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We calculate the four-top quark operator contributions to the two-loop renormalization constants of the fermion
and gluon fields, necessary to obtain the renormalization group equations for the fermion masses and the strong
coupling constant. The computation has been carried out in the naive dimensional regularization scheme for
the y5 matrix. We also discuss a strategy to translate the results into the Breitenlohner-Maison-t’Hooft-Veltman
scheme and present the corresponding beta functions in both schemes.

1. Introduction

Given the absence of a signal of light new physics, the use of Ef-
fective Field Theories (EFTs) as a bottom-up approach to new physics
has become rather common. The Standard Model Effective Field Theory
(SMEFT) assumes that the Standard Model (SM) particle content trans-
forms in the same manner under its symmetries, but is augmented by
higher-dimensional operators with respect to the SM. A basis of non-
redundant operators at dimension-six, being the most relevant for col-
lider physics, has been presented for the first time in Ref. [1].

With the ever-increasing precision of the LHC physics program,
higher-order corrections to EFT predictions have become increasingly
relevant. In particular, they can significantly enhance the sensitivity to
new physics in EFT analyses, enlarging the set of observables which are
sensitive to a given class of operators. This is especially true for Wil-
son coefficients that are currently only weakly constrained by direct
searches. In such cases, loop-level contributions can play a crucial role
in setting bounds—for instance, in the case of operators that modify the
Higgs potential [2-9] or four fermion operators containing four heavy
fields [10-18].

The ultraviolet (UV) divergences of SMEFT determine the renormal-
ization group equations (RGEs) of the SMEFT coefficients, which allow
to efficiently resum the large logarithms appearing when there is a large
separation of energy scales. At one-loop order at dimension-six the RGEs
were given in Refs. [19-21], implemented in various publicly available
computer codes for a numeric solution [22-26]. Their effect on vari-
ous processes at the LHC has been studied in Refs. [27-32] and can
also be significant in the context of global fits [33-35]. The full form
of the anomalous dimension matrix at two-loop order at dimension-six
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in the SMEFT is still unknown, but various pieces exist in literature
[31,36-44]. Those two-loop RGE running effects can have a sizeable
phenomenological impact [31], in particular for operators that upon
matching to a UV model arise first at one-loop order in a renormaliz-
able and weakly interacting theory [45,46].

This work aims to provide yet another ingredient necessary to
achieve the full two-loop anomalous dimension, namely the four-top
quark operator contributions to the renormalization constants of the
gluon and top quark field as well as the fermion mass counterterm. From
their knowledge, the running of the strong coupling constant and the
top quark mass can be obtained in a background field gauge [47-49].
In the same spirit, the contributions to these quantities stemming from
the chromomagnetic operator and the operator modifying the gluon self-
interactions have been recently computed in Refs. [42,50].

We note that in principle all light or light-heavy four fermion opera-
tors can contribute to the quantities we consider. The four-heavy oper-
ators, as already mentioned, are though much less constrained than the
four-fermion operators involving light field. In light of this, for phe-
nomenological reasons we concentrate on the four-top operators for
now. We note though that bounds on the operators Og;gb are still rather
weak [14], but as the contribution of these operators are usually sup-
pressed as m,/m, with respect to the four-top operators, we leave this
computation for the future. To summarize, we include in our computa-
tion all the operators which generate at least a four-top vertex, which
we refer to in the following as four-top operators. Some of these opera-
tors involve the chiral isodoublet, generating interactions with bottom
quarks as well, which we include for consistency.

The four-top operator contributions contain chiral structures, which
require the choice of a continuation scheme of y; when employing
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\begin {equation}\delta m_t = - \frac {m_t^2}{4 \pi ^2 \Lambda ^2 \epsilon } \left ( \coeff {Qt}{(1)}+\frac {4}{3}\coeff {Qt}{(1)} \right ). \label {Xeqn7-10}\end {equation}
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dimensional regularization. Indeed, the choice of the continuation
scheme for y5 influences the functional form of the two-loop RGEs in-
cluding four-fermion operators [38,51,51].

In this paper, we will employ naive dimensional regularization
(NDR) [52,53]. The NDR scheme can become inconsistent in the pres-
ence of six or more y matrices, hence it is often used together with read-
ing point prescriptions [54-57]. However, in the present case the com-
putation is well-defined and non-ambigous, due to the relatively small
number of y matrices which are present in the Dirac traces.

Conversely, the Breitenlohner-Maison-t’Hooft-Veltman (BMHV)
scheme [58,59] is the only scheme that has been shown to be al-
gebraically unambigiously defined to all loop orders [60-64]. This
is why ideally results should be presented in this computationally
consistent yet more cumbersome scheme. In the BMHV scheme a
split between the 4-dimensional and the (D — 4)-dimensional part of
the D-dimensional Dirac algebra is performed, highly increasing the
complexity of intermediate expressions. Additionally, this split induces
a fictitious breaking of chiral symmetries originating in the fermion
kinetic term. The symmetry can be restored adding finite counterterms,
following, e.g., the method of Ref. [65] as we do in this paper.

We show how the results can be obtained in the BMHV scheme by
relying on the results in the NDR scheme. This connection is possible
using the translation between the schemes presented in Ref. [66].

The difference of the two-loop RGEs between NDR and BMHV has
been studied extensively in the context of flavour physics [51,67-70]
and in the SMEFT for single [38] and double [16] Higgs production.
Additionally, some results in the BMHV scheme have been presented
for the Low Energy EFT (LEFT) [50,71,72].

The paper is structured as follows: in Section 2 we present our com-
putational set-up, in Section 3 we show our results in the NDR scheme
and in Section 4 we present them in the BMHV scheme. Finally, in Sec-
tion 5 we present our conclusions.

2. Computational set-up

We consider here four heavy fermion operators which generate four-
top effective vertices, following their definition in the Warsaw basis [1]:

R

Ly = %(QLUQL)(Q_LY”QL)

* F(QLTIWQL) (0r7'r"0y)

) ] &
+ F(QLY,‘QL)(IRW"R)

o
* %(Q_LTAV;«QL) (TrT*r"1R)

C
A_t; (fRyth) (t_RVMfR) .
The field 7z (bg) stands for the right-handed top (bottom) quark field,
while Q; = (t,,b,)" stands for the SU(2), doublet of the third quark
generation. The SU(3). generators are denoted as T4 while 7! are the
Pauli matrices. We assume all the Wilson coefficients to be real.

We introduce the renormalization constants

+

0 _ o _,/-L/R
GO = ZsG, tL/R_ Zr IL/R’
(0) 0) @
0)
m, - = Zm,mt! gi') = gh\.gs’ ¢ = Zijcjs

where G,1,m,, g, c; are the renormalized quantities while their counter-
parts with the superscript (0) represent the bare quantities. The renor-
malization constants with a single insertion of a four-top operator can be
written as a series expansion in the coupling constants up to dimension
six. In this work, we will adopt, schematically, the following expansion

2
— — 8s 1
ZX =1+0X, 6X= (9<(1671'2)2 X ﬁ)’ 3)
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accounting only for QCD corrections.
Since we are working in the broken phase, we have [73]:

2
v
gs:g3<1+g§ﬁcﬂc>' )

In the previous expression, g; refers to the pure SU(3) gauge coupling,
while g is the effective gauge coupling below the EW scale.

We generate the Feynman diagrams with qgraf-3.6.10 [74], per-
form the Dirac algebra with FeynCalc [75-77] and reduce to Master
Integrals (MIs) via Integration By Parts (IBP) identities with LiteRed
[78,79] using the same tool chain as in Ref. [38]. The thus obtained MIs
can be found in Ref. [80]. We employ dimensional regularization with
D = 4 — 2¢ in the MS-scheme.

We show a sample of the two-loop diagrams of order O(a,c,,) for the
gluon vacuum polarisation and for the self-energy of the top quark in
Fig. 1.

We perform the renormalization in the off-shell basis, meaning that
the kinematic-dependent divergences must be removed by operators
which are then removed by the Equation of Motion (EOMs).

We show in Fig. 2 a sample of the one-loop insertions of one-loop
counterterms. In particular, in Fig. 2(a) and (d) we show an insertion of
the counterterm of the operators Rgg, Rgp, R, [81]

Rgo = (0, T*7*0Q)D' G, 5)
Rep = (BRTAy”bR)D“G;‘V, (6)
Rg, = (rTAy* 1) D' G4 %)

uv?
which generate an off-shell gluon vertex [1 4]:1

2
g
g —iga (0P8 = P'P")

E _ 1) (1) (8)
= X { (4CQQ + 120QQ + CQt) Py,

+ (4% + 2,:552) [PR] .

(8

In Fig. 2(b) we show an insertion of the counterterm associated to
the four-top operators. The counterterm can be obtained by the ©(g?)
anomalous dimension matrix of the SMEFT [21], using

11
0 = C3p Y%

)
de;
du
gt)‘(&,g)’(}),tt. We highlight that the counterterms we consider do not
include the indirect EOM-induced contributions. Such terms arise when
the operators in Egs. (5)—(7) are removed using the SM EOMs in favour
of four-top operators [13], which is not the case in our off-shell com-
putation. The indirect contributions are easily identified due to their
peculiar penguin-like flavour structure with a sum over two flavour in-
dices. We stress that these terms should not be included here since the
penguin-like subdivergences are renormalized with the off-shell coun-
terterm in Eq. (8).

Additionally, the RGE contains also the contribution stemming from
the wavefunction renormalization constant of the external fields, which
must be considered. In other words, the four-top counterterm should
include only the contributions of the one-particle irreducible ©(a;) di-
agrams, which we have checked with an explicit computation.

Finally, we report in Fig. 2(c) and (e) an insertion of 6m, proportional
to the four-top operators, given by [38]>

2
" m_ 4o
5m, = —m(cgt + gcQt)' (10)

being L the number of loops and g, =y;c.=u

i€ with i,j=

! In this reference, the contribution from the top-loop only is given.
2 The sign difference arises from the different convention chosen for the mass
counterterm ém,.
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(b)

(a)

e

(c)
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(d) (e)

Fig. 1. Representative diagrams displaying the four-top operators (solid square dot) to the top quark propagator (a-c) and to the gluon propagator (d-e). The internal

fermion line can represent either a top or a bottom quark.

(a) (b)

s

(c)

(d) (e)

Fig. 2. Representative diagrams displaying the one-loop insertion of the one-loop counterterms to the top quark propagator (a-c) and to the gluon propagator (d-e).

The combination of the two-loop bare amplitudes with the one-loop
insertions of the one-loop counterterms yields a local® but kinematics-
dependent divergent part, which cannot be reabsorbed by the SM renor-
malization constants alone. In order to renormalize such contribution,
redundant operators are needed. In this work we employ the following
operators:

R = (D"G;‘V)z, an

Raoy = m (i —m)’t, (12)
Royg = Tr(0"0, + mP)ilbty, 13)
Ry, =049, +mP)ilt, . 14)

We notice that, for the purpose of the gluon propagator renormaliza-

of Ref. [42] (which

we follow for the definition of R ;,) would be equivalent. However, this
choice would then feed back in Egs. (5)-(7). We stress that the choice
of redundant operators is non-unique, affecting the final results for the
RGEs. For this reason, we present in Appendix A the two-point functions
where no renormalization of redundant operators at two-loop level has
been performed, allowing for a different basis choice and future compar-
ison. Additionally, we present the results in the on-shell basis, where no
redundant operators are present, in Appendix B. We stress that employ-
ing an on-shell EFT basis allows to use a minimal and non-redundant
set of operators. Hence after reducing to such a basis, the differences in
the choice of redundant operators has to vanish.

In principle, also the contribution from the operator RS: =
(O tr)(fr0Q;) should be considered. This operator can be reduced to
the Warsaw basis by means of the one-loop corrected Fierz identities
[82], projecting into the Yukawa operator and to O, = (93?1, which are
connected to the top mass via

2
tion, the choice R 5 = (D“Gﬁv - gxzwlpvaAy/)

U2 ctH

‘7?)' (15)

m= <Y,
V2

However, RS,) is not generated by the renormalization of four-top
operators at one-loop and thus this contribution does not need to be
included.

The wave function renormalization constants of the gluon and can
be obtained from the transversal part IT;(p?) of the vacuum polarisation,

3 The locality for the counterterm can be confirmed by checking that the dou-
ble pole arising from the two-loop diagrams (see Fig. 1) is -1/2 of the double
pole of the diagrams arising from the one-loop insertion of the one-loop coun-
terterms (see Fig. 2), as we did in our computation.

defined as
1, () = HT(p%(g,,v - '%f) ae6)
The renormalization constant in the MS-scheme is defined as

di

p>=0

We notice that setting p? = 0 separates the contribution to §Z; from
the renormalization of R 5. The latter quantity would give a universal
contribution to the two-loop running of four-quark operators at O(g?)
with the schematic structure (7T4y* y ) (§T*y,w ). However, such com-
putation is beyond the scope of this paper.

The fermion propagator can be decomposed in three scalar form-
factors as

() = pPLIL (07 + PPRZR(P) + mEg(p?). 18)

In the fermion sector the separation between the contributions to
the wavefunction renormalization constant and the EOM-vanishing re-
dundant operators in Egs. (12)-(14) is less straightforward than for the
gluon. The reason is that the redundant operators not only contribute
with terms which are « p? but also with terms which are « m?. We
present the results in the NDR scheme for the counterterms of the oper-
ators in Egs. (12)-(14) in the following section.

3. Results in the NDR scheme

In first instance, we computed our result in the NDR scheme for y;
which, in this case, does not give rise to ambiguities. The contributions
from four-top operators to the gluon propagator can generate either one
or two traces in Dirac space. In the former case, we can ignore the trace
with a single y5 (which may be ambigous) since it does not contribute
to Z;.* Conversely, the contributions with two traces never reach the
number of 6 y matrices and a y5, hence do not give rise to any ambigu-
ities.

For what concerns the top quark propagator, there can be either one
or zero traces. In the former case we can ignore the traces with a single y5
as they do not contribute. In particular, the diagram in Fig. 1(b) cannot
generate terms proportional to the Levi-Civita pseudotensor by Lorentz
symmetry, while the diagram in Fig. 1(c) has at most 3 y matrices and
a ys. The penguin-like diagram in Fig. 1(a) could contribute with terms
with the structure e#**# YuPylokp, With I, k being the loop momenta, but
cancel when the diagram in Fig. 1(a) is summed with the corresponding

4 Such a contribution would renormalize the operator O, which we do not
consider here.
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diagram where the gluon propagator is connected on the left.® Finally,
the case with no traces is trivially non-ambiguous.

A clear advantage of the NDR scheme is that much less cumbersome
Dirac algebra has to be applied, allowing also to directly reduce the
obtained expressions to master intergrals via the usual tool chain.®

We present the counterterms of the operators defined in
Egs. (12)—(14), defining L, = g2/(16x7)* for brevity:

5R = 5o L[y + 1265 +4c, + 1265 + ¢, a9
8 2 8
SRy = Lz[g S (el +26,)+ 5 (2e, = - (20)

5Ry,, = Lz[—(c(s) +4c0) +12¢5))
21
+ _(4 M )+ 12 <3> (8))]

We find for the wave function renormalization constants of the top
quark field

L,ym?
R_ 27 ®)
8z = — |:—(c +2c,) (22)
+ 29 1 4c® (23)
9¢ 01 o1

+12¢, +6¢5), + 18¢0) )], 24

g4 o, O 4120 9
5’_A2 92(Qt o 1% ) (25)
(18 o +7c5) (26)
+12¢,, + 24ch) + 72c822)] : 27)

Finally, for the fermion mass counterterm we find

Lzmtz —(600(1) +77c(8) 4c8) —12¢8) —4c )
A2 00 00~ "u

om, =

2
m
+— i(gcg) o
mt € (28)

(16c(1) +12¢5), + l6c,,
-3¢, 34c<8))]

The wave function renormalization constant for the gluon field is

dgm® A _1®
8Zg = —(16”2)2A2€( o2 Q,) (29)

By using Z;,/Z, =1 holding in the background-field gauge [85],

we have

2g2m2 1 1
- @ _1.®
While we did not explicitly use background field gauge, in our case given
that we have no diagrams with ghost fields at the considered order and
only external gluon fields in the gluon propagator, it effectively does not
make any difference.

5 An alternative argument is that they should also give zero after integration
by parts identities and loop integration is applied as there are not sufficient
momenta to build a completely antisymmetric object multiplying the e#*%/.

6 Due to the splitting in 4 and e dimensions in the BMHV scheme, additional
steps need to be undergone there [83,84].
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We can finally extract the RGE from the coefficient of the single pole
of the counterterm, multiplying it by 2L, being L the number of loops.
By defining

dX
Bx =n— (€3]
du
we find
BNPR = L 9 32 (16c,, + 16c5), + 12¢50 = 3cby) = 34c5))
. (32)
+L ” 16(8cy), + o).
Regarding the running of the strong coupling, we have:
8gZm? 1
NDR _ __ O8s™; o_1®
Pe =~ emrpnr ™ (cor — 5¢or) 33)

We observe that this result agrees with the one that can be obtained
from Eq. (4), which yields

2
Pey = by + 873 Py D)

The contribution from four-top operators to g; in the unbroken phase is

proportional to s(g"’ — g#q"/s), following from dimensional analysis.

These contributions renormalize the redundant operator R ;. but not

Z, from which it follows that the contribution to the first term vanishes.
We can extract the final result from

8m’s, oy 1@
Pena = T (1622202 (CQ’ T 6o >’ 35

first provided in Ref. [38], confirming the result in Eq. (33).

4. Results in the BMHV scheme

A direct computation in the BMHV scheme might necessitate the in-
sertion of a large amount of evanescent operators given that all Lorentz
indices should be split into 4 and 2¢ dimensional pieces [71]. In addition,
in the BMHV scheme the regulator breaks chiral symmetries that can be
restored by opportune finite counterterms, see for instance Ref. [65] for
a method. We avoid such difficulties by using the translation table be-
tween the BMHV and NDR scheme given in Ref. [66]. This reference
presents the one-loop shifts in the Wilson coefficients between BMHV
and NDR, making it possible to obtain the RGEs in the BMHV scheme
by combining the NDR result and the one-loop shifts inserted in the
one-loop RGEs [19-21]. We emphasise that the one-loop translations
are sufficient for our purpose even though we work at two-loop order:
the two-loop shifts would only be needed for when a pole in 1/ meets
the O(¢) term in the RGE. But since those poles at two-loop order do not
depend on the continuation scheme, the one-loop translation table is suf-
ficient. We follow here the symmetry-restoring approach, even though
it is not mandatory.”

We would like to note that in general this procedure cannot be ap-
plied, due to inconsistencies arising in the NDR scheme. However, the
validity of the procedure in the present case is assured by the small
amount of y matrices involved in our calculation, as discussed in the
previous section. A translation procedure between the two schemes was
similarly applied in the context of the LEFT in Ref. [72].

For the running of the strong coupling, the only shift proportional to
the four-top operator that enters our computation is the one affecting
the chromomagnetic operator © (933 Using the shift together with
Eq. (33), we find

G =

pY = 0. (36)

7 Since we work in the broken phase the chiral symmetry is anyways broken
by the fermion masses.
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This result agrees once again with the findings of Ref. [38], where it is
shown that four-top quark operators do not contribute to the running of
O at two-loop level.®

For what concerns the running of the top mass, we consider the shifts
affecting all the operators entering the RGEs of the Yukawa coupling
[19] and ey = ; [19-211, which are related to the mass as prescribed
by Eq. (15). However, the shift to the Yukawa coupling do not con-
tribute at the present order, being O(2).

For our computation at ©(g?), we need the shifts for the operators

(1,8) — :
(9Q, » Oy and O,;=0 leading to
3

_le6, ™M 1 3 1 8)
Ay, == Las (8(: +20¢0), +24¢0) 248 —23¢%) ) (37)
We finally obtain, by using ﬂEXMHV = ﬁE’DR + ABy, :
PEMHY — LZA—’2§(4 S+ 8c, +6cy) = 15¢5))

(38)
+ L

The differences between BMHV and NDR RGEs can cancel upon match-
ing to a UV theory due to scheme-dependent matching coefficients
[51,67-70]. Differences can though remain in presence of UV divergen-
cies of the UV theory [65].

5. Conclusion

In this paper we presented the two-loop contributions of O(g?) of
four-top operators to the running of the top quark mass and the strong
coupling. Although these operators are not the only four-fermion op-
erators contributing to the running of m, and g,, we assume that their
contributions could potentially be the most important ones as they are
far less constrained than four fermion operators with light quarks.

Since the RGEs are determined by the singularities associated to the
Green'’s functions, we computed the divergent parts of the two-loop cor-
rections to the top and the gluon propagator. The off-shell renormal-
ization procedure requires the introduction of redundant operators, the
choice of which can alter the final result. For this reason, we report in
Appendix A a more general result that can be used for comparisons with
different bases. We confirm the findings of Ref. [38] for what concerns
the running of the strong coupling, presenting for the first time (at the
best of our knowledge) the top-quark two-loop contribution to the run-
ning of the top mass.

The computation has been performed by means of standard tools in
the field of loop computations, namely using projectors and IBP iden-
tities to reduce the expression to a basis of scalar MIs. All the required
integrals were available in literature.

We treat our integrals with dimensional regularization, which is
known to bring about several technicalities in the presence of chiral
couplings. We perform our computation using the NDR scheme, whose
application is well-defined for our purpose due to the small number of
y matrices appearing in the expressions. By taking advantage of the re-
lations first presented in Ref. [66] we can convert our NDR results into
the BMHV scheme. This last point is of particular interest since it is
the only scheme which has been proved to be algebraically consistent
in dimensional regularization, albeit introducing a plethora of practical
complications. For this reason, obtaining the result in the BMHV scheme
avoiding the challenges of an explicit computation can represent a sig-
nificant shortcut applicable to a wide range of scenarios.

Note added

We compared partial results in the BMHV scheme for some operators
with Ref. [87] whose results we kindly obtained before publication. The

8 We thank the authors of Refs. [86,87] for confirming this result.
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results depends on several scheme choices, for instance, regarding the
redundant operators and the symmetry restoring counterterms. These
choices and the differences between the SMEFT and the LEFT did not
allow for a complete cross check. We were though able to confirm the
vanishing result for the running of g, and the ©(m2m,) contribution in
Eq. (38), which do not depend on these choices.
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Appendix A. Two-point functions

We present here the intermediate result of the combination of the
bare two-loop diagrams (see Fig. 1) and the one-loop insertion of
the one-loop counterterms (see Fig. 2), restricting ourselves to the di-
vergent parts only. The one-loop insertions of the off-shell countert-
erm in Eq. (8) have been already subtracted, yielding a local di-
vergence, but no choice for the other redundant operators has been
made.

We have, defining L, = g2/(16z%)? for brevity, for the gluon propa-
gator:

I (s
1(5) -1 ( ( (1> +6c(3) +c”+c<8))

= (A1)

4 sm? 1
(1) 3) (. ®)
+—(2c +6c +cn)— . (cQt —ECQ’>).

The fermion propagator reads

Zp(s) 1
22 - _2(_< = 3mD)(cS) +2¢,) + —(95“) 25 - 7¢,)
+ ﬁ(ch - c(S)))
z
# - ﬁ(—(s = 3m)(S) +4ch) +12¢5))
2

2
-9 L(Tel) = 36c,) +28cy), + 84ci))
€

(8) @ _ 3)
( ~4c) 12cQQ)),
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s
s() _ L(—(311 ® +240¢))
L, A

- 12¢5), = 36c5), — 12¢,)

4m2
(3) (8)
+—L2(8¢
- ( o)

+—(38c(” +42c(3) +38¢,

—6cy) = 65¢5)

——(4c(” #1265, +4c, +1265) + e,

Appendix B. Results in the on-shell basis

In the on-shell basis, redundant operators are removed by using the
EOMs, yielding a result which does not depend on the precise definition
of the reduntant operators themselves. We recall that, when employing
this basis, the inclusion of all the operators which enter a given process
with external on-shell states is required. The p? dependence in the two-
point function is avoided by choosing p* = mtz.

The RGEs for the top mass in the on-shell scheme read

PIPR = Ly o 196 <9mb(8c(3) +8c)) + 2m2(16¢5), + 16¢, + 12¢5)
(B.1)
-3¢l 34c(8)))
BMHV M 16 (9,208 ®) 204D (1) ®)
P =LA23< 28c0), + 8¢S + 3m?(de)) + 8¢, + 6 — 15¢ )).
(B.2)

The RGE of g, does not change with respect to the off-shell case, namely
it is given by Eq. (33) in NDR and it vanishes in BMHV.
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