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Abstract. We provide a tutorial-style review of stochastic dual dynamic programming (SDDP), one of
the state-of-the-art solution methods for large-scale multistage stochastic programs. Since
it was introduced about 30 years ago for solving large-scale multistage stochastic linear
programming problems in energy planning, SDDP has been applied to practical problems
from several fields and has been enriched by various improvements and enhancements to
address broader problem classes. We begin with a detailed introduction to SDDP, with
special focus on its motivation, complexity, and required assumptions. Then, we present
and discuss in depth the existing enhancements as well as current research trends that
allow for the alleviation of those assumptions.
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I. Introduction. In many decision-making situations, at least some of the data
are uncertain. While this uncertainty is often disregarded, the importance of taking
it into account during the decision-making process was recognized as early as 1955
by George Dantzig [48]. In stochastic programming, a common approach to taking
uncertainty into account is to split the decision-making process into two different
stages. In the first stage, decisions have to be taken before any uncertain data are
revealed to hedge against the existing uncertainty (so-called here-and-now decisions).
In the second stage, corrective actions, called recourse or wait-and-see decisions, can
be taken, once the realization of the uncertain data is known [27]. Typically, the aim
is to determine an optimal decision rule in expectation or with respect to some risk
measure.

In many practical applications, multiple rather than two subsequent decisions
have to be made [7]. If these decisions cannot be made independently, but are coupled
by their effects on a system state, e.g., hydroelectric generation affecting the water
level of a reservoir, or orders affecting the size of an inventory stock, this can be
modeled as a multistage stochastic problem with several subsequent recourse decisions
(this is also referred to as dynamic programming and was recently coined a sequential
decision problem in [177]). In such a problem, trade-offs have to be made between
using an existing resource immediately or saving it up for later stages, taking into
account the future uncertainty.

Stochastic dual dynamic programming (SDDP) is an algorithm that tackles such
multistage stochastic problems in order to compute, or at least approximate, an opti-
mal policy; that is, a strategy or decision rule providing the best here-and-now decision
as well as the best wait-and-see decisions for any stage and any given realization of
the uncertain data. It was first proposed by Pereira and Pinto in [160] in 1991.

Historically, SDDP has its roots in two separate research streams dealing with
sequential decision problems. The first stream is stochastic dynamic programming
(SDP), which is closely related to stochastic optimal control and Markov decision
processes. Here, a crucial assumption is that the uncertain data in different stages of
the decision process are independent of each other (or at least Markovian). In this
case, multistage stochastic problems can be expressed by dynamic programming equa-
tions (DPE), which decompose the large-scale problem by stages into several smaller
subproblems. These DPE exploit the famous optimality principle of Bellman [13],
which allows one to express the optimal objective value from some stage ¢ onwards,
given some state x;_1, recursively by means of some stage-t objective function and
a so-called expected value function 2;(-), modeling the expected optimal objective
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value from stage t + 1 onwards, given the new state x;. We introduce these concepts
formally in section 2.4.

The DPE can be solved exactly by SDP solution methods, such as value iteration
[13]. Basically, this method is based on traversing the stages backwards and evaluating
the expected value functions 2, (-) for all possible states x;_1 (i.e., the concept of a
lookup table). Each such evaluation requires solving an optimization problem for all
possible realizations of the uncertain data, which, in turn, requires finding an optimal
decision over all possible actions. For this evaluation to be possible, it is assumed
that the state space, the action space, and the scenario space are finite—otherwise,
they would have to be discretized. However, even in the discrete case, enumerating
all possible combinations is computationally intractable for all but low dimensions,
as the number of evaluations suffers from combinatorial explosion. This phenomenon
is known as the curse of dimensionality of SDP [176]. In order to circumvent this
issue, approximate dynamic programming (ADP) methods have been developed in
which expected value functions are approximated instead of being evaluated exactly
(or in which optimal policies are approximated using different strategies) [176, 177].
SDDP can be regarded as one such method. Due to its close relation with SDP it
also relies heavily on the assumption of stagewise independence.

A second perspective on SDDP comes from stochastic programming. Tradition-
ally, in this field, multistage uncertain data are often modeled by a scenario tree which
branches at each stage and consists of finitely many possible scenarios. Scenario trees
do not require the stochastic data process to be stagewise-independent. Using finite
scenario trees and assuming linearity, a multistage stochastic program can be refor-
mulated as a large-scale linear programming problem [185]. However, in this extensive
form such a problem is usually far too large to be solved by monolithic approaches,
since the number of decision variables and constraints grows exponentially in the num-
ber of stages. To cope with this challenge, special solution techniques are required
which decompose the problem. Based on the L-shaped method for solving two-stage
stochastic programs [236] (a special variant of Benders decomposition [17]), one such
idea is the extension of Benders-type solution methods to the multistage setting. The
nested Benders decomposition (NBD) method by Birge [25] is such an extension and
can be interpreted as a nested sequence that solves two-stage stochastic programs
while traversing the scenario tree. In contrast to SDP, in NBD the functions 2;()
are not evaluated at all possible states, but are iteratively approximated by linear
functions called cutting planes or cuts, starting from a rough initial relaxation. Such
an approximation is possible, since 2;(-) can be proven to be convex in x;_; for lin-
ear programs. It also allows for the consideration of a continuous state space without
discretization.

While NBD is a reasonable method for solving multistage stochastic linear pro-
grams of moderate time horizons (maximum four or five time steps), for larger prob-
lems, it is still computationally prohibitive as the scenario tree grows exponentially
in the number of stages. As a relief, several methods have been proposed to combine
the cutting-plane approximations in NBD with sampling techniques from simulation
[41, 57, 109]. The most prominent among these methods is SDDP. From this perspec-
tive, SDDP can be considered to be a sampling-based variant of NBD. In order to use
the sampling step in a beneficial way, in comparison to NBD, SDDP comes with the
additional prerequisite that the data process is stagewise-independent.

Application-wise, the development of SDDP is closely related to hydrothermal
operational planning, which attempts to determine cost-optimal generation decisions
for thermal and hydroelectric power plants over several stages, while ensuring system
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balance and the satisfaction of technical constraints. Since future water availability
is affected by uncertain inflows into hydro reservoirs, this optimization problem can
be considered to be multistage and stochastic, and thus very complex.

Prior to SDDP, various solution techniques had been proposed to tackle this type
of problem. Among these were simulation models, linear programming techniques
(based on either assuming inflows as deterministic or reformulating stochastic linear
programs into a deterministic equivalent), special variants of dynamic programming,
and SDP [238]. However, all these techniques either do not consider the uncertain
nature of inflows, or suffer from the aforementioned curses of dimensionality, or do
not guarantee convergence. When operating a large-scale power system dominated
by hydro power, these shortcomings are severe as they prohibit cost-minimal and
reliable, but at the same time computationally efficient, operational planning. The
development of SDDP by Pereira and Pinto was directly driven by the endeavor to
replace SDP with a more efficient optimization technique in operating the Brazilian
power system. While it avoids some of the computational drawbacks of SDP and
NBD (sometimes advertised as “breaking the curse of dimensionality”), SDDP comes
with its own shortcomings, as we discuss extensively in this article.

Since its invention in 1991 SDDP has gained enormous interest, from both the-
oretical and application perspectives. Today, it can be considered one of the state-
of-the-art solution methods for large-scale multistage stochastic problems. For this
reason, it is used in various practical applications to optimize decision processes, for
instance, hydrothermal operational planning, portfolio optimization, and inventory
management; see section 9.

Several extensions and improvements of SDDP have now been proposed, many
of them attempting to relax the original theoretical assumptions required and make
SDDP applicable to broader problem classes. Others strive to improve the perfor-
mance of SDDP because, despite its merits, the algorithm can take too long to con-
verge for large problem instances.

Due to both the sheer amount and the variety of proposed enhancements, SDDP
has developed into a wide-ranging research area with several subbranches that become
increasingly difficult to keep track of. In this article, we give a comprehensive tutorial-
style review of SDDP-related research, covering its basic principles and assumptions,
its strengths and weaknesses, existing extensions, and current research trends.

I.1. Structure. The structure of this review is summarized in Table 1. The
review can be divided into four major parts. In the first part (sections 2 to 8), we
discuss the basic mechanism of SDDP. This includes formal preliminaries to formu-
late multistage stochastic decision problems, but also the main algorithmic steps of
SDDP and a complexity analysis. In particular, we point out crucial assumptions for
standard SDDP to work. In the second part (sections 9 and 10), we discuss appli-
cations which underline the practical relevance of SDDP, but also the requirement
to relax some of the standard assumptions. In the third part (sections 11 to 20),
we discuss various extensions of SDDP to cases where the standard assumptions are
relaxed. These extensions comprise modifications of SDDP itself as well as modifi-
cations or reformulations of the considered decision problems. Finally, in the fourth
part (section 21), we discuss approaches to improve the computational performance
of SDDP.

I1.2. Terminology and Notation. As mentioned above, SDDP is linked to several
different research fields and communities such as stochastic programming, dynamic
programming, Markov decision processes, optimal control, and reinforcement learning,
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Table | Table of contents.

Part I: The Mechanism of SDDP

Section 2 Preliminaries p- 421
Section 3 Standard SDDP p. 430
Section 4 Convergence & Complexity p- 438
Section 5 Comparison with Related Methods p. 441
Section 6 Sampling p. 444
Section 7 Stopping Criteria p. 448
Section 8 Exact Upper Bounds and Dual SDDP p- 450
Part II: Applications of SDDP

Section 9 Applications p. 455
Section 10  Software p. 461
Part III: Extensions of SDDP

Section 11 ~ Handling Continuous Uncertainty p. 461
Section 12 Handling Risk-Aversion p. 467
Section 13 Handling Distributional Uncertainty p. 485
Section 14  Handling Stagewise-Dependent Uncertainty p- 490
Section 15  Handling Nonlinear Convex Problems p. 503
Section 16  Handling Mixed-Integer and Nonconvex Problems p. 506
Section 17  Handling Infeasibility p. 510
Section 18  Handling Non-block-diagonal Problems p- 512
Section 19  Handling Infinite Horizons p. 512
Section 20 Handling Random Horizons p- 513
Part IV: Accelerating SDDP

Section 21  Performance Improvements p. 514
Section 22 Outlook p- 526

each using different terminology and notation. This complicates the presentation of
SDDP in a form that is intended to be familiar and accessible to all those interested.

To our knowledge, most active research on SDDP is conducted by researchers
from the stochastic programming community. For this reason, in many sections we
resort to stochastic programming language and notation. However, this review also
aims to offer access to SDDP for practitioners and researchers from fields in which dif-
ferent perspectives and notation are standard. Therefore, we address these differences
if required for understanding SDDP and attempt to avoid heavy mathematical pro-
gramming notation whenever possible, especially in the early sections that introduce
SDDP.

For a general non-SDDP specific attempt at unifying different disciplines related
to optimization under uncertainty and sequential decision processes into a common
framework, we refer to [177].

In what follows, we denote random variables by bold letters, e.g., &, and their
realizations by letters in regular font, e.g., £. To enhance readability, we summarize
some recurring acronyms in Table 2.

2. Preliminaries for SDDP. In order to present SDDP in its standard form, we
start by formally introducing the decision problem considered here. In particular, we
point out assumptions that are crucial for the SDDP method presented to work.

We consider a multistage decision process in which decisions x; have to be taken
over some horizon [T]:={1,...,T} consisting of T stages, with the aim to minimize
some objective function subject to constraints. For now, the horizon T is assumed to
satisfy the following assumption.
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Table 2 Acronyms that are used throughout the text.

(P)AR (Periodic) Autoregressive process

DPE Dynamic programming equations

LP Linear program

MI(N)LP Mixed-integer (non)linear program

MSLP Multistage stochastic linear programming problem
NBD Nested Benders decomposition

RHS Right-hand side

SDP Stochastic dynamic programming

SDDP Stochastic dual dynamic programming

Assumption 1 (finite and deterministic horizon). The number T € N of stages is
finite and deterministic.

In what follows, we discuss how SDDP may be applied to cases where this as-
sumption is not satisfied; see sections 19 and 20.

2.1. Modeling the Uncertainty. The data in the decision process considered
can be subject to uncertainty that is revealed over time. To this end, we consider a
filtered probability space (£2,.%,P) with sample space 2, o-algebra .7, and probability
measure P, which models the uncertainty over the horizon [T]. Further, let .%#y,...,.%r
with Z7 :=.% be a sequence of o-algebras containing the events observable up to time
t, thus defining a filtration with .%; C %5 --- C %, and let €; be the sample space
restricted to stage ¢ € [T]. We then define a stochastic process (&;)icr) with random
vectors &, : 2 — R* k; € N, over the probability space. These random vectors are
assumed to be .#;-measurable functions. We denote their support by =, C R*t for all
t € [T]. For the first stage, the data are assumed deterministic, i.e., Z; is a singleton.
For each random vector &,, we denote a specific realization by &;.

As a crucial ingredient for SDDP to work, we assume that the uncertainties on
different stages do not depend on one another.

Assumption 2 (stagewise independence). For all ¢ € [T], the random vector &, is
independent of the history {;_1j:= ({1,...,&—1) of the data process.

Under Assumption 2, the random vectors &, are often referred to as noises. This
assumption is common in dynamic programming, but is not standard in stochastic
programming. In practical applications it may not be satisfied. We address how to
apply SDDP to problems with stagewise-dependent uncertainty in section 14.

In addition, we make the following assumptions for the stochastic process.

Assumption 3 (known distribution). The probability distribution Fg of the data
process (§;)¢err) is known.

Assumption 4 (exogeneity). The random variables &, are exogenous, i.e., the
distribution F¢ of the data process (§,).c[r] is independent of decisions (x);e[r)-

Assumption 5 (finite randomness). The support E; of &, is finite for all ¢ € [T7].
The number of noise realizations at stage t € [T] is given by ¢; € N with ¢; = 1.

In section 13 we discuss how to apply SDDP if Assumption 3 is not satisfied. If
Assumption 4 is not satisfied, the problem is said to have decision-dependent uncer-
tainty [122]. As this case has not been covered in the literature on SDDP up to this
point, we do not discuss the relaxation of this assumption.
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Assumption 5 is a key assumption for SDDP and is standard in dynamic pro-
gramming and stochastic programming in order to obtain computationally tractable
problems. We discuss possible ways to treat such problems in section 11. As &, is
a discrete and finite random variable for all ¢ € [T, its distribution Fg is defined by
finitely many realizations &;;,7 =1,...,¢:, and assigned probabilities p;;.

The stagewise-independent and finite data process (§;):c[r] can be illustrated by
a recombining scenario tree [185], also called scenario lattice [136]. On each stage
t € [T, its nodes represent the possible noise realizations &;;,j = 1,...,¢. Due to
stagewise independence (Assumption 2), all nodes at the same stage have an identical
set of child nodes with the same noise realizations and associated probabilities. We
call paths € = (&;):e[r) through the complete tree (stage-T') scenarios and index them
by s € S. Note that, for each scenario £°, there exists some j; € {1,...,¢;} such that
& = &tj.- The total number of different scenarios modeled by the tree is [S| = [ ;¢ (7 ¢:-
An example of a recombining scenario tree is presented in Figure 1.

2.2. The Decision Process. With the stochastic process in mind, we can now
turn to the decision process. At stage 1, the here-and-now decision x; is taken to hedge
against the uncertainty in the following stages. At those stages, recourse decisions
x; € R" ny; € N, can be taken with knowledge of the realization of the data process
at stage t. This decision process is illustrated in Figure 2.

In other words, the paradigm is that decisions can be taken after the uncertainty
corresponding to stage ¢ has unfolded (so-called wait-and-see decisions), making x (&)
a function of &,, and by that a random variable. We account for this using a bold
symbol. Importantly, @;(-) only depends on realizations up to stage ¢, but does
not anticipate future events or decisions. Future events are only considered using
distributional information. Therefore, @.(-) is .#;-measurable [208]. As we will see,
() may also depend on the choice of x;_1(-) and so on, so that despite stagewise
independence (Assumption 2), x4(-) is actually a function of the whole history £} of
the data process.

A sequence of decision functions (mt(f[t])) te[T] is called a policy and provides a
decision rule for all stages t € [T] and any realization of the data process. By the
previous arguments, such a policy is nonanticipative, modeling a sequence of nested
conditional decisions. The aim of the decision process is to determine an optimal
policy with respect to a given objective function and a given set of constraints.

In this context, the following assumptions are standard for SDDP.

Assumption 6 (linearity). All functions occurring in the objective and the con-
straints are linear.

Assumption 7 (consecutive coupling). Only decisions on consecutive stages can
be linked by constraints.

O

-
t=3

Fig. | Recombining tree with three realizations per stage and highlighted scenario ¢S.
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& &3 &r

, S 71

T T r3
Q t=1 t=2 t=3 —> - — t=T

Fig. 2 Multistage decision process with uncertainty.

Assumption 8 (risk-neutral policy). The aim is to determine an optimal risk-
neutral policy.

As not all of these assumptions are guaranteed to be satisfied for an arbitrary
problem in practice, we discuss possible ways to relax them in sections 15 and 16 (for
Assumption 6), section 18 (for Assumption 7), and section 12 (for Assumption 8).

Under Assumptions 6 and 8, the optimization objective can be expressed as

(2.1) min__ E [ Y (&) (&)

T1,L2,.., T
te(T]

with data vectors ¢; € R™ for all ¢ € [T] and E[-] denoting the expected value.

Under Assumptions 6 and 7, for all ¢ € [T], the constraints on the decisions can
be expressed using the .%;-measurable set-valued mappings X;(+), which for any z;_;
and any &; € Z; are defined by

(2.2) Xe(xp—1,&) = {ift eXy CR™ Ty q(&)xp—1 + Wi(&)ae = ht(ft)}

Here, h; € R™t are real data vectors (for m; € N), T; and W; are real-valued (mg11 X
ng) and (my x n;) data matrices, and X; is a nonempty polyhedron, e.g., modeling
nonnegativity constraints.

As stated above, some (or all) of the problem data can be subject to uncertainty.
Hence, for all t € [T], we consider random variables ¢;(&;), T—1(&:), W (&), and hy (&)
depending on realizations of &,. X is considered deterministic. Note again that the
first stage is assumed to be deterministic and that Ty = 0 and xg = 0. Hence, we
define Xl = Xl (Io,fl).

Remark 2.1. For notational simplicity, when we deal with finite random variables
&,, we often index the vectors and matrices ¢;,T;_1, W;, and hy with j =1,...,¢ if
we address specific realizations, e.g., ¢ij == ¢ (&5)-

Remark 2.2 (dynamic programming perspective). In dynamic programming,
Markov decision processes, or optimal control, a slightly different perspective on se-
quential decision processes is usually chosen (see [177] for a comprehensive overview).
The main difference is that the variables that occur are split into state variables and
actual decisions. State variables s; € Sy model the system state at some stage t. Sy is
called the state space. Importantly, state variables may comprise not only the resource
state, but also the information or belief state of a system [177]. Decision variables
model local decisions on a stage ¢ given a state s;. In dynamic programming they
are usually discrete and called actions a; € A¢(s¢); in optimal control they are usually
continuous and called controls u; € Uy(sy). Ai(s¢) and Uy(sy) are the action space and
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control space, respectively. The actions or controls are what an agent actually decides
on given the current state s;, whereas the new state s;y; is uniquely determined as
St11 = Te(st,ut, 1) using a given transition function T;(-) that captures the sys-
tem dynamic. Therefore, from this perspective, a policy is a sequence of mappings
7 : Sy — U, from the state space to the control (or action) space. By proper modeling
of the state variable, Assumption 7 is naturally satisfied.

In our above setting, states and actions are intertwined. We can set s; = (z¢_1, &)
and u; = x4 to switch perspectives [6]. The state space, control space, and transition
function are then implicitly given by (2.2) and the definition of &,.

While our definitions above are prevalent in the literature on SDDP, sometimes
an optimal control perspective is also adopted, e.g., in the French community working
on SDDP (see, for example, [85]). However, in this case usually only the resource state
r; is explicitly considered as a state variable (while not including information on &,).
Translating our above setting, this implies that r, = z;_; with state space R; = X;,
uy = x¢, and, due to 141 = ug, both the control space Uy(r,&;) and the transition
function T;(rs,us, &) are given by the equations in (2.2).

It is worth mentioning that the distinction between state variables and controls
(actions) is not only a matter of notation, but is also computationally relevant because
the complexity of SDDP differs in the state and control dimensions (see also Remark
2.6 and subsection 4.2).

Given the constraint sets (2.2) for all ¢ € [T, let Ay := {0} and recursively define

Xy = U U Xt(l‘t—hft)

Tt 1€X:—1 {1 €S

for all ¢t € [T'] [75]. Using these definitions, we are able to state assumptions required
for the feasibility of our decision problem.

Assumption 9 (feasibility and compactness).

(a) For all t € [T], all x;—1 € X;—1, and almost all & € Z;, the set Xy(xi—1,&;) is
a nonempty compact subset of R™ (relatively complete recourse).

(b) The set X; is bounded for all ¢ € [T].

Remark 2.3. Note that the linearity assumption (see Assumption 6) immediately
implies that Assumption 9 (a) is satisfied not only for all z;_; € X;_1, but also for all
x¢—1 € conv(X;_1), where conv(S) denotes the convex hull of a set S.

The set X, € R™ is called a reachable set in [75] and an effective feasible region in
[124]. Tt may also sometimes be referred to as the state space, because in our setting
x; also takes the role of a state variable. However, in other cases the larger polyhedral
set X; may be called a state space.

The boundedness of A} in Assumption 9 (b) is required for some of the convergence
results on SDDP presented in section 4. It follows naturally if X; is bounded, since
X: € X;. Property (a) is convenient but not necessarily required and we discuss
possible ways to relax it in section 17.

With all the ingredients defined, we can now model the decision problem in a
form that can be tackled by SDDP. Based on its properties, in what follows we refer
to this problem as a multistage stochastic linear programming problem “(MSLP)”. If
not specified otherwise, throughout this article, we assume that (MSLP) satisfies
Assumptions 1 to 9. We first discuss two different modeling approaches that are
common in the literature.
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Fig. 3 Block-diagonal structure of constraints in (MSLP).

2.3. Single-Problem Formulation. One way to model the decision problem
(MSLP) is to formulate it as a single optimization problem. This modeling approach
is common in the stochastic programming community. The optimization problem can
be obtained by combining (2.1) with the constraints in (2.2) for all ¢ € [T]].

Then, under Assumptions 1 to 9, (MSLP) can be written as

) T
_nin E E (Ct(&)) mt(f[t])
1,L2,..,&T tE[T]

s.t. A Xla

x4t (&) € Xe(xe-1(§je-1)), &) Yy VE=2,...,T,
xi(-) F-measurable Vi=2,...,T.

Importantly, the decision variables z; € R"™* depend on & (and on z;_1), so in
this representation we optimize over policies. A policy (2:(&[))+e[r is called feasible
(or admissible) if it satisfies the constraints in (MSLP) for almost every realization of
the random data [208].

Assumption 9 (a) implies that the feasible set of (MSLP) is compact and nonempty,
and by linearity of the objective (Assumption 6) it follows that v* is finite.

Due to its optimizing over policies, without Assumption 5, (MSLP) is an infinite-
dimensional optimization problem. With Assumption 5, however, it can be reformu-
lated in a more accessible form. More precisely, it can be reformulated as a large-scale
deterministic problem, the so-called deterministic equivalent of (MSLP) in extensive
form (see [208]). To this end, let S denote the set of all (stage-T') scenarios. Then, for
each scenario s € S a separate copy x; of variables x; can be introduced, so that the
optimization over implementable policies translates to an optimization over a finite
number of decision variables. However, the problem size grows exponentially in the
number of stages T'. Therefore, even for a finite number of scenarios, this large-scale
linear program (LP) is too large to be solved by off-the-shelf solvers for all but very
small instances.

A preferable solution approach is therefore to use tailored solution techniques that
decompose (MSLP) into smaller subproblems. Note that from Assumption 7 and the
definition of X;(-) in (2.2), it is evident that the constraints of (MSLP) are block-
diagonal, as only consecutive stages are coupled in the constraints. This is visualized
in Figure 3.

This sequential and block-diagonal structure can be exploited to achieve the re-
quired decomposition. This is crucial for the derivation of SDDP. Interestingly, this
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decomposition idea leads directly to the second common modeling approach for our
decision problem.

2.4. Dynamic Programming Equations. An alternative, but equivalent way to
model (MSLP) is to exploit the well-known optimality principle of Bellman [13] and
to formulate a recursion of so-called dynamic programming equations (DPE), where
a multistage decision process with stagewise-independent (or Markovian) uncertainty
is modeled as a coupled sequence of optimization problems.

Whereas this modeling approach is often applied in stochastic programming as
a way to reformulate and decompose the single problem (2.3) into a computation-
ally tractable form, in dynamic programming it often serves as the starting point of
modeling decision problems. However, in contrast to many approaches in dynamic
programming, we do not discretize x;; see also section 5.1.

Under Assumptions 1 to 9, for t =1T,...,2, the DPE are given by

min (ct (&))Txt + 2y ()
S.t. Tt (S Xt(wtflagt)v

(2~4) Qt(xtflvgt) = {

where

(2.5) Di1(we) :=Eg, [Qig1(x,€041)]

and Dry1(xr) =0. Q+(-,-) is called the value function and 2;(-) is called the ez-
pected value function, (expected) cost-to-go function, future cost function, or recourse
function. For the first stage, we obtain

. {min el 1+ Do(21)
v o=

1

2.6
( ) s.t. x1 €A

For a formal proof of the equivalence of (2.3) and its DPE, we refer to [208] and
section 12. Importantly, in subproblem (2.4), x; is a deterministic variable and not a
function because a fixed realization of & is considered.

We should emphasize that the equivalence of (2.3) and its DPE does not require
Assumption 5. This also implies that the DPE (2.4)—(2.6) are computationally in-
tractable in the case of general continuous random variables. While the subproblems
are deterministic and finite-dimensional, there exist infinitely many value functions
Q:+(+,-) and the evaluation of 2;(-) requires the evaluation of (multidimensional) in-
tegrals. Therefore, from this perspective as well, Assumption 5 is crucial.

Remark 2.4 (dynamic programming control perspective). Recall Remark 2.2.
Using a distinction between state variables 7, and controls u;, the DPE to (MSLP)
can be formulated as
(2.7) Qi(re, &) = utETrthlglhft) Je(ue, &) + L1 (Te(re, ue, &)

Bellman Operator. In the French literature on SDDP, in addition to taking the
optimal control perspective discussed in Remarks 2.2 and 2.4, a more formal way to
define the DPE is prevalent; see [75, 126], for instance. To this end, a linear Bellman

operator B; is introduced, which applied to some lower semicontinuous function V :
R™ — R U {400} is defined as [75]
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(2.8) By(V)(w0-1,&) = mtexff(lgl_h&) (Ct(ft))Txt + V(@)

i.e., it maps (z:—1,&) to the optimal value of an optimization problem containing
function V(-). We can then further define a second operator as

(2.9) By (V) (@i1) =E[Bu(V)(m-1,€,)].

Setting V' to 2;(-) for t = 2,...,T, the (expected) value functions can then be
recursively defined in a very compact form. We summarize the different notations for
a better overview:

%t(gtJrl)(xtflagt) = Qt(mtfhgt)
%t(e@t+1)($t—l) = Qt(wt—l)

In the remainder of this work, we stick to notation (2.4), as it is most common in
the literature on SDDP referenced in this article.
We obtain the following properties for the DPE which are standard for SDDP.

LEMMA 2.5. Under Assumptions 1 to 9, for the DPE defined by (2.4)—(2.6), the
following properties hold:
(a) We have relatively complete recourse, i.e., for any xi_1 € Xi_1, the stage-t
subproblem (2.4) is feasible for all & € 2.
(b) The value functions Q(-,-) and expected value functions 2¢(-) are finite-
valued on conv(X,—1) for allt=2,...,T and all & € E;.
(¢) Problem (2.6) is feasible and bounded.

Remark 2.6. In addition to Remark 2.2, we should highlight that (MSLP) (in
both single-problem formulation (2.3) and DPE (2.4)-(2.6)) can be straightforwardly
enhanced with local decision variables y; € Y; and local constraints that do not appear
in different stages. In principle, they can even be incorporated without changes to
our models by extending the dimension of the (state) variables z; and adapting the
matrices T3 and W; accordingly. However, as we explain in section 4, the complexity
of SDDP grows exponentially in the dimension of the state space, so this is com-
putationally detrimental and should be avoided. Instead, purely local variables and
constraints should be handled separately from those introduced above. This approach
is referred to as generalized dual dynamic programming (GDDP) in [18].

While almost every practical application will require the introduction of these
additional elements, in this work, we generally restrict their addition to coupling
variables and constraints that are required to illustrate the mechanics of SDDP.

Remark 2.7. In general, the local objective functions may also include the states
x¢—1 instead of only depending on x; and &. For notational simplicity, we consider a
less general form of the objective function.

2.5. Approximations of the Value Functions. The main challenge in exploiting
the DPE to solve (MSLP) is that the (expected) value functions are not known in
analytical form in advance. The key idea in SDDP is to iteratively approximate
them from below using linear functions, which are called cutting planes or short cuts.
Together, these linear functions build polyhedral outer approximations V,(+) of 2,(-)
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forall t=2,...,T, which we refer to as cut approzimations. In that regard, SDDP can
be considered as a special variant of Kelley’s cutting-plane method [118] and closely
related to Benders decomposition [17]; see also section 5.2. Note that in contrast
to SDP, this avoids a state discretization as Q:(-,-) and Z;(-) do not have to be
evaluated at all possible states, but only at well-chosen trial points where new cuts
are constructed; see section 5.1.

For this approximation by cuts, the following properties are crucial.

THEOREM 2.8 ([27]). Let x4y € conv(X;—1). Then, under Assumptions 1 to 9,
forallt=2,...,T and a given noise realization &, the value function Q¢(-,&;)

(a) is piecewise linear and convez in (hy, Ti—1),

(b) s piecewise linear and concave in ct,

(c) is piecewise linear and convex in xt—q1 on conv(Xi_1).

The main idea here is that given the definition of X;_1(:) in (2.2), hs, T3—1, and
x¢—1 only appear in the right-hand side (RHS) of problem (2.4). Therefore, the dual
feasible set is independent of those elements and possesses finitely many extreme
points. This ensures piecewise linearity of Q:(:,-), as is known from parametric opti-
mization. The convexity follows from the linearity (Assumption 6) and the fact that
all vectors and matrices are part of convex sets.

Theorem 2.8 directly implies the piecewise linearity and convexity of 2;(-).

COROLLARY 2.9 ([27]). Under Assumption 5 and the premises of Theorem 2.8,
forallt=2,....T, 2:() is piecewise linear and conver in xy_1 on conv(Xi_1).

Theorem 2.8 and Corollary 2.9 also directly imply the Lipschitz continuity of the
(expected) value functions.

COROLLARY 2.10. Under Assumptions 1t0 9, for allt=2,...,T and all §& € =y,
Q:(+,&) and 2¢(-) are Lipschitz continuous on conv(X;_1).

Replacing the true expected value functions with cut approximations in (2.4), we
can define approzimate value functions

rriifn (ct (&))Tﬂ?t + V()
st x € Xp(we—1,&t).

(210) Qt(xt*hgt) = {

Trivially, for 2741(-) =0, we have V() =0.

Note that apart from z;_1 and &, Qt(-7 -) is also a function of the cut approx-
imation V,,;(-). This is especially relevant when these approximations are itera-
tively updated in SDDP, leading to different approximate value functions. Using the
Bellman operators defined in (2.8)—(2.9) this can be expressed in a very concise way:

Q) =BV, ).

Similarly, we could express this by adding an argument to Qt(-, -), i.e., by writing
Q,(e-1,&[Vyy1) or Q,(Vyy1)(z1-1,&). However, for notational simplicity we do
not state this explicitly, but when dealing with SDDP we use the iteration index %
for distinction. This means that Qz(, ) indicates that @, (-,-) is considered with cut
approximation V: 11(4)-
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We summarize the different notations below for a better overview:

By (Vi) (@01,6) = Q, (w11, 61)

(2.11) By(Vyy1)(@i1) = 2,(w11) = Be, [Q, (w1,&1)]

Finally, we observe that given that the cut approximations ¥, (-) are polyhedral,
the approximate value functions @ (-,-) inherit the previously stated properties from
Q+(-,-). In particular, the following lemma can be stated.

LEMMA 2.11. Let YV, (-) be a polyhedral function. Then, under Assumptions 1
to 9, for allt=2,...,T and a given noise realization &, Qt(~,§t) s piecewtse linear
and convez in xz—1 on conv(Xi_1).

On the other hand, as they are polyhedral, the cut approximations V,(-) for
t = 2,...,T are nonlinear functions. Importantly for computations, subproblems
(2.10) can still be formulated as LPs by using a partial epigraph reformulation and the
fact that V,(-) is defined as the maximum of finitely many affine functions (modeled
by some set K with |K] € N):

min (Ct (ft)) Ta:t + 9t+1

$t791,+1

(2.12) Qt(zt—lyft) = st. x4 € Xt(ﬁt—l,ft), |
- (/BZ-i-l,k)Txt + 01> 0apq ) ViVEkEK.

This LP contains an additional decision variable 6y and finitely many additional
linear constraints indexed by ¢ and k. The structure and indexing of these constraints
become clear in the next section where we present the cut generation process for
SDDP.

3. Standard SDDP. We are now able to introduce SDDP in its standard form.

3.1. Main Principle. SDDP consists of two main steps in each iteration ¢, a
forward pass and a backward pass through the stages t € [T.

In each forward pass, using the approximate value functions Qz(, -) (recall that
this implies using cut approximation V' 4+1(+) in (2.10)), a sequence of trial points
(7¢)¢ejr) is generated at which new cuts are then constructed in the following backward
pass to improve the approximation. These trial points are also called incumbents or
candidate solutions, and their sequence is called a state trajectory (especially in optimal
control). The idea behind this approach is that the approximate value functions
implicitly define a feasible (suboptimal) policy for problem (MSLP). The trial points
are generated by evaluating this policy for one or several scenarios which are sampled
from S, i.e., by solving the respective subproblems. This has the advantage that
cuts are constructed at points which (at least for some scenario) are optimal given
the current cut approximation. This step can also be interpreted as a Monte Carlo
simulation of the current policy.

In the backward pass, subgradients of 2;(-) at the trial points are used to con-
struct cuts, passing them back to the previous stage and updating V() to Vit*(-)
for all t = 2,...,T. In this way, if not optimal, the current policy is amended (at
least if the right scenario is sampled). In this step, a true lower bound v for v* is also
determined.
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Remark 3.1 (statistical learning perspective). The basic principle of SDDP can
also be interpreted from the perspective of supervised learning as learning a policy (or
expected value functions 2;(-) for all t =2,...,T) or training a model of this policy
(or cut approximations V,(-) for all ¢ = 2,...,T) using back-propagation. In the
forward pass the inputs are propagated through the stages using the current model,
and in the backward pass cuts (representing the error of the current approximation)
are propagated back through the stages to update the model.

Algorithm 3.1 provides a pseudocode for SDDP. We next take a more detailed
and technical look at the algorithmic steps.

3.2. Forward Pass. At the start of each iteration i, at first a subset L C S of
scenarios is sampled with || < |S| (note that we may equivalently sample stage by
stage during the forward pass). The number of samples || may vary by iteration, but
we do not state this possible dependence explicitly. Traditionally, and most commonly,
in SDDP a random sampling is used, but a deterministic sampling is also possible.
We discuss sampling techniques further in section 6.

At the first stage, the approximate subproblem

: T i
min ¢, 1+ Vs(x
(3.1) etz T V(1)
is solved, which yields the trial point % = % for all k € K. Afterwards, for each stage
t=2,...,T and each sample k € I, the approximate value functions Q (xik tk) are

evaluated recursively (this means that the subproblems (2.10) are solved for ziF |, €F
and the current cut approximation V! +1(+)). In this way, for each sample k € I, a
sequence of trial points (z{");c(r) is obtained.

The forward pass of SDDP is illustrated in Figure 4 for the recombining scenario
tree from Figure 1 and K ={1,3,9}, i.e., |[K| = 3. The three sampled scenario paths
are highlighted in green. The figure shows that for sample paths ¢ and £° the same
node is reached at stage 3.

Remark 3.2 (initialization). Before the first backward pass, the cut approxima-
tions V, () are not yet initialized, so the forward pass subproblems (3.1) and (2.10) are
not well-defined. This can be addressed using different strategies. First, in iteration
1 = 1 the forward pass can be skipped and a feasible state trajectory (;U%)tem for
the backward pass can be user-defined or taken randomly instead. Second, such a
state trajectory can be computed heuristically via a greedy approach where Etl ()=0
is assumed in the forward pass subproblems for all ¢ € [T], so no coupling exists in
the objective. Third, the cut approximations V,(-) may be initialized with a valid
user-defined lower bound 6, for all ¢ € [T]. This approach is taken in the description
of Algorithm 3.1.

3.3. Backward Pass. Main Principle. The backward pass starts at stage T.
Here, for all samples k € K, we consider subproblems (2.10) for the trial point ¥ |
computed in the forward pass, all noise realizations {75,5 =1,...,¢r, and XlTJ;ll( ) =0.
That is, we consider functions Q;H(xT L&) for j=1,...,¢qr.

As QiT+1(~,§Tj) is convex in xp_1 by Lemma 2.11, it can be underestimated by a
linear function using some subgradient ﬁiTkj € OQ;H(-,ij) for any j=1,...,q7r and
any k € K:

Qi (wr—1,8r5) > QI (1, €05) + (Brwy) " (wro1 — 3y).
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Algorithm 3.1. SDDP.

Input: Problem (MSLP) satisfying Assumptions 1 to 9. Bounds 8,,t=2,...,T.
Stopping criterion.
Initialization

1: Initialize cut approximations with 6; > 6, for all t=2,...,T.
Initialize lower bound with v = —cc.
3: Set iteration counter to % <— 0.

SDDP Loop

N

4: while Stopping criterion not satisfied do
5: Set ¢+ i+ 1.
Forward Pass

6: Sample a subset X C S of scenarios.
7 Solve the approximate first-stage problem (3.1) to obtain trial point z¢ = x%*
for all k€ K.

8: for stages t=2,...,7 do

9: for bampleb k e do
10: Solve the approximate stage-t subproblem (2.10) associated with

Q, (zi* | €F) to obtain trial point zi*.
11: end for
12: end for
Backward Pass

13: for stages t=1T,...,2 do

14: for samples k£ € K do

15: for noise terms j=1,...,q; do

16: Solve the updated approximate stage-t subproblem (2.10)

associated with QZH(mt 1,&t). Store the optimal value and dual
vector Wtkj .
17: end for
18: Use relations (3.4)—(3.5) and (3.7) to create an optimality cut for
2:(4).

19: Update the cut approximation Vi(-) to Vit (-) using relation (3.6).
20: end for
21: end for
22: Solve the approximate first-stage problem (3.8) to obtain a lower bound v°.

23: end while

Output: (Approximately) optimal feasible policy for (MSLP) defined by z¢ and cut
approximations Vi(-),t=2,...,T. 2} defines an (approximately) optimal
solution to problem (2.6) with T ~ v*.

Since QH' (+,&r;) is a lower approximation of the true value function Qr(-,&r;),
this dlrectly implies

QT(folagTj)EQ?_l(xT 1E15) + (Brgy) T (@ro — 2.

(© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/30/25 to 129.13.194.163 . Redistribution subject to CCBY license

STOCHASTIC DUAL DYNAMIC PROGRAMMING 433

Fig. 4 Illustration of SDDP forward pass for |K|=3.

Taking expectations with respect to £ on both sides, we obtain

QT(QCT 1) _
> Ee, [QZHWT 1ED)] + Eey [(Br) T (wr—1 — 2% )]
(

CONT
=Ee, [QZTH o1, &r) — (Bpy) " ]+ (EET [5%]) TT-1

:Zij (QiTH(IT 1a§Ty) (5%1@ :CT 1) <ZpT]BTkj) Trr—1,

j=1

(3.2)

=0y, =:Bry

where we exploit the finiteness of €, (Assumption 5). aZ, is called the cut intercept
and (L, is called the cut gradient. Defining

O (1) =y, + (Bg) w1,
we can express (3.2) as
(3.3) 2r(xr-1) > iy (wr-1).-

Inequality (3.3) defines a cut for 27(-). Such a cut is constructed for each k € K.
With these new cuts, the cut approximation V7-(+) is updated to

Vit (xr_1) —maX{VT(SCT 1); ¢%“1($T*1)"">¢iT|’C\($T*1)}'

Thus, assuming that || does not change over the iterations, Vi (-) consists of i|K|
affine functions ¢k, (-); cf. formulation (2.12).

In the same way, for stages t=T —1,...,2, cuts for Z;(-) can be constructed by
solving subproblems (2.10) for the trial points ¥ ; and all noise realizations &4, =
1,...,q:. Importantly, by going backwards through the stages, at stage t we can
already factor in the cuts that have been constructed at the following stage t+ 1, thus
using a better approximation as the basis to construct a new cut. This means that
we consider V;1](-) and therefore Qiﬂ(', -) with index i 4 1 in the backward pass of
iteration 1.

As for stage T, we obtain

(i-1) >Zp (QHl xt 1aft) (ﬂtlk] xt 1) (ZPUﬁm;) Lt—1,

=:aj, =By

(3.4)
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where 5ij denotes a subgradient of Qi+1(-7ftj) at iF  for k€ K,j=1,...,q;. Again,
by defining

Gip(@i—1) =y + (Biy) Twi1,
we can obtain a cut
(3.5) 2i(x1-1) > P (w1-1)

for each k € K and can update the cut approximation to

(3.6) Vitl(z,_,) := max {y;;(zt_l), S (@em1)se s Bl (:z:t_l)} :

Computing Subgradients. Up to this point, we have discussed the main idea of
the cut generation process in the backward pass of SDDP, which is based on evaluating
approxunate value functions Q”l( -) and using subgradients for them at trial points
xi* . For the interested reader we now address how to compute those subgradients
in more detail. This step uses dual information, i.e., it is based on the duality theory
of convex programs. For simplicity, we assume X; = {z; € R™ z; >0} for all ¢ € [T].

Consider stage T, some k € KC, and some j € {1,...,qr}. Then, the dual problem
to the linear stage-T" subproblem (2.10) is

T

ik T
max (th — TT—l,ij—l) T
s.t. Wq—werT S Crj-

Let 7TTJ be an optimal dual basic solution. Such a solution always exists by
relatively complete recourse and boundedness (see Assumption 9 and Lemma 2.5).
By the strong duality of LPs, it follows that

QUM (a1 éry) = (hry — Tro joif ) wp?
ikj ikj
=—(mp)) Troy oty + () Thrj.
Importantly, the dual feasible set does not depend on zp_;, but remains un-

changed for all trial points. In particular, w? 7 is dual feasible, but not necessarily
dual optimal for all z7_1. Therefore, and because of minimization, it follows that

Q;+1(xT—laij) > — ( ;?])TTT_le’T_l + (ﬂ;?])Tth

= () " Tr_yj(oro1 + 2y — 2 ) + (7 7) They

= Qi (¥ &) — (mp?) T Ty (wroy — 2ify).

Hence,
ikj\ T
/BTkj (W;J) TT—LJ

is a subgradient of Q;H(',ij) at o3 .

The previous derivation provides some additional insight. Since the dual feasible
set is polyhedral and does not depend on x7_1, for each noise term £75,5=1,...,qr,
there exist only finitely many dual extreme points (dual basic solutions) that can be
attained. Therefore, only finitely many different cut coefficients can be generated.
This is crucial for some convergence proofs of SDDP, as we discuss in what follows.
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For earlier stages t =T — 1,...,2, the dual problem to subproblem (2.10) looks
a bit more sophisticated as the cut approximations Ezﬂ() have to be taken into
account, which requires additional dual multipliers pj for all cuts r € I';4;, where
I';41 denotes the index set of cuts generated for the following stage. However, the

derivation is completely analogous and, again, we arrive at
i+1 i+1/ ik ikj\ T ik
Q  (w-1,&5) 2 Q7 (w1, &) — (M) T Tm j(wemr — 2t y),
so that
. T
(3.7) Bing = — (1) Ti-1,

is a subgradient of Qiﬂ("&j) at xi* . Interestingly, the optimal dual multipliers
rikj o . . . .
py 7 are not explicitly required in this formula.

3.4. Bounds and Stopping. At the first stage, the subproblem
59 U By T @)
is solved. As V5T (.) is a lower approximation of 25(-), v’ is a valid lower bound to
the optimal value v* of (MSLP). This bound can be initialized with v = —co or any
a priori known lower bound for v*.

In contrast, we are not guaranteed to obtain a valid upper bound for v* during
iterations of standard SDDP, as we only consider a small subset IC C S of all scenarios.
This means that in the forward pass, the feasible policy for (MSLP), which is implicitly
defined by the current cut approximations Ei(-),t =2,...,T, is only evaluated for a
subset of all scenarios. By evaluating these scenarios in the objective of (MSLP) and
taking the sample average

T
39) o= 30 O (eleh) T

ke t=1
=0 (¢h)

we only obtain an unbiased estimator of the true upper bound ¥* (a statistical upper
bound) associated with the current policy; see section 7 for more details.

After each iteration of SDDP, one or several stopping criteria are checked, which
may or may not be based on Ti.. We discuss different stopping criteria in detail in
section 7. If SDDP does not stop, a new iteration i+ 1 is started with a forward pass.

3.5. Cut Properties. We discuss convergence of SDDP in section 4. It relies on
three key properties of the derived cuts.

LEMMA 3.3. For any stage t =2,...,T and any k € K, the functions ¢i,(-) are

(a) valid lower approzimations of 24(-),

(b) tight for 207(-) (as defined in (2.11)) at z* |, and

(c) finite, i.e., only finitely many different cuts can be generated, if we restrict
to dual basic solutions to generate cuts.

Proof. Property (a) follows immediately from (3.3) and (3.5). (b) holds because
of strong duality for LPs and by taking expected values over the obtained optimal
values. Alternatively, we can rearrange the RHS of inequality (3.4) to obtain
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(3.10) Sip(wi-1) = 20 (i) +pr (Bigy) T (o1 — zi" ).
j=1

Inserting ¥ | yields ¢i, (zi* ) = 27 (2i* ). Property (c) follows by induction using
the arguments on the dual feasible region previously discussed for stage T 0

Note that ¢!, (+) is not necessarily tight for the true expected value function 2;(-)
in early iterations for ¢t # T, and it might provide a loose cut only. However, by
the finiteness and tightness properties it can be shown recursively that the derived
cuts eventually become tight for 2,(-) as well. In fact, after finitely many steps, the
polyhedral function 2,(-) is represented exactly for all ¢ = 2,...,7. This is a key
property for the convergence of SDDP.

3.6. lllustrative Example. To illustrate the key steps of SDDP, we present a
simple example.

Ezample 3.4. Consider the three-stage (MSLP)

min 1+ o + 31 + T30
s.t. x1 <6,
(3.11) T2 2§ — X1,
x31 — w32 = &3 — X2,

T1,T2,%31,%32 >0,

which is inspired by Example 2 in Chapter 5 of [27]. The uncertain data in the RHS is
stagewise-independent and uniformly distributed with & € {4,5,6} and & € {1,2,4}.

Problem (3.11) does not have entirely the same structure as problem (MSLP), but
can be easily converted into it by introducing slack variables. However, for illustrative
purposes, we do not do this. The problem can be expressed by means of the value
functions

mln xr31 + T32

(3.12) Qs(e2.6) =1 st. s — T3z = §3 — T2,
z31,232 >0,

and
min T9 + 9@3(1‘2)
T2
Q2(x17§2): s.t. x22§2—x1,
i) 2 0.
The first-stage problem is then

i} { min 7 + Z5(21)
V= 1
st.  x1 €10,6].
The optimal solution is given by x] =3 with v* 593
As shown in [27], the stage-3 value functions can be written in closed form as
Q3(x2,&3) =|€3 — 2| for all scenarios. Taking expectations, a closed-form expression
for 23(-) can be derived, and by recursion we obtain
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23 16

§*§$17 xle[O,l],

67 10

?73‘%17 9316[1,2],

%_%xlv $16[2,3],
salm) = g—gx x1 € [3,4]

9 3 1, 1 s Xy

31 2

§_§"E1, x1€[4,5],

7

g, $1€[5,6]

The optimal value is v* = %.

We apply SDDP for illustration. We assume loose initial bounds 605,605 > —10
for simplicity. In the forward pass, we sample one scenario path per iteration, i.e.,
|| =1. In iteration 1, let (£3,&5) = (5,4) define this path. Solving the approximate
subproblems (2.10) for all stages t =1,2,3 and (£2,£3) = (5,4), we obtain 7% = 6. In
fact, this is not a valid upper bound for v*.

In the backward pass, cuts for 2;(-),t = 2,3, are derived at the trial points. For
stage 3, the cut gradient is 83(5) = 1. Moreover, 25 (5) = 8. With formulas (3.5) and
(3.10) this yields the cut 25(z2) > —% + x5, which is incorporated into the stage-2
subproblems. Solving these problems yields the cut 2;(z1) > 2—; — 2x1. At the first
stage, the lower bound computes to v = 3.

The expected value functions and the cuts obtained for three iterations are de-
picted in Figure 5. In the second and third iterations, the same scenario path
(&2,&3) = (6,1) is sampled in the forward pass.

Figure 6 displays the bounds v* and v for ten iterations of SDDP. It shows that
the lower bounds stabilize quickly at v*, whereas the values of v oscillate around v*.

3.7. Policy Assessment. As mentioned above, in standard SDDP no valid upper
bound @ for v* is determined. While in each iteration a statistical upper bound (3.9)
can be computed, the number of samples |K| can often be too small to appropriately
assess the quality of the current policy. In particular, |K| is often chosen to be 1 in
practice, and thus ok is not a meaningful estimate for .

10 5 47

Do (1)
o@s(mz)

Fig. 5 FEaxpected value functions for Example 3.4 with cuts obtained in first three iterations depicted
in blue, green, and red.
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10 5
SDDP

Bounds

12 3 4 5 6 7 8 9 10

Iteration 4

Fig. 6 Bounds for 10 iterations of SDDP applied to Example 3.4.

Therefore, to assess the obtained policy, usually an additional forward simulation
is conducted once SDDP has terminated. For this simulation a much higher number
of sample paths through the scenario tree is used, e.g., |K| € {1000, 10000}, leading to
a reasonable estimator Tx. In this step, the simulation can be performed either in-
sample (using sample paths through the recombining scenario tree) or out-of-sample
(using the true underlying distribution, e.g., if €, is a continuous random variable that
is discretized to satisfy Assumption 5; see section 11).

Remark 3.5. In the light of Remark 3.1, this policy assessment step can also be
interpreted from a statistical learning perspective. After the model has been trained,
a model validation (using in-sample data) or a model test (using out-of-sample data)
is performed.

4. Convergence and Complexity. The convergence behavior of SDDP has been
thoroughly analyzed over the years. We discuss the main convergence results in this
section. We first focus on finite convergence of SDDP and then discuss the actual
convergence rate, i.e., the computational complexity of SDDP. Our overview is loosely
based on the literature review in [75].

4.1. Finite Convergence. The first convergence analyses related to SDDP were
conducted in [41] and [132], which implicitly assumed independence of sampled ran-
dom variables and convergent subsequences of algorithm iterates. A first complete
convergence proof was given by Philpott and Guan in [171] for the case where uncer-
tainty only enters the RHS of (MSLP) (in fact, they consider a more general algorithm
than SDDP, including sampling in the backward pass). The same reasoning is used
by Shapiro [205] for the case where W5, ¢, and T;_; are also uncertain.

The convergence behavior of SDDP can be explained using two main arguments:
First, as stated in Lemma 3.3, only finitely many different cuts and thus only finitely
many different cut approximations V,(-) can be constructed for all t =2,...,T. This
result requires linearity (Assumption 6) and finite random variables (Assumption
5). Moreover, those finitely many cuts also satisfy some tightness property, which
implies that they are sufficient to exactly represent the polyhedral (expected) value
functions (see Theorem 2.8). For a deterministic algorithm, this would result in finite
convergence to the true optimal point and value (see the convergence properties of
Benders decomposition [17] and Kelley’s cutting-plane method [118]).
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For SDDP, it must be taken into account that scenarios are sampled in the for-
ward pass. This means that the cut approximations might not further improve for
some iterations if the wrong scenarios are sampled. Therefore, the second key argu-
ment for many proofs of finite convergence of SDDP is that each scenario is visited
infinitely many times with probability 1 given that the algorithm does not terminate.
Intuitively, this means that after finitely many iterations the right scenarios will be
sampled with probability 1, leading to the construction of a new cut. This require-
ment is satisfied under independent sampling, that is, if the sampling in the forward
pass of Algorithm 3.1 is random and independent of previous iterations. It is also
satisfied for an exhaustive enumeration of all scenarios in the sampling process. We
should emphasize that this argument is purely theoretical in order to establish conver-
gence results for SDDP. When applying SDDP in practice, it is usually not possible
to sample each scenario even once in reasonable time.

Using these two arguments, the following main convergence result can be obtained.

THEOREM 4.1 (almost-sure finite convergence of SDDP). Under Assumptions 1
to 9 and using an independent random sampling procedure in the forward pass, SDDP
converges with probability 1 to an optimal policy of (MSLP) in a finite number of
iterations.

Importantly, almost-sure finite convergence to an optimal policy of (MSLP) does
not imply that the trajectories (wi’“)tem,k € K, and the corresponding sample av-
erages Uy obtained in SDDP converge, since both are random and depend on the
current sample K. However, the lower bounds v’ obtained in SDDP converge to v*.

Deterministic Sampling. Recently, convergence analyses of SDDP and related
algorithms have often made use of deterministic sampling techniques instead of ran-
dom sampling in line 6 of Algorithm 3.1 [10, 11]. Here, the idea is that the ap-
proximation error in SDDP can be controlled and guided to zero in a deterministic
way if in each iteration scenarios are sampled for which the current approximation
gap is maximized. This, however, requires that the approximation gap itself can be
bounded rigorously. Therefore, in addition to the lower cut approximation V,(-) an
upper approximation Vy(-) is also constructed and iteratively refined [10, 240], so that
deterministic lower bounds v* and upper bounds T’ are computed in each iteration.
For more details on deterministic sampling and deterministic upper bounds, we refer
to sections 6 and 8.

Generalizations. It is shown in the literature that some of the basic assump-
tions (Assumptions 1 to 9) can be relaxed without compromising the convergence of
SDDP. Girardeau, Leclére, and Philpott [85] analyze the case where SDDP is applied
to multistage problems with nonlinear convex subproblems, i.e., when Assumption
6 is relaxed. In this case, the value functions Q¢(-) are no longer polyhedral, but
are still convex. The authors show that almost-sure convergence is still satisfied as
long as some convexity and compactness assumptions and some tightened recourse
assumptions are satisfied. We discuss this result in detail in section 15 when we for-
mally introduce convex multistage stochastic nonlinear problems. The main idea is
that even without polyhedrality, Q:(-) can be guaranteed to be Lipschitz continuous,
so that the approximations of 2;(-) become better in a whole neighborhood of the
trajectories (zi*);e (7, k € K.

Guigues [92] generalizes this convergence result to the risk-averse case where As-
sumption 8 is relaxed. Forcier and Leclére [75] prove convergence for (MSLP) without
finite randomness, i.e., dropping Assumption 5. Further convergence proofs are pro-
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vided for multicut SDDP [8], SDDP with cut selection [8, 94], adaptive partition-based
SDDP [214] (see also section 21) using SDDP with saddle cuts [59] (see also section
14), and variants of distributionally robust SDDP [69, 169] (see also section 13), An-
other proof of almost-sure finite convergence for extensions to nonconvex problems is
provided in [240].

4.2. Complexity. Theorem 4.1 guarantees almost-sure finite convergence of SDDP.
While this result is of theoretical interest, it may not be very relevant in practical ap-
plications as it does not provide any result on the rate of convergence. As pointed
out in [75] and mentioned above, the argument based on scenarios being sampled re-
peatedly (infinitely many times) is, in particular, almost never applicable to SDDP in
practice due to the sheer number of scenarios in §. Important for the rate of conver-
gence are the computational cost per iteration and the required number of iterations.

Cost per Iteration. For the computational cost per iteration, the number of LPs
to be solved in the backward pass is crucial. Per sample k € K in the forward pass, ¢;
subproblems are solved for each stage except for t = 1 in the backward pass. Therefore,
the total number of LPs solved is 1+ |K]| Zthz ¢:- Hence, the number of problems to
be solved grows linearly in the number of stages T, the number of samples |K|, and
the number of noise terms ¢, [185].

Expected Number of Iterations. The computational bottleneck for SDDP is
the expected required number of iterations to achieve convergence. Recently, there
has been active research on computing theoretical bounds for this number, with Lan
[124] as well as Zhang and Sun [240] publishing similar results using slightly different
approaches. In both cases, the authors start by considering some case of deterministic
sampling before enhancing their results to the random sampling variant of SDDP (in
[124] the associated algorithm is referred to as explorative dual dynamic programming
(EDDP)). We discuss deterministic sampling in more detail in section 6. The main
idea behind deriving iteration bounds is as follows: By exploiting Lipschitz continuity
of V,(-) and 2;(-), it is possible to also control the approximation error at points
where no cuts are constructed, as long as they lie in a neighborhood of some trial
point zi*. As long as the state space is bounded for all ¢ € [T] (cf. Assumption
9), it can be completely covered by finitely many such neighborhoods [240]. Similar
reasoning is applied in [75].

More formally, Lan [124] introduces the notion of saturated points Z;_1, in which
the approximation of 2;(-) is already e-close for some predefined tolerance ¢ >0, i.e.,

24(ZT¢—1) _yi(jtfl) <g,

and distinguishable points T;—1, which have at least a d-distance to the set X% of
already saturated points for some § > 0; that is,

Hjt—l — -Tt—lH >0 Va1 € thfti
If some trial point xi¥ is saturated and distinguishable, the iteration i can be called
effective [75]. Using deterministic sampling, all iterations in SDDP can be shown to
be effective, and thus the number of iterations can be bounded in the aforementioned
way. For random sampling, this is not true, but the probability of an effective iteration
is at least + with N := I/ g
In the light of Assumption 9 (b), for any ¢ € [T], we call the bound D; satisfying

||{L't — (E;H S Dt th,x; (S Xt
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the diameter of the state space. Additionally, let L denote a Lipschitz constant for
the objective function of (MSLP), which exists due to Corollary 2.10.
The following complexity results are then satisfied by SDDP.

THEOREM 4.2 (complexity of SDDP [124, 240]). Let D, < D for all t € [T]. For
some arbitrary € > 0, the (expected) number of required iterations of SDDP (Algorithm
3.1) to obtain

e an eg-optimal solution using deterministic sampling is
— polynomial in T, (%),L and D,
— exponential in ng;
e an e-optimal solution using deterministic sampling, given that X, is finite
with cardinality |X;| < X, is
— linear in T and X ;
o a (Te)-optimal solution using deterministic sampling is
— linear in T,
— polynomial in T, (%),L, and D,
— exponential in ng;
e an e-optimal solution using random sampling s
— polynomial in qq, (%),L, and D,
— exponential in T and n;.

This means that for standard SDDP (using random sampling) the expected num-
ber of iterations grows exponentially in the horizon T and the dimension n; of the
state space. This is computationally important. The exponential complexity with
respect to the state dimension is not that surprising, as it is well known for cutting-
plane methods [153] and inherited by SDDP. Similarly, the exponential complexity
with respect to the number of stages directly follows from the exponential number of
scenarios that may have to be sampled in the worst case. Interestingly, under deter-
ministic sampling, the complexity is independent of the number g; of noise terms per
stage, as this number only affects the computational cost per iteration.

We see that using some deterministic sampling scheme a polynomial or even linear
iteration complexity in T' can be achieved, whereas the iteration complexity in the
state space cannot be alleviated [240].

The complexity results in [124, 240] are further generalized by Forcier and Leclere
[75]. They provide results for a generalized framework of SDDP-related algorithms,
including SDDP with inexact cuts or regularization (see also section 21), risk-averse
SDDP (see also section 12), and extensions to convex nonlinear or nonconvex mixed-
integer (nonlinear) problems (see also sections 15 and 16).

5. Comparison with Related Methods. We briefly compare SDDP to solution
methods that it is (historically) related to, as discussed in section 1.

5.1. Relation to SDP. SDDP is closely related to stochastic dynamic program-
ming (SDP). SDP usually is applied in a setting in which not only state variables, but
also additional local variables are considered; see Remarks 2.2 and 2.4. Therefore, the
DPE and value functions are considered in the form of (2.7), which we repeat here
for convenience:

Qi(wi—1,&) = min fe(ue, &) + Lopr (Te(ze—1,u8,61))-

wt €U (ze—1,&¢L)

The main idea of SDP is to explicitly evaluate the (expected) value functions for
all possible cases during a forward or backward iteration through the stages ¢ € [T].
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This is only possible if the support =; of £, and the state space &; C X; are finite for
all t € [T]. Otherwise, infinitely many evaluations would be required. In addition, it
is also required that the action space Ui(z¢—1,&) is finite for all z;_; € Xy 1,8 € 2y,
so that the minimum in (2.7) can be computed by finitely many evaluations. For this
reason, all these sets may have to be discretized first [176].

The computational effort of SDP scales linearly in 7' and in the cardinalities
| X¢l, [Ue(2:-1,&t)|, and |Z¢]. The three sets might be multidimensional and thus re-
quired to be discretized in each dimension n;, n;, and x;. Hence, their cardinality
grows exponentially in these dimensions, which is computationally prohibitive for
high-dimensional problems. This is known as the curse of dimensionality of SDP; see
also section 1.

SDDP avoids the requirements of state space and action space discretization by
not evaluating 2;(-),t € [T], exactly for all (finitely many) possible actions and states,
but instead it approximates them using an iteratively refined polyhedral outer approx-
imation V,(-), constructed by linear cuts. It can thus be considered an approzimate
dynamic programming (ADP) method.

5.2. Relation to Nested Benders Decomposition. In stochastic programming,
it is common practice to consider problems (MSLP) with finite randomness (Assump-
tion 5), but without the requirement of stagewise independence of &, (Assumption 2).
In that case the uncertainty can be modeled by a finite scenario tree, which compared
to the recombining tree from section 2 exhibits some path dependence and satisfies
the usual tree property that each node n has a finite set of child nodes C(n), but a
unique parent node a(n). An example of a scenario tree with 7'= 3 and |S| =9 is
illustrated in Figure 7. This scenario tree represents the same number of scenarios |S|
as the recombining tree in Figure 1, but requires ZtTZQ qifl + 1 instead of Zthz q+1
nodes.

To solve the (MSLP) associated with a general scenario tree, in principle the
same approximation approach as in SDDP can be used. However, due to the path
dependence, the value functions @Q;(+,-) and expected value function 2;(-) depend on
the history §[;_1j of the data process (£t)t€[T]' In other words, each node n has its
own value function @, (-), and with each node (except for leaf nodes) is associated an
expected value function Z¢(,,)(-). Therefore, to update the approximations Zé(n) (+) of
all Z¢(p)(-) in each iteration, all nodal subproblems have to be solved in the backward

O

EO

t=1 t =2 t =3

Fig. 7 Scenario tree with 9 scenarios and £8 highlighted.
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pass, which in turn requires the computation of trial points xfl(n) for all nodes, i.e.,
solving all nodal subproblems in the forward pass as well.

Because of its close relation to the L-shaped method for solving two-stage sto-
chastic LPs [236] and to Benders decomposition [17], this solution method is often
called nested Benders decomposition (NBD). It was first proposed by Birge in 1985
[26] and can be interpreted as a decomposition method for the extensive form of the
deterministic equivalent of (MSLP). Contrary to SDDP, NBD guarantees that valid
lower bounds v and upper bounds T of v* are determined in each iteration, which
allows for a deterministic stopping criterion in a straightforward way. The upper
bounds can be computed as

)

Z c) x;] ,
neT
where 7 is the set of all nodes in the scenario tree.

However, due to the sheer number of subproblems to be solved in each iteration,
which grows exponentially in 7, NBD is only computationally tractable for prob-
lems of moderate size. By moderate we mean instances with some hundred or a few
thousand scenarios, and four or five stages at maximum [234].

Furthermore, for general scenario trees, sampling scenarios from S in the forward
pass also does not necessarily help to reduce the computational burden and speed up
the solution process, as it reduces the computational effort per iteration, but simul-
taneously implies that the cut approximations Xé(n)(-) are only improved for some
Den) () in each iteration. Under stagewise independence (Assumption 2), however,
the outcome is different. The scenario tree collapses to a recombining tree. This
means that for any stage ¢, many differing scenarios share the same nodes, and thus
value functions. In particular, there exists only one expected value function 2;(-) for
each t =2,...,T. Therefore, even if only a sample K C § of scenarios is considered
in each iteration i, the cut approximations Vi(-) for all 2,(-) are still updated with
new cuts. From this perspective, SDDP can be interpreted as a sampling variant
of NBD which reduces the computational effort per iteration significantly [185], but
which relies heavily on stagewise independence of (&;)¢c|7) in order to leverage the
sampling with respect to value function approximations.

Remark 5.1 (cut-sharing). In the literature, the aforementioned property of
SDDP is often referred to as cut-sharing. This is best understood by representing
the stagewise-independent data process (§;);c[r] using a standard scenario tree. In
this case, at any stage ¢, all nodes have the same set of successor nodes. If now
only a sample K of scenarios is considered in iterations of SDDP, only a subset of
nodes is visited. Nonetheless, the cuts constructed for a specific node are valid for all
equivalent nodes in the tree as well, so they are shared with other nodes/scenarios.

As mentioned above, a recombining scenario tree provides a more precise picture.
For each stage, scenarios share nodes in the recombining tree and there exists only
one function 2;(-) that is to be approximated. Therefore, the phrase cut-sharing is
sometimes considered to be misleading.

5.3. Complexity Comparison. We summarize the main complexity results for
SDDP and the related methods in Table 3.

In contrast to SDP, SDDP does not require a state space and action space dis-
cretization. In particular, the latter is computationally important in practice, whereas
the former may yield computational improvements, but does not translate into an im-
provement of the worst-case complexity class. On the other hand, SDDP does not
have linear complexity in 7.
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Table 3 Complezity of SDDP and related solution methods.

Det. Equiv. NBD SDDP SDP

Requirements:

stagewise independence no no yes yes (*)
state discretization no no no yes
action discretization no no no yes
noise discretization yes yes yes yes
Complexity (#):

in no. of stages T' expon. expon. expon. linear
in state dimension n; polyn. expon. expon. expon.
in action dimension 74 polyn. polyn. polyn. expon.
in no. of realizations q; (§) polyn. polyn. polyn. linear
Progressivity:

of bounds yes yes yes no

(*) Markovian uncertainty is possible as well.

(#) Comprises number of iterations, effort per iteration, subproblem
sizes, subproblem solution, etc.

(§) Note that g; in itself is exponential in the noise dimension k; and
polynomial in the discretization precision per noise component.

Another difference is that SDDP (as do NBD and most solvers for the determin-
istic equivalent) approximates v* with improving lower (and upper) bounds. This
means that if the computation time is increased, the quality of the approximation
also improves. On the contrary, standard solution methods for SDP, such as back-
ward induction, either manage or not to solve a problem in a given time limit, but
do not use improving approximations. In particular, stopping SDP prematurely does
not provide valid bounds for v*.

Compared to NBD, SDDP mainly reduces the computational effort per iteration
significantly, but it does not remove the exponential growth of the computational cost
with respect to T. In return, it heavily relies on stagewise independence (Assump-
tion 2).

We can conclude that SDDP, while mitigating some of the weaknesses of SDP
and NBD (sometimes advertised as “breaking the curse of dimensionality”), does not
manage to leave the respective worst-case complexity classes. On the contrary, it
inherits some of the complexity drawbacks of both methods. Still, in many applica-
tions (where worst-case complexity is not an issue) it shows considerable performance
improvements compared to SDP and NBD, especially for problems with continuous
action space, a medium number of stages 7', and a moderate state dimension n;.
While Theorem 4.2 indicates that convergence may take an extremely long time in
large-scale applications, too long to be computationally tractable, SDDP has shown
good performance for large-scale instances of (MSLP) in many applications, as dis-
cussed in section 9. This is due to various improvements which we address in the
following sections.

6. Sampling. Sampling is a central element of SDDP (see section 3) and, in
particular, line 6 of Algorithm 3.1. In the forward pass, a finite number |K| of scenarios
is sampled to simulate the current policy and compute a trajectory of trial points
(xf;k)te[T] for all k£ € K. Often, this sampling is done from a finite set of scenarios S
(see Assumption 5), with K] < |S|. Alternatively, it is possible to directly sample
from a given (continuous) distribution.
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In this section, we discuss different sampling techniques that can be used in SDDP.
As indicated in sections 3 and 4, we can distinguish between random sampling and
deterministic sampling methods. In standard SDDP, as originally proposed in [159],
random sampling is used. Here, the main requirement is that the samples should be
independent and identically distributed (i.i.d.). This is important for two reasons:

(1) In this way, almost sure finite convergence of SDDP can be ensured, as any
scenario is sampled infinitely many times with probability 1, assuming that
the algorithm does not terminate; see section 4.

(2) In the originally proposed stopping criterion of SDDP a confidence interval is
used, which is built using the sample mean v (3.9); see section 7. However,
by the central limit theorem, even an approximate confidence interval can
only be obtained for a sequence of i.i.d. random variables.

6.1. Monte Carlo Sampling. The simplest sampling method satisfying the above
requirement is Monte Carlo (MC) sampling. Here, samples are drawn randomly from
the probability distribution of &, in each iteration by first sampling from a uniform
distribution and then using appropriate transforms. Under stagewise independence
(Assumption 2), this is done independently for each stage t € [T]].

As the quantities v*(¢F) are i.i.d., the value T% (3.9) that can be computed in the
SDDP forward pass is an unbiased estimator of 7° and, according to the strong law
of large numbers, it converges to v for |K| approaching infinity. Still, the sampling
error can be significant. The variance of Ui can be estimated by ﬁ (O’%K)Q. This
means that the variance can be reduced either by increasing the number of samples
|KC| or by reducing the sample variance (0%7 ,C)z. Increasing the sample size might look
promising at first glance, but it can become computationally intractable in practice
[157]. Recall that for every sample k€ KC, 1+ Zthz g: subproblems have to be solved
in the backward pass of each iteration. Therefore, the more promising approach is
the combination of MC sampling with variance reduction techniques [157].

6.2. Variance Reduction Techniques. Incorporating variance reduction tech-
niques into sampling in SDDP is studied extensively in [112, 157]. For a review of
sampling techniques in stochastic programming in general, we refer to [111].

Randomized QMC Sampling. In [112] the use of quasi-Monte Carlo (QMC)
sampling within SDDP is proposed. In this case, instead of randomly sampling from
the uniform distribution, a deterministic sequence of points u',...,u"Y from (0,1)"*
is chosen. This is done in such a way that the sampled points fill (0,1)"* as homoge-
neously as possible (so the empirical distribution is as close to a uniform distribution
as possible). After an appropriate transformation, these points provide a better rep-
resentation of £, than randomly sampled points.

Drawbacks of QMC methods are that the sample points are not random, the ob-
tained estimator is biased, and no confidence interval can be established. Randomized
QMC (RQMC) methods, where the choice of QMC points is combined with some kind
of randomness, avoid this drawback and allow for standard error estimation [112].

Compared to MC sampling, RQMC methods achieve better convergence rates of
O(|K|~*(log|K[)**), and thus are considered more efficient. However, the convergence
rate depends on the dimension ; of &, [112].

Latin Hypercube Sampling. In Latin hypercube sampling (LHS) [148], the space
(0,1)"* is divided into equidistant subintervals and then scenarios are sampled from
each subinterval in such a way that in each row and column of the grid only one point
is sampled. This is illustrated in Figure 8 (a).
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(a) Good space-filling. (b) Correlated sample points.

Fig. 8 LHS for two dimensions.

In this way, again a more homogeneous distribution of the sample points can be
obtained, and compared to MC sampling the variance can be reduced. On the flipside,
poor space-filling or correlation between the sample points has to be ruled out (see
Figure 8 (b)), which requires significant additional effort.

Incorporation into SDDP. It is important to notice that while reducing the
variance compared to the classical MC estimators, scenarios sampled by RQMC and
LHS are no longer i.i.d. Therefore, neither sampling technique can be incorporated
into SDDP without modification, if convergence properties are not to be compromised.
Homem-de-Mello, De Matos, and Finardi [112] therefore suggest building sampling
blocks. This means that the total number of samples |K| is divided into M blocks
¢=1,...,M with M > 5 a divisor of |[K|. Then, for each block ¢, |K'| := |K|/M
scenarios are obtained using conditional sampling with RQMC or LHS that are not
independent. For each k' € K/, values v*(¢¥') are determined and averaged to 7°.

This is repeated for each block £. Then, the mean v of all values wte=1,..., M,
and the sample variance are determined. As the scenarios of different blocks are
independent, this still yields a useful confidence interval to stop the algorithm.

Another challenge reported in [112] is that it is computationally expensive to
generate samples using RQMC for high dimensions. To reduce the computational
effort, it might be reasonable to apply RQMC only to important components, e.g., to
early stages in [T], and standard MC or LHS to the others. This strategy is called
padding and is applied after 6 or 12 stages for numerical tests in [112].

Experiments in [112] imply that RQMC and LHS both lead to upper bounds v
oscillating around the lower bound v more quickly than in MC sampling.

6.3. Importance Sampling. In [157], Parpas, Ustun, and Tran propose incor-
porating importance sampling into SDDP. In contrast to the previously described
techniques, theirs can be used to obtain i.i.d. samples in the forward pass.

In general, the main idea of importance sampling is to attach different importances
to subregions of the sample space and to sample more often from subregions of higher
importance. In the context of SDDP, this means that it is sampled with priority from
scenarios that contribute more to the value of the expected value functions 2,(-).

This is achieved by sampling from a distribution different from the original one,
the so-called importance sampling distribution, but then correcting the bias introduced
by this difference. Then, an importance sampling estimate of ¥ can be calculated as
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7IS 7
UK ,;C
with A(€) = %7 where f denotes the original distribution and ¢ the importance
sampling distribution. The likelihood function A(-) is used to correct for sampling
from the wrong distribution. It can be shown that importance sampling can reduce
the variance of sampling estimators significantly. In the SDDP case, as shown in [157],
the variance is minimized for the choice

‘Qt(miih ft)‘
Ef|Qt($ik—’17§t)|

However, this zero-variance distribution is clearly a theoretical construct and is not
known, which is referred to as the curse of circularity. Therefore, it is proposed to
first approximate g* using a framework including kernel density estimation [157].

In numerical experiments, SDDP with importance sampling is shown to outper-
form MC and QMC sampling-based methods, given that it is difficult to sample from
the original probability distribution and that the original problem has moderate or
high variance [157].

g (&) = fe(&e)-

6.4. Deterministic Sampling. As discussed in section 4, in line 6 of SDDP
(Algorithm 3.1) some deterministic sampling can also be used. In this case, |[K| = 1.
In the literature, two different approaches are considered.

Worst Approximation Sampling. The first approach requires that in addition
to the (lower) cut approximation V,(-) of 2;(-) an upper approximation V;(-) is also
constructed and iteratively refined in SDDP. Assume that in the forward pass on
stage t — 1 the trial point #i_; has been computed. Then, for stage ¢ the approximate
subproblem (2.10) is solved for z{_; and for all noise terms &;;,j =1,...,q:, yielding
optimal states z;;. For the next stage, the trial point x} = x;s is chosen such that

j' € argmax {Vz(xtj) - Z’é(xt]’)} ,
J=1,...,q¢
i.e., that the gap between the current upper and lower approximations is maximized.
This corresponds to sampling noise term ;- on stage t.

This form of deterministic sampling is used for SDDP in [240]. Its computational
drawback is that at each stage g subproblems have to be solved instead of only
|| < g¢. A similar approach is proposed by Baucke, Downward, and Zakeri in [10, 11]
and called problem-child node selection. However, their setting differs somewhat from
original SDDP, as each subproblem contains specific variables z;;,7 =1,...,¢q, for all
random outcomes, and therefore in their case only one subproblem has to be solved in
the sampling step. Another related sampling scheme is used in robust dual dynamic
programming (RDDP) [83]. In that case, & is determined by solving a special upper

bounding problem containing V;(-)

Explorative Sampling. Explorative deterministic sampling is proposed in [124] as
part of EDDP. It is based on the concepts of saturated and distinguishable points in-
troduced in section 4.2. As for the previous sampling scheme, the idea is to solve the
forward pass subproblems for all &;,j=1,...,¢:. Instead of maximizing an approxi-
mation gap, however, the trial point x} = z;; is chosen such that

j' € argmax min Mz — 2,
J=1,qe TEXET
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i.e., the minimum distance to already saturated points is maximized. In other words,
a maximum distinguishable point is chosen.

As shown in [75], worst approximation sampling and explorative sampling are
equivalent in the sense that both approaches are guaranteed to lead to effective iter-
ations; see section 4.2.

7. Stopping Criteria. In each iteration i of SDDP, a valid lower bound v* for
the optimal value v* is determined. In addition, a statistical upper bound ¥% can be
computed. Since the latter is not necessarily valid, an important question is when
to consider an obtained policy (z:(§))iec[r) to be (approximately) optimal and to
stop the SDDP method; see line 4 of Algorithm 3.1. If the stopping criterion is too
conservative, the algorithm may iterate much longer than required, but if it is too
optimistic, then SDDP may stop prematurely.

Confidence Stopping Criteria. In their seminal work on SDDP, Pereira and
Pinto proposed using a confidence interval based stopping criterion [160]. An approx-
imate confidence interval for a true valid upper bound @ is determined as follows
using the estimates v!(¢F) from (3.9).

Under random independent sampling, the values v*(¢¥) are i.i.d. random variables
with expected value ¥° and variance (¢%)2. Moreover, knowing the sample mean Ek
(3.9), we can define a standardized random variable

Vi — 0

ot

VK

(7.1) Zj =

According to the central limit theorem, asymptotically, that is, for || — oo, this
random variable follows a standard normal distribution N'(0,1). This implies that for
sufficiently large |K|, Zx. is approximately standard normal distributed.

Due to symmetry of the standard normal distribution, it follows that

P(—21—a/2 < Zk < 21_g2) 1 —aq,

where z;_,/5 denotes (1 — §)-quantiles of N(0,1) for some level o € (0,1).

Inserting (7.1) and rearranging yields an approximate (1 — «)-confidence interval
for the true upper bound v*:

. O'i . O'i
Th —21_a——,Th +21_a ——| .
*VIK *VIK]

As ¢" is unknown, it can be replaced by the sample standard distribution o7 ,

which is defined by the sample variance

(U%,IC)Q = W\%l Z(Ui(ﬁk) —Uk)?.

ke

In that case, the standardized variable approximately follows a Student’s t-distribution
with degree of freedom |K| — 1. In the literature on SDDP, even in this case, the
(1 — a)-confidence interval for the true upper bound @ is usually approximated using
a standard normal distribution [208] though, which yields

(7.2) T — 21-9 —=, T + 21_2
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Pereira and Pinto propose choosing a = 0.05, which implies 2;_,/2 = 1.96, and
stopping SDDP if the lower bound v’ is included in this confidence interval [160].

As pointed out by Shapiro [205], this stopping criterion has several flaws. The
higher the sample variance (o x)?, the earlier v* exceeds the lower end of the confi-
dence interval, which provides a misguided incentive to increase (O‘%JC)Q. The same
is true for increasing the confidence 1 — «, which contradicts the intuition behind
«. In additional, faster stopping can be achieved by reducing the sample size |K|.
Finally, the above stopping criterion may favor premature stopping, as it is rather
unlikely that 7’ is located exactly at the lower bound of the confidence interval. For
these reasons, Shapiro proposes a more conservative stopping criterion where SDDP
terminates if the difference between the upper bound of the confidence interval (7.2)
and v’ is sufficiently small.

Sometimes including values v?(£¥) from previous iterations j < i in (3.9) is also
suggested, for instance, if || is too small to obtain a reasonable bound. However, this
destroys the independence between the different samples and thus the central limit
theorem can no longer be applied and the confidence-based stopping criteria are not
applicable. [53].

A Hypothesis Test Perspective. Considering that hypothesis tests and confi-
dence intervals are closely related, the above stopping criterion can also be interpreted
in terms of a hypothesis test with hypotheses [112]:

Hy:v'=v", against Hyp:7'#2'.

The null hypothesis Hy is tested using the test statistic T%, which is assumed to be
approximately normal distributed. This can again be reasoned using the central limit
theorem for sufficiently large |KC|. Then, the region of acceptance for Hy in iteration ¢
is given by the interval (7.2): If the lower bound v’ does not exceed the lower bound
of this region, then optimality is rejected. Otherwise, there is no compelling reason
to reject it, so it is retained. By choosing «, the type I error (rejecting optimality
although SDDP has converged) can be controlled. However, this comes at the cost of
a possibly high type II error (stopping the algorithm prematurely) [112].

Different Hypothesis Tests. To avoid stopping prematurely, a modified hypoth-
esis test can be used that controls type I and type II errors simultaneously [112]. The
basic principle is very similar to the above, even if it is presented for a one-sided hy-
pothesis test with Hy : 7 < v*. The key difference is that if v’ lies inside the region of
acceptance, the hypothesis of optimality is not necessarily retained, but still may be
rejected. In particular, stopping SDDP should be prevented if the true upper bound
7' exceeds the lower bound v* considerably. As 7' is not known, we cannot observe
when this event occurs, but we can predefine a bound v > 0 on the probability of
stopping given that it happens. For fixed v and « and given sample estimates, we can
then compute a percentage difference §° between 7° and v?, for which the probability
of a type II error (premature stopping) is bounded by ~:

U%,;c
vk

If 6° is below some predefined threshold §, the sample estimates guarantee that for
deviations larger than d, the type II error is under control. Therefore, SDDP stops.
Otherwise, the control of the type II error is not considered sufficient, and the algo-
rithm proceeds. In other words, SDDP only terminates when v’ lies inside the region

(73) 5i = (Zl—a + Zl—’y)
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of acceptance and when the type II error is bounded by = for a sufficiently small
percentage difference §°.

Summarized, the following procedure is used in each iteration ¢ [112]:

1. Compute p’ as the ratio of the left interval boundary in (7.2) and v°.

2. If p* <1, then compute §° according to (7.3).
a) If 6 <&, then stop SDDP.
b) Otherwise, start a new iteration ¢ + 1 of SDDP (or adapt a,~, or K).
Otherwise, start a new iteration ¢ 4+ 1 of SDDP.

Computational experiments with § = 0.1 and v = 0.05 indicate that this stopping
criterion is effective in preventing SDDP from premature stopping [112]. Still, it is an
heuristic and, thus far, no proposed statistical testing procedure guarantees that the
probability of stopping prematurely is bounded by some v > 0 in general.

Predefined Criteria. The previous statistical stopping criteria are computation-
ally demanding and require |K| to be sufficiently large to yield reasonable approximate
confidence intervals. Furthermore, in practical applications (MSLP) is often too large
to achieve convergence in reasonable time. Finally, the statistical stopping criteria
do not necessarily generalize to extensions of SDDP, such as risk-averse variants; see
section 12. Therefore, in practice often more convenient stopping criteria are used for
SDDP. For instance, it is common to stop SDDP after a fixed number of iterations
I e N, after a fixed number of cuts |K|I, after a predefined time, or if the lower bounds
v* have stalled. None guarantees that an optimal policy is determined, though.

Deterministic Stopping. Finally, SDDP can be stopped deterministically as long
as valid upper bounds 7 for v* are computed in addition to lower bounds v*. In that
case, for some predefined optimality tolerance £ > 0, SDDP stops with an (approx-
imately) optimal policy if 7 — v® < e. This stopping criterion requires significant
additional computational effort to determine true upper bounds 7. Hence, there is a
trade-off between achieving a more reasonable stopping criterion and spending com-
putational resources on computations outside the core elements of SDDP. We address
how such exact upper bounds can be computed in the next section.

In summary, despite various attempts at developing reasonable termination cri-
teria for SDDP, optimally stopping SDDP remains an open challenge.

8. Exact Upper Bounds and Upper Approximations. Recently, the idea of
computing deterministic upper bounds v for v* and deterministic upper approxima-
tions Vi(-) of 2;(:) has drawn a lot of interest in the research community, in terms
of both analyzing the convergence behavior of SDDP (see section 4) and developing
deterministic stopping criteria (see section 7).

An intuitive way to determine upper approximations Vi(-) of 2(-) is based on
the observation that due to convexity of 2(-), all its secants lie above or on its
graph. Therefore, an upper approximation is possible by a convex combination of
points (z4—1,Z¢(x¢—1)). To obtain an approximation on the whole state space, it
can be extended using a regularization with a Lipschitz constant L; of 2;(-). Such
a constant exists according to Corollary 2.10. In this light, V;(-) can be constructed
as [240]

(8.1) Vi(xi—1) =co ( min {Qt(xfil) + Ly||we—1 — x;"1||}>7
m=1,...,M;

where co(f) denotes the convex envelope of function f. This is illustrated in Figure 9.
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Fig. 9 Inner and outer approzimations of 2:(-).

Alternatively, by interpreting this idea from a set perspective, the convex epigraph
epi(2;) of 2,(-) can be approximated by the convex hull conv(w} ,,...,wM) of
finitely many points w1 := (1—1, Z¢(2¢—1)) in epi(2y).

In principle, there are two different approaches to realizing this idea. One uses
the above perspectives, which we refer to as primal, and one is related to a dual
perspective on SDDP and its value functions [104, 126].

8.1. Primal Inner Approximation. Similar to subproblems (2.10), based on
upper approximations V;(-) of 2;(-), approximating subproblems can be defined by
replacing 2;(-) with V;(-) in the DPE for all ¢ € [T]. This idea was first introduced
by Philpott and de Matos [168]. Since they consider only the RHS of (MSLP) to be
uncertain, we adopt this assumption, although it is not required.

For stages t =T — 1,...,2, each element m in a given set of points x}, ... ,xi”t‘l,
and each &;,7=1,...,q, the following subproblem can be solved by backward recur-
sion:

_ min ¢, ¢ + Vi1 ()
(8.2) Qi 1, &) = =1q m
s.t. Tt € Xt($t717 gt])

Here, as indicated in (8.1), the upper approximation Viy1(+) is defined as a convex
combination of points (x&gtﬂ(m;”))?m =1,...,M;. The key difference is that in-
stead of 241(z}"), here 2,11 (2}") :=E [Qyy (2", &,11)] is used, as Z;41(-) is not

known:

M,
min Z Wi Ly g1 (")
w

m=1

— s.t. W Ty = Ty,
(8.3) Vipr(z) = D wmai =

Wy, >0, m=1,..., M.

Furthermore, in comparison to (8.1), no regularization is used.
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By recursion, it can be shown that

Q2™ 1, &) > Qe 1,&45)
foralm=1,...,M;_1 and j=1,...,q. This implies that
gt(xﬁﬂ > (i q).

The first-stage problem then yields

(8.4) A= {Hﬁtﬂ el 1+ Va(e)

s.t. x €Ay,

with 774 an exact valid upper bound to v*.

Based on these definitions, in principle, the backward pass of SDDP can be en-
hanced at each stage t =T —1,...,2 by solving subproblems (8.2) forallm=1,..., M,
and each &;,7 =1,...,q, and updating V;(-) according to (8.3). At the first stage,
by solving subproblem (8.4), an upper bound can then be computed.

A key challenge with this approach is the appropriate choice of the set of points
xf,m=1,...,M;_q, for each stage ¢ and iteration ¢. On the one hand, they should
be chosen such that as much of X;_; is spanned as possible. On the other hand,
choosing (at least some of) those points as extreme points leads to M; > 2™t points,
i.e., the number of points grows exponentially in the dimension of the state space.

An alternative is to use the trial points from the SDDP forward pass [168]. How-
ever, even when using these points the computational effort may become excessive.
Similarly to the SDDP backward pass, subproblems (8.2) have to be solved for each
stage t € [T, each point «}” ;,m=1,..., M;_1, and each noise term &;;,j =1,...,¢.
However, the number M;_; of points to be considered grows with each iteration, as it
contains all previous trial solutions. Therefore, a suggestion is to use the upper bound
computation only every few hundred iterations and to not permanently incorporate
it into the backward pass [168]. In return, this hinders using the upper bounds 7’4
in the stopping criterion of SDDP in each iteration.

Moreover, the obtained bounds 74 may be very loose, especially in problems
(MSLP) with a large number of stages. Computational tests are required to assess
whether or not the information gain justifies the additional computational effort and
possibly a higher number of iterations.

Baucke, Downward, and Zakeri provide a different perspective on the inner ap-
proximation idea above [10]. Instead of (8.3), they use its dual representation

max x; A+ p

(8.5) Visi(z) = { Ko

st (M) TN+ pu<2(2"), m=1,...,M,.

This shows that V;y1(-) can be equivalently described by maximizing over the
coefficients of all supporting hyperplanes for points (x?, o@t+1(x§”)),m =1,..., M;.

In [10], the dual problem is additionally regularized, i.e., enhanced by the con-
straint

[RY

with L; denoting a Lipschitz constant of Q,(-,-). This is equivalent to regularizing the
primal problem (8.3) with the dual norm to ||-||; ¢f. (8.1). In this way, a reasonable
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approximation is also achieved for points outside the convex hull of the set defined by
the points z{*,m=1,..., M,.

Using this expression for the inner approximation functions, Baucke, Downward,
and Zakeri propose a deterministic algorithm for multistage stochastic convex pro-
grams. In their case, subproblems (8.2) are solved in each backward pass iteration
and V;HS) is updated by adding constraint (z7*) T\ + u < @;H(xfl) for the current
iterate z}" (to incorporate it into the subproblems (8.2), however, its dual (8.3) is
again used). The proposed algorithm differs in further aspects from standard SDDP;
for instance, it requires a multicut approach (see section 21) and uses a worst approx-
imation sampling (see section 6.4). Moreover, choosing a reasonable and valid value
for L; can be very challenging, but is crucial for the proposed method to work as
intended.

8.2. Dual SDDP. With respect to computing deterministic upper bounds v for
v*, a dual perspective on SDDP and the DPE (2.4) has recently gained attention.

Using Convex Conjugates of Value Functions. The first proposal in this con-
text, by Leclere et al. [126], exploits convex conjugates and the related duality con-
cepts to derive dual value functions for (MSLP) in which uncertainty only appears in
the RHS ht(ft)

Let f:R" - RU{—00,00}; then its convexr conjugate f*(-) is defined as [192]

f*(\):= sup Az — fx).

(EER”
For (MSLP), the convex conjugates D;(-) := Q;(-) of the value functions Q:(-) can be
considered as dual value functions for t =2,...,T. It can be shown that these functions

also satisfy some DPE with linear subproblems on each stage. Whereas Leclére et al.
consider a more general setting including control variables wu; (see Remark 2.2), for
(MSLP) as defined in section 2 (and especially under Assumption 5) for t =2,...,T,
these subproblems can be expressed by

Attt

qt
min >y (= B+ Desi ()
j=1

qt qt
(8.6) Di(Ai—1) := s.t. Tt—il (Zptj,ut]) - Zptj’}/tj + A1 =0,
j=1 j=1
WtTth:)\tj+ctv i=1..q,
’Ytjgov j:]-v"'7qt'

For the first stage, we obtain a deterministic problem which by Ty =0 simplifies to

D1(>\0) = leblln h;rﬂl + Dt (WIT/Jq - 01)

for some arbitrary initial Ag <0 (note that more general formulations of (MSLP) may
lead to a dependence on Ag).

Using this dynamic recursion, it is possible to apply an SDDP-type algorithm,
called dual SDDP, to D,(), using iteratively improving outer approximations D:(-) for
D;(-). Analogously to SDDP, this iterative method yields a converging deterministic
lower bound for the first-stage optimal value, i.e., D% (o) < D1(A\g). Again applying
conjugacy theory, we obtain

7' = (D1)"(20) 2 Dj (20) = Q" (o) = Qu(w0) ="
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Hence, deterministic upper bounds for v* can be obtained as conjugates of the first-
stage approximations D%(-) evaluated at zo =0, and (7"); defines a sequence converg-
ing to v* [126].

Using the Dual of (MSLP). Guigues and Sagastizabal propose an alternative
way to define dual value functions and DPE that can be exploited in a dual SDDP
algorithm [104]. Instead of working with conjugates of the primal value functions
Q+(+), they first derive the dual to (MSLP) formulated as a single problem (2.3) and
then show that this dual problem can be decomposed using DPE and dual value
functions:

(87) ﬁt(ﬂ-t—l) = =1

qt
T T
s.t. Zptj (Tt_ijj) + W, m1<ci 1.
Jj=1

It can be argued that these dual DPE are simpler and more intuitive, as they do
not require conjugacy theory. Moreover, we immediately obtain that the first-stage
optimal value Dj(mg) equals v* by strong duality for LPs. Therefore, using outer
approximations D(-) of these value functions in dual SDDP, again a sequence (7');
of deterministic and valid upper bounds can be computed that converges to v* [104].
On the other hand, the dual value functions D;(-) cannot be directly related to the
original value functions Q(-).

Remark 8.1. Even if the dual DPE (8.6) and (8.7) are derived using different tools
and perspectives, they are still closely related. Note that subproblem (8.6) can be
reformulated as

qt

min Zptj ( — by + Dt+1()\tj))

A
tyHbt =1

Di(N\—1) = 1
st. T, Zptjutj + A—1 <0,

j=1
W, e = Mej + ¢, J=1...,q.

Using the last constraint, the state A\;_; can be expressed through the dual variables
i1 from the previous stage: \;_1 = Wt—i1/¢t—1 — ¢4—1. Exploiting this, the subprob-
lems only contain dual variables ¢, which have to be considered as state variables. By
switching from max to min in the objective, we obtain the structure of (8.7) exactly.

We can make the following additional observations with respect to the dual DPE
(8.6) and (8.7). First, in both cases the subproblems are not necessarily bounded and
therefore artificial bounds are introduced. In [104] they are chosen as m; € [m;, 7,
whereas in [126] Lipschitz continuity of 2:(-) is exploited to impose the bounds
[IA]loo < Ly for Lipschitz constants Ly, t =2,...,T. It is assumed that these bounds
are chosen sufficiently large as to not affect the optimal solutions.

Second, even if the primal DPE (2.4) are assumed to have relatively complete
recourse (see Assumption 9 and Lemma 2.5), this does not necessarily translate to the
dual subproblems. To ensure feasibility, Guigues, Shapiro, and Cheng propose using
either feasibility cuts (see section 17) or a penalization approach [104].

Third, in contrast to the primal perspective, the subproblems do not decompose
by realizations of &,, but instead contain separate dual variables m; (or A¢j, fee5, V5,
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respectively) for all j =1,...,¢. In the forward pass of dual SDDP, the trial point
7t (or AY) that is used as a parameter in the following stage is sampled from these
variables. A decoupling can be achieved using a Lagrangian relaxation [44].

Finally, if W; and ¢; become uncertain as well, then the value functions and
subproblems depend additionally on &;. In fact, in formulation (8.7) the state space
has to be extended to include the history & _; of the stochastic process, as the problem
contains W;_; and ¢;—q [104].

Again, an SDDP-type algorithm, also referred to as dual SDDP in [104], can be
applied to the DPE (8.7). This algorithm is presented in Algorithm 8.1. The two
variants of dual SDDP have been extended to the risk-averse case [43] (see section 12)
and to problems with infinite horizon (see section 19) [207].

Dual Inner Approximation. First and foremost, dual SDDP is an alternative to
(primal) SDDP for approximating v* by converging deterministic upper bounds o'
However, as shown in [126], if the dual DPE (8.6) are used, then the approximations
Di(-) obtained may be translated into inner approximations V;(-) of the primal value
functions Q;(-). In this way, policies (z+(&[))¢ejr) for (MSLP) can be computed. The
inner approximations can be computed as Lipschitz regularizations (see section 17)
of the convex conjugate of the outer approximations ®i(-), which is shown to be
equivalent to solving problem (8.5) with regularization ||A||cc < L¢. The key difference
to the approach in [10] is the way the primal supporting points 3" are determined; that
is, by the slopes of the dual outer approximation [126].

Incorporation into SDDP. While dual SDDP can be applied on its own to ap-
proximate v*, and even compute policies (x:({)):e[r), it seems reasonable to in-
corporate it into (primal) SDDP in order to compute deterministic upper and lower
bounds for v*. Guigues, Shapiro, and Cheng suggest using both variants of SDDP in
parallel [104]. In contrast, Leclére et al. propose a framework in which primal and
dual SDDP are intertwined [126]:

1. Run a forward pass of (primal) SDDP, yielding trial solutions (xi)te[T] for
the sampled scenario path (the authors choose || =1).

2. Run a backward pass of (primal) SDDP using the trial solutions z{_;, ob-
taining new slopes 7} from the cuts.

3. Run a backward pass of dual SDDP using the slopes i = 7, obtaining new
cuts for the dual problem. .

4. Run a forward pass of dual SDDP to obtain a new dual trajectory (A}):e[7]
and update the cuts along this trajectory.

One computational drawback of this framework, and of dual SDDP in general,
is that each iteration of dual SDDP is much more computationally expensive than
in standard (primal) SDDP. This hampers the application of a solely deterministic
stopping criterion for very large problems [104, 126].

9. Applications. In this section, we present different application areas of SDDP.
We also point out applications for which some of the Assumptions 1 to 9 are not
satisfied, so either modifications of (MSLP) or algorithmic extensions are required
in order to apply SDDP. These use cases can be regarded as a motivation for the
enhancements of SDDP that we cover in the following sections.

9.1. Power System Optimization. By far the dominating application field of
SDDP is power system optimization, in particular, the operational planning by a
central planner of energy systems including hydro storage. This is due to the adequacy
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Algorithm 8.1. Dual SDDP from [104].

Input: Dual to problem (MSLP) satisfying Assumptions 1 to 9. Appropriate
multiplier bounds. Stopping criterion.
Initialization

1: Initialize cut approximations with bounded 35?() forall t=2,...,T.
Initialize upper bound with 7° = +oc.
3: Set iteration counter to ¢ < 0.

Dual SDDP Loop

N

4: while Stopping criterion not satisfied do
5: Set i i+ 1.
Forward Pass

6: Solve the first-stage problem (defined by replacing Dy(-) with D5(-)
and adding multiplier bounds in (8.7)). Store the trial point .
7: for stages t=2,...,7 do

8: Solve the stage-t subproblem (defined by replacing Dy41(-) with ’)5}5 ()
and adding multiplier bounds in (8.7)) for 7;_; to obtain 7;;,j =
17 ceuy qt~

9: Sample j from j=1,...,q; and set 7} = T3

10: end for
Backward Pass

11: for stagest=1T,...,2 do

12: Solve the updated stage-t subproblem (2.10) (defined by replacing
Dyy1(-) with ®i11(-) and adding multiplier bounds in (8.7)) for mi_; .
Store the optimal value D;(m;_;) and the optimal dual vector z%_;.

13: Compute

oy =Dy(mi_y) = (877) "mi_s,
and
tD’i =Wzt .
14: Update the cut approximation of ﬁt() to
Dy (e 1) = min { Do 1), P + (87 'me )

15: end for

16: Solve the first-stage problem (defined by replacing Ds(-) with ’}5?'1() and
adding multiplier bounds in (3.8)) to obtain an upper bound o°.

17: end while

Output: Upper bound 7 for v*.

of SDDP for such problems, but also due to its origins in optimizing the operational
planning of the Brazilian hydrothermal system [159, 160].

In general, solving power system optimization problems is a very complex task,
as it requires the incorporation of various technical and economical details and
uncertainties [117, 156, 188, 189, 190, 216, 217, 241]. Incorporating all these
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aspects into one single problem is computationally intractable. Therefore, a hier-
archy of problems dealing with different time scales and perspectives [51] is usually
considered, such as short-term dispatch (a few days or weeks), mid-term operational
planning (1-2 years), and long-term operational planning (3-5 years) [76, 88]. Results
from a long-term model can then be incorporated into a model with a shorter time
horizon but with more detail in the other modeling aspects.

9.1.1. Long-Term Operational Planning. SDDP is most prominently used for
the long-term operational planning (LTOP) of hydrothermal power systems, also
called long-term hydrothermal scheduling (LTHS). In the research literature, SDDP
has been applied to the LTOP of various hydrothermal systems, the most prominent
being the hydropower-dominated systems in Brazil [15, 32, 33, 34, 46, 51, 52, 53, 56, 91,
104, 112, 133, 134, 136, 140, 143, 168, 173, 210, 211, 212, 215, 223, 233|, other Central
or South American countries [6, 74, 185, 220], Norway [87, 194], and New Zealand
[167, 169, 237]. In addition, to this day, SDDP is used in practice by the Brazilian
system operator ONS [141, 142].

The aim of LTOP is to determine an optimal policy for the amount of power to
be generated by thermal and hydroelectrical utilities over some planning horizon of
several years (usually with monthly resolution) such that demand is satisfied, technical
constraints are fulfilled, and the expected cost is minimized [167]. The main focus
is on managing hydro reservoirs and thus the water resource efficiently. This is not
trivial. While there is an incentive to use all the water in a reservoir immediately,
so no fuel costs are incurred, the potential value of storing water for later stages also
has to be considered, taking into account the uncertainty of future inflows. For this
reason, it can be beneficial to retain water in wet periods for following dryer periods.
The ability to store water in reservoirs leads to a temporal coupling of the stages.
The number of inflow realizations ¢; per stage is typically chosen in a range between
20 and 100. For T' = 60, this yields a scenario tree with about 1.15-107® or 10120
scenarios. For each forward pass, either a single scenario [52] or 100 to 200 scenarios
are sampled.

LTOP can be used to illustrate some of the challenges and limits of standard
SDDP and thus motivate the necessity for extensions.

Autoregressive Uncertainty. In LTOP, the main source of uncertainty is future
(usually monthly) inflows into the reservoirs. These inflows often show seasonality and
a temporal or spatial coupling which has to be considered in the modeling. Therefore,
autoregressive (AR) processes are usually used to model and forecast them, in partic-
ular, periodic autoregressive (PAR) [140, 141] and related models [146]. This means
that for each reservoir and each month a different AR model is fitted or, in other
words, that the parameters in the AR model are allowed to differ between months.

In additional, hydro reservoirs are often organized in cascade systems, where the
generation of one turbine may affect the inflow of downstream reservoirs such that they
cannot be managed separately. For this reason, inflows often not only show temporal
correlation and seasonality, but also spatial correlation. To address this, instead of
PAR, spatial periodic autoregressive (SPAR) models can be used [134]. These models
are still linear, but instead of only autoregressive components, i.e., lags of &;; for some
reservoir 7, lags of the inflows of neighboring reservoirs i’ are also used to explain
&¢. Apart from inflow lags, different exogenous variables, such as climate indices,
precipitation, or sea temperature, can also be used to explain inflows [131, 172].

Whenever an AR process is used for the uncertain data, the assumption of stage-
wise independence (Assumption 2) is not satisfied. This motivates an extension of
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SDDP that is able to handle stagewise-dependent uncertainty, which is discussed in
section 14.

Nonlinear Uncertainty. When modeling hydro inflows, the error terms in the
AR process are usually assumed to be i.i.d. with normal or log-normal distribution
[61, 134]. In the latter case, the model is also referred to as a geometric PAR (GPAR)
model [136]:

(9.1) In(&) =7 + P In(&—1) + .

GPAR models are usually more accurate in modeling inflows, which often tend to
positive skewness and are thus not normally distributed. Moreover, they have the
advantage that the requirement for nonnegative inflows is naturally satisfied.

On the other hand, solving (9.1) for & yields an AR process with multiplica-
tive instead of additive error terms [211], i.e., a nonlinear model. Incorporating this
into the DPE destroys the convexity of 2;(-), making a direct application of SDDP
impossible. Instead, the nonlinear model has to be approximated linearly [211]. An-
other idea is to normalize the inflows first using a Box—Cox transformation. However,
as such a transformation is nonlinear, a linear approximation is still required after-
wards [175]. Further strategies to avoid nonnegative inflows and nonlinearities are
discussed in [51, 183]. [49] suggests applying bootstrapping to resample directly from
the historical residuals instead of applying a nonlinear transformation.

Continuous Uncertainty and Distributional Uncertainty. As stated above, a
normal or log-normal distribution is usually assumed for the error terms in the inflow
models, both being continuous distributions (an exception is [178], where inflows are
modeled as a continuous process with discrete random errors). For this reason, the
assumption of finite discrete random variables (Assumption 5) is not satisfied. In addi-
tion, the chosen distribution for the model may not coincide with the true distribution
of the uncertain data. This raises questions about how to handle continuous uncer-
tainty and distributional uncertainty in SDDP, which we address in sections 11 and 13.

Computational Performance. Despite the amenities of SDDP, its performance
may suffer for problems with a large number of state variables, due to its exponential
complexity in the state dimension n;; see section 4.2. For instance, SDDP is com-
putationally prohibitive for a complete model of the Brazilian energy system, which
consists of about 150 thermal plants and more than 150 hydro storages [52]. This is
aggravated if the state dimension is artificially increased, e.g., in order to deal with
stagewise-dependent uncertainty; see section 14. As a remedy, it is common practice
to aggregate reservoirs based on their region and hydrological properties into so-called
energy equivalent reservoirs (EERs) [4], thus reducing the state dimension [142]. How-
ever, this comes with an increased abstraction and may lead to suboptimal policies.
Moreover, as outlined in [51], the EER modeling may introduce some nonlinearities
into the system that have to be mitigated by linearization.

The computational complexity with respect to the state space also makes indis-
pensable general performance improvements for SDDP, which we discuss in section 21.

End-of-Horizon Effect. Another challenge when applying SDDP to LTOP in
practice is the so-called end-of-horizon effect. It relates to the effect that the policies
obtained do not guarantee a continuous and reliable energy supply after the planning
period, because in an optimal policy, all energy remaining in the reservoirs will be
used at the end of the planning period. A typical planning horizon for LTOP is 5
years with a monthly resolution, leading to 60 stages. A common practice to mitigate
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the end-of-horizon effect is to add 60 more stages to the problem, i.e., to consider a
problem with 120 stages [211], even if decisions for only the first half are about to be
implemented. Alternatively, it seems natural to analyze how SDDP can be applied
for problems with an infinite horizon or with a random horizon, where Assumption 1
is not satisfied. We address this in sections 19 and 20.

Risk-Aversion. Due to the high importance of system reliability and stability in
preventing outages and electricity shortages, system planners may favor more risk-
averse policies compared to the risk-neutral policies obtained by standard SDDP.
Therefore, recently there has been increased interest in taking risk-aversion into ac-
count when applying SDDP to LTOP [115, 215]. However, as Assumption 8 is no
longer satisfied, this requires the extensionn of standard SDDP to a risk-averse vari-
ant. We discuss different approaches to achieving this in section 12.

9.1.2. Medium-Term Operational Planning. Structurally, medium-term opera-
tional planning (MTOP) problems do not differ much from LTOP. The main difference
is that a shorter one- or two-year time horizon is considered [51, 167, 168, 185].

Price Uncertainty in the Objective. Especially on a medium-term time horizon,
SDDP has also been adapted from the traditional setting with a single system operator
to more market-driven systems in which several electricity suppliers are active. In such
systems, besides inflows, spot prices can also be considered uncertain. This imposes
an additional challenge to SDDP, as it leads to stagewise-dependent uncertainty in
the objective. We discuss this in detail in section 14. To deal with this challenge,
for instance, for the operational planning of the Norwegian hydro-storage system, a
combined SDP/SDDP approach is commonly used [86, 87, 83, 107, 108].

Water Head Effect. In LTOP the so-called water head effect of hydro storage
is often disregarded, but it may become decision-relevant in MTOP. This effect con-
cerns the fact that the production of a hydro plant increases with the net head of
the reservoir. As this production function is multiplied with the water discharge, it
introduces nonconvexities into the problem. Therefore, if this nonlinear effect is ex-
plicitly considered, suitable extensions of SDDP to nonconvex problem are required
[38, 110, 170]. We cover such extensions in section 16.

9.1.3. More Energy Applications. We briefly summarize further applications of
SDDP in power system optimization.

Short-Term Dispatch. SDDP is particularly suited for long-term planning, but
it can also be applied to short-term economic dispatch problems [39, 55, 125, 155].
For shorter time horizons, it may be reasonable to include additional system aspects,
for instance, power flow and security constraints, reserve energy, or different ancillary
services [139, 223]. If security constraints are considered, usually linear DC power
flow models are used, but recently AC power flow has also gained interest [119, 193].

Another research stream considers COs emissions, which can be covered by im-
posing an emission quota system [14, 186, 184] or by introducing emission trading
[187]. The first approach leads to an (MSLP) that has no block-diagonal structure
(Assumption 7). We discuss how SDDP can be applied in this case in section 18.

Using a reasonable extension to mixed-integer programs (see section 16), unit
commitment problems are also accessible using the SDDP formulation [243].

Different Storage Systems. As different types of storage systems can be modeled
similarly to hydro storage, SDDP is also applicable to such systems, for instance, to
optimize gas storage facilities [234] or energy storage in microgrids [22].

(© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/30/25 to 129.13.194.163 . Redistribution subject to CCBY license

460 CHRISTIAN FULLNER AND STEFFEN REBENNACK

Optimal Bidding. Instead of minimizing expected system cost from the perspec-
tive of a central system operator, in strategic bidding problems power plant operators
attempt to determine an optimal bidding policy in order to maximize their expected
revenue, while taking into account information uncertainty, for example, with respect
to inflows or the market-clearing price; see [219, 221] for an overview.

Since the future revenue functions of the price-maker are sawtooth shaped, the
resulting problem is nonconvex [220]. Therefore, to apply the SDDP idea, tailor-made
extensions are required, e.g., convexifications or approximations by saddle cuts [59] or
step functions [170, 237]. For methodological details, we refer to section 16.

Recently, applying SDDP to optimize trading in continuous intraday markets has
also gained attention [213].

Investment Planning. An important long-term optimization problem in power
systems is to make optimal (risk-averse) investment decisions, with respect to either
the expansion of renewables [35, 130, 222] or conventional projects.

For conventional power systems, common investment problems address the ques-
tions of generation expansion and transmission expansion. The main challenge with
such problems is that they naturally impose the introduction of integer decision vari-
ables. Therefore, in such a case relaxations [154] or appropriate extensions of SDDP,
e.g., SDDIP [243], have to be used (see section 16). Alternatively, SDDP can be in-
corporated into a larger Benders decomposition framework, where at the first-stage
binary investment decisions are taken and, at the second stage, a multistage stochas-
tic LP is solved by SDDP [184]. Similar applications are considered in [56] and [45]
with a special focus on risk and reliability constraints.

Coping with Renewable Uncertainty. An increasing share of renewable energy
sources introduces more variability to an energy system which has to be taken into
account and balanced by appropriate mechanisms. The usage of distributed grid-level
storage, such as batteries or electric vehicles, for smoothing out the variable generation
of renewables is examined using SDDP in [70, 244].

9.2. Water Resource Management. In many energy applications of SDDP,
managing water resources plays a key role as it couples subsequent stages. Apart from
energy optimization, SDDP is also applied to more general water resource manage-
ment problems, where not only energy production but also water usage for irrigation
in agriculture [162, 228], flow requirements for navigation [228], groundwater [144],
or ecological constraints [227] are taken into account in the operational planning of
reservoirs. Also related is the problem of river basin management [195].

Additionally, SDDP is used for assessing various quantities in hydrological sys-
tems, e.g., the value of water [231], risk for dam projects [2, 230], resource vulnera-
bilities [196], or benefits and costs of cooperation or noncooperation [145, 229].

9.3. Portfolio Management. The optimal management of a portfolio of invest-
ments, also referred to as asset allocation, can be modeled as an (MSLP) [47]. The aim
is to distribute a fixed investment sum among a finite number of assets with uncertain
returns in such a way that the expected return at the end of the considered horizon is
maximized. By selling or buying certain amounts of assets, the investor can restruc-
ture his portfolio in each time period. Generally, both operations are associated with
transaction costs, which leads to a very complex problem [232].

In the literature on SDDP, asset allocation problems are quite popular in testing
proposed improvements and enhancements of SDDP, such as regularization [97], cut-
sharing [91], or inexact cuts [8]. Since most investors are risk-averse, asset allocation

(© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/30/25 to 129.13.194.163 . Redistribution subject to CCBY license

STOCHASTIC DUAL DYNAMIC PROGRAMMING 461

problems are a popular application [64, 67, 68, 113, 120, 121], but they are also one
of the main drivers for the development of risk-averse SDDP, which we introduce in
section 12.

For applications of practical interest, asset allocation becomes very challenging,
as is pointed out in [232]. First, risk-aversion parameters such as A\; or a; (see sec-
tion 12) cannot be chosen intuitively such that the true preferences of an investor
are appropriately represented. For this reason, the authors propose solving a risk-
constrained model with one-period conditional AVaR constraints instead of taking
the usual risk-averse SDDP approach. Second, the assumption of stagewise indepen-
dence of asset returns may prove unrealistic, requiring a more sophisticated approach
such as incorporating a Markov chain; see section 14. Moreover, the large supply of
potential assets leads to a high-dimensional state space.

9.4. Further Applications. Although the focus is on the previous applications,
occasionally other types of applications are also investigated using SDDP. Among
those applications are dairy farming [65, 90], newsvendor problems [5, 157], inventory
management [8, 63, 94, 104], lot-sizing [225], and routing problems [64]. [54] and
[243] explore airline revenue management, which is an established problem in dynamic
programming but requires integer variables.

10. Software. Until recently, SDDP implementations have been solely restricted
to closed research projects or commercial products. For commercial products, the
most established is the SDDP implementation by PSR, a Brazilian energy consul-
tancy [179]. For research projects, various different implementations exist that cover
programming languages like AMPL, C++, Fortran, GAMS, Java, and MATLAB;
see [61].

In the last few years, open-source implementations have gained more and more
interest, aiming to increase research transparency, enhance research exchange and
benchmarking, and facilitate access to SDDP in industry and science [61]. The most
prominent programming language in this regard is Julia [21], which provides its own
algebraic modeling language JUMP [66] and is increasingly used in operations research
and, in particular, stochastic programming. Currently, with StochDynamicProgram. j1
[127], StructDualDynProg.jl [128], and SDDP.jl [61], there exist three SDDP im-
plementations in Julia. Similarly, SDDP packages are available in MATLAB (FAST
[36]), C++ (StOpt [84]), and Python (msppy [54]).

Currently, SDDP.j1, which is based on the concept of policy graphs [60], can
be considered the most comprehensive package. It provides many of the features de-
scribed in this article, such as cut selection, parallelism, Markov chain SDDP, objective
states, belief states, and SDDiP, as well as different stopping criteria and sampling
approaches. Moreover, it includes some of the approaches discussed for distribution-
ally robust and risk-averse SDDP. However, as for most other packages, it requires
the underlying stochastic process to be finite. Thus, if Assumption 5 is not satisfied,
some discretization has to be applied a priori and then the results obtained by SDDP
are valid for the discretized problem, but are not put into perspective with respect
to the true problem. msppy, on the other hand, integrates both the discretization by
sample average approximation (SAA) and the solution by SDDP into one package,
and thus can naturally be applied to problems with continuous uncertainty [54].

A more detailed comparison of the libraries currently available is presented in [61].

I1. SDDP for Continuous Uncertainty [Relaxing Assumption 5]. Up to this
point, we have assumed the uncertainty in (MSLP) to be modeled by some discrete
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and finite random process (see Assumption 5) in order for SDDP to be applicable.
Until the recent work by Forcier and Leclere [75], all convergence proofs for SDDP also
leveraged Assumption 5. However, in many practical applications, this assumption
is not justified. For example, if the stochastic process governing the uncertain data
is modeled by a time-series model, the random error terms are usually assumed to
follow a continuous distribution [205]; see section 9. In the remainder of this section,
we denote a problem with such a continuous data process by (P). B

As pointed out in section 2.3, for sizes of practical interest, problem (P) is con-
sidered computationally intractable. Therefore, if the true distribution F¢ of the sto-
chastic process (§;):e[r) is continuous, an approximation with finitely many scenarios
is generally used. In the literature on multistage stochastic programming, a variety
of techniques is proposed to generate (and reduce) scenario tree approximations of
continuous stochastic processes. For an overview, we refer to [135].

Before focusing on the most prominent technique in the next section, we should
note that recently Forcier and Leclere [75] presented a (theoretical) extension of SDDP
that works directly with continuous uncertainty. In their work, it is shown that under
linearity (Assumption 6), given that W(§,) is finitely supported and given that
ci(&,) and (Ti—1(&,), ht(€,)) are independent, the ideas of SDDP may be extended
to the case of continuous random variables &,. Instead of generating cuts for 2;(-) by
deriving them for each realization j =1, ..., q; separately and then aggregating, which
is only possible for finite random variables, the main idea is that cuts are derived for
2;(-) directly. To achieve this, the support =; of &, is partitioned. For the partition
P, special partitioned expected value functions Vp 4(-) are then defined in which the
corresponding original value functions Q:(-) and the expectation operator E[| are
exchanged. This allows them to be evaluated and approximated even for continuous
&, If Vp,(-) is guaranteed to underestimate 2;(-) for all z;_; (validity) and to
coincide with 2;(-) at some point ;1 (tightness), it is called adapted to Z;—;. Given
an adapted partition, by deriving cuts for Vpy(-) as in standard SDDP, valid and
tight cuts for 2;(-) can be obtained even for problems (P). Forcier and Leclere also
show how adapted partitions can be constructed for (MSLP) explicitly under certain
assumptions. However, we are not aware of any applications and computational tests
of the resulting extension of SDDP.

11.1. Sample Average Approximation (SAA). The most common approxima-
tion approach for continuous uncertainty is to use random sampling. This means that
the distribution F¢ is approzimated using an empirical distribution Fi with a finite
number N of scenarios, which is obtained by sampling from Fg [205]. This yields
an approximating problem (Py), which then can be handled by SDDP. Often, this
technique is referred to as sample average approzimation (SAA), especially if classical
MC sampling is used. We discuss SAA and the application of SDDP to solve an SAA
problem in more detail in what follows. For a general analysis of SAA, we refer the
interested reader to [208].

SAA and SDDP. Under stagewise independence of (&;)¢c[7 (Assumption 2), it is
desirable to preserve this property in the SAA problem, especially if the latter should
be solved by SDDP. To achieve this, random sampling can be applied to each stage
t =2,...,T independently with sample size ¢; [205]. The obtained SAA has a total

T ~ . . . .
number of N =[],_, ¢ scenarios, i.e., the number of scenarios grows exponentially in
the number of stages [205].

For the SAA problem (Py), for each stage t = 2,...,T and each sample j =

1,...,q;, the DPE can be written as

5o
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. ~ T ~
(11.1) O (wr1,6y) = {rrggn (ce(&)) @t 4+ Liga(a)

S.t. Tt E-Xt(wtflaftj)a

where

Gt+1

1
(11.2) Deia () : Z Qe (e &)
and £§T+1(-) =0. For the first stage, we obtain

_ min ¢, 1 + Do(w
(113) UN ‘= T1 1 2< 1)
s.t. x €Ay
The DPE (11.1)-(11.3) can be approached by SDDP, as described in section 3.
However, in contrast to the problems considered there, the SAA problems are random
as they depend on a sample from the true data process (&;)¢c[7]-

SAA Properties. Since the aim is to solve the original problem (]3), the central
question is how the solution and the bounds obtained by applying SDDP to the SAA
problem (Py) relate to the solution of (P). We denote the optlmal value of (P) by o*

and the bounds obtained by SDDP in iteration 7 by v and v v,c. We next summarize

important properties of SAA.

(P.11.1) Consistency. It can be shown that the optimal value vy provides a consis-
tent estimator of the true optimal value v*, i.e., limg, 5, —0o ¥y =0* with
probability 1 [205, 208]. The intuition behind this is that asymptotically the
structure of the true process (§;):e[r) is recovered. In practical applications,
though, increasing ¢; to infinity is computationally intractable.

(P.11.2) Bias. vy is a biased estimator of v*; more precisely, E[vy] < 7* for all N
[208], since only a subset of all scenarios is considered and the decisions are
optimized with respect to these scenarios [52]. This means that solving the
SAA problem provides a (converging) estimator of a lower bound for v* [202].

(P.11.3) Lower Bounds. In each iteration i of SDDP we have 0" < ¥x. Therefore,
E[v'] <v* [205] and the SDDP lower bound is a statistical lower bound for
v*. Note, however, that both, ¥5 and ', are lower bounds in expectation
only, whereas this is not clear for one specific SAA problem (Py).

(P.11.4) Upper Bounds. Applying SDDP to the DPE (11.1)-(11.3) yields a policy.
Under relatively complete recourse (see Assumption 9) with respect to the
true data process (§;):e[r}, this policy also yields feasible decisions if applied
to any realization (&;):e[r) of this true process. By computing

T

Z Ct ft [t])

(11.4)

with the expectation taken with respect to the true process, a valid upper
bound for v* can be obtained [205].

(P.11.5) The sample mean 0 determined in iteration i in SDDP is an unbiased and

consistent estimator of (11.4). Hence, E[ﬁc]g v*.
Even with these theoretical properties, solving (P) using SAA may be computa-
tionally intractable. Shapiro shows that even under relatively complete recourse (see
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Assumption 9) and stagewise independence (Assumption 2) of the true data process
(&4 )ierr), the total number of scenarios required in SAA problem (Py) to solve (P)
with a reasonable accuracy € > 0 grows exponentially in the number of stages [203].
Therefore, he proposes the use of smaller sample sizes ¢; for later stages, although
then the accuracy of the solution can no longer be guaranteed [204].

Clearly, there exists a trade-off between the quality of the obtained bounds for
v* and the computational tractability of the SAA problem. Approximating F¢ with
F using very large sample sizes ¢; for all t =2,...,T, a much better representation
of the original process (&;)¢c[7] is obtained, which leads to a better approximation of
v*. However, in this case, it may even be impossible to solve the SAA problem to
optimality in reasonable time, as it may take too long until all scenarios are eventually
sampled [205]. On the other hand, a very rough approximation yields a problem (Ppy)
which can be solved efficiently by SDDP, but does not provide reasonable information
about the solution to the true problem (P) [121].

11.2. Assessing Policy Quality. As it is computationally intractable to solve an
SAA problem of (P) with a sample size that guarantees a predetermined accuracy, in
practice, usually moderate sample sizes are used. For example, in [52], sample sizes
with branching numbers ¢; between 5 and 200 are tested.

The bounds %' and ac in SDDP are determined using one specific sample of
(&¢)tcir)- Therefore, they only measure the in-sample performance of the determined
feasible policy (mt(g[t]))te[T]' To assess its quality for the original problem (]3), ie.,
its out-of-sample performance, it is necessary to evaluate it with respect to the orig-
inal process (§;)e[r]- Such an evaluation also allows for the comparison of policies
obtained for different SAA problems, which can be helpful in designing appropriate
sampling techniques and sample sizes [52].

Various techniques have been proposed in stochastic programming to measure
the performance of feasible policies, such as analyzing optimality conditions, assess-
ing solution stability, or estimating the optimality gap [52]. Specifically for SDDP,
Morton et al. have made substantial contributions [42, 52, 121] based on estimat-
ing the optimality gap ([121] analyzes a risk-averse variant of SDDP; see section 12).
We thoroughly discuss their ideas for the risk-neutral case in the remainder of this
subsection. In accordance with [52], we only consider uncertainty in the RHS of (P).

Estimating the Optimality Gap. For some feasible policy (:ct(f[t]))te[T], let

(6 = Y, (¢) denote the random cost for some arbitrary scenario path
&= (&,...,¢&r). From (P.11.4) we have E[©(§)] > v*. Therefore, the optimality
gap induced by policy (wt(g[t])) re[r) CAN be expressed as

A=E[B()] -7 >0.

This gap cannot be directly evaluated because the optimal value v* is not known.
Using some lower bound for v*, A can be overestimated though. Such a lower bound
is given by E[v]; see (P.11.3). This yields
(11.5) E[3(6)] — B[] > A > 0.

Still, the left-hand side of (11.5) is computationally infeasible to evaluate and
requires excessive computational effort to evaluate policy (:ct(g [t])) te[T) for all possible
scenarios to obtain E[v(¢)]. Furthermore, from SDDP only one specific realization of

v is known. Therefore, [52] proposes using estimators for both terms to derive an
approximate one-sided confidence interval bounding A from above.
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Upper Bound Estimation. The SDDP policy (:ct(é[t]))te[T] is feasible for the

original problem (P); see (P.11.4). Hence, it can be evaluated for any realization of
(&¢)te[) to assess its out-of-sample performance. Let us sample M, i.i.d. scenario
paths from (&;),¢[7). For each of those sampled scenarios ¢ 0=1,...,M,, the SDDP
subproblems (2.10) are solved in the forward direction, yielding xt(fﬁ]) and v(¢£°) [52].
An upper bound estimator is then defined by the sample mean

MU

(11.6) Un, == ]\; > (Eh.
Yog=1

Similarly to the in-sample estimator, this estimator is an unbiased and consistent
estimator of E[v(&)]. Its sample variance is given by [52]

My,
(L) of = e S (€ ~ Unt, )P
w =1

Alternatively, an upper bound estimator can be obtained by sampling a finite
number of different SAA problems and applying to each one the SDDP policy
(ze(&)), €[] [42]. This comes at the cost of increased computational effort.

Lower Bound Estimation with Several SAA Problems. From SDDP, only one
single realization of v is known. Hence, it is not possible to directly determine a
sampling error for this point estimate and to derive a confidence interval for E[v].

One approach to deriving a lower bound estimator is to solve a finite number of
different SAA problems with SDDP and to determine the mean of the lower bounds
?. To be precise, M; different SAA problems are constructed, each by sampling g
realizations per stage from (§;);er). Then SDDP is run, yielding the lower bounds
oe=1,....M [52]. The sample mean
1M »

(11.8) Ly, = V7 Zily

then defines an estimator for E[v] with sample variance

M,

1
2. _ ~ 2
op = Ml—lez_‘:(y —Lzul) .

Note that instead of lower bounds ﬁe, the optimal values 5%, could be also used in

estimator (11.8) [52]. However, as discussed in section 11.1, it may be computationally
intractable to solve one single SAA problem to optimality. Thus, using D& may be
computationally preferable.

In principle, applying SDDP to not only one, but several SAA problems and
building the mean of the obtained bounds seems very reasonable from a statistical
perspective, as the outcome of one SAA problem is random. This also has another
possible benefit: If SDDP is run for M; different SAA problems (PY;), each of these
problems yields a different feasible policy. By calculating the upper bound estimator
U, (11.6) for each one, M; different policies could be compared directly.

However, for problems with multiple stages and for sufficiently high J/\\ft, this
becomes computationally intractable, even without solving (lev) exactly. Therefore,
de Matos, Morton, and Finardi, [52] follow the strategy of running SDDP once for
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some SAA problem with larger branch size ¢; to determine a high quality policy, and
then running SDDP for M; SAA problems with smaller branch size ¢; only to produce
the lower bound estimate Lp;, and assess the quality of that policy. In their numerical
tests, they choose values between 5 and 200 for ¢; and 5 for ¢;. In general though, it
is not clear how to choose ¢; to reach a reasonable trade-off between computational
tractability and an appropriate quality of the lower bound estimator.

Lower Bound Estimation with One SAA Problem. An alternative and less
costly lower bound estimator is derived by using only the existing SAA problem,
which has been applied to determine the policy that is to be assessed [52].

The idea is then to use the SDDP outcome v as the point estimate Ly, for the
lower bound. To estimate the unknown sampling error of v, the sampling error of the
in-sample upper bound estimator is used. This means that M, scenarios are sampled
from Fn (the SAA problem distribution), and formulas (11.6) and (11.7) with M; in
the role of M, are used to compute an upper bound estimate ﬁMz and sample error
o?. The idea behind applying this sampling error is that ¥ and E[vyy,] are equal if
SDDP has been run to optimality. However, this also implies that if SDDP has not
converged (or if g; is not sufficiently large), the sampling error may be underestimated
and thus the confidence intervals drawn become overly optimistic [52].

Confidence Intervals. Using the bound estimators and their sample variances,
asymptotically valid confidence intervals can be derived [52]:

g
<—OO7 U, + tjwul,a\/]é—:|

is an asymptotically valid and, for finite M, approximate, (1 — @)% confidence in-
terval for E[v(§)]. Here, tar,—1,o denotes the (1 — «)-level quantile of a Student’s ¢
distribution with M, — 1 degrees of freedom. Similarly,

M, — Ml—l,aﬁa o0
l

is an asymptotically valid and, for finite M; approximate, (1 —«)% confidence interval
for v*. Using only one SAA problem, this confidence interval is only valid if SDDP
has converged and if ¢; is sufficiently large. Combining both intervals yields

o, ou }
== tiM,~l,a =
Vv Ml Vv Mu
as a one-sided approximate confidence interval for the optimality gap A [52]. Here,
[]+ :=max {z,0}.

[07 [Un, — Lar )y + 1,0

I11.3. Variance Reduction Techniques. Instead of MC sampling, importance
sampling [157] and variance reduction techniques (see section 6.2) can be also applied
to obtain SAA estimators with reduced bias and variance.

In [112], numerical tests comparing MC, LHS, and RQMC indicate that RQMC
yields the most promising results when it comes to determining representative SAA
problems. In [52], MC, LHS, and RMC are also compared for different branch sizes
and policy evaluation strategies. The results indicate that with both LHS and RQMC,
a reduction of bias and sampling error, higher policy quality, and tighter confidence
intervals can be achieved in comparison with MC sampling, especially for smaller
branch sizes ¢;. For smaller branch sizes, LHS appears to be superior, while RQMC
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yields better results for larger branch sizes. While showing higher variability for MC
sampling, if combined with RQMC and LHS sampling, the computationally preferable
lower bound estimator using only in-sample scenarios from the existing SAA yields
comparable results to the approach solving several SAA problems [52].

12. Risk-Averse SDDP [Relaxing Assumption 8]. In SDDP, as described in
section 3, a risk-neutral optimal policy is determined for (MSLP) (see Assumption 8).
More precisely, (MSLP) minimizes the expectation of the total objective value over all
stages t € [T] over feasible policies (x:(&[))¢cr), Which satisfy nonanticipativity and
all constraints. Hence, it can be formulated as the single problem (2.3) with objective

(12.1) min  E Z(ct(ft))th(Em)

Z1,L2,...,&T
te(T)

As discussed in section 2.4, this problem can be expressed equivalently using the DPE
(2.4)—(2.6). This equivalence is based on two important properties of expected values:
first the so-called tower property

(12.2) E¢,(Z:(&)] =Ee, 1y [Ee, e,y [Z:(&)]]

for some random variable Z,, and second its strict monotonicity (see property (R2’)
below for a formal definition) [206].

Recall that the objective value >,y (ct(ft))—rwt(f[t]) is random and its real-
izations depend on realizations of (§;);c[r]. For some specific realization, the SDDP
policy may produce an objective value that deviates widely from the expectation in
(12.1). In practice, decision-makers are often anxious not only to find a policy causing
low costs on average, but also to avoid the risk of extremely high cost situations. This
motivates the consideration of risk-averse approaches in stochastic programming.

For multistage stochastic programming, incorporating risk-aversion has been a
popular research topic over the last decade. This includes theoretical fundamentals
on dynamic risk measures [199] as well as algorithmic developments, such as rolling
horizon approaches with chance constraints or AVaR constraints, which take risk-
aversion into account in the constraints of (MSLP) [102, 103]. For SDDP, most focus
has been on replacing expectations in the objective (12.1) with some multiperiod risk
measure R[] (see below for a formal definition). This yields the multistage risk-averse
problem (Pg):

min R [(01(51))Tm1(5[1])7 e (CT(gT))TmT(g[T])}

(123) s.t. xr1 € Xl,
xp € Xy(@e—1(§t-1)), &) V& EE VE=2,....T,
xi(-) Fp-measurable Vi=2,...,T.

We cover risk-averse SDDP in detail in the remainder of this section, but start
with some theoretical concepts.

12.1. Risk Measures. In this section, we introduce some required foundations of
risk measures, in particular for multistage problems. As our focus is on algorithmic
aspects of SDDP, we refer to the comprehensive coverage of this topic in [206, 208]
for technical definitions and derivations.
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12.1.1. Static Risk Measures. A static (or one-period) risk measure is a function
p:Z — R from the space Z of random variables Z to R:=RU{—o00,+0co}. Often, Z
is assumed to be £1(Q2,.#,P), i.e., the space of all .#-measurable functions with finite
first moments, as this ensures the well-definedness and finiteness of many common
risk measures. Importantly, since random variables are functions themselves, risk
measures are actually functionals. This is sometimes emphasized by calling them risk
functionals or risk mappings.

We now summarize some well-known static risk measures:

e The expected value E[-] is the most common risk measure. It is completely
risk-neutral.

o The value-at-risk VaR,[-] to level @ € (0,1) is defined as the left-hand side
(1 — a)-quantile of the cumulative distribution of some random variable Z:

(12.4) VaR,[Z] :=inf{ueR P(Z<u)>1-a}.

Note that this definition is not used consistently in the literature, and that
the RHS of (12.4) may also be defined as VaR;_,[Z].

o The average value-at-risk AVaR,[-] to level a € (0,1) for some random vari-
able Z is defined by [191]

(12.5) AVaR,[Z] ::inf{ueR u+;E[[Z—u]+]},

where [z]4 is defined as max {z,0}. Note that the infimum is always attained
in our SDDP setting of finite randomness (Assumption 5) and finite value
functions Q:(-) (see Lemma 2.5).

Remark 12.1. AVaR,[-] is also called conditional value-at-risk, expected shortfall,
expected tail loss, or superquantile. In the literature on risk-averse stochastic pro-
gramming, the first alternative is most frequently used with notation CVaR,[:], but
to avoid confusion when we introduce conditional risk measures later, we stick to
average value-at-risk.

It can be shown that an equivalent formulation of AVaR,[Z] is given by [205]
1
(12.6) AVaRa[Z] = VaRo[Z] + ~E [[Z — VaR,|Z]] J ,

i.e., u* =VaR,[Z] minimizes the RHS in (12.5).

AVaR,[-] has some beneficial properties compared to VaR,[-]. It considers
not only the probability mass beyond VaR,,[-], but also its distribution, e.g.,
whether it has fat or long tails. Moreover, it allows us to retain convexity of
optimization problems, as is discussed in what follows. VaR,[-] and AVaR,|[]
are illustrated in Figure 10.

Remark 12.2. For continuous random variables Z, AVaR,[-] may as well be de-
fined as

AVaR,|Z] =E[Z|Z > VaR,[Z]].

e In stochastic programming, a convex combination of E[-] and AVaR[] is often
considered; that is,

(12.7) PanlZ] = (1 — ME[Z] + MAVaR,[Z]

for some A € [0,1]. The parameters A and « control the risk-aversion. Choos-
ing A =0 yields the standard risk-neutral model.

(© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/30/25 to 129.13.194.163 . Redistribution subject to CCBY license

STOCHASTIC DUAL DYNAMIC PROGRAMMING 469

fz

E[Z] VaR,[Z]
AVaR,[Z]

Fig. 10 VaR,[Z] and AVaRq[Z] for a gamma distributed random variable Z.

e For some > 0, the entropic risk measure is defined by
1
(12.8) ENT,[Z]:= S log (E[e*7]).

It generalizes E[] (for v — 0) and esssup]-] (for v — o0), where esssup[Z]
denotes the essential supremum of a random variable Z.

It is often required that risk measures satisfy some special properties, especially
in an optimization context. First, we assume that all considered risk measures are
proper. Another desired property is coherence, a concept introduced by Artzner et al.
[3]. We employ a slightly different definition from [208] and state it for the general
case of continuous random variables.

DEFINITION 12.3. A risk measure p: Z — R is called coherent if it satisfies the

following properties:
(R1) Conwvezity: For any Z1,Z2 € Z and all X € [0,1] it holds that

PNZy + (1= N)Z) <Ap(Z1) + (1= Np(Za).

(R2) Monotonicity: If Z1 < Z5 almost surely, then p(Z1) < p(Z3).
(R3) Translation Equivariance: If a €R and Z € Z, then p(Z + a) = p(Z) + a.
(R4) Positive Homogeneity: If A>0 and Z € Z, then p(AZ) = A\p(Z).

A risk measure satisfying only properties (R1), (R2), and (R3) is called convex.
In fact, a key feature of coherent risk measures is that they are convex, and thus
convex objective functions as they appear in (Pr) and its DPE remain convex if p[']
is applied to them. VaRg[] is not a coherent risk measure, but AVaR,[-] is [164].
Therefore, in optimization AVaR,,[] is usually preferred over VaR,[].

As we later exploit, for every coherent risk measure there exists a dual represen-
tation as the worst-case expectation over some class of probability distributions over
(Q,Z) [3]. More precisely, let P be a convex set of probability measures; then a
coherent risk measure p[-] can be expressed as

(12.9) plZ] :;gng[Z].
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Table 4 Properties of common risk measures.

(R1) (R2) (R3) (R4) (R2) (R5)

E[] v v v v v v
VaRa [ - v v v - v
AVaRo[] v v v v - v
Parl] v v v N N
ENT,[] v v v - v v

* only for A € [0,1).

We introduce some additional relevant properties.

DEFINITION 12.4. Let p: Z — R be some risk measure. Then, the following
properties can be defined.
(R2’) If the inequalities in (R2) in Definition 12.3 are strict, we call this property
strict monotonicity.
(R5) Law Invariance: p[-] is called law invariant with respect to P if for all Z,Z' €
Z with the same distribution, p(Z) = p(Z') also holds.

Property (R5) implies that the risk measure p depends only on the distribution of the
considered random variable Z.
We summarize properties of the previously introduced risk measures in Table 4.

Remark 12.5. A classical approach in economics is to take risk-aversion into
account by means of nondecreasing and convex disutility (or concave utility) functions
g : R = R that are applied to some random variable Z before taking expectations.
However, the obtained risk measure p[Z] = E[g(Z)] does not satisfy property (R3),
which is required to equivalently express (Pr) using DPE.

12.1.2. Multiperiod Risk Measures. In a multistage setting, static, i.e., one-
period, risk measures have to be extended to several periods, more precisely, to a
sequence of random variables Z := Z, ..., Z, which in our case model the stagewise
objectives of (MSLP). We define such multiperiod risk measures as functionals R :
Z - R with 2= 21 x Z5 x - x Zp, where Z; denotes the space of random variables
Z for each stage t.

Choosing multiperiod risk measures in a reasonable way is a challenging task.
First, it is not clear how risk should be measured in a multistage setting [113]. Several
different options exist [64, 113, 208], such as

(12.10) R[Z]=plZ:1+ - -+ Z7] (end-of-horizon risk),
(12.11) R[Z]=p1 [Zl +poF | Z2+ -+ priEe [ 2] ]] (nested risk),
(12.12) R[Z]=p|Z:1] + -+ plZ 7] (stagewise risk).
Here, p[-] is some static risk measure and py 7, ,[-],t =2,...,T, (later also denoted by

Pile;,_y, [']) 1s a family of conditional risk measures, each mapping from Z; to 2;_1 and
defined as the static risk measure p;[-] conditioned on .%; ;1 (or &[;_y), respectively). If
pt[] is law-invariant (property (R5) in Definition 12.4), then py 7, ,[-] can be obtained
by replacing the given distribution with the corresponding conditional distribution
[208]. Generally, the same static risk measure p[-] is chosen for all p;[-],t =2,...,T.
Note that coherence of conditional risk measures can be defined completely analo-
gously to unconditional risk measures. The idea of nested conditional risk measures
goes back to Ruszczytiski and Shapiro [200].
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Remark 12.6. Under stagewise independence (Assumption 2), as we assume it for
SDDP, the conditional risk measures pyz,_,[-] in (12.11) no longer depend on F;_1,
and thus they coincide with p;[-] [208].

Second, in an optimization context, multiperiod risk measures have to be carefully
chosen in such a way that the resulting problem (Pgr) possesses desirable properties.
In addition to convexity, time consistency is an especially crucial property.

12.1.3. Time Consistency. In the literature, various different definitions of time
consistency exist; see, among others, [37, 113, 50, 165, 206] and references within.
The term is ambiguous in the sense that it is used for risk measures, policies, and
optimization problems. We state here only some of these concepts that are relevant for
SDDP; for technical definitions and detailed discussions we refer to [68, 113, 206, 208].

A common definition is that an optimal policy (:i:t(é[t]))te[T] for (Pr) (see (12.3))
is called time consistent if, for any 7 € [T, the policy (it(f[t]))tZT _p is optimal for
(Pr) restricted to horizon ¢ = 7,...,T conditional on .%,_; and Z,_; [208]. This
means that the optimal policy remains optimal after some of the uncertain data has
been revealed. The problem (Pg) is then called weakly time consistent if at least one
of its optimal policies is time consistent, or time consistent if every optimal policy is
time consistent [208] (note that there exist deviating definitions in the literature).

Policies obtained using DPE (such as (2.4)-(2.6)) naturally satisfy time consis-
tency. Therefore, the concept of time consistency is closely related to equivalently
reformulating (Pr) (see (12.3)) into DPE [208]. For nested risk measures R[] (see
(12.11)), this equivalence holds under strict monotonicity (property (R2’) in Defini-
tion 12.4) of p; (or PHiEq—)> respectively) for all t = 2,...,T. More precisely, under
(R2’), by interchanging risk measures and minimization operators, (Pr) with nested
risk can be expressed in the nested fashion [208]

min c]—xl + p2

T1€X T2E€EX (1)

min  (c2(£2)) @2 + psjey, [ .
(12.13)

zrEXT(TT-1)

which naturally allows for a reformulation to DPE. Note that for stage 2, no condi-
tional expectation is used as the first-stage data is deterministic. If p; (or py f[t]) only
satisfy (R2) instead of (R2’), then only weak consistency of (Pgr) is guaranteed, as
any optimal policy for the DPE is also optimal for problem (Pr) with nested risk,
but not necessarily vice versa.

As indicated by Table 4, AVaR,[-] is not strictly monotone. Therefore, even if
applied in a nested conditional way, time consistency is not assured. In contrast, it
can be ensured using risk measure p, z[-] defined in (12.7), given that A € [0,1). A
drawback of nested risk is that it is less amenable to suitable interpretation, although
some economic interpretations are possible [197].

For one-period risk measures p[-] that are applied as an end-of-horizon risk mea-
sure (12.10), it is well known that time consistency is often not satisfied. For instance,
some simple examples in [68, 113] show that using a one-period risk measure p[-], such
as VaR,[-] or AVaR,[-], in this setting leads to time-inconsistent decisions. Moreover,
in [197], an illustrative example is presented in which even under stagewise indepen-
dence (Assumption 2), the risk measure p, »[-] does not yield time-consistent policies
from an end-of-horizon perspective. To achieve time consistency, it is required that

(© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/30/25 to 129.13.194.163 . Redistribution subject to CCBY license

472 CHRISTIAN FULLNER AND STEFFEN REBENNACK

Decompos-

abili (R2)
End-of-horizon ability Nested Nested Recursive
formulation formulation I ®) formulation IT formulation
(Pr) (12.3), (Pr) (12.3),
with R[] as in (12.10) with R[] as in (12.11) (12.13) DPE to (12.13)
Fig. 11 Different forms of (Pr) and conditions for their equivalence.

problem (Pgr) (see (12.3)) with end-of-horizon risk measure p[-] can be converted into
an equivalent problem with nested risk using the corresponding conditional risk mea-
sures pj¢fg- For this reason, Dowson, Morton, and Pagnoncelli [64] define time consis-
tency (in their case referred to as conditional consistency) of a one-period risk measure
pl-] as an equivalence between the associated end-of-horizon risk and nested risk.

In fact, the only law-invariant coherent one-period risk measures p[-] allowing for
such an equivalent reformulation between an end-of-horizon risk and a nested risk
perspective are E[] and esssup[-] [208]. Therefore, the coherent and law-invariant
risk measure AVaR,[-] does not even guarantee weak time consistency for (Pg) if
it is applied as an end-of-horizon risk measure. It can be shown, though, that the
noncoherent but convex risk measure ENT,[-] from (12.8) is conditionally consistent,
and thus it is sufficient to ensure time consistency of (Pr ). The equivalence of different
formulations for problem (Pg) is illustrated in Figure 11.

Remark 12.7. In view of conditional consistency, note that nested risk measures
R[] from (12.11) can always be expressed equivalently using an associated end-of-
horizon risk measure (12.10), called composite risk measure. However, as the previous
discussion shows, this composite risk measure only equals p[-] if the latter allows for
a decomposition using its conditional analogues, similar to (12.2) [206, 208].

In addition, some notion of time consistency can be satisfied using expected con-
ditional risk measures R[-], which measure the risk stage by stage (see (12.12)), as
long as the included (conditional) risk measures are coherent [113]. Applying such a
risk measure in (Pg) (problem (12.3)), we obtain the problem

min Cirxl +p2 [(02(52))Tw2(§[2])] + Ee,) {P3|5[2] [(c3(§3))T$3(5[3])H

XT1,L2,.. T

o+ By [prigey [(er(6r) "@r(§m)] |
s.t. T € XY,
@y € Xp(xe-1(§e—1), &) V& €E VE=2,...,T,
() F-measurable Vt=2,...,T.

(12.14)

12.1.4. Polyhedral Risk Measures. Multiperiod polyhedral risk measures R[]
are a special type of risk measure that for a time horizon of T'€ N can be formulated
as the optimal value of certain T-stage stochastic LPs [71]. The arguments of the risk
measure, e.g., in our case the objective function of (MSLP), enter these LPs on the
RHS.

In [100], multiperiod extended polyhedral risk measures are introduced for which
the corresponding LP has a slightly more general form. This class comprises polyhe-
dral risk measures, spectral risk measures, and also AVaR,[]. These risk measures
can be shown to be convex and coherent under certain assumptions [100].

The main strength of (extended) polyhedral risk measures is that they can be used
naturally in a multistage stochastic programming setting. The linear programming
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representation of R[] and the original linear programming formulation of (MSLP)
can be conflated as a single large-scale risk-neutral linear programming problem (Pg),
which allows for a reformulation by means of DPE [100].

12.2. Toward Considering Risk in SDDP. In the remainder of this section, we
discuss the incorporation of risk-aversion into SDDP from an algorithmic perspective.
As a first step, this requires the derivation of tractable DPE for (Pg). Then, SDDP
has to be adapted to those DPE, which potentially affects the cut generation, the
upper bound computation, and the sampling.

The first two methodological studies of risk-averse SDDP were [100] for problems
with end-of-horizon risk (12.10), in particular, using polyhedral risk measures, and
[205] for problems with nested conditional risk mappings (12.11). Since then several
extensions of SDDP have been proposed based on various risk measures. While some
articles on this topic also cover SAA [121, 205, 211] (see section 11), we restrict our
attention to finite random variables in what follows.

Remark 12.8 (SDDP with polyhedral risk measures). As stated in section 12.1.4,
polyhedral risk measures have the advantage that DPE can be derived in a straight-
forward way. These DPE can then be approached by standard risk-neutral SDDP.
Guigues and Romisch derive the associated cut formulas and give a convergence proof
for some special cases of extended polyhedral risk measures [100] and the special case
of spectral risk measures [101]. This approach to SDDP is successfully applied for
AVaR,[] in [91].

Despite this straightforward approach, polyhedral risk measures also pose a sig-
nificant challenge to SDDP. The stage-t subproblems have to be enhanced with addi-
tional state variables z;_1 and y1,...,%:_1, which are required to store the history of
previous decisions. In general, such a state space expansion is unfavorable, as it may
lead to prohibitive computational cost [168]; see the complexity results in section 4.2.
The specific computational cost depends on the extended polyhedral risk measure
that is chosen.

12.3. SDDP with Nested Risk Measures. As mentioned in section 12.1.3, to
obtain a risk-averse problem (Pg) with time-consistent solutions, it is often proposed
to use (conditional) coherent one-period risk measures p['] (or pye, []) for all ¢ € [T
in a nested fashion. This yields the nested problem (12.13). We denote its optimal
value by v} . As indicated above, we can derive an equivalent formulation using DPE
[208]. Using Remark 12.6 the DPE become

(12.15) Ort(Ti-1,6,) == {Hiltn (Ct(ft))Ta:t + 2 41 (xe)
s s.t. xp € Xt(xtflgft)

with some risk-adjusted value function

(12.16) Driv1(2e) = pry1 [Qr.er1 (e, €441

and 2 r4+1(-) =0. The corresponding first-stage problem is

Z1

. T

min ¢, 21+ 2 T

(12.17) vh = 171+ 2R (1)
s.t. x €AY

Fortunately, for coherent risk measures p¢[-],t € [T], the nested risk measure R[]
also preserves convexity of 2z ¢4+1(-). Therefore, a cutting-plane approximation as in
SDDP can be applied.
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Nested conditional risk measures are by far the most frequently chosen approach
for risk-averse extensions of SDDP [68, 105, 113, 121, 167, 168, 205, 211]. Most
typically, the risk measure p, A[-] (see (12.7)) is used, which is coherent according to
Table 4. For the remainder of section 12.3, we therefore set p.[-] = pa,,»,[-] for all
t € [T}, if not specified otherwise.

12.3.1. Reformulating the DPE. The general DPE for (Pr) with nested risk
measures are formulated in (12.15)—(12.17). To determine 2;(-),t € [T, for pu [
specifically, the AVaR of Q;(-, ) has to be evaluated. Using its definition as the optimal
value of an optimization problem with decision variable uv € R [191] (see (12.5)), we
are able to further reformulate the DPE such that only expectation operators occur.

Additional State Variable Approach. Using (12.5), the risk-adjusted value func-
tion (12.16) can be expressed as

PR +1(2e) = min Eg, {(1 — A1) Qr+1(2, €44 1)

u €ER
(12.18) 1
+ Mgt (ut + — [Qroit1(z, €4 41) — Uth)]-
Qi1
Recall that A\, and oy, t=2,...,T, are user-controlled parameters.

The minimization over u; can be incorporated into the stage-t subproblems [205],
which yields

T ~

N i A 2

(12.19) QR,t(xt—lvgt) = { 915?172 (Ct(gt)) g+ Apprug + R,t+1(a?t, uy)
s.t. x; € Xt(xtflagt)

with some modified risk-adjusted value function
éR,t-i—l(xt; ut) =Ee, [(1 - /\t+1)©7€,t+1(£t+1axt)

A ~
+ 2 Qo (€rgrsme) —ut]J,
Aty

(12.20)

QR’TH(-, ) =0, and Ar41 =0 [205]. The first stage changes to

(12.21)

. { min cszL’l + Aou + §R72(x1,u1)
’UR = T1,u1
s.t. x €A

The risk-adjusted value functions QR,H_l(-, -) differ from those defined in (12.18),
but can be proven to be convex as well.

With (12.19)—(12.21), the risk measures p,, .z, [:] are incorporated into the sub-
problems such that only expectations have to be evaluated in the DPE. However,
as pointed out in [121], in comparison with the DPE (2.4)—(2.6) of the risk-neutral
case, we still observe some fundamental differences: First, an additional, albeit one-
dimensional, state variable u; € R is introduced at each stage to estimate the VaR-
level, augmenting the state space by one. Second, the risk-adjusted value functions
2r.++1(-) not only depend on z;, but also on u; and parameters A¢, ;. Third, they
contain the nonlinear, i.e., piecewise linear, function [-],.

Philpott and de Matos provide an alternative reformulation of the DPE, elimi-
nating the nonlinear expression via an epigraph reformulation [167]. To this end, the
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random term in the brackets in (12.20) is fully incorporated into the value functions.
For t=2,...,T — 1, this yields

@R,t(xtflvutflagt)

. ~ A
(12.22) min  (1—X\) ((Ct(ft))TSEt + Atprug + QR,t+1(1'taut)) + Ly

Tt,Ut, Wt (673

- S.t. Tt eXt(xt717€t>7

T ~
We — (Qe(ft)) Ty — Apprug — QR,t+1(CUt7Ut) > —U1.

Using this formulation, the risk value function is defined more naturally as
(12-23) e@R,tH(l‘t, ut) = ]Egt+1 {@R,t-&-l(xtv Ut s £t+1):| :

Again, QAR,THC, )=0and Apy1 =0.
The first-stage problem then reads

(12.24)

T1,U1,W1

N min Cirl‘l + Aouq + QRQ(.’L‘l,Ul)
UR ==
s.t. x € Ay

In comparison to the formulation (12.19)—(12.21) by Shapiro [205], additional
variables and constraints have to be introduced. Both formulations allow the appli-
cation of SDDP but share the drawback of augmenting the state space. Since the
computational effort of SDDP grows exponentially in the state space dimension (see
Theorem 4.2), such an increase should be avoided.

Modifying the Probability Measure. An alternative idea is to exploit the fact
that u* = VaR,[Z] in the definition of AVaR,[Z] (see (12.5)) and that VaR,[Z] is the
(1—a)-quantile of a random variable Z. As we assume finite randomness (Assumption
5) and solve the subproblems for all realizations &;,7 =1, ..., ¢, in the backward pass
of SDDP, this quantile can be manually determined for the value functions [211].

Without loss of generality, assume that for all t = 2,...,T and any fixed trial
solution Z;_1 the values of Qr +(Z¢—1,&;) are ordered for all j =1,...,¢;. That means
we have Qg ¢(Ti—1,&1) < - < Qr(Ti—1,6t,q, ). With this argument, in (12.18) the
variable u; can be replaced by the (1 — a)-quantile Qg ¢+1(Z¢,&+1,5+) with j* chosen
such that E;;pt-ﬂ,j >1— a1

PR +1(ve) =Ee, [(1 = A1) QR t+1 (T, §4401) + At (Qn,tﬂ(fm Et41,5+)

(12.25) 1
+ o [Qro+1(x6:€04 1) — Qrot1(Te, €15+ +)} .

In SDDP, relation (12.25) cannot be directly applied, since Qg ¢+1(,&i+1,5) is not
known and is also not evaluated for all j =1,...,q;,41. However, the same principle
can also be applied to the approximate value functions QR t+1<"£t+1»j)' Due to the

monotonicity (R2) of pi+1, we have pii1 [Qr e1(2e,€041)] = pt+1[QR’t+1(a:t,£t+1)],
so this yields valid lower approximations.

In [168], this idea is considered from a dual perspective and used to reformulate
the risk measure (12.7) even before formulating the DPE. The key idea is to use the
dual representation of AVaR,[-] (see (12.9)), which is given by
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q
sup ZPjCjZ(fj)
¢ j=1
q
(12.26) AVaR,[Z]={ st. Y piGi=1,
j=1

Cjzol, jzla"'7q7
C]S77 J:17aq
6

It shows that AVaR,[-] can be interpreted as some worst-case probability measure P
with p;j :=p;(; forall j=1,...,q.

As shown in [168], using this definition and explicitly computing the supremum,
risk measure (12.7) can be written as

qt
(1227) ﬁah)\t[zt]:Zptjgtjzt(ftj)
Jj=1
with
(1-\), J<i
1 )\t q¢
=)+ — A =2t wle d=i%
(12.28) Ctj = ( t) pm‘*( - n_;ﬂpt) Y
A N
1-M)+ =, J=7
Qg

Again, note that the true value functions Q(-) are not known explicitly in ad-
vance, and therefore the worst-case probability measure P stemming from (12.26)
is not known either. However, it can be approximated in SDDP. In particular, the
DPE (12.15)—(12.17) and their approximations can be used with expectations as in
standard SDDP, but with a modified probability measure that is iteratively updated.
More precisely, (;; changes with Z;_1, so the modified probabilities have to be re-
computed for each stage ¢, iteration ¢, and sample k£ in SDDP. This principle is also
extended to general coherent risk measures in [168].

This kind of change of the probability measure is also discussed in [133]. Instead
of adapting the ordering and j* based on foi and ! in each iteration 4, it is as-
sumed that j* is stable with respect to different values of x;_;. Its stable value is
then approximated by counting the number of iterations in which an index j exceeds
VaR.[Q, tH(xt,St)]. This is considered to be a good proxy for the ordering of the
actual value functions. A different approximation strategy is proposed in [30]. As a
key ingredient, multicut SDDP is used; see section 21.2.1. An ordering of the most
current values 0} +1,; obtained for each cut approximation Eij(), j :~1’ ..., qt, at stage
t is then used as a proxy for the risk-adapted probability measure P.

The ordering, and thus the probability measure P, can be either updated dynam-
ically within SDDP or determined by running risk-averse SDDP once in advance to
identify the outcomes contributing to AVana[-]. The latter approach has the advan-
tage that the changed probability measure P can be fixed for the following run, which
yields a risk-neutral problem and allows for the application of standard SDDP.

For the third stage of Example 3.4, the expected risk value function 2r 3(-)
obtained by applying (12.27) and (12.28) to (12.16) is illustrated in Figure 12 for
a = 0.05 and different values of A. It can be seen that when choosing larger values

(© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/30/25 to 129.13.194.163 . Redistribution subject to CCBY license

STOCHASTIC DUAL DYNAMIC PROGRAMMING 477

5=

QR.:;(M)

Fig. 12 23 3(-) from Ezample 3.4 for oo =0.05 and different values of .

Table 5 DPE formulations for (Pr) using a nested (conditional) risk measure based on po z[].

Description Source DPE

- general (12.15)—(12.17)

- augmented state,

sophisticated formula for 25 +(-) [205] (12.19)—(12.21)

- augmented state,

additional constraints and variables [167] (12.22)—(12.24)

- VaRq, [Q+(+)] explicitly determined,

sophisticated formula for 2% +(-) [211] (12.19), (12.21), (12.25)

- modified probability measure [168]  (12.15)—(12.17), (12.27)—(12.28)
- modified probability measure [133] (12.19), (12.21), (12.25)

for A, representing a higher risk-aversion, the stage-3 cost increases compared to the
risk-neutral case (A=0).

As an overview, the different forms of DPE for (Pr) using a nested (conditional)
risk measure based on p, x[-] are summarized in Table 5. All approaches in Table 5
to formulate the DPE allow for a solution of a risk-averse problem (Pg) using SDDP.
Some approaches are more efficient, since the state space, the decision space, and the
number of constraints are not augmented. Others are advantageous in the sense that
r.+(-) is expressed by a neat formula, and thus cut formulas can be derived more
easily. With some epigraph reformulation, for all the approaches all subproblems can
be formulated as LPs.

12.3.2. Forward and Backward Passes. The forward pass of SDDP basically
remains the same as for risk-neutral SDDP from section 3; see Algorithm 3.1. That
is, k € K scenarios are sampled and considered, with X C S and |K| <« |S|. However,
the subproblems and the associated approximate value functions Q;z t(gf,gtj) differ
from the risk-neutral case. Instead of subproblems (2.10), one of the DPE from Table
5 is chosen and the risk-adjusted value functions 2 411(-) that occur are replaced
by cut approximations Eé%t +1(+). The sampling technique in line 6 of Algorithm 3.1
usually remains the same as in risk-neutral SDDP, meaning that random sampling
with respect to the distribution of £ is used. However, it is also possible to sample
scenarios with “bad” outcomes with higher probability based on proxies of the prob-
ability measure P [80, 133]. This biased sampling can be considered to be similar to
the importance sampling techniques presented in section 6.
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In the backward pass, as in risk-neutral SDDP, at each stage t =T,...,2 the sub-
problems are solved for each trial solution xi* |, k € K, and possible stage-t realization
§fj =¢&y,j =1,...,q, using an updated cut approximation Ez%ﬂ(-). At stage t, a
new cut for 2 ,(-) is derived and handed back to stage ¢ —1. The main difference to
risk-neutral SDDP is again the definition of 2z (). Therefore, the cut formulas used
in line 18 of Algorithm 3.1 have to be adapted to the individual approach chosen. For
the technical derivation of subgradients in such cases, we refer to the references in
Table 5.

12.3.3. Upper Bound Determination and Stopping. A challenge in applying
SDDP to risk-averse problems is to determine upper bounds for v and allow for a
reasonable stopping criterion, because most upper bound construction methods from
the risk-neutral case (see sections 7 and 8) cannot be efficiently extended to the risk-
averse case.

Recall that in the risk-neutral case, a feasible policy (x:(£))e[r) is determined
in the backward pass and evaluated in the forward pass for different scenarios k € IC,
yielding a sequence of trial points (x}:k)te[T]. Then, a statistical upper bound vx for
v* is determined as the sample average of the objective values of all these sample
paths £¥; see (3.9). Analogously, a true upper bound ¥ can be obtained by taking the
expectation of such objective values for all scenarios £°,s € S.

However, this is possible only due to the tower property (12.2) of expected values,
which is required for the equivalence of the end-of-horizon formulation (12.1) and the
nested formulation (12.13); see the discussion in section 12.1.3. For most coherent risk
measures this property does not hold, and thus a direct analogue to the (statistical)
upper bound (3.9) from risk-neutral SDDP cannot be constructed.

Since determining reasonable upper bounds is an important ingredient of SDDP,
developing appropriate upper bound estimators has been an active research field in the
last decade. In what follows, we discuss different approaches that have been proposed.
In reviewing them, we mostly follow the presentation of Kozmik and Morton [121],
who provide a comprehensive study within their own work on upper bound estimators.

A Sample Average Estimator. In section 12.3.1, we managed to formulate each
pt[-] by means of only expectations in (12.20). Yet this does not assure the tower
property, since the risk-adjusted value functions 2% ;(-) contain a nested nonlinearity
due to the [-];-function. However, we can derive an estimator similar to (3.9) [121].
To this end, we remove the expectation in (12.20) to obtain

00(6) = (L= M) ((erleh)) "t + B ()

(12.29) k At ENT ks k k

+ Aeui o+ P [(Ct(ft )) xy + 041(&) — ut—l} 4

where we replace the value functions Qg ;+1(+) by the estimator of the following stage.
For stage T it follows that 9711 (£%) =0 and for the first stage,

(12.30) D(ER) == c] w1 + Do (€F).

Equation (12.30) provides a recursive estimator for the cost associated with sam-
ple path ¢*. This estimator has to be evaluated by backward recursion starting
with stage T. Importantly, formula (12.29) is only used for upper bound estimation,
whereas the forward and backward problems in SDDP are still based on the origi-
nal DPE (12.19)-(12.21). Determining estimator (12.30) for all scenarios £*,k € K,
sampled in the forward pass of SDDP, we can form an upper bound estimator
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1 "
(12.31) un ::wzv(é’“),

kek

which resembles the sample average estimator (3.9) from risk-neutral SDDP.

It can be shown that E¢[9(£)] > vy and that U™ is an unbiased and consistent
estimator of Eg[9(£)], so it is a statistical upper bound [121]. However, U™ is also
observed to have a large variance. Kozmik and Morton [121] identify as the main
reason for this the fact that only a small portion of the sampled scenarios contributes
to estimating AVaR,[-], while most scenarios contribute solely to the expectation.
Therefore, a very large number of scenarios would be required for an appropriate
estimate.

More crucially, because expectations are not taken conditionally on each stage
as in (12.20), and due to division by a; € (0,1), small or large values are very likely
to propagate from late to earlier stages in the recursion to determine (&%) [121].
Therefore, the upper bound E¢[6(§)] can significantly deviate from Tg, i.e., the upper
bound induced by the current policy in SDDP. In computational experiments, an
upward bias is observed that makes U™ practically useless for large T' [209].

Remark 12.9. We should note that a very similar recursive upper bound estimator
to 9(¢%) and U™ is proposed in [105], but for a general class of risk measures instead of
only pa,x[-]- The main difference in that paper is that SDDP is applied to a risk-averse
stochastic optimal control model that deviates from our setting introduced in section
2. In particular, states and controls are explicitly distinguished and the decision on
the controls is taken before £, is realized. In this setting, the negative multiplicative
effects observed in [121, 209] can be circumvented and a computationally efficient
statistical upper bound is obtained.

Conditional Sampling Estimator. For the above reasons, estimator U™ in (12.31)
is rarely considered in the literature on risk-averse SDDP. Instead, Shapiro discusses
a conditional sampling estimator [205]. Here, the idea is to estimate the expectations
(12.20) in the nested structure conditionally by sampling on each stage. Since, in
principle, the upper bound estimator can be determined independently of the scenar-
ios sampled in the forward pass, we denote the set of samples by M instead of L. M,
denotes the corresponding scenario set for stage .

For each stage, t =2,...,T, this yields [121]

B = o 2 [(1At)((Ct(E?‘))TzZ’”+@§+1(£l”*))

|Mt| myEM;
A T R
+ Ayt + 072 [(Ct( 7)) at - 0f (67) — u;nﬁLr] ;

and for the first stage the estimator
U:=c] z1 +95(&).

As Shapiro himself points out, this estimator has two significant drawbacks. It
requires ]_[tT:2 | M| 41 subproblems to be solved, and this grows exponentially in the
number of stages. Moreover, the upper bounds obtained are typically not very tight.
Therefore, estimator U is not useful for large-scale problems [121].

Importance Sampling Estimators. Some of the drawbacks of estimator U™ can
also be addressed by importance sampling [120, 121]; see section 6 for an introduction.
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By sampling scenarios associated with AVaR,,[-] with higher importance, it is possible
to better represent it and thus reduce the variance of the estimator. Based on this
idea, Kozmik and Morton put forward different importance sampling upper bound
estimators [121], which are further enhanced in [120].

Using importance sampling with respect to AVaR,,[-] creates a considerable chal-
lenge, though. In order to determine the importance sampling distribution for some
stage t, the scenarios that are associated with AVaR,[:] on that stage have to be
identified, i.e., which of them provide a value Qg (zf ;,&f;) beyond the (1 — a)-
quantile. If we estimate this by solving subproblems for several §t and determining
Qr.i(zh_ 175@) we face a similar computational burden as that for conditional sam-
pling.

Kozmik and Morton suggest the following approach: They use an approzimation
function dy(xs—1,&;), which estimates the recourse value of the decisions x;_; after &
has been observed [121]. Instead of solving the subproblems for several £F; ;> they simply
evaluate dg (zF |, ftj) and sort these values. Based on the order obtained, it can then be
decided which scenarios are used to estimate AVaR,[-], i.e., us := VaR,, [dt(21—1,&;)]
is determined.

This allows the definition of an importance sampling distribution depending on
x¢—1 [121]. For simplicity, we assume that all scenarios are equally likely in the original
stage-t distribution F; of &,; that is, the corresponding probability density function
fi(-) satisfies f;(&;)= i for all j=1,...,q;. Then, it follows that

1

G (€, |21 = 2Latth1

2(qt — \_atQtJ) ’

This distribution ensures that it is equally likely to draw sample observations above
and below wu;. Note that the formula presented in [121] looks a bit different, since it
is presented in the context of SAA.

Defining weights

dt(xtflvgt) > Uy,

di(xi—1,&;) < uy.

fi(&1)
9t (&4lze—1)

and multiplying them along the sample paths

T
= H At(£f|$t71)a
t=2

Ai(§4lwi—1) =

we can derive the estimator

(12.32) Ut:= ) > AR B(ER).

EkE’C keKx

This estimator is similar to (12.31), as the same recursive term 9(¢¥) is used, but it
is combined with importance instead of standard MC sampling.

With the assumptions of relatively complete recourse (based on Assumption 9)
and stagewise independence (Assumption 2), estimator (12.32) is asymptotically valid,
ie., for |K| = oo, U" converges to E;[6(£)] with probability 1 (recall that E¢[§(£)] >
v%). Moreover, for a sufficiently good choice of d;(-), it can be assumed that the
variance is lower than for U™ [121].
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Based on this idea, even better estimators are developed in [120, 121], for example,
by not only sampling scenarios associated with AVaR,,[-] with higher priority, but also
using only scenarios that contribute to the [-]4-term to estimate AVaR [121]:

51(68) = (1= M) ((eulel)) Tk + 68, (60))

A
+ Nup_q + Z[de(ve—1, &) > ug) " L

t—1

T .
[(Ct(ff)) wt +U§l+1(§t) uf_y N
Here, Z[-] denotes an indicator function. For the first stage it follows that
() = el @+ 05(87)-

Combining this with (11.6), we obtain

d: A k:
v zke,c s 2 M

ke

The practical applicability of this estimator relies heavily on satisfaction of the
following goodness assumption with respect to d;(+):

QRr.t(xt-1,8) > VaRy, [Qr¢(1i-1,&)] & di(wi-1,&) > VaRa, [de(21-1,&)]

which means that d;(-) correctly classifies whether or not a realization is in the upper
a-tail of the recourse value distribution.

It has been proven that this estimator is asymptotically valid as well, but that it
also provides tighter upper bounds than U? in expectation, as long as the goodness
assumption above is satisfied. Moreover, a smaller variance should be expected [121].
Numerical results in [121] illustrate that even for a medium number of stages, esti-
mator U? provides significantly better upper bounds than U™, U¢, and U* and that
the variance of the estimators is also reduced significantly. However, despite reducing
the variance, even U’ and U? may still show a considerable upward bias with respect
to the upper bound T induced by the current policy [209].

Apart from the sampling estimators above, some completely different strategies
may be used to obtain upper bounds for v3; or to define some stopping criteria for
SDDP in the risk-averse case.

Using Deterministic Upper Bounds. As discussed in section 8, we may circum-
vent the determination of sampling-based upper bound estimators completely if we
resort to deterministic upper bounding procedures.

To this end, Philpott, de Matos, and Finardi [168] extend their inner approxi-
mation based upper bounding procedure from section 8 to the risk-averse case with
nested (conditional) coherent risk measures. However, the main downside of this pro-
cedure, the required prohibitively large computational effort for a large number of
state variables and an increasing number of cuts, also holds in this case.

The alternative deterministic upper bounding procedure based on dual SDDP
[104, 126] has been extended to a risk-averse setting as well [43, 44].

Using a Change of Probability Measure. As discussed in section 12.3.1, fol-
lowing the approach of a change of probability measure (see (12.15)—(12.17) and
(12.27)), it is also possible to run (risk-averse) SDDP once in advance to approximate
the probability measure P and then a second time where the probability measure is
fixed to the approximation of P. This is referred to as solving the change-of-measure
risk-neutral problem in [133]. Whereas this approach has a lot of computational
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overhead, the advantage is that a risk-neutral problem can be solved by SDDP and,
therefore, the standard stopping, upper bounding, and policy assessment techniques
can also be applied. Solving the change-of-measure risk-neutral problem is not guar-
anteed to yield optimal policies for (Pg), but Liu and Shapiro [133] report that the
quality of the policies is similar to those obtained by risk-averse SDDP.

A similar approach is used in [80], but without running SDDP twice. Instead, the
biased sampling strategy from section 12.3.2 is applied based on approximating [P with
information gained from using multicut SDDP. Again, the idea is that by changing
the probability measure when sampling, statistical upper bounds can be computed
in a standard fashion. Whereas this approach comes with almost no computational
overhead (except for relying on multicut SDDP; see section 21.2.1), the theoretical
properties of the estimators obtained are not explored.

Fixing the Number of Iterations. This approach is proposed by Philpott and de
Matos [167]. They run a risk-neutral variant of SDDP first and then fix the number
of iterations required until termination. The same number of iterations is then used
in the risk-averse case, avoiding the challenge of upper bound evaluation.

In some practical applications in which it is computationally intractable to deter-
mine a sophisticated upper bound estimator, this approach may be useful. Promising
results are reported in [167]. However, there is no theoretical guarantee of finding
a sufficiently good solution for a risk-averse version of (Pr) in the same number of
iterations as for a risk-neutral version. Additionally, for large problems it may al-
ready take a considerably long time to run SDDP once. Running it a second time
for risk-averse problem (Pg) may partially annihilate the computational advantage
of avoiding upper bound estimation.

Lower Bound Stabilization. As for risk-neutral SDDP, instead of using upper
bounds at all, the algorithm can be terminated once the lower bounds v’ stabilize.
This does not provide a convergence guarantee but may be worthwhile in large-scale
practical applications where other approaches become computationally prohibitive.

Using Benefit Factors. Instead of the lower bounds v%, it is also possible to con-
dition termination of SDDP on the improvements of the cut approximations V5 ,(-),t =
2,...,T. For that purpose, Brandi et al. define a benefit factor

) 5 ik
Pk = min{l, 75%_1) } ,

t,max

which determines how much a new cut improves the current cut approximation E;Z,t ()
at 2" | [32]. 6(x{* ) is the absolute increase, while 67 .. is a proxy for the maximum
improvement possible. For each sample path k € K, a total benefit factor can be

determined by
i i i i
k= max {82,k783,k’ e 7BTJC} .

The risk-averse SDDP method is then stopped if the values B}, for all k € K are below
a predefined tolerance, either for one iteration or, alternatively and more robustly, for
a predefined larger number of iterations.

12.4. SDDP with Entropic Risk Measure. As discussed before, nested risk mea-
sures come with some drawbacks. Computationwise, upper bound determination is
very challenging. In addition, applying a standard one-period risk measure p[-], e.g.,
AVaR,['], as an end-of-horizon risk measure (12.10) and (possibly conditionally) in a
nested risk measure (12.11) does not yield equivalent policies [64] (this is only the case
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if we take the composite risk measure associated with the nested risk measure as end-
of-horizon risk; however, this risk measure is usually not known explicitly; see Remark
12.7). This makes nested risk measures difficult to interpret from an end-of-horizon
perspective.

For this reason, Dowson, Morton, and Pagnoncelli [64] propose applying one-
period conditionally consistent risk measures in the context of SDDP [64]; see also
[11, 165]. Tt can be proven that under some technical assumptions, the class of en-
tropic risk measures ENT,[-] (see (12.8)) is the only class of risk measures that is
conditionally consistent.

As ENT, [-] can be applied in a nested fashion, the DPE (12.15)—(12.17) are valid
in this case. Moreover, since ENT,[-] is a convex risk measure, the (risk-adjusted)
value functions are convex. Therefore, SDDP can be applied to derive polyhedral
outer approximations.

As for standard SDDP, first, for each scenario k& € K and all possible stage-
t realizations §fj = &;,j = 1,...,q, approximate versions of subproblems (12.15)
are solved to obtain @7, (xt 1,&j). Then, based on the dual form of ENT,[-], the

following auxiliary problem can be solved to evaluate the risk-adjusted value function:
ENT [ (xt—pft)]

max ZPtJQRtfﬂt &) — Zpt] 10g< >
s.t. Zﬁtj:L

j=1
ﬁthO, j:]-a"'aqt~

Here, parameter p;; denotes the nominal probabilities of realizations &;;, which
usually equal %, and the decision variable p;; denotes an alternative probability based
on the entropic risk measure. In this way, problem (12.33) can be regarded as building
the expectation based on some modified probability measure and with some additional
penalty term. Problem (12.33) can be solved algorithmically, but as stated in [64], a
closed form for p;; can also be derived. Using p;; and ENT [7 (xt 1s ft)] cuts can
then be constructed and handed back to the previous stage.

The entropic risk measure not only ensures conditional consistency of the obtained
policies, but also allows for upper bound computation as in standard SDDP, because
the tower property can be employed for ENT[-]. However, these advantages come at
the cost of an aggravated interpretation of the risk measure compared to AVaR-based
risk measures. In this context, it is particularly difficult to make a reasonable choice
for the parameter v, > 0 [64].

12.5. SDDP with Expected Conditional AVaR. Another class of multiperiod
risk measures that can be used as an alternative to nested risk measures is that
of expected conditional risk measures, which we briefly introduced in section 12.1.3
[68, 113]. Here, conditional expectations are used to avoid the risk measure nest-
ing, which proves beneficial in determining upper bounds in SDDP as it avoids the
aforementioned computational difficulties while time consistency is still ensured.

Recall the risk-averse problem (Pr) using expected conditional risk measures
stated in (12.14). Using p:[-] = AVaR,, ][] vields the so-called E-AVaR or multiperiod
average value-at-risk [113], which goes back to Pflug and Ruszczyniski [166].

As stated in [113], by some lengthy reformulations, the objective function of
problem (12.14) can be expressed in a nested manner. Therefore, equivalent DPE

(12.33)
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can be derived and time consistency is assured. Moreover, the [-];-function can be
reformulated using an epigraph approach. Then, for t =2,...,T, the DPE read

. 1 <
min —wy + Upp1 + LR 1 (T, Uy 1)
Tt,Ut41,Wt Qg
(12.34) Qro(Ti—1,u, &) = 5.6 @0 € Xy(2-1,60);
’ T

wy — (e(&)) T > —u,

Wy 2 0)
with
(12.35) gf/z,t.u(xm Upp1) = E€t+1 [QVR,t(It—M utvét)i| )

QR7T+1(', ) =0, and first stage

T1,U2

(]23) C] 1']+1[2+Q/)722(x u S)
. 6 'U/R =
S-t~ I EX]

In contrast to using nested conditional risk measures, the DPE here only depend
on nested sums of (conditional) expectations, i.e., they have the same structure as
in the risk-neutral case and hence standard SDDP can be applied. This has the
advantage of allowing the use of upper bounding techniques developed for risk-neutral
SDDP.

12.6. Biobjective SDDP. An alternative to risk-averse formulations that allows
one to achieve a trade-off between obtaining the best policy in expectation (e.g.,
the policy with the lowest expected costs) and avoiding bad extreme outcomes (e.g.,
power outages or load shedding in an electricity network) is to formulate an (MSLP)
with multiple competing objectives that are optimized simultaneously. Recently, a
variant of SDDP for biobjective problems was put forward by Dowson, Morton, and
Downward [62].

Let ¢(&;) and ¢;(&;) denote the objective coefficients for stage ¢ € [T] and the two
competing objectives. For all but trivial cases, there exists no policy that yields the
best objective value with respect to both objectives

v := min E

3 <a<st>>Ta:t<s[t]>]

te(T)

=:0(x)

and

v := min E

> (Et(&))Tict(ﬁ[t])],

te[T]

=:0(x)

meaning that the two objectives are truly conflicting.

For this reason, if there is no clear preference for one of the objectives, usually the
aim is to compute Pareto-optimal policies. A policy (it(g[t]))te[T] is Pareto-optimal
if it cannot be improved in one objective without getting worse in the other one, i.e.,
if there exists no other policy (mt(g[t]))tE[T] such that v(x) > v(&) and v(x) > v(Z)
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(or the other way round). Pareto-optimal solutions are also called nondominated, and
the set of nondominated objective vectors is called the Pareto front [62].

A standard approach to computing Pareto-optimal solutions in optimization is
to use some scalarization approach in which both conflicting objectives are combined
into a weighted sum that is then optimized in a deterministic single-objective problem.
In our case, the DPE (2.4)—(2.6) can be adapted to

min - (A&(&) + (1= Na(&)) e+ Lus ()

12.37 —1,61,4) =

where

(12.38) Di1(,N) =Ee, | [Quyr(,€041,M)]

and 271 (xr)=0. For the first stage, we obtain

vi(A) = { min (A& + (1= @) a1+ Qafe)

(12.39)
s.t. x €A

SDDP can then be applied to these DPE. In the proposed variant, A is adapted
dynamically. To this end, in each iteration ¢, after the backward pass, one stage t € [T
is randomly and independently sampled and the corresponding subproblem is solved
again for x¥ |, ¢¥ and A. Then, A\ is updated to A**!, where the latter is determined
as being the closest A to \* such that the optimal basis of the constraint equation
system changes.

It has been proven that this variant of SDDP converges almost surely to the
Pareto front of biobjective (MSLP) in finitely many iterations. Note that, technically
speaking, not all Pareto-optimal policies are guaranteed to be identified by SDDP
because for some A, multiple optimal policies may exist. However, all Pareto-optimal
policies for which (0(x),v(x)) cannot be represented as a strict convex combination
of other nondominated objective vectors are identified under weak assumptions [62].

13. SDDP with Unknown Distribution [Relaxing Assumption 3]. In section 3
we introduced SDDP assuming that the probability distribution F¢ of the data process
(&¢)te[r) governing the uncertainty in problem (MSLP) is known; see Assumption
3. This allowed us to sample from this specific distribution in the forward pass of
SDDP or, in the case of continuous random vectors, to obtain a finite sample average
approximation, as described in section 11.

However, in general the true distribution F¢ is not usually known in practical
applications. Often, only historical data is available, i.e., some realization of an un-
known true distribution. This data is then used to determine a reasonable estimate
for the true distribution, from which the required samples are taken. However, using
such an estimation imposes the risk of overfitting the SDDP policies to this specific
distribution and thus the available data. Philpott, de Matos, and Kapelevich [169]
identify this problem as particularly noteworthy if the number of possible outcomes
q: per stage is small. For this reason, it may be reasonable to take a more robust
approach and factor in the distributional uncertainty. The consideration of this type
of uncertainty in SDDP is a young research area.

13.1. Distributionally Robust SDDP. One way to consider distributional uncer-
tainty in SDDP is by integrating ideas from robust optimization [16, 20] into (mul-
tistage) stochastic programming. More precisely, a set of potential distributions is

(© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/30/25 to 129.13.194.163 . Redistribution subject to CCBY license

486 CHRISTIAN FULLNER AND STEFFEN REBENNACK

considered called the distributional uncertainty set or the ambiguity set and denoted
by P. The expected cost is then minimized over the worst-case probability distribu-
tion from this set. This is called distributionally robust optimization (DRO).

Usually, the outcomes of the random variables &, are fixed to a finite number
of realizations observed in the historical data. The ambiguity set P; then models a
variety of potential probability measures P, € P; supported on this finite set Z;.

In what follows, we restrict to DRO in the SDDP context specifically. For a
general introduction to DRO, we refer to the review [182] and the tutorial [206]. We
assume that all assumptions from section 3 hold, except for Assumption 3. Further-
more, we only consider uncertainty in the RHS.

Then, the distributionally robust version of (MSLP) can be written as

i max B S (el@) @ (@)

(13.1) te(T]
s.t. T € XY,

xy € Xy(xp—1(§t—1)), &) V& €E VE=2,...,T.

Remark 13.1. Distributionally robust stochastic programming is closely related
to risk-averse stochastic programming. In particular, the operator maxpep E[-] can be
interpreted as a multiperiod risk measure R[-]. This risk measure is coherent [206].

For SDDP it is necessary to reformulate problem (13.1) by means of DPE. This
requires that each distribution P in the ambiguity set P can be expressed as the cross-
product of the respective marginal distributions of random vectors &, [206]. Formally,

P .= {P:Pl X oo X]P)T Pteptate[T]}

The ambiguity sets P, are assumed to be independent of one another. This property is
called rectangularity of P and is reminiscent of the stagewise independence assumption
for vectors &,. Note that P; is a singleton containing one distribution with one possible
realization.

With the ambiguity sets P;, the DPE can then be written as

. T
min ¢, ¥ + Zpri+1(2)
(13.2) Qprt(Ti-1,6)=q ™ 7
s.t. x4 € Xt(l'tflv gt)
with
(13.3) Pprii(we) = max B, [Qprer1(,6041)]

Piy1€Pr41

and Z2pr r+1(zr) =0. Compared to section 3, here an inner maximization problem is
introduced when defining Zpr ++1(-) to obtain the expected cost over the worst-case
probability measure in Pyq. The first-stage problem reads

(13.4)

x1

. min CI:Cl +QDR,2(5171)
UDR =
s.t. x €A

How v} and a corresponding optimal policy can be computed algorithmically
depends heavily on the specific choice of the ambiguity sets P;,t =2,...,T. Various
ambiguity sets are proposed in the literature. Usually, these sets are defined in such
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a manner that they contain all distributions that are in some sense within a given
range of some nominal distribution. This nominal distribution, denoted by Py, is in
turn defined by probabilities p;; = q% forall j=1,..., ¢, where g; denotes the number
of historical data samples. Based on the measure employed to evaluate the distance
between two distributions or probability measures, respectively, different classes of
ambiguity sets can be defined.

For SDDP, the following three distance measures have been used up to this point.
In [114], the ¢ metric with parameter r > 0 is used to define the ambiguity set

qt
(13.5) Pt:{Pt Zpti:L pti =0, ||pt—ptoo§7“}-
i=1
A similar metric, but with the fo-norm, is used in [169] to define the ambiguity set
qt
(13.6) Pt:{Pt Zpti:]-v pti = 0, |Pt—]3t||2<7”}-
i=1

This is a special case of the class of ¢-divergence distances; see [12]. Both these dis-
tance measures are only applicable to discrete distributions supported on the observed
data points, and contrary to the Wasserstein distance discussed in what follows, they
do not go outside this initial support.

On the contrary, the Wasserstein distance allows for the comparison of general
distributions (see, for instance, [224]). In our case with finite distributions P; and P;,
the Wasserstein distance can be defined by the minimization problem

qt gt

dw (P, Py) ::mzin Z ZH& - fg”zij

i=1 j=1

qt
s.t. Zzij =py Vi=1,...,q,
j=1

qt

Zzzj:pt] vj:]w"'a(hv
i=1

ZijZO V’i,j:1,...,qt7

where different choices are possible for the norm. It can be interpreted as the amount
of probability mass that has to be moved between the distributions. This distance is
used in [69] to define the Wasserstein ambiguity set

a
(13.7) Pt{]P’t Zptizla pri 20, dW(]P)taPt)ﬁr}'

=1

In all three cases, very different strategies are chosen to apply SDDP to the nested
min-max structure defined by the DPE (13.2)—(13.4).

13.1.1. Reformulation as a Risk-Averse Problem. As shown in [114], using the
£>-ambiguity set (13.5), the DPE (13.2)—(13.4) can be reformulated to those of a risk-
averse multistage problem with nested conditional AVaR,[-]; that is, (12.19)—(12.21)
with
At41

¢
A1 =1—pypq, Q1= ” 7 -
g1 — Hiqr
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Here, pi,y == >0 pfyy,; and pfy ) = >0 piy ), where pf, | := P41 — 7 denotes
the probabilities associated with the probability measure at the lower bound of am-
biguity set (13.5) (and p},; := py41 + 7 is defined analogously for the upper bound).
Therefore, SDDP can be applied as in this risk-averse setting.

13.1.2. Solving the Inner Maximization Problem Separately. In [169] an ¢2-
ambiguity set (13.6) is considered. The authors then exploit that for convex ambiguity
sets, such as the £2-ambiguity set, maxpep Ep[] can be interpreted as a coherent risk
measure (see (12.9)), and thus the value functions in the DPE (13.2)—(13.4) remain
convex.

To derive linear cuts to approximate these value functions, it is proposed to
solve the inner maximization problem identifying the worst-case distribution sepa-
rately. In the backward pass, for some stage t, first the subproblems are solved for all
j=1,...,q: as usual (see line 16 of Algorithm 3.1). Then, using the obtained values
of Qi(m%’i 1,€t), the inner maximization problem is solved. This can be done algo-
rithmically and in some cases even analytically, as is shown in [169]. The worst-case
probability measure P* obtained can then be used to compute subgradients and cut co-
efficients. Even though these coefficients are determined based on cut approximation
Vitl(.) and on P*, which does not necessarily coincide with the worst-case probability
measure in the true DPE, valid cuts are constructed and convergence is ensured [169].

13.1.3. Using a Dual Representation. If we use the Wasserstein ambiguity set
(13.7) in SDDP, we obtain the inner maximization problem

Zt,Pt+1

qt
max Zpt+1,th+1(It,§t+1,j)
i=1

qt gt

s.t. Z ZdtJrl,ijztij <1,

i=1j=1

qt
E Ztij = Dti Vi=1,...,q,
j=1

qt

Zztij:ptj Vi=1....a4,
i=1

Ztijzo Vi,jzl,...,qt,

with dyj1,5 = |61, — ﬁfHH. Duque and Morton [69] suggest replacing this problem
with its dual problem, so that the value functions can be evaluated by solving the
single-level minimization problem

Qprt(®i-1,&)

qt+1
) T ) ,
min ¢, xy+rY+ E Q14
Tty Vt,Vt i1

= s.t. T € Xt(xt—lagt)a
det1,ijYe + v 2 Qorus1 (T 615) Vi =1, qepa,
Yt > Oa

with dual variables v; and v;. As proven in [69], these value functions are piecewise
linear and convex on A;_1 and therefore can be represented by finitely many linear
cuts. However, this approach requires the use of multicut SDDP (see section 21.2.1),
because otherwise bilinear terms occur.
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For all the strategies presented in sections 13.1.1-13.1.3, the forward pass of dis-
tributionally robust SDDP remains basically the same as in standard SDDP, with
additional flexibility in the sampling step. More precisely, the sampling can be done
from the nominal distribution associated with P;,t=2,...,T, from the current worst-
case distribution associated with P}, or more generally from a convex combination of
both, defined by some parameter S € [0,1]. If independent sampling is conducted, for
B €10,1), convergence of distributionally robust SDDP can be established as for stan-
dard SDDP [69]. However, challenges in determining valid upper bounds are similarly
prevalent as in the risk-averse case.

Computational results indicate that when taking the dual reformulation approach,
better approximations are achieved for multicut SDDP than when solving the in-
ner maximization in a side computation [69]. Furthermore, out-of-sample tests by
Philpott, de Matos, and Kapelevich [169] imply that distributionally robust SDDP
yields policies which are better suited, e.g., induce lower costs, in periods with a
substantial risk of high costs.

13.2. Partially Observable Distributions. A different approach to dealing with
distributional uncertainty is introduced by Dowson, Morton, and Pagnoncelli in [63]
and is referred to as partially observable multistage stochastic programming. The
idea is to consider a finite number of potential distributions by combining problem
(MSLP) with a hidden Markov model. More precisely, in each stage t € [T], different
nodes can be reached, with each node representing one Markov state. Let A/ denote
the set of all these nodes except for the root node. Each node reflects a different
candidate distribution, possibly with identical realizations £;,7 =1,..., ¢, but different
associated probabilities.

As a key idea, consider a partition A of nodes in A/ into ambiguity sets A € A,
satisfying (J 4 4 A = N. For example, this partition can be chosen such that there is
one ambiguity set A for each stage.

To model the distributional uncertainty, it is now assumed that at any point,
only the current ambiguity set is known, while the specific node within it cannot be
observed. However, for each node ¢, a probability b; is available. In other words,
each candidate distribution is considered to be the most accurate representation of
the true underlying distribution with a certain probability. These probabilities are
stored in a so-called belief state b. Each time an ambiguity set A is entered and a
particular realization £ of the random data is observed, the belief state is updated
componentwise by applying Bayes’ theorem [63].

In contrast to (MSLP) with perfect distribution information (see Assumption 3),
the value functions @Q:(-) have to incorporate this belief state. To this end, let p;
be the probability of observing &, conditional on being in node i with ¢ =1,...,¢".
Let NV describe all nodes including the root node, wj) the transition probability from
node j to k, and By(b,€) the update rule for the belief state being in (unobservable)
node k. Furthermore, let 2’ denote the current trial solution. Then, the expected
value function can be written as

qk
(13.8) 2p(2'b):= b > wik > pre Qu(z', Br(b, &), ne)-

JEN keN =1

This means that the value function Q(,-) depends on a node and an updated belief
state, and in (13.8) it is looped over all nodes, weighing the corresponding expected
value with the current belief and the transition probabilities between the nodes.
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In the forward pass, for each stage ¢ = 2,...,T, first a new node is sampled
conditionally on the (unobserved) current node. Then, a realization of ¢ is sampled
conditionally on the obtained node and the associated candidate distribution. Based
on these samples, the ambiguity set A and the belief state b are updated. The latter
can be considered as an additional state. For a more detailed description, see [63].

As proven in Theorem 1 in [63], the expected value functions 2g(-) are saddle
functions as they are convex in z for fixed b, but concave in b for fixed x. Therefore, to
apply SDDP, the cut generation has to be adapted to this property; see also subsection
14.6. This can be achieved by using an outer approximation for x and an inner
approximation for b [63]. Apart from the changed cut formula, line 15 of Algorithm
3.1 loops over all nodes in the current ambiguity set A and then conditionally on
all possible realizations of € on the following stage. In line 18 of Algorithm 3.1, in
addition to taking conditional expectations with respect to &, the cut components are
summed over all nodes in A and weighed with the current belief state for these nodes,
similar to (13.8) [63].

A different method of combining SDDP with a hidden Markov model is given
n [70]. One general drawback of such hidden Markov approaches is that transition
probabilities between the nodes have to be properly defined a priori.

14. Stagewise-Dependent Uncertainty [Relaxing Assumption 2]. As explained
in sections 2 and 3, stagewise independence (Assumption 2) is a standard assumption
in dynamic programming, and thus also for SDDP. It is also crucial for the compu-
tational tractability of SDDP compared to NBD because it ensures that there exists
only one expected value function 2;(-) per stage and that cuts can be shared be-
tween scenarios; see section 5.2. However, in many applications, the uncertain data in
(MSLP) (e.g., demand, fuel prices, electricity prices, inflows) shows correlations over
time and so the assumption of stagewise independence is not appropriate.

If the uncertainty in problem (MSLP) is stagewise-dependent, the expected value
functions Z;(+) for t = 2,...,T not only depend on z;_1, but also depend implicitly
on the history &[;_1j of the process (§;);c[r]. In order to apply SDDP, this dependence
has to be taken into account, for instance, by reformulating the model or adapting the
algorithmic steps in SDDP. In this section, we consider different cases of stagewise-
dependent uncertainty and ways that SDDP can be applied in these cases.

14.1. Expanding the State Space. As a first case of stagewise-dependent un-
certainty, let us assume that the data process (&;)¢c|7) is a simple linear AR process
with lag 1 defined by appropriately chosen coefficient vectors ;, matrices ®;, and
stagewise-independent and i.i.d. error terms 7;:

(14.1) ="+ P&y 1y

Remark 14.1. If we still assume finite randomness (Assumption 5), now applied
to n,, then &, can be modeled by a classical scenario tree; see section 5.2.

The most natural approach to dealing with this case is to reformulate (MSLP)
in such a way that it exhibits stagewise-independent uncertainty [161]. This can be
achieved by including & _; as an additional state variable. Then, as shown in [136],

Be,je, [Qe(w1-1,6)] =En, e, [Qu(@e—1,71 + Pie1 + 1))
=E,, [Qe(xi—1,7 + Pe&i1 +my)] s

where the second equality holds because 7, and &, are statistically independent.
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By introducing (14.1) as a constraint and defining a new value function

(14.2) Qe(@e—1,E-1,m0) 7= Qe (@—1, 71 + Beber + 1),

and the corresponding expected value function

(14.3) z(xtflaftfl) = Em [Q\t(xtflagtflant)
for all t=2,...,T, it follows that

Ee,je,, [Qt(ri-1,&,)] = °@\t(xt—13 &—1).

The state variables then consist of the resource state z;_; and the information state
&1, while the stagewise-independent uncertainty is modeled by m,. Importantly,
& is regarded as a decision variable in the reformulated problem, augmenting the
dimension of the decision space.

Remark 14.2. Tt is worth emphasizing that this approach is presented in different
ways in the literature. In some cases, as outlined, (14.1) is explicitly incorporated
into the DPE as an additional constraint [180, 211]. In some cases, each occurrence
of & in the subproblems is simply replaced by the RHS of (14.1). In other cases, the
dependence on &1 is only expressed by writing Q:(-,-,-) and Z;(-,-) as functions
of &_1, whereas the explicit relation (14.1) is only considered in the cut generation
process [91, 136, 185]. We revisit this observation in the next subsection.

Using the procedure presented above, stagewise independence (Assumption 2) is
recovered for (MSLP). However, in order to apply SDDP, it also must be ensured that
valid linear cuts for Z,(-,-) can be derived as functions in both types of state variables.
This requires that 2;(-,-) is convex in both x;_; and &_;. Similarly to Theorem 2.8,
it can be shown that under certain assumptions this property is satisfied.

THEOREM 14.3 ([185]). Let &, be described by (14.1) and let {1 be contained
in some convex set. Then, under Assumptions 1 and 3-9, the expected value function
24(+,) is piecewise linear and
a) convex in xy_1 on X1 for fized &_1;

b) convex in &1 = (Ty—2,hi—1) for fivzed x¢—1,Wi_1,c1—1;
) concave in &1 = cy—q for fized xy_1, Wi_1,Ti—o, hi—1;
) convex jointly in xi—1 and in &_1 =hi_1 for fized Wy_1,Ti—2,¢i—1.

N~ o~
Qo

Theorem 14.3 shows that convexity in both types of state variables is only guar-
anteed if the stagewise-dependent part of the uncertainty only enters the RHS h(&;)
of problem (MSLP). Note that this still allows for additional stagewise-independent
uncertainty in ¢;, Wy, and Ty—;. The result also requires linearity of (MSLP) (As-
sumption 6) and of the AR process (14.1) defining the random variable &,.

Under certain assumptions, Theorem 14.3 can be generalized to convex problems
(MSLP) and stagewise dependence in the RHS defined by a convex function [91].
Moreover, the result is not limited to lag-1 processes, but can be enhanced to AR
processes with higher lag order [91]. This is important for practical applications, as
often several lags are required to explain a time series appropriately. In contrast, for
general nonlinear stochastic processes or for uncertainty in W4, ¢, or Ty _1, such a gen-
eralization seems to be impossible. In order to cover such cases, different approaches
are required, which we discuss later in this section.
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For simplicity, assume that X; = {z; € R" =z, >0} for all ¢ € [T] and recall the
definition of the approximate subproblem (2.10):

min (ct ({t)) th + 0141

Z¢,0¢41

(14.4) Q,(mi1,&) = st Wi(€)me = he(&) — Tioa (§e)we—1,
o Tt Z 07

— (5;41)Tl‘t + 9t+1 > Oé:Jrl Vr e Ft+1,

where 'yt is the index set of previously generated cuts. Then, the result in Theorem
14.3 can be illustrated by means of the feasible region of the linear programming dual
to (14.4), which can be written as

max  (he(&) — Tt—1(§t)30t—1)T7Tt +aly

Tt Mt
.
(14.5) st (Wi(€) me— Bl < i),
eTMt = 1a
e > 0.

Here, we collect all cut gradients 8;,; in a matrix By and all cut intercepts aj,; in
a vector a; for compact representation. m; denotes the dual variable to the original
constraints, and p; denotes the dual variable to the previously generated cuts.

In the case of linear AR processes in the RHS hy(&;), the dual feasible region
is not affected by the new state variable £_; (and also remains polyhedral). This
means that the extreme solutions obtained for one state &_1 remain valid, although
not necessarily optimal, for all other states &_1 as well. In contrast, in other cases of
stagewise dependence, the dual feasible region and its extreme solutions may change
for different states, which affects the properties of 2;(-,-) [185].

In summary, for affine and convex AR processes occurring in the RHS, expanding
the state recovers stagewise independence (Assumption 2), but simultaneously con-
vexity of Z;(-,-) in all state variables is preserved. Therefore, SDDP can be used as it
was introduced in section 3. In this case, the cuts obtained are functions of both state
variables and can be formulated with a cut gradient for each of them (cf. (3.5)), i.e.,

be(Ti-1,8-1) = + (626)-'—551571 + (ﬁf)j—ftfr

Unfortunately, depending on the dimension k;_1 of £ _1, the state space dimen-
sion can increase significantly. This effect is amplified for higher lag orders. As the
computational complexity of SDDP grows exponentially in this dimension (see sec-
tion 4.2), augmenting the state space is detrimental and should be avoided if possible.

14.2. Scenario-Adaptable Cut Formulas. The previously described adverse ef-
fect can be alleviated to some degree by a special cut generation approach that was
first proposed by Infanger and Morton [116] and later enhanced by de Queiroz and
Morton [180] and Guigues [91]. In all these cases, the process model, such as (14.1),
is not explicitly incorporated into the subproblems; see Remark 14.2. Instead, it
is merely considered within the cut generation process. The main idea is to derive
scenario-adaptable closed-form cut formulas, given AR processes with a specific struc-
ture, which allow the adaptation of the cut generated for one specific history & (t—1) to
different histories {1 of the stochastic process, and thus to different scenarios. In
this way, the cuts can be shared between scenarios (see section 5.2) without the need
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to incorporate (14.1) into (MSLP) as a constraint. Importantly, these cut formulas
lead to exactly the same cuts as the previously described approach.

To illustrate this idea, consider a cut derived using dual problem (14.5) without
paying any particular attention to the stagewise dependence. For convenience, but
without loss of generality, we assume T;_; to be deterministic and the RHS uncertainty
to be defined by

(14.6) hi(&,) = ®thi—1(&—1) +m,

with stagewise-independent error terms 7, similarly to (14.1). We obtain

Dy(wi-1,6-1) > Be,je,, [/ Tim1zi1 + ) hi(€,) + py aryq]

(14.7)
=E¢, e,y [_“:thl} Ti-1+ Ee,e,_, [“:ht(ﬁt) + N:atJrl] .

We can make the following observations:
(i) Since the probabilities in E¢ |¢, ,[-] are assumed to not depend on &1 (recall
that n, is stagewise-independent) and since all scenarios share the same dual
feasible region, the cut gradient

(14.8) Bi=Ee¢, e, , [-7] Ti1]

derived for one specific scenario ft_l is valid for all other scenarios as well.

(ii) According to (14.6), the RHS h(&,) depends on &_;1. Therefore, to eval-
uate the cut for a specific scenario, this term has to be adapted to that
scenario, otherwise the cut may become invalid. By (14.6), this term can
be split into a scenario-dependent part depending on &;—1 and a scenario-
independent part depending on 7; only.

(iii) The last term a4 in (14.7) is the cut intercept of the following stage. As we
face stagewise dependence, this intercept is no longer scenario-independent,
but should denote a;+1(§;). Moreover, it is defined recursively: The stage-t
intercept includes the stage-(t 4+ 1) intercept, which includes the stage-(¢ + 2)
intercept, and so on. This implies that to evaluate a:11(&) for a specific
scenario, it is basically required to recursively traverse the whole scenario
tree starting from stage t. This is computationally intractable.

To address these observations, the main idea of Infanger and Morton [116] is to

express the cut intercept a;(&_1) as the sum of a stagewise-independent term i
and a stagewise-dependent term P (&,_):

(14.9) (1) = o™ + P (g,_y).

Let 71, = By, [m¢] and fiz;, = E,), [pt,] denote the expected values of the dual variables
obtained for realizations of n,. As explained above, these dual values are valid for any
history of the stochastic process due to the structure of the dual feasible set. Let £2;
define the (|Ty| x m;)-matrix containing the values of 7; and %; the (|| x |Ts_1|)-
matrix containing the values of pi; for the previously determined cuts. Furthermore,
let the matrix D; be defined recursively by

(1410) D; = [@t-‘rl +f@t+1Dt+1] ®,, Dpr=0.
Then, as shown in [116], the stagewise-dependent cut intercept is given by

(14.11) P (& 1) = [T + 1uDy] ®ihy 1 (& 1)
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Table 6 RHS and uncertainty models considered in the literature on SDDP with stagewise depen-
dence to derive scenario-adaptable closed-form cut formulas.

Autoregressive model for &;

RHS h¢(&) | Model Type Lag Formula Source
const. AR L 1 e =D& 1+ 1t [116]
L AR L 1 &t =Pe&t—1+me [180]
const. PAR L 1 & =pit(&—1 — Y1) + pt + ot [218]
const. AR L >1 &=t (oLe + Thny) +me [116]

L/c* AR L >1 Ee=Qelp_1)+m (91]

L/C* AR L >1 £t:<1>t£[t_1] + Uine + O [91}
const. SPAR L >1 &=y @t e [134]
const. AR NL 1 gt = Cbt (ft('ut_l) + gt—l) + e [1 16]
const. AR NL  >1  &=31"2(PLe, + fl(vp)) +me [116]

C AR C >1 &t = fi(Efe—11me) [91]

L = affine/linear function, C = convex function, NL = general nonlinear function.
* only in the case of inequality constraints.

This means that in line 18 of Algorithm 3.1 a cut can be constructed by using
formula (14.8) for the gradient and formulas (14.9), (14.10), and (14.11) for the in-
tercept. The stagewise-independent term can be determined either by an additional
formula or by subtracting (14.11) from ay(§;—1) [116]. For a cut to be shared with a
different scenario at stage ¢t — 1 only requires the adaption of the stagewise-dependent
intercept (14.11) to this specific scenario. In other words, a given cut can be cor-
rected to be valid for a different history of the stochastic process. In particular, it
is not necessary to add (14.6) as a constraint to the stage-t subproblem or to tra-
verse the whole scenario tree (see Remark 14.1). Instead, only the cut gradient, the
stagewise-independent part of the intercept, and the cumulative expected dual vector
(P41 + Ziy1Di11] @4 have to be stored [116].

Whereas we have so far limited our explanations to a very simple AR process,
similar cut formulas can be derived for more complex processes [91, 116, 180, 185].
We give an overview of different cases covered in the literature in Table 6. Some of the
process formulas in Table 6 are presented in a simplified form for reasons of clarity, e.g.,
by omitting standardization and the incorporation of seasonal or periodical effects.
For example, this is true for the SPAR processes considered in [134] (also see section
9), where spatial dependencies between locations ¢ and i’ are taken into account.

Importantly, all processes for which scenario-adaptable closed-form cut formulas
can be derived require a specific structure, such as linearity, convexity, or separability.
As shown by Guigues [91], a generalization to convex AR processes and more complex
structures in the RHS is possible. For instance, the RHS h; does not have to be
directly described by the stochastic process (constant h; = £,), but may also be
defined as some function h,(-) of &,. Moreover, for the affine case, alternative formulas
to those provided by Infanger and Morton are presented by Guigues in [91]. The
main difference is that only a minimal subset of coefficients is used, due to defining
the process (§;)e[r] componentwise and not in vectorial form compared to (14.1) or
(14.6). On the other hand, no recursive formula as in (14.10) is provided to compute
the cut coefficients. Finally, Guigues shows that for feasibility cuts as well (section
17), scenario-adaptable cut formulas can be derived.

It is important to emphasize that the presented approach only partially miti-
gates the drawbacks of augmenting the state space. First, the history of the stochas-
tic process has to be stored to compute &, even if such a computation is possible

(© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/30/25 to 129.13.194.163 . Redistribution subject to CCBY license

STOCHASTIC DUAL DYNAMIC PROGRAMMING 495

outside the subproblems. Guigues provides a detailed discussion on how state vec-
tors of minimal size can be defined in order to keep the stored information as small
as possible [91]. Additionally, due to their dependence on &;_1, or {;_j in general,
the expected value functions QAt(~, -) live in a higher-dimensional space. Therefore,
more iterations and cuts may be required to achieve convergence compared to the
stagewise-independent case, as discussed in section 4.2.

14.3. Sensitivity of SDDP with AR Processes. Let the uncertainty in (MSLP)
be modeled by an AR process. Consider the approach of expanding the state, which
leads to two types of state variable: x; and §;). Both contain information on future
resource availability (e.g., hydro storage volume and hydro inflow history affecting
future inflows), but they differ in several aspects [215]. First, whereas the information
provided by the state x;_1 is certain, the information provided by §;_j enters an
AR model predicting future realizations, which still involves uncertainty. Second,
the parameters of this AR model are estimated from data and thus can be subject
to estimation errors. Third, in practice it can often be observed that the values in
(§¢)terr) show higher variability over short time than the values of (z¢)icr). This
uncertainty and variability raise the question of how much the solutions obtained in
SDDP react to changes in £;_1). This can be examined in a sensitivity analysis.

A general approach for sensitivity analysis in SDDP is presented in [104] and
applied to an inventory problem with AR demand. The sensitivity with respect to
AR model parameters ®, and ~; is also discussed.

For a hydrothermal problem, in [215] it is shown that the solutions obtained
in SDDP are more sensitive to changes in the initial information state & than to
changes in the initial resource state xg. Based on previous observations, this leads to
the unfavorable side effect of expanding the state space for which solutions of SDDP
exhibit larger variability. This may have severe consequences in economic applications,
such as increasing risk, unpredictability of prices, or distorted investment signals.

To address this issue, Soares, Street, and Valladdo [215] present different miti-
gation heuristics, such as regularizing changes in z; over time or using the accurate
AR model in the forward pass of SDDP, but predefined unconditional samples in
the backward pass in order to avoid the dependence of cuts on {;_1). While they
report positive computational results, the authors provide no theoretical results on
reasonable parameter choice, cut validity, and convergence for their heuristics.

14.4. SDDP with Markov Chain. According to Theorem 14.3, a natural exten-
sion of SDDP to stagewise-dependent uncertainty by expanding the state space is only
possible for linear (or at least convex) AR processes appearing in the RHS of prob-
lem (MSLP). In all other cases, the convexity of the expected value functions 2;(-,)
is destroyed. Therefore, in such cases, different approaches are required. One such
approach is to incorporate a discrete Markov chain into the uncertainty modeling.
This approach is quite established in the literature on SDDP and is used in practical
applications in various forms.

14.4.1. Modeling. Consider a Markov chain with finitely many possible states
¢, =1,...,L, with L € N. At each stage t € [T], we denote the current state of
the Markov chain as 1; (again, we assume that v is deterministic). The transition
probabilities between state ¥;_1 = (; at stage t — 1 and ¥y = (» at stage t are then
denoted by wye for £,/ € {1,...,L}. For simplicity, we assume the Markov chain to
be time-homogeneous, such that wyy does not depend on t, even though this is not
required.
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We now assume that the distribution of random variable &, at stage t € [T'] may
depend on the state 1; of the Markov chain. In other words, for each possible state
Ce, 0 =1,..., L, the distribution of £, may differ. We emphasize this by writing Ef

The value functions Q:(-,-) for (MSLP) then not only depend on z;_; and the
realization & of &,, but also on the current Markov state ;. As this state can only
take finitely many values, we indicate this by Qe(zi—1,&:), where index ¢ indicates
conditioning on ¢, = (y. Based on this definition, the expected value functions can be
expressed as

L
(14.12) Qy(xi—1) = Z wee' Be, 100 [Qw (1-1,€; )|

=1

The index ¢ of the expected value function refers to the previous Markov state
Yi—1 = (. Compared to standard SDDP, the expectation is not only taken over
the realizations of Sf', but the state transitions from ;1 to v are also taken into
account. Using this definition, the DPE for stages t =2,...,T can be written as

. T
min Cp xp + Qg 0(xe)
t

A
(14.13) Que(e-1,&) { st xp € X (D).

Note that the dependence on ¢y in (14.12) resembles the expanding-the-state ap-
proach from section 14.1. However, there are important differences. 1;_; does not
necessarily enter the subproblems, but can be an underlying (hidden) Markov state.
Moreover, it can only take a finite number of different values, whereas £;_1), even if
discrete, is treated like a continuous state variable when expanding the state space.
Furthermore, as the transition probabilities wgy may differ for each (y, the cut com-
ponents are weighted differently and cuts cannot be shared between different Markov
states. Consequently, it is necessary to store separate expected value functions Zy(-)
for each £ =1,..., L. In return, the nonconvexity of these functions is circumvented,
since each Z(-) remains convex and is approximated on its own; see also the discus-
sion in section 14.4.

As an example, consider a problem borrowed from [167] with L =2 Markov states
and ¢' = 2 realizations for £’f for each of them. The corresponding scenario tree with
underlying Markov chain is illustrated in Figure 13. For the transition probabilities
let w11 = q,wia = 1 —q,wa;1 =1 —p, and wyy = p. For all ¢ and £ € {1,2}, the
distribution of ¢ is given by Dij = % for j €{1,2}.

As an alternative to the scenario tree in Figure 13, the stochastic process with
underlying Markov chain can be represented by a Markovian policy graph with finitely

Fig. 13 Scenario tree with underlying Markov chain (state 1 printed in black, state 2 printed in
white). Replicated from [167).
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many nodes per stage [60]. This approach is also included in the software package
SDDP. j1; see section 10.

14.4.2. Adaptation of SDDP. Let us now address how SDDP works in this case.
Different approaches for the forward pass are used in the literature. The most natural
one is, for each stage ¢t and each sample path k € K, to sample first from the Markov
states and then conditionally from £¢ in line 6 of Algorithm 3.1 [168]. Sometimes it is
also proposed to use historical values here, e.g., true inflow spot-price combinations
[86]. In such a case, it is possible that a spot price is drawn which is not a valid state
of the Markov chain. Then, one strategy is to use the (in some sense) closest state
from the Markov chain [86]. Another strategy is to use a linear interpolation between
the hyperplanes of neighboring states [88, 237].

For stages t =2,...,T, states { =1,..., L, and samples k € K, based on (14.13),
the approximate subproblems solved in the forward pass of SDDP have the form

Q' (% |, %) = {rrgn (Ct(gf))Txt +£§+1,e($t)

(14.14) HaN S -
—tl s.t. 1‘tEXt('rilila§f)'

Importantly, each function Z(-),¢ =1,...,L, is approximated by an individual cut
approximation V,,(-).

In the backward pass of some iteration i, the stages are traversed in a backward
direction as usual to improve the cut approximations. At each stage t, the subproblems
(14.14) including Vi () are solved for each trial state zi*,, k € K, each stage-t
Markov state ¥; = (y,£ =1,..., L, and all realizations ffj,j =1,...,q/. This means
that in lines 13-21 of Algorithm 3.1 the iterations are not over ¢, k, and j, but over
t, k, £, and j(£).

Then, for each x* | and ;1 = (;,£ = 1,..., L, a valid cut can be derived for
Qu(-). Let Bjy,; denote a subgradient for Q;Q, -) at xi* . In accordance with (3.4),
but also taking into account the Markov chain transition probabilities, we can then
define cut coefficients

qte

L i N\T ik
ﬁtlk —ZWM’ Zptéy (QH_ xt 1 t )‘(5221@) mzfl) )

=1
(14.15)
qie
e —Zwez' ZPM;»BWW ;
=1

where gi¢ and py;; denote the numbers of realizations and probabilities of £f.
A cut (3.5) for Z¢(-) is then given by function

Gron(e—1) ==y + (Bio) w1

and can be used to update V,(-). Philpott, de Matos, and Finardi derive similar
formulas for the multicut and risk-averse case [168].

The approach described allows for the incorporation of even nonlinear stagewise-
dependent uncertainty into SDDP, but it also gives rise to some challenges. Among
those challenges is the assumption of the Markov property, which may not always
be appropriate. Moreover, it is necessary to define useful values {4,/ =1,...,L, and
transition probabilities wge for the Markov states [88, 150]. Most importantly, cuts
cannot be shared between Markov states, but only within them, so that separate
expected value functions have to be considered for each £ =1,..., L. Therefore, the
number of Markov states should be rather small to preserve computational tractability.
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14.4.3. Specific Use Cases. There exist different use cases for modeling the
uncertainty in (MSLP) with an integrated Markov chain.
¢ Nonlinear Processes. The data process (§;);c[r] can be modeled as a non-

linear AR process or a nonlinear transformation of a linear AR process (see
section 9), ~which, if handled by expanding the state space, destroys the con-
vexity of 2;(-,-). Sometimes such a nonlinear process can be approximated
by assuming that the realizations & depend on an underlying system state
which follows a Markov process [168], thus does not capture the nonlinearity
explicitly in a formula. As the value functions are also not convex in this
possibly continuous Markov state, the Markov process is approximated using
a discrete Markov chain.

Regime-Switching Models. Instead of a single AR process, sometimes the
data process (§;)ie[r] can be best modeled by a finite set of different AR
processes, which are valid representations, and thus active, under different
circumstances (e.g., macroeconomic, political, or ecological situations). A
discrete Markov chain can then be used to model these overall system states,
and AR models can be used to describe realizations of the uncertain data
conditioned on these states. Such regime-switching models are very common
in wind forecasting [242].

Hybrid SDP/SDDP. Different parts of the data in (MSLP) exhibit
stagewise-dependent uncertainty. While some of them, namely, uncertainty
in the RHS h¢, can be treated by expanding the state space, for others, e.g.,
stagewise-dependent uncertainty in the objective coefficients c;, that would
destroy the convexity of 2;(-,-). Therefore, this part of the uncertainty may
be modeled by a discrete Markov chain instead. Since one part of the un-
certainty is treated as in standard SDDP (allowing for cut-sharing between
scenarios), while another is treated by enumerating separate expected value
functions for each £ =1,..., L (cuts cannot be shared between Markov states),
this is often referred to as a hybrid SDP/SDDP method [86].

For instance, this setting often occurs in medium-term hydrothermal sched-
uling problems (see section 9) when inflow uncertainty in the RHS as well as
spot-price uncertainty in the objective function are taken into account. The
idea of addressing this using a Markov chain goes back to Gjelsvik et al.,
who modeled this kind of scheduling problem for the Norwegian power sys-
tem [86, 88, 89]. Since then, this approach has been employed in several
applications, for example, hydrothermal scheduling including balancing mar-
ket bids [107, 108], risk management [115, 123, 149], and fuel contracts [39].
It is also applied to the modeling of fuel price uncertainty [158].

In contrast to the general approach presented above, in this case it is usually
assumed that the uncertainty in the RHS and in the objective are independent
of one another. Therefore, for each state (y,£ =1,..., L, the distribution of
&, is the same and marginal distributions can be used in the expectation in
(14.12). Moreover, note that in this specific case the Markov chain states do
not underlie the distribution of §,, but instead they enter the subproblems
explicitly, e.g., as objective coefficients. However, SDDP can still be applied
using the same ideas as above.

Markov Chain SDDP. Assume that the data process (§,):c(r) itself is Mar-
kovian, i.e., as in (14.1), &, only depends on &_; for all t = 2,...,T in-
stead of on the whole history £;_1;. In this case, the data process can be
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represented, or at least approximated (if the random variables &, are contin-
uous), by a discrete Markov chain. This approximation can be obtained by
lattice quantization techniques [31, 136]. As it contains only finitely many
states per stage t = 2,...,7T, this Markov chain can be illustrated as a re-
combining scenario tree or scenario lattice [136], just as in the case of the
stagewise-independence Assumption 2; see s’ection 2. The difference is that
in the Markov chain case the probabilities of transitions to stage-t nodes may
differ between different stage-(¢ — 1) nodes. This also includes the possibility
that some stage-t nodes may not be reached from certain stage-(t — 1) nodes.
Due to this difference, the (expected) value functions Zy(-) depend on the
states (¢, ¢ = 1,...,L, of the Markov chain, and in SDDP cuts are de-
rived for each of these functions separately. This idea is called Markov
chain SDDP (MC-SDDP) [136] or approximate dual dynamic programming
(ADDP) [137, 138], whereas for distinction the approach of expanding the
state space is referred to as time-series SDDP (TS-SDDP).

MC-SDDP can be considered a special case of the above framework, where
the Markov states explicitly enter the subproblems and completely describe
the uncertainty, instead of affecting another random variable. More precisely,
in (14.12) the conditional expectations and Sf/ can be omitted, and only
probabilities wyp are required. Analogously, in the cut intercept and gradient
formulas (14.15), the summation over j and the probabilities ps; can be
omitted.

For problems with moderate state space dimension to MC-SDDP, expanding
the state may be computationally favorable as only one expected value func-
tion has to be approximated per stage. On the other hand, a computational
advantage of MC-SDDP is that the computational effort grows linearly with
the number of Markov states only [208]. In contrast, expanding the state
leads to a state space dimension increase in which the complexity of SDDP
grows exponentially. Moreover, MC-SDDP requires no linearity and is not
limited to stagewise-dependent uncertainty, only appearing in the RHS of
(MSLP). As long as the Markov property is satisfied, it allows for stagewise-
dependent uncertainty in all data ¢, Ty—1, Wy, and h; of (MSLP).

The main drawback of MC-SDDP lies in its relationship to the true problem
(P) in the case of a continuous data process (§;):cr); see also section 11.
For SDDP with AR processes, and expanding the state space, many results
exist that allow for inference of the SAA solution with respect to the true
problem; see section 11. One key property in this regard is that &1 is treated
as a possibly continuous state variable in SDDP, such that the derived cuts
are also valid at states which are not reached by the scenarios £* € S that
are considered in SDDP. Similar results are not available for MC-SDDP. In
particular, the policy and lower bounds obtained are not necessarily valid for
the true problem [136].

In spite of this theoretical downside, Lohndorf and Shapiro [136] report
tighter lower bounds and better policies even for the true process based on
computational experiments. They conjecture that this is due to a differing
exploration of the state space. Expanding the state space introduces addi-
tional state variables which are not under control of the optimal policy (their
trajectory is not chosen based on solving the approximate subproblems in the
forward pass, but is selected randomly in the forward pass). This may lead
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to the selection of states that do not provide the highest information gain.
With MC-SDDP this is partially mitigated by choosing sufficiently different
states in advance when constructing the Markov chain.

14.5. Hybrid NBD/SDDP. In the previous section, we presented a hybrid SDP/
SDDP method as a tool to model different stagewise-dependent uncertain data in
(MSLP) using different approaches. Instead of modeling the “complicating” part of
the uncertainty by a discrete Markov chain, a scenario tree can also be used. Instead
of a hybrid SDP/SDDP method, this yields a hybrid NBD/SDDP method [185]; see
also section 5.2.

Assume that the random vector &, modeling the uncertainty in ¢;, Wy, T;_1, and
h; can be separated into two separate and independent parts, éf and £tT. The first
vector Sf can either be stagewise-independent or exhibit some linear dependency if
it occurs in the RHS. In the latter case, it can be handled by expanding the state
space. Within SDDP, in each iteration samples of £ts are considered. The second
vector 5? , on the other hand, may lead to nonconvexities in the value functions if it
is approached by expanding the state space. Therefore, it is modeled by a scenario
tree, which is treated exactly in SDDP. This means that for this particular part of the
uncertainty, no samples are drawn, but all scenarios are considered in each iteration
of SDDP, as in NBD; see section 5.2. This approach is similar to hybrid SDP/SDDP
in the sense that the expected value functions 2(-) depend on the scenarios from 5;59
and that cuts can only be shared within, and not between, such scenarios.

By only treating the crucial part €7 of ¢ as a scenario tree and the remainder ES
by sampling still, complex uncertainty processes can be considered, while at the same
time the increase in the computational complexity is kept as small as possible [185].
To take advantage of this, the scenario tree associated with ES should not be too large.

Compared to hybrid SDP/SDDP, in specific applications one or the other ap-
proach may be favorable. For instance, the Markov chain approaches allow for de-
pendencies between different uncertainty processes. Moreover, if each realization of
&, is assigned to one specific Markov state (s, ¢ =1,..., L, the number of LPs to be
solved per iteration can be kept the same as in standard SDDP. The scenario tree
approach, by contrast, requires independence of £S and ET. By design, it considers
all combinations of scenarios of ¢7 and ES , 80 no assignment of realizations of SS to
scenarios of &7 is required. However, the number of LPs to be solved grows expo-
nentially in the number of stages [185]. On the other hand, a scenario tree may be
more appropriate to model very complex processes, e.g., macroeconomical, political,
or structural decisions [185], for which the Markov property is not appropriate.

14.6. Saddle Cuts. We consider the special case of stagewise-dependent objec-
tive coefficients ¢;(&;) in (MSLP), as they appear for uncertain price models by AR
processes. Up to this point, we have introduced SDDP with the integrated Markov
chain as a suitable solution approach in this case. Next, we discuss a second approach.

As discussed in section 14.1, by expanding the state space, stagewise-independence
(Assumption 2) can be recovered, but in return the expected value functions 2;(-,-)
are no longer convex. In Theorem 14.3 it is shown that 2;(-,) is in fact convex in
x;_1, but concave in ¢;_1, which yields a saddle shape. Therefore, linear cuts are
not sufficient to approximate them. As a solution, which exploits the saddle shape,
special saddle cuts can be used.
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To derive this formally, in the vein of [59], we assume the objective coeflicients
are described by (yt(gt))TCt instead of ¢;(&). While the matrix C; is considered
deterministic, y¢(&;) is defined by the AR process

(14.16) Yi(&e) = Be (&) ye—1(&e—1) + be(&4)
for all stages t = 2,...,T. Here, the matrix B; and the vector b; are uncertain and
depend on the realization of §,. Thus, the sequence (yt(gt))thl is scenario-dependent.

Inserting relation (14.16) into the objective function and considering y;—1 as an
additional state variable, for t =2,...,T, we obtain the subproblems

@t(xt—layt—lagt)
_ { H;ltﬂ (Bt(gt)ytfl + bt (ft))TCtCEt + i1 (e, Be(&)yp—1 + bi(&))
s.t. Tt S Xt(xt,l,ft),

where
i (ﬂﬁt, yt) = Es,,H [Qt—i—l (xt, Yt €t+1)]

and §T+1(IT7YT) = 0. For the first stage, we obtain

. min  bC1x1 +§2($1,y1)
v = T1
s.t. x1 € XY

The additional state y;—1 is referred to as an objective state. This state is not allowed
to appear in the constraints [59]. As stated above, 2;(:,-) is piecewise linear and
convex in x;_1, but piecewise linear concave in y;_; and, as such, a piecewise bilinear
saddle function.

The concept of approximating saddle functions with saddle cuts goes back to
Baucke, Downward, and Zakeri, who propose a deterministic algorithm to solve sto-
chastic minimax dynamic programs [11]. A related approach is used in robust dual
dynamic programming (RDDP), which uses an SDDP-like framework to solve multi-
stage robust programs [83]. The main idea is to compute lower and upper bounding
saddle functions, which combine the ideas of an outer approximation by cutting planes
and an inner approximation by convex combinations of function values, the latter of
which we discuss thoroughly in section 8. For stagewise-dependent objective coeffi-
cients, it is sufficient to use only the lower bounding saddle functions, so-called saddle
cuts, from [11] to approximate the expected value functions in SDDP.

Let (3.4) define g, and oy as in standard SDDP. Then, in line 18 of Algorithm 3.1,
the rth saddle cut for 2,1 (-,-) is defined as the solution to the optimization problem

min gy + 0541
Yt 9t+1
(14.17) s.t. (ytT)T% + 011> a§+1 + (ﬁtTH)T»Tu
[7tllo0 < v,

where y§ = yi¥ denotes the current objective state in iteration i and for scenario k € K.
Importantly, this problem has z; and y; as parameters. Hence, a saddle cut gives a
valid lower approximation for Z;,4(-,-) for all 2; and y; and can be shared between
scenarios. Moreover, the saddle cuts are tight at the trial state given by zi* and yi*,
at which they are created.
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A crucial part of applying this approach is to bound the decision variable 4
in (14.17) by an appropriate constant v. To this end, the expected value functions
2:(-,-) are required to be Lipschitz continuous with respect to y;—1. As shown in
[11], to ensure validity of the saddle cuts, the parameter v has to be chosen at least
as large as the Lipschitz constant of 2;(-,-) with respect to y;—; under the dual norm
[I-ll1 of ||]loo- If it is chosen smaller, the result might be invalid cuts and suboptimal
solutions. If it is chosen too large, the cuts might become very weak [59].

Incorporating the saddle cuts, for each stage t =2,...,T, iteration ¢, and scenario
k € I, the SDDP subproblems can be formulated as

Aok ik
Qt(x;—la yzflv ftj)

min (yzk)TCtzt + (yik)T% + 041
Tt,Yt,0t+1

_J st 2y € Xy(xyh 1, &rj),
(7)) "+ Orp1 — (B41) "o >y, €T,
[Velloo <,

where yi* = By (€F)yi* | +b,(£F). Aside from considering the additional objective state
yi* the forward pass remains of SDDP remains unchanged.

It can be shown that only finitely many different saddle cuts can be constructed.
As a consequence, the convergence results are the same as for standard SDDP [59].

14.7. Applying Dual SDDP. A third approach tailored to stagewise-dependent
objective coefficients ¢;(&;) in (MSLP) is to apply dual SDDP [104], as presented in
section 8. Recall the value functions derived from the dual problem of (MSLP):

(14.18) Dy(mp_q) := it

qt
T T
s.t. Zptj (Tt—l,jﬂ-tj) +Wt_17rt_1 <ci_q.
Jj=1

These value functions are concave in 7;_;. Crucially, here the objective coeffi-
cients c;—1 appear in the RHS. If (¢;);¢[7 is described as a linear AR process, we can
expand the state space as for the primal subproblems in section 14.1, and the new
state variable c[;_o) appears in the RHS. Therefore, the value functions obtained are
also concave in c;_g and can be approximated from above by linear cuts. This can
be done by applying dual SDDP [104]; see section 8.

14.8. Conditional Cuts. The previously discussed approaches all have in com-
mon the fact that they require us to expand the state space or to set up a scenario tree
or a discrete Markov chain from the true (continuous) data process (or from existing
historical data). van Ackooij and Warin propose an alternative approach that works
without these requirements [234]. Their approach is based on established methods in
mathematical finance and optimal stopping theory. A crucial assumption is that the
data process (§;)c(r) is Markovian.

Assume that a finite set S of scenarios £°,s € S, is given, e.g., historical obser-
vations of the data. This set is chosen in advance and is not changed within SDDP.
The first key ingredient of the proposed variant of SDDP is to partition the set of
possible values of &, for each stage ¢ € [T] into a finite number |L;| of hypercubes
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Dy, £ =1,...,|L4|, also called meshes. This partitioning is done in such a way that
approximately a uniform distribution of the samples is achieved [234].

As we explain in what follows, the main idea is now to compute cuts conditioned
on specific meshes, i.e., for each mesh a different set of cuts is considered.

In the forward pass of SDDP, a subset L; C S; of scenarios is sampled for each
stage (see line 6 of Algorithm 3.1). This is done with the aim of obtaining a trial
solution x¢ for each mesh in expectation for all ¢t = 2,...,7. Each of these trial
solutions is then used in the backward pass to derive cuts.

In the backward pass, for any sequence (}’);c 7 of trial solutions, let (d(t)%) relT]
denote the sequence of corresponding meshes, i.e., zi¢ has been determined in the
forward pass for & € Dy qqyie. At each stage t =T,...,2, the SDDP subproblems are
now solved for all scenarios &; for which §; ; € D;_; g(;—1)ic. This means that for each
trial solution, all scenarios are considered that share the same mesh with the scenario
used to obtain the trial solution. Line 15 in Algorithm 3.1 is adapted accordingly.

After solving these subproblems, the obtained solutions are used to construct
cuts. In contrast to standard SDDP, however, the cut coefficients are determined as
estimates of the corresponding conditional expectations [234]:

( ht gt Z 'u,zésra;rl‘|

reliyq

, -5
app(&—1) = Elgtfl

and
ﬂfe(&A):—fEit,l {( T, 1}

These estimates are computed by linearly regressing the terms for each considered
scenario & on a finite number of local base functions, e.g., monomials in RP*, with
support on the considered mesh. Importantly, they are zero outside this mesh. The
idea is that in this manner a cut of form

(14.19) Q(wi—1,&-1) = Dip(@i—1,6-1) = (»BZz(ft—l))THthl + (&)

can be constructed, which provides a local update of the cut approximation in the
current mesh D;_; 4;—1) and is zero, otherwise. Hence, the cut is associated with this
specific mesh and stored in a corresponding index set. In following iterations of SDDP,
for each subproblem only the set of cuts that is associated with the currently explored
mesh [234] is then taken into account. Therefore, these cuts are called conditional cuts.

The main drawback of this approach is that the cuts described are not guaranteed
to be valid underestimators, so the inequality in (14.19) is not guaranteed to be
satisfied, because their formula relies on estimators that may deviate from the true
conditional expectations.

However, for problems with a low-dimensional vector &, and Markovian depen-
dency, the policies obtained using conditional cuts are reported to be competitive with
those obtained by expanding the state space, but without the increase in the state
dimension and without the need to set up a scenario tree [234].

I15. Extension to Convex Programs [Relaxing Assumption 6]. A natural ex-
tension of SDDP can be achieved by relaxing the assumption of linearity, i.e., As-
sumption 6, but assuming a multistage stochastic convex problem (MSCP). In the
same vein as problem (2.3), this problem can be formulated in the general form
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win_ E| Y filedeo).¢)
T1,T2,.

te[T]
s.t. g1(z1) <0,
gt(wt 1(5[15 1) (g ) gt)<0 Vf 7"'7T7
Ty € Xy Vit e [ ]
x1(-) F-measurable Vi e [T,

(15.1) vk

with f,(-) and g,(-,-) some .Z;-measurable functions with respect to &.
We make the following assumptions [85, 92].

Assumption 10. For fixed & € E¢, let fi(-,&) and g:(-,-,&) (componentwise)
be proper, convex, lower semicontinuous, and differentiable functions and X; be
nonempty convex compact sets for all ¢ € [T].

Under stagewise independence (Assumption 2), finite randomness (Assumption
5), and Assumption 10, the (MSCP) in (15.1) can be expressed using its DPE in the
following form for t =2,...,T":

H;in fe(ze, &) + Liga,o(ae)

(15.2) Qi.c(ri—1,&) = q s.t. gt(Ti—1,2¢,&) <0,
T € Xt7

with expected value functions defined as usual by

(15.3) Qprl,c(l‘t) = Eg,,ﬂ [Qt+1,0($ta £t+1>]
and Zp41,c(zp) =0. For the first stage, this yields

Hiiln fl (1‘1) + 32,0(371)

(15.4) ve =1 s.t. g1(z1) =0,
T € X7.

Applying SDDP to (MSCP) with convergence guarantees requires a more strict
recourse assumption compared to Assumption 9.

Assumption 11 (extended relatively complete recourse [85]). Let aff(X;) be the
affine hull of the reachable set X} and B:(d;) = {y € aff(X}) |ly|| <d:} for some &; >0
and some norm ||-||.

Foralltet=2,...,T, all 41 € X1 + B:(d), and all &;,5 = 1,...,¢, the
feasible set of subproblems (15.2) is nonempty.

Intuitively, Assumption 11 demands that feasibility of the subproblems is also
ensured for x;_; slightly outside A;. This is required in order to guarantee Lipschitz
continuity of all value functions Qq c(+,-) and expected value functions 2 ¢ (-) [85].
In addition, all value functions are convex and thus can be approximated by linear
cuts. Such cuts can be generated using Lagrangian duality. More precisely, for all

t=2,....,T, x;—1 € X;_1, and some multipliers 7; € R™ (with m; the dimension of
g:(+,+)), we introduce the Lagrangian function
(15.5) Lyc(m; i1, 14, &) = fir(@e, &) + T (-1, 20,&),

the corresponding dual function

(15.6) Lic(mywi—1,&)= ng Li(me;xe—1,2,&),
Tt t
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and the corresponding Lagrangian dual problem

(15.7) max Lo(me; -1, €e)-

Further, we make the following assumption which ensures no duality gap between
the primal subproblems (15.2) and their dual problems (15.7) [92]. Here, ri(S) denotes
the relative interior of some set S.

Assumption 12 (Slater condition [92]). For all z;—1 € X1 and all §;,5=1,..., ¢,
there exists x; € ri(X;) such that g;(z¢—1,2¢,&;) <O0.

Then, exploiting differentiability, a subgradient of 2, ¢(-) at Z;—1 is given by

qt

B =02,(T1-1) =Y _pt; Ve, Leo(Feji Tro1,Tej, Etj),

j=1

where Z;; is an optimal solution to the primal problem (15.2) and 7;; is an optimal
solution to the dual problem (15.7) given &;. Moreover, V h(-) denotes the gradient
of some function h(-) with respect to xz. Using this subgradient, a cut for 2;(-) is
given by [92]

(15.8) Di(24-1) > 24(T4—1) + B, (T—1 — Tp—1).

Under Assumption 11, the norm of the obtained subgradients can be shown to be
bounded [92].

In summary, to adapt SDDP to the convex setting, in line 10 of Algorithm 3.1 the
convex subproblems (15.2) are solved, in line 16 the dual problems (15.7) are solved,
and in line 18 cuts (15.8) are constructed.

The cut derivation can be generalized to DPE including V,(-) instead of 2,(-).
The results can also be generalized to cost functions fi(x¢—1,x¢,&;) depending on the
state z;_1; see [92] for details.

Contrary to the linear case, however, the expected value functions 2, ¢(-) are
no longer polyhedral. As a consequence, they cannot be represented exactly by a
finite number of cuts. However, it can be shown that given the above assumptions
and Assumptions 1-8, almost sure asymptotic convergence of SDDP is ensured. In
[85] this is proven for the case that x;_; only enters the subproblems (15.2) in linear
constraints, that is, when g,(-) is a linear function. In [92] the convergence proof is
extended to the more general setting presented above. For both convergence proofs
the differentiability requirement can also be dropped. As shown in [75], almost sure
finite convergence can be achieved for e-optimal policies, for some predefined & > 0.

In [99], Guigues and Monteiro present a slightly different algorithmic approach,
called StoDCuP (stochastic dynamic cutting plane), in which not only 2(-),t =
2,...,T, but also some or all nonlinear functions f;(-) and g;(-) are iteratively ap-
proximated by affine functions at the trial points visited in the forward pass.

Another variant of SDDP is DASC (decomposition algorithm for multistage sto-
chastic programs with strongly convex cost functions), which is introduced in [93]. It
can be applied when the (expected) value functions in (MSCP) are strongly convex.
For this type of problem, their approximation is proposed using functions V,(-) which
are defined as the pointwise maximum of quadratic cuts instead of affine cuts. In
contrast to standard SDDP, this means that the subproblems to be solved in SDDP
become nonlinear, but in return good approximations of the expected value functions
are obtained much quicker, and thus fewer iterations are expected [93].
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While most research on SDDP deals with problems (MSLP), some of the exten-
sions presented above and in the following sections have also been enhanced to the
convex case, e.g., risk-aversion [92], inexact cuts [95], regularization [97], and exact
upper bounding procedures [10, 126]. [92] contains an extension of the convergence
proof from [85] to the risk-averse case. Furthermore, the idea of using inexact cuts is
generalized to convex nondifferentiable problems [98]; see section 21.

16. Extensions to Mixed-Integer and Nonconvex Problems [Relaxing As-
sumption 6]. In many practical applications, multistage stochastic problems involve
integer decision variables or nonlinear but nonconvex terms in the objective function
or constraints; see section 9. In general, such programs can be formulated in the same
way as in the convex case, but it is possible that the functions f;(-) and g¢(-) can be
nonconvex. Moreover, in this case, X; is the intersection of a convex compact set, e.g.,
representing box constraints, with possible integer constraints, i.e., X; C Ri"" x Z}*?
with n; =n4y + nee. We denote the optimal value by vy

Under stagewise independence (Assumption 2), the DPE can be written as (15.2)—
(15.4), but for distinction we denote the value functions by Q: no(zi—1,&:) and the
expected value functions by 2 yo(z:—1) for all t = 2,...,T. Both integer variables
and nonconvex functions make this a nonconvex multistage stochastic programming
problem (MSNCP). Importantly, Q¢ nc(-,-) and Z; yc(-) are no longer ensured to be
convex, but become nonconvex functions in x;_1. They are also not guaranteed to be
(Lipschitz) continuous. This poses significant challenges for approximation algorithms
such as SDDP, as linear cuts are not sufficient to approximate Z; yc(+).

To approach (MSNCP) by SDDP, different strategies can be used. As nonlinear or
mixed-integer stochastic programming are large research areas in their own right, we
give a brief overview here and refer to the cited literature for methodological details.

16.1. Convexification. A standard approach in practice is to solve a static con-
vex relaxation (Pyc) of (MSNCP) which is associated with convex expected value
functions 2;(-) for all t € [T]. Such relaxation can be achieved by relaxing the inte-
grality constraints and replacing nonconvex functions with convex relaxations, such
as McCormick envelopes [147]. In this case, though, the Benders cuts determined by
SDDP can be very loose. Therefore, only some rough underapproximation vy of the
optimal value v}, may be determined. However, sometimes this is considered suffi-
cient to obtain reasonable policies for practical implementation. Also note that even
if convex relaxations are considered when running SDDP to compute a policy, the
simulation of this policy afterwards can be executed including integrality constraints
and nonconvex functions; see, for instance, [193].

A second strategy is to keep the subproblems in SDDP nonconvex, but to con-
vexify the expected value functions 2, yc(-) in some sense. Often, in this case, the
nonlinearities in (MSNCP) are first relaxed by piecewise linear approximations such
that all subproblems are mixed-integer linear programs (MILPs) [38, 226]. In the
backward pass, more specifically, in line 16 of Algorithm 3.1 for all t =T,...,2 and
all &;,7 =1,...,q, instead of solving a linear programming relaxation of the sub-
problems (2.10) (or its linear programming dual), a Lagrangian relaxation is solved
in which the coupling constraints g:(x;—1, 2+, &) <0 are relaxed. For any trial point

2%* | and any multiplier 7; € R™¢, this relaxation can be written as

Lt (myaih |, &) ::n;in Fe(@e, &) + Qur (@) + 71 ge(ai | 2, &45)
t

s.t. Ty € Xt.
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In the Lagrangian dual, this dual function is maximized over all multipliers m:
(16.1) U?Llp(gct 1,€t5) = mix SHl(WtafEt 1:6t)-

It is known from the theory on Lagrangian relaxation that the optimal value
UZJfD (ziF 1, &) coincides with the lower convex envelope of Qt NC( ,&j) at ik | [82].
Therefore, cuts obtained based on (16.1) are associated with a convexification of
the value function. In order to derive utilizable cut formulas from (16.1), some
specific conditions have to be satisfied by the constraints. Suppose the constraints

gt(xi—1,2¢,&) <0 can be rewritten as

Ge(re-1) — ge(w4,&) <0, Ge(w4,8) <0

i.e., with the nonlinear function being separable with respect to x;—1, and let ﬁzkj
denote optimal multipliers in (16.1). Then, in line with section 3.3, Lagrangian cuts
can be derived as [220]

2 no(me1) > afy + (Bi) T Ge(e-1),

with

atkfzptj(gt xt 1»&]) (7T )gt(xzkl))

qt
i ikj
Btks_§ Pty
i=1

For linear functions g;(-) and g¢(-,-), a similar result is derived in [38].

The obtained Lagrangian cuts provably dominate standard Benders cuts, which
can be obtained by solving linear programming relaxations [220]. However, conver-
gence of SDDP is not guaranteed, since there may still exist a duality gap between
U;JfD(xt 1,&) and ta\}c(xt 1,&t5). Moreover, the generation of Lagrangian cuts
can be computationally costly. Various methods have been proposed to solve the
Lagrangian dual (16.1), such as cutting-plane methods [118], subgradient methods
[73, 174], and bundle methods [129], but all of them can take considerable time com-
pared to solving a linear programming relaxation. Advantageously, even suboptimal
Lagrangian multipliers 7, yield valid cuts for Z; yc(+).

Instead of a static convexification approach [38], Steeger and Rebennack [218, 220]
also apply the above principle in a dynamic fashion by considering the DPE for the
Lagrangian relaxations in the backward pass.

16.2. Exact Methods. Recently, there has been more research on directly apply-
ing the SDDP idea to (MSNCP) problems to avoid the requirement of convexification
and to close the optimality gap.

Step Functions. Given that the value functions Q¢ nc(-) are monotonically in-
creasing or decreasing, they can be approximated by special step functions instead of
affine functions. This idea is incorporated into the SDDP framework in the so-called
mized-integer dynamic approzimation scheme (MIDAS) [170]. To determine the step
functions, mixed-integer linear subproblems have to be solved exactly at each stage
and in each iteration. In contrast to the previous approaches, convergence of MIDAS
to an approximately optimal policy for (MSNCP) is guaranteed.
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SDDiP. For the mixed-integer linear case, the stochastic dual dynamic integer
programming (SDDiP) approach by Zou, Ahmed, and Sun [243] allows for the com-
putation of optimal policies for (MSNCP) as long as all state variables x; are binary
(or bounded integer).

Consider the subproblems (2.10), but with binary state variables x; € {0,1}™.
Similarly to the approaches in [38, 220, 226], Lagrangian dual problems are solved in
the backward pass (line 16 of Algorithm 3.1) to derive valid cuts. However, in SDDiP
a new class of Lagrangian cuts is proposed. The crucial idea is to introduce local
copies z; of the state variables x;_; and to relax the corresponding copy constraints
in the Lagrangian relaxation:

i i : T i
Lot (m ik &) =min - (er(éy)) 2+ Qe () + ) (2 = =)
s.t. Tt S Xt(ztvgt)a
2 €10,1] %,

In the Lagrangian dual, this dual function is maximized over all multipliers :
ﬁtile(xilipftj) = H}T%X 'C?Ll(ﬂ—t;xi}ilvftj)'
Then, in line 18 of Algorithm 3.1, Lagrangian cuts can be determined as
(16.2) Dy no(Ti-1) > iy + (Bi) "1,

with
qt
ahe = ps (Lolms a1, €5) — (mH) Talt ),
j=1

qt
i ikj
ﬁtk_E DTy 7
=1

These cuts can be proven to be valid and, in particular, tight, as defined in Lemma
3.3. The key aspect behind this tightness property is that for z;_1 € {0,1}™ the value
functions Q¢ nc(+) coincide with their lower convex envelopes at all x;_;. Therefore,
Lagrangian cuts recovering the latter are also tight for the former.

Moreover, if only dual basic solutions are considered, the cuts (16.2) are also finite
in the sense of Lemma 3.3. Therefore, almost sure finite convergence of SDDiP to an
optimal policy of (MSNCP) is guaranteed [243].

If the state variables x; are bounded and general integer or even continuous, they
can be componentwise approximated by a (weighted) sum of binary variables in order
to apply SDDiP [243]:

Ky

- k-1
xthE 2577 By Ay

k=1

with discretization precision (;; (for integer x;, 8; = 1), binary variables Ay, k =
1,..., K, and Ky € N for all j =1,...,n;. Under some recourse assumptions, it
can be proven that for a sufficiently fine binary expansion, an approximately optimal
policy for (MSNCP) is computed. However, in practice it may be challenging to
choose an appropriate precision in advance.
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A more generalized framework to generate Lagrangian cuts in SDDiP is presented
in [78] based on ideas from [40]. Additionally, the theory behind Lagrangian cuts and
their properties is explored in more detail in [79].

SDDIP is applied in the case studies [110], [181], and [243]. In the latter, addi-
tional nonconvex functions occur in (MSNCP), which are linearized.

Nonconvex Lipschitz Cuts. As long as the value functions are assured to be
Lipschitz continuous (e.g., because the complete continuous recourse [243] property is
satisfied), the requirement of binary state variables can be dropped. This is exploited
in the stochastic Lipschitz dynamic programming (SLDP) method proposed by Ahmed,
Cabral, and da Costa in [1], which enhances SDDIiP to general MILPs. In contrast
to the Lagrangian cuts (16.2), here two types of nonconvex, but Lipschitz continuous
cuts are derived to approximate 2; yc(+): reverse-norm cuts, which are constructed
using Lipschitz constants, and augmented Lagrangian cuts, which are based on (16.2)
but contain an additional penalization term —pulz;—1 —xi_,|, where u denotes some
user-controlled parameter and ||| some arbitrary norm.

This idea is further refined by Zhang and Sun in [240] who propose a new
framework to solve multistage nonconvex stochastic mixed-integer nonlinear programs
(MINLPs) as part of their complexity analysis of SDDP-like algorithms; see section 4.
The first key ingredient of their framework is to consider Lipschitz regularizations of
the value functions; see section 17.2. This ensures that the value functions considered
are Lipschitz continuous without the requirement of restricting recourse assumptions
for (MSNCP). The second idea is to construct nonlinear generalized conjugacy cuts
by solving conjugate dual problems, similar to the approach in SLDP. Despite be-
ing of theoretical interest, this method has not yet been applied in computational
experiments. In particular, it is not clear how to solve the conjugate dual problems
efficiently in general. Moreover, the framework requires the costly solution of MINLP
subproblems in each iteration.

Based on concepts from SDDiP and [240], Fiillner and Rebennack present a new
framework to solve multistage (stochastic) nonconvex MINLPs [77]. Here, the original
MINLP is outer approximated by MILPs using piecewise linear relaxations, which are
iteratively improved in an outer loop. In an inner loop, those MILPs are solved
by an SDDP- and NBD-like decomposition scheme, which combines the Lipschitz
regularization approach from [240] with binary approximation to generate nonconvex
cuts. In contrast to SDDIiP, the binary approximation is applied only temporarily
to derive linear cuts in the lifted binary space, which are then projected back to the
original state space. The pointwise maximum of this projection yields a Lipschitz
continuous nonconvex cut for the value functions. The projection is computationally
important, as it allows the construction of cuts which are guaranteed to also be valid
for the outer loop MINLPs. The binary approximation is dynamically refined within
the algorithm, instead of a static choice in advance. Another key difference compared
to the approach from [240] is that it is not necessary to solve MINLPs in each iteration
to derive cuts. The cut projection closure for a nonconvex and discontinuous value
function is illustrated in Figure 14.

Similar to SLDP [1], however, it is necessary to introduce a potentially large num-
ber of auxiliary variables and constraints to express the nonconvex approximations
by mixed-integer linear constraints. While the framework in [77] is presented for de-
terministic problems, the inner loop decomposition method can be enhanced to the
stochastic case [79]. Therefore, by appropriate modifications of the refinement and
stopping criteria, the larger framework may also be enhanced to stochastic problems.

(© 2025 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/30/25 to 129.13.194.163 . Redistribution subject to CCBY license

510 CHRISTIAN FULLNER AND STEFFEN REBENNACK

T
s o1
S /
0.5 1 /
0 : : : >
0 0.5 1 1.5 \ 2

Fig. 14 Nonconvex and discontinuous value function with tight nonconvex cut.

Finally, the use of more general, possibly nonconvex dual functions to approximate
2,(+) is proposed in [30].

Scaled Cuts. A recently proposed hybrid between using classical linear cuts and
using nonconvex cuts is the use of so-called scaled cuts [235]. These cuts are linear, thus
computationally preferable, but are derived by scaling nonconvex approximations in
such a way that they are guaranteed to asymptotically recover e6(()(-)2:(-)(:)). This
is sufficient to guarantee convergence for MILPs. However, even if linear, so far scaled
cuts have only been applied for two-stage stochastic programs, as computing them
comes with a lot of additional effort.

17. Infeasible Subproblems [Relaxing Assumption 9]. Under relatively com-
plete recourse (see Assumption 9), it is guaranteed that any subproblem occurring in
the DPE (2.4)—(2.6) and their approximations (2.10) has a feasible solution. As we
also assume boundedness, for each of these subproblems there exists some optimal
point with finite optimal value. Moreover, all value functions are finite-valued.

In some practical applications, Assumption 9 may not be satisfied. For instance,
variable bounds may prevent equality constraints from being satisfied for all z;_; and
all realizations of &, as is illustrated by a toy example in [91]. In such a case, the
primal subproblems become infeasible and the corresponding dual problems become
unbounded. Different measures can be taken to cope with infeasibilities.

17.1. Feasibility Cuts. One approach is to approximate the effective domains
dom(2;) of 2;(-) by cutting away states zi¥ ; € X; leading to infeasible subproblems
on stage t. This can be achieved by generating so-called feasibility cuts in addition to
the optimality cuts derived in section 3. These cuts have the form (ﬁtf)—rxt,l < a{7
with cut gradient /8,{ , cut intercept oz{ , and the superscript f signifying the cut as a
feasibility cut. They can be derived as follows [91].

Consider some stage-t subproblem

. T i
min  (c(&F)) @+ Vi (e +1)
i ik ¢k T ,
(17.1) Qt(xt—l»ft )=1 st xy € Xp(xih | €R),
(ﬁﬁl)Txt < O‘zj;rrlv re Ff+1>
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in the forward pass of SDDP. This problem may already contain some feasibility
cuts, which are indexed by r € F{ 41~ To assess the feasibility of problem (17.1) and
construct a feasibility cut if required, we consider the auxiliary feasibility problem
min ety +ely +elz
Ty Yy sz )
of (it | by s.t. Wt(ft')xt + Iy = Tyy =h(&F) = T (€52, (o0)
1ot (Bt-i-l) 33t+Izt§04th:1a Tertf+17 (wr)
Tt Z 0
+ —_
Yt Y 52t Z 0.

Here, slack variables y;",v; , and z; are introduced to (17.1) to ensure feasibility. The
symbol I denotes the identity matrix and e denotes a vector of ones. If we have
ol (2% |, €F) =0, the subproblem (17.1) is feasible; otherwise, it is infeasible.

By strong duality of linear programs, v{ (xik | £F) can be expressed as

(17.2) v{(mik 155t ) (ht(gt ) = Ti- l(ft )xt 1 Ut + Z at+1 ‘UZ
TERt+1
with optimal dual vectors oi* and wik",r € R{ +1- Then, in the case of infeasibility it
follows that the term in (17.2) is larger than 0.
To avoid the observed infeasibility at stage ¢ in future iterations, the stage-(t —1)
trial point xi¥; should removed from the feasible set at stage t — 1. This can be
achieved by adding the feasibility cut

(17.3) (@) Tma (o + (@) The(€) + D (@i)Talf; <0
'rERHl

to stage t — 1. By defining
of 1= Th(&) = Y @) Tl

rERt+1

and
Bl =0T T 1 (&h),

the cut (17.3) can be expressed in the previously stated form.

An important question when using feasibility cuts in SDDP is to ask how to
proceed once an infeasible subproblem has been detected and a new feasibility cut
(17.3) has been generated. For example, it is possible to stop the forward pass and
traverse the stages in the backward direction until the root node of the scenario tree
is reached. Alternatively, the current subproblem can be resolved to obtain a new
trial point ¥ ;| and the forward pass can be continued. For SDDP, no assessment
and comparison of these strategies has yet been conducted.

Another drawback is that feasibility cuts do not necessarily prevent infeasibilities
when the policy obtained is simulated outside of SDDP [91]. For this reason, the
construction of feasibility cuts is usually circumvented in SDDP.

17.2. Penalization. Another common approach is to artificially enforce relatively
complete recourse for a problem at hand, even if it is not satisfied initially. This can be
achieved by using soft constraints, that is, introducing slack variables to relax certain
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constraints and then penalizing their violation in the objective function. In some
applications, this may even be practically justifiable; for example, in load balance
equations in power optimization, slack variables can be used to model load shedding
or curtailment. However, a reasonable choice of the penalty parameters is not trivial
and may distort the expected value functions [91].

Lipschitz Regularization. A specific penalization approach is to consider Lip-
schitz regularizations, also called Pasch—Hausdorff envelopes of the value functions.
More precisely, let [|-|| denote some norm, o > 0 some constant, and 2z; a local stage-t
copy of x;_;. Then, by allowing z; to deviate from the incumbent z?* ; and penal-
izing such deviations in the objective, for all t =2,...,T and the approximate value
functions (2.10) we obtain the approximate Lipschitz-regularized value functions

a74) Q@& )= min { Q&) + oz — i .

2 >0

These functions have been proven to be Lipschitz continuous on R% ) with Lip-
schitz constant oy. Moreover, for sufficiently large oy for all ¢ € [T, it can be shown
that by considering the regularized problems the original (MSLP) is still solved to
optimality [72, 240]. However, how to choose o; in a sufficient manner is an open
challenge in practice. If o, is chosen too small, it may even happen that the Lipschitz-
regularized value function is constant —oo, given that the subproblem associated with
Qiﬂ("&) for some fixed &; is unbounded for any z;.

When Lipschitz-regularized subproblems (17.4) are solved in the forward pass of
SDDP (line 10 of Algorithm 3.1), then subgradients of QR L -1 can be derived
in the backward pass (line 18) by solving a dual problem (line 16), where the dual
variables are bounded by oy in the dual norm ||-||* to ||-]| [240].

18. No Block-Diagonal Structure [Relaxing Assumption 7]. A key element
of dynamic programming methods is that in the multistage decision process only
subsequent stages are linked in the constraints, which allows one to express (MSLP)
using the DPE (2.4)-(2.6). In the single-problem formulation (2.3) of (MSLP), this
coincides with a block-diagonal structure; see Assumption 7.

In some cases, it may be relevant to include constraints spanning multiple stages
instead. One example is the incorporation of emission quotas that are not allowed to
be exceeded for a given time horizon in energy optimization problems [14, 184, 186].

In order to apply SDDP, the considered (MSLP) has to be reformulated as a
problem satisfying Assumption 7. This can be achieved by aggregating stages [58],
even though this changes the structure, solution, and interpretability of (MSLP). An
alternative approach is to augment the state space. For emission quotas, for instance,
instead of summing emissions over several stages and comparing them with the upper
bound, at a given stage the remaining emission allowances can be considered as an
additional state variable [184]; see section 9.

19. Infinite Horizon [Relaxing Assumption 1]. Up to this point, we have con-
sidered problems (MSLP) with a finite time horizon T' < oo (Assumption 1). In
some practical applications, however, repeated decisions have to be modeled without
a clear bound on the horizon. Considering such infinite-horizon problems is, for in-
stance, common for Markov decision processes [19]. In such a case, to ensure that v*
is finite, a geometric discount factor § < 1 is introduced for the cost at each stage.

Since SDDP performs a forward pass and a backward pass through all stages in
each iteration, it is not directly applicable to such problems as no iteration would
ever be completed. Therefore, different solution methods are often utilized in such
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a setting; see, for example, [9]. However, recently there has been some focus on
enhancing the SDDP idea to problems with infinite time horizon.

One approach, called Benders squared or B2, is based on limiting each iteration of
SDDP to a finite horizon of 7 stages and then dynamically increasing 7 per iteration,
e.g., by 1, until convergence is reached [152]. By presuming that the uncertainty
occurs in the RHS and is not only stagewise-independent, but is also i.i.d. for all
stages t € [T, almost sure convergence to an approximately optimal policy is assured.
The reason for this is that under this special assumption, 2;(-) are the same for all
stages, so cuts computed at stage ¢ can be incorporated not only at stage ¢ — 1, but
at all stages [152].

A different option for adapting SDDP to infinite-horizon problems exists if such
problems possess some kind of periodical behavior [210]. Assume that for some period
m € N, the distributions of & as well as the data c¢;, Wy, hy, and T;_; are the same for
t=7and t=7+m for all 7=2,.... Then, under Assumption 9, the functions 2;(-)
and 21, (+) are equivalent as well. This means that it is sufficient to derive cuts for
Divm () at stages t=2,...,m+ 1 in order to obtain valid cuts for all stages.

In the forward pass of SDDP, it is proposed to only consider a finite number of T'
stages starting from stage 1 (see line 8 of Algorithm 3.1), with "> m + 1 in order to
determine at least one trial point for each of the differing expected value functions.
In the case of T > m + 1, multiple candidate trial points exist at which cuts can be
constructed in the backward pass. Before starting the backward pass, the trial points
used can be chosen from such a candidate set randomly or by some heuristic.

For both approaches, B? and periodic SDDP, for discount factors § close to 1,
the influence of late stages on v* may be substantial, and thus policy evaluation and
upper bound determination can become very challenging and computationally costly.
Despite that, Shapiro and Ding [210] propose some proxies based on some finite but
sufficiently large T'. However, they do not provide a convergence proof.

A big advantage of SDDP for periodical problems is that it can also be applied to
increase the performance for problems with a finite but very large number of stages,
given that they satisfy some notion of periodicity. The authors present an example
in which for a 60-month horizon, exploiting the periodical structure of the problem,
instead of a 60-stage problem only a 13-stage problem has to be solved [210]. This
can make even large problems amenable to SDDP and computationally tractable. It
is also considered to mitigate the so-called end-of-horizon effect discussed in section 9.

On a different note, the policy graph approach introduced by Dowson [60] to
model (MSLP) provides a natural extension to infinite-horizon problems, as it allows
for cyclic graphs. Solving such problems, similarly to [152], relies on a discount factor
and a truncation after a finite number of nodes in the graph. Then, approximate
convergence can be proven.

20. Random Horizon [Relaxing Assumption 1]. Another way to relax As-
sumption 1 is to assume that the horizon T' is random. For simplicity, we discuss this
aspect for the linear case only, even though the convex case is presented in [96].

Consider (MSLP) from section 2.3, satisfying Assumptions 2-8 but with 7' not
fixed. Instead, we make the following assumption:

Assumption 13. The time horizon T' is a discrete random variable taking values
in {2,...,T} with known 7 € N.
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Then, the horizon T" induces the Bernoulli process (Dt)te[ﬂ with realizations

D {O if the optimization period ended at t or before,
t =

1, otherwise,
and therefore T can be written as
T=min{te€[1,T] D,=0}.

Under stagewise-independence (Assumption 2), the decisions @¢(-) are functions
of &, Dy, D;_1, and z;_; (see x; € Xy(z4_1,&;)). In other words, x; is .7 ;-measurable
with .7, the sigma-algebra o(&,,D;,j <t) [96].

As shown in [96], for (MSLP) with this type of random horizon, the following
DPE can be derived. Importantly, the state space is augmented by D;_1:

, T
Qi(wi—1,D¢, Dy 1,&) = min Di—1(ci(&)) @i+ Lo (me, Dy),
e €Xe (e —1,8¢)

where

Qiv1(we, Dt) =E¢,,, p,D, , [Qis1(z4,€041)]

and ,@TH(mT, D=) =0. For the first stage, we obtain

v* = min clTxl —|—Q2($1,D1).
z1€X1(%0,€1)

These DPE are the same as those that would be obtained for a problem with a
fixed number of stages T € N, but with an objective function including the stagewise-
dependent stochastic process (Dy)ci- As (Di),c7) can be modeled by an inhomo-
geneous Markov chain with two states, SDDP for processes with Markov chains can
be applied [96]; see section 14.4.

2]. Performance Improvements. Apart from extensions to different problem
classes, a lot of research on SDDP has focused on improving its computational per-
formance, because standard SDDP can suffer from various performance issues.

As shown in section 4.2, its worst-case iteration complexity is exponential in the
number of stages T and the dimension n; of the state space, the latter being a well-
known drawback of cutting-plane methods in general. Whereas SDDP is successfully
applied to various large-scale problems in practice (see section 9) with the optimality
gap closed in reasonable time, for problems with a large state space in particular it
may fail to converge empirically. For instance, Avila, Papavasiliou, and Lohndorf [6]
report instances for which the lower bounds v’ already start to stall at a gap of about
22%.

In addition to the high number of iterations required, the computational effort
in each iteration can also become substantial, even if the number of subproblems
solved per iteration has linear complexity; see section 4.2. The reason for this is that
with each iteration of SDDP, the subproblems (2.10) become larger as additional cuts
are included. This can increase the computational effort per iteration significantly,
especially if many iterations are required until convergence is achieved.

In this section, we give an overview of modifications of SDDP that address these
issues and improve its performance.

21.1. Speeding up SDDP Iterations. We start with techniques attempting to
speed up the SDDP iterations by reducing the computational effort.
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21.1.1. Cut Elimination and Selection. As mentioned above, with each added
cut, the subproblems (2.10) become larger and thus potentially harder to solve. How-
ever, computational results indicate that SDDP tends to generate a large number of
similar or redundant cutting planes, which do not contribute much to the approxi-
mation quality in later iterations [6, 212]. Therefore, the computational burden of
SDDP may be reduced if only a subset of all cuts is taken into account. However,
this requires careful elimination of cuts that are dominated and do not contribute to
the solution process, or careful selection of decisive cuts, otherwise the performance
of SDDP may even become worse.

Cut Elimination. One way to reduce the number of cuts is to eliminate some
cuts permanently. This can be done by repeatedly solving an auxiliary problem after
a specified number of iterations, checking the feasibility of the system

Or41 < 0‘17;1 + (/65+1>T33t7
Ori1 >0y + (Biy) @, r €T\ {7},
Tt € Xt,

for each 7 € T'y11, where X is assumed to be a compact set [212]. If this system is
infeasible, then the cut 6,1 > ol + (Bf,1) "2 is redundant and can be eliminated.
The drawback of this method is that the auxiliary problem has to be solved for all
cuts in the system.

A different approach is to permanently store all cuts for each stage ¢, but only
select a subset of those cuts to be considered in each iteration i. Selection techniques
based on this approach are introduced in [8, 53].

Selecting Last Cuts. In this naive strategy, only the I' € N most recently added
cuts are selected. Although, on average, late cuts may provide a better approximation
of 2;(+) than do early cuts, this strategy does not guarantee that all important cuts
are considered.

Level of Dominance. This strategy is a heuristic to consider only nondominated
cuts and avoid the computational effort of the cut elimination approach above. Using
the most basic approach, only cuts are selected that yield the highest function value
at one of the trial solutions considered so far within the algorithm. This is called
level 1 dominance [53]. A similar approach is proposed in [163], but there cuts are
permanently removed if they are dominated.

Let 2¢ be the trial solution corresponding to the fth cut, £ € Ty, 1, and ¢"(x¥) the
corresponding function value of cut r. Then, the values v({) := max,er,,, {¢"(z})}
and r() := argmax,cr, ,, {¢"(xf)} can be saved in a list and updated every time a
new cut is constructed. Similarly, a level H dominance strategy can be used, selecting
the H € N highest cuts for all trial solutions. Using this strategy, only previous trial
points are taken into consideration, though. Therefore, cuts may be excluded that
provide a significant benefit at not yet visited feasible states.

Another challenge is that this strategy requires a lot of resources to store all the
required cut information—especially since the number of trial points visited increases
significantly in the course of SDDP. Memory requirements can even be relevant for
level 1, especially if the maximum function value at the trial solutions is attained by
several cuts. As a remedy, in [94], the limited memory level 1 strategy is introduced,
selecting only the oldest of such cuts. In [8] a more general cut selection strategy is
applied to SDDP and almost sure convergence is proven.

Dynamic Cut Selection. A dynamic but also computationally more expensive
strategy is to select cuts dynamically within the SDDP framework. [53] proposes
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removing all cuts at the beginning of each iteration. Then, for each stage ¢, each
scenario k, and each function ¢"(-),r € T't41, the forward pass subproblem (2.10) is
solved. If the current cut yields the highest value at the obtained trial solution, it is
added to the subproblem and the next cut is considered. In this way, only those cuts
are selected that contribute to the optimal solution in the current iteration. On the
other hand, the additional loop in the forward pass may slow down the convergence
speed. The computational effort can be reduced by some additional heuristics [53].

A similar approach is considered in [33]. Here, cuts are iteratively added as long as
they induce a substantial change in the current optimal value and up to a predefined
maximum number of cuts. Instead of iterating over all cuts, in each step, the cut with
the highest value at the current trial point is chosen as a candidate for selection.

Numerical results for sampling about 5,000 scenarios and computing 10,000 cuts
in SDDP indicate that all cut selection techniques can significantly speed up the
classical SDDP method [53]. For example, the level 1 strategy is reported to be ten
times faster than SDDP without cut selection. For dynamic cut selection, the reported
speed-up is much smaller. It is also shown that the cut selection strategies do not
have a significant impact on the quality of the determined policies and bounds. In
[8], limited memory level 1 is identified as more efficient than pure level 1.

21.1.2. Sampling Schemes. SDDP allows the use of a variety of different sam-
pling schemes that affect its computational performance.

Number of Forward Samples per Iteration. In standard SDDP (see section 3),
|KC| scenarios are sampled in each iteration, with |K| < |S| and K C S (line 6 of
Algorithm 3.1). Philpott and Guan even propose a method with only || =1 for
all iterations [171]. This strategy may be particularly efficient in earlier iterations in
order to obtain a rough approximation of 2;(-) quickly without wasting too much
effort in regions that are likely to be far from optimal. On the other hand, if the
current policy is already reasonably good, it should be beneficial to generate more
than one new cut per stage and iteration [53]. Moreover, if || = 1, then it is not
possible to apply a statistical stopping criterion; see section 7.

Therefore, instead of fixing |K|, a scenario incrementation strategy in which ||
is gradually increased is a promising approach [211] that is tested in [53].

Subsampling Trial Points. In the reduced sampling method (ReSa) [109], the
forward pass follows the same principle as in SDDP by sampling scenarios £F, k € K,
for £ € §. In the backward pass, however, to reduce the number of subproblems
to be solved, only a subsample K C K is considered and only \I@| cuts are generated
(see line 14 of Algorithm 3.1). Considering more samples in the forward pass without
additional effort in the backward pass is helpful in computing accurate statistical
upper bounds in an efficient manner.

A similar approach is applied in the abridged nested decomposition (AND) method
[57]. Tt is claimed that SDDP is not well designed for bushier scenario trees with large
values ¢; because solving |K|q; subproblems per stage may quickly become compu-
tationally costly, especially for large |K|. On the other hand, a large |K| may be
required to obtain reliable statistical upper bounds and to incorporate information on
sufficiently many scenarios in the trajectories (zi¥)rcxc. As a remedy, an alternative
sampling scheme is proposed. In the forward pass, on each stage ¢t € [T] a set K; of re-
alizations is sampled and trial points 2% are computed. On stage ¢+ 1, however, only
a few branching values are used as parameters (in the forward and backward passes),
which can either be sampled from or be a convex combination of all ¥ k € K.
The latter idea allows the computation of trial points which contain information on a
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large set of scenarios, while keeping the computational effort in the backward pass at
a minimum. The main drawback of AND is that the special structure of the forward
pass does not allow any direct estimate of an upper bound [109].

Sampling in the Cut Generation Process. The computational effort in the back-
ward pass can be reduced if the subproblems (2.10) are solved not for all noise terms
&, 7=1,...,q, in each iteration, but only for a subset (see line 15 of Algorithm 3.1).
The remaining elements that are required to compute a valid cut can then be used
from previous iterations where the corresponding noise §;; was sampled.

Further, if the uncertainty is restricted to the RHS h; of (MSLP), then the dual
feasible set does not depend on it. Therefore, optimal dual multipliers which corre-
spond to dual extreme points can be reused between different realizations j =1,...,¢g;.
This allows for the following procedure: Assume that in each iteration i, for each stage
t € [T] only one noise term é,f is sampled and used to compute optimal dual multipliers
7l and (scenario-specific) cut intercepts &i as in (21.2.1). For each stage t=2,...,T,
all dual multipliers and intercepts obtained up to iteration ¢ are then stored in a set
D} defined by D} =D, ' U {(#},4i,&})}

For any &;,j =1,...,q:, and a given incumbent x;_;, the dual multipliers used
to compute a new cut in line 19 of Algorithm 3.1 can then be determined as

(21.1) (ﬁt”aé‘?’ ZJ) = argmax {dt =y Tyawy_q + 7 (he(€ey) — ht(&))}-
(7r¢,64,€¢) €Dy

Hence, optimal dual multipliers for {;; are not necessarily used, but rather those in

Dj providing the best approximation for realization &; at xf_;.

Let mf; =#, and of; = &’ + (7,7) T (he(&;) —he(€])) for all j=1,...,g;. Then, a
cut can be defined by using subgradient formula (3.7) and taking expectations as in
formula (3.4). Note that our description slightly differs from the presentation in the
literature, as we have adapted it to our cut formulas in section 3.3.

This idea for the cut generation process is used in two related algorithms, which
differ mainly in when cuts are constructed. The CUPPS (convergent cutting-plane and
partial-sampling) method [41] only contains a forward pass, in which both trial points
are computed and cuts are generated using some sample 5,{"/. It has the drawback that
the cuts obtained are not necessarily tight. First, the dual multipliers obtained from
formula (21.1) are not necessarily optimal for all j =1,...,¢. Second, no backward
pass is used, and thus new information in form of cuts for stage t+ 1 is not taken into
account when deriving a new cut for stage t.

The dynamic outer approximation sampling algorithm (DOASA) [171] contains
a forward pass and a backward pass. In the former, a trajectory of trial points
(2%%)kex is computed as in SDDP (note that in [171] || =1 is chosen, but this is not
mandatory). In the backward pass, cuts are constructed using a backward sample Ef'
and formula (21.1). It is proven that this generalization of SDDP also exhibits almost
sure finite convergence [171].

21.1.3. Inexact SDDP. Recall Lemma 3.3 (b), which states that the cuts gen-
erated in the backward pass of SDDP are tight for 2:7*(-) at the incumbent zi* .
This result is premised on using optimal dual multipliers in the cut formula, i.e.,
solving the linear programming subproblem or its dual to global optimality in line 16
of Algorithm 3.1 (exact solution). Whereas such an exact solution is the standard
assumption in the literature on SDDP, computationally it may be more efficient to
solve subproblems only approximately, especially early in the solution process when
the cut approximations are suboptimal anyway [95].
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We first introduce the notion of inexact cuts.

DEFINITION 21.1 (e-inexact cut). For any t=2,...,T, € >0, and a trial point
xik et ¢y R — R be an affine function satisfying

D(-1) > 27 (24-1) > e(x4-1)  (validity)
for all ;1 € Xs_1 and
D2k ) — ¢y (aiF ) <e  (e-tightness).

Then, ¢:(+) defines an e-ineract cut at x* | [95].

Importantly, inexact cuts still yield valid lower approximations of 2;(:) for all
t=2,...,T. We now address how inexact cuts can be determined.

Linear Problems. For any iteration ¢ in SDDP, any t =2,...,T, and any trial
point xi* | consider the linear subproblem (2.10). For simplicity, we assume that
X = {xt eR™ x, > 0}

For some € > 0, let Tr,f;j . be an e-optimal feasible solution for the dual problem of
(2.10) given &;; and let 0§jk be the corresponding dual objective value for j =1,...,¢;.
Then, analogously to section 3.3, an e-inexact cut can be defined by [95]

Dy(w-1) > Gl (wi—1) = oy + (Biy) Tw1-1,

with intercept and subgradient defined by
qt
. , T ik
o = Zptj (%‘k - (ﬁtzkj) xifl)v
j=1

qt
Bir=— Zptj(ﬂ-;kj)TTt—Lj'

j=1

Nonlinear Differentiable Problems. Consider (MSCP) as introduced in section
15, that is, satisfying Assumptions 10-12. Moreover, recall the definitions of the
Lagrangian function (15.5), the dual function (15.6), and the Lagrangian dual problem
(15.7).

Then, an e-inexact cut can be derived using a pair of approximate primal-dual
solutions as follows [95]. Let Z;; be an e-optimal feasible primal solution for problem
(15.2) given some noise realization &;,j =1,...,¢, and some trial point Z;_1, and let
71 be an e-optimal feasible solution for the corresponding Lagrangian dual (15.7).

We define

(21.2)  n(e) =5 Te—1,Te5615) i = Inax Vi Lt,o(Rj3 Tem1, Tejs &g) | (Tej — ).

Assume that fi(z,&;) takes finite values for all z; € X; and that the term in (21.2)
is finite. Then, an e-inexact cut can be defined by

Dy(x1-1) = P (w—1) = vy, + (Bly,) T w1,

with intercept and subgradient defined by
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qt
ap =Y i (Leo(Feji Teo1, Be. &) — n(e) — (Biyy) T 21k 1),
j=1

qt
Bl = Zptjth,lLt,c(ﬁtj; Teo1,Tt5,685)-
j=1

We refer to [95] for a convergence analysis of SDDP using inexact cuts, for both
the linear case and the nonlinear convex case. In particular, it is shown that the dual
solutions obtained are almost surely bounded and that the error terms 7(e) vanish
as i approaches +oo.

Nondifferentiable Problems. Using SDDP with inexact cuts is generalized to
nondifferentiable problems in [98]. In this paper, inexact cuts are derived using two
different approaches. In the first approach, it is assumed that the objective and
constraint functions have saddle-point representations. The second approach is more
general but requires the introduction of additional variables and constraints.

More precisely, consider (MSCP) as introduced in section 15 and assume that
it satisfies Assumptions 10 and 11 except for the differentiability properties. Using
a local copy z; of the state variable x;_;, the approximate value functions can be
reformulated as

min  fi(z4, &) + Lit1,0(z)

(213) Qt7c($t_1’§t) = s.t. gt(ztvxtagt) S 07
Tt € Xt,
Tt—1 = Z¢-

Assume that this modified subproblem satisfies a Slater condition analogous to As-
sumption 12. Additionally, consider the Lagrangian dual problem

(21.4) max Ly (w3 211, 1)

with dual function

min  fi(ze, &) + Leg1,o(xe) + WtT(l‘t—l — 2)

T €Xy
Et’c(ﬂ-t;xtil’gt) = s.t. gt(ztaxtvft) S Oa
Tt EXt,

which is obtained by relaxing the copy constraint.

Given a trial point z;_; and a noise realization §;;,j =1,..., ¢, let Z;; denote an
e p-optimal feasible solution of problem (21.3) and let 7;; be an ep-optimal feasible
solution of problem (21.4). Then, an (¢p + £p)-inexact cut is defined by function

Gie(w1-1) Zpt_] (ft Tej, &) — (ep +ep) + T (w1 — 53t71))~
For more details and a convergence analysis, we refer to [98].
21.2. Reducing the Number of SDDP Iterations. We now consider techniques

that attempt to reduce the required number of iterations of SDDP until convergence
is reached.
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21.2.1. Multicut SDDP. In the backward pass of SDDP, for any ¢ € [T] and any
xi* |k € K, subproblems (2.10) are solved for all noise realizations ftj, i=1..,q
(line 16 of Algorithm 3.1). By taking expected values, a cut (3.5) is derlved (line
18). Such cuts are then incorporated into the stage-(¢ — 1) subproblem using a single
variable 6; € R by

(bik(xt—l) = (ﬁik)Txt_l + aik <0

see section 3.3. This is referred to as a single-cut approach.

A different approach, called multicut, which is well studied for (nested) Benders
decomposition [28, 81, 151], is to not aggregate the dual information, but to generate a
separate cut for each noise realization &;;,j =1,...,¢:. This means that a similar step
to line 18 is included in the loop over j in Algorithm 3.1. In the stage-t subproblem,
this requires the introduction of variables 6; , and cut approximations Vt 11, Z( ) for all
{=1,...,q. In this case, we obtain cuts

Ghr; (@i—1) = (Bli;) w1 + oy < Qu(wi—1, &), J=1.

where, analogously to the derivation in section 3.3, Bfkj denotes a subgradient of
Q;‘H(-,ftj) at xiF | for ke K,j=1,...,q;, and aikj is defined by

atk; QHl(xt 1,&t) — (ﬁtk]) xt 1+

The expectation is then taken in the objective function instead of the cut formula:

qt+1
. T /
Q7 ()" 1,&;)=  min (o)) @+ ) prar Vil o(ao).
T €EX(Te—1,Et) £=1 ,

In this way, more specific information about the value functions is incorporated
into the subproblems, hopefully leading to fewer iterations. Moreover, it can be
shown that multicut SDDP has the same convergence properties as SDDP [8]. On
the downside, the number of decision variables and cuts grows significantly compared
to the single-cut approach, especially if ¢; is large, which increases the computational
effort for each iteration. Therefore, up to this point multicut SDDP has rarely been
considered in the literature. It should be most promising when ¢; is only of moderate
size. For the two-stage case, a rule of thumb is that a single-cut approach should
be preferred if the number of realizations is considerably larger than the number of
first-stage constraints [27]. Note that, in principle, a trade-off between single-cut and
multicut is also possible by partially aggregating cuts [24, 29]. Another approach
to reducing the computational burden of multicut SDDP is to combine it with cut
selection strategies (see section 21.1.1), as proposed in [8].

We return to Example 3.4 to illustrate the multicut approach.

Ezample 21.2 (continuation of Example 3.4). Using multicut SDDP, at stage
3, instead of 23(-), the functions Q3(+,&3) are separately approximated by cuts for
& € {1,2,4}. These value functions are displayed in Figure 15. Each one consists of
only two linear pieces, so two cuts are required to represent them exactly. In contrast,
25(+) consists of four linear segments. Therefore, multicut SDDP should need fewer
iterations than single-cut SDDP to achieve convergence.
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67

Q3(x2,&3)

Fig. 15 Stage-3 value functions for Example 3.4.

21.2.2. Batch Learning and Experience Replay. While SDDP is used in sto-
chastic programming, dynamic programming, and optimal control, its methodology
also shares some characteristics with Q-learning algorithms, which are studied in rein-
forcement learning; see Remark 3.1. This can be exploited by translating established
performance enhancing techniques from reinforcement learning to SDDP.

As one such technique, Avila, Papavasiliou, and Léhndorf [6] propose the use of
a batch learning technique called ezperience replay in SDDP. The motivation for this
is that in SDDP, the cut approximations V,(-) of the expected value functions 2(-)
are generated recursively in a backward pass through the stages t = T,...,2. This
means that approximation errors at later stages are propagated to earlier stages by
means of the cut approximations V,(+), which then leads to loose cuts at these earlier
stages, and so on. However, this implies that errors are accumulated at early stages.
The authors identify this as a driver of the slow convergence of SDDP, as it favors the
overexploring of suboptimal regions and the generation of redundant cuts throughout
the iterations.

Experience replay addresses this issue by revisiting previous trial points z¢ and
updating the cut approximations V,(-) at these points. This seems counterintuitive at
first glance because cuts are generated at already-visited points instead of improving
the approximation of 2;(-) at regions of X; that have yet not been visited. However,
by taking into account all the information currently available to update V,(-) at i,
it avoids the issue that at earlier stages 7 < ¢ unnecessarily poor approximations of
2,(-) at x! are used for several more iterations.

More precisely, the proposed SDDP method works as follows. A predefined num-
ber of iterations of standard SDDP are executed and the corresponding trial points
x! are stored in a replay memory M; for all ¢ € [T — 1] in line 10 of Algorithm 3.1.
When the number of elements of the replay memory reaches a predefined cardinality
Z, then the experience replay step is initiated. This step performs a backward pass
through the stages t =T — 1,...,2. For each stage t, first a batch B; C M, of trial
points is selected from the replay memory (a full batch By = M, is also possible).
For each trial point :ch from this batch, with £=1,...,|B;|, the previously generated
cut is removed from Eiﬂ() and a new cut is constructed by solving the associated
subproblems (2.10) (including the experience replay updates from following stages)
for #{. With these cuts, V! 4+1(+) is updated and then the previous stage is explored.
After the replay step, a standard iteration of SDDP is started again.
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It is shown that experience replay manages to improve the convergence behavior
of SDDP and also the out-of-sample performance of the obtained policies [6]. However,
experience replay comes at an increased computational effort, as every Z iterations
an additional backward pass solving ¢;|B;| subproblems for each stage t = T,...,2
has to be performed. For full batches, this adds up to ¢;|K|Z LPs per stage. For this
reason, the authors suggest parallelizing both standard SDDP iterations as well as
the experience replay. They report computational results which indicate that batch
learning is better at exploiting parallelism than standard SDDP.

21.2.3. Regularization. As Kelley’s cutting-plane method [118, 153], SDDP
exhibits an iteration complexity which is exponential in the dimension n; of the state
variables; see section 4.2. An unfavorable characteristic of cutting-plane methods,
and also of SDDP, in this regard is zig-zagging behavior. This means that trial points
z! and zi™ computed in subsequent iterations can be located far from one another
in different regions of the state space, and that with each new cut the minimum of
the subproblems (2.10) is again attained in the respective other region. In particular,
this implies that these regions of A; experience very tight, but almost redundant
approximations V,(-) of 2;(-), while other regions are not properly explored and thus
the approximation quality at the true optimum improves very slowly.

In convex and nonsmooth optimization, regularization techniques called bundle
methods are shown to have faster convergence than classical cutting-plane methods
[129], as they mitigate zig-zagging by stabilizing subsequent trial points around a
stability center (also called incumbent). Hence, translating these regularization tech-
niques to SDDP looks promising.

A common regularization approach, which is predominantly used in two-stage
stochastic programming [198, 201], is convex quadratic regularization. Here, some
quadratic deviation of x; from a stability center 7; is penalized in the objective func-
tion for stabilization. An application of quadratic regularization to SDDP is not
straightforward because using a separate stability center for each scenario s € S is
computationally infeasible due to the exponential growth of |S| in T' [5].

Therefore, Asamov and Powell [5] propose a regularization technique for linear
problems in which stability centers are considered part of the state variable and thus
are the same for all realizations of &;,7 =1,...,¢;. Then, in the forward pass sub-
problems (2.10) (see line 10 of Algorithm 3.1), the objective function is modified to

1

(21.5) of ze+ Vi (z+1) + 7E(It —z ) T Hy(w — 271,

with a positive semidefinite matrix H; and some sequence (7%);en satisfying 4% > 0
for all 4 and lim;_,oo¥* = 0. The stability centers i“\i_l are chosen as the previous
forward pass solution, i.e., the solution is stabilized around a “known” region of the
domain of Z;(-). This idea is generalized to nonlinear problems and improved in [97]
by considering weighted averages of several previous forward pass solutions.

Using objective (21.5), a convex, continuous, and linearly constrained quadratic
programming problem has to be solved in each forward pass step of SDDP, hopefully
reducing the required number of iterations. Importantly, only the forward pass of
SDDP is changed, while the backward pass remains the same. In particular, only
linear programs have to be solved in the backward pass. As the cuts are still finite
(see Lemma 3.3), almost sure finite convergence is assured. In computational tests,
it is shown that this method exhibits faster convergence than SDDP, in particular for
a high state dimension n; [5]. This speed-up is especially important for regularized
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DDP (dual dynamic programming); see the numerical experiments in [97]. DDP is
the corresponding deterministic counterpart of SDDP (when &; is deterministic for all
te[T]).

Whereas the above approach stabilizes the solution around a “known” region of
the domain of 2;(-), in a sampling setting, it is not clear whether this is always bene-
ficial. For the current sample £F a region may be identified and used for stabilization
that is not an appropriate indicator for all &§;,j =1,...,¢:. Additionally, as pointed
out in [233], the condition lim; 7" = 0 might mean that the regularization is dimin-
ished and the proposed method in [5] reduces to standard SDDP before convergence is
obtained, although regularization may be particularly important close to the optimal
solution. Therefore, this is claimed to be detrimental to convergence speed [233].

Van Ackooij and Warin [233] also address the issue that convergence of proximal
bundle methods usually requires the stability centers to be feasible, which is not guar-
anteed for SDDP subproblems where the feasible set changes with zi_,. Therefore,
they propose combining SDDP with a level bundle method which does not face this
requirement.

For stage ¢ and scenario £F, trial solutions xi¥ are obtained by solving

min T
(21.6) o o) ik
s.t. x4 € Xt(xz_l;gt%

with ¢y (z¢) : R™ — R a given convex function, e.g., ¥;(z;) := z] 24, and

. T i
) argmin  max{c, z; + Vi (x+1),4;
(21.7) Xy (2 0) =4 w20 ter o j
ik
s.t. tht = ht - /‘Tt*lxtfl'

If the maximum in (21.7) is attained by the first term, then z* obtained by
solving (21.6) is an ordinary SDDP trial point, referred to as a normal iterate. Oth-
erwise, problem (21.6) reduces to a typical level bundle method subproblem, yielding
a regularized level iterate xik.

The determination of a good level ¢; and an efficient regularization for SDDP are
still open questions, and heuristics are proposed in [233] to choose ;.

In [23] a nonconvex regularization scheme is suggested instead of the previous
convex schemes. The main motivation behind this is that the existing schemes tend
to heavily penalize the exploration of the state space right from the beginning, even if
it is well known that early trajectories in SDDP are far from optimal. By using specific
concave penalty functions it is possible to penalize large deviations from the stability
centers much less than for the quadratic regularization from [5], but at the same time
to heavily penalize small deviations. One example of such a penalty function is the
the minimax concave penalty

b ‘ztjfgi_ﬂ v
(21.8) )\/ max{l—,O}dv
]Z:; 0 a

with parameters A, o, which is known from statistical learning [239].

By using this penalty function for regularization in the forward pass of SDDP, in
early iterations exploration of the state space is incentivized. In addition, letting A — 0
in SDDP, for later iterations, more and more focus is then put on exploitation close
to the current stability center. It is shown that even for the nonconvex regularization
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using (21.8) the SDDP subproblems remain tractable, as they can be reformulated as
equivalent MILPs.

Computational results in [23] indicate that with this regularization, the iteration
times of SDDP increase, but on the other hand, many fewer iterations are required un-
til SDDP terminates due to bound stalling, and that the lower bounds at termination
exceed those of standard SDDP and the quadratic regularization (21.5).

An alternative stabilization approach is proposed in [15] based on the concept of
Chebyshev centers of polyhedrons. Here, in the forward pass of SDDP, the subprob-
lems (2.10) are modified such that the computed trial states are defined as Chebyshev
centers of the polyhedrons given by previously constructed cuts and an appropriate
upper bound. It can be shown that this approach is equivalent to modifying the cut
formula to

(21.9) —(Bry1) @+ O > o +0u|(Le + By, 7€

The authors use the Euclidean norm ||-||2 in (21.9); however, different choices are
possible as well.

Geometrically, the additional term in (21.9) changes the cut intercept, thus lifting
the cut. For &; =0, the usual SDDP trial point x! is determined, whereas for a; > 0
an offset in the objective compared to the standard SDDP subproblem is considered,
yielding a different iterate. To actually improve the performance of SDDP, choosing
ot appropriately is crucial, but not trivial. By contrast, if 6; is chosen too large,
basically any feasible point can become the new trial solution. Moreover, to ensure
convergence, it has to be ensured that &; converges to zero in the course of the
algorithm. In [15] heuristics are used to determine &, but it is not clear whether they
guarantee performance gains for SDDP.

21.3. Parallelization. The performance of SDDP can be improved not only by
modifications of the algorithm itself, but also by its implementation and computa-
tional execution. Since several computational steps in SDDP are independent of one
another, performance improvement can be achieved by parallelization.

Different parallelization strategies have been proposed for SDDP. They can be
classified with respect to how the workload is distributed among different processors
and how the processors are synchronized. Based on this observation, Avila, Papavasil-
iou, and Lohndorf [6] present a taxonomy of parallelization strategies, which we follow
in this section.

Parallelization by Scenario. This is the predominant parallelization strategy for
SDDP in the literature. Generally, a synchronized version is proposed. In the forward
pass, for all ¢t € [T], the subproblems (2.10) are solved for |K| different scenarios,
which are sampled independently. The uncertain data &F and the trial solutions z¥_;
in each of those problems only depend on scenario k. Therefore, the different scenarios
€% k € K, can be assigned to different processors. Assuming P different processors,
each processor is assigned ITPI scenarios and solves all corresponding subproblems.
A master process is then used to aggregate the objective values and compute the
upper bound estimate (3.9). This means that there is a synchronization point for all
processors at the end of the forward pass.

In the backward pass, a similar approach is followed. The subproblems are again
distributed among the processors by scenarios, in such way that for a specific stage t =
T,...,2 and a scenario-based trial point z¥_;, the subproblems for all noise realizations
&j,7=1,...,q, are solved by the same processor. Evenly distributing the problems
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between processors, in this way each processor solves %qt subproblems. However, it
is also possible to let the master process assign new scenarios to processes once they
become idle instead of using a fixed assignment scheme [173].

After solving all associated subproblems, each processor then generates a cut for
2;() and sends it to the master process. When cut generation is finished for all k£ € K,
the processors are synchronized so that they can all proceed with the same set of cuts
on stage t — 1. As stated in [106], this synchronization can be partially relaxed to
avoid waiting for single slow processors. Instead, the master process can assign stage-
(t—1) subproblems to available processors even if not all cuts have yet been generated
for stage t. Numerical results show that such a partial relaxation can improve the
computational performance of SDDP. However, the number of cuts to wait for to
achieve an optimal trade-off between faster iterations and better approximation of
2(+) is problem-dependent.

Further, an asynchronous approach can be used in which processors immediately
return to stage t — 1 after generating their cuts at stage ¢, using all cuts currently
available without waiting for other processes to finish [61].

A major shortcoming of parallelization by scenario is that using more processors
becomes more beneficial the more scenarios |K| are sampled in the forward pass. How-
ever, as discussed in section 21.1.2, it is often favorable to only consider one or a few
scenarios per iteration, especially in earlier iterations. Choosing large || may lead
to the accumulation of similar trial points and the generation of redundant cuts [6].
Therefore, exploiting the potential performance gains of additional processors may
wrongly incentivize the sampling of more scenarios than is reasonable, thus not accel-
erating but in fact slowing down the solution process. In addition, Avila, Papavasiliou,
and Lohndorf [6] report computational results indicating that (synchronized) paral-
lelization by scenario scales poorly when increasing the number of samples |K| due to
the combination of long waiting times between processors and low quality cuts.

Parallelization by Node. Using parallelization by node, the strategy is to draw
only one or a few samples in the forward pass, as this is often computationally prefer-
able. Then, the forward pass is not necessarily parallelized. In the backward pass,
the work is distributed among the processors by nodes of the recombining tree (cf.
section 2.1). That means that even for the same k € K and the associated trial point
2% | the subproblems (2.10) for different realizations &j,J=1,...,q;, may be solved
by different processors. The processors are synchronized at each stage to generate
aggregated cuts (given that a single-cut approach is used).

In [6], the authors report clear computational benefits when using parallelization
by node compared to parallelization by scenario, and also better scaling properties.
However, these results require that the processors can access a shared memory, other-
wise the computational overhead is too large. Another drawback is that distributing
subproblems for different &;; but the same zi¥, among different scenarios prevents
the exploitation of warm starting techniques.

Parallelization by node can also be used in an asynchronous way, as proposed
by Machado et al. [143] in their asynchronous SDDP method. In this method, the

subproblems of all stages t = 1,...,T are solved simultaneously. More precisely, in
each step, for all stages t = 1,...,T and scenarios k& € K, the subproblems for all
realizations &;,j =1,...,q, are solved. Once a processor is finished, it constructs a

new cut for 2;(-) using all available information. If a required processor has yet not
finished, multipliers my; from previous steps are reused. The generated cut can then
be incorporated into stage t—1 in the next step. Additionally, each processor generates
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a new trial point which can be used at stage ¢ in the next step. In contrast to SDDP
iterations, this approach requires several steps to propagate information through all
stages. Therefore, an ordinary forward pass can only be observed implicitly over
several stages. This has to be considered in the computation of upper bounds.

Independent of the applied strategy, parallelizing SDDP in practice comes with
considerable challenges, such as communication overhead, problem-dependent perfor-
mance, and lack of reproducibility of results. Therefore, its potential to speed up
SDDP in general is naturally limited [6].

21.4. Aggregation Techniques. Aggregating information in (MSLP) is another
tool with the potential to speed up the SDDP solution process.

One approach is to aggregate the variables and constraints of several time periods
into a single stage, thus solving a problem with a smaller horizon T'. This is straight-
forward for NBD [58], where each node of the aggregated problem is a subtree of the
original scenario tree, even though only few time periods can be aggregated to keep
the subproblems tractable. However, it cannot be directly generalized to the sampling
and stagewise-independent setting in SDDP. The main issue is that it is difficult to
model the uncertainty appropriately, without violating nonanticipativity [58].

An alternative approach is to aggregate realizations of &, on each stage (or a
subset of stages) [214]. To this end, for some stage ¢, the support Z; is partitioned
into clusters C{,f=1,..., L;, with L; € N. Instead of solving subproblems associated
with Q1" (23" ,&;) for all j =1,...,¢ in the backward pass of SDDP (line 16 of
Algorithm 3.1), subproblems associated with Q;H(xi’i 1,&F) are solved for clusters
¢ =1,...,L;, with & = Zjecf %{jftj7 and p¢ the probability of cluster CY. This
should be beneficial in early iterations where policies are still far from optimal and a
fine information structure unnecessarily slows down the solution process.

By using subgradients and intercepts associated with clusters Cf,é =1,..., Ly,
in line 18 of Algorithm 3.1 coarse cuts can be generated for 2;(-). Given that W,
and ¢; are deterministic, these cuts are valid underestimators for 2;(-) by Jensen’s
inequality [214]. They are not guaranteed to be tight, though.

The authors in [214] discuss several different refinement strategies, such as refine-
ments within the SDDP backward pass (the partition at stage ¢ is refined as soon
as a coarse cut does not improve the approximation of 2;(-) at the trial point xi¥ )
or refinements outside of SDDP. In the latter case, SDDP is performed on a coarse
recombining tree which is iteratively refined once the algorithm has stopped. Com-
putational results show that this latter approach performs significantly better than
the first approach due to lower computational overhead. However, identifying when
SDDP should best be stopped to perform a refinement remains a challenging task.

22. Outlook. In this tutorial-style review, we have given an overview of the

motivation, theory, strengths and weaknesses, extensions, and applications of SDDP.

While many proposals have been made in the last 30 years on how to extend

SDDP and improve its performance, there remain open research questions that leave

room for future improvement. Among the most crucial topics are those listed in
what follows.

1. Stopping. To this date, in many applications SDDP is stopped heuristically,

e.g., based on a fixed number of iterations or stabilization of lower bounds,

which leaves the task of defining a reasonable stopping criterion to the user.

Recently, there has been some pioneering work on developing deterministic
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upper bounding techniques and stopping criteria, but these are still limited
as they require significant computational effort.

Upper bounds in risk-averse SDDP. Developing efficient upper bounding
techniques is especially relevant to risk-averse variants of SDDP, where the
commonly used nested risk measures do not allow for employment of their
pendants from risk-neutral SDDP. Lately, different risk measures have been
proposed that avoid this issue. However, such risk measures usually hamper
interpretability. Therefore, the question of how risk should be optimally mea-
sured in SDDP in order to obtain a computationally tractable problem, while
at the same time properly reflecting the true risk preferences of a decision-
maker, can still be regarded as open.

. Distributionally robust SDDP. Recently, the consideration of distributional

uncertainty in SDDP has gained more interest. However, while DRO is a
flourishing research area, incorporating it into SDDP is still in its early stages,
with potential for further improvements.

. Nonconvex extensions. In many applications, nonlinear functions or integer

variables are required to appropriately model the problem at hand. As the
(expected) value functions become nonconvex in this case, traditional cutting-
plane techniques fail to approximate them correctly. Starting with SDDiP,
recently there has been a trend to extend the NBD and SDDP frameworks to
nonconvex problems. Lagrangian-type cuts, which are possibly nonconvex,
show theoretical potential in approximating nonconvex functions. However,
their construction is computationally costly and subject to rather strong tech-
nical assumptions, such that large-scale nonconvex problems in particular re-
main computationally intractable. Consequently, in the future, the trade-off
between computationally efficient cut generation techniques and best possible
approximations of the value functions needs to be further explored.

. Regularization. As a descendant of Kelley’s cutting-plane method, SDDP

has a computational complexity that grows exponentially in the dimension of
the state variables. Therefore, it can become computationally intractable for
problems with high-dimensional state space. This is aggravated by common
reformulations, e.g., in the case of stagewise-dependent uncertainty, that ar-
tificially augment the state space. For Kelley’s method, regularization meth-
ods have proven helpful in accelerating the solution process. Whereas some
first attempts have been made to regularize SDDP, an efficient regularization
remains an open challenge.

. Reinforcement learning techniques. As the case of batch learning shows,

SDDP can benefit from acceleration techniques that are well known and
established in reinforcement learning, but have not yet been translated to
the SDDP setting. By exploiting its affinity to @Q-learning, there should be
a lot of potential to improve the computational performance of SDDP in
practice.

. Decision-dependent uncertainty. The only standard assumption for SDDP

that has not yet been relaxed in the literature is to allow for stagewise-
dependent stochastic processes modeling the uncertainty in (MSLP). This
topic still has to be studied.
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