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1 Introduction

Waves in the form of pulses, fronts or periodic patterns are nonlinear phenomena arising across
various scientific fields such as physics, biology, and ecology. For instance, optical pulses
can be generated in ring-shaped cavities and are used for high-speed data transmission [92].
Furthermore, the population density of a species that is spreading into unpopulated areas can be
described by invasion fronts [84], and periodic patterns arise in the spatial structure of vegetation in
dryland ecosystems [119]. In these examples, it is possible to derive nonlinear partial differential
equations (PDEs) that model the dynamics of the systems. Constructing and analyzing solutions
to the PDEs that capture these wave-like dynamics can then advance our understanding of the
complex phenomena.

At the beginning of the mathematical analysis, the most fundamental questions concern the
existence and stability of wave solutions in the underlying system of differential equations. Given
a specific model, this means that one searches for special solutions of the PDE that exhibit a
desired waveform and persist over time. Standing waves are of particular interest as they often
emerge as asymptotic end states in the long-time dynamics. At the same time, the existence
problem for stationary solutions in one spatial dimension reduces to an ordinary differential
equation (ODE) equipped with suitable boundary conditions. This opens up the possibility of
combining tools from functional analysis and dynamical systems theory to analyze the ODE for
the wave profile. Once the existence of a waveform is established, the question of its stability
naturally arises. From a practical point of view, stability properties of the solutions are critical
to determine whether or not the waves can be observed in the experiments and are therefore of
great importance. For dissipative systems, nonlinear stability often follows under general spectral
stability assumptions on the stationary waves [79]. Spectral stability, however, typically depends
on the specific waveform profile and requires a detailed analysis of the associated eigenvalue
problem. Tools such as exponential dichotomies, Evans functions, or perturbation theory can
then be employed to locate eigenvalues of the linearized system in the complex plane.

In this thesis, we study the existence and stability of standing nonlinear waves in one spatial
dimension for two types of systems: Lugiato-Lefever models and semilinear systems with periodic
coefficients.



1 Introduction

1.1 The Lugiato-Lefever equation

The Lugiato-Lefever equation (LLE)
iup = —dug, + (¢ —ip)u — Jul*u +if, z,t € R, (LLE)

is a nonlinear Schrodinger (NLS) equation with damping and forcing. It was derived by Lugiato
and Lefever in 1987 [89] to describe the dynamics of an electric field in a passive nonlinear optical
cavity filled by a Kerr medium that is driven by a continuous-wave (CW) laser beam and subject
to energy losses. Here, u(x,t) € C denotes the normalized envelope of the electric field, d # 0
is the dispersion parameter (d > 0 and d < 0 correspond to anomalous and normal dispersion,
respectively), ( = wg — wp, € R denotes the detuning between the laser frequency w,,, and the
resonant cavity frequency wy, damping is given by x> 0, and f > 0 is the strength of the laser
input. The presence of dispersion and nonlinearity on the one hand and damping and forcing
on the other allows for the formation of dissipative solitons in the LLE, which are used for the
description of frequency combs [73].

Frequency combs are optical signals consisting of many equidistantly spaced frequency lines. They
are promising tools with numerous applications including, for example, frequency metrology [144]
and optical communication [92]. The importance of frequency combs was widely recognized in
2005, when Theodor Hiansch and John Hall were awarded the Nobel Prize for their contribution in
frequency spectroscopy employing frequency comb technology [68]. Utilizing frequency combs
across these fields requires an efficient and stable method for generating them. More recently,
experimental demonstrations have shown that compact chip-scale ring-shaped microresonators,
when pumped by a strong CW laser, are reliable devices for stable frequency comb generation,
enabling comb formation with a small footprint [38]. Within the resonators, the nonlinear Kerr
effect, inherent to the resonator material, converts monochromatic light into a frequency comb
with many evenly spaced frequency lines, see Figure 1.1. For the complex field amplitude u(z, t)

Microresonator
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Figure 1.1: Schematic picture of the experimental set-up for frequency comb generation in a high-quality ring-resonator.
Monochromatic light is injected into the resonator, which can store the light for many round-trips. Once
a certain intensity threshold is attained, instabilities appear and subsequently the monochromatic light is
converted into a signal with broad frequency spectrum through the nonlinear Kerr effect.




1.1 The Lugiato-Lefever equation

inside the resonator, the LLE equipped with periodic boundary conditions in x can then be
derived, with the coordinate x corresponding to the angular position in the ring-resonator [66,73].
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. . . Figure 1.2: Time-integration of the LLE show-
the Kerr nonlinearity subsequently evolves into a non- ing the formation of a 2-soliton start-

linear wave. If the value of ( is carefully chosen, the ing from a CW state.
generated waveform converges to a periodic localized

The formation of frequency combs in microresonators
is a complex nonlinear dynamical process and strongly Ju]
depends on the tuning of the control parameters ¢ and

f. Initially, the field inside the resonator is in a stable
constant CW state, that is u(x,0) = uew € C. If we !
fix the forcing f at a sufficiently large value > 1, the o

homogeneous CW states may become modulationally -
unstable as the detuning ( is varied. At the onset of . 0
instability, a linear wave pattern emerges, which due to

multi-soliton. Figure 1.2 shows the formation of a 2-soliton starting from a homogeneous CW
state. We note that localized soliton states yield a broad frequency spectrum, which is desired for
practical applications, see Figure 1.3.

The mathematical literature for LLE primarily focuses on stationary states and their stability
properties. In [37,54,61,67,91,94] the existence of stationary solutions has been proved using
tools from bifurcation theory, center manifold reduction, or a spatial dynamics approach. Spectral
and nonlinear stability is addressed in [36,37,62,67,69-71,137]. In Part I of this thesis, we
add to the list of known results, the first rigorous construction and stability analysis of stationary
(periodic) multi-solitons. This is conducted for anomalous dispersion d > 0.
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Figure 1.3: Numerical simulation of a stationary, localized, periodic 1-soliton solutions of LLE and its frequency spec-
trum.



1 Introduction

Besides the LLE in its original formulation, we also consider two extensions that are both
motivated from recent experiments in the field of frequency comb technologies [30,46]. In the
first extension, we consider the microresonator and the pump laser as a bidirectionally coupled
dynamical system. This is different to previous set-ups, where only light from the laser is injected
into the microresonator, but not the other way around. However, it has been demonstrated that
the feedback of the resonator to the pump laser leads to synchronization of both devices and by
this, tunes the laser frequency into the soliton existence range [22,86,117,135,153]. As a result,
one observes automatic generation of frequency combs, bypassing any sweeping procedure of
the frequency detuning (. We introduce and analyze the fully coupled system in Part IL. In the
second extension, we add a periodic potential multiplying a first order derivative to the LLE. This
is motivated by a set-up, in which two microresonator is subject to a pumping scheme where two
modes are excited, also known as dual laser pumping. In [46] it has been shown that the new
pumping scheme can be used to lock the free spectral range of a frequency comb! to the external
pump. The LLE with a periodic potential is studied in Part III and establishes the connection
between the Lugiato-Lefever models and the general systems with spatially periodic coefficients.

1.2 Systems with periodic coefficients

We introduce the spatially periodic systems which are analyzed in Part III of this thesis. First, we
consider the extended LLE (eLLE)

iy = —dugy +ieV (2)u, + (¢ —ip)u — |[ul*u +ifo, (eLLE)

with periodic potential £V (z). This equation is derived” in Section 5.7 to model microresonators
which are pumped by a dual laser source with pump frequencies w,,,w,, and pump strengths
|fol > | f1], see Figure 1.4. The potential is given by eV (z) = vy — 2dk? fo/ f1 cos(x), where
k1 € N is the number of the second pumped resonator mode with frequency wy, (ko = 0 is the
number of the first pumped mode with frequency wo) and v = wo—wp, +wp, —wy, +dk?. Despite
its use to describe synchronization of frequency combs to external frequency oscillators [46], eLLE
has not gained much attention in literature. The only mathematical result can be found in [57]
where soliton solutions on R are constructed for the specific choice V' (x) = a cos(z) witha € R.
In this thesis, we investigate stationary periodic solutions for a large class of periodic potentials
V(z). From a mathematical point of view, the spatial heterogeneity breaks the continuous

" The free spectral range of a frequency comb equals the inverse of the repetition rate of the corresponding soliton in

the ring resonator.

2 The derivation was performed by Huanfa Peng, IPQ, KIT.



1.2 Systems with periodic coefficients

translation invariance in x. Thus, periodic soliton solutions of eLLE are expected to be pinned
to specific points in the spatial domain, which turn out to be closely linked to zeros of V' (z).
Physically, this pinning corresponds to a synchronization of frequency combs to the external

pump.
Apart from nonlinear optics, systems with spatially
periodic coefficients also occur in many other con- A Microresonator

texts. Examples include the Gross—Pitaevskii (GP) [ h [
equation with a periodic trapping potential in the study 7JJ4 . @ L”“f'L ¢
of Bose—Einstein condensates [109], the Klausmeier —

model describing vegetation patterns in periodic to- Figure 1.4: Microresonator pumped by a dual
laser source with | fo| > |f1| > 0.

pographies [13,14], and reaction-diffusion-systems with
periodic diffusion coefficients in population dynam-
ics [84,136]. This motivates us to study a general semilinear system with spatially periodic
coefficients, given by

Oru = o ()0 u + - - 4 a1 (2)Opu + N (2, 1), u(z,t) e F", x € R, t > 0. (SYS)

Here, F € {R,C}, m,k € N, and a;(z) € F™™ as well as NV (z,u) are assumed to be
continuous and T-periodic in z for all i = 1,..., k. Moreover, we assume that det(a(x)) # 0
for all x € R and that the nonlinearity A/ (z, u) is twice continuously differentiable with respect
to u. We focus on the construction and stability analysis of stationary multifront and periodic
pulse solutions of SYS. A multifront or M-front, where M € N, is a bounded solutions that
connects M + 1 periodic states through M front interfaces. In particular, it converges to periodic
limit states v_(x) and vy (x) as * — +oo. Building blocks for the construction of M -front
solutions are M nondegenerate 1-fronts. Here, nondegeneracy means the the linearized operator
about the front is invertible. If the 1-fronts have matching periodic end states, we show that
they are accompanied by a family of M-front solutions with well separated front interfaces.
Moreover, we show that any given nondegenerate primary pulse solution of SYS, i.e., a solution
that converge to a periodic background wave vg(x) as |x| — oo, is accompanied by a family
of large wavelength periodic pulses. Our analysis extends previous results for autonomous
dynamical systems [87,123,126,147] and appears to be the first systematic study of multiple front
and periodic pulse solutions in general spatially heterogeneous systems.

We apply the abstract theory to a Klausmeier reaction-diffusion system with periodic coefficients
f and g, that is

dw = 02w + &(f(2)pw + g(z)w) — w — wp® + a,
dip = d*03p — mp + wp?,
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and the GP equation

i0u = —0%u + uV(2)u + klulu,

with periodic potential 1V (x), identifying novel stable solutions in both systems. In particular,

we prove an orbital stability result for nontrivial time-harmonic spatially periodic solutions to the

GP equation.

1.3 Outline of the thesis

This thesis is structured into three parts.

@

ay

(II0)

Multi-solitons in the Lugiato-Lefever equation

Part I consists of the Chapters 2 and 3. Here we prove the existence and stability of periodic
multi-soliton solutions of the LLE for anomalous disperison d > 0. Upon bifurcating from
the bright soliton of the NLS equation, we establish the existence and stability of solitary
wave solutions of the LLE in Chapter 2. In Chapter 3 we prove that the solitary waves are
accompanied by periodic /N-soliton solutions for every N € N. Moreover, we determine
the stability of the /N-solitons and establish their nonlinear stability against perturbations
which are periodic or localized.

Solitons in a bi-directionally coupled laser-microresonator system

Part II consists of Chapter 4. Inspired by recent experimental progress in frequency comb
generation we model the microresonator and the CW laser as a bi-directionally coupled
dynamical system. The resulting system couples the LLE to laser rate equations through
a backward propagating resonator light field. We perform a numerical bifurcation analysis
and time-integration simulations demonstrating the existence of stable soliton solutions for
the fully coupled system. In comparison to the standard LLE model enhanced stability
features of the solitons can now be observed. Moreover, we include sensitivity analysis
unveiling the existence range for 1-solitons across a broad range of experimentally realistic
parameter values.

Fronts and pulses in spatially periodic systems

Part III consists of the Chapters 5, 6, and 7. In Chapter 5 we consider the eLLE with
periodic potential eV (x). Depending on the shape of V' (z), we prove the existence and
stability of periodic solutions which are pinned to zeros of an effective potential V.. In
Chapter 6 we prove the existence and stability of multiple front and periodic pulse solutions
in SYS, starting from finitely many nondegenerate fronts with matching end states and a
nondegenerate primary pulse. We apply the abstract theory to a reaction-diffusion toy



1.4 Publications, preprints, and code contained in this thesis

model, the Klausmeier systems with periodic coefficients, as well as the Gross-Pitaevskii
equation with a periodic potential. In Chapter 7 we employ the general toolbox of Chapter 6
to establish the existence and stability of periodic /N-solitons to the eLLE.

In the following sections, we present a detailed overview of the main results of the Parts I, II,
and III.

1.4 Publications, preprints, and code contained in
this thesis

This thesis contains one single-author publication written by the author of this thesis, one co-
authored publication and two co-authored preprints, which are submitted for publication. Chap-
ter 4 is part of an ongoing project and at the time of submitting this thesis, the results have not
been published or submitted elsewhere. Chapter 7 was written solely by the author of the thesis
and has not been published elsewhere. We give a compact overview.

e Chapter 2 contains the article [15] written by the author of this thesis and published in
Zeitschrift fiir angewandte Mathematik und Physik.

 Chapter 3 contains the article [16] written in collaboration with Bjorn de Rijk and submitted
for publication.

» Chapter 4 is part of an ongoing project with Huanfa Peng, Bjorn de Rjk, Christian Koos,
and Wolfgang Reichel.

» Chapter 5 contains the article [18] written in collaboration with Dmitry Pelinovsky and
Wolfgang Reichel and published in SIAM Journal of Mathematical Analysis.

* Chapter 6 contains the article [17] written in collaboration with Bjorn de Rijk and submitted
for publication.

The MATLAB code for reproducing the numerical simulations contained in this thesis can be
downloaded using the following links.

* Code for the numerical simulations of Chapter 3:
https://www.waves.kit.edu/downloads/CRC1173_Preprint_2025-4_Codes.zip

* Code for the numerical simulations of Chapter 4:

http://waves.kit.edu/downloads/CRC1173_Preprint_2025-preavailable_Codes.zip


https://www.waves.kit.edu/downloads/CRC1173_Preprint_2025-4_Codes.zip
http://waves.kit.edu/downloads/CRC1173_Preprint_2025-preavailable_Codes.zip
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e Code for the numerical simulations of Chapter 5:
https://www.waves.kit.edu/downloads/CRC1173_Preprint_2023-6_supplement.zip
* Code for the numerical simulations of Chapter 6:

https://www.waves.kit.edu/downloads/CRC1173_Preprint_2025-5_Codes.zip

1.5 Main results of Part I: Multi-solitons in the
Lugiato-Lefever equation

The aim of Part I is to establish the existence of stable periodic soliton solutions to the LLE in the
anomalous dispersion regime d > 0. We recall that solitons are the physically relevant solutions
to model optical frequency combs with broad frequency spectrum, cf. Figure 1.3. In [73] a
close-to-perfect match was found between N-solitons u(z) in the experiments and the analytical
approximation formula

N
u(x) & acw + Y do(x — X;). (1.1)
=1

Here, acw € C is the constant CW background, and

do(x) = \/2( sech (\/SLL’) el

is the bright soliton, which solves the nonlinear Schrodinger equation

iy = —dys + Co — |00 (1.2)

for all & € R. The position of the solitons is denoted by X;. We prove the existence of stationary
solutions of the LLE, which satisfy the approximation formula (1.1). To this end, we introduce a
small bifurcation parameter ¢ and study the LLE as a perturbed NLS,

iUy = —dug, + Cu — [u*u +ie (—u + f). (1.3)

For ¢ = 4 = 1, we recover the original formulation of the LLE. The main result of Part I then
reads as follows.


https://www.waves.kit.edu/downloads/CRC1173_Preprint_2023-6_supplement.zip
https://www.waves.kit.edu/downloads/CRC1173_Preprint_2025-5_Codes.zip

1.5 Main results of Part I: Multi-solitons in the Lugiato-Lefever equation

Theorem 1.1. Let N € N, setn = |4 ] and ag = N mod 2 € {0,1}. Assume that d,(, f >0
and 0y € R is a simple zero of

0 — 7 f cos() — 21/2¢

with sin(6p) > 0. Then, there exist constants Cy,eq > 0 such that for all € € (0,¢y), there exist
distances Ty, ..., T, > 1 and a period T >> 1 satisfying

2iTZ <T
i=1

such that equation (1.3) admits a stationary, even, smooth, and T-periodic solution u.: R — C
possessing the following properties:

(i) (Approximation). On a single periodicity interval, the solution u. is approximated by a
superposition of N rotated bright solitons

ue(x)_a0¢90 Z ¢90 iC_Tl TZ)+¢00 (x+T1++E)) SCOZ—:
i=1

forxz € [—3T,1T), € € (0,20).

(ii) (Asymptotic orbital stability against periodic perturbations). Let ¢ € (0,eq) and
M € N. There exist constants C,6,n > 0 such that for all vy € H}..(0, MT) with

llvoll 1, 0,p1) < O there exists a constant -y € R and a global (mild) solution

per

u e C([0,00), Hpo (0, MT))

per

of (1.3) with initial condition u(0) = u. + vo, satisfying

u(- ) = ue(- + Ml 0mr) < Ce™ " lvollmr, 0,m1)

per per

fort > 0.

(iii) (Stability against localized perturbations). Ler ¢ € (0,20). There exist constants
C,§ > 0 such that for all vy € L*(R)N H*(R) with ||vo|| p1nme < § there exists a function

v € C([0,00), HY(R)) N C*([0,00), H*(R))
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satisfying v(0) = vg such that uw = u. + v is the unique global classical solution of (1.3)
with w(0) = u. + vo. Moreover, the estimates

_1
[u(t) = uellz < C(L+ 1) [vo]| L1

hold fort > 0.

For a more detailed version of Theorem 1.1 we refer to Theorem 3.2 in Chapter 3. By (i),
the /V-solitons consist of large amplitude pulses which are well separated in space and verify the
approximation formula (1.1). They exist in the parameter regime 7% f? > 8¢. Although the spatial
period T is not controlled directly in our result, we can rescale dispersion and space according to
(d,u) — (d/T? u(T-)) to find 1-periodic solutions. Let us also comment on the stability results
(i1) and (iii). The first states that the solitons are stable against subharmonic (i.e. M T-periodic)
perturbations for every M &€ N. The second yields stability against perturbations which are
integrable on the line. Both results are obtained by establishing spectral stability of the periodic
solitons and subsequently applying the results from [70, 137].

We explain our contribution to the stability result in more detail. First, we write (1.3) as a system

in the coordinates u = (Re(u), Im(u)) T,

w, = J (—dug, + Cu— |ul*u) + e(—u+F), (1.4)

() )

Compared to (1.4), the advantage of the formulation (1.3) is that the nonlinearity is a polynomial
and thus a Fréchet differentiable mapping from H!(R) — L?*(R). The linearization about a

with

stationary solutionu € L (R) of (1.4) is given by the matrix-valued operator £L(u)—¢: H*(R) C
L?(R) — L?(R) with

2 2
Clw) = JL(),  Dw) = —dof 4 ¢ - (3“1 fw )

2 2
221 u, uj + 322

The nonlinear stability results (ii) and (iii) follow from [70, 137] under a diffusive spectral stability
assumption on the linearization £ (u. ) — ¢ about the T-periodic soliton u. = (Re(u.), Im(u.))",

10



1.5 Main results of Part I: Multi-solitons in the Lugiato-Lefever equation

which we establish in the proofs of Part I. Diffusive spectral stability is defined on the level of the

Bloch operators L¢(u.) —e: Hy, (0,T) C L. (0,T) — L3.,(0,T), given by

2 2
Ef(us) = JLf(us)7 Lg(g) = _d(am +i€T_1)2 +C - (3111 +EQ 22122 )

2uju,  uj +3uj

which yield the spectral decomposition o/(£(uz) — &) = Uge[_r ) 0(Le(ue) — ), cf. [52]. The
T-periodic soliton is diffusively spectrally stable if the following assumptions are satisfied.

(i) Wehave o(L(u.) —e) C {A € C: Re(\) < 0} U{0};
(ii) There exists ¢ > 0 such that for all £ € [—, ) we have Re (0 (L¢(u.) — €)) < —9¢%;

(iii) 0 is a simple eigenvalue of the Bloch operator Ly(u.) — e.

Note, that by the translational invariance of (1.4) we have (Lo(u:) — €)9,u. = 0 and thus
0 € o(Lo(u:)—¢e) C o(L(u:)—e). By (iii), this zero eigenvalue is simple and hence the implicit
function theorem yields a curve consisting of simple eigenvalues A\y(&) to the Bloch operators
Le¢(u,) — €, which exists in a neighborhood of A(0) = 0. This spectral curve is parametrized
by the Bloch variable £. Condition (ii) ensures that it touches the origin quadratically and further
yields that the remaining spectrum is confined to the open left-half plane with a spectral gap to
the imaginary axis. Prior to Theorem 1.1, the only diffusive spectral stability result for periodic
solutions of the LLE has been obtained in [37] for small amplitude Turing patterns.

We now sketch the proof of Theorem 1.1. It consists of two main steps carried out in Chapters 2
and 3, respectively.

In the first step, we prove the existence of 1-soliton solutions of (1.3) on the line R for small values
of ¢ bifurcating from the NLS-soliton ¢,. The rotational angle 6, has to satisfy the bifurcation
equation 7 f cos() = 2,/2¢ with the transversality condition sin(6) # 0. The construction
relies on a Lyapunov—Schmidt reduction in parameter dependent subspaces exploiting symmetry
breaking for ¢ # 0. We further prove that the 1-solitons are spectrally stable with a simple
eigenvalue A = 0, provided that ¢,sin(6y) > 0 and that they are unstable for all other sign
configurations of ¢ and sin(fy). In the spectral analysis we use perturbation theory to locate
small eigenvalues and exploit Krein index counting [31,75,76] for linear Hamiltonian systems to
control all large eigenvalues. For the existence result we refer to Theorem 2.3 and the spectral
stability result can be found in Theorem 2.6.

11
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Thm. 3.10 & Thm. 3.14

.

NLS soliton LLE N-soliton

’\ A ’\ A 3.12 & Thm. 3.18

Thm. 1.1 (Thm. 3.2): LLE periodic /N-soliton

Thm. 2.3 & Thm. 2.6

LLE solitary wave (1-soliton)

Figure 1.5: Overview of the main existence & stability results of Part I.

In the second step, we use the 1-solitons on R as starting points for the proof of the existence
of periodic multi-solitons. We formulate the stationary problem (1.3) as a reversible dynamical
system

U =FU), U= (Re(u),Im(u),Re(v),Im(u))7, (1.5)

where F': R* — R* is a smooth nonlinear function. The 1-solitons then correspond to homo-
clinic solutions connecting a saddle focus equilibrium. This opens the way to apply results from
homoclinic bifurcation theory for reversible systems [87, 123, 126, 127] that yield the existence
of N-homoclinics for N € N which bifurcate from the primary homoclinic solution, see Theo-
rem 3.10. Further, we demonstrate that each N-homoclinic is accompanied by large wavelength
periodic orbits, see Theorem 3.12. Returning to the second-order ODE formulation (1.3), we
have established the existence of periodic multi-solitons. Proving diffusive spectral stability
of the periodic /N-solitons is achieved in Theorems 3.14 and 3.18. High-frequency resolvent
estimates established in Theorem 3.13 allow us to reduce the spectral problem to a compact
subset of C. Within this set, we combine Evans functions techniques from Chapter 6, with Lin’s
method [126, 131], to close the proof. An overview of the results of Part I is given in Figure 1.5.

12



1.6 Main results of Part II: Solitons in a bi-directionally coupled laser-microresonator system

1.6 Main results of Part Il: Solitons in a
bi-directionally coupled laser-microresonator
system

In Part II, we consider a microresonator and the CW laser as a bi-directionally coupled system
for frequency comb generation. This set-up can be modeled by coupling the LLE to laser rate
equations. This system differs from the one considered in Part I, where the laser injects light
into the microresonator but an optical isolator prevents backcoupling from the resonator to the
laser. Using numerical bifurcation analysis we demonstrate that the bi-directionally coupled
system supports soliton solutions with enhanced stability properties. This means in particular,
that for these soliton states, the pump laser is locked to the microresonator. This is confirmed
by time-integration simulations. As a result, they are robust against perturbations in both the
resonator and the laser fields.

The operational scheme of the coupled system works as follows. A CW single-mode semicon-
ductor laser described by the carrier number 7n(t) and the laser field ay,(¢) injects light into a
Kerr microresonator. This excites the forward propagating resonator field a g (z, t), which in turn
induces a backward propagating resonator field a5 (t) through backscattering. In contrast to a,
the backward field ap is only represented by its central mode and hence does not depend on z.
The microresonator is coupled to the CW laser via ap(t). Figure 1.6 summarizes the experi-
mental set-up. Mathematically, it can be modeled by coupling the LLE describing the forward

Microresonator
arp
w

Laser ar, ap
ﬁ

(=
<

ap

Figure 1.6: Experimental set-up of the bi-directionally coupled laser-microresonator system model by (1.6). The resonator
field is represented by the sum of the forward field a r and the backward field a 5. The forward field is driven
by the laser field ay, and the backward field is coupled to the laser.
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field dynamics, via an ODE for the backward field, to laser rate equations. The set of differential
equations in normalized quantities is given by [86, 153]

(t) =t —yn(t) = g(lar(t)[*)(n(t) = Dlar(t)?,

an (1) =[ 732 (glar ()P mo(n(t) — 1) ~ ) + i — w0)]|ar(t) — resean (1),
ap(z,t) = }1 n idaa—; Fi(jap(z, ) + Q\aB(t)|2)}ap(z,t) ¥ iksean(t) — Kegrar(t)e',

. ) 1 2m . 1 2m
ap(t) = —1+1(|aB(t)\2+;/0 |ap(x,t)2dx)] aB(t)—i—msc%/o ap(z,t)de.

(1.6)

The dots represent time derivatives and the physical meanings of the parameters are explained
in Table 4.1. Recent experimental and theoretical works have shown that soliton formation in
the coupled system differs strongly from the more conventional soliton generation techniques
without backcoupling. In fact, it was observed that, starting from a small perturbation of the
zero state for all four fields, the instantaneous laser frequency wy,(t) = w,, — “arg(ar(t))
automatically tunes into the soliton existence range. Subsequently, the formation of solitons can
be observed [22, 30,86, 117,135, 153]. This mechanism is used to design compact devices that
enable self-starting soliton formation [30].

Until now, theoretical investigations of the coupled system (1.6) have been limited mainly to time-
integration simulations, see [86, 135, 153] and the references therein. In contrast, we perform
a numerical bifurcation analysis with the MATLAB package pde2path [146] to systematically
identify time-harmonic spatially localized soliton states for a large range of technically realistic
parameter values. The main results, which have been obtained in the anomalous dispersion regime
d > 0, can be summarized as follows.

e The bi-directionally coupled system (1.6) admits stable time-harmonic 1-soliton solutions
of the form

ap(z,t) = ad(x)e'? n(t) =n",
ar(t) = aj et ap(t) = a%er.
They bifurcate from trivial spatially homogeneous time-harmonic states and oscillate with
the frequency (o = ¢ — A¢, where A¢ = 25 Im(a%e'? (1 — iow)). We use ¢ := wy, — wo
L

as a bifurcation parameter, where w,,, and wy denote the frequencies of the resonator mode
and the laser cavity mode, respectively.

14
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Figure 1.7: Time integration of (1.6) with a perturbed stable 1-soliton state as an initial condition. The simulation shows
convergence of all four fields ar, ap, ar,,n and the instantaneous laser frequency wy, towards the slightly
spatially shifted soliton state as t — oco.

o If we add a small initial perturbation to a stable soliton state, the perturbed solution satisfies

ap(x,t) — a%(z + xo)ei(<°t+¢°), ap(t) — g%ei(cot-s-%)

ar(t) — Q%ei(co”%)’ n(t) — n?,

exponentially fast as ¢ — oo for some zg, g € R. This convergence is illustrated in
Figure 1.7 where we show a simulation of (1.6) with a perturbed 1-soliton state as an initial
condition. In particular, not only the resonator fields ar, ag, but also the laser fields az,, n
self-correct towards the slightly spatially shifted soliton state. For the instantaneous laser
frequency wr, () we find that it converges to wp + A( as ¢ — oco. We emphasize that
this self-correction of the laser fields is a new feature of the system (1.6), which cannot be
observed in the standard LLE, where the laser is represented by a static forcing term.

1.7 Main results of Part lll: Fronts and pulses in
spatially periodic systems

Part III of this thesis is on systems with spatially periodic coefficients. We first study the eLLE
with a small periodic potential and then move on to general semilinear systems of the form SYS.
Finally, we return to specific model problems such as the Gross-Pitaevskii equation and the
Klausmeier model.
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1 Introduction

Pinning in the extended LLE

In Chapter 5, we analyze the extended LLE
iuy = —dug, +ieV(x)uy + (¢ — ip)u — [u*u +if, (1.7

with a small 27-periodic potential €V (z). The equation is derived in Section 5.6 from the physical
model and we recall that it can be used to investigate synchronization of soliton repetition rates to
external radio frequency oscillators [46]. We are interested in stationary solutions that solve

—du" 41V (z)u' + (¢ — ip)u — |ulPu+if =0, (1.8)

equipped with 27-periodic boundary conditions. Our goal is to establish the existence and stability
of non-constant solutions to (1.8). For £ = 0, solutions exist due to [37,67,91] and Part I, and
the idea is to prove the persistence of such solutions for € # 0. We now explain the continuation
argument in more detail. Let us fix a non-constant solution ug € HPQer(*ﬂ', m) of (1.8) for e = 0.
We call ug nondegenerate if the kernel of the linearization Lo: Hpy (=7, m) — Lo (—m,7)
defined by
Lov := —dv" + (¢ — ip)v — 2Jug|*v — udT

is only spanned by the derivative u,. Then, the adjoint operator L{ has a one-dimensional kernel
as well and we fix ¢ € Hp, (—m, ) with ker(Lg) = span{¢g}. This allows us to define the

effective potential
s

Vegr(0) := Re/ iV (z + o)uydida.

—T

The main result of Chapter 5 reads as follows.

Theorem 1.2. Assume that vy € H pzer(—w, ) is a nondegenerate solution of (1.8) fore = 0 and

that the effective potential Ve has a simple zero oo. Then there exist ey, C > 0 such that for all

le| < eq there exists a solution u. € Hp, (—m, ) of (1.8) with

luo(- = 00) = well g, (~x.m) < Clel-

per

If we further assume that ug is spectrally stable with a simple eigenvalue \ = 0, then the following
holds.

(i) The solution u. is asymptotically stable as a solution to (1.7) if Viz(og)e > 0.

(i) The solution u. is unstable as a solution to (1.7) if Vz(0p)e < 0.
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1
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Figure 1.8: Left: bright soliton for anomalous dispersion d > 0 pinned to a zero (blue dot) of the effective potential V.
The black graph is the coefficient potential V' (x). Right: pinning of a dark soliton for normal dispersion
d < 0. Zeros of Vg almost coincide with zeros of V. The plots are from [18] which belongs to Part IIT of
this thesis.

For the detailed statement we refer to the Theorems 5.3, 5.8, and 5.9 in Chapter 5. We note
that the condition V(o) = 0 appears as the solvability condition for the linear inhomogeneous
equation

Lov =iV (z + o)uy,.

If Vi has a simple zero og then the shifted version ug (- — o) can be continued as a solution for
€ # 0. In this sense, these solutions are pinned to the zeros of Ve, see Figure 1.8 for a numerical
illustration of the pinning phenomena.

Remark 1.3. In Chapter 7 the above existence and stability result is extended to multi-solitons
with arbitrary (but large) pulse distances, see Theorem 7.1.

An important property of the effective potential is that it approximates the coefficient potential V'
if ug is strongly localized around x = 0. Indeed, the strong localization allows us to approximate
Re(iuf$f) by a multiple of the 4 distribution and obtain

Vet(o) = Re/ iV (2 + o)uydidr ~ aRe V(z+0o)é(x)dx = aV (o),
for some o € R\ {0}. In this case, solutions exist if V" has a simple zero and they are pinned to
zero of V.

Let us explain the physical meaning of the mathematical result. Since (1.7) is formulated in a co-
moving frame moving with a speed determined by the external pump frequencies (see Section 5.6),
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pinned stationary solitons have a repetition rate that is locked to the laser pump. The condition
V(z) = vy — 2dk? fo/ f1 cos(x) = 0 yields the locking range for solitons which is given by

Il < Qdk%é~
fo
Using the cold cavity dispersion relation wy, = wo + kwgsg + dk? for the resonator frequencies
wy, with free spectral range (FSR) wgsg, the locking range can be rewritten as

|Aw — kwrsr]| < Qdk‘f%, with Aw 1= wp, — Wy,

Since | f1] < | fo| we deduce that Aw has to be tuned close to an integer multiple of the FSR to
observe the pinning of solitons.

Multiple front and pulse solutions

In Chapter 6 we develop a mathematical toolbox for constructing stationary multifront and
periodic pulse solutions to general semilinear equations with spatially periodic coefficients of the
form SYS. In the autonomous case, this theory is well developed. The existence of N-homoclinics
and periodic orbits bifurcating from a primary homoclinic solution in reversible or Hamiltonian
dynamical systems of the form

U =FU), F:R" — R" smooth

has been proved in [28, 72,74, 147]. With the help of the Lin’s method [87], the eigenvalue
problem
V' = (DF(U(x)) + AB)V, A€ C,BecR"™"

associated to such a bifurcating solution U has been studied in [126, 127,131]. This paved the
way to determining stability properties of [V-pulses and periodic patterns as stationary solutions
for numerous nonlinear evolution equations.

Extending this theory to equations with spatially periodic coefficients of the form SYS is the main
objective of Chapter 6. We develop the theory using an approach based on a combination of fixed
point arguments, exponential dichotomies and Evans function techniques [4, 131]. Furthermore,
we demonstrate the strength of the abstract approach by applying it to the Gross-Pitaevskii
equation with a periodic potential and a Klausmeier reaction-diffusion model. For both models,
we extending previously known results concerning the existence and stability of (multiple) pulses
and fronts.
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1.7 Main results of Part III: Fronts and pulses in spatially periodic systems

Let us explain the main results of Chapter 6. Setting the time derivative in SYS to zero, we obtain
the ODE

()0 u 4 -+ oy (2)0pu + N (2,u) = 0, (1.9)
with T-periodic coefficients in z. For u € L>(R) we define the linearized operator

L(w)u = o (x)OFu + -+ a1 (2)0pu + 0N (z, u)u.

Now let Zy(x), ..., Zy(x) be M front solutions to (1.9) converging to T-periodic end states
v1,4(x),...,vp 4 (z) as ¢ — £oo. We assume the matching condition v; ; = vj4q,_ for
j=1,...,M — 1. Moreover, let Zy(x) be a stationary pulse solution of (1.9) converging to
a T-periodic end state vo(x) as & — +oo. We define the formal concatenation and periodic
extension

v1,—(x), z < inT,

wa(@) =4 Zj(x = jnT), we[(j-3nT,(G+3)nT],  G=1....M,
vm 4 (), x> (M + §)nT,

Then we have the following theorem.

Theorem 1.4. Assume that Z; is nondegenerate in the sense that the linearization L£(Z;) as an
operator from H*(R) to L?(R) is invertible for j = 0, ..., M. Then, there exists N € N such
that for alln € N withn > N the following assertions hold.

(i) There exists a stationary M-front solution u,(z) of (1.9), which converges uniformly to
Wy, AS T —> 0.

(ii) There exists a stationary nT-periodic pulse solution U, (x) of (1.9), which converges
uniformly to ., (x) as n — oo.

Figure 1.9 gives an illustration of the solutions constructed in Theorem 1.4. For the detailed
statements, we refer to Theorems 6.5 and 6.8. The proofs are based on contraction mapping
arguments, which require to invert the linear operators £(w,,) and £(w,,) and to derive suitable
bounds on the inverse. This is the main technical challenge, which is solved using exponential
dichotomy techniques under the nondegeneracy conditions.

Next, we state a spectral stability result for the multifronts and periodic pulses. Again, we refer
to corresponding Theorems 6.14 and 6.22 and Sections 6.6, 6.7 for the precise statements.
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Figure 1.9: Illustration of the existence result in Theorem 1.4. Top: concatenation of fronts with matching end states.
Bottom: periodic extension of a primary pulse.

Theorem 1.5. Let K C C be compact. Assume that the L?(R)-spectrum in K of the linearization
L(Z;) consists of isolated eigenvalues of finite algebraic multiplicity only for j = 0,..., M.
Then, there exists Ny € Nwith Ny > N such that for alln € N withn > N; the following holds.

(i) The L?*(R)-spectrum of L(uy) in the compact set K consists of isolated eigenvalues only
and converges in Hausdorff distance to the union

M
U o(L(Z))NK

as n — oo. The total algebraic multiplicity of the eigenvalues of L(u,,) in K equals the
sum of the total algebraic multiplicies of the eigenvalues of L(Z1),...,L(Zy) in K.

(ii) The L2, (0, nT)-spectrum in K of the linearization L(ii,,) consists of isolated eigenvalues
only and converges in Hausdorf{f distance to

o(L(Z)) N K

as n — oo. The total algebraic multiplicity of the eigenvalues of L(t,,) in K equals the
total algebraic multiplicity of the eigenvalues of L(Zy) in K.

As a consequence of Theorem 1.5, the multifronts are spectrally unstable if at least one of the
constituent primary fronts is spectrally unstable. The same holds for the periodic pulse solutions

20



1.7 Main results of Part III: Fronts and pulses in spatially periodic systems

given the spectral instability of the primary pulse. Conversely, assume that all primary fronts as
well as the primary pulse have only spectrum in the left-open half plane. Moreover, assume that
the spectral stability problem for both, the multifronts and the periodic pulses can be reduced to
a compact subset /C via spectral a-priori bounds. Then they are spectrally stable by Theorem 1.5.
The proof of Theorem 1.5 is based on Evans function techniques. The first statement results from
a factorization of the Evans function for the multifront solution, which gives a product of Evans
functions for the primary fronts up to a small error. The second statement extends the technique
from [131], which relates the Evans function of the primary pulse to the Evans function of the
periodic pulse for large periods.

As an application for our theory, we consider the Gross-Pitaevskii equation
i0;u = —02u + uV (x)u + rlulu, (1.10)

with given T-periodic potential ¢V (z) and x € {£1}. We are interested in time-harmonic
solutions of the form u(z,t) = e“!)(z) with ¢»(x) € R. Substituting this ansatz into (1.10), we
obtain

—" 4+ uV (2)h + wip + kp® =0, (1.11)

which is of the form (1.9). We establish results for both the defocusing x = 1 and focusing
Kk = —1 case.

In the defocusing case we establish the existence of multi-solitons bifurcating from concatenations
of the black NLS soliton

Yo(r) = /—wtanh (1 / _2wx> , r €R,

for w < 0. For M € N let us define the formal multi-soliton

Yo(x —nT), r <
@) = { (—1 Wo(a— jnT),  we
(=DM o(z — MnT), x>

%nT,
(-

[ nT,(j+3)nT], j=2,...,M—1,
(M — )nT.

This allows us to formulate the following theorem, cf. Theorem 6.33 and Corollary 6.35.

Theorem 1.6. Letk = 1, w < 0, M € N and assume that

/RV’(x)wo(z)z/}{)(x)dx £ 0.
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Figure 1.10: Left: black multi-soliton of (1.10) in the defocusing case x = 1. Right: periodic 1-pulse in the focusing
case k = —1 and the potential V' (z) (blue).

Then, there are constants C, jig > 0 such that for all || < pg there is N € N such that ifn > N
there exists a time-harmonic solution u(z,t) = e (z) of (1.10) with

[ = WnllLee < Clpl.

The stability of multi-solitons is challenging because the essential spectrum of the black NLS
soliton covers the entire imaginary axis. For a spectral analysis, the Evans function would have
to be extended across the essential spectrum using a “Gap Lemma”, see [110]. This task is left
open for future studies.

In the focusing case, we prove the existence of periodic pulse solutions of (1.11) in the semi-
infinite gap inf o(—02? + uV) > —w. Here we assume that 1V (z) is a given periodic potential
such that the existence of a primary pulse solution ¢y € H?(R) of (1.11), which satisfies the
spectral stability assumptions (GP) in Section 6.8, is guaranteed. The existence of such potentials
has been verified, e.g. in [109]. We then have the following theorem, cf. Corollaries 6.44 and 6.21.

Theorem 1.7. Assume that the primary pulse ¢y € H?(R) satisfies the spectral assumptions (GP)
with {0, b0, do)rz > 0. Then, there exists N € N such that for all n > N there exists a time-
harmonic solution u,,(z,t) = €“t¢, () of (1.10) with k = —1 such that

on € ngr(OmT), lpo — bnllE2, (0,n) — 0 asn — oo.

or
Moreover, u,, is orbitally stable.

To the best of our knowledge, Theorem 1.7 establishes the first orbital stability result of a nontrivial
time-harmonic spatially periodic solution to (1.10). The proof relies on a delicate combination

of Theorem 6.22, spectral bounds, Krein index theory [31,75,76], and the stability theorem of
Grillakis, Shatah, and Strauss [63]. We end this section with numerical simulations of a black
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multi-soliton and a stable periodic bright soliton presented in Figure 1.10. The left panel depicts
a black multi-soliton which is constructed by concatenating three front solutions. The right panel
shows a periodic 1-pulse and the periodic potential 1V (z) in blue.
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2 Stability of solitary wave solutions
in the Lugiato-Lefever equation

This chapter is a reprint' of the published article [15] written by the author of the thesis. The
article was adapted to fit the layout of this thesis.

Abstract

We analyze the spectral and dynamical stability of solitary wave solutions to the Lugiato-
Lefever equation (LLE) on R. Our interest lies in solutions that arise through bifurcations
from the phase-shifted bright soliton of the nonlinear Schrodinger equation (NLS).
These solutions are highly nonlinear, localized, far-from-equilibrium waves, and are the
physical relevant solutions to model Kerr frequency combs. We show that bifurcating
solitary waves are spectrally stable when the phase angle satisfies 8 € (0, ), while
unstable waves are found for angles 6§ € (m,27). Furthermore, we establish orbital
asymptotical stability of spectrally stable solitary waves against localized perturbations.
Our analysis exploits the Lyapunov-Schmidt reduction method, the instability index
count developed for linear Hamiltonian systems, and resolvent estimates.

2.1 Introduction

Kerr frequency combs generated in an externally driven Kerr nonlinear microresonator are very
promising devices in optical communications or frequency metrology, enabling, for instance,
high-speed data transmission of up to 1.44 Tbit/s, cf. [112]. They are optical signals consisting of
a multitude of equally spaced excited modes in frequency space and are modeled by stable highly
localized stationary periodic solutions of the Lugiato-Lefever equation (LLE)

iUy = —dug, + (¢ —1)u — |ul?u +if, (z,t) € R?. 2.1

' Reprint with permission of the journal
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Here u = u(z,t) € C is the field amplitude in the resonator, d # 0 is the dispersion, { € R
is the offset between the external forcing frequency and the resonant frequency in the resonator
called detuning, and f € R describes the pump power inside the resonator of the external
forcing. A physical derivation of (2.1) can be found in [89]. From a mathematical point of
view, LLE is a damped and driven nonlinear Schrodinger equation (NLS). Motivated by the
promising applications of Kerr frequency combs, the existence of stationary solutions of LLE has
received considerable attention. A plethora of stationary solutions have been found in numerical
simulations [9,54,97,102, 104, 106] or have been constructed analytically [10,55,61,81,91,94].
The naturally associated question of their spectral as well as their nonlinear stability with respect
to different types of perturbations has gained interest recently [8,36,37,47,62,67,69-71,111,137,
141]. Whereas nonlinear stability can be obtained under general spectral stability assumptions,
spectral stability analyses themselves rely on the specific structure of the solutions and typically
employ similar methods as were used to construct them. So far, spectral stability has been
obtained for periodic small amplitude solutions of (2.1) arising through a Turing bifurcation of a
homogeneous rest state [36]. The only spectral stability result of far-from-equilibrium solutions
of (2.1) that the author is aware of is that in [67], where solutions to (2.1) are constructed by
bifurcation from the cnoidal wave solutions solving NLS equation on the torus. Stability results
for explicitly available solitary wave solutions in the forced NLS equation without damping have
been obtained in [7] and also recently in [47]. Here, we present the first spectral stability result
of far-from-equilibrium soliton solutions of the damped and driven NLS (2.1). The solutions
under consideration are highly nonlinear and arise by bifurcation from bright solitons in the NLS
equation in the anomalous regime d > 0. They satisfy the approximation formula

u(T) & Uso + v/2¢ sech <\/gx> el z €R, (2.2)

where u~, € C is a constant background due to the forcing in (2.1) and the angle 6, is found by
solving the equation cos g = 2+/2(/(nf). Although they are non-periodic solutions of (2.1),
their exponential localization makes them a valid approximation of a frequency comb, cf. Fig-
ure 2.1. We emphasize that the approximation (2.2) is frequently used in the physics literature to
approximate Kerr frequency combs [20,73, 149], which facilitates (formal) computations.

Contributions of this paper are threefold. In Theorem 2.3, we prove the existence of solitary
wave solutions of (2.1) that verify the approximation (2.2). Therefore we consider the LLE with
dispersion rescaled to d = 1 as a perturbation of the focusing NLS in the following sense:

iUy = —Ugy + Cu — |u*u + i (u), (z,t) € R? (2.3)
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where
U(u) =—u+f,

and ¢ is the bifurcation parameter. We show that solitary wave solutions u = u(e) bifurcate at
€ = 0 from the rotated NLS soliton

Po, (2) = \/isech(\/g“x)eié’o.

In Theorem 2.6, we prove spectral stability of the solitary waves satisfying sin 6y, > 0 and
spectral instability for all other sign configurations of ¢, sin fy. This result relies on a detailed
analysis of the spectral problem, where the crucial point is to understand the behavior of small
eigenvalues for € small in the linearized problem.

Finally, in Theorem 2.9 we prove nonlinear asymptotic orbital stability of spectrally stable solitary
waves. For the linear estimates, we establish high frequency resolvent estimates for families of
operators in Hilbert spaces, see Theorem 2.22, which we then use to prove linear stability. Indeed,
the resolvent estimates are needed to overcome the problem that a Spectral Mapping Theorem for
the non-sectorial operator arising in the linearized equation is a-priori not available. Nonlinear
stability then follows as a corollary of the linear stability result.

Remark 2.1. Existence of solitary waves bifurcating from the NLS soliton has already been proven
in [57] using the Crandall-Rabinowitz Theorem of bifurcation from a simple eigenvalue. Here, we
use a different approach based on a Lyapunov-Schmidt reduction in parameter-dependent spaces.
This is advantageous because it directly yields an expansion of the solution needed in the spectral
stability analysis. Further, we believe that our approach is flexible enough for possible extensions
to bifurcation problems with higher dimensional kernels.

Remark 2.2. There is a long list of literature on persistence and stability of solitary solutions for
other variants of the perturbed NLS, cf. [5,11,79,115] and the references therein.

2.1.1 Main results

Solitary wave solutions of the perturbed NLS (2.3) are solutions of the stationary equation
—u + Cu— |ulPu+ie(—u+ f) =0, xR, 2.4)

which decay to a limit state u., € C as |z| — oo.
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NN NN

!

Figure 2.1: Approximation of a periodic solution on R/Z by a solitary wave on R.

The following theorem provides the first result of the paper on the existence of solitary waves for
a suitable parameter region.

Theorem 2.3. Let (, f > 0 be fixed and suppose that 6y € R is a simple zero of the function

0 mfcost —2/2C.

Then there exist €* > 0 and a branch (—¢*,&*) 3 € — u(e) € C + H?(R) of solutions to the
perturbed problem (2.4) bifurcating from the rotated soliton

oo () = /20 sech (/Cx)e”.

More precisely, the branch is of the form

u(E) = ¢0(€) + uoo(g) + @(5)3 U(O) = ¢907
where

o the map (—e*,e*) 3 € — 0(g) € R is real-analytic and describes the rotational angle of
the soliton,

o the map (—c*,e*) > ¢ — ux(e) € C is real-analytic and consists of the constant
background of the solution at +oo,

o themap (—€*,&*) > € — () € H?(R) is real-analytic and describes a small correction
term of order O(|¢|).
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Remark 2.4. In Theorem 2.3, a necessary and sufficient condition on the parameters ¢, f to find
simple zeros is 72 f2 > 8(, which yields an existence region in the (- f-plane, already obtained
analytically or numerically in [8,55,57, 149]. Furthermore, it should be noted that solutions for
negative forcing parameters f < 0 are obtained through the transformation v — —u.

Theorem 2.6 and Theorem 2.9 below provide the two main results on the spectral and nonlinear
stability of solitary waves of Theorem 2.3 against localized perturbations in H'.

Letu = u(e) € C+ H?(R) be a solution of the stationary LLE as in Theorem 2.3 for sufficiently
small € # 0. Expanding the solution as ¢ (z,t) = u(x) + v(x,t) results in the perturbation
equation

Wy = —Vgp + (v — 2Jul*v — w0 — icv — 2Jv]2u — v*u — |v]v.

The evolution of the perturbation v is coupled with the evolution of the complex conjugate v so
that we obtain the system:

W = —Uge + v72u21)—u21771{—:v—2v2u71)2'&—'UQU,

—Vg + €V — 2Jul?v — wPv +iev — 2|v|?u — v2u — |v|?v,

—iv,

for which the mild formulation is locally well-posed® in (H'(IR))2. The linearized equation is
then given by
Vi=(L—-e)V, V=(v,09)",

for the operator £ := JL : (H*(R))? — (L?(R))?, with

S0 _02 4 ¢ — 2Ju? 2
g [TV O) g (02 “ , (2.6)
0 i _g? _02 4 ¢ — 2Jul?

and the associated eigenvalue problem reads
AV = (L-¢)V, V=(v,0)T. 2.7)

Spectral stability is now determined by the location of the spectrum of the linearized operator
o(L —€) = o(L) — ¢ according to the following definition.

2 This follows from standard semigroup theory.
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Definition 2.5. A solution u = u(e) € C + H?(R) of (2.4) is called spectrally unstable, if there
exists A € o(L — €) such that Re(\) > 0. Otherwise the solution is called spectrally stable, i.e.,
ifandonly if o(L) C {z € C: Rez < ¢}.

The following theorem clarifies the spectral stability of the solitary wave solutions found in
Theorem 2.3.

Theorem 2.6. Suppose that u = u(e) € C + H?(R) is a solution of (2.4) as in Theorem 2.3 for
€ # 0 sufficiently small, that bifurcates from the NLS soliton

Po,(x) = \/Qsech (\[Cl’) e,

with sinfy # 0. Then, the spectrum of L — ¢ is given by the disjoint union of essential and
discrete spectrum (L — €) = 0ess(L — ) U (L — €), where the essential spectrum is explicitly
computable:

Oess(L —€) = {iw €iR: |w| €[, 00)} —¢, ( =C+0(@E?).

Moreover,
(i) ife <0, then the solution u is spectrally unstable. The same is true if €, — sin 6y > 0.

(ii) ife,sinby > 0, then the solution u(e) is spectrally stable and the spectrum satisfies
o(L—¢)C{-2c}U{z€C: Rez=—c} U{0}
with (algebraically) simple eigenvalues A = 0, —2¢.

The different stability configurations of Theorem 2.6 are depicted in Figure 2.2.

Remark 2.7. In case (i) of Theorem 2.6, the instability is triggered by two different mechanism.
If ¢ < 0, the essential spectrum of £ — ¢ is unstable. If ¢ > 0 > sin#,, we find exactly one
simple real unstable eigenvalue A € o4(L) of order O('/2).

Remark 2.8. A similar spectral stability result for periodic solutions of (2.3) bifurcating from
cnoidal wave solutions of the NLS has been obtained in [137]. Moreover, in [7,47] stability
and instability of purely imaginary soliton solutions of the forced NLS equation is proven. Here,
the stable solutions have a strictly positive imaginary part, which is in agreement with our sign
condition on sin .
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Im(\)
/ ic \
¢ Re(X)
Im()) —i¢ Im(\)
i¢ iC
L4 e=0 o
e aRe(x) oo e Re(A)
. .
—i¢e —i¢
| Im(X)
e<0 | g,sinfy > 0
i¢e
2 e Re(A

g,—sinfy >0

Figure 2.2: Stability configurations of Theorem 2.6. Blue dots = discrete spectrum, red lines = essential spectrum. Top:
spectrum of the unperturbed stable NLS soliton. Left and bottom: spectrum of unstable solitary waves of
LLE. Right: spectrum of a stable solitary wave of LLE.

The next theorem, provides the nonlinear stability result for spectrally stable solutions of
Therorem 2.6.

Theorem 2.9. Suppose that v = u(e) € C + H?*(R) is a spectrally stable solution as in
Theorem 2.6. Then, the solution u(e) is asymptotically orbitally stable. More precisely, there
exist constants 6,1, C' > 0 such that for all vy € H'(R) satisfying ||vo||zr1 < & there exists the
unique global (mild) solution (v,v) € C([0,00), (HY(R))?), (v(0),9(0)) = (vo, o) of (2.5)
and o, € R such that with 1) = u + v we have

V(1) —u(- — 000) ||l < Cée™™  fort > 0.

Remark 2.10. In [137] asymptotic orbital stability of spectrally stable periodic solutions against
co-periodic perturbations is proven. Theorem 2.9 can be seen as an analogous version of this
result for stability of solitary wave solutions on R against localized perturbations.
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Remark 2.11. If we restrict perturbations to the class of even functions the asymptotical orbital
stability can be improved to asymptotic stability by exploiting a spectral gap in the linear stability
problem.

2.1.2 Outline of the paper

In Section 2.2, we show that solitary waves for the LLE bifurcate from the NLS soliton as stated
in Theorem 2.3. The spectral stability problem is analyzed in Section 2.3.1 and the proof of
Theorem 2.6 is presented. The asymptotic orbital stability result of Theorem 2.9 is proven in
Section 2.3.2. It relies upon uniform resolvent estimates for the linearized LLE, which we derive
from high frequency resolvent estimates. These estimates are obtained in an abstract functional
analytical set-up and can therefore also be applied to other NLS type equations.

2.2 Existence of solitary wave solutions

The goal of this section is to prove Theorem 2.3. We work in the Sobolev spaces H*(R) =
H*(R,C), k € Ny of complex valued functions over the field R. By this choice of function
spaces, the map H2(R) > u + |u|?>u € H?(R) is Fréchet differentiable. Moreover, the L2
scalar-product is defined by the R-valued map

Vf,gELQ(R,(C): (f,9) 12 :Re/ngda:.

Let us fix the parameters ¢, f > 0 such that 2¢/2¢ < 7f and let §; € R be a simple zero of
0 — 7 f cos — 24/2(. Recall that ¢ (x) = v/2( sech (\@x) denotes the soliton solution of the
focusing cubic NLS equation

—¢" +¢o— |9’ = 0,

which decays exponentially to zero as || — co. Let us introduce the manifold of rotated solitons

M= {¢g — doel? 1 0 € R}.

By the gauge invariance of NLS every ¢ € M is a solution of the NLS. In addition, NLS
possesses a translational symmetry, i.e., ¢(- — o) is a solution of NLS for all shifts o € R. In the
Lugiato-Lefever equation, the gauge symmetry is broken, and only the translational symmetry
persists. Consequently, the continuation for £ # 0 is expected to be successful only for suitably
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2.2 Existence of solitary wave solutions

rotated solitons ¢ € M. To handle the translational symmetry, we fix the shift parameter o = 0
and restrict our analysis to the spaces HZ (R), L2, (R) of even functions.

It is now important to note that the presence of the forcing term f in (2.4) prevents solutions from
decaying to zero as |x| — oo. More precisely, the tails at +0o of every localized solution satisfy
the algebraic equation

Cos — |too| Pt +ie( — uso + f) =0, us €C. (2.8)
Thus, we adapt an ansatz of the form
U= g+ U + ¢,

where ¢y € M is a suitably rotated soliton, u,, € C is the constant background solving the
algebraic equation (2.8), and ¢ € HZ2(R) is a small correction. For the background we solve
(2.8) to leading order by

Uso(€) = —%s + 0(?), (2.9

which is the unique solution® close to 0. Inserting our ansatz into (2.4) yields the equation for the
correction ¢ and rotational angle 6:

Lgp = N(p,¢,0) (2.10)
where
Lop = =" +Cp = 20’0 — 050, ¢ € Ho(R),
and

N(p,€,0) :=2uco(€) + ¢l d6 + (uso(€) + )06 + s (€) + ¢[* (uss(€) + )
— Juso (€)Puco (€) + 2|0 |*uoo (€) + Fhtico (€) + ic(do + ).

Note that we have N (g, ¢,0) € HZ(R) for ¢ € HZ(R). Our goal is to solve (2.10) by means
of the Lyapunov-Schmidt reduction method. Therefore, let us collect relevant properties of the
linearized operator Lyg.

3 There are two additional solutions to (2.8) given by ucs (€) = £+/¢ + O(g), which are not considered here.
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Lemma 2.12. For every § € R the R-linear operator Ly : H*(R) — L?(R) is self-adjoint and
Fredholm of index zero. Moreover we have

ker(Lg) = span{isy, ¢y}

Proof. The fact that Ly is Fredholm of index zero follows from 0 & 0ess(Lg) = Oess(—02 + () =
[¢,00) and the first equality is a consequence of Weyl’s Theorem. Moreover the operator
—92 : H*(R) — L?(R) is self-adjoint and hence the same holds for Ly since it is a symmetric
bounded perturbation of —9? : H?(R) — L?(R). Finally, the identity for the kernel follows from
a similarity transformation and explicit formulas for the kernel of the linearized NLS operator,
cf. [78]. O

Since we aim to solve (2.10) in the space of even functions, we note that the restricted operator
Ly| a2 has a one-dimensional kernel. Indeed, by Lemma 2.12 the kernel is explicitly given by
ker(Lg| 2 ) = span{igg}. Lyapunov-Schmidt reduction now relies on the decomposition of L2,
with the orthogonal projection onto ker(Lg|z2 ) defined by

i(b@a P)r2.
Poyp = %uﬁe, ¢ € HZ(R).
llPoll7-

The operator Py, allows us to split the equation (2.10) into a singular and non-singular part:

(I — Py)Lo(I — Pp)p = (I — Py)N(p,¢,0) (2.11)
PyN(p,e,0) =0 2.12)

where we additionally impose the phase-condition:
Py = 0. (2.13)

Note that the condition (2.13) depends on the free rotational parameter § which means that our
decomposition of L2, is parameter dependent:

L%(R) = ker(Py) @ ran(Py).

In the following lemma we solve the non-singular equation (2.11) subject to the phase-condition
(2.13).

Lemma 2.13. There exist open neighborhoods U C R? of (0,00), V C HZ(R) of 0 and an

real-analytic map U > (g,0) — ¢(g,0) € V such that p(e,0) solves (2.11) subject to the phase
condition (2.13) and (0, 6) = 0 for all (0,60) € U.
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Proof. Define the function F' : H2(R) x R x R — L2, (R) given by
F(p,e,0):= (I — Py)Lo(I — Pp)p — (I — Py)N(p,¢c,0) + Pyep.

Then, F is real-analytic in (p, €, 6) as a composition of real-analytic functions (cf. [25] Theo-
rem 4.5.7), F(0,0,6y) = 0 and

atPF(Ov()?eO) = (I - PGO)LQ(I - P9o) +P90 : H2 (R) — Lgv(R>

ev

is ahomeomorphism by construction. The Implicit Function Theorem for analytic functions ( [25]
Theorem 4.5.4) yields the existence of open neighborhoods U C R? of (0,6p), V C HZ(R) of 0
and areal-analyticmap U > (e, 0) — ¢(e,0) € V such that the unique solution of F'(¢,¢,0) =0
inV x U is givenby (¢, ¢,0) = (p(e,0),,0). Finally, since F'(0,0,0) = 0, we find ¢(0,6) = 0
by the local uniqueness of the solution. 0

Substitution of the solution obtained in Lemma 2.13 into (2.12) amounts to
PyN(p(g,0),,0) =0 <= f(e,0):=(N(p(g,0),e,0),ipg)r2 =0,

where f : U € R?2 — R is again real-analytic as a composition of real-analytic functions and
admits the expansion

f(e,0) = (cigy + 2|¢0[ uce () + Gjiino (€), i) 2 + O(e?).

Clearly, £(0,0) = 0 for all (0,0) € U and thus we find a real-analytic function f with f(c,0) =
£f(g,0). Nontrivial solutions of f(e,8) = 0 then satisfy f(e,6) = 0 and the equation is again
solved by the Implicit Function Theorem. Indeed, in the subsequent Lemma 2.14 we show
£(0,00) = 0and 9y f(0,60) # 0 and thus there exist open intervals (—e*,£*), © C R, 6y € ©
and a real-analytic branch (—*,£*) 3 € — 6(g) € © such that f(c,0) = 0in (—*,&*) x O is
uniquely solved by (g, 6(g)) = (¢,0). In summary we have constructed a solitary wave solution

u(e) = Po(e) + uso(€) + @(e,0(c)) € C+ H*(R), ¢ € (—",¢")

of the Lugiato-Lefever equation (2.4). It remains to prove Lemma 2.14.

Lemma 2.14. Let 0y € R be a simple zero of 0 — wf cos — 24/2C. Then f(0,60y) = 0 and
9o £(0,00) # 0.
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Proof. By definition of f, formula (2.9), and since 7 f cos 6y = 2v/2¢, we have

f(ov 90) = <i¢90 + 2|¢90 ‘286'“00 (0) + ¢§Oa€ﬂ00(0)a i¢90>L2

= Re [ 160f? = 201600, Ot 0) = 6060, 0. (0)d
R
— 1/~ L e [ 206000, — |60l n,do
R
=4/ — icoseo/ (;Sgdx
¢ R
=4/¢C —V2rfcosby =0
and similar computations lead to
99 f(0,00) = V2 f sinfg # 0,

where sin 6y # 0 by simplicity of the root 6, which proves the statement. OJ

Corollary 2.15. The solutions u(c) € C + H?(R) of Theorem 2.3 decay exponentially fast to
their limit states u~(¢) € C as |x| — oo.

Proof. Re-writing (2.4) in its dynamical system formulation

Us uy (5)
U
0,U = ! | wt
CUl—(U12+U22)U1 + U, 8IU1(5)
CUy — (U + U3)Us + e(=Ur + f) Dpuz(€)
for ui(e) = Re(u(e)),uz(e) = Im(u(e)) we easily see that U is homoclinic to a hyper-
bolic equilibrium and thus converges exponentially fast to its limit state Uy, = (Re(uxo(€)),
Im(uso(€)),0,0)T. O

38



2.3 Stability analysis

2.3 Stability analysis

In this section, we prove the stability results of Theorem 2.6 and Theorem 2.9. From now on
HF(R) = H*(R,C), k € Ny denotes the Sobolev spaces over the field C. In particular, the
L2-scalar product is now given by the C-valued map

Vf,g€ IXR,C):  (f.g)e = /R fgdz.

Let us start with the proof of the spectral stability result of Theorem 2.6.

2.3.1 Proof of Theorem 2.6

Suppose that u = u(e) € C+ H?(R) is a solution of (2.4) as in Theorem 2.6 for ¢ # 0 sufficiently
small. We determine the location of the spectrum of the operator £ = JL defined in (2.6).

It is well-known [78] that we have a decomposition into essential and discrete spectrum

(L) = oess (L) Uq(L). (2.14)

Essential spectrum of £
The essential spectrum can be computed explicitly.
Lemma 2.16. Let ¢ be sufficiently small. The essential spectrum is given by
ess(£) = {iw € iR : |w| € [¢,00)},
where (. = ( + O(e?).
Proof. Since u(x) — uso as |2| = oo exponentially fast, cf. Corollary 2.15, we can use Weyl’s

Theorem [78] to find
O'ess(ﬁ) = Oess (['OO)

where the asymptotic constant coefficient operator is given by
£ — —i 0\ [=02+(—2Jux]? —u?,
0 i —u2 =02 + ¢ — 2uco|?
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We calculate the essential spectrum of £°°. Therefore, we write the spectral problem for £°° in
its first order reformulation 0,V = A(\)V with

0 0 10 01
0 0 0 1

A = cv=]"

¢ = 2Jus)® —iA u?, 0 0 0xv1

u?, ¢—2lux*+ix 0 0 Do

Then, the essential spectrum is characterized as follows (see for instance [78]):
A€ 0es(L®) = o(AN))NIR #£ .
Computing
p(k,A) == det(A(N) — ik) = k* + 2(¢ — 2Juco| )k + (¢ — 2Junc|*)? — |uce|* + A?
we find that A(\) is nonhyperbolic if and only if
FkeR: plk,A\)=0

which is equivalent to
A€ {iw€iR: |w| € [(, )},

with (. = ¢ + O(e?) since u, = O(e) and thus the claim follows. O

An immediate consequence of Lemma 2.16 is the spectral instability of the wave v if ¢ < 0.
However, if € > 0, the essential spectrum is stable and spectral stability is solely determined by
the location of the discrete spectrum. From now on we focus on the case ¢ > 0.

Discrete spectrum of £

Recall, that the discrete spectrum can be determined from the eigenvalue problem (2.7) which
can be written as

{ iy = Vi + Cur — 2ul?v; — uPvy —icvy,

—idvg — V24 + (Vo — 2lul?ve — WPy + ievs.

For ¢ = 0, we recover the spectral stability problem for the rotated soliton ¢, of NLS and
A = 0 is an isolated eigenvalue of geometric multiplicity two and algebraic multiplicity four.
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More precisely, we find two Jordan chains of length two and by Lemma 2.12 we have that the
corresponding eigenspace is spanned by the vectors (i¢yg,, —i¢g, ) and (b9, » Q_Sgo). Consequently,
it follows from standard perturbation theory [80], that for small values of ¢ the total multiplicity
of all eigenvalues in a small neighborhood of zero is also four. We now focus on the bifurcations
of these eigenvalues which in the end will determine the spectral stability.

Eigenvalues close to the origin

We compute expansions in € of all eigenvalues of £ = J L close to zero. Observe that we always
find 0 € o(L — ) due to the translational invariance of (2.4). This yields € € o(JL) and the
corresponding eigenfunction is given by (0,u,d,u). Since the spectrum of JL is symmetric
w.r.t. the imaginary axis we also find —¢ € o(JL). Note that the symmetry is an immediate
consequence of the structure of JL, a composition of a skew-adjoint and self-adjoint operator.
Thus, in the neighborhood of A = 0 only two unknown eigenvalues remain and they correspond
to the broken gauge-symmetry in the LLE.

To compute the expansions of the perturbed rotational eigenvalues, we restrict to spaces of even
functions. Following [80], we expand both remaining eigenvalues along with their corresponding
eigenfunctions in a Puiseux series:

A=VEM +eda +O(EY?), V=Vy+VeVi+eVa+0EY?), Vo= ( l‘iz ) ,
~idh,

1/2

and the expansions are in powers of €/ since we consider the splitting of a Jordan chain of

length two. Moreover, we expand the operator L in powers of € which relies on expansions of the

solution w:

L= LO + €L1 + 0(62)

L (=2l ~uf
0= 9 _o2 olual2 )’

up 5+ ¢ — 2fuol

I 72(’[1,0711 + ﬂoul) 72U0U1

1= )
—2’[60’(7,1 —Q(Uoﬂl + ﬂoul)

uw=ug + eur + (9(52), Uy = g, uy = 10:0(0) g, — i% + 1,
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and the equation for ¢; is found from differentiating (2.10) w.r.t. € at ¢ = 0 (see also part two of
the proof of Lemma 2.13),

Loyp1 = 2|¢90|286u00(0) + ¢goaeﬂm (0) + i, » 1 L igg,.

Substituting the expansions into the spectral problem JLV = AV yields equations at order £'/2
and ¢,

LoVi = MJ Wo, LoVa+ LiVo=MJ 'V + XJ .

Since J~ 'V L ker(Lg), we find Vi = A\ Ly ' J "'V 4+ aVi, a € C. Inserting this into the
second equation amounts to

LoVa = —LiVo + N J YL T Vo 4+ o J Vo + A d 1 (2.15)
and by the Fredholm alternative, (2.15) is solvable if and only if
~Li\Vo + N L T W+ a TV + Ao TV L ker(Lo).
Since J~1Vy L ker(Lg), this yields

MN(T LG T Wo, Vo e = (L1 Vo, Vo) 2. (2.16)

Lemma 2.17. Lete,§ > 0 be sufficiently small and Bs(0) C C be the ball of radius § centered
at X = 0. Then Bs(0) N oq(L) consists of four distinct simple eigenvalues, given by

+e, £1/e\/ —mf\/2(sin by + O(e) € oq(L).

In particular, if sin 8y > 0, we have one unstable eigenvalue \ = € of L, which corresponds to a
simple zero eigenvalue of L — €, and two purely imaginary eigenvalues of L:

Ay =i <\/§ 7f/2C sin by + 0(5)) :

If sin 6y < 0, we have two real unstable eigenvalues of L:

AN=¢c and My =e\/nf\/2(|sinb| + O(e),

where Ay is also an unstable eigenvalue of the operator L — ¢ since it is of order O('/ 2.
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Proof. From the preceding discussion it remains to calculate the scalar products in (2.16). Let us
start with (J 'Ly ' J~'Vp, Vo) 2. Consider the NLS

7¢/9/0 + <¢9o - |¢9o‘2¢90 =0.

Taking derivative w.r.t.  yields

Lo <a¢¢90> - <¢9“> — J .
O¢ Do, 0,

The function O, ¢y, is found from differentiating the formula of the NLS soliton and a straight
forward calculation gives

(J Lot T W, Vo) 2 = / D bo,Po, + O Poy boydz = 2¢7 /2,
R

Next, we calculate the scalar product (L, Vp, V) 2. We have

—iudu iu
(L1 Vo, Vo) 12 = 2/ 07 OV = —4Re/ |luo|?uotiy da.
R nigul 71’&0 R

Inserting the formula for u; into the integral yields

Re/ |u0|2u0ﬂ1dx = —%||¢O||ig sin 0y + Re/ |¢)90|2¢90¢1daz
R R

- —%H%H%S sinfy + Re / (600 %G00 Ly (21605 PDrtion (0) + 02, Delioo(0) + idhpy )it
R

— L gullsinfo + Re [ L 00200, @000 0) + 7, Dt 0) + i,

Using that Ly, g, = —2|dg,|*do, gives

Re / L (|6, [260,) (21000 POct1oo (0) + 02, Betioo (0) + iy )t

— e [ i (o PO 0+ P 0 T
R

)
BES

o[ sin fo.
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Stability of solitary wave solutions in the Lugiato-Lefever equation

Finally, since || ¢ol|3s = v/2¢, we have
<L1Vb, ‘/E))Lz = —2%“¢0H%3 sin 90 = —2\/§f’ﬂ' sin 90
and thus from (2.16) we obtain the desired formula for the simple eigenvalues

i = e\ —mf/2(sinby + O(e),

where in the case sin 6y > 0 the O(¢) remainder is purely imaginary because of the Hamiltonian
symmetry of the spectrum. O

Lemma 2.17 proves the spectral instability of the wave w if sin fy < 0. However, if sin 6y > 0,
no unstable eigenvalues of £ — ¢ occur from the splitting of the zero eigenvalue. Instead, we
find a pair of purely imaginary eigenvalues A+ € iR of £. Hence, we now focus on the case
sinfy > 0 and show that the only unstable eigenvalue of £ is given by A = &, which then
proves the spectral stability of the wave u. For this purpose, we employ the instablity index count
developed in [75,76] and also in [31]. To apply the instability count, we need to transform the
spectral stability problem (2.7) into a problem with real-valued coefficients. Using similarity
transformations with the matrizes

1 1 cosfy sinfby
; T2 -
—i i —sinfy cosfy

such that J = Ty Ty JT, ' Ty b, L = ToTy LT, T we obtain the equivalent problem

T =

N |

AV = (JL—e)V,

and the eigenfunctions are related by V = T,T,V. The real-valued operators J, L are then of the

-] 942
g0 1’ P 9% + ¢ — 3¢2 0 o)
-1 0 0 —0% + (¢ — ¢}

We recall necessary notation from [78]:

form

e n(A) denotes the number of negative eigenvalues (counting multiplicities) of a linear
operator A.
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2.3 Stability analysis

e Let A € oq(JL) N (iR \ {0}) be an eigenvalue with algebraic multiplicity m,(\) and
ker(UneN(ji — A)") = span{vi, ..., Vn,(n) } be the generalized eigenspace. Then the
negative Krein index of \ is defined by

k_(A) = TL(H), with Hij = <[~/1}i,1)j>,

and the total negative index is defined by k; := E,\ead(ji)miR\{o} k7 (N).
* The real Krein index is defined by ky := > "\, (77)n(0,00) Ma(A)-

* The complex Krein index is defined by kc := Yy, (77) Re(2)>0,1m(x)20 Ma(A)-

Applying the instability index counting theory from [31,75,76] yields for ¢ > 0 sufficiently small
the formula

kv + k7 + ke = n(L). (2.17)

Remark 2.18. In [75,76] there appears an additional number n(D) in the formula (2.17), which
accounts for a nontrivial kernel generated by various symmetries of the problem. However, in
Lemma 2.17 we proved that ker(L) = {0} provided & > 0 is sufficiently small explaining the
absence of this number in our situation (see also [31]).

In the next lemma, we use (2.17) to show that ¢ € (L) is the only unstable eigenvalue of £
proving that o4(£ — ¢) C {—2¢} U {Re = —} U {0} with simple eigenvalues A = 0, —2¢.

Lemma 2.19. Let £ > 0 be sufficiently small and sin 0y > 0. Then, n(L) = 3, k. = 1, and
k=2

Proof. k, > 1is clear since ¢ € 04(JL) due to the translational symmetry. Now consider the
Sturm-Liouville operators on the line R,

Ly :=—0;+(—3¢5, Lo:=-07+(—¢.
We have ker(Ly) = span{¢(}, ker(L_) = span{¢o} and since ¢{, has one zero and ¢y > 0

on R we find n(L4) = 1, n(L_) = 0 by the standard theory for Sturm-Liouville operators. In
particular, we obtain

n( <L0+ LO_> ) =1, 0e€ ad< <L0+ LO_> ), me(0) = 2,
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and by means of perturbation theory for eigenvalues we conclude that there are at most three
negative eigenvalues of L for e sufficiently small, which proves n(i) < 3. Moreover, by
Lemma 2.17 we find purely imaginary simple eigenvalues A\, € iR with A\, = A_ by the
symmetry of the spectrum and we show that k; (AL) = 1. Indeed, from Lemma 2.17 and the
discussion before, we have Puiseux expansions for the eigenvalue and corresponding eigenfunction

~1
e
0 oo

where the eigenfunction is found from the relation V = 75T} V. Hence direct calculations yield

Ap = Vel + O(e), ‘7—<0>—\@ +0(e)

bo

(LV, Ve = =\ (JV, V)12 = 2|\ (L7 o, do) 2 + O(e/?).

Since (L:ngzﬁo, o0y 12 = —(0cpo, o) 2 < 0, cf. the proof of Lemma 2.17, we find k; (A4) =1
and from k; (A\;) = k; (\y) and A, = A_ it follows that k;” > 2. Thus, using (2.17) we infer
n(L) =3, k, = 1, and k; = 2, which finishes the proof. O

Combing our results on the discrete and essential spectrum we finally obtain
o(L—¢)C{-2c}U{z€C: Rez=—e} U{0}

with simple eigenvalues A\ = —2¢, 0. Thus, the wave is spectrally stable provided that ¢, sin 8y > 0
as claimed.

2.3.2 Proof of Theorem 2.9

We prove the asymptotic orbital stability in H' of the spectrally stable solitary waves of Theo-
rem 2.6. The strategy of the proof follows the work in [137] where asymptotic orbital stability is
obtained for periodic spectrally stable solutions of LLE. Our method deviates from [137] when
establishing uniform resolvent bounds. Indeed, high frequency resolvent estimates in [137] are
only proven for the linearization operator with periodic coefficients. Using an abstract functional
analytic approach, we extend this result to the case of localized perturbations.

Linearized stability

Letu € C+ H?(R) be a spectrally stable solution of (2.4) for ¢ > 0 sufficiently small and denote
by £ — ¢ the linearization about u. In a first step we prove linearized stability. Note that decay
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2.3 Stability analysis

Lfa)t)

of the semigroup (e( cannot be concluded immediately from the spectral stability of

t>0
L — ¢, since the spectrum of the operator is not confined to a sector of C and therefore the Spectral
Mapping Theorem is a-priori not available. However, we can use the following characterization
of exponential stability of semigroups in Hilbert spaces called the Priiss-Theorem, cf. [116]

Corollary 4.

Theorem 2.20 ([116, Corollary 4]). Let A be the generator of a Cy-semigroup (eAt)tZO ina
Hilbert space H. Then (e!),> is exponentially stable if and only if

{AeC: Re(\) >0} C p(A) and sup{[|(A—N)""agom: A €C,Re(N) >0} < oo.

Recall, that by the presence of the translational symmetry, 0 € o (L£—¢), which violates the spectral
condition in Priiss Theorem. To overcome this problem, we introduce the spectral projection F
onto ker(L — £) and show that the restricted operator (£ — £)| g satisfies the conditions in Priiss
Theorem, where E := ker(FPy). This then leads to decay of the semigroup restricted to the
subspace E, which is enough to establish the orbital stability result (cf. Theorem 4.3.5 in [78]).

Recall the basic properties of the spectral projection: (£ —&)Py = Py(L —¢) = 0 and

oc(L—=¢)lg)=0(L—e)\{0} C{AeC: Re(N) < —¢}. (2.18)

Lemma 2.21. There exist constants n > 0,C' > 1 such that

[e“= Y gl gimm < Ce™™  fort > 0.

Proof. 1t follows from the Lumer-Phillips Theorem (Theorem I1.3.15 in [44]) and the Bounded
Perturbation Theorem (Theorem II1.1.3 in [44]) that £ — ¢ is the generator a Cy-semigroup on
(H'(R))? and the same holds after restricting the operator to E = ker(P,). According to the
Priiss Theorem and (2.18) the claim of the lemma follows if we show the uniform resolvent bound

3C>0: sup (L—e—-N"'T—-P)|gom <C.
Re(A)>0

This estimate is obtained in two steps.
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Step 1 (Uniform bound in L?): We show uniform resolvent estimates for the operator (£ — & —
A)"Y(I — Py) : L? — L. First note that the Hille-Yosida Theorem ( [44] Theorem 3.8) ensures
existence of constants 1, C’ > 0 such that

sup (L —e =N " pesre <O
Re(A)>m

Moreover, using Theorem 2.22 and Remark 2.23 with H = L?(R), Ay = =02 +( —2Jul?>, B =
—u? we find constants v, C”" > 0 such that

sup (L= e = N) Mg <C.
Re(X) >0, Im(A)[>72

Finally, observe that A — (£ —¢&—\)~1(I — ) is an analytic function on {\ € C : Re()\) > 0}
and hence uniformly bounded on the compact set {A € C: 0 < Re(\) < 71, |[Im(\)| < 42}
with a bound C"”” > 0. Thus for C' := max{C’,C"”,C""} we have

sup [[(£—e =N (I = Po)llz2 2 < C.
Re(A\)>0

Step 2 (Uniform bound in H'): First, we establish a uniform bound in H? and then use an
interpolation argument to find the desired H' bound. Note that there exist constants ¢,y > 1
such that

WV = (vg,02)" € (HAR)? [Vl < ell(L+Jety)V e,  (JL=e)V L2 < cllV] g,
where we recall the decomposition £ = JL from (2.6). Hence we find for Re(\) > 0,V € H2,

I(JL —&=A)""(I = Po)V g2
< (L4 Je+4)(JL—e— X" — Py)V||L2
< |(JL —e)(JL —e = NI = Po)V|| 2
+ell(JL —e =N 7T = Po)V|ze
<(JL—e =N = R)(JL —&)V|lz2 + evC|V |
< cCle+ NNV a2,

by step 1, which implies the uniform bound

sup ||(JL —e— NI = Py)|lg2esm> < cCle+7).
Re(\)>0
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2.3 Stability analysis

Interpolation of both estimates according to [90] Theorem 2.6 yields

sup [|(JL ==X = Po)llar s <C
Re(A\)>0

for some constant C' > 0 and thus the claim follows. ]

We still need to prove the uniform resolvent estimate for A € C with Re A > 0, |[Im A| > 1 and
conclude the nonlinear stability.

High frequency resolvent estimates

We establish uniform resolvent estimates for a family of operators in Hilbert spaces which
generalizes the linearization operator £ — €. Our proof relies on techniques from [51] Section 3
where uniform resolvent estimates for NLS are considered. Similar resolvent estimates can also
be found in [18,115,137].

Let H be a complex Hilbert space with scalar product (-, -) and norm || - || = /(:,-). On H x H
we consider the spectral problem

GG D0 e

where A = A\, +i\; € C is a spectral parameter, AL : D C H — H are closed self-adjoint
linear operators with common domains D = D(A_ ) which are either both bounded from below
or from above by the bound v € R, B : H — H is a bounded linear operator, I : H — H is
the identity, ¢1, 92 € D and 91,12 € H. Under these assumptions the following theorem on
uniform high-frequency resolvent estimates holds.

Theorem 2.22. There exists p = p(7, | Bllm—m) > 0 such that for all \ = A\, +i\; € C with

[A\i| > pand A, # 0 we have that for every given (11, 12) € H x H the spectral problem (2.19)
has a unique solution (¢1,¢2) € D x D such that

911l + Nd2ll < Al ]l + [lll).

Remark 2.23. Theorem 2.22 gives a uniform resolvent estimate for the linear operator

—-i 0 AL B
:DxD— HxH
0 i B* A_
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Stability of solitary wave solutions in the Lugiato-Lefever equation

for high frequencies A € C such that |[Im(X)| > 1, Re(\) # 0. For Re(A) = 0 we cannot
expect such an estimate to be true, since the intersection of the spectrum and the imaginary axis
is typically non-empty.

Remark 2.24. Theorem 2.22 can be applied to different variants of LLE. Indeed, consider the
extended LLE

2n
fuy = Z dy; (lﬁw)k u -+ (C(JE) - i:u)u - ‘u|2u + if(fﬂ), (xvt) SROBS ]Ra
k=1

where Q € {R,R/Z},n € N, da, #0,dop_1,...,d; €R, ( € L*(,R), f € H?>(Q,C), and
u > 0. A similar equation is studied in [18,58,59]. Then, the linearization £ : (H*"())? —
(L?(2))? about a stationary solution v = u(x) reads

(-0 2 e (i0,)F + () — 2ful? —u?
L= 0 ; 9 2n du (—i k _ 2 A
u o dyy (—i0,)" + ¢(x) — 2lul

If we set Ay = o7 dy (£i0,)" + C(x) — 2ul?>, B = —u?, and replaced X by A + p, the
associated spectral problem fits into the framework of Theorem 2.22. In particular, the uniform
resolvent estimates can be used to study the dynamics of the extended LLE close to stationary

waves.

We need the following property of self-adjoint operators.

Lemma 2.25 ([80, Chapter 5, Section 3]). Let A : D(A) C H — H be a self-adjoint operator
and X € p(A) be in the resolvent set of A. Then

1

||(A - )‘)71|‘H—>H - m-

Proof of Theorem 2.22. We follow the strategy in [51] Section 3. Let us assume that A are both
bounded from below, i.e., AL > — for v > 0. The proof for the case that A is bounded from
above is similar. We write the spectral problem (2.19) as the system

{ (Ay + X —iX)d1 + Boo = 1)1, (2.20)

(A = Xi +iX)d2 + B 1 = 1o,
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2.3 Stability analysis

where we have replaced iy; by 1, and —iis by 15. Now, consider the case \; > 0. By the
previous lemma we infer that for all A\; > 2y we find —\;, —\; + i\, € p(A44) and

(AL +X) " o 1AL+ X = i0) om0 1A+ X = ih) "o <

g™

|Ar|
In particular, we can solve the first equation in (2.20) for ¢;:
¢r=—(Ay + X — i) T Boa + (Ap + X —iX) Ty
and substituting the expression for ¢; into the second equation amounts to
(A= = X +iX ) — B (A + X —iN) 1B = =B (A4 + X —iA) "1 + o
By the resolvent identity we find
(Ap+ X —iA) 7 = Ay +A) 7 = (Ap + X =) (A + )]
and consequently

(AL = B*(Ay + X)) "B =X +1iA) 2 —iIAB*(Ay + X —iA) 1Ay + A) ' Boy
= —B*(Ap + X\ —i\) Ty + o

The operator B*(Ay + \;)"'B : H — H is bounded and symmetric and thus
A=A —B*(A, +\)'B:D—H

is self-adjoint. From the previous lemma on resolvent bounds of self-adjoint operators we have
(A =X +iX) " mowm < |7t Hence, we infer

[T —iA (A= N +i0) T B (Ap + X — M) T (A + X)) 7' B e
= (A= XN +iN)TIBY Ay + N —iN) T o F (A= N F i) T M.

Now observe that
Jid (A = X +iX) TP B* (A + XN —iN) N AL + X)) ' Bllgsm S /\;2'
Thus for A\; > 0 sufficiently large the operator

I —ide(A— N +iN) B (Ay + X\ —iN) N (AL +N) "B H — H
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is invertible as a small perturbation of the identity and

IA

_ 1
T—id(A— N +iM) "B Ay 4 A —id) YA + ) 'B 1” -
[T =i A= x+ D) B (As A=A A+ A)7B] T <o

uniformly in \; > 1. For this reason and using ||(A — A; +i\.) " |lg—m < |A| 7! we find

2]l < 1A~ (e

|+ [l42])

as well as

o1l < A (ol + N1l

and both estimates are independent of A; provided A; > 1. In summary for A = A, +i\; € C
with A, # 0 and \; > 1 the resolvent in (2.19) exists and is uniformly bounded in A;. In the
same way one can show the existence and boundedness of the resolvent for A; < —1 and the
claim follows. O

Asymptotical orbital stability

The proof of the nonlinear stability follows as a direct consequence of the exponential decay
estimate in Lemma 2.21 and Theorem 4.3.5 in [78] applied to (2.5). Notice that the nonlinearity
in (2.5) is locally Lipschitz, so that all assumptions of the theorem in [78] are satisfied. In
conclusion, the solitary wave bifurcating from ¢y, with sinfy > 0 is asymptotically orbitally
stable against localized perturbations in H'(R) and the proof of Theorem 2.9 is completed.
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3 Existence and stability of
soliton-based frequency combs in
the Lugiato-Lefever equation

This chapter is a reprint of the article [16] written by the author of the thesis in collaboration
with Bjorn de Rijk and submitted for publication. The article was adapted to fit the layout of this
thesis.

Abstract

Kerr frequency combs are optical signals consisting of a multitude of equally spaced ex-
cited modes in frequency space. They are generated in optical microresonators pumped
by a continuouse-wave laser. It has been experimentally observed that the interplay
of Kerr nonlinearity and dispersion in the microresonator can lead to a stable optical
signal consisting of a periodic sequence of highly localized ultra-short pulses, resulting
in broad frequency spectrum. The discovery that stable broadband frequency combs can
be generated in microresonators has unlocked a wide range of promising applications,
particularly in optical communications, spectroscopy and frequency metrology. In its
simplest form, the physics in the microresonator is modeled by the Lugiato-Lefever
equation, a damped nonlinear Schrodinger equation with forcing. In this paper, we
rigorously demonstrate that the Lugiato-Lefever equation indeed supports arbitrarily
broad Kerr frequency combs by proving the first existence and stability results of peri-
odic solutions consisting of any number of well-separated, strongly localized and highly
nonlinear pulses on a single periodicity interval. We realize these periodic multi-soliton
solutions as concatenations of individual bright cavity solitons by phrasing the problem
as a reversible dynamical system and employing results from homoclinic bifurcation
theory. The spatial dynamics formulation enables us to harness general results, based
on Evans-function techniques and Lin’s method, to rigorously establish diffusive spectral
stability. This, in turn, yields nonlinear stability of the periodic multi-soliton solutions
against localized and subharmonic perturbations.
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3.1 Introduction

In this paper we rigorously construct periodic multi-soliton solutions to the Lugiato-Lefever
equation and determine their spectral and nonlinear stability. The Lugiato-Lefever equation
(LLE) is a damped and forced nonlinear Schrodinger equation given by

iy = —dug, + Cu — |u|2u —iu+if, 3.1

where u: R x R — C is a complex-valued function, d # 0 denotes the dispersion, ¢ € R is
a detuning parameter and f > 0 represents the forcing. The LLE was derived from Maxwell’s
equations in [89] to describe the optical field in a dissipative and nonlinear cavity filled with a Kerr
medium and subjected to a continuous-wave laser pump. As such it serves as a canonical model,
see [29] and further references therein, for Kerr frequency comb generation in continuous-wave
laser driven microresonators, which are microscopic ring- or disk-shaped cavities that confine
light by circulating it in a closed path and enhance the interaction of light through resonance. Kerr
frequency combs, which are optical signals whose frequency spectrum is carved into a series of
regularly spaced é-functions, arise due to four-wave mixing mediated by the nonlinear Kerr effect
in the microresonator.

Over the past decades the experimental generation of combs with broad frequency spectrum
has become the subject of intensive research, mainly due to the fact that such broad bandwidth
frequency combs have revolutionized the precision and accuracy with which different optical
transition frequencies can be measured, a discovery that was awarded with the Nobel prize in
physics and has promising applications to optical communications [92], broadband gas sens-
ing [134], spectroscopy [32, 113], and frequency metrology [144], to name but a few. The
generation of broadband frequency combs in high-quality microresonators has sparked significant
interest [38,49], mainly due to the potential of chip-scale implementation, which facilitates the
integration of frequency comb technology into applications outside the laboratory. As high sen-
sitivity to noise is undesired for practical implementation, attention must be given to the stability
of these combs.

A breakthrough addressing the stability issue is the experimental realization [20, 73] of frequency
combs comprised of a multitude of well-separated bright (cavity) solitons, which are remarkably
stable thanks to a double balance between anomalous dispersion and the Kerr nonlinearity
(which defines their shape) and between gain and dissipation (which defines their amplitude).
The individual solitons correspond to ultrashort pulses whose frequency spectrum is broad and
smooth, which, together with their stability properties, makes soliton-based frequency combs
highly attractive for applications, see e.g. [92, 150] and further references therein.
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In experiments [20, 73] the number of solitons constituting the generated frequency comb turns
out to be stochastic, but, once generated, the waveform is stable. That is, on a single periodicity
interval I C R, provided by the ring (or disk) shape of the microresonator, stable optical signals of
any number N € N of ultrashort, well-separated, pulses can be generated. In simulations in [73]
of the microresonator system with parameters similar to the experimental setup a close-to-perfect
match was found between the numerical solution and the formal approximate solution

N
u(x) = acw + Y _ dolz — X,), (3.2)
i=1

corresponding to N € N solitons superposed on a background acw € C. Here, x € I resembles
the angular coordinate inside the resonator, X; € I represents the position of the i-th soliton and

po(x) = \/isech <\/gx> el? 3.3)

is the well-known bright soliton with phase § € R solving the focusing nonlinear Schrodinger
(NLS) equation

iy = —dug, + Cu — |u|*u (3.4)

with dispersion and detuning parameters d, { > 0.

Subsequent bifurcation analyses [54, 62,91, 102] based on numerical continuation indicate that
frequency-comb solutions consisting of a multitude of bright solitons on a periodicity interval
can be found in the LLE (3.1) in the anomalous dispersion regime d > 0. More precisely, these
numerical analyses suggest that, as a result of a snaking bifurcation, the LLE supports periodic
soliton solutions comprised of any number of solitons on a single periodicity interval.

In this paper, we affirm the above experimental and numerical findings by providing the first
rigorous proof that the LLE (3.1) supports stable soliton-based frequency combs, whose leading-
order profiles are of the form (3.2) on a single periodicity interval. Specifically, we construct even
stationary periodic /N -soliton solutions to (3.1), allowing for arbitrary N € N, in which L%J inter-
soliton distances can be tuned independently, permitting unequally spaced soliton configurations.
We establish their nonlinear stability with respect to both localized and subharmonic perturbations,
yielding the strongest known stability results for frequency-comb solutions to the LLE. We refer
to §3.1.2 for further details.

The periodic N-soliton solutions to (3.1) arise in the anomalous dispersion regime d > 0
with small damping and forcing. In this regime stable 1-soliton solutions to (3.1) on R were
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constructed in [15] by bifurcating from the rotated bright soliton solution (3.3) to the focusing
NLS equation (3.4). Thus, we regard the LLE as a perturbed focusing NLS equation

iy = —Ugpy + Cu — \u|2u+€i(—u+f) (3.5)

with parameters , f > 0and 0 < £ < 1, where we have set the dispersion to 1 by rescaling space.
We note that, given a dispersion coefficient d > 0, solutions of (3.5) are in 1-to-1-correspondence
with solutions of the original formulation (3.1) of the LLE, see Remark 3.3.

3.1.1 Embedding in the mathematical literature

Before stating our main result, we provide an overview of prior mathematically rigorous studies on
periodic solutions to the LLE. The first mathematical works [36,37,61,94] focus on proving the
existence of small amplitude periodic solutions of (3.1) by bifurcating from spatially homogeneous
steady states. These stationary periodic solutions are weakly nonlinear patterns, i.e., their leading-
order profile is a (co)sine wave superposed on the homogeneous background state. In particular,
they do not exhibit broad frequency spectrum.

To date, far-from-equilibrium periodic solutions have, to the authors’ best knowledge, only been
established rigorously in [67,91]. In [91] global branches of stationary periodic solutions and
bounds on their location in parameter space were obtained using global bifurcation theory. Yet,
the results in [91] do not provide any rigorous mathematical control on the profile or size of the
periodic solutions away from the branch of homogeneous background states.

In [67] stationary periodic solutions to (3.1) are constructed by bifurcating from the well-known
one-parameter family of real-valued periodic dnoidal solutions of the focusing NLS equation (3.4).
The homoclinic limit of the real dnoidal family is the bright soliton (3.3) with § € {0, 7}. As the
dnoidal waves approach the homoclinic limit, their profile thus consists of one strongly localized
bright soliton on each periodicity interval. Consequently, the bifurcating solutions to the LLE
resemble periodic 1-soliton solutions, which exhibit broad frequency spectrum. These bifurcating
periodic 1-soliton solutions are however different from the ones constructed in this paper, because
they are unstable against localized and long-wavelength subharmonic perturbations, whereas the
soliton trains constructed in this paper are stable against localized perturbations and against
subharmonic perturbations of any wavelength. We refer to Remark 3.1 for further details.

As far as the authors are aware, the only class of periodic solutions to (3.1) whose stability
against localized perturbations and against subharmonic perturbations of any wavelength has
been rigorously established in the current literature [70, 137], are the small-amplitude, weakly
nonlinear Turing patterns constructed in [36,37]. This follows by the fact that they are diffusively
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spectrally stable, as proved in [36,37]. On the other hand, spectral and nonlinear stability
of small amplitude periodic solutions of (3.1) against co-periodic perturbations is obtained
in [94,95]. Finally, although the periodic solutions to (3.1) bifurcating from the family of dnoidal
NLS-solutions are unstable against localized perturbations and large-wavelength subharmonic
perturbations, their spectral and nonlinear stability against co-periodic perturbations is proven
in [67, 137], thereby confirming the formal asymptotic analysis presented in [139].

Remark 3.1. The one-parameter family of real-valued periodic dnoidal solutions of the focusing
NLS equation (3.4) can be extended to a two-parameter family of stationary periodic solutions
through rotation. Indeed, if u is a stationary solution of (3.4), so is eu for any § € R. For
each fixed rotation angle 6 € R the homoclinic limit of the family is given by the rotated bright
solition (3.3).

It is a classical result that any nonconstant real-valued stationary solution of period 7" > 0 of the
focusing NLS equation (3.4) is long-wavelength (or sideband) unstable [122], i.e., it is spectrally
unstable against M T-periodic perturbations for M € N sufficiently large. In particular, any real-
valued dnoidal solution of (3.4) is long-wavelength unstable. Since the spectrum is unaffected by
the rotation u + e'u, it follows that the full two-parameter family of dnoidal waves is sideband
unstable.

The long-wavelength instability is inherited by periodic solutions of the LLE bifurcating from any
member of the two-parameter dnoidal family. The reason is as follows. The linearization of (3.1)
or (3.4) about a stationary 7'-periodic solution posed on Lger(o, MT) has compact resolvent for
any M € N due to the compact embedding of its domain H2,.(0, MT) into L2_.(0, MT) by
the Rellich—Kondrachov theorem. Consequently, its spectrum consists of isolated eigenvalues of
finite multiplicity. It is well-known, cf. [80, Section 4.3.5], that a finite set of eigenvalues of finite
multiplicity changes continuously under bounded perturbations. Therefore, stationary 7-periodic
solutions to (3.1) bifurcating from any 7-periodic dnoidal solution of (3.4) are long-wavelength
unstable. By Floquet-Bloch theory, cf. [52,69], the spectrum of the linearization of (3.1) about a
T-periodic stationary wave posed on L?(R) arises by taking the union over M € N of all spectra

2 (0, MT). Hence, any long-wavelength

of the linearizations of (3.1) about the wave posed on L.,

unstable periodic stationary solution is also spectrally unstable against localized perturbations.
We conclude that the periodic stationary solutions of the LLE, which were established in [67] by
bifurcating from the dnoidal waves, are (spectrally) unstable against localized perturbations and
against M T-periodic perturbations for M € N sufficiently large. This is confirmed by numerical
simulations in [139]. Interestingly, these simulations also indicate that, outside of a neighborhood
of the bifurcation point, the L2 (0, MT)-spectrum might stabilize for given M € N.

per
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However, the homoclinic limits, given by the rotated bright solitons (3.3), of the two-parameter
dnoidal family are spectrally and orbitally stable [26, 151, 152] as solutions to the NLS equa-
tion (3.4) against localized perturbations. It has been shown in [15] that the spectral stability
is inherited by some of the bifurcating soliton solutions of (3.5), see also Theorem 3.6. In this
paper, we exploit the spectral stability of the soliton solutions to construct periodic multi-soliton
solutions, which are spectrally and nonlinearly stable against localized perturbations and against
subharmonic perturbations of any wavelength.

3.1.2 Main result

Our main result may now be formulated as follows.

Theorem 3.2. Fix N € N. Setn = |4 | and ag = N mod 2 € {0,1}. Assume that (, f > 0
and 0y € R obey 8¢ < m2f?, mfcosby = 2+/2C and sinfy > 0. Then, there exist constants
Co,e0 > 0 such that forall e € (0,e¢), k = (k1,...,kn) € N" and m € N there exist distances
Th ,ijfs > 0 and periods Ly > 0 satisfying

.
23 T < Ly (3.6)
i=1

such that equation (3.5) admits a stationary smooth solution up, x.: R — C enjoying the
following properties:

(i) (Symmetry). The solution u,, ke is even, i.e., it holds Wy, x () = U x.(—2) for all
xr€R g€ (0,60), k eN"andm € N.

(ii) (Periodicity). The solution up, . is Ly -periodic for each € € (0,e0), k € N and
m € N. For each fixed ¢ € (0,e9) and k € N" the sequence {Ly]_}, of periods is
monotonically increasing and tends to oo as m — oo.

(iii) (Approximation). On a single periodicity interval the solution w,, x  is approximated by
a superposition of N rotated bright solitons of the form (3.3) as

um,,k,s(z) - Oéo¢90 (IE)

(600 (v =Tt = = T8 ) 4 00, (4 TE 4 4 TR | < Coe

i=1

Jorz e [—=3L ., 5L ), € € (0,60), k € N* andm € N.
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(iv) (Soliton separation). Foralli=1,...,nande € (0,e0) the sequence {T}_}}, of soliton
distances is monotonically increasing with Ti’fe — 0o as k — oc.

(v) (Asymptotic orbital stability against subharmonic perturbations). Ler ¢ € (0,¢9),
k € N" and m,M € N. There exist constants C,6,n > 0 such that for all vy €
Hyo (0, ML) with lvoll s, 0,01y ) < 0 there exist a constant v € R and a global
(mild) solution

u € C([0,00), H}p (0, ML)

per
of (3.5) with initial condition u(0) = wp, k c + Vo satisfying

Iv] < Cllvol| 2

per

(O0.ML7 ) [u(-st) = wm e + )

per

omrp) < Ce vl
fort > 0.

(vi) (Diffusive stability against localized perturbations). Let ¢ € (0,20), k € N" and
m € N. There exist constants C,§ > 0 such that for all vo € L*(R) N H*(R) with
||vollLrnme < O there exist functions

v,v € C([0,00), HY(R)) N C* ([0, 00), H*(R))

satisfying ~v(0) = 0 and v(0) = vg such that u = U, ke + v is the unique global classical
solution of (3.5) with u(0) = W, ke + vo. Moreover, the estimates

_1

vz, [u(t) = umkellLe < C(L+1)"3|vollLrams,
s

(-, t) = um e (- +7(1)) |2 < CA+t)" % vo|lLrnpa

hold fort > 0.

Theorem 3.2 shows that for any N € N there exist even periodic stationary solutions to (3.5)
composed of a superposition of /N bright solitons on a single periodicity interval. The period
length, as well as the distance between the individual solitons, can be chosen arbitrarily large
through the n + 1 degrees of freedom k1, . . ., ky, and m in Theorem 3.2, where we set n = L%J
More precisely, after fixing k1, ..., k; € N so that the distances le; L ,Tf; between the first
i € {1,...,n} solitons and their symmetric counterparts are set, there remain n+ 1 —i degrees of
freedom, namely k;41, ..., k,, m € N, which can still be adjusted to make the distances between
the remaining N — 2: solitons, as well as the period of the solution, arbitrarily large. In particular,
for fixed parameters ¢, f > 0, N € Nand ¢ > 0, Theorem 3.2 yields a (n + 1)-parameter family

of even periodic stationary N-soliton solutions of (3.5), whose soliton locations can be unequally
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3 Existence and stability of soliton-based frequency combs in the Lugiato-Lefever equation

spaced. Since any fixed spatial translate of a solution of (3.5) is again a solution, we find that
Theorem 3.2 provides in fact a (n + 2)-parameter family of periodic stationary solutions to (3.5).

Upon rescaling the spatial variable z, the optical field u, and the detuning and forcing parameters
¢, f > 0in (3.5) and upon reintroducing the dispersion parameter d > 0, we can adjust the period
length to match the (fixed) circumference of the microresonator and we can normalize the damping
coefficient, see Remark 3.3. In particular, one finds after rescaling that the periodic /N-soliton
solutions in Theorem 3.2 correspond to frequency-comb solutions of (3.1) in the regime of large
detuning, strong forcing and high anomalous dispersion. These frequency combs are comprised
of ultrashort, well-separated, large-amplitude bright solitons and were thus numerically and
experimentally observed in [20, 54,62,73,91,102]. In fact, the amplitude of the frequency-comb
solution to (3.1) can be made arbitrarily large by taking € > 0 sufficiently small in Theorem 3.2,
cf. Remark 3.3. On the other hand, by fixing € > 0 and taking the parameters k1, ..., k, and m
in Theorem 3.2 sufficiently large, the individual solitons constituting the frequency comb can be
arbitrarily localized, while maintaining the same amplitude. Therefore, their frequency spectrum
can be made arbitrarily broad.

The periodic multi-soliton solutions, or multi-soliton trains, established in Theorem 3.2, exhibit
the strongest stability properties attainable for (nonconstant) stationary periodic solutions of (3.5).
Since any spatial translate corresponds to a co-periodic perturbation, w,, k . cannot be asymptot-
ically stable against subharmonic perturbations. However, Theorem 3.2 shows that, except for a
small spatial shift of the original periodic solution, the effect of subharmonic perturbations fades
exponentially quickly in time. In addition, by Floquet-Bloch theory, cf. [52,69], the linearization
of (3.5) about w,, k . possesses, when posed on LQ(R), continuous spectrum, which, in the most
stable situation, touches the origin due to translational invariance in a single quadratic tangency.
It is well-known that such diffusively stable spectrum, cf. Definition 3.17, leads to algebraic decay
rates of perturbations, whose leading-order behavior is captured by a diffusively decaying spatio-
temporal phase modulation satisfying a viscous Hamilton-Jacobi equation, cf. [41,70, 125, 159].
That is, the algebraic decay rates stated in Theorem 3.2 are the best achievable in the case of
localized perturbations.

In summary, Theorem 3.2 rigorously shows that the LLE admits for any number N € N an
(L%j + 2)-parameter family of frequency combs. These combs are periodic solutions of (3.1)
consisting of N well-separated, generally unequally spaced bright solitons on a single periodicity
interval. The amplitude and frequency spectra of these solitions can be made arbitrarily large and
broad, respectively. Moreover, the frequency combs exhibit the best attainable stability properties.
These features are, as outlined above, of key importance for applications relying on frequency-
comb technology. Moreover, as explained in §3.1.1 below, Theorem 3.2 is the first rigorous
mathematical result establishing periodic multiple soliton solutions of the LLE. In addition, the
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solutions in Theorem 3.2 are the first far-from-equilibrium periodic solutions of the LLE, whose
stability against localized perturbations and against subharmonic perturbations of any wavelength
has been rigorously proven.

Remark 3.3. Let d > 0. If u(x,t) is a solution to (3.5), then the rescaled solution @(z,t) =
e~V 2u((de)~ %z, e~ t) solves

ity = —diigy + C — |a*a — ia + if

with { = e !¢ and f = ¢ Y/2f. Hence, we find that solutions of (3.5) are in 1-to-1-
correspondence with solutions of the original formulation (3.1) of the LLE with normalized
damping coefficient and dispersion coefficient d > 0. In particular, the solutions u,, k ., estab-
lished in Theorem 3.2, correspond to stable soliton-train solutions of (3.1) of period (dg) 1/ 2L{(’f€,
whose amplitude can be made arbitrarily large by taking ¢ > 0 sufficiently small. Moreover,
choosing d = 1/(cL{"_)*/? yields 1-periodic multi-soliton solutions to (3.1), whose individual
solitons become highiy localized and well-separated by taking ki,...,k,, m € N sufficiently
large.

3.1.3 Dynamical systems approach

The results presented in this paper are the outcome of a dynamical systems approach to analyze
the existence and spectral stability problems for stationary solutions to (3.5). These problems,
being independent of time, may be written as first-order dynamical systems of ordinary differential
equations in the spatial variable z. Due to the reflection symmetry x +— —x present in (3.5),
these dynamical systems admit a reversible symmetry.

Our basic ingredients for the construction of periodic multi-soliton solution to (3.5) are the 1-
soliton solutions bifurcating from the one-parameter family of rotated bright NLS solitons (3.3).
These primary 1-soliton solutions to (3.5) were rigorously established in [15,55,57] and their
spectral and nonlinear stability was analyzed in [15] using Krein index counting and analytic
perturbation theory. Upon formulating the existence problem as a reversible dynamical system,
the 1-solitons correspond to symmetric nondegenerate homoclinics to a saddle-focus equilibrium.
Homoclinic bifurcations results [28, 72, 127] for reversible dynamical systems, which rely on
Shil’nikov analysis or a Lyapunov-Schmidt reduction method called Lin’s method [87,123], allow
us to concatenate any number N € N of these nondegenerate homoclinics, yielding so-called V-
homoclinics, which are again nondegenerate and symmetric. The N-homoclinics correspond to
even stationary multiple soliton solutions of (3.5) comprised of IV well-separated solitons, which
can, in turn, be approximated by the rotated bright NLS solitons (3.3). The spectral stability of
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3 Existence and stability of soliton-based frequency combs in the Lugiato-Lefever equation

these INV-soliton solutions follows by combining results from [17, 126, 127] with a-priori bounds
on the spectrum. More specifically, in [126] general eigenvalue problems arising in the spectral
stability analysis of N-pulses bifurcating from a formal concatenation of N primary pulses
are studied using Lin’s method, providing leading-order control over the N small eigenvalues
bifurcating from the translational eigenvalue residing at the origin. An application of the theory
of [126] to reversible systems can be found in [127], see also [124]. On the other hand, the
Evans-function analysis in [17] yields that the absence of eigenvalues in compact regions of
the spectral plane associated with the primary 1-soliton solutions is inherited by the bifurcating
N-soliton solutions. We note that the spectral stability of the multi-soliton solutions implies
their asymptotic orbital stability through standard arguments relying on high-frequency resolvent
bounds established in [15]. We emphasize that these rigorous existence and stability results
of multiple soliton solutions to the LLE are novel and interesting in their own right. We refer
to §3.2.3 and §3.3.2 for the precise statements.

Having established a nondegenerate /N-homoclinic in the dynamical systems formulation of the
existence problem, we employ the homoclinic bifurcation results in [147], which again rely on
Lin’s method, to find nearby periodic orbits, which have large spatial periods 7" > 0 and are
reversibly symmetric. The bifurcating periodic orbits correspond to a family of periodic N-
soliton solutions to (3.5). We study the spectral stability of these T-periodic soliton solutions
against localized perturbations and subharmonic perturbations using [17,53, 131]. There are
M eigenvalues of the linearization of (3.5) about the multi-soliton train posed on Lf)er(O, MT)
bifurcating from each isolated eigenvalue associated with the underlying multi-soliton solution,
cf. [52]. Since there is an eigenvalue associated with the underlying multi-soliton solution at the
origin due to translational invariance, the multi-soliton train can be spectrally unstable even in the
case of spectral stability of the underlying multi-soliton. In the case of localized perturbations
each eigenvalue associated with the underlying multi-soliton solution yields a bifurcating spectral
curve consisting of the union of eigenvalues of the linearizations posed on Lf,er(o, MT) for
each M € N. Leading-order control on the bifurcating eigenvalues in the case of subharmonic
perturbations and on the bifurcating spectral curve in the case of localized perturbations close to
the origin is provided by results in [131], which rely on Lin’s method and Floquet-Bloch theory.
On the other hand, the Evans function analysis in [17,53] yield that the absence of eigenvalues
in compact regions of the spectral plane associated with the underlying multi-soliton solution is
inherited by the bifurcating multi-soliton trains. Combining the latter with spectral a-priori bounds
then leads to the desired diffusive spectral stability result for the periodic multi-soliton solution.
Finally, diffusive spectral stability implies nonlinear stability against localized perturbations and
against subharmonic perturbations of any wavelength, cf. [70,71, 137].
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3.2 Soliton-based pulse solutions

3.1.4 Outline of paper

The remainder of this paper is structured as follows. In §3.2 we collect previous results on the
existence and spectral stability of the 1-soliton solutions to the LLE bifurcating from the rotated
bright NLS-solitons. Moreover, we formulate the existence problem as a dynamical system and
establish multiple and periodic soliton solutions. The spectral and nonlinear stability analysis of
the multiple and periodic soliton solutions, as well as the proof of our main result, Theorem 3.2,
can be found in §3.3.

3.2 Soliton-based pulse solutions

In this section we establish multiple and periodic soliton solutions to (3.5). As outlined in §3.1.3,
the fundamental building blocks of these soliton solutions are the stationary 1-soliton solutions
of (3.5), constructed in [15,55,57] by bifurcating from the 1-parameter family of rotated bright
NLS solitions (3.3). After we have formulated the existence problem as a dynamical system, we
collect the relevant properties of these primary 1-soliton solutions from [15] and show that they
correspond to nondegenerate symmetric homoclinics in the dynamical system. Then, we employ
homoclinic bifurcation results from [123, 127, 147] to obtain the desired multiple and periodic
soliton solutions.

3.2.1 Spatial dynamics formulation

Multiplying (3.5) by —i and decomposing u into its real and imaginary part yields the real
two-component system

u; = J(—Uge + Cu— |[u]?u) + e(—u+F), 3.7

written in vector notation u = (Re(u), Im(u)) ", where we denote

=) ()

and where |u| = y/u? + u3 is the usual Euclidean norm. The advantage of the fomulation (3.7)
over (3.5) is that the nonlinearity is now a (Fréchet) differentiable function of the vector u. We
note that any real-valued solution u = (uy, ug)T to (3.7) gives rise to a complex-valued solution
to (3.5) by setting u = uy + ius.
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Stationary solutions of (3.7) solve the second-order system
J(—uyy +Cu— (0 +ud)u) +e(—u+F)=0 (3.8)
of ordinary differential equations. By introducing the variable
U = (ug,uy,uf,ub)’
the existence problem (3.8) can be written as a dynamical system on R* given by
U' =F(U;e), (3.9)

where F': R* x R — R* is the smooth nonlinear function defined by

Us
U,
CUy + €Uy — (U + U3,
Uy —eUy — (U2 +UUs +ef

F(U;e) =

The reflection symmetry z +— —x of (3.5) yields that the first-order system (3.9) of ordinary
differential equations is reversible for the linear involution

0 0

e R4, R?*=1.
-1

0 -1

o O o
el =l

That is, the relation RF(U;e) = —F(RU; ) holds true for all U € R* and € € R. A solution U
of (3.9) is called symmetric if we have RU(—z) = U(z) for all z € R. We note that symmetric
solutions of (3.9) give rise to even stationary solutions of (3.5). Since F' is smooth, we find that
all solutions of (3.9) are smooth by standard local existence theory for ODEs. Consequently, all
stationary bounded solutions of (3.7) are smooth.

Taking advantage of the differentiability of the nonlinearity in (3.7), we can linearize system (3.7)
about a bounded stationary solution u = (u;,u,) " : R — R2. The linearization of (3.7) about
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u equals £(u) — &, where L(u), £(u): H*(R) C L?*(R) — L?(R) are the closed and densely
defined operators given by

2 2
3uf + uj 2u,u,

L(u)=-02+( - < ) ; L(u) = JL(u).

2 2
221 u, uj + 3&2

3.2.2 Primary 1-soliton solutions

Stationary 1-soliton solutions of (3.7) were constructed in [15, 55, 57] by bifurcating from the
rotated bright soliton solution (3.3) of the NLS equation (3.4), where the rotation parameter
6 € R has to satisfy the bifurcation equation 7 f cos # = 2+/2(. In the following we collect the
relevant details from [15] on the existence and spectral stability of these 1-soliton solutions, which
will serve as building blocks for the upcoming construction of stationary multi-soliton solutions
to (3.7). In order to formulate the result from [15], we first state the definition of spectral stability
for stationary pulse solutions of (3.7), as well as the definition of spectral instability.

Definition 3.4. Let u,, € R? and let u: R — R? be a smooth stationary solution to (3.7) such
that u(x) converges to us, as x — £oo. The stationary pulse solution u to (3.7) is spectrally
stable if there exists 7 > 0 such that

o(L(u) —e) C{A e C:Re(N) < —7}U{0}
and 0 is an algebraically simple eigenvalue of L(u) — ¢.

Definition 3.5. A smooth stationary bounded solution u: R — R? to (3.7) is spectrally unstable
if there exists A € o(L(u) — ) with Re(\) > 0.

It has been proved in [15, Theorem 3] that spectral stability yields nonlinear stability of pulse
solutions to (3.7) against L2-localized perturbations, see also Theorem 3.16. We are now ready
to summarize the existence and spectral stability results on 1-soliton solutions from [15].

Theorem 3.6 ([15, Theorem 1,2]). Assume that ¢, f > 0 and 6y € R obey f?m> > 8,
mfcosty = 24/2C and sin Oy # 0. Then, there exist Cy,cq > 0 such that for all e € (0,e)
there exist an asymptotic state U, . € R? and an even smooth solution u_: R — R? of (3.8)

satisfying

[u. — @o,ll o s Usoe] < Coe,  u. —us € H*(R), (3.10)

65



3 Existence and stability of soliton-based frequency combs in the Lugiato-Lefever equation

15
—Re(u) : -2
—-Im(u) :
: e
1 ;
i -4
= | =
E ; o
0.5 = I =
! 6
5
0 /X : ! .
-20 0 20 -0.1 -0.05 0 0.05 ) -20 0 20 10
p Re()) k
0.5 —Re(u) . .
—Im(u) . : -2
’ N
0 | 4 P b
\ / Zo . =
-0.5 i | I w0 6
-1 'u: -5 ®
- : - -10
-20 0 20 0.5 0 05 -40 20 0 20 10
T Re(\)

k

Figure 3.1: Periodic approximations of the primary 1-soliton solutions established in Theorem 3.6 (see also Theorem 3.12)
with parameters ( = 1, f = 2. The solutions were computed with the MATLAB package pde2path
[146]. The top row shows a stable 1-soliton bifurcating with sin 69 > 0, its spectrum against co-periodic
perturbations, and the corresponding frequency comb obtained by plotting log |4 (k)| against the Fourier

frequency variable k. The bottom row depicts an unstable 1-soliton bifurcating with sinfy < 0, the
associated spectrum, and its frequency comb.

where we denote ¢y = ¢o(cos0,sin0) " and ¢y is the bright soliton given by (3.3). The spectral
stability of the solution u, depends on the rotational angle 0 as follows.

(i) Ifsinfy > O, then u, is spectrally stable as a stationary pulse solution to (3.7).

(ii) Ifsinfy < 0, then u, is spectrally unstable as a stationary solution to (3.7).

In both cases ker(L(u,) — ¢) is spanned by u_.

We prove that the 1-soliton solutions, established in Theorem 3.6, correspond to nondegener-
ate homoclinics connecting to a saddle-focus equilibrium in the dynamical system (3.9). The
definition of nondegeneracy, cf. [147], reads as follows.

Definition 3.7. A homoclinic solution U of (3.9) is called nondegenerate if all bounded solutions
U: R — R* to the variational problem

U =0yF(U(x);e)U (3.11)

are given by scalar multiples of U’.
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We exploit the spectral properties of the linearization of (3.7) about the primary 1-soliton to
show nondegeneracy of the corresponding homoclinic in (3.9). In particular, the nondegeneracy
follows from the fact that 0 is a geometrically simple eigenvalue of the linearization.

Lemma 3.8. Let uy, € R? and let u: R — R? be a smooth solution of (3.8) such that u(z) —
Us and u/'(xz) — 0 as x — Foo. Assume that 0 is a geometrically simple eigenvalue of L(u) — ¢
with associated eigenfunction u'. Then, the corresponding homoclinic solution U: R — R*
to (3.9) given by U = (u,u’)" is nondegenerate if its asymptotic state Uy, = (Un,0) " is
hyperbolic.

Proof. First, we note that, since the variational equation (3.11) has smooth coefficients, all of its
solutions are smooth. Moreover, if U = (Uy, Uy, Us, Uy) " is an L2-localized solution of (3.11),
then it follows, by expressing derivatives through the equation, that U’ and U” are also L2-
localized. Hence, we infer thatu = (U1, Us) T € H?(R) must lie in ker(£(u) — €) = span{u’}.
Consequently, U is a scalar multiple of U’, implying that U is nondegenerate. Thus, in order to
prove the result, it suffices to show that all bounded solutions of (3.11) are L2?-localized. This
will be achieved with the aid of exponential dichotomies. We first look at the limiting system

U' = 0y F(Uss;€)U. (3.12)

Since the matrix Oy F'(Ux; €) is hyperbolic by assumption, system (3.12) admits an exponential
dichotomy on R. Combining the latter with the fact that the coefficient matrix Oy F'(U(z); ¢)
of (3.11) converges to Oy F (U ; €) as @ — oo, we infer that system (3.11) possesses exponential
dichotomies on both half-lines (— o0, 0] and [0, c0) by [99, Lemma 3.4]. Therefore, every bounded
solution of (3.11) is exponentially localized and, thus, lies in L?(R). O]

With the aid of Lemma 3.8, we establish that the primary 1-soliton solutions in Theorem 3.6
correspond to nondegenerate homoclinics in (3.9) connecting to a saddle-focus equilibrium.

Proposition 3.9. Let u, be a stationary 1-soliton solution, established in Theorem 3.6. Then,
provided £ > 0 is sufficiently small,

o / / T
Qa - (Hl,sv H2}5721757 E2,5)

is a nondegenerate homoclinic solution to (3.9), whose asymptotic state U, . = lim U_(z) is
T—r L 00
a saddle-focus equilibrium, i.e., Oy F (Us ¢; €) has the four eigenvalues o & Bi with v, 8 > 0.

Proof. 1t holds F(0;0) = 0 and det(dy F(0;0)) = ¢ > 0. So, with the aid of the implicit
function theorem, we find a unique equilibrium U, . € R?* of (3.9) converging to 0 € R* as
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€ — 0. On the other hand, since u, — uo . lies in H%(R) by Theorem 3.6 and functions
in H*(R), being square integrable and uniformly continuous, converge to 0 as z — =00, it
follows that U, is a homoclinic solution of (3.9) connecting to the equilibrium (u e, O)T S
R*. Since the equilibrium (s ¢,0) " converges to 0 as ¢ — 0 by Theorem 3.6, it must hold
Uso.e = (Uno.c,0) 7. One readily observes that the matrix Oy F(Us <3 €) € R**4 possesses four
eigenvalues 14 . € C satisfying

Vie =2 [ £iyfe? — Ju |t

Since we have |u .| = O(g) by Theorem 3.6, these four eigenvalues are, provided € > 0 is
sufficiently small, of the form +a £ i with o, 8 > 0, implying that U, . is a saddle focus.

Finally, using that U, . is hyperbolic and 0 is a simple eigenvalue of £(u,) — ¢ by Theorem 3.6,
we infer that the homoclinic U, is nondegenerate. O

3.2.3 N-soliton solutions

In this subsection we establish stationary multi-soliton solutions to (3.7) composed of any number
N € N of well-separated primary 1-solitons, which were obtained in Theorem 3.6. We allow for
superpositions of 1-solitons bifurcating from bright solitons with different phase rotations. The
constructed N-solitons are even and the individual distances between the first L%j + 1 solitons
can be chosen arbitrarily large, independently of each other. The linearization of (3.7) about the
N-solitons possesses IV eigenvalues, which converge to 0 as the distances between the individual
solitons tend to co. These /N small eigenvalues are associated with the translational eigenvalues
of the N individual 1-solitons constituting the multi-soliton. We employ [127, Theorem 3.6]
and [126, Theorem 1], see also [123, Section 3], to establish for any number ¢ € {0,..., N — 1}
the existence of an N-soliton solution such that there are precisely ¢ stable eigenvalues and
N — 1 — ¢ unstable eigenvalues among the NV small eigenvalues. The N-th eigenvalue resides at
the origin and is algebraically simple, implying that the associated N-homoclinic in the dynamical
system (3.9) is nondegenerate, cf. Lemma 3.8. In summary, given a sequence of (%1 primary
1-solitons, an application of [123, Theorem 1] and [127, Theorem 3.6] yield an (n + 1)-parameter
family of associated even N-solitons, where the first n = L%j parameters regulate the distances
between the first n + 1 solitons and the last parameter corresponds to the number of stable small
eigenvalues.

Theorem 3.10. Let N € Nand( € {0,...,N—1}. Setn = |5 | anday = N mod 2 € {0, 1}.

Letuy,...,u, , be asequence of stationary 1-soliton solutions, established in Theorem 3.6
and converging to the asymptotic end state U, € R? as x — F00. Then, there exist constants

68



3.2 Soliton-based pulse solutions

00, Co > 0 such that for each k = (k1,...,k,) € N™ there exist distances Tfle, - 7T7]f"€ >0
such that (3.8) admits an even smooth solution uy ,: R — R? satisfying

n

Qk’g(fﬂ) — Uso — O (HnJrao (1‘) - uoo) - Z (E’ (l‘ o le’lg T sz)
i=1
+u, (x+T’“ + +T’“) —2u ) <%
u, 10T T )| = min{ky, ... ko)

(3.13)

forx € R. Thespectrum of L(w ,)—¢ inthe ball B, (0) consists of N eigenvalues of which { have
negative real part and N — 1 — { have positive real part (all counted with algebraic multiplicities).
Moreover, 0 is an algebraically simple eigenvalue. In addition, Uy , = (gk’@,gi(yz)T is a
nondegenerate homoclinic solution to (3.9), whose asymptotic end state Uy, = lim U K, ()
is a saddle-focus equilibrium. Finally, the sequence {Ti’fe}k of pulse distances is njojtno;tonically
increasing with Ti’fe —ooask —oofori=1,...,n.

Proof. The proof follows by a direct application of the homoclinic bifurcation result [127, Theo-
rem 3.6], with the exception that estimate (3.13) is a consequence of [126, Theorem 1, (2.6)(1)].
Both theorems apply in the setting of the reversible system (3.9) once [127, Hypothesis 3.1, 3.2,
and 3.5] are verified. In the following, we will check these hypothesis step by step.

T is a symmetric homoclinic

By Theorem 3.6 and Proposition 3.9 we find that U; = (u;,u’)
solution to (3.9) connecting to the saddle-focus equilibrium U, = (u4,0)" forj =1,...,n +

ag, which establishes [127, Hypothesis 3.1].

Next, we check that the Melnikov integral M of [127, Hypothesis 3.5] is not vanishing. Let
je{l,...,n+ ap}. By Theorem 3.6 we know that A = 0 is an isolated, algebraically simple
eigenvalue of the linearization £(u;) — ¢. Combining this with Lemma 3.8, it follows that U;
is nondegenerate. Since 0 lies in the discrete spectrum, £(u;) — ¢ is Fredholm of index 0 and
0 must be an isolated, algebraically simple eigenvalue of the adjoint L(gj)* — ¢. Consequently,
the space of bounded solutions to the adjoint problem V' = —0yF(Uj;e)*¥ is also one-
dimensional. Let \I/';d be a nontrivial element of this space. Direct computations yield that there
exists ; € ker(L(u;)* — ¢) such that W = (J*4}, Jab;) . It follows that the Melnikov
integral in [127, Hypothesis 3.5] reduces to M = (t;, u’) 1.2, which is non-zero by the simplicity
of the eigenvalue 0 of £(u;) — ¢, verifying [127, Hypothesis 3.5].
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3 Existence and stability of soliton-based frequency combs in the Lugiato-Lefever equation

Finally, we check [127, Hypothesis 3.2], that is lim, . ***[|U;(z) — Us|[[ W3 (=) # O,
using a slight adaptation of the arguments in [107, Proposition 1.2]. Let j € {1,...,n + ap}.
We observe that V; = U; — Uy, solves the ODE

‘/j/ = AOOV? + R(V},&)

with Ay := OpF (Ux,€), 0(Ax) = {xa+if} and R(V,¢e) := F(V + Uso,e) — AV =
O(||V]]?) as [|[V|| — 0. We define the stable space E* = Ugeqsy ker(Aos + o @ if3) and for
a,zo € R the weighted function space

XF = AV € Cllwo,00), BY) : [Vl = sup [[V(@)]e™ < oo}

a,zo a0 weliro,00)
;

Clearly, we have lim,_,, V;(x) = 0 and by [74, Section 2] we further deduce ||V|| x+, <00
This means that there exist constants Cy » > 0 such that in the variation of constant formula

Vj(x) = =@V (y) + / eA= @) R(V;(s),¢)ds, (3.14)

Y

we can bound

r

for y > & > 0. Taking the limit y — oo, we infer that

Y
e~ IR ),2)|[ds < 1 [ e 5 (5) [ ds < oV 0

x

lim [ e~ R(Vj(s),e)ds

Y—r00 y

exists for every x > 0. Thus, taking the limit y — oo in (3.14), we find that the same holds
for p; 1= lim, ,o e~ 4=¥V;(y) € R?. Since V; € X, we obtain p; € E*. In particular,
V; € X, solves the integral equation

V(z) = et~Tp+ /z =@V R(V (y), £)dy (3.15)

o0

with p = p; and satisfies
Vi(z) = ed=%p; 4 O(e~20), as x — 00.

Conversely, a contraction mapping argument shows that (3.15) has for every p € E* a unique
solution V(z) in X7, provided 29 > 0 is sufficiently large. Hence, p; cannot be zero, as

this would imply that V; € X of 2, 18 identically zero. Thus, we have p; # 0 and deduce
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Figure 3.2: The figure shows periodic approximations of 2- and 3-solitons, which were established in Theorem 3.10, see
also Theorem 3.12, computed with pde2path [146]. The parameters are { = 1 and f = 2. Continuation
was performed in the small parameter ¢ starting from superpositions of bright NLS-solitons.

limy 00 €%V} (@)|| = limg o0 [|eA=T®)%p; || # 0. Using very similar arguments, one finds
limg oo €% H\I/‘;d(—x)H # 0, thereby establishing [127, Hypothesis 3.2].

We conclude that [127, Theorem 3.6] and [126, Theorem 1, Estimate (2.6)] apply. Finally, we
point out that the nondegeneracy of Uy, , follows from Lemma 3.8. O

We emphasize that taking ¢ # N — 1 in Theorem 3.10 results in spectrally unstable N-solitons,
even if all primary 1-pulses u,,...,u, ., are spectrally stable.

Remark 3.11. In [126] Lin’s method is employed to determine leading-order expressions of the
N small eigenvalues bifurcating from 0. The leading-order expressions in [126, Theorem 2]
imply that there exist constants C,n > 0 such that that any of the N eigenvalues A € Bs,(0)
in Theorem 3.10 obeys the estimate |A| < Cexp(—n min{Tﬁ;, . ,T:’;}) Particularly, any
potential instabilities arising from the eigenvalues near zero can be interpreted as long-time
instabilities, i.e. instabilities that are only observed on time scales which are exponentially long
in terms of the soliton distances.
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3 Existence and stability of soliton-based frequency combs in the Lugiato-Lefever equation

3.2.4 Periodic N-soliton solutions

‘We obtain periodic multi-solitons solutions to (3.8) by employing the dynamical systems formu-
lation (3.9). Specifically, we use that any nondegenerate symmetric homoclinic in a reversible
dynamical system connecting to a saddle-focus equilibrium is accompanied by a 1-parameter fam-
ily of symmetric periodic orbits parameterized by the period T". The T'-periodic orbits converge
uniformly to the homoclinic on a single periodicity interval as 7" — oco. This result, which was
obtained in [147, Theorem 5], follows from an application of Lin’s method.

Theorem 3.12. Let U: R — R* be a nondegenerate symmetric solution of (3.9) homoclinic to a
saddle-focus equilibrium U, € R*, as established in Theorem 3.6 or Theorem 3.10. Then, there
exists Ty > 0 such that for every T' > Ty there exists a smooth T-periodic symmetric solution
Us: R — R* 10 (3.9) satisfying

lim sup  |Up(z) —U(x)| =0. (3.16)
T—o00 v [72
2

NI

Proof. Theresult follows directly from [147, Theorem 5], provided that the symmetric homoclinic
solution is elementary. This is ensured by [147, Lemma 4], where the statement (ii) holds by
definition of nondegeneracy. OJ

Combining Theorem 3.12 with Theorem 3.10 and Proposition 3.9 we readily establish the exis-
tence of periodic N-soliton solutions to (3.8) for any NV € N.

3.3 Stability analysis

In this section, we establish the spectral and nonlinear stability of the multiple and periodic soliton
solutions to (3.7), which were obtained in Theorems 3.10 and 3.12. As outlined in §3.1.3, the
spectral stability analysis of these soliton solutions hinges on a-priori bounds on the spectrum, a
detailed assessment of the spectrum in a neighborhood of the origin relying on [127,131], and
Evans-function arguments from [17] to control the spectrum in a compact set away from the
origin. After having obtained spectral stability, nonlinear stability of the multiple and periodic
soliton solutions follows by invoking results from [15] and [70, 137], respectively.
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3.3 Stability analysis

3.3.1 Spectral a-priori bounds

Given a constant p > 0 and a smooth stationary solution u of (3.7) obeying |u| L~ < p, we
establish a-priori bounds on the spectrum of the linearization £(u) — ¢ of (3.7) about u. The
bounds ensure that the spectrum of £(u) — ¢ in the closed right-half plane is confined to a compact
set, whose boundary depends on p and the detuning parameter ¢ only.

Lemma3.13. Fixp > 0and( € R. There exist constants 01,12 > 0suchthat forallu € L>=(R)
with |[u|| g~ < p the set

Q={AeC:|Re(N)| =nm}U{XeC:|Im(\)| > n2,Re(\) # 0}

belongs to the resolvent set of L(u), i.e., we have o(L(u)) N Q = ().

Proof. The densely defined skew-adjoint operator —J9?%: H?(R) C L*(R) — L*(R) generates
a unitary group on the Hilbert space L?(R) by Stone’s theorem, see [44, Theorem 11.3.24]. In
particular, [44, Theorem I.1.10] yields the resolvent bound

1
<
212 ~ |Re(A)]

(702 =07 (3.17)

for A € C with |Re()\)| > 0. The residual £(u) + JO2 can be bounded as
(20 + J02) ull 1o < (1< + 4luli) [ullze < Cafullze,

for all u € H?(R), where we set C; = |(| + 4p®. By estimate (3.17) there exists a constant
n1 > 0, depending on p and ¢ only, such that for A € C with |[Re(\)| > 1, we have

Gi H(—J@g - )\)_1HLQ~>L2 <1

Therefore, £(u) -\ = —J92— A+ (L(u)+J02) is by [80, Theorem IV.1.16] bounded invertible
for each A\ € C with |Re(\)| > ;. This yields

A€ T Re(N)| 2 m} No(L(w) =0.

Next, let A € C and w € L?(R). Consider the resolvent problem

(L(u) — Nu = w. (3.18)
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3 Existence and stability of soliton-based frequency combs in the Lugiato-Lefever equation

We show that there exists 72 > 0, depending on p and ( only, such that (3.18) has a unique
solution u € H?(R) provided | Im(\)| > 72 and Re(\) # 0. To this end, we observe that the
resolvent problem (3.18) has a unique solution u € H?(R) if and only if the conjugate problem
(Lu)—Nu=w (3.19)
posses a unique solution i € H2(R), where we denote L(u) = JL(u) with J = S~1JS,
Lu)=S"'L(u)S,u=S"1u,w=S"'wand

S:1 11 € C?*2,
2\ i

We note that conjugation with the matrix S corresponds to a coordinate transform transferring
the formulation (3.7) of (3.5) as a system in (Re(u), Im(u)) " into its formulation as a system in
(u,u) . One readily computes

~ (=i 0 - —02 4 ¢ —2lal? @2
J = ' ) L(E) = ‘ * 82 ‘H| v )
0 i ~0 —0; +¢—2/af

where we denote @@ = u; + iu,. We define the operators A: H?(R) C L?*(R) — L?*(R) and
B: L*(R) — L*(R) by Au = —u" + (¢ — 2|i1|?)u and Bu = —1?u, respectively. Then, using
integration by parts we infer that the self-adjoint operator A can be bounded from below as

(Au,uppe > o[z + (¢ = 20|87 ullZ> > (¢ = 20°)[lullZ:

for all u € H?(R). We note that the lower bound of A depends on p and ¢ only. Clearly, B
is a bounded operator with || B||2_,z2 < p?. Employing [15, Theorem 4], we find constants
Ca,m2 > 0, depending on p and ¢ only, such that for every w € L?(IR) the problem (3.19) has a
unique solution u € H?(R) with

W]z

[aflrz < Co ;
| Re(A)]

provided that Re(A) # 0 and |Im(\)| > 7. Thus, we have proved
AEC: [Tm(V)]| > m, Re(A) # 0} N o(£(w) = 0

and the claim follows. O
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3.3.2 Stability of N-soliton solutions

We determine the spectral stability of the N-soliton solutions established in Theorem 3.10. If
one of the primary 1-soliton solutions constituting the N-soliton is spectrally unstable, spectral
instability of the /N-soliton follows from [17]. On the other hand, if the /N-soliton is comprised
of N spectrally stable 1-solitons, then we employ Lemma 3.13 and [17, Lemma 3.3], to confine
the spectral stability problem to a small ball By, (0) centered at the origin. Spectral stability is
then decided by the N small eigenvalues in Bs, (0), whose position with respect to the imaginary
axis is described by Theorem 3.10. All in all, we arrive at the following result.

Theorem 3.14. Let N € Nand ¢ € {0,...,N —1}. Setn = |4 | and ay = N mod 2 €
{0,1}. Letu,, ... ,u, , be asequence of stationary 1-soliton solutions to (3.7), established in
Theorem 3.6. For each k € N", we denote by Uy the associated N -soliton solutions to (3.7),
established in Theorem 3.10.

The following assertions hold.

(i) Ifuy,...,u,,,, arespectrally stable soliton solutions of (3.7), then there exists a constant
ko € N such that, whenever k = (kq, ..., k,) € N” satisfies min{ky, ..., k,} > ko, the
N-soliton solution vy , of (3.7) is spectrally stable if { = N — 1 and spectrally unstable
ift #N — 1.

(ii) Assume that there exists i € {1,...,n+ ag} such that u, is a spectrally unstable solution
of (3.7), then there exists a constant ko € N such that, whenever k = (kq, ..., k,) € N”
satisfies min{ky, ..., k,} > ko, the N-soliton solution uy ¢ of (3.7) is spectrally unstable.

Proof. We start with the proof of the first assertion. Let oy > 0 be as in Theorem 3.10. Using
the bound (3.13) in Theorem 3.10 and applying Lemma 3.13, we find k-independent constants
11, M2 > 0 such that

oLy ,) —e)N{A€C:Re(N) = -5} C {A € C: =5 <Re(A) <y, [ Im(N)| < 72}

On the other hand, by the spectral stability of u;, there exists a k-independent constant 7 > 0
such that

o(L(w;) — ) N {r € C:Re(A) > -7} = {0}
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3 Existence and stability of soliton-based frequency combs in the Lugiato-Lefever equation

forv = 1,...,n 4+ «ag. Hence, [17, Lemma 3.3] yields a constant ky € N such that, provided
k = (k1,...,k,) € N" satisfies min{ky, ..., k,} > ko, the compact set

{AeC:—7 <Re(\) <, [ Im(N)| < n2} \ Bs, (0)

lies in the resolvent set of £(uy, ,) — . We conclude that all spectrum of £(uy ;) — € in the half
plane {\ € C: Re(A\) > —7} must be confined to the ball B, (0). The spectrum of L(uy ,) — ¢
in the ball By, (0) consists of precisely ¢ eigenvalues of negative real part, N — 1 — /£ eigenvalues
of positive real part and one algebraically simple eigenvalue 0 by Theorem 3.10 (all counted with
algebraic multiplicities). This yields the first assertion.

For the second assertion, we observe that if u; is spectrally unstable, then there exists \g €
o(L(u;) — €) with Re(A\g) > 0. By [15, Lemma 4] the essential spectrum of £(u;) — ¢ lies
on the line {A € C : Re(\) = —¢} for j = 1,...,n + ag. Combining the last two lines
with [17, Theorem 6.2] yields a constant ky € N such that, provided k = (k1,...,k,) € N*
satisfies min{ky,...,k,} > ko, L(uy ,) — € possesses an eigenvalue A of real part Re()\) >
Re(Ag)/2 > 0, which proves the second assertion. O

Remark 3.15. As mentioned in Remark 3.11, the IN-solitons, established in Theorem 3.10,
can suffer from long-time instabilities triggered by the N eigenvalues near the origin, which are
exponentially small with respect to the distances between solitons. On the other hand, if one of the
primary 1-solitons constituting the /V-soliton is spectrally unstable, the proof of Theorem 3.14
shows that we find an eigenvalue A of the linearization of (3.7) about the /N-soliton of real
part Re(A) > Re(\g)/2 > 0. That is, the real part of this eigenvalue obeys a positive lower
bound, which is independent of the distances between the 1-solitons constituting the N-soliton.
Therefore, the instability in Theorem 3.14.(ii) can be interpreted as a short-time instability.

The asymptotic orbital stability of spectrally stable N-pulses is now a direct consequence of the
following statement, which was proved in [15].

Theorem 3.16 ([15, Theorem 3]). Let us, € R? and let u: R — R? be a smooth stationary
solution to (3.7) such that u(x) converges to us, as x — +o0o. Ifu is spectrally stable, then there
exist constants C, 8,1 > 0 such that for all vo € H(R) with ||vo| g1 < 6 there exist a constant
v € R and a function v € C([0,00), H*(R)) with v(0) = vo such that u = u+ v is the unique
global mild solution of (3.7) with u(0) = u + vq enjoying the estimate

[u(t) —u(-+7)| g < Ce "6

forallt > 0.
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3.3.3 Stability of periodic N-soliton solutions

We now turn to the stability analysis of the periodic multi-soliton solutions to (3.7), whose
existence, as outlined in §3.2.3, follows by combining Theorems 3.10 and 3.12. Our first
step is to establish diffusive spectral stability of these solutions, which, in turn, yields their
nonlinear stability against localized perturbations and against subharmonic perturbations of any
wavelength.!

Diffusive spectral stability is defined in terms of the 1-parameter family of Bloch operators
associated with the linearization £(u) — £ of system (3.7) about a periodic smooth stationary
solution u = (u;,u,)" with period 7 > 0. These Bloch operators L¢(u) — ¢: H;.(0,T) C
L2,.(0,T) — L2,.(0,T) are given by

per per

3uf +ui 2wy

Le(u) = — (0, +iT7")? 4+ ¢ — ( ) » Le(u) = JLe(u)

2ujuy  u? + 3u3
with £ € [—m, 7). We then have the well-known spectral decomposition

o(Lu)-e)= |J o(Le(u)-2), (3.20)

§ 6[77"17‘-)
cf. [52]. The definition of diffusive spectral stability now reads as follows.

Definition 3.17. A smooth stationary T-periodic solution u: R — R? of (3.7) is diffusively
spectrally stable provided the following conditions hold:

(i) Wehave o(L(u) —e) C {A € C: Re(N\) <0} U{0};
(i) There exists ¥ > 0 such that for all { € [—7, ) we have Re (0 (L¢(u) — €)) < —9€%;

(iii) 0 is a simple eigenvalue of the Bloch operator Lo(u) — ¢.

Diffusive spectral stability of the periodic multi-soliton solutions to (3.7), studied in this paper,
can be obtained if the underlying multi-soliton is spectrally stable. In this case, we can apply
the a-priori bounds in Lemma 3.13 and the results in [17, 53], to preclude any unstable spectrum
outside a small ball B,(0) of radius ¢ > 0 centered at the origin. By [17,53] the spectrum
inside the ball B,(0) is given by a single smooth curve {\o(§) : { € [—m, 7)}, which touches the
origin by translational invariance. Leading-order control on this critical spectral curve, provided

1" We note that diffusive spectral stability is a standard assumption in the nonlinear stability analysis of periodic traveling

or steady waves in dissipative systems, see [70] and further references therein.
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by [131], then yields constants fo, w > 0 and a partitioning of the half line [To, 00) in intervals
I, = (Ty + jw@, Ty + (j + 1)@), j € Ny such that diffusive spectral stability holds if the period
T lies in I; with j even, whereas spectral instability holds for T' € I; if j is odd. That is, the
stability of the multi-soliton train alternates with the period. On the other hand, if the underlying
multi-soliton solution is spectrally unstable, then the associated multi-soliton trains are spectrally
unstable by [17,53] for all periods T" > 0 sufficiently large.

Theorem 3.18. Let
U= (U;,Uy,Us,Uy) : R R?

be a nondegenerate symmetric homoclinic solution of (3.9) connecting to a saddle-focus equilib-
rium Uy, € R4, as established in Theorem 3.10. Let {U } 1>, be the corresponding family of
smooth T-periodic symmetric solutions

QT = (QT,DQT,Z)QTﬁ,QTA)TZ R — R4

of (3.9), established in Theorem 3.12. Denote by u = (U,,U,) ", up = (Up,,Upy) R —
R? the associated stationary solutions of (3.7).

The following assertions hold.

(i) Ifuis aspectrally stable pulse solution of (3.7), then there exist constants fo, C,1,0,a >0
and b € R, an open set U C C containing the real interval [—m, 7| and an analytic map
Ao: U — C such that for all T > Ty we have

o(L(up) —e)N{Ae C:Re(\) > -1} ={ (&) : £ € [-m,7)}. (3.21)

Moreover, \o(§) = Mo(—&) is a real-valued algebraically simple eigenvalue of the Bloch
operator L¢(uy) — € foreach & € [—n,7) and T > Ty. Finally, the estimate

|)\0(§) — a(cos(&) — e 2T sin(28T + b)’ < Cle'® — 1]e~(2atT (3.22)

holds forall ¢ € U and T > To, where o, 3 > 0 are as in Proposition 3.9.

Ifr > T 0 is such that sin(28T + b) > 0, then uy is diffusively spectrally stable as a
periodic stationary solution to (3.7). Moreover, if T > Ty is such that sin(28T + b) < 0,
then uy is spectrally unstable as a stationary solution to (3.7).
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(ii) Assume that u is spectrally unstable. Then, there exists a constant TO > 0 such that for all
T > Ty the stationary solution wp of (3.7) is spectrally unstable. In particular, L¢(up)—e
possesses spectrum in the open right-half plane for all § € [—m, ).

Proof. We start with the proof of the first assertion. Since the stationary pulse solution u of (3.7)
is spectrally stable, there exists a constant 7y > 0 such that

o(L(u) —e)N{X € C:Re(N) > —70} = {0}, (3.23)

and 0 is an algebraically simple eigenvalue of £(u) — €. Moreover, by the bound (3.16) in
Theorem 3.12, the L°°-norm of the solution u; can be bounded by a T-independent constant for
T > Tp. Therefore, Lemma 3.13, yields a T-independent compact set C C C such that

o(L(up) —)N{AeC:Re(N) > —£} C K. (3.24)

forall T' > Tp. Take ¢ € (0, min{5,7o}) and set K := {\ € K:Re(\) > —79}\ B,(0). Using
that K is compact and (3.23) holds, [17, Lemma 4.2] yields, provided T" > Tj is sufficiently large,
that

o(L(up) —e)NK =10 (3.25)
and, moreover,

a(Le(ur) =€) N Bo(0) = {Mo(&)} (3.26)

where A\o(&) is an algebraically simple eigenvalue of the Bloch operator L¢(u;) — ¢ for each
& € [—m, 7). Hence, using that the Bloch operators depend analytically on &, it follows from
standard analytic perturbation theory, see [80, Sections II.1 and VII.3], that there exists an open
neighborhood U C C of the real interval [—7, 7] such that Ao(£) can be extended to an analytic
map A\o: U — C. Provided T' > 0 is sufficiently large, [131, Theorem 5.6] yields that Ag(&) is
real-valued, we have A\o(&) = Ag(—¢) forall € [—m, 7) and the approximation (3.22) holds with
a > 0 (after possibly shifting b — b + 7). Finally, the identities (3.20), (3.24), (3.25) and (3.26)
imply (3.21) with 7 = min{7,e/2} > 0.

IfT > Ois sufficiently large with sin(257+b) > 0, then Cauchy’s estimate in conjunction with the
bound (3.22) yield Aj(0) < 0. Hence, combining the latter with (3.22) and \y(0) = 0 = A((0),
we infer that, provided 7' > 0 is sufficiently large, there exists ¥ > 0 such that \o(¢§) < —9&2
for all £ € [—&,&]. This, together with (3.21), implies diffusive spectral stability of u;. as a
periodic stationary solution to (3.7). On the other hand, if 7" > 0 is sufficiently large with
sin(28T + b) < 0, then by estimate (3.22) there exists £ € [—m, ) \ {0} such that A\g(§) > 0.
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Therefore, u; is spectrally unstable as a stationary solution to (3.7) upon recalling (3.21). This
finishes the proof of the first assertion.

We proceed with proving the second assertion. Assume that u is spectrally unstable. Then, there
exists A\g € o(L(u) —¢e) with Re(A\g) > 0. By [15, Lemma 4] the essential spectrum of £(u) — ¢
is confined to the line {\ € C : Re(\) = —e}. Therefore, we can apply [17, Theorem 7.2] to
yield that, provided 7' > 0 is sufficiently large, o (L¢(uy) — €) possesses for each { € [—m, ) an
element A\, (€) of real part Re(\.(§)) > Re(Ao)/2 > 0, which proves the second assertion. [

Remark 3.19. If the underlying multi-soliton solution is spectrally unstable, then Theorem 3.18.(ii)
shows that each of the Bloch operators L¢(uy) — € with § € [—m, 7) possesses spectrum in
the open right-half plane. That is, the multi-soliton train u; is spectrally unstable against
subharmonic perturbations of any wavelength. In particular, it is spectrally unstable against co-
periodic perturbations. On the other hand, if the underlying multi-pulse solution is spectrally
stable, then Theorem 3.18.(i) yields that the spectrum of the Bloch operator £y (u;) — ¢ lies in the
open left-half plane except for the algebraically simple eigenvalue Ag(0) = 0. That is, the multi-
soliton train u; is spectrally stable against co-periodic perturbations. Moreover, if in addition
sin(28T + b) < 0 holds, we find A{(0) > 0 by applying Cauchy’s estimate to the bound (3.22).
Hence, using that A(0), Aj(0) = 0 holds by Theorem 3.18, we infer that L¢(uy) — € possesses
unstable spectrum for each { € [—m,7) \ {0} sufficiently small. We conclude that the multi-
soliton train is sideband unstable, i.e., it is spectrally unstable against subharmonic perturbations
of sufficiently large wavelength.

Remark 3.20. Similarly as in the case for multi-soliton solutions, cf. Remark 3.15, we can
distinguish between short- and long-time instabilities of multi-soliton trains. On the one hand,
the critical spectral curve \g(&) in Theorem 3.18.(i) is exponentially small in terms of the period
T by estimate (3.22). Thus, any instabilities arising from this curve can be interpreted as long-
time instabilities of the multi-soliton train. On the other hand, if the underlying multi-soliton
solution is spectrally unstable, then the proof of Theorem 3.18.(ii) shows that the linearization
of (3.7) about the multi-soliton train admits unstable spectrum, whose real part can be bounded
from below by a positive bound, independent of 7. Thus, these instabilities can be interpreted as
short-time instabilities.

The proof of our main result, Theorem 3.2, now follows by combining the diffusive spectral
stability result in Theorem 3.18 with [70, 137].

Proof of Theorem 3.2. Sinceitholds 8¢ < 72 f2, 7 f cos #y = 21/2C and sin 6y > 0, Theorem 3.6
provides constants C, g9 > 0 such that for each ¢ € (0, g¢) there exist an asymptotic state U
and an even spectrally stable smooth stationary 1-pulse solution u, of (3.7) obeying (3.10).
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3.3 Stability analysis

Fix e € (0,g¢). We apply Theorems 3.10 and 3.14 with £ = N — 1 to yield constants C, ko > 0
such that for each k = (kq,...,k,) € N™ with min{k;,...,k,} > ko there exist distances
lele, .. T,’f"g and an even spectrally stable smooth stationary NN-pulse solution uy . of (3.7)
enjoying the estimate

Uy (T) = Uoo e — g (U (7) — U ) Z ( (:z: — lels — = leg)

i=1

Cq

TR 4 T.’“)—2 - ) PO S
T (””+ Le bt i) = e ) S e )

for v € R. Here, the sequence {Tfa}k of pulse distances is monotonically increasing with
Ti]fs —ooask — oo fori=1,...,n. Combining the latter estimate with (3.10) implies

)t 3 (o, (o 2 7)o o787
i=1
S?C()E
(3.27)

for each 2 € R and k € N” with min{ky,...,k,} > ko, upon taking ko > 0 larger if necessary.

Now, fix k € N with min{ky,...,k,} > ko. By Proposition 3.9 and Theorems 3.12 and 3.18
there exists a monotonically increasing sequence of periods {Lm }m such that for each m € N
there exists an even diffusively spectrally stable smooth stationary periodic solution u,, y E(x)
of (3.7) of period L;_ satisfying the estimate

sup u,, (x) — gkys(x)| < Cye. (3.28)

w350y
Here, the sequence {LL’fs}m tends to oo as m — oo and obeys (3.6) for each m € N. Thus, we
have established assertions (i), (ii) and (iv). Moreover, assertion (iii) follows readily by comb-
ing (3.27) and (3.28). Assertion (v) is a direct consequence of the diffusive spectral stability of
in combination with [137, Theorem 1], see also [71, Theorem 1.2]. Similarly, assertion (vi)

Hm,k,s

follows immediately from [70, Theorem 1.3]. ]

Remark 3.21. Diffusive spectral stability of T-periodic stationary solutions to the LLE even yields
a nonlinear stability result [71] against M T'-periodic perturbations that is uniform in M € N, as
well as nonlinear stability against nonlocalized phase modulations [159]. We refer to [71, 159]
for further details.
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4 Solitons in a bi-directionally
coupled laser-microresonator
system

This chapter is based on joint work in progress with Huanfa Peng, Bjorn de Rijk, Christian Koos,
and Wolfgang Reichel. We thank Tobias Jahnke for providing us the MATLAB code for the
time-integration of the system (4.7).

4.1 Introduction

We consider a Kerr-nonlinear microresonator and a continuous-wave single-mode semiconductor
laser as a bi-directionally coupled system. The light emitted from the pump laser is described
by the carrier number N (¢) inside the cavity and the laser field Ay, (¢) which is coupled into the
ring-shaped Kerr microresonator. There a counter-clockwise propagating forward field Ay (z,t)
and a clockwise propagating backscattered field Ap(z,t) are generated, where = € [0, 27] is the
angular position and ¢ > 0 is the time. Inside the resonator the fields Az and A g interact with each
other and a part of Ap is coupled out of the resonator back into the laser where it interacts with
the laser field Ay, see Figure 4.1. It has been demonstrated both experimentally and theoretically
that such a bi-directional laser—resonator system, when operating in the right regime, features
fully automatic soliton formation by simply switching on the laser pump [22, 86, 117, 135, 153].
Backscattering from the microresonator to the laser leads to self-injection locking [85, 98] and
then to the emergence of stable cavity solitons. Due to the absence of photonic and electronic
control circuitry, which are needless here, it is possible to fabricate such devices with a compact
footprint enabling full integration into industrial packages [135, 153].

In this chapter we identify and investigate stable 1-soliton states of the bi-directionally coupled
system using numerical bifurcation analysis in the anomalous dispersion regime. Unlike time-
integration methods, which were used in previous studies [86, 135, 148, 153], our numerical
bifurcation approach allows for a systematic exploration of soliton states for a large range of
technically relevant parameter values. Moreover, our numerical analysis shows that, unlike
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4 Solitons in a bi-directionally coupled laser-microresonator system

Figure 4.1: Schematic diagram depicting the bi-directional coupling of the semiconductor laser with a Kerr microres-
onator. The light emitted from the semiconductor laser is injected into the Kerr microresonator in counter-
clockwise (CCW) direction. Due to surface and internal inhomogeneities, the CCW field is backscattered
clockwise (CW) and injected back into the semiconductor laser.

its one-directionally coupled counterpart, the bi-directionally coupled laser-resonator system can
self-correct perturbations of the laser frequency such that stable 1-solitons persist. We supplement
our study by a sensitivity analysis of the 1-soliton states with respect to parameter variations.

The chapter is structured as follows. In Section 4.2 we formulate the mathematical model for the
bi-directionally coupled system. In Section 4.3 we present numerical simulations and compare
our findings with those obtained in the standard uni-directionally coupled laser-microresonator
model. In Appendix 4.5 we give details on the numerical bifurcation analysis as well as the
algorithm for the parameter sensitivity analysis. Appendix 4.6 is devoted to the derivation of the
normalized form of the bi-directionally coupled system from the system in physical quantities.

4.2 Coupled laser-resonator model equations

The standard set-up of a Kerr-nonlinear microresonator pumped by a cw-laser without backcou-
pling is described by the Lugiato-Lefever equation (LLE) [89]:
2

0 .
a(e,t) = | -1 +idgs + ila(z, D] a(@, ) = ear f <) @.1)
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4.2 Coupled laser-resonator model equations

in normalized time ¢ and angular position = € [0, 27] (a superscripted dot denotes the time
derivative). Here a is 2m-periodic in x and describes the optical field in the microresonator driven
by the invariant laser field az,(t) = fel*! where the detuning ¢ = w,, — wy is static and is given
by the mismatch between the frequency w,, of the pumped resonator mode and the frequency wy
of the laser cavity mode. Dispersion d and coupling k. are as in Table 4.1 and f represents the
strength of the input laser.

The set-up in this chapter differs from the one described by the LLE (4.1) in the sense that the
backscattered field interacts with the laser. This leads to a bi-directionally coupled system, whose
dynamics is governed by the equations [86, 153]:

(t) =0 = yn(t) = g(lar®)?)(n(t) = Dlas O,
a1 (1) =[5 (g(lar (O no(n(t) 1) = ) + o — wo)] s (1)
— Kextap(t)e'?,

ar(e,t) =| -1+ id% +illap(z, O + 2ap(t)?) ] ap(z, 1)
i¢

+ ifiscaB (t) — RextaL (t)e )

27
71+i(\a3(t)|2+%/0 |ap(x,t)|2dx)] ap(t)

4.2)

ap(t) =

1 2m
—i—iﬁsc—/ ap(x,t)dz,
27T 0

where ar, ap, and ay, represent the normalized forward, backward, and laser fields, respectively,

and n denotes the normalized carrier number. For simplicity, the backscattered field ap is only
1 2m
27 Jo

variable x. The derivation of the system (4.2) for the normalized unknowns ar,ar,ap,n from

represented by its central mode ap(t) := ap(x,t)dx which is independent of the angular
the system (4.12) for the physical quantities Ap, Ap, A, N is detailed in Appendix 4.6. Again,
ap(x,t) is 2m-periodic in . The first two ordinary differential equations (ODEs) describe the
laser dynamics for the carrier number n and laser field a; with an additional coupling to the
backscattered field ap. Due to saturation, the gain ¢ = g(|az|?) of the laser is modeled by a
decreasing function of the power |ar,|? of the laser field and takes the following explicit form

pro

g(p) =

T gotep

The third and fourth equation describe the microresonator dynamics by a coupled system of a
partial differential equation (PDE) for the forward field a » and an ODE for the backscattered field
ap with the laser field aj, as a source term for the forward field. All normalized constants are
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4 Solitons in a bi-directionally coupled laser-microresonator system

quantity | normal. | physical meaning
quantity
I/e , bias current of l.aser/
elementary electronic charge
r ¥ carrier recombination rate
Ny no carrier number at transparency
W - optical mode confinement factor
oy — linewidth enhancement factor
Ky Kd photon decay rate of laser cavity
Qo wo laser cavity mode frequency
Kext Kext | €xternal coupling
K — photon decay rate of resonator
Om wny | frequency of resonator mode
D d group velocity dispersion
90 — single photon induced Kerr
frequency shift
K Kse C-valued coupling between forward
and backward modes
0] — accumulative phase between laser
and resonator
o — small-signal gain
€ € saturation power

Table 4.1: Description of the physical meaning of the constants and their normalized counterparts. A dash indicates that

there is no normalized version of the corresponding quantity in the equations.

explained in Table 4.1. The values of the physical constants and their relation to the normalized

constants can be found in Table 4.2 in Appendix 4.6.

4.3 Results and comparison between

uni-directionally and bi-directionally coupled

system

Here, we present the results of our numerical bifurcation analysis for the bi-directionally coupled
model (4.2) and compare them with those for the uni-directionally coupled system (4.1). An

88




4.3 Results and comparison between uni-directionally and bi-directionally coupled system

important part of the model is the normalized instantaneous laser frequency wy,(t), which is
defined by wr,(t) — wy, = f% arg(ar(t)). In the standard LLE-model (4.1) we have that
wr, (t) = wp is fixed whereas in the extended model (4.2) it is in general time-dependent and part
of the unknowns.

A typical scenario found in the standard LLE (4.1) is the following:

(i) Stable 1-soliton solutions of the form a(x,t) = a®(z)e'¢*+9), ¢ = w,, — wy can be
determined by a bifurcation analysis, [54, 102,103, 106].

(i1) Stability means that, while keeping the laser in its prescribed invariant state, small pertur-
bations of the resonator field a relax to a translate of the 1-soliton on an exponentially fast
time scale [62,137].

For the extended system (4.2), instead, we find the following scenario:
(iii) A bifurcation analysis reveals stable time-harmonic 1-soliton solutions

ar(e,t) = (@)=, n(t) = n “
p— 0 i(newt P— 0 iCneWt ( ’ )
ar(t) = aje’s=r, ap(t) = apge'>="’.

These 1-solitons bifurcate from spatially constant time-harmonic states with { = w,,, —wg as
the bifurcation parameter. They are qualitatively very similar to the ones found in (4.1) and
the laser is still operating in a cw-mode with constant detuning Cpew = Wy, —wr = ¢ — AL
where AC = Z%i‘ Im(a%el?(1 — ian)).

We illustrate this bifurcation phenomenon in Figure 4.2 by a numerically computed bifurcation
diagram together with examples of the localized steady states. The y-axis plots the power

2 1/2
lagle = ( / aF<:c>2dx)

of the forward-field component of the solution in the bifurcation diagram. The black line in the
left panel of Figure 4.2 indicates the curve of homogeneous constants solutions with the blue
circles corresponding to the bifurcation points (BP). Continuation at the BPs (blue curves) then
gives rise to many localized states (1-, 2-, 3-, and 4-soliton solutions) which are depicted in the
panels on the right. Most importantly, we find that the 1-soliton solutions lie on the bifurcation
branch which bifurcates from the BP with the largest value of (. As we follow the curve of
constant solutions starting from ( = —20, this corresponds to the last BP in the diagram. The
observation, that the 1-solitons are found on the last bifurcation branch is consistent with the
theory developed for the standard LLE without backward laser coupling [54].
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4 Solitons in a bi-directionally coupled laser-microresonator system

5 5
x -
0 0
0 T 27 0 g 27
5 5
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¢ 0 T 27 0 g 27

Figure 4.2: Left: Bifurcation diagram of stationary solutions to (4.2), with physical constants set as in Table 4.2 and

¢ = 0.64 X ™ =~ 2.0106, kKext = 6.4550. As bifurcation parameter we choose the frequency difference
¢. Right: Plots of the forward field component a . at the markers, which are localized states and the y-axis
shows |a |2

An important difference to (4.1) is the stability behavior of the solitons.

@iv)

)

90

We stress that stability of 1-solitons as solutions to the extended model (2) implies ro-
bustness against perturbations in all four unknowns n,ar,ar and ap. In particular,
applying such perturbations to the soliton solutions (4.3), we find solutions ap(z,t) =

ap(z,t)e Jo (wm=wr@)ds i ihe property that
wr (t) = wo + A, (4.4)
ap(z,t) — a%(x + xo)el(Crettdo) 4.5)

with A¢ = % Im(a%e'?(1 — ian)) exponentially fast as t — oo. Likewise
ay,

ap(t) — Qgei(cmwt+<z>o)7 n(t) — no’ ap(t) — Q%ei(cnth+¢o)

at an exponential rate. This means that due to the backcoupling the laser automatically
adjusts and self-corrects towards a time-harmonic cw-mode with constant detuning. We
emphasize that this self-correction of the laser found in the extended system (4.2) cannot
be observed in (4.1) due to the static form of the laser field.

Here ¢ = [, (wr(s) —wr) ds is an accumulated phase and  is a translational displace-
ment of the asymptotic steady state o’ induced by the perturbation, see Appendix 4.5 for
more details. The translational shift is visible in the left panel of Figure 4.3. Its value is
fully determined by the initial perturbation.



4.4 Summary

We use numerical time integration to illustrate the enhanced dynamical stability features of
soliton solutions to (4.2) described in (iv). To this end, we employ a Lie-Trotter splitting to
approximate the dynamics with the perturbed soliton state x of Figure 4.2 as an initial condition.
The simulations in Figure 4.3 confirms that a perturbation of a stable 1-soliton solution causes all
four unknowns to relax against a steady state. In particular, as t — oo we see that r(t) := |ar,(t)]
and a(t) converge to r* (magnitude of laser field) and a¥; (central mode of back-scattered field
of the 1-soliton state), respectively. Moreover, the lower-right panel of Figure 4.3 shows the
long-term stabilization of the laser field as in (4.4), where the frequency detuning is automatically
adjusted to sustain a soliton solution.

Next, we systematically analyze the influence of the parameters ¢ and x.,; on the existence range
of 1-soliton solutions. This is of particular interest for practical applications as both parameters
can be changed in the experimental set-up. The sensitivity analysis relies on an algorithm based
on numerical bifurcation theory, which is explained in Appendix 4.5. The results are shown in
Figure 4.4. Here, each point in the colored areas represents a pair (¢, ¢) (left panel) or ({, Kext)
(right panel) for which 1-solitons can be found. The green areas indicate subsets of the existence
range which consist of highly localized 1-solitons with a prescribed full width at half maximum
(FWHM) value of at most 0.4. In addition to that, the blue line in the left panel shows the values
of the parameters at which these solitons bifurcate from the homogeneous stead states.

For the accumulated phase ¢, we observe that the existence range bends from negative values of
( to positive values, and then back to negative, as ¢ increases from 0 to 7. We note that due to
the symmetry

(QF»QB»QL7”7¢) — (QF7QB7 _QLﬂn7¢ + 7T)

the existence range is 7-periodic in ¢ and thus we can deduce from Figure 4.4 the existence range
for all values of ¢ € [0, 27]. The right panel of Figure 4.4 shows the sensitivity with respect to the
coupling k., where the remaining parameters are fixed to the physical values in Table 4.2. We see
that the minimal value of x.,¢ ~ 6.0 is needed in order to form bifurcating branches supporting
1-soliton solutions. As k¢ increases beyond a second value, we find localized solitons with
a FWHM of at most 0.4. This is explained by the fact that low values of k.., lead to a small
excitation of the cavity field obstructing the existence of highly localized states, whereas high
values allow energy transfer from the laser to the microresonator resulting in strong forcing.

4.4 Summary

We have investigated the bi-directionally coupled system (4.2) of a cw-laser and a Kerr-nonlinear
microresonator where the backward propagating resonator field interacts with the pump laser.
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1.6
a
5 lar| B 022
25 159 =
e < 0.215
2 1.58 0.21
102 10° 1072 10°
15 t ¢
20
0.15 =
1 = ?
3 P °
=0.14 e
0.5 3
-20
0 s 2w 0 5 10 15 102 10°
x t t

Figure 4.3: Time integration starting from a small perturbation of the stable 1-soliton solution with label x in Figure 4.2.
Left: Space-time plot of the forward field a g (x, t), where the color code indicates the magnitude |a g (z, t)|.
Right: Simulations of the carrier density n(¢) (top left), magnitude of the laser field |ar, (¢)| (top right), the
backward field |a (¢)| (bottom left), and the instantaneous laser frequency wy, — wr, (¢) (bottom right).

7.5

20 -10 0 10 20 30 0 5 10 15 20
¢ ¢

Figure 4.4: Left: Existence chart in the (—¢ plane of stationary 1-soliton solutions to (4.7), bifurcating from flat
homogeneous states. Colored area (purple) shows the 1-soliton existence range. The blue curve indicates the
position of the BP from which these states emerge. Right: Existence range (purple) in the (—kez¢ plane.
In both figures, the green subsets depicts the range of 1-solitons with FWHM of at most 0.4. The other
parameters are fixed to the physical values in Tablet 4.2.

Using numerical bifurcation tools we have shown that the system supports stable time-harmonic
1-solitons states with stationary normalized instantaneous laser frequency wy = wg + A(. These
states have enhanced stability properties in the sense that under sufficiently small perturbations of
the unknowns not only the laser and microresonator fields relax towards the 1-solitons but most
importantly wry, (t) self-corrects towards the value wy, which sustains the 1-soliton state. Such a
dynamic self-correction of the laser is impossible for the standard LLE where the laser field has
a static frequency. Our approach also offers the advantage of systematically exploring existence
ranges of 1-solitons with respect to parameter variations. We have investigated the sensitivity with
respect to accumulated phase ¢ and external coupling strength ke . It turns out that 1-solitons
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4.5 A: Numerical bifurcation and sensitivity analysis

can only exist provided ¢ lies within a finite band of values and the external coupling strength
Kext €Xceeds a minimal value.

4.5 A: Numerical bifurcation and sensitivity analysis

Here we explain the set-up of the numerical bifurcation analysis and we introduce the algorithm
which we use for analyzing the sensitivity of the 1-soliton existence range with respect to parameter
variations.

First note that if the unknowns ar,ar and ap in (4.2) are all shifted by a common constant
phase factor then they still solve the same system. This means that in contrast to the standard
Lugiato-Lefever equation (4.1), which is only invariant under spatial shifts, the system (4.2) has
an additional invariance under phase shifts of ar,,ar, ap. We eliminate the phase invariance by
transitioning into a rotating frame in which the laser field ay, is real-valued. This is necessary
for a robust convergence of the numerical bifurcation algorithm as it excludes a continuation of
nontrivial states in the direction where all components are shifted by a constant phase factor. To
this end, we write the laser field in polar coordinates

ar(t) = rppe” O ) < o),
where we recall that wp,(t) — wn, = — < arg(ay(t)). Moreover, we introduce a,, ay defined by

)e—ifot(wL(S)—wm)dS t)e—iﬁlt(wL(S)—wm)dS.

aF(‘T7t) :QF(x’t ) aB(t) :QB(

Substituting the formula for ay into (4.2) we obtain an equation for the instantaneous laser
frequency

wr,(t) =wo + %O&H (g(r(t)z)no(n(t) —-1) - nd) + % Im (QB(t)eid’) . (4.6)

With the shorthand

O(r,z,n) ::%aH (9(r*)no(n — 1) — kq) + % Im (2¢'?)
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4 Solitons in a bi-directionally coupled laser-microresonator system

and the frequency offset ( = w,,, —w the remaining system for n, r, a -, a z becomes (we suppress
their arguments):

=1 —n —g(r®)(n — 1)r?,

1 i
r :5 (g(T’2)TL0(TL - 1) - Hd) T — Regt Re (QBe ¢) y
. . e, ,
QF:|:7171(C7®(T7Q37n))+1d@+1(‘QF‘ +2|QB| )]QF
+ kel — Keatre'?, (4.7)

QB:

<—1—-u<—-®mna3,n»-+i(mBP-+;iLAQan«x,»de)]aB

1 27
+ iEsc% /() QF(:Ca )dl’

Observe that in this system the invariance under phase-shifts is no longer present since r is a
real-valued quantity.

When searching for steady states of (4.7) we set the time-derivatives 7,7, @, G to zero. This
results in a ODE for a ;- coupled to three algebraic equations for the remaining fields which include
nonlocal terms of a. For the instantaneous laser frequency wy,, equation (4.6) implies that it
will also be constant. This means that stationary solutions of (4.7) correspond to time-harmonic
solutions of (4.2).

Combing (4.6) and the equation for 7 in (4.7) we obtain
wi, = wo + < Tm (a e (1 — io)) - 4.8)
r
The steady equation for n can be solved in terms of r, yielding the formula

— () = L+ g(r?)r?
Il
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Upon substituting this into the system (4.7), we obtain an ODE for a ., coupled to two algebraic
equations for r and a, given by

. 0P
0=[-1-i(C—O(rapn(r) +idg +illapl +2lap?)|ar
+ iKchB - F‘:emtreid)v

0 :% (9(r*)no(n(r) = 1) = Ka) 7 — Kear Re (ape'?) (4.9)

(—1-i(C — O(r, ag,n(r)) +i (aB2 =3 " |aF<x>|2dx)]aB

2m
1 27
+ iESC%/O ap(x)de.

O:

We consider the ODE for a on the interval = € [0, 7] equipped with homogeneous Neumann
boundary conditions

8IQF (0) = azQF (W) =0. (410)

This eliminates the spatial shift invariance of aj in (4.7), which is necessary to avoid unwanted
path continuation in the translational direction. Note that we recover periodic solutions on [0, 27]
by reflection:

ap (z) = {ap(ac), x € [0, ],
o ap(2mr — ), z € [m,2n].

We then perform the numerical bifurcation analysis for (4.9)-(4.10) . The bifurcation analysis is
conducted using the MATLAB package pde2path [146], which is designed for the numerical
continuation and bifurcation analysis of systems of PDEs. We discretize the boundary value
problem for aj using linear finite elements, and add the equations for a; and 7 as algebraic
constraints. Throughout our bifurcation experiments, we choose the frequency offset { as the
bifurcation parameter, since it can be varied in the physical experiments.

Stability of the bifurcating solutions can be determined by computing the eigenvalues of the
Jacobian J associated with the discretized version of (4.9). For this purpose it is necessary
to reintroduce the translational invariance by using periodic boundary conditions on [0, 27] for
the field a as otherwise only stability with respect to even perturbations is determined. Thus,
the solution is stable if all eigenvalues A of 7 satisfy Re(\) < 0 with the exception of a zero
eigenvalue present due to the continuous shift symmetry of the system. As a result, stable
solutions exhibit a spectral gap (if we neglect to zero eigenvalue), which causes a relaxation of
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Figure 4.5: Eigenvalues of the Jacobian operator evaluated at the 1-soliton state with label x in Figure 4.2. We see that all
eigenvalues except for the zero eigenvalue have strictly negative real part indicating dynamical stability and
relaxation to a spatial translate of the 1-soliton solution at an exponential rate.

the perturbed solutions to a spatial translate of it on exponentially fast timescales, cf. Figure 4.3.
Figure 4.5 shows the spectrum of the 1-soliton states x indicating its stability.

The bifurcation analysis is also used to algorithmically determine (a subset of) the 1-soliton
existence range in the parameter space. To describe our algorithm for the sensitivity analysis, we
need an auxiliary result from bifurcation theory. Suppose that (a ., 7, ag o, o) € CxRxCxRis
anondegenerate BP on the constant solution curve, where nondegenerate means that the associated
Jacobian of (4.9) has a simple zero eigenvalue. Then the forward field component of the bifurcating
solutions can be locally parametrized by s € (—sg, s9) with some 0 < sy < 1, [83, Corollary
1.4.2]. More precisely, we have the expansion

ap(7;8) = ap g+ ap; cos(kr)s + O(s*)ass — 0 (4.11)

with k € No and ap; € C. Below, we will use this formula for k& = 1 to determine those
BPs at which 1-solitons branch away from flat states. Now let us fix a system parameter ¢ # (.
We analyze the influence of ¢ on the existence range of the 1-solitons. Therefore, we chose a
discretization Gpuin = §1 < G2 < -+ < G = Smax With m € N. Our algorithm consists of three
steps.

Algorithm: For j = 1,...,m do:

1. Set ¢ = ¢; and compute the constant solution curve with bifurcation parameter ( &

[Cmirn Cmax]-
2. Mark all nondegenerate BPs on this curve for which (4.11) holds with k£ = 1.
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4.6 B: Derivation of the normalized system from the physical model

3. Compute and plot all bifurcation branches starting from the marked BPs of Step 2 in ( as
long as the forward field component a . satisfies the following conditions:

() {Tmax} = argmax,|ap(z)|> C {0, 7},
S e ()P d=

T — Tmax ’ 2
J7 lap(2)[2d=

(ii) 1.75.

We briefly comment on each step. Steps 1 and 2 are necessary to compute nontrivial solutions
of (4.9) where Step 2 ensures that we only calculate bifurcation branches on which we expect to find
1-soliton states. Heuristically, we have observed that kg-solitons emerge from BPs where (4.11)
holds with k = k. This observation is consistent with simulations in [54] for the standard
LLE (4.1). Once we are on a 1-soliton branch, we stop the continuation as soon as the solutions
deform into 2-solitons states (or different wave forms). In system (4.9) we have observed that a
1-soliton branch generically connects to a 2-soliton branch. The stopping criteria are given by
conditions (i) and (ii) in Step 3. The first ensures that the periodic extension of a(z) has a
single maximum on the periodicity cell [0, 27], while the second ensures that the solutions are
sufficiently localized around this maximum. Note that the value 1.75 determines the degree of
localization; it can also be varied, with low values meaning that we look for a low degree of
localization, while high values enforce a high degree of localization.

4.6 B: Derivation of the normalized system from the
physical model

Here we show how the normalized coupled system (4.2) is derived from the system in physical
units and we give the values of the physical and normalized parameters used in our simulations.
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4 Solitons in a bi-directionally coupled laser-microresonator system

quantity value normal. | value
quantity

I/e o= AIC Lo | 41.4466
r 1x10%s71 vy 2.6526
Ny 2 x 108 ng 1.0610
W 0.5 — —
af 2.5 — —
Kq 2 x 1019 x 27 rad/s Kd | 833.3333
Kext |[5:5,7] x 120 x 10% x wrad/s |  Kex [5.5,7]
K 120 x 108 x 27 rad/s — —

D 7.5 x 10% x 27 rad/s d 0.125
9o 1.866 rad—* - -
K 15 x 10% x 27 rad/s Kse 0.25
¢ [07 ﬂ - -

o 1x10%*s™! - -

€ 0 € 0

Table 4.2: Values of the physical constants and their normalized counterparts. A dash indicates that there is no normalized
version of the corresponding quantity in the equations.

The bi-directionally coupled laser-resonator system in physical units is given by [86, 153]

. 20'
N(0) =1 =IN() = s (V) = Nl A (),
A0 =[5 (e VD) — 80) = K )+ - 90)] 400
— KeItAB(t)ew)
Aptet) =[5 10 L i Ar @0+ 2145 0) s @)

+ iKSCAB (t) - KethL (t)ei¢a

. K ) 1 2
Ap(t) = Y +190(‘A3(t)|2 + ;/0 ‘AF(.%',t)|2d:L‘) Ap(t)
. 1 27
+iKse— Ap(x,t)da.

2 0

The physical meanings of the constants are explained in Table 4.1. The system (4.2) is then
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4.6 B: Derivation of the normalized system from the physical model

obtained by the transformation

(ZF({E,t) = LIS?AF (:c, [2(t> s aB(t) = @AB <2i> s

ar(t) = @AL (12{15) , n(t) = Ny 'N <]2(t> ,

and the normalized constants are given by

, ! ) ,Ka , O L2
| = 2— = 2— Ky = 2—— Wi, = , wn = ,
KN, T 7K TR Ko T i
Kex D K N, K
K/ext:2 }—;ta d:27p?7 K:SC:2 P.’C7 nO:27IZ, 5272 .
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Part Ill

Fronts and pulses in spatially
periodic systems
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5

Pinning in the extended
Lugiato-Lefever equation

This chapter is a reprint' of the published article [18] written by the author of the thesis in
collaboration with Dmitry Pelinovsky? and Wolfgang Reichel. The article was adapted to fit the

layout of this thesis. We thank Huanfa Peng for showing us how to derive our main equation (5.3)

from the two-mode pumping variant (5.2) of the LLE.

Abstract

We consider a variant of the Lugiato-Lefever equation (LLE), which is a nonlinear
Schrodinger equation on a one-dimensional torus with forcing and damping, to which
we add a first-order derivative term with a potential V' (x). The potential breaks the
translation invariance of LLE. Depending on the existence of zeroes of the effective
potential Vg, which is a suitably weighted and integrated version of V', we show
that stationary solutions from € = 0 can be continued locally into the range £ # 0.
Moreover, the extremal points of the e-continued solutions are located near zeros of
Ver. We therefore call this phenomenon pinning of stationary solutions. If we assume
additionally that the starting stationary solution at € = 0 is spectrally stable with the
simple zero eigenvalue due to translation invariance being the only eigenvalue on the
imaginary axis, we can prove asymptotic stability or instability of its e-continuation
depending on the sign of V; at the zero of Vg and the sign of . The variant of
the LLE arises in the description of optical frequency combs in a Kerr nonlinear ring-
shaped microresonator which is pumped by two different continuous monochromatic
light sources of different frequencies and different powers. Our analytical findings are
illustrated by numerical simulations.

2

Reprint with permission of the journal
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5 Pinning in the extended Lugiato-Lefever equation

5.1 Introduction

The Lugiato-Lefever equation [89] is the most commonly used model to describe electromagnetic
fields inside a resonant cavity that is pumped by a strong continuous laser source. Inside the
cavity the electromagnetic field propagates and suffers losses due to curvature and/or material
imperfections. Most importantly, the cavity consists of a Kerr-nonlinear material so that triggered
by modulation instability the field may experience a nonlinear interaction of the pumped and
resonantly enhanced modes of the cavity. Under appropriate driving conditions of the resonant
cavity and the laser, a stable Kerr-frequency comb may form in the cavity, which is a spatially
localized and spectrally broad waveform.

Since their discovery by the 2005 noble prize laureate Theodor Hénsch, frequency combs have
seen an enormously wide field of applications, e.g., in high capacity optical communications [92],
ultrafast optical ranging [143], optical frequency metrology [144], or spectroscopy [113, 156].
The Lugiato-Lefever equation (LLE) is an amplitude equation for the electromagnetic field inside
the cavity derived by means of the slowly varying envelope approximation.

In the following we assume that the cavity is a ring-shaped microresonator with normalized
perimeter 27. Using dimensionless quantities and writing u(z,t) = Y, o, ux(t)e'*® for the
slowly varying and 27-periodic amplitude of the electromagnetic field, the LLE in its original
form [89] reads as

i0,u = —do*u + (¢ —ip)u — |u*u +ifo, (z,t) € T xR, (5.1

where T is a circle of length 27r. Here d > 0 is the case of anomalous dispersion, whereas d < 0
refers to normal dispersion. The laser pump with frequency w,, has the power |fo|?> and the
detuning value ¢ represents the off-set between the pump frequency wy,, and the closest resonance
frequency wy of the resonator. Finally, the value ;z > 0 quantifies the damping coefficient.

More recently, novel pumping schemes have been discussed [140], where instead of one monochro-
matic laser pump one uses a dual laser pump with two different frequencies as a source term.
Using again dimensionless quantities the resulting equation is given by

i0u = —ddu + (¢ — ip)u — |u>u+ifo +ifelFre—t) (x,t) € T x R, (5.2)

cf. [56,58, 140] for a detailed derivation. In contrast to (5.1) there is now a second source term
with pump strength f; and k1 stands for the second pumped mode (the first pumped mode is again
ko = 0). This gives rise to two detuning variables ( = 2(wo — wp,), (1 = 2(wk, — wp,) and

they define v; = ( — (; + dk?. One of the main outcomes of [56] is that the stationary states of
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5.1 Introduction

(5.2) are far more localized than the stationary states of (5.1), and the best results can be achieved
when fo = f1 among all power distributions such that f& + f7 is kept constant.

However, there are cases where a power distribution |fo| > |f1| is more adequate in physical
experiments. In this case, it is shown in Appendix 5.6 that one can derive from (5.2) the perturbed
LLE in the form

i0yu = —do%u + iV (x)0pu + (¢ — ip)u — |ul*u +ifo, (x,t) € T xR, (5.3)

where in the physical context V(z) = wy — Qdk%% cos(x) and e = 1. However, if w; and
k3 f1/ fo are small, we will consider (5.3) as the perturbed LLE with ¢ € R being small and
V € CY([-m,7],R) being a generic periodic potential. Recall that (5.3) is already set in a
moving coordinate frame. In its stationary form the equation becomes

—du” +ieV (x)u + (¢ —ip)u — |ul*u+ify =0, z € T. (5.4)

The main questions addressed in this paper are the existence and stability of the stationary solution
of (5.3). Our main results, which are stated in detail in Section 5.2, can be summarized as follows:

e In Theorem 5.3 we prove existence of solutions of (5.4) for small € provided the effective
potential V. changes sign, where Vi is a weighted integrated version of the coefficient
function V.

e In Theorems 5.8 and 5.9 we prove stability/instability properties of the solution obtained
from Theorem 5.3 with the time evolution of (5.3).

* In Section 5.3 we illustrate the findings of our theorems by numerical simulations. The
numerical simulations show that the location of the intensity extremum of the e-continued
solutions does not change significantly for small . Therefore, we call this phenomenon
pinning of solutions at zeroes of the effective potential V.

Existence and bifurcation behavior of solutions of (5.1) have been studied quite well, cf. [54,
55,61,62,91,94,102, 105, 106] and their stability properties have been investigated in [8, 36,37,
67,69,70,111,137,141]. Analytical and numerical investigations of (5.2) have recently been
reported [9, 56, 58]. In contrast, we are not aware of any treatment of (5.3). However, a related
problem, where instead of iV (z)u’ a term of the form £V (x)u appears in the NLS equation,
has been quite well studied, cf. [2,50, 110]. In this case solutions are pinned near nondegenerate
critical points of Vg instead of the zeroes of Vg as in our case. A different kind of pinning at the
intensity maximum of an external forcing term occurs in [121].
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5 Pinning in the extended Lugiato-Lefever equation

5.2 Main results

In this section we present our main results regarding existence and stability of stationary solutions
of (5.3). Fore = (there is a plethora of non-trivial (non-constant) stationary solutions, cf. [54,91].
We start with such a solution under the assumption of its non-degeneracy according to the following
definition.

([-=m,7],C) of (5.4) for ¢ = 0 is called
non-degenerate if the kernel of the linearized operator

Definition 5.1. A non-constant solution u & ngr

Lup = —d¢" + (¢ —ip = 2lul*)p —u’@, ¢ € Hp([-7,7],C)

consists only of span{u’}.

Remark 5.2. Note that L, : Hp. (-7, 7],C) — L*([-n,7],C) is a compact perturbation of
the isomorphism —dd? + sign(d) : HZ, ([-m, 7], C) — L?([—m,x],C) and hence a Fredholm
operator. Notice also that span{u’} always belongs to the kernel of L, due to translation
invariance in x for ¢ = 0. Non-degeneracy means that except for the obvious candidate u’ (and

its real multiples) there is no other element in the kernel of L,,.

One can ask the question whether non-constant non-degenerate solutions at ¢ = 0 in Definition
5.1 may be continued into the regime of € # 0. In order to describe the continuation, we denote
such a solution by ug and its spatial translations by u,(x) := ug(x — o). The non-degeneracy
assumption implies that ker L,,, = span{u, }. Since the adjoint operator L} also has a one-
dimensional kernel there exists ¢ € H_. ([—m,m],C) such that ker L}, = span{¢}. Notice
that with ¢} (z) = ¢j(x — o) we find ker L; = span{¢} }.

Before stating our existence result, let us clarify the assumption on the potential V.

(A1) The potential V' : [—m, 7] — R,z — V() is a 2w-periodic, continuously differentiable
function.

The existence result is given by the following theorem.

Theorem 5.3. Let d € R\ {0}, fo,{ € R, u > 0 be fixed and assume that (Al) holds. Let
Sfurthermore ugy € ngr([—me(C) be a non-constant, non-degenerate solution of (5.4) for
e = 0. If og is a simple zero of the function

K

o Veg(o) = Re/ iV (x + o)uydh de (5.5)

—T
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5.2 Main results

then there exists a continuous curve (—e*,¢*) 3 ¢ — u(e) € Hp, ([—m, 7], C) consisting of

solutions of (5.4) with ||u(e) — uo(- — 00)|| g2 < Cle| for some constant C' > 0.

Remark 5.4. The value of o is determined from the existence of a unique solution v €

H..([=m,7], C) of the linear inhomogeneous equation

Ly, v = =iV (x)ug,

with the property thatv L2 u, . Fredholm’s condition shows that oy is a zero of Vg if and only
if this equation is uniquely solvable. Simplicity of the zero of Vg yields the result of Theorem 5.3.

Remark 5.5. The observation, that V¢ having a zero is a necessary condition for continuability
of solutions in the case where V' (x) = V; is constant occured in [12], where traveling solitons
with speed Vj were considered.

To investigate the stability of a stationary solution u we introduce the expansion
u(x) +v(z, t) = ui(x) + iug(z) + vi(x, t) + ive(x, t)

and substitute this into the perturbed LLE (5.3). After neglecting the quadratic and cubic terms in
v and separating real and imaginary parts we obtain the linearized system for v = (v, v3) which

reads as
o =1L, v
and the linearization has the form
Lye=JA, — I(—eV(2)d,) (5.6)

with

0 1 1 0

J = s I = 5
-1 0 0 1
4 —do2 + ¢ — (3u? +ud) —2uqusg
—2uus —d02 + ¢ — (u? + 3u3)

In the following we will often identify functions in C as vector-valued functions in R x R and
use the notation

. Uy 2
u=u +iug € C <+ u= c R°.

uz
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5 Pinning in the extended Lugiato-Lefever equation

We denote the spectrum of L, . in L2([—m, 7)) x L2([—m, 7]) by 0(L,..) and the resolvent set
of Ly, o by p(Luyc)-

For our stability results we require one additional spectral assumption on the non-degenerate
solution ug regarding the spectrum of L, o.

(A2) The eigenvalue 0 € o(L,, o) is algebraically simple and there exists £ > 0 such that

0(Luy0) C{z€C:Rez < —£}U{0}.

Remark 5.6. By Fredholm theory, the assumption of simplicity of the zero eigenvalue of Zuop is
equivalent to u), & range Ly, o = span{J¢g}+. It will be convenient to use the normalization
(uh, Jo5) 2 = |7 uf - Jy do = 1. We also note that

/u6~J¢)3dx:Re/ iuf gy da.

—T —T

Before stating the stability results, let us clarify that u(, and ¢f are linearly independent if 11 # 0
and the integrand of Vg is generically nonzero. We also clarify the parity of eigenfunctions in
ker L} and ker L,, if ug is even in x. This is used for many practical computations.

Lemma 5.7. Letuy € H I?er([—w, 7], C) be a non-constant, non-degenerate solution of (5.4) for

e = 0and p # 0. Then the following holds:
(i) uly and ¢} are linearly independent and Re iu)¢j # 0,

(ii) if ug is even then ¢ is odd.

Proof. Part(i): By using the decomposition (5.6) with u = ug and e = 0, the eigenvalue problems
Ly,up = 0and L}, ¢ = 0 are equivalent to

u/ U)/ * *
JAuO ( ?1> - Iu < ?1> ’ JAuO (d)(:l) - _‘lt <¢21> .
Up2 Up2 b2 P02
But since (uf;, u(y) and (¢, d5e) are eigenvectors to the different eigenvalues p and —pu of

J A,,, respectively, they are linearly independent. Moreover, the determinant of the matrix with
columns (uf;, up,)T and (¢35, #i2)T coincides with Reiuf¢j, and is not identically zero.
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5.2 Main results

Part (ii): By assumption we have that ker L,,, = span{uj} and u(, is an odd function. Let us
define the restriction of L,,, onto the odd functions

.72 2
L#  H, er,odd - Lper,odd7 Y= Lu050~

uo p

Then L7, is again an index 0 Fredholm operator with ker L# = span{uf}. Further we have
(L7 )* = (L;,)* where
(LZO)# : H[?er,odd — Lger,odd’ p = LZOQD

is the restriction of the adjoint onto the odd functions. But since 1 = dim ker(Lj;O)# =
dim ker L}, it follows that ker(L7, )# = ker L} and hence ¢ € H?., 44 s claimed. O

The stability results are given by the following two theorems. A stationary solution w of (5.4) is
called spectrally stable if Re(A) < 0 for all eigenvalues A of L,, .. It is called spectrally unstable
if there exists one eigenvalue A with Re(\) > 0.

Theorem 5.8. Let d € R\ {0}, fo,{ € R, > 0 be fixed, ug € Hp,([—m,7],C) be as in
Theorem 5.3, and assume that (Al) and (A2) hold. With oq being a simple zero of Vog as in

Theorem 5.3, we have

Vig(oo) = Re/ iV (2 + oo)updly de = (V'(- + oo)up, Jog) 12 # 0.
Then there exists ¢ € (0,e*] such that on the solution branch (—eg,e0) 2 € — u(e) €
HZ,([-m, 7], C) of (5.4) withu(0) = uc, the solutions u(e) are spectrally stable for Vi (oo )- >
0 and spectrally unstable for V(o) - € < 0.

In the next theorem we will show that spectral stability leads to nonlinear asymptotic stability
because ¢ # 0 breaks the translational symmetry. Thus, the zero eigenvalue of the linearisation
disappears and the asymptotic orbital stability result from [137] can be adapted and leads to a
slightly improved result.

Theorem 5.9. Letu(e) € H}, ([—m, 7], C) be a spectrally stable stationary solution of (5.3) for
a small value of ¢ # 0 as in Theorem 5.8. Then u(e) is asymptotically stable, i.e., there exist
n,0,C > 0 with the following properties. If ¢ € C((0,T), H,,,([—m,7],C)) is a solution of

(5.3) with maximal existence time T and

lle(-,0) — u(e)||m <6
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5 Pinning in the extended Lugiato-Lefever equation

thenT' = oo and

lo(t) = ue)llm < Ce™[le(-,0) — u(e)llz  forallt > 0.

Remark 5.10. Due to periodicity of Vg on T, simple zeros of Vg comes in pairs. By Theorems 5.8
and 5.9, one simple zero gives a solution branch consisting of asymptotically stable solutions
for any sign of €. Moreover, at the bifurcation point ¢ = 0 there is an exchange of stability, i.e.,
the zero eigenvalue crosses the imaginary axis with non zero speed.

Remark 5.11. In [37,67] the authors constructed spectrally stable solutions u of (5.4) fore =0
in the case of anomalous dispersion d > 0. These solutions satisfy the spectral condition
a(zu,o) C {—2u} U{Rez = —u} U {0} and are therefore non-degenerate starting solutions for
which our main results from Theorems 5.3, 5.8, and 5.9 hold. Moreover, in Section 5.3 we

provide examples of numerically computed solutions for which we checked (A2) numerically.

Remark 5.12. 1f u is a solution of (5.4) then the relation

/ (v'tu—@'u)de =0
holds. This constraint is satisfied by every even function u. In fact, the only solutions of equation
(5.4) for € = 0 that we are aware of are even around x = 0 (up to a shift).

Remark 5.13. Using Fourier-series expansions of the potential V' and the function Re(iuj¢g), we
can derive the Fourier expansion of the effective potential V.g. Assume that u( is a non-constant,
non-degenerate, even solution of (5.4) for ¢ = 0 and 1 # 0. Then, according to Lemma 5.7,
the function f := Re(iu()éé) is a non-constant, even, real-valued, periodic function and we can
write f(x) = >,y frel® with Fourier-coefficients satisfying fo=for= ﬁ for all k € Z.
Expanding V' (z) = >, Vie'*? a straightforward calculation shows

n

Ver(o) = Re/ iV (x + o)uydh doe = Z Vi fre'®e.
—7 kez

In particular, since not all fk,

k| > 1, vanish, we can choose V' as an average-zero trigonometric
polynomial such that Vg is also an average-zero non-trivial trigonometric polynomial, and thus
generally has simple zeroes.
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5.3 Numerical simulations

Remark 5.14. In the limit where v is highly localized around 0 (e.g. the limit d — 0%) and the
potential V' is wide, the effective potential V. is well approximated by the actual potential V.
More precisely we find the asymptotic

T T

Verr(o) = Re/ iV (x + o)uydy de ~ V(o) Re/ iuf g dr = V(o)
provided (iu(, ¢§) 2 = 1. Thus, the asymptotically stable branch bifurcates from a simple zero
oo of V with V/(O'o)E > 0.

Remark 5.15. The criterion for stability of stationary solutions in Theorem 5.8 can be written in a
more precise form for small 4 in the case of solitary waves. This limit is considered in Appendix
5.7.

To summarize, our main results show that nondegenerate solutions of (5.4) for ¢ = 0 can be
extended locally for small € # 0 provided the effective potential Vg has a sign-change. Depending
on the derivative of Vg at a simple zero we determined the stability properties of these solutions.
It remains an open problem to give a criterion on V or Vg for the existence/stability of stationary
solutions which applies when |¢] is large.

5.3 Numerical simulations

In the following we describe numerical simulations of solutions to (5.4). We choose fy = 2,
w=1,V(x) =0.140.5 cos(x) and d = +0.1. All computations are done with help of the Matlab
package pde2path (cf. [42, 146]) which has been designed to numerically treat continuation and
bifurcation in boundary value problems for systems of PDEs.

We begin with the description of the stationary solutions of the LLE (5.1), which are the same
as the solutions of (5.4) for ¢ = 0. The corresponding results are mainly taken from [54,91].
There is a curve of trivial, spatially constant solutions, cf. black line in Figure 5.1, and this is
the same curve for anomalous dispersion (d = 0.1) and normal dispersion (d = —0.1). Next one
finds that there are finitely many bifurcation points on the curve of trivial solutions (blue dots).
Depending on the sign of the dispersion parameter d one can find now the branches of the single
solitons on the periodic domain T. In the following descriptions we always follow the path of
trivial solutions by starting from negative values of (.

For d = 0.1 (left panel in Figure 5.1) along the trivial branch there is a last bifurcation point which
gives rise to a single bright soliton branch (red line). This branch has a turning point, at which the
solutions change from unstable (dashed) to stable (solid), and after the turning point it tends back
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Figure 5.1: Bifurcation diagram for the case ¢ = 0. Blue dots indicate bifurcation points on the line of trivial solutions
(black). The red curve denotes the single soliton solution branch. The point BP is chosen as a starting point
for Theorem 5.3. Further solutions on the same branch for the same value of ¢ are denoted by C (left panel)
and A, C (right panel). Left panel for d = 0.1, right panel for d = —0.1.

towards the trivial branch. Thus, the red line in the left panel of Figure 5.1 represents two different
but almost identical curves, which can be seen in the enlarged inset. We have chosen a solution at
the point B P on the stable branch as a starting point for the illustration of Theorems 5.3 and 5.8.

In the case where d = —0.1 (right panel in Figure 5.1) along the trivial branch there is a first
bifurcation point from which a single dark soliton branch (red line) bifurcates. Near the second
turning point of this branch the most localized single solitons live and we have chosen a stable
dark soliton solution at the point B P as a starting point for the illustration of Theorems 5.3 and
5.8.

Next we explain the global picture in Figure 5.2 of the continuation in € of the chosen point BPs
from the ¢ = 0 case in Figure 5.1. The local picture is covered by Theorem 5.3. First we note
the following symmetry: since V' (z) is even around x = 0 we find that (u(z), €) solves (5.4) if
and only if (u(—x), —¢) satisfies (5.4). Since reflecting u does not affect the L%-norm we see for
€ > 0 an exact mirror image of the one for ¢ < 0.

Next we observe that continuation curves in € appear to be unbounded for d = 0.1 (upper left
panel of Figure 5.2) and closed and bounded for d = —0.1 (lower left panel of Figure 5.2). In
our example the map o — Veg(0) == Re [7 iV (z + o)uhdy dx has two zeroes in the periodic
domain T denoted by o and 1. Since moreover ug is even and consequently uy, ¢ are odd
we see that the effective potential Vg is also even and hence 0y = —o;. Thus, continuation in £
works for the starting point ug(- — o) (blue curve) and ug(- + o) (green curve) with oy < 0.
As predicted from Theorem 5.8 locally on one side of ¢ = 0 we have stable and on the other side
unstable solutions. On the top and bottom right panels of Figure 5.2 we see the graph of |u|?

for several solutions on the continuation diagram. The top left panel and the bottom left panel

112



5.3 Numerical simulations
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Figure 5.2: Continuation diagrams w.r.t € with stability regions (solid = stable; dashed = unstable) and solutions at
designated points. The two different zeroes of V. give rise to two different continuation curves (blue and
green). Top panels: d = 0.1, { = 3.7. Bottom panels: d = —0.1, ¢ = 4.5 with zoom (middle panel) of
the continuation curve near the starting point.

indicate that the e-continuation curves meet all other nontrivial points (C for d = 0.1 and A, C
for d = —0.1) at e = 0 from Figure 5.1.

In Figure 5.3 we show the starting solutions uo (2 — o) and ug(z — o7 ) together with the potential
V(x). Here the zeroes o9 < 0 < o7 of the effective potential Vg are shown as blue and green
dots and we already observed ogp = —o due to the evenness of both V' and V.. Since ug is
sufficiently strongly localized the zeroes of V. are well approximated by the zeroes of V' and the
starting solutions are thus centered near the zeroes of V. Therefore, by applying Remark 5.14,
we see that slope of V' at the center of the soliton being positive in the blue bifurcation point
indicates that the e-continuation will be stable for ¢ > 0 and unstable for ¢ < 0. The stability
behavior is exactly opposite for the green bifurcation point. The stability considerations are valid
both ford = 0.1 and d = —0.1.

Finally, let us illustrate the spectral stability properties of the e-continuations in Figure 5.4. For
€ = 0 we see in the left panel the spectrum of the linearization around o with most of spectrum
having real part —1 due to damping ;+ = 1 and further spectrum in the left half plane together
with the zero eigenvalue caused by shift-invariance. Now we consider how the critical eigenvalue
behaves when ¢ varies. We do this for the case where the starting soliton sits at a zero of Vg with
positive slope, cf. blue bifurcation point in Figure 5.3. As predicted, the critical eigenvalue moves
into the complex left half plane for £ > 0 rendering the e-continuations stable. Since the starting
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5 Pinning in the extended Lugiato-Lefever equation

Figure 5.3: Top row: d = 0.1, bottom row: d = —0.1. Left panels: starting solutions ug(x — og) together with V' ()
and negative zero og of Vg (blue dot). Stability for ¢ > 0, instability for ¢ < 0. Right panels: starting
solutions ug(z + og) together with V'(z) and positive zero o1 = —og of Ve (green dot). Stability for
€ < 0, instability for ¢ > 0.

solitons are sufficiently localized —V”(oy) predicts well the slope of the critical eigenvalue, cf.
Lemma 5.18 and Remark 5.14.

5.4 Proof of the existence result

Theorem 5.3 will be proved via Lyapunov-Schmidt reduction and the Implicit Function Theorem.
Fix the values of d, ¢,y and fy. Let ug € H2 ([, 7], C) be a non-degenerate solution of (5.4)

per
for & = 0 and recall that for o € R its shifted copy u, (x) := ug(x — o) is also a solution of (5.4)

fore = 0.

Proof of Theorem 5.3: We seek solutions u of (5.4) of the form
u=us+v, (vuy)2=0, veH (- n],C).

Inserting it into (5.4) we obtain the following equation for the correction term v:

Ly,v+ieV(u, +v') = N(v,0) =0, (v,ul)p2=0, (5.7)
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50 : 0.05
: —Xo(e)
: -—V'(o9)e
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Figure 5.4: Top: d = 0.1, bottom: d = —0.1. Left: spectrum for £ = 0. Right: critical eigenvalue Ao (&) together with
—V'(o0)e as functions of £.

with nonlinearity given by
N(v,0) = tsv? + 2uq|v|* + |v]?v.

The nonlinearity is a sum of quadratic and cubic terms in v. Since ngr is a Banach algebra, it is
clear that for every R > 0, there exists C'r > 0 such that

IN(v,0)|l> < Crllvl2, forevery ve HZ, : |lvflg> < R. (5.8)
Moreover, since V' € L it follows that
lieV (a +)llz2 < [ellIV o llto + o] 1=
Next we solve (5.7) according to the Lyapunov-Schmidt reduction method. Define the orthogonal

projections
P,:L? = span{u.} C L?, Q. :L* — span{¢:}+ C L?
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5 Pinning in the extended Lugiato-Lefever equation

onto ker L,,, and (ker L} )+ = span{¢}}+ = range L, , respectively. Then (5.7) can be
decomposed into a non-singular and singular equation

Qo (L, (I — Py)v+ieV(ul, +v") — N(v,0)) =0, (5.9)
(ieVul , %) 2 + (ieVo' — N(v,0),¢%) 2 = 0, (5.10)
(0,0l ) 2 = 0. (5.11)

Notice that the linear part Q, L., (I — P, ) in (5.9) is invertible between the o-dependent subspaces
(ker L, )* and range L, . Therefore, the Implicit Function Theorem cannot be applied directly
to solve (5.9). However, (5.9) together with the orthogonality condition (5.11) are equivalent to
F(v,e,0) = 0 with

F(v,e,0) = Qo (Lu, (I — Py)v +ieV(u, + ') — N(v,0)) + ¢5 (v, ug) 12

and F' : H2, ([-7,7],C) x RxR — L?([—n, 7], C). Here the added term ¢ (v, u,) 1.2 enforces

per

v L u/. For any fixed oy € R we have F'(0,0,00) = 0. Since

DyF(0,0,00)¢ = Lu,, ¢ + &%, (0, Uy, ) 2

is an isomorphism from szer to L2, we can apply the Implicit Function Theorem which gives the

existence of a smooth function v = v(e, o) solving the problem F(v(e,0),e,0) = 0 for (g, 0)
in a neighborhood of (0, o). Moreover from the definition of F' we see that F'(0,0,0) = 0 so
that v(0, o) = 0 which implies the bound

v(e, 0)||a2 < Clel, (5.12)

for (g,0) close to (0,00). As a consequence, |[v(e,0)||z2 < Cle|, where v/(g, o) denotes the
derivative of v with respect to x. Inserting v(e, o) into the singular equation (5.10) we end up
with with the 2-dimensional problem

fle,0) = ({eVu,,¢5) 2 + (ieV'(e,0) — N(v(e,0),0), %) 2 = 0.
To find non-trivial solutions let us define the C'*-function

N JeTtfle0), e#0,
fle,o) = {85]“(0,0)7 e=0.
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By (5.8), (5.12) and by our assumption on the effective potential V4 there exists oy € R such that

T

f(O,Uo) = (iVu,,, o502 = Re/ iV(x)u;Oézodx = Ve(og) =0

—T

and

95 £(0,00) = 0o (VU 03) 12| gy = O Re/ iV (x)ul ¢k dx = Vi(oo) # 0.

—1T

o=0(

Hence the Implicit Function Theorem can be applied to the problem f (e,0) = 0 and yields a
curve of unique non-trivial solutions o = () to the singular equation f(e,0) = 0 such that
o(0) = op. Finally we conclude that u(e) = ug(- — o(g)) + v(e,0(e)) solves (5.4) for small
E. O

5.5 Proof of the stability result

In this section we will find the condition when the stationary solutions obtained in Theorem 5.3
as a continuation of a stable solution ug of the LLE (5.1) are spectrally stable against co-periodic
perturbations in the perturbed LLE (5.3). Moreover, we prove the nonlinear asymptotic stability
of stationary spectrally stable solutions.

5.5.1 Preliminary notes

For our stability analysis we consider (5.3) as a 2 dimensional system by decomposing the function
u = uy + iue into real and imaginary part. This leads us to the system of dynamical equations

{ Opuy = —dd2ug + eV (2)0pur + Cug — puy — (U3 + u3)ug + fo, (5.13)

Opug = dO%uy + eV (2)0puz — Cug — pug + (u? + ud)uq,

equipped with the 2m-periodic boundary condition on R. The spectral problem associated to the
nonlinear system (5.13) can be written as

zu)sv:)\v, AeC, wveH?

per

([-m,7],C) x H2, ([-,7],C)

per

and the linearized operator Zu’g is given by (5.6). Note that the operator A,, in the decomposition
(5.6) is self-adjoint on L?([—, 7], C) x L?([—, 7], C) and L, . is an index 0 Fredholm operator.
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5 Pinning in the extended Lugiato-Lefever equation

Moreover we see that if ug is a non-degenerate solution of (5.4) for ¢ = 0 then the following
relations for the linearized operators are true:

ker Euo,o = span{ug}, ker L* o = span{Jy},

uo,

where the vectors u(, = (ug;, u(,) and ¢ = (@f, @) are obtained from uf, = ug, + iuj, and
o5 = 51 + G, We recall that (uy, J¢f) 2 = 1 due to normalization, cf. Remark 5.6.

Finally we observe that since the embedding

ngr([_ﬂ-v ﬂ']a C) x ngr([_ﬂ-a 77]7 (C) — L2([—7T, 77]7 (C) X L2([_7Ta ﬂ-]a C)
is compact, the linearization has compact resolvents and thus the spectrum of Zu,g consists of
isolated eigenvalues with finite multiplicity where the only possible accumulation point is at co.
In the following we will use the spaces

2 _. 1 _. 2 _.

Hper([—’]T77T],C) =: X, Hper([—ﬂ,ﬂL(C) =Y, L*(-mn],C)=:Z
Both the proof of Theorem 5.8 and Theorem 5.9 rely on the next lemma for the linearized
operator L,(.) . where u(e) lies on the solution branch of Theorem 5.3 and || is small. The
lemma gives spectral bounds for eigenvalues with large imaginary part together with a uniform
resolvent estimate. The proof is presented in Section 5.5.4.

Lemma 5.16. Denote Ay+ := {\ € C: Re(\) > 0,|Im(\)| > \*}. Given g1 > 0 sufficiently
small there exists \* > 0 such that we have the uniform resolvent bound

sup |[|(AM — Zu(e),8)71”L2~>L2 < o0
AEA

foralle € [—£1,¢21].

Remark 5.17. The uniformity of the resolvent estimate on the imaginary axis allows to sharpen the
above result as follows. If we define S as the supremum from Lemma 5.16 and let 0 < § < 1/5
then the estimate
Sup H()‘I - Zu(s),s>_1||L2—>L2 < o0
AEANs—§
holds. This follows from taking inverses in the identity

(A—0— Eu(s),e) =(A— Eu(e)ﬁ)(l — (A - zu(E)sE)_l)'
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5.5 Proof of the stability result

5.5.2 Proof of Theorem 5.8

For A € C we study the spectral problem
Lyov = M. (5.14)
Since (5.4) has the translational symmetry in the case that ¢ = 0 we find

Luﬁou/ =0.

For € # 0, this symmetry is broken, and the zero eigenvalue is expected to move either into the
stable or unstable half-plane. In our stability analysis, it is therefore important to understand how
the critical zero eigenvalue behaves along the bifurcating solution branch given by (—¢*,*) >
e — u(e) € X with u(0) = u,,, where o is a simple zero of Vg as in Theorem 5.3. For
the following calculations we will identify the C-valued function u(g) : T — C with the R?
vector-valued function u(¢) : T — R? and, understanding that the set of R? valued functions is
a subset of the set of C? valued functions, write this as u(¢) € X x X.

We start with the tracking of the simple critical zero eigenvalue and set up the equation for the
perturbed eigenvalue \g = A\ (&) which reads

Lu(a),e’u(s) = Ao (E)’U(E).

After a possible re-scaling we find that v(0) = u,, and using regular perturbation theory for
simple eigenvalues, cf. [83] Proposition 1.7.2, the mapping (—c*,£*) 2 £ +— Ao(e) € R is
continuously differentiable. Our first goal is to derive a formula for Aj(0). If A\{(0) > O this
means that the solutions u(e) for € > 0 are spectrally unstable. In contrast, if A((0) < 0, the
solutions u(e) for € > 0 are spectrally stable.

Lemma 5.18. Let ¢ — \o(c) be the C' parametrization of the perturbed zero eigenvalue. Then
the following formula holds true:

Ap(0) = —/ V’(x)uf,o - J ¢, dx.

—T

Proof. On the one hand, if we differentiate the equation

Lu(s),ev(g) =Xo (s)v(e).
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5 Pinning in the extended Lugiato-Lefever equation

with respect to € and evaluate at ¢ = 0 we find

L, 00-0(0) — INul, + V(z)ult, = Np(0)ul,, (5.15)
where NN, is given by
N —9 <3u0018€u1 (0) + UJOQaEUQ(O) u0018€u2(0) + u0028€u1(0) >
Uo-olaguz (O) + uaogagul(O) ugolagul(O) + 3u00205uz (O)
On the other hand, if we differentiate (5.4) with respect to € at ¢ = 0, then we obtain
EUUO,OGEU(O) + V(x)u, = 0.
If we differentiate this equation with respect to « we find
L,y 00-4(0) + V(@)ult, + V'(x)ul, — Nl = 0. (5.16)

Combining (5.15) and (5.16) yields

Lu,, 0[0-v(0) — 0/ (0)] — V' (2)ul,, = Xy(0)u,

and testing this equation with J¢}, =€ ker EZGO (0 We obtain

s

- V/(.T)U/UO : J¢Zod$ = _<V/(x)uir07 J¢ZU>L2 = )\6(0)<u/0‘07 J¢ZU>L2 = >‘6(0)

—T

which finishes the proof. U

By Lemma 5.18 we can control the critical part of the spectrum close to the origin along the
bifurcating solution branch. In fact, using standard perturbation theory, cf. [80], we know that all
the eigenvalues of Eu(s),s depend continuously on the parameter . However, this dependence is
in general not uniform w.r.t. all eigenvalues, so we have to make sure that no unstable spectrum
occurs far from the origin. At this point, it is worth mentioning that we have an a-priori bound on
the spectrum of the form

N = A(ule),e) >0: A€ o(Lye),) = Re(N) < ..

This bound follows from the Hille-Yoshida Theorem since fu(s),s generates a Cp-semigroup on
Z x Z, cf. Lemma 5.19 below. It can also be shown directly by testing the eigenvalue problem
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5.5 Proof of the stability result

with the corresponding eigenfunction and integration by parts. As a conclusion, spectral stability
holds if we can prove that there exists A* > 0 such that

A eC:0<Re(N) < A, [Im(A)] > X} C p(Ly(e).)-

This relation is shown as part of Lemma 5.16 and it is extended to the left of the origin by the
subsequent Remark 5.17. Since in any rectangle {\ € C : =M < Re(\) < A, | Im(A)| < A*}
there are only finitely many eigenvalues of EU(EN and they depend (uniformly) continuoulsy on
€, our assumption (A2) on Zuo,o shows that none of these eigenvalues (except possibly the critical
one) can move into the right half plane if |¢| is small. Therefore, only the movement of the critical
eigenvalue determines the spectral stability and therefore Theorem 5.8 is true.

5.5.3 Proof of Theorem 5.9

In order to prove nonlinear asymptotic stability of stationary solutions of (5.13) it is enough to
show exponential stability of the semigroup of the linearization in Y x Y, see e.g. [27]. For the
proof of Theorem 5.9 we will show the following three steps:

(i) Prove that fu(s)’g is the generator of a Cy-semigroup on Z X Z.
(ii) Show exponential decay of (ezu(emt)tzo inZ x Z.
(iii) Show exponential decay of (efu@)vet)tzo inY xY.

For step (i), we establish the generator properties of the linearization in Z x Z.
Lemma 5.19. The operator Eu(a)ﬁ generates a Cy-semigroup on Z X Z.

Proof. We split the operator into
Zu(s),e =1Ly + Ls + L3,

where L1 : X X X - Z X Z, Lo Y XY = ZxZ,and L3 : Z x Z — Z x Z are defined by
—do! —
L $1 — Po — K1 ’
P2 dpy — w2

£
Lap = V(@) ~ S|V,
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5 Pinning in the extended Lugiato-Lefever equation

Ls [ 71) = BNVl = 2u1us ¢ = (uf + 3u3) ©1
72 *C+3u% +u§ l%‘”V/HLoc + 2uqus P2

We will show that

and

(i) L, generates a contraction semigroup.
(i1) Lo is dissipative and bounded relative to L.

(iii) Ls is a bounded operator on Z x Z.

By using the semigroup theory, this will prove that the sum L; + Lo + L3 is the generator of a
Cy-semigroup on Z X Z.

Part (i): It follows that Re(L1p, ¢) 2 = —pllp[[2, < 0 for every ¢ € X x X, and A — L;
is invertible for every A > 0 which can be seen using Fourier transform. By the Lumer-Phillips
Theorem we find that 1.y generates a contraction semigroup on Z X Z.

Part (ii): We have to show that
VoeY xY: Re(lap, )2 <0

and
Ya > 0, b >0: HL2§0||L2 < CLHLl(p”LQ + b”(p”LQ VQO e X xX.

Let ¢ = (p1,p2) € Y x Y and observe that integration by parts yields

Re [~ V@)@ +oha) = IVl
T o€ €
= [ —Sv@ler - Elwiilerar <o

which shows that Ls is dissipative. Further, if ¢ € X x X, then for every a > 0 we have

g
leve' — vl

el

< [ellVlizelielles + SNV =l 2

le] le]
< lelallVlze< ll"]| 2 +fHV||L H‘PHL +*||V/||L°°||4P||L2

< lela ap
IVIlz= L1l L2 + ] at IVilp~ + §IIV’IIL°° el 2

=
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where we used the inequality

1
Ve e X XX, Ya>0: [@llie < allg” s + - llele

Hence, by the dissipative perturbation theorem, cf. Chapter III, Theorem 2.7 in [44], for generators
the operator L; + Ly : X X X — Z X Z generates a contraction semigroup.

Part (iii): It follows that L3 is bounded on Z x Z. Then the bounded perturbation theorem for
generators, cf. Chapter III, Theorem 1.3 in [44], yields that Lu(5)7 . = L1 + Lo + L3 generates a
Cy-semigroup on Z x Z as desired. O

Remark 5.20. Using similar arguments, one can show that Zu(g),g is the generator of a Cjy-
semigroupon Y x Y.

For step (ii), we use a characterization of exponential decay of semigroups in Hilbert spaces
known as the Gearhart-Greiner-Priiss Theorem, cf. Chapter V, Theorem 1.11 in [44].

Theorem 5.21 (Gearhart-Greiner-Priiss Theorem). Let L be the generator of a Cy-semigroup
(eL?) ;>0 on a complex Hilbert space H. Then (eXt),> is exponentially stable in H if and only if

{ANeC:Re(\) >0} Cp(L) and sup |[|[(M — L) M gou < oo.
ReA>0

By the assumption of Theorem 5.9, spectral stability of the solution u(e) is guaranteed and we are
left with the proof of the uniform resolvent estimate on {\ € C : Re(A) > 0}. Using Lemma 5.16,
we find A* >> 1 such that (A — Zu(s)’e)_l is uniformly bounded on the set A\~ for sufficiently
small €. Moreover, since Zu( ¢), is the generator of a Cp-semigroup on the state-space Z X Z, the
Hille-Yosida Theorem ensures a uniform bound of the resolvent on {A € C : Re(\) > A, } for
some constant A, > 0. From the fact that A — (Al — Eu(e),ﬁ)—l is a meromorphic function with
nopolesin {\ € C: Re(A) > 0}, the resolvent is uniformly bounded on compact subsets of C in
{A € C: Re(A) > 0}. Thus, we can conclude that Eu(a)ﬁ satisfies the Gearhart-Greiner-Priiss

resolvent bound and exponential stability in Z x Z follows.

Finally, for step (iii), we will interpolate the decay estimate between the spaces Z x Z and X x X.
To do so, we have to establish bounds in X x X which is done the next lemma. The interpolation
argument is then in the spirit of Lemma 5 in [137] and will also lead to decay estimates in the

more general interpolation spaces Hp,, x Hp,, for s € [0,2].
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Lemma 5.22. For any s € [0,2] and sufficiently small € the semigroup (eF=1<%);>q has

exponential decay in H,,([-m,7|,C) x Hy,,([-7,7],C), i.e., there exist Cs > 0 such that

||eL“<€>vEt||H3HHS < Cye™ M fort >0,

where —n < 0 is the previously established growth bound of the semigroup in Z X Z.

Proof. We consider only the case d > 0, since the other case can be shown by rewriting JA,, as
—J(—A,) and using the same arguments as presented below. If d > 0, the operator A, (o) + vI
is positive and self-adjoint provided v > 0 is sufficiently large. Hence, for z € C we can define
the complex powers by

(Aye) +7I)*v = / N dE\v, forv € dom(A,u(e)+~I)?,
0
with domain given by
(o)
dom (A + 1) = {v €ZxZ: |(Aue +I)7v|7 = / NRezZgI Byvl|2. < oo}
0

and where F for A € R is the family of self-adjoint spectral projections associated to A,y +1.
Note that for 6 € [0, 1] the relation
dom(Au(E) + ’YI)G = HQG([fTra TFL (C) X H20([77T7 W]a C)

per per

is true, cf. [90] Theorem 4.36, and further for any r € R the operator (A, + v/ )I™ is unitary
on Z x Z. If @ = 0,1 we will show that there exists Cy > 0 such that

Vre R, VE>0,Vve X x X : ||(Au(5) + ’7[)0+ireLu(E)»ft'vHL2 < Coe_ntH’UHHze,
which implies

VreR,Vt>0,V0 €(0,1), Vv e X x X :

1(Augey + D)7 ebv@to 2 < C5Cle™ " v 2o,
by complex interpolation, cf. [90] Theorem 2.7. In particular, we see that

llefur et || oy s < CyCie™
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which is precisely our claim. The estimate for § = 0 has already been shown in the preceding
discussion, so it remains to check the estimate for § = 1. Let v € X x X and observe that

1(Auge) + D) el uo et 12
= [[(Ayey +1)e Luco).c ol L2
— |Tuey e + Ty + (i — eV (2)3,)Jebve =t | 2
< leFe@=* Dy cv]l 12 + ClleP @t 2 + [e] [ V]| oo | Bpel e =40 2
< 0| Lyey cvll 12 + Ce vl 12 + [e][ V]| oo e <ol i
< Ce™ vz + [e]C el <t

which yields |[(Ay ) + 1) e Luey.e to||p2 < Ce "||v| g2 if € is sufficiently small because
of the norm equivalence ||v|| g2 ~ |[(Ay) +vI)v] L2 O

In particular Lemma 5.22 establishes exponential stability of the linearization in Y x Y, thus we
have proved Theorem 5.9.

5.5.4 Proof of Lemma 5.16

The uniform resolvent estimate is proved if we can find a constant C' > 0 independent of A € A~
such that
Vo e X x X i M - Ly ellie > Cllellse. (5.17)

In order to simplify the situation, let us introduce the rotation on Z x Z as follows:

R o1\ [ cos® sind 01

P2 . —sinf cos6 V2
with spatially varying angular 6(z) = = [*_ — Voldy where V, = = [ Vy)dy is
the mean of the potential V. Slnce R is an 1sometry on Z x Z the resolvent estimate (5.17) 1s

equivalent to
Vo e X X X1 |(AM—=RLye) R epllre > Cllellre,

where we note that a(fu(s)@) = U(Rfu(s)ysR_l). The advantage of considering the operator
RL, E),ER*I becomes clear if we calculate

REU(E)J:‘Ril = JAu(E),s,V - I(,U - 5V08z)
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where the operator flu(s)ﬁy given by
. —dc‘)ﬁ + W Wy + Wy
Au(s),s,V = 9
Wy —Wy  —dO; + Ws
with potentials

W1 = ¢ + cos? QU + 2 cos 0 sin §Uy + sin? OUs + do'> — <0’V
Wa = (cos? 0 — sin? )Us + cos O sin §(Us — Uy),

Wy = ¢ + sin® U, — 2 cos 0 sin OUs + cos? 0Us + d6'> — 0"V,
W, =db",

and functions
Ui = —(3ui(e) +u(e)), Uy = —2uy(e)ua(e), Us = —(ui(e) + 3u(e)).

Clearly, the first order derivative is now multiplied by a constant instead of a spatially varying
potential which will be used in the following calculations. We also note that the functions
W; € X, 1 = 1,2,3 depend upon the solution v and the potential V' whereas W, € X only
depends upon the potential V. For the proof of the resolvent estimate we use techniques presented
in [137], where the authors construct resolvents for the unperturbed LLE (5.1).

We need the following proposition, which is Lemma 4 in [137].

Proposition 5.23. Let d # 0 and . > 0. Then there exists \* > 0 depending on d and p with
the property that for all w > \* there is at most one ko = ko(w, 1) € N such that

w > |d?kg 4 p? — W
For all other k € 7\ {£ko(w, 1)} we have
|2kt 4 p? — W?| > %0 max{d?k?,w}>/2.
Moreover, we find ko(w, 1) = O(w'/?) as w — co.

Now we can start to construct and bound the resolvent. By the Hille-Yoshida Theorem, a uniform
resolvent estimate holds whenever Re A is sufficiently large. It therefore remains to consider
A =0+ iw € Ay- for some A\* > 0 and 6 > 0 on a compact set. Since J replaces p in
A — fu(s) - by p+ ¢ and the estimates of Proposition 5.23 holds for any 1 > 0 on a compact set,
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it sufficies to prove the uniform estimates for 6 = 0. For now, we do not specify the value of \*,
since this will be done a posteriori. More precisely, we will choose A* such that the conditions
(5.20),(5.21),(5.22),(5.28), which we derive below, are all satisfied. We can restrict to the case
w > A, since the proof for w < —A* follows from symmetries of the spectral problem under
complex conjugation. For v € X x X we define

(M ~RL,) R o=9pcZxZ (5.18)

and show that there exist bounded operators 77 and 75 on Z x Z depending on A with norms
satisfying || 71 || 22 = O(w™"/?) and ||T5|| 12—, 12 = O(1) as w — oo such that (5.18) implies

(I+T))v="Tx. (5.19)
If \* is sufficiently large such that
y 1
Yw Z A" HT1||L2—>L2 S 5 (520)

we then deduce that I 4 7T} is a small perturbation of the identity, and hence invertible with norm
uniformly bounded in A which is our claim. Therefore, it remains to show (5.19). We introduce
the matrix-valued potential

W, Wy + W,
W 1 2+ Wy
Wy — Wy Ws

in order to write
M — RLyo) R™' = iwl — J(=dd? + W) + I(1u — £Vpd,.).

Now, let A = Al — RL,(;).R™" + JW and observe that Av(z) = 3, ., AxOre* with
v(x) = Y, cz Oxe'™ and Fourier multiplier

i —dk? —ieVok 0
Ap = Al 4 A2 = w—+ n ieVp A .
dk?  iw+p 0 —ieVpk

The inverse of A}, is given by

(At = L (T K
det(A}) \ —dk? w+p
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5 Pinning in the extended Lugiato-Lefever equation

and by Proposition 5.23 there exists at most one ko = ko (w, ) € N such that
w > |d?kg + p? — W? (5.21)
and
det(AL)| > |d2k* + p? — W?| > % max{d?k? w}*/? for all k # +kq (5.22)

provided that \* is sufficiently large. Thus A} is invertible with bound [[(A}L)™!c2x2 <
C/max{w'/?, |k|} for all k # +ky. Using again Proposition 5.23, we have the asymptotic
ko = ko(w) = O(w'/?) as w — oo. Consequently, if |¢| is sufficiently small, then A, =
AL(T + (AL)7YA2), k # tko, is also invertible with the bound ||(Ay,) ™! {|c2x2 = O(w™'/?) as
w — oo. Next, for the above ky € N, we introduce the orthogonal projections P, @, Q1, Q> :
Z X Z — Z x Z as follows:

Q1v = By, Qov = v_p e ko0
and
Q=0Q1+Q2, P=1-0Q.
This allows us to decompose (5.18) as follows:
PAPv— PJWwv = P, (5.23)
QAQU — QJJWwv = Q1. (5.24)

From the preceding arguments we find
[(PAP) Y\ pr2espre = O(w /) asw — oo
which implies that (5.23) is equivalent to
Pv— (PAP) 'PJWwv = (PAP) ' P4 (5.25)
with bound ||(PAP) ' PJW ||p2y12 = O(w™/?) asw — oo.
Next we investigate (5.24) which we decompose a second time to find

QlAQl’U — Q1JWQ1'U — Q1JWQ2’U — Q1JWPU = Ql’l/J, (526)
Q2AQ2v — Q2JWQ1v — Q2JWQav — Q2 JW Pv = Q2. (5.27)
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5.5 Proof of the stability result

Both equations can be handled similarly and thus we focus on the first one. Using (5.25) we can
write (5.26) as

[(Q1AQ1—Q1IWQ1]v—Q1IWQav—Q1JW (PAP) ' PIJWv = Q1 JW (PAP) ™ '9+Q11p.

The operator B := Q1 AQ1 — Q1 JW Q) acts like a Fourier-multiplier on range ()1 with matrix

B — (i(w — Voko) + 1 — (Wa)o + (Wa)o —dk§ — (W3)o )
ko = N ) R . .
dk% + (Wl)o 1(w — EVoko) +u+ (Wz)o + (W4)0

and we observe that
|det(By,)| > | Tmdet(By, )| = 2|lw — eVoko| | + (W4)0| ~ W
since ko = O(w'/?). This means that we find \* > 1 such that
Yw > A\*: By, is invertible with ||B]:01||(C2><2 =0(1) asw — o0, (5.28)
and thus the same holds for the operator B. Inverting B yields
Qv — B Q1 JW Qs + Qi JW(PAP) *PJW]v = B~'Q1JW (PAP) ' Py + B~ 'Q1%

and since we have W, € Y for¢ = 1, 2, 3,4 we can exploit decay of the Fourier-coefficients

- C
[(Wi)k| < e forallk € Z

to bound Q1 JWQov = (JW)gkoﬁ,koeikO('):
1Q1IW Q2|12 12 = O(ko(w, ) 1) = O(w™*/?) as w — oo.
Finally from the bounds of the first part we infer that

1Q1JW (PAP) *PIW||12_y12 = O(w™/?) as w — oo,
JW (PAP) Y1212 = O(w™Y?) asw — oo
Q1 JW( ) sz ( )

and as a conclusion we arrive at (5.19) which is all we had to prove.

129



5 Pinning in the extended Lugiato-Lefever equation

5.6 A: Derivation of the perturbed LLE

The following is a derivation of the perturbed LLE (5.3) from the dual laser pump equation (5.2).
We start by taking a solution u = u(x, t) of (5.2). Jumping in a moving coordinate system we set
t(x,t) = u(kix — v1t,t) and find that @ satisfies

10y — i1 O¢ti = —dkFOZ0 + (—ip + Q)i — |a]*a@ + ifo + ifie’, (5.29)

where ¢ := kjx — v1t. Next, using the approximation arctan s ~ s for |s| small, we find for
| fo| > |f1| that

f1sinég

fo+ frel = \/fo +2foficos€ + fle' TN BT e s foe! iy sin€

Inserting this into (5.29) we find that approximately the following equation holds for @
(1
18tﬁ — il/lagﬂ = —dk%@gﬂ + (—I/J + C) "EL| U + lf e To Slnf (530)

sin &

This suggests to set (&, t) = w(&, t)e’ % so that w solves

i0yw = — dk%@?w + (iul — iQdkz%% cos f) Ocw
0
f

2
+ (—iu +¢ —ul%cosf + dk;ff—l2 cos? & + idk’QE smf)w — |w|?w + ifo.
0

=:a(£)

Using | f1| < | fo| we see that the term «(&) is much smaller than —igp + ¢ for physically relevant
(normalized) values of ;x = O(1) and ¢ between O(1) and O(10). Neglecting a(§) we arrive at

0w = —dk%@?w—i—i( 2dk1; cos &) Oew + (—ip + Qw — |wlw + ifo
0

=:V(§)

which is our target equation (5.3) in the case ¢ = 1 and with d replaced by dk?.
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5.7 B: Stability criterion for solitary waves in the limit of small

5.7 B: Stability criterion for solitary waves in the
limit of small 1

The stability criterion of Theorem 5.8 becomes more explicit in the limit y — 04 for solitary
waves on R for the focusing case d > 0. We thus consider the stationary LLE in the form:

—du” + (¢ —ip)u — |ul?u+iufo = 0, z €R. (5.31)

Here both the pumping term iz fy and the dissipative term —igu are small and of equal order in
1. When g is small, the solution can be expanded asymptotically as

u=u" + pu® + O(u?). (5.32)

Here u(?) is the solitary wave of the nonlinear Schrodinger equation (NLSE) which exists if d > 0
and w1 is found from the linear inhomogeneous equation

(=dd? + ¢ =2l uV — () 2a6® = i —if,. (5.33)

By using the vector form with u = w3 + ius and the notation from (5.6), we can rewrite (5.33) in
the form: JAum)u(l) = u(9 + f,. Recall that

ker L, = span{u'}, ker L, = span{J¢*},
according to Assumption (A2), which implies that
JAu = pad, JAL D" = —pg™.

Inserting expansion (5.32) into the operator A, and using expansions for the eigenfunctions u’
and ¢* in powers of 4 up to the order of O(y) one can derive that

u' = (w®) + pu) +op?),
¢" = C [(®) + (V) +200] + 0(:2)] |

where v(1 is a solution of the linear inhomogeneous equation J A, v = —(u(?)" and the
constant C' = C'(u) € C is found from the normalization condition (u’, J¢*);> = 1. The
solution of JA, v = —(u(?)’ on the line R is available explicitly:

MO WO}
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5 Pinning in the extended Lugiato-Lefever equation

where u(?) () — 0 as |x| — oo exponentially fast in the case of solitary waves for d > 0. This
allows us to compute by using integration by parts:

<wan%47m/K“W#”<¢%%WM+omﬂ

=Cud(/ Nl u&WAWM+owﬂ

_ _ Fy(0)
—c_2ﬂunp+omﬂ.

Normalization (u’, J¢p*) 2 = 1 defines C' asymptotically as follows:

C=—— 2 110w
PITCIES

The stability condition of Theorem 5.8 is expressed in terms of the sign of V/;(00), where oy is
a simple root of V.. The effective potential can now be written more explicitly as

Vest(00) = (V (- 4+ 00)u’, Jp™) 12

:C@M1/@Vu+mw<%u@+u$WﬁWM+om%
R

1
RIEN /[xV'(x +00) + V(2 + 00)][u® 2dz + O(p).
[uN72 Jr
If Ve (09) = 0, then the solitary wave of the stationary LLE (5.31) with small 1 # 0 is uniquely
continued in the perturbed equation for small € and the unique continuation is spectrally stable if

V(o) - € > 0.

€
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6 Multiple front and pulse solutions in
spatially periodic systems

This chapter is a reprint of the article [17] written by the author of the thesis in collaboration
with Bjorn de Rijk and submitted for publication. The article was adapted to fit the layout of this
thesis.

Abstract

In this paper, we develop a comprehensive mathematical toolbox for the construction
and spectral stability analysis of stationary multiple front and pulse solutions to gen-
eral semilinear evolution problems on the real line with spatially periodic coefficients.
Starting from a collection of N nondegenerate primary front solutions with matching
periodic end states, we realize multifront solutions near a formal concatenation of these
N primary fronts, provided the distances between the front interfaces is sufficiently
large. Moreover, we prove that nondegenerate primary pulses are accompanied by
periodic pulse solutions of large spatial period. We show that spectral (in)stability
properties of the underlying primary fronts or pulses are inherited by the bifurcating
multifronts or periodic pulse solutions. The existence and spectral analyses rely on
contraction-mapping arguments and Evans-function techniques, leveraging exponen-
tial dichotomies to characterize invertibility and Fredholm properties. To demonstrate
the applicability of our methods, we analyze the existence and stability of multifronts
and periodic pulse solutions in some benchmark models, such as the Gross-Pitaevskii
equation with periodic potential and a Klausmeier reaction-diffusion-advection system,
thereby identifying novel classes of (stable) solutions. In particular, our methods yield
the first spectral and orbital stability result of periodic waves in the Gross-Pitaevskii
equation with periodic potential, as well as new instability criteria for multipulse solu-
tions to this equation.
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6 Multiple front and pulse solutions in spatially periodic systems

6.1 Introduction

Letk,m € N,T > 0,andF € {R, C}. This paper focuses on stationary front and pulse solutions
in general semilinear evolution systems on the real line of the form

O = ap(2)0Fu + ... + ar(2)0pu + N (u, z), u(z,t) e F", zeR t >0, (6.1)

with continuous 7-periodic coefficient functions «;: R — F™*™_ and continuous nonlinearity
N:F™ x R — F™ which is C? in its first argument and T-periodic in its second argument. We
further assume that o () is invertible for each x € R.

Spatially periodic systems of the form (6.1) arise in a wide range of contexts. For instance,
they appear as a mean-field approximations in the study of Bose-Einstein condensates in periodic
trapping lattices [109], as models in nonlinear optics with periodic potential [18] or periodic
forcing [56], as hydrodynamic bifurcation problems over oscillating domains [43, 133], as ecolog-
ical models for the dynamics of vegetation patterns on periodic topographies [13], as equations
describing the vertical infiltration of water through periodically layered unsaturated soils [48], or
as reaction-diffusion systems in population biology in which the environment consists of favor-
able and unfavorable patches that are arranged periodically [84, 136]. The solutions of interest
in these problems are typically pulse or front solutions: stationary gap solitons in Bose-Einstein
condensates [109], optical signals composed of (a sequence of) standing, highly localized pulses
in [18, 56], stationary patterns consisting of localized patches of vegetation in [13], so-called
wetting fronts describing water infiltration in [48], and invasion fronts mediating population
spreading in [84, 136].

Due to the significance to applications, mathematical studies on the existence, stability, and
dynamics of front and pulse solutions have been extensively conducted across a wide variety
of spatially periodic systems, see, for instance, the survey paper [154], the memoirs [157], and
references therein. We note that traveling front and pulse solutions in such systems are typically
modulated, i.e., they are time-periodic in the co-moving frame, see Remark 6.1.

In this paper, we focus on stationary front and pulse solutions to general spatially periodic systems
of the form (6.1). We show that any collection of nondegenerate front (or pulse) solutions with
matching asymptotic end states is accompanied by a family of multiple front (or pulse) solutions
arising through concatenation or periodic extension. Moreover, we prove that their spectral
(in)stability properties are determined by the comprising primary front (or pulse) solutions.

While stationary multifront and multipulse solutions have been studied in specific model prob-
lems, such as the Allen-Cahn equation with spatial inhomogeneity [14] and the Gross-Pitaevskii
equation with periodic potential [1, 6, 109], a systematic framework for their construction and
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6.1 Introduction

spectral stability analysis in general spatially periodic systems of the form (6.1) appears to be
novel.! Furthermore, the spectral stability of large-wavelength periodic pulse solutions accom-
panying a primary pulse has, to the authors’ best knowledge, not yet been rigorously addressed in
any spatially periodic system prior to this paper.

Remark 6.1. The existence problem for traveling-wave solutions of the form u(z,t) = ¢(z — ct)
to the constant-coefficient system (6.2) with wavespeed ¢ € R is the same as (6.3) with the sole
difference that the coefficient «; is replaced by o1 + c. However, this no longer holds when
the coefficients are spatially periodic. In a frame £ = x — ¢t moving with speed ¢ € R, the
coefficients of (6.1) read «;(§ + ct). That is, they are periodic in time and space. Consequently,
traveling wave solutions to (6.1) of the form u(x,t) = ¢(x — ct) propagating with nonzero speed
¢ while maintaining a fixed shape, cannot generally be expected. Instead, one typically finds
modulated traveling waves of the form u(z, t) = ¢(x — ct, x), where ¢ is T-periodic in its second
component, cf. [39,60,65, 108, 145].

6.1.1 The case of constant coefficients

The construction of multiple front (or pulse) solutions through concatenation or periodic extension
is well-documented in general semilinear problems with constant coefficients. If the coefficients
«a; and nonlinearity A/ (u) do not depend on z, then system (6.1) reads

O = o dfu+ .. 4 0 0pu+ N(u). (6.2)
Stationary solutions of (6.2) obey the autonomous ordinary differential equation
arpdfu4 ..+ 10pu+ N(u) =0, (6.3)

which can be written as a dynamical system U’ = F(U) in U = (u, 9y, . .., 0% 1u). Pulse and
front solutions can be identified with homoclinic and heteroclinic connections in U’ = F(U).
The existence of periodic, homoclinic or heteroclinic orbits near a nondegenerate homoclinic
connection or a heteroclinic chain follows from homoclinic or heteroclinic bifurcation theory,
relying on techniques such as Lin’s method, Shil’nikov variables, and homoclinic center manifolds.
The bifurcating orbits correspond to periodic pulse solutions with large spatial periods, as well as
multifront (or multipulse) solutions with well-separated interfaces. An overview of homoclinic
and heteroclinic bifurcation theory can be found in the survey paper [74].

1" We note that the existence and spectral analysis of multifronts in [14] depend on the smallness rather than the

periodicity of the inhomogeneity, in contrast to our results and those in [1,6, 109].
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6 Multiple front and pulse solutions in spatially periodic systems

Spectral stability of the bifurcating periodic pulse and multifront solutions to (6.2) has been
studied in [4, 53, 126, 131] using Lin’s method and Evans-function techniques. One finds that
there are precisely M eigenvalues of the linearization about an M -pulse solution bifurcating from
each simple isolated eigenvalue of the underlying primary pulse [4, 126]. Moreover, periodic
pulse solutions have continua of eigenvalues in a neighborhood of each isolated eigenvalue of the
primary pulse [53]. Since (6.2) is translational invariant, 0 must be an eigenvalue of each primary
pulse or front. Hence, there are M eigenvalues of the linearization of (6.2) about an M -front or
M -pulse converging to the 0 as the distance between interfaces tends to infinity. In addition, the
linearization of (6.2) about a periodic pulse solution, posed on a space of localized perturbations,
features a spectral curve converging to 0 as the period tends to infinity. Leading-order control on
the spectrum in a neighborhood of the origin, established in [126, 131], shows that the bifurcating
periodic pulse and multifront solutions to (6.2) can be unstable, even if all the underlying primary
front or pulse solutions are spectrally stable.

6.1.2 Main results

Our existence and spectral stability analysis of stationary multiple front and pulse solutions in
spatially periodic systems differs fundamentally from the constant-coefficient case. On the one
hand, there seems to be no natural way to formulate the existence problem as an autonomous
dynamical system that would facilitate the application of homoclinic or heteroclinic bifurcation
theory. Furthermore, stationary pulse and front solutions to (6.1) generally converge to spatially
periodic end states rather than to constant states. As a result, it appears that there is no obvious
method for augmenting the eigenvalue problem and transforming it into an autonomous system
that would enable the use of geometric dynamical systems techniques for analyzing spectral
stability as in [4, 53].

On the other hand, the spatially periodic coefficients of (6.1) break the translational invariance,
so that the linearization about a stationary front or pulse solution is generically invertible. Unlike
the constant-coefficient case, we can (and do) leverage this property in the existence analysis
of periodic pulse and multifront solutions. If system (6.1) is dissipative, then front and pulse
solutions can be strongly spectrally stable, meaning that the spectrum of the linearization about
the front or pulse is confined to the open left-half plane. This significantly reduces the complexity
of the spectral analysis compared to the constant-coefficient case where an eigenvalue must reside
at 0 due to translational invariance. However, we emphasize that our spectral techniques are
also useful if system (6.1) is conservative, which naturally precludes strong spectral stability of
solutions. We will illustrate this by establishing spectral stability and instability for periodic
pulses and multipulses in the Gross-Pitaevskii equation with periodic potential.
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Vi1,

Vi = Vit1- Vj+1,+

AVAAVALVALVALVALVAAVARVA '

(j — V)T jnT (G + D)nT

(j —)nT inT (j+1)nT

Figure 6.1: Illustration of the multifront solution wn, (x) (top) and periodic pulse solution @, (x) (bottom) as established
in Theorem 6.2. Both are depicted on the interval [(j — 1)nT, (j + 1)nT] for some j € {2,..., M — 1}.
The multifront uy, () transitions between the T-periodic states v, + (in blue), with front interfaces (in red)
located at x = ¢nT, £ =1, ..., M. The periodic solution %y (x) consists of a series of localized pulses (in
red) centered at x = jnT’, j € Z, superimposed on the T-periodic background state vg (in blue).

Our existence result may informally be stated as follows, see also Figure 6.1.

Theorem 6.2 (Informal existence result). Let M € N. Let Zy(x), ..., Zy(x) be M stationary
front solutions to system (6.1) converging to T-periodic end states vi +(x),...,va 4 () as
xr — Foo. Assume that vj = vjp1,— for j = 1,...,M — 1. Take a stationary pulse
solution Zy(z) to (6.1) converging to a T-periodic end state vo(x) as x — £oo. Assume
that Z; is nondegenerate in the sense that the linearization of (6.1) about Z; is invertible for
73 =0,...,M. Then, there exists N € N such that for all n € N with n > N the following
assertions hold.

1. There exists a stationary M-front solution u,,(x) of (6.1), which converges uniformly to
the formal concatenation

v, (), x < 3nT,
wy(z) = Zj(x — jnT), z € [(j— 5T, (j+ 3)nT], j=1,...,M,
v, (2), x> (M + 3)nT,

as n — oQ.

2. There exists a stationary nT-periodic pulse solution ., (x) of (6.1), which converges
uniformly to the formal periodic extension W, (x) given by

wn(x) = Zo(x —jnT),  x € [(j—5InT.(j+3)nT], j €L,

as n — oQ.
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6 Multiple front and pulse solutions in spatially periodic systems

For the precise statements, we refer to Theorems 6.5 and 6.8. The proof of the existence of the
multifronts and periodic pulse solutions relies on a contraction-mapping argument in the function
spaces H*(R) and H 1ffer(O, nT), respectively. The key idea is to insert the formal multifront w,,
or periodic pulse solution w,, into system (6.1) and derive an equation for the resulting error.
We then convert the error equation into a fix-point problem by showing that the linearization
about the formal solution is invertible. Showing the invertibility is the main technical challenge,
which follows from the nondegeneracy of the primary fronts or pulses with the aid of exponential

dichotomies.

We emphasize that this procedure sharply contrasts with the constant-coefficient case, where
the lack of invertibility of the linearization about the primary front or pulses necessitates a
Lyapunov-Schmidt reduction argument. The reduced problem is typically solved by introducing
an additional degree of freedom in the form of a bifurcation parameter or by exploiting additional
structure such as reversible symmetry, see [74] and references therein.

We note that the distances between the interfaces of the multifront solutions in Theorem 6.2,
as well as the wavelength of the periodic pulse solutions, are multiples of the period 7', see
Figure 6.1. In fact, the possible locations of front interfaces and pulse peaks are restricted by the
spatial periodicity of (6.1). This phenomenon, known as trapping or pinning, cf. [14,40] and
references therein, precludes translational invariance and contributes to the enhanced stability
properties compared to the constant-coefficient case, where the interfaces are typically free to
occupy a continuum of positions. For example, if the constant-coefficient system (6.2) admits
a reversible symmetry, then stationary periodic pulse solutions exist for any sufficiently large
wavelength [147].

The main outcomes of our spectral analysis may informally be summarized as follows.

Theorem 6.3 (Informal spectral result). Let IC C C be compact. Let M, Z;, N, u,, and 1, be
as in Theorem 6.2. Assume that the L*-spectrum in K of the linearization L(Z;) of (6.1) about
Z; consists of isolated eigenvalues of finite algebraic multiplicity only for j = 0,..., M. Then,
there exists N1 € N with N > Ny such that for all n € N withn > N; the following holds.

1. The L?-spectrum of the linearization L(u,,) of (6.1) about u,, in the compact set K consists
of isolated eigenvalues only and converges in Hausdorff distance to the union

M
Jolez)nk

as n — oo. The total algebraic multiplicity of the eigenvalues of L(u,,) in K equals the
sum of the total algebraic multiplicies of the eigenvalues of L(Z1),...,L(Z) in K.
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2

2. The spectrum in KC of the linearization Ly, (i) of (6.1) about 1, on L,

(0,nT) consists
of isolated eigenvalues only and converges in Hausdorff distance to

o(L(Z))NK

as n — oo. The total algebraic multiplicity of the eigenvalues of Lper(Uy,) in K equals the
total algebraic multiplicity of the eigenvalues of L(Zy) in K.

For the precise statements and further extensions of Theorem 6.3, we refer to Theorems 6.14
and 6.22 and Corollaries 6.13, 6.17 and 6.21.

The spectral analysis in this paper is divided into two parts. In the first part, we follow an approach
similar to the one used in the existence analysis. Specifically, we utilize exponential dichotomies
to characterize invertibility and demonstrate that, if the resolvent problem associated with the
linearization about the primary fronts or pulses is uniquely solvable on a compact set in C, then
the same holds for the resolvent problem corresponding to the linearization about the multifront
or periodic pulse solution.

In the second part, we identify eigenvalues with zeros of the analytic Evans function, see [78,
128] and references therein, to show that isolated eigenvalues of finite algebraic multiplicity of
the linearization about the primary front or pulse perturb continuously into eigenvalues of the
linearization about the multifront or periodic pulse posed on L?(IR) or Lger(o, nT), respectively,

thereby preserving the total algebraic multiplicity.

As mentioned earlier, similar results have been obtained for the constant-coefficient case, cf. [4,
53]. Unlike our existence analysis, which fails in the constant-coefficient setting due to the
nondegeneracy condition, our spectral analysis does apply to multifronts and periodic pulse
solutions to constant-coefficient systems. Yet, our method differs significantly from the geometric
dynamical systems approach employed in [4, 53]. Instead, it is inspired by the Evans-function
analyses in [35, 129]. It employs exponential weights and relies on roughness and analyticity
properties of exponential dichotomies.

Theorem 6.3 shows that, if a point A € C with Re(A\) > 0 is an eigenvalue of finite algebraic
multiplicity of the linearizations about some of the primary fronts or pulses and lies in the
resolvent set of the linearizations about the other primary fronts or pulses, then bifurcating
multifronts and periodic pulse solutions are spectrally unstable. However, if spectral instability
of the primary fronts is induced by unstable essential spectrum, then the associated multifront
may still be spectrally stable. This phenomenon is well-documented in systems with constant
coefficients [120, 130]. In §6.6, we present an extension of Theorem 6.3, providing control on
the spectrum of the multifront outside the so-called absolute spectrum, cf. [129,130]. This result

139



6 Multiple front and pulse solutions in spatially periodic systems

can be employed to establish strong spectral stability of multifronts, even when the constituting
primary fronts are spectrally unstable.

Many dissipative systems admit a-priori bounds that preclude spectrum with nonnegative real part
and large modulus. By combining such a-priori bounds with Theorem 6.3, one finds that strong
spectral stability of the primary fronts or pulses is carried over to the bifurcating multifronts
and periodic pulse solutions. This contrasts sharply with the constant-coefficient case where
multifronts or periodic pulse solutions can be spectrally unstable, even if the constituting primary
fronts are all spectrally stable, cf. [126, 131]

6.1.3 Application to benchmark models

To illustrate the applicability of our methods, we construct multifronts and periodic pulse solutions
in several prototypical models, analyze their spectral stability, and corroborate our findings with
numerical simulations performed with the MATLAB package pde2path [146]. Specifically,
we examine multifronts in a scalar reaction-diffusion toy model with a periodic potential and
consider multipulses and periodic pulses in an extended Klausmeier model, which describes the
dynamics of vegetation patterns on periodic topographies [13]. We demonstrate that the spectral
(in)stability of the multifronts, multipulses and periodic pulses is inherited from the comprising
primary fronts and pulses. In particular, our analysis shows that the Klausmeier model supports
stable periodic (multi)pulses, which has not been identified in the previous work [13].

Additionally, we consider the Gross-Pitaevskii equation with a general periodic potential, which
arises in the study of Bose-Einstein condensates in optical lattices [109]. Our methods lead
to multifront, multipulse and periodic pulse solutions. By combining our spectral results with
Krein index counting theory [75,76, 78], we obtain novel spectral instability and stability results
for the constructed multipulse and periodic pulse solutions. Due to the conservative nature of
the Gross-Piteavskii equation, spectral stability entails that the spectrum of the linearization is
confined to the imaginary axis. Notably, the preservation of algebraic multiplicities, as stated in
Theorem 6.3, is instrumental for the effective application of Krein index counting theory. The
spectral stability analysis of the periodic pulse solutions yields that they are orbitally stable. To
the best of the authors’ knowledge, this is the first orbital stability result of periodic waves in the
Gross-Pitaevskii equation with periodic potential.

Outline of paper. In §6.2 we introduce the necessary notation and formulate the existence
and (weighted) eigenvalue problems associated with stationary solutions to (6.1). The existence
analysis of multifronts and periodic pulse solutions is presented in §6.3 and §6.4, respectively.
In §6.5 we introduce the necessary concepts for the spectral analysis of fronts solutions with
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periodic tails. Sections 6.6 and §6.7 are devoted to the spectral analysis of multifronts and
periodic pulse solutions, respectively. We demonstrate the applicability of our methods in several
benchmark models in §6.8 and corroborate our findings with numerical simulations. Finally,
the Appendices 6.9, 6.10 and 6.11 contain several auxiliary results on projections, exponential
dichotomies, and multiplication operators, respectively.

6.2 Notation and set-up

Letk,m € N,T > 0and F € {R, C}. This paper focuses on the existence and spectral analysis
of stationary front and pulse solutions to the general semilinear evolution system (6.1) of m
components on the real line. For notational convenience, we abbreviate the k-th order linear
differential operator in (6.1) as

Au = ap(2)0%u + ap_1 ()0 u+ ... + ai(z)dyu.

We recall that A has T-periodic coefficients oy, . .., o € C(R,F™*™), where oy, (z) invertible
for all x € R. Moreover, the nonlinearity N € C (IFm x R, ]Fm) in (6.1) is twice continuously
differentiable in its first argument and 7'-periodic in its second argument.

6.2.1 Formulation of the existence and eigenvalue problems

Stationary solutions to (6.1) obey
Au+ N(u,-) = 0. (6.4)

The ordinary differential equation (6.4) is the main object of study in the existence analysis of
stationary front and pulse solutions to (6.1).

For u € L°°(R) we define the linear differential operator £(u): D(L(u)) C L*(R) — L?(R) by
L(uw)u = Au+ O,N (u, -)u.

Clearly, £(u) is a closed operator and has dense domain D(£(u)) = H*(R). If u is a solution
of (6.4), then L(u) corresponds to the linearization of (6.1) about u. The associated eigenvalue
problem reads

(L(uw) = A\)u=0. (6.5)
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6 Multiple front and pulse solutions in spatially periodic systems

The linear ordinary differential equation (6.5) is the main object of study in the spectral analysis of
the stationary front and pulse solutions to (6.1). We adopt the following notions of nondegeneracy
and spectral stability.

Definition 6.4. Let u € L>°(R).

(i) We call u nondegenerate if L£(u) is invertible.

(i) We say that u is spectrally stable it

o(L(w)) C {\ € C:Re()\) < 0}.

(iii) We say that u is spectrally stable with simple eigenvalue A = 0 if there exists ¢ > 0 such
that
o(L(u)) C {A € C:Re(N) < —p}U{0},

and the algebraic multiplicity of A = 0 is one.

(iv) We say that w is strongly spectrally stable if there exists o > 0 such that

o(L(uw)) C{A e C:Re(N) < —p}.

(v) We call u spectrally unstable it there exists A € o(L(u)) with Re(\) > 0.
As explained in the introduction, the concept of nondegeneracy plays a key role in the construction
of multiple front and pulse solutions.

Spectrally stable front or pulse solutions with a simple eigenvalue at A = 0 arise in systems with
translational invariance. Such solutions serve as a basis for bifurcation arguments in the models
explored in the application section §6.8.

6.2.2 First-order formulation

Because the coefficient matrix oy (z) is invertible for all z € R and the nonlinearity A is twice
continuously differentiable in its first argument, the eigenvalue problem (6.5) can be written as a
first-order system

U' = A(z,u(x); \)U, (6.6)
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6.2 Notation and set-up

by setting U = (u, yu, ..., 0¥ 1u) T, where the coefficient matrix A: R x F™ x C — CF™ is
continuous and 7-periodic in its first argument, continuously differentiable in its second argument,
and analytic in its third argument. The formulation (6.6) of the eigenvalue problem as a linear
nonautonomous first-order system is essential for applying the theory of exponential dichotomies.

6.2.3 Exponentially weighted linearization operator
Let u € L*°(R) and 7+ € R. For the spectral analysis of stationary front solutions to (6.1),
it is convenient to consider the exponentially weighted linearization operator L,_ . (u):
D(L, . (u)) C L*(R) — L*(R) with dense domain D(L,,_,,, (u)) = H*(R) given by

Ly oy (Wu = e 7=+ L(u) [e*7= "+ u]

where wy,_ ;. : R — R is a smooth weight function whose derivative satisfies

can be written as the first-order system

n—snN+

U' = (A(x,g(x); A) —w! (ac)) U.
Incaseny =n- =n € R, wetakew,_,, (x) = nx and adopt the notation L,,_ ;. (u) = Ly, (w).
Consequently, it holds Lo o(u) = Lo(u) = L(u).
6.2.4 Periodic differential operators
Letn € Nandletu € C(R) be an nT-periodic function. Then, £(u) is a differential operator with
nT'-periodic coefficients. We collect some basic properties of periodic differential operators and

their Bloch transforms, which are essential for our spectral analysis. We refer to [52,78,118,132]
for further background.
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6 Multiple front and pulse solutions in spatially periodic systems

Since £(u) has nT-periodic coefficients, we can study its action on the space L2, (0, nT"), which
is convenient for analyzing the spectral stability of u against co-periodic perturbations. Thus, we
define the operator Lper(w): D(Lper(u)) C Lo (0,nT) — L2, (0, nT) by

Loer(w)u = Au~+ 0, N (u, -)u.

The operator Lpe:(u) is closed and has dense domain D(Lper(u)) = H k (0,nT). Due to the

per

compact embedding H Ifer(O, nT) < L2.,(0,nT), it has compact resolvent and its spectrum
consists of isolated eigenvalues of finite algebraic multiplicity only. Hence, a point A € C lies in
the spectrum o (Lper (1)) if and only if the first-order eigenvalue problem (6.6) admits a nontrivial

nI'-periodic solution.

On the other hand, the spectrum of the nT-periodic differential operator £(u) on L?(R) is
purely essential. It is characterized by family of Bloch operators L¢ per(u): D (L per(w)) C
L2..(0,nT) — L2,..(0,nT) with dense domain D(L¢ per(u)) = HE (0,nT) given by

per per per

Lepu(w)u= M LwMeu, €€ [~ o),
where M¢: HY(R) — H*(R) is the invertible multiplication operator defined by (M¢u)(z) =
ey (z) for £ € Ny. Since the Bloch operators L per (1) have compact resolvent, their spectrum
consists of isolated eigenvalues of finite algebraic multiplicity only. Therefore, a point A € C lies
in the spectrum of L¢ per(w) if and only if the first-order system (6.6) admits a nontrivial solution
U(z) obeying the boundary condition U(—2L) = e"TU(2L). The spectrum of £(u) is then
given by the union

o(L(u) = U o (Le per(un)),

56[7 nT > n.NT)

which implies
0 (Lper(w)) C o (L(w)). (6.7)

Hence, A € C lies in the spectrum of £(u) if and only if there exist a point  on the unit circle
S C C and a nontrivial solution U (x) of (6.6) obeying U(—2%L) = yU(%L).
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6.3 Existence of multifront solutions

Let M € N>o. In this section, we construct an M -front solution to (6.4) by concatenating M
nondegenerate front solutions with matching periodic limit states. Specifically, we impose the
following assumptions:

(H1) There exist M fronts Z, ..., Zy € L*(R) with associated end states vy ¢,..., v+ €
Hgfer((),T). It holds x4 (Z; — v 1) € H¥(R) for j = 1,..., M, where x+: R — [0, 1]
is a smooth partition of unity such that x is supported on (—1,00) and y_ is supported

on (—oo, 1).
(H2) The matching condition v; y = v;j41,— holdsforj =1,..., M — 1.
(H3) The front Z; is a nondegenerate solution of (6.4) for j = 1,..., M.

We realize the M -front close to the formal concatenation of the M primary fronts 71, ..., Zy;,
see Figure 6.1. Thus, our ansatz for the multifront solution to (6.4) reads

M
Uy = Ay, + Wy, Wy, = Zva"Zj(' —jnT) (6.8)

j=1
with x;,: R — [0,1], 7 = 1,..., M a smooth partition of unity satisfying ||x;n|/wr.~ < 1,

where x1,,, is supported on (—oco, nT + 1), X, is supported on ((M — $)nT — 1, 00), and
Xj,n is supportedon ((j — 2 )nT —1, (j+ 1 )nT+1) forj = 2,..., M —1 (only in case M > 2).
Moreover, a,, € H"(R) is an error term that accounts for the fact that the formal concatenation
w,, of the M fronts is not an actual solution to (6.4). Our main result of this section confirms
that there exists a small a,, € H*(R) such that u,, is indeed a solution to (6.4), provided n € N
is sufficiently large.

Theorem 6.5. Assume (H1), (H2) and (H3). Then, there exist C > 0 and N € N such that for

eachn € Nwithn > N there exists an M -front solution to (6.4) given by (6.8) with a,, € H*(R)
satisfying

M
lanl| e < 0_2; (=25 = vy 240, 2
J:

I (5 = 05 ey 2 2y

In particular, ||ay,|| g converges to 0 as n — oo.
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6 Multiple front and pulse solutions in spatially periodic systems

Remark 6.6. One could prove a more general result where the front interfaces are located on

positions n17, ..., n,T as long as the distances n;+; — n; are sufficiently large for each : =
1,...,M — 1. More precisely, there exist C > 0 and N € N such that for each vector
n=(n1,...,nm) € NM with k := min{n; ; —n; :i € {1,..., M — 1}} > N, there exists

an M -front solution
M
Up = Ap, —+ Z)N(j,nzj(' — jnJT)
j=1

of (6.4), where X;,: R — [0,1], j = 1,...,M is a smooth partition of unity satisfying
X, |l < 1with {1, supported on (—o0, & (n1+n2)T+1), Xar,n supported on (% (nas—1+
na)T — 1,00), and X;,, supported on (3 (nj—1 + nj)T — 1,5(n; + njp1)T + 1) for j =
2,...,M —1 (only in case M > 2). Moreover, the error a,, € Hk(R) converges to 0 as K — 00,
The proof of this statement proceeds along the lines of Theorem 6.5, but with considerably more
involved notation, and is therefore omitted.

The proof of Theorem 6.5 relies on a contraction-mapping argument. Inserting the ansatz (6.8)
into (6.4), one arrives at an equation for the error a,,, whose linear part is given by L£(w,,)a,,.
Here, £(w,,) represents the linearization of (6.1) about the formal concatenation w,, of the M
fronts, with £(-) defined in §6.2. To solve for the error, we recast the equation as a fixed-point
problem in H*(IR) by inverting the linear operator £(wy,).

The invertibility of £(w,, ) is established by transferring the nondegeneracy of the primary fronts
Z1,...,Z to the concatenation w,,. This is achieved by characterizing invertibility through
exponential dichotomies [93]. Specifically, £(u) — A can be inverted if and only if the first-
order formulation (6.6) of the eigenvalue problem admits an exponential dichotomy on R. By
applying pasting and roughness techniques to the exponential dichotomies arising through the
nondegeneracy of the individual fronts, we construct an exponential dichotomy on R for the
first-order formulation of the eigenvalue problem associated with £(wy, ), thereby establishing its
invertibility.

The invertibility result is formalized in the following lemma, which is stated in a slightly more
general form. This generalization also plays a central role in the subsequent spectral analysis of
the multifront.

Lemma 6.7. Assume (H1) and (H2). Let I C C be a compact set. Moreover, let {a, },, be a
sequence in H*(R) with ||a, || = — 0 as n — oo.
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6.3 Existence of multifront solutions

Suppose that the linear operator L(Z;) — A is invertible for each A\ € K and j = 1,..., M.
Then, there exist C' > 0 and N € N such that for each n € N withn > N the resolvent set of the
operator

M
L(wy, + an), Wy, = ij’an(- —jnT)
j=1

contains K and the resolvent obeys the bound
[|(L(wn + an) =)Mo, gr <C (6.9)

fJor A € K.

Proof. Lemma 6.57 yields that the first-order system
U'=A(z,Zj(z); \) U (6.10)

admits an exponential dichotomy on R for each A € K and for j = 1,..., M. By continuity
of A and roughness of exponential dichotomies, cf. [33, Proposition 4.1], there exists for each
Ao € K an open disk By, C C with Ay € B}, and constants K, ux, > 0 such that (6.10) has
an exponential dichotomy on R for each A € B, with constants K, tt», > 0. By compactness
of K the open cover {B), : A9 € K} has a finite subcover. It follows that (6.10) has for each
A € K an exponential dichotomy on R with A-independent constants.

Clearly, system
U’:A(:Jc,Zj(x—jnT);)\)U (6.11)

isforeachn € Nand j = 1,..., M a jnT-translation of system (6.10). So, (6.11) possesses for
eachn € N,j=1,..., M and A € K an exponential dichotomy on R with A- and n-independent
constants.

We use roughness techniques to transfer the exponential dichotomy of system (6.11) to an expo-
nential dichotomy of system

U' = Az, wn(x) + an(x); \)U (6.12)

on an interval J; for j = 1,..., M, where we denote Iy = (—o0, 2nT], I; = [(j — %)nT, (j+
2)nT) forj =2,...,M — 1 (only in case M > 2), and In; = [(M — 2)nT,00). Since 9, A is
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6 Multiple front and pulse solutions in spatially periodic systems

continuous, K is compact and we have Zy, ..., Zy; € L®(R) and a,, € H*(R) < L>®(R), we
obtain by the mean value theorem a A- and n-independent constant Ky > 0 such that

[A(@, wn () + an(2); A) = Az, Zj(x — jnT); )|

< Ko <|an||L°° + Z (||X— (Ze —vp,-) ||Lw(R\(—§nT,§nT))
te{1,...,.M} (6.13)

+ X+ (Ze — ve,+) ||Loo(R\(—;nT,§nT)))>

forxelj,neN,AecKandj=1,...,M.

It is readily seen by approximation with simple functions that for each g € L?(R) it holds
lgllz2@\[—r,R]) — 0 as R — oo. Thus, |[x+(Z; — vj+)llm1®r\[—r,r]) converges to 0 as
R — oo for j = 1,..., M. Hence, noting that H'(I) continuously embeds into L°°(I) for
each interval I C R, the right-hand side of the estimate (6.13) converges to 0 uniformly on
I asn — oo for j = 1,..., M. Therefore, using that (6.11) has an exponential dichotomy
on R with A- and n-independent constants, we establish, provided n € N is sufficiently large,
by [33, Proposition 4.1] an exponential dichotomy for (6.12) on I; with A-, j- and n-independent
constants K, ;i1 > 0 and projections P; ,(z; ) foreach A € Land j =1,..., M.

Forj =1,..., M — 1 we iteratively paste the exponential dichotomies for (6.12) on the intervals
(=00, (j + 2)nT] and I, together at the point z = (j 4+ 3)nT to obtain an exponential
dichotomy on R. Let j € {1,...,M — 1}. Given an exponential dichotomy for (6.12) on
(=00, (j + 2)nT] with A- and n-independent constants K, 11; > 0 and projections Q ;. (x; \),
we employ Lemma 6.54 and arrive, provided n € N is sufficiently large, at

1Qin (G + 3)nT3A) = Pigrn (G + 5)nTA) || < 2K Kjem (i) 8T < 1,

for each A € K. Hence, the subspaces ker(Q;.» ((j + 3)nT; A)) and ran(Pj 1.0 ((5 + 3)nT; A))
are complementary by Lemma 6.48 and the associated projection P, ,, () onto ran(Pj41 ,,((j
2)nT; X)) along ker(Q;., ((j + 5)nT; \)) is well-defined and satisfies

I < oS
1 72K1Kje_(“1+“1)€T

[ Po,n(A)

for each A € K. Hence, provided n € N is sufficiently large, Lemma 6.53 yields an exponential
dichotomy for system (6.12) on (—oo, (j+ 2)nT]U I, ;1 with A- and n-independent constants for
each A € K. Thus, iteratively repeating the above procedure for j = 1,..., M — 1, we establish,
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6.3 Existence of multifront solutions

provided n € N is sufficiently large, an exponential dichotomy of (6.12) on (—oo, (M — %)nT] U
I = R with \- and n-independent constants for each A € .

Using the compactness of C and the continuity of A, it follows that || A(x, wy, (x) +an (z); A)|| Lo
can be bounded by a A- and n-independent constant for each A € C and n € N. So, provided
n € N is sufficiently large, Lemma 6.56 yields a A- and n-independent constant C' > 0 such that
for each g € H'(R) < C(R) and A € K the inhomogeneous linear problem

U' = A(z,wn () + an(z); U + 4
with inhomogeneity ¢ = (0,...,0,9)" € H'(R) has a solution U € H'(R) satisfying
Ul < Clldblizz = Cliglze-

Using that we have U/ = U, 41 € H'(R) fori = 1,...,k — 1, we readily observe thatu = U; €
H"(R) solves the resolvent problem

(E(wn + an) - >‘) u=4g, (6.14)
and satisfies
ullge < Ul < Cligllze- (6.15)

Since the operator £(w,, + ay,) is closed, it follows by the density of H'(R) in L?(R) that,
provided n € N is sufficiently large, the resolvent problem (6.14) possesses for each g € L?(R)
and \ € K a solution u € H*(R) satisfying (6.15).

Finally, if u € H*(R) lies in the kernel of £(w,, + a,,) — A, then U = (u, 0zu, ..., 08 1U)T €
H'(R) is a localized solution of the first-order variational problem (6.12). Since (6.12) has an
exponential dichotomy on R, U must be the trivial solution and, thus, we find © = 0.

So, we have established that, provided n € N is sufficiently large, £(w,, + a,) — A is bounded
invertible and satisfies (6.9) for each \ € . ]

With the aid of Lemma 6.7, we now prove Theorem 6.5 using a contraction-mapping argument.

Proof of Theorem 6.5. First, Lemma 6.7 implies that the linear operator £ (w,,) is invertible and
there exists an n-independent constant & > 0 such that

1L(wn) M2 pe < K. (6.16)
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6 Multiple front and pulse solutions in spatially periodic systems

Inserting the ansatz u = w,, + a with correction term a € H*(R) into (6.4) yields the equation
a=N()+R, 6.17)

where the nonlinear map : H*(R) — H*(R) is given by

N(a) = Lwp) (N (wn, ) + OuN (wn,") a — N (w, +a,-))
and the residual R € H*(R) is given by

R=—L(wy) ™" (N (wn, ) + A(wy)) -

Using the continuous embedding H!(R) < L°(R) and the fact that the nonlinearity A\ is twice
continuously differentiable in its first argument, it follows by Taylor’s theorem and estimate (6.16)
that N': H5(R) — H¥(R) is well-defined and for all p > 0 there exists an n-independent
constant C; > 0 such that

W7 (a0) = M(@a)| < €1 laollze + llaalze) llao = al g (6.18)

Hk
for ap,a1 € Hk(R) with ||(10||Loo7 HCL1||Loo < p.

Next, the fact that Z; (- — jnT") is a solution of (6.4) implies that
R = L(wa)" (N (Z;(- = jnT), ) = N(wn, ) = A(wn = Z;(- = jnT)))

forj =1,...,M. WepartitonR = I; U...UIy with [; = (—o0, 3nT], I; = ((j — $)nT, (j+
I)nT) for j = 2,...,M — 1 (only in case M > 2), and Iy = ((M — )nT,00). Since the
nonlinearity A" is continuously differentiable in its first argument and it holds || x;j . |lyyr. < 1
for j = 1,..., M, the mean value theorem and estimate (6.16) yield an n-independent constant
Cy > 0 such that

M
1B < K IV (Z5(- = jnT), ) = N(wn, ) = A(wn = Zi(- = inD))l 21,y < Coba,

j=1
(6.19)
where we denote
M
6= 3 (IX=(Z5 =5 Mg 31, 271 0 (2 = v pn e e B )-
j=1
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6.4 Existence of periodic pulse solutions

‘We observe that §,, converges to 0 as n — oo.

Motivated by the estimate (6.19), we introduce the rescaled variable
a=6la, (6.20)
in which (6.17) reads
a=4,'"N(6,a)+ 0, 'R. (6.21)
We regard (6.21) as an abstract fixed point problem
a=Fn(a) (6.22)

and show that F,,: By(2Cy) — By(2C)) is a well-defined contracting mapping on the ball
By (2C)) of radius 2Cy in H*(R) centered at the origin, where Cy > 0 is the n-independent
constant appearing in the bound (6.19) on R. Combining the estimates (6.18) and (6.19) and
noting \V(0) = 0, yields an n-independent constant K > 0 such that

[ Fn (@) gx < Co + Koo,
1 Fn(g) — -Fn(h)HH? < Kodnllg — h’HH’“a

for g, h € By(2Cy). Therefore, using that §,, — 0 as n — oo, JF,, is a well-defined contraction
mapping on By (2C)), provided n € N is sufficiently large. By the Banach fixed point theorem
there exists a unique solution a,, € By(2C)) to (6.22). Undoing the rescaling (6.20), we found a
solution a,, € H*(R) of equation (6.17) with

Ha”ﬂHH’C < 2006117

provided n € N is sufficiently large, which yields the result. O

6.4 Existence of periodic pulse solutions

In this section, we construct a periodic solution to (6.4) by periodically extending a nondegenerate
pulse solution, see Figure 6.1. Thus, we impose the following assumptions:

(H4) There existv € H* (0, 7) and z € H*(R) such that v and z + v are solutions to (6.4).

per

(H5) The pulse z + v is nondegenerate.
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6 Multiple front and pulse solutions in spatially periodic systems

The main result of this section reads as follows.

Theorem 6.8. Assume (H4) and (HS). Then, there exist C > 0 and N € N such that for each
n € Nwithn > N there exists an nT-periodic pulse solution u,, € HX (0,nT) of (6.4) given

per
by
Un (z) = xn(2)2(2) + v(z) + an(z), x € [-2T,2T), (6.23)

with a,, € H*

per(0,nT) satisfying

lanllmy 0nr) < Cllzllar @\~ 21, 27))

per

and where x,,: R — [0, 1] is a smooth nT-periodic cut-off function satisfying ||xn|wr. < 1,
Xn(x) = 1forz € [T, 5T] and xn(x) = 0 forx € [-5T, -3 T|U[5T, 5T]. In particular,
Han”H,ﬁ,,(o,nT) converges to 0 as n — oo.

We prove Theorem 6.8 using a similar strategy as for Theorem 6.5. Specifically, we arrive at
an equation for the error a,, by substituting the ansatz u,, = w,, + a,, into (6.4), where w,, is
the nT-periodic extension of the primary pulse X,z + v on [=5nT, EnT). We convert this
equation into a fixed-point problem in H l}fcr(O, nT') by inverting its linear component, given by

the linearization Lyer(wy,) of (6.3) about the formal periodic extension w,,, with Lpe(-) defined
in §6.2. The proof is then completed by applying a contraction-mapping argument.

The invertibility of Lpe(wy,) is ensured by the following lemma, which serves as the periodic
counterpart of Lemma 6.7 and also plays an essential role in the subsequent spectral analysis of
the periodic pulse solution. Its proof proceeds along the lines of the proof of Lemma 6.7, now
relying on a periodic extension result for exponential dichotomies [100].

Lemma 6.9. Let K C C be a compact. Let v € HY, (0,T) and = € H*(R). Moreover, let
{an}n be a sequence with a,, € H}, (0,nT) satisfying llanl ., 0,n) — 0 as n — oc. Finally,
let z,, € H 1’;,(0, nT') be the nT-periodic extension of the function X,z on |

is the cut-off function from Theorem 6.8.

_n

5T, 5T), where x,

Suppose that the linear operator L(z + v) — X is invertible for each A € K. Then, there exist
C > 0and N € N such that for each A\ € K and each n € N with n > N the operators
L(zn +v+ an) — Xand Lyer(2, + v + ayn) — X are invertible with

<, (6.24)

H(E(Z" tutan) - )\)_1‘ L2 HE —
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and

H(ﬁp (zn +v+an) =) Lﬁe,(o,nT)ﬁH’“(O,nT)ic e

per

Proof. As in the proof of Lemma 6.7, we obtain that for each A € K the first-order system
U'=A(z,z(x) +v(z); \) U (6.26)

admits an exponential dichotomy on R with A-independent constants and projections P(x; \).
So, we find that the nT-translated system

U' = A(z,z(x —nT) +v(x); \) U (6.27)
has for each n € N and A € K also an exponential dichotomy on R with A\- and n-independent
constants.

We apply roughness techniques to carry over the exponential dichotomies of (6.26) and (6.27) to
the system

U' = A(z, z,(z) + v(z) + an(z); \) U. (6.28)

Since ,,.A is continuous, K is compact, itholds z € H*(R) and v, a,, € H},(0,nT), and H' (R)

per

and Hr}er(O, nT') embed continuously into L>°(R) with n-independent constant, we obtain by the

mean value theorem a A- and n-independent constant Ky > 0 such that

A (2, 2n(2) + 0(2) + an(2); A) = Az, 2(2) + v(2); A)]

<K {<||<1—xn<x>>z<x>+||an<x>||>, re[-3T.37], (629
0
(1) + (@) + lan(@)l), @ € [8T,%7],

forz € [ 2T, %2 T] and A € K, and

A (2, zn(2) + v(2) + an(2); A) = Az, 2(x = nT) + v(2); )|

(6.30)
< Ko (|1 = xn(2 — nT))z(z — nT)|| + [lan(z)|)

for z € [2T,32T] and A € K. Since H'(I) embeds continuously into L°(I) for each interval
I C R and ||z]| g1 (r\[-R,R]) converges to 0 as R — oo, we find that the right-hand sides of
the estimates (6.29) and (6.30) converge to 0 uniformly on [—%7, 277 and on [2T, 371,
respectively, as n — oo. Combing the latter with the fact that (6.26) admits an exponential
dichotomy on R with A- and n-independent constants, we infer thanks to [33, Proposition 5.1]
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6 Multiple front and pulse solutions in spatially periodic systems

that, provided n € N is sufficiently large, (6.28) has an exponential dichotomy on [— 27T, 227
with A- and n-independent constants K7, g1 > 0 and projections Py ,,(x; A) for each A € K.
Similarly, provided n € N is sufficiently large, the exponential dichotomy of (6.27) on R yields an
exponential dichotomy of (6.28) on [T, STHT] with A- and n-independent constants K, pio > 0

and projections Ps ,,(x; ) for each A € K.

We glue the exponential dichotomies of (6.28) on [~ %7, 32T and on [2T, 3T together at the
point z = %"T. First, Lemma 6.54 yields, provided n € N is sufficiently large, the bound

|Prn (BT A) = Poy (22T 0) || < 2K Koe™ #2687 < 1,

for each A € K. So, the subspaces ker(Py ,,(3:T;)\)) and ran(Ps,,(3:T; \)) are comple-
mentary by Lemma 6.48. We infer that the projection P ,,(\) onto ran(Ps (32T X)) along
ker(Py ,(3T; \)) is well-defined and satisfies

I < L
1— 2K1K2€—(M1+M2)ET

[ Po,n(N)

for each A € K. Therefore, provided n € N is sufficiently large, Lemma 6.53 establishes an
exponential dichotomy for system (6.28) on the interval [—5 T, 3T"T] of length 2nT with A-
and n-independent constants for each A € . Moreover, using the continuity of .4 and the
compactness of K, it follows that || A (-, 2, () +v(-) + an(-); A) ||[L>~ can be bounded by a A-
and n-independent constant for each A € K. Combining the last two sentences with the fact
that system (6.28) has nT-periodic coefficients, [100, Theorem 1] yields, provided n € N is
sufficiently large, an exponential dichotomy of system (6.28) on R with A- and n-independent

constants Ky, po > 0 for each A € K.

In the following, we denote by ! either the space H!(R) or the space H',.(0,nT) and | € Ny.

per

Since || A (-, zn(-) + v() + an(:); A) |[L> can be bounded by a A- and n-independent constant
and the n’T-periodic system (6.28) has an exponential dichotomy on R with A- and n-independent
constants, Lemma 6.56 yields, provided n € N is sufficiently large, a A- and n-independent
constant C' > 0 such that for each g € H! < C(R) and A € K the inhomogeneous problem

U = A(z, zn(2) + v(2) + an(z); \) U + 9
with ¢ = (0,...,0,9)" € H! has a solution U € H' satisfying

U3 < Cllbllso = Cllgllao-
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6.4 Existence of periodic pulse solutions

Using that we have U} = Uj ;1 € H'forj=1,..., k— 1, wereadily observe that u = U; € H*
solves the resolvent problem

(L(zn+v+a,) —Nu=yg, 6.31)
in case H' = H'(R), and
(Eper(z7l + v+ an) - )‘) u=4yg, (632)

in case H! = H!

per(0,nT"). Moreover, it obeys the estimate

[ullage < [1Ul[20 < Cligllne- (6.33)

Since £(z, +v + a,,) and Lper (2, + v + ay,) are closed operators, it follows by the density of #*
in 7Y that the resolvent problem (6.31), in case H = H! (R), and the resolvent problem (6.32), in
case H! = H!..(0,nT), possesses foreach g € H®and A € K asolution u € H* satisfying (6.33).

per

On the other hand, an element u € ker(L(z,+v+a,)—\) oru € ker(Lper(zn+v+ay,)—A) yields
a bounded solution U = (u, d,u, . .. ,Bﬁ’lu) of system (6.28), which must be 0, because (6.28)
has an exponential dichotomy on R for each A € K.

We conclude that, provided n € Nis sufficiently large, £(z, +v+ay,)—Aand Lper(2n, +v+an,)—A
are bounded invertible and obey (6.24) and (6.25), respectively, for each A € K. ]

With the aid of Lemma 6.9, we are now able to establish the main result of this section using a
contraction-mapping argument.

Proof of Theorem 6.8. Let z, € H*

per
57T). By Lemma 6.9 the linear operator L, := Lper(2, + v) is invertible and there

(0,nT) be the nT-periodic extension of the function y,, z

_n
2+t

exists an n-independent constant X > 0 such that

on [

1£5 M b2, 0,07y HE (0.07) < K. (6.34)

per per

We substitute the ansatz u = X,z + v + a with correction term a € H, é“er

(0,nT) into (6.4) and
arrive at the equation

a=N(a)+R, (6.35)
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6 Multiple front and pulse solutions in spatially periodic systems

with nonlinearity N': H* (0,nT) — HY (0, nT) given by

per per

N(a) =L (N(zn +0,") + 0N (2 +v,)a— N(2z, +v +a,))

and residual R € HE _(0,nT) given by

per

R:_ﬁgl(N(zn+Ua')+A(2n+v))'

Since A is twice continuously differentiable in its first argument and leer(O7 nT') embeds con-
tinuously into °°(R) with n-independent constant, Taylor’s theorem and estimate (6.34) imply
that V' is well-defined and for all p > 0 there exists an n-independent constant C; > 0 such that

Hﬂ(ao) - ./\N/(al)‘

eonny <O (Naoll g 0.0m + laa g o)) a0 = 01 .

per

k
for ap, a1 € Hy,

(0,nT) with [[ag[[Le, [|ar[|L= < p.
We proceed with bounding the residual. First, as z 4+ v and v are solutions of (6.4), we have
N (zn(z) + v(2),2) + Az (z) + Av(z) = 0,
forx € [T, §T] and
N(zn(2) +v(2), 2) + Azn(2) + Av(z) = N (2n(2) + v(2), ) = N(v(2), 7) + Azn (),

for z € [-%T,%T]. Hence, since H (0,ntT) embeds continuously into L>°(R) with n-

independent constant, A" is continuously differentiable and it holds || x,, ||+ < 1, there exists
by the mean value theorem and estimate (6.34) an n-independent constant Cy > 0 such that

R 5 0,07y < CoOn, (6.36)

por
where we denote

On = [lllrre (- g 75 m)-
We observe that §,, converges to 0 as n — oc.

We introduce the rescaled variable

a=d'a, (6.37)
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6.5 Spectral analysis of front solutions with periodic tails

in which (6.35) reads
a=0,"N(6,a)+ 0, 'R. (6.38)
Regard (6.38) as an abstract fixed point problem
a=F,(a). (6.39)

Analogous to the proof of Theorem 6.5, one establishes, provided n € N is sufficiently large, that
Fn: Bo(2Cy) — By(2C)) is a well-defined contracting mapping on the ball By (2C)) of radius
2Ch in Hlf;:r(O, nT) centered at the origin, where Cy > 0 is the n-independent constant appearing
in the bound (6.36) on the residual R. Then, an application of the Banach fixed point theorem
yields a unique solution a,, € By(2C)) to (6.39). Undoing the rescaling (6.37), we obtain a
solution a,, € Hé“er(O, nT') of equation (6.35) with ||an||Hpkér(0,nT) < 2Cydy, provided n € N is
sufficiently large, which yields the result. O

6.5 Spectral analysis of front solutions with
periodic tails

In this section, we collect some background material on the spectral stability of front solutions

connecting periodic end states. Specifically, we impose the following assumption:

(H6) There exists a front Z € L°°(R) with associated end states vy € Hé"er(o7 T). We have
X+ (Z —vy) € HE(R), where y+: R — [0, 1] is a smooth partition of unity such that
is supported on (—1, c0) and y _ is supported on (—oo, 1).

We adopt the following distinction between essential and point spectrum, cf. [78, 128].

Definition 6.10. Let L: D(L) C L?*(R) — L?(R) be a linear operator with domain D(L) =
H"(R). The essential spectrum of L is defined as the set of all A € C for which the operator L — \
is not Fredholm of index zero. The point spectrum is defined as the complement o(L) \ 0es(L).

Assume (H6). Let n+ € R. The Fredholm properties of the exponentially weighted linearization
operator L, ,.(Z), see §6.2, are determined by the periodic end states v4. By leveraging
Lemma 6.59 and Weyl’s theorem, cf. [80, Theorem VI.5.26], we infer that, for each A € C, the
operator £, . (X-v_ + x4v4) — Ais Fredholm of index j € Z if and only if £,,_ ,,, (Z) — A
is Fredholm of index j. Consequently, the essential spectra of £, ,,, (Z) and £,_ ,, (x—v— +
X+v4) coincide.
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6 Multiple front and pulse solutions in spatially periodic systems

The results of Palmer, [99, Lemma 4.2], [100, Theorem 1] and [101, Theorem 1], imply that
Ly n. (X—v—~+x4v4)— Ais Fredholm if and only if both of the associated first-order eigenvalue
problems

U' = (A(z,ve(2);A) = 12) U (6.40)
admit an exponential dichotomy on R. Its Fredholm index is then given by

ind(Ly_ n, (Z) = A) = ind(Ly_ 5, (X=v— + x404) = A) = 1-(A) = I1(N),

where the Morse index 14 (\) is the rank of the projection associated with the exponential
dichotomy of (6.40) on R. We note that (6.40) possesses an exponential dichotomy on R if and
only if the operator £, (v4+) — A is invertible, cf. Lemmas 6.56 and 6.57. Furthermore, Floquet’s
theorem, [78, Theorem 2.1.27], yields that the T-periodic system (6.40) has an exponential
dichotomy on R if and only if it possesses no Floquet exponents v € C on the imaginary axis 2.
The Morse index is then equal to the number of Floquet exponents v € C with negative real
part (counted with algebraic multiplicity). We summarize these observations in the following
proposition.

Proposition 6.11. Assume (H6). Let ni. € R. Then, the following assertions hold true.

1. A point A € C lies in the spectrum of L,,, (v+) if and only if the T-periodic system (6.40)
possesses purely imaginary Floquet exponents.

2. We have

Oess (En—m+(Z)) = Oess (»Cn_77]+ (X_U_ + X+U+))
= AT\ £ LN} Ua(Ly (v_)Ua(Ly, (v4)),

where 1 () is the number of Floquet exponenents v € C (counted with algebraic multi-
plicity) of (6.40) with negative real part.

In the following proposition, we introduce the Evans function, a well-known tool to locate point
spectrum in the stability analysis of nonlinear waves, see [4,45,78,107,128] and references therein.
The Evans function is an analytic determinantal function measuring the alignment or mismatch
between the subspace of solutions decaying as z — oo and the subspace of solutions decaying as
x — —oo. Consequently, its zeros correspond to eigenvalues, including their multiplicities.

2 The Floquet exponents are the principal logarithms of the eigenvalues of the monodromy matrix 74 (7, 0; \), where

T+ (z,y; A) is the evolution of system (6.40). We refer to [24, 78] for further background on Floquet theory.
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6.5 Spectral analysis of front solutions with periodic tails

Proposition 6.12. Assume (H6). Let ny € R. Let Q) be a connected component of

C \ (O’ess(ﬁn7 (’U* )) U o'ess(»crpr ('U+))) .
Then, the following assertions hold true.

1. The number ly + € {0,...,km} of Floquet exponents v € C (counted with algebraic
multiplicity) of (6.40) with negative real part is constant for each \ € €.

2. System (6.40) has for each A € ) an exponential dichotomy on R with projections
Q<+ (z;\) of rank ly . Here, Qi (+;\): R — CF™ k™ js T_periodic for each A\ €
and Q+ (x;-): Q — Ck™*Fm js analytic for each x € R.

3. System
U = (A, 2@ N) = w)_,, (@) U (6.41)

possesses for each X € Q exponential dichotomies on Ry with projections Py (+ax; \),x >
0 of fixed rank lg 1, where wy,_ . is the weight function defined in §6.2. Moreover, there
exist analytic functions Bs: Q — CF¥lo+ gnd B,: Q — Ckmx(km—lo.—) guch that
Bg(A) is a basis of ran(P1 (0; X)) and By (\) is a basis of ker(P_(0; X)) for each \ € Q.

4. Assume further lo_ = lo . Then, there is no essential spectrum of L,_ . (Z) in .
Moreover, a point \o € 2 lies in the point spectrum of L,,_ ,, (Z) if and only if Ay is a
root of the analytic Evans function £ : 2 — C given by

E(A) = det(Bu(A) | Bs(A))-

The geometric multiplicity my(A\o) of an eigenvalue \g € Q of the operator L,,_ ,,, (Z) is
equal to dim (ker(P_(0; \g))Nran(P4(0; \o))). Moreover, if £ does not vanish identically
on (), then the algebraic multiplicity m,(X\o) of an eigenvalue \g € Q of L,,_,, (Z) is
equal to the multiplicity of \o as a root of €. In particular, the roots of £ and their
multiplicities are independent of the choice of bases.

5. Let K C ) be compact. Then, there exist constants Ky, o, 79 > 0 such that system (6.41)
admits for each A € K exponential dichotomies on Ry with constants Kq, pig > 0 and
projections Py (+x;\), z > 0 satisfying

| Py (25 X)) — Qi (Fx3\)|| < Ko (e‘“‘”" + s[up )IIZ(iy) - vi(iy)H) , (6.42)
YyE|x,00

159



6 Multiple front and pulse solutions in spatially periodic systems

for each x > 1.

Proof. The first assertion is an immediate consequence of Proposition 6.11 and the fact that the
Floquet exponents of (6.40) depend continuously on .

It follows from Floquet’s theorem, cf. [78, Theorem 2.1.27], Proposition 6.11 and Lemma 6.55
that the T-periodic system (6.40) possesses for each A € 2 an exponential dichotomy on R with
projections ()4 (z; \), which have rank Iy + and are T-periodic in their first component. Thanks
to the uniqueness of exponential dichotomies on R, cf. [33, p. 19], and the fact that (6.40) depends
analytically on )\, it follows from [34, Lemma A.2] that Q4 (x; -) is analytic on €2 for each = € R.
This proves the second assertion.

Next, we observe that [99, Lemma 3.4], (H6) and the continuous embedding H'(R) < L>(R)
yield for each A € 2 exponential dichotomies for system (6.41) on Ry with projections
Py (+x; M),z > 0 of rank [y . Using that system (6.41) depends analytically on A and the
subspaces ker(P_(—x; A)) and ran( P4 (z; \)) are by [33, p. 19] uniquely determined for x > 0
and \ € ©, [34, Lemma A.2] and [80, Section I1.4.2] provide analytic functions By :  — CFkm>lo
and By : Q — Ckmx(km=lo) guch that B,()) is a basis of ran(Py (0; \)) and B, () is a basis of
ker(P_(0; \)) for each A € Q. Thus, we have established the third assertion.

Assume [y = lp,—. Then, there is no essential spectrum of £,,_ ,,, (Z) in © by Proposition 6.11.
Setly = lp,+ and take A\g € Q0. As L, ;). (Z) — Ag is Fredholm of index 0, it is invertible if and
only if )¢ is not an eigenvalue of £,_ , (Z). Since (6.41) is the first-order formulation of the
eigenvalue problem L, . (Z)u = Au, there is a one-to-one correspondence between elements
ug € ker(Ly,_ . (Z) — Xo) and H'-solutions Uy = (ug, Iz, - - -, 0¥ tug) € H'(R) of (6.41)
at A\ = \g. The exponential dichotomies of (6.41) on R4 yield that Uy is an H *-solution of (6.41)
at A = g if and only if Uyp(0) € ker(P-(0; \g)) Nran(Py(0;Ag)). Therefore, Ay € 2 is an
eigenvalue of £, ,,, (Z)ifand only if £(A\g) = 0. In addition, the geometric multiplicity m4(Ao)
of A\g equals dim(ker(P_(0; \g)) Nran(P4(0; \g))). Finally, [77, Theorem 2.9] asserts that, if
£ is not identically 0, then the algebraic multiplicity m,(Ag) of g is equal to the multiplicity of
Ao as a root of £. This completes the proof of the fourth assertion.

Finally, we recall that system (6.40) possesses an exponential dichotomy on R for each A in
the compact set K with projections Q4 (z; A). Thus, as in the proof of Lemma 6.7, we find
that (6.40) has for each A € KC an exponential dichotomy on R with A-independent constants and,
by uniqueness, projections Q4 (; A). Thus, the fifth assertion follows from [99, Lemma 3.4] and
its proof. O
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6.6 Spectral analysis of multifront solutions

This section is devoted to the spectral stability analysis of stationary multifront solutions to (6.1).
We consider a multifront u,, of the form (6.8), where w,, is a formal concatenation of M
primary fronts Z1, . . ., Zy; with matching periodic end states, and a,, is an error term converging
to 0 in H*(R) as n — oo. Our goal is to transfer spectral properties of the linearizations
L(Z1),...,L(Zyr) of (6.1) about the primary front solutions to the linearization £(u,,) about
the multifront.

A first key observation, provided by Lemma 6.7, is that, if £(Z1) — \,...,L(Zy) — X are
invertible for each X in a compact set £ C C, then so is £(u,,) — A for n € N sufficiently large.
In other words, if K is a compact subset of the resolvent set p(L£(Z;)) foreach j = 1,..., M,
then K is also contained in p(L(u,,)), provided n € N is sufficiently large.

In dissipative systems, such as the reaction-diffusion models discussed in §6.8, the spectral stability
analysis can often be reduced to an n-independent compact set with the aid of a-priori bounds
that preclude spectrum with nonnegative real part and large modulus. As a result, Lemma 6.7
yields the following corollary, asserting that strong spectral stability of the M primary fronts
Z1, ..., Zy is inherited by the M -front wu,,.

Corollary 6.13. Assume (H1), (H2) and (H3). Suppose that the front solutions Z; are strongly

spectrally stable for j = 1,..., M. Moreover, assume that there exist a compact set K C C and
N € N such that

o(L(uy))N{z€C:Re(z) >0} CK

for n > N, where u,, is the multifront solution established in Theorem 6.5. Then, there exists
Ny € Nwith Ny > N such that for alln € N withn > Ny the multifront u,, is strongly spectrally
stable.

In the remainder of this section, we study the spectra associated with stationary multifront
solutions to (6.1) in more detail. The obtained results are particularly useful in scenarios where
one of the primary fronts is either spectrally unstable or only marginally stable. We assume
that (H1) and (H2) hold and consider a multifront u,, of the form (6.8), where a,, is an error term
converging to 0 in H*(R) as n — oo.
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6 Multiple front and pulse solutions in spatially periodic systems

By Proposition 6.11, the essential spectrum of L(u,,) is determined solely by its periodic end
states v1,— and vy 4, making it independent of n. Specifically, it is given by

Uess(ﬁ(un)) = Oess (E(X—Ul,— + X+UM,+))
— A ECH () £ L (V) Uo(£(r ) Uo(Lloars),

where [_ () and [ (\) are the Morse indices, corresponding to the number of Floquet exponents
v € C of negative real part (counted with algebraic multiplicity), of the asymptotic systems

U' = A(I, UL—(:C); /\)Ua U = .A(I, UM,+(‘T); >\)U7 (6.43)

respectively.

The main result of this section concerns the approximation of the point spectrum of £(u,,). For
each connected component 2 of C \ cess(L(uy,)), we establish such an approximation in the
subset

foreachj € {1,...,M — 1} }

Pabs,Q 1= AeQ: )
there exists 77; € R such that £, ;(\) = 14 ()\)

where £, ;(A) € Ny denotes the number of Floquet exponents v € C with negative real part
(counted with algebraic multiplicity) of the T-periodic system

U’ = (A(x,vj+(x); A) =) U.

In accordance with [130], we refer to the complement oupbs.0 := € \ pabs,o as the absolute
spectrum of L(uy,) in €, see also Remark 6.19. We observe that a point A € € lies in the absolute
spectrum o,ps, if and only if thereisa j € {1,..., M — 1} such that there is no ny € R separating
the Floquet exponents of the asymptotic system

U' = A(z,vj 4 (2); \)U, (6.44)

into 1 (\) exponents in the half plane {r € C : Re(v) < n} and km — 1 (\) exponents
in its complement (counting algebraic multiplicities). So, ordering the Floquet exponents
v15(A), ..., Vem,j(A) of the system (6.44) by their real parts,

Re(r1,;(N) < ... < Re(Vikm,j(N)),

a point A € Q lies in the absolute spectrum o1, if and only if we have Re(v; (x);(A)) =
Re(vy, (x)+1,;(A)) for some j € {1,..., M — 1}. Since the Floquet exponents v; j(\) depend
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6.6 Spectral analysis of multifront solutions

continuously on A, and (2 is open, we infer that p,ps  is also open. We note that the imaginary
axis enforces the desired splitting of Floquet exponents if A € €2 lies outside the essential spectra
of the linearizations about the primary fronts, see Proposition 6.11. So, we have the inclusion

M
Oabs,0 C U Uess(E(Zj))'

j=1

Let Q be a connected component of C\ oess (L(uy,)) and let \g € pans - Setno = 0and nyr = 0.
Then, by continuous dependence of the Floquet exponents on A, there exist an open neighborhood
U C pabs,0 of Ag and 71, ..., nar—1 € R such that the T-periodic asymptotic system

U’ = (A, vj.+(x); A) =n;) U (6.45)

has 4 (\o) Floquet exponents v € C in the open left-half plane and km — I (\g) Floquet
exponents in the open right-half plane for all A\ € ¢/ and j = 1, ..., M (counting algebraic mul-
tiplicities), cf. Figure 6.2(top). The main result of this section establishes that the point spectrum
in U of the linearization £(u,,) about the multifront converges, as n — oo, to the union of the
point spectra in ¢/ of the (exponentially weighted) linearizations L, ,,, (Z1), ..., Loy 1o (Z01)
about the primary fronts, thereby preserving the total algebraic multiplicity of eigenvalues.

Theorem 6.14. Let M € N>o. Assume (H1) and (H2). Suppose that there exists N € N such
that, for eachn € N withn > N, there exists an M -front u,, of the form (6.8), where {ay },, is a
sequence in H*(R) converging to 0.

Let Q be a connected component of C \ 0ess (L(x—v1,— + X+Vn.+)). Let \g € pabs,o. Take
an open neighborhood U C pans.a of Ao and real numbers n; € R such that for each j =
1,....M — 1 and all X € U systems (6.43) and (6.45) have the same number of Floquet
exponents in both the open left-half plane and the open right-half plane (counting algebraic
multiplicities). Setny = 0 and nyr = 0. Let £;: U — C be the Evans function of the first-order
system

. (A (@, Z;(2); ) — ), (x)) U (6.46)
forj=1,..., M, as constructed in Proposition 6.12.
Suppose \g is a root of € = &1 - ... Epp of multiplicity mg € Ny. Then, there exists og > 0

such that for each ¢ € (0, go) there exists N, € N with N, > N such that for all n € N with
n > N, the following assertions hold true.
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6 Multiple front and pulse solutions in spatially periodic systems

1. An Evans function E,: By,(0) — C associated with (6.12) has precisely mq roots in
By, (0) (counting multiplicities).

2. The operator L(uy,) has point spectrum in By, () if and only if mg # 0. The total
algebraic multiplicity of the eigenvalues of L(uy,) in By, (0) is mg.

Remark 6.15. The integer my € Ny in Theorem 6.14 equals the number of eigenvalues (counting
algebraic multiplicities) of £(u,,) converging to Ag as n — oo. In particular, my is independent
of the choice of neighborhood U C paps,0 of Ag and the choice of reals ; € R in Theorem 6.14.

Remark 6.16. If A\ lies in the complement (C\U?il Oess(L(Z;)), then we may take 71, ..., mas—1
= 0 in Theorem 6.14. The result then asserts that there exists an n-independent neighborhood
U of X\ such that the point spectrum in U/ of £(u,,) converges, as n — o0, to the union of the
point spectra of the linearizations £(Z1), . .., £(Zys) about the primary fronts, while preserving
the total algebraic multiplicity of eigenvalues. This observation proves the first assertion in
Theorem 6.3.

Theorem 6.14 can be applied to show that, if one of the (weighted) linearizations about the primary
fronts possesses unstable point spectrum, then so does the linearization about the multifront.
However, it also serves for the purpose of counting eigenvalues, which is for instance useful
for spectral (in)stability arguments in Hamiltonian systems based on Krein index theory [75, 76,
78]. We illustrate this in §6.8 by proving instability results for stationary multipulse solutions
to the Gross-Pitaevskii equation with periodic potential. Notably, the control over algebraic
multiplicities provided by Theorem 6.14 is essential for applying Krein index counting theory
effectively. Finally, Theorem 6.14 can be used to establish strong spectral stability of the multifront
in cases where Corollary 6.13 does not apply. More precisely, if both the essential spectrum
Oess(L(uy)) and the absolute spectrum o, o in the right-most connected component of C \
Oess(L(uy)) are confined to the open left-half plane, then we can employ Theorem 6.14 to
preclude spectrum of £(u,,) in n-independent compact subsets of the closed right-half plane.
This leads to the following extension of Corollary 6.13.

Corollary 6.17. Let M € Nx>o. Assume (H1) and (H2). Assume further that the following
conditions hold:

1. The essential spectrum oess(L(x—v1,— + X+Vn,+)) and the absolute spectrum oaps o in
the right-most connected component Q of C \ 0ess(L(X—v1,— + X+VUnr,+)) are confined to
the open-left half plane.

2. The Evans function £ : Q) — C in Theorem 6.14 has no zeros in the closed right-half plane.
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3. There exist N € N and a compact set K C C such that, for each n € N withn > N,
there exists a stationary M -front solution u,, to (6.1) of the form (6.8), where {ay},, is a
sequence in H*(R) converging to 0, such that

o(L(up))N{z€C:Re(z) >0} CK
forn > N.

Then, there exists Ny € N with Ny > N such that for all n € N withn > N the multifront u,,
is strongly spectrally stable.

Remark 6.18. The conditions in Corollary 6.17 can be satisfied even if the linearization £(Z;)
about one of the primary fronts Z; has unstable essential spectrum, see Figure 6.2(top). Thus,
spectrally unstable primary fronts may produce strongly spectrally stable multifronts.

The observation that multifronts composed of unstable primary fronts can still be stable is not
new: the phenomenon is well-studied in constant-coefficient systems [120, 130]. An advantage
of the spatially periodic setting considered here is that it breaks the translational symmetry. As a
result, front solutions can be strongly spectrally stable, eliminating the need to track eigenvalues
of L(u,,) that converge to 0 as n — oo, cf. [126].

Remark 6.19. In systems with constant coefficients, it was shown in [130] that eigenvalues of
the linearization about a multifront accumulate onto each point of the absolute spectrum as the
distances between interfaces tend to infinity, see also [96, 129]. We anticipate that, using the
techniques developed in [129, 130], a similar result can be established for the spatially periodic
setting considered here.

Remark 6.20. Theorem 6.14 does not require that the primary fronts constituting the multifront
are nondegenerate. Therefore, the theorem applies even when the linearization about a primary
front is not invertible due to additional symmetries, such as translational or rotational symmetries.
In §6.8, we will apply Theorem 6.14 to prove spectral instability of multipulses in a spatially
periodic Gross-Pitaevskii equation, which exhibits a rotational symmetry.

The proof of Theorem 6.14 hinges on a delicate factorization procedure of the Evans function E,,.
The procedure is inductive and employs the well-known identity

_1\¢ _ _
det (CA™'B+ D) = d(eta) det ( CA i) = det(A™") det @ CA> (6.47)
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6 Multiple front and pulse solutions in spatially periodic systems

in each induction step, where A, B,C, D € C** are block matrices with A invertible and ¢ a
natural number.

By Proposition 6.12, system (6.46) possesses exponential dichotomies on both half-lines for
j =1,..., M. By applying roughness and pasting techniques, these transfer to exponential
dichotomies of the first-order system

U' = (A(z,up(z); \) — w'(2)) U, (6.48)

associated with the eigenvalue problem (£ (uy,) —A)u = 0 about the multifront w,,, on the intervals
(—o0,nT], [MnT,),and [jnT, (j+1)nT|forj =1,..., M —1. Here,w: R — Risasuitably
chosen concatenation of the weight functions w;,;, _, ,, forj =1,..., M, see Figure 6.2(bottom).

Given an exponential dichotomy of (6.48) on an interval Z, the key idea is to use Lemma 6.51 to
write the associated projection P(z; \) as

P(x; ) = B(z; \) (O(z;\) T B(x; )\))71 O(x;\) "

where B(x; A\) and O(z; \) are matrices whose columns constitute a basis of ran(P(x; A)) and
ran(P(z; \) "), respectively. We demonstrate that

1 —1
(2, y;0) = (O(x; A) TB(230)) O3 X) T (2,53 By A) (O(y; A) T Bly; V)
is invertible for each =,y € Z, where T (x, y; A) is the evolution of system (6.48). Thus, given
matrices X', ), we can write

XT(z,y;\)Y = XP(x; )T (2, y; \) P(y; )Y + XT (z,y; \) (L — P(y; M)V

(6.49)
= XB(x; N (z,y; \)O(y; \) Y + XT (2, y; \) (I — P(y; \)Y

forx,y € Z. We then apply the formula (6.47) to the determinant of expressions of the form (6.49)
with A = TI(z,5;A\) "L, B =0(y; \) TV, C = XB(z;\) and D = XT (z,y; \) (I — P(y; ).

Specifically, we show that the Evans function E,, can be expressed, up to an invertible analytic
factor, as det(Xo(A)T (nT, MnT; X\)Vo(N)), where Xo(\) and Vo (\) are appropriately chosen
matrices. By applying (6.47) inductively, we obtain that F,, is, up to a nonzero analytic factor,
equal to the determinant of a matrix that becomes an upper triangular block matrix as n — co.
The determinants of the diagonal blocks can be identified with the Evans functions &, ..., &y
An application of Rouché’s theorem then yields the desired approximation of the zeros of E,, by
those of the product £ =& ... &y
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6.6 Spectral analysis of multifront solutions

Proof of Theorem 6.14. This proof is structured as follows. We begin with establishing exponen-
tial dichotomies for the weighted eigenvalue problems (6.46) along the primary fronts. Then, we
define a suitable weight function w and transfer these exponential dichotomies to the unweighted
and weighted eigenvalue problems (6.12) and (6.48) along the multifront. Subsequently, we de-
fine an Evans function F), associated with (6.12). Next, we inductively establish a leading-order
factorization of E,,, relating it to the product £ = &; - ... - Eys. Finally, the result follows by an
application of Rouché’s theorem.

Exponential dichotomies along the primary fronts. We list some consequences of
Propositions 6.11 and 6.12. First of all, system (6.46) has forall A\ € / andeach j =1,... . M
exponential dichotomies on R with projections P; 1 (£x;A),z > 0 of rank o, where [ is the
A- and j-independent number of Floquet exponents in the open left-half plane (counted with
algebraic multiplicity) of the systems (6.43) and (6.45). Moreover, there exist analytic functions
Bjs: U — Ckmxloand B, : U — CFmx(km=lo) guch that B, 4(\) is a basis of ran(P; 4 (0; \))
and Bj; () is a basis of ker(P; _(0; \)) forall A € ¢ and j = 1, ..., M. The associated Evans
function &;: U — C is given by

& (A) = det(Bju(A) | Bjs(A))

forj=1,..., M. Because £ = &; - ... &y is analytic, there exists a closed disk EAO (02) CU
of some radius g2 > 0 such that \g is the only root of £ in B)y,(02). Finally, there exist
constants Ko, 1o, 70 > 0 such that (6.46) possesses for X € By, (02) and j = 1,..., M ex-
ponential dichotomies on Ry with constants Ky, o > 0 and projections pj,i(j:x; A,z >0
satisfying (6.42) for each = > 7y. By uniqueness of the range of P; 1 (0; \) and the kernel of
P;_(0;\), cf. [33, p. 19], B;+()\) is a basis of ran(P; 4 (0; \)) = ran(P; 4 (0; \)) and B; ,()\)
is a basis of ker(P; —(0; X)) = ker(P; _(0; \)) foreach A € By, (g2)and j =1,..., M.

Since A is T-periodic in z, system

U (A (2, Zj(x — jnT); ) — ), (x — jnT)) U (6.50)
is, for each n € N, a jnT-translation of system (6.46) for j = 1,..., M. So, it admits for
each A € B, (02) and j = 1,..., M exponential dichotomies on the half lines (—oo, jnT] and

[jnT, o0) with constants Ky, 1o and projections Pj 4 (jnT + x;\) = Pj 4 (£x;A),z > 0.
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Figure 6.2: Illustration of a stationary 3-front solution (top), with insets showing the Floquet exponents (blue dots)
associated with the periodic end states vj 4 for j = 1,2,3, depicted in blue. The derivative of the
corresponding weight w, denoted by @, is shown in purple (bottom).

Weighted eigenvalue problem. Let@: R — R be given by

Who oy (@ =0T, z € (—oo, 3nT],
@(x) =y, (@—jnT), ze((j—inT,(j+5)nT],j=2,....M—1,
w;’ll\l—lynlu ((L’ - MnT)7 x € ((M - %)nTa OO) )
see Figure 6.2(bottom). By definition of the exponential weightsw,,, | ., = , M, see §6.2,

the function & is smooth and has support within the interval (7" — 1, MnT + 1). Therefore, its
primitive w: R — R, given by

wlz) = [ aty)dy,
0
is smooth and bounded.

Denote by T, (z,y; A) and T, (x,y; A) the evolutions of system (6.12) and (6.48), respectively.
Since w is bounded and it holds

T, y; 2) = @ “WIT (2,45 \)

for x,y € Rand A € C, system (6.12) possesses an exponential dichotomy on an interval Z C R
with projections P, (x; A) if and only if system (6.48) does.
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6.6 Spectral analysis of multifront solutions

Exponential dichotomies along the multifront. Our next step is to use roughness and
pasting techniques to transfer the exponential dichotomies of system (6.50) to exponential di-
chotomies for system (6.48) (and thus for system (6.12)) on the intervals (—oo, %nT], [(M —
2)nT,00) and [(j — 2)nT, (j + $)nT] for j = 2,..., M — 1 (only in case M > 2).

Let ¥jn: R — [0,1] be a family of smooth cut-off functions, where X1, is supported on
(=00, 2nT + 2) and equal to 1 on (—o0, $nT + 1], Xas,n is supported on ((M — $)nT — 2, 00)
and equal to 1 on [(M — 3)nT — 1, 00), and ¥;,,, is supported on ((j — 3)nT —2, (j + 3)nT +2)
and equal to 1on [(j — 2)nT — 1, (j + $)nT + 1] for j = 2,..., M — 1 (only in case M > 2).
We define

Zjn=an+ (1 =X;jn)Z;(- = nT) + Xjnwn

forj =1,..., M, where we recall w,, is the formal concatenation of the M primary fronts, defined
in (6.8). Using that 9,,.A is continuous, By, (02) is compact and we have a,, € H*(R) < L>(R)
and Z, € L*(R) for £ = 1,..., M, the mean value theorem yields a A- and n-independent
constant R > 0 such that the estimate

|A(z, Zjn(x); ) — Az, Zj(x — jnT); N)|| < Réy, (6.51)

holds for # € R, A € By, (02) and j = 1,..., M, where we denote

M
on = [lan| L + Z (||Xf(Zj - Uj’*)||L°°((—oo,—%7LT+2])
j=1

+ x4+ (Z; — rUjr‘r)”LOO([%anQ,oo)))'

Using the embedding H!(R) — L>°(R), one readily observes that §, converges to 0 as
n — oo. Thus, since for all A € By, (02) system (6.50) has exponential dichotomies
on (—oo,jnT] and [jnT,o0) with A- and n-independent constants Ky, 4o and projections
P;(jnT + x;\) = Pj o (£x; M),z > 0, the estimate (6.51) and Lemma 6.58 give rise to
A- and n-independent constants M7, 1 > 0 and o1 € (0, g2) such that, provided n € N is

sufficiently large, the following two statements hold for j = 1,..., M. First, the system
v (,4 (@, Zj (@) X) = &, (:17)) U (6.52)
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6 Multiple front and pulse solutions in spatially periodic systems

has exponential dichotomies on (—oo, jnT] and [jnT, o) with A- and n-independent constants
and projections Q; 1 ,(jnT+x; \),z > 0foreach A € B, (01). Second, themap Q; 1 ,, (jnT+
x;+): By, (01) — CFm>*km g analytic for each x > 0 and the estimates

195~ (G = 3)nT5X) = Py (=5 T5 M) < My (6 + 77T |
1)+ (G + 3)INT5X) = Py s (B3T3 M) < My (8 + 77T (6.53)
1Q),£.n(JnT; A) — Qj (M| < Midy,

hold for all A € By, (¢1), where we denote by Q; 1 () the projection onto ran(P; 4 (0; \)) along
ran(P; 4 (0; A\g))* and Q; — () is the projection onto ker(P;—(0; Ag))* along ker(P;,—(0; \)).

By Lemma 6.50, the maps Q;,+ : By, (01) — CF™**™ are analytic for j = 1,..., M.

Take j € {1,..., M}. Owing to [80, Section I1.4.2] there exist analytic maps ®;: By, (01) —
Ckmxlo and W;: By, (01) — CFm*(km=lo) guch that () is a basis of ran(Q; —(\) ") and
W;(\)is abasis of ran(I — Q;—(A\) ") = ker(Q;,—(A\) ") for A € By, (01). Since B;,(A) is a
basis of ker(Q; (X)), we have ®;(A\) " B, ,(X\) = 0 for A € By, (01). Therefore, we arrive at

det ((W;(0) | ©5(0)") &(X) = det (9;(0) T Byu(V)) det (@;(0)T By (1))

for A € By, (01). Clearly, the matrix (¥;(X) | ®;(X)) is invertible for all A\ € By, (1), and
so is W;(A)"B;4(A\) by Lemma 6.51. We conclude that £; has the same zeros (including
multiplicities) in By, (01) as the analytic function £, : By, (01) — C given by

E;(N) =det (®;(N\) " Bjs(N).

Take j € {1,...,M — 1}. We invoke Lemma 6.48, use the T-periodicity of @+ (-;\) and
employ estimates (6.42) and (6.53), to conclude that, provided n € N is sufficiently large, the
subspaces ker(Q; 4 »((j + 3)nT; A)) and ran(Qj41,— n((j + 5)nT; A)) are complementary
and there exists a A- and n-independent constant M5 > 0 such that the projection 75j,n()\) onto
ran(Qji1,— ., ((j + 3)nT; ) along ker(Q; 1 ((j + 3)nT; X)) is well-defined and enjoys the
bound

75j,n(A)H < M, (6.54)
for X € By, (01)- Since Qj 4 n((j+5)nT;-), Qjt1,—m((j4+5)nT;-): Bx,(01) = CF™Fm are

analytic, Lemma 6.50 affords analytic maps B; 1 ,: By, (01) — C*™*lo withran(Q,4+1,— . ((j+
3)nT;N) = ran(Bj _ ,(N) and ker(Q; 4 n((j + 3)nT5X) = {u € CF™ : 2Tu =
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6.6 Spectral analysis of multifront solutions

0 for all z € ran(B; 1 ,()\))}. Therefore, Lemma 6.50 implies that P; ,,: By, (1) — Ckmxkm
is analytic.

By construction of the cut-off functions X ,, and the weight w, system (6.48) coincides with (6.52)
on (—oo, 3nT for j = 1, on [(M — $)nT,00) for j = M and on [(j — 2)nT, (j + $)nT] for
J = 2,...,M — 1 (only in case M > 2). Hence, it follows, thanks to Lemma 6.53 and
estimate (6.54), that system (6.48) admits for all A\ € B, (1) an exponential dichotomy on
(—o0, nT] with A- and n-independent constants and projections Q; _ ,,(x; A), an exponential
dichotomy on [MnT,c0) with A- and n-independent constants and projections Qs 4 (z; \),
and an exponential dichotomy on [jnT, (j + 1)nT] with A- and n-independent constants and
projections

Qjomn(®:A) = Tl (j + 3)nT5 NPjn (N Tu((f + )T, a3 M),

forj =1,..., M — 1. In addition, there exist A- and n-independent constants M3, ;13 > 0 such
that, provided n € N is sufficiently large, the projections obey

“Qj,o,n(jnin >‘) - Qj,+,n(jnT§ )‘)” < M3€7#3nTa
1Qj,0m(( + 1)nT5N) = Qg1 — (G + DT )| < Mae™#anT

for A € By,(01)and j = 1,..., M — 1. Combining the latter with (6.53), we arrive at

1Qj.0,0(InT3 A) = Qi W1 1Qj 000 (7 + 1)nT5A) = Qi — (V)| < Mze™*"T 4 M6,
(6.55)

for A\ € By,(¢01) and j = 1,..., M — 1. Finally, we observe that Q; o ,(z;"): By, (01) —

Ckmxkm is analytic, since P;,, and Ty, (x,y;-) are analytic for z,y € [jnT, (j + 1)nT] and

g=1,...,M — 1, cf. [78, Lemma 2.1.4].

We define the analytic maps Zo. ., 21, Bjn, Barn: By, (01) — CExlo by
Eon(\) = Q1 n(nT; ) T1(N),  Ejn(N) = Qjon((+ DT A) T®511(N)
and

Bjn()‘) = Qj,o,n(jnT; )‘)Bj,s(A)7 BM,n()\> = Q]\/[,+7n(MnT;)\)BM,s()\)
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6 Multiple front and pulse solutions in spatially periodic systems

forj =1,...,M — 1. Let gy € (0,01). Employing estimates (6.53) and (6.55), using the
compactness of B, (0o) and recalling that ®; and B; s are analytic on B), (1), we obtain a A-
and n-independent constant M, > 0 such that, provided n € N is sufficiently large, we have

I1Z5-1.0(A) = 25N 1Bjn(A) = Bjs(W)Il < My (e7#4"F +6,,) 6.56)
1E5—1.n N 1Bjn (M < Ma,

forall A € By, (00) and j = 1,..., M. Because ®;()\) and B; 5(\) are bases, the estimate (6.56)

implies that, provided n € N is sufficiently large, = ,,(\) forms a basis of ran(Q; _ ,(nT;\) "),

Z; () is a basis of ran(Q; o ((j + 1)nT;A) ), B; . ()\) is a basis of ran(Q; o »(nT; \)),

and Bas,(N) is a basis of ran(Qps 4 o (MnT; X)) forj =1,...,M — 1and A € By, (00)-

By [80, Section I1.4.2] there exist analytic maps =, ,,, B . : By, (01) — CF™*!0 suchthat = ,,(\)
forms a basis of ran(Q; o, (jnT; A\) ") and B; ,,()\) is a basis of ran(Q; o ,,((j + 1)nT}; \)) for
A€ By (01)and j = 1,...,M — 1. By Lemma 6.51, the matrices =;,,(\)" B;,(\) and
Zjn(N) T Bj . (\) are invertible for A\ € By, (0o) and j = 1,..., M — 1. Hence, one readily
verifies that it must hold

Bin) (EsnN) T Bin(N) " E5n (N,
Bin(N) (EjnN) T Bin(N) Zjn (V)T

ijoyn(jncn )‘)
Qjon((j+ 1)nT;N)

(6.57)

for A € By,(0o) and j = 1,..., M — 1. Therefore, defining I1; ,, ©; ,,: By, (01) — Clo*to by

-1 éj’n(A)TE(jnTy (5 + 1)nT; )\)l’;’jm()\) (Ej’n()\)TBj,n()\))_l

0n(A) = (Z5n(N) " Bjn(N)
and
0jn(N) =Zjn(N) Tu((f + DnT, jnT; X)) B; n(N),

we deduce

0N (N) = Zj,0(A) T Qjron((F + DT N)Tu((j + 1)nT, jnT; \)

TG, G+ V)T By () (Zin (W) T Bin(N) T =1

and, similarly,

IL ,(A)O,n(N) =1
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6.6 Spectral analysis of multifront solutions

for \ € By, (00) and j = 1,..., M — 1. We conclude that ©;,,()) is invertible with inverse
I, (\) for A € By,(00) and j = 1,...,M — 1. Moreover, ®;,, and ©,, are analytic
for j = 1,...,M — 1, since =, Bj.n, Zjn> Bj.n and Ty, (z,y;-) are analytic for z,y € R
by [78, Lemma 2.1.4].

By [33, p. 13], we can extend the exponential dichotomy of system (6.48) on [MnT, o0) to an
exponential dichotomy on [nT", o) with projections Qs+ (x; X), 2 > nT by setting

Ot 40 (25 A) = T, MnT; N) Qs 4 o (M T \) T (MnT, 3 \)

for each z € [nT, MnT] and A € By, (01). As noted before, this implies that the unweighted
system (6.12) also admits exponential dichotomies on the half lines (—oo, nT| and [nT, 00) with
projections Q1 _ ,,(z; A\),x < nT and Qps 4 »(x; A), x > nT, respectively.

The Evans function for the multifront. By [80, Section I1.4.2], there exist holomorphic

functionsU,,, Y, : By, (01) — CF™*(km=lo) such that,, (\) forms abasis of ker(Q; _ ,,(nT; \))
= ran(l — Q1 _ ,(nT;)\)) and Y, (\) is a basis of ran(I — Qi _ ,(nT;\)") for each

A € By, (01). Upon defining S,,: By, (01) — CF™*lo by S,,(A\) = T (nT, MnT; \)Bar.n(N),

we find that S,,()) is a basis of ran(Qps 4, (nT; \)) for each A € By, (00), because Bas,n(A) is

a basis of ran(Qas + , (MnT'; X)). Moreover, S, is analytic, since Bas,,, and T,,(nT, MnT'} ")

are, cf. [78, Lemma 2.1.4]. Thus, an analytic Evans function E,,: B),(¢1) — C for system (6.12)

is given by

E,(\) = det(U, (M) | Sn(N)).
Leading-order factorization of the Evans function. Our next step is to multiply E,, ()

with several nonzero analytic functions in order to relate it to £ = &1 - ... - Eyr, where &; is the
Evans function associated with system (6.46).

First, noting that =g ,,(\) ", ()\) = 0, we compute

det ((Ta(A) | S0 (M) ") Ea(A) = det (Tn(X) Un (M) det (Z0,0(N)Sa()
for A € By, (00). Since the matrices (Y,,(\) | Z9.,(A)) and Y,,(\) "W, ()\) are invertible for
all A € E)\O(Qo) by Lemma 6.51, the Evans function F,, possesses the same roots (including

multiplicities) in By, (0o) as the analytic function E,,: By, (01) — C given by

E,(N) = det (20,0 (N) ' Sn(N) = det (Eo,n(A) T Tn(nT, MnT; \)Basn(N)) - (6.58)
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6 Multiple front and pulse solutions in spatially periodic systems

Denote by Iy, the identity matrix in C**¢ and by 0y, the zero matrix in C*** for ¢, s € N. We
claim that, provided n € N is sufficiently large, there exists an analytic function h; ,,: By, (01) —
C such that

5 L . Bj.(\) -4 o
En(N) = (N det ((Dj,n(A) Cm(ﬂ) + HJ,H(A)> , (6.59)

for A € By,(00) and j = 1,...,M — 1. Here, B, ,(\) € C2' 0x2 "o js an upper trian-
gular (Ip x ly)-block matrix, whose blocks above the diagonal are equal to —1I;,x;, or Oy,
and whose diagonal contains exactly one copy of each of the blocks = M_l’n()\)TB Man(A), ..,
En—jin(N) T Bas—j+1.0(\) and further only (1o x[)-identity matrices. Furthermore, A;, C; ,,(\),
Djn(\) € C¥ ox2 7o gre given by

i (I(zjl—l)zox(za'l—mo 0(2J1—1)l0><l0>
j = )

01 x (20-1—1)1, 01 x 10
Cin(h) = <I(2j1—1)zox(zj1—1)zo O(2i-1-1)19 %10 )
Jn - —_ .

Olox(ﬂflfl)lo :O,n()\)T,ﬁL(nTv (M - j)’/lT; /\)Bl\/f—j,n()\)

and

Djn(X) =

0(2j*171)lo><l0 R O(ijlfl)loxlo
Zon V) T (0T, (M = §)nT; N Hjan(N) .. Bon(N) T Ta(nT, (M = j)nT; N H; 55-1,,(N) )

forj =1,...,M—1land X € By, (01). Moreover, H; s ,,(\) € Cl*!o and H; ,,()\) € €2 lox2’lo
obey the bound

[Hjem N [ Hjn (V]| < Mse#o" (6.60)

for ¢ =1,...,2771 j=1,...,M —1and A € B),(00), where Ms, 5 > 0 are A- and
n-independent constants. Finally, h; ,, is nonvanishing on By, (go) for j =1,..., M — 1.

We prove our claim inductively for j = 1,...,M — 1. In our proof we rely on the iden-
tity (6.47). We start our induction proof with considering the case j = 1. Here, we employ
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6.6 Spectral analysis of multifront solutions

identities (6.47), (6.57) and (6.58) and use the fact that © 71, () is invertible with inverse
Iar—1,,(A) to derive

En(X) = det (29, Tn(nT, (M = 1)nT)Bar—1,n i —1.0Z 01 Barn
+Z02Tn(nT, (M — D)nT) T (M — 1)nT, MnT) (I — Qpr—1,0,0(MnT)) Basy)

Err—1,0BMn 010 x10 -
= det(H]y[,Ln) det —on ’ + Hl,n
Dl,n E(—{n'ﬁl(nT, (M - 1)nT)BM,1,n

for A € B, (00), where we suppressed A\-dependency on the right-hand side and denote

Din(N) = Z0.n(N) " To(nT, (M — 1)nT; \)Hy 1 (M),
Hi, n(/\) = 7;1( M — 1)’1’LT, MnT; /\) (I - QM—I,o,n(MnT; )‘)) BIVLTL()‘)’

and

Fon()) = <Olg><lo —@M1,n(>\)> .

Olg X lo OlO X lO

Using the bound (6.56) and the fact that Bys_1 ,, () is a basis of ran(Qas—1,0,n (M —1)nT; X)),
we obtain, provided n € N is sufficiently large, A- and n-independent constants Mg, pg > 0 such
that

”HLLW()‘)H ) H-gl,n(A)H < M@Q_MSHT

for A € B),(00). Finally, we note that the function hy ,,: By, (01) — C given by hy ,(\) =
det(IIas—1,, (X)) is analytic and does not vanish on By, (00), since IIar—1,, is analytic and
Iar—1,,(A) is invertible for all A € B, (go). We conclude that our claim is valid for j = 1.

Next, we perform the induction step. That is, we assume that our claim holds for some j =
Jo € {1,..., M — 2} and prove that it then also holds for j = jo + 1. First, we recall that
Onr—jo—1,n(A) is invertible with inverse ITps—j,—1,»(A) and use
Ta((M = jo = D)nT, (M — jo)nT; X) = Bar—jo-1 (N Iar—jo—1.0(NZEnr—jo—1,0(A) 7
+ To((M = jo — )nT, (M = jo)nT; A) (I = Qri—jo—1,0n (M = jo)nT; A))
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6 Multiple front and pulse solutions in spatially periodic systems

cf. (6.57), to express

Bjo n()‘) _Ajo i ~ —1
i, ) 4 Hyn ) = Gt N A1) Bio g1 (V) + Digsrn (A
(Djo,n()‘> Gyl o (A) = Clor1.n(AN) Ajo+1,0(A) 7 Bjg1,0(A) + Djgr1.n(N)

(6.61)

with

Ajor1n(A) = <I(2j01)l0X(2J’01)10 Do Dot ) )
OloX(Qj[)*].)lo ®M_j0_17n(A)

Bj, (N —A; _ N
Bjot1,n(A) = <A e . > » Djot1n(A) = Djor1,n(A) + Hjg n(A)
D]'(H‘l,n()‘) Cjo+1,wz(/\)
and
Jjo+1,m = _ ,
’ Olgx(zjo—l,l)lo :M—jo—l,n(/\)TBM—jo,n(/\)
Dot u)—( Oczrot—1ytoxiy = O(aso—1—1yt0xio )

Jot+1,n - —_ —

:‘M—jo—l,n()‘)THjml,n()‘) s :‘M—jo—l,n(/\)Tng,QJO*l,n()‘)

for \ € B, (00), where the matrix D;, 1., ()\) is defined by setting

Hjo41,00(A) = To (M = jo — )nT, (M — jo)nT) (I — Qni—jo—1,0,n (M — jo)nT) Hjog
H, 150N =010,
Hjo+1,2j0,n()‘) = 7;1((M —Jo— l)nT, (M - jo)’l’LT)
X (I = Qum—jo—1,0,((M = jo)nT)) Brr—jo,n
forf =1,...,200= and{ = 270~1 41, ... 2/ —1, suppressing \-dependency on the right-hand

sides. Next, we take determinants in (6.61), use that (6.59) holds for j = jo, and apply (6.47) to
arrive at

- B i1\ —A; _
Eam=mMQMamM%1AMMa<(@“() ~J”l>+%ﬁmuﬂ,
Dj0+1,n(/\) Cj0+17n(/\)
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6.6 Spectral analysis of multifront solutions

with
. B n() —A;
Bj0+1,n<x>=< wnN) A, )
021010><2J'0l0 Cjo+17"()‘)

and

J

. Hiyt1n(N) Hjgi1n(N
Hjj41,0(A) = ( ot N Hioand )>,
Hjyn(X)  Ogioggx2iot,

where we denote
2 270 1]gx290—1] 270~ 1]gx290—1]
O 1 0 j 1 0 O j 1 0 j 1 0
Hjo+1,n()‘) = ~
Djo+1,n(>‘) OQjO*lloxzjofllo

and

Hiin() = (0(2Jo1)zox(2jo1)zo 0210 —1)10 x10 ) _
010 % (290 — 1)1 —Onr—jo—1,n(N)

Moreover, recalling that Bas—j,—1,,()) i a basis of ran(Qar—jy—1,0,n (M — jo — 1)nT; X)),
employing the bound (6.56), and using that (6.60) holds for j = jo and £ = 1,...,2%071 we
establish A\- and n-independent constants M7, 7 > 0 such that, provided n € N is sufficiently
large, we have

”HjoJrLf,n()‘)” )

| Hjor1n(N)[| < Mremron?

for £ = 1,...,27% and X € B),(0o). Finally, the function hj,41,,: Bx,(01) — C given by
Bio+1.0(A) = hjy.n(N) det(ITps—j,—1,,(N)) is analytic and does not vanish on B}, (0o), since
hjyn and IIps_j 1, are analytic, hj, () is nonzero and ITp;_j 1 ,, () is invertible for all
A € By, (00). Therefore, our claim holds for j = jo + 1.

Inductively, we have thus established our claim for j = 1,..., M — 1 as desired. In particular,
applying our claim with j = M — 1 we find, provided n € N is sufficiently large, that

En(N) = har— 1N ER (V) (6.62)
for A € By, (00) with E,,: By, (00) — C given by

E,(\) = det (Amainn(A\) + Aresn(N)
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6 Multiple front and pulse solutions in spatially periodic systems

where we denote

Ogar— - O0onie B B
Ares,n()\) = 21V~f *lox2M 2l 2M =21 x2M =21 + H]VI—I,n()\)
DM—l,n()\) OQIVI—QIOXQM,QZO

and where

Amain,n()\) = ( BM*Ln()‘) —A]\/f—l ) c C2M7110><2M*1l0

02A4—210X2M—2l0 CM—l,n()\)

is an upper triangular (/o x ly)-block matrix, whose blocks above the diagonal are equal to —I; x,
or to 0z, x1,, and whose diagonal contains (ly x ly)-identity matrices and precisely one copy of
each of the blocks Zpr—1.,(A) " Barn(A), ..., Z0.n(N) "B, ()). Hence, by estimates (6.56)
and (6.60) there exist A\- and n-independent constants Mg, g > 0 such that, provided n € N is
sufficiently large, we have

”Amain,n()‘) - AO()‘)H < MS (eiusnT + 5n) ) HAO()‘)H < MS, ”Ares.,n()‘)” < MSeiusnT

for A € By, (00), where Ag(]) is the upper triangular block matrix arising by substituting the
blocks Zpr—1.0(A) " Barn(A), -+, Z0.n(A) T B (A) in Amain,n (A) by the blocks @1, Bass(A),
e <I>1TBLS()\), respectively. Therefore, we obtain A- and n-independent constants My, pig > 0
such that, provided n € N is sufficiently large, we have

Ea(\) — 5()\)‘ < My (e onT +5,) (6.63)

for A € By, (00), where we denote

E=EN)...Eu(N).
Moreover, since hps—1,, and En are analytic and hp7—1 ,, does not vanish on E,\O (00), we find

by identity (6.62) that E, is analytic on B, (go) and has the same zeros (including multiplicities)
in By, (00) as E,.

Application of Rouché’s theorem. Let o € (0, 00). Since the Evans function &; has the
same roots (including multiplicities) as I3 j in By, (1) for j = 1,..., M and £ does not vanish
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6.7 Spectral analysis of periodic pulse solutions

on 9By, (o), we find that £ is also nonzero on 9By, (0). So, the bound (6.63) yields, provided
n € N is sufficiently large, that

Ea(V) = EV)| < [E)

for all A € OB, (0). Therefore, noting that € has only one root in By, (o) having multiplicity
mg, Rouché’s theorem implies that E, possesses precisely mg zeros in B), () (counting multi-
plicities). Since the zeros of En, E,L and F,, in Bj, () and their multiplicities coincide, the first
assertion follows. The second assertion is a direct consequence of the first by Proposition 6.12. [

6.7 Spectral analysis of periodic pulse solutions

In this section, we study the spectral stability of stationary periodic pulse solutions to (6.1). We
consider an n7T-periodic pulse solution u,, of the form (6.23). That is, we have u,, = w,, + an,
where w,, is the formal nT-periodic extension of a primary pulse Z = z + v € HF(R) @
ngr(o, T), and a,, is an error term converging to 0 in HI’;r(O, nT). Our goal is to show that
spectral (in)stability properties of the primary pulse Z transfer to the periodic pulse solution w,,.

We begin by observing that Lemma 6.9 implies that, if C is a compact subset of the resolvent
set p(L(Z)), then K is also contained in p(L(uy)) for n € N sufficiently large. Hence, if a-
priori bounds preclude unstable spectrum outside of the compact region K, then this leads to the
following analogue of Corollary 6.13, which asserts that strong spectral stability of the primary
pulse is inherited by the associated periodic pulse solutions.

Corollary 6.21. Assume (H4) and (HS). Suppose that the pulse solution z + v is strongly
spectrally stable. Moreover, assume that there exist a compact set K C C and N € N such that

o(Ly)N{zeC:Re(z) >0} CK

for n > N, where u,, is the periodic pulse solution established in Theorem 6.8, and L,, is the
operator L(uy) or Lyer(uy). Then, there exists Ny € N with Ny > N such that for alln € N
with n > N the spectrum of the operator L,, is confined to the open left-half plane.

In the remainder of this section, we analyze the spectra of the operators £(u,,) and Lper(uy,) in

more detail. Our approach relies on comparing the Evans function £ associated with £(Z), as
constructed in Proposition 6.12, with an Evans function for the first-order formulation

U' = Az, up(x); U (6.64)
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6 Multiple front and pulse solutions in spatially periodic systems

of the eigenvalue problem along the periodic pulse solution w,,. If 7,,(x, y; A) is the evolution of
system (6.64), then this analytic Evans function E,, - : C — C is given by

Eny(A) = det (70 (0, =3T3 ) = 4Tu(0, 575 1))

for  lying in the unit circle S* C C, cf. [52,129]. Clearly, itholds E,, ,(A\o) = 0 for some \g € C
if and only if system (6.64) possesses a nontrivial solution U (z) satisfying the boundary condition
U(=5T) = yU(5T). Hence, g lies in the spectrum of the Bloch operator L¢ per(uy,) if and
only g is a zero of E,, sient, cf. §6.2.4. In fact, it was shown in [52], see also [78, Section 8.4],
that the algebraic multiplicity of A¢ as an eigenvalue of L¢ per(uy,) equals the multiplicity of Ag
as a root of the Evans function £, .icnr. We conclude that A lies in the spectrum of Ly (uy, ) if
and only if Ay € C is a zero of E,, ;. Moreover, we have \g € o(L(uy,)) if and only there exists

v € S* such that E,, ~(A\o) = 0.

The main result of this section establishes that isolated zeros of the Evans function £ associated
with the primary pulse perturb into zeros of the Evans function E,, ., of the periodic pulse solution,
thereby preserving the total multiplicity. That is, isolated eigenvalues (including their algebraic
multiplicities) of the linearization £(Z) about the primary pulse persist as eigenvalues of the
T
).

Bloch operator L¢ per(uy) for each § € [—7%, 775

Theorem 6.22. Let z + v € H*(R) @ HE

per

(0,T). Suppose there exists N € N such that,

fJor each n € N with n > N, there exists a periodic pulse solution u,, € H;fer(o,nT) of
the form u, = z, + v + an, where {an}, is a sequence with a,, € H}, (0,nT) satisfying

Han”Hlﬁ,(O,nT) — 0asn — oo, and z, € Hpker

function Xz on [= 2T, 2T) and X, is the cut-off function from Theorem 6.8.

(0,nT) is the nT-periodic extension of the

Let Q) be a connected component of C \ 0ess(L(v)). Let £: Q — C be the Evans function
associated with the first-order system (6.26), as constructed in Proposition 6.12.

Suppose that Ny € ) is a root of £ of multiplicity mqo € N. Then, there exists o9 > 0 such that
foreach o € (0, 0o) there exists N, € N such that for all n € N with n > N, the following
assertions hold true.

1. Foreach~y € S* the Evans function E,, ., possesses precisely mg roots in the disk By, (o)
(counting multiplicities).

2. For each § € [—.7=, -7=) the Bloch operator L o (un) has precisely mg eigenvalues in

By, (0) (counting algebraic multiplicities).

3. The operator Lye,(uy,) has precisely mq eigenvalues in By, () (counting algebraic multi-
plicities).

180



6.7 Spectral analysis of periodic pulse solutions

4. The operator L(uy,) has spectrum in By, (o).

Remark 6.23. Theorem 6.22 establishes the convergence of the point spectrum of the Bloch
operators L¢ per(y, ) within n-independent compact sets K C C\0ess(£(2)) to the point spectrum
of L(Z) in K as n — oo. This naturally raises the question of whether spectrum of L¢ per(r,)
converges to the essential spectrum oess(£(Z)) as n — oo. In the case of constant coefficients,
this question has been answered affirmative. Specifically, it was shown in [129] that eigenvalues
of L¢ per(un) accumulate onto each point of the essential spectrum oess(£(Z)) as n — oo.
Consequently, on compact subsets, the spectra of both £(u,,) and Lpe(u,,) converge to o(L(Z))
in Hausdorff distance as n — co. We strongly expect that, using the techniques developed
in [129], a similar result can be obtained in the spatially periodic setting considered here.

Theorem 6.22 implies that spectral instability of the primary pulse is inherited by the periodic
pulse solution. Furthermore, it serves as an important tool in spectral (in)stability arguments based
on Krein index counting theory. In particular, we employ Theorem 6.22 in §6.8 to demonstrate
the spectral and orbital stability of periodic pulse solutions to the Gross-Pitaevskii equation with
a periodic potential.

As mentioned in §6.1, Theorem 6.22 was established in the constant-coefficient case in [53], using
geometric dynamical systems techniques and topological arguments based on Chern numbers.
The result was subsequently refined in [129] by showing that there exists an n-independent
constant 4 > 0 such that the roots of E,, ., in B),(¢) remain O(e™#")-close to \o.

Our proof of Theorem 6.22 builds upon the approach of [129, Theorem 2]. Specifically, we employ
roughness techniques to transfer exponential dichotomies on R for the eigenvalue problem (6.26)
along the primary pulse to the system

U' = Az, xn(2)2(2) + v(2) + an(z); \)U. (6.65)

System (6.65) coincides with the eigenvalue problem (6.64) along the periodic pulse u,, on a sin-
gle periodicity interval [~5 7T, 57]. Denoting the projections of the exponential dichotomies
of (6.65) on Ry by Q. ,(x;)), we construct analytic bases of ker(Q_ ,(—57;X\)) and
ran(Q4 ,(57; A)). Multiplying E), . (\) with the nonzero determinant of the matrix formed by
these basis vectors yields an approximation of the Evans function £ associated with the primary
pulse. The conclusion then follows from an application of Rouché’s theorem.

Proof of Theorem 6.22. We start by collecting some facts from Proposition 6.12. First, sys-
tem (6.26) possesses for each A € ) exponential dichotomies on R with projections Py (£x; A),
x > 0 of some fixed rank [, which is independent of A and z. Moreover, there exist analytic func-
tions By: Q — CF™*lo and B,,: Q — Ckm>(km—lo) guch that B,(\) is a basis of ran( Py (0; \))
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6 Multiple front and pulse solutions in spatially periodic systems

and B, () is a basis of ker(P_(0; \)) for each A € Q. The associated Evans function £:  — C
is given by

E(A) = det(Bu(A) | Bs(A)).

Because &£ is analytic and Ay is a root of £ of finite multiplicity, there exists a closed disk
By, (01) C Q of some radius p; > 0 such that )\g is the only root of £ in By, (01). Finally,
there exist constants Ko, ji0, 7o > 0 such that system (6.26) admits for each A\ € By, (o01)
exponential dichotomies on Ry with constants Ky, ;1o > 0 and projections pi(:lzx; A,z >0
satisfying (6.42) for each x > 7y, where Q(-; \) is T-periodic. By uniqueness of exponential
dichotomies, cf. [33, p. 19], Bs()) is a basis of ran(Py (0; \)) = ran(Py(0; \)) and B, () is a
basis of ker(P_(0; \)) = ker(P_(0; \)) for each A € By, (01).

Since 9,,.A is continuous, By, (¢1) is compact, it holds z € H'(R) and v,a, € H,.(0,nT),

and H'(R) and H,,,(0,nT") embed continuously into L>°(R) with n-independent constant, we
obtain by the mean value theorem a A- and n-independent constant R > 0 such that

[A (@, xnz(2) + v(2) + an(x); ) — A(z, 2(x) + v(2); || < Rép
forz € Rand A € By, (01), where

On = zlég(\\(l = xn(2))2(2)] + llan(2)])
converges to 0 as n — oo. So, by Lemma 6.58 there exist constants M1, 1 > 0 and g € (0, 1)
such that system (6.65) admits, provided n € N is sufficiently large, exponential dichotomies
on Ry with M- and n-independent constants and projections Qy ,,(£x; ),z > 0 for each
A € B, (00). Here, the maps Q4 ,,(£x;-): By,(00) — CF™**™ are analytic for each x > 0
and the estimates

|Qen(5T:0) = Pe(£5T: N[ < My (5, +e727).
194, (0:) = Qe (V)| < M3,

(6.66)

hold for each A € B, (00), where Q. ()\) is the projection onto ran(P,(0;\)) along
ran(P;(0; o)) " and Q_ () is the projection onto ker(P_(0; \g)) " along ker(P_(0; \)).

Now set Bs ,(A) = Q1 ,(0; A\)Bs(A) and By, (A) = (I — Q— ,,(0; A))By(A). Then, Bg,, ()
and B, () are analytic in A on B),(go). Moreover, the fact that the analytic maps B, and B,
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6.7 Spectral analysis of periodic pulse solutions

are bounded on the compact set B}, (0o) in combination with estimate (6.66) affords a A- and
n-independent constant My > 0 such that

1Bs(A) = Bsn (M| 1Bu(A) = Bun M) < Madn,  [[Bsn V] [1Bun(N)] < Ma, (6.67)

for all A\ € By,(00). So, provided n € N is sufficiently large, Bs,()\) is a basis of
ran(Q4 »(0; \)) and By, () is a basis of ker(Q_ ,,(0; \)) for each A € B, (00)-

Since Q(+; A) is T-periodic, estimates (6.42) and (6.66) and Lemma 6.48 imply that, provided
n € N is sufficiently large, the subspaces ran(Q_ ,(—57;A)) and ker(Q, (573 \)) are

complementary and there exists a A- and n-independent constant M3 > 0 such that the projection
P, (\) onto ran(Q_ ,,(—57T; \)) along ker(Q ,,(57’; \)) obeys

HE(A)H < M, (6.68)

for all A € By, (o). In addition, since the functions Q4 ,,(+2T;-): By,(00) — CF™*F™ are
analytic, Lemma 6.50 yields analytic maps By ,,, Ba.n: By, (00) — CF™<!0 with the property
that ran(Q_ ,,(— T3 \)) = ran(By,,,(\)) and ker(Q ,,(2T;N) = {u € CF™ : 2Ty =
0 for all z € ran(Ba,,(\))}. So, it follows, again by Lemma 6.50, that P,, : By, (go) — CFm>km
is analytic.

Since the evolution 7, (z, y; \) of system (6.64) depends analytically on A by [78, Lemma 2.1.4],
the Evans function E,, - is analytic for each v € S'. Because system (6.64) coincides with
system (6.65) on [ 5T, 5T7, it holds

Epn(X) = det (T,,(0, = 2T X) — vT, (0, 2T \))

for all v € St, where T}, (z, y; \) denotes the evolution of (6.65), which depends analytically on
A by [78, Lemma 2.1.4]. Define H,, ,: By, (00) — CF™>*m by

o) = (1= PaX) T (=5T,0:0) Bun(N) | =77 Pu(N) T (3T.0;A) Bon(V))

for v € S'. We note that H, - is analytic on By, (go). Moreover, T}, (f%T,O; )\) Buyn(N)
constitutes a basis of ker(Q_ ,,(—57T; \)), whereas [ — P, (\) projects along the complementary
subspace ran(Q_ ,(—4571; A\)). Hence, the first km — Iy columns of H, () form a basis of
ran(I — P,(\) = ker(Qy (575 \)). Similarly, the last [y columns of H, ,(A) constitute
a basis of the complementary subspace ran(Q_ ,,(—57’;\)). Therefore, provided n € N is

sufficiently large, H,, () is invertible for each A € B, (0o) and y € S*.
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6 Multiple front and pulse solutions in spatially periodic systems

Recall that (6.65) possesses exponential dichotomies on Ry with projections Q4 ,,(£x; A),z > 0
and A- and n-independent constants, which we denote by C1, 1 > 0. Combining the latter
with (6.67) and (6.68), we obtain a A- and n-independent constant M, > 0 such that

b

To(0, 375 0) (1= Pa(V)
HTn(_%Tu 0; /\)Bu,n()‘)

T, (0, — 2T; \) P (A H < Mye m3T
(0, =3T3 A)Pn(N) 6.69)

|Tn(%T, 0; A)Bs,n()\) H < M4e_“1L21T7

)

for each A\ € P,\O(go). Therefore, using the estimates (6.67) and (6.69), we find an n-, - and
A-independent constant M5 > 0 such that, provided n € N is sufficiently large, it holds

(T (0, —=2T;A) — AT (0, 2T5 X)) Hony(A) — (Bu(N) | Bs(N)]| < M5 (6, + e 17T
(T (0, =275 X) = YT (0, 2T ) oy (V)| < M,

for each A\ € Bj,(09) and v € S. So, taking determinants, we establish an n-, v- and
A-independent constant Mg > 0 such that

By (M) det(H 5 (X)) — EN)] < My (5, +e707T)

for each A € By, (0o) and v € S*.

Let o € (0, 0p). Since € does not vanish on 9B}, (o), the latter estimate yields, provided n € N
is sufficiently large, that

[Eny(A) det(Hn 5 (X)) = EN)| < [E(N)]

for each A € 9B,,(0) and v € S*. We recall that det(H,, ~(-)) is nonzero and the functions
&, det(H,,~(+)) and E,, , are analytic on the open disk By, (00) C €2, which contains 0B}, (o).
So, applying Rouché’s theorem to the latter inequality and noting that )\ is the only root of £ in
B, (00), which has multiplicity 1, we find that the Evans function F,, ., has precisely m zeros
in B, (0) (counting with multiplicities) for each v € S*. This proves the first assertion.

The second assertion immediately follows from the first assertion by taking v = ¢'¢"7 and
applying [52, Proposition 2.5], see also [78, Lemmas 8.4.1 and 8.4.2]. Since Lo per(un) =
Lper(r), the third assertion is a direct consequence of the second. Finally, the third implies the

fourth assertion by evoking (6.7). O
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6.8 Applications

In this section, we employ our methods to construct multifronts and periodic pulse solutions
in specific prototype models and analyze their stability. To illustrate the applicability of our
theory in a simple setting, we first consider a reaction-diffusion toy model. We then focus on
a Klausmeier reaction-diffusion-advection system which describes the dynamics of vegetation
patterns on periodic topographies [13]. Finally, we consider the Gross-Pitaevskii equation with
periodic potential, which arises in the study of Bose-Einstein condensates in optical lattices [109].
Our findings are supported by numerical simulations performed with the MATLAB package
pde2path [146].

6.8.1 A reaction-diffusion model problem

We consider the scalar reaction-diffusion equation
ou = Pu+eV(z)u—sin(u),  u(z,t)eR, zeR, t>0, (6.70)

where V' € C*(R) is a given real-valued potential of period T" > 0. Here, the parameter ¢ > 0
measures the strength of the potential V' and will serve as a bifurcation parameter.

We are interested in the existence and spectral stability of stationary multifronts and periodic
pulse solutions to (6.70). Stationary solutions to (6.70) solve the ODE

0?u+ eV (z)u —sin(u) = 0, (6.71)

which is of the form (6.4).

Let u € L>°(R). For the upcoming spectral stability analysis, we define the closed differential
operator L. (u): D(Lc(u)) C L*(R) — L?(R) with dense domain D(L.(u)) = H*(R) by

L.(u) = 0% 4+ eV — cos(u).

Since the operator L. (u) is self-adjoint, its spectrum must be confined to the numerical range,
leading to the following spectral a-priori bound.

Lemma 6.24. Let o > 0. Then, the spectrum of the operator L(u): D(L(u)) C L*(R) — L?(R)
with D(L(u)) = H?(R), given by

L(u) = 0% + u,
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6 Multiple front and pulse solutions in spatially periodic systems

2m(k+1)

Figure 6.3: Left: phase portrait of the Hamiltonian system (6.73). Blue curves correspond to heteroclinic orbits connecting
the fixed points 27k to 27(k =+ 1) for each k € Z. Black dots correspond to equilibria of the system. Right:
plot of the associated front solution ug 1 41 to (6.72).

satisfies o(L(u)) C (—o0, ¢] for all real-valued v € L (R) with ||u||p~ < o.

Proof. Because L(u) is self-adjoint, its spectrum must be contained in the numerical range, which
is confined to (—oo, . O

6.8.1.1 Existence and spectral stability of fronts for = = 0

Stationary front solutions of (6.71) for ¢ = 0 correspond to heteroclinic solutions to the au-
tonomous system

02y — sin(u) = 0. (6.72)

We introduce the coordinates (u,v) " = (u,d,u) " and write (6.72) as the first-order system

a, (“) — JVH(uv),  Ji= ( 0 1) : 6.73)
v -1 0

H(u,v) = %v2 + cos(u).

with Hamiltonian

Solutions to (6.73) lie on the level sets of H, see Figure 6.3. Thus, we find infinitely many
heteroclinics in (6.73), connecting the fixed points (27k,0) " to (27(k £ 1),0) " for all k € Z.
The associated front solutions to (6.72) admit the explicit formula

uo,k,+1(x) = 4arctan (eir) + 27 min{k, k £ 1}, ke Z. (6.74)
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Fix k € Z. We examine the spectrum of the linearization Lo (ug,,+1) about the front solution
uo,,+1 of (6.70) at ¢ = 0. A simple calculation reveals o(Ly(27()) = (—o0, —1] for £ € Z.
Hence, Proposition 6.11 yields oess(Lo(uok,+1)) = (—00,—1]. Moreover, by translational
symmetry of (6.72), 0 is a simple eigenfunction of Lq(uo,x,+1) with eigenfunction u, k.41 Since
u{Jy ko+1 has no zeros, Sturm-Liouville theory, cf. [78, Theorem 2.3.3], yields that the ffont UQ k41
is spectrally stable with simple eigenvalue A\ = 0, cf. Definition 6.4.

6.8.1.2 Existence and spectral stability of fronts for ¢ > 0

In the following, we prove that the front solutions, obtained in §6.8.1.1, persist for small values of
€ > Ounder a generic assumption on the periodic potential V', which can be checked analytically or
numerically. The fronts connect T-periodic end states v_ () to v, (), see Figure 6.4. Moreover,
we establish the front’s spectral (in)stability and nondegeneracy.

The existence and spectral analysis of the front solutions to (6.71) consists of three steps. First,
we construct their periodic end states by bifurcating from the fixed points 27k, k € Z of (6.72).
Second, we prove that the shifted front ug j 11,¢ := g %,+1(- — <) perturbs into a nondenegerate
front solution of (6.71) for small ¢ # 0, provided that ¢, € R is a simple zero of the effective
potential

Verr(s) = /RV(x + S)uo k1 (2)ug 41 (2)d. (6.75)

In the third step, we derive a stability criterion saying that the fronts are strongly spectrally stable
if eV;(s0) > 0 and that they are spectrally unstable if eV;(s0) < 0.

Theorem 6.25. Letk € Z,1 € {1}, and T > 0. Let V € C*(R) be T-periodic. Assume that
there exists o € R such that the effective potential Veg: R — R, given by (6.75), has a simple
zero at §y. Then, there exist C,eg, 0 > 0 such that for all ¢ € (—eg,e0) \ {0} there exists a
nondegenerate solution u(e) to (6.71), satisfying

[u(e) = wo k(- —so)llLe < Ce,  xx (u(e) —vi(e)) € HA(R), (6.76)

where x+: R — [0, 1] is a smooth partition of unity such that x y is supported on (—1,c0) and

X— is supported on (—o0, 1), ug k., is the front given by (6.74), and v+ (¢) € H2,(0,T) are
periodic solutions to (6.71) with
[v—(e) = 2kl m2, 0,7) lv4+(€) = 27 (k + D) || 2, 0,7) < Ce. (6.77)
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Figure 6.4: Approximations of stationary 1-front solutions to (6.70), along with their spectra, for system coefficients
e = 0.1 and V(z) = cos(mwz). The insets provide a closer view of the small eigenvalues near zero. The
left and middle panels depict strongly spectrally stable 1-front solutions that connect the periodic state near
—27 to 0 and 0 to the periodic state near 27, respectively. The right panel depicts a spectrally unstable front
solution connecting O to the periodic state near 27. The 1-front solutions are obtained through numerical
continuation with the MATLAB package pde2path [146] by starting from the explicit 1-front solutions
UQ,k,+1,c fork € {—1,0} and¢ € R.

Finally, it holds
o(Le(u(e))) C (=00, —o] U {Ao(e)}

fore € (—eo,€0), where \o(e) is a real simple eigenvalue of L. (u(e)) obeying the expansion

r(So) 2
Ao(cf) = —€/72 + O(E )
||Uo,k,z||L2

Proof. We begin with the construction of the period end states v (¢). To this end, we consider
the nonlinear map Fper: Hp. (0,7) x R — L2,(0,T) given by

per
Fper(v,€) = 0" + Vo — sin(v).
We observe that ., is well-defined and smooth. Fix j € Z. Then, we have fper(27r j,0) = 0and

OpTper(2§,0) = 02 — 1
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is invertible. Therefore, the implicit function theorem implies that there exist €; > 0 and a locally
unique smooth map v: (—¢y,e1) — Hp (0,T) with

v(0) = 27y, Frer(v(€),e) =0

forall e € (—e1,e1). We denote by v, () the locally unique periodic solution bifurcating from
27(k 4 1) and by v_(g) the periodic solution bifurcating from 27k for ¢ € (—e1,e1). The
bound (6.77) is a direct consequence of the smoothness of v..

In the next step, we construct the interface connecting the state v_(¢) to v4 (). Accounting for
the fact that the potential breaks the translational symmetry of (6.71), we impose the ansatz

u=v_(e)x— +v+(e)X+ + vok1c — 2mkx— —2m(k 4+ )x+ +w (6.78)

for the desired front solution to (6.72), where w € H?(R) is a small correction term and ug j ;.c =
ug k(- — <) is the shifted front solution to (6.72). Abbreviating A = 92, N'(u) = —sin(u), we
write the existence problem (6.71) as

Au+eVu+ N(u) = 0. (6.79)

Inserting the ansatz (6.78) into (6.79) leads to an equation for the correction w and the shift
parameter ¢ of the form

Flw,e,6) =0 (6.80)
with
F(w,e,6) = Le(uo e + X-0-(€) + X101 ())w + R(e, <) + N(w,e,9),
where we denote U_(¢) = v_(¢) — 27k, U4 () = vy (e) — 2m(k + 1) and

R(e,s) = Auo,k1c + x-0-(€) + x4+0+(€)) + eV (uok,1,c +x-0-(€) + x+0+(¢))
+ N (o k1,6 +X-0-(€) + x40+ (€)),
N(w,e,6) = N (to ks + X-D-(€) + X44(8) + w) = N(uo k1. + X-0-(€) + X104 (€))
= N"(uo k16 +X-T-(€) + X304 (€))w,

fore € (—e1,61), ¢ € Rand w € H?*(R). We have F(0,0,55) = 0 and 9,,F(0,0,59) =
Lo(ug k,1,¢,) for all g € R. We recall from §6.8.1.1 that the kernel of Lo(uo k1., ) is spanned
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6 Multiple front and pulse solutions in spatially periodic systems

by ug y. ;.- In particular, Lo(uo ki, is not invertible. To address this, we employ Lyapunov-
Schmidt reduction to solve (6.80). We note that, since Lo(uo k1., is self-adjoint, its range is
given by the orthogonal complement {wg ;. ; .

We proceed by obtaining bounds on the residual R and the nonlinearity N. We employ esti-
mate (6.77), rely on the continuous embedding H,,,(0,T) < L>*(R), apply the mean value
theorem twice, and use the identities A(ug i) = —N(ug k1) and Av_(e) + eVu_(e) =
—N(v_(e)) to establish e- and ¢-independent constants C 5 > 0 such that the pointwise esti-
mate

[R(e, ) (@)] = [eV(2) (vo,kic(x) — 27k) + N (o,k,1,6(2) +v-()(2) — 27k)
=N (uo k() = (N(v-(e)(2)) — N(27k))|
< elViizeluo ke (x) — 27k
+ sup IN(v_(e)(z) + z) = N2k + 2)| |uo k1. (z) — 27k

[2|<luo, k1,6 —27k|[ oo
< ellVllze o ks (2) = 2k] + Cillv-(e) — 27K po o 1. () — 2mk|
< 502|U0,k,l,§(x) - 27Tk|

holds for x < —1, e € (—&1,£1) and ¢ € R. Similarly, we find an e- and ¢-independent constant
C3 > 0 such that

|R(e, ) (@)] < eCsluo,k,¢(x) — 2m(k + 1)

holds for x > 1, ¢ € (—€1,¢1) and ¢ € R. Moreover, using estimate (6.77), the continuous

embedding H,,.(0,T) < L>(R), the mean value theorem, and the identities A(uq k) =

—N(ug k,1,c) and Avy () = —eVwy(e) =N (v4(e)), we obtain an e- and ¢-independent constant
C4 > 0 such that

[B(e, ) ()] < [[A(x-0-(&) + x4+04()) |z + el[V [ Loe [uo ,t,6 + X0 (8) + X404(¢) | 2=
+ N (o kts + x-0-(2) + x4 04(€) = N(tok1.0)llLoe <Cy

holds forz € [—1,1],e € (—&1,e1) and ¢ € R. Combining the latter three estimates, we establish
for each compact e-independent subset IO C R, an e- and ¢-independent constant C, > 0 such
that

[ R(g,¢)|l2 < Colel 6.81)
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for e € (—e1,e1) and ¢ € K. On the other hand, it follows from Taylor theorem, the esti-
mate (6.77), and the continuous embedding H,, (0, T) < L>(R), that there exists an - and
¢-independent constant C' > 0 such that

IV (w,,9)llz2 < Cllw72 (6.82)

fore € (—e1,21), s € R, and w € H*(R) with |Jw| g2 < 1.

Our next step is to use Lyapunov-Schmidt reduction to solve equation (6.80). The reduction relies
on a parameter-dependent decomposition of the spaces H?(R) and L?(IR), which is induced by
the orthogonal projections P, : H*(R) — H*(R) and P := I — P, given by

A
Pw— <u0,k7l,§’w>L2 ,
W= ——— 72 Yo,kisc

Hu67k,l7g’||%2

for £ € Ny and ¢ € R. We decompose the problem (6.80) into a regular and singular part which
we complement with a phase condition, which leads to the equivalent problem

P Lo (g + X— (&) + X404 () Prw + P+ (R(e, Q)+ N(w,e, c)) =0, (683)
P.Le(uo bt +x--(8) + x4 54 () Prw + P (R(e,) + N (w,2,6)) =0, (6.84)
Pw=0. (685

First, we solve the equations (6.83) and (6.85), corresponding to the regular part of the system.
To this end, we define the smooth nonlinear operator G: H?(R) x (—&1,&1) x R — L?(R) by

g(’LU,E,§) = PglLE(uO,k:J,C +X*’E* (8) —"_X*FﬁJr(E))quU)—i_})gL (R(57§) +N<wa87<>) —&-P;IU
We observe that G(w, e, ¢) = 0 is equivalent to the equations (6.83) and (6.85). We compute
g(07 0, §) =0, awg(07 0, <) = PclLO(’U’O,kJ’C)PCL + P

for ¢ € R. The derivative 9,,G(0, 0, <) is invertible in the space of bounded linear operators from
H?(R) to L*(R) for ¢ € R. Therefore, the implicit function theorem yields 5 € (0, 1), an open
neighborhood W C H?(R) of 0, and a smooth map w: (—¢&a,&2) x R — W such that the triple
(w,e,5) € U x (—e2,€2) x R solves

G(w,e,¢) =0
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6 Multiple front and pulse solutions in spatially periodic systems

ifandonly if (w, €,¢) = (w(e, <), €,¢) for (¢,¢) € (—e2,e2) xR. Moreover, we have w(0,¢) = 0
for ¢ € R. We plug the solution of equations (6.83) and (6.85) into (6.84) to arrive at the reduced
problem

g(g,¢) =0,

where g: (—e2,e2) X R — R is given by

(&%)
= <U6,k,l,<, Le (ug p1 + X=-(¢) + x404(€)) PFw(e, <) + R(e,s) + N(w(e, <), e, €)>

e’

We solve the equation by desingularizing the smooth function g. To this end, we define the
function §: (—e2,€2) X R — R by

9(5&)
) 6 07
gle,s) = { : ’

We observe that § is smooth and obeys §(0, ) = 9:9(0,50) = Veg(so) = 0 and 9.3(0,<) =

0:0:9(0,50) = Vig(so) # 0. The implicit function theorem yields e3 € (0,e2) and a smooth
function ¢: (—e3,e3) — R such that ¢(0) = ¢p and

g(e;5(e)) =0

foralle € (—e3,e3). Consequently, the triple (w(e, s(€)), €, s(£)) solves the system (6.83)-(6.85)
for all ¢ € (—e3,e3). We conclude that u: (—e3,e3) — L°°(R) given by

u(e) = v_(e)X= + v (E)X4 + Uk i,c(e) — 2Thx— — 21 (k + 1) x4+ + w(e, s(g)),

is the desired front solution to (6.70), which satisfies (6.76).

It remains to prove the assertions on the spectrum of the linearization operator L. (u(z)). First,
we recall from §6.8.1.1 that there exists o > 0 such that

(Lo(u(0))) € (=00, —0) U{0}, (6.86)

where 0 € o(Lo(u(0))) is a simple eigenvalue. On the other hand, estimate (6.76) implies that
|lu(e)|| L~ is bounded by an e-independent constant for ¢ € (—e3,e3). Consequently, there
exists by Lemma 6.24 an e-independent constant p; > 0 such that o(L.(u(e))) C (—o0, p1].
Combining the latter with the fact that L. (u(e)) — Lo(u(0)): L?(R) — L?*(R) is a bounded
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operator, we infer by [80, Theorem I'V.3.18] and estimate (6.86) that there exists €4 € (0, £3) such
that

o (Le(u(e))) € (=00, —0) U{Ao(e)}

for all e € (—ey4,e4), where A\g(e) € R is again a simple eigenvalue of L.(u(e)). By [83,
Proposition 1.7.2] there exist 5 € (0,¢4) and Ct-curves \g: (—€5,65) — Rand z: (—¢5,65) —
H?(R) with 2(0) = 0 and A\o(0) = 0 solving the eigenvalue problem

Le(u(€)) (up 11,60 + 2(€)) = Ao(€) (ug 11,0 + 2(2))

for € € (—e5,¢e5). Taking the derivative on both sides with respect to £ and evaluating at ¢ = 0
yields

Lo (0,k,1,60)0:2(0) 4+ Vug g g o + N (0,1,1,60)[0=1(0), ug 11 )] = Mo (0)ug g oy (6.87)
On the other hand, differentiating the equation
Au(e) + eVu(e) + N(u(e)) =0
with respect to x and € and subsequently setting € = 0, we obtain

Lo (0,k,1,60)0=02u(0) + Vg k1,60 + Vg g .oy + N (10,1,1,60)[0-1(0), ug 1 )] = 0.
(6.88)

Subtracting (6.88) from (6.87), we arrive at
Lo(’uO’k’l,gO)(aEZ(O) - 858Tu(0)) - V/UO,k,l,go = AB(O)U67k717§0.
Taking the L*-scalar product of the last equation with uf, , ; € ker(Lo(uo k,1.¢,)), We establish
3Ot = = [ V@010 001 () = Vi),

which finishes the proof. OJ

We observe that the front solutions, established in Theorem 6.25, obey the assumptions (H1)
and (H3). Therefore, given any collection of M such fronts with matching asymptotic end states,
Theorems 6.5 and 6.14 and Corollary 6.13 yield the existence and spectral stability of multifront
solutions bifurcating from the formal concatenation of these M fronts, see Figure 6.5.
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Corollary 6.26. Let M € N. Let {u; };‘il be a sequence of front solutions to (6.71), established
in Theorem 6.25, with end states v; +(¢). Assume that it holds vj () = vjy1,-(€) for j =
1,...,M — 1. Then, there exists N € N such that for any n € N with n > N there exists a
nondegenerate stationary multifront solution 1, to (6.70) of the form

M
ﬂn =ap + ZXj,nuj(’ - ]’fLT),

j=1

where Xjn,j = 1,...,M is the smooth partition of unity defined in §6.3, and {an}, is a
sequence in H*(R) converging to 0 as n — oco. If the fronts u; are strongly spectrally stable for
Jj=1,..., M, then so is the multifront i,,. Moreover, if there exists jo € {1,..., M} such that
u;, is spectrally unstable, then so is tiy,.

Proof. Theorems 6.5 and 6.25 yield the existence of the multifronts u,. Since the primary
fronts u; are nondegenerate for j = 1,..., M, Theorem 6.14 yields that the multifront @, is
also nondegenerate. Due to the continuous embedding H*(R) < L>(R), ||t/ is bounded
by an n-independent constant. Therefore, the statements about the spectral (in)stability of the
multifront %, follow from Corollary 6.13, Theorem 6.14, and Lemma 6.24. O

Applying Theorem 6.8 to the nondegenerate multifront solutions established in Corollary 6.26,
we find that multifronts connecting to the same periodic end state at 00 are accompanied by large
wavelength periodic multipulse solutions. Their spectral stability follows from Corollary 6.21,
Theorem 6.22, and Lemma 6.24.

Corollary 6.27. Let u be a multifront solution to (6.71), as established in Corollary 6.26. Assume

that u connects to the same periodic end state v € H ,?E,(O, T) as x — too. Then, there exists

N € N such that for all n € N withn > N there exists a stationary n’T'-periodic solution u,,
to (6.70) given by

un () = Xn(@)u(z) + (1= xn(2))v(2) + an(z),  w€[-53T,5T),

where X, is the cut-off function from Theorem 6.8, and {a,, }, is a sequence with a,, € Hy,,(0,nT)

satisfying ||an| g2 (0,n7) — 0 as n — co. Moreover, if u is strongly spectrally stable, then so is

per

Uy. Finally, if u is spectrally unstable, then so is u,,.
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Figure 6.5: Approximations of stationary 2-front solutions to (6.70), along with their spectra, for system coefficients
e = 0.1 and V(z) = cos(wx). The insets provide a closer view of the small eigenvalues near zero. Left:
a strongly spectrally stable 2-front solution obtained through numerical continuation by starting from the
formal concatenation of the strongly spectrally stable front solutions depicted in the left and middle panels of
Figure 6.4. Right: a spectrally unstable 2-front obtained through numerical continuation by starting from the
formal concatenation of a strongly spectrally stable and a spectrally unstable 1-front solution (left and right
panels of Figure 6.4).

6.8.2 A Klausmeier reaction-diffusion-advection system

We consider a Klausmeier-type model with spatially periodic coefficients as an example for a 2-
component reaction-diffusion-advection system to which our theory applies. Using our methods,
we rigorously establish the existence of strongly spectrally stable stationary multipulse solutions
and corresponding periodic pulse solutions. These results extend the recent findings in [13],
where stationary 1-pulse solutions to this Klausmeier model were constructed using singular
perturbation theory and their stability was analyzed. The system of equations reads

8w:8§w+6 z)0w + g(z)w) — w — wp? + a, ,t
; = (f(x) 2 g(x)w) i w(z,t) €R% 2R, {30
Oip = d°95p — mp + wp®, p(,t)

with parameters d, a, m, e > 0 and real-valued functions f,g € C*(R) with period 7' > 0. This
model is employed in ecology to describe the dynamics of vegetation patterns resulting from the
interaction between water w and plants p across a spatially heterogeneous terrain with periodic
topography modeled by the functions f and g. Here, d > 0 is a diffusion coefficient, a models
the amount of rain fall, 1/m is a quantity corresponding to the life time of plants, and ¢ > 0
measures the influence of the terrain on the vegetation dynamics. For more background on the
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model, including the role of the individual parameters and the functions f and g, we refer to [13]
and references therein.

To fit the system in our framework, we set u = (w, p) | and write the equations as

Opu = A.u+ N.(u,x) (6.89)
with

A — 2 +efd, 0 ’ I w ) = eg(z)w —w — wp?® + a .
0 d*o? ) —mp + wp?

The existence problem for stationary solutions is then given by
Acu+ N (u,-) =0, (6.90)

which is of the form (6.4). The associated linearization operator L.(u): D(L.(u)) C L*(R) —
L?(R) with dense domain D(L.(u)) = H?(R) is given by

LE(E) =A. + auNE(E7 )

foru € L>(R). Given that the e-independent principal part A, of the operator L. (u) is sectorial,
and the remainder L.(u) — A is relatively Ag-bounded, cf. [44, Definition II1.2.1], we obtain
the following spectral a-priori bound.

Lemma 6.28. Let f,g € L>*(R) and C,d,a,m,eq > 0. Then, there exists a constant 9 > 0,
depending only on || f||Ls, ||g|| L, C,d, a, m and ¢, such that we have

o(Le(u))N{X € C:Re(\) > —1} C By(o)

forall e € (—eg,e0) and each u € L*°(R) with ||u| L~ < C. Here, Bo(o) is the closed ball of
radius o centered at the origin.

Proof. On the one hand, it is well-known that the diagonal diffusion operator Ay generates
a bounded analytic semigroup, cf. [44, Example I1.4.10]. On the other hand, the exposition
in [44, Example I11.2.2] demonstrates that the residual L.(u) — Ay is relatively Ap-bounded with
Ap-bound 0. The result then follows directly from [44, Lemma II1.2.6] and its proof. O

The main goal of this section is to show that (6.89) admits stationary (periodic) multipulse
solutions corresponding to (periodic sequences of) localized vegetation patches. The fundamental
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building blocks of these multiple pulse solutions are nondegenerate 1-pulse solutions. The
existence and spectral stability of stationary 1-pulse solutions to (6.89) for small ¢ > 0 were
established in [13] for a broad class of heterogeneities f and g. However, the spectral analysis
in [13] assumes that f and ¢ are localized, leaving the spectral stability and nondegeneracy of the
1-pulse solutions unaddressed for periodic f and g.

To bridge this gap, we begin by establishing the existence and spectral stability of nondegenerate
stationary 1-pulse solutions to (6.89) for small € > 0 and periodic f and g. This is achieved by
bifurcating from even 1-pulse solutions to the unperturbed problem

Aou + Ny(u,-) =0, (6.91)

which were constructed in [13, Theorem 2.20] using geometric singular perturbation theory in
the regime v := a/m < 1, dv®m!/?,d/v?* < C for some v-independent constant C' > 0.
Since these solutions correspond to homoclinics to a hyperbolic equilibrium in (6.91), they are
exponentially localized, see Figure 6.6. Moreover, it follows from [13, Theorem 3.2] that they are
spectrally stable with simple eigenvalue A = 0 as in Definition 6.4. With the aid of the implicit
function theorem, we prove that these 1-pulse solutions persist for ¢ > 0 in case f is odd and g is
even. Moreover, we show that their spectral stability is determined by the sign of a Melnikov-type

integral.

Theorem 6.29. Let T, d,a,m > 0. Let f € C*(R) be T-periodic and odd. Let g € C*(R) be
T-periodic and even. Let ug = zy + v € HQ(R) ® R2 be an even solution to (6.89) fore = 0,
which is spectrally stable with simple eigenvalue A\ = 0. Assume that the Melnikov integral

M= / (£ (2)9a1101 (2) + ¢’ ()01 () Waus (2)dz
R
does not vanish, where W,qg € H?(R) spans the kernel of the adjoint operator Lo(ug)* and
satisfies (Ozug, Voq) 12 = 1.

Then, there exist constants C,eo,n > 0 such that for all ¢ € (—¢eg,e0) \ {0} there exists a

nondegenerate even solution u(e) = z(e) + v(e) € H*(R) & H2,(0,T) 1o (6.89) satisfying

HU(E) - Llo”Loo S CE, ||V(€) — V0||H2 (0,T) S CE. (692)

per

Furthermore, we have

o(Le(u(e)) c{A e C:Re(N) < —n}U{No(e)}
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fore € (—eq,e0), where \o(€) € Ris areal simple eigenvalue of L. (u(e)) obeying the expansion
Ao(e) = —eM + O(e?).

Proof. We start with the construction of the periodic background wave v(g) by perturbing from
the rest state v in (6.91). The smooth function F: H2 0,T)xR — L2 (0,T) given

ven,per ( even,per
by

F(v,e) = Av+ N(v,")

obeys F(vp,0) = 0 and 9yF(vg,0) = Lo(vp). Since ug is spectrally stable with simple
eigenvalue A = 0, the essential spectrum of L (uy) is confined to the open left-half plane, which,
by Proposition 6.11, is given by oess(Lo(ug)) = o(Lo(vo)). Therefore, 0y F (vg, 0) is invertible

as an operator from HZ,., ...(0,T) into L2 ., ..:(0,T). An application of the implicit function
theorem yields e; > 0 and a smooth map v: (—e1,e1) — HZp per(0,T') with v(0) = vg such
that

F(v(e),e) =0

foralle € (—e1,¢€1).

Substituting the ansatz u = z + v(g) with z € H2 , (R) into (6.90), we arrive at
0=A(z+v(e)) + No(z+v(e), ) = Acz + No(z + v(e), ) — Ne(v(e), ).

Clearly, the smooth nonlinear operator G: HZ2, . (R) x (—&1,61) — L?

even(

R) given by
g(Z, 5) - AEZ +N€(z + V(E)v ) - -/\[E(V(E)a )

is well-defined and satisfies G(z¢,0) = 0 and 0,G(zo,0) = Lo(uo)|p2_, where Lo(ug)|p2

is the restriction of the linear operator Lo(ug): H%(R) — L?(R) to the subspace HZ2  (R) C

even
H?(R) of even functions. Since ug is spectrally stable with simple eigenvalue A = 0, the
kernel of Lo(uo) is spanned by the odd function d,ug. Therefore, 0,G(z0,0) = Lo(uo)|mz,,
is invertible. Hence, the implicit function theorem affords e5 € (0,¢1) and a smooth map
z: (—e2,62) — HZ,.,(R) with z(0) = zg such that
G(z(e),e) =0

foralle € (—eg,£2). In particular, we obtain a smooth map u: (—e2,€2) — H*(R)® H},.(0,T)
such that u(e) = z(e) 4+ v(e) is an even solution to (6.90). The bounds (6.92) follows by the
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smoothness of u and v and the continuous embeddings H'(R) < L>*(R) and H).,(0,T) —
L(R).

Next, we establish the nondegeneracy of u(e) as well as its spectral (in)stability. To this end,
we begin by tracing the simple eigenvalue of L.(u(e)) converging to 0 as € — 0. Since Lo(up)
is spectrally stable with simple eigenvalue A = 0, it follows from [83, Proposition 1.7.2] that
there exist e3 € (0,e2) and Cl-curves \g: (—e3,63) — R and w: (—e3,e3) — H?(R) with
w(0) = 0 and Ao(0) = 0 solving the eigenvalue problem

L.(u(e))(0zup + w(e)) = Ao(e)(0zug + w(e)).

Taking the derivative on both sides with respect to € and evaluating at € = 0 yields
Ozup1 ,
LO(UO)aEW(O) =+ (far + g) 0 + auu-/\/O (u07 )[3511(0), 8mu0] = )‘0 (O)aru07 (693)

where we denote ug = (ug1, uog)T. On the other hand, differentiating the equation
Acu(e) +MN(u(e),-) =0

with respect to z and € and subsequently setting € = 0, we obtain
Lo(1)0-0,0 + (f0: + 9) (a””;l‘)l)
+ Do (ug, -)[0-u(0), dyug] + (f'0, + ¢') <ugl> 0. (6.94)
Subtracting (6.94) from (6.93), we find
Lo(u0) (9-w(0) — 0.0,u(0)) — ('0z + ¢) (“O> = X5(0)9, 0,

Taking the L?-scalar product of the last equation with .4 € H?(R), we establish

A0(0) = —((f'0z + g')uo1, Vaar) 12 = */R (f'(2)0ru01(2) + ¢'(2)up1 (2)) Caqy (2)dx

— M #0.
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6 Multiple front and pulse solutions in spatially periodic systems

Finally, we prove that the remaining part of the spectrum of L.(u(e)) lies in the open left-half
plane. Since uy is spectrally stable with simple eigenvalue A = 0, there exists a constant ¢ > 0
such that

o(Lo(ug)) N{X € C: Re(A) > —p} = {0}. (6.95)

On the other hand, since ||u(e)|| = is bounded by an e-independent constant by estimate (6.92),
there exists by Lemma 6.28 an e-independent constant g; > 0 such that

a(Lo(u(e)))N{Xr € C:Re(\) > —1} C Bolo1)

for ¢ € (—e3,e3). Combining the latter with the fact that L.(u(e)) — Lo(uo) is a bounded
operator on L2(R), [80, Theorem IV.3.18] and (6.95) yield £4 € (0, 3) such that

o(Le(u(e)) N {A € C: Re(N) > —1p}

contains exactly one algebraically simple eigenvalue of L. (u(e)) fore € (—ey4,e4), which is then
necessarily given by A\(¢) € R. This completes the proof. O

Remark 6.30. We emphasize that the Melnikov integral M in Theorem 6.29 is generically
nonvanishing, since the integrand is an even function of x.

Since the 1-pulse solutions, established in Theorem 6.29, satisfy the assumptions (H1)-(H3),
Theorems 6.5 and 6.14, Corollary 6.13, and Lemma 6.28 yield the existence and spectral stability
of bifurcating multipulse solutions.

Corollary 6.31. Let M € N. Letu € H*(R) ® H,(0,T) be a pulse solution to (6.90) as
established in Theorem 6.29. Then, there exists N € N such that for any n € N withn > N
there exists a nondegenerate stationary multipulse solution Q,, to (6.89) of the form

M
ﬁn =a, + ZXj,nu(' - jnT)v

=1

where Xjn,j = 1,...,M is the smooth partition of unity defined in §6.3, and {a,}, is a
sequence in H?(R) converging to 0 as n — oo. If the pulse u is strongly spectrally stable, then
so is the multipulse @,,. Moreover, if u is spectrally unstable, then the same holds for Q,,.

Proof. The existence of the multipulse 1, is a direct consequence of Theorems 6.5 and 6.29.
Since the primary pulse u is nondegenerate, Theorem 6.14 implies that the multipulse 1,, is also
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Figure 6.6: A spectrally stable stationary 1-pulse solution to (6.89) for ¢ = 0 (top left), along with its spectrum (top
middle) with simple eigenvalue A = 0. The p-component in the left panel is scaled by a factor 0.2 to improve
visibility. We continued this 1-pulse solution in € using the MATLAB package pde2path [146] and plotted
its critical eigenvalue A\ (¢) as a function of € (top right). One observes that the curve Ag(e) is to leading
order linear, which is in agreement with the expansion of Ao (&) provided in Theorem 6.29. The bottom row
depicts a strongly spectrally stable stationary 2-pulse solution to (6.89) for e = 1 (bottom left), along with
its spectrum (bottom right). The inset provides a closer view of the small eigenvalues near zero. The 2-pulse
is obtained through numerical continuation starting from the superposition of two spectrally stable 1-pulse
solutions to (6.89). The system coefficients are d = 0.04,a = 0.5,m = 0.4, f(z) = 0.2sin(2z) and
g(z) = 0.4 cos(2x).

nondegenerate. Thanks to the continuous embedding H!(R) < L>=(R),
an n-independent constant. So, the assertions about the spectral (in)stability of ,, follow from
Corollary 6.13, Theorem 6.14, and Lemma 6.28. O

Uy, || 1o~ is bounded by

The nondegenerate multipulse solutions, established in Corollary 6.31, are accompanied by large
wavelength periodic multipulse solutions. Their existence and spectral (in)stability are derived
from Theorems 6.8 and 6.22, Corollary 6.21, and Lemma 6.28.

Corollary 6.32. Letu = z + v € H*(R) ® Hp,(0,T) be a multipulse solution to (6.90), as

established in Corollary 6.31. Then, there exists N € N such that for alln € N withn > N
there exists a stationary nT-periodic solution u,, to (6.89) given by

u, (z) = xn(2)u(@) + (1= xn(@)v(z) + an(x), @€ [-5T,57T),
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6 Multiple front and pulse solutions in spatially periodic systems

where X, is the cut-off function from Theorem 6.8, and {a,, } , is a sequence witha,, € H p2€,(0, nT)

satisfying ||a, | g2 (o,nry — 0 as n — oo. If u is strongly spectrally stable, then so is .

per

Moreover, if u is spectrally unstable, then the same holds for u,,.

6.8.3 The Gross-Pitaevskii equation

LetT" > 0. We consider a nonlinear Schrédinger (NLS) equation with an external potential, which
is commonly referred to as Gross-Pitaevskii (GP) equation and arises, for instance, as a mean-field
approximation in the study of Bose-Einstein condensates in optical lattices, see [21,82,114] and
references therein. The Gross-Pitaevskii equation is given by

10pu = —02u + pV (2)u + Klul*u, u(z,t) eC,z e R, t>0 (6.96)

with parameters k € {£1} and u € R, and real-valued potential V' € C'(R). In the context
of Bose-Einstein condensation, u(z,t) represents a macroscopic wave function, |u(x,t)|? is its
atomic density, V(x) is the external potential created by the optical lattice, ;1 measures the
strength of the potential, and the sign of x determines whether the nonlinear interaction of the
Bose-Einstein condensates is attractive (k. = —1) or repulse (x = 1). We say that the nonlinearity
in (6.96) is defocusing if k = 1 and focusing if Kk = —1. Here, we are interested in periodic
optical trapping lattices formed by the interference of laser beams. Thus, we consider T'-periodic

potentials V.

We search for time-harmonic solutions to (6.96). Thus, we insert u(x,t) = e“!)(z,t) with
w € R into (6.96) to obtain

100 = =020 + pV (2)Y + wi + K[Y[*1). (6.97)
Real-valued stationary solutions of (6.97) then satisfy the ordinary differential equation
—O + uV (2)¢ + wip + ) =0,

which is of the from (6.4).

In order to study the stability of stationary solutions to (6.97), we write the equation as a system

Op = J (=02 + puV (2)9 + wip + k|p|*ep) (6.98)
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iny = (Re(t),Im(¢)) ", where

=)

is skew-symmetric. System (6.98) exhibits a rotational invariance, i.e., the map 1 — R(7v)
with

R(y) = < cos(7) sinm) e

—sin(y) cos(y)

maps solutions of (6.98) to solutions. The advantage of the formulation (6.98) over (6.97) is that
the nonlinearity is differentiable, which allows for linearization about a real-valued stationary
solution 1 = (¢,0) . The associated linearization operator L, (¢)): D(L,(¢)) C L*(R) —
L*(R) with dense domain D(L, (1)) = H?(R) is given by

Ly u(¥) 0
L) =J [ &
D ( 0 L—,u(¢)>

foryp € L®(R), where L. ,(¢): D(L+ ,(¢)) € L*(R) — L*(R) with D(L4. ,,(v)) = H*(R)
are defined by

Lou(@)p=—¢" +uVo+wd+rp?s,  Lyu()p=—¢" +pVé+we + 36p¢.

One observes that the second-order operators L ,, (1) are self-adjoint and bounded from below.

Moreover, the spectrum of L, () possesses the Hamiltonian symmetry

Neoa(Lu,(¥) = —ANXeoa(Lu(¥)).
Therefore, areal-valued stationary solution v to (6.97) can only be spectrally stable if the spectrum
of L, (1) is confined to the imaginary axis.

Letn € N. If 9 € ngr((), nT) is a real-valued nT-periodic stationary solution to (6.97),

then L, (1) has nT-periodic coefficients and its action on the space L7..(0, nT) is well-defined.
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6 Multiple front and pulse solutions in spatially periodic systems

Thus, to analyze spectral stability against co-periodic perturbations, we introduce the differ-
ential operator Ly, per(4)): D(Lyuper(¥)) C Lpe(0,nT) — L2,(0,nT) with dense domain
D(Lyper (1)) = ngr(ov nT’) by

Lype(0) —J<L+’“’Pﬂ(¢) ’ )
wper\¥) =

0 L per (¥)

for ¢ € H'(0,nT), where the operators L pper(¥): D(Lt pyper(¥)) C Lger(O,nT) —
L2.:(0,nT) with D(Lz 1 per(¥)) = Hper (0, nT) are defined by

Lo pper()$ = =¢" + uV + wo + w9, Ly per(9)¢ = =¢" + uV + wo + 3k ¢.

We recall from §6.2.4 that the spectrum of L,hper(y) consists of isolated eigenvalues of finite
algebraic multiplicity only. Moreover, due to Hamiltonian symmetry, we find that a real-valued
nI-periodic stationary solution ¢ to (6.97) can only be spectrally stable against co-periodic

perturbations if the spectrum of L, per(7) is confined to the imaginary axis.

In the following, we divide our analysis in two parts. In the first part, we consider the defocusing
Gross-Pitaevskii equation (6.97) with k = 1. Here, we prove the existence of nondegenerate
stationary 1-front solutions connecting periodic end states. These 1-fronts correspond to so-
called dark solitons, established in [6,155]. We apply Theorem 6.5 to obtain stationary multifront
solutions to (6.97) lying near formal concatenations of these primary 1-fronts. Theorem 6.8 then
yields the existence of periodic solutions bifurcating from the formal periodic extension of these
multifronts in case the multifront connects to the same periodic end state at +0o. Since 0 lies
in the essential spectrum of linearization operator, the spectral stability of these solutions is a
subtle and unresolved issue, beyond the scope of this application section. We refer to [110] for a
stability analysis of dark solitons in case of a localized potential.

In the second part, we consider the focusing case kK = —1. We first recall existence results
from [109] and references therein, yielding nondegenerate stationary 1-pulse solutions to (6.97).
Taking these so-called gap solitons as building blocks, we then employ Theorems 6.5 and 6.8
to construct multipulse solutions as well as periodic pulse solutions. Subsequently, we combine
Theorem 6.22 with Krein index counting theory [75, 76] to establish spectral stability of the
periodic pulse solutions. Our spectral analysis yields orbital stability against co-periodic pertur-
bations through the stability theorem of Grillakis, Shatah and Strauss [64]. Finally, we combine
Theorem 6.14 with Sturm-Liouville theory [158] and Krein index counting arguments to derive
instability conditions for the multipulse solutions.
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6.8.3.1 Fronts in the defocusing Gross-Pitaevskii equation

We consider the defocusing case x = 1. Moreover, we assume w < 0. We search for real-valued
stationary multifront solutions to (6.97) connecting periodic states at =00. Real-valued stationary
solutions to (6.97) solve the ordinary differential equation

—" + V() + wip + 93 = 0. (6.99)

We aim to employ Theorem 6.5 to construct multifront solutions to (6.99) lying near formal
concatenations of front solutions with a single interface. These 1-front solutions, known as dark
solitons, have been rigorously constructed in [155] by leveraging a comparison principle, see
also [142] for the case of a cubic-quintic nonlinearity. However, dark solitons are degenerate
solutions to (6.97), obstructing an application of Theorem 6.5. The reason is that a dark soliton
¥ (1) to (6.99) necessarily connects to nonconstant periodic end states v+ (p) € Hp (0,7),
which obey L_ per,,(ve(pe))v (1) = 0, since v (p) must solve (6.99). Hence, we arrive at

0€o(L-(v+(1)) C Oess(L— u(¥(1))) C o(Lyu(tp())) by (6.7) and Proposition 6.11.

Here, we circumvent this issue by regarding dark solitons as nondegenerate stationary 1-front
solutions to the real-valued reaction-diffusion problem

oY = =02+ pV (@)Y +wp +¢°,  p(z,t) ER, 2 €R, ¢ >0, (6.100)

which obviously admits the same stationary solutions as (6.97). In the following result, we
construct nondegenerate odd 1-front solutions to (6.100) in the case of a small potential by
perturbing from the black NLS soliton

Yo(z) = v/ —wtanh (\/_2795> ,

which solves (6.99) at u = 0.
Theorem 6.33. Let w < 0 and T > 0. Let V € C(R) be even, T-periodic, and real-valued.
Let x+: R — [0, 1] be a smooth partition of unity such that X is supported on (—1,00), x— is

supported on (—oo, 1), and we have x4 (x) = x—(—x) for all x € R. Assume

/R V' ()40 ()3 (2)dz # 0. (6.101)
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6 Multiple front and pulse solutions in spatially periodic systems

Then, there exist constants C, g > 0 such that for all . € (0, o) there exists a nondegenerate
stationary odd solution (1) to (6.100) satisfying

() — ol < Cpy  xa(W(p) — va(p)) € HA(R), (6.102)

where vy (1) € H?

er(0, T') are even periodic solutions to (6.99) obeying the bound

v+ (1) F V=wlmz, 1) < Cp. (6.103)

per

Proof. The proof proceeds along the lines of the proof of Theorem 6.25 and is divided into two
steps. In the first step, we construct small-amplitude periodic solutions vy (u) to (6.105) by
bifurcating from the equilibria +/—w at g = 0. In the second step, we connect these periodic
solutions by an interface, which arises as a localized perturbation of the black soliton 1.

Define the smooth nonlinear operator Foer: H2, (0, T) x R — L2 (0,T) by
Froer(v, 1) = —v" + (v* 4+ w)v + pVo.
Since Fper(v/—w,0) = 0 and
Oy Fper(vV/—w,0) = —0% — 2w

is invertible, an application of the implicit function theorem yields that there exist 1 > 0 and a
locally unique smooth function vy : (—p1, p1) — H2,.(0,T) with v (0) = /—w satisfying

per

Fper (V4 (), 1) = 0

for all € (—pu1, ). Symmetry of the equation (6.99) yields that x — vy (—x;p) is also a
solution. So, by uniqueness we find vy (z; ) = v (—z; p) forx € Rand p € (—pq, py), after
shrinking 111 > 0 if necessary. Setting v_ (1) = —v, (1), we deduce that v4(u) € H2.(0,7)

per

are even periodic solutions to (6.99) obeying (6.103) for p € (—pu1, f11)-

We proceed by constructing the interface connecting v_ (x) and vy (u). For convenience, we
abbreviate A = —9?2 + w and N (1)) = v)3, and write (6.99) in the abstract form

A+ N (W) + uV = 0. (6.104)
Inserting the ansatz

Y =v_(p)x- +vy()x4+ + %o+ V—wx— —vV—-wx4 +¢
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with error term ¢ € HZ,(R) into (6.104), we arrive at the equation

‘F(Sovﬂ“) =0,

where F: H2,(R) x (—p1, 1) — L2,4(R) is the smooth nonlinear operator given by

F(, 1) = L (X =0 (1) + X404 (1) +100) + R(p) + N (¢, )
with 94 (p) = v () F v/—w and

R(p) = A(o + x—0— (1) + x40+ (1)) + 1V (Yo + x -0 (1) + x40+ (1))
+ N(@o + x-0- (1) + x40+ (1)),
N, 1) = N(tho + x -0 (1) + x4 04 (1) + ) = N (tho + x -0 () + x4 4 ()
= N (%o + x-0- (1) + X+ 04 (1)) p.

We emphasize that F is well-defined, because x4 04 () + x—0— (1) and ) are odd functions.

By Sturm-Liouville theory, cf. [78, Theorem 2.3.3], the kernel of the second-order operator
L 0(v0) is spanned by the even function ¢, € H*(RR). Hence, using that L ((to) maps odd
functions to odd functions, its restriction L. o(¢0)| 2, , to the subspace of odd functions is well-
defined and invertible. In addition, by employing analogous arguments as for the estimates (6.81)
and (6.82) in the proof of Theorem 6.25, we find a p-independent constant C' > 0 such that

IRz < Clul, [N (o, p)llzz < Cliple

for all 4 € (—p1, 1) and ¢ € HZ,(R) with ||¢]|g2 < 1. We conclude that F(0,0) = 0
and 9,F(0,0) = L o(vo)|nz, is invertible. Therefore, the implicit function theorem yields
o € (0, 1) and a smooth function ¢: (—pa, pa) — H2,(R) with p(0) = 0 satisfying

F(o(p), ) =0

for u € (—p2, p2). The 1-front

V() = v—()x— + v () x+ + Yo + V—wx— — V—wx4+ + o(n),

is an odd stationary solution to (6.99) for pt € (— 2, 112), which obeys (6.102) by smoothness of v
and ¢, and by exponential localization of (19 F v/—w) and its derivatives. The nondegeneracy
of ¢)(11) as a stationary solution to (6.100) follows from (6.101) using analogous arguments as in
the proof of Theorem 6.25, and is therefore omitted here. O
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6 Multiple front and pulse solutions in spatially periodic systems

Remark 6.34. Let ¢(u) be the nondegenerate stationary 1-front solution to (6.100), established
in Theorem 6.33. Thanks to the reflection symmetry of (6.100), we find that — () is also a
nondegenerate 1-front solution. It connects vy (1) to v_(p).

The nondegeneracy of the 1-front solutions 4 (u) to (6.100), established in Theorem 6.33
and Remark 6.34, permits the application of Theorems 6.5 and 6.14, yielding the existence of
nondegenerate stationary multifront solutions to (6.100), see Figure 6.7.

Corollary 6.35. Let M € N. Let {3;} ;Vil be a sequence of front solutions to (6.99), established
in Theorem 6.33 and Remark 6.34, with end states vj + (). Assume that it holds v; (1) =
Vjg1,—(p) forj =1,..., M — 1. Then, there exists N € N such that for any n € Nwithn > N
there exists a nondegenerate stationary multifront solution 1, to (6.100) of the form

M
&n =an + ZX]JLQ/J]( - jnT)a

j=1

where Xjn,j = 1,...,M is the smooth partition of unity defined in §6.3, and {a,}, is a
sequence in H?(R) converging to 0 as n — oc.

If the nondegenerate multifronts, obtained in Corollary 6.35, connect to the same end state at
+00, then Theorem 6.8 yields large wavelength periodic pulse solutions approximating a formal
periodic extension of the multifront.

Corollary 6.36. Let 1) be a multifront solution to (6.99), as established Corollary 6.35. Assume
that 1) connects to the same periodic end state v € H 3”(0, T) as x — +oo. Then, there exists
N € N such that for all n € N with n > N there exists a stationary nT'-periodic solution 1,

to (6.99) given by

U () = xn(2)(x) + (1 = xpn(2))v(2) + an(z), T e [—%T, %T) ,

where X, is the cut-off function from Theorem 6.8, and { a,, }, is a sequence witha,, € Hp, (0,nT)
satisfying ||an || g2 (0,n1) — 0 asn — oo.

per

Remark 6.37. Under some Conley-Moser-type conditions, all bounded solutions to (6.99) can be
characterized using symbolic dynamics [6]. Specifically, there exists a homeomorphism between
the set of all real bounded solutions of (6.99) and the set of bi-infinite sequences of numbers
1,..., N for some integer N € N. As explained in [6], this symbolic identification yields the
existence of multifronts in (6.99), as well as periodic solutions featuring multiple front interfaces
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Figure 6.7: Approximations of stationary real-valued 1-, 2-, and 3-front solutions to the Gross-Pitaevskii equation (6.97)
for system coefficients x = 1,w = —1,V(z) = 0.2cos?(x/2), and 1z = 1. The solutions are obtained
through numerical continuation by starting from a formal concatenation of shifted black solitons £ (- — ),
¢ € R, which solve (6.99) at ©n = 0.

on a single periodicity interval. The Conley-Moser-type conditions are verified numerically in [6]
in case of the periodic potential V' (x) = cos(2x) in (6.99). Notably, since we have
8T

for w < 0, Theorem 6.33 and Corollaries 6.35 and 6.36 rigorously establish the existence of

/RV'(I)1/)0(x)1/16(93)d9: = - #0

multifronts and periodic pulse solutions to the defocusing Gross-Pitaevskii equation (6.99) with
potential V' (z) = cos(2x), provided ;1 > 0 is sufficiently small.

6.8.3.2 Pulses in the focusing Gross-Pitaevskii equation

We now turn to the focusing case k = —1. We are interested in the existence and stability of
real-valued stationary multipulses and periodic pulse solutions to (6.97). Real-valued stationary
solutions to (6.97) obey the ordinary differential equation

—" 4 uV(x)h 4+ wip — Y3 = 0. (6.105)

We first discuss the existence of 1-pulse solutions to (6.105). These so-called gap solitons will
serve as building blocks for the construction of (periodic) multipulse solutions. We emphasize
that any real-valued stationary pulse solution 1 € H?(R) \ {0} to (6.97) is degenerate, since
(0,7) T lies in the kernel of the operator L_ ,,(1/). Therefore, we proceed as in the defocusing
case and consider the associated real-valued reaction-diffusion problem

oY = =02+ pV(2)p +wp —¢*,  p(z,t) eR, 2 €R, ¢t >0. (6.106)
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6 Multiple front and pulse solutions in spatially periodic systems

Existence of nondegenerate stationary 1-pulse solutions to (6.106) has been shown in different
regimes for the parameters w, ;v and the potential V. For instance, Lyapunov-Schmidt reduction
was employed in [109] to find bifurcating 1-pulse solutions from the family of bright NLS solitons

b0 (w:6,w) = Vawsech (Va(z <)),

which solve (6.105) at ;. = 0 and satisfy

1
<80J¢0 <§, bu'), ¢0 (§7 w)>L2 = ﬁ
for each ¢ € R and w > 0. Specifically, the analysis in [109, Section 3.2.3] yields the following
result.

Theorem 6.38. Let wy, T > 0. Let V € C%(R) be T-periodic and real-valued. Let s € R be a
simple zero of the derivative of the effective potential Vog: R — R given by

Ver(s) = /RV(J:—i—c)(bo(x;O,wo)de.

Then, there exist jig > 0 and a smooth map ¢: (—pio, o) X (Wo — o, wo + po) — H2(R) with

#(0,wo) = ¢o(So,wo) such that for each p € (—po, o) \ {0} and w € (wo — pro, wo + o) we
have that ¢(u, w) is a nondegenerate stationary solution to (6.106) satisfying

(0w (11, w), B(p, w)) 2 > 0.

In addition, L ,,(¢(p,w)) has precisely one negative eigenvalue in case iVii(so) > 0, whereas
it has precisely two negative eigenvalues in case uVJyi(p) < 0 (counting algebraic multiplicies).
Finally, L_ ,,(¢(11,w)) possesses no negative eigenvalues.

On the other hand, if w,pu € R and V € C*(R) are chosen such that w lies in the so-called
semi-infinite gap (sp,00) where sq is the spectral bound of the periodic differential operator
8% — 'V acting on L? (R), one can use variational methods [1,88, 109, 138] to prove the existence
of nontrivial nondegenerate stationary H?2-solutions to (6.106) arising as critical points of the
Hamiltonian H: H'(R) — R given by

1) =5 [ (100 + (@t wV @) @) - 5o do.

We refer to [109] and references therein for further details on the existence of gap-soliton solutions
to (6.105). In the remaining part of this section, we assume that w, u € R and V € C'(R) are
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such that a nondegenerate stationary 1-pulse solution to (6.106) exists. Theorems 6.5, 6.8 and 6.14
then readily yield the existence of associated multifronts and periodic pulse solutions to (6.105),
see Figure 6.8.

Corollary 6.39. Let T > 0 and w,n € R. Let V € CY(R) be T-periodic and real-valued. Let
M € Nand 6 € {£1}M. Let 1)y € H?(R) be a nondegenerate stationary solution to (6.106).
Then, there exists N € N such that for each n € N with n > N the following assertions hold
true.

1. There exists a nondegenerate stationary M -pulse solution to (6.106) of the form
M
Yo=Y _Oih(- — jnT) + an, (6.107)
j=1
where {ay },, is a sequence in H?(R) converging to 0 as n — oo.

2. There exists an nI-periodic solution 1., to (6.105) given by

z/]per,n(x) = Xn(x)wo(‘r) + an(x)7 T € [_% ’ %T)’

where ., is the cut-off function from Theorem 6.8, and {a, },, is a sequence with a,, €
H2,(0,nT) satisfying lanllm2,0,nm) — 0 as n — oco.
Remark 6.40. 1t is also possible to construct multipulse solutions lying near the formal concate-
nation of different nondegenerate stationary pulse solutions 1,12 € H?(R) to (6.106) using
Theorem 6.5.

Remark 6.41. The existence of multipulse solutions to (6.105) is also addressed in [3, 109].
Corollary 6.39 reveals that pulse solutions are accompanied by a family of periodic solutions with
large spatial period. As far as the authors are aware, existence of these so-called soliton trains
has so far only been rigorously established in the case of the explicit periodic potential

1

V(z) =cn? | —

@ =at (5

where cn(z; k) is the Jacobi cosine function (cnoidal wave) with elliptic modulus & € (0, 1),
cf. [23].

z; k> -1, (6.108)
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1.5 1.5 2
1 1 1
= 0.5 = 05 s 0
0 0 -1
0 )5() 0 50 o )5() 0 50 725() 0 50

Figure 6.8: Approximations of 1-, 2-, and 3-pulse solutions to (6.105) (black) pinned to minima of the periodic potential
V(z) = —0.1cos(z) — 0.05 cos(2z) (blue) for the system coefficients w = 1 and p = 0.5. The solutions
are obtained through numerical continuation by starting from a formal concatenation of bright NLS solitons
+¢o(s,w) for various ¢ € R, which solve (6.105) at n = 0.

For such a potential, periodic waves exist for specific values of w and have the form

Y(z) =/ + k2 cn (\}533 k;)

forw = p+k*> — % and u > —k?, and

2
v/ k2 1
Y(x) = ViR dn (J:,k)
k V2
forw =14 pk=2— k*and p > —k?. In the homoclinic limit & 1 1, the period tends to infinity,
the potential approaches x — —u tanh? (x/+/2), and the periodic waves approximate the pulse

x + \/p? + 1sech(z/+/2) on a single periodicity interval. Thus, these periodic waves resemble
periodic pulse solutions, or soliton trains, for 0 < k < 1.

We proceed with analyzing the spectral stability of the stationary multipulses and periodic pulse
solutions to (6.97), constructed in Corollary 6.39. To this end, we fix a nondegenerate primary
pulse solution ¢y € H?(R) to (6.106) for a frequency w = wy. Since L4 , (1)) is invertible, it
follows directly from the implicit function theorem that 1)y may be continued in w.

Lemma 6.42. Let T > 0 and p,wy € R. Let V€ CY(R) be T-periodic and real-valued. Let
1o € H?(R) be a nondegenerate stationary solution to (6.106) at w = wg. There exist v > 0
and a locally unique smooth map - (wo — v,wy + v) — H?(R) with 1)(wy) = 1o such that

Y(w) is a solution to (6.103) for all w € (wy — v,wp + V).

We impose the following assumption on the existence and spectral properties of the primary pulse.

(GP) There exist T' > 0, p,wo € R, real-valued T-periodic V' € C’l(R), and a nondegenerate
stationary solution ¢y € H?(R) to (6.106) at w = wy satisfying:
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1. L (o) has precisely one negative eigenvalue (counting algebraic multiplicities).
2. L_ ,(v0) has no negative eigenvalues.

3. It holds <8w1/~)(w0), oyr2 # 0, where 1 is the continuation of ¢y with respect to w,
established in Lemma 6.42.

The spectral conditions in (GP) are typically imposed in the stability analysis of stationary
pulse solutions to the focusing Gross-Pitaevskii equation, see, for instance, [109, Section 4]
and references therein. We observe by Sturm-Liouville theory [158] that the second assertion
in (GP) holds if and only if g has no zeros. Moreover, Theorem 6.38 shows that, as long as
the derivative of the effective potential V. has a simple zero, there exist nondegenerate pulse
solutions 19 € H2(R) \ {0} to (6.106), obeying the spectral conditions in (GP), see also the
forthcoming Remark 6.45.

The following result demonstrates that spectral stability of the periodic pulse solution per s,
obtained in Corollary 6.39, is inherited from the constituting primary pulse ). Its proof employs
Krein index counting theory [75,76] to show that, if the linearization L M,per(@/zpem) has unstable
eigenvalues, then they must be real and are separated from the imaginary axis by an n-independent
spectral gap. We use Theorem 6.22 to relate the number of negative eigenvalues of the self-adjoint
operators Lt ,, per(Uper,n) to those of L ,(10o), and to show the existence of an n-independent
ball centered at the origin, in which 0 is the only eigenvalue of L, per (105, ). Having established that
any unstable eigenvalue of L ;L,per("/)per,n) is real and bounded away from the imaginary axis, an
application of Lemma 6.9, together with standard spectral a-priori bounds, rules out the presence
of unstable eigenvalues of L, per(¥per,n )

Theorem 6.43. Assume (GP). Suppose wy is larger than the spectral bound of the operator
02 — uV acting on L*(R). Then, there exists N € N such that for all n € N withn > N the
Jollowing statements are equivalent:

1. The 1-pulse 1y € H?(R) is a spectrally stable solution to (6.97).
2. We have (9,4 (wo),%0) 2 > 0.

3. The periodic pulse solution \pe,, € H, 56,(07 nT) to (6.97), established in Corollary 6.39,

is spectrally stable against co-periodic perturbations, i.e., the spectrum of L, per(Uper,n) is
confined to the imaginary axis.

Moreover, if one of these statements holds, then we have the following:

a. L_ , per(1n) has no negative eigenvalues and a simple eigenvalue at 0.
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6 Multiple front and pulse solutions in spatially periodic systems

b. Ly i per(1y) is invertible and has precisely one negative eigenvalue, which is simple.

c. There exist v,, > 0 and a smooth map ﬁpw’n : (wo = Vn, wo+ ) — HPQW(O7 nT") such that
ﬁper,n(wo) = Yper,n and ﬁperyn(w) is a solution to (6.105) for all w € (wg — Vp,wo + Vp).

It holds

<aw1z)per,n(w0)a ¢per,n>L§"(0,nT) > 0. (6.109)

Proof. The fact that the first two statements are equivalent follows from [109, Theorem 4.8].

We prove that the third implies the second statement by contrapositon. If (3,,4)(wo), %) 2 < 0,
then 1) is spectrally unstable by [109, Theorem 4.8] with an element A € o (L, (%)) in the point
spectrum with Re(A) > 0. Upon applying Theorem 6.22, we infer spectral instability of ¢per,n,
provided n € N is sufficiently large.

Finally, we prove that the second implies the third statement. To this end, we assume that
(8,0 (wo),%0) 2 > 0. First, we note that the essential spectrum of L. (1) is by Propo-
sition 6.11 given by o (L4 ,(0)) = o(—92 + pV + wp), which is, by assumption, confined
to the positive half-line. Therefore, Li,M(O) is invertible and O does not lie in the essential
spectra of Ly (o) and L, (10). On the other hand, L_ ,(1)0)¥o = 0 and Sturm-Liouville
theory, cf. [78, Theorem 2.3.3], imply that O is a simple eigenvalue of L_ , (). Differentiating
L . ((1))d(1) = 0 with respect to w and setting w = wy, we obtain L ,,(1))0,1(wo) =
—1o, cf. Lemma 6.42. Therefore, 0 is an eigenvalue of L, (1¢y) whose algebraic multiplic-
ity is at least 2. Using that L_,,(¢)o) is self-adjoint and Fredholm of index 0, observing that
0 ¢ 0ess(Lu(t0)), and noting (9,9 (wp), 1) 2 > 0, we find that 0 is an isolated eigenvalue of
L, (o) of algebraic multiplicity 2. Hence, Theorem 6.22 yields 77; > 0 and N; € N such that
for all n € N with n > N; the total algebraic multiplicity of the eigenvalues of L, per(¥per,n) in
the ball By(n1) equals 2.

Next, we employ Krein index counting theory [75, 76] to prove the absence of eigenvalues of
L, per(Yper,n) of positive real part. We start by counting negative eigenvalues of the self-adjoint
operator L, per(Yper,n ). Since Ly, (1ho) has precisely one negative eigenvalue A\; < 0 (counting
algebraic multiplicities) and 1)y is a nondegenerate solution to (6.106), there exists 73 > 0 such
that o(Ly ,(¢o)) C {Ai} U (12,00). Moreover, since ||¢per,n ||z can be bounded by an n-
independent constant by Corollary 6.39 and the continuous embedding H'(0,nT) < L>°(R)
with n-independent constant, there exists by Lemma 6.24 an n-independent constant 13 > 0
such that the spectrum of the operator Ly ,, per(4per,n) is confined to [—n3,00). Combining the
last two sentences with Lemma 6.9 and Theorem 6.22, we find that there exists Ny € N with
N3 > N; such that for all n € N with n > Nj the operator L ,, per(4per,n) has precisely one
eigenvalue in the set [—n3, 1)2], which is simple and negative. In particular, this implies assertion
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b. Since Lt per(Wper,n) s invertible, the implicit function theorem yields v, > 0 and a smooth
map wpem (Wo — Vn,wo + V) — ngr(() nT) with ¢per 1 (wo) = Yper,n such that ?/Jper n(w) is
a solution to (6.105) for all w € (wy — vy, wo + V).

Our next step is to count eigenvalues of the operator L_ ,, per(Uper,n,). Since Yiper., € HZ. (0, 1nT)
is a nontrivial solution to (6.105), we find L_ ,, per(¥per,n)¥per,n, = 0. So, by Sturm-Liouville

theory, cf. [158, Theorem 6.3.1.(8)(3)], we deduce that O is a simple isolated eigenvalue of

per (

L_ , per(%per,n). Therefore, using analogous arguments as for the operator Ly ,, per(¢per,n ), We
infer that the facts that L_ ,, (1)) has no negative eigenvalues and 0 is an isolated simple eigenvalue
of L_ ,,(¢p) imply that there exists N3 € N with N3 > Ny such that L_ ,, ser(%per,n) has no
negative eigenvalues for all n € N with n > N3. This yields assertion a.

Next, we show that the eigenvalue 0 of L, per(¢per,n) has geometric multiplicity one and algebraic
multiplicity two. The fact that 0 has geometric multiplicity one follows from the analysis of the
operators Lt ,, per(per,n ). An associated eigenfunction is given by (0, %er,n)T- Differentiating
the equation L_ M,per(i/?per’n(w))iper,n(w) = 0 with respect to w and setting w = wg, we obtain
the identities

~ 8w7]} er,n(w ) 0
L+7H,per(1//per,n)awwper,n(WO) = —wper,ny Lu,per(wper,n) ( P 0 0 ) = — <,¢ > .
per,n

Using that the total algebraic multiplicity of the eigenvalues of L, per(¢per,n) in Bo(n1) is 2, we
conlcude that 0 is an eigenvalue of L, per(¢per,n) 0f algebraic multiplicity 2. Combining the latter

OnT)#O

Therefore, we can apply the instability index formula from [76] to find k£, < 1 and k. = k;” = 0,

with the Fredholm alternative, we arrive at (9, ’l[}perm (wWo), Yper,n) 1.2

per

where k,. is the number of real unstable eigenvalues of Lﬂ,per(wpem), k. is the number of
quadruplets of eigenvalues with non-vanishing real and imaginary parts, and k; is the number
of purely imaginary eigenvalues of L, per(¥per,n) With negative Krein signature [76] (all counting
algebraic multiplicities). In the following, we prove k,, = 0, which establishes (6.109) by [76,
Theorem 1]. To this end, we first show that there exists an n-independent constant p > 0 such
that A € o(Ly, per(Uper,n)) implies | Re(A)| < p. To establish this spectral a-priori bound, we
consider the principal part of L, per(¢per,n ), Which is the skew-adjoint operator Ay: D(Ag) C
L3.:(0,nT) — L?(0,nT) with dense domain D(Ag) = Hp,, (0,nT) given by Agp = —Jap".

By Stone’s Theorem, cf. [44, Theorem 3.24], A, generates a unitary group on the Hilbert space
L2,.(0,nT). In particular, [44, Theorem 1.10] yields the resolvent bound

per

P n
%1l L2, (o, . 6.110)

[0 =27, a0 = Re(V)
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6 Multiple front and pulse solutions in spatially periodic systems

for ¥ € L2,(0,nT) and A € C with [Re(X)| > 0. Using that |[¢per,n ||z is bounded by
an n-independent constant, we obtain an n-independent constant C' > 0 such that the residual
L, per(Yper,n) — Ao enjoys the estimate

per (0, T)

”(Llhper(wper,n) - AO) "/"Ingm_(o’nT) < CH"/"HL

for ¢ € L2,.(0,nT). Combining this estimate with (6.110) and [80, Theorem IV.1.16] yields an
n-independent constant p > 0 such that L, per(Vper,n) — A = Ao — A+ Ly per(Vper,n) — Ao 18
bounded invertible for each A € C with | Re(A\)| > p. On the other hand, Lemma 6.9 and the
spectral stability of ¥ imply that there exists N, € N with N4 > N3 such that for all n € N with
n > Ny the compact set [—p, —11] U [n1, p] lies in the resolvent set of L, per(per,n ). Combining
the latter with the spectral a-priori bound and the fact that 0 is the only eigenvalue of L, per(¢per,n)

in (—n1,n1), we conclude that k,. = 0, which establishes the third statement and (6.109). O

Using that the Gross-Pitaevskii equation (6.98) may be expressed as the Hamiltonian system

Oy = IV Hper ()

on H,.(0,nT) with Hamiltonian Hpe,: H.,

per per

(0,nT) — R given by

Hoelt) =3 [ (100 + o+ V@) o) - 1)

2
it immediately follows from Theorem 6.43 and the stability theorem from Grillakis, Shatah, and
Strauss [64] that the periodic pulse solutions, established in Corollary 6.39, are orbitally stable if
Assumption (GP) holds and we have (9,4 (wo), 1) 2 > 0.

Corollary 6.44. Assume (GP) and <8w1/~1(w0), Yo)pz > 0. Suppose wy is larger than the spectral
bound of the operator 92 — iV acting on L*(R).

Then, there exists N € N such that for alln € Nwithn > N the periodic pulse solution Ve, =
(Vper,n,0) T € HZ,(0,nT) 10 (6.98), where e, y, is established in Corollary (6.39), is orbitally

per
stable. Specifically, for each € > 0 there exists 6 > 0 such that, whenever vy € Hl}er(O,nT)
satisfies ||voll iy (0,n7) < . then there exists a global mild solution 1 € C([0,00), H),(0,nT))

to (6.98) with initial condition 1 (0) = Ve, n, + vo 0beying

;Ielﬂf% ”'(/"(t) - R(’Y)"/"per,n||le”(o7nT) <e&.
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To the authors’ best knowledge, Theorem 6.43 and Corollary 6.44 present the fist rigorous spectral
and orbital stability result of any periodic wave in the Gross-Pitaevskii equation with periodic
potential. In the case of the explicit periodic potential (6.108), rigorous instability results, as well
as numerical simulations indicating spectral stability, can be found in [23].

Remark 6.45. For fixed wy, T > 0, real-valued T-periodic V' € C2(R), and simple zero ¢, € R
of Vs, Lemma 6.24 and Theorem 6.38 yield . € R\ {0} such that the spectral bound of
the operator 92 — 11V, acting on L?(R), is smaller than wp, and equation (6.106) possesses a
nondegenerate stationary solution 1)y € H?(R) at w = wy satisfying the spectral conditions
in (GP). Since it holds (9,,4(wo), %) > > 0, the associated stationary periodic pulse solution
Yper,n € ngr(O, nT') to (6.97), established in Corollary 6.39, are spectrally and orbitally stable
against co-periodic perturbations by Theorem 6.43 and Corollary 6.44, provided n € N is
sufficiently large.

Next, we turn to the spectral analysis of the multipulse solutions, obtained in Corollary 6.39. For
this, we first establish the following lemma.

Lemma 6.46. Let T > 0 and p,wy € R. Let V € CY(R) be T-periodic and real-valued. Let
M € Nand 0 € {£1}M. Let 1)y € H?(R) be a nondegenerate stationary solution to (6.106) at
w = wyg. Then, there exists N € N such that for all n € N withn > N there exist v,, > 0 and
a smooth map )y, : (wWo — Vp,wo + vn) — H2(R) such that 1), (w) is a solution to (6.105) for
all w € (wo — Vp,wo + V), and we have ¥, (wo) = 1y, where 1, € H?(R) is the multipulse
solution obtained in Corollary 6.39. Moreover, it holds

nh—>H;o <aw1/)n <w0)7 ’(/}n>L2 =M <aw’(/}(w0)a ¢0>L2 ) (6.111)
where ’(/NJ is the continuation of 1)y with respect to w, established in Lemma 6.42.
Proof. Since 1)y, is a nondegenerate stationary solution to (6.106) by Corollary 6.39, the existence
of the map 1, follows from the implicit function theorem. So, all that remains is to prove (6.111).

Differentiating the equations L_ ,, (1)(w))9(w) = 0 and L_ ,, (¢, (w))1hn (w) = 0 with respect to
w and setting w = wy, we arrive at

Lt (o) [0u(wo)] = =0, Ly u(¥n) [0uthn(wo)] = —n. (6.112)

We claim that there exists a sequence {b,, },, in H%(R), converging to 0 as n — oo, with

M
Db (wo) = bn + Y _ 00, (wo) (- — jnT). (6.113)

Jj=1
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Inserting the ansatz for J,, z/?n(wo) into the linearization L ,(1),,) and using (6.112), we obtain

M
Ly u(¥n) | bn + > 0;0,8(wo)(- — jnT)

j=1

M
= L yu(¥n)bn = Y 05000(- — jnT)

M
+ 370, (L (W) = Lo u(0(- — §nT))) Buth(wo) (- — jnT).
j=1

Thus, we infer from (6.107) and (6.112) that the correction b,, has to solve the equation

M
L+,u(¢n)bn = —Qp — Zgj (L+,u(¢n) - L+,u(¢0(' —jnT))) 5w¢~1(wo)(' — jnT).

Jj=1

Using that L, ,,(10) is invertible, we deduce from Lemma 6.7 that, provided n € N is sufficiently
large, Ly ,,(1y,) is also invertible and there exists an n-independent constant C' > 0 such that

||L+,u(1/’n)71¢||L2 = C”@Z’HL?
for ¢ € L?(R). In particular,
M ~
b, = _L+,u(wn)_1 an + Zej <L+,u<wn) - L+,u(w0(' - ]nT))) 8ww(w0)(' - jnT)
j=1

satisfies (6.113) and obeys

M
lballz < C | llanllzz +3 Y [[(¥7 = tho(- = jnT)?) Dutb(wo) (- = jnT)| o | =0

j=1
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as n — oo by Corollary 6.39 and the continuous embedding H'(R) — L>(R). Therefore,
using (6.107) and (6.113), we arrive at

M

(Outhn (@), ¥n) 2 = D (05009 (wo) (- = inT), Oktbo(- — knT)) 5 + (b, an) 2

Jik=1

M M
+ Z <9j6ww~(w0)(' - ]TLT), an>L2 + Z <bn7 ekwo( — knT)>L2

k=1

— M <aw1/;("d0)a 1/}0>L2

asn — oo. O

By combining Krein index counting theory with Theorem 6.14, we establish spectral instability
conditions for the multipulse solutions ,,, obtained in Corollary 6.39.

Theorem 6.47. Let M € N with M > 2. Take 0 € {+1}M. Assume (GP). Suppose wy is larger
than the spectral bound of the operator 92 — iV acting on L*(R). Then, there exists N € N
such that for alln € N withn > N the following statements holds.

1. If (8,1h(wo), Yo) 1> is negative, then the M-pulse 1), obtained in Corollary 6.39, is
spectrally unstable.

2. If (9,1p(wo), o) 1> is positive, then the M-pulse 1), obtained in Corollary 6.39, is
spectrally unstable in each of the following cases:

(i) )y, has no zeros;
(ii) There exist m,{ € N such that M = 2m and 1, has 2¢ zeros;

(iii) 1, is odd, V is even, and there exist m € N and { € Nq such that m +  is even,
M = 2m, and 1,, has 20 + 1 zeros;

(iv) Y, and 'V are even, and there exist m,{ € N such that m + € is odd, M = 2m + 1,
and 1y, has 2( zeros;

(v) There exist m € N and { € Nq such that M = 2m + 1 and 1),, has 20 + 1 zeros.

Proof. In order to prove the first assertion, we observe that Theorem 6.43 yields that ) is
spectrally unstable. Therefore, provided n € N is sufficiently large, 1, is also spectrally unstable
by Proposition 6.11 and Theorem 6.14.
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We proceed with proving the second assertion. For notational convenience, we denote by n(L) €
Ny the total algebraic multiplicity of all negative eigenvalues of an operator L: D(L) C L?(R) —
L?(R) and by z(L) € Ny the dimension of its kernel. Moreover, we denote by k,.(L) the number
of real unstable eigenvalues of L, by k.(L) the number of quadruplets of eigenvalues with non-
vanishing real and imaginary parts, and by k; (L) the number of purely imaginary eigenvalues of
L with negative Krein signature (all counting algebraic multiplicities).

To prove instability in case (i), we notice, using similar arguments as in the proof of Theorem 6.43,
that n(L (1)) = 1 and the nondegeneracy of 1y imply that n(L, ,(¢y)) = M > 2 and
2(L4 u(¢y)) = 0. Thus, [109, Theorem 4.8] applies, which yields spectral instability.

Next, we consider case (ii). As in case (i), we find n(L ,(¢,)) = 2m and 2(Ly ,(¥y)) =
0. Moreover, combining L_ (wn)¢n = 0 with Sturm-Liouville theory, cf. [158, Theo-
rem 6.3.1.(8)(3)], we obtain n(L_ ,,(¢,,)) = 20 as well as z(L_ ,,(¢,)) = 1. Using Lemma 6.46,
we find that the Krein index formula in [76, Theorem 1] ylelds

kr(Lyu($n)) + 2ke(Lyu(¥n) + 2k (Lu(Pn)) = 2(m +£) — 1

Hence, we have k. (L, (1)) > 1, which means that v, is spectrally unstable.

We proceed with case (iii). Using similar arguments as before, we obtain n(Ly ,(¢,)) = 2m,
2(Ly u(¢n)) =0and n(L_ ,(1,)) = 2¢+ 1, and find that the odd function 1,, spans the kernel
of L_ ,,(1y). Since 1, is odd and V is even, the operators L ,, (1) and L,,(1,,) leave the space
of even functions invariant. Therefore, we can apply the index formula to these linear operators
restricted to even functions, yielding

Er (L (n)|even) + 2ke(Lyu(¥n)leven) + 2k; (L (v¥n)|even)
- n(L-‘r #(wn”even) +Tl( (wn)‘even) m+ 0+ 1,

where we used that by [158, Theorem 6.3.1.(8)(3)] the eigenfunctions of the Sturm-Liouville
operators L ,,(1,,) are alternating between even and odd functions and that the principal eigen-
function is even. Since m + ¢ + 1 is odd, the number of real unstable eigenvalues of L,,(¢),,) is
greater than 1, yielding spectral instability.

We turn to case (iv). Arguing as before, we have (L ,,(¥r)|even) = m~+1, 2(Ly ;1 (¥n)|even) =
0, n(L_ ,,(¥n)]even) = ¢, and the even function 1, spans the kernel of L_ ,,(¢,)|even. Using
Lemma 6.46 and applying the index formula, this amounts to

kr(Lu(wn”even) + ch(Lu(¢n)|even) + 2]%_ (Lu(wnﬂeven) =m+ l +1-1

Using that m + £ is odd, we infer k,.(L, (¢,,)) > 1, which implies spectral instability.
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Finally, the proof of spectral instability in case (v) follows as in case (ii). O

Although the first instability condition in Theorem 6.47 is well-known, cf. [109, Theorem 4.8]
and [63, Theorem 6.5], the authors are not aware that the other instability conditions in Theo-
rem 6.47 have been derived in the literature before.

6.9 A: Projections

In this appendix, we prove some auxiliary results on finite-dimensional projections, which corre-
spond to block matrices P € C™*" satisfying P? = P.

The first result asserts that, if two projections P, Q € C™*™ are close in norm, then their range
and kernel are complementary subspaces and the associated projection onto the range of P along
the kernel of () can be bounded in terms of P and Q.

Lemma 6.48. Letn € N. Let P,Q € C"*" be projections with
[P -Ql <1

Then, ran(P) and ker(Q) are complementary subspaces and the projection R onto ran(P) along
ker(Q) obeys the bound

IRl < 1— 12 (6.114)

P =l
Proof. Letv € ran(P) Nker(Q). Then,
[oll = [I(P = @)vll < [[P = Qo]

implies v = 0 as ||P — Q|| < 1. Hence, we infer ran(P) N ker(Q) = {0} and, similarly,
ran(Q) Nker(P) = {0}. So, we must have rank(Q)) + dim ker(P) < n and, thus, we arrive at

rank(Q) — rank(P) = rank(Q) + dim ker(P) — dimker(P) — rank(P) <n —n = 0.
Similarly, rank(P) + dim ker(Q) < n yields rank(Q) — rank(P) > 0. We find

dimker(Q) + rank(P) = dim ker(Q) + rank(Q) = n
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6 Multiple front and pulse solutions in spatially periodic systems

and conclude that ran(P) and ker(()) are complementary subspaces. Now let R be the projection
onto ran(P) along ker(Q). Since we have RP = P and RQ = R, it holds

R=RQ-RP+P,

which readily yields the estimate (6.114). O

Next, we show that, if two projections have the same kernel and there exist bases of their ranges
which are close in norm, then the projections themselves are close in norm.

Lemma 6.49. Letn € Nand k € {1,...,n}. Let A, B,C € C"*. Suppose C*A € CF** is
invertible and we have

IA— B < m. 6.115)
Then, the projections
P=A(C*A)C* (6.116)
onto ran(A) along ran(C)* and
Q= B(C*B)"'C* (6.117)

onto ran(B) along ran(C)* are well-defined and satisfy

L= [[(c*A~IClA - B

1Pl < Alljca=Hcl -
(6.118)

Proof. Since C*A is invertible, ran(A) and ran(C)* are complementary subspaces and the
projection P given by (6.116) is well-defined. Upon rewriting

C*B=C"A(I - (C*A)~ter (A - B))
and recalling (6.115), expansion as a Neumann series yields that C* B is invertible with

. AN _1012
[c=A)~ " lcllA - Bl
—[[(C*A)~H[Cl|A - B

[(C*B)~" —(C*A)7!|| < : (6.119)
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6.9 A: Projections

Hence, the subspaces ran(B) and ran(C)* are complementary and the projection @ given
by (6.117) is well-defined. Finally, writing

P-—Q=(A-B)(CA)T'IC*+(A+B—-A) (C*A) ' —(C*B) ") C*
and applying (6.119) yields (6.118). O

The following result shows that a projection matrix depends analytically on a parameter A € C if
and only if its range and the real orthogonal complement of its kernel are analytic subspaces.

Lemma 6.50. Letn € Nand k € {1,...,n}. Let Q C C be open. Let V(X),U(X) C C"™ be
complementary subspaces with dim(V (X)) = k for each A € Q. Denote by P(\) € C"*™ the
projection onto V() along U(X). Then, the map P: Q0 — C™*™ is analytic if and only if there
exist analytic maps By, By : Q — C"*F such that

V(A) =ran(B1 (X)), UN) ={ueC": 2T =0forall z € ran(B2(A))}  (6.120)
SJorall A € Q.

The proof of Lemma 6.50 is partly based on [19, Lemma 3.3] and requires the following technical
lemma.

Lemma 6.51. Letn € Nand k € {1,...,n}. Let P € C"*™ be a projection of rank k. If
By € C"** is a basis of ran(P) and By € C™"** is a basis of ran(P "), then By B; € CF*¥ js
invertible.

Proof. Assume that v € C* satisfies By Byv = 0. Then, u := Byv € ran(P) satisfies z ' u = 0
for all z € ran(By) = ran(PT). Hence, for all w € C" itholds 0 = (PTw) u = w' Pu
implying Pu = 0. We conclude that u € ker(P) Nran(P) = {0}. Since B; has full rank, we
have v = 0. O

Proof of Lemma 6.50. Assume that P is analytic. Then, by [80, Section I1.4.2] there exist analytic
maps By, By : Q — C™*F such that By (\) is a basis of V()\) and By () is a basis of ran(P(\) )
for all A € ). Now, it follows

ueker(PA)=UR) &  YoeC:0=v PNu=(PON)Tv) u
& Vzeran(By(\) 2 u =0

forall A € Q.
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6 Multiple front and pulse solutions in spatially periodic systems

Conversely, assume that there exist analytic maps By, By: Q — C™** such that (6.120) holds
for all A € Q. Let A € Q. We have 2z € ran(By())) if and only if 27w = 0 for all u €
U(N) = ker(P()\). If z € ran(P(\)7) we find v € C" such that x = P()\)"v. This
yields 2 "u = (P(\)Tv)Tu = v T P(\)u = 0 for all u € U(X), which proves the inclusion
ran(Bg()\)) D ran(P(A)T). Equality then follows from

dimran(By(\)) = n — dimker(P()\)) = dim ker(P(\))*
= dimran(P(\)*) = dimran(P(\) ).
Thus, by Lemma 6.51 the matrix Ba(A\) T By (\) € C**¥ is invertible. Clearly,
TI(\) = Bi(A) (B2(\) T Bi(\) ™' Ba(A)T e €™ 6.121)

is a projection with ker(IT(A)) = U(A) and ran(II(\)) = V(A). So, we must have P(\) = II(\).
The formula (6.121) readily yields that P is analytic. OJ

6.10 B: Exponential dichotomies

Exponential dichotomies are powerful tools in the spectral analysis of linear differential operators.
By reformulating the associated eigenvalue problem as a first-order nonautonomous system, they
can be used to characterize invertibility as well as Fredholm properties [93,99, 101].

A linear (nonautonomous) ordinary differential equation possesses an exponential dichotomy if
it admits a fundamental set of solutions that decay exponentially in either forward or backward
time.

Definition 6.52. Let n € N, 7 C R an interval and A € C'(J,C"*™). Denote by T'(z,y) the
evolution operator of the linear system

¢ = Az)¢. (6.122)

Equation (6.122) has an exponential dichotomy on J with constants K, ;u > 0 and projections
P(z) e C»*™ifforall z,y € J it holds

s P(2)T(z,y) = T(z,y)P(y);
* I T(z,y)P(y)|| < Ke #=) for z > y;

* |T(z,y)(I — P(y))|| < Ke "¥=*) fory > x.
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In this appendix, we establish several results on exponential dichotomies that are relevant to our
analysis. For a comprehensive introduction, we refer the reader to [33].

We start with an extension of the so-called “pasting lemma”, which was first established in [35,
Lemma B.7]. The pasting lemma provides a tool for gluing together exponential dichotomies on
two adjacent intervals.

Lemma 6.53. Letn € N, a,b,c € Rwitha <b < cand A € C([a,c],C"*™). Suppose that
equation (6.122) has exponential dichotomies on both [a, b] and [b, c] with constants K, u > 0 and
projections Py (x),x € [a,b] and Pa(x),x € [b,c], respectively. If ker(Py (b)) and ran(Ps(b))
are complementary subspaces, then (6.122) has an exponential dichotomy on [a, c] with constants
C,p > 0 and projections Q(x) = T(x,b)QT (b, z),x € [a,c], where Q is the projection onto
ran(Py (b)) along ker( Py (b)) and T'(x, y) denotes the evolution of system (6.122). Moreover, we
have C = K + K?||Q|| + K* and

|P1(a) — Q(a)|] < CKe 21~ IPs(c) — Q(e)]| < CKe 21t

Proof. Observe that Q(x)T'(z,y) = T(x,y)Q(y) forz,y € [a, ¢]. The exposition in [33, pp. 16-
17] shows that (6.122) possesses an exponential dichotomy on the intervals [a, b] and [b, ¢] with
constants C, > 0 and projections Q(x). We need to show that the dichotomy estimates persist
on the union [a, ¢] = [a,b] U [b, ¢]. Take x € [b,c] and y € [a, b]. We estimate

IT(x, ) Q)| < IT(x, b)PB) QP (DT (b, )| < K[ Q™) < Cemrle=v),

where we use P(b)Q = @ and QP (b) = Q. Similarly, one estimates ||7'(y, z)(I — Q(z))]| <
Ce #==Y) for z € [b,c] and y € [a, b]. Finally, using QP; (b) = Q again, we infer

1P1(a) = Q)| < IT(a,b)(I = QDI IPL(B)T (b, a)|| < CKe 2t~

Similarly, we derive || P2(c) — Q(c)|| < C Ke2m(c=b) =

Next, we obtain an approximation result for the projections of two exponential dichotomies defined
on the same interval.

Lemma 6.54. Letn € N, a,b € R witha < b and A € C([a,b],C"*™). Suppose equa-
tion (6.122) admits two exponential dichotomies on [a,b] with constants K1 2,112 > 0 and
projections Py o(x). Then, we have

|Pi(a) = Pa(a)l] < Ky (e 0o et
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forall x € [a,b).

Proof. Let T'(x,y) be the evolution of system (6.122). We estimate

[1P1(z) — P ()|
< |[Pu(x)(I = Pa(@))]| + (I = Pi(x)) P2 ()]
< [Pr(@)T(z, a)[[ | T(a, 2)(I = Pa(x))|| + (I = Pr(2))T (z, b)[| |T(b, ) Pa()||
< K\ K, (e—wlm)(w—a) T e—(m+u2)(b—w)) ,

for all z € [a, b]. O

The following result establishes periodicity of the evolution operator, as well as the dichotomy
projections, when the underlying system has periodic coefficients.

Lemma 6.55. Letn € Nand L > 0. Let A € C(R,C"*"™) be L-periodic. Then, the evolution
T(x,y) of (6.122) satisfies T'(x,y) = T(x — L,y — L) for each x,y € R. Moreover, if (6.122)
has an exponential dichotomy on R with projections P(z), then P(-) is also L-periodic.

Proof. By Floquet’s theorem, cf. [78, Theorem 2.1.27], there exist an L-periodic function
Q@: R — C"™ and a matrix B € C™*™ such that Q(z) is invertible for each z € R and we have
T(z,y) = Q(x)eB==vQ(y)~" foreach z,y € R. Hence, wearriveat T'(z, y) = T(x—L,y—L)
for each =,y € R. Now suppose that (6.122) has an exponential dichotomy on R. Then, the
matrix B must be hyperbolic. Let P be the spectral projection of B onto its stable space. Then,
by uniqueness of the exponential dichotomy, cf. [33, p. 19], it holds P(x) = Q(z)PQ(z)~! for
z € R and, thus, P is L-periodic. O

We proceed by showing that the operator - — A(z) is invertible as a map from H'(R) to L*(R),
and, in case of L-periodic coefficients of A, also as a map from H, (0, L) to Lz, (0, L), provided
that (6.122) has an exponential dichotomy on R. Moreover, we prove that the inverse operator

can be bounded in terms of the dichotomy constants and the supremum norm of A.

Lemma 6.56. Letn € Nand L > 0. Let both g € C(R,C") and A € C(R,C"*"™) be bounded.
Suppose that (6.122) has an exponential dichotomy on R with constants K, jn > 0. Then, the
inhomogeneous problem

¢ = A(x)p + g(x), (6.123)
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possesses a unique bounded solution ¢ € C*(R). If g € L*(R), then ¢ lies in H'(R) and obeys
the estimate

2K
ol < (<1 + ) 2+ 1) lgllze- 6.124)

Moreover, if A is L-periodic and g € Lger(O7 L), then ¢ lies in leer(O, L) and satisfies

per per

2K
PNl E 0,y < ((1 + [ AllLe~) m + 1> llgllzz o0,z)- (6.125)

Proof. Let T'(x,y) be the evolution operator of (6.122). Denote by P(x) the projections associ-
ated with the exponential dichotomy of (6.122) on R. Define ¢: R — C™ by

o0

o(z) = / " T y) Py)gy)dy — / T(x,y)(I - P(y))g(y)dy.

— 0o x

We note that the properties of the exponential dichotomy, the fundamental theorem of calculus
and the fact that g and A are bounded and continuous, readily yield that ¢ is well-defined,
bounded, continuously differentiable and solves (6.123). Due to the exponential dichotomy of
system (6.122) on R its only bounded solution is 0. Therefore, the bounded solution ¢ of (6.123)
is unique. Finally, we estimate

lp(z)|| < K /R e MYl g(y)||dy = K /R e MVl g(z — y)||dy, (6.126)

forxz € R.

Take g € L?(R). Applying Young’s convolution inequality to (6.126) leads to the estimate
2K
[¢llre < THQHL%

which implies ¢ € L?(R). So, using the fact that ¢ solves (6.123), we establish

2K
16122 < DAl lollzs + Ballos < (Nllm 25 +1) gl

which proves ¢ € H'(RR) and establishes (6.124).
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Suppose A is L-periodic and g € L? (0, L). Then, by Lemma 6.55 we deduce
x+L [e%)
oat+D)= [ Tt L)PWoay— [ T+ L)l =Py
—o0 T+

x+L
= / T(z,y—L)P(y — L)g(y — L)dy

— 00

-/ " Tle,y - D) - Ply - D)gly — L)dy = 6(x)

+L

for z € R. Hence, ¢ is also L-periodic. Using (6.126) and Holder’s inequality we estimate

L
161122 0.z / lé(x)|2dz < K / / e lul 12D / lg(z — ) lllg(z — =)[dzdydz

) AR>
< KQ/R/RG pUVHED g2, o o dydz < v l911%2, (0,15

per per

which proves ¢ € Lper(O7 L). Combining the later with the fact that ¢ solves (6.123), we obtain

2K
1000 < IAl=16l00 + ol < (1Al +1) lallzgom

per per per

which implies ¢ € H:..(0, L) and establishes (6.125). O

per (

Our next step is to prove that, if the linear differential operator £(u) — A, defined in §6.2, is
invertible, then the first-order formulation (6.6) of the associated eigenvalue problem has an
exponential dichotomy on R. In conjunction with lemma 6.56, this characterizes invertibility of
the differential operator £(u) — A in terms of exponential dichotomies.

Lemma 6.57. Letu € C(R) be bounded and X € C. Ifthe linear operator L(u) — A is invertible,
then system (6.6) has an exponential dichotomy on R.

Proof. By assumption there exists for each g € L?(R) a unique solution u € H*(R) of the
resolvent problem

(L(w) =N u=g. 6.127)
This implies that for each ¢ € H*~!(R) the inhomogeneous problem

U'=A(z,u(z); \) U + (6.128)
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6.10 B: Exponential dichotomies

possesses a solution U € H'(R), which is given by U = (u,0pu — t1,...,08 1u —
Zi:ll OF—1=i)T, where u € H¥(R) is the solution of the resolvent problem (6.127) with
inhomogeneity

k i
9= ;Y 99y € LX(R).
i=1  j=1

Let J = (—00,0] or J = [0,00). For each ¢ € H*"1(7) we find a solution U € H*(J)
of (6.128). In the language of Massera and Schiiffer, the pair (H*~1(7), H'(J)) is regularly
admissible for equation (6.128), cf. [93, §51]. Moreover, in the ordered lattice b/ (J) of all
Banach spaces, which are stronger than the Bochner space L(7) of strongly measurable, locally
Bochner integrable functions h: J — C*™ endowed with the topology of convergence in mean,
the space H*~1(7) is not weaker than L'(J), and H'(7) is not stronger than L5°(J), where
L& (J) is the L*°-closure of all functions with compact (essential) support in L>°(7) endowed
with the supremum norm, see [93, §20 and §21]. That is, the pair (H*~(7), H'(J)) is not
weaker than (L' (), L§(J)), cf. [93, §50]. Now, [93, Theorem 64.B] yields that system (6.6)
has exponential dichotomies on both half-lines, 7 = (—oc0,0] and J = [0, 00). We denote by
Py (£x),z > 0 the associated projections.

We show that the exponential dichotomies for (6.6) on both half-lines can be pasted together to
yield an exponential dichotomy for (6.6) on R. First, we observe that it must hold ker(P_(0)) N
ran(P; (0)) = {0}, since any solution U € H'(R) of (6.6) with U(0) € ker(P_(0)) N
ran(P, (0)) is exponentially localized and, thus, generates an element v = U; € HF(R) ly-
ing in the kernel of £(u) — A, which is invertible. On the other hand, the adjoint problem

U'=-A(z,u(z); \)* U (6.129)

has the evolution ®,4(z,y) = P(y,x)*, where ®(x,y) is the evolution of (6.6). There-
fore, (6.129) also possesses exponential dichotomies on both half lines with projections I —
Py(£x)*,2 > 0. Any solution U € H*(R) of (6.129) with U (0) € ker(I — P_(0)*) Nran(I —
P, (0)*) = ker(P_(0))* Nran(P.(0))* yields an element u = Uy € H¥(R) in the kernel
of the adjoint operator (£(u) — A)*, which is invertible since £(u) — A is. Hence, we have
ker(P_(0))* Nran(P.(0))+ = {0}, which, in combination with ker(P_(0)) Nran(P.(0)) =
{0}, implies that ker( P_(0)) and ran(P, (0)) are complementary subspaces. Hence, Lemma 6.53
implies that (6.6) admits an exponential dichotomy on R. O

An important property of exponential dichotomies, often referred to as roughness or robustness,
is their persistence under small perturbations, cf. [33, Section 4]. Additionally, exponential
dichotomy projections can be chosen to depend analytically on parameters if the underlying
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system does, see [34, Appendix A] and references therein. Leveraging the results from [33,34],
we show that, if a system, depending analytically on a complex parameter A, admits an exponential
dichotomy on a half line with A-uniform constants, then the exponential dichotomy persists under
perturbations and an analytic choice of projection is always possible.

Lemma 6.58. Letn € Nand k € {1,...,n}. Let @ C C be open and let A\ € Q. Let
A:[0,00) x Q — C™ "™ be such that A(-; \) is continuous for each A € Q and A(x;-) is analytic
for each x > 0. Suppose that there exist K, n > 0 such that for each \ € § system

¢ = A(z; \)¢ (6.130)

has an exponential dichotomy on [0, 00) with constants K, pn > 0 and projections P(x; \) of rank
k. Then, there exist constants C, 8y, 00,0 > 0 such that the closed disk B, (00) lies in Q) and for
all§ € (0,60) and B € C([0,00),C"*"™) with | B|| L= < 0 the perturbed system

¢' = (A(x;\) + B(x)) ¢ (6.131)

has for each X € By,(0o) an exponential dichotomy on [0,00) with \- and §-independent
constants and projections Q(x; \) satisfying the following properties:

1. The map Q(x;-): Bx,(00) = C"*™ is analytic for each = > 0.
2. We have
Q%) — P <Cs, PNV <C
foreach X € By, (00), where P(\) is the projection ontoran(P(0; \)) along ran(P(0; Ao ))*.
3. The estimate
1Q(a; X) = Pla; M| < C (6 +e %) (6.132)

holds for each x > 0 and X € By, (00).

Proof. Since system (6.130) depends analytically on A and the subspace ran(P(0; \)) is by [33,
p- 19] uniquely determined, [34, Lemma A.2] and [80, Section 11.4.2] yield that there exists
an analytic map Bs: Q0 — C™** such that By()) is a basis of ran(P(0; \)) for each A € (.
Since By is analytic, there exists a closed disk E,\O(Qo) C ) of some radius pg > 0 such that
det(Bs(Xo)*Bs(\)) # 0 forall A € By, (00). Thus, ran(P(0; \g))* complements ran(P(0; \))
forall A\ € B, (0o).
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By roughness of exponential dichotomies, cf. [33, Theorem 4.1], there exists a constant §o > 0
such that, for each § € (0,409) and B € C([0,00),C"*") with ||B||p~ < 4, the perturbed
system (6.131) admits an exponential dichotomy on [0, co) with constants K1, i1 > 0, depending
on K and p only, and projections Q(x; \) satisfying

[Q(z;A) = P(x; A)|| < K10 (6.133)

forallz > 0and X € B, (00)-

Letd € (0,09) and B € C([0,00), C"*™) with || B||p~ < 6. Since (6.131) depends analytically
on A and the subspace ran(Q(z; A)) is by [33, p. 19] uniquely determined, [34, Lemma A.2]
and [80, Section 11.4.2] yield that ran(Q(x; A)) possesses a basis, which is analytic in A on
By, (00). Set By(\) = Q(0; \)Bs()). Estimate (6.133), analyticity of B, on €2 and compactness
of B}, (00) yield a \- and §-independent constant M, > 0 such that it holds

By = Ba|| < Mos, 1BV < Mo

for each A € B, (00). So, taking dy > 0 smaller if necessary, By(\) is a basis of ran(Q(0; \))
and we can arrange for

- 1
" 2By B 1B.00)

| B - B

foreach A € B, (00). Hence, taking dp > 0 smaller if necessary, Lemma 6.49 demonstrates that
the projections P(\) onto ran(P(0; \)) along ran(P(0; \o))* and Q(0; \) onto ran(Q(0; \))
along ran(P(0; \g))* are well-defined and there exists a \- and é-independent constant M; > 0
such that

1QO;X) = POV < Mid, I[P 1QO0; M) < My

for each A € B, (o). Since ran(P(0; \)) and ran(Q(0; X)) have bases which are analytic in
A on By, (0o) and the subspace ran(P(0; \g))™" is independent of )\, the projections P()\) and
Q(0; A) are analytic in A on By, (00) by Lemma 6.50. Hence, recalling that (6.131) has an expo-
nential dichotomy on [0, oo) with constants K7, ;i3 > 0 and projections Q(z; ), the exposition
in [33, pp. 16-17] implies that (6.131) admits an exponential dichotomy on [0, c0) with constants
C1, 1 > Owith C; = K+ K?M; + K3 and projections Q(z; A) = T'(z,0; \)Q(0; \)T(0, z; \)
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for each \ € B, (00), where T'(x, y; \) is the evolution of system (6.131) which depends analyt-
ically on A by [78, Lemma 2.1.4]. Therefore, Q(z; \) is for each « > 0 analytic in A on By, (o).
Finally, Lemma 6.54 yields

[Q(; A) — Qs A)|| < 201 Kye 27 (6.134)

for each \ € Eko (00) and z > 0. Combining (6.134) with (6.133) we arrive at (6.132), which
completes the proof. O

6.11 C: Compactness of a multiplication operator

In this appendix, we prove an auxiliary compactness result for multiplication operators mapping
from H'(R) into L?(R).

Lemma 6.59. Let g € HY(R). The multiplication operator A: H*(R) — L*(R) given by
Au = gu is well-defined and compact.

Proof. The fact that A is well-defined follows directly from the embedding H'(R) < L>°(R).
Let V C H*(R) be a bounded subset and let ¢ > 0. Since the embedding H'(R) — L>(R)
is continuous, there exists K > 0 such that for each u € V we have ||u||f~ < K. There exists
R > 0 such that

2
g
lg(z)Pde < —,
/]R\[—R,R] 2K?

implying

3
[ w@Pde <l [ JloPde< S,
R\[-R,R] R\[-R,R]

forallu € V.

By the Rellich-Kondrachov theorem the embedding H'((—R, R)) < L?((—R, R)) is com-
pact. The set W = {(gu)|(_gr,g) : w € V} is bounded in H'((—R, R)), because we have
[(gu)|(—r,r)llzr < [lgllm lullLe < K||g||f for each u € V, where h|(_g gy denotes the re-
striction of a function h € H'(R) to the interval (— R, R). So, by compactness of the embedding
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H'((=R,R)) = L*((—R, R)), there exists a finite subset G C L*((—R, R)) such that for each
h € W there exists f € G with

We conclude that for each u € V' there exists f € G such that

[ 140@) =~ 1)
R

— [ @l [ g - )P <2,
R\[—R,R]

—R

where 1(_p g is the indicator function of the interval (— R, R), whence || Au—f1(_g g)llz> < .
We conclude that the set A[V] is precompact in L?(R), which concludes the proof. O
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7 Multi-solitons in the Lugiato-Lefever
equation with periodic potential

In this chapter, we apply the theory for multiple pulse solutions and periodic waves developed in
Chapter 6 to the Lugiato-Lefever equation (5.4) with a periodic potential. This equation, which
was introduced in Chapter 5, reads

i0;u = —do?u +ieV (z)0pu + (¢ — ip)u — |ul?u +if, (z,t) € R?, (7.1)

for a complex valued amplitude function u(x,t) € C, a T-periodic potential V € C*(R,R) and
constants d # 0, (,e € R, f, u > 0. We end this chapter with an outlook on modulated solitons.

7.1 Existence and stability of multi-solitons

In order to fit (7.1) into the framework of Chapter 6, we write the equation in terms of real and
imaginary parts,

ou=J(—doiu+Cu— (ui +uj)u) +eV(z)d,u — pu+F, (7.2)

where the solution vector is given by u = (Re(u), Im(u)) " and

() )

Stationary solutions of (7.2) are then found by looking at the coupled system of ordinary differ-
ential equations

J(—doZa+Cu— (uf +uj)u) +eV(z)d,u— pu+F =0. (7.3)
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For u € L*>(R), we introduce the closed and densely defined linear operators L(u), £(u):
H?*(R) C L*(R) — L*(R) given by

3uf +u3 2uu,

L(w) = —do? + ¢ — ( ) L) = JL() + eV (@)D, —

2 2
2uju,  uy +3u;

If u € L*™°(R) is a stationary solution of (7.3), then the linearization of (7.3) about u equals
L(u) and the associated eigenvalue problem reads

L(u)u = Au.

We emphasis that the existence problem (7.3) and associated eigenvalue problem are indeed of
the form (6.4) and (6.5), respectively.

In order to construct (periodic) multi-soliton solutions to (7.1) with Theorems 6.5 and 6.8 we
require the existence of a nondegenerate primary 1-soliton. In Section 5.7, we demonstrate the
existence of such a 1-soliton, provided that an effective potential has a simple zero. To be more
precise, the outcome of the analysis in Section 5.7 is summarized as follows.

1. In the setting of Section 5.7, assume that the effective potential Vig(c) has a simple zero
0o € R. Then nondegenerate 1-soliton solutions u, € H 2(R) @ R? of (7.3) for small
values of ¢ bifurcate from the spectrally stable solitary wave solution of (7.3) for ¢ = 0
which is shifted by oy.

2. The 1-soliton u, bifurcating at the shift oy is strongly spectrally stable if V/z(c¢)e > 0 and
spectrally unstable if V;(0g)e < 0.

For simplicity we set d = 1. Let us fix the remaining parameters C, u, f > 0 and let us assume
that a primary 1-soliton exists. Applying the machinery of Chapter 6 now yields families of
multi-solitons and periodic pulse solutions of (7.3).

Theorem 7.1. Let M € N and let € > 0 be sufficiently small. For j = 0,...,M let u, ; =
z.; + v € H*(R) & R? be a nondegenerate 1-soliton solution of (7.3) where z. ; € H*(R) is
the localized part that depends on ¢ and v € R? is the constant background wave that solves the
system of algebraic equations J ((v — |V\2v) — uv +F = 0. Then, the following statements are
true.
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7.1 Existence and stability of multi-solitons

(i) There exist Ny € N, C > 0 such that for all n > Ny there exists a multi-soliton solution
u_, € H*(R) ® R? of (7.3) obeying the bound

M
Zz” —jinT)|| < CZ HZEJ||H2(R\[_%T+17%T—1])'
H? Jj=1
In particular, we find
M
; ||Ze,j||H2(R\[73T+1%T71]) =0 as n — oo.

Moreover, u, ,, is a nondegenerate solution of (7.3).

(ii) There exists L € N and C > 0 such that for all ¢ > L there exists a {T-periodic soliton

w,, ., € H2 (0,(T) of (7.3) such that

©0.e7) < Cllze o]

u
per,e.e =

H2(R\(— T T))

In particular, ||z. || — 0 as { — oo. Moreover, the solution u,,,, . , is

H2(R\(-£7,£1)
nondegenerate.

The solutions obtained in Theorem 7.1 resemble sequences of well-separated pulses pinned to
the zeros of the effective potential in the spatial domain. Numerical illustrations of these multi-
solitons are provided in Figure 7.1. Unlike the results presented in Chapter 5, the wavelength
of the periodic solutions here is not prescribed and generally cannot be controlled. However,
with additional control over the pulse distance we obtain better control over the waveform of the
solutions and can even design specific types of solutions, such as 1-, 2-, or 3-soliton configurations.

Now let us proceed with the spectral stability analysis of the solutions constructed in Theorem 7.1.

Theorem 7.2. Let u_,, € H*(R) & R? be a M-soliton and n,,, _ , € H2, (0,LT) be a periodic
soliton as in Theorem 7.1 fore > 0 andn > Ny, £ > L.

(i) Assume that all constituent 1-solitons u, ; withj =1, ..., M of the M-soliton are strongly
spectrally stable. Then, the M-soliton u. ,, is strongly spectrally stable for n sufficiently
large.

(ii) Assume that one of the constituent I-solitons u, ; for some jo € {1,...,M} of the
M -soliton is spectrally unstable. Then, the M-soliton u. ,, is spectrally unstable for n

sufficiently large.
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Figure 7.1: Top: stable periodic 1-soliton solution of (7.3) pinned to the zero of the periodic potential V' () (blue) with
its spectrum, as established in Theorem 7.1. Bottom: corresponding stable 2-soliton and its spectrum. The
system coefficients ared = 1,{ = 1, f = 2, p = 0.02, V(z) = 0.2sin(x/2).

Letu_, € H 2(R) @ R? be the constituent soliton of the periodic solutions Wy e p

(iti) Assume that u, , is strongly spectrally stable. Then, the periodic soliton ,,,. . , is strongly
spectrally stable for all ¢ € N sufficiently large.

(iv) Assume that u,  is spectrally unstable. Then, the periodic soliton w,,, . , is spectrally
unstable for all ¢ € N sufficiently large.

Proof. The proof follows from Corollaries 6.13, 6.13 and Theorems 6.14 and 6.22 as soon as we
have established high-frequency resolvent estimates on the linearization to reduce the stability
problem to a n- and ¢-independent compact subset of C. This is done in Lemma 7.3 below and
thus the claim readily follows. O
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7.1 Existence and stability of multi-solitons

Lemma 7.3. Let C' > 0. There exist £o, p1, p2 > 0 such that for all € € (—eg,e0) the spectral
inclusion

3
ote) © {2 <Re) < -2 h U IRO] < g, 1Y) < o)
holds for allu € L*°(R) with ||ul|p~ < C.

Proof. We proof the equivalent statement that there exists p; > 0 such that
o(JL(w) +eV(2)0.)  {|Re()] < £} U{IRe(V)] < fu, [ Tm(N)| < p2)

for all u with ||u||p~ < C. Let ||[u||z~ < C and |¢] < g( for some gy > 0. We start with some
preliminary computations to simplify the problem. For u € L>°(R) we define the matrix

M(u) 3uf +u3 2wy
u) = :
2ujuy  u? + 3ul

Then we can write L(u) = —92 + ¢ — M(u). We introduce the multiplication operator

R <u1> _ ( cos(0) sin(@)) <u1>
U —sin(f) cos(d)) \us

where 6(z) = —5 [ V(y)dy. Conjugation with R then yields

R(JL(u) +eV(2)0;) R" = J (=92 +(— RM(u)R") + eV (z)R0,(R") + RJIOZ(R").

We observe that 7' := ¢V (2) RO, (R") + RJO?>(R"): L*(R) — L?(R) is a bounded operator
with ||T||f2— 2 < |e] and that the first order operator €V (x)d, has been transformed to a
bounded operator on L?. For the moment we drop the operator T as it is a small bounded
perturbation for small £ and only consider the operator J (—02 + ¢ — RM(u)R"). Notice
that (RM(u)R")* = RM(u)R" which implies that J (—02 + { — RM(u)R") is a linear
Hamiltonian operator. Next, diagonalization of the matrix .J yields

PO T A B\ N U C T B S
Sve\ s i) \o i) v\ Si)
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7 Multi-solitons in the Lugiato-Lefever equation with periodic potential

and after another conjugation with the unitary operator S € C?*?2 we find
SJ (=024 ¢—RM()R")S* = J (=02 + ¢~ SRM(u)R'S*).

Again, the multiplication operator SRM (u)R " S* is self-adjoint and both conjugations leave the
spectrum of the operator invariant. We define M (u) := SRM(u)R " S* and start bounding the
inverse of J(—92 4+ ¢ — M(u)).

Clearly, —J82: H2(R) C L%*(R) — L2(R) is a densely defined skew-adjoint operator, thus
generating a unitary group on the Hilbert space L?(R) by Stone’s theorem, see [44, Theorem 3.24].
In particular, from [44, Theorem 1.10] we obtain the bound

H (—fai - )\)_1

for A\ € C with Re()\) # 0. The residual .J (¢ — SRM(u)R" S*) enjoys the estimate

1
< ™ /1N
12512 |Re()\)|

|7 (¢ = SRM(w)R"S*) v||,. < C1 (¢ + luf3) V] 22,

for v € H?(R) and some positive e- and u-independent constant C; > 0. Here we used the
embedding H%(R) < L>°(R). Now, we define the u-independent constant

p1:=C1((+C%) +1< o0
Then, J (=92 + ¢ — SERM(u,,)R"S*) — A = —J02 — A+ J (¢ — SRM(u)R" S*) is by [80,

Theorem IV.1.16] bounded invertible for each A € C with |Re(\)| < p; with - and u-
independent bound.

Next, we note that for any real-valued u € L>(R) the operator J (—9? + ( — SRM(u)R" S*)

is of the form
5 <A+<u> B(u) ) |
B(uw)* A_(u)

where A4 (u): H?(R) C L?*(R) — L?(R) are the self-adjoint operators given by

Ay(w)u = —u" 4+ Cu— (SRM(u)R" S*)11u,
A_(u)u = —u" 4 Cu— (SRM(u)R" S*)gou

and
B(u): L*(R) — L*(R), B(u)u = —(SRM(u)R" 5%)15u
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7.2 Outlook: modulated solitons

is a bounded multiplication operator. Using integration by parts we infer the lower bound
2
(Ax()u,u) e > W/l 72 = (€ + Collulie) lfullZs,

for u € H?(R) and some positive e- and u-independent constant C5 > 0. Now we define the e-
and u-independent constant

vi=C+CC?+1>0,

and observe that the operators A (u) have lower bound —+. Similarly, it follows that the operator
norm of B(u) on L*(R) is bounded by an e- and u-independent constant. Therefore, [15,
Theorem 4] yields an e- and u-independent constant pa > 0 such that all high-frequency spectrum

{Neo(J(=02+¢—SRM(u)R'S*)) : [Im(\)| > p2}
must be purely imaginary. Hence,
{A€C:[Re(N)] > &, [Im(N)] > po}

lies in the resolvent set of the linear operator J (—92 + ¢ — SRM(u)R"S*) and the proof
of [15, Theorem 4] yields that the inverse is uniformly bounded in € and u. Finally, by
a Neumann series argument we infer that for sufficiently small values of ¢y the operator
J(=02+¢—RM(u)R") +eV(z)R9,(R") + RJO2(R") — X has a bound inverse for

Ae{AeC:|Re(N)| = &, Im(N)| = p2} U{|Re(N)| = 1} -
This proves the claim. O

The spectral result is confirmed by the numerical simulations in the right panels of Figure 7.1.
We see that the strongly spectrally stable 1-soliton yields a strongly spectrally stable 2-soliton
solution through concatenation.

Remark 7.4. Let us remark that Lemma 7.3 extends the previous Lemma 5.16 from co-periodic
to localized perturbations.

7.2 Outlook: modulated solitons

We close this chapter with an outlook on modulated solitons. This covers the cases where the
potential V' (x) does not admit zeros. We note, that the first order derivative multiplied by the
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7 Multi-solitons in the Lugiato-Lefever equation with periodic potential

potential acts as a transport term with an xz-dependent velocity. If the potential is constant,
V(z) = cforall x € R, then the traveling wave ansatz u(x,t) = ug(x — ect) transforms (7.1) to
the stationary LLE for the profile u,

—duf + (¢ —ip)uo — |uo|*ug + if = 0. (7.4)

This means that traveling wave solutions of (7.1) and stationary solutions of the (7.4) are in a
1-to-1 correspondence. The situation becomes more complicated if V() is not constant. Then,
traveling waves generically cease to exist and we expect to find stationary or modulated waves,
depending on the form of the potential. We explain this in more detail using a formal perturbation
analysis. For 0 < € < 1 we search for solutions of the form

u(xz,t) = up(s(x,t)) + ev(x, t), s(x,t) = —o(t), v(z,0) =0,

where u is a stable soliton of (7.4), which is strongly localized around z = 0, v is a correction,
and the position satisfies the ODE

o' (t) = —eV(o(t)), o(0) =0.

Plugging the solution ansatz into (7.1) yields

iev(@,t) = eLyysyv(z,t) + N(ev(z,t) + (o’ (t) + eV (z))uy(s(z, 1)) . (7.5)
=:N(z,t)
Here L,,v = —dv” +({ —ip)v—2|up|?v —u3v is the linearization about ug and N (ev) = O(e?).

Since we assume that ug is strongly spatially localized around = = 0, we find u((s) ~ 0 for
|s| > e. If |s| < e, we have 2 ~ o(t). This implies that (¢’(t) + £V (z))uf(s) approximately
vanishes by the choice o’ (t) = —eV (o (t)). This means that equation (7.5) reduces to an equation
for the perturbation with a small x- and ¢-dependent forcing,

vy = Lyy(s)v + 5_1j\~/(m, t), v(x,0) = 0.
—_———

small

Since ug is a stable solution, we expect solutions of the linear equation ivy = L, () to decay (or
remain bounded) and this should persist under the small perturbation e A/ (z,¢). Consequently,
we should find localized solutions of (7.1), that satisfy the approximation

u(x, t) = ug(z — o(t)), with  o'(t) = —eV(o(t)).
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Figure 7.2: Space-time plots of spatially localized solutions of (7.1). The red curves show the approximate positions
(o(t),t) of the intensity maxima of the solutions predicted by the ODE ¢/ = —eV (o). In the left panel,
the potential is given by eV (x) = 0.01 + 0.02 cos(z), which has a simple zero at o9 = 4/3m. Since
V' (c0) > 0, we observe that the localized state gets attracted and pinned to this zero. In the right panel, the
potential is given by eV (z) = 0.1 4 0.02 cos(z) and has no zero. Consequently, oscillatory behavior of the
solution is observed. The remaining parameters are d = 0.1, = 4.81,u =1, f = 2.

If the approximation formula holds, the solutions converge to a stable steady state if V" has a
simple zero oy with V/(gg) > 0, as in this case o is an attractor in the ODE for o. This
observation is in agreement with the previous results of Chapter 5 where pinning was observed
for zeros of Vg(x) ~ V(z). In contrast, if V' is not sign-changing then the solutions oscillate
in time with z-dependent velocity. Thus we observe modulated solitons. In Figure 7.2 we show
numerical simulations of (7.1) with a localized soliton of (7.4) as initial condition. The red
curves plot the positions o (¢) predicted by the ODE ¢’ = —eV (o). We find, that the numerics
strongly support our approximation formula for u(x,t), as o(t) closely follows the position of
the intensity maxima of the solution. The left panel shows pinning to a simple zero of V' and the
right panel shows oscillatory behavior for a sign definite V. Motivated by these observations, we
formulate the following conjecture.

Conjecture 7.5 (Locking Range Conjecture). Ifthe LLE (7.1) admits a stationary soliton solution,
then the potential V' has a sign change.

In this chapter and in Chapter 5 we make a first step towards the proof of the locking range
conjecture 7.5 by establishing a connection between the existence of soliton solutions and sign
changes of V. However, proving or disproving the conjecture remains an open problem.
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