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The tail behavior of aggregates of heavy-tailed random vectors is known
to be determined by the so-called principle of “one large jump”, be it for
finite sums, random sums, or, Lévy processes. We establish that, in fact, a
more general principle is at play. Assuming that the random vectors are mul-
tivariate regularly varying on various subcones of the positive quadrant, first
we show that their aggregates are also multivariate regularly varying on these
subcones. This allows us to approximate certain tail probabilities which were
rendered asymptotically negligible under classical regular variation, despite
the “one large jump” asymptotics. We also discover that depending on the
structure of the tail event of concern, the tail behavior of the aggregates may
be characterized by more than a single large jump. Eventually, we illustrate a
similar phenomenon for multivariate regularly varying Lévy processes, estab-
lishing as well a relationship between multivariate regular variation of a Lévy
process and multivariate regular variation of its Lévy measure on different
subcones.

1. Introduction. In this paper we study the behavior of the asymptotic tail distribution of
independent sums of heavy-tailed random vectors under the paradigm of multivariate regular
variation [4, 39]. Assessment of such tail probabilities are of interest in risk management
for many finance, insurance, queueing, and environmental applications [2, 16, 33]. Multi-
dimensional tail events are often characterized by at least one variable exceeding a high
threshold, and the asymptotic probability of such events follow the so-called “one large jump”
principle, see [22].

Assume that all our random elements are defined on the same probability space (€2, .4, P).
It 2, zW, ..., 2™ are independent and identically distributed (i.i.d.) random variables, then
for fixed z > 0 we know that

P(ZW + ...+ 2" >tz)~nP(Z > tx) ast— oo, (1.1)

if and only if Z is subexponential, i.e., P(Z(1) + Z®) > ) ~ 2P(Z > t) as t — oo;
Chistyakov [6] proved this for non-negative random variables, later extended to R by
Willekens [44]. This phenomenon of “one large jump” exhibited in (1.1) is so called because
a high threshold-crossing of the sum of a set of random variables occurs with the same asymp-
totic probability as any one of them crossing the same threshold. Recall that a random variable
Z has a regularly varying right tail if for x > 0, we have lim;_,oo P(Z > tz)/P(Z > t) =2~
for some —a < 0, which is called the index of regular variation or tail index. We write
Z € RV_,. Regularly varying distributions are subexponential as well (cf. [43]), i.e, and
hence (1.1) holds when Z € RV _,,.

In a multivariate context, an Ri—valued random vector Z is multivariate regularly varying
(MRV) on R? \ {0}, if there exists a function b(¢) — oo as ¢t — 0o, and a non-null measure
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11 in the set of all Borel measures in R% \ {0} which are finite on sets bounded away from 0
such that

tP(Z/b(t) € A) — u(A) ast— oo

for Borel sets A bounded away from 0 with 11(0A) = 0; see Section 2 for details. In particular,
we have p(tA) =t=*u(A) for some o > 0 and write Z € MRV(a, b, 1, R \ {0}). Now,
for i.i.d. non-negative random vectors Z, Z( ..., Z(™ with Z € MRV (a, b, p, Ri \ {0}),
we can deduce that

ZW .+ ZM™ e MRV(a,b,nu,RE\ {0}) (1.2)

(cf. [38, Proposition 4.1], [39, Section 7.3] and [25, Lemma 3.11]). Hence, for Borel sets A
bounded away from 0 with p(0A) =0 and fixed n > 1 we may approximate

P(ZW + ... +ZM ctd) ~ w(A) ~nP(Z €tA) ast— oo, (1.3)

n
b (t)
if u(A) > 0. Thus, (1.3) extends (1.1) to higher dimensions and the principle of “one large
jump” appears to hold. Curiously though, one often encounters examples where for a large
class of sets A, the value of ;1(A) is equal to zero and in this case,
lim b () P(ZW + ...+ Z™ e tA) =0 = lim b (t) P(Z e tA). (1.4)
t—o00 t—o0
This makes (1.3) of limited practical use. For example, if the elements of Z = (Z1,...,Zy)
are themselves i.i.d. (with regularly varying marginal tail distributions) and we consider sets

A={zeR%:z;>1;VjeS}, (1.5)

for indices S C I:= {1,...,d} with |S| > 2, z; >0 for j € S, then for Z € tA to hold, at
least two components of Z need to be large together and under classical MRV assumptions
we have p(A) = 0 verifying (1.4) (cf. Example 2.13). In fact, the components of Z need
not to be independent at all, a Gaussian dependence among variables with tail equivalent
regularly varying marginal distributions and pairwise correlations less than one will ensure
p(A) = 0; see Section 2.4 for further examples.

In such a case, we do observe that a notion subtler than the well-known “one large jump”
phenomenon holds depending on the joint dependence of the underlying random vector
and on the type of tail set A considered. If multivariate regular variation holds on relevant
subcones of Rﬂlr we realize that in many scenarios,

P(ZD ...+ ZM e tA) ~ —
b (t)

w(A) ~nP(Z €tA) ast— oo, (1.6)

where 0 < Ji(A) < oo and b (t) is a function satisfying lim;_,.o b* (£)/b* (t) = 0. This
means that the left and the right hand side of (1.3) are asymptotically equivalent, even though
the term in the middle contains ;1(A) = 0. The relevant results and examples where we ob-
serve (1.6) are detailed in Section 3.1. In particular, the results hold for more general sets
than the ones given in (1.5), and we can specify p(A) and g“(t). Formally, we show that
Yo Z (k) is multivariate regularly varying on subcones of Ri, obeying (1.2) but with
a, b, u replaced by &,g, 1 and Ri \ {0} replaced by an appropriate subcone. Note that (1.6)
hints at connections to the notion of multivariate subexponentiality (cf. [7, 36, 40]).

Another phenomenon investigated for sets A as defined in (1.5) is that the tail event Z M4
...+ Z™ € tA may be determined by threshold crossings in different co-ordinates of S, by
different variables Z*). Thus, an aggregation of random vectors leads to a tail event with
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a “few large jumps” and these jumps occur either together in one random vector Z *) | or
separately in a few different vectors; and for A as defined in (1.5) with |S| =i, we get

b)) P(ZW 4.+ 2" etA) ~ Ci [[ 27 ~ Cos [ [0 1) P(Z; > t)

jeSs jeSs
as t — oo (cf. Remark 3.13). Thus,
P(ZW +.. .+ Z"M etd)~ Coi [[ P(Z; €taj) ast— oo, (1.7)
JES

where C), ; > 0 is not necessarily equal to n, and depends on the number of summands 7,
the index 7 = |.S| which represents the type of set A, as well as the distribution of Z; the
associated results are discussed in Proposition 3.3 (Section 3.1) and Section 3.2. We also
notice that this phenomenon is often observed under the more general assumption of adapted-
MRV (cf. Definition 2.10) for the underlying random vectors (cf. Section 3.2). Since C, ; # n
in this example, it is no surprise that the limit measure observed in aggregating adapted-MRV
is not linear in n anymore, in contrast to (1.2).

One of our primary interests is to characterize the asymptotic behavior of multi-
dimensional regularly varying Lévy processes which have inherent applications to stochastic
storage processes including insurance claims, inventory management, and more (cf. [2, 37]).
This also happens to be a natural progression from computing tail probabilities of finite ag-
gregation of random vectors. A Lévy process L = (L(s))s>0, is a stochastic process with
L(0) = 0 P-almost surely, has stationary and independent increments, and has cadlag sam-
ple paths (cf. [42]). Consequently, L(s) is infinitely divisible and has the same distribution
as sums of i.i.d. random vectors; following the basic premise of this paper. A Lévy pro-
cess L is characterized by its Lévy measure IT(A), which measures the expected number of
jumps of L in [0, 1] whose jump sizes are in A (cf. Section 5). The principle of one large
jump is illustrated for multivariate regularly varying Lévy processes by Hult and Lindskog
[21, 22] and the asymptotic rates of further hidden jumps have been characterized by Lind-
skog, Resnick and Roy [32] (for the univariate case). Our work addresses the case where the
results of [22] hold, including and specifically addressing cases with negligible probability
approximation for the tail event. In particular, a conclusion of [22, Proposition 3.1] is that
L(1) € MRV(a, b, 1,R1\{0}) if and only if II € MRV(a,b, 1, R1\{0}) and then, for
any Borel set A bounded away from 0 with p(0A) = 0 we have

P(L(s) € tA) ~ b%(t)u(A) ~sTI(tA) ast — oo, (1.8)
if 1(A) > 0 (see [15] for the one dimensional case). Naturally, if ;(A) = 0 then (1.8) gives
a zero estimate. For example, this happens if we consider L to be comprised of d i.i.d. one-
dimensional regularly varying Lévy processes and A is defined as in (1.5). Under quite gen-
eral conditions, if the Lévy measure is multivariate regular varying on relevant subcones of
Ri, we show L(s) is multivariate regularly varying on that subcone as well. As a conse-
quence under these conditions, we observe that,

P(L(s)etA)NsP(L(l)etA)Ngj(t) T(A) ~sTI(tA) ast—oo,  (1.9)

for sets A in appropriate subcones; here the function b* (¢) satisfies limy_.o b* (£) /b (t) =
0 and in contrast to (1.8) where 11(A) = 0, here we have 0 < [1(A) < co. However, we also
find cases where the asymptotics are different and we observe

P(L(s) € tA) ~ ¢(s)II(tA) ast— oo, (1.10)
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where ¢ is a function for which ¢(s) = s may not hold, defying the linearity property often
observed for Lévy processes, cf. (1.9). These results on the tail probabilities of heavy-tailed
Lévy processes have obvious implications on risk and ruin problems, especially in the context
of insurance and finance, and is addressed in an associated article [10].

This paper is organized as follows. In Section 2, we provide necessary preliminary results
and background for our work; first we discuss the basic framework in terms of multivari-
ate regular variation on subcones of Ri using M-convergence. We also discuss copulas and
survival copulas used to model dependence in the said random vectors. Our main result, The-
orem 3.1, appears in Section 3 which is used to obtain results on “one or few large jumps”
of the form (1.6) and (1.7) under a variety of assumptions. In particular, we show how mul-
tivariate regular variation of two independent random vectors on a subcone of Ri is used
to obtain multivariate regular variation of their n-convolution. Our results are complemented
with examples where they can be applied, especially for the convolution of finitely many i.i.d.
random vectors. In Section 4, the results on finite convolutions are extended to random sums
and finally applied to assess the tail behavior in regularly varying Lévy processes in Section
5. The proofs in the paper are relegated to the appendices.

2. Preliminaries. In this section, we discuss the framework for assessing probabilities
of tail events where joint thresholds may be crossed; we briefly recall the theory of M-
convergence used to define multivariate regular variation on subcones of RZ = [0, 00)? (cf.
[9, 32]). Furthermore, we characterize convergence for different types of tail sets in Proposi-
tion 2.7. The notion of multivariate regular variation on different cones of Ri is extended in
Definition 2.10 to allow for a broader class of models and examples. This allows for a frame-
work where the sum of two random vectors can be MRV on a specific subcone even if neither
of the two summands is MRV on that subcone. In Section 2.4, we provide examples of joint
distributions where our framework is useful, we use copulas to represent joint dependence.
This allows us to illustrate our results in a variety of examples.

Unless otherwise specified, all random vectors are assumed to lie on the positive quadrant
Eq:= Ri. Notationally, vector operations are understood component-wise, e.g., for vectors
z=(21,...,2q¢) and & = (21,...,24), x < z means z; < z; for all i. Moreover, for a constant
t>0andaset AC Ri, we denote by tA := {tz:z € A}.

2.1. Regular variation. The theory of regular variation provides a systematic framework
to discuss heavy-tailed distributions; see Bingham, Goldie and Teugels [4], Resnick [39] for
details. Here we briefly discuss regular varying functions and multivariate regular variation
of measures and random vectors on Euclidean cones with M-convergence.

A function f: Ry — Ry is regularly varying at infinity if for all = > 0, we have
limy—o0 f(tx)/f(t) = 2P for some fixed B € R. We write f € RVg; and if 8 = 0, then
the function f is called slowly varying. A real-valued random variable Z with distribution
function F, denoted by Z ~ F, is regularly varying (at +o00) if F :=1 — F € RV_,, for
some « > 0. Equivalently, Z ~ F' is regularly varying with index —a < 0 if there exists a
measurable function b: R — R, with b(¢) — oo as t — oo such that

tP(Z > b(t)z) =t F(b(t)z) 22 27 Va>0.
We write F' € RV_o(b). As a consequence b(t) € RV, and a canonical choice for b is
b(t)=F(1—1/t)=F" (1/t) where F* (z) =inf{y € R: F(y) > z}.
Measures p and v defined on B(R.) are (right) tail equivalent if

()

A ((feo)) @1
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for some ¢ > (. Naturally, the same holds for probability measures and hence, distribution
functions F' and G are (right) tail equivalent if
lim & = lim L= F@) _ ¢, (2.2)
t—00 G(t) t—oo 1 — G(t)
for some ¢ > 0. We call measures p and v (respectively distributions F' and GG) completely tail
equivalent if (2.1) (respectively (2.2)) holds with ¢ = 1. We often assume that components of
the random vectors considered in this paper are tail equivalent (if not identically distributed,
or completely tail equivalent).

We discuss (multivariate) regular variation on Euclidean subspaces of E; = Rﬂlr using M-
convergence of measures which differs from vague convergence, the traditional notion used
for multivariate regular variation. See [9, 23, 32] for further details and the preference for this
notion over vague convergence; moreover see [3] for a broader notion of vague convergence.

Consider the space E; endowed with the sup-norm metric d(x,y) = || — Y||oc- A cone
C C E; is a set which is closed under scalar multiplication: if z € C then tz € C for ¢t > 0;
a closed cone is a cone which is a closed set in [E;. Regular variation is defined using M-
convergence on a closed cone C C E; with a closed cone Cy C C deleted. We say that a
subset A C C\ Cy is bounded away from C if d(A,Cy) = inf{d(x,y) :x € A,y € Co} > 0.
Denote by M(C \ Cy), the class of Borel measures on C \ Cy assigning finite measures to all
Borel sets A C C\ Cyp, which are bounded away from Cy. We often refer to a subspace of the
closed cone IE; which is a cone, as a subcone.

Let Co cCC Ri be closed cones containing 0. We define M-convergence first and sub-
sequently use it to define regular variation on M(C \ Cy).

DEFINITION 2.1 (M-convergence). Let p, i, > 1 be Borel measures on M(C \ Cy).
Suppose [ fdun, — [ fdu as n — oo for any bounded, continuous, real-valued function f
whose support is bounded away from Cy, then we say i, converges to p in M(C \ Cyp), and
write fi, — w in M(C\Cy).

Next we define regular variation of measures on M(C \ Cy) which is an extension of the
definition found in [23] for measures in M(R% \ {0}).

DEFINITION 2.2 (Regular variation of measures). A Borel measure IT on M(C \ Cp) is
regularly varying on C\ Cy if there exists a regularly varying function b(t) € RV /o, @ > 0,
called the scaling function and a non-null (Borel) measure () € M(C \ Cy) called the limit
or tail measure such that as t — oo,

tIL(b(t) ) — p(-), (2.3)
in M(C\ Cy). We write IT € MRV (a, b, 1, C\ Cy).

The next definition is a modification of Definition 2.2 for multivariate probability measures
and hence, random vectors in Ri.

DEFINITION 2.3 (Multivariate regular variation). A random vector Z € Rﬂlr is multivari-
ate regularly varying on C \ Cy if there exists a regularly varying function b(t) € RV, Jas
a > 0, and a non-null (Borel) measure () € M(C \ Cp) such that as t — oo,

tP(Z/b(t) € -) = ul-), (2.4)

in M(C\ Cp). We write Z € MRV (a,b,uu,C \ Cp) and one or more parameters are often
dropped according to convenience.
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REMARK 2.4. In both Definitions 2.2 and 2.3, since b(t) € va/a, we observe that the
limit measure x(-) has the scaling property p(t-) =t~ %u(-) for t > 0. Hence, if the measure

or the random vector is MRV («, b, i, C \ Cyp), we often refer to —a < 0 as its tail index (in
the subspace C \ Cy).

2.2. Regular variation on co-ordinate subcones of the positive quadrant. Equipped with
the notion of M-convergence and regular variation, we proceed to discuss regular variation
on a particular set of subcones of Ri and also provide equivalent conditions for the same (cf.
[34], [9, Section 2]). For z € Ri write z = (z1,...,24) and denote the (decreasing) order
statistics of z by Z(1) 2 Z(2) 2 -+ 2 2(d)- For0<i<d—1let

(CAS) = U {zeRi:zjl:0,...,zjdﬂ.:0}:{z€Ri:z(i+1):0},

1< <..<ja—i<d

and (CAEld) ={zeR%: 2(g) > 0}. Foranyi=1,...,d, the closed cone (CAEZ) represents the
union of all 7-dimensional co-ordinate hyperplanes in le_. Define the following sequence of
subcones of Ri where we investigate regular variation (when it exists):

EY :=RI\CA{ ™V = {zeRL:2; >0}, 1<i<d. 3)

We call the subsets ES) co-ordinate subcones since they are cones obtained from Rﬂlr

by removing particular co-ordinate hyperplanes. Here E((il) is the positive quadrant with

{0} = CA&O) removed, Eglz) is the positive quadrant with all one-dimensional co-ordinate

axes removed, ES’) is the positive quadrant with all two-dimensional co-ordinate hyperplanes
removed, and so on. Clearly,

EY SEP 5. oEW —cal?.

REMARK 2.5 (Asymptotic tail independence and hidden regular variation). Suppose a
random vector Z € R% admits regular variation on ES) with Z € MRV (ay, b;, ui,ES))

and p; (Egﬂ)) = 0. We interpret this to be asymprotic tail independence at level i, mean-
ing the probability with which ¢ + 1 or more components are simultaneously large, is neg-
ligible in comparison to the probability with which ¢ (or fewer) components are simul-

taneously large. Suppose for some j > i > 1 we have Z € MRV(aj,bj,uj,E((f)) with
limy 00 (bi(t)/bj(t)) = oo then we say Z exhibits hidden regular variation (HRV) on Eg )
with respect to MRV on ES).

We investigate regular variation on cones of the form E(l), since joint exceedances often
occur in tail subsets of such cones. A recipe for seeking (hidden) regular variation on such
subsets have been discussed in Section 2.1 of [9] and we do not repeat the steps here. In the
rest of this section, we characterize a particular family of sets R (defined in (2.7) below),
proving that it is an M-convergence determining class on Eg). The particular tail sets appear
in multivariate risk and reliability problems where the quantity of interest is a finite or a
random sum of identically distributed vectors.

Let B := B(R?) denote the Borel o-algebra on R%. For any i € {1,...,d} =L, EE;) isa
subspace of Ri and we denote its induced o-algebra by

BY.=BED)={AcB: ACE}}. (2.6)
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A rectangular set in Eg) is defined as any set A = {z € Rﬂlr tzj>a;Vj€e S} where S CI,

|S| >dand 2; >0V j € S. Let us denote the collection

R® .= {A e BY : Ais a rectangular set in Eg)}. (2.7)
LEMMA 2.6. R is a w-system and o(R")) = B,

The proofs of Lemma 2.6 as well as other subsequent results in this section are given in
Appendix A. The following proposition shows that for verifying convergence of measures in

Eg), we can restrict to testing convergence in sets belonging to R(%). The result and the proof
are in the spirit of [39, Lemma 6.1].

PROPOSITION 2.7.  Let i, iy € M(ES)) for all t > 0 and some fixed i € 1. Then as t —
o0,

pe—+pin M(EY) 2.8)
if and only if
Jlim gy (4) = p(A), VA€ RO (2.9)

with ;1(0A) = 0 (u-continuity set), where RO is the collection of sets as defined in (2.7).

REMARK 2.8. In light of Proposition 2.7, when we seek regular variation (or any mea-
sure convergence) in the space Eg) using M-convergence (as in Definition 2.3), we can equiv-

alently show this only for rectangular sets in R(") (which are also continuity sets with respect
to the limit measure).

We wrap this section up with an extension of the so-called “heavier tail wins" phenomenon,
in the context of multivariate regular variation on a subcone of Ri. It is useful for many of
the proofs in this paper.

LEMMA 2.9. Suppose X € MRV («;, bi,ui,Eg)) for some fixed v € I, and X is inde-
pendent of the R%-valued random vector Y with E||Y ||**7 < oo for some v > 0. Then

X+Ye MRV(O(Z, bz;NwEg))

2.3. A joint multivariate regular variation condition. Since our interest is in the tail be-
havior of aggregates over independent regularly varying vectors, when considering joint ex-
ceedances of sums of such vectors, regular variation on various combinations of subcones
become important. Incidentally, in certain scenarios we encounter a sequence of random vec-
tors, none of which possess MRV on a particular subcone, yet their sum admits MRV on the
same subcone. The following definition provides conditions for such vectors to be tractable
under aggregation in the multivariate regular variation framework.

DEFINITION 2.10 (Adapted Multivariate Regular Variation). Suppose Z € Ri is a ran-
dom vector such that the following holds:

1. Z € MRV(ai,bi,m,Eg)) fori=1,...,A for some A <d.
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2. If A < d, then additionally assume that there exists a v € (0,a1/d), such that for
i=A+1,...,dand any A € R, we have

, Z
lim ¢P (bi(t) € A> =0 (2.10)

where b;(t) := tt/ ("(O‘IJW)), i.e., with the rate b;, we have convergence to zero. We refer to
(2.10) as null convergence and write Z € NC(b;(t), Eg)).

Then we say Z is adapted multivariate regular varying (or, adapted-MRV') on Ri and write
{Z € MRV*(c;, by, 113, ES);i =1, d; A} where o = 00, pt; =0 fori = A+ 1,....d.

Adapted-MRYV is defined jointly for all cones E[(ii) ,t=1,...,d. Note the following.

i) Fori=1,...,A, MRV*(a,b;, ,ui,Eg)) and MRV (v, b;, s, Eéi)) are equivalent.

ii) For i = A 4+ 1,...,d, the notation MRV*(ay,b;, i, Eg)) means that for some
0<~vy<ai/d, wehave Z € NC(b;(t) = tl/(i(al+7)),E[(ii)) and o; = oo, j1; = 0. The con-
stant -y is chosen to be the same for all i = A+1, ..., d and the value of A = arg max;{«; :
a; < oo} is implicit.

EXAMPLE 2.11. Let XU X(?) ~ F be i.i.d random variables with P(X(") > z) =
=% x > 1 for some o > 0. Let B, B?) be i.i.d random variables with P(B() = 1) =
0.5 =P(BM =0). Define for k = 1,2,

Z®) .= B®(x*) 0) 4 (1 — B®)(0, X *).
Then Z(, Z@ areiid. with Z() € MRV(a, b(t) = £/, 11y, ES) where
p1(([0, 1] x [0,22])¢) =0.527“ + 0.5z, %, 1,22 >0.

Clearly, ZM) € NC(b*(t) = t1/2(a+7)7E§2)) for any v > 0. Hence, Z*) is adapted-MRV
with A = 1. But we can check that Z(") + Z?) € MRV(a, b(t) = '/, 2u1,Egl)) and Z; +
Zy e MRV (2a,b(t) = tl/(m),,ug,Ef)) where

p2((x1,00) X (r2,00)) =0.5(x122) "%, 21,22 >0.
REMARK 2.12. Many examples of regularly varying vectors on E((il) are in fact adapted-
MRY, including all examples mentioned in Section 2.4 and more. A few comments on how
(2.10) enriches our class of models follows.

(a) If Z € MRV(ai,bi,m,Eg)) for i o= 1,....d, then clearly

{Z € MRV*(ai,bi,m,Eg));i =1,...,d; A =d}. Thus, conditio)n (2.10) provides us

a little more flexibility in case we fail to have MRV on subcone Eg
A=2,....d.

(b) Condition (2.10) is satisfied if E(Z(Z-))"(a”ﬁ) < oo for some ¥ with v < 4 < ay /d; here
Z1y 2 ... > Zq) are the order statistics of the elements of Z = (Z1,...,Zg). In particu-
lar, one such example is when Z ;) = 0 for j > A, see Section 3.2. For further examples
of multivariate heavy-tailed distributions exhibiting such a property see [8, 12].

() Tf A < d, then (2.10) still allows for MRV to hold on B i = A + 1. d albeit with a
lighter regularly varying tail rate than i(aq + 7).

for j > A for some
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2.4. Tail distributions, survival copulas and asymptotic tail independence. In this sec-
tion we discuss dependence structures for d-dimensional random vectors, which are used to
model risks, claim sizes, or increments in general. Following common practice we model the
marginal distributions separately from the dependence structures and hence, resort to using
copulas (cf. [26, 35]). A key feature of most of the copulas we discuss is the presence of
asymptotic tail independence, implying that the joint exceedance of a threshold by ¢ compo-
nents of the random vector occur at a rate negligible compared to joint exceedance of (i — 1)
components for some or all i =2, ... d.

Furthermore, we will also elaborate on multivariate regular variation properties under
these copulas. To this end, for all examples in this section, we consider random vectors
Z = (Zy,...,Z;) with identically distributed continuous marginal components with distri-
bution function F,, where ', € RV_, with a > 1, and the dependence is given by the par-
ticular (survival) copula. Moreover, we fix bo(t) = F, (1/t),¢ > 1. Note that assuming tail
equivalent marginals would lead to similar conclusions but notations become cumbersome.

Our interest is in tail sets, hence we will often use survival copulas along with copulas
which we recall briefly here. For a random vector Z = (Z1,...,Z4) ~ F with continuous
marginal distributions Fy, ..., Fy, the copula C : [0,1]¢ — [0, 1] and the survival copula C :
[0,1]¢ — [0, 1] are distribution functions such that:

F(@i,..coaa) = P(Z1 S an,eoos Za < 2) = C(R (@) o, Fa(@a)), (@, 2q) € RY,
F(xl,...,wd) = ]P(Zl > X1y, Lg > xd) = C(Fl(xl),...,Fd(acd)), (ml,...,xd) GRd,
wherefj =1-F;Vjel

EXAMPLE 2.13 (Independence copula). A widely used copula to exhibit asymptotic tail
independence and hidden regular variation is the independence copula. The independence

copula C'; and survival copula C'; are given by
C’J_(ul,...,ud):é\’J_(ul,...,ud) =urug - -ug, 0<u; <. (2.11)

Let Z ~ F with identical (continuous) marginal F, as defined above and dependence given
by C; (or C'}). Then

Z € MRV (ia, b/, i, ES)) (2.12)
where
pi ({2 € B 2> 259 € 5}) = [T o7 2.13)
jeSs

for S C T with |S| =d,i=1,...,d (cf. [9]) and 1;(E{T")) = 0. Clearly Z exhibits hidden
_ 0 .
regular variation on all cones E,”, ¢ =2,...,d.

EXAMPLE 2.14 (Marshall-Olkin copula). In reliability theory, the Marshall-Olkin dis-
tribution provides an elegant mechanism to capture the dependence between the failure of
subsystems in an entire system. We focus on a particular structure of the Marshall-Olkin sur-
vival copula as given in [30, eq. (2.4), page 58]. Assume that for all () £ S C I there exists a
parameter A\g > 0. Consider then the generalized Marshall-Olkin survival copula given by

d
Crnio(ur,yug) =T TT N 0<u<1, (2.14)

i=1|5|=ijes
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where
A
S—_ 28 ieScCL 2.15
1 S A JESC (2.15)
J2{j}

A typographical error in the formula for n;q in [30, eq. (2.4), page 58] is corrected in (2.15).
We consider two particular choices of the parameters Ag for our examples.

(a) Equal parameter for all sets: Let A\g = A > 0 for all (} # S C I; hence, from (2.15) we
have

s =270 = 5, (2.16)
Therefore

P(Z) > x1,..., Zq > 2q) = C(Fo(z1), ..., Fo(z4))

d
= H /\ (Fa(‘rj))ﬁ
i=1|S|=ij€S
d yimig d -
=[[Fa @)™ " =[]Falza))”
j=1 j=1
where z(1) > ... > x(4) denote the decreasing order statistics of 1, ..., 4. Now, we can

check that fori=1,...,d,
Zc MRV(ai,bi,m,ES))
where
;= (2—2"0"D)q,

() = aja; _ 1/(2—2-G-D)
bi(t) = (ba (1)) (ba(t)) 7 .

i
i . —a2- -1
Lbi ({zEEg):zj>ijj€S}):H(w(j)) ¢ ,
j=1
where S C 1, |S| =i with z; > 0 for j € S, and T(1) > ... > x(;) denote the decreasing
order statistics of (z;)jes and ,ui(EgH)) =0.
(b) Parameters proportional to cardinality of the sets: Let A\g = |S| A where A > 0 for all () #
S C 1. From (2.15) we have 17]5 =|S|(d +1)274=1) = |S|(d + 1) 3 using the definition in
(2.16). Following a similar logic as in part (a), we obtain in this case

d
— 1—i=1)9-G-1)
]P)(Zl>1'1,7Zd>xd):H(Fa(x(j))( d+1) )
Jj=1

Again we can check that for: =1, ... ,d,

Zc MRV(af,bf,#faEg))
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where,
. : CJ-IN o o d (16
% = (1 d+1>2j—1 NI T @z
b; (1) = (ba (1), (2.18)

pi ({2 €BY 5 >0 jesY) =] (agy) 780,
Jj=1

where |S| =i with z; > 0 for j € S and uf(EgH)) =0.

In both examples of the Marshall-Olkin copula dependence (with identical regularly vary-
ing margins), Z exhibits hidden regular variation on all cones E((;) ,i=2,...,d.

EXAMPLE 2.15 (Archimedean copula (ACIG)). This Archimedean copula example
based on the Laplace transform of the inverse gamma distribution, called ACIG copula
in short, appears in [19] with its hidden regular variation discussed in [20, Example 4.4].
Suppose Z = (Zy,...,Z4) has an ACIG copula with dependence parameter 1 < § < 2
and identical margins F, € RV_,, i = 1,...,d. Then Z € MRV(a,ba,ul,Eél)) and
Z € MRV (ap, bi/ p ) ug,ES)) for i =2,...,d. In this particular example Z exhibits hid-
)

den regular variation on EE?
EY i > 3.

but no further HRV at any subsequent co-ordinate subcone

EXAMPLE 2.16 (Asymptotically tail dependent copula). In the previous examples we
observed distributions with regularly varying marginals and copulas exhibiting asymptotic
tail independence leading to MRV with different indices on different spaces. But there are
distributions which exhibit so-called asymptotic tail dependence which would lead to MRV
with the same index, rate function and limit measure on all subcones ES); see [18] for general
examples in dimension d = 2 and [5] for higher dimensional Archimedean copulas exhibiting
asymptotic tail dependence. We illustrate this with one example. Let Z ~ F' such that for
a>1,

-1

d
F(x)=1- 1+Zx?‘ , xR
j=1

We can check that the marginals are identically Pareto distributed with index —a and hence,
the tails are RV _,. Moreover, Z € MRV (o, b(t) =tV p, ES)) fori=1,...,d where

-1

El j
p({z€Bq:2;>x;VjeS} 22(—1)j+1 Z <ng> (2.19)
=1

j:l k1 <...<kj
for S C1.

REMARK 2.17 (Gaussian copula). Gaussian copulas have been widely considered as a
key example of asymptotic tail independence, for which coefficients of tail dependence, tail
order and hidden regular variation have been studied in this context; see [17, 20, 29]. Sur-
prisingly, the hidden regular variation properties of Gaussian copulas (with regularly varying
marginal distributions) are not particularly well understood, especially in dimensions d > 3.
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For example, the often used Gaussian copula defined by an equi-correlation correlation ma-
trix does not seem to admit hidden regular variation in general; see [11] for details. Thus, we
have refrained from using particular examples of Gaussian copulas here.

3. Aggregating regularly varying random vectors. In Section 1, we discussed the
principle of one large jump determining the behavior of aggregates of multivariate regularly
varying random vectors in the classical framework; here we extend the idea for a more general
class of tail events. We start by assuming that individual random vectors have tail equivalent
margins and they admit adapted multivariate regular variation on cones E( 2 ,i=1,...,d (see
Definition 2.10). In our first result, Theorem 3.1, we consider two independent random vec-
tors which are not necessarily identically distributed and assess the tail behavior of the sum
for various tail sets. This theorem forms the basis of many subsequent results where we do
assume the underlying vectors to be identically distributed as well.

THEOREM 3.1. Let Z(l),Z(2) € le_ be independent random vectors, each with tail
equivalent marginal distributions and { Z*) e MRV*(aZ(-k),bZ(-k), ,ul(-k) E(z)) i=1,...,d; A}
for k=1,2, ie., they are adapted-MRV on Ri. Define oz(()k) =0, b(()k) t) =1, ,u(k) =1and
e

I(i):= argmaxje{o,”'J}{Eg-i) < oo}

where

Egi) ‘= max {limsup

0<m<e t—300 b(l) (t)b

Define fori=1,...,d,and m=0,...,i

(V)= 1y, (24
LD .~ im bl(i) ()0, ()( )
moT 5o b(1)<_( )b(2) ( )
Suppose that for k = 1,2, and eachm =1, ...,i—1, either hD = 0 0r limy_y 0 b (t )/berl (t) =
0. Then
ADERACNC MRV*(ai,bi,n?,Eg)),z‘ =1,...,d;A%}

with o; = « +« = t)o: 7 (), an
g =) + a0 (0) = b (00 (1), and
= Z c%i)ufm(A) for A e B(Eg)),

where /‘;kn,i is the measure which is uniquely defined on RO as follows: for
A={zeR%:z;>z;Vje SRV > 0VjeS we have

N:n,i (A)

JCSU{0}
|J|=m

= Z pulh) <{z GEElm) tzp>aiVjE J}),uﬁ)m ({z GEg_m) tzp>aiViE S\J}).

Moreover, A® € {max(A; +1,Ag +1),...,min(A; + Ay, d)}.

The proof of Theorem 3.1 is given in Appendix B.
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REMARK 3.2. Since the output of argmax may contain multiple elements, I(7) is not
defined uniquely; hence, a value for (i) is often chosen from these outputs according to
convenience.

We have refrained from stating a general result akin to Theorem 3.1 for adding n random
vectors since the parameters of the limit model become notationally cumbersome without
providing additional insight; on the other hand, for a variety of joint dependence behavior, we
often observe nicer structures appearing. In the rest of the section, we discuss consequences
of Theorem 3.1 on the finite sum of i.i.d. random vectors under various assumptions on their
dependence structures.

3.1. All subcones exhibit regular variation. First, we investigate the case where we add
i.i.d. random vectors which are multivariate regularly varying on all relevant cones. The re-
sults as we will see are direct consequences of Theorem 3.1. We begin with the well-known
model where all components of each vector are i.i.d. random variables as well; Example 2.13
gives the structure of the limit measure in this case. The following proposition provides a
slightly general version of this case. Proofs of the results of this subsection are available in
Appendix C.

PROPOSITION 3.3 (Nearly independent case). Let Z W 2™ pe iid. random vec-
tors in Ri with tail equivalent marginal distributions and Z") € MRV (a, b, ui,Eg)) for
i=1,...,d where b;j(t) = (by(t))"/* and by (t) € RV1/q- Then a; =i and

3"z e MRV(i,b,EY)) for i=1,....d. 3.1)
k=1
Now if for some k; >0, j=1,....d,
i ({z eBY 2 >a,;Vj€ S}) = [ xz;° (3.2)
jES

for § CTwith |S| =i, z; > 0 and p(ES ™) =0,i=1,....d, then
Zz(k)GMRV(ia,b}/i,niui,Ey)) for i=1,....d.
k=1

REMARK 3.4. If all components of the random vectors Z W, Z™ are completely
tail equivalent then kK1 = ko = ... = Kgy.

Although condition (3.2) is rather restrictive, the result obtained in (3.1), ie.,
it ZW e MRV(a, bi,Eg)) then 7 Z®) € MRV(ay, bi,Eg)), holds under much
weaker assumptions. The particular assumption (3.2) helps only to calculate the exact form
of the limit distribution. The following result provides a further case and helps in creating
many examples.

PROPOSITION 3.5. Let Z(l), e, Z") be i.i.d. random vectors in Ri with tail equivalent

marginal distributions and VADES MRV (a, b, ui,Eg))for i=1,...,d. Moreover, assume
that o; < ap + Qi_m forallm=1,... ;i —landi=2,...,d. Then

ZZ(k)GMRV(ai,bi,nui,Eg)) for i=1,...,d.
k=1
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REMARK 3.6. Clearly, a sufficient condition for Proposition 3.5 to hold would be to
assume that c%z) =0,m=1,...,1—1and i =2,...,d instead of «a; < au,, + a;_,, for all
m=1,...,i—1and¢=2,...,d. This requires the notation of Theorem 3.1, and we prefer

the latter in lieu of interpretability.

REMARK 3.7. Both in Propositions 3.3 and 3.5, we observe that while adding finitely
many random vectors Z() ..., Z(™ we obtain Py ARNS MRV (a, b, u?n,Eg)). The
indices of regular variation «; and the scaling parameter b; remain the same no matter how
many vectors we add although the measure ,u??n are quite different for different values of n.
Note the following.

i) Under the assumptions of Proposition 3.3, we have, a; = oy, + j—p, for m =0,... 4,
and ,u??n = n'yu,. Interestingly, a; = auy, + @iy, for m = 0,...,7 does not necessarily
imply that u§° = nly,.

i1) Under the aséumptions of Proposition 3.5, we have, o;; < ayp, + @y form=1,...,i—1,
which turns out to be a sufficient condition for ,uf-?n = n/;.

EXAMPLE 3.8 (Marshall-Olkin dependence). For this example let Z, Z (1), A (") be
1.1.d. random vectors in Ri with all marginal distributions following F,, where F, € RV_,
and by (t) = F* (1/t) for some o > 0. We consider two different Marshall-Olkin dependence
parameters for Z which has copula éMo given by (2.14); see Example 2.14.

(a) Equal parameter: Suppose the parameters defining the Marshall-Olkin copula are given

by (2.16). Then from Example 2.14(a) we have Z € MRV (o, b;, , Eg)) fori=1,...,d
where «;,b;,; are given by (2.17). Now observe that for fixed ¢ = 1,...,d, and
m=1,...,i—1,

Oy + QG = (2 — 2_(m_1))Oé + (2 _ 2—(i—m—1))a
> 2«
> (2=t a=a; (3.3)

Hence, by Proposition 3.5, we have

Z Z(k) S MRV(OZZ', b;, ’I’L,LLZ,ES))
k=1

(b) Proportional parameter: We know from Example 2.14(b) that Z € MRV (o, b}, i, Eg))
fori=1,...,d where o], b, 11 are given by (2.18). Again note that for fixedi =1,...,d,

(3
m=1,...,i—1,and o; as in (2.17),

N d N mao fo d N (i —m)a
"d+1 " (d+1)2mt g+ (d 4 1)2iml

— (o + i) d i o m . i—m
T T e m ) T T @ 1) \2m T gt

d o m T —m .
R Y <2i—1 + 5 > (using (3.3))

* * _
10799 + Qjm =

_ *
=aq;.
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Hence, by Proposition 3.5, we have

3"z e MRV (o}, b nuf,EY).
k=1

EXAMPLE 3.9 (Archimedean copula). Referring to Example 2.15, suppose we have
i.i.d. random vectors Z (1), oz (") with identical margins F, so that F, € RV _,, by =
F* (1/t) and they admit an ACIG copula as described with dependence parameter 1 < 3 < 2.
Then we have ZW) € MRV(a,ba,,ul,Eg)) and ZW ¢ MRV(aﬁ,bé/ﬁ,ug,Eg)) for
1 =2,...,d. Now, clearly the conditions for Proposition 3.5 are satisfied and hence, we
have Y )_; ARNS MRV(a,ba,nm,Eél)) and Y ) _; ARNS MRV(aﬁ,bé/B,n,ug,Eg))
fori=2,...,d.

The two extreme cases of dependence considered in general are the case of fully inde-
pendent components for Z (), which is covered in Proposition 3.3, and the case where the

components of ZW are dependent such that zW ¢ MRV (a, b, i, Eg)) fori=1,...,d. The
following corollary addresses the latter case.

COROLLARY 3.10 (Dependent case, corollary to Proposition 3.5). Let Z (1) VA ™) be
i.i.d. random vectors m Ri with tail equivalent marginal dlstrlbutlons and

zW e MRV(aZ,bZ,,u,, )for i =1,...,d. Moreover, (az,bz,,u,,E( )) (a, b ,u,IE( ))
fori=1,....1* for some i* §d Then

ZZ(R)EMRV(a,b,nu,ES)) for 1=1,...,1".
k=1

EXAMPLE 3.11. Example 2.16 exhibiting asymptotic tail dependence admits the prop-
erty ZW) MRV (a, b, p, Eg)) fori=1,...,d and hence, we can compute tail asymptotics
of its convolution using Corollary 3.10.

In all the propositions, corollaries and hence examples of this section, we observe that if
zW ¢ MRV (e, by, i, E¢ )) then their finite sum  ,_, ALNS MRV (e, b, C, Z,uZ,IE(Z))
for some constant C, ; > 0 The “one large jump” phenomenon is observed here, in the sense
of equivalence of the first and last expressions in (1.3) or (1.6) if C), ; = n; cf. Proposition 3.5.
But C), ; is not necessarily n, as for example in Proposition 3.3, and this is a case which we
think of as a phenomenon of “more than one large jump” or “a few large jumps”. Note that
in both cases mentioned here, we did assume Z @) to have MRV on all cones, but not be
strictly adapted-MRV. In Section 3.2, we illustrate that a similar principle holds, even under
the assumption of adapted-MRYV, although the characterizing jumps are now of the form (1.7)
which relates to “a few large jumps” phenomenon.

3.2. Not all subcones necessarily exhibit regular variation. In certain contexts, we may
be interested in adding random vectors which are not necessarily MRV on all relevant cones.
For example, we may have a sequence of i.i.d. random vectors for which not all components
are non-zero in each realization. An extension of such aggregation to random sums lead to
general compound Poisson or Lévy processes, see Section 4 for details. In this section, we
concentrate on a few such examples. The general structure for the limit measures in such
problems are often not quite apparent.



16 B. DAS AND V. FASEN-HARTMANN

PROPOSITION 3.12. Let Z(l), ey VARNS Ri be i.i.d. random vectors with tail equiv-

alent marginal distributions which are RY _,, and let {Z M e MRV* (v, by, i, Eg)),i =
1,...,d; A =1} with oy = . Then

{Z Z" € MRV (@i, by 1, ES) i = 1, ds A :min{d,n}}.
k=1

Specifically, fori =1, ...,d we have the following:
(a) Forn >1,

3" z® e MRY (an i by = b Efj’) : (3.4)
k=1
where

,u??n({zGEé) vz >V 65}) :m H,ul ({zGEé) 124 >3:j}> , (3.5
" jes

for S CTwith |S| =1, z; >0 for j € S and ,uf?n(EgH)) =0.
(b) For1<n <31,

S z®ene (bm(t) _ ¢l/iat) Egp) . (3.6)
k=1

The proof of Proposition 3.12 is in Appendix D.

REMARK 3.13. In Proposition 3.12, if the marginal distributions are completely tail
equivalent with distribution functions F};,j =1,...,d and b;(t) = F, (1/t), then u??n in
(3.5) is given by

i . n! .
" jes

REMARK 3.14. For the conclusion of Proposition 3.12 to hold, the random variables
ZW . Z@ . need not be identically distributed as long as they are independent and are all
adapted-MRV with the same sets of parameters. The proof follows by similar arguments as
the proof of Proposition 3.12 and is skipped.

The phenomenon of a “few large jumps" holds here too, as illustrated next. Assume that in
Proposition 3.12, the marginal distributions are completely tail equivalent as in Remark 3.13;
and Z = (Zy,...,Z4) ~ Z") . Without loss of generality let tA be the tail event of interest
where A= {z € E[(;) tzj>x;Vje{l,...,i}}. Note that from (3.4) and (3.5), we can infer
that in fact as t — oo,

" 1 n! : o
P(ZM +... +2Z2M etA) ~ CRODICES] 1=
1 'j_l

X

= Ch :
A5

~Cni [[P(Z; > tas),
j=1
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where C,,; = (n!)/((n —4)!). Hence ZM) + ...+ Z™ € tA occurs at the same rate with
which ¢ independent univariate marginals cross their respective thresholds, indicating ¢ many
large jumps. The constant C), ; gives the number of possible choices of independent jumps,

here the marginals jumps counted are all from different variables Z (k) |
In the rest of the section we provide examples exhibiting Proposition 3.12 and its possible
generalisation.

EXAMPLE 3.15. Let (X (®)),.cy be a sequence of i.i.d. random variables with distribution
function F' and F € RV_q,a > 0. Let (B™);cy be i.i.d. random vectors taking values in
{e1,...,eqy withP(BW =¢)) =p; > 0,5, py=1,and ¢, = (0,...,0,1,0,...,0) € {0,1}¢
where the only non-zero entry 1 is at the [-th place. Define yk .= x®pB (k), k € N. More-
over, let (€®));.cn be an i.i.d. sequence of random vectors with E||e(¥) || 42+0) < o6 for some
6 > 0. Finally, also assume that X, X® .. BMW B@ 0 @  are indepen-
dent. Then Z¥) .= Y ¥ 4 ¢ ke N, area sequence of i.i.d. adapted-MRV random vectors
with A =1 (cf. Lemma 2.9) and hence, Proposition 3.12 (along with Remark 3.14) provides
the tail asymptotic behavior of > ', Z (®) for any n > 1.

The neat expressions for limit measures and tail indices as obtained by Proposition 3.12
in aggregating i.i.d adapted-MRYV random vectors with A = 1 does not extend as nicely for
A > 1. Nevertheless, we may still be able to find a pattern in certain cases and our next
example with A = 2 elaborates on this.

EXAMPLE 3.16. The setting is similar to Example 3.15. Let XM X®
XM )N((z) ..~ F be ii.d. random variables with F' € RV _,,a > 0. Let B(l), B(2), cey
B ) B(2) . be i.i.d. random vectors taking values in {e1,...,e;} as defined in Exam-
ple 3.15. Also assume that X1, X® ... X0 X@ . B0 B® . BY BY .
are mutually independent. Then Yy ®) .= 9-1/ea x (k) gk) 4 2_1/a)?(k)§(k), keN, arei.id.
adapted-MRYV random vectors with A = 2. Specifically for any k > 1:

i) Y®) ¢ MRV(a,bl,m,Eg)) where by (t) = F* (1/t) and with A; = {z € Eg) Pz >

z;} € RW for some j € I, p1(A;) = pjz; .

i) Y € MRV (20, b1/2,p2,E(2)) where with Ay = {z € E 2., Lz > xj, 20> a0} € RG)

for some ],6 eI, j # ¢ we have ps(Az) = 2p]pg(x]wg) e,

iii) Fori= .,d and some 0 < y < a/d, we have Y *) € NC(t1/(e+7) | Eli)).

Applying Theorem 3.1, and following the proof of Proposition 3.12, we can show that for
n >,

S Y ® e MRV (ia, by, 12, EY),

where

um({zeE Z]>ijj€S}> Hm({zEE zj>xj}>
JjES

n) [ [ pia5® 37
jes
for S C I with |S| =14, z; > 0 for j € S and some function f; : N — R where

n! . o
< filn)<n', n>i i€l

(n—1)!
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Furthermore, ,u;k% (EE;H)) = 0. In particular, we can check that

filn)=n, n>1, fa(n)=n(n—-1/2), n>1,
fa(n)=nn—-1/2)(n—1), n>2, fa(n)=n(n—-1/2)(n —1)(n—3/2), n>2.

A pattern in the value of f emerges for this example, but it depends on the limit measures
of the underlying variables y ), Examples in the same spirit can be computed for A > 3
involving some careful combinatorial accounting.

REMARK 3.17. Itis easy to extend Example 3.16 in the spirit of Example 3.15. Suppose
Y ®)| k € N, are the same random vectors as in Example 3.16 and (e®).en are i.i.d. random
vectors with ||e®)||4>+%) < oo for some # > 0, which are also independent of the sequence
(Y(k))keN. Then Z*) .= Y®) 4+ ¢®) kN, is an adapted-MRYV sequence of random vec-
tors with A = 2. All the conclusions for (Y(k))keN, and > ;. Y(k), n > 1, in Example 3.16
also hold for (Z(k))keN, and Y ) _; Z®) n > i, by an application of Lemma 2.9.

4. Random sums of regularly varying random vectors. A natural extension from
aggregating finitely many random vectors is to aggregate randomly many random vectors,
which we discuss in this section, finally leading towards an extension to Lévy processes in
Section 5. We observed in Section 3 that the behavior of the finite sum may take various
forms even when they are multivariate regularly varying. Hence, for convenience, for the rest
of the paper, we assume that the following is satisfied.

ASSUMPTION A. Let Z,(Z").cn be a sequence of i.i.d. random vectors in R%. As-
sume that for all i =1, ..., d there exists a measurable function f; : N — R and a non-null

measure [i; € M(Eg)) such that for any n € N,

{Z 2" € MRV (i, bins 15, = Jim)a B )i = 1, An}
k=1

and A, = d for n > d. Furthermore, assume that for all i = 1,...,d, there exist a finite
constant ov; > 0 and a regularly varying function b;(t) € RV, 4, such that if fi(n) # 0 we
have o; , = o; and b; p, = b;.

REMARK 4.1.

(a) In general, the structure of the function f; can be quite complex and often requires an
involved combinatorial accounting procedure, see Example 3.16; nevertheless in several
examples we do observe that f;(n) = n and in all our examples 0 < f;(n) < n’. Assump-
tion A allows us the flexibility to not get involved in the computation of f;.

(b) For A,, <d we have f;(n)=0and o;,, = o0 fori=A, +1,...,d, and hence, we have
null convergence. On the other hand, fori =1,..., A, we have 0 < f;(n) < oo, a;n, = ;
and b; ,, = ;. For the examples considered in Section 3.2 this happens to be the case.

(c) Suppose A = d, then Assumption A implies that /(i) as defined in Theorem 3.1 can be
chosen to be ¢ and hence, o, + a;—, > «; for every m =0,...,4andi=1,...,d. On
the other hand, o, + aj—,, > «; for every m =1,...,¢ — 1 is a sufficient condition for
I(i) =1.
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REMARK 4.2. Under Assumption A, define Z(®*) Zl (k=1yd+1Z ZW, ke N. Also

let Z9 .= (Z7,..., ZCG;) ~ Z®1 and Z(Gi) > ..Z(ez) be the order statistics of Z°, .. .,ZSB.

(a) From Assumption A we have

n
Z Z R € MRV (v, by, fi(dn)p, E[(;))
k=1
with 0 < f;(dn) < oo fori=1,...,d and n € N. Now, a consequence of Remark 4.1 (c)
is that I(7) (as defined in Theorem 3.1) for the random vector Z ®1) (or equivalently Z%)
is equal to ¢ and hence, a;, + a;_, > o forevery m =0,...,2and i =1,...,d. Now,
I(7) =i implies as well that there exists a finite constant C* > 0 such that

' ( >t>P<Z(€jm)>t> .
O<il>lg;mzo IP’(Z(%>t> =¢ @b

(b) Note that the function g;(t) :=P (Z 8.9) > t) € RV_,, forany i € I. Hence, using Potter’s
bound [13, Proposition B.1.19 (5)] there exists a finite constant C** > 0 such that

. P (Z(% >t /2)

i€l >0 P (Z(GZ?) > t)

<. 4.2)

THEOREM 4.3. Let Assumption A hold and let the i.i.d. sequence (Z(k))keN be inde-

pendent of the Ny-valued random variable T with E(k™) < oo for any k > 0. Then for
i=1,...,d,

k=1

The proof is in Appendix E. Note that the examples considered in both Section 3.1 and
Section 3.2, all satisfy Assumption A (as well as (4.1)). Hence, for any Ny-valued random
variable 7 whose moment generating function exists on the positive real line, we can compute
the tail probability of a random sum of 7 many i.i.d. MRV random vectors using Theorem 4.3.

5. Regular variation in multivariate Lévy processes. A particular example of a ran-
dom sum of i.i.d. random vectors as indicated in Theorem 4.3 is the compound Poisson
process at a fixed time point where the number of summands 7 is Poisson distributed, which
in turn is an example of a Lévy process. In this section, we investigate multivariate regular

variation of Lévy processes L = (L(s))s>o on different subcones ES), 1=1,...,d, and re-
late it to multivariate regular variation of the Lévy measure II on those subcones. A Lévy
process is characterized by its Lévy-Khinchine representation E(e"©-L())) = exp(—s ¥(0))
for © € R?, where

¥(6) = ~i(1,0) + 3(0.20) + [ (1-¢%) + itz 0)) Mde)
Rd

with v € R4, Y a non-negative definite matrix in R%%4 and a Borel measure IT on R%, called
the Lévy measure which satisfies [, min{||z||?, 1} II(d ) < co and II(0) = 0. Moreover,

(-,-) denotes the inner product in R%. The Lévy measure IT1( A) measures the expected number



20 B. DAS AND V. FASEN-HARTMANN

of jumps of the Lévy process in the interval [0, 1] which lies in the set A. We denote by II; for
j=1,...,d the marginal Lévy measures. In this paper, we restrict to Lévy processes in R%,
i.e., the marginal Lévy processes are subordinators, which are increasing Lévy processes.
For more details on Lévy processes see [1, 41].

Regular variation in multivariate Lévy processes, especially characterizing complex tail
events, including but not restricted to (1.5), can happen in a variety of ways. We may observe
regular variation for the Lévy process itself, or the Lévy measure, and they may have different
implications depending on the dependence structure of the Lévy process. In the following
three subsections we investigate this in detail; the proofs of the associated results are provided
in Appendix F.

5.1. The Lévy measure admits regular variation on all subcones. In the first subsection,

we assume that the Lévy measure is multivariate regularly varying on all subcones E(l), 1=
1,...,d and show that the same is true for the Lévy process, in fact, they are tail equivalent
(in a multivariate sense) as we exhibit next. We understand (multivariate) tail equivalence as
an extension of (2.1) to appropriate sets A € B(). The result can be seen as an extension of
(1.8) to subcones (cf. [22]).

PROPOSITION 5.1 (Extending Proposition 3.5).  Let (L(s))s>0 be a Lévy process in R
with Lévy measure I1 € MRV («, bi,,u,-,Eg)) for i =1,... d whose univariate marginal
Lévy measures are tail equivalent. Moreover assume that o; < oy, + Qi for all m =
1,...;i—1landi=2,...,d. For s >0 we have then

L(s)GMRV(ai,bi,sm,ES)) for i=1,....d.

A direct consequence of Proposition 5.1 is the tail equivalence of the Lévy measure of
the set tA and the probability measure of the Lévy process belonging to t A, for Borel sets

A € BY bounded away from (CAL(;_D with 11;(A) > 0 and p;(0A) = 0 such that

S

P(L(s) e tA) ~sP(L(1) €tA) ~ sII(tA) ~ ) pi(A) ast— oo.

Although the tail equivalence of the Lévy process and the Lévy measure holds for a variety
of sets, the tail rate differs depending on which subcone E[(;) the set A belongs to. A sim-
ilar conclusion was shown in [22], but only for sets A with p1(A) > 0. However, in many

situations this is not the case as we see in the following examples.

EXAMPLE 5.2. Let L be a compound Poisson process of the form L(s) = ,Z::(i) AR
where the jump sizes (Z*)),¢y are i.i.d. and independent of the Poisson process (N (s))s>0

with intensity A > 0. Suppose the jump size Z (1) has identical marginals which have RV _,,
tail distributions with tail index —a: < 0.

(a) Let the dependence structure of Z (1) be modelled by a Marshall-Olkin copula with equal
parameters as in Example 3.8(a), then L(s) € MRV(«y,b;, sAp;, ES)) with parameters
@, bi, p; given in (2.17).

(b) Let the dependence structure of Z (1) be modelled by a Marshall-Olkin copula with pro-
portional parameters as in Example 3.8(b), then L(s) € MRV(a], b}, s)\u;*,Eg)) with
parameters o, b}, 17 given in (2.18).

(c) Let the dependence structure of Z (1) be modelled by an ACIG copula as in Example 3.9,
then L(s) € MRV(a,ba, sAu1, EL) and L(s) € MRV(aB,by”, sAua, EY) for i =
2,...,d with parameters given in Example 2.15.
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EXAMPLE 5.3.  Suppose Lg), j=1,2 3 arei.i.d. Lévy processes in R with Lévy mea-
sure IT, € MRV(«, by, fia, (0,00)), L(BJ), j=1,2arei.i.d. Lévy processes in R, with Lévy
measure IIg € MRV(f,b3, us,(0,00)) and L, is a Lévy process in Ry with Lévy mea-
sure IT, € MRV(v,b,, f1y,(0,00)). A typical example for L, is an a-stable Lévy process
with Lévy measure I, (dz) = az™* 11 (g o) (z) dz. Furthermore, assume all processes are
independent and o < 3 < ¥ < 2«. Then the 3-dimensional Lévy process

L(s) = (LY (s) + LY (5) + Ly (5), LD (5) + LY (5) + Lo (5), L&) (5) + LY (5) + Ly (s)),

has Lévy measure
3
ZHO‘ +Hﬁ AlﬂAg)—l-Hﬁ(Ag)—i—H (A1 NAyN As),
j=1

where A1 ={z € R} : (2,0,0) € A}, Ao ={z€R;:(0,2,0) € A} and A3 ={z € R, :
(0,0,z) € A}. Of course, II satisfies the assumptions of Proposition 5.1 with (o, ag, ag) =
(o, B,7), (b1,b2,b3) = (ba, b, by) and

3
Z Aj), pa(A)=pp(A1NAz)  and  pg(A) = py (A1 N AN Ag).

Finally, L(s) € MRV (o, b;, S/Li,EEli)) fori=1,2,3.

In each case for Examples 5.2 and 5.3, L(s) is MRV on Eél) and E£l2) but with different

indices and hence, p1 (E&z)) = 0. This implies that the components of L(s) are asymptotically
tail independent. In the special case where the components of L(s) are (strongly) dependent,
the next result follows directly from Proposition 5.1.

COROLLARY 5.4 (Extending Corollary 3.10: Dependent case) Let (L(s))s>0 be a Lévy
process in R with Lévy measure I1 € MRV (v, b;, i, E )for t1=1,...,d whose univari-

ate margmal Lévy measures are tail equivalent. Moreover (e, bz,,u,,E( )) (a,b ,u,IE( ))
fori=1,....3* for some i* < d. Then for s > 0 we have

L(s)GMRV(a,b,su,Eg)) for i=1,...,i".

EXAMPLE 5.5.

(a) Completely dependent case: Let L; = (L1(s))s>0 be a Lévy process in Ry with univari-
ate marginal Lévy measure II, € MRV(«, by, fta, (0,00)) and L = (L1, ..., L1). Then
the Lévy measure of L is given by

T1(A) = minlla((z;, 00))

for a rectangular set A= {z € R : z; > 2;Vj € S} with S CTLand z; > 0 for j € S. In
this case, we are in the setting of Corollary 3.10 with :* = d and p(A) = minjcg xj_a for
a rectangular set A as above.

More generally, if the marginal tail Lévy measures are not necessarily identical but are
completely tail equivalent satisfying IT; € MRV (v, b, fa, (0,00)) for j =1,...,d and

11(A4) = minIl;(z;, o)
JjES

then IT € MRV(«, bq, ,u,IE( )) for i =1,...,d as well and the assumptions of Corol-
lary 5.4 are satisfied. Indeed, this is a Levy measure, it is constructed by the complete
dependence Lévy copula (cf. [27]).
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(b) Suppose Lj, j =1,...,d are Lévy processes in R, with univariate completely
tail equivalent marginal Lévy measures II; € MRV («,bq, fta, (0,00)) and L(s) =
(L1(8),...,Lq(s)) is a d-dimensional Lévy process with Lévy measure

1

[

-6
I(A) = | > (((z5,0)))
JjeS
for some 0 > 0, where A = {z € R% : z; > z; V j € S} is a rectangular set with S C I
and x; > 0 for j € S. This Lévy measure is constructed using the Clayton Lévy copula
(cf. [27]). Let the measure . on 3 (1) be defined as

w(A) = [ Sy
JjES

for a rectangular set A as above. Then II € MRV(oz,ba,,u,Eg)) fori=1,...,d and

hence, due to Corollary 5.4, L(s) € MRV(«, by, Si, ES)) fori=1,...,d as well.

(c) Another (dependent) example of a Lévy process can be constructed by a compound Pois-
son process where the jumps sizes have the distribution F' as in Example 2.16.
REMARK 5.6. Regular variation of the Lévy measure on different subcones Eg) can be

related to regular variation of the Lévy copula and Pareto Lévy copula, respectively on these

different subcones; cf. [14, 28] for classical regular variation of such Lévy measure on Eg).

This work is under investigation by the authors.

5.2. The Lévy process is asymptotically tail independent. In Proposition 5.1 and subse-
quently Corollary 5.4, the underlying Lévy measure admits regular variation on all relevant
subcones; but this may not necessarily be the case in general. The next result includes the
cases where the Lévy measure is adapted multivariate regularly varying; i.e., MRV need not
exist in all the relevant subcones.

PROPOSITION 5.7 (Extending Proposition 3.12).  Let (L(s))s>0 be a Lévy process in R
with Lévy measure 11 such that {11 € MRV* (e, b;, pu;, ES)),Z' =1,...,d;A =1} and 11 has
tail equivalent univariate marginal Lévy measures in RV _. Then for s > 0 we have

L(s)e MRV(ial,b}/i,siuiL,ES)) for 1=1,...,d.
with
uf( N{z€EY 2> xj}) ~TIm ({z eED .z > xj}> . (5.1)
JjES JjES

for S CTwith |S| =1, x; >0 forj € S and ,uZL(EEZH)) =0.

Interestingly, for rectangular sets A € R() as in (1.5) with |S| =i, now we observe that
P(L(s) €tA) ~s'P(L(1) €tA) ast— oo. (5.2)

Hence, the linearity property of P(L(s) € tA) ~ sP(L(1) € tA) as t — oo, which we had
noticed in the dependent cases of Proposition 5.1 and Corollary 5.4 respectively, vanishes

here making this an unusual phenomenon for Lévy processes. Moreover, although II is MRV

on Efil), for sets A € R the tail measures I1(tA) and P(L(1) € tA) are not tail equivalent

)

. : L . 1
anymore, in contrast to the common wisdom for regular variation of Lévy processes on Egl .
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EXAMPLE 5.8.

(a) Suppose the marginal Lévy processes L1,...,Lq of L = (L1,...,Ly) are independent
with tail equivalent univariate marginal Lévy measures II; which are regularly varying
with tail index —a: < 0. Then the Lévy measure of L is

d
T(A) = TI;(4))
i=1

for Aj={2z€R;:(0,...,0,2,0,...,0) € A}, where z appears in the j-th coordinate.
This Lévy measure has mass only on the co-ordinate axes. Hence, the assumptions of
Proposition 5.7 are satisfied and it can be applied to show MRV of L on various subcones.
In particular, it satisfies (5.2).

(b) A compound Poisson process as defined in Example 5.2 with jumps sizes (Z (k))keN
as in Example 3.15 would also satisfy the assumptions of Proposition 5.7, providing an
example for the same.

5.3. The Lévy measure is asymptotically tail independent. The next proposition covers
the case of a compound Poisson process, as a special Lévy process, where the marginal
distribution of the jump sizes are independent as well. The observed phenomena is again
different from Proposition 5.7, which covers a compound Poisson process with independent
marginal Lévy processes.

PROPOSITION 5.9 (Extending Proposition 3.3). Let (L(s))s>0 be a Lévy process in
R? with Lévy measure Il € MRV (a;, bi,ui,E[(iZ))for i=1,...,d where b;(t) = (by(t))"/*,
b1(t) € RVy)q and

Hi ﬂ{z € Eg) tzp > x| = H K]
jes jes

for S C T with |S| =1, x; >0 for j € S and ,ui(EgH)) =0,i=1,...,d, and 11 has tail
equivalent univariate marginal Lévy measures. Let (N*(s))s>o denote a Poisson process
with intensity 1. Then for s > 0 we have

L(s) € MRV (io, by  E(N*(s))ui, BV for i=1,....d.
As a consequence of Proposition 5.9, for any rectangular set A € R() as in (1.5) with
|S| =i we obtain
E(N*(s))
E(N*(1)")
where E(N*(s)?) is a polynomial of order i in s, and s < E(N*(s)?).

P(L(s) etA) ~ P(L(1) etA) ast— oo,

REMARK 5.10.

(a) We can verify that indeed the result in Proposition 5.9 is in accordance with Theorem 3.1.
From Proposition 5.9 we get that for the i.i.d. random vectors

L(1) and L(2) — L(1) € MRV (ia, b}/ E(N* (1)) i, ES)  for i=1,...,d.
Applying Theorem 3.1 gives
L(2) = L(1) + [L(2) — L(1)] € MRV(ic, b}/, u® BV for i=1,....d
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with

U8 = ( i )E(N*(l)mm(w*@) LN
0

ey (o )¥@rv@ - v )

m=0 m
— E(N*(1) + [N*(2) = N* ()] s = E(V*(2)")

which is also a consequence of Proposition 5.9.

(b) Suppose (L(s))s>o is a compound Poisson process with Lévy measure
ITe MRV(ozZ-,bZ-,K,uZ-,ES)) for i =1,...,d with a;,b;, and p; as in Proposition 5.9
and K > 0 is some positive constant. Furthermore, suppose the marginal Lévy measures

of IT are tail-equivalent. Let (L(s))s> be another compound Poisson process with Lévy

measure 1 = II/K. Then e MRV (e, b, ui,Eg)) fori=1,...,d and due to Proposi-
tion 3.3, we have

L(s) € MRV (i, by  E(N*(s) )i, EY) for i=1,...,d.
But L(s) 4 L(K s) and hence, we have
L(s) € MRV (i, by  E(N*(Ks) )i, EY) for i=1,....d.

EXAMPLE 5.11. Consider the compound Poisson process

where (N*(s))s>0 is a Poisson process with intensity 1, which is independent of the i.i.d.

sequence of jump sizes (ka), ceey Zc(lk))keN. Suppose (ka))keN, ey (Zc(lk)keN are as well

independent of each other with tail equivalent marginal distributions F; and F; € RV_,.
Then for a rectangular set A= {z € R% : 2; > 2,;Vj €S} with S Cland z; >0 forj€ S
we have

d
M(A) =[] F)()).

JjES

Thus, the assumptions of Proposition 5.9 are again satisfied and hence, can be applied here.
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APPENDIX A: PROOFS OF THE RESULTS IN SECTION 2

PROOF OF LEMMA 2.6. The set (1, oo)d € R and hence, it is non-empty. Now, let A
and B be two arbitrary sets in R® . Then for some m, n > i, with x;>0,5€{ki,.... kyn}=
S1Clandy; >0,5 € {l1,...,4,} =:S2 C 1 we have

A={zeRy:z>zvjes ), B={zeR:z>yVjcS5].
For j € §* := 51 U S,, define
xj, if j €.51N.S55°,
w; = < Yj if j €.51°N.S,,
max{:nj,yj} if 7 € 51N .Ss.

Thus, ANB={z€R% :z; >w;Vje S*} where |S*| > max(m,n) >iand w; >0V j €
S*. Hence, AN B € R™ and R is a 7-system. It can also be checked that o(R(®)) =
B O

PROOF OF PROPOSITION 2.7. (2.8) = (2.9): Using [32, Theorem 2.1], if (2.8) holds,

then any set of the form A € R() with w(0A) =0 is clearly bounded away from CA; and
belongs to the o-algebra 15 (1) as defined in (2.6). Hence, (2.9) holds as t — cc.

(2.9) = (2.8): Now assume (2.9) holds for all y-continuity sets A € R® . Denote by M, the
collection

M = {p :t >0} c M(E().

For any r > 0, let (") be the restriction of v € M(Eg)) to Eg) \ CA!" where CA!" =
{z R :d(2,CA;) <r}. Let M) := {v(") .y € M} and let {r,} be a sequence ;. 0 as
¢ — 0. Note that M (") M(Eg) \ CA'"™)) which is a class of finite Borel measures.

Denote by CZ-(T) = all real-valued, bounded continuous functions f on Eg) which vanishes

on (CAZ(T). Fix ¢ > 1 and pick any f € CZ.(”) which is uniformly continuous. Then by defini-
tion, the support of f lies on a finite union of rectangular sets given by

A= 4s,

Scl
|S|=i

where Ag ={z € Ri tz;>r*VjeSte R for some 0 < r* < r;. W.lo.g. the sets Ag
can be assumed to be p-continuity sets using [32, Lemma 2.5]. Now, using (2.9) we have
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convergence on the sets Ag and therefore,

sup v(f) =suppuy” () < sup f(=)supu(4)

veM e zeRY
< sup f(2) Y suppy (Ag) < oo.
z€RY scr t

|S|=i

Hence, for any sequence of measures {vy,},>1 € M ("), the sequence v, (f) has a con-
vergent subsequence. Since this is true for any uniformly continuous f € CZ-(”), it is true
for any f € CZ.(T;{), which are compactly supported functions in Ci(”). Since CZ(TI’;) is separa-

ble, using a countable dense collection {f;};>1 € CZ.(T;{), and a diagonal argument we can

show that any sequence of measures {v,,},>1 € M (") has a subsequence {,, } such that

limy,, 00 ¥, (9) = v(g) for any g € CZ(T;() and hence for all uniformly continuous functions

fe CZ,(”) (using a sequence g, — f where g,, € Cl(rf()) Thus, M) = {,é”’ :t> 0} is rela-
tively compact; cf. [39, (3.16), p. 51)]; and this holds for a sequence {r,} where r; | 0. Also
M(2) M. Hence, by [32, Theorem 2.4] we have M is relatively compact.

Suppose as t — oo, u; has two different sequential limits p1 and ps, then by assumption
they clearly agree on all sets A € R(Y). By Lemma 2.6 such rectangular sets form a mr-system

generating the o-algebra B(*). Hence, j1; = f1o = on Eg). O

PROOF OF LEMMA 2.9. Let A={z € Ri czj>a;Vj€eSwhere SCL|S| >4, 2 >
0 for j € S and 11;(0A) = 0. Furthermore, let 0 < € < mincg x; and define the sets

Aj::{zeRi:zj>:nj—€VjeS},
AZ ::{zeRi:zj>:Ej—|—z—:VjeS},
N.:={zcR%:|z|<eVjec S}

Suppose w.l.o.g. p;(0AT) = p;(0AZ) = 0 (otherwise choose € appropriate). On the one
hand,

P(X +Y €tA) <P(X €tAl) +P(Y €tNf)
<P(X €tAD) +P(|Y ||oo > €t).
Hence,

limsupb; (H)P(X +Y €tA) <limsupb; (t)P(X € tAL) +limsupb; ()P(||Y ||oo > €t)
t—o00

t—00 t—o0

< (AT + limsup b () ()" FIE| Y |2+
t—o00
= pi(AD) L pi(A)  ase 0, (A.D)
since 1;(0A) = 0. On the other hand,
P(X+Y €tA) >P(X+Y €tA Y €tN,)
>

P
P(X €tAZ,Y €tN,)
P(X €tA7)P(Y €tN,).
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Therefore,
litn_1>inf b (1) P(X +Y €tA) > limsupb; (t)P(X €tA])P(Y €tN,)
00 t—o00
pi(AZ) T pi(A)  asel0, (A2)

since p;(0A) = 0. Thus (A.1) and (A.2) imply that
tlim b (OP(X +Y €tA) = pu;(4),
—00

and using Proposition 2.7 we can conclude the statement. U

APPENDIX B: PROOF OF THEOREM 3.1

The following auxiliary lemmas are used to prove Theorem 3.1.

LEMMA B.1. Let the assumptions of Theorem 3.1 hold. Then for any m =0,... i — 1:

() 7 (2) (1) (2) _
thm briiy (t)bi_l(i) (t)IP’(Z(m+1) > t)P(Z(i_m) >t) =0 (B.1)
and
(D= 1 (2) 2) (1) _
Jim b (002 (O P(Z0 ) > OP(ZL, ) > 1) =0. (B.2)

PROOE. Let IT'(F) .= argmaxi{agk) < oo}, k =1,2. By definition, for i < I'*) we have
P(Z) > t) = O(1/b{7* (1)); and for i > T®, P(Z{}) > 1) = o(1/b{” (1)). Hence, to
prove (B.1), we need only to show that

(D)= 41 (2
am :=limsu bl(z) (£)6, ()( ) =
m = p =
o B 0 ()

For m = 0 we have
ap = cé(i) tllglo 1/b§1)<_(t) =0.

Letm €{1,...,i— 1}. Note that

' b(l)(— "

am = ¢l lim sup 7&{_( )

t=ro0 bm+1 (t)
Since limsup;_, . b ( )/ bm )< oo the last equality implies that a,,, = 0 is only pos-
sible if either cnfb ) =0 or limsup,_,,, b ( )/ bm +1( ) = 0, which holds true by the as-
sumptions in Theorem 3.1. The proof of (B 2) is analogous. O

LEMMA B.2.  Let the assumptions of Theorem 3.1 hold and A = {z € Ri iz >x;Vie
=i, x; >0 for j € S and i (A) = 0. Then

Tim {0 (0p7) (P (z<1> +2Z® ¢ tA) = u®(A). (B.3)



AGGREGATING HEAVY-TAILED VECTORS 29

PROOF.
Step 1. First, we derive an upper bound for the left hand side of (B.3). Let 0 < € < 1 such
that ex; < (1 —€)x; forall j,l € S. Then

P(z0+zPcta)=| Y + 3 ]IP’ N{z"+ 27 > ta;}
R LSt \ES
N ﬂ {Z](-l)gtea:j}ﬂ m {Z](-l)>t(1—e)a:j}
jed, JES\Jy
n { <texj} N {Z}z) > (1 —e)xj}
J€J2 je€S\J2
:ZMl(t,E)-i-Mg(t,E). (B.4)

Note that in case J; N Jy # () these probabilities are zero since it results in computing proba-
bilities of empty sets. Next, we find an upper bound for M; (¢, €). Note that

S el N {Z](-l)>t(1—e)xj}ﬂ N {Z§2>>t(1—e)xj}

B \jes\J, JEVA
Y op ﬂ{Z}1)>t(1—e)x]—} Pl N {Z]@)>t(1—e)x]—}
J2CSU{0} JEJ2 jES\J2

Let Ac:={z€R% : 2; > (1 —€)x;Vj € S} and choose € > 0 such that p1§’ (0A,) = 0. Then

lim sup by b ()Mt €) < pf (Ao). (B.5)
%
Define 2* := minjcg «;. Following a similar argument for M»(t, €) we get the upper bound

Myt < > IP( N {Z](-l)>t(1—e)xj}>P< N {Z](-2)>t(1—6)3:j})

J3CSU{D} i .
J1£S\12u{0} JE€J2US\ 1 JjE€JLIUS\J2

< > P2 sy > -2t ) P2, > 1 - )
e 0}
i—1 i—m

<Y Y (gl ta-ar) (2D, > 1 -aa).
m=0 =1 J2CSU{0} J3 CS\JpU{0}

[Jol=m  [S\(J1UJ2)|=L
Finally, an application of Lemma B.1 yields
lim sup bg(g;_(t)bg )I(z)( )YMs(t,€)

t—o0

i—1 i—

< Z Z Z Z hmsupb((z;_(t)bg);_(i)(t)

m=0 I=1 J2CSU{0} JyCs\spuie) O
[J2l=m |S\(J1UJ2)|=1

P(20) ) >t —aa*) P(2, >t1-ea') =0.  B.6)
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Now from (B.4), (B.5) and (B.6) we have
lim sup i~ (D75, (1) P (Z<l> +2Z® ¢ tA) < u®(A) L P (A)  asel,

t—o00

where in the last step we use the fact that z§’ (0A) = 0
Step 2. Next, we derive a lower bound for the asymptotic limit. There are a total of 2!°!
subsets of S which we order as J(1),...,J(2!5!) (in any way). Now, define the sets

Cr= {Z}”>mj}m N {Z](-2)>ta:j}, 1=1,... 25

0! FES\J(1)
Then,
IEL
{Z(” +2Z® ¢ tA} o Ja,
I=1

and using the inclusion-exclusion principle we have

2151 2151
(Z(l) L z® etA) >P (U C’l) > P(CH)— Y. PC,NC,). BT)

=1 1<ty <15 <2151
Now on one hand,

PIED
lim 600 ()0 Z]P’ C) = ul(A), (B.8)

t—00 I() (%)

and on the other hand, for any 1 < I < Iy < 2/°! the inequality

o) oy (@)
0 <P(CL NCi) <P(Z 50, )050) > 1P 5\ () wy)

holds. Define m := |J(I1) N J(l2)|. Since J(l1) # J(l2) we have |J(I1) U J(l2)| > |J(I1) N
J(I2)| +1=m+ 1. Hence, a conclusion of Lemma B.1 is that

)>tx)

lim sup b' ()) (t )bl(i);_(i) t)P(Cy, NCY) (B.9)
t—o0
<limsup by (b7, (DP(Z(0), 1) > ta")P(Z) ) > ta*) =0

t—o00

for any 1 < Iy < Iy < 25!, Then (B.7), (B.8) and (B.9) result in the lower bound
hmlnfb( )%(t)b(i)f (t)P (Z(l) +2Z® ¢ tA) > u®(A).
t—o00 (i) i—1I(1) /3

and together with the upper bound in Step 1 the lemma is proven. O

LEMMA B.3. Let the assumptions of Theorem 3.1 hold and A = {z € R rzp>a; Vi€
S} be a rectangular set with S C 1, |S| > i and x; > 0 for j € S where p; (OA) 0. Then

P (A) = O (A) + i (4),

PROOEF. Since

= Z C%i)ﬂfn,i(A)
m=0
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we have to show that Zm 1 el ),um ;(A)=0.But

Z Dy, i(A

m=1

:tliglozb[(z 2 I(z Z P m{Z(l >txj} P ﬂ {Zg('2)>txj}

J‘C]S‘B{UJ} jeJ jeS\J

< 2" lim Z ! Z;_ b(2 0 ( )P <Z((71r3) > tminajj> P <Z(§|) > tmlnznj>

t—o0 JES JES

i 2)« (1) 2)
<2 Z hm b t)b,” (Z)( )P <Z((m 1)41) >t1]n€1§m:j> P <Zi_(m B> tgrgg@)

The right hand side is equal to zero due to Lemma B.1. O

PROOF OF THEOREM 3.1. Due to Lemma 2.6 it is sufficient to study the convergence on
the rectangular sets A ={z € RL : z; > 2,V j € S} where S CL, |S| >4 and z; > 0 for
j € S with 4’ (0A) = 0. 1f | S| = 4, a consequence of Lemma 2.6 is that

tim B0 (0 (P (20 + 2 € 14) = (4).

{—oo 10

If |S| > i then i < d — 1. Thus, using Lemma B.1 and similar elaborate calculations as in the
proof of Lemma B.2 (cf. proof of Lemma B.3) we can show that

Tim B (0 (P (z<1> +Z® ¢ tA)

oo 1(9)

= lim by (b7

t—o0

(W 11(2)
i (OP (Z(l)etA> + Tim by (b (4P (Z(2)6tA)
1 2
0,0 4) b (1) 1O, 4 tiy b (1)
v S| t—o00 b|(;‘)\ (t) S| t—o0 b|(§)\ (t)

V(1)

bY@

,u(.l) (A). In summary,

= 0 we have u(l)(A) = 0. Otherwise, u‘(é)(A) limy o0 5T

‘ | CENO]

In case lim;_ o

lim by ()b (P (Z<l> +z@ ¢ tA) = DD 4) + D P (A) = P (A)

t—00

where the final equality is due to Lemma B.3. O

APPENDIX C: PROOFS OF THE RESULTS IN SECTION 3.1

PROOF OF PROPOSITION 3.3. Note that ; = icv is immediate from b;(t) = (b1 (t))Y/* €
RV1/(ia)- Using Theorem 3.1, it is sufficient to prove the statements for n = 2 and the rest
follows by induction (which are direct and not shown here). Using the notation of The-

1(i)

orem 3.1, for any ¢ = 1,...,d, we have I(i) =i and ¢, ' =1 for m =0,...,¢ for any
i=1,...,dand limy_.c bin ()/bm+1( ) =0. Thus,

ZW 4 Z2® € MRV(ia, b/" EY)
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and (3.1) follows by induction. Now if (3.2) is satisfied then (for n = 2), we have ujm() =
() 1i(-) and hence, for any A € B(Eg)) with 1;(0A) = 0 we get

pEA) = 3 ( : ) pilA) = 214(A)

m
m=0
implying that
ZM + Z2® e MRV (ia,b", 2 i, EY)).
Now (3.2) follows by induction using Theorem 3.1. O

PROOF OF PROPOSITION 3.5. Consider n = 2 and the notation of Theorem 3.1. Fix some
i€{l,...,d}. We have I(i) =1, D 0,m=1,...,7—1 and cé(l) = cim) = 1. Clearly,
1o = i ; = i and hence, us = Ko + 1 ; = 2. Now by Theorem 3.1, we get

ZW 4+ Z2? € MRV (a;, bi, 2u5, EJ).

The final result can now be derived using induction (which we skip here). O

PROOF OF COROLLARY 3.10. Since o; = a < o+ o = @y, + 0 _im,, this holds as a direct
consequence of Proposition 3.5. O

APPENDIX D: PROOF OF PROPOSITION 3.12

PROOF. By Definition 2.10, A =1, by (t) € RV, and for some 0 < v < a/d, b;(t) =
t1/@et) =2 ... d.Thenbi (t) € RV, andlet bi~(t) = t*(t) where £(t) is some slowly
varying function. Also define S () .= S Z (k). We prove the statement by induction.

(1) Consider i = 1. By definition, (3.4) holds for n = ¢ = 1. Using classical MRV results [31,
Theorem 1.30], [24, Example 3.2], we obtain s ¢ MRV (e, by, np, Eél)). Thus (3.4)
holds for all n > i = 1; the form of the limit measure is (3.5) with |S| =i = 1.

(2) Fix ig € {2,...,d}. By way of induction, assume that for any i € {1,...,ip — 1}, (3.4)
holds for all n > 4 and (3.6) holds for n < ¢. First, in part (i) we show that for ¢ = i,
(3.6) holds for n < ¢ = ig. Then, we show (3.4) holds for n = ¢ = iy in part (ii) and for all
n > 1 = ig in part (iii). Note that the induction base case holds for iy = 2. Moreover, for
n=1,(3.6) holdsfori=2,...,d.

(i) Additionally assume that for ¢ = ig, (3.6) holds for all n =1, ...,n9 — 1 where ng < .
Here we show (3.6) holds for ¢ = 75 and n = ng. If 79 = 2, then the only choice of n is

n=ng =1 and (3.6) holds since §™) = Z1) ¢ /\/C(tz(aﬂ),Eg)). So assume ip > 3.
Note that §(%0) = §(o=1) 7o) Using the notation of Theorem 3.1, for j =0,

(io) _ (io) : oSV (b (8)
Cow =¢: := max < limsup——
oI 0smsio | oo b0 (000 (1)
TL()—l .
> limsup b((] )(_(t)b;:(t) = limsup L- ol =00
T oo BTV (1) toee tU(E) T

since bg"‘)_l)(t) = by (t) from (1) and bj (t) = t*¢(t). Similarly for j =1,

Z N
Cy gy = Mmax { limsup ——
Mo 0<m<io | oo b%“ I)H(t)b;-__m(t)
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tel(t) - tlo—D(aty) tel(t) - tlio—Dla+7)
=max4 0,1, max limsup ,limsu
2<m<io—1 t—o00 b(”ﬂ D« ( ) tlo—m)(at+v) t—o0 bgno D« ( )b(l) ( )
. tioOH‘(io—l)’YE(t) ) tioa‘f‘(io_l)'Yf(t)
= max {0, 1’11118521) t%(a—‘irﬂ’higigp W} =1.

The third equality results from b%‘)_l)%(t) = ™) for m € {2,...,ip — 1} where
ng — 1 <ig— 1 and b("o Ve (t) = t(@+7) (by induction assumption). Similarly, for
7 =19 — 1, we can check that

cio—l,no =1.
Finally, for j € {2,...,i0 — 2,30},

n()—].
_(i0) { . b§ (g () }
C = max
S0 0<m<io

lim sup
e b ()b (1)

pro—e (¢ t
> lim sup -2 (85, i = limsup

) tilaty) . plio—g)(a+7)
oo BT (b (1) e U(H) - tlomDl)

Hence, I(igp) =1 with
1(%0) :{17 me{lvio_l}v

oo 0, otherwise.
Therefore by Theorem 3.1, §) € MRV* (alo,no,blo,no, ,uZO o E(“’)) where ;g n, =
Q1 py—1 + jy—1 = 1 + 00 = oo (recall ig > 3), blo’no( ) = tloat(=1)7/(¢) and ,u?i’no =
0. Defining b;, ,,, (t) = t°@F) = b, (t), since b, (t) = o(bs, (1)), we have S() ¢

NC(b;, (1), Ego)). Therefore, by induction, (3.6) holds for all n < 7.
(i) Now, we show (3.4) holds for n = ng =ig. For j =0,...,i9 — 2,

. plio =1 (1) pe=
glio) _ glio) . _ oy {limsup J ()0, }

7m0 = 50 0gmsio | oo BTV (15 (8)
.

bV (1oe
S (t)bs,_;(t)
t=oo BTV (4)bE (1)

) (tl(t))? - tlio—d)(aty)
= limsu = 00,
oot (E(E) 0D - 10(1)
since by induction assumption bg-"o_ )( t) = b(ZU 1)( t) = (by(¢))'/7 for all j < ng — 1.
Similarly for j = 7g, we have

Eimno = Ei07i0 =00
since we have bgi‘)_l) (t) = t(@+7) from part 2(i) of the proof. For j = ig — 1,

. . b D ()b (¢
ghio) gl . ax {hmsup -1 (DT (0 }

7,0—17n0 20_177/0 OSmSZU t—00 b(’lo ) (t)b<_ (t)
0—mMm

= max {lim sup (tag(t))(io_l) 14(E) } =

0<m<io t—o00 b%o_l)k(t)b;_m(t)
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Finally, for j = i,

glio) _ olio) . : by~ (D)6 (1)
Ciomo = Cig.io -= . Max ¢ limsup — -y
O ) O
to(at)
> lim sup oD = 00.
too byl ()b (1)

Hence, I(ig) =ip — 1 with

(i) _ I(io):{L m=1ig— 1,

e\t = ¢ _
Mo Tt 0, otherwise.

Therefore, by Theorem 3.1, §() = §0) ¢ MRV(viy no» bigmo» M?i’noj ESO)) where
Qigng = Qg ig = Qig—1ip—1 + a1 = (io — 1)a + a = doa,

b (£) = BT (05 () = (t7€(1)) and

20,10
io
M?i,no = M?i,io = Z Cfrffi’o)%,io,io = Mig—1,ig,i0>
m=0
where for A ={z € R% : 2; > x; V j € S} € RU) with |S| = ig, x; >0 forj € S
Hio—1,i0,i0 (A)

= Z “ﬁ—l,io—l <{z € Eg[’_l) czjp>aVje J}}),ul ({z € Egll) tzj>xiVje S\J})

JCcs
| J|=ig—1

= Z (io—l)!Hﬂl ({zeEg):zj>a;j}) i ({zeEg):zj>ijj€S\J}>

JCS i
|J|=ig—1 jet

=S 0| TT (B0 | (1225 )

jes keS\{j}
= H n1 <{Z € Eg) tzp > l‘]}) .
jeS

Hence, (3.4) holds for ng = 1.

(iii)) Here we show (3.4) holds for all n > ¢y. By way of induction (additionally) assume that
for i =g, (3.4) holds for all n € {ig,ip + 1,...,n0}. We will show that then it also holds
for n =ng + 1. By part 2(ii), we know that it holds for ng = ig. For 5 =0,...,79 — 2,

{ b ()b () }

gto) = max
Jnotl T 0<m<ig

lim sup
t—00 bgﬁ“)“ (t)b:-:_m (t)

bl (#)bs (¢
> limsup J( )<_( Ji=i )
t=roo b ()b (t)

. (tl(t)) - tlo—ilatn) (f0—j o
=limsu . = limsup ¢~ (£(¢))U %) = o0,
I SUD T 1 nsup (£(t))
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since by induction assumption bg-"“)(t) = (b1(t))Y7 for all j < ng. By similar arguments
we have for

—(40)

(i0)
io—1,no+1 — G =1

¢ 0,Mm0+

Hence, I(ig) =ip — 1, and

) {1, m € {ip — 1,io},

mymot1 0, otherwise.

Therefore by Theorem 3.1, ST+ € MRV (g nos1, bigmot 15 1S ot Eéi“)) where
iy ng+1 = Qig—1,n, + 01 = (ig — 1) + o = g,

o1 (D) = bifi’l ()b () = (£*¢(t))", and,

& _ § : I(40)
Iuio,no-‘rl - Cm no—l—llum io,no+1 — Hio—1,i0,n0+1 + Hig,io,no+15
m=0

where for A ={z € R% : 2; > x; V j € S} € RU) with |S| = ig, x; >0 forj € S
Mio—l,io,n()'f‘l(A)
Z 'u?i—l,no ({z € ESO_I) czp>ai Ve J}),ul ({z € Egll) tzp>aivViE S\J})

JCcs
| J|=ig—1

— Z mﬂul({zeﬂﬂ zj>a:j}) ul({zeEg):zj>a:j,j€S\J})

JCSs
[J|=ig—1

= Z (no —io _|_ 1 H 1 ({z € Eg) Dz > :Ek}) 11 ({z S Eg) tzj > :Ej})

jes keS\{j}

|
—h (no—nZ(H-l 'l_I'u1 <{ZGE() zj>3:]})

and,

Mi07i07n0+1("4) = Z /’L?Eﬂlo ({Z € ]Eéio—l) 125>y Vje J})

JCcs
|J|=ig

= 'H,ul ({zGE( zj>:nj}).

no — io)
The measures u?i_l’no, u?i’no, (1 are obtained from our assumptions and induction hy-
pothesis. Now,
/‘gi,noJrl(A) = ,uio—l,z‘o,no+1(A) + ,uio,ig,no+1(f4)
. n()! TlQ! (3)
= |ig - - + - (zGE :z'>:13')
[0 (no —io + 1) (no—zo)!] [[m (=B 2505}

jeSs

o 1 L (1= B 52 2).
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Hence, (3.4) holds for ¢ = iy and n = ng + 1, thus by induction it holds for all n > i.
O

APPENDIX E: PROOF OF THEOREM 4.3

For the proof we require some auxiliary results.

LEMMA E.1. Let the assumptions of Theorem 4.3 hold. Define Z% .= (Z, ... Zfﬁ) =
Zi:l Z®) and denote by Z% > ... > Z( a) the order statistics of Z1 . ..,Z;e. Also let

1)
Z((f)) (( d))) be the order statistics of the elements of Z*) = =(Z; (k) .,Zc(lk)) for any

k>1. Furthermore,for n€Nandi=1,...,ddefine

Qjp = Sup supP (ﬂjes {Zz:l Z(k) - t}> )
T scis|<i >0 P( (s >t)

Then there exists a finite constant K; > 0 such that for any n € N:
ain1 < K

For one-dimensional random variables with ¢ = d = 1, a stronger result holds: for any
€ > 0 there exists a constant & > 0 such that the left hand side is bounded by K (1 + €)™ (cf.
[16, Lemma 1.3.5]).

PROOF. First, we show recursively that for any i € I there exists a constant K; > 0 such
that o; 5,41 < K0y, for any n > d. Let S C I with |S| < i and n > d. Then

P( {%Z}k)>t}

jes Lk=1

—ZIP’ ﬂ{%zﬁ’w}mﬂ{z(’”l >t/2}m N { (n+1) <t/2}

JCS jes (k=1 jed jeS\J

Pl {niz >t} ﬂ{z(““ <t/2}

jeSs k=1 JES
=: n,l(t,S) —I—ng(t,S). (El)
We investigate the two terms separately. First,

In,1(t,S)

<ZIP> N {§Z§k)>t}ﬁﬂ{Z§"+l)>t/2}

scs jes\J \k=1 jed

<> > P N ){zn:Z](.k) >t/2} alf {Z("+1 >t/2} N {Z](.”“) >t/2}

’]% KCS\Ju{0} JjES\(JUK) k=1 jeJ JEK

<> Y rl N {ZZ(k>t/2} Pl N {212

1SS KCS\JU{0}  \JES\(JUK) JEJUK
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Since the set S\J U K has at most 4 — 1 elements and by definition a;;_; ,, < o 5, We have
that

TatS) Saind Y P (Zig o > 2) P (2o > 1/2)
1SS KCS\JU{0}

Now applying (4.1) and (4.2) we have

n 3 * ko
sup sup % < @y SUP Z Z c*C
e 0P (Z(\SD ) Sz 158 KCS\JU{0)
< ;280 C = 0 K (E.2)
with K; := 2%C*C**. Next, for the second term in (E.1) and S = {j1,...,j;} we have
Jn Q(t S)
sup sup —
o 0P (28> 1)
Isi<i K
IP’ P2 >ty

t/2 t/2 P ((;es Zk:l >t —y;

= sup sup/ /
(25,5172
P ( 5> t/2>
=" Fy, oz, (dy, . dys)
P (Z@ >t)
5]
t/2 t/2IP ics Zk 1Z >t/2})
surﬂ) iug/ / FZ“, Wz (dyl, - dy;)
SCI >

e (|S‘ >t/2>

where we applied (4.2) once more. Now the last term above is bounded by C**«v; ,, and hence
we have

t
sup sup M < C™ayp. (E.3)
s >0 P (Zw > t)
Now from (E.1), (E.2) and (E.3) we get
QGn+1 < Oéi,ni%i + ai,nc** = ([%2 + C**)Oéi’n. (E.4)

Note that o;q < 1 for ¢ = 1,...,d. Thus applying (E.4) recursively we obtain
Qi1 < (K + C*)"=dforn >d,i=1,...,d.Butfor n < d we have of course a;pn <1for
i=1,...,d. Thus, with K; = max(1, K; + C**) the statement of the lemma is satisfied. [

PROOF OF THEOREM 4.3. Define Z% := (Z7,...,Z%) := Zk 1 Z®) and denote by

Z(?) .> Z(Eg) the order statistics of Z,...,Z7. Let A={z € RY : 2; > z;V j € S}

be a rectangular set in E((i) where S C 1, |S| > and z; >0, Vj € S with p;(0A) = 0.
Suppose S C S with |S| = . Then

P (X 2® eta)

oo p (Z(Gj) > t)
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= lim 3 P(r=n) <my€5{2k : >t$]}).

o P (Z(Gj) > t)

(E.5)

But for any n € N we have

e E(Dves{mi 27 > )

£>0 P (Zg?) > t)

. P (ﬂj€§ {Zzzl Z](-k) > tminjeg x]}) P (Zé}) > tminjeg acj>
s P (2§ > tminjes ) P (23 >1)

P (Z(% > tminjeg :L'j)
< Qi n SUP
>0 (Zé'f) > t)

Since Z(®) € MRV(a, b, fi(d)ui, EY)) and fi(d)p; ({z € R : 25 > 1}) >0, we have

(E.6)

1<

P(28) > tminjesa;)
jES

. —
P(2§>1)
Hence, there exists a finite constant C' > 0 such that
P (Z(% > tminjeg :L'j)
sup =
t>0 (Z 9> t)

—a;
mlnwj> < 00.

(E.7)
(@)
Then an application of Lemma E.1 and (E.6), (E.7) yield
n k
P (ﬂjes {Zk:l Z](' /> mj})
0<sup
0 P (ZEE > t)

<CK], neN.
(i)

Thus, there exists a uniform finite upper bound of the right hand side of (E.5) such that
due to Pratt’s Theorem we are allowed to exchange the limit and the sum. A conclusion of
Assumption A is then

(Zk 1ZWen) = pa(4)
lim = P(r=n)fi(n .

Then Proposition 2.7 and Z% € MRV(«;,b;, fi(d )MZ,E()) for i = 1,....d result in
S 28 € MRV i, by, B(fi(7)) i, EY). .
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APPENDIX F: PROOFS OF THE RESULTS IN SECTION 5

PROOF OF PROPOSITION 5.1.
Step 1. To begin with, let (L(s))s>0 be a compound Poisson process with intensity A > 0
and jump size distribution Pz = IT/\, which is a proper probability measure on Ri. Let

us also assume that (N (s))s>0 is a Poisson process with intensity A and Z(, Z®) | are

i.i.d. with distribution P. Then Pz € MRV (a;, b;, 11i/ A, EL). Since E(N (s)) = As, using
Proposition 3.5 and Theorem 4.3 we have

N(s) '
L(s)£ Y zW e MRV(ai,bi, 51, EY)) for i=1,....d.
k=1

Step 2. Now let (L(s))s>o be a general Lévy process. Define D, o :={z € R :a < ||z <
oo} for any a > 0. Due to the Lévy-Itd decomposition (see [41, Theorem 19.2 and Theorem
19.3]) we can decompose L into two independent Lévy processes L = (L1(s))s>0 and
Lo = (LQ(S))SZO such that

L(s)=Lq(s) + La(s), s>0,

where L; is a compound Poisson process with Lévy measure II(- N Dy oo ) /II(Dy o) and
Poisson intensity I1(D, ), whereas Lo satisfies E||La(s)||® < oo for any 6 > 0 (see [31,
Lemma 2.2 and proof of Theorem 2.3]). Thus, the Lévy measure of L; is II(- N Dy ) €

MRV (a, bi,ui,Eg)) fori=1,...,d and by step 1 we have

Li(s) € MRV (ay, b;, S,LLZ',E[(;)) for i=1,...,d.
Then an application of Lemma 2.9 and L(s) = L1 (s) + L2(s) gives us the result. O

PROOF OF PROPOSITION 5.7. As in Proposition 5.1 it is sufficient to investigate com-
pound Poisson processes (L(s))s>0 = ( ,Z::(i) Z®) 5 with intensity A > 0 and jumps
size distribution Pz = II/A. Then for the jump size distribution we have Pz = II/\ €
MRV (s, biy i) M EY) for i =1, d. Since E(N (s)(N(s) = 1)(N(s) —i+ 1)) = (As)’,
fi(n) =0 forn <1, fi(n) =n!/(n —1)! for n > i, Proposition 3.12 and Theorem 4.3 result
in

N(s) ' '
L(s)= Y Z® e MRV(ia1,b;", s'ut EY)) for i=1,....d,
k=1
which is the statement. O

PROOF OF PROPOSITION 5.9. Suppose (L(s))s>o is a compound Poisson process with
II(RY) < 1. Let ZW Z@ . be a sequence of ii.d. random vectors with distribution
P(ZW =0)=1-T(R%) and P(ZV) € A\{0}) = T1(A\{0}) for all sets A € B(R%). Then
VARRS MRV (e, bi,ui,Eg)) for i =1,...,d. Due to Proposition 3.3 and Theorem 4.3 we
receive

N*(s) ) .
L(s) = > 2® e MRV (i, by E(N*(s) )i, BY).
k=1

We extend this result to general Lévy measures and Lévy processes as in Proposition 5.1 by
choosing a large enough so that IT(D, o) < 1. O
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