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Abstract: We study the Maxwell system with localized conductivity o and the boundary conditions of
a perfect conductor on a simply connected domain €2, assuming that there are no electric charges off
the support of o. For matrix-valued permittivity &£ and permeability u, we show strong stability of the
underlying semigroup by checking the spectral criteria of the Arendt—Batty—Lyubich—Vii Theorem. If
g=pu =1, Qis the cube (0, 7)* and supp o contains a strip, the semigroup is polynomially stable of rate
%. To derive this result, we establish the resolvent estimate of the Borichev—Tomilov Theorem using an
orthonormal basis of eigenfunctions of the Maxwell operator for o = 0.
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1. Introduction and main results

The Maxwell system expresses the fundamental laws of electromagnetism. Here the conductivity
o plays an important role in many materials such as metals since it induces the current —c E in the
system that acts as a damping. Like for the wave equation, it is an intriguing question how the strength
of the damping is related to the support of 0. However, this problem is far less studied for the Maxwell
equations. If the conductivity is strictly positive on ‘large parts’ of the domain one typically obtains
exponential decay and related observability estimates. See e.g., [1-3], or [4] in the linear case and [5]
for nonlinear material laws. Among the results on boundary conductivity, we also mention [6—11]. So
far, only for constant coeflicients € = u = 1 exponential decay was established under the ‘geometric
control condition’ using techniques from microlocal analysis, see [4]. There are almost no results on
strong or polynomial stability in cases where the geometric control condition fails. In this work we show
strong stability for a fairly general class of linear autonomous systems, and polynomial stability with
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rate % if supp o~ contains a strip of the cube (0, 7)* and & = u = 1. Our approach is based on spectral and
resolvent criteria.

Let Q be a bounded and open subset of R? with a Lipschitz boundary I' and outer unit normal v. On
Q, we consider the Maxwell system

g0,E(t) = curl H(t) — oE(t), wo,H(t) = —curl E(¢), in (0, 00) X Q. (1.1)
Here the permittivity &, the permeability u, and the conductivity o belong to L™ (€, ngle) and satisfy
euz=nl, oc=>0 (1.2)
for some 1 > 0. We complement (1.1) with the electric boundary condition
Et)xv=0 1in (0,00)x T (1.3)

and with the initial conditions E(0) = Ey and H(0) = H,.
Further, Q, denotes the open subset of Q consisting of points x € Q such that o = 0 a.e. in a

neighborhood of x, and we set L
Q. =0\ Q.

Recall that the essential support of o is defined by supp,(0) = Q\ Q) = Q., with relative closure in Q.

The kernel of curl contains the gradient fields, which are a severe obstacle for regularity and compact-
ness properties, and they lead to fixed vectors preventing decay of solutions to (1.1). To get rid of them,
one needs divergence conditions for the data and restrictions on the topology of ; cf. Theorem 2.10’
in [12]. These difficulties constitute a major difference between the scalar wave equation and the
Maxwell system, besides the complexity of the system and its boundary conditions. Throughout we
require that the electric charge density div(eE,) vanish on ), there is no ‘magnetic charge density’
div(uHy) on Q, and the normal trace v - uH, is zero on I'. As noted in the next section, these conditions
are preserved by the solutions of (1.1). However, the internal conductivity will produce a non-zero
charge density div(¢E,) on Q,, which is a serious difficulty in our analysis. (This does not happen in
the case of boundary damping, which is easier in this respect.)

In this setting the Maxwell system is solved by a contraction semigroup ! with generator A, see
Lemma 2.1. After Section 2, when dealing with the long-term behavior, we have to impose stronger
assumptions on the domain and the coefficients. We need that Q is simply connected, that 2, and
Q) are non-empty and have a Lipschitz boundary, and that 0Qy N T" is a Lipschitz submanifold of T".
Moreover, € and u have to be Lipschitz, and o is scalar. Under these conditions, in Section 3 we show
that iR \ {0} belongs to the resolvent set of A. Here injectivity follows from a unique continuation
result for the time-harmonic Maxwell system. Surjectivity is proven by means of Lax—Milgram and a
Fredholm argument, which exploits a compact embedding for the H-fields in our state space. We stress
that we cannot expect a compact resolvent of A since there could be electric charges on Q.. We further
describe the kernel of A and show that it is the orthogonal complement of its range. Because of the
Arendt—Batty—Lyubich—Vi theorem, in Theorem 3.6 we then obtain the strong stability of the restriction
of ¢! to (ker A)*. A variant of this fact under partly different hypotheses was shown by Eller in [1]
without invoking spectral theory, see also [13] for the case of boundary damping.

With some effort we can then show the closedness of the range of A in Proposition 4.4, assuming
also that I is connected, o is strictly positive on €,, and certain geometric constraints on €}, see
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(A0)—(A3). This fact is based on a Poincaré-type inequality for the curl in Lemma 4.2, which exploits
the charge-freeness on €} to counteract the electric charges on €,. In our main result, Theorem 5.2
we further specialize to the cube Q = (0,7) (see Remark 5.6 for a variant), coefficients & = y = 1,
and damping regions Q. that contain a strip (0, 7)*> X (a, b). We can then show that the kernel of A is
polynomially stable with rate %; ie.,

le“* Uy — PUp|lsc < Ct_%”UO”D(A), YUye DA), t>1, (1.4)

for the orthogonal projection P onto ker(A) = R(A)*. We are aware of only one related result.
In [14] Phung treated general cylinders D X (—p, p) with a damping region around the lateral boundary
0D X (—p, p). However, in this result there is no information about the rate; whereas the proofs seem
to give much smaller values than our % The method in [14] is completely different than ours, using
Fourier integral operators and observation-type estimates.

To show (1.4), we check the resolvent condition of the Borichev—Tomilov theorem via a contradiction
argument. By this approach, for the 2D wave equation, an analogous result was already shown in [15].
There one could use trigonometric polynomials as an orthonormal base, which here have to be replaced
by the TE- and TM-modes for the Maxwell system with o = 0, see [16]. Our argument involves
correction terms to make our solutions completely divergence-free, and the calculations take advantage
of the (complicated) structure of the eigenfunctions.

We finish this introduction with some notation used in the remainder of the paper. Let us first recall
important Hilbert spaces based on the div and curl operators, where 6 € {g, u}. The traces below are
defined in H~"/*(T), see Theorems 2.2.18 and 2.2.24 in [17].

H(curl, Q) = {E € L*(Q)’ : curl E € L*(Q)*},
Hy(curl, Q) ={EF € H(curl, Q) : EXv =0 onI},
H(divy, Q) = {F € LX(Q)* : div(9F) € L*(Q)},
Hy(divg, Q) = {F € H(divy, Q) : (0F)-v =0 onT},

H(divy = 0,Q) = {F € L*(Q)* : div(6F) = 0},
Ho(divy = 0,Q) = Hy(divg, Q) N H(divy = 0,Q),
Xno(Q) = Hy(curl, Q) N H(divy, Q),
X76(Q) = H(curl, Q) N Hy(divy, Q),
Kno(Q) = {u € Xyp(Q) : curlu = 0 and div(6u) = 0},
Kr9(Q) = {u € X74(Q) : curlu = 0 and div(6u) = 0}.

All are endowed with the natural Hilbertian norm. We omit the subscript 6 if we take 6 = I in the
above formulas.

Lets e R, Dc Q orD c dQ, where Q' c R? has a Lipschitz boundary. The usual norm and
semi-norm of H*(D) are denoted by || - ||, p and | - |5 p, respectively. For s = 0 we drop the index s. By

A < B, we mean that there exists a constant C > 0 independent of A, B, and the time variable ¢ such that
A <CB.
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2. Well-posedness of the problem
We first discuss the GauB’ laws for E and H. Let (E, H)™ in C([0, ), L*(2)) N C'([0, 0), H™1(2))
solve (1.1). Applying the (distributional) divergence to the first equation of (1.1) in €, we obtain
0,div(eE(t)) =0 inQ,, VY >0.
Consequently, if the initial electric field satisfies
div(eEy) = 0 in Qy, 2.1

then it follows
div(eE(t)) =0in Qy, V1> 0.

Similarly, the second equation yields
0,div(uH()) =0 inQ, Vt>0.

Hence, the assumption
div(uHy) = 0 in Q, 2.2)

leads to
diviuH({®) =0 inQ, VYit>0.

Assume also E € C([0, o), Hy(curl, ©)). Then Corollary 3.1.6 of [17] yields v - curl E =0 on . So we
deduce as above that

v-H=0onI, V>0, if v.-Hy=0 onT. (2.3)

We often use these properties, e.g., in the context of Helmholtz decompositions.
These arguments justify introducing the state space

H = H,(div, = 0,Q) X Hy(div, = 0,Q),

which is a Hilbert space with the inner product
((E,H)",(E",H")")y = f(eE E'+uH-H), Y(E,H)',(E,H)" €X,
Q

of LZ(Q)’ x L3(Q)’, where for shortness we have set
H,(div, = 0,Q) = {E € L*(Q)’ : div(¢E) = 0 in Qy}, (2.4)

Note that this space is not a subspace of H(div,, Q2).
To treat (1.1) on the space J{, we define the closed operator A by

D(A) = H N (Hy(curl, Q) x H(curl, Q)),
AE,H)" = (g (curl H — 0E), —u ' curl E)".

This operator generates a Co-semigroup ¢! of contractions in H because it is maximally dissipative, as
shown in the next lemma. One could probably weaken the assumptions on Q in this generation result,
but we do not want to pursue this issue to focus on stability properties.
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Lemma 2.1. Let Q C R? be a bounded Lipschitz domain and &, u, o € L*(Q, R%X,S ) satisfy (1.2). Then
A is maximally dissipative in JH.

Proof. The proof is quite standard except for the maximality, where we have to take into account the
divergence constraint in €. First, Green’s formula yields the core dissipation identity

(AE.H)",(E,H)"),, = — f ocE-E, V(E,H)" € D(A), (2.5)
Q

so that A is dissipative since o is positive semi-definite.
To show maximality of A, fix A > 0 and (F,G)" € H. We are looking for (E, H)" € D(A) satisfying

AE,H)" - AE,H)" = (F,G)". (2.6)

or equivalently
AeE —curl H + oE = ¢F, AuH + curl E = uG.

We derive a second-order version. The second equation leads to
H=1"'G-A1"y"curl E. (2.7)
Inserting this expression into the first equation above, we get
AeE + I curl (u™' curl E) + 0E = eF + 27! curl G. (2.8)
To solve this problem, we thus look for a function E € Hy(curl, Q) satisfying
a(E,E") = L(EF “E'+27'G-curlE"), VE’ € Hycurl,Q), (2.9)
a,(E,E) := fg;((/ls +0)E-E + 2 'y curl E - curl E').
The sesquilinear form a, is continuous, symmetric, and coercive in Hy(curl, 2) as
aBE)> [ e + Ul eur £P)
Therefore, (2.9) has a unique solution E € Hy(curl, Q). Testing by E’ € D(Q)*, we find that E satisfies
(2.8) in the distributional sense.

To check the divergence constraint for E, into (2.9) we insert the gradient of the 0-extension ¢ of a
test function ¥ € D(€), obtaining

f(/lgE+0'E—sF)-Vzﬁ:O.
Q
Since o~ and ¢ have disjoint supports, it follows

(A1eE —eF) -V =0, Yy e D(Qy),

Qo
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which means
Adiv(eE) = div(eF) =0 in Q

distributionally, where F' € H,(div, = 0, Q) is used.

Now we can define H by (2.7), so that the second component of (2.6) is true. This map then belongs
to Hy(div, = 0, Q) because of G € Hy(div, = 0,€Q) and E € Hy(curl, Q), see Corollary 3.1.16 in [17] for
the normal trace. Finally, (2.8) becomes

AeE —curl H + oFE = &F,

which shows that (E, H)" is contained in D(A) and solves (2.6). O
3. Strong stability

One simple way to prove the strong stability of (1.1) is provided by the following theorem due to
Arendt-Batty and Lyubich—Vii (see [18, 19]).

Theorem 3.1. Let X be a reflexive Banach space and (T (t));so be a Cy-semigroup generated by A on X.
Assume that (T (t)),so is bounded and that no eigenvalues of A lie on the imaginary axis. If o0(A) N iR is
countable, then (T (t)),s is strongly stable in the sense that

Iim7T(@x=0, VxelX

t—oo

Since the resolvent A is not necessarily compact, we have to analyze the full spectrum on the
imaginary axis. This is done in the next lemmas, using the following assumption.
(H) Let Q C R? be open, bounded, and simply connected; Q,,Qy # 0, I = 4Q, 6Q, and Q be
Lipschitz, and 8Qy N T be a Lipschitz submanifold of I. Moreover, let &, u € WI’W(Q,Rg’yXIf’I) and
o € L*(Q,R) satisfy (1.2).

We note that some of the following auxiliary results could be proven in greater generality, but for the
sake of conciseness we restrict ourselves to the setting of Theorem 3.6, which is the aim of this section.
By vy we denote the outer unit normal of 0€).

Lemma 3.2. Let (H) hold. Then iwl — A is injective for each w € R\ {0}.
Proof. Fix w € R\ {0}, and let (E, H)" € ker(iwl — .A). This pair then satisfies

iweE —curlH + oE =0, 3.1
iwuH + curl E = 0. (3.2)

First, the dissipation property (2.5) yields
0 = R((iwl - A)E,H)",(E,H)" ) = f o|El*
Q

and therefore

ocE =0 in Q, 3.3)
implying also that

E=01inQ.. (3.4
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Coming back to (3.1), we find
iweE —curl H =0,

and therefore eE is divergence-free. By (3.4) and (3.2), the fields (E, H)" vanish on a ball in Q.
(Recall that Q, is open and non-empty.) Hence, they are zero on Q by the unique continuation result
Corollary 1.2 in [20] and a standard argument using that € is connected. (See the text following this
result, and also Corollary 1.2 in [21] for an earlier version.) Here we need that € and u are Lipschitz. O

We next determine the kernel of A, which could be non-zero because of initial charges located in €.
Lemma 3.3. Let (H) hold. We then have
ker A = Ky () x {0}
with the space
Ky:(€o) :={E : E € Ky (Q0)},
where E is the extension of E by zero outside €.

Proof. Let (E, H)™ € ker A. As in the previous proof, E then satisfies (3.3) and (3.4), which yields
curl H =0 = curl E. 3.5

Hence, H belongs to Kr,(€2) and is thus zero by Dominguez’ theorem as € is simply connected, see
Theorem 6.2.5 in [17] or Proposition 3.14 in [22] if 4 = 1. Furthermore, since E =0on Q. and
E € Hy(curl, Q), Propositions 2.2.32 and 2.1.60 of [17] show that E x vy = 0 on 0Q. (The extra
regularity of d€ is used here.) So (E,H)™ € H and (3.5) imply that E is contained in Ky -(£).

For the converse inclusion, take (E, H)" € Ky.(Q) x {0}. Then E belongs to Hy(curl, Q), and
curl E =0 by Proposition 2.2.32 of [17]. As a result, (E, H)T is contained in the kernel of A. O

For the proof of the surjectivity of iwl — A, we cannot use the same arguments as in Lemma 2.1
because a;, 1s either not coercive in Hy(curl, ) anymore if w # 0, or not defined if w = 0. Instead, the
case w # 0 is treated via a compact perturbation combined with the injectivity property of Lemma 3.2.
The case w = 0 is more delicate and will be considered in the next section under additional assumptions.

Lemma 3.4. Let (H) hold. Then iwl — A is surjective for each w € R \ {0}.
Proof. Fix w € R\ {0} and (F,G)" € H. We are looking for (E, H)" € D(A) with

iwE,H)" - A(E,H)" = (F,G)". (3.6)

or equivalently
iweE —curl H + oFE = €F, 3.7
iwuH + curl E = uG. (3.8)

The first equation can be rewritten as

E = (o] + iwe) ' (curl H + ¢F). (3.9)
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Inserting this expression in the second equation, we infer
iwpH + curl (o] + iwe)  (curl H + €F)) = uG.

We thus look for a function H € X7 ,(€2) solving
bi,(H,H) = f (uG - B — (01 + iwe) 'eF) -curl H'), VH' € X7,(Q), (3.10)
Q

bi,(H, H) := f(iw,uH -H' + (01 + iwe) ™ curl H - curl A’ + div(uH) div(uH")).
Q

This sesquilinear form is not coercive on X7 ,(£2), but we use a perturbation argument. Namely, we
introduce the form

ciw(H,H) = f(H -H + (01 + iwe) ™ curl H - curl A’ + div(uH) div(uH")),
Q

on X7,(€2) and show that ec;, is coercive for some 6 € (=3, %). Indeed, we have

R(e“ci,(H, H)) = f [a) sin O(e(oI + w?e®) ' curl H) - curl H
Q
+ cos (| H* + [div(uH)[* + (0 (0*1 + w’e?) 'curl H) - curl I-_I)]

since ol and £ commute. Therefore if w > 0, we choose 6 € (0, ) so that cos 8 > 0 and sin 8 > 0 so that
R(e"ci,(H, H)) > C f (|H)* + | div(uH)|* + | curl H]?),
o)

with a positive constant C that depends on w, 6 and o. On the contrary, if w < 0, we chose 6 € (—’%, 0)
so that cos# > 0 and sin 6 < 0 and find the same estimate with another positive constant C. We next
define the continuous operators

Biw: XT,y(Q) - XT,#(Q),’ H- Bin; eiw: XT,,u(Q) - XT,;J(Q)/’ H - Gina
by setting
<Bin’ H/> = bia)(H7 H,)’ <(\3in9 H,> = Cia)(Ha H,)’ VH’ H/ € XT,/J(Q)'

Thanks to the Lax—Milgram lemma, the coercivity of e?c;, implies that the operator €, is an isomor-
phism. Observe that
Bia) - eiw = lw:u -L

and that X7 ,(€2) is compactly embedded into L*(©Q)? due to Theorem 7.5.3 in [17]. Hence, B,, is a
Fredholm operator of index zero.
To show ker B,, = {0}, we take H € ker B,,. Then it fulfills

f (iwuH - H + (01 + iwe)™' curl H - curl A’ + div(uH) div(uH’)) = 0 (3.11)
Q
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for all H" € X7 ,(Q). Let us first prove that uH is divergence free (cf. [23, Theorem 1.2] or [24, Theorem

1.1]). We introduce the divergence-form operator Ay, by

Ny = div(uVy), DAL = (¥ € Hy(Q)A"Y € LX(Q))

Dir

with the Dirichlet boundary condition. For ¢ € D(A}), ), in (3.11) we take H’ = V¢ and obtain

f (iwuH - Vo + div(uH) div(uVe)) = 0. (3.12)
Q
Green’s formula then yields
fdiv(,uH)(ichJ —div(uVe)) = 0.
Q

Since the range of the operator iwl — A‘l‘)ir is the whole L*(Q2), we deduce that H belongs to Hy(div, =
0,9Q).
Coming back to (3.11), we set

E = (o] + iwe) ' curl H € L*(Q)°.

Then (3.1) is true, and (3.11) leads to
f (iwpH - H' + E-curl A') =0, ¥ H' € X1,(Q). (3.13)
Q

Inserting H' € D(Q)* C X7,(€), we find that also (3.2) holds and thus E € H(curl, Q).
To show E x v = 0 on T, we extend (3.13) to test functions in H'(Q)?, namely

f(ia)uH D+ E-cul®) =0, Y0eH Q. (3.14)
Q

Indeed, for a given ® € H'(Q)* we can consider its Helmholtz decomposition
®=Vy+H

withy € H(Q), H' € X7,(), and div(uH") = 0, see (6.37) in [17]. Consequently,

f(iwa-d_)+E-cur1Ci)):iwf/,tH-Vlﬁ+f(iw,uH-FI’+E-curlFI’).
Q Q o

The second term on the right-hand side is zero due to (3.13), while its first term disappears using Green’s
formula and H € Hy(div, = 0, Q). This proves (3.14).
In (3.14) we can apply Green’s formula and (3.2) to find

=0, Y®eH(Q):,

(E X, (D>H‘%(F) =

inthe H2-H %—duality. The surjectity of the trace map then yields

Exv=0onT. (3.15)
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Since the definition of E directly implies that
div(eE) = 0 in Qq,

we conclude that the fields (E, H)" belong to ker(iwl — A). Lemma 3.2 then shows E = H = 0, i.e.,
ker B,, = {0}.

Now we can come back to (3.10) and conclude that this problem has a unique solution H € X7 ,(€).
We then define E € L*(Q)* by (3.9) and have to show that (E, H)™ belongs to D(A) and solves (3.6).

First, (3.7) is trivially satisfied by the definition of E. The divergence-free property of E directly
follows from this identity and div(eF) = 0 on €. Next in (3.10) we take test functions H" = Vg with
Y€ D(A’L‘)ir). Then H satisfies (3.12) since G € Hy(div, = 0,Q). As before, we infer div(uH) = 0.
Finally, equations (3.9) and (3.10) lead to

f(iw,uH-I:I' +E-curll ') = f,uG ‘H', VH €Xr,(Q).
Q Q

As for G = 0 above, we arrive at (3.8) and (3.15). This shows that (E, H)" belongs to D(A) and solves
(3.6). O

The surjectivity of A is a delicate question, so at this stage we first prove that ker A is orthogonal to
the range of A.

Lemma 3.5. Let (H) hold. For the scalar product in I, we then have
R(A)* = ker A.

Proof. Green’s formula and Lemma 3.3 imply
ker A C R(A)".

To show the converse inclusion, let (E’, H')" € R(A)*. So (E’, H')" € H satisfies
L((curlH —~0E)-E' —curllE-H')=0, Y(E,H)" € D(A). (3.16)
In a first step, we take an arbitrary ¥ € D(Q)* and consider the unique solution ¢ € Hé(Qo) of
f eVy - Vi = f ¥ Vi, Yy e HyQ).
Q) Qo

Let @ be the extension of ¢ by zero outside €. Then the pair (¥ — V@, 0)" belongs to D(A). Note that
oV = 0 by the supports. Using (¥ — V@, 0)" in (3.16), we thus obtain

f(U‘I’-E_’ +curl?-H')=0.
o

Since W is arbitrary in D(Q)*, we find

curl H + oE’ = 0. (3.17)
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In a similar manner, pick ® € D(Q)? and consider the unique solution ¢ € H'(Q)/C of

f,uV(p-V/\_/: fuqmv)z, Vx € H(Q). (3.18)
Q Q
Then the pair (0, ® — V)T is contained in D(A). Inserting it into (3.16), we deduce
fcurlCD -E'=0 (3.19)
Q
which means
curl E' = 0. (3.20)

Now we repeat this argument with ® € H'(Q)? and ¢ € H'(Q)/C solving (3.18). This again yields
(3.19). Green’s formula and (3.20) then lead to

(E" XV, (D>H‘%(r) =0,

and therefore
E'xv=0 onT.

This property combined with (3.17) and (3.20) implies that (E’, H') € D(A). Using Green’s formula,
we also infer

0= f((Curl H +0E)-E —cullE'-H') = fO'IE'Iz.
o Q
Since then oE’ = 0, we conclude curl H' = 0 and thus A(E’,H’)" = 0. -

This proof indeed shows that D(A*) = D(A) and
AE' H)" = (=(curl H' + 0E’),curl E"YT, VY (E',H")" € D(A"). (3.21)

In order to formulate a strong stability result, using Lemma 3.5 we introduce H, = (ker A)* = R(A)
in J{ and the restriction A, of A to J{, defined by

A(E,H) = A(E,H)", Y(E,H)" € D(A,) = DA)NH,.

Clearly, A, maps D(A,) into H,. Since e** leaves invariant R(A), its restriction to this space is
generated by A, . The above lemmas and Theorem 3.1 yield the following strong stability result.

Theorem 3.6. Let (H) hold. Then A, has no eigenvalue on iR and
iIR\{0} C p(AL).
Therefore the semigroup generated by A, is strongly stable in H _, i. e.,

lim e'x = 0,Vx € H,.

—o0

Strong stability was already shown in Theorem 4.1 of [1] also for anisotropic Lipschitz coefficients &
and u on a bounded Lipschitz domain, but for charge-free data. In contrast to our result, o has to be
strictly positive on its support and Lipschitz, though it can be matrix-valued. On the other hand, we
have to require that o is scalar, that Q is simply connected, and that Q) has some extra regularity. The
conditions on the initial fields seem to differ.

Communications in Analysis and Mechanics Volume 17, Issue 4, 849-877.



860

4. The closed range property

Lemma 3.5 shows that 0 € p(A ) if and only if R(A) is closed. In this section we give some (sufficient)
additional conditions that guarantee this property, namely (see Figures 1-4 for some illustrations):

Figure 1. An illustration of our assumptions (A0)—(A2) with Q. in red and Q, in white.

Figure 2. The assumption (A0) is not satisfied: the boundary of Q is not connected since
OCR\ Q.
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Figure 3. The assumption (A1) is not satisfied: the boundary of Q. ; is not connected.

Figure 4. The assumption (A2) is not satisfied: meas Q, ; NI = 0.

(A0) Let (H) hold and I" be connected. Assume there exist a finite set X and disjoint,” connected, open,
and non-empty sets €, ; with Lipschitz boundaries I'; such that

Q, = keX Qi
(A1) If Q_Jrk N T = 0, then its boundary I'; is assumed to be connected. Denote by K, the index set of
such subdomains.
(A2) If Q_J,k N T # 0, then we assume that this set is of positive (relative) measure. We will set
J<:bdy = K\ Kig.
(A3) There exists a positive constant o_ such that

oc>0_onQ,;, VYkeX. “.1)

*meaning that Q, , N Q. =0 ifk £k
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The connected, disjoint, and open components of ) are denoted by Q ; for j € g, the index set J
being finite due to our assumptions. For each j € J, the boundary of € ; is not necessarily connected.
Following the notations from [22], we then decompose 0€2 ; as

I.
0, = Uij:O L

where I';; are the different connected components of 9€Y ; and I'; is the boundary of the sole unbounded
connected component of R \ Q, j- Then, according to Lemma 3 in [25] or Proposition 6.1.1 in [17], see
also Proposition 3.18 in [22] for € = 1 and Theorem 4.12 in [26] for related investigations, the space
Kn (€ ;) has a finite dimension /; := dim Ky (£ ;) equal to the number of connected components of
0Q jminus 1. Fori € J; := {1,---,I;}, we introduce the unique solution ¢ ;; € H L, i) of

div(eVeo ;) =0 inQy,
©o,ji = 1 on rj,i’ (42)
¢oji=0 onT, Vi#i

Then Ky (€ ;) is spanned by the set of functions Ve, ;; withi = 1,- -, I; since they belong to Ky (£ ;)
and are linearly independent. These functions are now extended into @, j; to the whole Q by

¢ _ 1 in Uj,,',
0,0 — . .
0 onUp,i"#1,

for the connected components U;; of QN (R3\ Qo ;) withi=0,---,1;, where Uj is included into the
sole unbounded connected component of R? \ Q ;. With these notations, Lemma 3.3 directly leads to
the next result.

Corollary 4.1. Let (A0)—(A2) hold. Then we have
ker A = f(N,S(QO) x {0} = span{(ngO,j,i,O)T ci=1,---,1;,j€d}).

Inspired by [27, Lemma 2.2] and [26, Lemma 4.20] for £ = 1, we first prove a Poincaré-type inequality.
Lemma 4.2. Under assumptions (A0)—(A2), it holds
IEllq, S IEllq, + [lcurl Ellg (4.3)
forall E € H,(div, = 0,Q) N Hy(curl, Q) N (f(N’S(QO))L, where (f{,\,",,;(QO))L means here the orthogonal
complement of Ky (Qo) in L2(Q)°.

Proof. Fix E € H,(div, = 0,Q) N Hy(curl, Q) N (Ky.(Q))*. Since Q is simply connected, by Theo-
rem 6.1.4 1n [17] (or Theorem 3.17 in [22] if &€ = 1) there exists a unique w € Xy () N H(div, = 0, Q)
such that

curlw = curl E in Q,

and
[Wllf(euro) < Il curl Ellq. 4.4)
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Further, as I' is connected, Proposition 3.3.9 of [17] provides a map ¢ € Hé (Q) with
E=w-Vyp in Q. 4.5)
This identity and (4.4) directly imply that
IVella, < [1Ellq, + [l curl Ellq. (4.6)

A priori this estimate gives no control on the L?>-norm of ¢ in Q,, needed below to apply the trace
theorem. But Poincaré’s inequality and assumption (A2) yield

el < IVella,, < IEllq, +Ilcurl Ellg, ¥k € Kpqy. 4.7

Our goal is to prove a similar estimate for k € K, For that purpose, by (4.5) and the fact that ew and
eE are divergence free in €}y, we have

div(eVep) = 0 1n Q. (4.8)

Moreover, since E € (f{N,g(QO))L, Corollary 4.1 leads to
f eE -V ;i =0, VYi=1,---,I;,j€. 4.9)
Qo

Now for j € J and i € J;, we note that there exists a unique index
kj,,' S :Kint such that rj,i = thkj,i.

We fix j € J,i € J;, and k;; € Kjy as above. The divergence-free property of w in Q. implies

f ew-vy=0.
I

Js

Using also ¢ j; = 1 onT';;, Green’s formula then yields
f EW - V(,DO,]',,' = - f diV(SW)QOO,j,,' + (EW . VO)‘pO,j,i = 0 (410)
Q()_j Q(),j 690_1'
Combining the formulas (4.5), (4.9), and (4.10), we deduce that
f Vo-eVypy;i=0, Viel;,jed.
Qoyj

Green’s formula then directly leads to

f ®©Yo - SV‘PO,j,i =0,
80 ;

Zf <pvo-8Vg00,j,,~:—f evo- eV i, YieT;
, r;

e, Vi 0
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Since ¢ = 0 on I, the integral on the right reduces to the intersection between I';( and some I'y with
k € Kpay, and therefore

Zf evy- eV i = — Zf evo- eV, YieT;
i’€d; keXKngy ¥ LioNTk

Observe that

< llellor, < llellha,,-

f eV - eV, i
TioNnIy

J

by Cauchy—Schwarz and the trace theorem. In view of (4.7), we arrive at

Zf oo - eV i

ired,

SElq, +llcurl Ellg, VieJ;. (4.11)

Setting O j = Ujeg, €2+4;,» We assert that the Poincaré inequality

llello.,; S IVello, + Z Zf oo -V i (4.12)

- . T,
s ’ .
i€l |ired; Y i

holds. Indeed, by a contradiction argument and the compact embedding of H'(0O, ;) into L*(O, ), it
suffices to show that if this right-hand side is zero, then the left-hand side has to vanish. So let the
right-hand side be zero. Then the nullity of the first term yields

$ = <Ccr on Q+,kj$,~,

for some ¢; € C and all i’ € J;. ;From the vanishing second term we thus obtain

Zf civo- €V ;i =0, VYiel,.

i'e];

On € ; we define the function

Y= Z Cro,jir

i’ .
i€l

and note that it is equal to ¢; on I';; for i € J; and equal to zero on the remaining part of 9€ ; by the
properties of ¢ ;, see (4.2). Hence, the previous identity means that

f lﬁVo'EV(,Oo,j’i:O, VZEJJ
0Qy,

Since div(eVy ;) = 0, Green’s formula yields
f Vlﬁ'SVQO()’/‘,i:O, VZGj/
Q) ' ‘

Communications in Analysis and Mechanics Volume 17, Issue 4, 849-877.



865

Multiplying this equality by ¢; and summing on i € J;, we get

f Vi - eV = 0.
Qo,j

This fact implies that ¢ = 0 (because ¢ = 0 on I'jj), and then ¢; = 0 for all i € J; by the linear
independence of {¢ ;; : i’ € J;}. We have shown (4.12).
Inserting (4.11) into (4.12) and using (4.6), we derive

lellio.,; S IVello,; + |Ellq, + llcurl Ellg < [|Ellq, + |Icurl Ello, Y j €.
Since any Q. ; with k € Kjy is included into one O, j, this estimate implies that

e, S IEllo, +Ilcurl Ellg, Yk € Kipn. (4.13)
Let us again fix j € J. Taking into account (4.8), we deduce that

< <
1V6llan, < 10l 0, S Wl + D Il (4.14)

lEjj

recalling that 0Q) ; = U:io I';; and that the sets I';; are disjoint. On one hand, for i € J;, the component
I';; is a part of some I'y with k € Kj,.. Then the trace theorem and (4.13) lead to

el 1 . SIEllq, +llcurl Ellg, Viel; (4.15)

H2(T}))
On the other hand, as ¢ = 0 on T, for I';, we have

Z ||"0”1-1%(ij001";()’

el s . =
kEbedy

H2 (o)

cf. Definition 2.1.53 in [17]. Therefore, again by the trace theorem, we deduce

<
lelly 0, S 25 lelhan.
ki

Ebedy

so that (4.7) yields

el 1 . S IEllq, + llcurl Ello. (4.16)

H2(T;p)

Estimates (4.14), (4.15), and (4.16) show
IVella,; S lIEllq, +Ilcurl Ello, VY j€d,

and therefore
IVella, < IEllq, + |l curl E|g.

Combined with (4.6), we arrive at
IVella < [IEllq, + llcurl El|q.

This inequality, (4.4), and the decomposition (4.5) lead to the assertion (4.3). O
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From this result we deduce the core property to show the closedness of R(A).

Lemma 4.3. Under assumptions (A0)—(A3), we have
ICE, H) llse < WACE, H) llye, Y (E,H)" € D(A)). (4.17)
Proof. Suppose that (4.17) does not hold. Then there exist fields (E,, H,)" € D(A,) satisfying
W(E.,H) |lse =1, YneN, (4.18)

and
NAE,, H,) llsg = 0 asn — oo. (4.19)

The dissipation identity (2.5) and (4.18) imply

fo-lEnlz < ”‘A(EmHn)T”i}C-
Q

Using properties (4.1) and (4.19), we infer

lEullo, =0 asn— co.
The limit (4.19) then leads to

[|curl E,|lq + ||curl H,|lo » 0 asn — oo. (4.20)

(From these two statements and Lemma 4.2, we conclude

IE.lo >0 asn— oo
As Q is simply connected and H,, € Hy(div, = 0,€), Theorem 6.2.5 of [17] gives

IHyullo < [l curl Hyllo,

so that (4.20) yields
|Hylo > 0 asn — oo.

We now arrive at a contradiction with (4.18). O
Proposition 4.4. Under assumptions (A0)—(A3), the range R(A) is closed.

Proof. As R(A) = R(A,), it suffices to prove the closedness of R(A ). This property follows immedi-
ately from the estimate (4.17) using Theorem IV.1.6 in [28]. |

Combined with Lemma 3.5 and Corollary 3.6, the above result shows that A, has no spectrum on iR.

Corollary 4.5. Under assumptions (A0)—(A3), A, is invertible and therefore

iR C p(A)).
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5. A polynomial stability result in a cube

Our theorem on polynomial decay is based on the next result shown in Theorem 2.4 of [29]. See
also [15,30,31] for weaker variants, partly in more general settings.

Lemma 5.1. A bounded C,y semigroup (e'*)so on a Hilbert space X satisfies
le“ Uollx < C 1 l1Uolipey, ¥ Uo € D(L), 121,

for some constants C,1 > 0 if we have

p(L) 2{iB | B € R} = iR (5.1)
and
lim sup lz 1B — £)7!]| < co. (5.2)
Bloco B

We will combine this criterion with the Fourier series expansion technique developed in Example 3
of [15] for the scalar wave equation, which has to be adapted to our Maxwell system. For that reason,
in this section we restrict ourselves to the case of a domain Q that is the cube (0,7)* and to & = u = 1.
In such a case, the Maxwell eigenmodes are explicitly known due to [16]. To recall these results, we
introduce the Maxwell operator A on Hy := H(div = 0, Q) X Hy(div = 0, Q) by

Ao(E,H)" = (curl H,—curlE)", V(E,H)" € D(A),
with
D(Ag) = (Xn(Q) N H(div = 0, Q) x (X7(Q) N H(div = 0, Q)).

As a direct consequence of Lemma 2.1, Theorem 3.5, and Section 4 of [16], the eigenfunctions of A,
are made of two families, namely the TE and TM modes:

1. TE modes. For all k = (k, k2, k3) € KTF = {(k, ky) € N? : k; + k, > 0} X N*, we set’

TE _ 2 2 2
kD= Ak + k5 + K,

PIEE = (BT, 7 (ik[F) " curl EF)T,

Neu
(curlL Vel (X1, xz))

0 (5.3)

ElF(xy, %2, %3) = ngr(?%)
Here ka;r(x3) = V2/msin(k3x;) are the orthonormal eigenvectors of the Laplace operator with Dirichlet
boundary condition on the interval (0, ),
Vech (x1, x2) = 2 cos(k;xp) cos(kxp)

are the orthonormal eigenvectors of the Laplace operator with the Neumann boundary condition on the
square (0, 7)%, and curl, is the two-dimensional curl of a scalar field, i.e.,

N* means N \ {0} and Z* = Z \ {0}.
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2. TM modes. For all k = (k;, k», k3) € K™ = (N*)? x N, we set

kM= K+,

PrM= = (EM # (i M) curl E{MT,

VJ_vkl ko (-xl ’ xZ))

0 (5.4)

E{M(x1, X2, x3) = 03w (x3) (

0
+ (K + EHwN (x ( )
( 1 2) k3 ( 3) E]lrkz(x xz)
Here Wi Neu(x3) = +2/mcos(ksx3) are the orthonormal eigenvectors of the Laplace operator with the
Neumann boundary condition on the interval (0, 7r),

Di . .
Vel (x1, x2) = 2 sin(k; x;) sin(kyx,)

are the orthonormal eigenvectors of the Laplace operator with Dirichlet boundary condition on the
square (0, 7)%, and V, is the two-dimensional gradient of a scalar field, i.e.,

61\/
e fon)

The family {E]*, k € K"5} U{E[™ k € K"*} forms an orthogonal basis of L*(Q2)’. Completeness
is shown in Theorem 3.5 of [16], and the orthogonality is easily checked. With these notations, the
spectrum of A, is given by

o(Apy) = {iiKZE}kGKTE U {iiKZM}keKTM.

For all k € KTE, ‘P,ZE * is the eigenvector of A for the eigenvalue +ik! £, while for all k € K™ ‘PZM’i
is the eigenvector of A, for the eigenvalue +ik] ™. Finally, the set

TE, TE,— M, TM,—
{\Pk +}k€KTE U {\Pk }kEKTE U {\Pk +}kEKTM U {\Pk }keKTM

forms an orthogonal basis of J,.
We still have to normalize these eigenfunctions. To this aim, we first note that

—ky cos(kyx;) sin(kzxz)) (5.5)

2

Neu _ =
CllI‘lJ_ vkl,kz (X], XZ) B ( kl sin(klxl) COS(]QXQ)
03wy, 1r()C3)(91Vk1\]1 (X1, X2)
curl E[ % (xy, x3, x3) = | O3wp T (x3)0av k(X1 x2)
WP ()AL (x1, x0)

23/2 —k1k3 COS(k3X3) sin(klxl) COS(kQXZ)
—k2k3 COS(k3X3) COS(k]Xl) Sil’l(kz)Cz) ,

~ R .
(k7 + k3) sin(k3x3) cos(k x1) cos(kpxz)

and hence ||ETE|2 = k7 + k3 as well as || curl ETE|2, = (kT + k3)(k[ F)?. Setting s;(x) = sin(k;x;) and
cj(x) = cos(kjx;), we further compute

% kl cos(klxl) Sin(kz)Cz)

n\ky Sin(klxl)COS(kz.Xz) ’ (5.6)

Di
Vlvkll,l}(z (x1,X2) =

Communications in Analysis and Mechanics Volume 17, Issue 4, 849-877.



869

32 [ ka(ky + k3)ea(x)s1(x)ea(x) + kakzes(x)s1(x)ca(x)
curl E{*(x) = 5 —kiK3c3(x)ey (x)52(x) — ki (k3 + K3)es(x)ey(x)s52(x)
—kikokss3(x)ci(x)ca(x) + kikakss3(x)ci(x)ca(x)

and obtain ||[ETM||2 = (k7 + k3)(x[ ©)? as well as || curl ETM||2 = (k% + k3)(x] ©)*. This results in the norms

ITE=R, =203 +K2), V= (ki ko, ks) € KT,
||\1{M’i||§fo =20 + Ik + I3 + k3), Yk = (ki ko, ks) € KTE.

With the normalized functions

1 : 1
PO pre, (5.7)

NGELS KM 202 + 12)

~TE, TE,— ~TM, T M,—
(W, " kexre UL, Teerre UL, heegrn U{Y, ™ pegrm

pTE+ . _
PrEs =

the set

then forms an orthonormal basis of H{. Clearly some eigenvalues may coincide, but all have finite
multiplicity. We thus rearrange them in increasing order (on the imaginary axis), writing

o(Ao) = {ide}ezr
with A1 <0< Ay, Ap < Apyq, /l_(g“) <A, VL€ N*.

Denoting the multiplicity of id, by N;, we let @y ;, j = 1,..., N¢, be the N, orthornormal eigenvectors
associated with id,. If A, > 0 (resp. 4, < 0), these eigenvectors are equal to ‘i’,{E* (resp. ‘i’,{E’_) with
k'E = Apand k € KTE, or equal to ¥ ™" (resp. ¥} ") with kI = 2, and k € K™.

We now state the main result of this paper, which provides polynomial stability of ¢** on the cube if
the damping region contains a strip that is parallel to x;-x;-plane.

Theorem 5.2. Assume that Q is the cube (0, )’ and that
Q. = (0,m)* X (a,b) C Q.

for some 0 < a < b < mwwithb—a < n. Assume further that the assumptions (A0) to (A3) of the previous
section are satisfied. Then A, satisfies (5.1) and (5.2) with | = 2, and consequently we have

_1
e Uollsc < 2\ Uollpay, Y Up € D(AL), t= 1.

Proof. Property (5.1) has been checked in Corollary 4.5. So it remains to show (5.2) with [ = 2. For that
purpose, suppose that (5.2) with / = 2 is wrong. Hence, there exists a sequence {(4,, U, = (E,, Hy))},>1
in R x D (A,) with 8, > 0 satisfying

Bn — +00 asn — o, WUallsc =1, Vnx1, (5.8)

and
B2(iBU, — AU, = (F,,G,) — 0 in K. (5.9)
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In particular, there is an index N € N* such that
Bn=1, Vn>N. (5.10)

First, the dissipativity property (2.5) yields

ﬁgfawnﬁ — 0 asn — oo, (5.11)
Q

Detailing (5.9), we obtain

B2(iB,E, —curlH, + 0E,) = F, = 0 in L*(Q)°,

2/ . 2 3 (512)
Ba(B,H, + curlE,) =G, —» 0 in L*(Q)".

Next, since (E,, H,) may not belong to D(A), for a correction we will use the unique solution
¥, € Hé(Q) of

fV(pn-V)_(: fE,,-V)z, Y x € Hy(Q). (5.13)
Q Q
For an arbitrary y € Hy(Q), the first identity in (5.12) leads to

f (iB.E, — curl H, + 0E,) - Vi = 8,° f F,-Vy.
Q Q
Since Green’s formula yields
fcurlHn -Vy =0,
Q
we can express the right-hand side of (5.13) by

f E, Vi = -i f (B,°Fy =B, oE,) - Vx
Q Q

so that (5.13) is rewritten as

f Ve Vi =i f By Fu =B, 0E,) - Vi, Y x € Hy(Q).
Q Q
Taking y = ¢, and using the Cauchy—Schwarz inequality, we deduce

IV@alla < B, IFlla + B, IloE,llo-

Poincaré’s inequality, (5.11), and (5.12) then imply

leallio S IV@lla < B,20(1). (5.14)

We now set £, = E,, — Vg,. Observe that the pair U, = (En, H,)" belongs to D(Ay). Since
BB U = AoU,) = Bu(iBuU, — AU,) + (0BEn — iBV 0, 0),
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the limits (5.9), (5.11), and (5.14) show
Bu(iB,U, — AgU,) — 0 in K. (5.15)
Moreover, from (5.11), (5.14), and (A3), we infer
1B, Enlla, = 0 asn— oo, (5.16)

while (5.8) and (5.14) lead to
lim [|U,|lsc = 1.

Therefore, there exists Ny € N* such that

10,115 = 3/4, Yn> N (5.17)

Next we write U, in the basis {®}, 1.,

Ny
-3 S o,

tez* j=1

5}"]) = (U,, D)3, so that its norm is given by

Ne¢
o112 2
10,3 = > >l

lez* j=1

with the coeflicients «

Then (5.15) means that
N¢
lim B, " > (B, — )P, — 0 in I,
U e =
or equivalently
Ne
B Z Z (B, — ﬂz)d%ﬁ — 0 asn— oo.
tezr j=1

Hence, for any € > 0O there exists M, € N* such that

N¢
BY DB - el)F <€ Vnz M. (5.18)

ez j=1

Before going on with the proof, we notice that Lemma 3.1 of [15] can be transferred to our setting.
Recall that the indices N, Ny, and M, have been fixed in (5.10), (5.17), and (5.18).

Lemma 5.3. For every € € (0
k(e,n) € N* such that

) ﬁ) and n € N* with n > max{Ny, N, M.}, there exists an index

BalBn = Aken|® < 2, (5.19)
1
BalBy = AP 2 T, VK # k(e n). (5.20)
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Proof of Lemma 5.3. The proof follows the arguments of Lemma 3.1 of [15], but differs a bit from it;
therefore, we give the details.

We fix € € (0, T}s)’ and take n € N* with n > max{Ny, N, M.}. If (5.19) did not hold, we would obtain
[)’,21 18, — Ax|* > 2€ for all k € N*. This inequality contradicts (5.18) because of (5.10) and (5.17). Observe
that Ay ) has to be positive, because negative Ay, fulfill

1Br = Akem| = Bns
and then (5.10) leads to the contradiction
BalBu = Denl” 2 By 2 1.
To show (5.20), we first note that (5.19) and the triangle inequality imply
BalBr = Al = Bul i = Aagen| — V26 (5.21)
for k € Z*. The inequality |4; — Agen| = 1 leads to
Bal i = Aenm| 2 1

and thus (5.20). This case covers all indices k < 0 as Ak > 1.
So it suffices to treat k € N* with k # k(e, n) and |4; — Akl < 1. Notice that

4 = V| = 1 (5.22)
since /lg is always a positive integer. Using this fact, Ay, > 1 and (5.19), we compute

ﬁnmzz - /li(e,n)l > B ﬁ2

n

ﬁnl/lk - /lk en | = = > .
(e Ak + Akien) 3 Aen 308 + \/2_6)

The property (5.10) and the assumption on € give

:82

P ——

3(82 + V2e)
Combined with (5.21), we conclude (5.20) via

AN =

1
ﬁnlﬁn_/lk|26_ \/2_6

> —. m|
12

We continue with the proof of Theorem 5.2, where we use €, n and Ay, from Lemma 5.3. Inserting
(5.20) into (5.18), we obtain

1 Ne Nien
(m)2 2 2 m 2
F Z Z |a'g’j| +:8n|ﬂn - /lk(e,n)l Z |ak(6,n),j| <e (523)
CeZ* t#k(en) j=1 Jj=1

For the function
Nien

. (n)
\Pn,e .= Z ak(é,n)’jq)k(e,n),j
=1
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estimate (5.23) yields
W0, — ‘Pnellg{ < 144e.

This fact and (5.17) lead to

) Nk(e,n) (n) 2 3 1
¥l = Dl P = 3~ 144e > 7.
j=1

Recall that Q,;, = (0, 71)? X (a, b) C Q.. From (5.24) we infer the bound

£, = (Prollgy, < 144,

(5.24)

(5.25)

(5.26)

where (¥, )1 means the first component of ¥, . In view of the form of @, ;, this component is given

by
n,TE,+
o TE-
k
ORI S, ey
KeKTEUP=2_ [ 20k + k3)
n,TM,+
o
+ k E™,
eRmii=g ) N2 + K+ ) + 1)
where o} = (U, YIE+, and al™* = (U,, PTM+y, . We minorate the L2-norm of (¥,..);. First,

using the orthogonality of E7 and ET for T € {TE, T M} it can be expressed as

nTE+2
|
2
Il = 2(k2 2 IE] IIQQV,,
keKTEJkP=15
| I’lTM+|2
+ 2(k2 k2k VK2 + k2 H kM”Qa,b'
keKTM[k2=72 ( l+ 2+ 3)( 1+ 2)

k(e,n)

By formulas (5.3) and (5.5), the first norm on the right is given by

b
TE|]2 Di N 2 2 Di
IEFEIG,, = f wer(e)l? | eurl vish (a3 = (6 +K3) f W (x3)I.
’ a 0,m)?

Since b — a > 0, we can find a constant 6 > 0 depending on a and b such that

b
f Wt ()P = f sin(ksx3) > 6, VYk; e N*.

These properties imply that
IELEIG,, > 6(k + k).
In a similar manner, from (5.4) and (5.6) we infer

™ N Di 2 2 22
IE{MIG,, = f 103w (x3)I IVovi (s 27 + (k7 + k)
(0,m)?

(5.27)

(5.28)

(5.29)
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2 (P
= I3k + kg); f sin*(kzx3) + (kT + k3)?
Combined with (5.28), it follows
IEF MG, = K360kt +K3) + (ki + k3)* > min{1, 6}(kT + K3)(ki + K3 + K3).

Inserting this estimate and (5.29) in (5.27) and applying (5.25), we conclude

min{1, 6} ; .
||(\Pn’€)l||éa,b > T[ Z |a/k’TE’+|2 + Z |ak,TM,+|2]

keKTEKP=A3 keKTM:kP=15
min{1, 8} , _ min{l, ¢}
= X5 \Pne 22—
7 iz g
This inequality contradicts (5.16) and (5.26) by fixing small € > 0 and large n. O

We add immediate consequences of the above theorem.

Corollary 5.4. Under the assumptions of Theorem 5.2, let P be the orthogonal projection in H onto
ker(A) = R(A)* = H. Then we have

lle U = PUsllsc < C 1 2 [Uolipwys ¥ Uo € D(A), > 1.

Proof. Let Uy € D(A). We then obtain (I - P)AU, = AU, and APU, = 0, so that A and P commute.
Since e*PU, = PU, for t > 0 and Uy — PU, € D(A,), we can apply Theorem 5.2 to e* U, — PU, =
etA(UO - fPU()) O

Example 5.5. Among the manifold examples of €, satisfying the assumptions of Theorem 5.2, we only
mention two.

1) Let Q, = (0, 71)* x Ule(ai,am) with/ e N*anda; >0,a;. <7 a; <ajq,foralli=1,---,1
with a, —a; < mif I = 1. In that case we have ker A = {0} since the components €, ; have connected
boundaries, cf. Corollary 4.1.

2)LetQ, = BU((0,7)* X (a,b)) withO <a < b <m, b—a < nr, and aball B C (0, ) being disjoint
with (0, )% X (a,b). In that case, Q, is made of two connected components, € ; and €, the first
one with a connected boudary, while the boundary of the second one has two connected components.
Therefore, ker A is one-dimensional.

Remark 5.6. In view of the discussion at the end of Section 4 of [16], Theorem 5.2 remains valid for a
parallelipiped Q = (0, £;7) X (0, £{,7) X (0, £3m) with

(0’ f]ﬂ') X (07 €2ﬂ.) X (a’ b) C Q+7

. . . O . .
with 0 < a < b < {37 with b — a < €3 as soon as the ratio t,—; is a rational number, for any j, k € {1, 2, 3}.
k

Indeed, in that case the spectrum of A is equal to {id,}scz:, where

A=+ k_%+k_§ k_%
T\ T et e
1 2 3
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for some ki, ky, k3 € N with k; + k, + k3 > 0. Therefore the gap condition

D

2 - 2] > ———
aminiynisy

holds for all A, # A, writing {’? = %a/ for some @ > 0 and p,m; € N*, j = 1,2,3. (Compare inequality
(5.22) above.)
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