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ARTICLE INFO ABSTRACT

Dataset link: github.com/pdhs-group/PSD_opt This study presents a robust, parallelized optimization framework for kernel parameter identification that is
adaptable to any population balance equation (PBE) formulation and process type. The framework addresses
the challenge of incomplete 2D particle size distribution (PSD) measurements in multi-material systems by
combining a reduced 2D PSD with complementary 1D datasets. The framework was validated by using noisy
synthetic PSD data and evaluating both the error in PSD and kernel values across eight kernel parameters.
Hyperparameter and sensitivity analyses provided configuration recommendations and insights into the
influence of individual parameters, thus guiding kernel model selection. Incorporating prior knowledge of one
kernel parameter (e.g., through multi-scale simulations) mitigated non-unique solutions and enhanced noise
tolerance, ultimately improving the framework’s robustness and reliability. A case study based on experimental
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data from a dispersion process demonstrated the framework’s flexibility and practical relevance.

1. Introduction

Population balance equations (PBEs) are widely used to model the
dynamic evolution of particle size distributions (PSDs) in complex
disperse systems encountered in many industrial processes. Accurate
control of the PSD is critical for tailoring product properties to meet
specific application requirements. For example, in the preparation of
lithium-ion battery electrodes using carbon black, the PSD directly
influences the electrode’s conductivity and overall performance. A well-
optimized PSD ensures a uniform distribution of active materials and
conductive additives, leading to improved battery efficiency (Asylbekov
et al., 2023). Among the various processes that can affect PSD dynam-
ics, particle agglomeration and breakage are especially prominent. The
accuracy of the PBE in representing such processes depends strongly on
the underlying kernels, which quantify agglomeration rates, breakage
rates, and fragment distributions.

Consequently, various approaches have been explored to determine
the kernels. For agglomeration kernels, Jeldres et al. (2018) extensively
studied methods based on mechanistic principles, such as the DLVO
theory, and reviewed both classical and modern adaptations for diverse
agglomeration mechanisms. Similar mechanistic approaches have also
been employed in biological and nanoscale systems, notably in the
modeling of viral agglomeration within biological media (Zhang et al.,
2022), and in the identification of agglomeration regimes in charged
nanoparticle suspensions under varying ionic strengths (Atmuri et al.,
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2013). Patruno et al. (2009) analyzed a range of empirical and mech-
anistic descriptions to capture the fragmentation dynamics of particle
systems, emphasizing the importance of tuning these models to spe-
cific experimental conditions. Building on these foundational reviews,
traditional methods for kernel determination often rely on theoretical
frameworks combined with experimental validation. For example, Be-
mer (1979) developed a comprehensive framework for understanding
the kinetics of agglomeration in suspensions, focusing on batch systems.
His work introduced a method for calculating agglomeration rates by
utilizing backscattered light to monitor particle growth in real-time.
These experimental results were then combined with a population
balance model (PBM) that accounted for both coalescence and breakage
mechanisms. In this model, the coalescence and breakage rates were
modeled as functions of particle size and experimental variables such
as stirring speed and binder concentration. Chi and Sommerfeld (2002)
employed a kinetic theory approach to simulate fictitious collision
partners, evaluating the likelihood of particle agglomeration by com-
paring the normal relative velocity of colliding particles against a
critical velocity threshold. Similarly, Zheng et al. (2019) calculated
the agglomeration kernel by taking a root mean square of multiple
agglomeration mechanisms, including orthokinetic, hydrodynamic, and
Brownian mechanisms.

While these examples of more “traditional” methods have laid a
solid foundation, recent advances focus on leveraging optimization
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techniques and machine learning to determine kernels with greater
precision and adaptability. Capece et al. (2011) proposed a back-
calculation method based on non-linear optimization to determine
breakage kernels, fitting experimental data to a non-linear PBM. Nielsen
et al. (2020) introduced a hybrid machine learning framework trained
with online and at-line sensor data, leveraging real-time sensor mea-
surements to predict dynamic parameters such as agglomeration and
breakage rates. These predictions were then integrated into the popu-
lation balance equation (PBE) to continuously model particle behavior
and kinetics in real time. Wang et al. (2022) determined the breakage
probability by considering a unified breakage criterion that integrates
various impact modes and evaluates the fraction loss of a particle
under stressing events. Their breakage selection function was obtained
by fitting experimental data using nonlinear regression within a PBM
framework. Raponi and Marchisio (2024) employed a deep-learning
approach to obtain all kernels in the PBE. Their method involved
training a neural network, referred to as the “mirror model”, with a syn-
thetic dataset generated from PBE simulations. Once trained, the mirror
model took as input the experimental particle size indicators along with
the magnesium ion concentration, and then directly predicted the eight
kinetic parameters without relying on iterative optimization.

While previous studies have developed various approaches for de-
termining kernels, there remains a gap in the systematic evaluation
and optimization of the methods themselves: Mostly, kernel values are
presented together with the resulting deviations between experiment
and model without additional details on the optimization procedure.
To address this, this work develops a novel optimization framework for
kernel determination and thoroughly evaluates its performance, adapt-
ability, and computational efficiency, providing a solid foundation for
further improvement and application. At the core of this framework
is a dPBE solver, which iteratively solves multi-dimensional PBE dur-
ing each optimization step to refine kernel estimation and ensure an
accurate fit to the experimental data. This framework takes the time-
evolving particle size distribution PSD,, as input and outputs optimized
kernel combinations that best fit the observed data. It is capable of
handling PSD data involving two distinct materials, allowing for the
extraction of kernels that describe their interactions. Since “true” ker-
nel values are not measurable directly, the accuracy of the framework
was validated by using synthetic data generated from predefined and
therefore known kernel values. Additionally, a hyperparameter study
identified the influence of factors such as the number of iterations,
sampling algorithms, and optimization criteria. The performance of
the framework was evaluated using both the error in PSD and in
obtained kernels as key metrics. Their correlation was analyzed and
surfaced interesting relationships. Through this parameter study, the
framework itself was optimized, identifying well-performing parameter
settings that serve as a reference for future use. By leveraging a Ray-
based distributed computing framework, the computational efficiency
was significantly enhanced, laying the groundwork for future large-
scale kernel optimization and database development. In the final part
of this work, a cross-validation was performed on experimental data
from a battery paste production, i.e. dispersion, process employing a
mixture of graphite, carbon black, and binder. The results highlight the
framework’s practical robustness and its strong tolerance to errors in
raw experimental data.

2. Methodology
2.1. Population balance equation

The population balance equation serves as a fundamental tool for
modeling the dynamic behavior of particulate systems, where the dis-
tribution and evolution of particle properties over time are of primary
interest. In this study, we consider a spatially homogeneous system,
assuming uniform physical properties and particle distribution through-
out the domain. Consequently, spatial coordinates are omitted from the
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equation, significantly simplifying the discretization and computation.
The time-dependent partial differential equation captures the agglom-
eration and breakage processes within the system. The equation takes
the form of

on(x, y, 1)
5 = Bagdx. 5.0~ Daggx. 3. )+ Bireal(X. . 1) — DpreardX. .1) . (1)
where the four terms represent the birth and death of agglomerates due
to agglomeration and breakage, as determined by Eq. (2) through (5):

1/
Bogg(x,y,1) = 5/ / ra(x=x",y =y, X'V n(x = X',y =y, on(x', y' 0 dx" dy
0 0

(2)

Dagg(x, ¥, 1) =/ / ra(x,y, X', y’)n(x, ¥, t)n(x', y’, 1) dx' dy' (3)
0 0

Birea(X, 3, 1) =/ / rp(x’, ¥ f (e, p X', ¥ (', ¥ 1) dx' dy' @
x Jy

Dy, 3, 1) = rg(x, y)n(x, y, 1) (5)

Here, n denotes the number-density function that characterizes the
distribution of agglomerates in terms of their internal composition. x
and y are the internal variables denoting the partial volumes of two
distinct materials within an agglomerate. The parameter r, represents
the agglomeration kernel. This kernel quantifies the rate of two parti-
cles merging to form a new agglomerate. The breakage rate kernel rg
represents the rate of a particle of size (x, y) undergoing breakage per
unit time. Meanwhile, f is the breakage distribution function, which
describes the probability distribution of a parent particle of size (x, y)
breaking into smaller fragments of size (x,y/).

2.1.1. Solution of the population balance equations

In general, Eq. (1) cannot be solved analytically without imposing
specific constraints, so it is typically discretized and solved numeri-
cally. However, direct discretization only yields accurate results when
the initial particle volume distribution in the system is monodisperse
and a uniform grid is used. In systems where the particle volume
varies widely, this approach demands an exceedingly large number
of grid points, making the computation highly time-consuming and
inefficient. This study therefore employs a geometric grid, where the
node coordinates are defined as follows:

x; = 8x;_; (6)
y; =8y @)

Here, i, j represents the node index, and S is a parameter used to
adjust the grid spacing. By selecting an appropriate value for S, the
geometric grid can cover a wide range of volumes with a significantly
lower amount of nodes (N) compared to a uniform grid. Nevertheless,
to minimize errors introduced by the non-uniform node spacing, the
geometric grid requires the use of the cell average technique (CAT)
as developed in Kumar et al. (2008). The CAT improves accuracy by
averaging particle properties within each grid cell and redistributing
them based on a mass-conserving weighting scheme.

2.1.2. Agglomeration and breakage kernels
In many previous studies, the agglomeration kernels have been
mathematically characterized as the product of two distinct factors

A abij = %abijPabij > (3

where a,,;; and f,,; represent the collision efficiency and collision fre-
quency, respectively. The indices ab and ij denote the two agglomerates
involved in the collision. For collision frequency, several formulations
exist depending on the specific scenario. In this work, we employed the
general shear-induced collision model:

3
ﬂabij = ﬁcorrG (Rab + Rij) C)

Here, f..+ serves as a correction factor that accounts for deviations
between idealized model assumptions and complex real-world physical
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conditions, such as non-spherical agglomerate shapes and non-ideal
shear flow profiles, which would otherwise require a detailed resolved
numerical simulation (see e.g. Trunk et al. (2018)). For example, Chin
et al. (1998) used a value of 2.3, while Ruan et al. (2022) adopted a
value of é In addition, since the current PBE model neglects spatial
inhomogeneity, all physical parameters (such as G) are represented by
their mean values over the computational domain (G), and f.,,, can
further compensate for inaccuracies introduced by this averaging.

For the collision efficiency, we adopted the collision case model pro-
posed in our previous work (Rhein et al., 2019). This model estimates
the collision efficiency based on the material properties and partial vol-
umes within the colliding agglomerates. The collision case model sim-
plifies collisions between hetero-agglomerates into material-to-material
interactions, making it highly suitable for multi-dimensional PBEs. In
the 2D case, there are three possible material contact scenarios, so
a,; can be expressed as a vector a,, containing three elements.
Specifically, acqy11 @and acor oo represent the collision efficiencies of
each material with itself, while a5 denotes the collision efficiency
between the two different materials. Although mechanistic equations,
e.g. developed from the DLVO theory, exist, unavailable material data
and unsuitable assumptions result in a.,,, being empirical factors that
need calibration to the investigated system. Since the collision fre-
quency and collision efficiency are always used as a product in the PBE,
the current 2D agglomeration model has three kernel parameters that
require identification:

Xcorr,11
Keorr = @corrPeorr = Ucorr,12 Beorr 10$)
Xcorr,22
The breakage rate is treated in a manner similar to the collision
frequency. In this study, we utilized the adapted two-component Power
Law model proposed by Pandya and Spielman (1983), which is particu-
larly suitable for capturing the effects of shear rate and particle volume
on the breakage process.

X Py v Py
rB,-j:P]G< ! > +P3G< . ) an
’ Xmean Ymean

The parameters P; and P; in Eq. (11) act as correction factors for the
shear rate and adjust the weighting of different materials’ influence on
the breakage rate. P, and P, describe how particle volume affects the
breakage rate. These parameters reflect both the intrinsic mechanical
strength of the materials and the energy input to agglomerate breakage
from the shear flow. x ., and yp.., are weighted particle volumes
derived from the initial particle distribution, used to adjust the scale
of the equations. Their impact on the calculation can be effectively
captured by parameters P, and P;. For simplicity, both x,c.n and Yiean
are set to 1000 pm>.

The breakage function must be carefully designed to ensure com-
putational stability and mass conservation, maintaining a physically
consistent fragment distribution and preserving the total mass before
and after breakage. Given these considerations, we adopted a two-
dimensional extension of the Parabolic distribution function by Diemer
and Olson (2002).

011

TBijk = # (12)
)

O = w+2) @+ Dz (1 —z,.j,d)g (13)
XYy

Zijk = Xy, (14)
i¥j

The parameter v within Eq. (13) is typically not considered a
material-specific parameter, but is associated with the particular break-
ing mechanism. v governs the trend of the fragment distribution, deter-
mining whether the breakage process favors the production of larger or
smaller fragments. Moreover, v also influences the number of fragments
generated from a single breakage event. Note that the selected kernel
models and PBE formulation serve primarily as a demonstrative basis
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for the optimization framework. These choices are not the focus of this
work and can be readily replaced with alternative kernels or solution
strategies, depending on the specific application. Although different
kernel models will likely alter the dynamics of the optimization pro-
cedure, the results of this study still provide general insights into the
optimization procedure itself. Considering experimental data, kernel
models must of course allow for a good representation of the true
behavior for the optimization to be successful.

2.2. Optimization framework

Fig. 1 illustrates the external structure of the general workflow
of the optimization framework, with the dashed box indicating the
internal workings of the optimizer, which are detailed in Fig. 4. The
framework begins with a time-evolving particle size distribution PSD,,
as input, which is derived from experiments or simulations. Through
iterative optimization, the algorithm explores various kernel combi-
nations k! ' to generate a predicted PSD, . The difference between
PSD;Pt and PSD,, referred to as PSD;, guides the optimizer in selecting
subsequent kernel combinations. After reaching the specified number
of iterations, the optimal kernels k,, associated with the minimum
PSD;, are considered approximations of the true kernels underlying
the original data. To validate the performance of the optimization
framework, this study generated PSDs from a dPBE model with known
kernels k,. Before use, these PSDs were smoothed and noise was added
to better match real-world experimental data. The difference between
the optimized kernels Kk, and the original kernels k,, denoted as
ks, served as one of the performance metrics for the optimization
framework.

The optimization framework supports both 1D and 2D PSD data
as input. Due to the higher number of kernels involved in the 2D
PBE equation, a single set of 2D PSD data may not provide sufficient
information for the optimization process to converge effectively. This
is particularly true when the kernels exhibit symmetry, as in Eq. (11).
In such cases, the optimization framework may mistakenly swap the
kernels for two different materials, when identical grid spacing is used
for both materials. Another limitation is that in real-world experiments,
obtaining a true 2D PSD is nearly impossible, as it would require mea-
suring the partial volumes of each material within every agglomerate.
Typically, only the total particle volume can be measured, resulting in
a reduced form of the 2D PSD that lacks the detailed, material-specific
information, as illustrated in Fig. 2. To address these challenges, we
proposed to expand the data set as depicted in Fig. 3: by using the initial
kernels for each material separately in a 1D dPBE model, two additional
1D PSDs were generated. These 1D PSDs, along with the reduced 2D
PSD, were fed into the optimization framework to simultaneously de-
termine the kernels that describe the interactions within each material
and between the two materials. In practical experiments, these two 1D
PSDs were obtained by testing each material separately under the same
experimental conditions.

Given the high computational cost associated with solving the dPBE
equation for the substantial number of iterations required, this work
implemented a parallel optimization algorithm based on Liaw et al.
(2018). Ray is an open-source distributed computing framework, and
Ray Tune is a Python library within Ray specifically designed for
hyperparameter tuning. In the optimization process, as shown in Fig.
4, each iteration is referred to as a “trial”. A trial involves using a
candidate set of kernels kf)pt in the dPBE to compute the predicted
PSD{)pt, and then evaluating the corresponding PSDs. An optimization
task for a set of PSD data is managed by a Tuner, which executes
multiple trials in parallel. For algorithms that require statistical analysis
of existing results to guide subsequent testing, such as Gaussian process-
based Bayesian optimization, the Tuner dynamically or periodically
collects results to update its statistical models. Ray also supports the
simultaneous execution of multiple Tuners, allowing the optimization
framework to handle multiple datasets concurrently. Within the entire
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Initialization of PBE
and optimizer

PSD,.xlsx 1 Read and process data

Output minimal cost and
corresponding kernels k,

ptimizer' calculate k',
SD,.., PSDy'...

opt ’

Compare ki, and k

Fig. 1. Workflow of the optimization framework with synthetic data.

v

Fig. 2. Due to experimental limitations, the material distribution within indi-
vidual agglomerates cannot be measured, and only the total particle volume
distribution is obtained, resulting in an information reduction of 2D PSDs.

Fig. 3. Multi-data input strategy: A reduced 2D PSD with two additional,
material-specific 1D PSDs serve as input data PSD,,.

framework, nearly all computational time is consumed by solving the
dPBE equations. The overhead from the optimizer itself—including
parallel communication and algorithm-related computations—is negli-
gible by comparison. A detailed discussion based on specific values is
provided in the SI

Since “true” kernel values cannot be determined experimentally,
we used simulation-generated quasi-experimental data to validate the
framework. To comprehensively evaluate the optimization framework’s
effectiveness in identifying kernels under different conditions, we ado-
pted a full factorial design of all possible combinations of the eight
kernel parameters to generate the original PSD data set. However, due
to computational constraints, only two values were sampled for each

Table 1
The value ranges of kernels during generation of the synthetic
dataset.
Parameter Sampling values
kcorr [0], kcorr [11, kcorr [2] [1073,107"]
P, P, [1074,1072]
Py, Py [0.5,2.0]
v [1.0,1.5]
Table 2

The value ranges of kernels during optimization (search bounds).

Parameter Lower bound Upper bound
Keorr [0, Keore [1], Kegrr [1] 107 10°
P, P 107 107!
P, P, 0.3 3.0
v 0.5 2.0

parameter. The sampling range was chosen empirically based on two
criteria: First, the dPBE must remain numerically stable, and second,
the PSD must evolve meaningfully within a defined time frame. The
resulting sampling values for each parameter are listed in Table 1. It
is important to note that the value ranges of kernel parameters are
determined by several factors, including the set process time. If the
PSD reaches a steady state early in the process, e.g. due to large kernel
values, a longer process time generates a large amount of stationary
data, which in turn dilutes the meaningful (dynamic) data. Since this
negatively impacts the optimization process, such parameter sets were
considered unsuitable for testing under the current simulation duration.
The optimizer’s search bounds were defined slightly broader than the
sampling ranges, as shown in Table 2.

The original data were first smoothed using a kernel density estima-
tion algorithm and then noise was introduced in a multiplicative form

PSD), , = PSDy, (1 + Gpgp) (15)

to simulate measurement errors typically encountered in experimental
data. The value of Spgp follows a normal distribution with a mean of
0 and a standard deviation of 0.1. PSDy,, is either a 1D PSD or the
reduced 2D PSD obtained from the dPBE, while V refers to a specific
particle size at a particular point in time . All process- and grid-specific
parameters were held constant throughout this study at the values
presented in Table 3.
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Record current costs
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Fig. 4. Optimization process with Ray tune.

Table 3

Process- and grid-specific parameters used throughout this study.
Symbol Definition [Unit] Setting
Ng Node count in each direction for dPBE grid [-] 10
S Scaling factor for the spacing between nodes in a non-uniform grid [-] 4
Ry, Minimum particle radius in the x-direction [pm] 1.1
Ry, Minimum particle radius in the y-direction [pm] 1.1
teotal physical process time of PBE [s] 600

PSD; serves as the optimization target. However, a PSD can be
described in various ways, e.g. using the differential particle size dis-
tribution by volume ¢;, the cumulative particle size distribution by
volume Qj, or the median particle size x5,. To facilitate a comparison,
PSD; was characterized by the mean squared error (MSE) of ¢; between
the optimized PSD and the original PSD, and was scaled accordingly.
The scaled error MSEq3 is defined as follows:

. RS
MSE:13
MSEg3 = —— a7
* MSE,

Here, P denotes the total number of discretization points in the
system, and T represents the number of time points considered in
the analysis. MSE’ 5 follows the same form of definition as MSE?, but
denotes the PSD error corresponding to the test kernel parameters
during the optimization process. a3, refers to the PSD obtained by
directly inputting k, into the dPBE solver. Therefore, the scale factor
MSE:‘13 represents the error solely due to noise and smoothing effects,
and also signifies the theoretical minimum of MSE:]B.

Similarly, ks undergoes a scaling process to ensure comparability
between the errors of different kernels, which may vary in magnitude
and dimension. The scaling is based on the formula:

k» = max (KmO) — min (Km()) (18)

=_ 2 mopt (19)

Here, m denotes the different kernels being optimized, and M rep-
resents the total number of kernel parameters. In this formula, K, o
denotes the set of values taken by a specific kernel in all experiments,
and k* represents the difference between the maximum and minimum
values within the set K, 5. In this work, five sets of PSD data with
added noise were generated for each parameter setting to simulate

repeated experimental measurements. In the subsequent analysis of the

parameter study results, the overall performance was assessed using the
average kernel error, k;, and the average PSD error, MSE3, across all
PSD datasets.

3. Theoretical study based on synthetic data
3.1. Convergence trends of MSEg3 and ks

To assess the fundamental performance of the optimization frame-
work and evaluate whether it can identify the correct kernels, i.e. if
ks converges to a minimum, we first examined its behavior across
different iteration counts. The number of iterations represents the
distinct kernel combinations tested by the optimization framework. In
Fig. 5(a), the plot illustrates changes in MSE, q3 and ks as the number of
iterations increases from 50 to 3200, with the standard error of the
results also marked. The red dashed line represents ﬁq3 =1, the
theoretical minimum of mq3. As the iteration count increases, we
observed that M_S]Eq3 gradually decreased, approaching this theoretical
minimum, while k; was also consistently reduced. This trend confirms
the effectiveness of the optimization framework in refining kernel
estimates over multiple iterations. Interestingly, while the M_SEq3 had
already approached its theoretical minimum around 800 iterations and
remained nearly constant thereafter, a substantial reduction in E,; was
still observed between 800 and 1600 iterations. This highlights the risk
of relying solely on M_SEq3 as a stopping criterion, as doing so could
lead to premature termination of the optimization. On the other hand,
once MSEq3 stabilizes at its theoretical minimum, k4 also levels off at a
non-zero value and ceases to improve further. This behavior can be at-
tributed to the complexity of optimizing in high-dimensional parameter
spaces. In such cases, it is often possible for different combinations of
kernel parameters to produce very similar results in terms of predicted
PSD. Since the breakage rate formula exhibits clear symmetry, as shown
in Eq. (11), it is highly likely that multiple sets of values for these four
parameters can produce the same breakage rate. This phenomenon can
prevent the optimizer from ever reaching the exact original parameters,
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Fig. 5. Optimization results with CMA-ES sampler across different iteration counts. (a) Trend of MSEc13 and Es as the number of iterations increases. (b) Error

evolution of individual kernel parameters with increasing iterations.
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Fig. 6. Variance-based sensitivity analysis.

as multiple solutions appear equally valid. A potential solution to
address the issue of non-uniqueness will be discussed in subsequent
paragraphs.

Fig. 5(b) displays the optimization results for individual kernel
parameters as the number of iterations increases, showing their relative
errors as defined similarly to Eq. (19). It is evident that despite minor
fluctuations, the errors for all kernel parameters generally decreased
as the iteration count increased, indicating an overall improvement in
accuracy with additional iterations. Two aspects merit further analysis:
First, because a full factorial design was used and identical parameters,
such as particle diameter and initial distribution, were applied for
materials A and B in the dPBE, the optimization results for k., [2] and
Ko [0] should ideally be very similar. The observed asymmetry be-
tween these parameters, however, results from the fixed random seed.
In the CMA-ES algorithm, the random seed influences the initialization
process by determining the initial selection of kernel parameters to
test and generating the first probabilistic model. The current seed led
to an initial misjudgment for k., [2], which required a high number
of iterations to correct. This highlighted that the initial guess can
impact results at lower iteration counts, as was verified by further
testing (see SI). At higher iteration counts, this influence diminished.
Second, even when disregarding the effect of the random seed, the
convergence rates among different kernel parameters remained uneven.
The agglomeration-related parameters exhibited greater errors at lower
iteration counts compared to the breakage-related parameters, with
Keorr [2] and k., [0] converging more slowly than k., [1]. The param-
eter v showed consistently slow convergence, with a final relative error
noticeably higher than that of other parameters.

3.2. Global sensitivity analysis of kernel parameters

The varying convergence speeds of different parameters in the
optimization process can be analyzed in terms of each parameter’s
“importance” to the overall outcome, which is captured through sen-
sitivity analysis. The Sobol’ method (Sobol’, 2001) — a variance-based
approach — was used to decompose output variance and quantify each
input parameter’s contribution. The total-effect index St was used as
the sensitivity metric, as it captures not only the direct impact of each
parameter but also its interactions with other parameters. Specifically,
St represents the fraction of the output variance that can be attributed
to the parameter in question, including all higher-order interaction
effects involving that parameter. A larger value of St indicates greater
overall influence on the model output. Samples for the Sobol’ sensi-
tivity analysis were generated using Saltelli’s extension of the Sobol’
sequence, a quasi-random low-discrepancy method that ensures more
uniform coverage of the input space than purely random sampling. The
base sample size was empirically set to N = 2!7 = 131,072, which
balances convergence accuracy and computational cost. Given eight
input parameters, this resulted in a total of N x (2D + 2) = 2,359,296
samples, following the standard Saltelli formulation. The sampling
space was defined by the parameter bounds listed in Table 2. Two
metrics were used as outputs for the Sobol’ method: the zeroth moment
M, and the first cross moment M, of the 2D PSD. The zeroth moment
My, reflects the total particle count and captures the rate of the process.
The first cross moment M, represents the distribution of both materials
within the agglomerates and serves as an indicator of PSD changes. Fig.
6 shows that for both moments, the Total-effect index St of k.o [1],
P, P,, P;, and P, were significantly higher than those of k... [0],
K.orr[2], and v. Notably, the sensitivity of M|, to Kk..[1] is especially
pronounced, indicating that the PSD dynamics are most responsive to
changes in the hetero-agglomeration rate. This is consistent with the
rapid convergence of this parameter during optimization. Among all
parameters, v consistently showed the lowest Sy, particularly for M,
indicating minimal influence on PSD dynamics. This is in line with its
observed slow convergence in the optimization process, and further
underscores the challenge of accurately identifying parameters with
low sensitivity. In contrast, while the breakage rate kernel parameters
exhibited high total-effect indices, their convergence rates were not
clearly superior to those of the agglomeration rate kernel parameters.
This may be attributed to the structure of the data: the optimization
utilized a combined 2D and 1D dataset, whereas the sensitivity analysis
was conducted on the 2D PBE alone. Because the collision case model
provides a physically motivated link between 1D and 2D agglomera-
tion, information from the 1D dataset can be reliably transferred to
the 2D agglomeration parameters. However, the breakage kernel model
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Fig. 7. Comparison of optimization results with CMA-ES sampler between general cases and known kernel parameter v (left) or P, (right).

used here is based on a straightforward extension of the power-law
form, and it lacks direct mechanistic justification. Consequently, the
support provided by the 1D data for breakage parameter optimization
may be limited, and despite their high sensitivity, the breakage pa-
rameters may not benefit from the same convergence advantage as the
agglomeration parameters. This issue could be addressed by adopting
a more physically reliable multi-material breakage rate model.

3.3. Case study: Impact of known parameter on optimization

One possible approach to address the issues posed by low-impact
parameters and non-unique solutions is to optimize or streamline the
kernel models before the main optimization process, reducing the
number of parameters and ensuring that each remaining parameter has
a more consistent impact on the results. However, this requires a high
level of model refinement and presents its own set of complexities.
Another approach is to directly obtain values for certain parameters,
e.g. through particle breakage experiments or simulation methods such
as DEM. These parameter values are then considered known within
the optimization framework, thereby reducing the model’s degrees of
freedom. To test this effect, several kernel parameters were tested for
pre-determination. v and P, were selected as representative cases due
to their distinct impacts and the results for the other parameters are
given in the SI. For each case, the respective kernel parameter was set
to its true value while optimizing for the remaining ones. To ensure a
meaningful comparison, the reference ks was recalculated in each case
excluding the known parameter and denoted as k;". As shown in Fig. 7,
after 800 iterations, the values of mqg were nearly identical with or
without predetermined parameters. In contrast, k5 showed consistent
improvement when a parameter was known in advance. For v, a
parameter with minimal impact on PSD, fixing its value helped the opti-
mizer avoid expending effort on matching an inherently insensitive and
hard-to-fit parameter, improving optimization efficiency. In the case
of P,, pre-determination resolved the symmetry issue in the breakage
kernel function discussed earlier, leading to clearer convergence. These
results suggest that selecting parameters for pre-estimation should be
guided by whether they introduce difficulties that the optimizer cannot
resolve on its own. In practice, however, low-impact parameters like v
are more feasible choices, as they can be roughly estimated without
compromising overall accuracy.

3.4. Comparison of sampling strategies in optimization

To further enhance the performance and robustness of the op-
timization framework, a comprehensive hyperparameter study was
conducted. For ease of comparison, the CMA-ES (Covariance Matrix
Adaptation Evolutionary Strategy (Hansen, 2023)) sampler paired with
an MSE optimization objective was used as the baseline. Figs. 8(a) and

8(b) provide an analysis of various sampling algorithms used in the
optimization framework, evaluating their effectiveness in minimizing
M_SEq3 and ks across increasing iteration counts. To ensure the repro-
ducibility of the test results, the random seed for all samplers was fixed
at 1. As shown in Fig. 8(a), all samplers demonstrated the capability
to reduce the objective function, although with varying convergence
speeds. Among them, CMA-ES achieved the fastest reduction in M_SEq3,
reaching near-optimal values within 1600 iterations. The GP(tradi-
tional Gaussian Process Bayesian Optimization), TPE(Tree-structured
Parzen Estimator (Watanabe, 2023)), and NSGA(Nondominated Sorting
Genetic Algorithm (Deb and Jain, 2013; Jain and Deb, 2013)) sam-
plers showed similar performance, all steadily decreasing the objective,
albeit at a slower pace than CMA-ES. In contrast, QMC exhibited
the slowest convergence across all tested iterations. Fig. 8(b) reveals
more pronounced differences in terms of kernel parameter recovery.
CMA-ES outperformed other methods significantly in reducing ks, par-
ticularly after 400 iterations. As M_SEq3 approached its theoretical
minimum, CMA-ES continued to drive ks sharply downward, indicating
its effectiveness in accurately identifying kernel parameters even in
late-stage optimization. Conversely, QMC showed little improvement
in ks throughout the optimization process. This suggests that QMC’s
highly stochastic nature makes it less suitable for high-dimensional
optimization tasks that require precise and consistent parameter tuning,
especially when operating under limited iteration budgets.

3.5. Effect of objective function choice on optimization accuracy

The calculation of PSD; depends on the representation of the PSD.
Additionally, different cost functions such as MSE, RMSE, and MAE
are commonly used, along with the Kullback-Leibler Divergence (KL),
which measures the divergence between two probability distributions.
To quantify these influences, various cost functions were employed
during optimization. Since iteration count had a minimal impact on the
relative differences in optimization results across various targets, only
the results at 800 iterations were shown in Fig. 9 for clarity. As shown
in Fig. 9, using ¢; and Q3 as optimization targets yielded significantly
better results compared to xs,. This is to be expected since x5, is a single
numerical value and only offers very limited information. In certain
cases, different PSDs can have the same median volume diameter,
making the solution non-unique and potentially misleading. For the
cost functions applied to both ¢; and Qj; targets, the performances of
MSE, RMSE, and MAE were very similar. This can be attributed to
the fact that both ¢; and Q; represent full distribution information,
making them inherently robust against small deviations in individual
particle sizes. The results further indicated that using KL divergence
with ¢; as the target could yield slightly better results, though the
improvement was not pronounced. KL divergence is particularly effec-
tive in distinguishing between probability distributions by focusing on
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Fig. 8. Comparison of optimization results using different samplers. (a) Variation of MSE_; with the number of iterations for different samplers. (b) Variation of

k; with the number of iterations for different samplers.
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Fig. 9. Comparison of optimization results under different objectives using CMA-ES sampler with 800 iterations.

areas where they diverge, such as the distribution tails. This sensitivity
allows KL divergence to capture subtle differences between the esti-
mated and target distributions more effectively. However, this same
sensitivity also increases the influence of small discrepancies and noise,
potentially amplifying variance in the results. Consequently, while KL
divergence can improve kernel estimation accuracy, the improvement
remains modest and may lead to minor instability due to its heightened
responsiveness to distributional nuances.

3.6. Evaluation of multi-data input strategy

As mentioned in Section 2.2, the optimization framework employs a
multi-data input approach. To quantify its effectiveness, the results with
and without this approach were shown in Fig. 10. The plot illustrated
the differences in performance between the two methods, with respect
to both @qs and k;. Here, W(ﬁ" represents post-processed metrics
for the multi-data input approach, in which the error contributions
from 1D data were excluded to ensure comparability with the single-
data case. Initially, the multi-data input method showed higher M_Squ
than the single-data approach. This is likely because, in the multi-
data strategy, the optimizer minimizes the combined error across all
datasets. At low iteration counts, the optimization may initially focus
more on reducing the error of the 1D datasets. However, as the number
of iterations increases, the 2D data error—reflected in M_SEqs"—also
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Fig. 10. Comparison of optimization results with and without multi-data input
(nm) using CMA-ES sampler.

decreases rapidly. For kj, the multi-data input method demonstrated a
clear advantage over the single-data approach. As iterations increased,
the multi-data method consistently reduced kernel error at a faster rate.
Conversely, the single-data method converged more slowly over time,
potentially plateauing before achieving the desired accuracy in kernel
estimation. The underlying reason for this issue lies in the symmetry
in the kernel model and the dPBE grid, as discussed in Section 2.2.
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Consequently, the multi-data input approach appears more robust and
effective.

3.7. Correlation between MSE3 and ks

The primary objective of the optimization framework is to minimize
the difference between the input PSD,, and the optimized PSD,,;, which
in turn helps identify the kernel set ko, that is closest to the true
kernel k,. This relationship suggests that minimizing MSE,; should
also minimize ks, which forms the foundation of the framework’s
design. To assess this assumption, we conducted a correlation study
between MSEg3 and k; at various iteration steps using the Pearson
correlation coefficient. The iteration range up to 6400 was divided
into ten non-uniform intervals, and for each interval, ten evenly spaced
results were extracted per dataset. Pearson correlation coefficients were
computed independently for each dataset within each interval, and
the final reported values represent the average across all datasets. The
Pearson value quantifies the linear relationship between two variables,
with values ranging from —1 to 1. Positive values indicate a direct
correlation, while negative values suggest an inverse relationship. A
value near 0 indicates no correlation. The optimization results in Fig.
11 were obtained using the CMA-ES sampler. The figure presents two
scenarios: the green line represents results under normal conditions
without additional constraints; the blue line represents results with
data free from noise, simulating an ideal scenario without measurement
errors.

As shown in Fig. 11 both the normal and noise-free cases exhibit
similar trends in Pearson correlation. Prior to 400 iterations, Pearson
values remained low and slightly fluctuated, as many datasets were
still in the early exploration phase and lacked a strong linear rela-
tionship between MSE3 and k;. After approximately 800 iterations,
most datasets entered a significant convergence phase, resulting in a
sharp increase in correlation. This trend is also consistent with the
observation in Section 3.1, where even a small reduction in MSEg3
between 800 and 1600 iterations led to a substantial decrease in k.
Beyond 2400 iterations, the majority of datasets had already converged,
and the correlation between MSE3 and k; naturally diminished. In
the later stages, the presence of noise led to a more rapid drop in the
Pearson value, even falling slightly below zero. This suggests that noise
has a small impact on final optimization precision, making it harder for
the optimizer to further reduce k; through minimizing MSE.

4. Experimental case study
4.1. Experimental setup and data

To provide the experimental foundation of the kernel model, a
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water-based anode slurry with a solid content of 43 wt% was prepared
in a 400 mL beaker using a EUROSTAR 40 digital overhead stirrer
(IKA) with a 50 mm dissolver disk. The formulation compromising
93 wt% graphite, 1.4 wt% carbon black (CB), 1.87 wt% carboxymethyl
cellulose (CMC) and 3.73 wt% styrene-butadiene rubber (SBR) was
based on compositions reported in the literature Meza Gonzalez et al.
(2024). CMC (Carl Roth) was first dispersed in deionized water at
1200 rpm for 70 min, followed by the addition of SBR (Nanografi
Nano Technology) and continued stirring for 5 min. CB (Super C65,
Nanografi) and graphite (Mechano-Cap 1P1, HC Carbon GmbH) were
subsequently added at 600 rpm. Complete wetting was assumed after
15 min of stirring, defining the initial time point 7,. After reaching 1,
the stirring speed was set to 600, 900, 1200, 1500, and 1800 rpm in
individual experimental runs. At each set stirring speed, three samples
were collected from the center of the beaker at defined time points (0,
5, 10 and 45 minutes after f,). The samples were diluted (1:100) with
deionized water and the number-based particle size distribution (Q)
was analyzed using a LUMiSizer (LUM GmbH). Due to its significantly
larger particle volume and much lower number density compared to
carbon black, the contribution of graphite to the overall Q, distribution
is negligible. We also performed a separate stirring experiment using
graphite alone and found that, under the current experimental con-
ditions, graphite particles exhibit almost no breakage. Based on this,
we truncated the Q, distribution at the minimum observed graphite
volume, and the remaining portion was considered to represent the
carbon black distribution exclusively. This truncated distribution was
then used as input for the 1D-PBE model.

4.2. SPH simulations and post-processing

To quantify the mechanical stress induced by the mixer, numerical
simulations of the flow behavior under different conditions were per-
formed. For this purpose, we implemented the open-source software
DualSPHysics (Dominguez et al., 2022), which uses the smoothed par-
ticle hydrodynamics (SPH) method to solve the Lagrangian formulation
of the continuity and momentum conservation equations governing the
flow.

The shear rate within the mixer was determined based on local
velocity gradients derived from SPH. As depicted in Fig. 12, the com-
puted velocity field exhibits a clearly heterogeneous flow pattern. This
spatial variation in velocity gives rise to corresponding gradients in
shear stress across the domain. The local shear rate was computed by
first evaluating the strain rate tensor y from the velocity gradient field,
using the following equation (Meza Gonzalez and Nirschl, 2023):

7=Vo+ Vo' (20)

7=/ 5 (2 — ) @1

The distribution of the shear rate magnitude |y| is illustrated in
Fig. 12(b). To ensure statistical robustness, local shear rate values
were sampled over 20 consecutive time frames, corresponding to one
second of physical simulation time. From this dataset, both mean and
median values were computed to characterize effective shear rates
under different assumptions. To account for spatial heterogeneity in
the flow field, shear rate evaluations were conducted in two distinct
regions. The global evaluation considered all sampling points within
the entire mixer domain, while the local evaluation was restricted to the
high-shear region adjacent to the dissolver disk. This localized region,
highlighted by a red rectangle in Fig. 12(b), corresponds to a cylindrical
volume with a height of 16 mm and a diameter of 50 mm.

Accordingly, four effective shear rate metrics were defined:

+ the global mean shear rate, Ggjopal;
+ the global median shear rate, Ggigpai 505

« the local mean shear rate, Gy,
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Fig. 12. Flow field and shear rate characteristics in the stirring. The red rectangular in (a) indicates the locally defined high-shear region near the stirrer. In (b),
the gray curves shows the global shear rate distributions, while the black curve highlights the distributions restricted to the local region.

+ the local median shear rate, Gjycq) 50-

These metrics were subsequently used as input variables in the op-
timization framework to investigate their influence on the accuracy
of kernel parameter identification. The resulting numerical values are
listed in Table D.1 in the SI.

4.3. Optimization procedure

The kernel models introduced in Section 2.1.1 were employed here
in a 1D form. As discussed previously, these kernel parameters are
determined by the material properties and the type of shear applied. On
this basis, it is reasonable to assume that, within the batch experimental
setup, all experimental groups share the same set of kernel parameters.
The effect of varying stirrer speed on agglomeration and breakage is
captured by the corresponding shear rate G. Relevant grid and model
parameters were adjusted to match the experimental values and are
listed in Table D.2 in the SI.

As noted earlier, the true kernel parameters underlying the ex-
perimental data are unknown; consequently, ks cannot be computed
to directly quantify the effectiveness of the optimization framework.
Instead, a five-fold cross-validation strategy was adopted: in each fold,
one group served as the test set while the remaining four were used
for training. For each fold, a set of kernel parameters was optimized by
minimizing the average cost function across all training datasets. The
resulting parameters were then evaluated on the held-out test set. For
each fold, the training loss (the mean value of the minimized objective
over the training sets), test loss (the cost on the test set) and optimal
parameters were recorded. The differences observed among the folds
thus provide a practical measure of the optimization error and model
generalizability.

In this cross-validation scheme, relative measures are preferred over
absolute values to assess optimization performance. One key indicator
is the ratio of test loss to training loss

L test

P gen = s (22)

‘ctrain

which quantifies the model’s generalization ability. A ratio close to
unity suggests that the optimized parameters perform equally well
on unseen data, indicating strong generalizability. Another important
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metric is the standard deviation of the optimized kernel parameters
across the folds. When this deviation approaches zero, it implies that
all cross-validation runs have converged to nearly identical solutions,
reflecting both reliable convergence and the suitability of the kernel
model for the experiment. For comparability across parameters of
different magnitudes, each standard deviation was further normalized
by dividing by the corresponding mean parameter value.

_ o—km.opt
Oy = —
km,opt

(23)

The selection of search boundaries for the optimization parameters
is critical in practical applications. For the kernel models used in this
study, two scenarios can be distinguished. First, for parameters such as
v and P,, empirical knowledge allows for relatively narrow bounds. In
the breakage function, v is limited to the interval (0,2], with smaller
values corresponding to a greater number of fragments. A lower bound
of 0.1 is sufficient, allowing for up to 21 fragments, which covers most
realistic cases. P,, representing the exponential influence of relative
particle volume on the breakage rate, is typically restricted to positive
values and rarely reaches extreme magnitudes in practice, so a range
of [0.1, 5] is considered adequate. In contrast, parameters such as k.,
and P, may span several orders of magnitude, making it difficult to
set a priori search limits. In this work, suitable bounds were identified
by conducting multiple test optimizations with 400 iterations each.
Because the optimization framework relies on heuristic algorithms,
inappropriate boundaries can cause the sampling strategy to drive the
search rapidly toward one edge of the interval. This signaled the need
to extend or shift the boundary in that direction. Conversely, if the
optimization converged well within the chosen range after increasing
the iteration count, the boundary selection was likely appropriate.
The final parameter ranges used in this case study are summarized in
Table 4. Additionally, in our tests, we also observed that defining an
extremely large search range for the parameters did lead to a noticeable
slowdown in convergence. For example, expanding the search range
for key, to 10716-10%, for P, to 1071-10%, and for P, to 0.01-50
resulted in a total required iteration count of approximately 4000-6400
steps for convergence. However, the optimization results eventually
matched those obtained with narrower search ranges. Therefore, when
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Fig. 13. Evolution of pg., and 5, under different shear rate assumptions.

Table 4
The value ranges of kernels in case study.

Parameter Lower bound Upper bound
Keorr 10-8 102

P 1071 102

P, 0.1 5.0

v 0.1 2.0

computational resources are sufficient, it remains feasible to employ a
broad search range in combination with a higher iteration count.

4.4. Results and discussion

In this case study, the fastest optimizer CMA-ES was again em-
ployed. As in the theoretical study, the optimization objective can be
formulated using various representations of the PSD in combination
with different cost functions. All combinations were evaluated here
as well, and the results generally corroborate the findings from the
synthetic data. One notable observation was that, for experimental
data, using the cumulative distribution Q,, yielded slightly better per-
formance than the density distribution g,. This can be attributed to
two factors. First, the measurement instruments directly provide the
Q, distribution. Converting Q, to ¢, introduces discretization errors,
which can reduce the precision of ¢,. Second, experimental noise tends
to be more pronounced and uneven, leading to large local fluctuations
in g, that are difficult for the PBE solver to reproduce. In contrast, Q,
is an integrated measure and is less susceptible to such noise-induced
variations. Therefore, in the following discussion of the experimental
case, we focused on the results obtained using Q, and MSE as a cost
function.

Subsequently, various definitions of the effective shear rate were
incorporated into the optimization framework and evaluated indepen-
dently. The corresponding results are depicted in Fig. 13. As illustrated
in Fig. 13(a), the use of Gy, consistently resulted in elevated values
of pge, throughout the optimization process, indicative of reduced gen-
eralization performance. A similar pattern was evident in Fig. 13(b) for
5,,» where Gy, again yielded the largest deviations, reflecting subop-
timal convergence of the identified kernel parameters. In contrast, the
remaining three definitions demonstrated substantially improved and
mutually comparable performance. Among these, Gy, 50 produced the
lowest values of pgen, Whereas Ggjqpar 5o achieved the smallest 5,5 SUE-
gesting enhanced generalization and parameter stability, respectively.
Given that pge, serves as a more direct and comprehensive indicator
of the model’s generalization capability, Gy, s50 Was selected as the
effective shear rate input for all subsequent analyses.
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The results are summarized in Fig. 14. The horizontal axis repre-
sents the number of optimization iterations. The left vertical axis shows
the generalization ratio p,e,, while the right vertical axis presents
the normalized standard deviation §,, for each kernel parameter. The
generalization ratio pg, converged to approximately 1.18 after 1600
iterations and remained constant. This indicates that as the optimizer
reduced the PSD error on the training sets, the error on the test data
was also effectively minimized. The final optimized parameters yielded
similar performance on both the training and test groups, demonstrat-
ing good generalizability. Furthermore, as the number of iterations
increased, the §,, values for all kernel parameters initially decreased
and then stabilized at a certain level, with no subsequent increase at
higher iteration counts. This trend indicated that the kernel parameters
converged effectively and that the optimizer found nearly identical
solutions for each cross-validation fold. For all parameters except v, fur-
ther reduction in §,, beyond approximately 2400 iterations was limited
by measurement noise and uncertainties in the estimated shear rate.
For the kernel parameters k.., and Py, the residual deviations were the
largest. This can be attributed to the fact that both parameters appear as
direct multiplicative factors with the shear rate G in the kernel models,
so any error in G is directly propagated and limits their attainable
accuracy. In contrast, P,, which characterizes the dependence of the
breakage rate on relative particle volume, is influenced only by errors
in the measured PSD and thus achieves a higher level of precision. The
parameter v exhibited a distinct behavior: with increasing iterations,
the optimizer consistently drove v toward its upper boundary of 2
for all datasets, resulting in its standard deviation approaching zero.
2 corresponds to a parabolic breakage function producing two
fragments. In industrial practice, binary breakage functions are often
adopted to simplify the model, as in the work of Ruan et al. (2022).
This observation suggests that, in shear-dominated industrial processes,
it may be reasonable to fix v = 2 when optimizing against experimental
data, thereby reducing the complexity of the optimization procedure.

v =

5. Conclusion

This paper presents an optimization framework for accurately de-
termining unknown kernel parameters in the dPBE model. The frame-
work’s performance, robustness, and adaptability were rigorously tested.
For the theoretical study, synthetic data with added noise was used,
while reliability was quantitatively assessed using two key metrics: the
mean-squared error, M_SEq3, which indicates discrepancies in particle
volume distribution, and the mean Kkernel error, %5, which reflects
the deviation between optimized and true kernel parameters. The
testing results reveal that the CMA-ES sampler outperformed others,
exhibiting faster and more stable convergence to minimal error. For the
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Fig. 14. Evolution of pg, and 6,, with iteration count in the case study, using shear rates calculated by the Gy, 5o method.

current model with eight target parameters, CMA-ES achieved optimal
results within 800-1600 iterations. Although slightly less optimal,
HEBO, NSGA, and TPE samplers were viable alternatives, as they could
also achieve comparable performance with an increased number of
iterations, offering flexibility in optimization strategies.

One major challenge addressed in this study is the difficulty of ob-
taining true 2D particle volume distributions in multi-material systems,
where only reduced agglomerate volume data is typically available.
Optimization results suggested that relying solely on such reduced
data could cause slow or even non-converging solutions. To address
this, the study introduced a “multi-data” input approach, which incor-
porates one reduced 2D dataset alongside two separate 1D datasets,
significantly enhancing the accuracy and efficiency of kernel parameter
optimization in multi-material contexts.

The study also explored the relationship between MSEg3 and k;,
demonstrating that non-unique solutions in high-dimensional parame-
ter spaces can hinder precise kernel parameter identification. However,
integrating at least one kernel parameter obtained through alterna-
tive methods, such as CFD-DEM, can effectively address this issue.
Additionally, while this approach improves the framework’s tolerance
to noise, the negative impact of noise on optimization results cannot
be ignored. Enhancing measurement precision or employing multiple
measurements to mitigate noise effects remains essential for achieving
higher accuracy and more consistent optimization outcomes.

Finally, a case study was conducted using PSD data from a disper-
sion experiment. The cross-validation results demonstrated the funda-
mental reliability of the optimization framework, even with a limited
amount of experimental data and confirmed the generalizability of
the current kernel models. The analysis highlighted the influence of
external factors such as measurement errors and the estimation of phys-
ical parameters on the optimization outcomes. Moreover, the results
supported the practical assumption of a binary fragment distribution
for the breakage function. As shown in the theoretical study, this
simplification can significantly enhance the framework’s performance.
It should be noted that although the case study employed only a 1D-
PBE, the core purpose of the optimization framework is to identify
kernel parameters that best fit a given PBM with respect to the available
input data. The dimensionality mainly affects the number of parameters
to be estimated, rather than the framework’s structure itself. Therefore,
this experimental validation still supports the practical usability of the
proposed framework.

In conclusion, the proposed optimization framework demonstrates
high accuracy in identifying kernel parameters and offers a flexible,
adaptable solution for kernel parameter estimation in complex particle
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systems. This study not only validates the framework’s performance but
also outlines potential directions for further enhancement, particularly
in improving its efficiency and accuracy across varied applications.

Abbreviations

CFD-DEM Computational Fluid Dynamics-Discrete
Element Method

CMA-ES Covariance Matrix Adaptation Evolutionary
Strategy

GP traditional Gaussian Process Bayesian
Optimization sampler

HEBO Heteroscedastic Evolutionary Bayesian
Optimization

KL Kullback-Leibler Divergence

MSE Mean Squared Error

NSGA Nondominated Sorting Genetic Algorithm

PSD Particle Size Distribution

QMC Quasi Monte Carlo

RMSE Root Mean Squared Error

TPE Tree-structured Parzen Estimator

Notation

B birth rate of particles [pm=*s~!]

D death rate of particles [pum=*s~']

/B breakage distribution function [-]

G shear rate [s~!]

K,.0 set of all test values for a kernel parameter [-]

Keorr correction factor for agglomeration kernel [-]

K length of the kernel parameter set [-]

ks average error of kernel parameters|-]

My, zeroth moment of PSD [-]

My, first cross moment of PSD [-]

n particle number density [pm=]

P, P, P, Py kernel parameters for breakage rate

PSDy, PSD value of particles with volume V' at time ¢
[-]

PSD, initial particle size distribution [-]

PSDp optimized particle size distribution [-]

05 Cumulative particle size distribution by volume
[-]

a3 Differential particle size distribution by volume
[-]
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Fa agglomeration kernel [-]

rg breakage rate kernel [-]

R radii of agglomerate [pm]

Sr total-effect index in Sobol method [-]

t time [s]

v shape parameter for fragment distribution [-]
X,y volume of two distinct materials in an

agglomerate [pm?]
weighted particle volumes derived from the
initial PSD [-]

Xmean> Ymean

Xs0 median particle size [pm?]

Zijki adapted self-similar daughter size [-]
Qeorr collision efficiency [-]

Basij collision frequency [s~']

Beorr correction factor for shear rate [-]
Spsp noise introduced into PSD [-]

0,k self-similar daughter distribution [-]
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