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ABSTRACT

For n-vertex m-edge graphs with integer polynomially-bounded
costs and capacities, we provide a randomized parallel algo-
rithm for the minimum cost flow problem with O(m + n!-%)
work and 5(\/5) depth'. On moderately dense graphs (m >
n!3), our algorithm is the first one to achieve both near-
linear work and sub-linear depth. Previous algorithms are ei-
ther achieving almost optimal work but are highly sequential
[CKL*22], or achieving sub-linear depth but use super-linear
work [LS14, OS93]. Our result also leads to improvements for
the special cases of max flow, bipartite maximum matching,
shortest paths, and reachability. Notably, the previous al-
gorithms achieving near-linear work for shortest paths and
reachability all have depth n°() . y/n [JLS19, FHL*25].

Our algorithm consists of a parallel implementation of
[BLL*21]. One important building block is a parallel batch-
dynamic expander decomposition, which we show how to
obtain from the recent parallel expander decomposition of
[CMGS25].
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1 INTRODUCTION

Minimum cost flow is one of the most fundamental ques-
tions in algorithm design. It has been widely studied in the
sequential setting, but relatively few results are known in the
parallel setting. All previous results for min-cost flow, includ-
ing its important special cases max flow and bipartite max-
imum matching, either achieve optimal work but are highly
sequential [CKL*22, BLL*21], or achieve sublinear depth of
non-optimal work: Lee and Sidford [LS14] have O(m+yn) work
and O(y/n) depth, and the matrix multiplication technique
which gives O(m®**) work? and O (1) depth [0S93]. This
brings us to the natural question.
Question: Can we achieve both linear work and
sublinear depth for min-cost flow?

Although parallel flow has been studied for decades (see,
e.g. [SV82, KUWS86, R™90]), only very recently breakthrough
results answer this question positively for the special cases of
reachability [Fin20, JLS19], shortest path [RGH*22, CF23]
and negative weight SSSP [ABC*24], where the current record
is near-linear work and n!/ 2+0(1)—depth. However, the ques-
tion of getting linear work and sublinear depth still remains
widely open for bipartite maximum matching, max flow, and
the most general min-cost flow.

In this paper, we resolve the most general problem for
moderately dense graphs: for m > n'>, we give a near-linear
work and O(y/n)-depth algorithm for min-cost flow, which
matches the current progress on shortest path related prob-
lems, where it even improves the small n°W factor.

Theorem 1.1 (Informal). There exists a randomized algo-

rithm that computes exact min-cost flow in 5(m+ n'?) work
and O(+/n) depth.

2Here, o ~ 2.37 [DWZ23, VXXZ24] denotes the exponent of current
matrix multiplication.
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Techniques. To obtain this result, we use an interior point
method based on the sequential algorithm by v.d.Brand et
al. [BLL*21|. Their interior point method contains O (vn)
iterations, and they show how to perform each iteration in
amortized O (m/~/n +n) time by using sequential data struc-
tures maintaining the information needed for each iteration.
For an overview, see Section 2.2.

Our contribution is to parallelize the data structures so
that they cost O (m/yn+n) work and O (1) depth per it-
eration, which then implies a 5(m+n1'5) work and 5(\/5)
depth flow algorithm. In particular, most of the operations
used by the data structures involve multiplying matrices and
are thus easily parallelizable. The bottleneck is the following
data structure involving parallel batch-dynamic expander de-
composition: given edge deletions (or insertions) in batches,
maintaining an expander decomposition of the graph in work
proportional to the batch size and depth O (1).

Previous work shows dynamic expander decomposition
can be done in sequential time proportional to the batch size
[SW19]. However, their algorithm involving push-relabel is
highly sequential. A more recent work [CMGS25| shows how
to use parallel push-relabel to get a parallel static expander
decomposition. Our main contribution is adapting their algo-
rithms to get a parallel batch-dynamic expander decomposi-
tion that supports low-depth updates. We provide a detailed
overview in Section 2.3.

In the next section, we present our main result and its
corollaries more formally, also comparing it in detail to the
state of the art.

1.1 Our Results

Min-Cost Flow and Max Flow. In the minimum cost flow
problem (min-cost flow), we are given a connected directed
graph G = (V,E,u,c) with edges capacities u € REO and costs
¢ € RE. Given s,t € V, we call x € RE an s-t flow if Xe €
[0,ue] for all e € E and for each vertex v € V' \ {s,t} the
amount of flow entering v equals the amount of flow leaving
0, i.€.; Y(u0)€eE €(uo) = L(ou)eE (o) Lhe value of the flow
is the amount of flow leaving s (or equivalently, entering t):
2 (su)€E €(su) = D(wt)eE €(wt)- Lhe maximum flow problem
(max flow) is to compute an s-t flow of maximum value. In
the minimum cost maximum flow problem (min-cost flow),
the goal is to compute a maximum s-t flow x of minimum
cost, xTc.

The min-cost flow problem generalizes many important
graph problems, among which the max flow problem, maxi-
mum bipartite matching, the negative-weight shortest path
problem, and reachability.

Theorem 1.2. There exists an algorithm that, given a di-
rected graph G = (V,E,u,c) with capacities u € ZEO and
costs ¢ € ZE, and s,t € V, computes with high probabil-
ity the exact minimum cost maximum s-t flow in O((m +
n!log(CW)) log(CW)) work and 5(\/ﬁlog(CW)) depth, where
W = ||u||eo and C :=||¢||oo-
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This improves upon the work by Lee and Sidford [LS14],
which runs in O(+/n) depth and O(m+/n) work.

Corollaries. We note that this also gives new results for
some of the problems that reduce to min-cost flow. Firstly,
we obtain an algorithm for max flow. Here, we again improve
upon the result by Lee and Sidford [LS14]. We provide fur-
ther related work in Section 1.2. For other special cases, im-
provements on [LS14] are already known or additional work-
depth trade-offs are possible. We compare our results for
the cases of bipartite maximum matching, negative-weight
shortest paths and reachability.

Bipartite Maximum Matching. For the case of bipartite
maximum matching, we obtain the following result.

Corollary 1.3. There exists an algorithm that, given a bi-
partite graph G = (V,E), computes with high probability a
maximum matching in O(m + n!>) work and O(~y/n) depth.

Again, this improves upon the O(mvn)-work and O(+/n)-
depth algoritm of Lee and Sidford [LS14]. An alternative
remains the algorithm by Mulmuley, Vazirani, and Vazirani
[MVV87], which has more work, O(n®), but lower depth,
o(1).

Negative-Weight Shortest Paths. We also obtain the fol-
lowing corollary for the negative-weight shortest path prob-
lem.

Corollary 1.4. There exists an algorithm that, given a di-
rected graph G = (V, E,w) with negative edge weights and a
source s € V, computes SSSP from s with O(m + n!-5) work
and O(y/n) depth.

For dense graph (m > n'9), this improves with a n°()
factor over the state of the art: Fisher et al. [FHL*25] provide

an algorithm with O(m) work and n®3*°(1) depth.

Reachability. Even for the special case of reachability, we
obtain a similar improvement.

Corollary 1.5. There exists an algorithm that, given a di-
rected graph G = (VLE) and a source s € V, computes reach-
ability from s with O(m + n!®) work and O(~+/n) depth.

Again, for dense graphs, we improve upon the state of the
art by a n®-factor: Liu, Jambulapati, and Sidford [JLS19)
provide an algorithm with O(m) work and n®5*°(1) depth.
For other trade-offs between work and depth, see Section 1.2
and Table 1.

Our algorithm is based on an interior point method for
linear programs. Previous work on near-linear work reach-
ability is limited. There is a folklore algorithm consisting
of a parallel BFS, giving O(n) depth. The more recent algo-
rithm [Fin20, JLS19] are based on shortcuts. With our paper,
we show a different approach for the case of dense graphs.

Expander Decompositions. Expander decompositions have
become an essential tool in algorithm design. They have been
used in the first almost-linear time algorithms for many fun-
damental questions, including but not limited to, max flow
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[KLOS14], min-cost flow [CKL*22|, electrical flow [ST04],
Gomory-Hu trees [ALPS23], and vertex/edge connectivity
[KT19, Li21, LNP*21]. In many such applications, a dynamic
expander decomposition is used as a subroutine.

In the parallel setting, the first expander decompositions
are given by Chang and Saranurak [CS19, CS20], with the
state of the art given by Chen et al. [CMGS25| (see Sec-
tion 2.3 for more details). We show how to use the latter to
obtain a parallel batch-dynamic expander decomposition.

Lemma 1.6 (Informal version of Lemma 3.1). There ex-
ists a randomized data structure that maintains a parallel ¢-
expander decomposition®, where a batch of E’ updates uses
0 (1/¢*) depth and amortized O (|E’|/¢°) work.

1.2 Related Work

The Laplacian Paradigm. Many of the results on flow in
the last two decades make use of techniques from the Lapla-
cian paradigm. This line of research was initiated by the
seminal work of Spielman and Teng [ST04], who showed
that linear equations in the Laplacian matrix of a graph
can be solved in near-linear time. The Laplacian matrix of a
weighted graph G is defined as L(G) := Deg(G) — A(G), where
Deg(G) is the diagonal weighted degree matrix: Deg(G)yy, =
2 (uv)eE W(u,0) and Deg(G)yy = 0 for u # 0, and A(G) is the
adjacency matrix: A(G)yp := w(u,0).

More efficient linear system solvers have been presented
since [ST04], see, e.g., [KOSZ13, KMP14, KMP11, CKM*14,
KS16, KLP*16]. The Laplacian paradigm has booked many
successes, including but not limited to flow problems [Mad13,
Shel3, KLOS14, Mad16, Penl16, CMSV17, LS20a, LS20b,
AMV20], and bipartite matching [BLN"20]

Later, it was also shown that linear systems can be solved
efficiently in the parallel setting [KM07, BGK™14, PS13, KX16,
LPS15, SZ23]. Again, this has had many application, includ-
ing but not limited to flow [LS14, AKL*24] and shortest
paths [Li20, ASZ20].

Parallel Min-Cost Flow and Max Flow. The first algo-
rithms for parallel max flow had 5(mn) work and 5(712)
depth [SV82, R*90], or unspecified polynomial work and
5(1) depth [KUWRS6]. The latter comes from a reduction to
maximum matching and only holds for uncapacitated graphs.
Recently, a (relatively) simple combinatorial algorithm was
given by Peretz and Fischler [PF22], with O(mn) work and
O(n) depth. A significantly faster algorithm was already pro-
vided by Lee and Sidford [LS14], who provided an algorithm
with O(myn) work and O(+/n) depth by using an interior
point method. This algorithm also holds for the more gen-
eral problem of min-cost flow.

For approximate flow, faster algorithms are known. An
early result by Serna and Spirakis [SS91] showed how to ob-
tain a (1+¢)-approximation of max flow in 5(log(1/s)) depth,
via a reduction to maximum matching. This algorithm comes

3Here we decompose the edge set of G into ¢-expanders, such that

each vertex is in at most O(1) many expanders.
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with unspecified polynomial work. Within the Laplacian par-
adigm, the interior point method of Madry [Madl3] com-
bined with the SDD solver of Peng and Spielman [PS13] gives
an algorithm for max flow with O(m'°/7) work and O(m3/7)
depth at the cost of a 1/poly(n) additive error. More recently,
Agarwal et al. [AKL*24] gave a (1+¢)-approximation of max
flow for undirected graphs with O(me™3) work and O(e~?)
depth.

The algorithm of Madry [Mad13] is based on an interior
point method with 5(m3/7) iterations. We note that other
efficient sequential flow solvers based on interior point meth-
ods, e.g., [Madl6, CMSV17, KLS24], also have the poten-
tial to be implemented using a parallel SDD solver. How-
ever, these algorithms provide approximate solutions. De-
pending on which version of the min-cost or max flow LP
they solve, this does not give an exact solution. To be pre-
cise, [LS14, BLL*21] can round their approximate solution
directly to obtain an exact solution. On the other hand,
[Mad16, CMSV17, KLS24] need a polynomial number of
augmenting paths to derive an exact solution. In the parallel
setting, computing an augmenting path currently uses O(y/n)
depth, making it an expensive subroutine. Although we be-
lieve such results provide sublinear depth, we are not aware
of any works specifying the exact trade-off. We note however,
that our solver Theorem 1.2 is as fast as solving the augment-
ing path subroutine. Since this is called polynomially many
times, our solver will have a polynomial advantage.

Iteration Count and Depth. Recently, Chen et al. [CKL*22]
gave an almost-linear time algorithm for min-cost flow. This
algorithm (and also its deterministic version [BCP*23]) uses
Q(m) iterations, which seems to render it hard to implement
it efficiently in a parallel setting, as any intuitive imple-
mentation uses at least one round per iteration. The algo-
rithms with lowest iteration counts have either ©(y/n) itera-
tions [LS14, BLL*21], which is the lowest in terms of n, or
©(m!/3) iterations [KL.S24, AMV20], which is lowest in terms
of m. This means that without significant improvements in
the iteration count of the max flow interior point methods, a
depth of ®(y/n) is currently the best we can hope for in the
parallel setting.

Bipartite Maximum Matching. Early on, it was shown
that bipartite maximum matching can be computed with
polylogarithmic depth [Lov79, KUWSG]. Later, it was shown
by Mulmuley, Vazirani, and Vazirani [MVV87] how to reduce
the problem to matrix inversion and hence to matrix multi-
plication. This rendered an algorithm with O(n®) work and
5(1) depth. For sparser graphs, different work-depth trade-
offs were given by the reduction to max flow or min-cost flow.
In particular, the algorithm of Lee and Sidford [LS14] gives
O(my/n) work and O(y/n) depth.

Negative Weight-Shortest Paths. Even in the sequential
setting, the negative shortest path problem admitted no al-
gorithms with less than o (m+/n) time until recently. Up until
then, the scaling framework from Goldberg [Gab85, GT89,
Gol95] provided the state of the art. In 2022, Bernstein,
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Work Depth

mlito(1) mito(D) [CKL*22]
O(m+n'?) | O(m+n') | [BLL*21]

O(m@+%) o(1) [0S93]

O(mym)_ | O(vm) [LS14]
O(m+n'?) O(+/n) This paper

Work Depth

O(m) O(n) Parallel BFS

~ ~ Parallel

O(n) o) Trans. Closure
O(m+np?) | Onlp) [Speo7]

O(mp+p'jn) | O(nip) [0Y91]

O(m) n0-5+0(D) [JLS19]

O(m+n'?) O(+/n) This paper

Table 1: On the left, an overview of parallel min-cost flow.
On the right, an overview of the special case of parallel reach-
ability. The latter is adapted from [JLS19].

Nanongkai, and Wulff-Nilsen provided an algorithm with
O(m) time [BNW25].

In the parallel setting, a parallel version of Goldberg’s al-
gorithm was given by Cao, Fineman, and Russell [CFR22]
with O(myn) work and n®3*°(1) depth. Later, a parallel ver-
sion of [BNW25] was given by Ashvinkumar et al. [ABC"24]
with m*°() work and n'*°(1) depth. This was further im-
proved by Fisher et al. [FHL*25], who provide an algorithm
with O(m) work and n®5*°(1) depth.

Reachability. Two folklore algorithms for reachability are
running a parallel breadth first search (BFS) or comput-
ing the transitive closure. The former has O(m) work and
O(n) depth, and the latter has O(n®) work and O(1) depth.
Spencer [Spe97| and Ullman and Yannakakis [UY91] pro-
vide algorithms with parameterized work-depth trade-offs.
However, for near-linear work, they do not improve on the
5(n) depth of parallel BF'S. More recently, the breakthrough
paper of Fineman [Fin20| provides O(m) work and O(n?/3)
depth. This paper uses a tool called hopsets or shortcuts.
These are edges added to the graph that decrease the diam-
eter of the graph, without impacting reachability. Building
on these concepts, Liu, Jambulapati, and Sidford [JLS19]
improved this to O(m) work and n®5*°(1) depth. For an
overview of these results, also see Table 1.

Distributed Min-Cost Flow. Exact min-cost flow has also
been studied in the related CONGEST model [FGL*21, dV23]
and the (broadcast) congested clique [FdV22, FAV23|. How-
ever, in these models, each node has infinite computing ca-
pacities. This means that the total work is not taken into
account and hence those results are orthogonal to the con-
tributions of this paper.
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2 OVERVIEW

This overview consists of two main parts. In Section 2.2, we
give a summary of previous work and show how the inte-
rior point method is set-up to obtain our main result, Theo-
rem 1.2. We describe which subroutines are necessary. In par-
ticular, we show that the main technical ingredient is a paral-
lel batch-dynamic expander decomposition. We describe how
we obtain the latter in Section 2.3. Some necessary notation
and definitions are provided in Section 2.1.

2.1 Notations & Definitions

We write [n] := {1,2, ... n}. We use the O (-) notation to hide
poly(loge™!,logn) factors, where n denotes the number of
vertices.

Norms. We write || - ||, for the f,-norm, i.e., for any vec-
1
tor o € RY, [lollp = (Z; [0:lP)"/?, flollew = max; |o;], and [olo
denotes the number of non-zero entries of v. Further, for a
vector 7 € RY, we define [o]|; = (3; fiuf)l/z and the mixed
norm ||v||z+c0 = ||v]|co + Clog(4m/n)||ov||; for a large constant
C.

Matrix and Vector Operations. Given vectors u,v € RY for
some d, we perform arithmetic operations -, +, —, /, 4/- element-
wise. For example, (u-0v); = u; - v; or (\v); = /o;. For a
vector v € R? and a scalar a € R, we let (av); = av; and
(v + @); = v; + a. Additionally, given a vector v € R™, we use
capitalized V € R™*™ as the diagonal matrix whose diagonal
entries are the elements of v, i.e., V;; =v; for all i € [m]. For
a function ¢ : R™ — R™ and a vector r € R™, the diagonal
matrices ®(x) and T are defined analogously.

For ¢ > 0, we write A =, B to denote matrix A being
a exp(=x¢)-spectral approximation of B. Similarly, we extend
this notation for vectors, letting u ~, v if and only if exp(—¢)v;
< u; < exp(e)v; for all i. Observe that exp(+e) is close to (1x¢)
for small ¢ > 0.

Leverage Scores. For a full-rank matrix A € R™*"  let

o(A) € R™ denote its leverage scores, defined as o(A); £

a;'—(ATA)_lai for each i € [m].

Expander Graphs. For an undirected graph G = (V,E),
we use E(A,B) for two disjoint vertex sets A, B to denoted
the edge set between A and B. We use deg;(A) to denote
2veA degs (v) where degi(v) is the degree of v in G. We say
G is a ¢-expander if for every S C V with S # 0,5 # V, we
have

JE(S,V\S)] »
min(deg;(S), degg (V\S)) —

In this overview, to simplify notations, when we say a
graph is an expander, we mean a ¢-expander for some ¢ =

1

polylog(n)

(Edge-partitioned) expander decomposition. For an undi-
rected graph G = (V,E), (edge-partitioned) ¢-expander de-
composition is a partition E = E{UE; .. .UE; such that E; is a ¢-
expander for every i (as a subgraph), and every vertex is con-
tained in at most O (1/¢) many different E;’s (as subgraphs).
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We mostly care about the case when ¢ = 1/polylog(n), so to
simplify notations, in this overview, when we say expander
decomposition, we mean an edge-partitioned ¢-expander de-
composition for some ¢ = 1/polylog(n).

Note that the expander decomposition operates by ignor-
ing edge directions and is therefore defined on undirected
graphs. This simplification is appropriate because the de-
composition is primarily used to construct the HeavyHitter
data structure, which maintains edge weights and supports
weight-based queries, rather than relying on edge directions.

Parallel batch-dynamic expander decomposition. The prob-
lem of parallel batch-dynamic expander decomposition asks
for maintaining the expander decomposition of an undirected
graph G = (V,E) where G undergoes edge updates (both in-
sertions and deletions). Moreover, the edge updates are given
as batches: in each batch, a set of edges is given to the algo-
rithm to be deleted (or inserted), and the algorithm needs
to perform this update and give the expander decomposition
after this batch update in small work (ideally proportional
to the number of updated edges) and small depth (ideally

polylog(n)).

Flows. A flow f on an undirected graph G = (V, E) assigns
non-negative real values to simple paths in G, meaning the
total value of flow over this path. The size of the flow is the
total value among all paths. A source (sink) demand vector
A assigns a real value to each vertex. We say a flow routes a
source demand A to a sink demand V if at least A(v) flows
are starting from o for every v and at most V(v) flows are
ending at v for every v.

Note that the notion of flow is defined for undirected
graphs in the context of the expander decomposition algo-
rithm, where it is exclusively used.

2.2 A (Parallel) Interior Point Method

In this section we recap interior point methods for solving
minimum cost flows. The interior point method presented
here stems from previous work on sequential algorithms. We
outline the framework and the computational tasks that
must be solved in the parallel setting. Readers familiar with
this framework may skip ahead to Section 2.3, where we out-
line our contributions, i.e., solving the necessary subroutines
in a parallel setting.

Consider the linear programming definition of minimum
cost flow: for an mxn incidence matrix A € {-1,0, 1}"™*" edge-
cost vector ¢ € R™, demand vector b € R", and edge capaci-
ties u € R™ | the following linear program models minimum-

>0°
cost flows.

min ¢ x subject to ATx=b 0<x<u
x€RE

A common approach for solving linear programs are cen-
tral path methods. These reduce solving linear programs to
solving a sequence of linear systems. The idea is to define a
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potential function f, for y € R>o such as

ﬁ,:{x|ATx:b}—>R where

Su(x) = ch—u-Zlogxi+log(ui - xj). (1)
i=1

Observe that the log-terms go to —co as x; approaches 0 or
capacity u;. Hence to minimize f,(x), we need that x stays
far from the boundaries 0 < x; < u. However, as p — 0, the
first term ¢ " x starts to dominate, so minimizing ¢ x becomes
more important. In particular, for p — 0, the minimizer x
converges towards the optimal solution of the linear program.
The curve of minimizers c(y) = argmingv,_;, fu(x), is referred
to as “the central path” as it traces a path from the center of
the feasible space towards the optimal solution of the linear
program.

The idea of central path methods is to start with an initial
point x that is the minimizer of f, for large y, and then follow
the central path by repeatedly decreasing p and moving x
closer to the new minimizer of f, via Newton steps.

Once p is small enough (i.e., some 1/poly(m, ||u||os, |I¢]leo))
then x is close to the optimal solution of the linear program.
In particular for min-cost flow, where the optimal solution
is guaranteed to be integral, we can simply round all coor-
dinates of x; to the nearest integer to obtain the optimal
min-cost flow.

Solving min-cost flow in v/n depth. In [LS19], it was shown
that for a slightly different choice of f,;, the number of iter-

ations is O(yn). They use a variation of (1) where the log-
terms are weighted by Lewis-weights 7 € R’Z"O.

fule) = cTxrp Y i g0
i=1

d(x)i = —log(x;) —log(u; — xi),

, 1 1
P (x)i=——+ ,

Xi Ui — Xj

YN 1

¢ (x)i = xiz —(ui _ xi)z
r= o(TV2VPe ()7 V/2A) + = )
m

Here the 7 that satisfy the recursive equation (2) for p =
1—-1/(4log(4m/n)) are referred to as f, Lewis-weights [CP15,
LS19].

To measure the distance of x towards the central path, it
is useful to introduce a variable s € R™ of form s = ¢ — Ay
for y € R". The optimality condition for f,(x) is existence of
y € R™ with 0 = Vf,(x)—Ay (using that the gradient Vf, must
be orthogonal to the feasible space {x | ATx = b}), and thus
0 = c+prd’ (x) —Ay = s+urd’ (x). So the distance to the central
path can also be measured via the length of the vector s +
pt¢’ (x) rather than the value of f;(x). In [LS19], it was shown
that for certain potential function ¥, measuring the length
of s+ pur¢’(x), the following iterative steps allow convergence
towards the optimal solution of the linear program in only
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O(y/n) iterations.
X — x+0x, S s+ (3)
8= @ (x) g
T (x) A (ATT 10 (x) T1A) T AT (x) 12
Ss = pA (ATT '0(x)1A) 1 AT (x) 12
s+ purg’ (x) )b(r)
HTN @ (x)

where we define for vectors v, 7 € R™

g=V¥

(0 = argmax (w,v).
Iwllr+e0<1
Essentially, g is the largest step we can take in direction of
the gradient V¥ while the step is still bounded in the |- || ;400
norm.

Performing steps as in (3), then decreasing p by some
1-0(1/+/n)) factor, and repeating, takes O(y/n) iterations to
solve the linear program. In particular, it implies a 5(\/5)
depth algorithm for min-cost flow, but with large work to
calculate the steps in each iteration. Thus the next task is
to reduce the total amount of work without substantially
increasing the depth.

Robust Interior Point Method. Observe that even when ig-
noring the time for calculation, just writing down the vectors
8x, Js of (3) takes ©(m) work per iteration. To reduce time per
iteration, sequential work [CLS21, Bra20, LSZ19, JSWZ21,
BLL*21, BLN"20] has shown that computing the Newton
steps approximately suffices. These methods use only approx-
imations of x, s, 7 and the matrix inverse (AT~1®" (x)"1A)~1.
Concretely, [BLL*21] showed the following method converges
within 5(\/5) iterations despite crude approximations (here
e=0(1/logm)):

Pick X ~ x, S~ s, T~ 7(”(x)"V2A), T~p p (4)
RN e
HTN$" (%)

H =, ATT_ltI)"(x)_lA (spectral sparsifier)
Se=H ' (ATx-b), 5, =H'AT"(x)"V/%
R = random m X m diagonal matrix,
Ris= 1/p;i with probability p;
"o else
[, m (Te”(Z)AGy +8))F 1

where p; > min |1, — - ——— + — +7T;

Vi |[(Te (%)) 71A(Sy + 80117 Vn
Sy =0 (x)" V29— RT 0" (x) " A(S, + 00, 05 = pASy
X X+0x, s s+, U <—,u(1—5(1/\/ﬁ))
Repeat from (4)

Unlike (3), here the additional term & is needed, because
by using the spectral approximation H, we no longer have
AT68; =0. Thus AT (x+6x) # b which is corrected with the &
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step. To support fast calculation of ATx —b = Ax(old) +AT Sy,
part of the vector dy is sparsified via the random matrix R
in (5).

It is important for (4) that x,s,7 are not actually com-
puted and only defined as reference point for the approxi-
mation x,s,7. Only these approximate values are computed
by the algorithm. This allows for (amortized) sublinear-work
per iteration, because one can prove that the vectors Xx,s, 7
require only a few changed entries per iteration to stay valid
approximations. So there is no need to recompute m entries
of x,5,7 from scratch in each iteration. By developing data
structures tailored to this task of updating entries of X,s,7,
[BLL*21] obtained a sequential algorithm that solves min-
cost flow in O(m + n'®) time. However, their result does not
imply an O(+/n)-depth algorithm, because their data struc-
tures need up to ©(m) depth in some iterations. Our main
contribution is the development of low-depth equivalents of
their data structures. The major bottlenecks we need to solve
are as follows.

Sampling R. Computing the sampling probabilities for R
as in (5) would require a matrix vector product of form WAh
for some vector h € R" and m x m diagonal matrix W. This
calculation would require O(m) time per iteration. However,
let us assume for simplicity that A is incidence matrix of an
expander graph and W;; = W;; for all i, j. We will argue
that for this case, the sampling task is simple.

Assume without loss of generality that h1D1 where D €
RY*V is a diagonal matrix with Dy, = deg(v) (we can add a
multiple of the all-1-vector to h to satisfy this. This does not
change the task as A1 = 0). Iterate over the vertices, and for
each v € V sample each incident edge {u,v} independently
with probability proportional to h2 > |hy — hy|?/2 = (Ah)ye.
This sampling can be implemented to take time proportional
to the number of returned edges, i.e., Y yey 1+ deg(v) - k2 <
5(n + ||Ah||§) in expectation by Cheeger-inequality (which
states ¢(23/2 < 23(D~Y2LD~1/2) and thus bounds Yoy deg(v)-
h% = ||DY/2h||; < O((DY/2hT)(D~Y/2LD~1/2)(D/2h)) = O(KTLh)
= 5(||Ah||§) for 1/polylog(n) expander graph and hLD1, i.e.,
D~1/2p is orthogonal to the (1;=0)-eigenspace of D_l/zLD_l/z).

Thus, if we can decompose the weighted graph represented
by WA into a collection of expanders such that each expander
has (almost) uniform edge weights, then sampling can be
done efficiently without computing WA in O(m) time. Hence
the main problem is to maintain an expander decomposition
for the graph where edge weights are w := (7¢”'(¥)) !, and
thus change from one iteration to the next. In previous work,
this expander decomposition could not be done in low depth.
We solve this issue by developing a parallel batch-dynamic
expander decomposition that is efficient in the parallel set-
ting, see Section 2.3.

Maintaining s,7. We also need to compute s and 7 in each
iteration. Since they are m-dimensional vectors, we cannot
afford to recompute them in each iteration. Instead, we aim
to only update a few of their entries per iteration. We outline
the idea here for s but it extends to 7 as well.
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If we already have some approximation s = s, and perform
one more iteration s < s+ ds, then s; is still a good approxi-
mation of s; if (Js); < s; was sufficiently small. In particular,
instead of computing the entire m-dimensional vector s in
each iteration, it suffices to only calculate information about
entries (ds); where (Js); > ¢ - s; for some threshold ¢.

We thus reduces the problem to a data structure task
where, given a vector §, € R", we must detect all indices i

where (§7155),< = (§71A5y)i > ¢. This too can be solved easily

L .1
when incidence matrix S ~A represents an expander graph.
E.g., it could be solved by repeatedly sampling indices pro-

portional to §_1A5y, which reduces the task to the previously
outlined sampling problem. In summary, for an efficient par-
allel algorithm for min-cost flow, all that is left is to develop
a dynamic expander decomposition of low-depth and work.

2.3  Expander Decomposition

In this section, we provide an overview of our algorithm for
parallel batch-dynamic expander decomposition (Section 3),
i.e., we want to maintain an expander decomposition? of an
undirected graph while this graph undergoes edge insertions
and deletions in batches, and for each batch update of edge
set E’, we wish to maintain the expander decomposition in
O (1) depth and amortized O (|E’|) work. See Lemma 3.1 for
a detailed definition.

Reduction to decremental setting. It is known that in the
sequential setting, fully dynamic expander decomposition
(edges can be both inserted and deleted) can be reduced
to two subroutines, (i) the static setting (compute an ex-
pander decomposition of an undirected graph once) and (ii)
the decremental setting (edges can only be deleted). The re-
duction can be found in [BBG*22|. This reduction can be
naturally implemented in the PRAM model under batch up-
dates (see Section 3, Proof of Lemma 3.1 for more details). In
a nutshell, we partition the edge set E into O(logn) edge sets
E1, ... Eo(logn) Where |E;| < 2!, and the algorithm will main-
tain expander decomposition for every E;. When a batch of
edges E’ is inserted into the graph, the algorithm will find
the smallest i such that 2! > |E’| + 2j<ilEil and use the
static algorithm to recompute an expander decomposition
of Uj<;E; UE" and make it the new E;. Notice that the static
algorithm takes work proportional to the number of edges
inserted. Thus, we only need to handle the static case and
the decremental case.

For the static computation of expander decomposition, a
recent paper [CMGS25] gives a near-linear time and polylog-
arithmic depth algorithm, so it is done. For the rest of this
section, we focus on giving the decremental algorithm.

4As defined in Section 2.1, in this overview, for simplicity, we use ex-
pander decomposition to refer to decomposing the edge set of a graph
into subgraphs where each subgraph is an expander, and expander
refers to a ¢-expander for some ¢ = 1/polylog(n). It is guaranteed that
each vertex appears in at most O (1) subgraphs.
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Reduction to expander pruning. It is known from [SW19]
that decremental expander decomposition can be reduced to
the following expander pruning task.

Input. An expander graph H.

Updates. An online sequence of batch deletions Ej, ..., E.
Denote H; = H — Uj<;E; the graph after the i-th deletion.

Outputs. After each update, a set of pruned vertices V;
such that after deleting U;<;V; from H; (and all their adjacent
edges), the graph becomes an expander again. It is required
that the number of adjacent edges in V; in H; is at most
O (|Ei]), i.e., at most O (|E;|) edges can be pruned out after
the i-th update.

We also wish to perform the i-th update in O (|E;|) amor-
tized work and O (1) depth.

In a nutshell, the reduction works as follows. In the decre-
mental setting, i.e., deleting an edge set E’ from an expander
decomposition, we ‘prune out’ sets of vertices (and adjacent
edges) from each decomposed expander of total size O (IE')
so that the remaining subgraphs are still expanders, where
the ‘pruned out’ edges are inserted into the graph again
which is handled by edge insertion in the previous paragraph
(remember that edge insertion can be handled by static com-
putation of expander decomposition).

For the rest of this section, we only need to consider paral-
lel expander pruning, the formal definition is in Lemma 3.3.

Trimming. In [SW19], expander pruning is based on mod-
ifying a procedure called trimming, which can be viewed as
a static version of expander pruning: a set of edges E’ is
deleted from an expander H, and we want to delete another
set of edges of size O (|E’|)® so that the remaining subgraph
is still an expander. Notice the difference: expander pruning
requires many batches of deletions where expander trimming
only requires one batch of deletions.

However, the trimming algorithm in [SW19] is highly se-
quential. In a more recent paper [CMGS25], a parallel trim-
ming algorithm is provided, with o (m) work and 0 (1) depth.
The challenge is to use it to get expander pruning, i.e., in-
stead of just deleting one batch of edges from H, it needs to
support deleting an online sequence of edge sets Ej, Ey, ..., Eg,
where each deletion only uses O (|E;|) work and O (1) depth.
This is not so obvious to do as the algorithmic ideas from
[CMGS25] are quite different from [SW19].

Algorithm overview of [CMGS25|. We first give a brief
overview of the trimming algorithm in [CMGS25]. Given an
expander H and an edge set E’ to be deleted from H, it
outputs an edge set of size 0 (|E’|) deletions such that after
these deletions H is an expander again. The algorithm uses
O (m) work and O (1) depth.

The intuition of the algorithm comes from a structural
lemma (see Lemma 3.9), for which we first define a certifi-
cate. We call a flow f supported by H — E’ a certificate if:
(i) f routes the source demand A(u) = O (degp (u))°, i.e.,

5In the previous paragraph, we mentioned deleting a set of vertices,
but that is equivalent to deleting all the adjacent edges and for con-
venience here we write deleting a set of edges.

SHere we use degg (u) for the edges in E’ that are adjacent to u.
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each edge (u,v) € E’ contributes roughly 0 (1) source de-
mands on both (u,0), (ii) f routes the sink demand V(u) =
degy; (u) /polylog(n). Lemma 3.9 shows that if a certificate ex-
ists, then H — E’ is an expander.

A natural idea is to solve a max flow problem to try to find
a certificate in case H — E’ is already an expander and we do
not need to delete any further. One worry is that we might
not be able to solve the max flow problem in O (m) work
and O (1) depth. However, [CMGS25] shows that we do not
need to solve the flow problem perfectly but just need to use
the push relabel algorithm up to O (1) layers. After which,
either we route all the demand, which certifies that H — E’ is
an expander, so we are done, or we can find a set of edges to
be deleted from H — E’, denoted by E”, of size O (|E’|). It is
guaranteed that if we substitute E’ by E’ UE”’, we can set up
the flow problem again and the source demand size reduces
by a constant factor. Thus, O (1) iterations suffice to finally
find a certificate, and the remaining graph is an expander.
The flow algorithm is described in detail in Section 3.2.

A better analysis of the algorithm. Although in [CMGS25],
the stated work is O (m), we can actually give a better anal-
ysis to make the work O (|E’|). The intuition is that the sink
demand for every vertex u is degy (u)/polylog(u), so the flow
cannot go out of u unless roughly degg(#) amount of flow is
absorbed by u. In other words, if an edge (u,0) is in the sup-
port of the flow, then either u or v is saturated so that we can
charge the size of the support by the total source demand
size, which is 5(|E'|) The algorithm has work proportional
to the support of the flow as it is using push-relabel.

Supporting decremental updates. Now, we explain how we
convert the trimming algorithm into an pruning algorithm
supporting many batches of edge deletions. Suppose that
after the batch of edge deletions Ey arrives, we call the trim-
ming algorithm on H, Ey and get a set Ej = O (|Eo|) such that
H - Eo - Ej is an expander. A natural idea is to substitute H
by H; := H — Eg — Ej and run the algorithm again for Hy, E;.
However, there is a technical issue that makes this simple
idea wrong: the trimming algorithm has an inherent prop-
erty that the expansion of Hy decreases by a constant factor
compared to H, which means after k updates, the expansion
becomes exponentially smaller in terms of k. To avoid this,
instead of replacing H by H; and feeding it into the trimming
algorithm, we will try to run the trimming algorithm again
on H, EgUE;. This results in high work since the work for the
second update is O (|Eg U E1]) instead of O (|E1]). We resolve
this in a similar way to [SW19], i.e., by reusing the flow in-
formation from the first trimming algorithm on H, Ey so that
we only need to route the flow contributed by E;. Let us call
the flow instance routing the contribution of E; by f;. The
certificate after deleting Ey, ..., E; from H will be fo +... + fi.

However, this idea has an additional issue in the paral-
lel setting. The parallel trimming algorithm by [CMGS25]
has good parallel work and depth mainly because each time
the sink demand for flow f; is relatively large, i.e., at least
deg(u)/polylog(n). That means that the flow cannot go out
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from u unless it gets absorbed by an amount proportional to
the degree of u. Also, remember that we compute each f; us-
ing the idea from [CMGS25], which means f; must have sink
demand at least deg(u)/polylog(n) for every i. Thus, the total
flow summing over all f; is polynomially larger than deg(u)
if the number of updates are polynomial. This violates the
definition of a certificate flow. In other words: we can only
support the batch updates up to polylog(n) times.

In order to support an arbitrary number of batch updates,
we prove a lemma of batch number boosting (see Lemma 3.5
for more details). Similar ideas appear in [NSW17, JS21].
The boosting is simple: every time the algorithm undergoes
2! batch updates, it rolls back to the beginning and combines
all the 2! updates into a single batch update, and does the
2! to 2*1 updates using similar rolling back techniques. Fi-
nally, we can support polynomially many decremental batch
updates.

Vertex Decomposition. Although we presented our algo-
rithm for maintaining an (edge-partitioned) expander decom-
position, the same algorithm should work for the more preva-
lent vertex-partitioned expander decomposition, where the
vertex set is partitioned into Vi, ..., V; such that each induced
subgraph is an expander, and there are at most o (1/¢) -m
inter-cluster edges. This is because expander pruning will
give a pruned vertex set instead of and edge set, and all
the arguments above should work. Note that since our re-
sult specifically concerns edge-partitioned decompositions,
the vertex-partitioned variant is not directly relevant to our
main result.

3 PARALLEL BATCH-DYNAMIC EXPANDER
DECOMPOSITION

In this section, we will prove the following lemma. It is a
parallel version of Theorem 4.3 in [BBG*22].

Lemma 3.1. There exists a randomized data structure
against an adaptive adversary that, given an undirected graph
G = (V,E) (initially empty) and ¢ < 1/1og€ n for sufficiently
large constant C, maintains subgraphs Gi,...,G; of G. It is
guaranteed that Gy, ..., Gy partitions the edge set of G, G; is a
¢-expander for every i with high probability, and }}; |V(G;)| =
o (n). The data structure supports batch updates, i.e., given
a set of edges E’ to be deleted or added to G, the update
uses O (1/¢*) depth and amortized O (|E’|/¢°) work.

Notice that by following the convention, expander decom-
position means decomposing the vertex set instead of the
edge set, see the theorem below.

Theorem 3.2 (Parallel Expander Decomposition, Theorem
1 of [CMGS25]). Given a graph G = (V,E) of m edges and
a parameter ¢ € (0,1), there is a randomized parallel algo-
rithm that with high probability finds a partition of V into
¢-expanders V1, .., Vi such that 3 ; [Eg(V;, Vj)| = 5(¢m). The
total work of the algorithm is O(m/¢2) with depth O(1/4%).

By repeatedly applying Theorem 3.2, we can get a static
algorithm for Lemma 3.1. To get the dynamic version, we
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need the following parallel expander pruning lemma, it is
the parallel version of Theorem 3.1 in [SW19].

Lemma 3.3 (Parallel expander pruning). There is a de-
terministic data structure that, given an undirected graph
G = (V,E) which is a ¢-expander, and an online sequence of
edge set deletions Ey, Ey, ..., Ex, maintains a pruned set P C V
such that the following property holds. Let G; and P; be the
graph G and the set P after the i-th deletion. We have, for
all i,

(1) Py =0 and P; C Pjyq,
(2) deg(Pi) < O(3;<i|E;1/9), and
(3) Gi[V - P;] is a ¢/(6logn)-expander.

There is no initialization required. Assuming the graph is
given by an adjacency list, the work and depth for updating
each P; is O (|Ei|/¢*) and O (1/¢°) for every i.

Proving Lemma 3.3 is the main technical contribution of
this section. The algorithm in [SW19] is highly sequential.
We will adjust the parallel trimming algorithm in [CMGS25]
to get our result, see Section 3.1. For completeness, let us first
see how we can combine Theorem 3.2 and Lemma 3.3 to get
Lemma 3.1, by following the same algorithm as in [BBG*22].

To prove Lemma 3.1, let us first prove the static version:

Lemma 3.4. There exists a randomized algorithm that
given an undirected graph G = (V,E) and ¢ < l/logc n for suf-
ficiently large constant C, outputs subgraphs of G denoted by
G, ..., G¢. It is guaranteed that Gy, ..., G; partitions the edge
set of G, G; is a ¢-expander for every i with high probability,
and 3; |V(Gy)| = O (n). The algorithm runs in O (m/¢?) work
and 5(1/¢4) depth.

Proof. We use Theorem 3.2 on G and ¢ to get V4, ..., Vi, and
let G[V;] for every i to be the output subgraphs. Then we
delete the edges in G[V;] for every i from the graph, and we
are guaranteed that the remaining number of edges is at most
5(¢m) < m/2, according to Theorem 3.2 and ¢ < l/logcm
for sufficiently large C. We repeat the same procedure on
the remaining graph, after O(logn) iterations the graph will
be empty and we have successfully partitioned the edge set
into ¢-expanders. Moreover, each vertex is contained in at
most O(logn) many subgraphs since in each iteration, the
vertex sets of the subgraphs generated in this iteration are
disjoint. O

Proof of Lemma 3.1. The data structure maintains O(log n)
graphs Gy, Gy, ... so that they are subgraphs of the dynamic
graph G, their union is equal to G, and |E(G;)| < 2!. For each
Gj, we will maintain a partition of the edge set of G; into ex-
panders Gj1, .., Gk, such that each vertex appears in O(logn)
many of them. If we can maintain that, we get the desired
partition of the whole graph G.

When an edge set is inserted into the graph, we will first in-
sert them into G; and perform some operations on Gi; when
an edge set is deleted, we will split the deleted edge set into
O(logn) sets and delete the corresponding edge set in each
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G;j. In the next two paragraphs, we describe how we handle
the insertion or deletion of an edge set from a specific G;.

If some set of edges I is to be inserted into G;, then we
consider two cases: (i) If [E(G;) UI| > 2!, then we set G; to be
an empty graph and insert E(G;) U I into Gjtp. (ii) If on the
other hand |E(G;) UI| < 2!, then we perform the algorithm of
Lemma 3.4 on G; to obtain a partition of G; into (6logng)-
expanders (which is also a ¢-expander), and re-initialized the
pruning algorithm for each partitioned subgraph.

If some set of edges I is to be deleted from G;, we use the
pruning algorithm of Lemma 3.3 on each of the (6logng)-
expander of the partitioned subgraphs of G;. In that way, we
delete some nodes from G;, along with their adjacent edges.
For all of those edges, we insert them into G; again. Notice
that we can run the pruning algorithm on G; is because we
can guarantee that there will only be deletions on G; with-
out insertions: once an insertion happens in G;, according to
the last paragraph, either the whole G; will be renewed into
another partition of expanders, or will be deleted.

The correctness and depth of each update follow from
Lemmas 3.3 and 3.4 and the definition of the algorithm.
Next, we analyze the amortized work.

For each G;, we define a life-time of G; to start from one
insertion into G; and to end at the next insertion into G;.
We first show that the number of edge updates during a life-
time of G; is at least Zi/(qSlogC n) for some sufficiently large
constant C: if G; gets some edges to be inserted, that must be
from the edges in G;_1, when G;_; becomes larger than 2i~1
according to the definition of insertion. Analogously, this is
due to Gj—z, down to G;. So all G; to G,i-1 must be empty
for each insertion to Gj, thus, between two insertions, at
least Q2" edges are inserted. These insertions can be from a
direct insertion to G or from the pruning procedure, which
according to Lemma 3.3 must correspond to at least o1 /$)
multiplied by the number of deleted edges. Thus, the number
of edge update in a life-time is 2//(¢ Iogc n). Next, we show
that the work done during a life-time is small: it corresponds
to one call to Lemma 3.4 on 2! edges or simply deleting these
edges, and then multiple calls to Lemma 3.3 which together
cost at most O (2//¢*) work. Thus, the amortized work is at
most O (1/4°). o

3.1 Parallel Expander Pruning (Proof of
Lemma 3.3)

Later we will show that we can only get expander pruning
for O (1) batch updates at most, instead of supporting an
arbitrary number of updates. Luckily, this is not a problem
according to the following batch number boosting lemma.
Similar ideas were used in [NSW17, JS21].

First we define some notation. A data structure (decre-
mental, incremental, or fully dynamic) requires preprocess-
ing, then can undergo a bunch of batch updates where each
update is guaranteed to have some complexity, in our case
work and depth. The data structure has batch number b if
it can only support b batch updates, after which the data
structure cannot support any updates.
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Lemma 3.5 (Batch number boosting). Let G be a graph
undergoing batch updates (decremental, incremental, or fully
dynamic). Assume there is a data structure ® maintaining
some graph properties of G with batch number b, preprocess-
ing time tpre, amortized update work wamor, update depth d.
Here b, tpre, Wamor and d are functions that map the upper
bounds of some graph measures throughout the update, e.g.
maximum number of edges, to non-negative numbers.

Then, for an arbitrary function E, there is a data structure
(decremental, incremental, or fully dynamic, correspondingly)
undergoing batch updates with batch number E, preprocess-
ing time tpre, amortized update work O(b - (5)1/ b, Wamor) and
update depth O(d - b + log, b), maintaining the same graph
properties of G as D.

Proof. The case for b < b is trivial. Let us consider the
instance where b > b. The data structure first initializes the
data structure ®. When we update the data structure D
we will memorize our updates so that in the future we can
make an operation called rollback, which will restore the
data structure to a previous state where the updates have
not been made.

Define Dy = (b)*/’. When the i-th batch update arrives,
the data structure checks for every integer k > 0 if there
exist integers a and b such that i = a- Dg + b - Di_; with
b < D1 = Di/Dy_q or not. It finds the largest such k > 0 (it
must exist since when k = 1, D_; = 1 and a,b are simply
the module of D;) and rollback the data structure to the
point where the a - Di-th update has just been made. Then
it updates the batch combining all the updates from a-Dy +1
to i.

Correctness. Notice that after the arriving of the i-th up-
date, the data structure maintains the correct ® which un-
dergoes the updates combined by all the 1 to i-th updates, by
induction on the correctness. Moreover, © has always been
updated by at most b batches: according to the definition of
the data structure, if a batch update is generated by rolling
back to the a - Di-th update, then the previous batch up-
date must be rolling back to the a’ - Dy, for some a’, which
means the batch size goes up by D; at each time, so that the
maximum batch number is at most logp, (b) = b.

Complexity. Finding the k and finding a, b costs O(log,, E)
work and O(log,, b) depth. Then for the largest k, rolling back
the data structure costs depth O(d-b) since as we previously
proved, the batch number for the data structure is at most
b and rolling back one batch costs d depth as it requires
to reverse all the operations made by ©. Now we show the
amortized work. Notice that the rolling back procedure can
be charged to the update procedure, so we only need to
analyze the updates. We only need to prove that for every i,
the i-th update batch gets involved in at most O(b - (E)l/b)
many batch updates for . For that, we only need to prove
that for every k (at most b different k’s), it is involved in at
most O(E)l/b) updates. Now fix k and let a be the largest
integer such that a - Dp < i. The i-th update can only be
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involved in the batch update from a-Dr+1to a-Dy+b-Dyp_;
for b <Dy = (b)l/b, so we are done. O

Now we give the data structure for a small number of
batch updates, captured by the following lemma.

Lemma 3.6. There is a deterministic data structure that,
given an undirected graph G = (V,E) which is a ¢-expander,
and an online sequence of edge set deletions Ej, Eo, ..., Ej, with
b < (logn)/2, maintains a pruned set P C V such that the
following properties holds. Let G; and P; be the graph G and
the set P after the i-th deletion. We have, for all i,

(1) Py =0 and P; C Pj41,

(2) deg(Pi) < O (X< [Ej1/@), and

(3) Gi[V —P;] is a ¢/6log n-expander.

There is no initialization required. Assuming the graph is
given by an adjacency list, the work and depth for updating
each P; is 5(|Ei|/¢74) and 5(1/¢73) for every i.

Our proof of Lemma 3.6 will make use of the following
Lemma 3.7, proven in Section 3.3, which is adapted from
the trimming algorithm in [CMGS25].

Lemma 3.7. The algorithm Trimming(G = (V,E), A, ¢) with

inputs

(1) a graph G = (V,E) accessed by adjacency list,

(2) a set A C V accessed by identity query, i.e., given a
vertex, it answers whether it is in A or not, a parameter
¢ € Rxo,

(3) explicitly given E(A, V\A), such that |E(A, V\A)| < ¢-m,

outputs explicitly the set V — A’ and a flow f with non-zero
entries explicitly given, such that

(1) frestricted in A’ routes source %(degG (U)—degG[A/] (v))
to sinks V(v) < deggs(v)/logn,
(2) degg(A-A) =0 (4)IEAV\ A),
in deterministic O (|E(A, V \ A)|/¢*) work and O (1/¢%) depth.

Proof of Lemma 3.6. Notice that once we have 3 ;; |E;| >
¢-m/logn, we can let P; =V and we are done. So throughout
the algorithm, we will assume 3 ;; |Ei| < ¢ - m/logn.

Recall that G; and P; are the graph G and the set P after
the i-th deletion. Define V; := V — P;. When E; is deleted,
the data structure sets up the virtual graph G by starting
at the induced subgraph G;_1[Vj-1], and inserting a node in
the middle of each edge (u,v) € E; N E(Gj—1[Vi=1]), i.e., it
builds a new node e with edges (u,e), (e,v) and deletes the
original edge (u,v). Intuitively, this step is to ensure that
G/[Vi-1] does not contain any edges in Ej, so G][V;-1] is the
same as G;[Vi—1], the difference is that G;[V;-1] has more
adjacent edges in G; than G;[V;-1].

Now we can apply Lemma 3.7. We can call Trimming on
Glf,V,-_l,ng, which satisfies all input requirements: the graph
G| is given as an adjacency list as we know E; explicitly; A
is accessed by identity query; and Eg; (A, V\ A) is explicitly
given as we know explicitly E; (more specifically, Eg/ (A, V\A)
contains all two-edges split by inserting a node in the middle
of each edge in E; N E(Gj—1[Vi=1])). The reader can now see
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more intuition on why we define G; in the above way: the
additional adjacent edges of G;[V — P;_1] will contribute to
the source capacity of f.

From Lemma 3.7, we get the set V;_; — A’ and the flow f.
We let P; = Pi_1 U (Vij—1 — A”). The first point of Lemma 3.3
follows by the definition. The second point of Lemma 3.3 fol-
lows by the following argument: deg; (P;) contains two parts.
One part is from the deleted edges, which is bounded by
2 j<i |Ejl. The other part is from increasing by |degGl/_(Vi_1 -
A”)| for each run of Trimming, which according to Lemma 3.7
is bounded by 0 (|Eg, (Vi-1, V(G) \ Vi-1)|/$) < O (IEil/$) ac-
cording to the definition of G;.

The complexity follows as well since

O (IEg, (Vi-1,V(Gi) \ Vi=1)I) = O (IEil) .

It remains to prove that G;[V — P;] is a ¢/6logn-expander.
We will first prove the following lemma.

Lemma 3.8. For every i < (logn)/2, there exists a flow
fi supported by the graph G;[V;] that routes the source
%(degG(v) — degg,[v,1(v)) to sinks V(v) < 2idegg(v)/logn,
with the capacity of each edge bounded by 2i/¢.

Proof. We prove it by induction on i. Initially, when i = 0,
the source vector is zero because Vy = V and G; = G, so we are
done. Now suppose we have a flow f;_;, we will construct the
flow f; as follows. The flow f;_; is supported by G;_1[Vi-1],
we first restrict it to G;[V;], which is the same as G;[V;]. After
this restriction, for every edge (u,0v) in G;—1[Vj—1] that goes
from V; to Vi_1—-V;, u will receive at most 2/¢ many redundant
flows since flow of f;_; is cut out here. Moreover, for every
edge (u,v) in G that u € Vi, u gets an extra source capacity
from f; of 2/¢ compared to f;_; if either (u,0) € E; (newly
deleted edge) or v € Vi—1 — V; and (u,0) € E(Gj—1). The idea
is to use the flow f returned by Trimming in the i-th round
to route all the new demand compared to f;_;: consider the
flow f+f, each f routes the demand % . (degGlf - degG;[V—P,—])
according to Lemma 3.7, so the first f can route the cut-off
demand of f;_; back into V; (remember that the boundary of
Vi in G} contains the same number of edge as the boundary
of Gj_1 although some edges are deleted by E;, because we
put a node in the middle of that edge to construct G;), the
second f can route the extra source capacity for edges (u,v)
with u € V; and either (u,v) € E;, in which case it contributes
to degGl{ - degGl’.[V—Pi] according to the definition of G;, or
v e Vi1 —V; and (u,0) € E(Gj—-1).

Notice that the sink capacity of every node increases by
2deg;(v) logn every round, and the edge capacity increases
by 2/¢ every round, so the lemma follows. O

The following lemma shows that the flow in Lemma 3.8
certifies that G;[V;] is an expander. It is similar to Proposi-
tion 3.2 of [SW19]. For its formulation, we say that G’ € G
is a ¢-nearly expander if for all A" C V(G’) with deg;(4A”) <
deg;(G)/2 we have |[EG(A’,V(G) — A")| > degg(4)).

Lemma 3.9. Given a graph G = (V,E) and a subgraph
G’ C G such that G’ is a ¢-nearly expander and there exists
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a flow f supported on the graph G’ that routes source A(v) o

2/¢-(degs (v)—degs (v)) to sinks V(v) o deg; (v) forv € V(G)
with uniform edge capacity 2logn/¢. Then G’ is a %-
expander.

Proof. If G’ is not a -expander, then there exists

_¢
6logn

A’ € V(G’), such that more than 1 — % fraction of the

edges in Eg(A’,V \ A”) are not in G’, in which case those

edges contribute 17?degc (A”) - § many flows to the source

capacity of f since G’ is a ¢-nearly expander. Moreover, the
sink capacity of all nodes in A’ is at most deg;(A’), so at least
0.9deg; (A”) capacity of flow should go out of A’ to V(G’)—A’.
However, the capacity of all the edges in Eg/ (A", V(G’) — A7)
is at most % -deg;(A’) -2logn/¢ < 0.9deg;(A’), a contra-
diction. O

By combining Lemma 3.8 and Lemma 3.9, we get that
G;[Vi] is always a ¢/(6logn)-expander. o

Lemma 3.3 follows from combining Lemmas 3.5 and 3.6:
we let the data structure D be the data structure of Lem. 3.6,
which has batch number b = logn/2, then we get a data
structure of batch size m without losing the update work
and depth by a polylog factor. Batch size m suffices for
Lemma 3.3 since after m updates we can simply set P; = V.

3.2 Parallel Unit Flow

Before proving the trimming lemma, Lemma 3.7, we need
an important subroutine, see the following lemma.

Algorithm 1: ParallelUnitFlow(G, ¢, A, V, h)

1 foe—0,Vge—0:YoeV:I(v)=0

2 fori=1,...,8-log,n do

3 Xi € DoeVil(o)#htl ex?i,l,A,V,-_l(U) /* Non settled

excess */

4 fie=0;,V; v

1
8log, n
5 | while Xyevi(o)2h eXfGifl+f;.,A,V,-(U) > x;/2 do
6 L)
PushThenRelabel(G, CfH,f;, e
| fiefiatfi
8 VoeVst. l(v)=h+1:1(v) « h
o return (fg 1o po1)

G .
Xfi,l,A,Vi_l’V” h,1)

Since we do not change the algorithm compared to [CMGS25],
the correctness directly follows, as shown in the following
lemma.

Lemma 3.10. Given a height parameter h and a resid-
ual flow instance II = (G,c, A, V) where V(v) > y - deg(v)
for all vertices v € V for some 0 < y < 1, ||All1 £ 2m and
A(v) < n-degs(v) for all v € V, and ||c|le < 7, the algorithm
ParallelUnitFlow(G, ¢, A, V, h) produces a flow f and labeling
1:V — {0,...,h} such that:
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Algorithm 2: PushThenRelabel(G, ¢, f, A, V, b, )

1 forj=h...;1do

2 In parallel, push all flow from all vertices v with
I(v) = j that have excess flow to vertices u with
level I(u) = j — 1 until there either is no flow left
or all the edges to such vertices are saturated.
Update f accordingly.

3 For all vertices v that only have saturated edges going
to level [(v) — 1 and have no remaining sink capacity,
increase their level I[(v) « min(l(v) + 1,h + 1).

4 return (f,1)

(1) If I(uw) > I(v) +1 where {u,v} is an edge, then {u,v}
is saturated in the direction from u to v, i.e. f(u,0) =
c(u,0).

(ii) If I(u) > 1, then u’s sink is nearly saturated, i.e. f(u) >
V(u)/(8 -log, n).

(iii) If I(u) < h, then there is no excess mass at u, i.e.

exg’v’f(u) =0.

Now we analyze the complexity of the algorithm in a more
fine-grained way.

Lemma 3.11. Given a height parameter h and a residual
flow instance II = (G, ¢, A, V) where V(v) > y - deg(v) for all
vertices v € V for some 0 < y < 1, ||All; < 2m and A(v) <
n-degs(v) for all v € V, and ||c|| < 1, ParallelUnitFlow(G,c,
A, V, h) can be implemented to output the flow f and labeling
I:V — {0,..,h} implicitly, i.e., only non-zero entries of f
and | are stored in the output, in ||Allg - O (qhz/yz) work and
O (nh?/y) depth.

Proof of Lemma 3.11. Since we only give implicit output,
the initialization of f, A, I can be skipped. Now we look into
the for-loop. Throughout the algorithm, we will have the
following invariance.

Claim 1. The total number of edges adjacent to a vertex
without remaining sink capacity is at most 5(||A||0/y). This
implies that the total number of vertices u with excess and
the total number of vertices with [(u) > 0 are both bounded

by O (||Allo/y)-

Proof. A vertex can have excess only if it has no remaining
sink capacity, which means it absorbs at least Q (y - deg(v))
flows. All vertices can absorb at most ||Allp flows in total.
Thus, if we sum up y-deg(v) for all v with excess, it is at most
lIAllo, this implies that the total number of edges adjacent
to a vertex with excess is at most 5(||A||o/y).

According to PushThenRelabel, a vertex has a non-zero
level only if it has no sink capacity. So the claim follows. O

According to Claim 1, we can always compute x; in 0 (1)
depth and O (||Allo/y) work.

We can skip initializing f:, V; since they can be accessed
entry-wise when in query.

Now we look at the while-loop: the condition is checked in
o (IIAllo/y) work and 0 (1) depth according to Claim 1. Inside
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PushThenRelabel, for each j, we only look at v with I(v) > 0,
and push flows accordingly. According to Claim 1, the push
operations can be performed in O (||Allo/y) work and O (1)
depth for each j. The relabel operations are only on vertices
that have no remaining sink capacity, so it can be done in
5(||A||0/y) work and O (1) depth according to Claim 1.

Now we argue the number of times that the while-loop
can be ran as the following claim. It is implicitly implied by
the proof of Claim 4.1 in [CMGS25].

Claim 2. In ParallelUnitFlow, for each i, the while-loop
terminates in O (nh/y) loops.

Proof. Loot at PushThenRelabel, after the push opera-
tion, we claim that all the nodes with excess must have their
level increase unless it is at level A+ 1. This is because such
a node cannot have remaining sink capacity as otherwise it
cannot have excess; also it cannot have non-saturated edges
going to level I(v)—1, as otherwise the excess would be pushed
through that edge in the push operations (during the push
operations, if a node has all edges going to level [(v) — 1 sat-
urated, those edges cannot be un-saturated in the following
push operations since push only happens from an upper level
to a lower level). Thus, for each run of PushThenRelabel, we
should think of all the remaining excess on a vertex less than
h+ 1 level being “raised” by one level.

Now we count the total number of flows that can be raised.
A vertex v can raise at most hn - deg;(v) flows, since the
edge capacities are bounded by 1 and degg;(v) edges going
into this node, and it can increase its level at most h times.
Thus, the total number of flows that can be raised should
be A ¥y has excess degg (v). Notice that Xy has excess degg(v)
can be bounded by O (xi/y) according to the same reason as
in Claim 1: if  has excess then v has absorbed Q (y - degg (v))
flows, but the total flow that can be absorbed is x;. Thus,
the total number of flows that can be raised is bounded by
O (hn - xi/y).

Now if each while-loop raises x;/2 flows, the number of
while-loops is bounded by

O (hn - xi/y) /(xi/2) = O (nhy). o

The above claim also implies that the support of f} is
bounded by 5(17h/y) -h- 5(||A||0/y)7 so f; can be updated
in such work for each iteration. In the end we update [ with
non-zero entries.

To summarize, the dominating term of complexity is the
push operations, which costs in total O (nhly) ~h-5(||A||o/y) =
[1A]lo - 5(r]h2/yz) work and 5(r]h2/y) depth. O

3.3 Trimming
Our goal in this section is to prove Lemma 3.7. Just for
readability, we restate the lemma here.

Lemma 3.7. The algorithm Trimming(G = (V,E), A, ¢) with
inputs

(1) a graph G = (V, E) accessed by adjacency list,
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(2) a set A C V accessed by identity query, i.e., given a
vertex, it answers whether it is in A or not, a parameter
¢ € R207

(3) explicitly given E(A, V\A), such that |[E(A,V\A)| < ¢-m,

outputs explicitly the set V — A” and a flow f with non-zero
entries explicitly given, such that

(1) f restricted in A’ routes source %(degG(v)—degG[A/J (v))
to sinks V(v) < degg(v)/logn,

(2) deg(A-4) =0 (§)IEAV\ A,

in deterministic O (|E(A,V \ A)|/¢*) work and O (1/¢%) depth.

Proof. We first need two lemmas almost identical to Claim
3.7 and Claim 3.8 in [CMGS25].

Lemma 3.12. The while-loop at Line 11 terminates in less
than h steps.

Proof. The proof is identical to the proof for Claim 3.7 in
[CMGS25] since we do not change Line 11. m]

Lemma 3.13. The main loop at Line 4 of Algorithm 3
terminates after at most logn steps.

Proof. The proof is almost identical to the proof of Claim
3.8 in [CMGS25] except that we have an extra log n factor on
both h and V; which cancel out. To be precise, by following
the same argument, let the total excess at the end of the
iteration k by Xk7 we have that

x> deg;(S;)/8 log3 n

because every node in S; absorbs at least a 1/8log? n fraction
of its degree many flows (according to Lemma 3.10 point (ii)).

Moreover, similarly, we have that X! < % . 512'" -degs(S)) <
1/32X*1 and the algorithm terminates after log n iterations.
O

Now we can prove the first point of our lemma. Almost
identical to the proof of Claim 3.5 in [CMGS25], we have
that f routes the source %(degG (v) — degG[A,](U)) to sinks

V() =i- dfngZ(:) according to the definition of the algorithm

(it terminates when the excess is 0 according to Line 9), since
we have Lemma 3.13, which means i < logn, we are done.
Now we prove the second point, which is almost identical
to the proof of Claim 3.9 in [CMGS25]. Notice that every
node v in A — A’ absorbs at least (1/8log? n)degs;(v) many
flows according to point (ii) of Lemma 3.10, and according
to the proof of Lemma 3.13, the total amount of flow that
ever exists in the algorithm can be bounded by X% + X! + ...
which is bounded by 2X° = % -|[E(A, V\A)| since X; < X;-1/32.
Thus, we have that 2X° > (1/8log® n)deg; (A — A’), and we
are done. m|

Lemma 3.14. Given a graph G = (V,E) accessed by ad-
jacency list, a parameter ¢ € R5o and a set A C V along
with E(A,V \ A) such that G[A] is a ¢-nearly expander and
|E(A, V\ A)| < ¢-m, the algorithm Trimming(G = (V,E), A, ¢)
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can be implemented to output A — A’ (which implicitly tells
what is A’) in O (|E(A,V\A)|/¢4) work and O (1/(]53) depth.

Algorithm 3: Trimming(G = (V,E), A, ¢)

def 5120 3
1 h= 5 logyn-Inm

2c<—é-1

3 Ag — A; fy < 0, Ag %(degG[A] —degG[A]); Vo « 0;

i—0
4 while true do /* While we do not have a feasible
flow. */
5 ie—i+1
6 Vie— Vi + log#zndegc(v) [Ai-1]
ParallelUnitFlow(G[A;-1], of. [Ai-1],
7 (f'li) « exClAi-il degg (0) [Ai1] k)
fiopDi-1,Vir’ log, n ’
8 fiefioitf]
9 if ex?fi"’]vi =0 then break

10 je—0; S« {ve€A_q:1j(v)=h}
1 while |Ef,(Sj, Ai-1\ Sj)| > Slr;lm -deg;(Sj) do
12 ‘ jej+1Sj—{veAiq:i(v) 2 h—j}
13 Ai <—Ai71 \Sj.

14 Aj — %(degc [Ai] - degG[Ai]); Vi « VilA;]

5 return A’ = A;j_q, f = f;

[

Proof of Lemma 3.14. We skip the explicit initialization
of h, ¢, Ao, f. Vo as they are all zero and can be updated entry-
wise when needed. We initialize Ag by memorizing all its
non-zero entries in O(|E(A,V \ A)|) work and O(1) depth.

According to Lemma 3.13, the main loop on Line 4 ter-
minates after 5(1) steps, so let us focus on each step of the
loop.

For the updates on A;, we will only update the entries
which are non-trivial, i.e., which have absorbed some flows
so that the entry is less than (i/log2 n)degs (v)[Ai—1]. The
work for updating A; thus can be charged to computing the
flow f;.

Now we compute the work and depth for the call to Par-
allelUnitFlow. According to Lemma 3.11, initially we have
that y = Q(1/log”n), n = 0 (1/¢), and [|Allp < %IE(A,V \ A)l,

so that the work is O (|E(A,V \ A)|/¢*) and depth is O (1/¢°).
Notice that according to the proof of Lemma 3.12, the to-
tal source flow at each iteration X’ is only decreasing, and y
and 1 remain unchanged, so we have that the work over all
iterations is bounded by O (IE(AV\ A)|/¢4).

Both the update of f; and the check of excess can be
charged to the work of ParallelUnitFlow as just performed.

The while-loop in Line 11 contains less than h iterations ac-
cording to Lemma 3.12. The work for each iteration depends
on Yy (v)>0 degg(v), which is bounded by O (IE(A,V\A)|/$)
according to Claim 1.

The update on A; should be implemented by adding the
set S;j to V\ Aj—1 since we are maintaining V'\ A;. The update
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of A; can be done easily since it only contains edges adjacent
to V\A;; the update on V should not be explicitly maintained
as we only need to store the non-trivial sink capacities.

To summarize, the work and depth are dominated by the
flow computation, which takes O (IE(AV\ A)|/$*) work and
0 (1/¢°) depth. o
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