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Abstract: It is the essence of numerical methods like the Legendre tau method to approximate
infinite-dimensional problems by finite-dimensional ones. Instead of functions and operators,
finite-dimensional vectors and matrices occur. However, such a vector or matrix is still the
coordinate representation of a function or operator that approximates the original one. The
present paper considers the coordinate representations that result from the Legendre tau method
for time-delay systems. A combination of two different interpretations of the coordinates turns
out to be particularly helpful: a coordinate vector can be seen as representing a polynomial of
degree N or as representing a polynomial of degree N — 1 and a discontinuous end point. The
fact that the associated basis functions are nonorthonormal in Lo x R™ must be dealt with.
Tools from tensor algebra are used to make explicit the operators that are obtained as matrix

representations from the Legendre tau method.
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1. INTRODUCTION

Once a delay h > 0 occurs in the system equation
z(t) = Apx(t) + Ar1x(t — h), (1)

Ag, A1 € R™ ™ (the second part of this paper assumes
n = 1 only for notational convenience), an initial func-
tion zg € C([—h,0],R™) is needed in a Cauchy problem,
and the state x; at time ¢ > 0 refers to the solution
segment z,(0) = =z(t + 6), 8 € [—h,0]. Due to the
infinite-dimensional state space, numerical methods that
are known from partial differential equations have proven
to be useful. Spectral methods, like Chebyshev collocation
or Legendre tau rely on a polynomial approximation of
the state zy, see, e.g., Hesthaven et al. (2007). The present
paper focuses on the Legendre tau method. There is a
wide range of applications. Ito and Teglas (1987) applied
the method to time-delay systems as a numerical solution
approach, as an early lumping approach to optimal control
problems, and as an approach for the approximation of
characteristic roots (Ito, 1985). Ito (1983) also used it
for parameter estimation problems, and Hale and Stern-
berg (1988) for a numerical bifurcation analysis. Still,
the method is clearly less widespread than the related
Chebyshev collocation method, which has shown very con-
vincing results in the meanwhile, see, e.g., Breda et al.
(2016, 2005). In the last years, the Legendre tau method
came into focus again as, in Scholl et al. (2024b,a), it has
been proven to yield an advantageous numerical approach
to Lyapunov—Krasovskii functionals for (1) that rely on
operator-valued Lyapunov or algebraic Riccati equations.
Recently, Provoost and Michiels (2024) used tau methods
for Ho-norm approximations.

The outcome of the Legendre tau method applied to (1)
is an ordinary differential equation . = Acx.. It de-
scribes the dynamics of a vector of coordinates z.(t) that
represents the polynomial approximation of the state x;.
Moreover, based on A., a matrix P, can be computed such
that ] P, z. is a numerical approximation of a quadratic
Lyapunov—Krasovskii functional (Scholl et al., 2024b). As
the vector z. is a coordinate representation of a function
(and thus also of the pair of the function and its end point
in Ly x R® O C x R"), both matrices A. and P, are
coordinate representations of operators. Any calculation
in terms of such an operator (e.g., operator norms, ad-
joint operators, or operator equations like operator-valued
Lyapunov or algebraic Riccati equations) can be handled
in terms of these matrices. However, to do that properly,
special care is needed because the coordinate vectors are
associated with basis functions that are not orthonormal.
Moreover, the operators are not only restricted to polyno-
mial arguments once the discretization is incorporated by
which z. is obtained from a given arbitrary function.

The objective of the present paper is to provide explicit
descriptions of the operators, accompanied by a framework
that enables the above motivated proper handling of their
coordinate representations. To this end, we apply methods
from tensor algebra. For instance, we use metric coeffi-
cients, dual bases, dyadic products, basis transformations,
and index notation (Ricci calculus). Regarding the existing
literature, we are neither aware of explicit applications
of these tools to polynomial subspaces of Ly x R™ nor
of a conscious and consequent application in the context
of spectral methods. The content of the present paper is
discussed in greater detail in the first author’s PhD thesis
(Scholl, 2024, Chapter 3 and Appendix A).
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2. LEGENDRE TAU METHOD

As a foundation, this section revisits the Legendre tau
method. The aspired tensorial view on the outcome will
be explained in the subsequent Section 3.

2.1 Discretization of a Given Function

Let a function ¢ € C([—h,0],R™) be given, which might
be an initial function or which might be the argument of a
functional, and note that C'([—h,0],R™) C La([—h, 0], R™).
Any function ¢ € Ly can be expanded in a Legendre series

$(0) =Y _ Fpu(9(0)), (2)
k=0

where cf = 22k+1 fi)h &(0)pr(9¥(0))df € R™ is the coeffi-
cient of the k-th Legendre polynomial py : [-1,1] — R,
and ¥ : [—h,0] — [—1,1] establishes the scaling of its
domain by ¥(6) := 26+ 1. Still, the Legendre tau method
does not simply use a truncation of that series to get a
polynomial with a prescribed maximum degree N. The
pointwise value ¢(0) is too decisive if ¢(6) = zo(0) is an
initial function of a time-delay system. That is why the
last coefficient in the truncated series Z,ICVZO Fpr(0(0)) is
manipulated in such a way that the resulting polynomial

N
oM(9) =Y xl pi(9(6)) 3)
k=0

coincides in its end point at § = 0 with the original
function, i.e., p"*(0) = ¢(0). Thus, for a given function ¢

with the series coefficients c°, ¢!, ... in (2), the coordinates
& if k <N,
k. N-1
T Y@ - Y ek with & =¢(0)  if k=N, )
k=0

are chosen in (3) since ¢™(0) = Z}iv:o FpL(9(0)) =
Zszo 2% (based on the fact that all Legendre polynomials
have the boundary value py(9(0)) = px(1) = 1). In terms
of the pair of function and end point

x = [jfo))} € Ly x R" =: M, (5)
we denote the associated projection mapping by
X NI (.
X = PTOJ[CZZ]nt X= [:ﬁm ((O))] . (6)

”

The subscript “cont” emphasizes that the second compo-
nent ¢! (0) = & = ¢(0) in (6) is a continuous end point to
the polynomial (3) in the first component of (6).

Discontinuous Interpretation  Of course, there is an in-
finite number of alternative realizations or “reconstruc-
tions” in terms of functions that provide the same dis-
cretization x. in (4). In some cases, it is convenient to
interpret Legendre coordinates x. instead of representing
@™ from (3), rather as representing an (N — 1)-th degree
polynomial and the (possibly discontinuous) end point &,

N-1
$3(0) ==Y wkpp(9(9)) if 0 € [~h,0),
q(0) = N 0 (7)
Bi= af if § = 0.
k=0

We denote the projection of function and end point by

) ) B
X = {i((o))} — PI‘OJzV]X = [¢§,J((O))} . (8)

2.2 The System Dynamics to be Discretized

The retarded functional differential equation (1) only
describes how the pointwise value z(t) € R™ evolves with
time ¢. How the pair of the attached function x:(-) € Lo
and its end point z(t) = z;(0) € R™ evolves with time ¢,
can be described by an abstract differential equation

d e

Tlawl=26)] (9)
on the space M. With a slight abuse of notation, consider
both t and € in x+(#) as independent variables in a bivariate
map (¢,0) — x4(0). Clearly, x+(0) = x(t + 6) has equal
derivatives w.r.t. both ¢t and 6. Additionally, (1) relates
z(t) = 24(0), x(t — h) = z¢(—h), and &(t) = %xt(ﬁ)\gzo.
Hence, (t,0) — x¢(0) € R™ must obey

P P
Siwe(8) = =oi(0), 0 c[~h,0),t>0, (10a)
%xt(O) = Agz(0) + Ay (—h), t>0. (10b)

Considering again only ¢ as independent variable, ¢ —
[f:((o))] € M, must correspondingly obey
Al @ | _ T (11)
dt |=:(0) Aox(0) + Ay (—h) |-

To be more precise, (9) relies on the unbounded operator
o My DD(%)‘)MQ,

4 m = [Aor+ﬁ/1¢(—h)] ’
D(o)={[?] € Mz :7r=¢(0),¢' € Ly, € AC}

(denoting ¢'(f) = L ¢(#)), which is the infinitesimal
generator of a Cy-semigroup (Curtain and Zwart, 2020).

/

(12)

2.8 The Resulting System Matrix

Spectral methods like the Legendre tau method use a
polynomial ansatz for x; in (9). Note that the upper part
of o from (12) is only differentiation. If a polynomial is
given in terms of its Legendre coordinates x., then the
derivative of that polynomial is exactly described by the
Legendre coordinates (D. ® I,)x., where, using ¢ = %,

1010101
30303
50505
707 7
Do =1 909 0| e RAVFDXINFD  (13)
Pos
is the Legendre differentiation matrix !, i.e.,
N
o(0) = )z pr(9(0) (14)
k=0
N (ig ng
— @ 0) =Y dn0), | :|=Dewl)| :
= ax o

(with a matrix Kronecker product ®, which is only needed
if n>1).

1 Exemplarily, D, is shown for N even, otherwise a last column
[1,0,5,0,9,...,0,(2N —1),0]" has to be appended.
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To incorporate the boundary condition, the Legendre tau
method replaces in (D, ® I,,) the last (block-) row—which
is zero anyway—by entries that take account of (10b).
Altogether, the resulting system matrix becomes

Ac=D.® I, +

Ao+A1 Ao—A1 Ao+As Ao+(—1)NA;

+ ® I, (15)

o

13610 .. —NIHD

(see Scholl (2024) for a more detailed explanation). This
system matrix defines the ordinary differential equation

Fe(t) = Ae zo(t) (16)

that describes how the coordinates z.(t) € R*V+1) evolve
with time ¢. At any time ¢, these Legendre coordinates
z.(t) shall represent an approximation of x;.

2.4 The Approximation of of

In fact, A. is the coordinate representation of an operator
that intends to approximate (12). How is it related to o/?

First, note that, in view of (14), the polynomial ansatz
used in the above approach is unambiguous. Incorporating
how the involved coordinate vector x. is derived from a
given initial function ¢ in (4), x. in Az, represents the
polynomial of degree N that is described in (3). Thus, once

the ansatz is incorporated, no longer &/x but o7 (ProjLy,.x)

is considered, given x = {g((o))} € D().
However, how to interpret the resulting A.x. is not so
unambiguous. The conventional 2 point of view is that it
is again a vector of Legendre coordinates that represents a
polynomial of degree N. In this continuous interpretation,
taking into account how A. is built, A.x. represents
Proj'! . o7 (ProjX) .x), which we denote by & x,
”Q‘(c[gr]lt = Proj[c]g]nt ’Q{ Proj[c]\é]ntv

cf. (Ito and Teglas, 1987, eq. 3.13).

(17)

Alternatively, A.z. can be seen as representing a polyno-

mial and a discontinuous end point as described in (7).

In this discontinuous interpretation, A.x. is a coordinate
. N] J

representation of .27, 'x, with

%N] = Projg\f] o Projc[;;]nta (18)
cf. (Ito and Teglas, 1987, eq. 3.15). Notably, we even have
the following result.

Theorem 2.1. The outer projection in (18) has no effect,

AN = of Projiil,. (19)

[N]
= [4;[”1(0)]
in (19) comes with a function ¢! that is a polynomial of
degree at most V. Therefore, the first component (¢)’ in

[N] o ¢[N] 4
| ] = Lagem ore ]

of degree at most N —1, i.e., c¥ =0 if k > N in (2). Thus,
Projly’ from (8), relying on (7) and (4), is an identity. O

Proof. The inner projection Proj[ég]ntbﬁ))]

is already a polynomial

2 Lanczos’ variable T that gave the tau method its name is based on
this conventional interpretation, see (Scholl, 2024, Rem. 3.6.3).

Remark 2.1. Such a result would not be possible in a
collocation method. As, in contrast to (13), the last row of
the differentiation matrix in interpolation coordinates?® is
nonzero, the (similarly to above) conducted replacement
of that row induces some error in the derivative.

3. A TENSORIAL VIEW

Henceforth, for notational simplicity, only the scalar case
n = 1 is considered. However, a generalization to vector-
valued functions is straightforward 4. Before being able to
state the main results in Section 3.5, some preliminaries
on the involved basis functions have to be discussed.

8.1 Basis Functions of Legendre Coordinates

The continuous interpretation of Legendre coordinates
z. € RVT! from (3) gives rise to the function-value pair
N N
o)1 Eree(@()) 7 _. k
[¢[N1(0)} = Zxc I:p:(ﬂ(()))} = Zxcgc,ka (20)
k=0 k=0
where, by pr(9(0)) = pr(1) = 1, the basis functions are

geo = [po(lz(-))]7 s BeN = [PN(?(‘))]. (21)
In contrast, the discontinuous interpretation from (7)
N-1 N
¢y () k[ pr(9(- N . k
0] = 3 a0 48] = Y st 22)
k=0 k=0

amounts to the basis functions
heo = [P0, Lo, ooy = [P¥-1 0] he v = [9].

23

We denote the spanned subspaces of My by (23)
V¥ = span({gc.0, . - -, 8e,n}) C Mo, (24a)

Vi = span({hc,o, - -, he,n}) C Moa. (24b)

Note that My = Lo x R” is naturally equipped with the
inner product ([ 1], [f§]>Mz = (b1, P2) L, + (T1,72)Rn-
Definition 3.1. (Metric coefficients). Let {go,...,gn} be

the basis of a subspace of M>. The metric coefficients G,
with j,k € {0,..., N}, of that basis are

Gk = (8j,8k) M- (25)
For notational compactness, let
h 2
M = §m, kE{O,...,N}. (26)
Lemma 3.1.

The basis {gc,0, - - -, gc,v } of Vg has the metric coefficients

1.1

Ge = diag([po, - - - (N -1), #N]) + [ g8 ] ;o (27)
1.1

the basis {h¢,0,...,hen} of Vh[N] has the metric coefficients

1.1
H. = diag([po, - - -, (n—1),0]) + [ i } )
Proof. bt
Gejk = (8c.j> 8e.k) Mo
= (p;(9()); PR (I())) Lo (1-n.01.8) + 5 (9(0)) px(9(0))
——— ——

=imk 1 1

(28)

3 see (Scholl, 2024, Rem. 3.6.2)

4 Essentially, if n > 1, matrices of the size (N + 1) x (N + 1) must
be expanded by a Kronecker product with I, as in (14). Moreover,
indices j,k € {0,..., N} then refer to submatrices or subvectors like
zF € R™ in . € R"VHD) from (3).
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with mj, = f_ohpj(ﬁ(G))pk(ﬁ(H))dH = p if j = k and
zero otherwise. Analogously, He jr = (he j, he k) s, - O

3.2 Basis Functions of Mized Coordinates

Consider the coordinate transformation
0

TXC Tex :T;cl

(n =1 in this section). That is, (20) and (22) become

N N N N

k k k k
Y abger = 2l > abher = afh i (30)
k=0 k=0 k=0 k=0

Lemma 3.2. 1f the coordinates are related by z, = Tycxc,
then the corresponding basis functions are related by

—7-1
Toy =T, ¢ via

(29)

[gx,O e gx,N] = [gc,O e gc,N] Tcxv (31)
o -+ hyn] = [heo - he n] Tey. (32)
Proof. Note that (30) can be written as
0 - 8 T, = .. T 0
8c0 -+ 8e,N] (8.0~ Bx.N] Ty

Texmx

By (31), the basis that is associated with the mixed
coordinates z, in the continuous interpretation is

.0 = B0 — BN = [po(ﬂ('))gpw(ﬂ(d)}’ (33)
B\.N-1 = Be,N—1 — 8oy = PN IO =N (00D
g N = gen = [PVOOI],
and, by (32), in the discontinuous interpretation
hy,0 =hco—hen = [p‘)(g(‘”], (34)

hyn-1=hen 1 —heny = [PF1TOD],

hyn =hen = [(1)]

Lemma 3.5.

The basis {gy.0, - - -, gy~ } of Vg has the metric coefficients
11 -1

Gy = diag([po, - uv-1s ) +pw | 1 F ] : (35)
1. -1 1

the basis {hy 0, ...,hy n} of V" has the metric coefficients

H,, = diag([uo; - - -, (v —1), 1])- (36)

Proof.” G\ jk = (8x.j> &x.k) M, and Hy ji = (hy j, hy k) ar, -

O

As a result, whenever the discontinuous coordinate inter-
pretation is of interest, the mixed coordinates z, from (29)
are advantageous since the matrix of metric coefficients H,
is diagonal, and thus {h, o, ..., hy n} is an orthogonal (not
yet orthonormal) basis of V™. Still, it should be noted
that the system matrix from the Legendre tau method
(Sec. 2.3), is, due to (14), naturally derived in Legendre
coordinates. In particular, A, for mixed coordinates in

with A, = T\c Ac Tey, (37)
which is based on (29), is more dense than A. from (15).

Ty = Ayxy

5 Alternatively, note that Gy = TCTXGCTCX and Hy, = TCTXHCTCX
since, by (38), (a,b)nr, = ad Gebe = (Texay) T Ge(Texby).

3.8 Inner Product and Dual Bases

For convenience, consider exemplarily V§". Since all of the

relations below hold for any choice of basis, an indication

of the basis like ‘¢’ or ‘x’ is henceforth omitted
TN

N N
b= biger=> bgr=...
k=0 k=0 k=0

The following lemmas are standard results in tensor alge-
bra, see, e.g., Lichnerowicz (1962). We still note the single-
line proofs to demonstrate how to handle elements of Vg[N I,

N

The metric coefficients, which are derived in the former
sections, are needed when computing inner products.

Lemma 3.4. If a= Z;f:o a*gy, and b = Z,ICVZO bkgy, then

a® b
(a,b)ar, =a' Gb, a:[;], b:[z], (38)
a™N N

where G is the matrix of metric coefficients (25).

Proof. S

—_—
N i N N N i
(Cioaie il bhen) = Y00 Yilo @ g gn)an b
2
O

The situation is different if one of the functions is repre-
sented in terms of the dual basis functions® 7.

Definition 3.2. (Dual basis functions). Let {go,...,gn} be
a basis of an (N + 1)-dimensional subspace V;"' C M.

The dual basis functions g¥ € V") are uniquely defined by
requiring that Vj, k € {0,...,N}:

1ifj =k,

def
(g5 8 0, =0y, 0 = by = {o it Ak 5

Any function b € V;¥ can equally well be represented
in the original basis or in the dual basis, for which the
coordinates in turn are denoted by lower indices

N N
b=> b= bg"
k=0 k=0

Lemma 3.5. Let a= Y r_ aFgy and b= Y"1, b,g". Then

a® b,
a:lzl,b:lz]. (41)
a® by

Proof. Note that ), 6 b, =b; in 5"
<Zj anjaZka:g >M2: ZJZk a’ <gjvg >M2 kazj a]bj-

O

(40)

<a7 b>M2 - aT bv

Comparing (38) and (41) already shows that the coordi-
nates b and b in (40) are related by

Lemma 3.6. b= Gb.
Moreover, Lemma 3.2 implies
Lemma 3.7. g” - g"]=1lg - sn]GL.

6 With a slight abuse of nomenclature, the term dual basis will
henceforth refer to {g,...,g™V}, although the latter is a basis of
the original space V rather than a basis of the dual space V*, built
from linear functionals—which, however, is isomorphic to V.

7 In a tensor calculus setting, the original and the dual basis are only
distinguished by the index position. We use an additional underline.
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All of the above holds equally well for Vh[N] from the discon-
tinuous interpretation. That is, ZkN:O bFhy = fo:o bkhk,
with (h;,h¥) a7, = (5;?. These dual basis functions
[h® - WV =Thg -+ hy]H! (42)
become particularly simple in mixed coordinates, where
hY = [Mk(“ DJifk<N-—1, andh) =[9] (43)
due to (36) and (34).

3.4 Operators on Polynomial Subspaces

Consider a linear operator .Z : V)N — Vh[N] that maps a
function x € V;¥ to a function Zx =y € Vi by

N N N
X:Zxkgk — Zx ::Zyjhj with yj:Zijmk
k=0 §j=0 k=0
(44)

The matrix that maps the coordinate representation of x
to the coordinate representation of y in

[yol [LOO LON] [xol
yv Ly - LY N

is a coordinate representation of that operator. Relying on
the following definition, the operator can be made explicit.
Definition 3.3. (Dyadic product in Ms). The dyadic prod-
uct (or tensor product) ® of a,b € My is defined by

(45)

(a@b)- < a(b,)as,. (46)
Lemma 3.8. The operator in (44) can be written as
N N
L= Y I hedg (47)

=0 k=0

Proof. Z£x = (ZLk L’ hj ®gk> (Zl :zzlgl)

(46) : 4 |

= Y by (8" g, 2t = 30, Lpathy = 32 y7hy.
—_————

ok O
When restricted to arguments from the polynomial sub-
space Vi, the operator 7y from (18) is exactly the type
of mapping considered in (44). Notably, when restricted to
this polynomial subspace, even the remaining projection
in (19) is without effect and &7 coincides with its approx-
imation Jz{d[N]. Altogether, if A’ is the (j,k)-th entry of
the system matrix (given in (15) in terms of Legendre
coordinates and in (37) in terms of mixed coordinates),

then the restriction of & to V)V, i.e., 42%|ng (VY = Vi
can be written as
N N
j k
Aym =Y Ay hjogh (48)

=0 k=0

The second type of operators we are interested in are
operators in bilinear forms. Consider two functions z,y €
Vh[N]7 represented by the coordinates z and y in

N N
ZZszhk and y = Zykhk.
k=0 k=0

(49)

Let the bilinear form

(2, YY) nr, = Zszijy

7=0 k=0
map these two functions to the scalar value

N N 27T [ Woo -+ Won 7 [o°
Zzzﬂ'wjky’“:[sl [ : : H] (51)
j=0 k=0 2N Wno -+ WNN gV

The involved matrix is a coordinate representation of
W VY — V¥ in the following sense.

Lemma 3.9. The operator in (50) can be written as

N N
V=) Wihah'

§j=0 k=0

(zy) = (50)

(52)

Proof. w;

= >, Wiry" are the coordinates of #y =

(Zj,k Wikh? '©h )(Zz ylhl> = Zj,k,l Wiih? <h shi) sy
= Zj,k ijykhj = Ej thj in the dual basis (in contrast
to 3/ from #x in (47)). As a consequence, the inner prod-
uct in (50) does not introduce additional metric coefficients

but, cf. (41), (z, #y)m, <Zj zjhjakakhk>M =
2

Dk 29 (h;, b a0, = >, #w; as desired in (50). m]
8.5 A Tensorial Description of the Operators on La x R™

So far only operators on the finite-dimensional subspaces
Vi or Vi from (24) have been taken into account. The
combination with a projection operator establishes the
extension to the overall space Ms.
Lemma 3.10. The operator Projl . :
in (6) can be written as

PrOJcont - Z Z 5 k g]

7=0 k=0

My — V;[N] defined

(53)

N .
h* =Y "g;oh.
i=0

Proof. Consider {JO)} =Y 12 c'ger € Mo, cf. (2), with

gl = [pl(’i(‘))]. Using mixed coordinates in (53) gives

Projon |:¢(0):| (Z gx.j ©h ) Z € 8e,l

with ® defined in (46). By (43), it is seen that (bx, 8el) My =
87 if j < N — 1, whereas (h, gc1)as, = 1 for all I. Thus,

N-1 0o N
Proj[c]\(])]nt |:¢g§0):| = Z gyt (ch) 8x,N = Zmigxd
§=0

1=0 5=0
——
=¢(0)
with 27 = ¢/ = 2 and 2 = ¢(0) = # as in (4) and (29).

O

The operator Projl . in (53) is a projector on VgV, i.e.,

Projl la = aifa = Ek:o a*gi. The decisive point is
that {h°,...,h"} in (53) also satisfies the orthogonality
relation

V],k€{07,N} <hjagk‘>M2 :(Si, (54)
which on the subspace Vg[N] C M was only satisfied by the

dual basis functions {g°,...,g"} from (39).
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Based on Lemma 3.10, we can make explicit in which sense
the system matrix from the Legendre tau method is a co-
ordinate representation of operators that approximate <.

Theorem 3.1. The operators A My — VY from (19)

and «dc[or]lt M2 — VM from (17) can be written as
Md[N]:ZZA]k h; @ h", ﬂfc[gnt—ZZAJk g @h*,
j=0k=0 j=0 k=0

(55)
where Ajk is the (4, k)-th entry of the system matrix.

Proof. By (19), (48), and (53), @/;" = /|yx Projcon

(X Ay ©8")(Tim@h') = 30 4 Aleh gdanh; ©
h = > klAj oFh; ® h'. Moreover, by (19), «l), =
Projioe <74, which is treated analogously. O

The projection on Vh[N] from the discontinuous interpreta-
tion can be described in the same manner as Lemma 3.10.

: My — V™ from (8) is
N

= Z h; @ h.
=0

Finally, consider the approximation of a Lyapunov—
Krasovskii functional V(¢) via a matrix P in

EARIO! #() T
Vo) =([X] 7 X)), =T Pe
where z = [z9, ..., 2] stems from the discretization (4)
or from a coordinate transformation thereof. The involved
matrix P is the coordinate representation of an operator

P in the following sense.

Lemma 3.11. Projg\”

N N
Proj! = Z Z(Sjkhj ® h*

7=0 k=0

(56)

(57)

Theorem 8.2. The quadratic form of discretization coor-
dinates in (57) can be written as

«TPr=(|50]. 2™ j((()))DM (58)
with the operator 22V : My — Ms,
N N
=YD Prph @b (59)
7=0 k=0
Proof. Using W = P in (52), ") = Proj}}’ WPrOJd .
O

Remark 3.1. Note that (58) becomes an integral for-
mula with the typical structure of quadratic Lyapunov—
Krasovskii functionals V' (¢) (Scholl et al., 2024b, eq. 46)
by writing out the Ly inner products from (46), using (43)
n (59). However, ' Pz is much easier to handle.

3.6 Conclusion

At the core of tensor calculus stands the idea that coordi-
nates can be transformed arbitrarily via a change of basis,
while the represented object remains the same. This is not
only true in a geometrical setting but also for polynomials.
The presented framework enables a concise coordinate-
based treatment of functions and operators that result
from projections to polynomial subspaces of Ms, inde-
pendently from the choice of the polynomial basis. In
Thm. 3.1, the sense by which the respective Legendre-
tau-based system matrix is a coordinate representation of

an operator ,dd[m on M, is made explicit. The latter has
been recognized to be related to the exact infinitesimal
generator &/ by no more than 7{" = o Projly,,. Finally,
it is shown in which sense the matrix in a quadratic form
is a coordinate representation of an operator £™ on
M. This understanding is decisive for Legendre-tau-based
approximations of Lyapunov—Krasovskii functionals.

The presented framework of tensorial representations is
helpful in various further considerations. For instance,

e to translate an operator-valued equation to a matrix-
valued equation (in particular, to show that besides
of (58), also (x, 9[“7]%5N]X>M2 = 2" PAx holds);

e to compute adjoint operators and to conclude what
self-adjointness in terms of the matrices means;

e to compute the operator norm || ™| via P;

see (Scholl, 2024, Appendix A) for details.
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