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1. Introduction. We fix a Banach space X for the entire manuscript. For an
exponentially bounded function F' : Ry := [0,00) — X with exponential
growth bound wy € R, i.e, there exists C' > 0 such that ||F(t)|| < Ce“o! for all
t € Ry, the Laplace transform is given by

LFYN) := [ e F(s)ds, Re(\) > wo. (1.1)

o ~——23

For many decades, mathematicians have been interested in how we can for-
mally and qualitatively invert (1.1). The importance of this question is not
only raised by abstract curiosity. Nowadays, the Laplace transform is a stan-
dard and important tool to analyze differential equations: having properties
of the transformed solution of a differential equation at hand, the validity of
a suitable inversion formula may give further information about the solution
itself. A prominent realization of this principle is the Hille-Yosida theorem in
the context of linear evolution equations.
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Let w > wg. The complex inversion formula is defined by
w+iR
. At

— L(F)(\)dA 1.2

Jim [ M) (12)
w—iR

for t € Ry. We are interested under which regularity or localization conditions

on F', we can guarantee

w+iR
1
F(t) = Rlim 9 / eML(F)(N) dX locally uniformly in t € Ry, (1.3)
—00 T
w—iR

In this paper, we consider general Banach space-valued functions and prove

Proposition 1.1. If F € Ho(Ry; X),! with F(0) = 0, has ezponential growth
bound wy € R, then

w+iR
1
F(t) = lim — / e’\tﬁ(s)()\) dX locally uniformly int € Ry
R—o0 271
w—iR

for any w > wyg.

Before discussing the proof of Proposition 1.1, we give a short overview
of existing results providing answers to (1.3) in the current literature. For
strongly continuous functions, the question under which conditions the complex
inversion formula holds and in which sense was posed more generally and
was partially answered by Markus Haase in [7]. Haase considers convolutions
of a strongly continuous and a locally integrable scalar function and obtains
(1.3) with convergence in operator norm. Another recent result can be found
in [2, Appendix A]. The authors show the validity of Laplace inversion for
convolutions of two Cy-semigroups as a direct consequence of the upcoming
Proposition 1.3. This observation is then exploited to identify and control the
leading-order terms in the Neumann series of high-frequency components of a
Co-semigroup. For merely continuous functions, we cite the result [3, Theorem
4.2.21 b)] which requires introducing the (weaker) Cesaro limit:

w+iR R w+ir
C—Rlim ML(F)(N)dA = lim —/ / ML(F)Y(\)dhdr, teR,
w—iR 0 w—ir

Proposition 1.2. For F € C(Ry; X), F(0) = 0, with exponential growth bound
wp, we have

w+iR
1
F(t)=C-— 5 Rlim / eML(F)(N) d locally uniformly int € R,
Tl R—o0
w—iR

for any w > wy.

1For the definitions of function spaces, see the Appendix.
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The next result is, to the author’s knowledge, the most general result pro-
viding (1.3) in the current literature.

Proposition 1.3. If F' € Lip(R4; X)), F(0) =0, then

w+iR
F(t)= Rhm 5l / eML(s)(N) d\ locally uniformly int € R,
—00 2T
w—iR

for any w > 0.

The proof of Proposition 1.3 in [3] relies on [3, Theorem 2.3.4], which is
obtained through the Riesz—Stieltjes representation [3, Theorem 2.1.1]. This
representation gives an abstract characterization of {F € Lip(X) : F(0) = 0}.
The authors give a second proof of Proposition 1.3 in [3, page 260], based
on the existence of the Cesaro limit, c.f. Proposition 1.2, together with the

property

w+iR w+1S
- / MLP()(N) dA — / MLIP()(N) dA
w—iR w—1iS C([0,a],X)
R
—0as S,R — o0, gﬂl (1.4)

for all @ > 0, i.e, F' is feebly oscillating. Justifying both properties is sufficient
to conclude (1.3) by the real Tauberian theorem [3, Theorem 4.2.5].

Remark 1.4. An example which is covered by Proposition 1.1 but not by
Proposition 1.3 can be obtained by considering a Weierstrass function, for

example G(t) = Y72 M, and setting F(t) = (1 — e H)G(#).

n=1 n?2

Due to the observation, see Section 3.1, that for exponentially bounded
functions, Laplace inversion in the sense of (1.2) can be traced back to Fourier
inversion, we study the Fourier transform first and provide sufficient conditions
yielding locally uniform convergence of the Fourier inversion formula in one
and higher dimensions. The gained knowledge on the Fourier inversion formula
is then exploited to prove Proposition 1.1. We conclude this paper with an
application of Proposition 1.1 to Cy-semigroups on Favard spaces where we
follow the literature and suppose wg < 0.

2. Uniformity in the Fourier inversion formula.

2.1. Preliminaries. We start with recalling classical results and formulae re-
lated to Fourier inversion for Banach space-valued functions. Fix n > 1 and
let F: R"® — X be L'-integrable. Define the Fourier transform

F(F)(k) := F(s) :== /e*ik-SF(s) ds, keR",
R’n
and the inversion formula is given by

FU) @) = Jim Sp(F)(), «eR",
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with
1 N
Sr(F)(z) = G / e”'kF(k) dk, R>1, xzeR™
[k|<R

Analogously to the Laplace transform, we ask for regularity and localization
assumptions such that

Sr(F)(x) — F(z) as R — oo, locally uniformly in x € R". (2.1)

If (2.1) holds, we shortly write: Fourier inversion holds locally uniformly. A
central role in the study of Fourier inversion plays the spherical mean of F' at
z € R™ defined by the surface integral

_ 1
Fgc(r):w71 /F(x+rw)dw, r >0,
S?‘L*l

where S?! is the unit sphere in R” and w,,_1 is its surface measure. Following
[9], we rewrite

Sr(F)(z) = /F(x + 2)DE(2) dz
R’IL

o (2.2)

— e [ DR Ear dr
0

with the Dirichlet kernel D(r) given by?
1 .
DE(z) = —— / e”#8d¢, R>1, zeR™
(2m)"
[§I<R

Note that for a rotation matrix D € R™*" it holds that (Dz)-¢ = z-(DT¢) and,
since DT is also a rotation matrix, the substitution rule first gives DE(z) =
DE(|z|) and then the second identity in (2.2) follows.

To that end, we record the following facts.

Proposition 2.1 ([9]).
(i) We have

sin

D) = D - ppgy = BAED ey = L)

forr >0 and R > 1, where Jy and J; denote Bessel functions of first

kind. In particular, Jy and Jyi are smooth and bounded.
(ii) For every ¢ > 0,

s s
/sin(Rs) ds — /sin(Rs) ds o as B — oo
) 2 N

S S
_5 0

2Denote by 5% the Dirichlet kernel given in [9]. Then, the relation DF(z) =
(2m) "D ((2m)~12) holds. This is due to slightly different choices of the Fourier transforms.
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(iii) It holds that
Jo(0) =1, Jo(r) — 0 asr — oo.

(v) Forn € N>3, we have the relation

1d
Df(r) = 7ndef"z(), r>0 R>1.
(v) For each n € N, there exists some Cy, > 0 such that
IDE(r)| < (ICRR)MU r>0, R>1.
+

We distinguish between odd and even dimensions and study the casesn =1
and n = 2 independently. The following formulae are a consequence of an
iterative application of Proposition 2.1 (iv).

Lemma 2.2. Let (ng)r>1 be a sequence of smooth cut-off functions with 0 <

nr < 1 being one in the interval (0, R) and zero in (R+ 1,00). We obtain the

following identities.

(i) Let n =2k + 1 with k € N. Let B : R™ — X be L'-integrable and k-times
continuously differentiable. There exist universal constants Cyr(n),...,
Cr.x(n) € R such that

Z Dri (B dr = E: G () Z D (ryrd (j) (B(r)nn(r) dr

+ Df(r)B(r)(l —nr(r))r"tdr
/

(i) Let n = 2k with k € N. Let B : R™ — X be integrable and (k — 1)-times
continuously differentiable. There exist universal constants Co —1(n),. ..,
Cr-1,k-1(n) € R such that

/ DR () B(r)r- ldrfzcj“ / DF (r)r*! (i)jw(r)nR(r»dr

0
/DR r)(1 —nr(r))r" = dr.

Proof. For (i), we refer to [9, pages 141-142]. We prove (ii) for the sake of
convenience as we did not find a proof for this formula. For this purpose, we
show, for every k € N with n = 2k, that it holds that

/DR r" 1dr—ZC’jk 1( /Def yritt <$)‘(A(r))dr (2.3)

for all compactly supported and (k — 1)—t1mes differentiable A : (0,00) — X.
For k = 1, this is precisely formula (2.2) with n = 2. We do an induction
argument and therefore suppose that the assertion (2.3) is known for k& — 1
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with k£ > 2. Let A : (0,00) — X be any compactly supported and (k— 1)-times
differentiable function. There exist universal constants C} € R and C]2 € R for
7 =0,...,k—2 such that

() (ria) =i (8)" o vz (L) e, 2

Integrating by parts once and using Proposition 2.1, we find

/ Doty dr —Z (‘lf)k (D) Ay~ dr

() oty

=D§,2(r)

(ﬁi (A(r)) +(n— 2>A(r)) " dr.

Applying the induction hypothesis (2.3) to A(r) and rd% (A(r)) and using (2.4),
it holds that

7Df(r)A(7‘)r"1 dr

Zc] st =) [ D80y (L) Gy

0
+§C;Cj,k2(n — 2)0/:D§(r)r]+2 (i)]+1 (A(r)) dr
+1§0ij,1¢—2(71 — 2)0/:D§(7’)7’j+1 (;i)ﬂ (A(r)) dr

Since A was chosen arbitrarily, this gives the assertion (2.3) for n = 2k with
determinable constants Cp x—1(n),...,Cx_1,k—1(n) € R. Splitting

/DR e = /DR nr(r)r" =t dr

+ [ D (r)B(r)(1 = nr(r))r" =" dr,
[

the claimed formula (ii) follows by choosing A(r) = B(r)ng(r) in (2.3). O

Finally, we isolate the part of the inversion formula which tends to zero
uniformly for every z € R™.
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Lemma 2.3. For every n € N, there exists some constant C,, > 0 such that

[e%S) ) C%
sup || [ DECIE)(1 ~ nn(r)r L dr| < T2

rER™

for every R>1 and F € L*(R; X).
Proof. We invoke Proposition 2.1 (v) to infer

/DR (M) Fo(r)(1 = nr(r)r " dr /DR )r" =t dr

Cy nell = Cy
sgﬁleWSfmm

where we use that [°r""! [, |F(x+rw)|dwdr = ||F||: for every z € R".
We also refer to [9, page 141]. O

We note that in one spatial dimension, i.e, for n = 1, it holds that
_ 1
F.(r)= i(F(x +7r)+ Flx—r)), w)=2. (2.5)

Invoking [9, Theorem 2.3.4] and a vector-valued version of the Riemann—
Lebesque lemma, see e.g. [8], one finds that the additional condition F €
Din(R; X) implies pointwise Fourier inversion. Pinsky also mentions local
Holder-continuity as a sufficient condition for pointwise Fourier inversion in
[9, Corollary 2.3.5]. In the upcoming section, we lift this pointwise conver-
gence to locally uniform convergence.

2.2. Compactness criteria and result on R. In this section, we consider n = 1.
The following compactness criteria are sketched in [10, Corollary 2]. For the
sake of self-containment, we provide their proofs here.

Lemma 2.4 (A uniform version of the Riemann-Lebesque lemma). Let N be
any set. Let F: N xR — X. If

{s — F(t,s):t€ N}
is a compact subset of L'(R; X), then
/sin(Rs)F(t7 s)ds — 0 as R — oo uniformly int € N.

R
Proof. We rewrite

1 ) )
/F(t,s) sin(Rs)ds = - /F(t,s)e”R ds — /F(t,s)e—”R ds | . (2.6)
i
R R R
Applying the substitution s — s + %, we arrive at

/F(L‘7 s)et*F ds = /F (t, s+ %) e fel™ dg = —/F (t, s+ %) e ds.
R R R
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This shows

. 1
sup /F(t,s)e”RdS <= /HF (t,s) (t s+ )H ds.
teN e 2

Similarly, one estimates the second integral in (2.6) after taking its complex
conjugate. By a Banach space-valued version of the Kolmogorov compactness
theorem (mimic the proof of [1, 2.32 Theorem]), we arrive at

sup/HF(t,s)f (ter )H ds — 0 as R — oo, (2.7)
teN
which finishes the proof. O

Lemma 2.5. Let F : R — X be L'-integrable and a < b. Fiz § > 0. Suppose
that®

{8 L FlAs) — s () E(1) tefa b]}

s
is a compact subset of L'(R). Then,
R
F(t) = lim S / e""* F(k) dk uniformly in t € [a, b].
“R
Proof. Let t € [a,b]. Using (2.2), (2.5), and Proposition 2.1 (i), we find

/Sm t+s)+F(t—s))ds:l/@F(wrs)ds.
0

™

— 00

Invoking Proposition 2.1 (ii), we arrive at

R e}
ist . 1 sin(Rs
dim o e "F(s)ds — F(t) = R}gnoo - / (s ) (F(t+s) —1_s,5(s)F(t))ds
—R —oo
and the result follows from Lemma 2.4. O

We are now in the position to consider the special case of locally Holder-
continuous functions. Additionally, a mild localization condition is required
which serves to apply dominated convergence. In the subsequent remark, we
discuss further conditions and examples.

Proposition 2.6. Let F' € H,.(R; X) be L'-integrable. Furthermore, suppose
that for every a < b, there exist 6 > 0 and g € L*(R) such that

[s| 71 sup [|[F(t+s)|| < g(s) (2.8)
t€la,b]

3For I C R, we set 17(s) =1 for s € I and 17(s) =0 for s ¢ I.
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for all |s| > 6. Then:

R
1 o
F(t) = Rli_r)n(><> o / €' F'(s) ds locally uniformly in t € R.
R

Proof. Let a < b. Fix 6 > 0. In virtue of Proposition 2.5, it suffices to show
that

F(t+s) =154 (s)F(1)

M:{s»—> :te[a,b]}

is compact in L'(R; X). So, let (t,) C [a,b]. Clearly, by compactness of [a, b],
there exists (¢, ) and to € [a,b] such that t,, — to as k — oco. By the Holder-
continuity of F' on [a — d,b + d], there exists some a € (0,1] and C > 0 such
that

H F(tn, +5) = 1_55)(5)F(tn,)

S

1 1
<C <1<—6,6>(8)|81_a + 1{|s\26}(8)m sup | F (tn,, + S)II> - (29)

The function on the right hand side admits an integrable majorant thanks to
(2.8). On the other hand, for fixed s € R\{0},

F(tnk + S) — 1(_575)(8)F(tnk) _ F(to + S) — 1(_575)(8)F(t0)

as a consequence of the continuity of F'. By (2.9), the limit function lies also
in L'(R; X). Dominated convergence now implies

(s _, Fltn, +5) — 1(—6,6>(8)F(tnk)> B

S

<s . F(to+5) = 1(_s4) (s)F(to)

as k — oo

) in L'(R; X) as k — oo.

This shows the compactness of M in L'(R; X). O

Remark 2.7. We briefly discuss the condition (2.8).
(i) If there exist C' > 0 and « > 0 such that
() < C(s[+1)7%, s eR,
then (2.8) holds. Indeed, for a < b, we find
|s| 7" sup [|F(t+s)|
t€a,b]

< Cla,b)(Js| +1)7" sup (|t —s|+1)"* < C(a,b)(|s| + 1)
t€(a,b]

for all |s| > § with ¢ = max{|al, |b|} + 1. Clearly, the right hand side is
an integrable function. As a non-trivial example to this condition, one
considers a locally Holder-continuous and integrable function with values

F(t) = |k1\l for t € [k — 5%,k + 5] and k € Z\{0}. Such a function

fulfills the decay assumption only with 0 < a < %
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(i) An example violating the condition in (i) is the function
F(t) = 32, Le =" ¢ € R, since F(e") > 4> for every n € N.

n=1 n?2
The function F is clearly Lipschitz-continuous and integrable. Further-

more, since the sum converges locally uniformly, we observe for a < b and

t € [a,b] that
— 1 n
sup |F(t+s)| < Z —5 sup e lits=e"l? < F(b+s)+ F(a+s)
tela,b] o V" tefa,d]

providing the condition (2.8). Therefore, by Proposition 2.6, locally uni-
form Fourier inversion follows. This shows that the decay assumption in
(i) is not necessary.

(iii) The last example teaches that if ||F|| is integrable and eventually mono-
tone, i.e, there exists some C' > 0 such that ||F(s)|| is monotone for
|s| > C, then F satisfies (2.8).

(iv) It would be interesting to find a function that is Dini-continuous and not
Holder-continuous for which locally uniform Fourier inversion fails.

(v) As one only needs (2.7) to guarantee uniform convergence, one may re-
place the compactness condition by the slightly weaker assumption

/ H Flt+5) — 1 sn()F()  F(t+s—h) =1 ss(s+hF()
sup ds
t€(a,b] ®

s s+h

—0ash |0
in Proposition 2.5.
2.3. Uniformity in R" with odd n > 3. In this section, let n = 2k + 1 with

k € N.Let # € R" and F : R® — X be L'-integrable and k-times continuously
differentiable. With the aid of Lemma 2.2, we decompose

In(F)(a) ~Coaln) [ P )
0
IIR(F)(z) :ch7k(n>/sin5r}zr)rj_1 (ddr) () dr,
=1 b
IIIR(F)(x) :/Df(r)pt(r)(l—nR(r))r” Lar
0
k o ;
sin(Rr) ,_, (d\’, =
=2 Cix(n) =) (Fu(r)(1 = nr(r))) dr.
; i [ m (dr) R

Since, the constants C; (n) are defined iteratively, they can be explicitly de-
termined.

Remark 2.8 (Determination of C ;(n)). As described in [9], we use our knowl-
edge on pointwise inversion to show Cy x(n) = 2 for each k € N. Considering



Vol. 125 (2025) Uniform inversion of Fourier and Laplace transforms 423

the Schwartz function F(x) = eIl (or any other non-trivial Schwartz func-
tion), it is known that pointwise Fourier inversion holds since F is in particular
Dini-continuous. That is, for every x € R, it holds that Sg(F)(z) — F(z)

Fm (7’)71(75,5) (T)Fm (0)

- is L'-integrable and

as R — oo. On the other hand, r —

therefore by the Riemann-Lebesque lemma, we conclude [~ w}@ (r)dr —
1F,(0) = L1F(z). Furthermore, IIp(F)(z) — 0 as R — oo since
77l (d%)j F,(r) is L'-integrable for j =1, ..., k. Together with Lemma 2.3,
we also find ITIg(F)(z) — 0 as R — oo. This implies F(z) = 1Co 1 (n)F(z)
and hence Cp ,(n) = 2 as F(x) > 0.

We formulate the following compactness criterion.

Proposition 2.9. Let K C R" be compact. Let F : R® — X be L'-integrable
and k-times continuously differentiable, and suppose that

{r L B0 - 1(:,5)(7“)F($) e K},

. d\' -
{T'—)le(dT> Fx(’l")i.TeK, Z_Oa"'aj}a j:17"'7k’

are compact subsets of L*((0,00); X) for some 6 > 0. Then, Fourier inversion
holds uniformly in K.

Proof. Using F,(0) = F(x), we first write
Ig(F)(x) — F(x) = %/w (Fz(r) — 1(075)(T)F(1’)) dr.
0

By Lemma 2.4 (extend the functions trivially to R), it holds that Ir(F)(x) —
F(z) — 0 as R — oo uniformly in z € K. Using again Lemma 2.4, compactness
implies IIr(x) — 0 as R — oo uniformly in € K. Finally, by Lemma 2.3,

we find
k i d\! 1
sup [IIIz(F)(x)| <C su /rj_l () F,(m)|| dr + =||F|| 1
) 2.0 | D3 [t | (G ) et o e
(2.10)

for a suitable constant C' > 0. The right hand side now converges to 0 as
R — oo due to Kolmogorov’s compactness theorem. O

Proposition 2.10. Assume that F : R® — X is L'-integrable and k-times con-
tinuously differentiable. If for every compact K C R", there exist g € L*(R™)
and 6 > 0 such that

sup sup [y| VR (2 + y)l < g(y) (2.11)
aeNy,|a|l<kzeK

for all ly| > 0, then Fourier inversion holds locally uniformly.
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Proof. Note that, since F' is continuously differentiable, it is locally Holder-
continuous. Therefore, there exists a constant C' > 0 such that

F.(r)—F(z
I LCESEY
1 1
< 1(075)(7’);?71 [F(z+rw) — F(x)| dw < 19,5y (r)C
Sn—l

for every r > 0 and = € K. Furthermore, we estimate,* for » > 6,

1

/ —||F(x 4+ rw)| dw < ®r7%1 / g(rw) dw
r Wn—1

§n—1 S§n—1

< sup

1=
i
r zeK Wn—1

(2.12)

where the right hand side is integrable in [d,00) by (2.11). By dominated
convergence, argued as in the proof of Proposition 2.6, we conclude that

{r _ F(r) 1591 F () }

r

is compact in L1((0, 00); X).
Similarly, one obtains the L!((0, c0); X )-compactness of

l
{THle(j) FI(T):xGKv l_oa"'aj}a j:1,~~-,k7
r

with the help of the observation that, for » > 0,

i1 (i)lﬁz(r)

<

/ sup  TY|VOF(x + rw)| dw
Sn—1 a€N’5,\o¢|§l

1 n—1

—_ g(rw) dw

Wn—1
§n—1

Hoa(r) s sup  [VOF(m+ry)))
aeNY,|a|<l zeK,yeSn—1

Wn—1

< C(9) (1[5,00] (r)

for j = 1,...,k and uniformly in [ = 0,...,j and x € K, where we use the
lemma about parameter integrals to pull derivatives into the surface integral.
Putting everything together, the previous proposition yields locally uniform
Fourier inversion. 0

Remark 2.11 (Comparison of conditions). For n = 3, we compare the condi-
tions of Proposition 2.10 with the ones from [10, Proposition 4] yielding con-
vergence for fixed € R3. The localization condition is that |- |2V F(x —-) €
L'(R3). Instead of this pointwise assumption, we need an integrable majorant
on 1iso0y() - [T2(|[F(z + -)|| + [VF(x 4 -)||) uniformly for € K and for
any compact K C R3. The only further regularity assumption in [10, Propo-
sition 4] is that x is a Lebesgue point of F which is covered by the property
F e CY(R?).

4We denote positive constants only depending on § by C(6).
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Remark 2.12. We consider exemplarily n = 3. To guarantee (2.12), it suf-
fices to assume an integrable majorant on 15 oo)(-)| - | 7*||F(x + -)|| uniformly
in z € K. On the other hand, writing out (2.10) gives rise to the term

[ Eu(r) (17”77’?“) + 7733(7’)) dr for which we used the stronger localization as-

sumption (2.11). We do not see how to relax this assumption to the weaker
one required for (2.12).

2.4. Uniformity in R” with even n > 2. As motivation, we consider first the
case n = 2. Fix € R Let F : R? — X be such that r — F,(r) is integrable
and differentiable with integrable derivative. Using Proposition 2.1 (i), (iii),
the fact that w; = 27, and integrating by parts, we obtain

Sr(F)(z) F,(r)RJ(Rr)dr

I
0\8

o0

F,(0) +/

0

(Fy(r))Jo(Rr) dr.

3=

Let K C R? be compact. Since Jo(Rr) — 0 as R — oo for any r > 0 and
F,(0) = F(z), dominated convergence implies Sg(F)(x) — F(z) uniformly in
x € K whenever there exists some g € L'((0,00)) such that
SUp,e i || Fy(r)|| < g(r). For general even dimensions, we make the following
statement.

Proposition 2.13. Let n = 2k with k € N and K C R" be compact. Assume
F:R"™ — X is L'-integrable and k-times continuously differentiable. If there
exist g € LY(R™) and § > 0 such that

sup sup |y| TV (2 + )| < g(y)
aeNY,|a|<kzeK

for all ly| > 0, then Fourier inversion holds uniformly in K.
Proof. With the aid of Proposition 2.1 (i) and Lemma 2.2, we decompose
Sr(F)(x) = Ir(F)(x) + HR(F)(z) + I1Ir(F)(x)

with
[a(F)(x) = Cosr(n) / Ry (Rr)Eu(r) dr,
0
k-1 ©© j
He(F)a) = 3 Coaa(n) [ Rt (5) (Futrymm(r)
=1 b
ITIR(F)(z) = %/ f(r) () (1 — nR(r))r”_l dr — Co x—1(n)



426 J. ALEXOPOULOS Arch. Math.

o0

/RJl(Rr)(Fgg(r)(l —ng(r))dr
0
= I1IL(F)(z) + [TI%(F)(x)

for universal constants Cj,_1(n), 7 = 0,...,k — 1. As in Remark 2.8, one
argues that Cp ,—1(n) = 1. Furthermore, integrating by parts once more and
Proposition 2.1 (i) yield

k—1

IR(F)(x) = ZCJ,kA(n) (j/Jo(RT)Tj_l ((Z,)J (Fo(r)ng(r)) dr

j=1

Arguing as in Theorem 2.9, one shows, for r > 0,

ANt
I e n—1
sup | ( dr) (Fatryna(r)| < C0) (1) =170 [ glrw)de
§n—1
Flop(r) s s [[VOF(s+ry)|)

aeNy,|a|<l zeK,yeSr—1

forl=0,...,jand j =0,...,k—1, where the right-hand side is an integrable
function on (0,00). The introductory considerations for n = 2 with j = 0
give Ig(F)(r) — F(x) uniformly in « € K. On the other hand, recalling
again that Jo(Rr) — 0 as R — oo for any r > 0, dominated convergence also
implies ITg(F)(z) — 0 as R — oo uniformly in € K. Similarly, it follows
II1%(F)(z) — 0 as R — oo uniformly in x € K. Finally, by Lemma 2.3, we
find I1T5(F)(xz) — 0 as R — oo uniformly in z € K. O

Remark 2.14 (Another uniformity result in higher dimensions). The result [4,
Theorem 4] provides Fourier inversion uniformly in R™ for n > 2 whenever
F :R" — R and its derivatives up to the order %’1 lie in the Lorentz space
L%’l(]R"). The authors of [4] emphasize that their result may be considered
as a version of Dini’s test in R™. On the other hand, Propositions 2.10 and 2.13
are rather local analogues of Dini’s test in R™.

3. Applications to Laplace transforms.

3.1. From Fourier to Laplace inversion.

Lemma 3.1. Let 0 < a < b and R > 1. Let F : [0,00) — X have exponential
growth bound wy € R. Fiz w > wg. Define the function F : R — X by
: {F(s) if s >0,

F — —ws
(s) =e 0 else.
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Then,
1 w+iR
F(t) = lim — / eML(F)(\) d\ uniformly in t € [a,b]
R—o0 271
w—iR
18 equivalent to
. R
F(t) = R}im o / e F(F)(k) dk uniformly in t € [a, b].
—00 LT
R

Proof. Let t € [a,b] and R > 1. Rewriting

1 w+iR 1 iR %)
- At - (Aw)t —(Atw)s
F = F
- / ML)V A = 5 / ; ¢ (s) ds dA
w—iR —iR
R [eS)
_ wt/ezkt/efzks 7wsF )dsdk‘
—R 0
R
_ / sz]_- dk
—R
shows the claim. O

As an immediate consequence, we can translate Proposition 2.6 in terms of
the Laplace transform and prove our main result:

Proof of Proposition 1.1. Let w > wo and F' as in Lemma 3.1. Then |[F(s)|| <
e(o=w)s for s > 0 and F(s) = 0 for s < 0 which show that F' satisfies (2.8).
Furthermore, we have F € Hyo(Ry; X). This implies the assertion by Propo-
sition 2.6 and Lemma 3.1. g

3.2. Application to Cp-semigroups. Let A : D(A) C X — X be the generator
of a Cy-semigroup S(¢) with exponential growth bound wy € R. We recall
the following well-known result on the complex inversion formula which is a
consequence of Proposition 1.3, see also [6, 5.15 Corollary].

Corollary 3.2. If w > wgy and x € D(A), then
wHiR
St)r = 271m ngnoo M\ — A)"Lzd) locally uniformly in t € (0, 00)
w—iR
(3.1)
i X -norm.

Using now Proposition 1.1, we may extend this result to Favard spaces.
For this purpose, let a € (0,1]. By following [6, Section 5b], we impose the
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condition wy < 0 and subsequently define the Favard space
1
F, ={ze X |z|p, <o}, |z|F, = iugt—aHS(t)x —zlx. (3.2)
>

Note that D(A) C F, C Fp — X for any 0 < o/ < a < 1.5 The assumption
wp < 0 guarantees the latter embedding. The abstract Holder space is given
by

Xo ={xe€F,: ltiﬁ)l I1S(t)x — x||F, = 0}.

With [6, 5.15 Theorem], we have the following properties: both spaces X,
and F, are Banach spaces with respect to || - | s, . Furthermore, the restriction
S|k, :[0,00) — B(F,) is a semigroup of bounded operators and the restriction
Sixa 1 [0,00) — B(Xq) is a Co-semigroup with generator Ay, and domain
D(Aix,) = Xa+1-

Corollary 3.3. Let wy < 0. If w > wy and x© € F,,, then

S(t)x — ez

w+iR
= ﬁ Rhinoo M (()\ — A)_l -3 —1wo) x dX locally uniformly in t € [0, 00)
w—1iR
(3.3)
and
w+iR
S(t)r = % ngnoo / M\ — A) "tz d) locally uniformly in t € (0,00)
w—iR
(3.4)

in X- and any F,-norm with o/ € (0, ).

Proof. Set F(t) = S(t)x—e*°'xz and note that F has growth bound wy, F(0) =
0, and

T

LIFYN)=O\—A) "t~ .
)\—o.)()

Obviously, ¢t — e*o'z is locally Holder-continuous and we consider G(t) =
S(t)z. The function G is Hoélder-continuous from [0,00) to X. In fact, for
to >t > 0, we find

1G(t1) = G(t2)l[x < I1SE)x—x[S(t2 = 1)z — zl[x < Cufts = t1|*[2]|r,

5Tf X is reflexive, then D(A) = F1, c.f. [6, 5.21 Corollary].
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for some constant C; > 0 independent of ¢ and ¢; and using that wy < 0.
Now, let o' € (0, ) and t5 > t; > 0. With wy < 0, we estimate

|G(t2) — G(t1)l|F,,
=sup t%HS(tl) (SO (S(t2 —t1)z —z) = (S(t2 — t1)z — 2)) [ x

, 1
<Chlty — "7 LS tj”(s(’b —t1)(S(t)r — )
- (S(t)r —z)|lx

+Cilta — t1]*7 sup ———||St)(S(t2 — t1)x — x)
t>ty—t, (t2 —11)

— (S(t2 —t1)z — )| x
<Colts — 1]~ ||[|,
for some constants C 2 > 0 independent of ¢3 and ¢;. Similarly, one estimates
(20" — €0 )]| o < Ca, b) (b2 — 1)~ || o

for every 0 < a < t; <ty < b. Therefore, (3.3) follows by Proposition 1.1 for
w > wy. Since

w+iR

1
A, | ST et e
w—iR
locally uniformly for ¢ € (0, 00), see e.g. [3], (3.4) follows from (3.3). O

Assume that F, # X,. Then, the restriction S|, is not strongly continuous
on F,, and, on the other hand,

w+iR

i At _ -1 1
P o / c (()\ A) /\w0>md/\ (3.5)

w—iR

is a continuous mapping from [0,00) to F, for every R > 1 and z € F,.
Therefore, the convergence in (3.3) cannot hold for every x € F,, with respect
to the F,-norm.

We justify the continuity of (3.5). For this purpose, we fix z € X and set
y(A) = (A\— A)~ 1z which is in particular a continuous function in A from p(A)
to X. Let Re(\) = w > wg. We first estimate

t
IS - yWlx = | [ S(5)4y(3) dslx < Cutll Ay
0 X
for some constant C'; > 0. Furthermore, we use

o0

Ay(A\) = Ay(\) —z = )\/e_(’\_MO)Se_“"OSF(s) ds + ( A 1) x
A — wo
0
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with F' as in the proof of Corollary 3.3 to estimate

|wol
Ay(A X<C2<)\ + | Izlix
4y N+ ) lel
for some w-dependent constant Co > 0. We conclude that there exists some
w-dependent constant C3 > 0 such that

Il < sup (FISOH) =yl ) 1SEH) -yl
< Gy 1+ IA)° el

This yields the integrability of A +— ((/\ —A) - L )az in F, on every

A—wo
{w+ ik : k € [-R,R]} with R > 1. Thereby, the continuity of (3.5) follows
for every R > 1 by the lemma about parameter integrals. If S is a Clp-group,
then there exists x € F® such that (3.4) also fails immediately by the same
argument. 0

Outlook. The considerations of this section beg the question of whether
we get convergence in F,-norm for every x € X,. More generally, one may
ask whether for every Banach space X, Cy-semigroup (or Cp-group) S, and
exponential growth bound wy € R, there exists a (largest) non-empty Banach
space Y — X such that for every z € Y the convergence in (3.3) (or (3.4))
holds in Y-norm. How does X or S have to be specified and how does Y
look like? We leave these questions open for future research. As an example
of such a specification, we mention: for every Cy-semigroup and if X is a
UMD-space, locally uniform convergence of the complex inversion formula is
positively answered choosing Y = X as shown in [5].

For another straightforward example, consider a Cp-semigroup S with gen-
erator A such that ker(A) # (. By the Hille-Yosida theorem, S has necessarily
growth bound wp > 0 and one chooses Y = ker(A) equipped with the norm
| - ||x as non-trivial choice for the general question.
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Appendix. Function spaces. Let I € {R",R;} with Ry = [0,00) and n € N.
We introduce the following spaces
Lip(I; X) := {f : I — X is Lipschitz-continuous},
Hyoe(I; X) :={f : I = X is locally Holder-continuous},
Din(/; X) := {f : I — X is Dini-continuous},
C(I;X) :={f: I — X is continuous},

where we call F': I — X Dini-continuous at point tg € I if there exists some
do > 0 such that

| F(to +h) — F(to)|
R

dh < oo.
(=90,90)™

The function F' is called Dini-continuous if it is Dini-continuous in every point.
We call a function F' : I — X locally Hélder-continuous if for every compact
subset K of I, there exist an ap = ap(K) € (0,1] and C' = C(K) > 0 such
that

|F() — P(y)]| < Cle — y|* for all 2,y € K.
Obviously, we have the inclusions

Lip(I; X) C Hyo(I; X) € Din(I; X) ¢ C(I; X).
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