, we consider the directional model (1) with p* = 10 as introduced in Section 2.2. On the
one hand, we investigate the fixed-dimensional case with d = 20 and on the other hand, the
high-dimensional case with d = 100, 200 and 300. For comparison, we run simulations with sam-
ple sizes n = 1000, 5000, 10,000. The matrix I',, from (2.2) is a fixed diagonal matrix and the
eigenvalues &, 1,..., &y p- are all equal to A*, which is chosen to be larger than 1 and to satisfy the
distant spiked eigenvalue condition 4* > 1 + \/E The entries of V(™ are i.i.d. standard normally
distributed.

The results for d = 20 are presented in Figure 1. The estimator p,, of both information crite-
ria gets closer to the true value p* = 10 if k, increases. For n = 1000 and k,/n = 0.01, we have
k, = 10 < d = 20 and therefore we use the AIC* and BIC*. Both information criteria underesti-
mate p*, which is expected as the number of extreme observations k,, equals p*. In all other cases,
the AIC and BIC are used. For k,,/n > 0.05 and A* = 3, the AIC either estimates p* or shows more
outliers above p*. Overall, the AIC performs better, when A* or k;, increases. The BIC estimates the
true value of p* or underestimates p*, where the number of cases with underestimation becomes
smaller when A* or k, grows. This is also intuitive: for a higher value of 4%, the spike is more pro-
nounced. In comparison to the AIC, the estimates of the BIC have, in general, fewer fluctuations
and outliers.

For the high-dimensional case d > 100, Figure 2 depicts the simulation results. Note that
for A* = 3 the gap condition is satisfied when ¢ < 1, and for A* = 5 and 20 for all c. It should
also be noted that for fixed n and d, but increasing c, the number of extreme observations k,
decreases, leading to a smaller sample size. The AIC and AIC* both profit from an increase in
dimension and A*. Overall, the estimates of both criteria get better for a larger dimension. In
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FIGURE 1 Simulations for the directional model with p* = 10 and dimension d = 20: From left to the
right the sample size increases from n = 1000, n = 5000 to n = 10, 000. From top to bottom, the value of the
leading eigenvalues increases from A* = 3, A* = 5to A* = 20. In every subplot the ratio k, /n increases from left to
right from 0.01, 0.05, 0.1 to 0.15. The box plots show the estimator p,, for p* = 10 of the AIC and BIC.

comparison to Figure 1, we see that the AIC* has the tendency to underestimate p* for A* < 5,
¢ =2 and ¢ = 3, which is consistent with Theorem 8. The estimates p,, of the AIC and AIC* are
closer to p* in comparison to the BIC and BIC* as soon as the gap condition is fulfilled. When
the gap condition is not satisfied, the information criteria underestimate p*, where for ¢ > 0.5
the BIC and BIC* only give usable results for A* = 20. For ¢ > 1 the BIC* shows underestimation
in all cases.

5.2 | Directional model with noise

In this example, we consider again the directional model (1) with the same choice of distributions
as in Section 5.1, but additionally, we add noise. As noise, we use the d-dimensional random
vector

k]

E~ ‘Nd<0d, %Id>

where the absolute value is entry-wise. Due to the scaling of the covariance matrix by 100/d the
variance of the norm of € converges as d — oo to 100/ \/5 (see Lemma 5). Then, we construct the
regularly varying random vector
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FIGURE 2 Simulations for the directional model with p* = 10 and sample size n = 5000: From left to the
right the dimension increases from d = 100, d = 200 to d = 300. From top to bottom, the value of the leading
eigenvalues increases from A* = 3, * = 5 to A* = 20. In every subplot, the ratio ¢ = d/k, increases from left to
right from ¢ = 0.25, ¢ = 0.5, ¢ = 0.75, ¢ = 1.5, ¢ = 2 to ¢ = 3. The box plot shows the estimator p,, for p* = 10 for
the different information criteria.

/2y 4n)
X("): i.Z*_gERdM’

e 2y

where I'™, V(" and Z are defined as in Section 5.1 and & is given as above.

The results are shown for d = 20 in Figure 3. Overall, the results are similar to Figure 1, but
with more deviation from the true value p*. In most cases (e.g., n = 5000, 10, 000, k, /n > 0.05 and
A* > 5), the information criteria estimated p,, = 11 leading eigenvalues, therefore identifying not
only the 10 leading eigenvalues but also the noise. The noise leads to more fluctuation of the AIC
estimates, especially to overestimation of p*. For the BIC there are cases (e.g., n = 1000, A* < 5
and k,,/n = 0.15), where the BIC estimates p,, = 1 instead p* = 10 and without noise the estimate
is concentrated near p* = 10. The AIC does not show this behavior. The influence of the noise
decreases for larger A%, resulting in a larger spike.

Figure 4 provides a visualization of the results in the high-dimensional cases d = 100, 200,
and 300. We see that the effect of the noise is similar to the low-dimensional case. The overall
fluctuation increases compared to the simulation without noise in Figure 2. The informa-
tion criteria estimate the noise as an additional direction, for example, when A* =20 and
d = 300.
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FIGURE 3 Simulations for the noisy directional model with p* = 10 and d = 20: From left to the right, the
sample size increases from n = 1000, n = 5000 to n = 10, 000. From top to bottom, the value of the leading
eigenvalues increases from A* = 3, * = 5 to A* = 20. In every subplot the ratio k,, /n increases from left to right
from 0.01, 0.05, 0.1 to 0.15. The box plots show the estimator p, for p* = 10 for the AIC and BIC.

5.3 | Spiked angular Gaussian model

In this section, we consider the contaminated spiked angular Gaussian model, which can also
be found in Avella-Medina et al. (2025). For 1 < p* < d we define the regularly varying random
vector

X=NZe R4,

where Z is a univariate standard Fréchet distributed random variable, N follows a d-dimensional
centered normal distribution with covariance matrix

*

p
H := ) jww] + A,
i=1

wherev;, i =1,...,p" are orthogonal vectorsand 4; > 4, > - -+ > 4p» > A =--- = 1 > 0. Note that
the distribution of X differs from the directional model in Section 5.1, since the normal distribu-
tion is not standardized when X is generated. The spectral vector arising from X concentrates on
a p-dimensional subspace and is given by (see Avella-Medina et al., 2025)

_ E[IIN Sy ()]
FO €)=~
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FIGURE 4 Simulations for the noisy directional model with p* = 10 and sample size n = 5000: From left
to the right, the dimension increases from d = 100, d = 200 to d = 300. From top to bottom, the value of the
leading eigenvalues increases from A* = 3, A* = 5 to A* = 20. In every subplot the ratio ¢ = d/k, increases from
left to right from ¢ = 0.25, ¢ = 0.5, ¢ = 0.75, ¢ = 1.5, ¢ = 2 to ¢ = 3. The box plot shows the estimator p,, for p* = 10
for the different information criteria.

For the comparison, we run simulations with sample size n = 5000 and dimension d =
100, 300 to 900. The matrix H is fixed for each sample but is initially randomly generated for the
simulation, where the eigenvalues 4; = - - - = 439 = 20 are equal to 20, p* = 10 and the last eigen-
value A varies; we analyze the behavior of the information criteria when 4 gets closer to 0 and thus,
the spiked covariance assumption is closer to being violated. Therefore, we compare the results
for A =0.01, A = 0.1, and 4 = 1. The eigenvectors v; are generated with the R package pracma.

The results are illustrated in Figure 5. It is evident that, when the gap is sufficiently large,
then the BIC and BIC* are less affected by a small eigenvalue A than the AIC and AIC*. The
smaller A is chosen, the larger the overestimation of the AIC and AIC* is, whereby for d = 900 and
A =0.01,0.1 the AIC* overestimates p* more than AIC. When 4 = 1 and d > 300 the performance
of all criteria is nearly identical.

6 | APPLICATION TO PRECIPITATION DATA

In this section, the information criteria are applied to precipitation data in Germany taken from
DWD Climate Data Center (CDC) (1951-2022). The data set consists of daily station observa-
tions of the precipitation height for Germany between January 1, 1951 and March 31, 2022 at
d = 500 stations. The stations are marked by black dots in Figure 6. The data is preprocessed
to include only observations from January, February and March, and transformed to standard
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FIGURE 5 Simulations for the spiked angular Gaussian model with p* = 10: From left to the right the
dimension increases from d = 100, d = 300 to d = 900. From top to bottom, the value of A increases from 4 = 0.01,
A=0.1to A =1.In every subplot the ratio ¢ = d/k, increases from left to right from c = 0.25, ¢ = 0.5, ¢ = 0.75,
¢=1.5,c=2toc= 3. The box plot is log-scaled and shows the estimator p, for the different information criteria.

Fréchet margins. After data cleaning, the resultant dataset contains n = 2546 observations, each
with precipitation records from at least one station. In Figure 6 we see the stations of the

empirical eigenvectors V; = (v(li),. - vg))T, where vj(.i) > 0.61)8)), i=1,...,5,of the 5 largest empirical

eigenvalues )A»n,l,. = /Aln,s if k, = 76; the stations of each eigenvector are colored differently.

We consider 1% to 15% of the data as extreme, corresponding to 25 to 382 observations. In
these cases d > k, and therefore, we assume to be in the high-dimensional setting with ¢ > 1 and
apply the AIC* and BIC* from Definition 3. The number of candidate models g, for the AIC* is
chosen as d/2 = 250 to account for the assumption of Theorem 8.

Figure 7 shows the number of estimated leading eigenvalues p,, mapped against k,,. The esti-
mates using AIC* stabilize between k, = 76 and k,, = 178, ranging from 24 to 28, before increasing
further. In contrast, the BIC* stabilizes for k, between 76 and 229, with values of 5 and 6. Even for
k, > 255, the BIC* remains between 7 and 9, whereas the AIC* continues to increase. This differ-
ence between the estimates aligns with the heavier penalty imposed by the BIC*, which leads to
smaller estimates compared to the AIC*. These estimates reduce the dimensionality of d = 500 by
factors of 20 and 100, respectively. For comparison of these different estimates, the scaled empir-
ical eigenvalues )AW- / ;l\n,l, i=1,...,75, are plotted in the left picture of Figure 8. At first view, they
seem not to be constant after some point, contradicting the spiked covariance assumption. But in
a spiked covariance model with

M>A> > Ap > Apyp = =Ag1=: A>0.
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FIGURE 6 Left figure: Map of Germany with all stations highlighted by black dots. Right figure: Map of
Germany with the most extreme stations of the empirical eigenvectors of the five largest empirical eigenvalues,
colored by eigenvectors.
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FIGURE 7 The estimated number p, of leading eigenvalues determined by AIC* and BIC* plotted against
ky.

we have

Ai— A . YR
250 fori=1,..,p" and a7 7
M M

=0 fori=p*+1,..,d.

Therefore, the scaled increments (;1\,” - ;1\,,,”1) / fn,l i=1,...,75, of the empirical eigenvalues are
plotted in the right picture of Figure 8. We realize that after some point, these increments are
nearly constant zero, indicating that these are nonspiked eigenvalues. The information criteria

35UBD|7 SUOLILIOD 9AIIERID 3qedl|dde au Aq pausenob are sapnle YO ‘8sn Jo sajni 10} AriqiTauljuQ A8[IM UO (SUOTIPUOI-pUB-SWLBIAL0D A3 | IM A Relq 1 puljuo//sdnu) SUOIPUOD pue SWd | 8Y) 88 *[520Z/0T/Zz] uo Arigiauliuo A8 ‘91bojouyos | In4 1mnsu| Bynsiey Aq 92002 SO/TTTT 0T/I0p/wod Aa|im Aeiqieuljuo//sdny woiy papeojumod ‘0 ‘69v6.9%T



BUTSCH and FASEN-HARTMANN 25
Scandinavian Journal of StatIStICS—l—

0.3-
0.75-
0.2
0.50-
L
0.1-
0.25-
\ 'M
P et
OOO L ] 1 1 1 00 ] 1 i 1 o 1
0 20 40 60 0 20 40 60
AlC* BIC*

FIGURE 8 Fork, = 76, on the left hand side the scaled ordered empirical eigenvalues En,i/;l\n,l, i=1,..,75
and on the right-hand side the differences of the ordered empirical eigenvalues divided by the value of the largest
eigenvalue ()A»n,i - /Alnym) / l\m, i =1,...,75 are plotted. The vertical lines indicate the AIC* estimator p,, = 25 and
the BIC* estimator p,, = 5.

seem to estimate the point where these increments are constant zero because in the interval
[5,24], which is spanned by our estimators, this happens. In the nonextreme value setting,
Hung et al. (2022) analyzed a dataset on the habitual diet of the human gut microbiome,
in which the empirical eigenvalues and the estimators of the information criteria, displayed
in Hung et al. (2022, Fig. 10(c)), have a similar behavior to our empirical eigenvalues in
our Figure 8.

7 | CONCLUSION

The paper proposed information criteria based on the AIC and BIC for Gaussian random vec-
tors to detect the number p* of significant principal components in multivariate extremes, which
corresponds to the location of the spike in the eigenvalues of the covariance matrix of the
angular measure. Our analysis encompassed both the classical large-sample setting and the
high-dimensional setting, which has become increasingly relevant for extreme value theory in
today’s applications. We established the consistency of the BIC in the large-sample setting and
sufficient criteria for the AIC and the BIC to be consistent in the high-dimensional setting of a
directional model. The results of this paper are in accordance with the results in the nonextreme
world. For the proofs we derived some new results on the asymptotic properties of the empirical
eigenvalues of X in both the large-dimensional case, but, in particular, in the high-dimensional
case using methods from random matrix theory. The performance of the information criteria was
further validated through a simulation study and a real-world example.

The case ¢ = 0 is not covered in this paper because we suspect that the AIC and the BIC, as
defined here, are inconsistent even when a type of gap condition like (4.1) is satisfied. Such a
condition relates to the distance between the smallest eigenvalue bigger than 1, denoted by &, -,
and the preceding eigenvalue, denoted by &, 1. From a practical point of view, we also believe
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that in the context of multivariate extremes, the case ¢ = 0 is not realistic because, usually, k,, the
number of extremes, is small, and therefore, d,, /k, will be large.

The paper focused on eigenvalues of X that satisfy the spiked covariance structure in (1.1),
where &, is a distant spiked eigenvalue in the sense that §,- > 1+ 4/cand ¢ = lim,_, d,,/k, > 0.
For applications, these eigenvalue assumptions are restrictive, as we see in our data example in
Figure 8, where the empirical eigenvalues decrease but do not stabilize at some point. Therefore,
it is worth exploring more general eigenvalue structures of the covariance matrix to estimate the
number of significant components of X, such as, for example, &,- > 1+ 4/c and &y <1+ \/E
where all eigenvalues ¢&; for j = p* 4 1,...,d, are in a neighborhood of 1 or 0.

Additionally, as a starting point of this line of research on PCA for high-dimensional extremes,
the consistency results of the information criteria were based on the assumption that the under-
lying model is a directional model, similar to multivariate statistics, where the first results were
derived for Gaussian models with a special covariance structure. Of course, it would also be
interesting to explore generalizations or alternatives to the directional model.

Finally, we would like to point out that changing k,, changes not only the AIC and the BIC
estimators p,, but also the empirical eigenvalues and hence, the scree plot as in Figure 8. There-
fore, the optimal choice of k,, is nontrivial in this context, and some further research, as discussed
in Butsch and Fasen-Hartmann (2025) and Meyer and Wintenberger (2023), for the choice of k,
is needed.
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APPENDIX A. PROOFS OF SECTION 2

Proof of Lemma 1. Note that

(n)1/2C0V V(n) F(n)l/2

=™ = Cov(®@™) =T
I 2y

Utilizing the spectral decomposition I'™ = WWD®WW®'  where W® =
(W(ln),. . Wfi")) is a d, X d,-dimensional orthogonal matrix and
D™ = diag(Dy, Iy —p) := diag(Enis. .. Enprs Lr-.., 1) € R

is a diagonal matrix consisting of the eigenvalues of '™, we receive with ||[W"™x|| =
|lx|| for x € R% that

1/2 1/2
s — cov[ XV N\ _ gyl 27V T
ekl ID™ 2y
Hence, the matrices
W12y An) (W12 ¢ An)
COV l and COV &
e 2y [ Al

are similar and share the same eigenvalues (Horn & Johnson, 2013, Theorem 1.3.22).
Therefore, we assume in the following w.l.o.g. that I'” = D™ and hence,

DY 2 yn

™ = coy| ———
D™ 2y
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isadiagonal matrix. Indeed, since D™ isa diagonal matrix and V1,..., Vy, are symmet-

ric and i.i.d., the components of D' Py / ID™ 2| are uncorrelated. Further,
the eigenvalues of ™ are the diagonal entries

diag(2<">)i=E[§+Vi2] =B — fn’ivizd .oi=1..p"
[N 2[R Vi X V]
and

Va

n

P* £ Y2 d, 2
5V il

diag(E™); = diag(E™)4, = E , i=p+1,..dy,

which has multiplicity (d, — p*). For 1 <i < p* and [ > p*, the function

2 2
V-]

2 p* 12 d, 2
Vi + ZpubnV + 2ylpeaV

is a strictly increasing function in & since the derivative in & is strictly positive. A
conclusion is then for 1 <i < p* with &,; > 1 and [ > p* that

2 2
é:n,iVi - Vl

diag(E®™); — diagE") = E| — P T—
| Zpabne V) + il

vZ_v?
i ! _
> F P 2Ly Yy -"
=P ! j=pe+1J

L

Therefore, we receive that the first p* diagonal entries of £™ correspond to the p*
largest eigenvalues of £ namely diag(Z™), ..., diag(Z(”))p* and the remaining (d,, —
p*) eigenvalues are strictly smaller and identical to diag()l(”))dn. [

Proof of Theorem 1.

(a) We use Theorem A.46 in Bai and Silverstein (2010), which states that for Her-
mitian matrices A, B € R¥¢ with eigenvalues 4;(A) and 4;(B), i = 1,...,d, the
inequality

max | ,(4) - 4(B)| < |4~ B (A1)

holds. A conclusion from Proposition 1 is that \/k_n(f‘,n —X) = Op(1) and there-
fore (A1) yields

Gondreeor Ande1) = (Atoees dao1) + Op(1/ V).

(b) The result corresponds to Dauxois et al. (1982, Proposition 8), which is based on
a similar convergence as Proposition 1. [
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A.1 Proof of Theorem 2
For the proof of Theorem 2, we combine ideas for the spiked covariance model from Johnstone
and Yang (2018) and for compositional data from Jiang et al. (2023). First, we derive an alternative
representation for ﬁ(n) in (2.4).

As a consequence of the independence between the radial components Zi,...,Z, and the
directional components X(ln) /||X(1") II,.. .,Xf{") / ||X§{") ||, we obtain

n I‘(Vl)l/zv(") k, X(n)
. . D .
0= —— 17> Zpnn) = ), ——,

= ||r(n)1/2‘/;n)|| = ”X](n)”

and similarly

s (A2)

The eigenvalues of $™’ are denoted by /Al:l 122 /Alj1 J and due to (A2) we receive that

A, A, D A~ A
Ry govos Ay )= Ginoeos dna,) (A3)

12"

Thus, to prove Theorem 2, it suffices to derive the asymptotic behavior of (2; Loeees ;1\; 4 ), which

. . .. . . 1/2
relies on the spectral analysis of the empirical covariance matrix of '™ Py, Therefore, assume
that V(I"),..., V;{") is an i.i.d. sequence with distribution V", that is, VE") € R4 has i.i.d. entries
with mean 0 and variance 1. Then we define the sequence of matrices

T

k k k
1 1/2 1 « 1/2 1/2 1 « 1/2
YW = 23 ((p@ Py - Ly pei 2y ) [ pet2yn LN pml2yn ) e N,
kn ; ( ' kn le ! ' k" le !

(A4)

whose eigenvalues are denoted by &1 > - - - > &,4 > 0. The aim now is to write S and Y™ as
matrix products. Therefore, define

o = V) e R
and
T := diag(IP®" V|7 T2V ) @ Rl

which allows us to write

.

n) X(”)
X(l K — P2y
X X '
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Finally, with the projection matrix P® := (I, —1; 17 /k,), the matrices £’ and Y, as defined
in (A2) and (A4), can be written as

1
n

L gm0 pmy pw
k

n

gy YORGVET [0 JONG NOREVERY (O TONS

1/2

Y™ = ywpmyT, (A5)

In the following theorem, the connection between the eigenvalues En,i and dnil\;l ;I8 derived.

Theorem 10. Let Model 1 be given. Suppose that I'y — I' and (&u1,...,8np) =
Erveenép)asn— oo If £y 2.2 én,d” denote the eigenvalues of Y™ in (A4) and

;1\”1 2> Eild denote the eigenvalues of £™' in (A2), then as n — oo,

max fni—d l’

1<i<d,

Proof of Theorem 10. Due to Theorem A.46 in Bai and Silverstein (2010) and the
submultiplicativity of the spectral norm, we receive that

V En,i - V dnjf\:,”- <

VT Py pmpm  pel/2ym pm

max > -
1<i<d, \/k_n \/k_n
(n) (n)
<o v a2
_|[Vadize - o ym J, - H, (A6)

N

where we used that the spectral norm of P™ is bounded by 1, because the only
eigenvalues of P™ are 1 and 0 as P is a projection matrix.

Step 1. First, we show that J, in (A6) converges to 0 in probability. Therefore, we
use the partitioning of the random vector F(")l/zV;") into the first p* dependent entries
and the remaining d,, — p* independent entries

1/2 n) = T
1"(”)1/2‘%."):( V. P}) <(Un’ »Ujpe) )
J
‘/j([p “+1,..d,} (V,(p*+1)»-.-,Vj,dn)T

The eigenvalues of (1/d, T — I, ) correspond to the diagonal entries. Since we apply
the spectral norm, we receive that

T = ”\/d_,,T(’U _Ikn“U2 = max Ve -1].

1<i<k, (,,)2 1/2
< zl—p *+1 1l>
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On the one hand, by IE[Vl.zl] =1,d,/k, — ¢ > 0 and Bai and Yin (1993, Lemma 2), we
obtain thatas n — oo

DI

I=p*+1 " il P-a.s.
max 4 -1 0.
1<i<k, d,

On the other hand, for1 <i <k,,

» »
m? _ | pl/2ypm 2 /212 yAm) 2 _ 2
;Uu = IV IP < IT2IPIvE —én,ll;nl.

Since the second moment of V? exists, we can conclude from Markov’s inequality for
e>0

P gLnllrgili( ZVZ > ¢ ;IP’ ZVZ >—s

= k,P Z >—£

2, 18,
n,1 2
< k,,d%l62IE ;Vu , (A7)

where the right-hand side converges to 0 as n — o, since k,,/d, — ¢~ and &7 | /d, —
0 as n - oo. Therefore, we get

« U(n)z e
=171 $na )
max | —————| < max ZV.Z —0
1<i<k, d, d, 1<i<k, =y L
To summarize,
p* 1 7(m)? 2 p* ()2
I=1 Ui,l + Zl—p +1V l:lUi,l
max -1 < max || ———
1<i<k, d, 1<i<k, d,
dn 2
Zl:p*+1Vi,l P
+ max|| —— |- 1| —0.
1<i<k, d,

Finally, by the mean value theorem the inequality
|1—1/\/>_c| <2jx—1| forx> %

holds and hence, as n — o,

~1/2
p d,
2 P
J’,ll/2 = max |l — lZUf;’) + 1 V2 —0. (A8)
Lsisk =1 dn =+l

35UBD|7 SUOLILIOD 9AIIERID 3qedl|dde au Aq pausenob are sapnle YO ‘8sn Jo sajni 10} AriqiTauljuQ A8[IM UO (SUOTIPUOI-pUB-SWLBIAL0D A3 | IM A Relq 1 puljuo//sdnu) SUOIPUOD pue SWd | 8Y) 88 *[520Z/0T/Zz] uo Arigiauliuo A8 ‘91bojouyos | In4 1mnsu| Bynsiey Aq 92002 SO/TTTT 0T/I0p/wod Aa|im Aeiqieuljuo//sdny woiy papeojumod ‘0 ‘69v6.9%T



BUTSCH and FASEN-HARTMANN 33
Scandinavian Journal of StatIStICS—l—

Step 2. Next, we show that H,, in (A6) is P-a.s. bounded. By Yin et al. (1988, Theorem
3.1) (cf. Bai & Silverstein, 2010, Theorem 5.8)

™2 ypm T R 2 Amax (P PM) Pas
L2V e | 2 é

\/k_n \/k_n n,1 kn 1

as n — oo, where Amax(-) denotes the largest eigenvalue of a matrix.
Finally, a combination of (A6), Step 1 and Step 2 result in the statement. L]

H, =

Remark 11. For the convergence of the right-hand side of (A7) and hence, (AS8) to
zero, it is not necessary that &, ; is bounded,; it is sufficient that &, ; = o(\/a) asn —
oo. But if all moments of V; exist, it is even sufficient to assume that &,; = o(dﬁ) as
n — oo for some # < 1. Indeed, we get analog to (A8) for € > 0 that

=1

¢ 1/(1 i)} 1/a-p)
nl VA=A 2
max V2 < V -
( d, 1<f<‘k Z > 5) kndl/(l - Z 1l 0

as n — oo, since k,/d,, — c and 5;11_/3)_1 /dﬁll_ﬂ)_l_1 = (£n1/dDVA-D) = (1) as n — 0.

Next, we will repeat results on the asymptotic distribution of the eigenvalues of Y™, which
are mainly based on Bai and Yao (2012) and Bai et al. (2018).

Lemma 2. Let Model 1 be given. Suppose thatI', — I'and (&,1,..., Enpr) = (1., Epe)
asn — cowith &, > 1+ \/Z' Then the following statements hold.

~  Pas.
(@ If1<i<p*(ie,&>1+/0), then & —s @u(&) asn — .
(b) Definel* :=0ifc<landl* :=1-ctifc> 1. Then

lim sup |FY(") (@) —F; (@)l =0 P-as,

=0 ge(lx,1)

where FX" < is the generalized inverse of the empirical spectral distribution func-
tion of Y™ and F,(x) is defined as in Theorem 2.
(©) If in(a) > p* (ie., & (o) = 1) and iy(a)/d, = a € (0,1) as n — oo, then

P-a.s.
sup (&, (@w—Fo(l—-—a)——0, asn— co.

a€(0,1)

In particular, if (qn)nen is a sequence in N with q,, = o(d,) as n - o and q, > p*,
~  Pas
then 8,y —— (1 + /0%
(d) Suppose0 < ¢ <1 and (qy)nen is a sequence in N with q, = o(d,) asn — . Then
asn — oo,

~ P-a.s.
and for q, > p*, we receive that &, g —— (1 + \/E)z.
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(e) Suppose c > 1 and (qp)nen is a sequence in N with q, = o(d,) as n — co. Then as

n— oo,
k,
1 5 ~ Pas
ERE  PEESN
n in=qn+1

. ~ P-as.
and for q, > p*, we receive that §, g —— (1 + \/5)2.
Proof.

(a) When the eigenvalues (&n1,..., Enp) = (&1,..., &) do not depend on n, (a) goes
back to Bai and Yao (2012, Theorem 4.1) (cf. Bai et al., 2018, Lemma 2.1). In the
case I'y = I' and (4,15, &npr) = (&1,-..,&p) @S 1 — oo the assertion also holds
because by Bai and Silverstein (2010, Theorem A.46) and similar arguments as
before it can be shown that

Ve - /&)

where En,,-(l“n) and E,”-(I‘) is the empirical eigenvalue when I';, and I, respectively
is used.

(b) The second part is similar to Bai and Yao (2012, Theorem 4.1); however, the
wording is not clear and therefore we prefer to include the proper statement and
proof here. Note, ifd,,/k, - ¢ > 0 as n - oo, then for almost all w € Q, " (o)
converges in distribution to F, (cf. Bai et al., 2018, p. 1054), Silverstein (1995,
Theorem 1.1)). This means that there exists a set Q, € F with P(€y) = 1 and for
any o € Qo and any continuity point x € R of F,,

P P-a.s.
< |I0, = I || —=|[IP"™|| — 0,

n

max
1<i<p*

lim FY" (x, w) = Fa(x).

n—-oo

Since the distribution function F. is continuous on the interval I :=
@a- \/E)Z, a+ \/E)Z), a conclusion of Polya’s Theorem is the uniform conver-
gence

lim sup|F¥" (x, ) — F.(x)| = 0,

n—00 yer

which implies by de Haan and Ferreira (2006, Lemma 1.1.1) and again Polya’s
Theorem as well as the uniform convergence of the quantile function

lim sup 2 “(a,w) — F; ()| = 0.
n= ge(lx,1)

(c) Since En,i”(a) =" “(1 — iy(a)/d,) the statement follows directly from (b).
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(d) Due to (b), we receive that

1 & g _ d,
d n’l_dn_qn

n = dn i=q,+1

1_% NG P-as. 1
F'" " “A-a)da——1- | FFQ—a)da=1.
0 0

(e) Similar to (d), we have

1 & d -
~ n (n)
§<=—"/ FY" “1-a)da
kn - qn i=q2,,+1 e kn - qn 1—2—”

P-a.s. 1
—»c/ FrQ-a)da=c.
1

—c1

Finally, we have all auxiliary results for the proof of Theorem 2.

Proof of Theorem 2 (a). An assumption is that & > 1+ 4/c and hence, ¢; is a dis-
tant spiked eigenvalue for i = 1,...,p*. A conclusion of Lemma 2(a) is then that

~ P-a.s. N P
&ni — @c(&;). Combined with Theorem 10, we receive that d, 4 . — @.(&) asn —
0o. Due to (A3), the identical distribution of ﬁ; ; and ;l\n,i, we obtain the final statement,

~ P
dnlln,i — @c(&)asn — oo.

Similarly as in (a), the statements (b)-(d) are combinations of Lemma 2,
Theorem 10 and (A3). n

A.2 Proof of Theorem 3

For the proof of Theorem 3, Theorem 10 is not useful and an adapted version does not exist. There-
fore, the approach is slightly different. First, the next lemma gives the asymptotic distribution of
the eigenvalues from Sy , which is then used for the proof of Theorem 3.

Lemma 3. Let Model 1 with &, — co and &,1 = o(d;/z) as n — oo be given. If i €

{1,...,p*} then

2
d"/ln,i P
—1 asn - oo.

n,i

Proof. We proceed similarly to the proof of Bai et al. (2018, Lemma 2.2)
and use the spectral decomposition of I'™. Let I™ = WWD®WW®™ ' where
w = (W(ln),...,Wfi")) is a (d, x d,,)-dimensional orthogonal matrix and D™ :=

diag(ﬁn,ld”_p*) :=diag(&n1s-.., Enpe, 1., 1) € R%*4 consists of the eigenvalues of
I'™. Then with representation (A5) and

A® = P pmpmpm T (A9)
we receive
Sy _ kl W D2y Ty pm pn pmyym Ty p /2 gpm T
n

= lew)D(n)l/ 2w T A o pe 2 g (A10)

n

35UBD|7 SUOLILIOD 9AIIERID 3qedl|dde au Aq pausenob are sapnle YO ‘8sn Jo sajni 10} AriqiTauljuQ A8[IM UO (SUOTIPUOI-pUB-SWLBIAL0D A3 | IM A Relq 1 puljuo//sdnu) SUOIPUOD pue SWd | 8Y) 88 *[520Z/0T/Zz] uo Arigiauliuo A8 ‘91bojouyos | In4 1mnsu| Bynsiey Aq 92002 SO/TTTT 0T/I0p/wod Aa|im Aeiqieuljuo//sdny woiy papeojumod ‘0 ‘69v6.9%T



BUTSCH and FASEN-HARTMANN

36
—I—Scandinavian Journal of Statistics

Further, the eigenvectors are partitioned into the first p* and the remaining eigen-

. —(n) . * .
vectors by defining W = (W(I"),..., W;’?) in R4%*P"and W W;")H, Wfi")) in
R%*@=P") guch that

—1/2—(Vl) (n)—1/2 —1/2—('1) (1)

S _ 1 ypm| D AW 'D,” D, W A®W -~
- k W«(n) TA(n) W(n)Dl/Z 'ﬁ/«(n) TA(n)W(n) .

Similarly, we receive with (A5) and

B™ = v(n)P(Vl)v(")T (All)
that
—1/2—(n) —m—1/2 —1/2—m)T (n)
Yo = L ppm b, "W W'D, B,"W" BW" wn'
X ~mn) T (n)_(") 1/2 ~mn T (n)~(n) .
n w B"W D, w B'W

Leti € {1,...,p*}. The Courant-Fischer min-max theorem (Horn & Johnson, 2013,
Theorem 4.2.6) gives

d";{; i dy a
: inf sup w' Wy, (A12)

én,i gn,i vy,..V_ ERM: wlv,..v_,[lw|=1

The proofis split into two parts, wherein we establish that d, Zl ) /&y isbounded below
and above by a random variable which converges in probability to 1 as n — oo.

Step 1: First, we derive a lower bound of (A13), which converges in probability to
1. Therefore, note for arbitrary u; € R4 with llu;l| =1for1 <j < p*, Baietal. (2018,
Lemma A.2) yields that as n — oo,

T B™ P-as.
max |u, —0, (A13)
<j<p

u,-—l

where B™ is defined as in (A12). Now, let A" be defined as in (A10). Then
B™ d, A™

() (n
u’ B - d.A u; <|[|— —
I\ ky ky, ky kn

- kl P (P(m d, T P(n)T(mT)v(n)T

< IVOIPIPO (14 1A 100 | Va1 - 1 |

On the one hand, Yin et al. (1988, Theorem 3.1) implies that

2
1
IV = (\/k_uv('”n) — 1+ Ve
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On the other hand, since &,; = o(d;/ 2) as n — oo, a conclusion of Remark 11 is that

P P
Iv/d, T™ —I || — 0 and 1V/d. T™| < [T, 1| + 1v/d, T™ — I || — 1. In summary,

asn — oo
B™ d A® B® d A p
T _n 1< _ G 0, Al4
u; < k,, k)Y | s kn (Al4)
and finally, using (A14) we have as well
A(") P
TN -

max u; k. uj—1—0. (A15)

Further, for arbitrary vectors v,,...,v;,.; € R% we take a vector w, = Zf ajW(")

orthogonal to vy,...,v;_; with Z 1a =1 and hence, ||w,|| = 1. Since W is an
orthogonal matrix, we receive Wlth representatlon (A10) that

ﬂwl—ﬁ(”)/wv —_=zn Zajal W(l’l) W(n)D(n)l/z W(n)T14k W(n) (n)l/Z W”)T‘,V(")

gn,i l’ll]l 1

gn,] n)Td A() )
_2 St W

A conclusion of (A12), ||WJ(.") || =1 and (A15) is then

Y
g >  inf A w "W, > inf Z ZW(")Td A" )W(”)
fn,i _"'1 Vi ERY Cpy aE]RLEJIJ 1J1 k
Td,A™ P
>1— max |[W" W”) —1
1<j<p* J kn
asn — oo.

Step 2: Next, we derive an upper bound for (A12) which converges in probability
to 1. Therefore, note that

dd, g d,
n, ~
== sup wEMWy < sup w'ZW'w
En,i Enivis Vi €RM v v [lwl|=1 énlwlu/(") W flwll=1

Since WE”)J_W](.”) for [ # j we can write a vector wLH/(l”),..., Wﬁf)l with |[w|| =1 as

w=ctu+1-c3v,

where c € [0,1],u = Zp aJW(") w" a ||a|| = Zp a =landv= Z} - W(”) =
T A(n) ~A
w" bsatlsfymgz e +1b12 = 1. Recall that W ' £ " = " “: W . Then,
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d A~
- sup w' W'y
En,i wiw” W |lw|=1

d —m T &= ~(n) Tay\,~(n)
< _n sup C2 sup aTW E(l’l)/W a+ (1 _ CZ) sup bTW Z(n)/W b
Enicelon]|  aemrroin, bR
[lall=1 |Ibl|=1

L @)
Td,A d
< sup<c? sup Za.zw(.”) 22w (1 -2
c€[0,1] acRP*—i+1, =i 1 kn J gn,i
lall=1

T TAM™ e
Ky

Note that (A14) and W/(n) being an orthogonal matrix imply that

~m T(d,A™ B\ =—mn
w — w
H < kn kn

P
—0.

< dnA(n) _ B™
ki ki

~(n) T gy —~(n) . P .
We then conclude from ||‘/V(n i( )W(n — @+ \/5)2 (cf. proof of Bai et al., 2018,

Lemma 2.2 (i)) and &,; — oo thatasn — oo,

P
— 0.

1

—~m Td,A™ —mn)
—||W L w
gn,i

kn

n P
Additionally, with W;")Td"ki()wj,") — 1forj=i+1,...,p* by (A15) we get,

d"}”;,i dy, TRy, L 2 < 2
<— sup w XZ"'w— sup { ¢ sup Zaj =1
Sn.i N L)) celo] | re1= 4

\}w”:l i-1 Jij J

as n — oo, which proves Step 2. [

Lemma 4. Let Model 1 with &, p» — o0 and &1 = o(di/ 2) asn — oo be given. Then as

n— oo,

d, S0 P
sup F%*=" (x) — F.(x)| — 0,
XE((1-y/02,(1+1/cP)

where F4=" is the empirical spectral distribution function of d, 2™ and F.(x)isdefined
as in Theorem 2.

Proof. For the ease of notation, we define the interval I := ((1 — \/2)2, 1+ \/E)Z). Let
) T =) =T ) .. . .
"B ke and FW iAW" [k, be the empirical spectral distribution function of

—_—~n) T —_ —_mn T —_
w" oW /k, and " T d,anW" /ky, respectively. Due to (A14), it follows by

Bai and Silverstein (2010, Theorem A.45) that as n — oo,

~n)TM~n) ~n)Tw~n) P
sup wa Fon w (x)—F"} Fn W x)|—0.

x€l
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By Silverstein (1995, Theorem 1.1) and Bai and Silverstein (2010, Theorem A.44) com-
bined with rank(I — P™) = rank(kllknlz ) = 1 there exists a set Qy € F with P(Q) =
1 so that for any o € Q, the convergence

—(n) T g(n) —=(n)

lim sup|F (x,w) — F.(x)] =0
n—oo XEI
holds which ends in
—~mn T dnA<") =(n)
sup|F (x) = Fe(x)| — (A16)
xel

Since the matrices W™ d,SW'W™ and d,£" share the same eigenvalues
d A;P 1 ., dy /1 , we get for any i€ {p*+1,...,d, —p*} with the interlacing
theorem for elgenvalues (Horn & Johnson, 2013, Theorem 4.3.28) that P-a.s.

— ™ .
,1,-<W(") Td";? W“”) > i (WO A, S W) = d, 7,

n,p*+i
n

—~m 7d, A" —
zzp@i(W(") n W(")>. (A17)

n

Therefore, due to (A16) and (A17),

d

n

sup Fdniw (x) — Fe(x)| = sup di 2]1 { dni\;’i < x} — F.(x)
xel xel | Gn i35
—~n) T dnA(n) n) 4 *
< sup|F 7 o = Fuo| + 5 —0,
xel n
which is the statement. n

Proof of Theorem 3. The proof of Theorem 3 (a)-(d) follows with the same arguments

as the proof of Lemma 2 using only Lemma 3 and Lemma 4 in combination with
am D

£ 2 Sor (cf. (A2)). Only the proof (e) remains. Therefore note that for i < p* the

d Ayl

asymptotic behavior dé = land — D i = 0 as n — oo hold by (a) and

(d), respectively. Hence,

d /1ni _ dn/ln,i
1 T 1 o o 1\, o
d,—i “j= z+1d A"J d,—i j=i+1d"'1”z/ + d,—i Z:j=p*+1d”’1”=’
dn;in,i
£l P
Z — n,t - N m,
p*—i dn}”n,i 1 dn dnlrg/
d,—i &, d,~i=j=p*+1 &,
which shows (e). [
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APPENDIX B. PROOFS OF SECTION 3

Proof of Theorem 4. Since by Remark 6 (b) the BIC is scale invariant, we assume
w.lo.g. that A = 1.
Step 1: Suppose p > p*. Note

log(ky)

log(k ")(d Dd+2) = ———d=p-2d-p+D).

log(kn)(p + 1)(d —p/2) -

By the definition of the BIC we obtain

P d-1
. ~ 1 ~
BICy, (p) — BICy, (p™) = kx _Z log(An;) + kn(d —1—p) log<m'_2 an)
i=p*+1 Jj=p+1
d

1 o >
—l-ry ;l

d-p-2)(d-p+1)

—ky(d—-1- p)log(
log(kn)
)

log(k
+ %")(d -p =2d-p*+D),
where we used that p > p*. Inserting the alternative representation
~ ~ 7 1
(/ln,p*+la--w An,d) = ld—p* + _le'l’

n
where

= \/k_n((zn,pwlw--, 1\n,d)-r - 1d—p*)7

gives that

p
. 1
BIC, (p) — BICK, (p") = kn ), log<1 + —\/k_Mn,i>

i=p*+1 n

d-1
1 1
kn(d -1 - p)log 1
+ kn( p)og<+d_1 pZ >

Jj=p+1 kn

d-1
. 1
—k,(d—1-p")log( 1

j p +1
log(kn)

d-p-2)d-p+1)
log(kn)

(d—p* —2)(d—p* +1).

Furthermore, M,, = Op(1) due to Theorem 1 (b). Additionally, the Taylor expansion
of the logarithm as x — 0,

log(1+x) =x— %xz +0(%),
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gives that
BICy, (p) — BICy, (p*)

p
—k, ( My — =M, + Op(ky 3/2)>

i=p*+1 Zk
1 2
ke ¥ =M, M, | + 0™
d-1 1 2
—k, — M, wj |+ O0sk,?)
j=§jr1 kn 2~ 1 ) —pzjrl J) ’
108 4oy s B g gy )
2 2
T2 —pzil ni 2(d—1 D) —;‘1 > 2(d—1 p*) —pzil ”">
log(k W p-2d-p+1)+ 28K ")(d— “_2)d—p*+1)
+Op (k /2y (B1)

An application of Theorem 1 (b) gives then

2 2
14
1 2
J— M Mn
2i=§11 mi 2(d—1 p) —,211 ) 2(d—1 - p%) _1211 J)
D 1 P 2 1 2
- = MEP_- — - M;
2i=;1 : 2(d—1 p) ;1 > 2(d—1-p*) _;H J>

A division of (B1) by log(k,,) provides

BIC, (p) - BICK,(p) ¢ 1
Tog(k») — Sd=p"=2)d~-p’ +1)——(d p—2d—p+1),

which is strictly positive. Hence, the assertion follows.
Step 2: Suppose p < p*. Again by the definition of the BIC we receive

BICy, (p) — BICk (p*) Ll ~ =N
J

kn Jj=p+1 j=p+1
1 d-1
- (d -1 —p*) 10g<m_z /1n,j>
J=p+1
d—p-2)d- 1 d—p*—=2)(d—-p*+1
—log(kn)( p—2)(d-p+ )-zi-k( p'—2)d-p*+ )_
n

35UBD|7 SUOLILIOD 9AIIERID 3qedl|dde au Aq pausenob are sapnle YO ‘8sn Jo sajni 10} AriqiTauljuQ A8[IM UO (SUOTIPUOI-pUB-SWLBIAL0D A3 | IM A Relq 1 puljuo//sdnu) SUOIPUOD pue SWd | 8Y) 88 *[520Z/0T/Zz] uo Arigiauliuo A8 ‘91bojouyos | In4 1mnsu| Bynsiey Aq 92002 SO/TTTT 0T/I0p/wod Aa|im Aeiqieuljuo//sdny woiy papeojumod ‘0 ‘69v6.9%T



42
—I—Scandinavian Journal of Statistics

BUTSCH and FASEN-HARTMANN

~ P
Due to Theorem 1 (a), 4,; — 4; fori =1,...,d — 1 holds and therefore,

BIC, (p) — BICy (p*) P

kn j—p+1
=—Z log(4) +(d-1- p)log<
d
J=p+1
d
A
__ log H]_p+1 ]

.
— - Z log(4) +(d—1-p)log

1 Zd_l i (d-1-p)
d—1-p &j=p+17J

1 d-1
— Y4
(d -1 _pj#zll )

1 d-1
T ﬂf)

Jj=p+1

due to the inequality of arithmetic and geometric means (Uchida, 2008), which

says that
d )1/ (d-1-p)

(Hj=p+1 4j

T 1 < 1.
d-1-p zj=P+1/1j

Proof of Theorem 5. Step 1: Suppose p > p*. Analogously to (B1), we receive

P
1
AIC, (p) — AICK, (p) = == ,,Z 2 -

2(d—1 P*) Z "

j=p*+1

2(d—1—p)

) —(d-p-2)(d-p+1)

+(d-p* —2)(d-p*+1)+0p(k;"".

Again, an application of Theorem 1 (b) gives then

p

ach 2 1§

AlCy, (p) — AlC, (p7) — 2__2 M; - 2(d—1 -p)
i=p*+1
2(d—1 -p*) Z

j=p*+1

2

)

—-d-p-2)d-p+1)+(d-p"=2)d-p*+1)

which is the statement.
Step 2: Suppose p < p*. Since as n — oo,

AIC (p) — AICy (p*)  BICy (p) — BIC, (p*)
kn kn

kn 2

the statement follows from Theorem 5.

—10z‘%(kn)<(d—P’k —2)d-p+1) (d—P—Z)(d—P+1)> 50
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Proof of Remark 7(b). Under the assumptions, ™ 2y = |rv| =
V9+4+4+1=1/18 and O = @ = (3V3, 2V,, 2V3, V4)/V/18. Further E[O] =
and X =I'/18 hold, where the eigenvalues of X are (1/2,2/9, 2/9, 1/18) and the cor-
responding eigenvectors are the unit vectors ey,..., e, € R*. Consequently, the spiked
covariance assumption is satisfied with A =2/9,d = 4 and p* = 1.

In the following, we calculate the probability P(g,(M) < 0) by first determining
the asymptotic distribution of M. An application of Theorem 1 (b) yields

Vi (s ) = (4 ) = (M2, My)

in R? where (M,, M3) is the joint distribution of the decreasingly ordered nonzero
eigenvalues of

0 0 0 OffSuy Siz Siz Su|/0O 0 0 O 0
01 0 O]|S S S, S 01 0 O 0o S S 0
P,15P,1 — 12 22 23 24 22 23 )
0 0 1 O Sl3 523 S33 S34 0 01 0 0 523 S33 0
0 0 O OfJ|Sia Saa Sza Su)JlO O 0O O 0

where vec(S) follows a centered multivariate normal distribution with covariance
Cov(vec( (@ —E[@])(O® —E[O] ")) and P, := (e, e3) - (ez,e3)" € R¥* is the projec-
tion onto the 2-dimensional eigenspace of the orthonormal eigenvectors e,, e; corre-
sponding to A = 2/9. Since VAR(S,,) = IE[G) 1- (]E[G)g])2 = 0 and VAR(S33) = 0, the
distributions of S,, and Ss; are degenerate with expectation zero. By the symmetry of
P,SP,, the nonzero eigenvalues of the matrix P,SP; can be calculated directly and
are given by
Mz = 523 and M3 = —523.

Next, since (d —p* —2)(d—p*+1)—(d—-p—-2)(d—-p+1)=4forp=2andp* =1,
the inequality g,(M) < 0 is equivalent to

1 1 1
4< EMg + EM§ — Z(Mz +M;)* = S3,.
Due to the definition of S, the distribution of Sp; is Gaussian with expectation zero
and VAR(S,3) = E[©;03] = 1 so that P(g,(M) < 0) > 0. "
APPENDIX C. PROOFS OF SECTION 4

Proof of Theorem 6. Note, as stated in Remark 6, the information criteria are scale
invariant and hence

AIC;, (B3 Antseoos Andy-1) =2 AICE (p) = AIC] (s dndnse s dnlyy ).

Due to Theorem 2 for (a,b) and Theorem 3 for (c), the proof of Bai et al. (2018,
Theorem 3.1) for &, 1,..., &n.a,-1 can be carried out step by step for d,A,,1,..., dndng, 1.
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The only difference is that there we have almost sure convergence and here we have
convergence in probability. [

Proof of Theorem 7. Due to the scale invariance of the BIC; (p ), log(d,,)/ log(k,) — 1
asn — oo, Theorem 2 and Theorem 3, the proof of Bai et al (2018 Theorem 3.2) for
Zjnyl,. . fn,dn—l can be carried out step by step for dnﬂn,p. e d,,ﬂ,,,dn_l. [

Proof of Theorem 8. Due to the scale invariance of the AIC*, Theorem 2 and
Theorem 3, the proof of Bai et al. (2018, Theorem 3.3) for &, 1...., &n.a4,—1 can be carried
out step by step for dnfn,l,. . dnﬁn’dn_l. n

Proof of Theorem 9. Due to the scale invariance of the BIC*, log(d,,)/ log(k,) — 1 as
n — oo, Theorem 2 and Theorem 3, the proof of Bai et al. (2018, Theorem 3.4) for
&nlse--»End,—1 can be carried out step by step for d, Ay 15..., dpAng, 1. n

APPENDIX D. PROOFS OF SECTION 5

Lemma 5. Let

i

o [0 22,

where the absolute value is entry-wise. Then

lim VAR(legll) = 100/v/2.

Proof. Indeed, since |le4||* ~ 100/d - y7, where 7 is a chi-square distribution with
d degrees of freedom, the formula for the moments of a chi-square distribution (cf.
Theorem 3.3.2 in Hogg et al., 2005) gives

- 21 _ 2 _
VARC(lleqll) = Ellleall”] = EllleallD” = 7 Td/2)

100, < Var(d+ 1)/2>)2

Further by Gautschi’s inequality (cf. Elezovi€ et al., 2000, p. 1) we have

1/2 1/2
<d—1> SF((d+1)/2)S<d_1+1>
2 I d/2) 2

and therefore

V2. 100—= 100\/_<d———1>

<VAR(||ed||)<% <d——) \/_100‘”1.

Letting d — oo on the left and on the right-hand side gives the statement. L]
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