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Kurzfassung

Um zuverlässige Automobilkomponenten ressourceneffizient zu gestalten, ist es uner-

lässlich, die während des Betriebs zu erwartenden Belastungen zu kennen. In den

frühen Entwicklungsphasen ist eine virtuelle Lastgenerierung notwendig, um diese

Belastungen effizient und realistisch abzuleiten. Da viele dieser Belastungen von den

gefahrenen Geschwindigkeiten des Fahrzeugs abhängen, ist die Bestimmung charak-

teristischer Geschwindigkeitsprofile für verschiedene Fahrzeugtypen und Fahrweisen

wesentlich für die zuverlässigkeitsbasierte Konstruktion in der Automobilindustrie.

Diese Arbeit stellt neue Methoden zur Simulation von Geschwindigkeitsprofilen

vor und wendet Methoden der Uncertainty Quantification (UQ) an, um Unsicher-

heiten in den simulierten Geschwindigkeiten in Bezug auf die Komponentenlasten

zu berücksichtigen. Geschwindigkeitsmessungen von verschiedenen Fahrzeugen und

Fahrern auf mehreren Routen werden analysiert und die statistischen Eigenschaften von

Geschwindigkeitsfluktuationen untersucht. Es wird gezeigt, dass diese Fluktuationen

durch einen stochastischen Prozess beschrieben werden können, der an die gemessenen

Eigenschaften angepasst ist. Zusätzlich wird Floating Car Data (FCD) analysiert,

um den Einfluss des Verkehrs auf Autobahnen zu modellieren, wobei zeitliche und

örtliche Abhängigkeiten des Verkehrs berücksichtigt werden, um Staus realistisch zu

beschreiben.

Die Verbesserungen in der Geschwindigkeitssimulation führen zu einem stochastischen

Modellierungsansatz, der in der Lage ist, charakteristische Geschwindigkeitsprofile

für verschiedene Straßentypen, Fahrer und Fahrzeuge zu simulieren. Die abgeleiteten

Geschwindigkeiten und Lasten unterliegen verschiedenen Unsicherheiten. Um dies

zu adressieren, wird ein Bayessches UQ Framework vorgestellt, das Eingabeparameter

als Zufallsvariablen modelliert und so den Umgang mit Unsicherheiten ermöglicht.

Generalized Lambda Models (GLaMs) werden angewendet, um stochastische Surrogat-

modelle für die Geschwindigkeitssimulation zu erstellen, die eine globale Sensitivitäts-

analyse und Bayessche Parameterinferenz ermöglichen, um gültige Beschreibungen

von Geschwindigkeits- und Lastunsicherheiten zu erhalten.
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Abstract

To design reliable automotive components in a resource-efficient manner, it is essential

to understand the loads expected during operation. During the early stages of

development, virtual load generation is necessary to derive these loads efficiently

and realistically. Since many of these loads depend on the driven velocities of the

vehicle, determining characteristic velocity profiles for different vehicle types and

driving behaviors is essential for reliability-based design in the automotive industry.

This work presents new methods for simulating velocity profiles and applies Uncertainty

Quantification (UQ) methods to account for uncertainties in simulated velocities with

respect to the component loads. We analyze velocity measurements from various

vehicles and drivers on multiple routes, investigating the statistical properties of velocity

fluctuations. We demonstrate that these fluctuations can be described by a stochastic

process tailored to the measured properties. Additionally, we analyze Floating car

data (FCD) to model traffic influences on motorways, considering time and location

dependencies of traffic to describe congestion realistically.

The improvements in velocity simulation lead to a comprehensive stochastic model-

ing approach, capable of simulating characteristic velocity profiles for diverse road

types, drivers, and vehicles. The derived velocities and loads are subject to various

uncertainties. To address this, we propose a Bayesian UQ framework that models

input parameters as random variables, enabling the handling of uncertainties. We

apply Generalized Lambda Models (GLaMs) to create stochastic surrogate models for

the velocity simulation, enabling global sensitivity analysis and Bayesian parameter

inference to provide valid descriptions of velocity and load uncertainties.

V





Contents

Danksagung . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . I

Kurzfassung . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . III

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . V

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Reliability design in the automotive industry . . . . . . . . . . . . . . . . 1

1.2 Virtual load generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Contributions and outline . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1 Vehicle dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Autoregressive moving-average models . . . . . . . . . . . . . . . . . . . 11

2.2.1 Definition and properties . . . . . . . . . . . . . . . . . . . . . . . 12

2.2.2 Parameter estimation . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.3 Model selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3 Uncertainty Quantification . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.3.1 Monte Carlo method . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3.2 Markov Chain Monte Carlo method . . . . . . . . . . . . . . . . . 23

2.3.3 Sensitivity analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3.4 Surrogate models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.3.5 Bayesian inference . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3 Stochastic velocity simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1 Velocity simulation model . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.1.1 Simulation procedure . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.1.2 Route velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.1.3 Velocity fluctuations . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.1.4 Longitudinal dynamics . . . . . . . . . . . . . . . . . . . . . . . . 44

VII



Contents

3.2 Modeling of velocity fluctuations . . . . . . . . . . . . . . . . . . . . . . . 46

3.2.1 Data preparation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.2.2 Model selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.2.3 Truncation of stochastic processes . . . . . . . . . . . . . . . . . . 52

3.2.4 Parameter modeling . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2.5 Relation to vehicle dynamics . . . . . . . . . . . . . . . . . . . . . 58

3.2.6 Generation of velocity fluctuations . . . . . . . . . . . . . . . . . . 61

3.2.7 Discussion and results . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.3 Modeling of traffic influence . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.3.1 Location and time-dependent traffic speed distributions . . . . . 66

3.3.2 Congestion length distributions . . . . . . . . . . . . . . . . . . . . 70

3.3.3 Traffic dependent velocity profile generation . . . . . . . . . . . . 73

3.3.4 Discussion and results . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.4 Modeling of stop events . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.4.1 Traffic-related stop events . . . . . . . . . . . . . . . . . . . . . . . 79

3.4.2 Ordinary stop events . . . . . . . . . . . . . . . . . . . . . . . . . . 85

3.4.3 Discussion and results . . . . . . . . . . . . . . . . . . . . . . . . . 89

4 Uncertainty quantification for virtual load generation . . . . . . . . . . . . . 93

4.1 Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.1.1 Sampling and design of experiments . . . . . . . . . . . . . . . . . 96

4.1.2 Likelihood function . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.1.3 Surrogate model generation . . . . . . . . . . . . . . . . . . . . . . 97

4.1.4 Surrogate model validation . . . . . . . . . . . . . . . . . . . . . . 99

4.1.5 Sensitivity analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.1.6 Bayesian parameter inference . . . . . . . . . . . . . . . . . . . . . 101

4.1.7 Uncertainty propagation . . . . . . . . . . . . . . . . . . . . . . . . 102

4.2 System simulation specific Uncertainty Quantification . . . . . . . . . . . 104

4.2.1 Simulation setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.2.2 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.2.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4.3 Generic velocity simulation Uncertainty Quantification . . . . . . . . . . 116

4.3.1 Simulation setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.3.2 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.3.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

VIII



Contents

Appendix

A Velocity simulation parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 143

List of Abbreviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

Supervised Theses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

IX





1 Introduction

This work is concerned with the quantification of uncertainties in the context of vehicle

velocity simulations as part of a framework for virtual load generation. The framework

aims at generating loads, especially for automotive components, which allow for a

reliable design without requiring load measurements. In this context, the simulation

of vehicle speeds in driving direction, referred to in the following as the velocity of

the vehicle, is a central component of the virtual load generation framework, as it

allows for the generation of driver and vehicle-specific velocity profiles for arbitrary

routes, which are central to most component loads. In the following Section 1.1, the

state-of-the-art methods for reliability design in the automotive industry are introduced,

based on which Section 1.2 gives an introduction to the current virtual load generation

methods in literature. Finally, in Section 1.3, open research needs regarding Uncertainty

Quantification (UQ), velocity simulation, and virtual load generation are addressed,

while the contributions and outline of this thesis are provided.

1.1 Reliability design in the automotive industry

The design of reliable vehicle components requires information about the strength

and loading of the components. Both parts are subject to significant variability due

to differences in material properties and production processes, as well as variations

in vehicle usage. This variability of strength and loading prevents absolute certainty

on the reliability of components and leads to probabilistic statements expressed, e.g.,

through the failure probability over the intended service life of the product.

Unreliable products are a potential safety hazard, can lead to costly recalls, and may

damage the brand reputation. Consequently, considerable effort is spent in the design

process to ensure the reliability of components. To do so, the first step is to set a reliability

target, which can be prescribed by technical standards, customers’ requirements, or
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1 Introduction

past experiences, and from which the following steps in the design process are derived

[6].

Early in the development cycle, simulation methods are used to assess the reliability and

make statements on the failure probability of a component or system. These assessments

are typically based on the stress-strength interference model, i.e., on a comparison of the

competent strength 𝑑𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ with the stresses 𝑑𝑠𝑡𝑟𝑒𝑠𝑠 acting on it, where failure occurs

when the stress exceeds the strength, see [68] for details. The measure of stress and

strength can vary depending on the application and is not necessarily a mechanical

stress tensor or a related quantity, but a general measure for the component loading, e.g.,

a damage sum in the case of variable amplitude loading. Both strength and stress are

described by a probability distribution to account for their randomness. By comparing

the two distributions, the failure probability can be calculated from the probability of

the stress distribution exceeding the strength distribution, see Figure 1.1.

Figure 1.1: Qualitative representation of the failure probability using the stress-strength interference model.

Figure modified from [6].

Component strength information is obtained through fatigue testing, yielding S-N

curves that describe the relationship between stress amplitude 𝑆 and cycles to failure

𝑁 . Fatigue testing ideally is done at the component level, but this requires prototypes

of the actual component, which in an early development phase are often not available.

Instead, fatigue testing can be done with specimens and design elements, which saves

cost and time but requires additional assumptions to transfer the specimen S-N curve to

the component S-N curve [46, 79]. Environmental factors such as media, temperature,

and corrosion can influence the S-N curve and introduce additional uncertainty when

predicting it [39].

The stress on the component is usually variable and depends on the usage of the vehicle,

i.e., on the routes driven with the vehicle and the behavior of the driver. The local

stress, which can be compared to the component strength, follows from the loads on the

component, such as forces and moments, which themselves are a function of the global

loads such as the vehicle accelerations, external temperatures, and so on, see Figure 1.2
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1.1 Reliability design in the automotive industry

[41]. In some cases, it is possible to measure the local stress time series directly at the

component using strain gauges, but usually this is complex and costly, as it requires

access to the relevant highly stressed areas of the component. Therefore, measurements

of the loads on the component, such as temperatures, forces, and moments, are taken,

which is usually easier, and from which the local stresses can be derived using simulation.

Load measurements on the component level do not necessarily require prototypes of the

investigated component if older generation components show similar behavior, which

allows the use of past measurements conducted with them.

Figure 1.2: Derivation of local stresses from global loads. Figure modified from [41].

Load measurements are conducted by performing test drives on a set of defined routes

with a test driver while measuring the loads on the component. To obtain the loads

for the complete vehicle lifetime, the measured loads are extrapolated to the desired

lifetime target [55]. The measurements can only encompass a limited range of possible

usage scenarios. Consequently, certain scenarios, such as drivers predominantly using

their cars in the city or primarily on motorways, which may result in a reduced lifetime,

are typically not considered. The derivation of loads based on test drives, therefore,

relies on the assumption that the combination of the test driver and the considered

route set leads to a load that is more critical than all, or at least almost all, real usage

scenarios. Moreover, a single load measurement is not reproducible, as the driver

never behaves the same, and external influences like the surrounding cars and traffic

lights change each time a measurement is conducted on the same route with the same

driver. To capture these random influences and derive the full load distribution for

the considered route and test driver combination, repeated measurements are needed,

which is often not feasible due to the time and cost involved.

To compare the measured or simulated stress time series with the S-N curve describing

the component strength, the series is classified with a counting method, e.g., Rainflow

3



1 Introduction

counting, to derive stress cycles which are combined in a load spectrum [3, 103]. Using

a fatigue life method and damage accumulation approach, the expected lifetime of the

component is calculated by comparing the S-N curve with the load spectrum. Damage

accumulation is typically done with Miner’s rule [70] or its modifications [40, 60, 108].

By incorporating the scatter of the S-N curve and the randomness of the load spectrum

resulting from the random driving behavior, the failure probability of the component is

derived under the assumptions made by the engineer, e.g., [55]. Additional uncertainties

in the estimated failure probability result from damage accumulation with the empirical

Miner’s rule, which doesn’t consider all influences on the component lifetime and can

lead to significant prediction errors.

1.2 Virtual load generation

Virtual load generation aims to generate loads for reliability design virtually, which

aims to improve some of the weaknesses in current reliability design methods as

described in Section 1.1. The current methods are largely based on measurements

of component loads, which, in the automotive context, are complex and expensive.

These measurements are often conducted using older product generations or require

prototypes that are not available during the early stages of development. Another issue

that is addressed with virtual load generation is the small sample size of load mea-

surements, i.e., only a fraction of usage scenarios can be covered by the measurements.

By generating the loads virtually, many more scenarios can be investigated in order to

derive a representative field load distribution.

As the basis for virtual load generation, multiple usage scenarios representative of the

real vehicle usage are defined [7]. Each scenario defines the routes driven by each

driver over the lifetime of the vehicle or a representative sample of routes, including

the times when the trips take place and the driving behavior of each driver. In [15], a

method to combine different data sources to derive the usage scenarios is presented.

Field data, which typically includes velocities, accelerations, and position data, can be

used to describe the driving behavior and maneuvers. If available in large quantities, it

can also be used to define sets of routes representative of all routes driven by a specific

vehicle over its lifetime. Geographic data, such as map data including signs, speed

limits, and topography, as well as historic weather data, are coupled with simulation

models and the usage scenarios to generate driver, vehicle, and route-dependent loads

on a large scale [93].

Based on the usage scenarios, component loads are derived virtually through simulation

models. Many of these loads depend on the driven velocity, necessitating velocity
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1.2 Virtual load generation

simulation to generate vehicle and driver-dependent velocity profiles for the given route

sets. By employing load-specific simulation models, referred to as system simulations,

local component loads are derived from global loads, such as velocity profiles, see

Figure 1.2. There exist different approaches for the modeling of vehicle velocities,

which can be classified into microscopic, macroscopic, and stochastic process-based

simulation models. Microscopic approaches, such as the intelligent driver model [99],

simulate the behavior and interaction of multiple individual vehicles through a system

of ordinary differential equations that describes the dynamics of the vehicles’ positions

and velocities. While these models allow for a detailed description of velocities in a local

and bounded area, they are unsuitable for generating velocity profiles on longer routes,

as this would require considering all vehicles and their interactions within a much larger

domain. In macroscopic traffic models, traffic is treated as a continuous flow, similar

to a fluid stream [59, 80]. Instead of focusing on individual vehicles, these models

consider the aggregate properties of the traffic stream, such as density, flow, and mean

speed, which must adhere to the hydrodynamic relation that flow equals density times

speed and the continuity equation, ensuring the conservation of vehicle flow [100]. As

the macroscopic models do not model the interactions of individual vehicles with other

road users, which strongly influence the short-term velocity fluctuations, as well as the

differences in driving behavior of individual drivers and vehicles, they are not suitable

for the majority of load generation use-cases. The stochastic velocity simulation, as

described in Section 3.1, is based on the description of the velocity of a single vehicle as

a stochastic process, which reduces the computational effort but, through the stochastic

component, still considers the random influences from the interactions with other

road users. Based on information on the speed limit, topography, and road curvature

coupled with a model for the behavior of the driver, a stochastic process to model the

random influences, and a vehicle dynamics model, velocity profiles for arbitrary routes

can be generated within a short runtime, making stochastic velocity simulation suitable

for virtual load generation [15, 85, 93]. Existing stochastic velocity simulation models,

see e.g. [85], exhibit deficiencies, including insufficient consideration of correlations

in the velocity profiles. Since the majority of existing and new use-cases for virtual

load generation rely on simulated velocity profiles, enhancing the velocity simulation

is crucial for the further development of virtual load generation methods.

The system simulation models must balance the requirement for a detailed vehicle

description with short runtimes to enable the simulation of various usage scenarios.

For instance, in the case of vibration loads, simplified longitudinal dynamics models are

more suitable than full Multibody simulation (MBS) models due to their significantly

shorter runtimes [15]. Depending on the load being considered, other models are used

instead of or in addition to physical models. This includes data-based approaches

that, based on past measurements, model the relationship between component loads
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1 Introduction

and relevant inputs, such as the vehicle velocity [15]. By coupling these models, i.e.,

the system simulations, with the velocity simulation, which generates vehicle and

driver-dependent velocity profiles on the given route sets, loads can be derived fully

virtually without requiring any additional measurements [27, 85].

Using the described methods, the full field load distribution considering diverse usage

scenarios can be derived, from which statistically well-qualified quantiles, representing

critical usage scenarios, follow, which can be used for reliability-based design as

described in Section 1.1. The knowledge of the full load distribution allows for further

analysis if necessary, such as the derivation of test cycles for test benches, which are

statistically proven to be particularly critical. Besides the advantage of covering more

usage scenarios compared to load measurements, leading to less uncertainty regarding

the representativity of the derived loads, virtual loads are also available very early

in development, only requiring simulation models and no prototypes. Therefore,

virtual loads allow for considering reliability targets earlier, reducing the risks for

late changes in development and thereby decreasing development time and cost [6].

While virtual loads have less uncertainty regarding their coverage of different usage

scenarios, they are still subject to many uncertainties along the simulation chain, a major

source being the velocity simulation. To increase the applicability and trust in virtual

loads, these uncertainties must be quantified. For the stochastic velocity simulation,

this is challenging as the simulation itself is random and the corresponding velocity

measurements are subject to random influences which cannot be controlled, requiring

methods of UQ that take these random factors into account.

1.3 Contributions and outline

The current state of research in reliability design and virtual load generation in the

automotive industry, as well as the deficiencies of current methods addressed in Sections

1.1 and 1.2, motivate the following open research needs:

• Application of UQ methods to the velocity simulation model within a framework

for virtual load generation, aiming to quantify the uncertainties of the velocity

simulation with regard to the simulated loads.

• Investigation of the additional uncertainty introduced by the randomness of

the velocity simulation, which, as a stochastic simulator, requires UQ methods

suitable for handling such stochastic behavior.

• Advancing the velocity simulation model to reduce the error and uncertainty

regarding the loads by improving the modeling of velocity fluctuations.
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1.3 Contributions and outline

• Including traffic influences and stop-and-go traffic on motorways in the velocity

simulation by leveraging large amounts of Floating car data (FCD) to investigate

the effects of traffic on loads.

In Chapter 2, the theoretical background for the methods applied and developed

in this thesis is set. This includes the fundamentals of vehicle dynamics, which

are necessary for generating realistic velocity profiles that respect physical bounds.

Further, Autoregressive–Moving-Average (ARMA) models, which are used for velocity

fluctuation modeling, are introduced, including methods for their estimation and

selection. Finally, UQ methods, including Monte Carlo sampling, surrogate modeling,

sensitivity analysis, and Bayesian inference, needed to quantify the uncertainties in the

velocity simulation are introduced.

Chapter 3 introduces the stochastic velocity simulation model in Section 3.1 and

describes the methods developed for its improvement. The main contributions are:

• A novel method for the modeling of velocity fluctuations based on ARMA and red-

noise models in combination with a truncation approach for the stochastic process

and a model to describe the dependencies of the parameters. The parameters are

modeled as a function of the mean velocity and are specific to each driver. Thereby,

allowing for the description of the different fluctuation characteristics, such as

variance, correlations, and bounds, for city, country, and motorway driving, as

well as for a wide range of drivers and vehicles. It is demonstrated that the new

method better replicates measured fluctuations compared to the state-of-the-art

approach in [85, 93]. See Section 3.2.

• A novel method for the generation of traffic influences on motorways from

time and position-dependent traffic speed distributions coupled with congestion

length distributions. The distributions of the traffic speed and congestion length

are derived from FCD measured in Germany. The method is demonstrated to

significantly improve the match of simulated to measured velocities on motorways

due to the added inclusion of traffic influences. See Section 3.3.

• Introduction of a new approach to model stop events in the velocity simulation,

including an estimation method to derive realistic parameters for the model from

measured velocity profiles. By extending the stop model and coupling it with the

traffic model, stop events are added on motorways, leading to realistic stop-and-go

traffic. See Section 3.4.

Chapter 4 describes the developed framework for UQ of virtual loads and demonstrates

it with two applications. The main contributions are:

7



1 Introduction

• Development of a framework which applies UQ methods to virtual load generation

to quantify the uncertainties of the velocity simulation. The UQ methods are

adapted to the specific requirements of virtual load generation, including the

randomness of the loads, their multidimensionality, and the high number of input

parameters. See Section 4.1.

• Demonstration of a novel application of Generalized Lambda Model (GLaM)

surrogate models in an industrial context. The models serve as surrogates for

the loads derived with the velocity simulation, which is a stochastic simulator

and thus necessitates the use of stochastic surrogate models such as the applied

GLaMs.

• A novel combination of GLaM stochastic surrogates with methods of Bayesian

inference for the identification of posterior parameter distributions of stochastic

simulators. The method is demonstrated with an application to the velocity sim-

ulation and the associated GLaM surrogates to identify the posterior distribution

of the velocity simulation parameters.

• Demonstration of the developed UQ framework in two applications. In the

first application, the uncertainties of the velocity simulation are identified with

respect to a specific system simulation and the associated loads. The second

application considers a more generic case where the uncertainties are identified

with respect to properties of the velocity profiles without considering a specific

system simulation. See Sections 4.2 and 4.3.

In Chapter 5, the work is summarized and the main conclusions are given, leading to

an outlook for further research.
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2 Fundamentals

This chapter provides the necessary concepts required for the subsequent chapters of

this thesis. It begins with the fundamentals of vehicle dynamics in Section 2.1, followed

by an overview of ARMA models for time series analysis in Section 2.2, which together

form the basis of the stochastic velocity simulation discussed in Chapter 3. Additionally,

Section 2.3 introduces methods of UQ, which are the foundation of the UQ framework

for virtual load generation presented in Chapter 4.

2.1 Vehicle dynamics

Vehicle dynamics describes the vehicle’s behavior in response to driver input, envi-

ronmental conditions, mass distribution, engine power, and other vehicle properties.

Complex vehicle dynamics models can accurately predict longitudinal and lateral

behavior for various driving scenarios. [86] lists different types of vehicle dynamics

models with varying complexity. These range from linear single-track models to

multi-body systems with multiple subsystems such as vehicle body, wheel suspension,

tires, and drivetrain. While more complex models allow for a better understanding

of the physical details, their computational cost also increases considerably. Simpler

models, such as the linear single-track model, are fast to evaluate and can model the

main effects on vehicle dynamics. In the considered velocity simulation, see Section

3.1, only the longitudinal motion of the vehicle is taken into account, making linear

single-track models sufficient. For the simplified model used in the following, the

resistance forces acting on a vehicle are [13]:

• Air resistance 𝐹𝑎𝑖𝑟(𝑣) = 𝜌𝑎𝑖𝑟
2
𝑐𝑤𝐴𝑣

2
with air density 𝜌𝑎𝑖𝑟 , coefficient of drag 𝑐𝑤 and

frontal area 𝐴,

• Rolling resistance 𝐹𝑟𝑜𝑙𝑙(𝑠, 𝑣) = 𝑚𝑣𝑒ℎ 𝑔 𝑓𝑟𝑜𝑙𝑙cos(𝛼(𝑠)) with vehicle mass 𝑚𝑣𝑒ℎ , accel-

eration due to gravity 𝑔, rolling resistance coefficient 𝑓𝑟𝑜𝑙𝑙 and road slope 𝛼(𝑠),

• Slope resistance 𝐹𝑠𝑙𝑜𝑝𝑒(𝑠) = 𝑚𝑣𝑒ℎ 𝑔sin(𝛼(𝑠)).

9



2 Fundamentals

Using the model above, the total driving resistance is 𝐹𝑟𝑒𝑠(𝑠, 𝑣) = 𝐹𝑎𝑖𝑟(𝑣) + 𝐹𝑟𝑜𝑙𝑙(𝑠, 𝑣) +
𝐹𝑠𝑙𝑜𝑝𝑒(𝑠). Figure 2.1 illustrates the set of resistance forces acting on the vehicle.

Figure 2.1: Resistance forces acting on vehicle, modified from [13]

The available traction force for accelerating the vehicle is given by

𝐹𝑡𝑟 = min(𝐹𝑡𝑟,𝑃 , 𝐹𝑡𝑟,𝑇 , 𝐹𝑡𝑟,𝐹) (2.1)

and is either limited by the engine power 𝐹𝑡𝑟,𝑃 , the engine torque 𝐹𝑡𝑟,𝑇 or the road

friction 𝐹𝑡𝑟,𝐹 . The force limit resulting from the engine power 𝑃𝑚𝑎𝑥 is

𝐹𝑡𝑟,𝑃 =
𝑃𝑚𝑎𝑥

𝑣𝑟𝑐
with 𝑟𝑐 = 1 + 𝜆𝑚𝑎𝑥 − 1

10
𝑣/𝑣𝑚𝑎𝑥

(2.2)

where 𝑟𝑐 is a drivetrain efficiency factor with the two parameters 𝜆𝑚𝑎𝑥 and 𝑣𝑚𝑎𝑥 [94].

The engine torque limit follows directly from the transmission ratio 𝑛𝑔 , the wheel

diameter 𝑟𝑤ℎ𝑒𝑒𝑙 and the maximum torque at the engine shaft 𝑇𝑒𝑛𝑔,𝑚𝑎𝑥 , i.e.

𝐹𝑡𝑟,𝑇 =
𝑛𝑔𝑇𝑒𝑛𝑔,𝑚𝑎𝑥

𝑟𝑤ℎ𝑒𝑒𝑙
. (2.3)

The maximum force that the friction of the road can transmit is [86]

𝐹𝑡𝑟,𝐹 = 𝑚𝑣𝑒ℎ

𝑛𝑑𝑟,𝑎𝑥

𝑛𝑎𝑥
𝑔𝜇𝑘𝑐𝑜𝑠(𝛼) (2.4)

with the ratio of driven axles 𝑛𝑑𝑟,𝑎𝑥 to all axles 𝑛𝑎𝑥 of the vehicle, the friction coefficient

𝜇𝑘 , and the road slope 𝛼, see Figure 2.1. The weight is assumed to be evenly distributed

between both axles, and weight shift effects during acceleration are ignored. Weight

shift effects occur when acceleration or braking causes the vehicle’s weight to transfer

from one axle to another. These simplifications allow for splitting the weight between

the axles using 𝑚𝑣𝑒ℎ
𝑛𝑑𝑟,𝑎𝑥
𝑛𝑎𝑥

. Figure 2.2 shows an example of the traction force diagram.

At lower velocities, the traction force is limited by either the engine torque or the road

friction, depending on the vehicle and the road friction conditions, while at higher

velocities, the traction force is limited by the engine power.

10
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Figure 2.2: Traction force diagram

The traction force for decelerating the vehicle is derived in the same way by replacing

the maximum torque and power values of the engine with those of the braking system.

From the available traction force and the driving resistance, the maximum possible

acceleration of the vehicle follows as

𝑎𝑥,𝑚𝑎𝑥,𝑣𝑒ℎ(𝑠, 𝑣) =
𝐹𝑡𝑟 − 𝐹𝑟𝑒𝑠(𝑠, 𝑣)

𝑚𝑣𝑒ℎ
. (2.5)

2.2 Autoregressive moving-average models

ARMA models are a class of linear, discrete models for stochastic processes that are

widely used in economics, social sciences, and engineering [26, 65, 84]. In Section 2.2.1,

ARMA models are defined, and their properties are briefly described. Section 2.2.2

introduces methods to estimate parameters for the models from data, based on which

Section 2.2.3 describes ways to choose the model with the best fit to the data. For further

insights on ARMA models and time series analysis in general, the reader is referred to

[12].
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2.2.1 Definition and properties

An ARMA model [71] is a combination of an Autoregressive (AR) and a Moving-Average

(MA) model. An AR(p) model of order 𝑝 describes a stochastic process {𝑍𝑡}𝑁𝑡=1
in the

following way

𝑍𝑡 = 𝑐 + 𝜖𝑡 +
𝑝∑
𝑖=1

𝜑𝑖𝑍𝑡−𝑖 (2.6)

with the AR coefficients 𝜑𝑖 up to order 𝑝, the constant 𝑐 and the white-noise term

𝜖𝑡 ∼ 𝒩(0, 𝜎𝜖). A MA(q) model describes a stochastic process {𝑍𝑡}𝑁𝑡=1
by

𝑍𝑡 = 𝑐 + 𝜖𝑡 +
𝑞∑
𝑗=1

𝜃𝑗𝜖𝑡−𝑗 (2.7)

with the MA coefficients 𝜃𝑗 up to order 𝑞, the remaining terms are defined in the same

way as in the AR(p) model. This way an ARMA(p, q) model is defined accordingly as a

combination of an AR(p) and a MA(q) model leading to the description

𝑍𝑡 = 𝑐 + 𝜖𝑡 +
𝑝∑
𝑖=1

𝜑𝑖𝑍𝑡−𝑖 +
𝑞∑
𝑗=1

𝜃𝑗𝜖𝑡−𝑗 . (2.8)

of a stochastic process {𝑍𝑡}𝑁𝑡=1
.

Based on the general ARMA model we can define a red-noise AR(1) model, see [11],

i.e., the white noise term 𝜖𝑡 in the AR model is replaced by red-noise which is itself an

AR(1) process with zero mean

𝑍𝑡 = 𝑐 + 𝜂𝑍𝑡−1 + 𝜖𝑡 with 𝜖𝑡 = 𝜃𝜖𝑡−1 + 𝜁𝑡 ,

𝑍𝑡 = 𝑐 + 𝜂𝑍𝑡−1 + 𝜃𝜖𝑡−1 + 𝜁𝑡 ,
(2.9)

where 𝜁𝑡 is a white-noise term 𝜁𝑡 ∼ 𝒩(0, 𝜎𝜁𝑡 ). In this case, the process is symmetric

in the two autocorrelation parameters 𝜂 and 𝜃, i.e., the properties of the process, such

as mean, variance, and autocorrelation, remain the same when the parameters are
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2.2 Autoregressive moving-average models

swapped. Starting from the initial values 𝑍1 and 𝜖1 and iteratively stepping through

the process

𝑍2 = 𝑐 + 𝜂𝑍1 +

𝜖2︷    ︸︸    ︷
𝜃𝜖1 + 𝜁2 ,

𝑍3 = 𝑐 + 𝜂 (𝜂𝑍1 + 𝜃𝜖1 + 𝜁2)︸               ︷︷               ︸
𝑍2

+

𝜖3︷              ︸︸              ︷
𝜃 (𝜃𝜖1 + 𝜁2)︸      ︷︷      ︸

𝜖2

+𝜁3 ,

𝑍4 = 𝑐 + 𝜂 (𝜂2𝑍1 + 𝜂𝜃𝜖1 + 𝜂𝜁2 + 𝜃2𝜖1 + 𝜃𝜁2 + 𝜁3)︸                                             ︷︷                                             ︸
𝑍3

+

𝜖4︷                         ︸︸                         ︷
𝜃 (𝜃2𝜖1 + 𝜃𝜁2 + 𝜁3)︸                ︷︷                ︸

𝜖3

+𝜁4 ,

𝑍4 = 𝑐 + 𝑍1𝜂
3 + 𝜖1(𝜂2𝜃 + 𝜂𝜃2 + 𝜃3) + 𝜁4 + 𝜁3(𝜂 + 𝜃) + 𝜁2(𝜂 + 𝜃)2 ,

(2.10)

the red-noise AR(1) process can be generalized as

𝑍𝑡 = 𝑐 + 𝑍1𝜂
𝑡−1 + 𝜖1

𝑡−1∑
𝑖=1

𝜂𝑡−1−𝑖𝜃𝑖 +
𝑡∑
𝑖=2

𝜁𝑖(𝜂 + 𝜃)𝑡−𝑖 . (2.11)

For |𝜂| < 1, |𝜃| < 1 the influence of the starting values 𝑍1 and 𝜖1 quickly diminishes

and a MA process with infinite order remains where the coefficients are 𝜃𝑗 = (𝜂 + 𝜃)𝑗 .
This is in line with all AR processes, as they can generally be written as a MA process

of infinite order. Therefore, a red-noise AR(1) process can be approximated by a proper

truncation of an infinite order MA process.

Stochastic processes can also be represented as an output from a linear filter [107] which

transforms a sequence of independent random variables 𝜖𝑡 , 𝜖𝑡−1 , 𝜖𝑡−2 , ... (white noise

process) into the process 𝑍𝑡

𝑍𝑡 = 𝑐 + 𝜖𝑡 + 𝜓1𝜖𝑡−1 + 𝜓2𝜖𝑡−2 + ...,
𝑍𝑡 = 𝑐 + 𝜓(𝑩)𝜖𝑡 ,

(2.12)

where the polynomial operator is given by

𝜓(𝑩) = 1 + 𝜓1𝑩 + 𝜓2𝑩2 + ... (2.13)

13



2 Fundamentals

with the weight sequence 𝜓1 ,𝜓2 , ... and the backward shift operator 𝑩𝑍𝑡 = 𝑍𝑡−1. The

ARMA model, in (2.8), can thus alternatively be written as

(1 − 𝜑1𝑩 − 𝜑2𝑩2 − ... − 𝜑𝑝𝑩𝑝)𝑍𝑡 = (1 + 𝜃1𝑩 + 𝜃2𝑩2 + ... + 𝜃𝑞𝑩𝑞)𝜖𝑡 (2.14)

or more compactly with the polynomial operators 𝜑(𝑩) and 𝜃(𝑩) of degrees 𝑝 and 𝑞 by

𝜑(𝑩)𝑍𝑡 = 𝜃(𝑩)𝜖𝑡 . (2.15)

Stationarity

The ARMA model in (2.15) defines a stationary process if the characteristic equation

𝜑(𝑩) has all its roots outside the unit circle, and thus the stationarity is independent of

the MA terms. For an AR(1) process, this implies that the condition |𝜑1| < 1 must be

fulfilled for stationarity. For an AR(2) process the stationarity conditions are 𝜑2+𝜑1 < 1,

𝜑2 − 𝜑1 < 1 and −1 < 𝜑2 < 1. For the red-noise AR(1) the condition follows from the

combination of the two AR(1) processes and thus implies |𝜂| < 1 and |𝜃| < 1, see also

[11].

Moments

The Autocorrelation function (ACF) for a general ARMA(p,q) model is the following

difference equation

𝜌𝜏 = 𝜑1𝜌𝜏−1 + 𝜑2𝜌𝜏−2 + ... + 𝜑𝑝𝜌𝜏−𝑝 , for 𝜏 ≥ 𝑞 + 1,

𝜑(𝑩)𝜌𝜏 = 0, for 𝜏 ≥ 𝑞 + 1.
(2.16)

In the case of an ARMA(1,1) model the ACF is

𝜌1 =
(1 − 𝜑1𝜃1)(𝜑1 − 𝜃1)

1 + 𝜃2

1
− 2𝜑1𝜃1

, and

𝜌𝜏 = 𝜑1𝜌𝜏−1 , for 𝜏 ≥ 2,

(2.17)

which has a monotone exponential decay for 𝜑1 > 0 and an alternating exponential

decay for 𝜑1 < 0. For the red-noise AR(1) model the ACF is given by (e.g., [11])

𝜌𝜏 = 𝜂𝜏 + 1

1 + 𝜂𝜃

𝜏∑
𝑖=1

𝜂𝜏−𝑖𝜃𝑖(1 − 𝜂2). (2.18)
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2.2 Autoregressive moving-average models

Following [11] the mean value of any ARMA model is given by

E[𝑍𝑡] =
𝑐

1 −∑𝑝

𝑖=1
𝜑𝑖

(2.19)

and for the red-noise AR(1) in particular by

E[𝑍𝑡] =
𝑐

1 − 𝜂 . (2.20)

In general, the variance of an ARMA process is

Var(𝑍𝑡) = 𝜎2

𝜖

∞∑
𝑖=0

𝜓2

𝑖 (2.21)

which when solved for an ARMA(1,1) process leads to

Var(𝑍𝑡) =
1 + 2𝜑1𝜃1 + 𝜃2

1

1 − 𝜑2

1

𝜎2

𝜖 . (2.22)

Following [11] the variance of the red-noise AR(1) process is then given by

Var(𝑍𝑡) =
𝜎2

𝜁

(1 − 𝜂2)(1 − 𝜃2)

(
1 + 𝜂𝜃
1 − 𝜂𝜃

)
. (2.23)

2.2.2 Parameter estimation

There exist several methods to estimate the parameters of an ARMA model. In the

following, a few of them are introduced where we focus on the (conditional) Maximum

Likelihood Estimation (MLE), the least squares method, and the method of moments

(e.g., Yule-Walker equations).

Maximum Likelihood Estimation

Using (2.8) the ARMA(p,q) model can be written as

𝜖𝑡 = 𝑍𝑡 − 𝑐 − 𝜑1𝑍𝑡−1 − ... − 𝜑𝑝𝑍𝑡−𝑝 − 𝜃1𝜖𝑡−1 − ... − 𝜃𝑞𝜖𝑡−𝑞 . (2.24)

Assuming that the first 𝑝 values of {𝑍𝑡}𝑝𝑡=1
and 𝑞 values of {𝜖𝑡}𝑞𝑡=1

are known then the

values 𝜖𝑡(𝜑1 , ..., 𝜑𝑝 , 𝜃1 , ..., 𝜃𝑞) can be calculated recursively using (2.24). Conditional
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on the starting values {𝑍𝑡}𝑝𝑡=1
, {𝜖𝑡}𝑞𝑡=1

and using the normality and independence

assumption of 𝜖𝑡 the joint likelihood of the ARMA parameters is determined by

ℒ𝑍1 ,...,𝑍𝑡 (𝑐, 𝜎2

𝜖 , 𝜑1 , 𝜃1 , ...) =
𝑁∏

𝑡=𝑡𝑚𝑖𝑛

1√
2𝜋𝜎2

𝜖

exp

(
−

𝜖2

𝑡

2𝜎2

𝜖

)
. (2.25)

The starting point is set to 𝑡𝑚𝑖𝑛 = max(𝑝, 𝑞) to allow the calculation of 𝜖𝑡 using (2.24),

which for 𝑡 < 𝑡𝑚𝑖𝑛 is not possible as the equation is not fully defined. The log-likelihood

is given by

ℓ𝑍1 ,...,𝑍𝑡 (𝑐, 𝜎2

𝜖 , 𝜑1 , 𝜃1 , ...) = log(ℒ𝑍1 ,...,𝑍𝑡 ),

= −𝑁 − 𝑡𝑚𝑖𝑛
2

log(2𝜋) − 𝑁 − 𝑡𝑚𝑖𝑛
2

log

(
𝜎2

𝜖

)
− 1

2𝜎2

𝜖

𝑁∑
𝑡=𝑡𝑚𝑖𝑛

𝜖2

𝑡 ,
(2.26)

which, accordingly, is also conditional on the unknown starting values. To calculate the

log-likelihood, assumptions must be made about the starting values. Here, a sensible

choice is to set them to their unconditional expectation, E[𝑍𝑡] = 𝑐 and E[𝜖𝑡] = 0. For

reasonably large values of 𝑁 the influence of the starting values diminishes.

In the case of a red-noise AR(1) model we can expand

𝑍𝑡 = 𝑐 + 𝜂𝑍𝑡−1 + 𝜖𝑡 ,

𝑍𝑡 = 𝑐 + 𝜂𝑍𝑡−1 + 𝜃𝜖𝑡−1 + 𝜁𝑡 ,

𝑍𝑡 = 𝑐 + 𝜂𝑍𝑡−1 + 𝜃(𝑍𝑡−1 − 𝜂𝑍𝑡−2 − 𝑐) + 𝜁𝑡 ,

(2.27)

which leads to the (unconditional) log-likelihood needed for the MLE of the red-noise

AR(1) parameters

ℓ𝑍1 ,...,𝑍𝑡 (𝑐, 𝜎2

𝜁 , 𝜂, 𝜃)

= −𝑁
2

log(2𝜋) − 𝑁
2

log

(
𝜎2

𝜁

)
− 1

2𝜎2

𝜁

𝑁∑
𝑡=1

(𝑍𝑡 − (𝑐 + 𝜂𝑍𝑡−1 + 𝜃(𝑍𝑡−1 − 𝜂𝑍𝑡−2 − 𝑐)))2.
(2.28)

In order to obtain the MLE we use a numerical optimization algorithm (e.g., BFGS [28]

or trust-region [95]) to maximize the log-likelihood

𝑐, 𝜎̂2

𝜖 , 𝜑̂1 , 𝜃̂1 , ... = arg max

𝑐,𝜎2

𝜖 ,𝜑1 ,𝜃1 ,...

ℓ𝑍1 ,...,𝑍𝑡 (𝑐, 𝜎2

𝜖 , 𝜑1 , 𝜃1 , ...). (2.29)
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The MLE is consistent and converges in probability to the true parameter values, but is

shown to be biased [12], meaning that the expected value of the estimator differs from

the true value.

Least squares method

As the considered ARMA models assume a normal distribution of 𝜖𝑡 the log-likelihood

includes the data through the sum of squares

𝑆(𝑐, 𝜑1 , 𝜃1 , ...) =
𝑁∑

𝑡=𝑡𝑚𝑖𝑛

𝜖2

𝑡 , (2.30)

see (2.26). For a fixed 𝜎2

𝜖 the log-likelihood ℓ𝑍1 ,...,𝑍𝑡 is therefore a linear function of 𝑆. It

follows that maximizing the log-likelihood for the MLE is equivalent to minimizing the

sum of squares, making the least squares estimate equivalent to the MLE.

Method of moments

To build a method of moments estimator, the moments of the stochastic process are

expressed as a function of the model parameters and compared to the sample moments.

The number of moments included in the estimation is the same as the number of

model parameters. This leads to a system of equations, which is solved for the model

parameters. For ARMA models, the ACF, i.e., the second moment, can be used to build

the system of equations. A sample ACF estimator is given by

𝜌̂𝜏 =
1

(𝑁 − 𝜏)𝜎2

𝑧

𝑁−𝜏∑
𝑡=1

(𝑍𝑡 − 𝜇𝑧)(𝑍𝑡+𝜏 − 𝜇𝑧) (2.31)

which is biased when 𝜇𝑧 and 𝜎2

𝑧 are replaced by their estimators 𝜇̂𝑧 , 𝜎̂2

𝑧 . For a pure AR

model, the ACF as a function of the model parameters is given by

𝜌𝜏 =

𝑝∑
𝑖=1

𝜑𝑖𝜌𝑖−𝜏. (2.32)
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In the case of an AR model, this gives a system of equations called the Yule-Walker

equations, which for an AR(1) model take the form

𝜌1 = 𝜑1 ,

𝜑̂1 = 𝜌̂1 ,
(2.33)

where the autocorrelation 𝜌1 is replaced by 𝜌̂1 to estimate 𝜑1.

For general ARMA models a method of moments estimator for the AR and MA

parameters 𝜑̂1 , 𝜃̂1 , ... can be derived by minimizing the Mean squared error (MSE)

between the theoretical and estimated ACF [72] which leads to the estimators

𝜑̂1 , 𝜃̂1 , ... = arg min

𝜑1 ,𝜃1 ,...

𝜏max∑
𝜏=1

(
𝜌̂𝑡 − 𝜌𝑡

)
2

(2.34)

with the maximum considered lag 𝜏 = 𝜏max. To also estimate the mean 𝑐 and the

variance 𝜎2

𝜖 the expected value E[𝑍𝑡] in (2.19) is substituted by the sample mean 𝜇̂𝑧

E[𝑍𝑡] =
𝑐

1 −∑𝑝

𝑖=1
𝜑𝑖
,

𝑐 = 𝜇̂𝑧(1 −
𝑝∑
𝑖=1

𝜑̂𝑖),
(2.35)

and the variance Var(𝑍𝑡) in (2.21) is substituted by the sample variance 𝜎̂2

𝑧

Var(𝑍𝑡) = 𝜎2

𝜖

∞∑
𝑖=0

𝜓2

𝑖 ,

𝜎̂2

𝜖 =
𝜎̂2

𝑧∑∞
𝑖=0

𝜓̂2

𝑖

.

(2.36)

In [72], it is noted that the presented method of moments estimator based on the ACF

converges to the true parameter values, but is generally biased.

2.2.3 Model selection

Model selection aims at finding the optimal AR and MA orders to model a real stochastic

process. The ACF and Partial autocorrelation function (PACF) of the measured sample

can be used to identify suitable orders. An ACF estimator 𝜌̂𝜏 is given in (2.31). In [12] the
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2.2 Autoregressive moving-average models

authors derive a PACF estimator 𝜑̂𝜏,𝜏 for lag 𝜏 recursively based on the Durbin–Levinson

Algorithm [25] and the ACF estimator 𝜌̂𝜏 by

𝜑̂𝜏,𝜏 =
𝜌̂𝜏 −

∑𝜏−1

𝑡=1
𝜑̂𝜏−1,𝑡 𝜌̂𝜏−𝑡

1 −∑𝜏−1

𝑡=1
𝜑̂𝜏−1,𝑡 𝜌̂𝜏

where 𝜑̂𝜏,𝑡 = 𝜑̂𝜏−1,𝑡 − 𝜑̂𝜏,𝜏𝜑̂𝜏−1,𝜏−𝑡 for 1 ≤ 𝑡 ≤ 𝜏−1 (2.37)

with 𝜑̂𝑝,𝑖 being the 𝑖th coefficient of an AR model of order 𝑝 estimated with the

Yule-Walker equations, see (2.33). For a pure AR process, the PACF has a cutoff after

lag 𝑝 while the ACF decays exponentially. The ACF of a purely MA process has a cutoff

after lag 𝑞 while the PACF decays exponentially. For a mixed ARMA model, both the

ACF and PACF show an exponential decay. With the identified model orders 𝑝 and 𝑞,

the parameters can be estimated, as described in Section 2.2.2.

The remaining residual 𝜖𝑡 is investigated to assess the quality of the model fit. The

residual should have a constant mean and variance, i.e., it should be stationary, and

the values should be independent of each other. The ACF and PACF can be used to

identify remaining correlations in the residual. Statistical tests like the Ljung–Box test

[61] can be applied to test for correlations. Stationarity of the series can be tested with

hypothesis tests, e.g., the augmented Dickey–Fuller test [23]. If the chosen model with

its parameters is inadequate, the procedure is repeated with another model specification.

This iterative procedure to identify the right ARMA model for a time series is known

as the Box–Jenkins method [12].

An alternative approach for model comparison is to use an information criterion. Two

widely used and closely related criteria are the Akaike information criterion (AIC) [1]

and Bayesian information criterion (BIC) [87], which are both based on the likelihood

functionℒ of the model and include a penalty term to avoid overfitting due to too many

parameters. The AIC is defined as

AIC = 2𝑘 − 2 log

(
ℒ̂

)
(2.38)

with the related BIC given by

BIC = 𝑘 log(𝑁) − 2 log

(
ℒ̂

)
. (2.39)

Here, ℒ̂ is the maximized likelihood, 𝑘 is the number of parameters, and𝑁 is the sample

size. The two criteria differ in their penalty term for the number of parameters. The

term in the BIC also includes the sample size and is bigger than the AIC for sample sizes

greater than 7. Models with a lower value of the criteria are generally preferred. Both

criteria are only valid for model comparison and do not provide an absolute criterion for
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rating the quality of a model. Other analyses should still be part of the model selection

process, e.g., examination of the residuals and model prediction quality.

2.3 Uncertainty Quantification

The aim of UQ is to quantify the uncertainties in computational and real-world

applications. Understanding these uncertainties helps to aid in the decision-making

process and leads to more confidence in respective decisions. Introductions to UQ are

for example available in [20, 36, 64, 75, 92, 97].

Uncertainties can be classified into different categories. A common approach is to

classify them into aleatoric and epistemic uncertainties [97]. Aleatoric uncertainty is

uncertainty about an inherently variable phenomenon and can thus not be reduced.

Commonly, aleatory uncertainties are described by parametric distributions. Epistemic

uncertainty refers to uncertainty from a lack of knowledge, i.e., it can be reduced

by acquiring more knowledge. Epistemic uncertainty can be further divided into

model form uncertainty concerning the correct structure of the model and parametric

uncertainty about the correct values of the model parameters. The distinction of

uncertainties in these two categories is not always clear and can be subjective. The

presence of both aleatoric and epistemic uncertainties is commonly referred to as

polymorphic uncertainty.

In [97], an overview of objectives that can be solved with methods from UQ is given.

They are illustrated with the system 𝑓 (also denoted as modelℳ) which maps inputs

𝑿 = (𝑋1 , ..., 𝑋𝐾)𝑇 from some metric space 𝓧 to outputs 𝒀 = (𝑌1 , ..., 𝑌𝑀)𝑇 = 𝑓 (𝑿 ) in

some metric space 𝓨 . The output 𝒀 can be a single (or multiple), direct output of the

system 𝑓 or another quantity derived from the output(s) to make the problem easier to

handle. The output quantities considered in the UQ problem are called Quantities of

Interest (QoIs). The following UQ objectives are relevant to this thesis:

• Forward propagation problem: Uncertainty about the input parameters is

described by a probability distribution 𝑝𝑿 (𝒙) which is propagated to the outputs

𝒀 . The task is to find the output distribution 𝑝𝒀 (𝒚) and its properties. Difficulties

of this task can be associated with the high dimensionality of either 𝑿 or 𝒀 , often

also with correlations within inputs and outputs or the black box character of the

system 𝑓 which prevents an analytical description of 𝑝𝒀 (𝒚).
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2.3 Uncertainty Quantification

• Reliability problem: Estimate the probability of the QoI belonging to a certain

set 𝓨 𝑓 𝑎𝑖𝑙 associated with failure

P[ 𝑓 (𝑿 ) ∈ 𝓨 𝑓 𝑎𝑖𝑙] = 𝜖. (2.40)

• Prediction problem: Similar to the reliability problem. Given a maximum

acceptable probability of error 𝜖 > 0 find the set 𝓨 𝜖 such that failure is avoided

with the given probability

P[ 𝑓 (𝑿 ) ∈ 𝓨 𝜖] ≥ 1 − 𝜖. (2.41)

• Inverse problem: Given (uncertain) observations of the output quantity 𝒀
estimate the unobserved input parameters 𝑿 such that 𝑓 (𝑿 ) = 𝒀 . In a frequentist

view, confidence intervals for the parameters can be estimated, while in a Bayesian

context, a probability distribution 𝑝𝑿 (𝒙) is assigned to the input parameters to

express their uncertainty.

• Model reduction: Replace the full system 𝑓 by an approximation 𝑓 which

itself has some numerical parameters that need to be calibrated to give a good

approximation 𝑓 ≈ 𝑓 . The approximation (also called surrogate or meta model)

usually has less computational cost or some other advantages compared to the

full system regarding the UQ objective. The accuracy of the approximation may

itself be part of a reliability or prediction problem [97].

2.3.1 Monte Carlo method

Monte Carlo methods [69] are a collection of tools used to solve problems by drawing

repeated samples from random variables. In UQ, they can be used to derive properties

of the QoI distribution without knowing an analytical description of it. The expected

value of the model output

E[ 𝑓 (𝑿 )] =
∫
𝓧

𝑝𝑿 (𝒙) 𝑓 (𝑿 )𝑑𝒙 (2.42)
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for example, can be approximated with a (standard) Monte Carlo method by replacing

the expected value with the sample mean and drawing 𝑁 samples from the probability

distribution 𝑝𝑿 (𝒙)

E[ 𝑓 (𝑿 )] ≈ 𝜇̂ =
1

𝑁

𝑁∑
𝑖=1

𝑓 (𝑿 ). (2.43)

The variance of the unknown distribution 𝑝𝒀 (𝒚) can be approximated similarly with

the sample variance

Var( 𝑓 (𝑿 )) ≈ 𝜎̂2 =
1

𝑁 − 1

𝑁∑
𝑖=1

( 𝑓 (𝑿 ) − 𝜇̂)2. (2.44)

The u-th quantile 𝑞𝑢 can be approximated by taking the ranked sample 𝑿 (1) , ...,𝑿 (𝑁)
and using the sample quantile function

𝑞̂𝑢 = 𝑄̂(𝑢) = (1 − 𝛾)𝑿 𝑗 + 𝛾𝑿 𝑗+1 , where

𝑗

𝑁
≤ 𝑢 <

𝑗 + 1

𝑁
(2.45)

for 0 ≤ 𝛾 ≤ 1 [47]. There exist different definitions for 𝛾 which depend on the value of

𝑗 = ⌊𝑢𝑁⌋ and 𝑔 = 𝑢𝑁 − 𝑗. The simplest form is

𝛾 =

{
1 if 𝑔 > 0

0 if 𝑔 = 0

(2.46)

which assigns the next higher sample value if the quantile is between two values of the

ranked sample set. The authors in [47] give other, alternative definitions for 𝛾.

Monte Carlo methods have several advantages, e.g., the independence of the estimates,

such as 𝜇̂, from the dimensionality 𝐾 of the input space, making them applicable to

higher-dimensional problems. The independence of the evaluations of 𝑓 (𝑿 ) allows

embarrassingly parallel calculations. A disadvantage of Monte Carlo methods is

their slow convergence rate 𝒪
(

1√
𝑁

)
, requiring a large number of samples. Various

methods to improve the convergence rate of the standard Monte Carlo method exist,

e.g., Latin Hypercube Sampling (LHS) [67], Multilevel Monte Carlo (MLMC) [37], and

the quasi-Monte Carlo method [17] which converges with 𝒪
(

log(𝑁)𝐾
𝑁

)
. In [56], the

properties of the mentioned and other variants of Monte Carlo methods are compared.

Other variants of the Monte Carlo method include variance reduction techniques such

as importance sampling [54] which, based on knowledge about 𝑝𝒀 (𝒚) with 𝒚 = 𝑓 (𝒙)
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gives more weight to some samples from 𝑿 depending on their importance. For more

information on Monte Carlo methods, the reader is referred to [14, 63].

2.3.2 Markov Chain Monte Carlo method

A Monte Carlo method of particular importance for Bayesian analysis is the Markov

Chain Monte Carlo (MCMC) method. An introduction to it is given in [24, 63]. In

Bayesian applications, samples need to be drawn from the posterior distribution, see

(2.80), which can be high-dimensional and is only known up to a constant 𝑍∗𝑝 , meaning

that 𝑝𝑿 (𝒙) = 1

𝑍∗𝑝
𝑝∗𝑿 (𝒙). Monte Carlo methods can be used to approximate the integral

𝑍∗𝑝 =

∫
𝒳
𝑝∗𝑿 (𝒙)𝑑𝑥,

𝑍∗𝑝 ≈ 𝑉
1

𝑁

𝑁∑
𝑖=1

𝑝∗𝑿 (𝒙), where 𝑉 =

∫
𝓧

𝑑𝒙 ,
(2.47)

to estimate the constant 𝑍∗𝑝 or to draw samples from the posterior distribution to

approximate its shape. Distributions in high dimensions are typically concentrated in

a small subset of the probability space 𝓧 . Independent, uniform sampling thus places

only a few samples in the relevant subset, making its use of the samples inefficient.

The general idea of MCMC methods is to draw correlated samples that depend on

previous draws. New samples are drawn from a transition distribution 𝑇(𝒙 𝑖−1 , 𝒙 𝑖) =
𝑝𝑿 𝑖 (𝒙 𝑖|𝒙 𝑖−1) which conditions the new sample 𝑿 𝑖 on the previous one 𝑿 𝑖−1 (i.e., a

Markov Chain). The transitions 𝑇(𝒙′, 𝒙), where 𝒙′ is the previous sample of 𝒙, must be

chosen in a way that the resulting distribution

𝑝𝑿 (𝒙) =
∑
𝒙′
𝑇(𝒙′, 𝒙)𝑝𝑿 ′(𝒙′) (2.48)

is invariant under the Markov Chain. In [24] invariance of 𝑝𝑿 (𝒙) is checked by the

reversibility condition

𝑝𝑿 (𝒙)𝑇(𝒙 , 𝒙′) = 𝑝𝑿 ′(𝒙′)𝑇(𝒙′, 𝒙) (2.49)

requiring the transitions 𝑇(𝒙′, 𝒙) to be chosen such that the Markov Chain is reversible

for 𝑝𝑿 (𝒙). Using this condition invariance of 𝑝𝑿 (𝒙) under the Markov Chain can be

shown by∑
𝒙′
𝑝𝑿 ′(𝒙′)𝑇(𝒙′, 𝒙) =

∑
𝒙′
𝑝𝑿 (𝒙)𝑇(𝒙 , 𝒙′) = 𝑝𝑿 (𝒙)

∑
𝒙′
𝑇(𝒙 , 𝒙′) = 𝑝𝑿 (𝒙). (2.50)
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As demonstrated, the reversibility condition is sufficient for invariance of 𝑝𝑿 (𝒙) under

the Markov Chain, but it is not a necessary condition [24].

When drawing from the Markov Chain, several initial steps are needed until the distri-

bution converges to the invariant distribution (burn-in). Various MCMC algorithms use

different transition distributions 𝑇(𝒙′, 𝒙) to draw the next sample. These include the

Metropolis-Hastings [42], Gibbs [34], and Slice [74] sampling methods. Slice sampling

has the advantage that it does not require the choice of a particular transition distribution.

It is based on the fact that sampling from a distribution 𝑝𝑿 (𝒙) is identical to uniformly

sampling from the area underneath the Probability Density Function (PDF) of such a

distribution and marginalizing over the density axis to retain 𝑝𝑿 (𝒙). This also holds for

the unnormalized distribution 𝑝∗𝑿 (𝒙) = 𝑍∗𝑝𝑝𝑿 (𝒙).

To sample from the area under the PDF an auxiliary random variable𝑈 supported on

𝑢 ∈ [0, 𝑝∗𝑿 (𝒙)] is defined and the joint distribution of 𝑿 and𝑈 is described by

𝑝𝑿 ,𝑈 (𝒙 , 𝑢) =
{

1

𝑍∗𝑝
if 0 ≤ 𝑢 ≤ 𝑝∗(𝒙)

0 otherwise

. (2.51)

Sampling from 𝑝𝑿 ,𝑈 (𝒙 , 𝑢) is performed by alternatively sampling from 𝒙 and 𝑢 condi-

tional on the other variable. Figure 2.3 illustrates this procedure for the univariate case.

The distribution 𝑝𝑈 (𝑢|𝑥) is given by the uniform distribution 𝑝𝑈 (𝑢|𝑥) ∼ 𝒰(0, 𝑝∗𝑋(𝑥))
from which samples can easily be drawn. Sampling from 𝑝𝑋(𝑥|𝑢) is achieved by

sampling uniformly from the set {𝑥 : 𝑢 < 𝑝∗
𝑋
(𝑥)}, which is the horizontal "slice" in

Figure 2.3. The size of the set {𝑥 : 𝑢 < 𝑝∗
𝑋
(𝑥)} is generally not known. The horizontal

sampling is performed by defining a region of size 𝑤 around the point 𝑥. This region is

extended by 𝑤 in each direction until both ends are outside the slice, see the lower part

of Figure 2.3. Then, uniform sampling within this region is performed. If the drawn

sample is within the set {𝑥 : 𝑢 < 𝑝∗
𝑋
(𝑥)}, it is accepted, if this is not the case, it is set

as the new lower or upper bound for the sampling region. This procedure is repeated

until a valid sample for 𝑥 is found, which then serves as the condition for the next draw

from 𝑝𝑈 (𝑢|𝑥). This iterative procedure is repeated until the targeted number of samples

is drawn.

2.3.3 Sensitivity analysis

Sensitivity analysis investigates how a function 𝑓 (𝑥1 , ..., 𝑥𝐾) is influenced by the

individual inputs 𝑥𝑖 as well as their combined effects, which allows for identifying

their significance. This helps to reduce the set of parameters {𝑥1 , ..., 𝑥𝐾} to only the
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Figure 2.3: Illustration of the slice sampling algorithm. Figure modified from [74].

important ones, which enables further steps such as parameter identification. Sensitivity

analysis can be categorized into local and global methods. Local methods study the

sensitivity of 𝑓 (𝑥1 , ..., 𝑥𝐾) at a particular point 𝒙0
which involves the calculation of

derivatives. For instance, the partial derivative of 𝑓 with respect to 𝑥𝑖 at the fixed point

𝒙0
provides insight into how small changes in 𝑥𝑖 affect the function’s output near that

specific point. Global methods, on the other hand, study the overall effect of an input 𝑥𝑖

on 𝑓 (𝑥1 , ..., 𝑥𝐾), which takes their complete definition domain into account and doesn’t

focus on the effect at a particular point. Due to this global perspective, which makes

consideration of the input domain size easier, we focus on global methods in this work.

A popular method for global sensitivity analysis is the variance-based Sobol’ method

[89]. Sobol’ indices decompose the output variance into the individual and combined

contributions of the input parameters. Considering a univariate model 𝑌 = 𝑓 (𝑿 )
(extension to multiple outputs possible by performing separate analysis for each output)

with uncertain, random inputs 𝑿 = (𝑋1 , ..., 𝑋𝐾)𝑇 , the model can be decomposed as

𝑌 = 𝑓0 +
𝐾∑
𝑖=1

𝑓𝑖(𝑋𝑖) +
𝐾∑
𝑖< 𝑗

𝑓𝑖 𝑗(𝑋𝑖 , 𝑋𝑗) + ... + 𝑓1,2,...,𝐾(𝑋1 , 𝑋2 , ..., 𝑋𝐾) (2.52)

where all the terms 𝑓0 , 𝑓𝑖 , 𝑓𝑖 𝑗 , ..., 𝑓1,2,...,𝐾 are orthogonal [89]. This leads to the following

definitions of the conditional expected values

𝑓0 = E[𝑌],
𝑓𝑖(𝑋𝑖) = E[𝑌|𝑋𝑖] − 𝑓0 ,

𝑓𝑖 , 𝑗(𝑋𝑖 , 𝑋𝑗) = E[𝑌|𝑋𝑖 , 𝑋𝑗] − 𝑓0 − 𝑓𝑖 − 𝑓𝑗 ,
(2.53)
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which describe the effect on 𝑌 of varying 𝑋𝑖 alone and the combined effect of varying

multiple inputs simultaneously. The orthogonality allows for the following decomposi-

tion of the variance as

Var(𝑌) =
𝐾∑
𝑖=1

𝑉𝑖 +
𝐾∑
𝑖< 𝑗

𝑉𝑖 𝑗 + ... +𝑉12...𝐾 (2.54)

where the individual terms

𝑉𝑖 = Var(E[𝑌|𝑋𝑖]) (2.55)

describe the contribution of a single input 𝑋𝑖 to the total variance Var(𝑌). Higher-order

contributions such as

𝑉𝑖 𝑗 = Var(E[𝑌|𝑋𝑖 , 𝑋𝑗]) −𝑉𝑖 −𝑉𝑗 (2.56)

describe the combined effect of 2 or more input variables on the output variance. Sobol’

indices [89] are defined as normalized versions of the variance contributions

𝑆𝑖 =
𝑉𝑖

Var(𝑌) ,

𝑆𝑖 𝑗 =
𝑉𝑖 𝑗

Var(𝑌) ,

...

𝑆12...𝐾 =
𝑉12...𝐾

Var(𝑌) ,

(2.57)

where 𝑆𝑖 are first order, 𝑆𝑖 𝑗 second order, etc. Sobol’ indices. This implies that their

sum is

1 =

𝐾∑
𝑖=1

𝑆𝑖 +
𝐾∑
𝑖< 𝑗

𝑆𝑖 𝑗 + ... + 𝑆12...𝐾 . (2.58)

First and higher order Sobol’ indices can be combined into the total order Sobol’ indices

[45]

𝑆𝑇𝑖 =
E[Var(𝑌|𝑿∼𝑖)]

Var(𝑌) = 1 − 𝑆∼𝑖 (2.59)

where 𝑿∼𝑖 are all variables in 𝑿 except 𝑋𝑖 and 𝑆∼𝑖 is the sum of all Sobol’ indices which

do not include 𝑖. The total order Sobol’ indices therefore measure the total contribution
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of 𝑋𝑖 to the output variance Var(𝑌) across all orders and in combination with any other

input variable. This also means that their sum is

𝐾∑
𝑖=1

𝑆𝑇𝑖 ≥ 1 (2.60)

as higher order effects between, e.g., 𝑋𝑖 and 𝑋𝑗 , are included in both, 𝑆𝑇𝑖 and 𝑆𝑇 𝑗 . The

sum only equals 1 when the model doesn’t include any higher-order effects.

Multiple estimators for the Sobol’ indices exist, which allow us to estimate them from

Monte Carlo samples, such as those derived in [82]. An accurate estimation often

requires hundreds or thousands of runs, which requires techniques such as surrogate

modeling to reduce the computational cost, see the following Section.

2.3.4 Surrogate models

Surrogate models are used to replace computationally expensive models with an

approximation that is easier and faster to evaluate. The approximation is then used for

subsequent, computationally expensive analyses, e.g., sensitivity analysis or parameter

estimation. They are constructed by running a Design of Experiments (DoE) with the

original model ℳ to create a set of samples which are used to fit the surrogate ℳ̂.

Depending on the choice of the surrogate model, the DoE can be done with a random

sampling strategy such as Monte Carlo, quasi Monte Carlo, Latin Hypercube Sampling,

etc. Another sampling strategy is to use a deterministic sequence, e.g., full-factorial

sampling or Non-Intrusive Spectral Projection (NISP) [57], which allows for a more

systematic exploration of the input space, ensuring that certain combinations of inputs

are considered, e.g., their extreme value combinations. Depending on the nature of the

problem and the properties of the modelℳ, a suitable surrogate is chosen, although

it should be noted that in practice this choice is often not known a priori. In principle,

every universal function can be used as a surrogate model, but certain functions that

have the necessary flexibility and structure to capture the underlying patterns in the

data are more suitable. Popular approaches for surrogate models include Polynomial

Chaos Expansion (PCE) [10, 35], Gaussian processes [78], Support Vector Machines [21,

101] and artificial neural networks [8, 81]. In the following, we focus on PCE based

surrogate models.

We distinguish two types of simulators, standard simulators, which are deterministic,

i.e., the same set of input parameters leads to the same QoI value at the output, and
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stochastic simulators, which, for a set of input parameters, lead to a distribution of the

QoI at the output. Formally, standard simulators can be expressed by

ℳ𝑑 : 𝒟𝑿 → R (2.61)

which is a mapping of the inputs 𝒙 ∈ 𝒟𝑿 to the QoI 𝑦 = ℳ(𝒙) ∈ R, this can be

extended to multiple QoIs at the output by treating each component separately. Most

surrogate models are also deterministic and therefore suited for simulators of this form.

Stochastic simulators have an internal source of randomness with sample space Ω and

can formally be expressed as

ℳ𝑠 : 𝒟𝑿 ×Ω→ R. (2.62)

This means that for a given set of input parameters 𝒙, the model produces a realization

from the unknown distribution𝑌 ∼ 𝑝𝑌(𝑦|𝒙). To characterize this unknown distribution,

repeated runs of the model for a fixed set of parameters 𝒙 are necessary, which further

increases the computational cost when the effect of variations in 𝒙 on the QoI should be

investigated. This requires the use of stochastic surrogate models, which can emulate the

QoI distribution 𝑝̂𝑌(𝑦|𝒙) ≈ 𝑝𝑌(𝑦|𝒙) and are easy and cheap to evaluate [109]. Different

stochastic surrogate models are described in [62, 110, 112]. One PCE based approach

for stochastic surrogate modeling suited to our applications is the GLaM [110].

Polynomial Chaos Expansion

PCE is based on the decomposition of a random variable

𝑌 =ℳ(𝑿 ) =
∑
𝜶∈N𝐾

𝑐𝜶𝜓𝜶(𝑿 ) (2.63)

with respect to the basis functions 𝜓𝜶(𝑿 ). This representation can be extended to a

multivariate output 𝒀 by calculating the PCE for each output separately. Assuming

that the components of 𝑿 are independent, their joint distribution is given by

𝑝𝑿 (𝒙) =
𝐾∏
𝑗=1

𝑝𝑋𝑗 (𝑥 𝑗). (2.64)
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For independent input 𝑿 , the basis functions 𝜓𝜶(𝑿 ) can be described by orthogonal

polynomials which are obtained as a product of the individual polynomials [91]

𝜓𝜶(𝒙) =
𝐾∏
𝑗=1

𝜙
(𝑗)
𝛼 𝑗 (𝑥 𝑗). (2.65)

The orthogonal polynomials {𝜙(𝑗)
𝑘

: 𝑘 ∈ N} for each input 𝑋𝑗 are defined by

E[𝜙(𝑗)
𝑘
(𝑋𝑗)𝜙(𝑗)𝑙 (𝑋𝑗)] = 𝛿𝑘𝑙 , (2.66)

with the Kronecker symbol 𝛿 defined as 𝛿𝑘𝑙 = 1 if 𝑘 = 𝑙 and 𝛿𝑘𝑙 = 0 otherwise.

The components 𝛼 𝑗 indicate the polynomial degree of 𝜙𝛼 𝑗 , where the multi-index

𝜶 = (𝛼1 , ..., 𝛼𝐾) ∈ N𝐾
combines the polynomial degrees of all variables 𝑥 𝑗 . For standard

distributions of 𝑋𝑗 the associated polynomials 𝜙
(𝑗)
𝛼 𝑗 are known as Hermite (normal

distribution), Legendre (uniform distribution), and Laguerre (exponential distribution)

polynomials [106]. Truncation schemes are applied to select a subset of all available

polynomials 𝜶 ∈ 𝒜. For a truncated set 𝜶 the coefficients 𝑐𝜶 can be estimated for a set

of input samples {𝒙1 , ..., 𝒙𝑀} and their respective outputs {𝑦1 , ..., 𝑦𝑀}.

For a correlated distribution 𝑝𝑿 (𝒙), the usual procedure is to transform 𝑿 into the proxy

𝝃 with independent components using the Nataf or Rosenblatt transform [98]. After the

transformation, the above PCE scheme can be applied to the independent components

of 𝝃.

With infinite polynomial degrees in 𝜶, the PCE gives an exact representation of the

variable 𝑌. For practical applications, the polynomial degrees need to be truncated to

a finite subset 𝜶 ∈ 𝒜 ⊂ N𝐾
to give an approximate surrogate model ℳ̂ ≈ ℳ. This

truncation can be done with, e.g., the hyperbolic (q-norm) truncation scheme [9]

𝒜𝑝,𝑞,𝐾 =

𝜶 ∈ N𝐾 , ||𝜶||𝑞 =
(
𝐾∑
𝑖=1

|𝛼𝑖|𝑞
) 1

𝑞

≤ 𝑝
 (2.67)

where 𝑝 sets the maximum polynomial degree and 𝑞 ≤ 1 defines the quasi-norm || · ||𝑞 .
For 𝑞 = 1 the full basis of total degrees less than 𝑝 is obtained

𝒜𝑝,𝑞=1,𝐾 =

{
𝜶 ∈ N𝐾 , ||𝜶||𝑞=1 =

𝐾∑
𝑖=1

|𝛼𝑖| ≤ 𝑝
}

(2.68)
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which includes the maximum coupling terms between the inputs 𝑿 = (𝑋1 , ..., 𝑋𝐾)𝑇 .

When only weak or no coupling is expected between the inputs, the degree 𝑞 can be

reduced to decrease the overall number of terms. Table 2.1 gives two examples of the

truncation of the polynomial order for two input variables 𝑋1 , 𝑋2 with the q-norm

truncation scheme.

(a) 𝑝 = 3, 𝑞 = 1, 𝐾 = 2

𝛼1 0 0 1 0 2 1 0 3 1 2

𝛼2 0 1 0 2 0 1 3 0 2 1

(b) 𝑝 = 3, 𝑞 = 0.5, 𝐾 = 2

𝛼1 0 0 1 0 2 0 3

𝛼2 0 1 0 2 0 3 0

Table 2.1: Polynomial orders for two combinations of 𝑝 and 𝑞 with 𝐾 = 2

Generalized lambda distribution

GLaMs [110] are based on the Generalized Lambda Distribution (GLD). The GLD can

well approximate most unimodal distributions, for example, uniform, normal, Weibull,

and Student’s t distributions [30, 52]. Different definitions of the GLD exist [30, 77]. In

the following, we focus on the GLD of the Freimer-Kollia-Mudholkar-Lin family [30]

which is defined with its quantile function

𝑄(𝑢;𝝀) = 𝜆1 +
1

𝜆2

(
𝑢𝜆3 − 1

𝜆3

− (1 − 𝑢)
𝜆4 − 1

𝜆4

)
(2.69)

and the four parameters {𝜆𝑙 : 𝑙 = 1, ..., 4}. Here, 𝜆1 is the location parameter, 𝜆2 is the

scale parameter, which must be positive to ensure a valid quantile function, and 𝜆3 and

𝜆4 are the shape parameters. Following [110] the PDF of the GLD can be derived based

on the quantile function (2.69)

𝑝𝑌(𝑦;𝝀) = 1

𝑄′(𝑢;𝝀) =
𝜆2

𝑢𝜆3−1 + (1 − 𝑢)𝜆4−1

1[0,1](𝑢), with 𝑢 = 𝑄−1(𝑦;𝝀) (2.70)

where 𝑄′(𝑢;𝝀) = 𝑑𝑄(𝑢;𝝀)
𝑑𝑢 , and 1[0,1](𝑢) is the indicator function to ensure that the

PDF is zero for values outside the defined range 𝑢 ∈ [0, 1]. There is no closed-form

expression to compute the inverse 𝑄−1
, i.e., the Cumulative Distribution Function

(CDF), analytically, and therefore (2.69) needs to be solved numerically [110].
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Figure 2.4 shows different PDFs which can be produced by the GLD. For 𝜆3 = 𝜆4 the

distribution is symmetric, and 𝜆3 ,𝜆4 < 1 leads to bell-shaped distributions. A normal

distribution, for example, can be approximated by setting 𝜆3 = 𝜆4 = 0.13. When

𝜆3 ≤ − 1

𝑘 or 𝜆4 ≤ − 1

𝑘 moments of order greater than 𝑘 do not exist, i.e., mean and

variance only exist for 𝜆3 ,𝜆4 > −0.5. In this case, the mean is given by

E[𝑌] = 𝜆1 −
1

𝜆2

(
1

𝜆3 + 1

− 1

𝜆4 + 1

)
(2.71)

where the variance is determined by

Var(𝑌) =
(𝑑2 − 𝑑2

1
)

𝜆2

2

(2.72)

with the beta function B and

𝑑1 =
1

𝜆3

B(𝜆3 + 1, 1) − 1

𝜆4

B(1,𝜆4 + 1),

𝑑2 =
1

𝜆2

3

B(2𝜆3 + 1, 1) − 2

𝜆3𝜆4

B(𝜆3 + 1,𝜆4 + 1) + 1

𝜆2

4

B(1, 2𝜆4 + 1).
(2.73)

Generalized lambda models

To derive a surrogate for the stochastic simulatorℳ, the GLaM [110] aims to approxi-

mate 𝑌(𝒙) by a GLD which is a function of 𝒙. This means the GLaM needs to find an

optimal parameter combination 𝝀(𝒙) = (𝜆1(𝒙), ...,𝜆4(𝒙))𝑇 as a function of 𝒙 such that

the GLD 𝑝GLD

𝑌
(𝑦;𝝀(𝒙)) can well approximate the underlying distribution 𝑝𝑌(𝑦|𝒙). The

GLaM uses PCE to model the dependence of the GLD parameters 𝝀(𝒙) on the model

variables 𝒙 and such allows to approximate the conditional distribution of the QoI

𝑌(𝒙) ∼ 𝑝GLD

𝑌 (𝑦;𝜆PC

1
(𝒙),𝜆PC

2
(𝒙),𝜆PC

3
(𝒙),𝜆PC

4
(𝒙)). (2.74)

The spectral approximations of the lambda parameters are given by

𝜆𝑙(𝒙) ≈ 𝜆PC

𝑙
(𝒙; 𝒄) =

∑
𝜶∈𝒜𝑙

𝑐𝑙 ,𝜶𝜓𝜶(𝒙), 𝑙 = 1, 3, 4,

𝜆2(𝒙) ≈ 𝜆PC

2
(𝒙; 𝒄) = exp

( ∑
𝜶∈𝒜2

𝑐2,𝜶𝜓𝜶(𝒙)
)
,

(2.75)
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Figure 2.4: Influence of 𝜆3 and 𝜆4 on the shape of the GLD. The location is set to 𝜆1 = 0 with the scale being

𝜆2 = 1. The blue dots indicate that the PDF has unlimited support in the marked direction. Green and red

dots denote a bounded support of the PDF with 𝑝𝑌(𝑦) = 0 on the boundary for red dots and 𝑝𝑌(𝑦) = 1 for

green dots. [110]

where 𝜆2(𝒙) is transformed to log(𝜆2(𝒙)) to ensure positivity. The truncation sets

𝓐 = {𝒜𝑙 : 𝑙 = 1, ..., 4} and coefficients 𝒄 = {𝑐𝑙 ,𝜶 : 𝑙 = 1, ..., 4, 𝜶 ∈ 𝒜𝑙} are defined for all

𝜆𝑙 ∈ {𝜆𝑙 : 𝑙 = 1, ..., 4}.

A direct approach [109] to estimate the coefficients 𝒄 of the GLaM is to draw multiple

samples from the model distribution 𝑌 ∼ 𝑝𝑌(𝑦|𝒙 𝑖) for multiple samples 𝑿 1 , ...,𝑿𝑀

drawn from 𝑿 𝑖 ∼ 𝑝𝑿 (𝒙). This allows to fit the GLD to each set of samples 𝑌
(𝑖)
1
, ..., 𝑌

(𝑖)
𝑅
∼

𝑝𝑌(𝑦|𝒙 𝑖) and estimate the corresponding set of parameters {𝜆̂𝑙(𝒙 𝑖) : 𝑙 = 1, ..., 4}. With

the resulting input {𝒙1 , ..., 𝒙𝑀} and output sets {𝜆̂𝑙(𝑥1)..., 𝜆̂𝑙(𝑥𝑀) : 𝑙 = 1, ..., 4} the PCE

approximations {𝜆PC

𝑙
(𝒙; 𝒄) : 𝑙 = 1, ..., 4} can be build.
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The described coefficient estimation based on replications for each parameter sample

typically requires a large number of samples as for each sample 𝑿 𝑖 a sufficient amount of

replications 𝑅 is necessary to get stable estimates for the lambda parameters, requiring

in total 𝑅 ·𝑀 samples. Therefore, the authors in [110] derive a joint fitting estimator that

doesn’t require replications, i.e., for each𝑿 𝑖 only one sample is drawn from𝑌𝑖 ∼ 𝑝𝑌(𝑦|𝒙 𝑖).
The samples 𝑌𝑖 can be considered as draws from the joint distribution 𝑌𝑖 ∼ 𝑝𝑿 ,𝑌(𝒙 , 𝑦) of

𝑿 and 𝑌. This allows one to derive the joint fitting estimator given by the conditional

MLE

𝒄̂ = arg max

𝒄∈𝒞
ℓ (𝒄),

ℓ (𝒄) =
𝑀∑
𝑖=1

log

(
𝑝GLD

𝑌

(
𝑦𝑖 ;𝝀

PC(𝒙 𝑖 ; 𝒄)
))
,

(2.76)

which minimizes the Kullback-Leibler divergence between the joint PDF of the GLD

𝑝GLD

𝑿 ,𝑌 (𝒙 , 𝑦) and the true underlying PDF 𝑝𝑿 ,𝑌(𝒙 , 𝑦) by modifying the PCE coefficients 𝒄.

For more details on the properties of this estimator, see [109, 110]. They also describe

a stepwise fitting procedure which first identifies a suitable starting point for 𝒄0 and

the truncation set 𝓐 with Feasible generalized least-squares (FGLS) [105] and then

searches for the MLE optimum 𝒄̂ with the trust-region optimization algorithm [95].

2.3.5 Bayesian inference

Bayesian inference combines measurements with prior knowledge to identify the

parameters of a model using Bayes’ theorem. It is a suitable method for inverse

UQ-problems as it can incorporate the uncertainty of the parameter identification

result, taking into account prior knowledge of the parameters and the available data,

see Figure 2.5. For an introduction to Bayesian methods and their applications, see also

[33, 66].

Figure 2.5: Scheme of inverse UQ [73]

The basic idea of Bayes’ theorem is to assign probabilities to the parameters of a

model, i.e., the inputs 𝒙 are modeled as random variables which are drawn from

the prior distribution 𝑿 ∼ 𝑝𝑿 (𝒙). This distribution can incorporate prior knowledge
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about the input parameters’ possible values. The random input 𝑿 is combined with

the model ℳ, in our case a stochastic simulator, to represent the random output

𝑌 =ℳ(𝒙). The following considerations can be directly extended to multiple outputs

by considering their joint distribution. Observations are assumed to be drawn from

the output distribution 𝑌𝑖 ∼ 𝑝𝑌(𝑦). The joint distribution of 𝑿 for 𝑁 measurements

𝒀 = (𝑌1 , ..., 𝑌𝑁 )𝑇 is given by

𝑝𝑿 ,𝒀 (𝒙 , 𝒚) = 𝑝𝑿 (𝒙|𝒚)𝑝𝒀 (𝒚) = 𝑝𝒀 (𝒚|𝒙)𝑝𝑿 (𝒙) (2.77)

where the likelihood ℒ𝒚(𝒙) = 𝑝𝒀 (𝒚|𝒙) expresses the probability of obtaining a set of

measurements 𝒚 given the parameter vector 𝒙. The conditional distribution 𝑝𝑿 (𝒙|𝒚)
is called the posterior distribution which describes the PDF of the parameters in 𝑿
conditional on the measurements 𝒚 = (𝑦1 , ..., 𝑦𝑁 )𝑇 . Reformulating (2.77) leads to Bayes’

theorem

𝑝𝑿 (𝒙|𝒚) =
𝑝𝒀 (𝒚|𝒙)𝑝𝑿 (𝒙)

𝑝𝒀 (𝒚)
(2.78)

which relates the posterior 𝑝𝑿 (𝒙|𝒚) to the likelihood 𝑝𝒀 (𝒚|𝒙), the prior 𝑝𝑿 (𝒙), and

the marginal distribution 𝑝𝒀 (𝒚). The marginal distribution in the denominator is a

normalization constant to ensure that the posterior integrates to 1. It is given by

𝑝𝒀 (𝒚) =
∫
𝒳
𝑝𝑿 ,𝒀 (𝒙 , 𝒚)𝑑𝒙 =

∫
𝒳
𝑝𝒀 (𝒚|𝒙)𝑝𝑿 (𝒙)𝑑𝒙 (2.79)

and is not a function of the model parameters𝑿 . The posterior, therefore, is proportional

to its numerator

𝑝𝑿 (𝒙|𝒚) ∝ 𝑝𝒀 (𝒚|𝒙)𝑝𝑿 (𝒙). (2.80)

To use Bayesian inference, the first step is to select a suitable prior distribution for

the input vector 𝑿 . The prior distribution reflects the subjective belief about the

probability of certain parameter values. One can also define an uninformative prior

by assigning a uniform distribution that only conveys information about the bounds

of the parameter, i.e., some physical or model-related constraints to the parameter,

and does not favor any value within the bounds. Next, one must define a likelihood

function to connect measurements to the model. To reduce the computational effort

for evaluating the likelihood, the model is often replaced with a surrogate ℳ̂ ≈ ℳ
leading to the likelihood ℒ̂𝒚(𝒙) = 𝑝̂𝒀 (𝒚|𝒙) for the surrogate ℳ̂. The last step is to

sample from the posterior distribution, which is typically done with MCMC methods

such as described in Section 2.3.1. Other methods to compute the posterior distribution
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include variational inference [88] and Laplace approximations [53], which both use

distributional assumptions for the posterior that are not required by the sample-based

MCMC methods.

When the uncertainty of input parameters is identified with the posterior distribution

𝑝𝑿 (𝒙|𝒚), the effects of it on the model outputs 𝒀 can be investigated. A point estimate

of the parameter vector 𝒙̂ is given by the Maximum a posteriori (MAP) estimator

𝒙̂ = arg max

𝒙
𝑝𝑿 (𝒙|𝒚) (2.81)

or the expectation 𝒙̂ = E[𝑿 |𝒚]. Plugging the point estimate into 𝑝𝑌(𝑦′|𝒙̂) gives the

distribution of future outcomes 𝑦′ considering the estimate 𝒙̂ derived from the posterior

distribution. While this approach includes the updated information on the parameters

𝒙 to some degree, the uncertainty about the parameter estimate is lost through the

point estimator. This uncertainty is captured by the posterior predictive distribution,

which combines the posterior distribution with the simulation model to assess the

uncertainty of the outputs given the identified input uncertainties. The posterior

predictive distribution of future outcomes 𝑦′ is then given by

𝑝𝑌(𝑦′|𝒚) =
∫
𝒳
𝑝𝑌(𝑦′|𝒙)𝑝𝑿 (𝒙|𝒚)𝑑𝒙 (2.82)

which combines the conditional distribution of the simulation model 𝑝𝑌(𝑦′|𝒙) with

the uncertainty in the parameters 𝑝𝑿 (𝒙|𝒚). While using the posterior predictive

distribution provides the advantage of considering the uncertainty about 𝒙, it has

a higher computational cost compared to using the point estimate 𝒙̂ as the integral in

(2.82) must be evaluated.
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To design reliable automotive components, it is important to understand the expected

operational loads. Early in development, virtual load generation helps derive these

loads realistically. Many vehicle component loads are based on the driven velocity,

which makes velocity simulation an essential component for virtual load generation.

The velocity simulation generates velocity profiles on arbitrary routes as a function

of driver behavior and vehicle properties, which are then processed with further

simulations to derive component loads. The velocity simulation can substitute for

physical test drives and enables the completion of virtual test drives for thousands of

kilometers within seconds, saving time and resources in an early development stage.

To do so, a set of routes is derived for multiple drivers and their vehicles, which should

optimally represent the routes driven during the lifetime of the vehicle. Based on these

routes, the velocity simulation generates velocity profiles representative of the usage of

the vehicle over its lifetime, which then, besides the routes, also depends on the driving

behavior of the driver and the properties of the vehicle.

Velocity profiles are random, i.e., for a given route, driver, and vehicle, the resulting

velocity is not deterministic, but instead is given by a stochastic process {𝑉𝑠 : 𝑠 ∈ 𝑆}
with respect to position 𝑠 along the route. In the following, the stochastic process

is divided into a piecewise constant part 𝑚𝑉 (𝑠), which models changes in the mean

velocity, and a stochastic part 𝑋𝑠 to model the fluctuations around the mean velocity.

The stochastic process for the velocity is then given by

{𝑉𝑠} = {𝑚𝑉 (𝑠)𝑋𝑠} = 𝑚𝑉 (𝑠){𝑋𝑠} (3.1)

which allows for splitting the modeling of velocities in the simulation into two parts.

The piecewise constant part is influenced by, e.g., speed limits, traffic jams, stops, or

curves. The stochastic part, on the other hand, models random fluctuations that are

caused by driver inattention and the actions of nearby pedestrians, cyclists, and vehicles.

In the further course, the piecewise constant part 𝑚𝑉 (𝑠) is denoted as the route velocity

𝑣𝑟𝑜𝑢𝑡𝑒(𝑠) as it primarily depends on the route properties. Some component loads are
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primarily dependent on the mean velocity, as they are not sensitive to short-term

fluctuations, e.g., road-induced vibrations do generally not depend on sudden changes

in velocity. Other loads, especially on the drivetrain components of a vehicle, such as

shafts, gears, bearings, etc., are highly dependent on the random velocity fluctuations,

as the fluctuations cause additional acceleration and deceleration cycles, which lead to

spikes in the forces and torques acting on the drivetrain components.

The chapter is structured as follows. In Section 3.1, the existing velocity simulation

model is introduced. In Section 3.2, a new approach to model the velocity fluctuations

𝑋𝑠 based on the stochastic process in (3.1) is developed. The following Sections concern

changes to the mean velocity 𝑚𝑉 (𝑠). In Section 3.3, the influence of traffic on the mean

velocity is described by analyzing FCD and deriving a statistical model for traffic jams

from it. Finally, in Section 3.4, stops are analyzed to derive stop probabilities and

durations for various stop reasons, such as traffic lights and traffic jams.

3.1 Velocity simulation model

In order to model velocities using (3.1), we follow the approaches described in [85,

93], where the authors derive a simulation model that uses descriptions of the driver,

vehicle, and road to generate realistic velocity profiles for a route. The following Sections

describe the general simulation procedure and the most important steps involved.

3.1.1 Simulation procedure

The velocity simulation follows a defined procedure that, considering the driver and

vehicle properties, step-by-step generates velocity profiles on a route. The route is

described by several properties along its path: the road geometry, including slope 𝛼(𝑠)
and curvature 𝜅(𝑠), the legal speed limit 𝑣𝑚𝑎𝑥,𝑙𝑒(𝑠), the road type 𝑟𝑟𝑜𝑎𝑑(𝑠) such as city,

country, or motorway, and the locations of stop events 𝑠𝑆𝑟,𝑟𝑆 with their reasons 𝑟𝑆 like

traffic lights, yield signs, stop signs, and pedestrian crossings. All these properties

depend on the position 𝑠 along the route. The route properties are obtained from a

database with map data, which, given the route coordinates, can be queried and returns

the mentioned route properties. The database is provided by map data providers

such as HERE [43]. Moreover, in [85], a range of parameters is used to describe

the driver and his behavior with properties such as the tolerated accelerations and

the standard deviation of random velocity fluctuations, see Table A.2 for a complete

list. Incorporating the vehicle dynamics model described in Section 2.1, the vehicle is

described by its basic mechanical properties such as mass, power, etc., see Table A.1 for
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3.1 Velocity simulation model

a complete list. Figure 3.1 gives an overview of the velocity simulation procedure. The

main steps during the simulation are described in the following.

1. Pre-processing
The road description is given by the road properties, such as slope 𝛼(𝑠) and

legal speed limit 𝑣𝑚𝑎𝑥,𝑙𝑒(𝑠), obtained from a map database at predefined reference

points. For an arbitrary point, the road properties can be interpolated with respect

to the reference points using linear interpolation. As a preparation for subsequent

simulation steps, see Section 3.1.2, the route is split into segments indexed by 𝑢

where splitting occurs when the road type changes or the maximum length of a

segment is exceeded, see Figure 3.2a.

2. Generate goal velocity profile
The idea is to generate a goal velocity series that the driver tries to follow,

irrespective of limitations in longitudinal dynamics. The goal velocity

𝑣𝑔𝑜𝑎𝑙(𝑠) = 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠)𝑋𝑠 (3.2)

is assembled from the piecewise constant route velocity 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠) and a stochastic

component 𝑋𝑠 , where the route velocity is the minimum of the legal speed limit

𝑣𝑚𝑎𝑥,𝑙𝑒(𝑠), traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟(𝑠) (see Section 3.3), maximum driver speed

𝑣𝑚𝑎𝑥,𝑑𝑟(𝑠) and the curvature velocity limit 𝑣𝑚𝑎𝑥,𝜅(𝑠)

𝑣𝑟𝑜𝑢𝑡𝑒(𝑠) = min(𝑣𝑚𝑎𝑥,𝑙𝑒(𝑠), 𝑣𝑚𝑎𝑥,𝑡𝑟(𝑠), 𝑣𝑚𝑎𝑥,𝑑𝑟(𝑠), 𝑣𝑚𝑎𝑥,𝜅(𝑠)). (3.3)

See Section 3.2 for a description of the stochastic component 𝑋𝑠 .

3. Stop events
The positions of stop events 𝑠𝑆𝑟,𝑟𝑆 with reason 𝑟𝑆 are taken from a map database.

Stop events are assigned a probability for a stop 𝑝𝑆(𝑠|𝑟𝑆) as well as a stop duration

distribution 𝑝𝑇𝑆 (𝜏𝑆|𝑟𝑆) conditional on the reason 𝑟𝑆 of the stop event. When a stop

event happens, the route velocity 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠) is set to zero at the position of the stop,

and the stop duration is drawn from 𝑝𝑇𝑆 (𝜏𝑆|𝑟𝑆).

4. Longitudinal dynamics
The longitudinal dynamics are limited by the traction 𝐹𝑡𝑟 and resistance 𝐹𝑟𝑒𝑠 forces

of the vehicle, based on the model described in Section 2.1, and the tolerated

accelerations 𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 and decelerations 𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 of the driver.

In Section 3.1.2, a detailed description of the process to generate the route velocity

𝑣𝑟𝑜𝑢𝑡𝑒(𝑠) is given. Section 3.1.3 gives an introduction to available solutions for the
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3 Stochastic velocity simulation

Figure 3.1: Overview velocity simulation model

generation of velocity fluctuations. The last Section 3.1.4 explains how the longitudinal

dynamics are included in the velocity simulation model.

3.1.2 Route velocity

The route velocity is derived from the properties of the road. As described in (3.3), it

is the minimum of multiple other quantities, each characterizing another limit to the

velocity. The individual limits are:

1. Legal speed limit 𝑣𝑚𝑎𝑥,𝑙𝑒(𝑠)
The legal speed limit is given by the product of the speed limit 𝑣𝑙𝑖𝑚(𝑠) taken from

map data, the road type, and driver-dependent speeding factor 𝑜𝑣,𝑙𝑖𝑚(𝑟𝑟𝑜𝑎𝑑(𝑠))
which describes how closely the driver, on average, follows the speed limit and

the slope factor 𝑜𝑣,𝛼(𝑠)

𝑣𝑚𝑎𝑥,𝑙𝑒(𝑠) = 𝑣𝑙𝑖𝑚(𝑠)𝑜𝑣,𝑙𝑖𝑚(𝑟𝑟𝑜𝑎𝑑(𝑠))𝑜𝑣,𝛼(𝑠). (3.4)

The slope factor adapts the speed to changes in the road slope 𝛼(𝑠), which

generally means the speed is decreased on uphill sections and increased on
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downhill sections. The slope factor 𝑜𝑣,𝛼(𝑠) is given as a linear function of the road

slope

𝑜𝑣,𝛼(𝑠) =


𝑜𝑣,𝛼,𝑚𝑖𝑛 if 𝑚𝛼𝛼(𝑠) < 𝑜𝑣,𝛼,𝑚𝑖𝑛

𝑚𝛼𝛼(𝑠) if 𝑜𝑣,𝛼,𝑚𝑖𝑛 ≤ 𝑚𝛼𝛼(𝑠) ≤ 𝑜𝑣,𝛼,𝑚𝑎𝑥
𝑜𝑣,𝛼,𝑚𝑎𝑥 if 𝑚𝛼𝛼(𝑠) > 𝑜𝑣,𝛼,𝑚𝑎𝑥

(3.5)

where the slope adaption coefficient 𝑚𝛼 controls the sensitivity to changes in the

road slope, while the lower 𝑜𝑣,𝛼,𝑚𝑖𝑛 and upper limit 𝑜𝑣,𝛼,𝑚𝑎𝑥 control the limits of

the slope factor for steep road sections. The parameters 𝑚𝛼, 𝑜𝑣,𝛼,𝑚𝑖𝑛 , and 𝑜𝑣,𝛼,𝑚𝑎𝑥

are set to default values independent of the driver.

2. Traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟(𝑠)
The traffic speed limit models random limitations of the velocity due to high

traffic densities, which are not included in the available models [85, 93]. The

newly developed approach is described in Section 3.3.

3. Maximum driver speed 𝑣𝑚𝑎𝑥,𝑑𝑟(𝑠)
Describes how fast, on average, the driver wants to drive on each road segment 𝑢

if there were no other limitations. This limit is especially relevant for unrestricted

segments on German motorways. For each segment, it is drawn from the truncated

normal distribution

𝑣𝑚𝑎𝑥,𝑑𝑟,𝑢 ∼ 𝑝𝑉𝑚𝑎𝑥,𝑑𝑟 (𝑣𝑚𝑎𝑥,𝑑𝑟 ;𝜇𝑣𝑚𝑎𝑥,𝑑𝑟 , 𝜎𝑣𝑚𝑎𝑥,𝑑𝑟 , 𝑎𝑣𝑚𝑎𝑥,𝑑𝑟 , 𝑏𝑣𝑚𝑎𝑥,𝑑𝑟 ) (3.6)

where 𝜇𝑣𝑚𝑎𝑥,𝑑𝑟 , 𝜎𝑣𝑚𝑎𝑥,𝑑𝑟 and 𝑏𝑣𝑚𝑎𝑥,𝑑𝑟 are the mean, standard deviation and maximum

of the maximum driver speed, all three quantities are derived from measurements

of the mean velocity in unrestricted motorway segments of the respective driver.

The minima 𝑎𝑣𝑚𝑎𝑥,𝑑𝑟 is set to a fixed value of 80 km/h for cars and 60 km/h for trucks

to prevent smaller maximum driver speeds, which are likely caused by dense

traffic and do not reflect the drivers request. The difference of 𝑎𝑣𝑚𝑎𝑥,𝑑𝑟 between cars

and trucks is due to the generally lower speeds of trucks. Figure 3.2b compares the

measured maximum driver speed distribution of one driver with the truncated

normal distribution approximation. There are distinct deviations between the

measured distribution and the approximation, primarily a density accumulation

between 120 km/h and 130 km/h in the measurement. This accumulation is

caused by the presence of legal speed limits in some segments in reality, which are

marked as unrestricted in the map data, leading to the mistaken inclusion of the

corresponding road segments in the analysis. Since the legal speed limit 𝑣𝑚𝑎𝑥,𝑙𝑒 is

separately handled in the derivation of the route velocity, see (3.3), this deviation
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in the distribution approximation is not significant for modeling the maximum

driver speed. Figure 3.2a depicts how the maximum driver speed 𝑣𝑚𝑎𝑥,𝑑𝑟 changes

between road segments when drawing from (3.6). As the maximum driver speed

is not specific to the road type, it can take values significantly above the respective

speed limits, e.g., on city roads, which limits its influence mainly to motorways.

4. Curvature velocity limit 𝑣𝑚𝑎𝑥,𝜅(𝑠)
The tolerated lateral accelerations of the driver 𝑎𝑦,𝑚𝑎𝑥,𝑑𝑟 and the curvature of the

road 𝜅(𝑠) define the curvature velocity limit

𝑣𝑚𝑎𝑥,𝜅(𝑠) =
√
𝑎𝑦,𝑚𝑎𝑥,𝑑𝑟

|𝜅(𝑠)| . (3.7)

(a) Segmentation of route into segments.

Splitting is done when the road type changes

or the maximum segment length, in this case

𝑙𝑚𝑎𝑥,𝑐𝑖 for city roads, is exceeded.
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Figure 3.2: Route segmentation and derivation of maximum driver speed distribution

In Figure 3.3, an example of the components of the route velocity 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠) is given. The

curvature limit 𝑣𝑚𝑎𝑥,𝜅(𝑠) drops sharply at road bends, while the maximum driver speed

𝑣𝑚𝑎𝑥,𝑑𝑟(𝑠) changes randomly at every change in road type and after a certain distance.

The legal speed limit 𝑣𝑚𝑎𝑥,𝑙𝑒(𝑠)mainly follows the speed limit of the road while taking

into account the speeding 𝑜𝑣,𝑙𝑖𝑚(𝑟𝑟𝑜𝑎𝑑(𝑠)) and slope 𝑜𝑣,𝛼(𝑠) factors.

3.1.3 Velocity fluctuations

Velocity fluctuations are a central component of the velocity simulation as they are one

of the main sources of randomness in the simulation. The goal is to simulate the random

fluctuations in velocity caused by both internal and external factors, including driver
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(a) Map of the 10 km route driven northbound
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(b) Legal speed limit 𝑣𝑚𝑎𝑥,𝑙𝑒 (𝑠), maximum

driver speed 𝑣𝑚𝑎𝑥,𝑑𝑟 (𝑠) and curvature velocity

limit 𝑣𝑚𝑎𝑥,𝜅(𝑠) on the route

Figure 3.3: Components of the route velocity 𝑣𝑟𝑜𝑢𝑡𝑒 (𝑠) on an example route

inattention and the actions of nearby pedestrians, cyclists, and vehicles, e.g, [58]. These

influences contribute to the stochastic nature of the velocity. The velocity fluctuations

𝑋𝑠 are modeled by a stochastic process {𝑋𝑠 : 𝑠 ∈ 𝑆} for the distance 𝑠 along a route. In

[85], an approach for a discrete stochastic process to model velocity fluctuations is given.

The process is a discrete time series {𝑋𝑡𝑖}𝑁𝑖=1
of random variables 𝑋𝑡𝑖 with constant

step width Δ𝑡 = 𝑡𝑖 − 𝑡𝑖−1 = 𝑐𝑜𝑛𝑠𝑡. The discrete time series can be transformed to a

discrete distance series by taking into account the goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠) = 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠)𝑋𝑠
and summing up over all previous time steps to calculate the distance series

𝑠𝑖 = 𝑠1 +
𝑖−1∑
𝑗=1

𝑣𝑔𝑜𝑎𝑙(𝑠 𝑗)Δ𝑡 = 𝑠1 +
𝑖−1∑
𝑗=1

𝑣𝑟𝑜𝑢𝑡𝑒(𝑠 𝑗)𝑋𝑡 𝑗Δ𝑡 , (3.8)

which allows to express the velocity fluctuations 𝑋𝑠𝑖 = 𝑋𝑡𝑖 as a function of the distance

steps 𝑠𝑖 with non constant step width. Values of 𝑋𝑠 , or 𝑣𝑔𝑜𝑎𝑙(𝑠) respectively, between

the discrete distance steps 𝑠𝑖 can be obtained by linear interpolation.

The logarithm of the process {𝑋𝑡𝑖}𝑁𝑖=1
is an AR(1) process

𝑋𝑡𝑖 = exp

(
𝑍𝑡𝑖 −

𝜔2

2

)
,

𝑍𝑡𝑖 = 𝜂𝑍𝑡𝑖−1
+ 𝜖𝑡𝑖 , with 𝜖𝑡𝑖 = 𝒩(0, 𝜎𝜖),

(3.9)
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with the mean correction 𝜔 =
𝜎𝜖√
1−𝜂2

to ensure thatE[𝑋𝑡𝑖 ] = 1. This gives two parameters

to influence the properties of the velocity fluctuations, the AR parameter 𝜂 to set the

correlation of the velocity fluctuations and 𝜎𝜖 to set the variance of the noise. Figure 3.4

gives an example of the goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠) composed of route velocity and velocity

fluctuations. At the beginning of the route, some stop events are also added to the goal

velocity, i.e., the velocity is set to zero at the position of the stop.
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Figure 3.4: Example of goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠) = 𝑣𝑟𝑜𝑢𝑡𝑒 (𝑠)𝑋𝑠

3.1.4 Longitudinal dynamics

The velocity simulation dynamics module takes the longitudinal dynamics of the driver

and the vehicle into account, where the longitudinal vehicle dynamics are based on

the model described in Section 2.1. The longitudinal dynamics are simplified to only

take the main factors into account, which is sufficient to model them in the context of

velocity simulation [93]. The model calculates the acceleration of the vehicle taking

into account the goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠), the tolerated acceleration of the driver 𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 ,

and the maximum acceleration possible with the given vehicle 𝑎𝑥,𝑚𝑎𝑥,𝑣𝑒ℎ(𝑠, 𝑣). The

acceleration

𝑎𝑥,𝑚𝑎𝑥,𝑣𝑒ℎ(𝑠, 𝑣) =
𝐹𝑡𝑟 − 𝐹𝑟𝑒𝑠(𝑠, 𝑣)

𝑚𝑣𝑒ℎ
. (3.10)

is derived from the resistance forces 𝐹𝑟𝑒𝑠(𝑠, 𝑣) and the available traction force 𝐹𝑡𝑟 , which

is a function of engine torque, power, and road friction, see Section 2.1 for more details.

The maximum acceleration tolerated by the driver is drawn for each road segment 𝑢

using a normal distribution

𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟(𝑠) ∼ 𝒩(𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 , 𝜎𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 ) (3.11)
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where the mean and variance are estimated from various acceleration events of the

driver. To prevent a binary driving style with instant acceleration changes while driving,

the maximum driver acceleration is scaled depending on the difference Δ𝑣(𝑠) between

the current velocity 𝑣(𝑠) and the goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠), e.g., when the driver wants to

accelerate from a standstill to the goal velocity, the acceleration decreases progressively

to ensure a smooth transition towards the goal velocity. The scaled maximum driver

acceleration is given by

𝑎′𝑥,𝑚𝑎𝑥,𝑑𝑟(Δ𝑣(𝑠)) = 𝑜𝑎,𝑑𝑟(Δ𝑣(𝑠))𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟(𝑠) (3.12)

where the scaling factor 𝑜𝑎,𝑑𝑟(Δ𝑣(𝑠)) is defined by the bounded logarithmic function

𝑜𝑎,𝑑𝑟(Δ𝑣(𝑠)) =


𝑜𝑎,𝑑𝑟,𝑚𝑖𝑛 if 𝑜𝑎,𝑑𝑟 < 𝑜𝑎,𝑑𝑟,𝑚𝑖𝑛

𝛼𝑦 log

(
max

|Δ𝑣(𝑠)|
𝛼𝑥
− 𝛽𝑥

)
+ 𝛽𝑦 if 𝑜𝑎,𝑑𝑟,𝑚𝑖𝑛 ≤ 𝑜𝑎,𝑑𝑟 ≤ 1

1 if 𝑜𝑎,𝑑𝑟 > 1

(3.13)

with the minimum factor 𝑜𝑎,𝑑𝑟,𝑚𝑖𝑛 and the scale 𝛼𝑥 , 𝛼𝑦 and shift 𝛽𝑥 , 𝛽𝑦 parameters,

which are chosen to achieve the desired acceleration behavior on city, country, and

motorway roads, see Figure 3.5.
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Figure 3.5: Driver acceleration scaling factor 𝑜𝑎,𝑑𝑟 (Δ𝑣) for city, country, and motorway roads

Algorithm 1 Iterative simulation of longitudinal dynamics

1: 𝑣(𝑠1) ← 𝑣𝑔𝑜𝑎𝑙(𝑠1)
2: for 𝑖 ← 2 to 𝑁 do
3: Δ𝑠 ← 𝑠𝑖+1 − 𝑠𝑖
4: Δ𝑣 ← 𝑣𝑔𝑜𝑎𝑙(𝑠𝑖) − 𝑣(𝑠𝑖−1)
5: Δ𝑣𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 ← Δ𝑠

𝑣(𝑠𝑖−1
)min(𝑎𝑥,𝑚𝑎𝑥,𝑣𝑒ℎ(𝑠𝑖−1 , 𝑣(𝑠𝑖−1)), 𝑎′𝑥,𝑚𝑎𝑥,𝑑𝑟 (Δ𝑣))

6: 𝑣(𝑠𝑖) ← min(𝑣𝑔𝑜𝑎𝑙(𝑠𝑖), 𝑣(𝑠𝑖−1) + Δ𝑣𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 )
7: end for
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The velocity series 𝑣(𝑠) at the discrete positions 𝑠1 , ..., 𝑠𝑁 along a route is determined

from the goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠) in (3.2) and the longitudinal dynamics iteratively with

Algorithm 1. Velocities between the discrete positions are then obtained by linear

interpolation. The same algorithm is applied in the reverse direction, starting from

the last distance step 𝑠𝑁 to consider the longitudinal dynamics for deceleration with

the maximum tolerated driver deceleration 𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 and the maximum deceleration

possible with the given vehicle 𝑎𝑥,𝑚𝑖𝑛,𝑣𝑒ℎ . Figure 3.6 shows how the vehicle and driver

dynamics influence the simulated velocity series 𝑣(𝑠). In Figure 3.6a, a road section

with stop events and abrupt changes in the goal velocity is depicted, the velocity series

𝑣(𝑠) is therefore strongly influenced by the longitudinal dynamics. Figure 3.6b depicts

a road section where the goal velocity is altered by the velocity fluctuations without

any abrupt changes. In this case, the dynamics do not prevent the velocity series from

following the goal velocity, and therefore 𝑣(𝑠) = 𝑣𝑔𝑜𝑎𝑙(𝑠) follows.
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Figure 3.6: Simulated velocity series 𝑣(𝑠) and goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠)

3.2 Modeling of velocity fluctuations

As described in Section 3.1, there is a stochastic component within the velocity

simulation to model random fluctuations of the velocity profiles. These fluctuations

result from internal and external influences, such as the driver’s inattentiveness and

the behavior of surrounding pedestrians, bikes, cars, etc., which all cause the velocity

to contain a stochastic component [58]. The stochastic component is given by the

discrete stochastic process {𝑋𝑡𝑖}𝑁𝑖=1
. The approach given in [85] uses a logarithmic

AR(1) process to describe 𝑋𝑡𝑖 , see (3.9). Although this approach allows modeling of

the general characteristics of velocity fluctuations on a wide range of driver, car, and

route combinations, it shows some deficiencies. These are addressed in the following
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3.2 Modeling of velocity fluctuations

Sections to build a more general model of human driving behavior. The remarks of

these Sections are already published in a compact form in [113].

3.2.1 Data preparation

(a) Velocity profile of a trip (b) Velocity profile of a window

Figure 3.7: Example of velocity profiles

Following [85], we aim to model the velocity fluctuations by a stochastic process {𝑋𝑡𝑖}𝑁𝑖=1

which is piecewise stationary, meaning that for a fixed time interval the criterion for

stationarity is fulfilled. To identify the model and its parameters for one driver, a

dataset with approximately 5000 km of velocity profiles from one driver is analyzed.

However, on long time intervals, the measured velocity profiles, see Figure 3.7a, show

instationary behaviors, such as changes in mean, variance, and correlation, caused

by acceleration spikes or stop events. To handle this, the profiles are split into short

windows to approximately achieve stationarity, see Figure 3.7b, whereby windows

with non-stationary characteristics are filtered out. The procedure to achieve this is

described in the following.

To extract the fluctuations from the measured velocities of each window, they are first

discretized into steps of Δ𝑡 = 𝑡𝑖 − 𝑡𝑖−1 = 1 s and then normalized, logarithmized, and

centered

𝑋𝑡𝑖 =
𝑣𝑡𝑖
𝑣̄
,

𝑍′𝑡𝑖 = log

(
𝑋𝑡𝑖

)
,

𝑍𝑡𝑖 = 𝑍𝑡𝑖 − 𝑍̄,

(3.14)

where 𝑣̄ is the mean velocity of the window and 𝑍̄ the mean of the uncentered stochastic

process 𝑍′𝑡𝑖 of the window. The length of the windows is a tradeoff between having
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3 Stochastic velocity simulation

enough data points to accurately estimate the stochastic process parameters and the

justification of the needed stationarity assumption for the application of the chosen

models. For the fluctuations of a complete trip with multiple stop events, city, country,

and motorway driving, etc., the stationarity assumption is clearly violated, but locally

for sufficiently short windows, the assumption is justified, and the fluctuations can be

approximated by stationary stochastic processes.

For further analyses the window length is set to 𝑡𝑤,𝑙 = 200 s, which at 𝑣̄ = 50 km/h
corresponds to a window length of 𝑠𝑤,𝑙 = 2778 m. The windows are shifted by

𝑡𝑤,𝑜 = 25 s, which allows for better capturing of short-term differences in the velocity

fluctuations compared to shifting them without overlap. The resulting database includes

approximately 9 000 windows to analyze for the investigated driver. The chosen window

length is a compromise between the amount of data available per window and the

stationarity assumption, while shortening the window shift further would increase

the amount of data to analyze without significantly improving the ability to capture

short-term differences.
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Figure 3.8: Fluctuations 𝑍𝑡𝑖 and their difference Δ𝑍𝑡𝑖 for one window

Analyzing the fluctuation windows reveals some issues leading to non-stationarities

in them. As depicted in Figure 3.8b, sharp drops in the velocity fluctuations 𝑍𝑡𝑖 , e.g.,

due to sudden braking of the vehicle, can occur and lead to instationary time series.

When differentiating the series, these drops become increasingly visible. Analyzing

the difference Δ𝑍𝑡𝑖 = 𝑍𝑡𝑖 − 𝑍𝑡𝑖−1
distribution, the drops can be identified as outliers, see

Figure 3.9b. Therefore, we compute the Interquartile range (IQR), and set the length of
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3.2 Modeling of velocity fluctuations

the whiskers of the box-plot to 3 IQR(Δ𝑍𝑡𝑖 ) = 3(𝑞0.75(Δ𝑍𝑡𝑖 ) − 𝑞0.25(Δ𝑍𝑡𝑖 )). The windows

in which at least one outlier

Δ𝑍𝑡𝑖 ∉ (𝑞0.25(Δ𝑍𝑡𝑖 ) − 3 IQR(Δ𝑍𝑡𝑖 ), 𝑞0.75(Δ𝑍𝑡𝑖 ) + 3 IQR(Δ𝑍𝑡𝑖 )) (3.15)

is present are dropped from the analysis. Figures 3.8 and 3.9 give the velocity

fluctuations 𝑍𝑡𝑖 , their difference Δ𝑍𝑡𝑖 , and the distribution of the difference for a

window where no outliers are present and a window with outliers. After the procedure

of removing the outliers, the remaining dataset contains approximately 4 000 windows

of measured velocities, which will be used in the following for the estimation of the

driver-specific stochastic process parameters.
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Figure 3.9: Box-plot and distribution of Δ𝑍𝑡𝑖 for one window

3.2.2 Model selection

The existing velocity fluctuation model in (3.9), using an AR(1) process with white-noise,

shows some deficiencies, as in general there are strong remaining correlations in the

residuum 𝜖𝑡𝑖 after fitting the process. Figure 3.10 depicts the ACF of the residuum

for an exemplary window, showing the remaining correlations. Therefore, based on

the existing AR(1) model, other approaches to model the velocity fluctuations are

investigated to identify an improved one. The new model should be able to better

represent the correlation structure of human driving behavior while allowing for a

flexible parametrization to differentiate between driving scenarios such as city, country,

and motorway driving.
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Figure 3.10: ACF 𝜌̂𝜖𝑡𝑖 (𝜏) of white-noise AR(1) residuum for an exemplary window [113]

The candidate models for the discrete process 𝑍𝑡𝑖 are ARMA models [71] with AR order

up to 𝑝 = 3 and MA order up to 𝑞 = 3. Additionally, the red-noise AR(1) model [11]

is considered. The BIC is used to judge the quality of the model fits, see (2.39) for its

definition. The BIC is calculated for all 𝑁𝑤 velocity windows. To assess the overall fit

of a model, the mean of all BIC values from the windows is taken

BIC =

𝑁𝑤∑
𝑤

BIC𝑤 . (3.16)

Table 3.1 gives the mean BIC values for the investigated 𝑝 and 𝑞 combinations as well

as the red-noise AR(1) model. The models are fitted with a MLE approach as described

in Section 2.2.2.

𝑝 ↓ 𝑞 → 0 1 2 3 red-noise AR(1)

0 −100 −345 −551 −699

−1 014

1 −868 −995 −1 032 −1 040

2 −1 026 −1 047 −1 045 −1 042

3 −1 045 −1 043 −1 034 −1 033

Table 3.1: Mean BIC values for different ARMA and red-noise AR(1) models

The best fit is achieved with an ARMA(2, 1) model. Compared to the AR(1) model

described in [85], a significant improvement is achieved. The red-noise AR(1) model

shows a comparable performance to that of the ARMA(2, 1) model. These two models

are further investigated and compared. As another indicator of the quality of the model

fit, the ACF in (2.31) of the residues is analyzed. This analysis yields an ACF for each

window where lags up to 𝜏 = 10 s are considered. Figure 3.11 depicts the distribution

of the estimated ACF of the residuum for each of the lags across all windows for the
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3.2 Modeling of velocity fluctuations

ARMA(2, 1) and red-noise AR(1) models. The ARMA(2, 1) model for all lags and across

all windows has fewer remaining correlations than the red-noise AR(1) model, which,

especially for lag 𝜏 = 1 has remaining correlations in the residuum.
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Figure 3.11: Distribution of the ACF of the residuum per window

For each window, one sample is drawn from the two stochastic processes with their

estimated parameters for that window, see Figure 3.12a with an example for one window.

These samples are then compared to the measured fluctuations of that window. A

rainflow counting algorithm [3] is applied to each window separately. All counted

cycles are added up across all windows and summarized in a histogram without mean

correction, see Figure 3.12b. Both models achieve a good replication of the measured

rainflow histogram.
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Figure 3.12: Comparison of fluctuations between ARMA(2, 1) and red-noise AR(1) models and measurements

51



3 Stochastic velocity simulation

Further comparisons are based on the relative error

𝜖𝑏 =
𝑏𝑍𝑡𝑖 − 𝑏𝑍̃𝑡𝑖

𝑏𝑍̃𝑡𝑖

(3.17)

of a statistic estimated from the model draws 𝑏𝑍𝑡𝑖 and the measured velocity 𝑏𝑍̃𝑡𝑖
for

each window. In Figure 3.13a, the standard deviations of the velocity fluctuations are

compared. 𝜎̂𝑍𝑡𝑖 is the standard deviation of the generated sample and 𝜎̂𝑍̃𝑡𝑖
that of the

measured velocity series in the window. On average, the red-noise AR(1) model better

replicates the original standard deviation, while the error distribution of the ARMA(2,

1) model has a smaller variance. Another comparison is done based on the ACF of

the stochastic process {𝑍𝑡𝑖}. Unlike in the analysis of the residuals, see Figure 3.11,

correlations are expected here. The two models are compared based on the error of

their ACF relative to the measurement. Figure 3.13b depicts the mean of the relative

ACF error for all windows and its 95% Confidence interval (CI). Up to lag 𝜏 = 6 s, there

is a significantly smaller mean relative error for the red-noise AR(1) model. For high

lags, there are no more significant differences.
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Figure 3.13: Relative error of standard deviation and ACF between generated and measured velocity

fluctuations

3.2.3 Truncation of stochastic processes

ARMA or related models like the red-noise AR(1) model by default have a normal

distribution, the velocity fluctuations 𝑋𝑡𝑖 , see (3.9), thus have a log-normal distribution.

The log-normal distribution is supported on 𝑋𝑡𝑖 ∈ (0,∞)while also having heavy tails

on the right side [29], i.e., velocities can theoretically reach any value in the range

from 0 to ∞. In reality, velocities are bounded by driving behavior, road properties,
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3.2 Modeling of velocity fluctuations

and surrounding traffic, i.e., velocities stay within certain thresholds even when the

vehicle’s dynamics allow higher or lower velocities. The considered stochastic processes

regularly exceed these bounds, which restricts their application in velocity simulations

due to the excessively strong fluctuations in the resulting velocity profiles. This issue is

depicted in Figure 3.14a, which shows 100 samples of 𝑣𝑔𝑜𝑎𝑙(𝑠) created with a red-noise

AR(1) process and a route velocity of 𝑣𝑟𝑜𝑢𝑡𝑒 = 80 km/h. The red-noise AR(1) process is

parameterized with typical values for the given route velocity. The samples frequently

reach peaks of up to 140 km/h, which, when compared to measurements with similar

mean velocity, is significantly out of distribution. It is thus necessary to modify the

stochastic process to truncate its distribution to be consistent with velocities obtained

from measurements.

0 1000 2000 3000 4000 5000
Distance s [m]

40

60

80

100

120

140

Ve
lo

ci
ty

v(
s)

[k
m

/h
]

(a) Not bounded

0 1000 2000 3000 4000 5000
Distance s [m]

40

60

80

100

120

140

Ve
lo

ci
ty

v(
s)

[k
m

/h
]

(b) Bounded

Figure 3.14: 100 goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠) samples generated with a bounded and a not bounded red-noise AR(1)

process [113]

The authors in [18] describe an approach for a bounded AR process. Their approach is

based on an iterative truncation of the AR noise term 𝜖𝑡𝑖 (or 𝜁𝑡𝑖 in the red-noise AR(1)

case) to ensure that the process 𝑍𝑡𝑖 stays within its bounds 𝑧 and 𝑧 at each sampling

step. This leads to a sharp bound on the distribution of 𝑍𝑡𝑖 as depicted in Figure 3.15b.

In measured velocity fluctuations, no sharp lower or upper bounds are observed, the

approach from [18] would therefore lead to an unrealistic accumulation of velocities

near the bounds when sampling from the truncated distribution. In load generation

applications, this has proven to be too conservative as the share of extreme velocity

fluctuations and thus strong accelerations is overestimated. An alternative, which does

not accumulate velocity fluctuations near the bounds, is to truncate the process by

resampling until a feasible solution is found. In practice, this could lead to undesired

runtimes when the probability of achieving a feasible solution is low. By decreasing the

standard deviation 𝜎𝜖 of 𝜖𝑡𝑖 at each resampling iteration until zero, a solution within a

53



3 Stochastic velocity simulation

specific number of iterations 𝑁𝑚𝑎𝑥 can be guaranteed. In the implemented solution 𝜎𝜖
is reduced in each iteration 𝑘 using the function

𝜎𝜖,𝑘 = 𝜎𝜖,0

(
1 −

(
𝑘

𝑁𝑚𝑎𝑥

) 𝑎)
(3.18)

where in the following applications we set 𝑎 = 10 and 𝑁𝑚𝑎𝑥 = 100. As depicted in

Figure 3.15a, this parametrization leads to an almost unchanged standard deviation

𝜎𝜖,𝑘 for the first approximately 60 iterations during which, in most cases, a feasible

solution is found. After 60 iterations, an increasingly steep decline of the standard

deviation begins, guaranteeing a feasible solution within a maximum of 100 iterations.

By choosing other values of the parameters 𝑎 and 𝑁𝑚𝑎𝑥 , the shape of the truncated

distribution can be modified. Decreasing the exponent 𝑎 or the maximum number of

iterations 𝑁𝑚𝑎𝑥 leads to a narrower distribution, while increasing them has the opposite

effect. Resulting from the resampling algorithm is a distribution of the stochastic

process 𝑍𝑡𝑖 which is bounded by 𝑧 and 𝑧, where the distribution is not cut off at the

bounds but, as desired, is gradually tapered towards its limits while accumulating more

density in its center, see Figure 3.15b, leading to more realistic and less conservative

truncated velocity fluctuations.
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Figure 3.15: Properties and distribution of truncated stochastic process
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3.2 Modeling of velocity fluctuations

3.2.4 Parameter modeling

As described in Section 3.2.2, sets of parameters are estimated from the velocity profile

in each window. For the red-noise AR(1) model, those parameters are the correlation

parameters 𝜂, 𝜃 and the white noise standard deviation 𝜎𝜁. For the ARMA(2, 1) model

these are the AR parameters 𝜑1 , 𝜑2, the MA parameter 𝜃1 and the white noise standard

deviation 𝜎𝜖. Those parameter sets are stored in a tuple, 𝒑𝑤 = (𝜂𝑤 , 𝜃𝑤 , 𝜎𝜁,𝑤)𝑤 or

𝒑𝑤 = (𝜑1,𝑤 , 𝜑2,𝑤 , 𝜃1,𝑤 , 𝜎𝜖,𝑤)𝑤 respectively, for each window 𝑤. For the truncation of

the stochastic processes, see 3.2.3, an additional tuple 𝒛𝑤 = (𝑧𝑤 , 𝑧𝑤)𝑤 with the minima

and maxima of the measured series {𝑍𝑡𝑖} in each window 𝑤 is stored. The parameter

tuples 𝒑𝑤 and 𝒛𝑤 are binned according to the mean velocity 𝑣̄𝑤 of the window.

From the tuple with the stochastic process parameters 𝒑𝑤 a multivariate distribution is

estimated for each velocity bin. The distribution is described by a multivariate normal

distribution

𝑝𝑷|𝑣̄(𝒑|𝑣̄) ∼ 𝒩(𝝁𝑷|𝑣̄ ,𝚺𝑷|𝑣̄) (3.19)

where the mean vector 𝝁𝑷|𝑣̄ and covariance matrix 𝚺𝑷|𝑣̄ are estimated from the available

parameter tuples 𝒑𝑤 within the respective bin. Here, for each 𝒑𝑤 in the bin we

consider the logarithm log(𝜎𝜁,𝑤) (log(𝜎𝜖,𝑤) respectively) of the standard deviation

instead of the standard deviation itself such that the conditional distribution of 𝜎𝜁,𝑤
(𝜎𝜖,𝑤 respectively) with all other parameters fixed will be given by a one-dimensional

log-normal distribution. Taking the logarithm and using the log-normal distribution

provides a better fit of the distribution and ensures that no samples of the standard

deviation < 0 are drawn. Certain parameter combinations violate the stability criterion

for the two stochastic processes, as outlined in Section 2.2.1. The implementation of

the criterion for the red-noise AR(1) process is straightforward, as it only requires the

truncation of the multivariate normal distribution 𝑝𝑷|𝑣̄(𝒑|𝑣̄) to stay within the bounds

|𝜂| < 1 and |𝜃| < 1. In Figure 3.16a, this procedure is illustrated for the velocity

bin including the mean velocities 100 km/h < 𝑣̄𝑤 < 110 km/h, where the measured

parameter tuples 𝒑𝑤 of the red-noise AR(1) process and the projected 1, 2 and 3-sigma

ellipses of the fitted normal distribution are depicted.

For each bin of the parameter tuples 𝒛𝑤 the 99%-quantile 𝑞0.99(𝑧̄𝑤|𝑣̄) and the 1%-quantile

𝑞0.01(𝑧𝑤|𝑣̄) are determined. These quantiles are used to adapt proper bounds to the

stochastic process 𝑍𝑡𝑖 as described in Section 3.2.3. Taking quantiles of the minima

and maxima, the estimation of the bounds will be less sensitive to outliers, compared

to taking the absolute minima and maxima. In Figure 3.16b the histogram of the
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upper limits 𝑧̄𝑤 and the corresponding 99%-quantile for the mean velocity range

100 km/h < 𝑣̄𝑤 < 110 km/h are depicted.
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Figure 3.16: Distribution of 𝒑𝑤 and 𝑧̄𝑤 for the mean velocity bin 100 km/h < 𝑣̄𝑤 < 110 km/h. Figure modified

from [113].

The estimation of the multivariate normal distribution 𝑝𝑷|𝑣̄(𝒑|𝑣̄) for the stochastic

process parameters and the derivation of the lower 𝑞0.01(𝑧𝑤|𝑣̄) and upper quantiles

𝑞0.99(𝑧̄𝑤|𝑣̄) is repeated for all mean velocity bins. Using continuous interpolation of

the parameters 𝝁𝑷|𝑣̄ ,𝚺𝑷|𝑣̄ and the bounds 𝑞0.01(𝑧𝑤|𝑣̄) and 𝑞0.99(𝑧̄𝑤|𝑣̄) along the mean

velocity bins they can be described as a continuous function of the mean velocity 𝑣̄.

Each point in the diagrams of Figure 3.17 indicates the estimated parameters 𝒑𝑤 for one

window. Cyan points are classified as outliers and are omitted in the estimation of the

mean vector 𝝁𝑷|𝑣̄ and covariance matrix 𝚺𝑷|𝑣̄ . Outliers are classified as such when the

parameter 𝑋𝑤 (e.g., 𝜂𝑤) is outside the range

𝑋𝑤|𝑣̄ ∉ (𝑞0.25(𝑋𝑤|𝑣̄) − 3 IQR(𝑋𝑤|𝑣̄), 𝑞0.75(𝑋𝑤|𝑣̄) + 3 IQR(𝑋𝑤|𝑣̄)) (3.20)

with the IQR(𝑋𝑤|𝑣̄) = 𝑞0.75(𝑋𝑤|𝑣̄) − 𝑞0.25(𝑋𝑤|𝑣̄) specified for each velocity bin. It can

be observed that the number of outliers is significantly increased for the ARMA(2, 1)

model compared to the red-noise AR(1) model. This indicates that the MLE parameter

estimation procedure is less robust due to the higher number of parameters of the

ARMA(2, 1) model.

Significant trends of the parameters concerning the mean velocity can be observed.

The mean of the red-noise AR(1) correlation parameter 𝜃, for instance, increases with

rising mean velocity, indicating less random velocity fluctuations corresponding to

smoother driving behavior, see Figure 3.17a. This is sensible as on trips in urban areas,

random events are usually less predictable and on short-term notice due to the higher
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(b) ARMA(2, 1) parameters

Figure 3.17: Measurements for the red-noise AR(1) and ARMA(2, 1) parameter tuples 𝒑𝑤 . For each measured

window, a point is depicted in the diagrams along with the values of the mean vector 𝝁𝑷|𝑣̄ of each bin. The

diagrams also show the standard deviation of each bin, i.e., the square root of the values on the diagonal

of the covariance matrix 𝚺𝑷|𝑣̄ . Cyan points are classified as outliers and are not included in calculating the

mean vector and covariance matrix.

interaction with other road users and the worse long-distance visibility. On motorways,

the velocities show higher correlations, i.e., are smoothed out, as the random events

there are usually more predictable, such as cars braking in the distance or upcoming

lane changes, and generally better long-distance visibility. Similar behavior can be

observed for the AR parameters 𝜑1 and 𝜑2 of the ARMA(2, 1) model, which in absolute

terms also increase with rising mean velocity, see Figure 3.17b. On the other hand the

mean of the logarithmic standard deviations log(𝜎𝜁) and log(𝜎𝜖) decreases when the

mean velocity increases, indicating a decreasing amplitude of the velocity fluctuations

with increasing velocity in line with the expectation of smoother driving behavior at

higher velocities on motorways and vice versa. No mean trends can be observed for

the parameters 𝜂 and 𝜃1 as they stay relatively constant with rising mean velocity.

The behavior of the standard deviations of the parameters with respect to the mean

velocity is less clear than for the mean of the parameters. The standard deviation

of both red-noise AR(1) correlation parameters 𝜂 and 𝜃 decreases with rising mean

velocity, see Figure 3.17a. Therefore, the difference in velocity fluctuation correlation

between windows with similar mean velocities decreases. At lower velocities, the

fluctuations can vary greatly for the same mean velocity, as someone could be driving

in a chaotic scenario with many random interactions or rather smoothly on a wide road

with minimal interactions with pedestrians, bicycles, and other vehicles. At higher
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3 Stochastic velocity simulation

velocities, driving tends to happen on increasingly similar roads (e.g., motorways),

hence the standard deviation of the fluctuation correlation parameters decreases. The

same tendency is observed for the standard deviation of the AR parameters 𝜑1 and 𝜑2

of the ARMA model as depicted in Figure 3.17b. For all other parameters, no significant

trends in the standard deviations can be observed.

The trends of the stochastic process bounds 𝑞0.01(𝑧𝑤|𝑣̄) and 𝑞0.99(𝑧̄𝑤|𝑣̄), as depicted in

Figure 3.18, follow the general tendencies observed for the stochastic process parameters

mean 𝝁𝑷|𝑣̄ and covariance 𝚺𝑷|𝑣̄ . As the mean velocity increases, the bounds converge

towards smaller values (in absolute terms) as driving behavior becomes smoother and

the standard deviation of the stochastic process decreases. The lower bounds 𝑞0.01(𝑧𝑤|𝑣̄)
increase towards small mean velocities 𝑣̄ < 50 km/h as the velocity fluctuations 𝑋𝑡𝑖 =

𝑣𝑡𝑖/𝑣̄ are bounded by the increasing ratio to small velocities 𝑣𝑡𝑖 as 𝑣̄ decreases and 𝑣𝑡𝑖
cannot get any smaller as 𝑣𝑡𝑖 > 0.
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Figure 3.18: Measurements for the stochastic process bound tuples 𝒛𝑤 . For each measured window a point

is depicted along with the values of the lower 𝑞0.01(𝑧𝑤 |𝑣̄) and upper quantiles 𝑞0.99(𝑧̄𝑤 |𝑣̄) for each bin. Cyan

points are outside the defined lower and upper quantile bounds.

3.2.5 Relation to vehicle dynamics

The velocity fluctuations are related to the dynamics of the vehicle, which limit the

amplitude and frequency of the fluctuations. The power that is necessary to change the

velocity rises for increasing velocity, and thus puts a limit on the parameter relationships

to the mean velocity observed in Figure 3.17. In the following Section, a theoretical

bound on the velocity fluctuations as a function of the mean velocity and the power of

the vehicle is derived.
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3.2 Modeling of velocity fluctuations

Considering a simplified version of the vehicle dynamics model described in Section

2.1, where all resistance forces are neglected, results in the force

𝐹𝑎𝑐𝑐(𝑡) = 𝑚𝑣𝑒ℎ𝑎𝑥(𝑡) (3.21)

needed to accelerate the vehicle with 𝑎𝑥 being equal to the inertial force. The mechanical

power needed for the acceleration of the mass 𝑚𝑣𝑒ℎ is given by

𝑃𝑎𝑐𝑐(𝑡) = 𝑣(𝑡)𝐹𝑎𝑐𝑐(𝑡) (3.22)

with the force 𝐹𝑎𝑐𝑐(𝑡) and velocity 𝑣(𝑡) > 0. The velocity and acceleration are given

by the mean velocity 𝑣̄, the stochastic process 𝑋𝑡 > 0 and the derivative 𝑑𝑋𝑡/𝑑𝑡 which

leads to the description of the power

𝑃𝑎𝑐𝑐(𝑡) = 𝑣(𝑡)𝐹𝑎𝑐𝑐(𝑡),
𝑃𝑎𝑐𝑐(𝑡) = 𝑣(𝑡)𝑚𝑣𝑒ℎ𝑎𝑥(𝑡),

𝑃𝑎𝑐𝑐(𝑡) = 𝑣̄𝑋𝑡𝑚𝑣𝑒ℎ 𝑣̄
𝑑𝑋𝑡

𝑑𝑡
,

𝑃𝑎𝑐𝑐(𝑡) = 𝑚𝑣𝑒ℎ 𝑣̄
2𝑋𝑡

𝑑𝑋𝑡

𝑑𝑡
.

(3.23)

Hereafter, we consider the absolute power used to drive the system (i.e., the vehicle)

|𝑃𝑎𝑐𝑐(𝑡)| =
����𝑚𝑣𝑒ℎ 𝑣̄

2𝑋𝑡
𝑑𝑋𝑡

𝑑𝑡

���� = 𝑚𝑣𝑒ℎ 𝑣̄
2𝑋𝑡

����𝑑𝑋𝑡𝑑𝑡 ���� (3.24)

as otherwise, accelerations and decelerations would partly cancel each other out, which

is not the case, as no form of energy storage within the system is considered.

The stochastic process is given in its discrete form {𝑋𝑡𝑖}𝑁𝑖=1
which leads to the discrete

derivative of the stochastic process

𝑑𝑋𝑡𝑖
𝑑𝑡

=
𝑋𝑡𝑖 − 𝑋𝑡𝑖−1

𝑡𝑖 − 𝑡𝑖−1

. (3.25)

The mean absolute power needed to accelerate the vehicle is

|𝑃̄𝑎𝑐𝑐| =
∫ ∞

0

𝑝𝑋𝑡𝑖 (𝑥𝑡𝑖 )𝑚𝑣𝑒ℎ 𝑣̄
2𝑋𝑡𝑖

����𝑋𝑡𝑖 − 𝑋𝑡𝑖−1

𝑡𝑖 − 𝑡𝑖−1

���� 𝑑𝑥𝑡𝑖 ,
|𝑃̄𝑎𝑐𝑐| =

𝑚𝑣𝑒ℎ 𝑣̄
2

𝑡𝑖 − 𝑡𝑖−1

∫ ∞

0

𝑝𝑋𝑡𝑖 (𝑥𝑡𝑖 )𝑋𝑡𝑖
��𝑋𝑡𝑖 − 𝑋𝑡𝑖−1

�� 𝑑𝑥𝑡𝑖 ,
|𝑃̄𝑎𝑐𝑐| =

𝑚𝑣𝑒ℎ 𝑣̄
2

𝑡𝑖 − 𝑡𝑖−1

E[𝑋𝑡𝑖
��𝑋𝑡𝑖 − 𝑋𝑡𝑖−1

��],
(3.26)
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with the expected value E[𝑋𝑡𝑖
��𝑋𝑡𝑖 − 𝑋𝑡𝑖−1

��]which is directly related to the properties and

the parameters of the stochastic process {𝑋𝑡𝑖}𝑁𝑖=1
. The expected value can be expressed

as a function of the mass of the vehicle 𝑚𝑣𝑒ℎ , the mean velocity 𝑣̄, the mean absolute

power |𝑃̄𝑎𝑐𝑐| and the step width of the stochastic process 𝑡𝑖 − 𝑡𝑖−1, i.e.,

𝛽𝑋𝑡𝑖 = E[𝑋𝑡𝑖
��𝑋𝑡𝑖 − 𝑋𝑡𝑖−1

��] = |𝑃̄𝑎𝑐𝑐|(𝑡𝑖 − 𝑡𝑖−1)
𝑚𝑣𝑒ℎ 𝑣̄2

. (3.27)

Figure 3.19a depicts the estimated expected value 𝛽̂𝑋𝑡𝑖 for each measured window of

the investigated driver and compares them with calculated values as a function of the

mean velocity 𝑣̄ and mean absolute power |𝑃̄𝑎𝑐𝑐|. The observed shape of the point

cloud is similar to that of the calculated curves. This observation relates to the trends

observed for the process parameters, see Figure 3.17. The log-standard deviations

log(𝜎𝜁) and log(𝜎𝜖), for example, show a decline with rising mean velocity, as does the

expected value 𝛽𝑋𝑡𝑖 . The standard deviations directly relate to 𝛽𝑋𝑡𝑖 , the trends observed

in Figure 3.19a as a function of the mean absolute power |𝑃̄𝑎𝑐𝑐| therefore also influence

the trends observed for the log-standard deviations log(𝜎𝜁) and log(𝜎𝜖) in Figure 3.17.

The curve characterized by the maximum power 𝑃𝑚𝑎𝑥 = 195 kW of the vehicle should

theoretically never be exceeded by the measured windows. Some windows still exceed

this limit as a consequence of the simplifications in the model, including the neglect of

resistance forces and not taking into account the directionality of the maximum power,

i.e., limiting the braking power by the engine power 𝑃𝑚𝑎𝑥 .

The velocity fluctuations of cars are significantly influenced by the limits of the vehicle

dynamics, as shown in the precedent analysis, as well as the behavior of the driver.

Velocity fluctuations of trucks are limited to a much greater extent by the vehicle

dynamics. In Figure 3.19b, the measured values of 𝛽̂𝑋𝑡𝑖 are compared to the calculated

values for a heavy-duty truck. Although the measured values show the same tendencies

overall, they are on average much closer to the curve specified by the maximum power

of 353 kW compared to the car and exceed it more frequently, thereby indicating that the

fluctuations are often limited by the vehicle dynamics, or even exceed those limits due

to the simplified model. The more frequent exceedance of the maximum power limit

for the heavy-duty truck compared to the car is also a consequence of the significantly

higher resistance forces for trucks, resulting in a greater error when these forces are

neglected.
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(b) Heavy-duty truck: 𝑚𝑣𝑒ℎ = 33 700 kg, 𝑃𝑚𝑎𝑥 =

353 kW

Figure 3.19: Measurements of E[𝑋𝑡𝑖
��𝑋𝑡𝑖 − 𝑋𝑡𝑖−1

��] as a function of the mean velocity 𝑣̄ compared to calculated

curves for different values of the mean absolute power |𝑃̄𝑎𝑐𝑐 |, see (3.27).

3.2.6 Generation of velocity fluctuations

Based on the identified model(s), the truncation approach, and the parameter de-

pendencies, an algorithm to generate velocity fluctuations including these findings is

derived, see Algorithm 2 for an implementation of the red-noise AR(1) model. For

the ARMA(2, 1) model, the algorithm can easily be adjusted accordingly by replacing

the components concerning the stochastic process. The algorithm generates the goal

velocity 𝑣𝑔𝑜𝑎𝑙(𝑠) = 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠)𝑋𝑠 as a function of the route velocity 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠), see also Section

3.1 for the integration into the velocity simulation. The fluctuations are generated

separately for each road segment 𝑢 with the distance increments 𝑠 𝑗 ∈ 𝒮𝑢 , 𝑁𝑗 = |𝒮𝑢|
where Δ𝑠 = 𝑠 𝑗 − 𝑠 𝑗−1 = 𝑐𝑜𝑛𝑠𝑡., see Figure 3.2a for an example of the segmentation. The

mean velocity 𝑣̄ used to model the fluctuation parameter dependence is set to the mean

route velocity of the segment, given by the harmonic mean

𝑣̄𝑢 =
𝑁𝑗∑

𝑠 𝑗∈𝒮𝑢
1

𝑣𝑟𝑜𝑢𝑡𝑒 (𝑠 𝑗 )
(3.28)

which accounts for the varying size of the time steps 𝑡 𝑗 − 𝑡 𝑗−1.

3.2.7 Discussion and results

The presented red-noise AR(1) and ARMA(2, 1) models are compared against an

existing approach [85], see (3.9), and validated with velocity measurements. The results
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Algorithm 2 Generation of velocity fluctuations 𝑋𝑠 and goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠)

1: Initialize route segment of length 𝑙𝑢 with posi-

tions 𝑠 𝑗 ∈ 𝒮𝑢
2: 𝑣̄𝑢 ←

𝑁𝑗∑
𝑠 𝑗∈𝒮𝑢

1

𝑣𝑟𝑜𝑢𝑡𝑒 (𝑠 𝑗 )
3: Draw 𝒑𝑢 ∼ 𝑝𝑷|𝑣̄(𝒑|𝑣̄𝑢)with 𝒑𝑢 = (𝜂𝑢 , 𝜃𝑢 , 𝜎𝜁,𝑢)𝑢
4: 𝑧𝑢 ← 𝑞0.01(𝑧𝑤 |𝑣̄𝑢), 𝑧̄𝑢 ← 𝑞0.99(𝑧̄𝑤 |𝑣̄𝑢)
5: Δ𝑡 ← 1 s

6: 𝜖𝑠 ← Δ𝑠
10

7: 𝑘 ← 0

8: 𝑍𝑚𝑖𝑛 ← −∞, 𝑍𝑚𝑎𝑥 ←∞
9: while (𝑍𝑚𝑖𝑛 < 𝑧𝑢) | (𝑍𝑚𝑎𝑥 > 𝑧̄𝑢) do

10: 𝜎𝜁,𝑢,𝑘 ← 𝜎𝜁,𝑢
(
1 − 𝑘

𝑁𝑚𝑎𝑥

) 𝑎
11: 𝜎𝑍,𝑢,𝑘 ← 𝜎𝜁,𝑢,𝑘

√
𝜂𝑢𝜃𝑢+1

(1−𝜂2

𝑢 )(1−𝜃2

𝑢 )(1−𝜂𝑢𝜃𝑢 )
12: 𝜔← 𝜎𝑍,𝑢,𝑘
13: 𝑖 ← 1

14: 𝑡𝑖 ← 0, 𝑠𝑖 ← 0

15: 𝜖𝑡𝑖 ← 0, 𝑍𝑡𝑖 ← 0

16: while 𝑠𝑖 < 𝑙𝑢 do
17: 𝑖 ← 𝑖 + 1

18: 𝑡𝑖 ← 𝑡𝑖−1 + Δ𝑡
19: Draw 𝜁𝑡𝑖 ∼ 𝒩(0, 𝜎𝜁,𝑢,𝑘 )
20: 𝜖𝑡𝑖 ← 𝜃𝑢𝜖𝑡𝑖−1

+ 𝜁𝑡𝑖
21: 𝑍𝑡𝑖 ← 𝜂𝑢𝑍𝑡𝑖−1

+ 𝜖𝑡𝑖

22: 𝑋𝑡𝑖 ← exp

(
𝑍𝑡𝑖 − 𝜔2

2

)
23: 𝑣′

𝑔𝑜𝑎𝑙
← 𝑣𝑟𝑜𝑢𝑡𝑒 (𝑠𝑖−1)𝑋𝑡𝑖

24: 𝑟 ← 1

25: 𝑠𝑖 ,𝑟 ← 𝑠𝑖−1 + 𝑣′𝑔𝑜𝑎𝑙Δ𝑡
26: 𝑠𝑖 ,𝑟−1 ← 𝑠𝑖 ,𝑟 − Δ𝑠
27: while 𝑠𝑖 ,𝑟 − 𝑠𝑖 ,𝑟−1 > 𝜖𝑠 do

28: 𝑣′
𝑔𝑜𝑎𝑙
← 𝑣𝑟𝑜𝑢𝑡𝑒 (𝑠𝑖 ,𝑟 )𝑋𝑡𝑖 +𝑣𝑟𝑜𝑢𝑡𝑒 (𝑠𝑖−1

)𝑋𝑡𝑖−1

2

29: 𝑟 ← 𝑟 + 1

30: 𝑠𝑖 ,𝑟 ← 𝑠𝑖−1 + 𝑣′𝑔𝑜𝑎𝑙Δ𝑡
31: end while
32: 𝑠𝑖 ← 𝑠𝑖 ,𝑟
33: end while
34: 𝑁𝑖 ← 𝑖

35: 𝑍𝑚𝑖𝑛 ← arg min

𝑖=1,...,𝑁𝑖

𝑍𝑡𝑖 − 𝜔2

2

36: 𝑍𝑚𝑎𝑥 ← arg max

𝑖=1,...,𝑁𝑖

𝑍𝑡𝑖 − 𝜔2

2

37: 𝑘 ← 𝑘 + 1

38: end while
39: Get 𝑋𝑠 𝑗 for 𝑠 𝑗 ∈ 𝒮𝑢 by linear interpolation

between the pairs {(𝑠𝑖 , 𝑋𝑡𝑖 ) : 𝑖 = 1, ..., 𝑁𝑖}
40: 𝑣𝑔𝑜𝑎𝑙(𝑠 𝑗) ← 𝑣𝑟𝑜𝑢𝑡𝑒 (𝑠 𝑗)𝑋𝑠 𝑗 for 𝑠 𝑗 ∈ 𝒮𝑢

of the red-noise AR(1) model are presented, but as the previous Sections 3.2.2 and 3.2.4

demonstrate, similar results can be achieved for the ARMA(2, 1) model. The velocity

fluctuation model alters step 2 of the velocity simulation as described in Section 3.1 by

changing the stochastic component 𝑋𝑠 in (3.2).

In Figure 3.20a we illustrate the simulated velocity fluctuations using both the existing

white-noise AR(1) model described in (3.9), and the presented red-noise AR(1) model.

Moreover, the measured velocity fluctuations for the respective route section are

depicted, revealing that the red-noise AR(1) approach can reproduce the correlation

structure of the fluctuations much better. Moreover, as an important property of the

velocity series relevant for load generation, we consider the number and amplitude of

rainflow cycles included in the series, see, for instance, [3]. To evaluate the rainflow

cycles of the velocity series, we simulate multiple routes driven by the same driver

using the velocity simulation model described in Section 3.1 and compare the white and

red-noise AR(1) models, see Figure 3.20b. Comparing the rainflow histograms indicates

that the red-noise AR(1) model leads to velocity profiles that well reproduce the number

and amplitude of rainflow cycles compared to measured velocities. When using the
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3.2 Modeling of velocity fluctuations

white-noise approach, a distinct overestimation of the number of small velocity cycles

becomes visible, a result of the improper modeling of the correlation structure leading

to more small fluctuations as visible in Figure 3.20a.
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Figure 3.20: Comparison of measurements to simulation with white- and red-noise AR(1) fluctuation models

Another comparison is made based on a damage sum derived from the torque load on

the drivetrain of an electric vehicle. The torque load is calculated from the measured and

simulated velocities using a system simulation that models the vehicle and its drivetrain

and, under consideration of the vehicle dynamics, outputs the respective torque series

in the drivetrain. As outlined in [113], the torque series are split into windows of length

𝑠𝑤,𝑙 = 5000 m and shift 𝑠𝑤,𝑠 = 𝑠𝑤,𝑙 to assess the component load. For each window 𝑤

the gear damage sum 𝑑𝐺,𝑤 , as it could be used for gear dimensioning according to [50],

is calculated. As we only investigate the influence of the load generation on the damage

sum 𝑑𝐺,𝑤 and do not consider a particular component and its properties the damage

sum is normalized with the measured mean damage of all windows 𝑑̄𝐺,𝑚𝑒𝑎𝑠 and the

window length 𝑠𝑤,𝑙

𝑑′𝐺,𝑤 =
𝑑𝐺,𝑤

𝑠𝑤,𝑙 𝑑̄𝐺,𝑚𝑒𝑎𝑠
. (3.29)

Figure 3.21 depicts the CDF of the window damage sums 𝑑′
𝐺,𝑤

derived from the

measured and simulated velocities of all trips of a user using the white-noise AR(1)

and red-noise AR(1) models. The stronger fluctuations of the white-noise approach

lead to an overestimation of the damage sum, while the red-noise approach accurately

reproduces the damage sum distribution derived from the measured velocities.
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Figure 3.21: Comparison of window damage sum 𝑑′
𝐺,𝑤

distributions derived from measured and simulated

velocities using white- and red-noise AR(1) fluctuation models

In Figure 3.22a we compare the simulated velocity series for a full motorway trip of

length ∼ 80 km with the respective measurement, displaying a good replication of the

fluctuations in the measurement due to the correlation structure of the red-noise AR(1)

process and the flexible parameter modeling which adjusts the variance and correlation

parameters to the mean velocity. In Figure 3.22b, the rainflow histogram of the simulated

velocities is compared to the simulation result 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠) with deactivated fluctuations,

i.e., 𝑋𝑠 = 1. Demonstrating the need for proper modeling of velocity fluctuations, as

otherwise the total number of velocity cycles is considerably underestimated.
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Figure 3.22: Comparison between simulated and measured velocity profiles
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3.3 Modeling of traffic influence

3.3 Modeling of traffic influence

The velocity simulation described in Section 3.1 does not consider any traffic influences,

such as congestion, road closures, or construction activities, on the velocity. Traffic can

influence the load on the components, as it can lead to lower mean velocities and more

stops along the route. This can have an especially big influence on motorways, as there,

the otherwise smooth driving with high velocities can switch to slow driving with high

fluctuations and many stops. We therefore focus on the modeling of traffic influences

on motorways, as this limits the length of the routes to be analyzed. Additionally,

the available database for traffic analysis is larger on motorways, and the velocity

profiles in general have a simpler structure. The analysis is further restricted to German

motorways, although an extension to other countries would be straightforward when

the necessary data is available. For further information on traffic modeling and the

underlying theory, see [31, 100].

The available data to determine the velocity driven on motorways is FCD from the

provider INRIX [48] and accompanying data collected from the Bundesanstalt für

Straßen und Verkehrswesen (Federal Highway and Traffic Research Institute) (BASt)

[5] at automatic permanent counting stations on motorways, where both datasets are

collected from September 2018 to August 2019. The FCD consists of approximately

20 · 10
9

km of Global Positioning System (GPS) traces from roads in Germany, Austria,

and Switzerland, although only the subset on German motorways is considered. The

GPS sampling interval is variable, but for the majority of the dataset is in the range

30 s − 60 s. From the GPS traces, the velocities can be derived as a function of time and

position. The BASt data consist of traffic counting data collected at 2 114 automatic

counting stations, of which 1 228 counting stations are on motorways. Each counting

station is directional, and there are usually two counting stations at each location to

count traffic in both directions. The dataset contains the total number of vehicles

passing the stations in hourly resolution, thereby providing the ground truth for the

total number of vehicles at each of the stations, but no information about the velocity

of the vehicles. The counting stations are distributed across Germany in a non-uniform

fashion, in order to support decision making in traffic planning [5]. Therefore, they are

generally located more frequently in areas with high variability in traffic density and

less frequently in areas where the traffic density is low and steady. See Figure 3.23 for

the locations of all counting stations on German motorways.
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3 Stochastic velocity simulation

Figure 3.23: Locations of BASt automatic permanent counting stations on German motorways

3.3.1 Location and time-dependent traffic speed distributions

The traffic speed, or space mean speed, denoted as 𝑣𝑡𝑟(𝑠, 𝑡ℎ), is defined as the harmonic

mean of the velocities of the vehicles passing a location 𝑠 during a time interval 𝑡ℎ and

is therefore given by

𝑣𝑡𝑟(𝑠, 𝑡ℎ) =
𝑁𝑣∑𝑁𝑣
𝑖=1

1

𝑣𝑖

(3.30)

with the number of vehicles 𝑁𝑣 passing the location during the time interval, and the

velocities of the individual vehicles 𝑣𝑖 [31]. The size of the time interval is a compromise

between the temporal resolution of the traffic speed and the available data to calculate

the harmonic mean. We chose a length of 1 hour for the interval, which is sufficient to

capture differences in the traffic speed between rush hour and light traffic. To simplify

the analysis of the available FCD and maximize the number of data points, we consider

each FCD velocity measurement at position 𝑠 and time 𝑡 during the time interval 𝑡ℎ

individually and set 𝑣𝑡𝑟(𝑠, 𝑡ℎ) = 𝑣𝐹𝐶𝐷(𝑠, 𝑡) as 𝑁𝑣 = 1.

The traffic speed at a specific location and time interval is considered as a random

variable 𝑉𝑡𝑟(𝑠, 𝑡ℎ) where the measured traffic speeds 𝑣𝑡𝑟(𝑠, 𝑡ℎ) in the FCD dataset are

samples from this distribution. Accordingly, the traffic speed at multiple positions

and time intervals, is described by a discrete random field {𝑉𝑡𝑟(𝑠, 𝑡ℎ) : 𝑠 ∈ 𝒮 , 𝑡ℎ ∈ 𝒯ℎ}
which is a function of the discrete time intervals 𝑡ℎ and positions 𝑠. Ideally, one would
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3.3 Modeling of traffic influence

estimate the distribution of the entire random field from the FCD samples, but this is

associated with certain challenges described in the following.

For a unique time interval, i.e., an hour-long interval on a specific day, the FCD

measurements contain at most a few random samples from the traffic speed 𝑉𝑡𝑟(𝑠, 𝑡ℎ).
To increase the available data, the time intervals 𝑡ℎ are clustered according to the time

of day and weekday

𝑡ℎ ∈ 𝒯ℎ = {Mon. 0-1 am, Mon. 1-2 am, ..., Sun. 11 pm-12 am}, (3.31)

as a repetitive pattern of the traffic speed for each week can be assumed, where we neglect

any public holidays and other singular events. Concerning the position 𝑠 we cannot

apply any clustering as there is generally no similarity between the traffic speed on

different road sections. Conditional on the time 𝑡ℎ the random field {𝑉𝑡𝑟(𝑠, 𝑡ℎ)} becomes

a one-dimensional stochastic process {𝑉𝑡𝑟(𝑠)|𝑡ℎ}with respect to position 𝑠 along a route.

This stochastic process cannot be assumed to be stationary, as the dependence of the

traffic speed distribution 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠, 𝑡ℎ) on the position 𝑠 must especially be considered

to distinguish between sections with low and high traffic density. The estimation of

the stochastic process {𝑉𝑡𝑟(𝑠)|𝑡ℎ} from the available data thus becomes more difficult,

especially because the FCD is often fragmented into small pieces as drivers, e.g., only

drive to the next slip road on the motorway. Therefore, it is difficult to get a sufficient

number of samples {𝑣𝑡𝑟(𝑠𝑘)|𝑡ℎ : 𝑠𝑘 ∈ 𝒮𝑘} on a specific road segment with positions 𝒮𝑘
(e.g., from one motorway interchange to the next) in the time interval 𝑡ℎ , to describe the

stochastic process on this segment {𝑉𝑡𝑟(𝑠𝑘)|𝑡ℎ : 𝑠𝑘 ∈ 𝒮𝑘}.

Due to the described challenges, the correlation of traffic speed distribution is neglected

in a first step and only the stationary traffic speed distributions 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠𝑚 , 𝑡ℎ) for

specific positions {𝑠𝑚 ∈ 𝒮𝑚 ⊂ 𝒮} are estimated from the FCD. These distributions

indicate how the traffic speed can fluctuate for a given time interval 𝑡ℎ and position 𝑠𝑚 ,

e.g., due to changes in the number of vehicles, roadworks, and weather. It is therefore

not sufficient to analyze the mean traffic speed 𝑣̄𝑡𝑟(𝑠𝑚 , 𝑡ℎ), as this would only lead to

moderate differences between different positions and times and neglect the tails of

the traffic speed distributions, which provide information about the frequency and

intensity of congestion.

The position subset𝒮𝑚 is a reduction of all positions on the motorway network to handle

the amount of data that must be analyzed to derive the distributions 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠𝑚 , 𝑡ℎ).
Instead of uniformly distributing the positions within 𝒮𝑚 on the motorway network in

Germany, the positions of the automatic traffic counting stations are used. This gives

a higher spatial resolution in parts of the network where changes in traffic speed are

more frequent, and leads to a lower resolution when traffic jams are less common and
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Figure 3.24: Total number of vehicles in a year at a traffic counting station and number of FCD measurements

at the same location

the traffic speed typically stays constant. Each position in 𝒮𝑚 is assigned all velocity

measurements within the FCD database at the respective position, taking into account

the correct driving direction. Comparison of the individual FCD velocity measurements

with the traffic counting station data allows to assess their validity, i.e., if the measured

FCD subset of all vehicles is sufficient to derive the traffic speed distribution for a given

position and time. On average, 0.75% of all vehicles passing a counting station are

included in the FCD. In Figure 3.24, the total number of vehicles per hour on Monday

from the FCD measurements is compared to the traffic counting station data, separated

by driving direction. The number of vehicles is the sum of all measurements across

a full year. The Figure depicts how the number of vehicles changes in a day, with no

significant changes in the share of FCD measurements relative to the total number of

vehicles as measured by the counting stations. For periods of low traffic, the number

of FCD vehicles drops to approximately 200 which is still sufficient to estimate the

respective traffic speed distributions. For other locations in 𝒮𝑚 the total number of

vehicles is lower, and hence the number of FCD measurements also decreases. When

less than 30 measurements are available for a specific time 𝑡ℎ and position 𝑠𝑚 the data

needs to be aggregated. Aggregation is done by first combining data from low traffic

density times, as the distribution 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠𝑚 , 𝑡ℎ) shows little change during these times.

On weekdays, the aggregation is done from 9 pm to 5 am, on weekends from 9 pm - 7 am.

If this is not sufficient, all weekdays and the weekend are combined, as generally similar

traffic patterns can be observed from Monday to Friday and on Saturday and Sunday.

As the last aggregation step, all times are combined, leading to a single distribution

𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠𝑚 , 𝑡ℎ) for the respective location, irrespective of the weekday and time. Of

the 1 228 analyzed locations in 𝒮𝑚 there are 9 remaining locations where, after all

aggregation steps, no traffic speed distribution can be determined.

Figure 3.25 depicts the traffic speed histograms for a location at two different times

determined with the FCD. Above the histograms are the corresponding box plots with
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3.3 Modeling of traffic influence

whisker length 3 IQR(𝑉𝑡𝑟). Both histograms show a significant amount of outliers

towards high velocities > 130 km/h, caused by the simplification to approximate the

traffic speed 𝑣𝑡𝑟 with the velocity 𝑣𝐹𝐶𝐷 of the individual FCD cars. For this reason, in

the further analysis of the traffic speed distribution 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠𝑚 , 𝑡ℎ), values outside the

whiskers are classified as outliers and are not taken into consideration. This heuristic

doesn’t allow the removal of all outliers, as evident from Figure 3.25b, but removes the

strongest ones for most distributions.
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Figure 3.25: Histograms of the measured traffic speed 𝑣𝑡𝑟 for a location 𝑠𝑚 in two different time intervals 𝑡ℎ

Both histograms in Figure 3.25 are bimodal, typical for many observed traffic speed

distributions, especially on heavily used roads at rush hour. Traffic flow near the

maximum capacity of the road is unstable, meaning that small disturbances like a slow

vehicle or an inattentive driver can cause smooth traffic to turn into a traffic jam [32,

44]. This instability causes the observed bimodality as the distribution is composed of

two distributions, one for the traffic speed in congestion and one for the traffic speed in

free flow. Gaussian mixture models (GMMs) are used to model this bimodality in the

traffic speed distribution with the PDF given by

𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠𝑚 , 𝑡ℎ) =
𝑤𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ√

2𝜋𝜎2

1,𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ

exp

(
−
(𝑣𝑡𝑟 − 𝜇1,𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ )

2𝜎2

1,𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ

)

+
1 − 𝑤𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ√
2𝜋𝜎2

2,𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ

exp

(
−
(𝑣𝑡𝑟 − 𝜇2,𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ )

2𝜎2

2,𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ

)
.

(3.32)

The parameters include the expectations 𝜇1,𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ , 𝜇2,𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ and variances 𝜎2

1,𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ
,

𝜎2

2,𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ
of the two underlying Gaussian distributions as well as the mixture coeffi-
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cient 𝑤𝑣𝑡𝑟 ,𝑠𝑚 ,𝑡ℎ . This set of parameters for the GMM is estimated using the Expecta-

tion–maximization (EM) algorithm [22]. A GMM is fitted to the FCD for each location

𝑠𝑚 and, if enough data is available, for all time intervals 𝑡ℎ , otherwise, the previously

mentioned aggregation scheme is used. Figure 3.26 depicts the histograms without

outliers and the fitted GMMs for one location in the hourly time intervals from 1 pm to 5

pm. The GMM can capture the bimodality of the distribution and how it changes from

off-peak times to rush hour. When the variance of the traffic speed increases during

rush hour, e.g., 4 pm to 5 pm, outliers are not reliably removed, leading to long tails

and a worse fit of the GMM.
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Figure 3.26: Approximation of the traffic speed distribution 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠𝑚 , 𝑡ℎ) with the GMM for different time

intervals 𝑡ℎ at one location 𝑠𝑚

As demonstrated by Figure 3.26, the expected dependence of the traffic speed distribu-

tion on the time interval 𝑡ℎ is captured by the FCD and its GMM approximation. In

Figure 3.27a, the change of traffic speed mean 𝜇𝑣𝑡𝑟 and standard deviation 𝜎𝑣𝑡𝑟 across

the time intervals 𝑡ℎ on Monday at another location 𝑠𝑚 is depicted. The traffic at

this location shows a typical commuting pattern with heavy traffic in the morning in

the considered direction and heavy traffic in the opposite direction in the afternoon.

Therefore, in the morning, the mean velocity drops sharply, coupled with an increase

in standard deviation, while in the afternoon, no significant changes to the mean and

standard deviation can be observed. Figure 3.27b shows how the mean and standard

deviation change along a motorway section at 7 am on Monday, where the section ends

with the location analyzed in Figure 3.27a. Along the route, a constant decrease in the

mean of the traffic speed and an increase in the standard deviation can be observed.

The considered motorway section leads towards an agglomeration (Stuttgart), for which

the observed decrease in traffic speed is typical.

3.3.2 Congestion length distributions

The traffic speed distributions derived in Section 3.3.1 describe the distribution

𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠𝑚 , 𝑡ℎ) of the random field {𝑉𝑡𝑟(𝑠, 𝑡) : 𝑠 ∈ 𝒮 , 𝑡 ∈ 𝒯 } at the discrete positions
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section
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(b) Traffic speed mean 𝜇𝑣𝑡𝑟 and standard

deviation 𝜎𝑣𝑡𝑟 along the motorway section at

7 am on Monday

Figure 3.27: Dependence of traffic speed distribution 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠𝑚 , 𝑡ℎ) on time interval 𝑡ℎ and position 𝑠𝑚
along motorway section from Heilbronn to Stuttgart

𝑠𝑚 ∈ 𝒮𝑚 and times 𝑡ℎ ∈ 𝒯ℎ . Therefore, the distribution of the stochastic process

{𝑉𝑡𝑟(𝑠)|𝑡ℎ} conditional on the time 𝑡ℎ at specific locations 𝑠𝑚 is also known, but for

the reasons given in Section 3.3.1 the correlations of the stochastic process between

these locations cannot be derived from the available data without further assumptions.

To simplify the problem, we neglect the influence of the traffic speed on the velocity

of individual cars on motorways for values 𝑣𝑡𝑟 > 𝑣𝑡𝑟,𝑙𝑖𝑚 . For the correlations of the

stochastic process, we assume that when the traffic speed 𝑣𝑡𝑟 drops below 𝑣𝑡𝑟,𝑙𝑖𝑚 , it stays

constant for a certain distance 𝑙𝑡𝑟 before it switches to the next value. This distance, also

called the congestion length, defines how long a traffic jam is once 𝑣𝑡𝑟 < 𝑣𝑡𝑟,𝑙𝑖𝑚 and can

be derived from the available data. A traffic jam is defined as an event that starts when

the FCD vehicle speed 𝑣𝐹𝐶𝐷 drops at least 40 km/h below the speed limit 𝑣𝑙𝑖𝑚 and stays

below the threshold 𝑣𝑡𝑟,𝑙𝑖𝑚 = 80 km/h for 1000 m at a minimum while driving on a

motorway. The congestion length is defined as the distance between the moment where

𝑣𝐹𝐶𝐷 < 80 km/h and 𝑣𝐹𝐶𝐷 < 𝑣𝑙𝑖𝑚 − 40 km/h until it gets back up to 𝑣𝐹𝐶𝐷 > 80 km/h.

The assumption is that the traffic speed 𝑣𝑡𝑟 can be approximated by the velocity 𝑣𝐹𝐶𝐷

of individual vehicles. As already mentioned, we assume for simplification that the

traffic speed 𝑣𝑡𝑟 stays constant once it drops below 𝑣𝑡𝑟 < 80 km/h until it gets back up

to 𝑣𝑡𝑟 > 80 km/h. Thereby reducing the correlation structure of {𝑉𝑡𝑟(𝑠)|𝑡ℎ} to velocity

changes where the traffic speed 𝑣𝑡𝑟 stays constant for the congestion length 𝑙𝑡𝑟 .

In Figure 3.28a, the velocity profiles of three selected traffic jams, as extracted from the

FCD with the preceding definition, are depicted. The selected traffic jams range from

𝑙𝑡𝑟 ≈ 1000 m to 𝑙𝑡𝑟 ≈ 8000 m. From each traffic jam, the mean traffic speed 𝑣̄𝑡𝑟 , defined

as the mean velocity between the start and end of the traffic jam, is derived. In Figure
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3 Stochastic velocity simulation

3.28b, the congestion length 𝑙𝑡𝑟,𝑖 of individual traffic jams 𝑖 is plotted as a function of

the respective mean traffic speed 𝑣̄𝑡𝑟,𝑖 . The Figure also shows the estimated mean of the

congestion length

𝑙𝑡𝑟,𝑘 =
1

𝑁𝑘

∑
𝑖∈ℐ𝑘

𝑙𝑡𝑟,𝑖 (3.33)

derived for 20 mean traffic speed bins 𝑘 which contain 𝑁𝑘 measurements of the

congestion length 𝑙𝑡𝑟,𝑖 and mean traffic speed 𝑣̄𝑡𝑟,𝑖 with index 𝑖 ∈ ℐ𝑘 . For the velocity

range 𝑣̄𝑡𝑟 > 20 km/h an approximately linear decrease in the mean congestion length

𝑙𝑡𝑟 can be observed as the mean traffic speed 𝑣̄𝑡𝑟 increases. For smaller values of

𝑣̄𝑡𝑟 < 20 km/h, the mean congestion length drops while the total number of measured

traffic jams decreases. Traffic jams with very low mean velocities are naturally rare, and

it is plausible that their mean length is small, as otherwise, the time spent in the traffic

jam would become unrealistically high.
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(a) Traffic speed profiles from three selected

traffic jams
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(b) Measured congestion length 𝑙𝑡𝑟,𝑖 of individ-

ual traffic jams and mean congestion length

𝑙𝑡𝑟,𝑘 as a function of the mean traffic speed 𝑣̄𝑡𝑟
(𝑙𝑡𝑟 > 7000 m not displayed)

Figure 3.28: Analysis of the relation between traffic speed 𝑣𝑡𝑟 and congestion length 𝑙𝑡𝑟

The available data also allows for the analysis of the conditional congestion length

distribution 𝑝𝐿𝑡𝑟 (𝑙𝑡𝑟 |𝑣̄𝑡𝑟) for each of the 20 mean traffic speed bins. Figure 3.29a depicts

the congestion length histogram derived from the measured traffic jams with length

𝑙𝑡𝑟,𝑖 of one bin 𝑘 with 40 km/h < 𝑣̄𝑡𝑟,𝑖 < 44 km/h. The data is approximated by an

exponential distribution

𝑝𝐿𝑡𝑟 (𝑙𝑡𝑟 |𝑣̄𝑡𝑟) = 𝜆𝑡𝑟 exp(−𝜆𝑡𝑟(𝑙𝑡𝑟 − 𝑙𝑡𝑟,𝑚𝑖𝑛)) (3.34)

shifted by the minimum congestion length 𝑙𝑡𝑟,𝑚𝑖𝑛 = 1000 m where the parameter𝜆𝑡𝑟(𝑣̄𝑡𝑟)
is a function of the mean traffic speed. The distribution parameter 𝜆𝑡𝑟,𝑘 of a bin 𝑘 is
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3.3 Modeling of traffic influence

related to the mean congestion length 𝑙𝑡𝑟,𝑘 of the same bin trough the maximum

likelihood estimator

𝜆̂𝑡𝑟,𝑘 =
𝑁𝑘∑

𝑖∈ℐ𝑘 (𝑙𝑡𝑟,𝑖 − 𝑙𝑡𝑟,𝑚𝑖𝑛)
=

1

1

𝑁𝑘

∑
𝑖∈ℐ𝑘 𝑙𝑡𝑟,𝑖 − 𝑙𝑡𝑟,𝑚𝑖𝑛

=
1

𝑙𝑡𝑟,𝑘 − 𝑙𝑡𝑟,𝑚𝑖𝑛
. (3.35)

As depicted in Figure 3.29b, a similar dependence of the parameter 𝜆𝑡𝑟,𝑘 with respect

to the mean traffic speed 𝑣̄𝑡𝑟 can be observed as for the mean congestion length 𝑙𝑡𝑟,𝑘 in

Figure 3.28b. Values of the function 𝜆𝑡𝑟(𝑣̄𝑡𝑟) between the estimates 𝜆̂𝑡𝑟,𝑘 of the bins are

obtained by linear interpolation, see Figure 3.29b.
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(a) Conditional congestion length distribution

𝑝𝐿𝑡𝑟 (𝑙𝑡𝑟 |𝑣̄𝑡𝑟 ) for 40 km/h < 𝑣̄𝑡𝑟,𝑖 < 44 km/h
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(b) Estimated distribution parameters 𝜆̂𝑡𝑟,𝑘 as a

function of the mean traffic speed 𝑣̄𝑡𝑟

Figure 3.29: Analysis of conditional congestion length distribution 𝑝𝐿𝑡𝑟 (𝑙𝑡𝑟 |𝑣̄𝑡𝑟 )

3.3.3 Traffic dependent velocity profile generation

Based on the derived stationary traffic speed 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠𝑚 , 𝑡ℎ) and the conditional con-

gestion length 𝑝𝐿𝑡𝑟 (𝑙𝑡𝑟 |𝑣̄𝑡𝑟) distributions realistic profiles of the traffic speed 𝑣𝑡𝑟(𝑠) on

arbitrary motorways in Germany can be generated. These profiles serve as an additional

limit on the route velocity 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠) as described in Section 3.1, see (3.3). To obtain

stationary traffic speed distributions at arbitrary positions 𝑠 ∈ 𝒮𝑘 on a motorway route

segment, the distribution parameters 𝜇1,𝑣𝑡𝑟 , 𝜇2,𝑣𝑡𝑟 , 𝜎
2

1,𝑣𝑡𝑟
, 𝜎2

2,𝑣𝑡𝑟
, and 𝑤𝑣𝑡𝑟 are linearly

interpolated between the supporting points 𝑠𝑚 ∈ 𝒮𝑚 for a given time interval 𝑡ℎ . This

yields the stationary traffic speed distribution

𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠, 𝑡ℎ ;𝜇1,𝑣𝑡𝑟 ,𝑠 ,𝑡ℎ , 𝜇2,𝑣𝑡𝑟 ,𝑠 ,𝑡ℎ , 𝜎
2

1,𝑣𝑡𝑟 ,𝑠 ,𝑡ℎ
, 𝜎2

2,𝑣𝑡𝑟 ,𝑠 ,𝑡ℎ
, 𝑤𝑣𝑡𝑟 ,𝑠 ,𝑡ℎ ) (3.36)

for any position 𝑠 along a motorway route segment.
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3 Stochastic velocity simulation

The traffic speed profiles for a fixed time 𝑡ℎ,𝑗 are modeled as a stochastic process

{𝑉𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗}𝑁𝑗=1
with the distance increments 𝑠1 , ..., 𝑠𝑁 . The traffic speed values 𝑉𝑡𝑟,𝑠 𝑗 are

drawn along the route at positions 𝑠 𝑗 and times 𝑡ℎ,𝑗 and stay constant at the drawn

speed 𝑣𝑡𝑟,𝑠 𝑗 ∼ 𝑝′𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) for the congestion length drawn from 𝑙𝑡𝑟,𝑠 𝑗 ∼ 𝑝𝐿𝑡𝑟 (𝑙𝑡𝑟,𝑠 𝑗 |𝑣𝑡𝑟,𝑠 𝑗 )
where the measured mean traffic speed 𝑣̄𝑡𝑟 in (3.34) is replaced by the drawn traffic speed

𝑣𝑡𝑟,𝑠 𝑗 . When the position 𝑠 𝑗+1 = 𝑠 𝑗 + 𝑙𝑡𝑟,𝑠 𝑗 is reached the time 𝑡ℎ,𝑗+1 = 𝑡ℎ,𝑗 + 𝑙𝑡𝑟,𝑠 𝑗/𝑣𝑡𝑟,𝑠 𝑗 is

updated and a new traffic speed is drawn from 𝑣𝑡𝑟,𝑠 𝑗+1
∼ 𝑝′

𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗+1

|𝑡ℎ,𝑗+1).

We draw from the modified distribution 𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) instead of from the distribution

𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠 𝑗 , 𝑡ℎ,𝑗) interpolated from the FCD, see (3.36), to avoid a bias in the resulting

traffic speed distribution 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) at location 𝑠 𝑗 . This bias is due to the traffic speed

remaining constant for a distance determined by the congestion length 𝐿𝑡𝑟 , whose mean

conditional on the traffic speed is given by

E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ] =
1

𝜆𝑡𝑟(𝑣𝑡𝑟,𝑠 𝑗 )
. (3.37)

Those differences in the mean congestion length depending on the traffic speed lead to

different weights being put on the drawn traffic speed samples 𝑣𝑡𝑟,𝑠 𝑗 . To account for the

different congestion lengths, the distribution 𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) from which the samples are

drawn, is chosen such that the stationary distribution 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) of the traffic speed

stochastic process at location 𝑠 𝑗 equals the FCD traffic speed distribution 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠 𝑗 , 𝑡ℎ,𝑗).

The weighted stationary distribution of the traffic speed stochastic process is given by

𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) =
𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ]∫ ∞

0

𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ]𝑑𝑣𝑡𝑟

(3.38)

where the integral in the denominator is a normalization constant that can be split at

the traffic speed threshold 𝑣𝑡𝑟,𝑙𝑖𝑚∫ ∞

0

𝑝′𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ]𝑑𝑣𝑡𝑟

=

∫ 𝑣𝑡𝑟,𝑙𝑖𝑚

0

𝑝′𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ]𝑑𝑣𝑡𝑟 +
∫ ∞

𝑣𝑡𝑟,𝑙𝑖𝑚

𝑝′𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚]𝑑𝑣𝑡𝑟 .
(3.39)

For traffic speeds 𝑣𝑡𝑟,𝑠 𝑗 below 𝑣𝑡𝑟,𝑙𝑖𝑚 traffic jams are considered with the derived length

distribution 𝑝𝐿𝑡𝑟 (𝑙𝑡𝑟,𝑠 𝑗 |𝑣𝑡𝑟,𝑠 𝑗 ) which depends on the drawn traffic speed through the

parameter 𝜆𝑡𝑟(𝑣𝑡𝑟,𝑠 𝑗 ). Above the threshold the distribution of the length until the

next draw, i.e., the analog to the congestion length for 𝑣𝑡𝑟,𝑠 𝑗 > 𝑣𝑡𝑟,𝑙𝑖𝑚 , is assumed to

be a shifted Exponential of the same structure as 𝑝𝐿𝑡𝑟 (𝑙𝑡𝑟,𝑠 𝑗 |𝑣𝑡𝑟,𝑠 𝑗 ), see (3.34), with the
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3.3 Modeling of traffic influence

unknown parameter 𝜆𝑡𝑟,𝑙𝑖𝑚 which is a constant and not a function of the drawn traffic

speed 𝑣𝑡𝑟,𝑠 𝑗 .

The ratio of the two integrals in (3.39) is given by the ratio of the probability below

𝑣𝑡𝑟,𝑙𝑖𝑚 to the probability above 𝑣𝑡𝑟,𝑙𝑖𝑚∫ 𝑣𝑡𝑟,𝑙𝑖𝑚

0

𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ]𝑑𝑣𝑡𝑟∫ ∞

𝑣𝑡𝑟,𝑙𝑖𝑚
𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚]𝑑𝑣𝑡𝑟

=
𝑃(𝑉𝑡𝑟,𝑠 𝑗 < 𝑣𝑡𝑟,𝑙𝑖𝑚|𝑡ℎ,𝑗)

1 − 𝑃(𝑉𝑡𝑟,𝑠 𝑗 < 𝑣𝑡𝑟,𝑙𝑖𝑚|𝑡ℎ,𝑗)
. (3.40)

in the known stochastic process distribution 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗), see (3.38). Inserting (3.40)

back into (3.39) and incorporating (3.38) yields to

𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) =
𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ](

1 +
𝑃(𝑉𝑡𝑟,𝑠 𝑗<𝑣𝑡𝑟,𝑙𝑖𝑚 |𝑡ℎ,𝑗 )

1−𝑃(𝑉𝑡𝑟,𝑠 𝑗<𝑣𝑡𝑟,𝑙𝑖𝑚 |𝑡ℎ,𝑗 )

) ∫ 𝑣𝑡𝑟,𝑙𝑖𝑚

0

𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ]𝑑𝑣𝑡𝑟

(3.41)

which for a given 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) and E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ] can be solved numerically for the

density 𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗). The density 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) is given through the interpolated

traffic speed distribution obtained from the FCD, see (3.36), to obtain E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ], as a

function of 𝑣𝑡𝑟,𝑠 𝑗 , see (3.37).

To solve (3.41) for densities 𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) where 𝑣𝑡𝑟,𝑠 𝑗 > 𝑣𝑡𝑟,𝑙𝑖𝑚 the expected value

E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ] of that traffic speed range, i.e., E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚], is required. To obtain

E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚] Equation (3.40) can be rearranged to∫ ∞

𝑣𝑡𝑟,𝑙𝑖𝑚

𝑝′𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚]𝑑𝑣𝑡𝑟

=

∫ 𝑣𝑡𝑟,𝑙𝑖𝑚

0

𝑝′𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ]𝑑𝑣𝑡𝑟
1 − 𝑃(𝑉𝑡𝑟,𝑠 𝑗 < 𝑣𝑡𝑟,𝑙𝑖𝑚|𝑡ℎ,𝑗)
𝑃(𝑉𝑡𝑟,𝑠 𝑗 < 𝑣𝑡𝑟,𝑙𝑖𝑚|𝑡ℎ,𝑗)

,

E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚] =
∫ 𝑣𝑡𝑟,𝑙𝑖𝑚

0

𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ]𝑑𝑣𝑡𝑟∫ ∞

𝑣𝑡𝑟,𝑙𝑖𝑚
𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)𝑑𝑣𝑡𝑟

1 − 𝑃(𝑉𝑡𝑟,𝑠 𝑗 < 𝑣𝑡𝑟,𝑙𝑖𝑚|𝑡ℎ,𝑗)
𝑃(𝑉𝑡𝑟,𝑠 𝑗 < 𝑣𝑡𝑟,𝑙𝑖𝑚|𝑡ℎ,𝑗)

,

E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚] =
∫ 𝑣𝑡𝑟,𝑙𝑖𝑚

0

𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑠 𝑗 ]𝑑𝑣𝑡𝑟

1 −
∫ 𝑣𝑡𝑟,𝑙𝑖𝑚

0

𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)𝑑𝑣𝑡𝑟

1 − 𝑃(𝑉𝑡𝑟,𝑠 𝑗 < 𝑣𝑡𝑟,𝑙𝑖𝑚|𝑡ℎ,𝑗)
𝑃(𝑉𝑡𝑟,𝑠 𝑗 < 𝑣𝑡𝑟,𝑙𝑖𝑚|𝑡ℎ,𝑗)

,

(3.42)

where E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚] can be pulled out of the integral as it is not a function of the

traffic speed 𝑣𝑡𝑟 . Further, 𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) can be determined for the traffic speed range
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3 Stochastic velocity simulation

𝑣𝑡𝑟,𝑠 𝑗 < 𝑣𝑡𝑟,𝑙𝑖𝑚 with (3.41). From the expectation E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚]we determine the lambda

parameter

𝜆𝑡𝑟,𝑙𝑖𝑚 =
1

E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚] − 𝑙𝑡𝑟,𝑚𝑖𝑛
(3.43)

of the shifted exponential distribution 𝑝𝐿𝑡𝑟 (𝑙𝑡𝑟,𝑠 𝑗 |𝑣𝑡𝑟,𝑠 𝑗 ) for the distance 𝑙𝑡𝑟,𝑠 𝑗 until the next

draw from 𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗+1

|𝑡ℎ,𝑗+1) when 𝑣𝑡𝑟,𝑠 𝑗 > 𝑣𝑡𝑟,𝑙𝑖𝑚 . After determining E[𝐿𝑡𝑟 |𝑣𝑡𝑟,𝑙𝑖𝑚], the

distribution 𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) is fully defined by (3.38) for a given 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗).

The previously described procedure to generate traffic speed profiles 𝑣𝑡𝑟(𝑠) on German

motorways with the stochastic process {𝑉𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗}𝑁𝑗=1
is summarized in Algorithm 3.

Algorithm 3 Generation of traffic speed profiles 𝑣𝑡𝑟(𝑠)
1: Initialize motorway segment of length 𝑙𝑠𝑒 𝑔 with positions 𝑠 ∈ 𝒮𝑘 = [0, 𝑙𝑠𝑒 𝑔]
2: Get all supporting points for which the stationary traffic speed distribution is available 𝑠𝑚𝑘 ∈ 𝒮𝑚 ∩ 𝒮𝑘
3: 𝑗 ← 1

4: 𝑠 𝑗 ← 0

5: Set start time 𝑡ℎ,𝑗 (day of week and hour of day, e.g., Monday 7 am)

6: while 𝑠 𝑗 ≤ 𝑙𝑠𝑒 𝑔 do
7: Get distribution 𝑝𝑉𝑡𝑟 (𝑣𝑡𝑟 |𝑠 𝑗 , 𝑡ℎ,𝑗 ;𝜇1,𝑣𝑡𝑟 ,𝑠 𝑗 ,𝑡ℎ,𝑗

, ..., 𝑤𝑣𝑡𝑟 ,𝑠 𝑗 ,𝑡ℎ,𝑗 ) by linear interpolation

8: Derive 𝜆𝑡𝑟,𝑙𝑖𝑚 and 𝑝′
𝑉𝑡𝑟
(𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗) using (3.38) - (3.43)

9: Draw 𝑣𝑡𝑟,𝑠 𝑗 ∼ 𝑝′𝑉𝑡𝑟 (𝑣𝑡𝑟,𝑠 𝑗 |𝑡ℎ,𝑗)
10: Draw 𝑙𝑡𝑟,𝑠 𝑗 ∼ 𝑝𝐿𝑡𝑟 (𝑙𝑡𝑟,𝑠 𝑗 |𝑣𝑡𝑟,𝑠 𝑗 )
11: 𝑠 𝑗+1 ← 𝑠 𝑗 + 𝑙𝑡𝑟,𝑠 𝑗
12: 𝑣𝑡𝑟 (𝑠) ← 𝑣𝑡𝑟,𝑠 𝑗 for 𝑠 ∈ [𝑠 𝑗 , 𝑠 𝑗+1)

13: 𝑡ℎ,𝑗+1
← 𝑡ℎ,𝑗 +

𝑙𝑡𝑟,𝑠 𝑗
𝑣𝑡𝑟,𝑠 𝑗

14: 𝑗 ← 𝑗 + 1

15: end while
16: 𝑁𝑗 ← 𝑗

3.3.4 Discussion and results

Figure 3.30 shows multiple traffic speed profiles for two different starting times

generated with Algorithm 3 on the same motorway section as in Figure 3.27. The

samples in Figure 3.30a for Monday at 7 am show an increasing probability for low

traffic speeds 𝑣𝑡𝑟 < 𝑣𝑡𝑟,𝑙𝑖𝑚 towards the end of the motorway section which is consistent

with the trends of the traffic speed mean 𝜇𝑡𝑟 and standard deviation 𝜎𝑡𝑟 on the same

route section at the same time, see Figure 3.27b. The traffic speed profiles for Sunday

at 7 am, see Figure 3.30b, only drop slightly below 𝑣𝑡𝑟,𝑙𝑖𝑚 , which is consistent with the

expected low traffic density at this time.
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Figure 3.30: Traffic speed profiles generated with Algorithm 3 on the motorway section from Heilbronn to

Stuttgart for two different starting times

In the velocity simulation only traffic speeds below 𝑣𝑡𝑟,𝑙𝑖𝑚 are considered as for 𝑣𝑡𝑟(𝑠) >
𝑣𝑡𝑟,𝑙𝑖𝑚 the traffic speed is not expected to limit the desired route velocity 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠) of the

driver, see (3.3). The traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟(𝑠) used in (3.3) is therefore set to

𝑣𝑚𝑎𝑥,𝑡𝑟(𝑠) =
{
𝑣𝑡𝑟(𝑠) if 𝑣𝑡𝑟(𝑠) < 𝑣𝑡𝑟,𝑙𝑖𝑚

∞ if 𝑣𝑡𝑟(𝑠) ≥ 𝑣𝑡𝑟,𝑙𝑖𝑚
. (3.44)

Figure 3.31b depicts how the traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟(𝑠) can change the route velocity

𝑣𝑟𝑜𝑢𝑡𝑒(𝑠) and subsequently the goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠) on a motorway section, compared

to the simulation results obtained without taking the traffic speed limit into account,

see Figure 3.31a.
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(a) Results without traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟 (𝑠)
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(b) Results with traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟 (𝑠)

Figure 3.31: Route velocity 𝑣𝑟𝑜𝑢𝑡𝑒 (𝑠) and goal velocity 𝑣𝑔𝑜𝑎𝑙(𝑠) on a motorway section

When considering multiple motorway trips done by different drivers (approximately

32 000 km), the effect of the traffic speed limit on the simulated velocity distribution can
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3 Stochastic velocity simulation

be demonstrated. Figure 3.32a depicts the CDF of the measured velocities on motorways

compared to the simulated velocities 𝑣(𝑠) with and without the consideration of traffic

through the traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟(𝑠). The simulation results with traffic include the

traffic-related stop events added as a function of 𝑣𝑚𝑎𝑥,𝑡𝑟(𝑠), see Section 3.4.1. Considering

traffic influences in the velocity simulation leads to a significantly better approximation

of the measured velocity distribution. Without the traffic speed limit, velocities of

𝑣 < 100 km/h on motorways are underrepresented by the simulation compared to the

measurements. The simulation, when including the traffic speed limit, has an increased

proportion of low velocities on motorways, where, compared to the measured velocities,

the proportion is only slightly underestimated. Another comparison is made based

on the travel time factor 𝜏𝑡𝑟𝑖𝑝/𝜏𝑡𝑟𝑖𝑝,𝑛𝑜𝑟𝑚 which compares the travel time 𝜏𝑡𝑟𝑖𝑝 spent on

motorways for each trip with a hypothetical travel time 𝜏𝑡𝑟𝑖𝑝,𝑛𝑜𝑟𝑚 obtained by assuming

a mean velocity of 120 km/h on all motorways, see Figure 3.32b. When including the

traffic influence, the velocity simulation can better replicate the proportion of high travel

time factors occurring due to traffic. The simulation, when including the traffic influence,

can reproduce the share of strong increases in the travel time factor 𝜏𝑡𝑟𝑖𝑝/𝜏𝑡𝑟𝑖𝑝,𝑛𝑜𝑟𝑚 > 2

which without the traffic influence never occurred in the simulation and only slightly

underestimates the share of moderate travel time increases 1.2 < 𝜏𝑡𝑟𝑖𝑝/𝜏𝑡𝑟𝑖𝑝,𝑛𝑜𝑟𝑚 < 2. It

should be noted that the period when the FCD data used to derive the traffic speed

limit 𝑣𝑚𝑎𝑥,𝑡𝑟(𝑠)was collected differs from the collection period of the measurement data

used in Figure 3.32. Therefore, any temporal changes in traffic behavior, e.g., due to

construction, are not considered in the comparison of measurement and simulation.

This difference in the collection period, together with the used modeling assumptions,

like the approximation of the traffic speed distributions in Section 3.3.1 with GMMs,

contributes to the deviations of the simulation in the velocity and travel time factor

distributions in Figure 3.32.
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Figure 3.32: Comparison of velocity simulation with and without traffic influence to measured velocities

3.4 Modeling of stop events

Stop events are part of the velocity simulation model, see Section 3.1, and occur at fixed

locations such as traffic lights, yield or stop signs, as well as due to traffic jams. The

modeling approach is split accordingly into traffic-related stop events, see Section 3.4.1,

and ordinary stop events, which generally (but not always) occur at fixed locations, see

Section 3.4.2. A stop in the following is defined as a drop of the measured velocity

below the threshold 𝑣𝑆,𝑡ℎ = 1 km/h to also account for almost stops and measurement

uncertainty.

3.4.1 Traffic-related stop events

With the approach described in the previous Section 3.3, it is possible to generate

velocity profiles considering traffic on motorways. These profiles so far only consider

a reduction in the route velocity 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠), see (3.3), but do not include additional stop

events caused by high traffic densities on motorways. Traffic-related stops also occur

on city and country roads, but as shown in Section 3.4.2, are difficult to classify as such,

while on motorways, stops are necessarily caused by high traffic densities. As the traffic

model described in Section 3.3 is limited to motorways, we restrict the generation of

traffic-related stops to motorways.

We assume that the position of traffic-related stops in a traffic jam is given by a Poisson

process with the stop rate 𝜆𝑆,𝑡𝑟 . In [85], an approach is described to model the mean

79



3 Stochastic velocity simulation

number of stop events in a fixed distance increment, i.e., the stop rate 𝜆𝑆,𝑡𝑟 , as a function

of the traffic density 𝜌𝑡𝑟 . The approach takes the following linear form

𝜆𝑆,𝑡𝑟(𝜌𝑡𝑟) =
𝜆𝑆,𝑡𝑟, 𝑗𝑎𝑚

𝜌𝑡𝑟, 𝑗𝑎𝑚 − 𝜌𝑡𝑟,𝑐𝑟𝑖𝑡
(𝜌𝑡𝑟 − 𝜌𝑡𝑟,𝑐𝑟𝑖𝑡) (3.45)

with the maximum stop rate 𝜆𝑆,𝑡𝑟, 𝑗𝑎𝑚 occurring at maximum traffic density 𝜌𝑡𝑟, 𝑗𝑎𝑚
and the critical traffic density 𝜌𝑡𝑟,𝑐𝑟𝑖𝑡 above which traffic-related stops can occur. The

fundamental diagram of traffic flow gives a relationship between the traffic speed 𝑣𝑡𝑟

and the traffic density 𝜌𝑡𝑟 . There exist different models for this relationship, with

Greenberg’s model [38] taking a logarithmic form

𝑣𝑡𝑟 = 𝑣𝑡𝑟,𝑞𝑚𝑎𝑥 log

(
𝜌𝑡𝑟, 𝑗𝑎𝑚

𝜌𝑡𝑟

)
(3.46)

where 𝑣𝑡𝑟,𝑞𝑚𝑎𝑥 is the traffic speed that occurs at maximum traffic flow 𝑞𝑚𝑎𝑥 , i.e., when

the number of vehicles passing a location within a given time interval is at its maximum.

Solving (3.46) for 𝜌𝑡𝑟 and inserting into (3.45) yields the exponential function

𝜆𝑆,𝑡𝑟(𝑣𝑡𝑟) =
𝜆𝑆,𝑡𝑟, 𝑗𝑎𝑚

𝜌𝑡𝑟, 𝑗𝑎𝑚 −
𝜌𝑡𝑟, 𝑗𝑎𝑚

exp

(
𝑣𝑡𝑟,𝑐𝑟𝑖𝑡
𝑣𝑡𝑟,𝑞𝑚𝑎𝑥

) ©­­«
𝜌𝑡𝑟, 𝑗𝑎𝑚

exp

(
𝑣𝑡𝑟

𝑣𝑡𝑟,𝑞𝑚𝑎𝑥

) − 𝜌𝑡𝑟, 𝑗𝑎𝑚

exp

(
𝑣𝑡𝑟,𝑐𝑟𝑖𝑡
𝑣𝑡𝑟,𝑞𝑚𝑎𝑥

) ª®®¬ ,
𝜆𝑆,𝑡𝑟(𝑣𝑡𝑟) = 𝜆𝑆,𝑡𝑟, 𝑗𝑎𝑚

exp

(
𝑣𝑡𝑟,𝑐𝑟𝑖𝑡−𝑣𝑡𝑟
𝑣𝑡𝑟,𝑞𝑚𝑎𝑥

)
− 1

exp

(
𝑣𝑡𝑟,𝑐𝑟𝑖𝑡
𝑣𝑡𝑟,𝑞𝑚𝑎𝑥

)
− 1

,

(3.47)

which relates the traffic stop rate 𝜆𝑆,𝑡𝑟 to the traffic speed 𝑣𝑡𝑟 . The parameters to fit the

function are the maximum stop rate 𝜆𝑆,𝑡𝑟, 𝑗𝑎𝑚 which occurs when 𝑣𝑡𝑟 = 0, the critical

velocity 𝑣𝑡𝑟,𝑐𝑟𝑖𝑡 below which traffic-related stops are added, i.e., for traffic speeds above

𝑣𝑡𝑟,𝑐𝑟𝑖𝑡 the function 𝜆𝑆,𝑡𝑟(𝑣𝑡𝑟) is set to 𝜆𝑆,𝑡𝑟 = 0, and the traffic speed at maximum flow

𝑣𝑡𝑟,𝑞𝑚𝑎𝑥 which controls the shape of the function.

To determine the parameters 𝜆𝑆,𝑡𝑟, 𝑗𝑎𝑚 , 𝑣𝑡𝑟,𝑐𝑟𝑖𝑡 , and 𝑣𝑡𝑟,𝑞𝑚𝑎𝑥 of the relationship in (3.47),

a total of 863 stops on approximately 32 000 km driven on motorways in Germany are

analyzed. Motorway trips are split into windows of length 𝑙𝑤,𝑆 = 500 m without overlap.

For each window 𝑤 the number of traffic stops 𝑛𝑆,𝑡𝑟,𝑤 and the mean velocity 𝑣̄𝑤 are

recorded. For individual windows, the stop rate can be estimated as

𝜆̂𝑆,𝑡𝑟,𝑤 =
𝑛𝑆,𝑡𝑟,𝑤

𝑙𝑤,𝑆
. (3.48)
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3.4 Modeling of stop events

To improve the estimate, windows are binned according to their mean velocity. For one

velocity bin 𝑘 with bin mean velocity 𝑣̄𝑘 that contains 𝑁𝑘 windows 𝑤 from the set of

possible windows𝒲𝑘 the stop rate is estimated by

𝜆̂𝑆,𝑡𝑟,𝑘 =

∑
𝑤∈𝒲𝑘

𝑛𝑆,𝑡𝑟,𝑤

𝑁𝑘 𝑙𝑤,𝑆
. (3.49)

The bin mean velocity 𝑣̄𝑘 is used to replace the traffic speed 𝑣𝑡𝑟 , which leads to value

pairs of (𝑣̄𝑘 , 𝜆̂𝑆,𝑡𝑟,𝑘), that are used to fit the parameters 𝜆𝑆,𝑡𝑟, 𝑗𝑎𝑚 , 𝑣𝑡𝑟,𝑐𝑟𝑖𝑡 , and 𝑣𝑡𝑟,𝑞𝑚𝑎𝑥 of

the exponential function 𝜆𝑆,𝑡𝑟(𝑣𝑡𝑟) in (3.47). Figure 3.33a depicts the stop rate estimates

for individual windows 𝜆̂𝑆,𝑡𝑟,𝑤 , the estimates derived from the binned windows 𝜆̂𝑆,𝑡𝑟,𝑘 ,

and the fitted function 𝜆𝑆,𝑡𝑟(𝑣𝑡𝑟). The exponential function 𝜆𝑆,𝑡𝑟(𝑣𝑡𝑟) provides a good

fit of the stop rate 𝜆̂𝑆,𝑡𝑟,𝑘 across the entire velocity range.

Based on the derived exponential stop rate function 𝜆𝑆,𝑡𝑟(𝑣𝑡𝑟), traffic-related stops on

motorways can be generated in the velocity simulation using the underlying Poisson

process. The number of stops on a given motorway segment with length 𝑙𝑡𝑟 and traffic

speed 𝑣𝑡𝑟 is given by the Poisson distribution

𝑝𝑁𝑆,𝑡𝑟 (𝑛𝑆,𝑡𝑟) =
(𝜆𝑆,𝑡𝑟 𝑙𝑡𝑟)𝑛𝑆,𝑡𝑟 exp(−𝜆𝑆,𝑡𝑟 𝑙𝑡𝑟)

𝑛𝑆,𝑡𝑟 !
. (3.50)

The mean number of stops on a segment is accordingly E[𝑁𝑆,𝑡𝑟] = 𝜆𝑆,𝑡𝑟 𝑙𝑡𝑟 . The positions

𝑠𝑆,𝑡𝑟,1 , ..., 𝑠𝑆,𝑡𝑟,𝑁𝑆,𝑡𝑟 of the 𝑁𝑆,𝑡𝑟 stops on a segment from 𝑠𝑎 to 𝑠𝑏 are drawn from the

uniform distribution

𝑠𝑆,𝑡𝑟,1 , ..., 𝑠𝑆,𝑡𝑟,𝑁𝑆,𝑡𝑟 ∼ 𝒰(𝑠𝑎 , 𝑠𝑏). (3.51)

In addition to the positions of the traffic-related stops, their durations also need

to be modeled. Figure 3.33b depicts the distribution of the duration 𝜏𝑆,𝑡𝑟 of the

measured traffic-related stop events on motorways. The measured durations can be

well approximated by an exponential distribution

𝑝𝑇𝑆,𝑡𝑟 (𝜏𝑆,𝑡𝑟) = 𝜆𝑇𝑆,𝑡𝑟 exp

(
−𝜆𝑇𝑆,𝑡𝑟𝜏𝑆,𝑡𝑟

)
(3.52)

with the distribution parameter 𝜆𝑇𝑆,𝑡𝑟 and the mean stop duration 𝜏̄𝑆,𝑡𝑟 = 1/𝜆𝑇𝑆,𝑡𝑟 .

Adding stop events to a given velocity profile changes its mean velocity, i.e., the mean

𝑣̄ = 𝑙𝑠𝑒 𝑔/𝜏𝑠𝑒 𝑔 of the simulated velocity 𝑣(𝑡) on a given route section with constant route

velocity 𝑣𝑟𝑜𝑢𝑡𝑒 doesn’t equal 𝑣𝑟𝑜𝑢𝑡𝑒 as the stops reduce the mean velocity. In a section

where the route velocity is given by the traffic speed 𝑣𝑟𝑜𝑢𝑡𝑒 = 𝑣𝑚𝑎𝑥,𝑡𝑟 , see (3.3), the
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Figure 3.33: Analysis of the characteristics of traffic-related stop events on motorways

addition of stop events would therefore violate the assumption that the traffic speed

𝑣𝑡𝑟 equals the mean speed 𝑣̄ of the section, see Section 3.3. Consequently, the stop rate

𝜆𝑆,𝑡𝑟(𝑣𝑡𝑟) given as a function of the traffic speed would not match the resulting mean

velocity 𝑣̄ of the section. The traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟 thus needs to be adjusted such

that 𝑣̄ = 𝑣𝑡𝑟 and cannot be set to 𝑣𝑚𝑎𝑥,𝑡𝑟 = 𝑣𝑡𝑟 for 𝑣𝑡𝑟 < 𝑣𝑡𝑟,𝑙𝑖𝑚 as in (3.44).

Figure 3.34: Velocity profile with two stop events as a function of distance 𝑣(𝑠) and time 𝑣(𝑡)

Figure 3.34 depicts a velocity profile with two stop events on a route section with

constant traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟 as a function of distance 𝑣(𝑠) and time 𝑣(𝑡). Velocity

fluctuations are neglected, e.g., 𝑣𝑔𝑜𝑎𝑙(𝑠) = 𝑣𝑟𝑜𝑢𝑡𝑒(𝑠), and the dynamics are simplified to

constant decelerations 𝑎𝑑𝑒𝑐 and accelerations 𝑎𝑎𝑐𝑐 limited by driver behavior and vehicle

dynamics. The durations and distances of the acceleration phases are

𝜏𝑑𝑒𝑐 =
𝑣𝑚𝑎𝑥,𝑡𝑟

𝑎𝑑𝑒𝑐
, 𝜏𝑎𝑐𝑐 =

𝑣𝑚𝑎𝑥,𝑡𝑟

𝑎𝑎𝑐𝑐
, 𝑙𝑑𝑒𝑐 =

𝑣2

𝑚𝑎𝑥,𝑡𝑟

2𝑎𝑑𝑒𝑐
, 𝑙𝑎𝑐𝑐 =

𝑣2

𝑚𝑎𝑥,𝑡𝑟

2𝑎𝑎𝑐𝑐
. (3.53)

The average distance driven at velocity 𝑣𝑚𝑎𝑥,𝑡𝑟 on a section with length 𝑙𝑠𝑒 𝑔 is

𝑙𝑚𝑎𝑥,𝑡𝑟 = 𝑙𝑠𝑒 𝑔 − 𝜆𝑆,𝑡𝑟 𝑙𝑠𝑒 𝑔(𝑙𝑑𝑒𝑐 + 𝑙𝑎𝑐𝑐) (3.54)
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3.4 Modeling of stop events

where 𝜆𝑆,𝑡𝑟 𝑙𝑠𝑒 𝑔 is the mean number of stops on the section. The average time at 𝑣𝑚𝑎𝑥,𝑡𝑟

follows as 𝜏̄𝑚𝑎𝑥,𝑡𝑟 = 𝑙𝑚𝑎𝑥,𝑡𝑟/𝑣𝑚𝑎𝑥,𝑡𝑟 . The mean duration of a traffic stop is given by

𝜏̄𝑆,𝑡𝑟 = 1/𝜆𝑇𝑆,𝑡𝑟 . The mean velocity on the section including the stops is

𝑣̄ =
𝑙𝑠𝑒 𝑔

𝜏𝑠𝑒 𝑔
=

𝑙𝑠𝑒 𝑔

𝜆𝑆,𝑡𝑟 𝑙𝑠𝑒 𝑔 (𝜏𝑑𝑒𝑐 + 𝜏̄𝑆,𝑡𝑟 + 𝜏𝑎𝑐𝑐) + 𝜏̄𝑚𝑎𝑥,𝑡𝑟
(3.55)

which, when setting 𝑣̄ = 𝑣𝑡𝑟 and plugging in the respective formulas, can be solved for

the stop-adjusted traffic speed limit

𝑣𝑚𝑎𝑥,𝑡𝑟,𝑆 =

−𝜆𝑆,𝑡𝑟 𝜏̄𝑆,𝑡𝑟 + 1

𝑣𝑡𝑟
±

√(
𝜆𝑆,𝑡𝑟 𝜏̄𝑆,𝑡𝑟 − 1

𝑣𝑡𝑟

)
2

− 2𝜆𝑆,𝑡𝑟 𝑐

𝜆𝑆,𝑡𝑟 𝑐
with 𝑐 =

𝑎𝑑𝑒𝑐 + 𝑎𝑎𝑐𝑐
𝑎𝑑𝑒𝑐𝑎𝑎𝑐𝑐

. (3.56)

Using (3.56), the case differentiation for the traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟 in (3.44) is modified

to take the additional stops into account, which leads to

𝑣𝑚𝑎𝑥,𝑡𝑟(𝑠) =


𝑣𝑚𝑎𝑥,𝑡𝑟,𝑆 if 𝑣𝑡𝑟(𝑠) < 𝑣𝑡𝑟,𝑐𝑟𝑖𝑡

𝑣𝑡𝑟(𝑠) if 𝑣𝑡𝑟(𝑠) ≥ 𝑣𝑡𝑟,𝑐𝑟𝑖𝑡 and 𝑣𝑡𝑟(𝑠) < 𝑣𝑡𝑟,𝑙𝑖𝑚

∞ if 𝑣𝑡𝑟(𝑠) ≥ 𝑣𝑡𝑟,𝑙𝑖𝑚
. (3.57)

The first solution of (3.56) with (+) leads to a negative distance 𝑙𝑚𝑎𝑥,𝑡𝑟 , hence only the

second solution with (−) is physically plausible. To avoid imaginary solutions, the

argument of the root must be positive, which leads to the condition

0 < 𝜆𝑆,𝑡𝑟 < 𝜆𝑆,𝑡𝑟,𝑚𝑎𝑥 = −
√
𝑐(2𝜏̄𝑆,𝑡𝑟 + 𝑐𝑣𝑡𝑟)

𝜏̄4

𝑆,𝑡𝑟
𝑣𝑡𝑟

+ 1

𝜏̄𝑆,𝑡𝑟𝑣𝑡𝑟
+ 𝑐

𝜏̄2

𝑆,𝑡𝑟

(3.58)

for the traffic stop rate 𝜆𝑆,𝑡𝑟 . This condition ensures that for a given mean velocity

𝑣̄ = 𝑣𝑡𝑟 , mean stop duration 𝜏̄𝑆,𝑡𝑟 and accelerations 𝑎𝑑𝑒𝑐 , 𝑎𝑎𝑐𝑐 , the stop rate 𝜆𝑆,𝑡𝑟 can also

be reached. Higher stop rates than 𝜆𝑆,𝑡𝑟,𝑚𝑎𝑥 reduce the mean velocity as the dynamics

of the vehicle do not permit the necessary velocity spikes between the stops to reach

the targeted mean velocity. The exponential relationship between the stop rate 𝜆𝑆,𝑡𝑟
and the traffic speed 𝑣𝑡𝑟 described in (3.47) must thus be limited with the maximum

possible stop rate 𝜆𝑆,𝑡𝑟,𝑚𝑎𝑥 , see Figure 3.35. The limitation usually only affects trucks, as

for cars, the vehicle acceleration capability is high enough to reach the targeted mean

velocity for a given stop rate 𝜆𝑆,𝑡𝑟(𝑣𝑡𝑟).

Combining the derived dependence of the stop rate 𝜆𝑆,𝑡𝑟 on the traffic speed 𝑣𝑡𝑟 ,

see (3.47), the traffic stop duration distribution 𝑝𝑇𝑆,𝑡𝑟 (𝜏𝑆,𝑡𝑟) and the correction of the
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Figure 3.35: Stop rate function 𝜆𝑆,𝑡𝑟 (𝑣𝑡𝑟 ) and maximum possible stop rate 𝜆𝑆,𝑡𝑟,𝑚𝑎𝑥 calculated for 𝑎𝑑𝑒𝑐 =

𝑎𝑎𝑐𝑐 = 1 m/s2
and 𝜏̄𝑆,𝑡𝑟 = 12 s

traffic speed limit 𝑣𝑚𝑎𝑥,𝑡𝑟 derived in (3.56), allows to include traffic-related stop events

on motorways in the velocity simulation. The traffic-related stops are added in the

velocity simulation using Algorithm 4, based on the traffic speed 𝑣𝑡𝑟(𝑠) generated with

Algorithm 3.

Algorithm 4 Generation of traffic-related stop events on motorways

1: Initialize motorway segment of length 𝑙𝑠𝑒 𝑔 with positions 𝑠 ∈ 𝒮𝑘 = [0, 𝑙𝑠𝑒 𝑔]
2: Get positions of traffic speed changes {𝑠 𝑗 : 𝑗 = 1, ..., 𝑁𝑗}, see Algorithm 3

3: for 𝑗 ← 1 to 𝑁𝑗 − 1 do
4: if 𝑣𝑡𝑟 (𝑠 𝑗) < 𝑣𝑡𝑟,𝑐𝑟𝑖𝑡 then

5: 𝜆𝑆,𝑡𝑟, 𝑗 ← 𝜆𝑆,𝑡𝑟, 𝑗𝑎𝑚
exp

(
𝑣𝑡𝑟,𝑐𝑟𝑖𝑡−𝑣𝑡𝑟 (𝑠𝑗 )

𝑣𝑡𝑟,𝑞𝑚𝑎𝑥

)
−1

exp

(
𝑣𝑡𝑟,𝑐𝑟𝑖𝑡
𝑣𝑡𝑟,𝑞𝑚𝑎𝑥

)
−1

6: 𝜆𝑆,𝑡𝑟,𝑚𝑎𝑥,𝑗 ← −
√

𝑐(2𝜏̄𝑆,𝑡𝑟+𝑐𝑣𝑡𝑟 (𝑠 𝑗 ))
𝜏̄4

𝑆,𝑡𝑟
𝑣𝑡𝑟 (𝑠 𝑗 )

+ 1

𝜏̄𝑆,𝑡𝑟𝑣𝑡𝑟 (𝑠 𝑗 )
+ 𝑐

𝜏̄2

𝑆,𝑡𝑟

7: 𝜆𝑆,𝑡𝑟, 𝑗 ← min(𝜆𝑆,𝑡𝑟, 𝑗 ,𝜆𝑆,𝑡𝑟,𝑚𝑎𝑥,𝑗)
8: Draw 𝑁𝑆,𝑡𝑟, 𝑗 ∼ 𝑝𝑁𝑆,𝑡𝑟 (𝑛𝑆,𝑡𝑟 )
9: Draw 𝑠𝑆,𝑡𝑟, 𝑗,1 , ..., 𝑠𝑆,𝑡𝑟, 𝑗,𝑁𝑆,𝑡𝑟, 𝑗 ∼ 𝒰(𝑠 𝑗 , 𝑠 𝑗+1)

10: Draw 𝜏𝑆,𝑡𝑟, 𝑗,1 , ..., 𝜏𝑆,𝑡𝑟, 𝑗,𝑁𝑆,𝑡𝑟, 𝑗 ∼ 𝑝𝑇𝑆,𝑡𝑟 (𝜏𝑆,𝑡𝑟 )

11: 𝑣𝑚𝑎𝑥,𝑡𝑟 (𝑠) ←
−𝜆𝑆,𝑡𝑟, 𝑗 𝜏̄𝑆,𝑡𝑟+ 1

𝑣𝑡𝑟 (𝑠 𝑗 )
±

√(
𝜆𝑆,𝑡𝑟, 𝑗 𝜏̄𝑆,𝑡𝑟− 1

𝑣𝑡𝑟 (𝑠𝑗 )

)
2

−2𝜆𝑆,𝑡𝑟, 𝑗 𝑐

𝜆𝑆,𝑡𝑟, 𝑗 𝑐
for 𝑠 ∈ [𝑠 𝑗 , 𝑠 𝑗+1)

12: else if 𝑣𝑡𝑟 (𝑠 𝑗) < 𝑣𝑡𝑟,𝑙𝑖𝑚 then
13: 𝑣𝑚𝑎𝑥,𝑡𝑟 (𝑠) ← 𝑣𝑡𝑟,𝑠 𝑗 for 𝑠 ∈ [𝑠 𝑗 , 𝑠 𝑗+1)
14: else
15: 𝑣𝑚𝑎𝑥,𝑡𝑟 (𝑠) ← ∞ for 𝑠 ∈ [𝑠 𝑗 , 𝑠 𝑗+1)
16: end if
17: end for
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3.4.2 Ordinary stop events

The map data used in the velocity simulation gives the position of traffic lights, yield

signs, stop signs, and pedestrian crossings along the simulated routes, which are all

reasons for potential stop events. The velocity simulation, as described in Section

3.1.1 and in contrast to traffic-related stops, includes these stops by assigning a stop

probability to each of those stop reasons, based on which the velocity simulation can

add a stop event at the locations given by the map data. When a stop occurs in the

simulation, the duration of the stop is drawn from a distribution specific to the stop

reason. The aim is to derive the stop probability as well as the stop duration distribution

for each of these stop reasons from data. To do so, the first step is to analyze the stops

in the measured velocity profiles and match each stop to the most likely stop reason

provided by the map data. Based on this, the measured stops can be classified according

to their assigned stop reason. The stop probabilities and duration distributions are

then derived using the classified measured stops and the information on all potential

stop events given by the map data. The analysis is restricted to stops that happen on

city and country roads, as stops on motorways must be traffic-related and are therefore

handled in Section 3.4.1.

For each measured velocity profile, the positions 𝑠𝑆,𝑖 of the 𝑛𝑆 stops on city and country

roads, as well as the positions 𝑠𝑆𝑟,𝑟𝑆 , 𝑗 of the 𝑛𝑆𝑟 individual stop reasons from the classes

𝑟𝑆 ∈ {traffic light, yield sign, stop sign, pedestrian crossing} (3.59)

are recorded. This leads to the distances 𝑑𝑆,𝑖, 𝑗 = 𝑠𝑆𝑟,𝑟𝑆 , 𝑗 − 𝑠𝑆,𝑖 between measured stops

and stop reason locations in the map data. Each measured stop is assigned to the stop

reason with the smallest positive distance

𝑑𝑆,𝑖,𝑟𝑆 = arg min

𝑗=1,...,𝑛𝑆𝑟

𝑑𝑆,𝑖, 𝑗 for 𝑑𝑆,𝑖, 𝑗 ≥ 0 m (3.60)

as stops should generally occur before the stop reason, i.e., stops due to traffic lights

happen before the respective traffic lights, meaning that the distances 𝑑𝑆,𝑖,𝑟𝑆 must be

positive. In total, 𝑛𝑆 = 25 883 stops by different drivers on approximately 33 000 km

driven on city and country roads in Germany are detected in the dataset and assigned

to a stop reason. Stops at the start and end of a trip are assigned to a separate class,

as they usually cannot be attributed to a stop reason in the map data and instead are

caused by parking and maneuvering. The distances 𝑑𝑆,𝑖,𝑟𝑆 of stops with the same stop

class 𝑟𝑆 are collected and plotted in the histograms in Figure 3.36a. All histograms show

a decrease in the density towards large distances and converge to a constant value above

zero. This pattern hints that after a certain distance, the stop is unlikely to be caused by
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the assumed reason but instead is likely caused by other reasons, such as uncontrolled

intersections, road narrowings, or traffic jams. After approximately 𝑑𝑆,𝑡ℎ = 200 m, the

density in the histograms stays constant or only displays random fluctuations. Stops

with distances to the next stop reason in the map data below the threshold 𝑑𝑆,𝑖,𝑟𝑆 ≤ 𝑑𝑆,𝑡ℎ
are therefore classified with this stop reason. Stops where 𝑑𝑆,𝑖,𝑟𝑆 > 𝑑𝑆,𝑡ℎ are categorized

as unclassified and are handled separately.
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Figure 3.36: Analysis of measured stops on city and country roads

Table 3.2 lists the share 𝑛𝑆,𝑟𝑆/𝑛𝑆 of stops assigned to the different classes relative to the

total number of stops. The majority of stops are caused by traffic lights, while a total of

30.3% of stops remain unclassified. The number of stops attributed to one of the stop

classes 𝑛𝑆,𝑟𝑆 is compared to the total number of stop reasons of the same type 𝑛𝑆𝑟,𝑟𝑆
existing in the map data of the driven routes to estimate the stop probability

𝑝̂𝑆(𝑠|𝑟𝑆) =
𝑛𝑆,𝑟𝑆
𝑛𝑆𝑟,𝑟𝑆

. (3.61)

Duplicate stops at the same stop reason, e.g., two stops in a queue behind a traffic light,

are part of the stop count 𝑛𝑆,𝑟𝑆 , but are not taken explicitly into account by the estimated

stop probability 𝑝̂𝑆(𝑠|𝑟𝑆)which is used in the velocity simulation. This means that in the

simulation, where only a single stop can happen for each stop reason, the total number

of stop reasons where the vehicle stops is higher than in the measurements, which

compensates for the lack of duplicate stops. Table 3.2 gives the estimated values of the

stop probability for the different stop classes. Some stops in the unclassified category are

probably wrongly classified and are instead caused by one of the explicit stop reasons,

leading to a systematic underestimation of the stop probabilities of the explicit classes.

In [4, 19, 102, 104], stop probabilities at stop signs at different locations in the USA and

Canada are reported in the range of 30%−55%, depending on the location and the used

definition of a stop. The estimated stop probability 𝑝̂𝑆(𝑠|stop sign) = 45% for Germany,
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given in Table 3.2, is therefore in a plausible range. For traffic lights in the USA, the

probability of slowing down or stopping is stated at 36.5% in [49], which is above the

estimated probability of 𝑝̂𝑆(𝑠|traffic light) = 23% for Germany. However, we mention

that it also includes slowing down at traffic lights and not just stopping. The estimated

stop probabilities are average values that are implicitly weighted by the number of

vehicles that pass the respective stop reasons of each class in the measurements and

do not reflect the different stop probabilities of individual stop reasons. In the context

of most load-generation applications, this simplification is tolerable, as often the total

number of deceleration and acceleration cycles caused by stops is relevant and not their

specific location.

As for the traffic-related stops, see Section 3.4.1, distributions of the stop duration

𝑝𝑇𝑆,𝑟𝑆 (𝜏𝑆,𝑟𝑆 ) as a function of the stop class 𝑟𝑆 are derived, see Figure 3.36b. For each

class, the distribution is approximated by an exponential distribution, see (3.52), with

the corresponding estimated distribution parameter 𝜆̂𝑇𝑆,𝑟𝑆 . In Table 3.2 the mean stop

durations 𝜏̄𝑆,𝑟𝑆 = 1/𝜆̂𝑇𝑆,𝑟𝑆 are listed. The ratios of the different mean stop durations are

generally plausible, e.g., the mean stop duration for a pedestrian crossing is shorter

than for a traffic light. Compared to the mean stop durations at yield and stop signs,

the mean stop duration at traffic lights of 22 s seems to be underestimated but is still in

a plausible range relative to mean durations of around 30 s given in [2, 76].

Table 3.2: Estimated properties of different stop classes on city and country roads

𝑟𝑆 𝑛𝑆,𝑟𝑆/𝑛𝑆 𝑝̂𝑆(𝑠|𝑟𝑆) 𝜏̄𝑆,𝑟𝑆 = 1/𝜆̂𝑇𝑆,𝑟𝑆
Traffic light 38.0% 23% 22 s

Yield sign 6.0% 37% 23 s

Stop sign 1.7% 45% 18 s

Pedestrian crossing 3.6% 12% 12 s

Trip start/end 20.5% − 12 s

Unclassified 30.3% − 13 s

As unclassified stops form a significant share of all stops on city and country roads,

ignoring them would lead to an underestimation of the total number of stops in the

velocity simulation. The causes for these stops are diverse and include, among others,

uncontrolled intersections, road narrowings, and traffic jams. The reasons for these

stops cannot be modeled explicitly in the velocity simulation, instead, they are included

with a Poisson process based on the model for the traffic-related stop events, see

Section 3.4.1. The city and country portion of each trip is split into windows of length

𝑙𝑤,𝑆 = 500 m without overlap. For each window 𝑤 the number of unclassified stops
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𝑛𝑆,𝑢𝑐,𝑤 , the mean velocity 𝑣̄𝑤 , and the speed limit 𝑣𝑙𝑖𝑚,𝑤 are recorded, whereby the

speed limit is taken from map data, see Section 3.1.2. The stop rate of individual

windows 𝜆̂𝑆,𝑢𝑐,𝑤 can then be estimated with (3.48) from which the estimate 𝜆̂𝑆,𝑢𝑐,𝑘 of

binned windows follows with (3.49). As depicted in Figure 3.37, the windows are either

binned according to their mean velocity 𝑣̄𝑤 or their speed limit 𝑣𝑙𝑖𝑚,𝑤 . In both cases the

estimates 𝜆̂𝑆,𝑢𝑐,𝑘 can be reasonably approximated by an exponential function 𝜆𝑆,𝑢𝑐(𝑣̄),
respectively 𝜆𝑆,𝑢𝑐(𝑣𝑙𝑖𝑚), based on (3.45) with the parameters 𝜆𝑆,𝑢𝑐,𝑗𝑎𝑚 , 𝑣̄𝑐𝑟𝑖𝑡 , and 𝑣̄𝑞𝑚𝑎𝑥 ,

respectively 𝑣𝑙𝑖𝑚,𝑐𝑟𝑖𝑡 and 𝑣𝑙𝑖𝑚,𝑞𝑚𝑎𝑥 . Compared to the stop rate of traffic-related stops on

motorways, see Figure 3.33, the stop rate outliers of individual windows 𝜆̂𝑆,𝑢𝑐,𝑤 relative

to the binned estimates 𝜆̂𝑆,𝑢𝑐,𝑘 are much stronger. Meaning that for some windows

the stop rate is much higher or lower than captured by the estimates 𝜆̂𝑆,𝑢𝑐,𝑘 and their

exponential fit.
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(a) Stop rate 𝜆𝑆,𝑢𝑐 as a function of the mean

velocity 𝑣̄
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(b) Stop rate 𝜆𝑆,𝑢𝑐 as a function of the speed

limit 𝑣𝑙𝑖𝑚

Figure 3.37: Estimation of the stop rate 𝜆𝑆,𝑢𝑐 from measurements and fit of an exponential function (𝜆𝑆,𝑢𝑐 >
0.015 1/m not displayed)

Since there is no model for the traffic speed 𝑣𝑡𝑟 on city and country roads that could be

used to model the mean velocity 𝑣̄, the exponential function 𝜆𝑆,𝑢𝑐(𝑣𝑙𝑖𝑚) for the stop rate

based on the speed limit, which can be taken from map data, is applied in the velocity

simulation. Following the model for traffic-related motorway stop events presented

in Section 3.4.1, unclassified stops on city and country roads are generated using a

Poisson process where the stop rate 𝜆𝑆,𝑢𝑐(𝑣𝑙𝑖𝑚) is an exponential function of the speed

limit 𝑣𝑙𝑖𝑚 of the respective city or country route segment. The number of stops on

a given segment 𝑁𝑆,𝑢𝑐 with length 𝑙𝑠𝑒 𝑔 and speed limit 𝑣𝑙𝑖𝑚 follows from a Poisson

distribution 𝑝𝑁𝑆,𝑢𝑐 (𝑛𝑆,𝑢𝑐) analogue to the one for traffic-related motorway stops in (3.50)

with the mean number of stops on a segment being E[𝑁𝑆,𝑢𝑐] = 𝜆𝑆,𝑢𝑐 𝑙𝑠𝑒 𝑔 . The stop

positions 𝑠𝑆,𝑢𝑐,1 , ..., 𝑠𝑆,𝑢𝑐,𝑁𝑆,𝑢𝑐 of the 𝑁𝑆,𝑢𝑐 stops are drawn from a uniform distribution

as described in (3.51) for the traffic-related stops on motorways.
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Based on Algorithm 3 derived for the modeling of traffic-related motorway stops,

Algorithm 5 is developed for the modeling of unclassified stops on city and country

roads in the velocity simulation. In this case the correction of the route velocity 𝑣𝑟𝑜𝑢𝑡𝑒

is not necessary as the stop rate 𝜆𝑆,𝑢𝑐 is not a function of the mean velocity, respectively

the traffic speed 𝑣𝑡𝑟 , but the speed limit 𝑣𝑙𝑖𝑚 which is unaffected by the added stop

events. The stop rate 𝜆𝑆,𝑢𝑐 is accordingly not limited by the vehicle and driver dynamics,

unlike the traffic stop rate 𝜆𝑆,𝑡𝑟 which is limited by 𝜆𝑆,𝑡𝑟,𝑚𝑎𝑥 , see (3.58).

Algorithm 5 Generation of unclassified stop events on city and country roads

1: Initialize city or country segment of length 𝑙𝑠𝑒 𝑔 with positions 𝑠 ∈ 𝒮𝑘 = [0, 𝑙𝑠𝑒 𝑔]
2: Get positions of speed limit changes {𝑠 𝑗 : 𝑗 = 1, ..., 𝑁𝑗}
3: for 𝑗 ← 1 to 𝑁𝑗 − 1 do
4: if 𝑣𝑙𝑖𝑚(𝑠 𝑗) < 𝑣𝑙𝑖𝑚,𝑐𝑟𝑖𝑡 then

5: 𝜆𝑆,𝑢𝑐,𝑗 ← 𝜆𝑆,𝑢𝑐,𝑗𝑎𝑚
exp

(
𝑣𝑙𝑖𝑚,𝑐𝑟𝑖𝑡−𝑣𝑙𝑖𝑚 (𝑠 𝑗 )

𝑣𝑙𝑖𝑚,𝑞𝑚𝑎𝑥

)
−1

exp

(
𝑣𝑙𝑖𝑚,𝑐𝑟𝑖𝑡
𝑣𝑙𝑖𝑚,𝑞𝑚𝑎𝑥

)
−1

6: Draw 𝑁𝑆,𝑢𝑐,𝑗 ∼ 𝑝𝑁𝑆,𝑢𝑐 (𝑛𝑆,𝑢𝑐)
7: Draw 𝑠𝑆,𝑢𝑐,𝑗,1 , ..., 𝑠𝑆,𝑢𝑐,𝑗,𝑁𝑆,𝑢𝑐,𝑗 ∼ 𝒰(𝑠 𝑗 , 𝑠 𝑗+1)
8: Draw 𝜏𝑆,𝑢𝑐,𝑗,1 , ..., 𝜏𝑆,𝑢𝑐,𝑗,𝑁𝑆,𝑢𝑐,𝑗 ∼ 𝑝𝑇𝑆,𝑢𝑐 (𝜏𝑆,𝑢𝑐)
9: end if

10: end for

3.4.3 Discussion and results

The stop event models derived in Sections 3.4.1 and 3.4.2 are applied to simulate velocity

profiles on a set of routes. The routes are those of the measured velocity profiles that

are used to parametrize the stop event models. The stops in the simulated velocity

profiles are compared to those of the measured profiles to analyze the suitability of

the developed stop event models. All simulations are done with traffic influence on

motorways based on the methods derived in Section 3.3.

Figure 3.38 depicts a measured and a simulated velocity profile on the same route, and

the duration and reason for each stop. The simulation generates a realistic stop pattern,

which overall is similar to the measured pattern. To better compare simulated and

measured stops and account for their stochasticity, which permits an exact replication

of any velocity profile, aggregate metrics are derived. The simplest one is the mean

stop rate for each of the stop classes

𝜆̄𝑆,𝑟𝑆 =
𝑛𝑆,𝑟𝑆
𝑙𝑡𝑜𝑡𝑎𝑙

(3.62)
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Figure 3.38: Stops in a measured and a simulated velocity profile on the same route

with the total number of stops of each stop class 𝑛𝑆,𝑟𝑆 and the total length of the analyzed

set of routes 𝑙𝑡𝑜𝑡𝑎𝑙 ≈ 65 000 km. Table 3.3 lists the different mean stop rates 𝜆̄𝑆,𝑟𝑆 ,𝑚𝑒𝑎𝑠
and 𝜆̄𝑆,𝑟𝑆 ,𝑠 𝑖𝑚 derived from measured and simulated velocity profiles, and the relative

error of the simulation

𝛿𝜆̄𝑆,𝑟𝑆
=

𝜆̄𝑆,𝑟𝑆 ,𝑠 𝑖𝑚 − 𝜆̄𝑆,𝑟𝑆 ,𝑚𝑒𝑎𝑠
𝜆̄𝑆,𝑟𝑆 ,𝑚𝑒𝑎𝑠

. (3.63)

Stops at the start and end of the trips are excluded from the analysis, as the velocity

simulation does not take parking and maneuvering stops into account. Additionally,

some measured velocity profiles are missing data at the beginning or end of the trip

due to the properties of the measurement system, which also prevents comparisons

between simulation and measurement. The mean stop rates of the simulation are all

in the same order of magnitude as the ones derived from measured velocities. Besides

statistical errors in the estimation of the stop probabilities, some of the differences

between simulation and measurement can be attributed to slight differences in the

routes used in the simulation and those driven in the measurements. Those differences

are caused by inaccuracies in the GPS signal or errors in the map data, which can

lead to deviations in the simulated routes derived from the measured GPS traces. The

unclassified stops on city and country roads, and the motorway traffic stops are subject

to additional errors as their models require more assumptions. Both are based on an

exponential fit of the stop rate as a function of the traffic speed or speed limit, see Figures

3.33a and 3.37b, where the quality of the fit influences the resulting number of stops

in the simulation and thus the mean stop rate. The strong deviation of the mean stop

rate of the traffic-related motorway stops is primarily caused by the underestimation
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of the share of small traffic speeds 𝑣𝑡𝑟 on motorways in the simulation, as depicted in

Figure 3.32a. This then leads to an underestimation of the number of motorway stops

and thus the motorway mean stop rate due to the dependence of the stop rate 𝜆𝑆,𝑡𝑟 on

the traffic speed 𝑣𝑡𝑟 .

Table 3.3: Comparison of mean stop rate 𝜆̄𝑆,𝑟𝑆 for different stop classes 𝑟𝑆 estimated from measured and

simulated velocities on the same routes

𝑟𝑆 𝜆̄𝑆,𝑟𝑆 ,𝑚𝑒𝑎𝑠 𝜆̄𝑆,𝑟𝑆 ,𝑠 𝑖𝑚 𝛿𝜆̄𝑆,𝑟𝑆
Traffic light 1.18 · 10

−4
1/m 1.18 · 10

−4
1/m −0.43%

Yield sign 1.89 · 10
−5

1/m 2.42 · 10
−5

1/m 28.22%

Stop sign 5.45 · 10
−6

1/m 6.20 · 10
−6

1/m 13.76%

Pedestrian crossing 1.15 · 10
−5

1/m 1.33 · 10
−5

1/m 15.3%

Unclassified 9.43 · 10
−5

1/m 1.25 · 10
−4

1/m 32.38%

Motorway traffic 8.067 · 10
−6

1/m 1.59 · 10
−6

1/m −80.31%

In Figure 3.39a the mean stop rate per trip

𝜆̄𝑆,𝑡𝑟𝑖𝑝 =
𝑛𝑆,𝑡𝑟𝑖𝑝

𝑙𝑡𝑟𝑖𝑝
(3.64)

with the number of stops per trip 𝑛𝑆,𝑡𝑟𝑖𝑝 and the trip length 𝑙𝑡𝑟𝑖𝑝 , is compared between

simulation and measurement. Overall the CDF of the simulation shows good agreement

with the measurements, only the very high mean stop rates per trip of 𝜆̄𝑆,𝑡𝑟𝑖𝑝 >

1.5 · 10
−3

1/m occurring in some measured trips are not reproduced by the simulation.

The trip stop time ratio 𝜏𝑆,𝑡𝑟𝑖𝑝/𝜏𝑡𝑟𝑖𝑝 compares the time spent in stops 𝜏𝑆,𝑡𝑟𝑖𝑝 with the

total travel time of the trip 𝜏𝑡𝑟𝑖𝑝 . As for the trip stop rate 𝜆̄𝑆,𝑡𝑟𝑖𝑝 the share of very high

ratios 𝜏𝑆,𝑡𝑟𝑖𝑝/𝜏𝑡𝑟𝑖𝑝 > 0.2 is underestimated. The derived stop models are based on mean

values, e.g., the estimated stop probabilities at traffic lights only apply to the average

traffic light passed, and the stop duration distributions are also not specific to individual

locations. This property prevents the models from taking outliers, such as trips on

routes with many stop reasons which have high stop probabilities and long mean stop

durations, and therefore cause high ratios of 𝜆̄𝑆,𝑡𝑟𝑖𝑝 and 𝜏𝑆,𝑡𝑟𝑖𝑝/𝜏𝑡𝑟𝑖𝑝 , into account. Thus,

in the context of virtual load generation, where the individual trip in which a stop

occurs is generally not relevant, the derived methods and their estimated parameters

enable a realistic reproduction of the effects of stop events on the component loads.
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(b) Trip stop time ratio 𝜏𝑆,𝑡𝑟𝑖𝑝/𝜏𝑡𝑟𝑖𝑝 distribution

Figure 3.39: Comparison of stop event properties in measured and simulated velocity profiles (trip length

> 20 km)
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load generation

To ensure the reliability of automotive components, it is essential to understand the

expected operational loads. In the initial phases of development, virtual load generation

helps in accurately estimating these loads. Given that the driven velocity significantly

impacts many vehicle component loads, such as powertrain torque, vibration excitation,

and temperature, velocity simulation is an essential component for creating these virtual

loads. The stochastic velocity simulation described in Chapter 3 simulates velocities on

a representative set of routes for different drivers and vehicles. Using the simulated

velocities and other input quantities, the component loads are derived using system

simulations specific to the vehicle, component, and load.

As described in Chapter 3, the velocity simulation [85, 113] is a stochastic simulator

ℳ𝑣(𝑠, 𝒓(𝑠), 𝜽𝑣) and considers various random influences to generate random velocity

profiles for a given route. The simulation generates a stochastic process

{𝑉𝑠 =ℳ𝑣(𝑠, 𝒓(𝑠), 𝜽𝑣) : 𝑠 ∈ 𝑆} (4.1)

where 𝑠 is the position along a route composed of the positions in the set 𝑆. Moreover,

we consider different properties 𝒓(𝑠), such as the legal speed limit, curvature, and slope

of the road as a function of the position 𝑠 along the route as well as the parameter

vector 𝜽𝑣 describing driver behavior and vehicle properties. To assess component

loads the simulated velocities are fed into a system simulation (i.e., a transfer function)

ℳ𝑔(𝑣(𝑠), 𝒑(𝑠), 𝜽𝑔) which simulates component loads based on the velocity as well

as other inputs 𝒑(𝑠) and parameters 𝜽𝑔 . Due to the random velocity profiles, the

component load is thus also described by a stochastic process

{𝑇𝑠 =ℳ𝑔(𝑉𝑠 , 𝒑(𝑠), 𝜽𝑔) : 𝑠 ∈ 𝑆}. (4.2)
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This load is associated with uncertainties from the velocity and system simulation.

The velocity simulation contributes to the load estimation uncertainty due to errors

in the simulation model and its parameters, which can be classified as epistemic

uncertainty and the inherent randomness of the simulation that contributes to the

aleatoric uncertainty. The uncertainties of the system simulation depend on the specific

application and must either be estimated based on expert knowledge or inferred

from load measurements. As these measurements are often not available for specific

applications and expert knowledge can be highly subjective, uncertainties in the system

simulation are not considered in the following sections.

Section 4.1 describes a comprehensive UQ framework to handle uncertainties of the

velocity simulation in the context of virtual load generation. This framework includes

a DoE, surrogate modeling, sensitivity analysis, parameter inference, and evaluation of

the results considering the uncertainties. Based on the UQ framework, two applications

are demonstrated in Sections 4.2 and 4.3. The first derives uncertainties of the velocity

simulation specific to the system simulation used. The second application derives more

generic uncertainties of the velocity simulation without explicitly considering a system

simulation. Parts of the content of the following sections have already been published

in [114].

4.1 Framework

The UQ framework provides the structure and connects the needed modules to identify

uncertainties in the velocity simulation. An overview of the framework is given in Figure

4.1. The framework is executed for the considered driver and vehicle combinations

with the associated sets of routes to identify the uncertainties in the parameter vector

𝜽𝑣 of each driver. It is also possible to only execute parts of the framework, e.g., to

only derive a surrogate model for use in other applications, or to only identify the most

important parameters using sensitivity analysis.

The framework is based on QoIs, which describe aspects of the velocity and load time

series. The QoIs are usually derived by splitting the series into windows of a certain

length 𝑠𝑤,𝑙 without overlap and then calculating statistics or application-specific metrics

𝑢 for each window 𝑤 leading to the QoI 𝑞𝑤,𝑢 . The reference samples 𝑞𝑤,𝑢,𝑟𝑒 𝑓 of the

QoIs are either obtained directly from measured velocities or, if they are based on the

load time series, by applying the system simulation to the measured velocities. Direct

measurements of the load series are not used because the focus is on the uncertainty in

the velocity simulation. Additionally, obtaining these measurements in large quantities
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Figure 4.1: Overview of the UQ framework. Figure modified from [114].

is often challenging, as they typically require complex setups for load measurement on

the component.

If there were a second set of velocity measurements from the same driver on the same

set of routes, the QoIs per window would change as a result of random changes in

driving behavior, traffic, etc. It is thus necessary to model the QoIs per window as

random variables with associated PDF

𝑄𝑤,𝑢 ∼ 𝑝𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣) (4.3)

which is conditional on the parameter vector 𝜽𝑣 of the velocity simulation. For multiple

windows with multiple QoIs

𝑸 =


𝑄1,1 . . . 𝑄1,𝑃

...
. . .

...

𝑄𝑁,1 . . . 𝑄𝑁,𝑃

 (4.4)

we obtain the joint distribution 𝑝𝑸(𝒒|𝜽𝑣). The distributions of the different QoIs in

the same window 𝑄𝑤,1 , ..., 𝑄𝑤,𝑃 are generally correlated and cannot be assumed as

independent. The properties of the correlated QoI distribution change for each window

as the characteristics of the velocity profiles are typically different for each window,

e.g., one window may cover a city road while the next one is on a motorway portion of

the route. The distributions 𝑸𝑤 for different windows 𝑤 are therefore not identically

distributed but are assumed as independent as the considered windows do not overlap.

The velocity simulation parameters𝜽𝑣 are defined as a random variable𝚯𝑣 in a Bayesian

interpretation of probability, meaning that we aim to find the posterior distribution
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𝑝𝚯𝑣 (𝜽𝑣|𝒒𝑟𝑒 𝑓 ) using the sample 𝒒𝑟𝑒 𝑓 such that the true QoI distribution 𝑝̃𝑸(𝒒) is well

approximated and the uncertainty in the simulated distribution 𝑝𝑸(𝒒|𝜽𝑣) is expressed

through the uncertain parameters 𝚯𝑣 .

4.1.1 Sampling and design of experiments

The joint QoI distribution 𝑝𝑸(𝒒|𝜽𝑣) is conditional on the parameters of the velocity

simulation 𝜽𝑣 . To approximate the distribution 𝑝𝑸(𝒒|𝜽𝑣) and investigate the effects of

the parameters 𝜽𝑣 a sampling approach is needed.

For the uncertain velocity simulation parameters, a uniform, uninformative prior

𝑝𝚯𝑣 (𝜽𝑣) ∼ 𝒰(𝜽𝑣,𝑙 , 𝜽𝑣,𝑢) (4.5)

is defined. The lower 𝜽𝑣,𝑙 and upper 𝜽𝑣,𝑢 bounds are set to threshold values estimated

from a database with velocity simulation parameters from numerous drivers to ensure

a physically plausible meaning for them. Table A.2 lists all parameters in the vector 𝜽𝑣
and their bounds. Depending on the considered QoIs, it can be useful to exclude some

parameters as their impact on the QoIs can be neglected a priori, which helps to reduce

the computational effort in the further steps of the UQ framework.

Different parameter samples 𝜽𝑣,1 , ..., 𝜽𝑣,𝑀 are generated with a Monte Carlo sampling

strategy such as LHS, see Section 2.3.1, from the prior distribution 𝑝𝚯𝑣 (𝜽𝑣). Using the

stochastic velocity simulationℳ𝑣(𝑠, 𝒓(𝑠), 𝜽𝑣) and, if the QoI is based on the load series,

the deterministic system simulationℳ𝑔(𝑣(𝑠), 𝒑(𝑠), 𝜽𝑔) the parameter samples can be

propagated to the QoIs. The parameters of the system simulation 𝜽𝑔 are assumed to

be known exactly and are not considered in the DoE. To approximate the distribution

𝑝𝑸(𝒒|𝜽𝑣,𝑖) for one parameter sample 𝜽𝑣,𝑖 repeated executions of the simulation are

necessary to capture the randomness of the simulation. The QoI distribution can then

be approximated by the repeated samples 𝑸(𝑖)
1
, ...,𝑸(𝑖)

𝑅
∼ 𝑝𝑸(𝒒|𝜽𝑣,𝑖). Based on the

repeated samples, moments or other statistics of the distribution can be estimated

conditional on the parameter vector 𝜽𝑣,𝑖 .

Using repeated samples usually leads to unfeasible computing times, as for all 𝑀

parameter samples, 𝑅 repetitions need to be performed, which means the simulation

needs to be executed𝑅·𝑀 times. As described in Section 2.3.4, this is not necessary when

using GLaM surrogate models. To fit those surrogates, only one repetition is necessary,

meaning that for each parameter sample 𝜽𝑣,𝑖 only one QoI sample 𝑸 𝑖 ∼ 𝑝𝑸(𝒒|𝜽𝑣,𝑖) is
drawn, requiring only a single execution of the simulation. The resulting dataset of a

DoE with 𝑀 samples is thus given by the parameter samples {𝜽𝑣,1 , ..., 𝜽𝑣,𝑀} and the
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associated QoI samples {𝑞𝑤,𝑢,1 , ..., 𝑞𝑤,𝑢,𝑀} for each window 𝑤 and QoI 𝑢. Since the

parameter samples are drawn from the prior distribution, the resulting QoI samples are

draws from the prior predictive distribution and can therefore be used to approximate

it.

4.1.2 Likelihood function

The likelihood is calculated with the measured sample

𝒒𝑟𝑒 𝑓 =


𝑞1,1,𝑟𝑒 𝑓 . . . 𝑞1,𝑃,𝑟𝑒 𝑓

...
. . .

...

𝑞𝑁,1,𝑟𝑒 𝑓 . . . 𝑞𝑁,𝑃,𝑟𝑒 𝑓

 =


𝒒

1,𝑟𝑒 𝑓

...

𝒒𝑁,𝑟𝑒 𝑓

 (4.6)

which contains the measurements 𝑞𝑤,𝑢,𝑟𝑒 𝑓 for each QoI 𝑢 and window 𝑤 which are

samples from the true, unknown distribution 𝑝̃𝑸(𝒒). Based on the simulated QoI

distribution per window 𝑝𝑸𝒘 (𝒒𝑤|𝜽𝑣)we define the likelihood of the measurements per

window 𝒒𝑤,𝑟𝑒 𝑓 by

ℒ𝒒𝑤,𝑟𝑒 𝑓 (𝜽𝑣) = 𝑝𝑸𝑤
(𝒒𝑤,𝑟𝑒 𝑓 |𝜽𝑣). (4.7)

Due to the assumed independence of the windows, the joint likelihood of all windows

is given by their product

ℒ𝒒𝑟𝑒 𝑓 (𝜽𝑣) =
𝑁∏
𝑤=1

𝑝𝑸𝑤
(𝒒𝑤,𝑟𝑒 𝑓 |𝜽𝑣), (4.8)

and the log-likelihood follows in the same manner as the sum of their logarithms

ℓ𝒒𝑟𝑒 𝑓 (𝜽𝑣) =
𝑁∑
𝑤=1

log

(
𝑝𝑸𝑤
(𝒒𝑤,𝑟𝑒 𝑓 |𝜽𝑣)

)
. (4.9)

4.1.3 Surrogate model generation

A surrogate model approximates a simulation model to reduce the number of costly

evaluations of the full simulation. As the used velocity simulation in combination with

the system simulations is a stochastic simulator, this requires a stochastic surrogate

model which allows for faster evaluation of the distribution 𝑝𝑸(𝒒|𝜽𝑣) by the approxi-

mate surrogate distribution 𝑝̂𝑸(𝒒|𝜽𝑣) [109]. Different stochastic surrogate models are
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described in [62, 110, 112]. For our problem, we choose the GLaM [110] which is built

on the GLD [30], as described in Section 2.3.4.

As the GLaM in its used form can only be used to approximate distributions in one

dimension, a separate surrogate model is built for the distribution 𝑝̂𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣) of

each window and QoI. The lambda parameters of the GLD are given as a function of

the velocity simulation parameters 𝜽𝑣 specific to each QoI and window, and thus the

GLaM for each QoI and window gives the approximate distribution as a function of 𝜽𝑣

𝑄̂𝑤,𝑢(𝜽𝑣) ∼ 𝑝̂𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣) = GLD(𝜆1,𝑤,𝑢(𝜽𝑣),𝜆2,𝑤,𝑢(𝜽𝑣),𝜆3,𝑤,𝑢(𝜽𝑣),𝜆4,𝑤,𝑢(𝜽𝑣)). (4.10)

The GLaMs are build on the experimental design described in Section 4.1.1 without

replications, i.e., for each sample from the parameter distribution 𝑝𝚯𝑣 (𝜽𝑣) one sample

from the conditional QoI distribution 𝑝𝑸(𝒒|𝜽𝑣) is drawn. Using the MLE procedure

described in [110], the PCE coefficients 𝑐𝑙 ,𝜶 for the lambda parameters are fitted.

The polynomial degrees for the four lambdas and the truncation scheme are chosen

depending on the QoI but are constant for all windows of that QoI. It can be beneficial

for some applications to fix the shape parameters of the GLD, e.g., 𝜆3 = 0.13 and

𝜆4 = 0.13 for the approximate shape of a normal distribution, if the shape of the QoI

distribution is already known a priori or to regularize the model and make it less prone

to overfitting [16].

In case of multiple QoIs per window, their correlations need to be considered. The dif-

ferent distributions 𝑝̂𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣) approximated by the GLaMs are independent and do

not consider the existing correlations. To consider the correlations, a multidimensional

normal distribution

𝑸̂𝑤 = (𝑄̂𝑤,1 , ..., 𝑄̂𝑤,𝑃) ∼ 𝒩(𝝁𝑤|𝜽𝑣 ,𝚺𝑤|𝜽𝑣). (4.11)

of the QoIs is assumed. The conditional mean vector 𝝁𝑤|𝜽𝑣 and diagonal of the

covariance matrix 𝚺𝑤|𝜽𝑣 are given by the individual means and variances of the GLaMs

𝝁𝑤|𝜽𝑣 = (E[𝑄̂𝑤,1|𝜽𝑣], ...,E[𝑄̂𝑤,𝑃|𝜽𝑣])𝑇 ,
diag(𝚺𝑤|𝜽𝑣) = (𝜎2(𝑄̂𝑤,1|𝜽𝑣), ..., 𝜎2(𝑄̂𝑤,𝑃|𝜽𝑣))𝑇 .

(4.12)

To complete the covariance matrix the correlations 𝜌𝑄𝑤,𝑢 ,𝑄𝑤,ℎ
between two QoIs 𝑄𝑤,𝑢

and 𝑄𝑤,ℎ must be determined. To simplify the model we assume that the correlations
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𝜌𝑄𝑤,𝑢 ,𝑄𝑤,ℎ
are constant and independent from the parameters𝜽𝑣 which allows to estimate

them from the DoE dataset using the sample correlation coefficient

𝜌̂𝑄𝑤,𝑢 ,𝑄𝑤,ℎ
=

∑𝑀
𝑖=1
(𝑞𝑤,𝑢,𝑖 − 𝑞̄𝑤,𝑢)(𝑞𝑤,ℎ,𝑖 − 𝑞̄𝑤,ℎ)√∑𝑀

𝑖=1
(𝑞𝑤,𝑢,𝑖 − 𝑞̄𝑤,𝑢)2

∑𝑀
𝑖=1
(𝑞𝑤,ℎ,𝑖 − 𝑞̄𝑤,ℎ)2

(4.13)

with the samples 𝑞𝑤,𝑢,𝑖 and 𝑞𝑤,ℎ,𝑖 from the prior predictive distribution. From the

correlations and standard deviations, follow the off-diagonal entries of the covariance

matrix

cov(𝑄̂𝑤,𝑢 , 𝑄̂𝑤,ℎ) = 𝜌̂𝑄𝑤,𝑢 ,𝑄𝑤,ℎ
𝜎(𝑄̂𝑤,𝑢|𝜽𝑣)𝜎(𝑄̂𝑤,ℎ|𝜽𝑣) (4.14)

thereby completely defining the entries of the covariance matrix 𝚺𝑤|𝜽𝑣 conditional on

the parameter vector 𝜽𝑣 .

4.1.4 Surrogate model validation

For validation, a second DoE with 𝑀𝑣𝑎𝑙 samples is done where for each parameter

sample 𝜽𝑣,𝑖 we run 𝑅 repetitions to obtain the QoI samples 𝒒(𝑖)
1
, ..., 𝒒(𝑖)

𝑅
to approximate

the true distribution 𝑝𝑸(𝒒|𝜽𝑣).

Between the GLaM distribution 𝑝̂𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣,𝑖) and the distribution of the full simula-

tion 𝑝𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣,𝑖) the empirical Wasserstein distance 𝑑𝑊𝑆(𝑄𝑤,𝑢(𝜽𝑣,𝑖), 𝑄̂𝑤,𝑢(𝜽𝑣,𝑖)) (e.g.

[51]), is calculated for each parameter sample 𝑖, QoI 𝑢, and window 𝑤. The empirical

Wasserstein distance is computed with the 𝑅 samples obtained from 𝑝𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣,𝑖)
through repeated sampling and an equal amount of samples drawn from the GLaM

distribution 𝑝̂𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣,𝑖). Each computed Wasserstein distance is normalized by the

standard deviation of the full simulation distribution 𝜎(𝑄𝑤,𝑢(𝜽𝑣,𝑖)), which gives the

normalized Wasserstein distance

𝑑(𝑄𝑤,𝑢(𝜽𝑣,𝑖), 𝑄̂𝑤,𝑢(𝜽𝑣,𝑖)) =
𝑑𝑊𝑆(𝑄𝑤,𝑢(𝜽𝑣,𝑖), 𝑄̂𝑤,𝑢(𝜽𝑣,𝑖))

𝜎(𝑄𝑤,𝑢(𝜽𝑣,𝑖))
. (4.15)

The standard deviation 𝜎(𝑄𝑤,𝑢(𝜽𝑣,𝑖)) is identical to the Wasserstein distance between

the distribution 𝑝𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣,𝑖) and the mean E[𝑄𝑤,𝑢(𝜽𝑣,𝑖)], see [110] for more details.

The normalized Wasserstein distance can thus be interpreted as the ratio between the

Wasserstein distances 𝑑𝑊𝑆(𝑄𝑤,𝑢(𝜽𝑣,𝑖), 𝑄̂𝑤,𝑢(𝜽𝑣,𝑖)) and 𝑑𝑊𝑆(𝑄𝑤,𝑢(𝜽𝑣,𝑖),E[𝑄𝑤,𝑢(𝜽𝑣,𝑖)]),
i.e., how much improvement is obtained by using the stochastic surrogate distribution

𝑝̂𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣,𝑖) compared to a degenerate distribution at the true mean of the full

simulation.
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For each window and QoI, the mean of the normalized Wasserstein distance for all

parameter samples 𝜽𝑣,𝑖 ∼ 𝑝𝚯𝑣 (𝜽𝑣) in the validation dataset is taken to derive the error

measure per window and QoI

𝜖𝑤,𝑢 = E[𝑑(𝑄𝑤,𝑢(𝚯𝑣), 𝑄̂𝑤,𝑢(𝚯𝑣))] ≈
1

𝑀𝑣𝑎𝑙

𝑀𝑣𝑎𝑙∑
𝑖=1

𝑑(𝑄𝑤,𝑢(𝜽𝑣,𝑖), 𝑄̂𝑤,𝑢(𝜽𝑣,𝑖)). (4.16)

A second metric for surrogate model validation is the accuracy with which the log-

likelihood of a measurement (see Section 4.1.2) can be predicted with the surrogate

model. To calculate the log-likelihood, a reference sample is defined as the mean of the

prior predictive distribution (see also (4.21) for the posterior predictive distribution)

𝒒𝑟𝑒 𝑓 ,𝑃𝑟 = E[𝑸(𝚯𝑣)]with 𝑝𝚯𝑣 (𝜽𝑣) ∼ 𝒰(𝜽𝑣,𝑙 , 𝜽𝑣,𝑢) (4.17)

which serves as a representative measurement for which the log-likelihood can be calcu-

lated and compared between the GLaM and reference distributions. The log-likelihood

of the reference sample using the GLaM distribution 𝑝̂𝑸(𝒒|𝜽𝑣) is thus calculated

according to (4.9). To calculate the log-likelihood with the reference distribution

𝑝𝑸(𝒒|𝜽𝑣) of the full simulation, a Kernel Density Estimation (KDE) is applied to the

repeated samples from 𝑝𝑸(𝒒|𝜽𝑣) to approximate the PDF of the distribution. The

log-likelihoods of the GLaM ℓ̂𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣,𝑖) and of the reference ℓ𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣,𝑖) are evaluated

for all parameter samples 𝜽𝑣,𝑖 based on which the coefficient of determination 𝑅2
is

calculated. This metric allows for evaluating the quality of the surrogate with a single

number that combines all QoIs, windows, and parameter samples. As the metric is

based on the log-likelihood, it is particularly meaningful to evaluate the surrogate

in the context of likelihood based parameter inference, e.g., to calculate the posterior

distribution in a Bayesian framework.

4.1.5 Sensitivity analysis

Based on the derived GLaM surrogates, a global sensitivity analysis using Sobol’

indices [90], see Section 2.3.3, of the input parameters is conducted. In [111], different

approaches to global sensitivity analysis of stochastic simulators are described. We focus

on sensitivity analysis based on deterministic QoIs derived from the QoI distribution

𝑝̂𝑸(𝒒|𝜽𝑣).

For each QoI 𝑢 and window 𝑤 the Sobol’ indices of the mean E[𝑄̂𝑤,𝑢|𝜽𝑣] and standard

deviation 𝜎(𝑄̂𝑤,𝑢|𝜽𝑣) are estimated by Monte Carlo simulations [82, 83] using the respec-

tive GLaM. Mean and standard deviation are directly obtained from the description of
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the GLD in the GLaM. The parameter space for the Monte Carlo simulations is defined

by the prior 𝑝𝚯𝑣 (𝜽𝑣) from (4.5), where 𝑀𝑆𝑒𝑛𝑠𝑖 = 10
4

samples are drawn. To analyze the

overall sensitivity of the QoIs to the parameters 𝜃𝑣,𝑗 in 𝜽𝑣 = (𝜃𝑣,1 , ..., 𝜃𝑣,𝐾)𝑇 the mean

of the first and total order Sobol’ indices

𝑆̄ 𝑗 ,𝑢 =
1

𝑁

𝑁∑
𝑤=1

𝑆 𝑗 ,𝑤,𝑢 ,

𝑆̄𝑇 𝑗,𝑢 =
1

𝑁

𝑁∑
𝑤=1

𝑆𝑇 𝑗,𝑤,𝑢 ,

(4.18)

with respect to the 𝑁 windows are defined. Mean Sobol’ indices of other orders follow

analogously.

To globally analyze the importance of the parameters, taking into account all windows

and QoIs, the sensitivity of the GLaM log-likelihood ℓ̂𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣) to the velocity simulation

parameters in𝜽𝑣 is calculated. The log-likelihood is computed with the reference sample

𝒒𝑟𝑒 𝑓 ,𝑃𝑟 defined as the mean of the prior predictive distribution, see (4.17). The Sobol’

indices thus indicate how sensitive the log-likelihood of the reference sample is to

changes in the parameters.

4.1.6 Bayesian parameter inference

Using the results of the sensitivity analysis, see Section 4.1.5, the velocity simulation

parameter vector is reduced to the parameters in𝒜𝑣 which have a significant influence

on the QoIs and the derived quantities such as the log-likelihood ℓ̂𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣). These

parameters 𝜽∗𝑣 = (𝜃𝑣,𝑗 : 𝑗 ∈ A𝑣)𝑇 are modeled as a random variable 𝚯∗𝑣 , while all

other parameters (𝜃𝑣,𝑗 : 𝑗 ∉ A𝑣)𝑇 are set to their default values in the driver-specific

default parameter vector 𝜽𝑣,0. The default values are identified with statistics from the

measured velocities of the drivers, e.g., the parameters of the velocity fluctuations, see

Section 3.2, or taken as a guess value from experience. The aim of Bayesian parameter

inference, see also Section 2.3.5, is to obtain the posterior distribution of 𝚯∗𝑣 through

Bayes’ rule given by

𝑝𝚯∗𝑣 (𝜽∗𝑣|𝒒𝑟𝑒 𝑓 ) ∝ ℒ̂𝒒𝑟𝑒 𝑓 (𝜽
∗
𝑣)𝑝𝚯∗𝑣 (𝜽∗𝑣). (4.19)

with the measured QoI sample 𝒒𝑟𝑒 𝑓 and the likelihood ℒ̂𝒒𝑟𝑒 𝑓 (𝜽
∗
𝑣) given by the GLaM.

To sample from the posterior distribution in (4.19), the MCMC algorithm with slice

sampling (e.g. [74]), see Section 2.3.2, is employed. By drawing a sufficiently large
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number of samples, the posterior distribution 𝑝𝚯∗𝑣 (𝜽∗𝑣|𝒒𝑟𝑒 𝑓 ) can be approximated by a

KDE.

The posterior distribution contains all available information on the estimated velocity

simulation parameters, including the uncertainty of the estimate, and can be used as an

input to the velocity simulation to propagate the uncertainty to the QoIs at the output

of the simulation. In some cases, it can be useful to reduce the parameter estimate to a

single number, i.e., a point estimate, which is easier to handle. In a Bayesian framework,

typical estimators are the MAP estimator

𝜽̂
∗
𝑣 = arg max

𝜽∗𝑣

𝑝𝚯∗𝑣 (𝜽∗𝑣|𝒒𝑟𝑒 𝑓 ) (4.20)

or the posterior expectation 𝜽̂
∗
𝑣 = E[𝚯∗𝑣|𝒒𝑟𝑒 𝑓 ], which both can be plugged into the

velocity simulation without any modifications to the simulation chain.

4.1.7 Uncertainty propagation

The identified posterior distribution is propagated to the QoIs by evaluating the posterior

predictive distribution, which, according to Section 2.3.5, is given by

𝑝𝑸(𝒒|𝒒𝑟𝑒 𝑓 ) =
∫ 𝜽∗𝑣,𝑢

𝜽∗
𝑣,𝑙

𝑝𝑸(𝒒|𝜽∗𝑣)𝑝𝚯∗𝑣 (𝜽∗𝑣|𝒒𝑟𝑒 𝑓 )𝑑𝜽∗𝑣 . (4.21)

Through the posterior predictive distribution, the identified uncertainty of the velocity

simulation parameters 𝑝𝚯∗𝑣 (𝜽∗𝑣|𝒒𝑟𝑒 𝑓 ) is combined with the aleatoric uncertainty of the

QoIs 𝑝𝑸(𝒒|𝜽∗𝑣) caused by the stochastic velocity simulation. The integral in (4.21) is

evaluated through Monte Carlo sampling which leads to a KDE approximation of

the joint posterior predictive distribution 𝑝𝑸(𝒒|𝒒𝑟𝑒 𝑓 ) and its marginal distributions

𝑝𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝒒𝑟𝑒 𝑓 ) per window 𝑤 and QoI 𝑢. All simulation parameters not included in

𝜽∗𝑣 are set to their default values in 𝜽𝑣,0. Depending on the use-case, the computational

effort of the respective system simulations, and the available runtime, the integral in

(4.21) can be evaluated by using the surrogate model with the approximate distribution

𝑝̂𝑸(𝒒|𝜽∗𝑣) or using the distribution 𝑝𝑸(𝒒|𝜽∗𝑣) obtained by Monte Carlo sampling with

the full simulation. Using the full simulation has the advantage of not introducing

additional uncertainty through the surrogate model while having the disadvantage of

requiring more runtime.

If the evaluation of the posterior predictive distribution in (4.21) is not feasible or the

information about the parameter uncertainty is not required, one of the point estimates

𝜽̂
∗
𝑣 described in Section 4.1.6, is plugged into the GLaM to directly obtain the QoI
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distribution 𝑝̂𝑸(𝒒|𝜽̂
∗
𝑣), or into the full simulation to obtain the distribution 𝑝𝑸(𝒒|𝜽̂

∗
𝑣)

through Monte Carlo sampling and KDE approximation.

Based on the posterior predictive distribution, further analyses can be conducted, which

include the calculation of credible intervals, means, standard deviations, and other

statistics from the posterior or posterior predictive distributions. The credible intervals

in the following are always defined as median credible intervals given by the quantiles

[𝑞(1−𝛾)/2 , 𝑞(1+𝛾)/2] such that 𝛾 is the probability of a value being in the interval.

Other analyses are based on the distribution of a QoI 𝑢 across multiple windows

within a sample 𝒒𝑢,𝑖 drawn from the posterior predictive distribution 𝑝𝑸𝑢
(𝒒𝑢|𝒒𝑟𝑒 𝑓 ) or

if uncertainties of the parameters are not considered from the distribution 𝑝𝑸𝑢
(𝒒𝑢|𝜽𝑣)

where, e.g., the default parameter vector 𝜽𝑣,0 or the point estimate 𝜽̂
∗
𝑣 are plugged in

for 𝜽𝑣 . A sample from the posterior predictive distribution is denoted as 𝒒𝑢,𝑖(𝒒𝑟𝑒 𝑓 ),
while samples from the distribution 𝑝𝑸𝑢

(𝒒𝑢|𝜽𝑣) are denoted as 𝒒𝑢,𝑖(𝜽𝑣), respectively

𝒒𝑢,𝑖(𝜽𝑣,0) and 𝒒𝑢,𝑖(𝜽̂
∗
𝑣).

From the sample 𝒒𝑢,𝑖 random windows𝑤 are drawn which defines the random variable

𝑄̃𝑢 with distribution 𝑝𝑄̃𝑢
(𝑞̃𝑢|𝒒𝑢,𝑖) conditional on 𝒒𝑢,𝑖 . The samples 𝒒𝑢,𝑖 are realizations of

the QoI𝑸𝑢 for each window when the driver drives once across all considered routes and

the derived windows. The distribution 𝑝𝑄̃𝑢
(𝑞̃𝑢|𝒒𝑢,𝑖) thus gives the probability of the QoI

reaching a certain value in any of the windows, i.e., in any part of the considered routes,

which can be compared to the distribution of the measured QoI values 𝑝𝑄̃𝑢
(𝑞̃𝑢|𝒒𝑢,𝑟𝑒 𝑓 )

on the same routes. By drawing multiple samples 𝒒𝑢,𝑖 , to consider the parametric

uncertainty and the randomness of the velocity simulation, multiple distributions

𝑝𝑄̃𝑢
(𝑞̃𝑢|𝒒𝑢,𝑖) can be derived. Thereby allowing the construction of Probability-boxes

(p-boxes) which give upper and lower bounds on the probability distribution of 𝑄̃𝑢 .

The available windows 𝑤 ∈ {1, ..., 𝑁} are a sample from the set of all windows of all

routes driven during the lifespan of a vehicle. The uncertainty regarding the measured

sample on the available window set with the distribution 𝑝𝑄̃𝑢
(𝑞̃𝑢|𝒒𝑢,𝑟𝑒 𝑓 ) is thus reducible

through more measurements, i.e., it is epistemic. This uncertainty is captured by the

width of the p-box which not only captures the epistemic uncertainty of the parameters

but also the epistemic uncertainty caused by the size of the route sample which leads

to larger differences in the samples 𝒒𝑢,𝑖 for shorter route sets with fewer windows.

In many virtual load generation use-cases, cumulative damage sums are the relevant

QoI. Therefore the mean

¯̃𝑞𝑢,𝑖 = E[𝑞̃𝑢|𝒒𝑢,𝑖] =
1

𝑁

𝑁∑
𝑤=1

𝑞𝑤,𝑢,𝑖 (4.22)
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or the sum of the QoI values per window, derived from the samples 𝒒𝑢,𝑖 , is of particular

importance. Considering multiple samples of 𝒒𝑢,𝑖 leads to an approximation of the mean

distribution 𝑝 ¯̃𝑄𝑢
( ¯̃𝑞𝑢)which considers the parametric uncertainty and the randomness

of the velocity simulation in combination with the uncertainty caused by the length of

the chosen route set and can be compared to the measured mean ¯̃𝑞𝑢,𝑟𝑒 𝑓 . Here, mean

distributions derived from the posterior predictive are denoted as 𝑝 ¯̃𝑄𝑢
( ¯̃𝑞𝑢|𝒒𝑟𝑒 𝑓 ), while

distributions derived from 𝑝𝑸𝑢
(𝒒𝑢|𝜽𝑣) are denoted as 𝑝 ¯̃𝑄𝑢

( ¯̃𝑞𝑢|𝜽𝑣).

4.2 System simulation specific Uncertainty
Quantification

The UQ framework described in Section 4.1 is applied to a specific use-case with a fixed

system simulation and the associated QoI. The derived surrogates, sensitivities, and

parameter uncertainties are therefore specific to the chosen QoI. This procedure leads

to results tailored to the specific application, i.e., the identified parameters and their

uncertainties are adapted to the used QoI, but the results are not transferable to other

QoIs.

4.2.1 Simulation setup

The considered QoI is given by the torque load on the drivetrain of an electric vehicle.

However, we note that the developed framework can be applied to any other load

case, and as described in Section 4.1, also to multiple loads and their QoIs at once.

The system simulationℳ𝑔(𝑣(𝑠), 𝒑(𝑠), 𝜽𝑔) is a model of the vehicle and its drivetrain,

which, under consideration of the vehicle dynamics, outputs the respective torque in

the drivetrain component. The inputs 𝒑(𝑠) include the slope of the road given by the

map data, while the parameter vector 𝜽𝑔 defines the properties of the vehicle. Unlike

the parameters of the velocity simulation 𝜽𝑣 the parameters of the system simulation

are modeled without uncertainty. If their uncertainty is known from other analyses,

it can be included in addition to the velocity simulation parameter uncertainty in the

uncertainty propagation step, see Section 4.1.7. The QoI is based on the normalized

gear damage sum 𝑑′
𝐺,𝑤

per window described in Section 3.2.7, with window length

𝑠𝑤,𝑙 = 5000 m and shift 𝑠𝑤,𝑠 = 𝑠𝑤,𝑙 . Due to the exponential form of the damage sum, its

logarithm

𝑞𝑤,𝑑𝐺 = log

(
𝑑′𝐺,𝑤

)
,

𝒒𝑑𝐺 = (𝑞1 , ..., 𝑞𝑁 )𝑇 ,
(4.23)
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is considered as the QoI, respectively, the derived random variable 𝑸𝑑𝐺
to consider the

stochasticity of the velocity profiles. In the following we drop the index 𝑑𝐺 as only a

single QoI is considered, i.e., 𝑸 = 𝑸𝑑𝐺
. The reference measurement 𝒒𝑟𝑒 𝑓 is obtained

by applying the torque simulationℳ𝑔(𝑣(𝑠), 𝒑(𝑠), 𝜽𝑔) to the measured velocity profiles

while using the same road properties 𝒑(𝑠) and parameters 𝜽𝑔 as for the simulated

velocities. The schematic simulation chains to derive the QoI using simulated and

measured velocities are depicted in Figure 4.2.

Figure 4.2: Setup of the torque simulation with simulated and measured velocities

4.2.2 Numerical results

The simulation setup described in Section 4.2.1 is applied to 18 different drivers, which

all drive on the same 216 km long route set, where for each driver a set of velocity

measurements on the route set is available for analysis. The subsequent steps of the

UQ framework are applied to all drivers, leading to a different posterior distribution

of the velocity simulation parameters for each driver. The procedure and its results

are presented below for one of the drivers as an example, although the results for the

surrogate model and the sensitivity analysis are identical for the different drivers, as

the used prior distribution and route set are the same for all drivers. Finally, for all

drivers, the aggregate results of the identified posterior distributions and the resulting

mean distributions 𝑝 ¯̃𝑄( ¯̃𝑞|𝒒𝑟𝑒 𝑓 ) are compared to the default parameters and the mean

distributions 𝑝 ¯̃𝑄( ¯̃𝑞|𝜽𝑣,0) obtained with them.

Surrogate model generation

A DoE with 𝑀 = 1 000 samples without replications is run with the velocity and torque

simulation described in Section 4.2.1. The velocity simulation parameter samples

𝜽𝑣,1 , ..., 𝜽𝑣,𝑀 are drawn from a uniform prior distribution, see (4.5), and Table A.2 for

the bounds on the distribution. Considering all 36 velocity simulation parameters in
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Table A.2 would be unfeasible due to the very high number of required parameter

samples for a sufficient surrogate model fit. Using expert knowledge, the parameter

space can be reduced to 9 parameters which have a potential influence on the torque

profiles and thus the gear damage sum based QoI, see (4.23), while all other parameters

are assumed to be irrelevant with respect to the considered QoI. The considered

parameter vector 𝜽𝑣 is therefore reduced to those 9 parameters

𝜽𝑣 = (𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 , 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 , 𝑜𝑣,𝑐𝑖 , 𝑜𝑣,𝑐𝑜 , 𝑜𝑣,𝑚𝑜 , 𝜇𝜎𝜁,𝑙𝑜𝑔 ,𝑐𝑖 , 𝜇𝜎𝜁,𝑙𝑜𝑔 ,𝑐𝑜 , 𝜇𝜎𝜁,𝑙𝑜𝑔 ,𝑚𝑜 , 𝜇𝑣𝑚𝑎𝑥,𝑑𝑟 )𝑇 (4.24)

which are modeled as a random variable 𝚯𝑣 while all other parameters are set to their

default values in 𝜽𝑣,0. The reduction to 9 parameters helps to limit the required number

of samples to fit a surrogate model with sufficient accuracy, and therefore brings the

computational effort to an acceptable level.

The velocity simulation, and subsequently the torque simulation, is run on the route

set for each of the DoE parameter samples. The resulting torque profiles are split into

𝑁 = 41 windows, where for each window the QoI in (4.23) is calculated, leading to

the QoI vector 𝒒 = (𝑞1 , ..., 𝑞𝑁 )𝑇 . The resulting parameter sample set {𝜽𝑣,1 , ..., 𝜽𝑣,𝑀}
and the associated QoI samples {𝒒

1
, ..., 𝒒𝑀} are used to fit a GLaM for each of the QoI

distributions per window 𝑝̂𝑄𝑤 (𝑞𝑤|𝜽𝑣)with the methods described in Sections 2.3.4 and

4.1.3. The polynomial degrees of the PCE of the four lambdas of the GLaM are set to

𝑝1 = 2, 𝑝2 = 𝑝3 = 𝑝4 = 1 while 𝑞1 = 𝑞2 = 𝑞3 = 𝑞4 = 1 for the full polynomial basis in the

truncation sets {𝓐𝑙 : 𝑙 = 1, ..., 4}.

Surrogate model validation

The second DoE for validation, see Section 4.1.4, is run with 𝑀𝑣𝑎𝑙 = 100 parameter

samples and 𝑅 = 1 000 repetitions for each parameter sample. Figure 4.3 compares

how the mean 𝜇𝑤 and the 50%, 75%, and 90% credible intervals of the distributions

𝑝𝑄𝑤 (𝑞𝑤|𝜽𝑣) and 𝑝̂𝑄𝑤 (𝑞𝑤|𝜽𝑣) differ for a fixed value of the parameter vector 𝜽𝑣 along the

different windows of one of the routes. The GLaM distributions show some deviations

from the reference distributions, but overall, the differences in mean and variance

between the windows are well reproduced.

Between the GLaM 𝑝̂𝑄𝑤 (𝑞𝑤|𝜽𝑣) and reference 𝑝𝑄𝑤 (𝑞𝑤|𝜽𝑣) distributions the normalized

Wasserstein distance according to (4.15) and subsequently the error measure per window

𝜖𝑤 , see (4.16), is calculated. Figure 4.4 depicts the distribution of the error measure 𝜖𝑤
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Figure 4.3: Comparison of reference 𝑝𝑄𝑤 (𝑞𝑤 |𝜽𝑣) and GLaM 𝑝̂𝑄𝑤 (𝑞𝑤 |𝜽𝑣) distributions with a fixed parameter

vector 𝜽𝑣 for different windows along a route. The center line is the mean 𝜇𝑤 and the different color shades

indicate the 50%, 75%, and 90% credible intervals of the distributions. Figure modified from [114].

across all windows. For most windows, an error 𝜖𝑤 < 0.5 is observed, where the mean

error of all windows is

𝜖̄ =
1

𝑁

𝑁∑
𝑤=1

𝜖𝑤 = 0.55. (4.25)

When the GLaM is slightly modified by assuming normality of the distributions

𝑝̂𝑄𝑤 (𝑞𝑤|𝜽𝑣), i.e., 𝜆3 = 𝜆4 = 0.13, the mean error measure increases slightly to 𝜖̄ = 0.58.
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Figure 4.4: Distribution of the error measure 𝜖𝑤 . Figure modified from [114].

Using the reference measurement derived from the prior, see (4.17), the log-likelihood is

calculated according to (4.9) with the reference and GLaM distributions for each of the

𝑀𝑣𝑎𝑙 = 100 parameter samples 𝜽𝑣,𝑖 in the validation dataset. The resulting coefficient

of determination for the comparison of the likelihoods equals 𝑅2 = 0.51. When we

simplify the GLaM by using the normality assumption and setting 𝜆3 = 𝜆4 = 0.13 the

prediction is improved to 𝑅2 = 0.81, see Figure 4.5b. As shown in the analysis of the
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normalized Wasserstein distance, there is only a slightly better approximation of the

distributions 𝑝𝑄𝑤 (𝑞𝑤|𝜽𝑣)when using the full GLD. Additionally, through the normality

assumption, the model is regularized and less prone to overfitting, contributing to the

improved prediction of the log-likelihood. Due to these reasons, all further analyses

are carried out with the simplified GLaM which assumes a normal distribution of the

surrogates per window 𝑝̂𝑄𝑤 (𝑞𝑤|𝜽𝑣).
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(b) GLaM with 𝜆3 = 𝜆4 = 0.13 (𝑅2 = 0.81)

Figure 4.5: Comparison of log-likelihood ℓ𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣,𝑖) for different validation samples 𝜽𝑣,𝑖 between the

reference solution obtained by a KDE approximation of repeated samples and the GLaM surrogate model

[114]

Sensitivity analysis

Using the simplified GLaM, the Sobol’ indices based sensitivity analysis is conducted

to investigate the influence of the velocity simulation parameters on the gear damage

sum based QoI. Figure 4.6 depicts the total order Sobol’ indices 𝑆𝑇 𝑗,𝑤 along a route

calculated for the mean E[𝑄̂𝑤|𝜽𝑣] and the standard deviation 𝜎(𝑄̂𝑤|𝜽𝑣), see Table A.2

for a description of the different parameters 𝜃𝑣,𝑗 . For this route, the mean E[𝑄̂𝑤|𝜽𝑣] of

most windows is strongly influenced by 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 . The standard deviation 𝜎(𝑄̂𝑤|𝜽𝑣), on

the other hand, is influenced by various parameters depending on the window.

To analyze the aggregate sensitivity of the QoI to the parameters, the mean first and

total order Sobol’ indices for E[𝑄̂𝑤|𝜽𝑣] and 𝜎(𝑄̂𝑤|𝜽𝑣) are calculated according to (4.18).

Overall, the mean E[𝑄̂𝑤|𝜽𝑣] is mainly sensitive to 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 while the standard deviation

𝜎(𝑄̂𝑤|𝜽𝑣) is primarily sensitive to 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 and 𝜇𝑣𝑚𝑎𝑥,𝑑𝑟 , see Figure 4.7. For both mean and

standard deviation, there is little difference between the mean first 𝑆̄ 𝑗 and total order

𝑆̄𝑇 𝑗 indices, indicating no significant couplings of the velocity simulation parameters

𝜽𝑣 .

108



4.2 System simulation specific Uncertainty Quantification

0 2 4 6 8 10 12 14 16 18
Window index w

0.0

0.2

0.4

0.6

0.8
To

ta
lo

rd
er

in
di

ce
s

S T
j,w

[-
] µax,max,dr

µax,min,dr

ov,ci

ov,co

ov,mo

µσζ,log,ci

µσζ,log,co

µσζ,log,mo

µvmax,dr

(a) E[𝑄̂𝑤 |𝜽𝑣]
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Figure 4.6: Total order Sobol’ indices 𝑆𝑇 𝑗,𝑤 along a route for E[𝑄̂𝑤 |𝜽𝑣] and 𝜎(𝑄̂𝑤 |𝜽𝑣). Figure modified from

[114].

The parameters 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 and 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 influence the acceleration and deceleration behav-

ior of the driver, which is strongly related to the torque in the drivetrain and thus the

investigated gear damage sum based QoI. Both parameters are therefore expected to

strongly influence the mean E[𝑄̂𝑤|𝜽𝑣] and standard deviation 𝜎(𝑄̂𝑤|𝜽𝑣) of the QoI

distributions per window. The mean E[𝑄̂𝑤|𝜽𝑣] is mainly influenced by the mean of the

maximum driver acceleration 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 , which has a direct impact on the torque signal

and thus the gear damage sum based QoI when accelerating the vehicle. The mean of

the maximum driver deceleration 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 on the other hand only slightly changes the

torque signal as the recuperation of the electric motor when braking is limited but it

still impacts the standard deviation 𝜎(𝑄̂𝑤|𝜽𝑣) strongly as it influences the number of

potential acceleration events in a window which is limited by how often the vehicle

can accelerate again after it first needs to decelerate to a certain velocity. The mean of

the maximum driver speed 𝜇𝑣𝑚𝑎𝑥,𝑑𝑟 also doesn’t directly influence the torque signal but

through the influence on the mean velocity of the driver (especially on motorways) it

impacts the duration and frequency of the driver accelerating and decelerating, and

thus similar to the parameter 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 the standard deviation 𝜎(𝑄̂𝑤|𝜽𝑣).

In the sensitivity analysis of the log-likelihood ℓ̂𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣), the first 𝑆 𝑗 and total order 𝑆𝑇 𝑗

Sobol’ indices indicate a strong influence of the three parameters 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 , 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 and

𝑜𝑣,𝑐𝑖 , see Figure 4.8a, the first two of which were also the strongest influence factors in

the sensitivity analysis of mean E[𝑄̂𝑤|𝜽𝑣] and standard deviation 𝜎(𝑄̂𝑤|𝜽𝑣). The offset

𝑜𝑣,𝑐𝑖 influences the mean velocity driven in the city and has similar effects on the gear

damage sum as the parameter 𝜇𝑣𝑚𝑎𝑥,𝑑𝑟 mentioned before, but with a focus on city streets.

The values of the first and second-order indices are significantly different, indicating

higher-order coupling effects. Figure 4.8b depicts the second order Sobol’ indices

𝑆𝑖 𝑗 with a strong coupling effect between 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 and 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 . The log-likelihood is

usually a non-linear function in which the interactions between the parameters can lead
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Figure 4.7: Mean first 𝑆̄𝑗 and total order 𝑆̄𝑇 𝑗 indices for E[𝑄̂𝑤 |𝜽𝑣] and 𝜎(𝑄̂𝑤 |𝜽𝑣). Figure modified from [114].

to stronger changes in the log-likelihood than the parameters in isolation, which leads

to the observed second and higher order coupling effects in the Sobol’ indices.
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Figure 4.8: Sobol’ indices for the log-likelihood ℓ̂𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣). Figure modified from [114].
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Bayesian parameter inference

The reduced parameter set for which the posterior distribution 𝑝𝚯∗𝑣 (𝜽∗𝑣|𝒒𝑟𝑒 𝑓 ) is identified

contains the parameters in

A𝑣 = {𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 , 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 , 𝑜𝑣,𝑐𝑖} (4.26)

which have the most influence on the log-likelihood based on the Sobol’ indices. The

reduction is performed based on the sensitivities of the log-likelihood as it naturally

takes all windows into account and is itself a central component of Bayesian inference.

The posterior distribution is identified for each of the 18 drivers where for each driver

a different set of reference measurements 𝒒𝑟𝑒 𝑓 = (𝑞1,𝑟𝑒 𝑓 , ..., 𝑞𝑁,𝑟𝑒 𝑓 )𝑇 for the 𝑁 = 41

windows of the considered route set exists. A KDE of the posterior distribution for

one of the drivers, marginalized to one and two dimensions, is depicted in Figure

4.9. The black diamonds and lines indicate the default values of the parameter vector

𝜽𝑣,0 of the respective driver, compared to the red diamonds and lines for the mean

of the posterior predictive 𝜽̂
∗
𝑣 . For 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 and 𝑜𝑣,𝑐𝑖 , the default values are within the

posterior distributions. The posterior distribution of 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 is bounded to the left due

to the lower bound of the prior distribution 𝜽𝑣,𝑙 to keep the parameter values within a

physically plausible range.
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modified from [114].
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4 Uncertainty quantification for virtual load generation

In Figure 4.10a, the posterior mean and the 95% credible interval for the parameters

𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 and𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 are compared to their default values for all investigated drivers. The

default values are estimated directly from the velocity profiles of the individual drivers

with the aid of heuristics and, in contrast to the posterior distributions determined for the

parameters, do not allow for a description of the estimation uncertainty. The identified

posterior distributions of the mean of the maximum driver acceleration 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 are

in a range similar to the default parameters of the respective drivers, indicating that

both, the method used to derive the default parameters, and the Bayesian framework,

lead to suitable values with a similar ranking of the drivers. Additionally, the posterior

distribution provides the advantage of incorporating uncertainty in the parameter

estimation results. As shown in the sensitivity analysis, see Figures 4.7 and 4.8, 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟
is the most influential parameter on the investigated damage based QoI, making the

identified values of this parameter especially relevant.

For the mean of the maximum driver deceleration 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 the posterior distributions

mostly deviate from the default parameters and the uncertainty as expressed by the

credible intervals is larger than for the parameter 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 . The deviation of the posterior

distributions of 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 indicates a possible error in the default parameter estimates

or the simulation model itself, which is compensated in the posterior estimates. The

higher uncertainty in the estimates of 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 compared to 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 is likely due to the

lower sensitivity of the QoI to 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 , especially for the mean, see Figure 4.7a, leading

to less clear parameter identification results.

The velocity offset on city roads 𝑜𝑣,𝑐𝑖 is a separate case, as the default parameter values

are not identified from data since the parameter cannot be directly measured from the

velocity profiles. Instead, a rough estimate is used for the default parameters, which

is identical for all drivers, hence, in Figure 4.10b, the identified posterior distributions

are compared between the different drivers and not to the default values. In this case,

the UQ framework provides the advantage of identifying unique parameter estimates

for the different drivers, which can replace the generic default parameter estimates that

are not based on data.

Uncertainty propagation

The posterior predictive distribution in (4.21) is evaluated for each driver by running

the full simulation chain with 1 000 samples from the respective posterior distribution

of each driver. The posterior predictive 𝑝𝑸(𝒒|𝒒𝑟𝑒 𝑓 ) is compared to the distribution

𝑝𝑸(𝒒|𝜽𝑣,0) obtained by repeating the full simulation 1 000 times with the default

parameter vector 𝜽𝑣,0, as well as the reference measurement 𝒒𝑟𝑒 𝑓 of the respective

driver.
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Figure 4.10: Analysis of the identified posterior distribution 𝑝𝚯∗𝑣 (𝜽
∗
𝑣 |𝒒𝑟𝑒 𝑓 ) for the different drivers

Figure 4.11 depicts the 50%, 75%, 90% and 99% credible intervals as well as the mean

𝜇𝑤 of the distributions 𝑝𝑄𝑤 (𝑞𝑤|𝜽𝑣,0) and 𝑝𝑄𝑤 (𝑞𝑤|𝒒𝑟𝑒 𝑓 ) compared with the measured

values 𝑞𝑤,𝑟𝑒 𝑓 for the windows along a route for one of the drivers. Overall the intervals

are shifted towards the measured reference solution 𝒒𝑟𝑒 𝑓 when using the posterior

parameter distribution 𝑝𝚯∗𝑣 (𝜽∗𝑣|𝒒𝑟𝑒 𝑓 ) compared to the default parameters 𝜽𝑣,0. When

evaluating the 99% credible intervals for all windows of all routes of the investigated

driver, the posterior predictive distribution covers 85% of all measured windows in

𝒒𝑟𝑒 𝑓 compared to 71% of the default distribution.
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Figure 4.11: Comparison of the posterior predictive distribution 𝑝𝑸 (𝒒|𝒒𝑟𝑒 𝑓 ) and the distribution obtained

with default parameters 𝑝𝑸 (𝒒|𝜽𝑣,0) for multiple windows along a route. The center line is the mean 𝜇𝑤 of

the distributions, the different color shades indicate the 50%, 75%, 90%, and 99% credible intervals. Figure

modified from [114].

As described in Section 4.1.7 a p-box can be derived from the distributions 𝑝𝑄̃(𝑞̃|𝒒 𝑖)
conditional on 1 000 different samples 𝒒 𝑖 drawn from the posterior predictive distribu-
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4 Uncertainty quantification for virtual load generation

tion 𝑝𝑸(𝒒|𝒒𝑟𝑒 𝑓 ) or the distribution 𝑝𝑸(𝒒|𝜽𝑣,0) using default parameters. In Figure 4.12

these p-boxes are compared to the measured distribution 𝑝𝑄̃(𝑞̃|𝒒𝑟𝑒 𝑓 ) of the investigated

driver. When using the posterior predictive distribution, the simulated p-box fully

encloses the measured distribution 𝑝𝑄̃(𝑞̃|𝒒𝑟𝑒 𝑓 ), while for the default parameters, there

is a significant deviation from the measurement.
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Figure 4.12: Simulated p-boxes of the distribution 𝑝𝑄̃ (𝑞̃) compared to the measured distribution 𝑝𝑄̃ (𝑞̃|𝒒𝑟𝑒 𝑓 ).
Figure modified from [114].

As 𝑞𝑤 is the logarithm of the normalized gear damage sum, see (4.23), the mean

¯̃𝑞 of it is linearly related to the accumulated log damage sum across all windows

𝑑𝑙𝑜𝑔,𝑠𝑢𝑚 =
∑𝑁
𝑤=1

log(𝑑𝐺,𝑤) as shown by

¯̃𝑞 = 1

𝑁

𝑁∑
𝑤=1

log

(
𝑑′𝐺,𝑤

)
=

1

𝑁

𝑁∑
𝑤=1

log

(
𝑑𝐺,𝑤

𝑠𝑤,𝑙 𝑑̄𝐺,𝑚𝑒𝑎𝑠

)
,

¯̃𝑞 = 1

𝑁

(
𝑁∑
𝑤=1

log(𝑑𝐺,𝑤) − 𝑁(𝑠𝑤,𝑙 𝑑̄𝐺,𝑚𝑒𝑎𝑠)
)
, with

𝑁∑
𝑤=1

log(𝑑𝐺,𝑤) = 𝑑𝑙𝑜𝑔,𝑠𝑢𝑚 ,

𝑑𝑙𝑜𝑔,𝑠𝑢𝑚 = 𝑁 ¯̃𝑞 + 𝑁(𝑠𝑤,𝑙 𝑑̄𝐺,𝑚𝑒𝑎𝑠),

(4.27)

with the window length 𝑠𝑤,𝑙 , and the measured mean damage of all windows 𝑑̄𝐺,𝑚𝑒𝑎𝑠 ,

making it especially relevant for the presented gear dimensioning use-case. To compare

the normalized damage sum 𝑑′
𝐺,𝑤

and the derived QoI 𝑞𝑤 between different drivers,

the measured mean damage of all windows 𝑑̄𝐺,𝑚𝑒𝑎𝑠 of the driver with the highest mean

damage is used for the normalization of the damage sums of all drivers.

Using (4.22) the mean distribution 𝑝 ¯̃𝑄( ¯̃𝑞) is derived from the samples 𝒒 𝑖 taken from

the posterior predictive distribution 𝑝𝑸(𝒒|𝒒𝑟𝑒 𝑓 ) or the distribution 𝑝𝑸(𝒒|𝜽𝑣,0) using
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the default parameters. Figure 4.13 compares the mean distributions to the measured

mean ¯̃𝑞𝑟𝑒 𝑓 for all considered drivers. Overall, the stochastic velocity simulation, using

both the default parameters and the posterior distribution, leads to results close to the

measured mean while reproducing the differences between the drivers well. By using

the posterior distribution of the parameters the 99% credible interval of the resulting

mean distribution 𝑝 ¯̃𝑄( ¯̃𝑞|𝒒𝑟𝑒 𝑓 ) includes the measured mean ¯̃𝑞𝑟𝑒 𝑓 for 15 of 18 drivers

compared to 9 of 18 drivers for the mean distribution 𝑝 ¯̃𝑄( ¯̃𝑞|𝜽𝑣,0) resulting from the

default parameters.
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Figure 4.13: Comparison of mean distributions 𝑝 ¯̃𝑄 ( ¯̃𝑞|𝜽𝑣,0) and 𝑝 ¯̃𝑄 ( ¯̃𝑞|𝒒𝑟𝑒 𝑓 ) to the measured mean ¯̃𝑞𝑟𝑒 𝑓 for all

considered drivers

4.2.3 Discussion

The results presented in Section 4.2.2 show that the UQ framework can be applied to

a system simulation and load-specific use-case to identify uncertainties in the velocity

simulation parameters specific to that use-case. The GLaM surrogates can capture the

random results of the simulation chain with sufficient accuracy when the parameter

space is reduced to 9 parameters. For higher dimensions, the model deteriorates with

the available number of samples, which is limited by the required computational effort.

For an increasing number of samples, fitting of the GLaM also requires significantly

more time, which at least partly is caused by the inverse definition of the PDF, see (2.70),

that requires a numerical solution. The global sensitivity analysis helps to identify the

parameters with the most influence on the QoI, considering the randomness of the QoI

itself. Based on the surrogate model, the posterior distributions of the most important

115



4 Uncertainty quantification for virtual load generation

parameters are identified in a Bayesian framework. The posterior distributions allow

for quantification of the parametric uncertainties of the simulation, and generally

are in a realistic range, reflecting the observed differences in the driving behavior

between the drivers. Using the default parameters while considering the randomness

of the simulation chain already leads to a close match of the various simulated QoI

distributions to the measured values of the QoI. By additionally propagating the

identified uncertainties of the posterior distribution through the simulation chain to

obtain the posterior predictive distribution, the coverage of the measured QoI values is

further improved.

4.3 Generic velocity simulation Uncertainty
Quantification

To showcase the ability of the UQ framework to handle multiple QoIs, a use-case

without a specific system simulation is considered. The QoIs are derived directly from

the velocity and acceleration profiles, aiming to achieve a more generic description

of the velocity simulation uncertainty compared to using a single system simulation

specific QoI as in Section 4.2. Using velocity and acceleration based QoIs is beneficial

if the system simulation is computationally expensive, which in practice is often the

case, as the system simulation does not have to be run as part of the DoE needed to

derive the surrogate model. To still obtain uncertainties meaningful with respect to the

system simulation QoIs, the velocity and acceleration based QoIs are chosen such that

they are relevant to the system simulation QoIs using expert knowledge, heuristics, or

correlation analysis. In the following use-case, velocity and acceleration based QoIs

relevant to the gear damage sum based QoI used in Section 4.2 are derived and used

to quantify uncertainties in the velocity simulation. The results are then compared to

those directly obtained with the system simulation based QoI.

4.3.1 Simulation setup

A variety of statistics can be calculated from the velocity and acceleration profiles to

describe their properties. These include mean, standard deviation, various quantiles,

and others, see Table 4.1 for all statistics considered. These statistics 𝑢 are calculated per

window 𝑤, with window length 𝑠𝑤,𝑙 = 5000 m and shift 𝑠𝑤,𝑠 = 𝑠𝑤,𝑙 , to derive the QoIs

𝑞𝑤,𝑢 . For the mean, standard deviation, and quantiles, the QoI per window follows

directly from the statistic, e.g., for the mean velocity 𝑞𝑤,𝜇(𝑣) = 𝜇(𝑣)𝑤 where 𝜇(𝑣)𝑤 is

the mean velocity of window 𝑤. As for the gear damage sum used in Section 4.2,
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4.3 Generic velocity simulation Uncertainty Quantification

the rainflow and retention pseudo damage sums are normalized and logarithmized to

derive their QoIs. The QoI of the rainflow damage sum of the velocity is, for example,

given by

𝑞𝑤,𝑑𝑅𝐹(𝑣) = log

(
𝑑′𝑅𝐹,𝑤(𝑣)

)
, with 𝑑′𝑅𝐹,𝑤(𝑣) =

𝑑𝑅𝐹,𝑤(𝑣)
𝑠𝑤,𝑙 𝑑̄𝑅𝐹,𝑚𝑒𝑎𝑠(𝑣)

(4.28)

with the QoIs of the other damage sums being calculated in the same manner. The

retention pseudo damage sum is only calculated for the acceleration time series, but

due to its dependence on the driven distance between time steps Δ𝑠𝑖 which is a function

of the driven velocity, it also depends on the velocity time series. Therefore, the

QoI is denoted as 𝑞𝑤,𝑑𝑟𝑒𝑡 (𝑣,𝑎), although the dependence on 𝑣 and 𝑎 is dropped in the

following for a more compact notation given by 𝑞𝑤,𝑑𝑟𝑒𝑡 . The normalization constant, e.g.,

𝑑̄𝑅𝐹,𝑚𝑒𝑎𝑠(𝑣) for the rainflow damage sum, is the mean damage of all measured windows

of the respective driver. From the combination of all windows and statistics follows

the QoI matrix 𝒒 and the derived random variable 𝑸 to consider the stochasticity of

the velocity profiles. The reference measurement 𝒒𝑟𝑒 𝑓 is directly obtained from the

measured velocities and accelerations of each driver. The schematic procedure to derive

multiple QoIs from simulated and measured velocities is depicted in Figure 4.14.

Figure 4.14: Derivation of QoIs directly from the simulated and measured velocities

4.3.2 Numerical results

The simulation setup described in Section 4.3.1 is applied to the same 18 drivers and

their 216 km long route set with the corresponding velocity measurements as the setup

in Section 4.2 specific to the system simulation. Therefore, the UQ framework is

again applied to all drivers to derive a posterior distribution of the velocity simulation

parameters for each driver. The procedure is demonstrated with one of the drivers as
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4 Uncertainty quantification for virtual load generation

Table 4.1: Statistics to describe time series 𝒚 = (𝑦1 , ..., 𝑦𝑁 )𝑇

Statistic Description

𝜇, 𝜎, 𝑞𝑝 Mean, standard deviation, and p-th quantile with 𝑝 = 10%, 90%

𝑑𝑅𝐹 Rainflow pseudo damage sum. Counting of cycles in time series 𝒚 with

rainflow algorithm [3], then damage accumulation with Miner’s rule [70]

assuming slope 𝑘 = 6.

𝑑𝑟𝑒𝑡 Retention pseudo damage sum. Calculated as 𝑑𝑟𝑒𝑡 =
∑𝑁
𝑖=1
|𝑦𝑘
𝑖
Δ𝑠𝑖|, with

the driven distance between time steps Δ𝑠𝑖 depending on the velocity and

the damage exponent set to 𝑘 = 6.

an example, where again, as in Section 4.2, the results for the surrogate model and the

sensitivity analysis are identical for all drivers. The resulting posterior distributions

and parts of the posterior predictive distributions are compared between all drivers as

well as to the default parameters and the results obtained with them.

Quantity of Interest correlation analysis

In a preliminary analysis, the correlation of the velocity and acceleration based QoIs to

the gear damage sum 𝑄𝑤,𝑑𝐺 is investigated to identify those velocity and acceleration

based QoIs with the closest resemblance to 𝑄𝑤,𝑑𝐺 . A DoE with 𝑀 = 1 000 samples

without replications, similar to the one in Section 4.2, is run with the velocity simulation

to generate QoI samples from the prior predictive distribution. The prior from which the

velocity simulation parameter samples𝜽𝑣,1 , ..., 𝜽𝑣,𝑀 are drawn is a uniform distribution,

see (4.5), and Table A.2 for the bounds on the distribution. As previously in Section

4.2, we reduce the parameter vector to the 9 parameters given by (4.24) because these

parameters can influence the gear damage sum based QoI 𝑄𝑤,𝑑𝐺 and therefore, this

reduction is still valid since we aim to identify velocity and acceleration based QoIs that

are similar to 𝑄𝑤,𝑑𝐺 and are thus influenced by the same parameters.

For each window 𝑤 using (4.13) the correlation 𝜌̂𝑄𝑤,𝑑𝐺
,𝑄𝑤,𝑢 between the prior predictive

samples of𝑄𝑤,𝑑𝐺 and the prior predictive samples of all the other QoIs𝑄𝑤,𝑢 is estimated.

Figure 4.15a depicts the joint distribution of the prior predictive of 𝑄𝑤,𝑑𝐺 and 𝑄𝑤,𝜎(𝑎)
for one of the windows where the correlation is 𝜌̂𝑄𝑤,𝑑𝐺

,𝑄𝑤,𝜎(𝑎) = 0.87. The correlations

between the QoIs vary for each window, as the properties of the associated distributions

change depending on the road and driving situation in the window. In Figure 4.15b

this change of 𝜌̂𝑄𝑤,𝑑𝐺
,𝑄𝑤,𝜎(𝑎) for the different windows along a route is depicted.
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and 𝑄𝑤,𝜎(𝑎) for one window with the

correlation 𝜌̂𝑄𝑤,𝑑𝐺 ,𝑄𝑤,𝜎(𝑎)
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(b) Change of prior predictive correlation

𝜌̂𝑄𝑤,𝑑𝐺 ,𝑄𝑤,𝜎(𝑎)
between 𝑄𝑤,𝑑𝐺

and 𝑄𝑤,𝜎(𝑎) for

the windows along a route

Figure 4.15: Analysis of prior predictive distribution correlations between 𝑄𝑤,𝑑𝐺
and 𝑄𝑤,𝜎(𝑎)

The correlations per window are used to derive the surrogate model for the QoIs based

on a multidimensional normal distribution as described in Section (4.11). To assess the

relation between the velocity and acceleration based QoIs and the gear damage sum

QoI 𝑄𝑤,𝑑𝐺 , the mean correlation

𝜌̄𝑸𝑢 ,𝑸ℎ
=

1

𝑁

𝑁∑
𝑤=1

𝜌̂𝑄𝑤,𝑢 ,𝑄𝑤,ℎ
(4.29)

between two QoIs 𝑸𝑢 and 𝑸ℎ is defined. Table 4.2 lists the mean correlations of

all velocity and acceleration based QoIs to the gear damage sum based QoI 𝑸𝑑𝐺
in

descending order.

Table 4.2: Mean correlations 𝜌̄𝑸𝑑𝐺
,𝑸𝑢

of different velocity and acceleration based QoIs to the gear damage

sum based QoI 𝑸𝑑𝐺

QoI 𝑸𝜎(𝑎) 𝑸𝑑𝑟𝑒𝑡
𝑸𝑑𝑅𝐹(𝑎) 𝑸𝜎(𝑣) 𝑸𝑑𝑅𝐹(𝑣) 𝑸𝑞0.1(𝑎)

𝜌̄𝑸𝑑𝐺
,𝑸𝑢

0.77 0.74 0.6 0.49 0.41 0.4

QoI 𝑸𝑞0.9(𝑎) 𝑸𝑞0.9(𝑣) 𝑸𝑞0.1(𝑣) 𝑸𝜇(𝑣) 𝑸𝜇(𝑎)
𝜌̄𝑸𝑑𝐺

,𝑸𝑢
0.34 0.29 0.15 0.09 0.08

The highest correlations are observed for QoIs which take changes in the acceleration

series into account such as 𝑸𝜎(𝑎), 𝑸𝑑𝑟𝑒𝑡
, and 𝑸𝑑𝑅𝐹(𝑎), while the mean values 𝑸𝜇(𝑣) and

𝑸𝜇(𝑎) have a negligible mean correlation with 𝑸𝑑𝐺
. That is to be expected as the gear

damage sum based QoI 𝑸𝑑𝐺
is calculated from the torque series, which are sensitive

119



4 Uncertainty quantification for virtual load generation

to vehicle accelerations. In the subsequent steps we focus on the two QoIs with the

strongest correlations 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
, the QoI matrix is therefore reduced to

𝑸 =


𝑄

1,𝜎(𝑎) 𝑄1,𝑑𝑟𝑒𝑡

...
...

𝑄𝑁,𝜎(𝑎) 𝑄𝑁,𝑑𝑟𝑒𝑡

 . (4.30)

This choice of QoIs is an example to demonstrate how a set of velocity and acceleration

based QoIs relevant to a specific component load can be derived. In other applications,

these QoIs might already be known, or they can be derived with alternative methods.

Surrogate model generation

Based on the DoE of the previous section, a surrogate model for the two considered

QoIs is derived. First a separate GLaM is build for both QoIs and each of their 𝑁 = 41

windows, based on the parameter sample set {𝜽𝑣,1 , ..., 𝜽𝑣,𝑀} and the associated samples

{𝒒𝜎(𝑎),1 , ..., 𝒒𝜎(𝑎),𝑀} and {𝒒𝑑𝑟𝑒𝑡 ,1 , ..., 𝒒𝑑𝑟𝑒𝑡 ,𝑀} for each QoI. Each sample vector contains a

value for each window in the simulated route set, e.g., 𝒒𝜎(𝑎),𝑖 = (𝑞1,𝜎(𝑎) , ..., 𝑞𝑁,𝜎(𝑎))𝑇𝑖 . The

GLaMs and their distributions 𝑝̂𝑄𝑤,𝑢 (𝑞𝑤,𝑢|𝜽𝑣) for each QoI 𝑢 and window 𝑤 are fitted

with the methods described in Sections 2.3.4 and 4.1.3. In this case of a multidimensional

QoI distribution per window, the GLaM distributions are fixed to the shape of a normal

distribution, i.e., 𝜆3 = 𝜆4 = 0.13, see Section 4.1.3. The polynomial degrees of the

remaining two lambda parameters 𝜆1 and 𝜆2 are set to 𝑝1 = 2, 𝑝2 = 1 while 𝑞1 = 𝑞2 = 1

for the full polynomial basis in the truncation sets {𝓐𝑙 : 𝑙 = 1, 2}.

Based on the GLaMs and the QoI correlations derived from the DoE samples using (4.13)

the surrogate model of the joint distribution of each window 𝑝̂𝑸𝑤
(𝒒𝑤|𝜽𝑣) conditional

on the velocity simulation parameters 𝜽𝑣 is given by the multidimensional normal

distribution

𝑸𝑤 = (𝑄𝑤,𝜎(𝑎) , 𝑄𝑤,𝑑𝑟𝑒𝑡 ) ∼ 𝒩(𝝁𝑤|𝜽𝑣 ,𝚺𝑤|𝜽𝑣) (4.31)

previously defined in (4.11).

Surrogate model validation

For validation, as described in Section 4.1.4, we run a second DoE using the full

simulation with 𝑀𝑣𝑎𝑙 = 100 parameter samples and 𝑅 = 1 000 repetitions for each

parameter sample. Figure 4.16 compares how the means 𝜇𝑤,𝜎(𝑎) and 𝜇𝑤,𝑑𝑟𝑒𝑡 as well
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as the 50%, 75%, and 90% credible intervals of the distributions 𝑝̂𝑄𝑤,𝜎(𝑎)(𝑞𝑤,𝜎(𝑎)|𝜽𝑣)
and 𝑝̂𝑄𝑤,𝑑𝑟𝑒𝑡

(𝑞𝑤,𝑑𝑟𝑒𝑡 |𝜽𝑣) differ to their respective values derived from the reference

distributions of the two QoIs for a fixed value of the parameter vector 𝜽𝑣 along the

different windows of one of the routes. The GLaM distributions show some deviations

from the reference distributions, especially for the credible intervals, but overall, the

differences in mean and variance between the windows are still sufficiently reproduced.
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(𝑞𝑤,𝑑𝑟𝑒𝑡 |𝜽𝑣)with 𝑝̂𝑄𝑤,𝑑𝑟𝑒𝑡

(𝑞𝑤,𝑑𝑟𝑒𝑡 |𝜽𝑣)

Figure 4.16: Comparison of reference and GLaM distributions of two QoIs 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
with a fixed

parameter vector 𝜽𝑣 for different windows along a route. The center line is the mean 𝜇𝑤,𝜎(𝑎), or 𝜇𝑤,𝑑𝑟𝑒𝑡
respectively, and the different color shades indicate the 50%, 75%, and 90% credible intervals of the

distributions.

Between the GLaMs and the reference distributions of the two QoIs, the normalized

Wasserstein distance according to (4.15) and subsequently the error measures per

window 𝜖𝑤,𝜎(𝑎) and 𝜖𝑤,𝑑𝑟𝑒𝑡 , see (4.16), are calculated. In Figure 4.17 the distributions of

the error measures 𝜖𝑤,𝜎(𝑎) and 𝜖𝑤,𝑑𝑟𝑒𝑡 across all windows are depicted. For both QoIs

outliers of the error measures are observed for some windows, i.e., depending on the

window, the quality of the GLaM surrogate model can change considerably. The mean
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4 Uncertainty quantification for virtual load generation

errors given by (4.25) are 𝜖̄𝜎(𝑎) = 0.89 and 𝜖̄𝑑𝑟𝑒𝑡 = 1.29, highlighting the difficulty of

building a surrogate model which works consistently across all windows and QoIs.
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Figure 4.17: Distributions of the error measures 𝜖𝑤,𝜎(𝑎) and 𝜖𝑤,𝑑𝑟𝑒𝑡

Using the prior mean, see (4.17), a reference measurement is derived, which is used

to calculate the log-likelihood according to (4.9) with both the reference 𝑝𝑸𝑤
(𝒒𝑤|𝜽𝑣,𝑖)

and surrogate model 𝑝̂𝑸𝑤
(𝒒𝑤|𝜽𝑣,𝑖) joint distributions of both QoIs per window for

each of the 𝑀𝑣𝑎𝑙 = 100 parameter samples 𝜽𝑣,𝑖 in the validation dataset. Comparing

the log-likelihoods naturally allows for evaluating the overall quality of the surrogate

model considering both QoIs and their correlated joint distributions of all windows. As

depicted in Figure 4.18, the general trend of the log-likelihood is reproduced correctly,

but considerable fluctuations are leading to a coefficient of determination of only

𝑅2 = 0.56, indicating the challenges associated with building a surrogate model for a

correlated joint distribution of multiple QoIs.
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Figure 4.18: Comparison of the joint log-likelihood ℓ𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣,𝑖) for different validation samples 𝜽𝑣,𝑖 between

the reference solution obtained by a KDE approximation of repeated samples and the multivariate normal

surrogate model (𝑅2 = 0.56)
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Sensitivity analysis

Based on the multivariate normal surrogate model, see (4.11), a Sobol’ indices based

sensitivity analysis is conducted to investigate the influence of the velocity simulation

parameters on the QoIs 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
. Analyzing the mean Sobol’ indices, see (4.18),

for the mean E[𝑄̂𝑤,𝜎(𝑎)|𝜽𝑣] and the standard deviation 𝜎(𝑄̂𝑤,𝜎(𝑎)|𝜽𝑣) in Figure 4.19

does not indicate a dominant sensitivity to one or a few of the parameters, see Table

A.2 for a description of them, meaning that at least for some windows almost all

parameters have a considerable influence on the mean and standard deviation of 𝑸𝜎(𝑎).
This is expected as the standard deviation of the acceleration, from which 𝑸𝜎(𝑎) is

derived, is a comparatively generic quantity and thus sensitive to many parameters.

For both analyzed quantities E[𝑄̂𝑤,𝜎(𝑎)|𝜽𝑣] and 𝜎(𝑄̂𝑤,𝜎(𝑎)|𝜽𝑣) there is no significant

difference between the mean first 𝑆̄ 𝑗 and total order 𝑆̄𝑇 𝑗 indices and therefore only

limited interaction between the velocity simulation parameters 𝜽𝑣 concerning those

quantities.
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(b) 𝜎(𝑄̂𝑤,𝜎(𝑎)|𝜽𝑣)

Figure 4.19: Mean first 𝑆̄𝑗 and total order 𝑆̄𝑇 𝑗 indices for E[𝑄̂𝑤,𝜎(𝑎)|𝜽𝑣] and 𝜎(𝑄̂𝑤,𝜎(𝑎)|𝜽𝑣)

The analysis of the mean Sobol’ indices for the mean E[𝑄̂𝑤,𝑑𝑟𝑒𝑡 |𝜽𝑣] and the standard

deviation 𝜎(𝑄̂𝑤,𝑑𝑟𝑒𝑡 |𝜽𝑣) in Figure 4.20 reveals a different pattern with stronger influences

of the three parameters𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 , 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 , and𝜇𝜎𝜁,𝑙𝑜𝑔 ,𝑚𝑜 onE[𝑄̂𝑤,𝑑𝑟𝑒𝑡 |𝜽𝑣] and 𝜎(𝑄̂𝑤,𝑑𝑟𝑒𝑡 |𝜽𝑣)
while still displaying little interactions between the parameters. The mean of the

maximum driver acceleration𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 and the mean of the maximum driver deceleration

𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 directly influence the acceleration profile and therefore the retention pseudo

damage sum and derived QoI 𝑸𝑑𝑟𝑒𝑡
. The mean of the log-standard deviation of velocity

fluctuations on motorways 𝜇𝜎𝜁,𝑙𝑜𝑔 ,𝑚𝑜 impacts the amplitude and frequency of velocity
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4 Uncertainty quantification for virtual load generation

fluctuations on motorways and thus through the resulting changes in the velocity and

acceleration profiles the QoI 𝑸𝑑𝑟𝑒𝑡
.
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(b) 𝜎(𝑄̂𝑤,𝑑𝑟𝑒𝑡 |𝜽𝑣)

Figure 4.20: Mean first 𝑆̄𝑗 and total order 𝑆̄𝑇 𝑗 indices for E[𝑄̂𝑤,𝑑𝑟𝑒𝑡 |𝜽𝑣] and 𝜎(𝑄̂𝑤,𝑑𝑟𝑒𝑡 |𝜽𝑣)

Figure 4.21 depicts how the total order Sobol’ indices 𝑆𝑇 𝑗,𝑤 of E[𝑄̂𝑤,𝜎(𝑎)|𝜽𝑣] change

depending on the window on two different routes, where one route mainly includes

city roads and one route mainly includes motorway sections. The parameters with the

highest Sobol’ indices differ largely for the two routes, on the city route 𝑜𝑣,𝑐𝑖 , 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 ,

and 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 have a strong influence while on the motorway 𝜇𝜎𝜁,𝑙𝑜𝑔 ,𝑚𝑜 , 𝑜𝑣,𝑚𝑜 , and 𝜇𝑣𝑚𝑎𝑥,𝑑𝑟
have a high impact which is sensible as some of these parameters are specific to the

respective road type where they show a strong influence and are expected to influence

the accelerations and their standard deviation as described in Table A.2. This analysis

shows exemplarily for the other Sobol’ indices and their mean values in Figure 4.19 why

there are no dominant parameters, as depending on the route and driving situation,

the importance of the parameters changes significantly.

The sensitivity analysis of the joint log-likelihood ℓ̂𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣) of both QoIs𝑸𝜎(𝑎) and𝑸𝑑𝑟𝑒𝑡

leads to similar results as for the QoI 𝑸𝑑𝐺
in Section 4.2. Meaning that the first 𝑆 𝑗 and

total order 𝑆𝑇 𝑗 Sobol’ indices indicate a strong influence of the same three parameters

𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 , 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 and 𝑜𝑣,𝑐𝑖 , see Figure 4.22a, which is natural as the distributions per

window of the QoIs 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
are correlated to the distributions of 𝑸𝑑𝐺

, as

described within this Section 4.3.2, and those distributions form the basis for the

calculation of the log-likelihood.

Compared to separately analyzing the sensitivity of 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
to the parameters,

see Figures 4.19 and 4.20, analyzing the sensitivity of ℓ̂𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣)which combines both
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Figure 4.21: Total order Sobol’ indices 𝑆𝑇 𝑗,𝑤 along two different routes for E[𝑄̂𝑤,𝜎(𝑎)|𝜽𝑣]

QoIs, leads to the same set of important parameters as the system simulation specific

sensitivity analysis in Section 4.2, which is the result of the combination leading

to a quantity more specific to 𝑸𝑑𝐺
. This demonstrates one of the advantages of

using a correlated multidimensional surrogate model compared to modeling each

QoI separately, which provides less clear information about the most important

parameters regarding the combination of both QoIs and thus consequently also the

system simulation specific QoI 𝑸𝑑𝐺
.

As in Section 4.2, the values of the first and second order indices are significantly

different, indicating higher-order coupling effects, which are directly visible in the

second order Sobol’ indices 𝑆𝑖 𝑗 in Figure 4.22b. The second order Sobol’ indices

show strong coupling effects between 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 and 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 as well as weaker couplings

between𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 and most other parameters. As described in Section 4.2, these couplings

can be attributed to the non-linearity of the log-likelihood function, leading to strong

interactions between the parameters with respect to the log-likelihood.

Bayesian parameter inference

As in Section 4.2 we reduce the parameter set for which the posterior distribution

𝑝𝚯∗𝑣 (𝜽∗𝑣|𝒒𝑟𝑒 𝑓 ) is identified to the parameters in

A𝑣 = {𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 , 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 , 𝑜𝑣,𝑐𝑖} (4.32)

which have the most influence on the log-likelihood of 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
based on the

Sobol’ indices. Since the log-likelihood considers all windows and both QoIs and is a

central component in the context of Bayesian inference, its sensitivities are particularly

informative and are therefore used for the decision on the reduction of the parameter

set. The parameters in A𝑣 are the same as those identified in Section 4.2 for the gear
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(b) Second order Sobol’ indices 𝑆𝑖 𝑗

Figure 4.22: Sobol’ indices for the joint log-likelihood ℓ̂𝒒𝑟𝑒 𝑓 ,𝑃𝑟 (𝜽𝑣) of the two QoIs 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡

damage sum based QoI. The posterior distribution is identified for each of the 18 drivers,

where for each driver, there exists a different set of reference measurements

𝒒𝑟𝑒 𝑓 =


𝑞

1,𝜎(𝑎),𝑟𝑒 𝑓 𝑞1,𝑑𝑟𝑒𝑡 ,𝑟𝑒 𝑓

...
...

𝑞𝑁,𝜎(𝑎),𝑟𝑒 𝑓 𝑞𝑁,𝑑𝑟𝑒𝑡 ,𝑟𝑒 𝑓

 (4.33)

for the 𝑁 = 41 windows in the considered route set and the two QoIs 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
.

Figure 4.23 illustrates a KDE of the identified posterior distribution for one of the drivers,

marginalized to one and two dimensions. The black diamonds and lines represent

the default values of the parameter vector 𝜽𝑣,0 for the respective driver, while the red

diamonds and lines denote the mean of the posterior predictive 𝜽̂
∗
𝑣 . For 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 , the

default value falls within the posterior distribution, while for the other parameters, there

are significant differences between the default values and the posterior distribution and

its mean. The posterior distribution of 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 is constrained on the left by the lower

bound of the prior distribution 𝜽𝑣,𝑙 , which defines the physically plausible parameter

range, leading to a very narrow distribution near the lower bound that indicates a

systematic error in the simulation compensated by extreme parameter values.

In Figure 4.24a, the posterior mean and 95% credible interval for the parameters

𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 and 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 are compared to their default values for all investigated drivers.

The default values are estimated with heuristics directly from the velocity profiles of

each driver, and unlike the identified posterior distributions for the parameters, don’t
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Figure 4.23: Joint posterior distribution 𝑝𝚯∗𝑣 (𝜽
∗
𝑣 |𝒒𝑟𝑒 𝑓 )marginalized to one and two dimensions compared to

the default values 𝜽𝑣,0 and the posterior mean 𝜽̂
∗
𝑣 of the parameter vector of the respective driver

allow for a description of the estimation uncertainty. Contrary to the system simulation

specific analysis of the QoI 𝑸𝑑𝐺
in Section 4.2, see Figure 4.10a, the identified posterior

distributions of the mean of the maximum driver acceleration 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 are not in a

range similar to the default parameters of the respective drivers but instead are often

limited by their lower bound given by 𝜽𝑣,𝑙 as previously observed in Figure 4.23 for

a single driver and indicating an error in the simulation model corrected through the

posterior estimates. On the other hand, the posteriors of the mean of the maximum

driver deceleration 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 are more similar to the default parameters of the various

drivers and have a smaller 95% credible interval compared to the results obtained with

the QoI 𝑸𝑑𝐺
. The differences in the posterior distributions indicate that the errors in the

default parameter estimates and simulation model are different with regard to 𝑸𝜎(𝑎)
and 𝑸𝑑𝑟𝑒𝑡

compared to 𝑸𝑑𝐺
which is due to 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡

being related to 𝑸𝑑𝐺
but not

identical.

The changes of the 95% credible interval sizes compared to the system simulation

specific analysis are reflective of the different sensitivities of the log-likelihood visible

by comparing Figures 4.8 and 4.22 where the log-likelihood of the QoIs 𝑸𝜎(𝑎) and

𝑸𝑑𝑟𝑒𝑡
is more uniformly sensitive to the parameters 𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 , 𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 , and 𝑜𝑣,𝑐𝑖 leading

to similar uncertainties in their posterior estimates compared to the QoI 𝑸𝑑𝐺
where

𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 has a more dominant influence and thus can be identified with less uncertainty

than the other parameters.
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Using velocity and acceleration based QoIs in the UQ framework allows for deriving

estimates of parameters which otherwise are not estimated from data, but are set

to a rough estimate which is the same for all drivers, without requiring a specific

system simulation. One example of these parameters is the velocity offset on city

roads 𝑜𝑣,𝑐𝑖 , where the default parameter values are not identified from data, as the

parameter cannot be estimated directly from the velocity profiles. Using the identified

posterior distributions, these generic default parameter values can be replaced by

unique parameter estimates for the different drivers. In Figure 4.24b, the mean and 95%

credible intervals of the identified posterior distributions of 𝑜𝑣,𝑐𝑖 are depicted for the

different drivers. When comparing the posterior results of 𝑜𝑣,𝑐𝑖 to the system simulation

specific results in Figure 4.10b, their 95% credible intervals are significantly smaller

which is reflective of the increased importance of 𝑜𝑣,𝑐𝑖 in the sensitivity analysis of the

log-likelihood, see Figure 4.22. Overall, the investigated velocity and acceleration based

QoIs lead to different posterior distributions of the velocity simulation parameters as the

gear damage sum based QoI in Section 4.2, which, due to their different characteristics,

is expected, while providing the added advantage of not requiring potentially costly

runs of the system simulation.
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Figure 4.24: Analysis of the identified posterior distribution 𝑝𝚯∗𝑣 (𝜽
∗
𝑣 |𝒒𝑟𝑒 𝑓 ) for the different drivers

Uncertainty propagation

In the uncertainty propagation step, not only the influence of the uncertainties in

the posterior distribution of each driver on the velocity and acceleration based QoIs

𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
is investigated, but also on the gear damage sum based QoI 𝑸𝑑𝐺

which as shown in Table 4.2 is correlated to 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
. The aim is to investigate
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if the identified posterior distributions based on the QoIs 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
are not

only meaningful concerning those QoIs but also for the QoI 𝑸𝑑𝐺
. Using the UQ

framework based on velocity and acceleration based QoIs could thus potentially provide

the advantage of a reduced computational effort compared to the system simulation

specific approach in Section 4.2, as no runs of the system simulation are required for

the identification of the posterior distributions.

The posterior predictive distribution in (4.21) is evaluated for each driver by running

the full simulation chain with 1 000 samples from the respective posterior distribution

of each driver. The marginal distributions for each QoI derived from the posterior

predictive, e.g., 𝑝𝑸𝜎(𝑎)(𝒒𝜎(𝑎)|𝒒𝑟𝑒 𝑓 ) for the QoI 𝑸𝜎(𝑎), are compared to the respective

default distributions, e.g., 𝑝𝑸𝜎(𝑎)(𝒒𝜎(𝑎)|𝜽𝑣,0), obtained by repeating the full simulation

1 000 times with the default parameter vector 𝜽𝑣,0, and the reference measurement of

the respective driver and QoI, e.g., 𝒒𝜎(𝑎),𝑟𝑒 𝑓 .

Figure 4.25 compares the 50%, 75%, 90% and 99% credible intervals as well as the

means 𝜇𝑤,𝜎(𝑎) and 𝜇𝑤,𝑑𝑟𝑒𝑡 of the distributions 𝑝𝑸𝜎(𝑎)(𝒒𝜎(𝑎)|𝜽𝑣,0) and 𝑝𝑸𝜎(𝑎)(𝒒𝜎(𝑎)|𝒒𝑟𝑒 𝑓 ),
respective 𝑝𝑸𝑑𝑟𝑒𝑡

(𝒒𝑑𝑟𝑒𝑡 |𝜽𝑣,0) and 𝑝𝑸𝑑𝑟𝑒𝑡
(𝒒𝑑𝑟𝑒𝑡 |𝒒𝑟𝑒 𝑓 ), with the measured values 𝑞𝑤,𝜎(𝑎),𝑟𝑒 𝑓

and 𝑞𝑤,𝑑𝑟𝑒𝑡 ,𝑟𝑒 𝑓 for the windows along a route for one of the drivers. For both QoIs the

width of the intervals for some windows changes significantly and the mean of the

distributions is generally shifted towards the measured reference solutions 𝒒𝜎(𝑎),𝑟𝑒 𝑓 and

𝒒𝑑𝑟𝑒𝑡 ,𝑟𝑒 𝑓 when using the posterior parameter distribution 𝑝𝚯∗𝑣 (𝜽∗𝑣|𝒒𝑟𝑒 𝑓 ) compared to the

default parameters 𝜽𝑣,0. Evaluating the 99% credible intervals for all windows of all

routes of the investigated driver, the posterior predictive distribution of 𝑸𝜎(𝑎) covers

93% of all measured windows in 𝒒𝜎(𝑎),𝑟𝑒 𝑓 compared to 78% for the default distribution,

while for 𝑸𝑑𝑟𝑒𝑡
the posterior predictive distribution covers 85% compared to 73% for

the default distribution.

From each, the posterior predictive distribution 𝑝𝑸𝜎(𝑎)(𝒒𝜎(𝑎)|𝒒𝑟𝑒 𝑓 ) and the distribution

𝑝𝑸𝜎(𝑎)(𝒒𝜎(𝑎)|𝜽𝑣,0) using default parameters, 1 000 samples 𝒒𝜎(𝑎),𝑖 are drawn, respectively

1 000 samples 𝒒𝑑𝑟𝑒𝑡 ,𝑖 are drawn from 𝑝𝑸𝑑𝑟𝑒𝑡
(𝒒𝑑𝑟𝑒𝑡 |𝒒𝑟𝑒 𝑓 ) and 𝑝𝑸𝑑𝑟𝑒𝑡

(𝒒𝑑𝑟𝑒𝑡 |𝜽𝑣,0). Using

those samples and the procedure described in Section 4.1.7, p-boxes can be derived

from the distributions 𝑝𝑄̃𝜎(𝑎)
(𝑞̃𝜎(𝑎)|𝒒𝜎(𝑎),𝑖) and 𝑝𝑄̃𝑑𝑟𝑒𝑡

(𝑞̃𝑑𝑟𝑒𝑡 |𝒒𝑑𝑟𝑒𝑡 ,𝑖) conditional on 𝒒𝜎(𝑎),𝑖
and 𝒒𝑑𝑟𝑒𝑡 ,𝑖 . In Figure 4.26 these p-boxes are compared to the measured distributions

𝑝𝑄̃𝜎(𝑎)
(𝑞̃𝜎(𝑎)|𝒒𝜎(𝑎),𝑟𝑒 𝑓 ) and 𝑝𝑄̃𝑑𝑟𝑒𝑡

(𝑞̃𝑑𝑟𝑒𝑡 |𝒒𝑑𝑟𝑒𝑡 ,𝑟𝑒 𝑓 ) of the investigated driver. In both cases,

the simulated p-box derived using the posterior predictive distribution almost fully

encloses the measured distribution, while for the simulated p-box of 𝑝𝑄̃𝜎(𝑎)
(𝑞̃𝜎(𝑎)) using

default parameters, there are significant deviations from the measured distribution

and whilst for the p-box of 𝑝𝑄̃𝑑𝑟𝑒𝑡
(𝑞̃𝑑𝑟𝑒𝑡 ) there is little difference between the default

parameters and the posterior predictive distribution.
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(b) 𝑝𝑸𝑑𝑟𝑒𝑡
(𝒒𝑑𝑟𝑒𝑡 |𝜽𝑣,0) and 𝑝𝑸𝑑𝑟𝑒𝑡

(𝒒𝑑𝑟𝑒𝑡 |𝒒𝑟𝑒 𝑓 )

Figure 4.25: Comparison of the posterior predictive distributions and the distributions obtained with default

parameters for two QoIs 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
for multiple windows along a route. The center line is the mean

𝜇𝑤,𝜎(𝑎), or 𝜇𝑤,𝑑𝑟𝑒𝑡 respectively, and the different color shades indicate the 50%, 75%, 90%, and 99% credible

intervals of the distributions.

To evaluate the usability of the posterior distributions identified using the velocity and

acceleration based QoIs 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
for predicting the system simulation based QoI

𝑸𝑑𝐺
, the p-box of 𝑝𝑄̃𝑑𝐺

(𝑞̃𝑑𝐺 ) is also evaluated and compared to the system simulation

specific p-box in Section 4.2. Figure 4.27 depicts the comparison of the p-boxes derived

using the posterior distribution based on 𝑸𝑑𝐺
and the posterior distribution based on

𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
for the investigated driver. Both approaches fully enclose the measured

distribution 𝑝𝑄̃𝑑𝐺
(𝑞̃𝑑𝐺 |𝒒𝑑𝐺 ,𝑟𝑒 𝑓 ), the posterior distribution derived using only the velocity

simulation based QoIs 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡
is therefore a suitable substitute for the system

simulation specific posterior distribution based on the QoI 𝑸𝑑𝐺
.

To compare the posterior predictive results between the different drivers we use the

mean distributions 𝑝 ¯̃𝑄𝜎(𝑎)
( ¯̃𝑞𝜎(𝑎)) and 𝑝 ¯̃𝑄𝑑𝑟𝑒𝑡

( ¯̃𝑞𝑑𝑟𝑒𝑡 ) derived using (4.22) from the samples

𝒒𝜎(𝑎),𝑖 and 𝒒𝑑𝑟𝑒𝑡 ,𝑖 taken from the respective posterior predictive and default distributions.

To make the normalized retention pseudo damage sum 𝑑′𝑟𝑒𝑡,𝑤(𝑣, 𝑎) and the derived
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Figure 4.26: Simulated p-boxes of the distributions 𝑝𝑄̃𝜎(𝑎)
(𝑞̃𝜎(𝑎)) and 𝑝𝑄̃𝑑𝑟𝑒𝑡

(𝑞̃𝑑𝑟𝑒𝑡 ) compared to the measured

distributions 𝑝𝑄̃𝜎(𝑎)
(𝑞̃𝜎(𝑎)|𝒒𝜎(𝑎),𝑟𝑒 𝑓 ) and 𝑝𝑄̃𝑑𝑟𝑒𝑡

(𝑞̃𝑑𝑟𝑒𝑡 |𝒒𝑑𝑟𝑒𝑡 ,𝑟𝑒 𝑓 )

QoI 𝑞𝑤,𝑑𝑟𝑒𝑡 comparable between drivers the measured mean damage of all windows

𝑑̄𝑟𝑒𝑡,𝑚𝑒𝑎𝑠(𝑣, 𝑎) of the driver with the highest mean damage is used for the normalization

of all drivers.

Figure 4.28 compares the mean distributions 𝑝 ¯̃𝑄𝜎(𝑎)
( ¯̃𝑞𝜎(𝑎))of the QoI𝑸𝜎(𝑎) to the measured

mean ¯̃𝑞𝜎(𝑎),𝑟𝑒 𝑓 for all considered drivers. The 99% credible interval of the mean

distribution 𝑝 ¯̃𝑄𝜎(𝑎)
( ¯̃𝑞𝜎(𝑎)|𝜽𝑣,0) of the stochastic velocity simulation derived using the

default parameters covers the measured mean for 7 of 18 drivers. When using the mean

distribution 𝑝 ¯̃𝑄𝜎(𝑎)
( ¯̃𝑞𝜎(𝑎)|𝒒𝑟𝑒 𝑓 ) based on the posterior predictive the mean distributions

are generally closer to the measured mean and the 99% credible interval leads to a

coverage of the measured mean for 14 of 18 drivers.
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Figure 4.27: Comparison of p-boxes of the distribution 𝑝𝑄̃𝑑𝐺
(𝑞̃𝑑𝐺 ) derived using posterior distributions based

on 𝑸𝑑𝐺
or 𝑸𝜎(𝑎) and 𝑸𝑑𝑟𝑒𝑡

The mean distributions 𝑝 ¯̃𝑄𝑑𝑟𝑒𝑡

( ¯̃𝑞𝑑𝑟𝑒𝑡 ) of the QoI 𝑸𝑑𝑟𝑒𝑡
depicted in Figure 4.29 show

considerable differences in their variance depending on the driver, these differences

are reflected by both the distributions derived using the default parameters and the

posterior predictive. The 99% credible interval of the mean distribution 𝑝 ¯̃𝑄𝑑𝑟𝑒𝑡

( ¯̃𝑞𝑑𝑟𝑒𝑡 |𝒒𝑟𝑒 𝑓 )
based on the posterior predictive covers the measured mean ¯̃𝑞𝑑𝑟𝑒𝑡 ,𝑟𝑒 𝑓 of all 18 drivers

while the distribution 𝑝 ¯̃𝑄𝜎(𝑎)
( ¯̃𝑞𝜎(𝑎)|𝜽𝑣,0) derived using default parameters only leads to a

coverage of the measured mean for 16 of 18 drivers.

4.3.3 Discussion

The results presented in this Section 4.3.2 demonstrate the capability of the UQ

framework to handle multiple QoIs derived directly from velocity and acceleration

profiles. This approach provides a more generic description of velocity simulation

uncertainty compared to using a system simulation specific QoI as in Section 4.2. Two

velocity and acceleration based QoIs are chosen for the analysis due to their high

correlation with the system simulation specific QoI of Section 4.2. Thereby allowing

the derivation of uncertainties with respect to the system simulation specific QoI

without having to run the system simulation, which in practice is often computationally

expensive. The surrogate model based on a multivariate normal distribution can capture

the general trends of the joint QoI distributions but shows deficiencies in its accuracy,

highlighting the need for more advanced surrogates for correlated multidimensional

distributions or alternative approaches such as combining multiple QoIs into a single
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Figure 4.28: Comparison of the measured means ¯̃𝑞𝜎(𝑎),𝑟𝑒 𝑓 to the mean distributions 𝑝 ¯̃𝑄𝜎(𝑎)
( ¯̃𝑞𝜎(𝑎)|𝜽𝑣,0) and

𝑝 ¯̃𝑄𝜎(𝑎)
( ¯̃𝑞𝜎(𝑎)|𝒒𝑟𝑒 𝑓 ) for all considered drivers

quantity, which can be approximated by simpler surrogate models. The global

sensitivity analysis shows that the parameters which have the greatest influence on

the two velocity and acceleration based QoIs are similar to those that have the greatest

influence on the system simulation specific QoI, which is due to the close relation of the

different QoIs as shown by their high correlation. Based on the surrogate model, the

posterior distributions of the most important parameters are identified within a Bayesian

framework considering both QoIs. Due to the velocity and acceleration based QoIs

being related but still different from the system simulation specific QoI, the identified

posterior distributions differ from those identified with the system simulation specific

QoI in Section 4.2 but are still in a realistic range and reflect the generally observed

differences between the drivers. Propagating the identified posterior distributions to

the QoIs leads to a similar or better match of the various simulated distributions to

the measured values of both QoIs compared to using the default parameters, i.e., an

improvement in both QoI dimensions is achieved. A straightforward variation of the

presented use-case would be to consider multiple QoIs based on various loads and

system simulations. This approach would allow for the derivation of velocity simulation

uncertainties considering various components and their critical loads, leading to more

robust and reliable predictions of system behavior under various loading conditions.
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Figure 4.29: Comparison of the measured means ¯̃𝑞𝑑𝑟𝑒𝑡 ,𝑟𝑒 𝑓 to the mean distributions 𝑝 ¯̃𝑄𝑑𝑟𝑒𝑡
( ¯̃𝑞𝑑𝑟𝑒𝑡 |𝜽𝑣,0) and

𝑝 ¯̃𝑄𝑑𝑟𝑒𝑡
( ¯̃𝑞𝑑𝑟𝑒𝑡 |𝒒𝑟𝑒 𝑓 ) for all considered drivers
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5 Conclusions

This chapter begins with a summary of the main findings of the thesis in Section

5.1. It then outlines potential directions for future research in Section 5.2, focusing on

enhancing velocity simulation and UQ methods for virtual load generation.

5.1 Summary

This thesis addresses two related subjects. The first subject involves the enhancement

and addition of methods for stochastic velocity simulation within the context of virtual

load generation. The second subject focuses on the application of UQ methods to the

velocity simulation discussed in the first subject, in order to account for uncertainties in

the simulated velocities. Virtual load generation is an approach to derive automotive

component loads fully virtually, making them available at an early stage of development,

which enables the design of reliable components in a resource-efficient manner. The

velocity simulation generates velocity profiles for different vehicle types and driving

behaviors on arbitrary routes, which, through component-specific system simulations,

are propagated to the component loads. The focus on the velocity simulation within

this thesis is thus motivated by the dependence of many loads on the driven velocities,

making the velocity simulation a central component in many virtual load generation

use-cases. The application of UQ methods to the velocity simulation is particularly

demanding due to the velocities and subsequent loads being random, requiring the

use of UQ methods specific to stochastic simulators such as the stochastic velocity

simulation [109].

By analyzing velocity fluctuations in measured velocity profiles, a red-noise AR(1)

and an ARMA(2,1) model are identified as suitable for representing these fluctuations

as a piecewise stationary process, see Section 3.2.2. Compared to the state-of-the-art

AR(1) model with white noise [85], both identified models can better reproduce the

correlation structure of the measured fluctuations, as demonstrated by the distinctly
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smaller correlations in their residuum. Velocity fluctuations are shown to be bounded

as they cannot exceed certain bounds, either due to physical limits of the vehicle or

due to the driver’s behavior. To address this in the simulated fluctuations, a method to

bound the identified stochastic processes based on resampling is developed in Section

3.2.3.

The red-noise AR(1) and the ARMA(2,1) model are fitted to windows taken from the

velocity profiles, resulting in a set of parameters for each window and model. The

length of the windows is chosen such that the fluctuations within most windows can

be assumed to be stationary, while windows that clearly violate this assumption are

excluded, resulting in a piecewise stationary process. From the identified parameters

and the mean velocities of the windows, a model is derived in Section 3.2.4 that describes

the parameters as a multidimensional normal distribution conditional on the mean

velocity of the fluctuations. By treating the fluctuation parameters as a distribution,

the variability of the fluctuations is accounted for while the dependence on the mean

velocity allows to distinguish between the typically stronger fluctuations at lower speeds,

i.e., in the city, compared to the smaller fluctuations at higher speeds on the motorway,

leading to a realistic velocity fluctuation model for a broad range of drivers and vehicles.

Dense traffic influences driven velocities and, consequently, the related component

loads. Previous velocity simulation models [85, 93] do not sufficiently account for the

impact of traffic on simulated velocities, leading to an underestimation of the proportion

of low velocities, particularly on motorways where, without considering congestion,

velocities are consistently high and do not reflect the lower speeds observed in reality.

The traffic model proposed in Section 3.3 addresses this issue by generating realistic

velocity drops on motorways due to traffic. This is achieved by combining location

and time-dependent traffic speed distributions with congestion length distributions,

i.e., distributions of the length of a velocity drop caused by traffic. A large database

with FCD from Germany is analyzed to derive the required distributions for German

motorways, where the model shows a significant improvement in the match of simulated

and measured velocities through the consideration of slow velocities caused by traffic.

Motivated by the traffic influence model, which considers changes in the mean velocity

caused by traffic, a model for traffic-related stop events is built in Section 3.4.1 to

generate stop events resulting from traffic jams. It is shown that the stop density of

traffic-related stops depends on the mean traffic speed. By considering this relationship

in the velocity simulation, a good agreement of the simulation with measurements of

traffic-related stops is achieved. Stop events on city and country roads, caused by stop

signs, traffic lights, and other stop reasons, are modeled by assigning a stop probability

and a distribution of the stop duration to each stop reason. In Section 3.4.2, stops in

measured velocity profiles are systematically analyzed to derive new, more realistic
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parameters for the stop probabilities and stop duration distributions, resulting in a more

accurate representation of measured stops on city and country roads in the simulation.

Addressing the need to quantify the uncertainties of the simulated velocities with respect

to the virtually generated loads, a UQ framework for this application is built in Section

4.1. Based on the simulated stochastic velocity profiles or the application-specific load

profiles derived from them, QoIs are determined. These QoIs are modeled as probability

distributions to consider their randomness caused by the stochastic velocity simulation.

To reduce the runtime of the simulation chain while considering the randomness of

the QoIs, stochastic surrogate models are derived and validated. The surrogates used

are GLaMs, which combine the GLD with a PCE of the distribution parameters and

can approximate a wide range of unimodal distributions. The surrogate models enable

computationally efficient global sensitivity analysis using Sobol’ indices and Bayesian

parameter inference with MCMC methods to consider the uncertainty in the velocity

simulation parameters. The identified posterior distributions describing the parameter

uncertainties are propagated to the QoIs leading to the posterior predictive distribution

describing the virtual loads including their uncertainty.

Two applications of the UQ framework demonstrate its ability to identify the most

important parameters of the velocity simulation concerning the loads of the applications

and to derive the posterior distribution of the identified parameters. In the first

application presented in Section 4.2, the gear damage sum used for gear dimensioning,

based on the drivetrain torque load, is utilized as a single QoI, leading to uncertainties

specific to that load. By propagating the identified posterior distribution to the torque

load, a significantly increased coverage of measured loads is achieved. The second

application presented in Section 4.3 investigates the possibility of considering multiple

QoIs within the UQ framework. By using multiple QoIs for different loads, e.g., a QoI

for a thermal load and a QoI for a mechanical load, the effects of uncertain velocities

on multiple loads can be considered simultaneously. Alternatively, multiple QoIs can

be derived from velocity and acceleration profiles to substitute for a single system

simulation based QoI by having related characteristics, thus enabling UQ analysis

of that single QoI without running the potentially computationally intensive system

simulation.

Overall, the significant improvements of the velocity simulation in combination with

the UQ methods will further increase the usage of virtual loads in the development of

new, innovative components in the automotive industry by increasing the accuracy and

trustworthiness of the generated loads.
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5.2 Future work

The velocity simulation model, as well as the developed UQ framework, still show

deficiencies and potential for improvement. Adding new features could further improve

the accuracy and usability of the virtually generated loads. This section addresses

some of these deficiencies and potential improvements, outlining directions for future

research.

By acquiring and analyzing FCD for more regions, the traffic model for motorways

presented in Section 3.3 could be directly expanded to those regions, enabling the

consideration of traffic influences in more usage scenarios. Future work could also

investigate the possibility of extending the model to account for traffic influences on city

and country roads. Traffic on those roads is more complex and often strongly influenced

by intersections and traffic lights, making modeling more challenging. Addressing

these challenges likely requires developing a method to better differentiate between

slow traffic directly caused by stop reasons, such as traffic lights, and slow traffic caused

by the traffic flow exceeding the road’s capacity, which can also be limited by, for

example, a traffic light. An additional difficulty is the drastically increasing length of

the road network to consider compared to motorways, leading to significantly larger

amounts of FCD that need to be analyzed, which can make data handling difficult.

The example used in Section 4.3, with two velocity and acceleration based QoIs

substituting for the gear damage sum QoI of the first application, reveals some challenges

associated with creating surrogate models for multiple, correlated QoIs. In the current

approach, different surrogate models are trained for each QoI. By training the surrogate

models jointly with the correlated QoIs, predictions could be improved. This could be

achieved by extending the used GLaM to a multivariate GLaM based on an extension

of the GLD to the multivariate case or by constructing another flexible multivariate

distribution and approximating its parameters with PCEs. Alternatively, other surrogate

models, such as the Gaussian process regression (GPR) extension cokriging [96], which

can already handle multiple stochastic outputs, or the Stochastic polynomial chaos

expansion (SPCE) method [112], which needs to be extended to the multidimensional

setting, could be investigated. Addressing these further research needs on surrogates

for stochastic simulators could significantly enhance the application of UQ methods to

virtual load generation use-cases involving multiple loads and QoIs.

Besides the further research needs concerning the velocity simulation and UQ methods

mentioned previously, other uncertainties along the virtual load generation simulation

chain also need to be addressed in the future. These include uncertainties regarding the

assumed usage scenarios, map data, and system simulations. Statistical analysis of the

138



5.2 Future work

usage scenarios, i.e., the routes driven by the drivers and their driving behavior, could be

employed to check for the representativeness of the assumed usage scenarios compared

to the ground truth of all real-world usage scenarios. By conducting a sensitivity analysis

of the QoIs with respect to the map data, the importance of road properties such as slope,

curvature, and speed limit regarding the simulated loads could be analyzed. Further

investigations into the quality of the map data regarding the relevant road properties

could then be conducted to quantify the effect of uncertainties in the map data on the

QoIs. Finally, uncertainties in the system simulations, such as parameter uncertainties,

could be addressed similarly to the uncertainties in the velocity simulation, except that

system simulations are typically deterministic and thus do not require UQ methods

specific to stochastic simulators, which usually simplifies the analysis. By quantifying

these uncertainties and combining them with the velocity simulation uncertainties

through methods such as Monte Carlo sampling, confidence in virtual loads can be

increased. This facilitates further reductions in costly physical testing during product

development while simultaneously increasing product reliability.
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A Velocity simulation parameters

Table A.1: List of velocity simulation vehicle parameters

Parameter 𝜃𝑔 Description

𝐴 Frontal area in m
2

𝑐𝑤 Coefficient of drag

𝑃𝑚𝑎𝑥 Engine power in kW

𝑇𝑒𝑛𝑔,𝑚𝑎𝑥 Engine Torque in N m

𝑛𝑑𝑟,𝑎𝑥 Number of driven axles

𝑛𝑎𝑥 Total number of axles

𝑓𝑟𝑜𝑙𝑙 Rolling resistance coefficient

𝑚𝑣𝑒ℎ Vehicle mass in kg

𝜇𝑘 Friction coefficient

𝑟𝑤ℎ𝑒𝑒𝑙 Wheel diameter in m

𝑛𝑔 Gear ratio

𝑣𝑚𝑎𝑥,𝑣𝑒ℎ Maximum vehicle velocity in km/h
𝑣𝑚𝑎𝑥 Drivetrain efficiency parameter in km/h
𝜆𝑚𝑎𝑥 Drivetrain efficiency parameter
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A Velocity simulation parameters

Table A.2: List of velocity simulation driver parameters and their bounds

Parameter 𝜃𝑣 𝜃𝑣,𝑙 𝜃𝑣,𝑢 Description

𝜇𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 1 5 Mean of maximum driver acceleration in m/s2

𝜎𝑎𝑥,𝑚𝑎𝑥,𝑑𝑟 0.01 0.5 Standard deviation of maximum driver acceleration

in m/s2

𝜇𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 −5 −1 Mean of maximum driver deceleration in m/s2

𝜎𝑎𝑥,𝑚𝑖𝑛,𝑑𝑟 0.1 0.7 Standard deviation of maximum driver deceleration

in m/s2

𝑎𝑦,𝑚𝑎𝑥,𝑑𝑟 3 8 Maximum lateral driver acceleration in m/s2

𝜇𝑣𝑚𝑎𝑥,𝑑𝑟 110 150 Mean of maximum driver speed in km/h
𝜎𝑣𝑚𝑎𝑥,𝑑𝑟 0.05 15 Standard deviation of maximum driver speed in

km/h
𝑎𝑣𝑚𝑎𝑥,𝑑𝑟 60 80 Minimum of maximum driver speed in km/h
𝑏𝑣𝑚𝑎𝑥,𝑑𝑟 120 160 Maximum of maximum driver speed in km/h

𝑜𝑣,{𝑐𝑖,𝑐𝑜,𝑚𝑜} 0.5 1.3 Velocity offset on city/country/motorway roads

𝜇𝜂,{𝑐𝑖,𝑐𝑜,𝑚𝑜} 0.7 1 Mean of correlation 𝜂 of velocity fluctuations on

city/country/motorway roads

𝜎𝜂,{𝑐𝑖,𝑐𝑜,𝑚𝑜} n.s. n.s. Standard deviation of correlation 𝜂 of velocity fluctu-

ations on city/country/motorway roads

𝜇𝜃,{𝑐𝑖,𝑐𝑜,𝑚𝑜} 0.4 1 Mean of correlation 𝜃 of velocity fluctuations on

city/country/motorway roads

𝜎𝜃,{𝑐𝑖,𝑐𝑜,𝑚𝑜} n.s. n.s. Standard deviation of correlation 𝜃 of velocity fluc-
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