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Abstract
Over the last few decades, in particular since the discovery of the Higgs boson in 2012,
there has been a growing demand for accurate Standard Model predictions of high-
energy scattering processes taking place at particle colliders. Experiments have dra-
matically improved the precision with which production rates and particle properties
are being measured. In order to extract as much information from these measurements
as possible, the precision of theoretical predictions must be brought to the same stan-
dard. A dominant source of theoretical uncertainty is due to missing higher-order terms
in the perturbative expansion of scattering amplitudes. This thesis addresses this prob-
lem by introducing two novel techniques for the computation of multi-loop scattering
amplitudes, with a focus on numerical methods for processes that involve many kine-
matic scales. The first method is a new procedure for resolving integrable singularities
of Feynman loop integrals, by decomposing them into a sum of integrals over mani-
festly positive integrands, multiplied by complex prefactors. The resolved integrals can
be integrated in the physical region without contour deformation, which accelerates
numerical evaluation by up to several orders of magnitude. The second method is a
framework for constructing interpolation grids for scattering amplitudes. It is demon-
strated how the usage of deep-learning techniques enables accurate approximations for
multidimensional amplitudes. A strategy for estimating how grid uncertainties propa-
gate to physical observables is described. Finally, the development of the pySecDec
and ftint programs for the numerical evaluation of multi-loop integrals is presented.

Zusammenfassung
In den letzten Jahrzehnten, insbesondere seit der Entdeckung des Higgs-Bosons in
2012, ist die Notwendigkeit von präzisen Vorhersagen des Standardmodells für Ex-
perimente an Hochenergie-Teilchenbeschleunigern stetig gestiegen, da sich die exper-
imentelle Genauigkeit, mit der Produktionsraten und Teilcheneigenschaften gemessen
werden, erheblich verbessert hat. Um möglichst viele Informationen aus diesen Mes-
sungen zu gewinnen, muss die Präzision der theoretischen Vorhersagen auf einem ver-
gleichbaren Niveau liegen. Eine dominante Quelle von Unsicherheiten sind fehlende
Terme höherer Ordnung in der perturbativen Entwicklung von Streuamplituden. In
dieser Dissertation werden zwei neuartige Techniken zur Berechnung von Mehrschleifen-
Streuamplituden vorgestellt. Der Schwerpunkt liegt auf numerischen Methoden für
Prozesse mit vielen kinematischen Skalen. Die erste Methode ist ein neues Verfahren
zur Auflösung kinematischer Singularitäten von Feynmanintegralen durch deren Zer-
legung in eine Summe von Integralen über explizit positive Integranden. Solcherart
aufgelöste Integrale können im physikalischen Bereich ohne Konturdeformation aus-
gewertet werden, was die numerische Berechnung um bis zu mehrere Größenordnungen
beschleunigt. Die zweite Methode beschäftigt sich mit dem Aufbau von Interpolation-
sgittern für Streuamplituden. Es wird gezeigt, wie der Einsatz von Deep-Learning-
Techniken präzise Approximationen von mehrdimensionalen Amplituden ermöglicht.
Eine Strategie zur Abschätzung der Fehlerfortpflanzung von Gitterunsicherheiten auf
physikalische Observablen wird beschrieben. Abschließend wird die Entwicklung der
Programme pySecDec und ftint für die numerische Auswertung von Mehrschleifen-
integralen vorgestellt.
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CHAPTER 1

Introduction

At the Large Hadron Collider (LHC) at CERN in 2012, a massive scalar particle was
discovered with properties that so far are consistent with the Standard Model (SM)
prediction for the Higgs boson [1,2]. Since the discovery, the ATLAS and CMS exper-
iments have confirmed the existence of the Higgs boson in all of the main production
modes and in five out of the seven main decay channels, H → bb̄, τ τ̄ , W+W−, ZZ, γγ,
while the remaining H → µ+µ− and H → Zγ channels have strong experimental signa-
tures and are expected to be observed soon as well [3]. The experimental confirmation
of the Higgs boson has cemented the SM as one of the greatest scientific achievements
of the last century. It provides a unified description for three of the four fundamental
forces; electromagnetism, the weak interaction and the strong force. The SM has suc-
cessfully predicted the existence of several fundamental particles, such as the massive
W± and Z gauge bosons [4,5] and the top quark [6,7]. It has also passed a multitude of
precision tests. For example, the theoretical prediction and experimental measurement
for the electron magnetic moment agree within one part per trillion [8].

Despite its many great successes, the SM cannot be a complete description of nature.
It does not incorporate gravity and thus fails to describe phenomena on cosmological
scales. Combining the SM with general relativity into a unified field theory remains one
of the main challenges of fundamental physics. Besides not explaining gravity, there
are many other unsolved mysteries that the SM cannot account for, such as the nature
of dark matter, the origin of the matter-antimatter asymmetry and the smallness of
neutrino masses. There are countless Beyond SM (BSM) theories that address such
discrepancies by extending the SM with new particles and interactions. But so far,
there has been no direct evidence for any such model. A possible explanation for why
this is the case, is that the energy scale of the new physics extension is beyond the reach
of direct production at current colliders1. In such a situation, the new particle must
instead be probed through its indirect effects on SM processes. This is possible since

1It is also possible that there exists light new physics that has escaped detection, such as axion-like
particles [9].
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it can still appear off shell in intermediate virtual states, and induce observable effects
to SM processes in certain kinematic regions, such as in high transverse momentum
regimes. By calculating precise predictions for event distributions in various observ-
ables, we obtain a method for inferring the existence of new heavy physics without
having to produce it directly in the collider.

In order to disentangle a small excess of events from statistical fluctuations and back-
ground signals, very accurate theoretical predictions and experimental measurements
are required. On the experimental side, tremendous progress on the accuracy of mea-
surements has been achieved at the LHC. In particular in the Higgs sector, where Higgs
couplings to third generation quarks and leptons, as well as to heavy gauge bosons, are
currently known at the 5− 10% level. In the near future, at the high-luminosity phase
of the LHC, the available statistics will increase by a factor of 10 [3,10], and the projec-
tion is for these bounds to be improved to the 2 − 4% level [11]. Currently, theoretical
predictions are not able to match these precision levels [3]. There are many sources
of theoretical uncertainty, for example related to fitting parton distribution functions,
hadronization models, parton showers and missing higher-order perturbative correc-
tions. The last mentioned is particularly relevant for processes with many kinematic
scales, such as those involving multiple massive particles or with many particles in the
final state.

One of the central ingredients in higher-order corrections is the scattering amplitude,
which describes the transition probability between initial and final states. It is com-
puted in the framework of perturbation theory, where the higher-order terms increase
precision at the cost of being more complex to calculate. In order to bring the precision
of theoretical predictions up to the standard of collider experiments, the computation
of multi-loop virtual amplitudes is required. Such amplitudes involve the evaluation
of multi-loop Feynman integrals. The main topic of this thesis is the development of
computational methods for the evaluation of amplitudes and Feynman integrals at the
multi-loop level, with a focus on processes that involve many kinematic scales.

This thesis is structured as follows. In Chapter 2 we provide an introduction to the nec-
essary theoretical foundations required to understand precision calculations within the
SM. The topics of factorisation, perturbation theory, loop corrections, regularisation
and renormalisation are covered. In Chapter 3 a more detailed discussion on Feyn-
man integrals is given, including an overview of standard computational methods for
multi-loop amplitudes. The final sections of the chapter are dedicated to presenting the
development of the programs pySecDec and ftint, based on Ref. [12] and Ref. [13],
respectively. In Chapter 4 a new method for resolving integrable singularities of Feyn-
man integrals is presented, based on Ref. [14]. The new method makes it possible
to avoid the standard procedure of contour deformation during numerical integration,
which significantly boosts the performance of programs such as the previously covered
pySecDec. Chapter 5 contains an investigation into the interpolation of multi-scale
loop amplitudes, based on Ref. [15] and Ref. [16]. Several state-of-the-art approxima-
tion methods are studied in the context of amplitude interpolation. We also present a
framework to estimate how grid errors propagate from amplitudes to observables. In
Chapter 6 we conclude by summarizing the main results.



CHAPTER 2

Theoretical Foundation

This chapter introduces certain theoretical concepts that are required to understand
precision calculations within the SM. The contents of this chapter are as follows; Sec. 2.1
defines the SM as a gauge theory to show the building blocks of scattering amplitudes.
Sec. 2.2 introduces perturbation theory in terms of Feynman diagrams and describes
how it can be applied to processes at hadron colliders, such as the LHC, through
factorisation assumptions. Sec. 2.3 describes how to deal with infinities that appear in
quantum field theory beyond leading order in perturbation theory. The framework of
dimensional regularisation and the concept of ultraviolet renormalisation are discussed,
as well as the running of coupling parameters. Finally, in Sec. 2.4, it is explained how
to construct physical cross sections through cancellation of infrared divergences.

2.1. The Standard Model

The SM is a renormalisable quantum field theory (QFT) that is invariant under the
gauge symmetry SU(3)C×SU(2)L×U(1)Y . SU(3)C corresponds to Quantum Chromo-
dynamics (QCD), which describes the strong interaction between quarks and gluons.
The subscript indicates that the quark fields carry colour charges. SU(2)L × U(1)Y
is the gauge group for the Electroweak (EW) theory. The subscript L denotes that the
corresponding gauge transformations act only on left-handed fermions. The subscript
Y is the hypercharge.

2.1.1. Quantum chromodynamics

QCD is a non-Abelian gauge theory described by the Lagrangian [17]

LQCD = − 1

4
F a
µνF

aµν +
∑

f

q̄f (iγµD
µ −mf )qf +

1

2ξ
∂µA

aµ∂νAa
ν

− ∂µc̄
a(δac∂µ + gsf

abcAb
µ)cc,

(2.1)
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where the field-strength tensor is defined by

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gsf

abcAb
µA

c
ν (2.2)

and the covariant derivative is

Dµ = ∂µ − igsA
a
µt

a, (2.3)

where the ta are the generators of SU(3) in the fundamental representation. The first
term in the Lagrangian is the kinetic term for the gluons. It involves a factor gsf

abcAb
µA

c
ν

which encodes a characteristic feature of non-Abelian theories, namely the presence of
self-interactions among the gauge bosons. The second term is a sum over quark flavours,
where mf is the mass of the quark of flavour f . It includes the covariant derivative,
which generates the interactions between gluons and quarks through the gsA

a
µt

a term.

The latter two terms are technical insertions to remove unphysical degrees of freedom
from the theory. The third term is a gauge-fixing term and ξ is a so-called gauge
parameter. Its value is arbitrary and must not affect physical predictions. A common
choice is the Feynman gauge where ξ = 1, since this tends to simplify calculations. The
fourth term involves the Faddeev-Popov ghost fields [18], which is a gauge dependent
term that is necessary to ensure unitarity. Ghost fields are unphysical and only appear
as virtual states. They are constructed such that they exactly cancel the unphysical
degrees of freedom corresponding to longitudinal and time-like polarisations of gluons.
Additionally, the ghost fields make the QCD Lagrangian invariant under the BRST
symmetry, which ensures that QCD is renormalisable [19, 20]. The inclusion of ghost
fields can be avoided by working in axial (physical) gauges, though this is usually not
done as it increases computational complexity.

The QCD Lagrangian can be used to derive Feynman rules, which are the building
blocks of scattering amplitudes in perturbation theory. See Table 2.1 in Sec. 2.2.3 for
a selection of QCD Feynman rules, with the convention used in Ref. [17].

2.1.2. The electroweak theory

The EW theory is, like QCD, a non-Abelian gauge theory which is described by the
Lagrangian [21]

LEW = −1

4
W a

µνW
aµν − 1

4
BµνB

µν + (DµH)†(DµH) +m2H†H − λ(H†H)2, (2.4)

where the covariant derivative is defined by

DµH = ∂µH − igW a
µ τ

aH − 1

2
ig′BµH. (2.5)

The W a
µ are the three gauge bosons of SU(2), Bµ is the hypercharge gauge boson and

H is the Higgs doublet. The Higgs potential can be read of from the Lagrangian

V (H) = −m2|H|2 + λ|H|4, m2, λ > 0. (2.6)

It has a minimum at |H|2 = m2

2λ
= v2, where v is the vacuum expectation value. In

the Standard Model, the SU(2)L × U(1)Y symmetry is spontaneously broken through
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the Brout–Englert–Higgs mechanism [22, 23]. The symmetry breaking follows from
the invariance of the non-zero vacuum expectation value under the SU(2) transforma-
tions. In the unitary gauge, the Higgs doublet can be parameterised around its vacuum
expectation value according to [17,21]

H =
1√
2


 0

v + h


 , (2.7)

where h is the Higgs boson. The gauge-boson mass terms are found by taking the square
of Eq. (2.5), substituting the parameterised H, and considering the terms proportional
to v

|DµH|2 = g2
v2

8

[
(
W 1

µ

)2
+
(
W 2

µ

)2
+

(
g′

g
Bµ −W 3

µ

)2
]
. (2.8)

The result is three massive gauge bosons

W±
µ =

1√
2

(
W 1

µ ∓ iW 2
µ

)

Z0
µ =

1√
g2 + g′2

(
gW 3

µ − g′Bµ

)
,

as well as a massless gauge boson

A0
µ =

1√
g2 + g′2

(
g′W 3

µ + gBµ

)
.

These correspond exactly to the observed W± and Z bosons, and to the photon of
electromagnetism. The masses of the W± and Z bosons are related to the vacuum
expectation value, and to the couplings, according to

mW = g
v

2
, mZ =

√
g2 + g′2

v

2
. (2.9)

They are not independent, and their relation is given by

mW = mZ cos θw, tan θw =
g′

g
, (2.10)

where θw is the weak mixing angle. In this way, θw and mW , together with the electric
charge e, are enough to specify all tree-level processes involving an exchange of a W or
Z boson [17]. In this sense, the set (e, θw, mW ) comprises an electroweak input scheme.
This means that by measuring these three parameters experimentally, the values of all
remaining electroweak parameters are predicted by the theory. The relation between
the electric charge and the g and g′ couplings is given by

e = g sin θw = g′ cos θw. (2.11)

The electroweak Lagrangian can be used to derive Feynman rules for the electroweak
theory. Here, we are mainly interested in the Yukawa couplings between the Higgs and
heavy quarks. The Higgs doublet provides a way of including quark mass terms that
do not spoil SU(2) gauge invariance

Lmass = −λddQ̄iHdjR − Y u
ij Q̄

iH̃ujR + h.c., H̃ = iσ2H
⋆. (2.12)

Since the examples and applications in this thesis are limited to QCD processes, we
refer to standard texts [17,21] for a full list of SM Feynman rules.
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2.2. Perturbation theory
To calculate predictions for processes at high-energy colliders the most commonly used
framework is that of perturbation theory. This section introduces the concepts of fac-
torisation, scattering amplitudes and their perturbative expansion in terms of Feynman
diagrams.

2.2.1. Factorisation

At hadron-hadron colliders the particle beams consist of composite particles, such as
protons at the LHC. Such particles have high masses and provide the collider with a
high energy reach, which enables direct production of heavy elementary particles. This
comes at the price of a more complicated theoretical description. The reason is that
the hadrons are QCD bound states that involve long-range interactions, while the hard
interaction between the colliding partons is short-range. Predictions for all processes
at hadron colliders therefore rely on the concept of factorisation. The basic idea is that
physics at very different energy scales should decouple. In hadron-hadron collisions,
cross sections σ are computed through the collinear factorisation formula2 [24]

σ =
∑

a,b

∫ 1

0

dxa dxb fa/h1(xa) fb/h2(xb) dσ̂ab→n, (2.13)

where σ̂ab→n is the partonic cross section that describes the hard interaction between
partons a and b and the fa/h(xa) are Parton Distribution Functions (PDFs) that encode
the long-range interactions in the hadron. At leading order fa/h(xa) describes the prob-
ability of finding parton a in hadron h with a fraction xa of the total hadron momentum.
The low energy scale of the long-range interactions in the hadron means the PDFs are
inherently non-perturbative objects. They can thus not be computed in the framework
of perturbation theory and must instead be fitted from experimental data. Assum-
ing factorisation holds, PDFs are process independent. They can thus be fitted with
data from precisely known processes, that are easy to compute and measure, and then
be applied to other processes. The evolution of PDFs between different energy scales
can be calculated perturbatively using the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi
(DGLAP) equations [25–27].

That QCD interactions can be decomposed into a convolution of long- and short-
distance components is a highly non-trivial result. In fact, Eq. (2.13) has only been
rigorously proven for specific processes such as deep inelastic scattering [25] and Drell-
Yan [28, 29]. Moreover, it is only an exact relation up to so-called power corrections
O((Λ/Q)p), where Q is a characteristic energy scale of the process. In the limit Q2 →
∞ the power corrections vanish, which makes it a good description for high-energy
collisions.

2.2.2. The hard process

A high-energy collision between elementary particles, such as the partons coming out
of a hadron, is known as a hard interaction, and is described by a partonic cross section
according to

σ̂ab→n =
1

2ŝ

∫
dΦn |Mab→n(p1, . . . , pn)|2 , (2.14)

2This equation describes specifically 2 → n scattering, which is the general case at collider experiments.
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where dΦn is the n-particle Lorentz-Invariant-Phase-Space (LIPS) defined as

dΦn = (2π)4 δ4(qa + qb −
∑

i

pi)
n∏

i=1

d4pi
(2π)4

2π δ(p2i −m2
i ) θ(p

(0)
i ). (2.15)

The δ4(qa + qb −
∑

i pi) imposes momentum conservation between the initial and final

states, δ(p2i −m2
i ) is an on-shell condition for the final-state particles and θ(p

(0)
i ) ensures

that the final-state particles have positive energy. The prefactor in Eq. (2.14) is known
as the flux factor and is related to the centre-of-mass energy s of the underlying hadron
collision by ŝ = xaxbs. The Mab→n(p1, . . . , pn) is the main object of interest in this
thesis and is known as the Feynman amplitude. It is the non-trivial part of the S-
matrix [30] that describes the transition probability between an initial state i and a
final state f 3

⟨f |S − 1| i ⟩ = i (2π)4 δ4(qa + qb −
∑

i
pi)Mi→f (p1, . . . , pn). (2.16)

It is a complex-valued function and its square can be interpreted as a probability density
that, when integrated over a phase-space region, describes the probability of producing
the final state n in that region. The amplitude depends on a coupling parameter g,
which essentially is the interaction strength between particles. In a weakly interacting
theory with small g, the amplitude can be expanded perturbatively as

M =
∞∑

k=0

g2kMk, (2.17)

where the first term M0 may or may not already include powers of g. Exactly what the
Mk are is best understood in the context of Feynman diagrams which is described in
Sec. 2.2.3. The higher order terms are suppressed by increasing powers of the coupling4.
Naturally, the series converges more quickly the smaller the coupling is. The first non-
zero term in this expansion is referred to as the Leading-Order (LO) amplitude, the
second the Next-to-Leading-Order (NLO) contribution to the amplitude, and so on.
The expansion of M suggests that the cross section can also be decomposed order-by-
order as

σ̂ = σ̂LO + α σ̂NLO + α2 σ̂NNLO + . . . , (2.18)

where α = g2/4π. Sec. 2.4 describes in detail what amplitude ingredients must enter
the cross section at the different orders. For now we state that the higher-order terms,
that can be interpreted as quantum corrections to the Born-level scattering process,
increase precision at the cost of being more complex to calculate. In practice the sum
has to be truncated at a finite order. This gives rise to dependence on the unphysical
scales µR and µF for both the amplitude and the cross section, such that

M(p1, . . . , pn) → M(p1, . . . , pn;µF, µR),

σ̂ → σ̂(µF, µR).

3We always use the shorthand ⟨f |M | i ⟩ = Mi→f and often also Mi→f = M unless it is not clear
from the context which process we are referring to.

4The number of terms entering into Mk grows factorially which means the suppression from g2k is
eventually overtaken and the expansion starts to diverge [31]. This only happens at very high orders
in the theories considered in this thesis, and is therefore of no practical relevance here.
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Figure 2.1.: Example tree-level diagrams for gg → tt̄H. The red curly lines are gluons,
the blue solid lines are top quarks and the dashed line is the Higgs boson. All other
tree-level diagrams differ from these three only by which top-quark line radiates the
Higgs boson [34]. External momenta are pointing inward.

Figure 2.2.: Example 1-loop diagrams for gg → tt̄H. The red curly lines are gluons,
the blue solid lines are top quarks and the dashed line is the Higgs boson. External
momenta are pointing inward.

The subscripts refer to renormalisation and factorisation which are discussed in Sec. 2.3
and Sec. 2.4, respectively. The presence of µR and µF implies that there is a scale
uncertainty on the cross section, associated with the truncation of the perturbative
expansion. Reducing this uncertainty is the underlying motivation for the development
of the computational methods presented in this thesis.

2.2.3. Feynman diagrams and amplitudes

The Mk in Eq. (2.17) can be represented pictorially by Feynman diagrams and trans-
lated to amplitude expressions through Feynman rules. To demonstrate how this works
we consider, as an example, the QCD process of gg → tt̄H up to NLO. The LO am-
plitude is represented by Feynman diagrams of the type shown in Fig. 2.15 [34]. There
are five additional diagrams that only differ in the location of the Higgs boson radi-
ated off the top. These are tree-level diagrams, which means they do not include any
closed loops of virtual particles. In Fig. 2.2 a selection of diagrams contributing to the
amplitude at NLO is shown. These are loop diagrams since in each case they include a
closed loop of virtual particles. To each such loop, there is an associated loop integral
that must be evaluated to obtain the amplitude. The loop integrals usually consti-
tute the main obstacle in obtaining higher-order amplitudes, and they are discussed in
detail in Chapter 3. For now, we can finally define the terms Mk as the sum of all
diagrams containing k loops (or the radiation of up to k extra particles, see Sec. 2.4).
For some processes there are no tree-level diagrams that contribute to the amplitude,
which means that the LO consists of 1-loop diagrams. Such processes are said to be
loop induced.

Feynman diagrams are translated to amplitude expressions through Feynman rules.
They are of two main types: vertex rules and propagator rules. In the diagrams of

5All diagrams in this thesis have been drawn using FeynGame [32, 33].
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igsγµt
a
ij

gsf
abc




+gµν(p− q)ρ

+gνρ(q − r)µ

+gρµ(r − p)ν




−i g
2

mf

mW

i(/p+mf )

p2−m2
f+iδ

−iδab
p2+iδ

(
gµν − (1 − ξ)p

µpν

p2

)

Table 2.1.: Selection of QCD Feynamn rules [17]. The red curly lines are gluons, the
blue solid lines are (top) quarks and the dashed line is the Higgs boson. The gluon
propagator is given in covariant gauge. The choice ξ = 1, for example, corresponds to
the Feynman gauge.

Fig. 2.1 and Fig. 2.2 the relevant vertices are respectively: the Fermion-gauge interac-
tion between a gluon and two top quarks, the triple-gauge interaction between three
gluons and the Yukawa interaction between the Higgs boson and the top quarks. The
relevant propagator rules are those of the top-quark and gluon propagators respec-
tively. The vertex and propagator rules are summarized in Table 2.1 [17]. The gs and
gt are the strong and weak couplings respectively, gµν is the Minkowski metric, the
γµ are Dirac gamma matrices and /p = pµγ

µ. The convention for momentum direc-
tions is all incoming, such that momentum conservation implies

∑
i pi = 0. Moreover,

to each initial-state (anti)fermion and gauge boson there are associated spinors us(p)
(v̄s(p)) and polarisation vectors ϵµ(p) respectively. Final-state particles have conju-
gated spinors and polarisation vectors. Finally, diagrams including N closed fermion
loops should be multiplied by a factor (−1)N . A full list of the SM Feynman rules can
be found in standard texts such as Ref. [17].

To see how the Feynman rules can be applied in practice we return to the leading-order
gg → tt̄H amplitude, which consists of eight tree-level diagrams, three of which can
be seen in Fig. 2.1. The five remaining diagrams only differ in which top-quark line
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radiates the Higgs boson [34,35] and it is natural to organise the contributions in terms
of s-, t- and u-channel type diagrams

Mµν
0,s = M(1),µν

0,s + M(2),µν
0,s (2.19)

Mµν
0,t = M(1),µν

0,t + M(2),µν
0,t + M(3),µν

0,t (2.20)

Mµν
0,u = M(1),µν

0,u + M(2),µν
0,u + M(3),µν

0,u , (2.21)

where in each case the polarisation vectors and spinors are factored such that
M0,i = ϵµ(p1) ϵν(p2) ū(p5) v(p3)Mµν

0,i, i = s, t, u. Using the Feynman rules from
Table 2.1, the three diagrams from Fig. 2.1 can be translated into amplitude expressions

iM(1),µν
0,s = −g2sgtfabctc

/p4 + /p5 +mt

p245 −m2
t + iδ

γδ
1

p212 + iδ
(2.22)

×
[
gµν(p1 − p2)

δ + gνδ(p1 + 2p2)
µ − gδµ(2p1 + p2)

ν
]
, (2.23)

iM(1),µν
0,t = ig2sgtt

atbγµ
/p1 + /p5 +mt

p215 −m2
t + iδ

/p2 + /p3 +mt

p223 −m2
t + iδ

γν , (2.24)

iM(1),µν
0,u = ig2sgtt

btaγµ
/p2 + /p5 +mt

p225 −m2
t + iδ

/p1 + /p3 +mt

p213 −m2
t + iδ

γν , (2.25)

where pij = pi + pj, ξ = 1 (Feynman gauge), a, b are colour indices and the spinor
indices are left implicit. We also use gt = gmt

2mW
to denote the coupling between the top

quark and the Higgs boson. The remaining five diagrams yield similar expressions, just
with different momenta in the top-quark propagators. The leading-order amplitude for
gg → tt̄H is thus compactly expressed as

Mµν
0 =

∑2

i=1
M(i),µν

0,s +
∑3

i=1
M(i),µν

0,t +
∑3

i=1
M(i),µν

0,u . (2.26)

The next step is to square the amplitude, which involves polarisation and spin sums. In
this case, it is necessary to average over the initial-state gluon polarisations, since they
cannot be measured at experiments. If we are calculating unpolarised cross sections
we should also sum over final-state spins. Moreover, since colour is not measured we
must average and sum over colours in the initial and final state respectively. For this
example, the object we are actually interested in is the polarisation-colour-averaged,
spin-colour-summed squared amplitude. We make the replacement

|Mµν
0 |2 → 1

256

∑

cols

∑

s1,s2

∑

λ1,λ2

|Mµν
0 |2 , (2.27)

where s1, s2 are the spins of the final-state quarks, λ1, λ2 are the polarisations of the
initial-state gluons and the factor in front is N2

spinsN
2
cols = 22 · 82. The spin sums follow

from the completeness relations. In this case they take the form

∑

s1

us1(p5)ū
s1(p5) = /p5 +mt, (2.28)

∑

s2

vs2(p3)v̄
s2(p3) = /p3 −mt, (2.29)
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for the top and antitop quarks respectively. The polarisation sum for the gluon with
momentum p1 is

∑

λ

ϵµλ(p1)ϵ
⋆ν
λ (p1) = −gµν +

pµ1n
ν + pν1n

µ

p1 · n
, (2.30)

where nµ is a light-like vector, dual to pµ1 . For QED-like processes, or if ghost contri-
butions are included, the second term can be dropped and the polarisation sums result
in metric tensors, that contract the indices in Mµ1µ2

0 (Mν1ν2
0 )† to leave a scalar |M0|2.

Calculating M2
0 generically requires interfering all diagrams with each other. A more

convenient approach for this particular case is used in Ref. [35], where contributions
are organised in terms of symmetric and antisymmetric colour factors. Defining A0,i

as the coefficient of the colour structure in M0,i, the amplitude is expressed as

M0 = Asym
0 (tatb + tbta) + Aasym

0 (tatb − tbta), (2.31)

with

Asym
0 =

1

2
(A0,t + A0,u), Aasym

0 = A0,s +
1

2
(A0,t −A0,u), (2.32)

where the commutation relation [ta, tb] = ifabc tc for the SU(3) generators is used to
eliminate the structure constants from the s-channel amplitude. Using that the sym-
metric and antisymmetric colour factors are orthogonal, a compact representation of
the squared leading-order amplitude is obtained as [35]

|M0|2 =
Nc(N

2
c − 1)

2
(|Aasym

0 |2 + |Asym
0 |2) +

N2
c − 1

Nc

|Asym
0 |2 , (2.33)

where Nc is the number of colours. The polarisation-colour-averaged, spin-colour-
summed squared amplitude can now be integrated over the phase space and convo-
luted with parton distribution functions, to yield the leading-order cross section σLO.
To obtain higher-order cross sections, 1-loop diagrams of the type in Fig. 2.2 have to
be computed, as well as real radiation diagrams, yielding corrections suppressed by αs

relative to the LO. These diagrams include an unconstrained momenta that must be
integrated over. In general, these integrals yield infinities and are not immediately well
defined. The next section will describe how divergences appearing in loop integrals are
treated in quantum field theory calculations.

2.3. Renormalisation

At higher orders in perturbation theory it is necessary to calculate loop integrals to
obtain scattering amplitudes. In general, these integrals are by default not well defined
and can for example diverge in the ultraviolet (UV) regime, corresponding to large loop
momentum6. Such divergences are treated through regularisation and renormalisation
procedures. To introduce these concepts, we consider first a 1-loop contribution to the
QCD vacuum polarization.

6Loop integrals can also have singularities in the infrared regime, corresponding to small loop momen-
tum. Such divergences are discussed in Sec. 2.4.
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Figure 2.3.: Light-quark loop contribution to the vacuum polarisation of the gluon.
External momenta are incoming.

2.3.1. QCD vacuum polarisation

At one loop, there are four diagrams that contribute to the correction of the gluon
propagator. To first demonstrate how UV divergences appear we consider in detail the
light-quark-loop contribution, see Fig. 2.3. The remaining three vacuum polarisation
diagrams can be seen in Fig. 2.5.

Applying the Feynman rules from Table 2.1 gives the expression for the amplitude as

iMµν
ab = −(igs)

2 Tr
{
tatb
}∫ d4k

(2π)4
Tr
{
γν i/k γµ i(/k − /p)

}

k2 (k − p)2
, (2.34)

where p is the gluon momentum and the Feynman iδ prescription has been left implicit.
The polarisation vectors are left out such that the loop correction can be incorporated
directly into the propagator. The colour trace is

Tr
{
tatb
}

=
1

2
δab. (2.35)

There are two traces of gamma matrices that have to be evaluated

Tr {γν/kγµ/k} = kρkδTr {γνγργµγδ} = 4kρkδ
(
gνρgµδ − gµνgρδ + gµρgνδ

)
(2.36)

= 4 (2kµkν − k2gµν), (2.37)

Tr
{
γν/kγµ/p

}
= kρpδTr {γνγργµγδ} = 4kρpδ

(
gνρgµδ − gµνgρδ + gµρgνδ

)
(2.38)

= 4(kµpν + kνpµ − gµν k · p). (2.39)

Inserting the traces into the amplitude gives

iMµν
ab = −δab g2s

∫
d4k

8π4

2kµkν − k2gµν − kµpν − kνpµ + gµν k · p
k2 (k − p)2

. (2.40)

This integral is divergent, which can be seen explicitly by studying the terms individ-
ually. For example, the second term contains the following contribution

∫
d4k

(k − p)2
= −i

∫
d4kE
k2E

= −2iπ2

∫ ∞

0

dr r, (2.41)

where a shift k → k+ p has been performed, followed by a Wick rotation to Euclidean
space and an integration over the angular coordinates. This integral is clearly divergent
in the r → ∞ limit. Evaluating it requires introducing a regulator, which can be done
in many different ways. For example taking Λ as a UV cutoff results in

−2iπ2

∫ ∞

0

dr r → −2iπ2

∫ Λ

0

dr r = −iπ2Λ2. (2.42)
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The original integral is restored by taking the limit Λ → ∞. The divergence in
Eq. (2.41) has been regulated in the sense that the singularity has been made explicit,
it diverges quadratically. Gauge theories, such as QCD, are known to diverge at most
logarithmically. Indeed, evaluating the full integral, as well as the other diagrams in
Fig. 2.5, results in a regulator-dependent expression that diverges only logarithmically
upon taking Λ → ∞ [21].

This divergence is not as serious of a problem as it may first seem, as Mab
µν itself is not

measurable. The computation is well defined as long as the dependence on Λ drops
out when Mab

µν is used in the computation of a physical observable. To cancel UV
divergences, such as the ones found in the QCD vacuum polarisation computation, the
key is to realise that there are already multiple unphysical parameters in the theory.
These are the bare couplings, fields and masses as they appear in the Lagrangian, and
they may be redefined to absorb a finite number of UV divergences. The redefinition
of field parameters to absorb UV divergences is known as renormalisation.

To make this explicit, we consider QCD, where there are four parameter redefinitions
corresponding to fields and masses [21]

Aµ
R = Z

− 1
2

3 Aµ
0 , cR = Z

− 1
2

3,c c0, ψR = Z
− 1

2
2 ψR, mR = Z−1

m m. (2.43)

Since the strong coupling gs appears in four different interaction vertices in LQCD, there
are four possible equations for its redefinition

gR = gqq̄g0 Z−1
1 Z2Z

1/2
3 , gR = gcc̄g0 Z−1

1,cZ3,cZ
1/2
3 ,

gR = g3g0 Z
−1
A3Z

3/2
3 , gR = g4g0 Z

−1/2

A4 Z3.
(2.44)

The Zi are known as renormalisation constants. Since there are only five bare parame-
ters but eight equations, there must be relations between the renormalisation constants.
These are known as the Slavnov-Taylor identities and are given by [36,37]

ZA3

Z3

=
Z1c

Z3c

=
Z1

Z2

=
ZA4

ZA3

. (2.45)

The renormalisation constants are usually parameterised by counterterms δi. For QCD,
there are eight counterterms, defined by [17]

δ2 = Z2 − 1, δ3 = Z3 − 1, δ3c = Z3c − 1, δm = Z2m0 −mR,

δ1 =
g0
gR
Z2Z

1/2
3 − 1, δA3 =

g0
gR
Z

3/2
3 − 1, δA4 =

g20
g2R
Z2

3 − 1, δ1c =
g0
gR
Z3cZ

1/2
3 − 1.

In practice, theories are renormalised systematically in the framework of renormalised
perturbation theory. It is formulated by inserting the redefinitions from Eq. (2.43) and
Eq. (2.44) into the Lagrangian. Expanding the renormalisation constants in countert-
erms results in additional terms in the Lagrangian that can be used to derive Feynman
rules and diagrams. The general structure of the Lagrangian becomes

L = Lren + Lc.t., (2.46)
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where Lren is the original Lagrangian with bare parameters replaced by renormalised
ones. The Lc.t. contains the counterterms. For QCD, it takes the form [17]

Lc.t. = −1

4
δ3(∂µA

a
ν − ∂νA

a
µ)2 + q̄(iδ2/∂ − δm)q − δ3,c c̄

a∂µ∂
µca

+ g0 δ1A
a
µq̄γ

µq − g0 δA3fabc(∂µA
a
ν)Ab

µA
c
ν

− g20 δA4(f eabAa
µA

b
ν)(f ecdAc

µA
d
ν) − g0 δ1,cc̄

afabc∂µAb
µc

c,

(2.47)

where g0 is the bare strong coupling. In this way, the values of the counterterms can be
chosen such that the additional diagrams from Lc.t. exactly cancel the UV divergences
of the loop integrals coming from Lren.

There is also freedom in modifying the finite part of the result, which corresponds to
different renormalisation schemes. The most basic scheme where only the divergences
are removed is called the minimal subtraction (MS) scheme. A more common choice is
the modified minimal subtraction

(
MS
)

scheme, where in addition to the divergences
ln(4π)−γE is subtracted from the finite part. This is a convenient choice because these
terms always appear in loop integrals when working in dimensional regularisation. An-
other common choice is the on-shell scheme, where the finite parts of the counterterms
are chosen such that the renormalised mass is equal to the pole mass. The pole mass is
the location of the pole in the renormalised propagator and can be interpreted as the
physical mass of the particle. For fixed-order computations, there can be a renormali-
sation scheme uncertainty associated to the result, for example due to different choices
for the quark-mass renormalisation.

2.3.2. The running coupling

For the perturbative expansion in Eq. (2.17) to be well defined and converge quickly,
a necessary7 requirement is that the coupling α must be small enough. The whole
machinery with Feynman rules and diagrams is built on the assumption that including
at most a few Mk, yields a sufficiently accurate approximation of M for phenomeno-
logical applications. Stating whether a coupling parameter is small enough for a theory
to be well described perturbatively is not straightforward due to loop corrections. It
is explained in Sec. 2.3 how loop corrections produce UV divergences that necessitate
a regularisation and renormalisation procedure. The result is that a dependence on an
unphysical renormalisation scale is induced to the coupling such that α := α(µR) [38].
The scale dependence of α(µR) is referred to as the running of the coupling. It is thus
implied that the validity and rate of convergence of the perturbative expansion may
depend on the energy scale of the interaction.

The running of the coupling is more severe in some theories than others. For example,
in QED, the fine structure constant changes only by about 10% in the range from
macroscopic distances down to the shortest distances of high-energy colliders [38]. Since
its value at low energies is approximately 1/137, perturbation theory for QED can be
used effectively for all experimentally reachable energy scales8. In QCD, on the other

7But not sufficient. Additionally, the higher-order amplitudes Mk must also be small enough to not
spoil convergence. For example, if each power in α is accompanied by large logarithms, this necessitates
all-order resummation.

8Far beyond the energy reach of collider experiments, perturbation theory for QED breaks down due
to the presence of a Landau pole.
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Figure 2.4.: Experimental determination by the CMS collaboration of the strong cou-
pling αs as a function of the scale Q. Figure taken from Ref. [39].

(a) Gluon bubble (b) Ghost bubble (c) Four-point gluon bubble

Figure 2.5.: QCD vacuum polarisation diagrams contributing to the running of αs at
the one-loop level. The light-quark loop is shown in Fig. 2.3.

hand, the strong coupling αs varies by almost a factor of 2 from 100 GeV down to the few
GeV scale. Fig. 2.4 shows the magnitude of αs as determined by the CMS collaboration
for the energy range of a few GeV up to 2 TeV [39]. The running is described by a
renormalisation group equation (RGE), which for QCD takes the form [3,38]

µ2
R

dαs

dµ2
R

= β(αs) = −α2
s

∑

n=0

αn
s bn, (2.48)

where β(αs) is known as the QCD β-function. The second equality is a perturbative
ansatz for the β-function and the bn are the (n+ 1)-loop β-function coefficients. They
have been computed numerically up to five loops in the MS renormalisation scheme
[40–44]. The two first coefficients, b0 and b1, are renormalisation-scheme independent
and have the form [3]

b0 =
33 − 2nf

12π
, b1 =

153 − 19nf

24π2
, (2.49)
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where nf is the number of active quark flavours contributing to the running. In
Eq. (2.49) both coefficients are positive for the number of quark flavours observed
in nature, which means that the QCD β-function is negative. This predicts two char-
acteristic properties of QCD, namely that the coupling decreases at higher energies
(short distances) and increases at lower energies (long distances). The former is known
as asymptotic freedom and the latter predicts the formation of QCD bound states [3].
This can be seen explicitly from the solution of the RGE. At leading order it involves
only b0, i.e. the vacuum polarisation diagrams from Fig. 2.3 and Fig. 2.5, and takes
the form [21]

αs(µR) =
2π

b0

1

ln µR

ΛQCD

. (2.50)

This means that the perturbative regime for QCD, where αs is small enough for the
expansion in Eq. (2.17) to be able to converge quickly, is the energy region above some
low-energy cutoff, which is usually said to be ΛQCD. In summary, perturbation theory
for QCD is a well defined and useful computational framework to make predictions for
processes with high enough momentum transfer, such as those at high-energy colliders.

2.3.3. Dimensional regularisation

In Sec. 2.3.1, a UV cutoff regulator was used to extract a divergence from a one-loop
correction to the gluon propagator. In practice, such regulators are not used as they do
not preserve gauge- and Lorentz invariance. Instead, in modern precision computations,
the standard regularisation procedure is dimensional regularisation [45, 46]. The main
reason for it being so prominent, is that calculations in this framework have turned out
to be the simplest [47]. In particular, dimensional regularisation resolves divergences
originating from both the ultraviolet and infrared regimes.

The mechanism of dimensional regularisation is to shift the number of space-time di-
mensions to D = 4−2ϵ. The regulator ϵ is usually assumed to be real, but for purposes
of analytic continuation it can also be complex. The behaviour of UV divergences is
better if ϵ > 0 while for IR divergences it is better to have ϵ < 0. In practice, the
renormalisation constants are computed first with the assumption that ϵ > 0. After
cancelling all UV divergences, the rest of the computation can be performed with the
assumption that ϵ < 0. Loop integrals in D dimensions, for example Mab

µν in Eq. (2.40),
are well defined and divergences manifest as poles in ϵ. After all divergences have been
subtracted or cancelled, the original theory is restored by taking ϵ→ 0. On a technical
level, most objects and operations behave similarly when extended to D dimensions,
but there are certain subtleties [21]. The action integral is D-dimensional

S =

∫
dd−1x dtL, (2.51)

which necessitates [L] = D to preserve that [S] = 0. It is conventional to make
parameter redefinitions such as

g → µ
4−D
2

R g, (2.52)

to prevent the couplings from acquiring a non-integer dimensionality. Each loop thus
receives a prefactor µ4−D

R and the integral measure is
∫

dDk
(2π)D

for each loop momentum.

The solid volume, which entered implicitly in Eq. (2.41), is

VD =
2πD/2

Γ
(
D
2

) , (2.53)
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where Γ(z) is the analytic continuation of the factorial into the complex plane. The
singularity structure of solutions is usually encoded in Γ-functions. The series expansion
around the regulator is Γ(ϵ) = ϵ−1 + γE + O(ϵ) where γE is the Euler-Mascheroni
constant.

There are various dimensional regularisation schemes that correspond to whether other
Lorentz objects, such as Dirac matrices and metric tensors, should also be extended to
D dimensions or not. The most straightforward treatment is with Conventional Dimen-
sional Regularisation (CDR), where all Lorentz objects are treated in D dimensions. In
the ’t Hooft Veltman scheme (HV), regular vector fields, that neither appear in loops
or external configurations that lead to IR divergences, are kept in four dimensions.
Another class of schemes are based on Dimensional Reduction (DRED). In this case all
Lorentz objects in the Feynman rules are treated strictly in four dimensions9 (except
those that appear together with a loop momentum). In DRED regular vector fields
in external states are treated in D dimensions. A closely related scheme is the Four-
Dimensional Helicity scheme (FDH), where instead regular vector fields are treated in
four dimensions.

The extension of the metric tensor to D dimensions is described by the following con-
traction and projection

gµνg
µν = D, gµν ḡ ρ

ν = ḡµρ, (2.54)

where ḡµρ now denotes the Minkowski metric with 4-dimensional Lorentz indices. The
extension of the Dirac algebra to D dimensions is in terms of a set of D four-dimensional
matrices γ0, γ1, . . . , γd−1 that satisfy the anti-commutation relation

{γµ, γν} = 2gµν . (2.55)

A well known issue in dimensional regularisation is in the definition of γ5. In four
dimensions it is defined as γ5 = iγ0γ1γ2γ3, which in D = 4 − 2ϵ is not compatible
with preserving cyclicity of traces while also satisfying [48]

{γµ, γ5} = 0 and Tr {γµγνγργδγ5} = 4iϵµνρδ. (2.56)

There are thus various γ5-schemes that correspond to extensions where subsets of
the above three properties are fulfilled. The most standard one is the Breitenlohner-
Maison-’t Hooft-Veltman (BMHV) scheme, which gives up the anti-commutation prop-
erty of Eq. (2.56) and defines γ5 as in four dimensions. It is the most well defined and
mathematically consistent scheme in the sense that it is compatible with unitarity and
causality of the theory [49]. In this case we have

{γ̂µ, γ5} = 2γ̂µγ5 and {γ̄µ, γ5} = 0, (2.57)

where the Dirac matrices have been split up into a strictly 4-dimensional part γ̄µ and
a (D − 4)-dimensional part γ̂µ, such that γµ = γ̄µ + γ̂µ. The first relation implies
[γ̂µ, γ5] = 0. Other options include the Larin scheme [50] and the Kreimer scheme [51].
In the former γ5 = i

4!
ϵµνρδγ

µγνγργδ but the anti-commutation property is dropped. In
the latter we do have {γµ, γ5} = 0, but the cyclicity of traces involving an odd number
of γ5 matrices is lost. For the topics in this thesis, the choice of γ5-scheme has no
practical relevance.

9Actually, in both DRED and FDH the regularising space is formally quasi-4-dimensional, and is a
superset of the quasi-D-dimensional space used in CDR and HV.



18 2. Theoretical Foundation

(a) Initial-state radiation (b) Final-state radiation

Figure 2.6.: Real radiation diagrams contributing to gg → tt̄H at NLO in QCD.

2.4. Infrared divergences and cross sections

The previous section demonstrates how to extract and renormalize UV divergences, cor-
responding to large loop-momentum regions. If instead a loop integral is singular in the
small loop-momentum regime, it is said to have an infrared (IR) divergence. Unlike UV
divergences, IR divergences cannot all be resolved through parameter redefinitions, but
instead cancel between contributions corresponding to different initial or final states.
The reason is that additional soft and collinear radiation is indistinguishable from the
hard partons of the underlying process. The Kinoshita–Lee–Nauenberg (KLN) theo-
rem guarantees that IR divergences cancel when summing over all degenerate initial
and final states [52, 53]. Therefore, when computing physical cross sections beyond
LO, in addition to the so-called virtual loop diagrams seen earlier in this chapter, real
radiation diagrams must be included as well. Fig. 2.6 shows examples of real radiation
diagrams that contribute at NLO in gg → tt̄H. These are tree-level diagrams, but of
order g3s due to the extra gluon emission. When interfered with each other, they give
contributions to the squared amplitude of the same order as 1-loop diagrams interfered
with tree-level diagrams.

In general, all valid interferences that are proportional to the same power of the coupling
parameter should be included in a fixed-order calculation. Fig. 2.7 illustrates various
building blocks to e+e− → qq̄ up to N3LO in QCD [54]. Beyond NLO, there are mixed
diagrams involving both loops of virtual particles and unresolved real radiation.

2.4.1. Cross sections

To understand how to achieve the cancellation of IR divergences between virtual and
real diagrams, we consider the simplest case of a total cross section up to NLO. Follow-
ing the notation of Ref. [55], an NLO cross section can very generically be expressed
as

σ = σLO + σNLO =

∫

n

dσB +

∫

n

dσV +

∫

n+1

dσR, (2.58)

where dσB, dσV and dσR are respectively the Born, virtual and real cross sections. The
Born cross section is the leading-order approximation and contains no loop integrals or
extra emissions. The virtual cross section includes amplitudes with IR divergent loop
integrals interfered with the Born amplitude. The real contribution consists of tree-
level diagrams, but with an additional emission, interfered with themselves. Due to the
extra emission, the real contribution is integrated over an (n+ 1)-particle phase space,
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Figure 2.7.: Virtual and real amplitude ingredients contributing to e+e− → qq̄ up to
N3LO in QCD. The figures for the higher-order diagrams are only representative of
the type of corrections that can occur. IR singularities from virtual diagrams cancel
against singularities that appear when integrating the extra real emissions over their
respective subspaces. The figure is taken from Section 11 in Ref. [54].

see Eq. (2.14). The tree-level diagrams in dσR are of course finite, but IR divergences
appear upon integration over the phase space, from regions where the extra emission
is soft and/or collinear to the hard partons.

The cancellation of IR divergences between the real and virtual contributions is com-
plicated since the phase spaces have different multiplicity. To make the cancellation
manifest, a subtraction method must be applied. At NLO, the general procedure is to
include a local counterterm such that

σNLO =

∫

n

dσV +

∫

n+1

dσA +

∫

n+1

[
dσR − dσA

]
, (2.59)

where dσA must have the same unintegrated singular behaviour as dσR. By construc-
tion, the difference dσR − dσA should be integrable in four dimensions such that it
can be integrated numerically. Moreover, the subtraction term should be constructed
such that the integration over the one-parton subspace (due to the extra emission) can
be done analytically, and the IR divergences can be cancelled explicitly. In this case,
the contributions to the NLO cross section can be organised as [55]

σNLO =

∫

n

[
dσV +

∫

1

dσA

]

ϵ=0

+

∫

n+1

[
(dσR)ϵ=0 − (dσA)ϵ=0

]
. (2.60)
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Under these conditions, the remaining phase-space integrals over the resolved particles
are finite in four dimensions and can be sampled and integrated with Monte Carlo
techniques.

The discussion so far concerns IR divergences due to final-state radiation. There can
also be IR divergences originating from collinear emissions from the initial-state par-
tons. These are not cancelled against contributions from the virtual corrections. In
processes with hadronic initial states, they are instead absorbed through redefinitions
of the parton distribution functions. The general structure is to include a collinear
subtraction counterterm dσC such that the NLO cross section is

σNLO =

∫

n

dσC +

∫

n

[
dσV +

∫

1

dσA

]

ϵ=0

+

∫

n+1

[
(dσR)ϵ=0 − (dσA)ϵ=0

]
. (2.61)

In deep inelastic scattering, for example, the collinear counterterm is known explicitly.
The contribution from a parton of type a with momentum pµ is [55]

dσC
a (p) = −αs

2π

1

Γ(1 − ϵ)

∑

b

∫ 1

0

dz

[
−1

ϵ

(
4πµ2

µ2
F

)ϵ

P ab(z) +Kab(z)

]
dσB

b (zp), (2.62)

where P ab(z) are the Altarelli-Parisi splitting functions [25] and Kab(z) determines
the factorisation scheme. Similarly as to in UV renormalisation, there are various
schemes corresponding to different modifications of the finite part. Taking Kab(z) = 0
corresponds to the MS scheme.

Eq. (2.61) gives the general recipe for achieving cancellation of IR singularities, with
hadronic initial states. In practice, there are many different ways of constructing the
counterterm dσA. At NLO there are two main approaches, the FKS formalism [56–58],
based on phase-space slicing, and the Catani-Seymour formalism [55, 59], based on
dipole subtraction. Both are fully algorithmic, and the computation of NLO cross
sections is mostly automated10. In the latter, the explicit form of the counter term, for
a QCD final state, is in terms of the insertion operator I(ϵ) according to [55]

∫

n+1

dσA =

∫

n

[
dσB · I(ϵ)

]
, (2.63)

where the bracket notation refers to inserting I(ϵ) into the Born squared amplitude by

n < 1, . . . , n|I(ϵ)|1, . . . , n >n. The insertion operator is defined by

I(p1, . . . , pn; ϵ) = −αs

2π

1

Γ(1 − ϵ)

∑

i

1

T 2
i

Vi(ϵ)
∑

k ̸=i

T i · T k

(
4πµ2

2pi · pk

)ϵ

, (2.64)

where Vi are the singular factors and T i are colour-charge operators. The sum is over
the three partonic combinations, i = gg, qg, q̄q.

Beyond NLO, specific solutions have to be tailored to different classes of processes.
Examples of subtraction methods at NNLO are antenna subtraction [60, 61], qT sub-
traction [62,63], N -jettiness [64–66] and sector based methods [67,68].

10An exception is for loop-induced processes, such as gg → HH, where two-loop integrals appear already
at NLO.
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The redefinition of bare Lagrangian parameters in the computation of dσV, and the
redefinition of PDFs due to dσC, induce a dependence on the unphysical scales µR

and µF to the cross section. Therefore, fixed-order cross sections always have the
dependence

σ → σ(µF, µR) = σLO + σNLO(µF, µR). (2.65)

The dependence of σ on µF and µR encodes the uncertainty due to missing higher-order
terms in the perturbative expansion. Due to µF and µR being associated to factorisation
and renormalisation scales, this uncertainty is referred to as a scale uncertainty. It
is conventionally estimated by investigating how the magnitude of the cross section
changes when respectively varying µF and/or µR up and down by a factor of two.
Ignoring the cases when one is increased and the other is decreased, there are seven
possible combinations, and the method is therefore known as the seven-point scale
variation.





CHAPTER 3

Feynman Integrals

The calculation of cross sections beyond leading order requires loop amplitudes. At
NLO, there are at most one-loop amplitudes that enter in the virtual cross section11.
The calculation of NLO cross sections, including the subtraction of infrared divergences,
is fully automated for most types of processes. At NNLO, the virtual correction consists
of both one-loop and two-loop amplitudes, while the real corrections contain one-loop
amplitudes with an additional external leg. Fig. 2.7 shows the pattern up to N3LO
for e+e− → qq̄. Calculating cross sections beyond NLO is not yet a fully automated
procedure due to the presence of multi-loop amplitudes and the increased complexity
of the IR subtraction and phase-space integration.

This chapter concerns the computation of multi-loop virtual amplitudes with a focus
on the Feynman loop integrals. We start by introducing the basic notation by defining
the momentum representation of a general Feynman integral, as well as various para-
metric representations, in particular the Feynman parametrisation. We then present
an overview of a typical computational workflow for multi-loop amplitudes. We then
review in detail the technique of integration-by-parts reduction, which has almost be-
come a standard in modern amplitude computations. We review both analytical and
numerical methods for evaluating loop integrals. In particular, the numerical frame-
work surrounding sector decomposition, contour deformation and (quasi-)Monte Carlo
integration, and their implementation in the public program pySecDec, is discussed
in detail. Finally, in the last section we present ftint, a program based on pySecDec
that evaluates the closely related flow-time integrals.

11The exception is for loop-induced processes, where the LO and NLO already contain one-loop and
two-loop integrals respectively.
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3.1. The Feynman integral

The starting point of our discussion is the momentum-space representation of a dimen-
sionally regulated Feynman integral [47]

I(ν1, . . . , νN ; {p}) = (µ2)ν−LD/2

∫ L∏

l=1

dDkl

iπ
D
2

N∏

j=1

1

P
νj
j ({k}, {p},mj)

, (3.1)

where D is the number of space-time dimensions, the P
νj
j ({k}, {p}, {m2

j}) are propaga-
tors corresponding to virtual particles appearing in the loops, L is the number of loops,
{p} is the set of external momenta, mj is the particle mass of propagator j and µ is a
mass parameter that restores the integer mass dimension of the D-dimensional integral.
The arguments νi are the powers of the propagators and ν =

∑
i νi. Negative values

correspond to terms in the numerator and νi ≥ 2 correspond to dotted propagators.

This representation of a loop integral is obtained directly after applying the momentum-
space Feynman rules to a Feynman diagram, see Table 2.1. In Sec. 2.3.1 a simple
example of a momentum-space loop integral appearing in QCD was shown in Eq. (2.34).
There we had L = 1, N = 2 and m1 = m2 = 0, resulting in a correction to the gluon
propagator

Mµν(p) ∼ µ2ϵ

∫
dDk

iπ
D
2

2kµkν − k2gµν − kµpν − kνpµ + gµν k · p
k2 (k − p)2

. (3.2)

Defining the family of one-loop massless bubble integrals by

Ibub(ν1, ν2; p) = (µ2)ν−D/2

∫
dDk

iπ
D
2

1

[k2]ν1 [(k − p)2]ν2
, (3.3)

we can write a very general solution ansatz as a linear combination of scalar bubble-
and tadpole integrals

Mµν(p) = (a1g
µν + a2p

µpν)(c1Ibub(0, 1; p) + c2Ibub(1, 0; p) + c3Ibub(1, 1; p)). (3.4)

The fact that the ansatz only contains propagator indices νi ≤ 1 is not a coincidence,
but is a general feature of one-loop integrals. At one loop, all possible scalar products
between loop momenta and external kinematics can be expressed as linear combinations
of the basic set of propagators. Such scalar products are referred to as reducible. Beyond
one loop, irreducible scalar products appear. They are the source of negative νi.

3.1.1. Parametric representations

The momentum representation in Eq. (3.1) is not the most convenient for evaluation.
Instead, parametric representations where the integrand is rewritten as products of
exponentiated polynomials are typically used. One of the most common parametri-
sations is by Feynman, where additional parameters are introduced according to the
relation [47,69]

N∏

j=1

1

P
νj
j

=
(−1)ν

Γν

∫ ∞

0

N∏

i=1

dxj x
νj−1
j

(
N∑

j=1

xjPj

)−ν

δ(1 − α(x)), (3.5)
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where we assume that the propagator power is positive. The case when νj = 0 is
trivial since Pj is effectively removed from the integral. Negative indices νj < 0 can for
example be treated by using the identity [69]

Pn(∑N
i=1 xjPj

)α+1 = − 1

α

∂

∂xn

1(∑N
i=1 xjPj

)α . (3.6)

For ease of notation, we proceed here from Eq. (3.5) assuming νj ≥ 0 ∀j. The Dirac-
delta function in Eq. (3.5) encodes the property of projective invariance. The argument
α(x) =

∑
i αixi, where at least one αi ̸= 0, defines a hyperplane that constrains the

integral to the positive domain. The integral is invariant under different choices of
hyperplanes and this freedom is sometimes referred to as the Cheng-Wu theorem [70,71].
The integration variables are known as Feynman parameters. Inserting the relation into
Eq. (3.1) yields an integral over both momenta and Feynman parameters that can be
expressed as [69]

I(ν1, . . . , νN ; s) =
Γ(ν)∏N

j=1 Γ(νj)

∫ ∞

0

N∏

j=1

dxj x
νj−1
j δ(1 − α(x))

×
∫ ∞

−∞

L∏

l=1

dDkl

iπ
D
2

[
L∑

j,i=1

kj · kiMji − 2
L∑

j=1

kj ·Qj + J + iδ

]−ν

, (3.7)

where M is an L×L matrix where each element is a sum of Feynman parameters and
kinematics, Q is a vector of length L and J is a constant (with respect to the loop
momenta). Shifting the loop momenta by kj = lj + M−1

ji Qi the term linear in kj is
removed and the integrand is purely quadratic with respect to loop momenta. The
loop momentum integration can be carried out analytically resulting in [69]

I(ν1, . . . , νN ; s) =
(−1)ν Γ(ν − LD/2)∏N

j=1 Γ(νj)

× lim
δ→0+

∫

RN
≥0

N∏

j=1

dxj x
νj−1
j

U(x)ν−(L+1)D/2

(F(x; s) − i δ)ν−LD/2
δ(1 − α(x)), (3.8)

where U(x) and F(x; s) are respectively the first and second Symanzik polynomials
defined by

U = det(M), F = det(M)

[
L∑

i,j=1

QiM
−1
ij Qj − J

]
. (3.9)

The Symanzik polynomials are homogeneous in the Feynman parameters, x = (x1, . . . , xN),
with degree L and L+1, respectively. This property is a requirement for the projective
invariance of Feynman integrals. When applying transformations to the integrand in
Eq. (3.8), it is therefore useful to try and preserve the homogeneity, if possible. We
will return to this in Chapter 4.
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The Symanzik polynomials can also be found from the topology of the corresponding
Feynman graph. They are graph polynomials and are constructed from the spanning
trees of the Feynman graph according to [47,69]

U(x) =
∑

T 1

∏

e/∈T 1

xe, F0(x; s) =
∑

T 2

(−sT 2)
∏

e/∈T 2

xe, (3.10)

F(x; s) = F0(x; s) + U(x)
∑

e

m2
exe, (3.11)

where T 1 and T 2 denote a spanning tree and spanning 2-tree respectively. A spanning
tree is constructed by cutting L internal lines (edges) from the graph such that it is still
a connected graph. The product of the Feynman parameters corresponding to the cut
lines is a degree L monomial, at most linear in each parameter. The U polynomial is the
sum of all such monomials obtained from the possible spanning trees of the associated
graph. For example, if x1 and x2 are the Feynman parameters corresponding to the
propagators of the bubble integral, U = x1 + x2 since there are only two possible cuts
of one line each that leaves the bubble connected.

A spanning 2-tree is constructed by cutting one additional internal line, that is L + 1
cuts for a graph with L loops, which results in a disconnected graph. The product
of the Feynman parameters corresponding to the cut edges constitute a degree L + 1
monomial. The F0(x; s) is the sum of all such monomials multiplied by the respective
−sT 2 , corresponding to all possible T 2, where the symbol sT 2 = (

∑
j∈Cut(T 2) pj)

2 denotes

the square of the momentum flowing between the cut of the components of the 2-tree T 2.
Finally, F(x; s) is constructed by adding to F0(x; s), the U polynomial multiplied by
the sum over all Feynman parameters times the mass of the corresponding propagator.
For massless integrals, the second term does not contribute and F(x; s) = F0(x; s).
For example, for the massless bubble integral there is only one possible spanning 2-
tree and the second Symanzik polynomial is therefore F(x; s) = −sx1x2. Inserting the
explicit U(x) and F(x; s) for the one-loop bubble into Eq. (3.8) yields the Feynman
representation of the massless bubble integral as

Ibub,m=0(s) = lim
δ→0+

Γ (ϵ)

∫

R2
≥0

dx1dx2
(x1 + x2)

−2+2ϵ

(−sx1x2 − iδ)ϵ
δ(1 − x1 − x2), (3.12)

where the arbitrary (but common12) choice δ(1−α1x1−α2x2) = δ(1−x1−x2) is made.
With massive propagators the F polynomial receives additional contributions from the
second term and in this case (with m = m1 = m2) F(x; s) = −sx1x2 + m2(x1 + x2)

2

and the Feynman representation of the massive bubble integral is

Ibub,m̸=0(s) = lim
δ→0+

Γ (ϵ)

∫

R2
≥0

dx1dx2
(x1 + x2)

−2+2ϵ

(−sx1x2 +m2(x1 + x2)2 − iδ)ϵ
δ(1 − x1 − x2).

(3.13)

This demonstrates a characteristic feature of massive Feynman integrals, namely the
appearance of quadratic integration variables in the F polynomial. The F polynomials
of massless Feynman integrals are always at most linear in each Feynman parameter.

12Since for 1-loop integrals this results in setting U = 1.
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While the Feynman parametrisation is the most common for evaluating loop integrals,
there are other parametrisations that are useful for various applications. An almost
equivalent parametrisation, that we use in Sec. 3.4, is the Schwinger parametrisation.
It is derived in almost the same way as the Feynman parametrisation, but instead we
use the identity [69]

1

P
νj
j

=
(−1)νj

Γ(νj)

∫ ∞

0

dαανj−1eαPj , νj > 0, (3.14)

where as before we assume that the propagator power is positive. Negative powers can
again be treated by the identity in Eq. (3.6). Inserting Eq. (3.14) into the momentum
representation in Eq. (3.1) for each propagator we get

I(ν1, . . . , νN ; s) =
L∏

l=1

∫
dDkl

iπ
D
2

N∏

j=1

(−1)νj

Γ(νj)

∫ ∞

0

dαj α
νj−1
j exp

(
N∑

k=1

αkDk

)
. (3.15)

Now the same shift in the loop momentum as before can be applied to obtain a quadratic
form, which allows for Gaussian integration over the loop momentum. The result for
the Schwinger parametrisation is the following representation

I(ν1, . . . , νN ; s) = (−1)ν
N∏

j=1

(
1

Γ(νj)

∫ ∞

0

dαj α
νj−1
j

)
U−D/2 exp

(
−F
U

)
, (3.16)

where U and F are again the first and second Symanzik polynomials defined in Eq. (3.9).
It is possible to retrieve the Feynman parametrisation from Eq. (3.16) by inserting a
carefully chosen identity [47]

1 =

∫ ∞

0

dt δ

(
t−

N∑

j=1

αj

)
(3.17)

and making a change of variables xj = αj/t.

Finally, we introduce without derivation two more parametrisations. The first is the
Lee-Pomeransky representation, given by [69,72]

I(ν1, . . . , νN ; s) =
(−1)ν Γ(D/2)

Γ((L+ 1)D/2 − ν)
∏

j Γ(νj)

∫ ∞

0

N∏

j=1

dzj z
νj−1
j (U + F)−D/2. (3.18)

Starting from Eq. (3.18), the Feynman parametrisation can again be obtained by in-
serting the identity in Eq. (3.17), with zj instead of αj, and then making the same type
of variable change xj = zj/t. The advantage of the Lee-Pomeransky representation
is that the graph polynomials are inside the same bracket, which can make certain
geometric interpretations more convenient. The second and last parametrisation we in-
troduce is the Mellin-Barnes (MB) representation. This representation is special since
for loop integrals, we first start from another parametric representation, and only then
generate the (n− 1)-fold MB integrals via the following formula [73]

1

(X1 + · · · +Xn)λ
=

1

Γ(λ)

1

(2πi)n−1

∫ +i∞

−i∞
· · ·
∫ +i∞

−i∞
dz2 . . . dzn

n∏

i=2

Xzi
i

×X−λ−z2−···−zn
1 Γ(λ+ z2 + · · · + zn)

n∏

i=2

Γ(−zi). (3.19)
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If the starting point was the Feynman representation, for example, the Xi would be the
terms in the F polynomial. In that case, the exponent λ would be the exponent of F
that regulates the integral. The multiple MB integrals that appear on the right-hand
side can be evaluated either numerically or analytically, depending on the problem.

3.1.2. Divergences

It is shown in Chapter 2 how loop integrals contain UV and IR divergences associated
to the behaviour of the integral at large respectively small (or collinear) loop momenta.
In the Feynman representation the UV divergences are encoded in the Γ-function in
the prefactor, as well as in U(x) in the numerator. For example, the bubble integral
in Eq. (3.13) contains a Γ(ϵ). Expanding around ϵ = 0 we identify the expected UV
divergence as a pole in ϵ since

Γ(ϵ) =
1

ϵ
+ γE + O(ϵ). (3.20)

The IR divergences are encoded in the exponents of the monomials in F(x)13. Neces-
sary, but not sufficient, conditions to have an IR singularity are given by the Landau
equations [76–79]. They can be formulated in both momentum and parametric repre-
sentations. In the Feynman parametrisation they take the form [80]

F(x; s) = 0, xk
∂F(x; s)

∂xk
= 0, for all k ∈ {1, . . . , N}. (3.21)

These are not sufficient conditions for an IR pole since the power of F(x; s) could be
such that it appears in the numerator. Note that the first condition follows from the
second one by Euler’s homogeneous function theorem

N∑

k=1

xk
∂F(x; s)

∂xk
= (L+ 1)F(x; s). (3.22)

We thus have a singularity if for all k, either xk, or the derivative ∂F(x;s)
∂xk

, vanishes.
Singularities corresponding to xk → 0 are located at the boundary of integration and
can be extracted algorithmically with sector decomposition, for example. Singularities
corresponding to vanishing derivatives instead appear inside the integration domain
and are known as pinch singularities. This can happen when monomials in F(x; s)
have coefficients of different sign and cancel against each other [81]. A solution of
Eq. (3.21) with all xk ̸= 0 is referred to as a leading Landau singularity.

A special case which is particularly relevant to Chapter 4, is when only F(x; s) vanish
(and not necessarily its derivatives) away from the boundary of integration. As long

as xk
∂F(x;s)
∂xk

̸= 0 for some k, the Landau equations tell us that this cannot correspond
to physical IR singularities. Instead, these are integrable singularities. They can be
treated with contour deformation, for example, which resolves the singularities at the
cost of increased computational complexity. The mechanism of contour deformation is
to shift each integration variable by a small imaginary part iτk

xk → zk = xk − iτk, (3.23)

13In parametric representations, divergences can also be found by considering the scaling behaviour of the
integrand close to the integration boundary, with respect to different integration parameters [74,75].
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which results in the F -polynomial transforming as

F(x; s) → F(z; s) = F(x; s) − i
∑

k

τk
∂F(x; s)

∂xk
+ O(τ 2). (3.24)

The individual τk should be chosen in accordance with the causal iδ prescription, i.e.
to ensure that the deformed F(z; s) develops a negative imaginary part where F(x; s)
vanishes. If the τk are sufficiently small, the original and deformed contours can be
connected without enclosing any poles, ensuring by Cauchy’s theorem that the defor-
mation leaves the integral invariant. An example of a choice of shift parameters that
achieves all of the above (in the integration domain xi ∈ [0, 1]) is given by [82–94],

τk = λk xk(1 − xk)
∂F(x)

∂xk
, (3.25)

where λk are arbitrary parameters chosen small enough that the loop does not enclose
any poles. Inserting the deformation into Eq. (3.24) gives,

F(z; s) = F(x; s) − i
∑

k

λk xk(1 − xk)

(
∂F(x; s)

∂xk

)2

+ O(τ 2). (3.26)

For sufficiently small λk, such that we can neglect terms of O(τ 3) which contribute to
the imaginary part with a positive sign, this choice gives a negative imaginary part to
F(z; s) except at xk = 0 and xk = 1 (chosen as the boundary of integration) and where
all ∂F(x; s)/∂xk vanish.

In Chapter 4 an alternative strategy to resolve integrable singularities is presented, that
avoids the main computational drawbacks associated with contour deformation.

3.2. Computing amplitudes

The computation of amplitudes beyond the one-loop level is far from an automated
procedure. Instead, solutions are usually tailored to specific processes. Nevertheless,
over time certain techniques and frameworks have proven particularly useful, and a
certain standard workflow in multi-loop amplitude computations has taken form. A
common breakdown of the computational workflow is in three main steps as follows:

1. Amplitude generation

2. Reduction to master integrals

3. Integral evaluation

We provide a summary of the main steps here, and describe in detail specific methods
for the last two steps in the later sections.

Generation

The first step is conceptually complicated but is in many cases not a computational
bottleneck. It involves the generation of all contributing Feynman diagrams, the trans-
lation to amplitude expressions via application of Feynman rules and performing tensor
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algebra related to, for example, the spinor and colour structures of the diagram. In
Sec. 2.2.3, most of these steps were performed explicitly for parts of the leading-order
gg → tt̄H amplitude. At higher orders in perturbation theory, the generation of dia-
grams as well as colour and spinor traces become too tedious to do by hand, but are
often fast enough on a computer. Compared to the extreme computational complex-
ity of multi-loop Feynman integrals, the generation of the amplitude is not considered
to make up any significant bottleneck in the computational workflow. Still, there are
certain choices of how to represent the amplitude that can affect the computational
complexity of the later steps. A standard strategy is the method of projectors, where
the amplitude is written as a linear combination of certain allowed tensor structures,
and the coefficients are referred to as form factors. Approaches using so-called physical
projectors, that single out helicity amplitudes involving only four-dimensional external
states, get rid of spurious tensor structures and have proven to sometimes yield much
smaller coefficients than the traditional approach [95, 96]. Another more straightfor-
ward possibility is to use the tree-level amplitude as a projector and interfere it with
the virtual amplitudes. This obviously only works for non loop-induced processes.

The most commonly used programs to generate the relevant Feynman diagrams for a
given process is Qgraf [97] and FeynArts [98], and a recently released alternative
is FeynGraph [99]. To perform the tensor algebra, the most performant and widely
used program is form [100], where also color.h [101] is implemented. There exists
various programs that, among other things, stitch together the above steps to par-
tially automate the generation of amplitudes. Such programs include Alibrary [102],
FeynCalc [103–105] and tapir [106].

Reduction

After the amplitude is generated the remaining task is to evaluate the loop integrals.
In a way, the last two steps can be considered two sides of the same coin. It is in
principle possible to parametrise the integrals as they appear directly in the amplitude
and evaluate them right away, but this quickly becomes computationally unfeasible
with increasing number of loops and legs. Fortunately, the integrals that appear inside
the graphs of an amplitude are not all independent. They form a vector space, and
a significant reduction of computational complexity can be achieved by projecting the
amplitude onto independent basis elements of this space, refereed to as master integrals.
Such a procedure is known as amplitude reduction. Beyond one loop, this is almost
always integration-by-parts (IBP) reduction [107, 108]. The result is a representation
of the amplitude as a linear combination of master integrals. Besides reducing the
number of integrals that needs to be evaluated, the reduction allows choosing which
master integrals should be used. Which master integrals to pick depends on the problem
and which tool is used to evaluate the integrals in the end.

Evaluation

The final step is to evaluate the chosen master integrals and compute the amplitude.
It is usually only at this stage that a parametrisation is introduced14. Evaluating the

14Recent ideas for also performing the IBP reduction in parameter space have been introduced in [109].
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integrals can be done either analytically or numerically. If an analytic solution is avail-
able this is the preferred option15, but in many cases the required number of loops, legs
and kinematic scales means that this is not the case and instead one has to resort to nu-
merical strategies. Evaluating the integral numerically means substituting numbers for
all kinematics and repeatedly performing the integration over the parameters, usually
with some Monte Carlo (MC) method. This allows computing the amplitude at a finite
set of kinematic points. Whether this set of points is enough, depends on how many
points are required by the Monte Carlo program calculating some observable (see for
example the phase-space integrals in Eq. (2.61)). A common strategy is to evaluate the
loop amplitude on a fixed phase-space grid and interpolate for the values in between.
This requires getting a good handle on the grid uncertainties and understanding how
they propagate to observables, which are the only physically interesting quantities in
the end. This is the topic of Chapter 5.

3.2.1. IBP reduction

Relations between dimensionally regulated Feynman integrals appearing in a loop am-
plitude can be found through so-called IBP relations. They are derived starting from
the fact that in dimensional regularisation the integral over a total derivative van-
ishes [47,107,108,110]. For a loop integral this means

∫ L∏

l=1

dDkl

iπ
D
2

∂

∂kµi
qµ

N∏

j=1

1

P
νj
j ({k}, {p},mj)

= 0, i = 1, . . . , L, (3.27)

where qµ is a linear combination of external and loop momenta. Selecting various such
combinations yields relations between different members of the same integral family. A
family is defined as the set of integrals with the same propagators, including possible
auxiliary propagators due to irreducible scalar products, that differ in the indices νj.
A propagator Pj is dotted if νj > 1 and pinched if νj = 0.

As an example we return to the bubble integral. The family of one-loop massless bubble
integrals is defined in Eq. (3.3). Adding a mass m, the family of equal-mass bubbles is

Ibub(ν1, ν2; p,m) = (µ2
R)ν−D/2

∫
dDk

iπ
D
2

1

[k2 −m2]ν1 [(k − p)2 −m2]ν2
, (3.28)

Now we use Eq. (3.27) with qµ = pµ and obtain

0 = pµ(µ2)ν−D/2

∫
dDk

iπ
D
2

∂

∂kµ
1

[k2 −m2]ν1 [(k − p)2 −m2]ν2

= (µ2)ν−D/2

∫
dDk

iπ
D
2

[ −2ν1 (p · k)

[k2 −m2]ν1+1 [(k − p)2 −m2]ν2
+

−2ν2 (p2 − p · k)

[k2 −m2]ν1 [(k − p)2 −m2]ν2+1

]

= (ν1 − ν2)Iν1ν2 + ν1Iν1+1,ν2−1 + ν2Iν1−1,ν2+1 + ν2Iν1−1,ν2+1 + ν1 p
2Iν1+1,ν2 − ν2 p

2Iν1,ν2+1,
(3.29)

where on the last line the notation I(ν1, ν2; p,m) = Iν1,ν2 has been introduced. The
last line is one so-called IBP relation. It relates dotted and pinched bubbles, that is,

15A caveat is that obtaining numbers from the special functions in the analytical solutions is not always
fast.
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different integrals in the bubble family, to each other. Just one IBP relation in itself
is not very useful. Repeating the same procedure with qµ = kµ and then considering
certain linear combinations of the two IBP identities, provides a system that can be
used to reduce any Iν1,ν2 to a linear combination of I11 and I10 [47]. We say that I11
and I10 are master integrals of the equal-mass bubble family16.

In addition to the IBP identities derived above, there are also relations stemming from
so-called Lorentz-invariance (LI) identities [111]

E∑

i=1

(
pνi

∂

∂pi,µ
− pµi

∂

∂pi,ν

)
Iν1,...,νN , (3.30)

where E is the number of external legs. The LI identities have been shown to not
provide any additional linearly independent relations [112], but they are known to
accelerate the reduction procedure and are thus still used by IBP reduction programs.

A systematic method to construct IBP systems is with the Laporta algorithm [113].
The algorithm consists of using identities, such as Eq. (3.29) for the bubble integral,
with different choices of the indices νj, to generate a system of linear IBP equations that
can be solved with Gaussian elimination. Since in more complicated cases, the system
is usually overdetermined, a criterion for which integrals to pick is required. This is
how the freedom of picking a particular set of master integrals arises. The generation
procedure, known as seeding, is non-trivial since arbitrary choices of, for example, the
maximum values of the indices νj have to be made. Optimizing the seeding procedure is
an active research field and recent developments can be seen in for example Ref. [114].

Modern IBP programs utilise finite field and interpolation techniques to accelerate
solving complicated IBP systems [115–120]. This alleviates memory issues associated
to solving large systems of linear equations symbolically. In some cases, the systems
are still too complicated to be reconstructed analytically and one has to resort to pure
numerical solutions. In this case the IBP system is generated once and then repeatedly
solved numerically for each required kinematic point.

Popular programs that generate and solve IBP systems include, but are not limited to,
Kira [114, 121, 122], Fire [115, 123] and Reduze [124, 125]. It was shown with Ra-
tracer [126] that a significant speed-up can be obtained by recording the arithmetic
operations of an IBP solution (in the context of finite-field methods) as an execution
trace that is replayed for each required IBP probe.

Basis selection

The most relevant aspect of IBP reduction for the topics in this thesis is the freedom
of picking which master integrals to express the amplitude in. A set of such master
integrals is known as an IBP basis. A list of good properties to aim for are [16]

1. Quasi-finite master integrals [75]

2. D-factorising IBP coefficients [127–129]

3. Fast-to-evaluate master integrals

16The IBP relations lead to three master integrals I10, I01 and I11, which are reduced to two due to the
equal-mass symmetry relation Iν0 = I0ν [47].
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4. Simple denominators in the IBP coefficient

A quasi-finite basis is achieved by extracting IR and UV singularities from the master
integrals into the IBP coefficients. Since the IR and UV singularities cannot depend on
the kinematic variables, it must always be possible to achieve a D-factorised form of
the IBP coefficient. To obtain a quasi-finite basis with D-factorising IBP coefficients,
dimension shifts (D = 6 − 2ϵ, D = 8 − 2ϵ, etc.) and dotted propagators of the master
integrals are considered.

Quasi-finite integrals are known to be convenient for numerical evaluation of master
integrals. Aside from this, different bases may lead to faster evaluation depending
on what specific tool is used. Here heuristics, together with an iterative selection
strategy, are often used. A typical workflow is to ensure the first two properties,
then benchmark which integrals in the D-factorising, quasi-finite basis evaluate quickly.
Integrals that show undesired features, such as being too slow to evaluate, are discarded.
The procedure is then repeated, but the construction of the initial basis is restricted to
not use the excluded integrals from the previous iterations. The ability to pick specific
integrals to build an amplitude is a useful advantage to keep in mind for the topics of
Chapter 4.

3.2.2. Integral evaluation

There are two main approaches in the evaluation of master integrals. Either one tries
to solve them analytically while keeping the kinematics symbolic, or one inserts num-
bers for each kinematic variable and integrates over the parameters numerically. There
exists a huge number of methods on both sides, each with their own advantages and
disadvantages. Also, it is possible to use a mixture of numerical and analytical evalu-
ation by, for example, integrating out one Feynman parameter symbolically and doing
the rest numerically [84, 130]. Generally, if possible, an analytic solution is preferred
since then the integration does not have to be repeated for each phase-space point. It
also makes the treatment of singularities more straightforward. For example, the can-
cellation of IR poles can be made exact, while in a numerical solution poles only cancel
up to the numerical uncertainty. On the other hand, with increasing number of loops
and kinematic scales, analytic solutions eventually become intractable. This problem
can to an extent be alleviated by using expansions, see below. Moreover, automation
is much more difficult in the analytic approach, since the underlying function classes
change with increasing loop order [69].

Analytical methods

Evaluating Feynman integrals analytically has almost become synonymous with using
the method of differential equations (DE) [111, 131, 132]. The reason is due to the
insight of writing the system on ϵ-factorised form [133]

∂

∂si
I⃗(D, si) = ϵA(si) I⃗(D, si), (3.31)

where si is a kinematic invariant, D is the dimension and A(si) is the basis matrix
of IBP coefficients. When the ϵ-dependence is successfully factorised from the basis
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Figure 3.1.: The three first members of the equal-mass banana family, usually referred
to as the bubble, sunrise and banana integrals respectively. The geometry of the L-loop
banana integral (for L ≥ 2) is described by a Calabi Yau (L − 1)-fold. At two loops
there is an elliptic curve and a three loops there is a K3 surface [137].

matrix, the system is said to be on canonical form. The equation above is usually
written as [69]

dI⃗(ϵ, s) = ϵ
(
dÃ
)
I⃗(ϵ, s), Ã =

∑

k

Ak lnαk(s), (3.32)

where αk = s− sk are letters that define the location of the singularities. In this form
the equation has a solution in terms of iterated integrals [69]

I⃗(ϵ, s) =

(
1 + ϵ

∫ s

dt1Ã(t1) + ϵ2
∫ s

dt1

∫ t1

dt2Ã(t1)Ã(t2) + . . .

)
I⃗0(ϵ). (3.33)

If the letters αk are rational functions the solution can be expressed in terms of multiple
polylogarithms (MPLs) [134,135], defined iteratively by

G(0, . . . , 0; z) =
1

n!
lnn z, G(; z) = 1,

G(a1, . . . , an; z) =

∫ z

0

dt

t− a1
G(a2, . . . , an; t), (3.34)

where n is the weight. If a1 ∈ {−1, 0, 1} they are referred to as harmonic polylogarithms
(HPLs) [136].

The method of differential equations (from the analytical side) is particularly compet-
itive when the canonical form can be achieved, and when the solution can be written
in terms of MPLs. However, with increasing number of kinematic scales, such as inter-
nal masses, the solution often goes beyond MPLs into less explored function territory.
For example, the two-loop banana integral is known to be a so-called elliptic integral.
An elliptic integral is characterised by an at least cubic polynomial appearing under a
square root in the integrand. The three-loop banana integral with equal masses is re-
lated to a Calabi-Yau 2-fold [137] and is sometimes referred to as hyperelliptic. Fig. 3.1
illustrates the increasing complexity of the underlying geometry describing the three
first members of the equal-mass banana family. The issue with such integrals is that it
is usually very challenging to obtain the ϵ-factorised form, and it is not yet known if it
exists in all cases17.

17Actually, in the particular case of the equal-mass banana family, a systematic method of obtaining
the ϵ-factorised form was presented in Ref. [137]. For higher point functions, and if the masses are not
equal, the situation quickly becomes more complicated.
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The stagnation of analytical methods for multi-loop problems with many masses is a
strong motivation for the development of numerical strategies, as they are usually not
sensitive to the increasing complexity of the function class of the solution space.

Numerical methods

While analytical solutions of Feynman integrals often involve differential equations, in
the field of numerical evaluations there is a much wider choice of methods. We briefly
summarise a few popular ones here. A detailed description of the method of sector
decomposition, with related tools, is given in Sec. 3.3.

The DE method described in the analytical section can also be applied by solving the
differential equations numerically [67,138,139]. Due to the presence of kinematic singu-
larities, the integration contour must be deformed into the complex plane to retain good
convergence. The boundary conditions can be evaluated with sector decomposition, for
example, or by considering the integral in an expansion.

A method which does not require analytic reductions is sector decomposition [140–
142]. Sector decomposition algorithmically isolates and subtracts overlapping endpoint
singularities of dimensionally regulated parameter integrals18. The result is a Laurent
expansion in the dimensional regulator ϵ

I =
2L∑

m=−r

Cm

ϵm
+ O(ϵr+1), (3.35)

where the coefficients Cm are finite parameter integrals that can be evaluated with
MC integration, for example. The basic idea can be demonstrated with the following
two-dimensional integral [69]

I =

∫ 1

0

dx

∫ 1

0

dy(x+ y)−2+ϵ. (3.36)

The integral has a singular point as both x, y → 0 simultaneously. Sector decomposition
resolves the singularity by splitting the integral into sectors

I =

∫ 1

0

dx

∫ 1

0

dy (x+ y)−2+ϵ [Θ(x− y) + Θ(y − x)] , (3.37)

where Θ(x) is the Heaviside step function. Making the replacement y = xt in the first
integral and x = yt in the second integral, the split integration region is remapped to
the unit square. The final result is [142]

I = 2

∫ 1

0

dx−1+ϵ

∫ 1

0

dt (1 + t)−2+ϵ. (3.38)

The overlapping singularity is now factorised and the divergence is made explicit in the
exponent of x−1+ϵ; the integral diverges logarithmically. In this case we can immediately

18These are usually Feynman loop integrals but other applications exists. In Sec. 3.4 the closely related
flow-time integrals appearing within the gradient-flow formalism, and their computation with sector
decomposition, is described. It has also previously been applied to phase-space integrals [143–147].
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identify the integral over x as B(ϵ, 1), where B(z1, z2) is the Euler-Beta function defined
as

B(z1, z2) =

∫ 1

0

tz1−1(1 − t)z2−1dt =
Γ(z1)Γ(z2)

Γ(z1 + z2)
. (3.39)

Using the properties of the Γ function we get the divergent part explicitly as

Γ(ϵ)

Γ(1 + ϵ)
=

Γ(ϵ)

ϵΓ(ϵ)
=

1

ϵ
(3.40)

and we see how the Laurent expansion arises. In more complicated cases the singulari-
ties result from re-added subtraction terms that are introduced to regulate the isolated
endpoint divergences. The method shown here is known as iterated sector decompo-
sition, since in more complicated cases with more variables, the procedure has to be
repeated until the sector decomposed form is reached. In modern programs geometric
sector decomposition, based on convex geometry, is the favoured strategy as it usually
leads to fewer sectors. Geometric sector decomposition as implemented in pySecDec
is described in Sec. 3.3.

Other methods include direct computation [148–150], loop-tree duality [151–157] and
MB integration [158]. Direct computation methods utilize a finite-width regulator to
resolve kinematic singularities and improve numerical convergence. If the regulator
is sufficiently small the resulting systematic uncertainty is negligible compared to the
statistical uncertainty of the MC integration. A problem arises if no value of the
regulator can be found that both ensures a small systematic error while also keeping
the numerical convergence stable enough. In Refs. [159, 160] direct computation is
used together with Richardson extrapolation [161], which results in stable results for
specific choices of α(x) in Eq. (3.8). Loop-tree duality is a method that works in
four-dimensions, that is, it avoids dimensional regularisation. The idea is to achieve
local cancellation of singularities at the integrand level, by combining virtual and real
contributions under one integral [162]. It achieves this by transforming the integration
domain to Euclidean space where there is better intuition for the singular structure.
Loop-tree duality effectively reduces the dimension of the integrals and therefore scales
very well with the loop order. Finally, numerical MB integration utilises the MB
representation (see Eq. (3.19)) to rewrite parametric integrals as multiple MB integrals,
that are then evaluated numerically.

Expansion methods

A different approach compared to the methods described above are those based on
expansions. The most well known is expansion by regions (EBR) [31] which, like sector
decomposition, can be derived in the geometric interpretation [163–165]. The idea is
to expand the integral into regions based on the scaling properties of some smallness
parameter, where the integration is simpler as it involves fewer kinematic scales. In each
limit the simplified integral can then be computed either numerically or analytically.

The obvious drawback of using an expansion is that the result may only be valid in
a certain region of the parameter space. A popular approach is therefore to combine
various expansions, to cover as much of the parameter space as possible. For example,
combining a high-energy expansion with a small pT expansion, has been shown to
yield accurate results in all regions of the phase space for a variety of observables in



3.3. Sector decomposition 37

gg → HZ,HH [166, 167]. A similar approach is used in Ref. [168], where the low pT
expansion is instead replaced by an expansion in the Mandelstam variable t.

Ensuring that sufficient accuracy is obtained for all regions is more complicated in
processes with different internal masses, or with many external particles, as there are
many configurations to consider, see for example Ref. [169].

3.3. Sector decomposition

The method for evaluating Feynman integrals that is most relevant to the topics in
this thesis, in particular for Chapter 4, is sector decomposition. Early works used
what is now known as iterative sector decomposition (see Sec. 3.2.2) to calculate a
multitude of multi-loop corrections [140–142, 170–172]. It suffers from the problem
of running into infinite recursion. In Ref. [173] it was shown, based on Hironaka’s
polyhedra game [174], that there exists algorithms that always terminate. The first
such implementations resulted in a high number of sectors, however, and now modern
programs instead use methods based on convex geometry [175–179].

3.3.1. Geometric sector decomposition

An efficient implementation of a sector decomposition algorithm based on convex geom-
etry was presented in Ref. [179] and is implemented in pySecDec [12,94,178,180–183].
Since it is used to evaluate all integrals in Chapter 4, we review for completeness the
geometric sector decomposition algorithm, by summarizing the main equations of Chap-
ter 7 of Ref. [179].

The target is a dimensionally regulated parameter integral

I =

∫

RN
≥0

(
N∏

i=1

dxi
xi
xsii

)
f(x)t, (3.41)

where for simplicity we assume the integrand consists of a single polynomial f(x) to be
decomposed. This is for example the F -polynomial in the Feynman parametrisation.
We can write it on the form

f(x) =
m∑

i

ci x
vi , (3.42)

where vi ∈ ZN are exponent vectors and the ci are coefficients involving the kinematic
variables. The s and t are complex and contain ϵ to regulate the integrals. Feynman
integrals are brought to this form by resolving the Dirac-delta constraint with, for
example, the choice α(x) = xN (see Sec. 3.1.1). After a change of variables zi = ln xi,
the integral is

I =

∫

RN

dz e⟨s,z⟩f(z)t, f(z) =
∑m

i
ci e

⟨vi,z⟩, (3.43)

where ⟨a,b⟩ denotes the standard inner product on RN . Physical singularities are
encoded in the exponent vectors vi. The Newton polytope N (f) of the polynomial
f(x) is the convex hull of the set of exponent vectors. It can be represented by the
vectors ni, normal to the vi, according to

N (f) =
⋂

F

{
m ∈ RN |⟨m,nF ⟩ + aF ≥ 0

}
, (3.44)
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where F represents an affine half-space. If aF = 0, N (f) is called a cone. The normal
fan corresponding to N (f) is

∆N (f) = {σF | F is a face of N (f)} , (3.45)

where σF is the cone corresponding to face F of N (f). Each cone σF is built from
the normal vectors of all facets (dim(N ) − 1 dimensional faces) that contain the face
F . The cones in the normal fan must be split into simplicial cones. This is known as
triangulation and can be thought of as the actual decomposition step. The triangulation
generates the simplicial fan ∆T

N (f). Its components are the simplicial cones,

σ = {
∑

F∈σ

aF nF | aF ∈ R≥0}. (3.46)

Now the integration parameters xi can be mapped to local facet coordinates yF , which
maps the integration domain to the unit hypercube

xi =
∏

F∈σ

y
⟨nF ,ei⟩
F . (3.47)

Applying the change of variables to the original integral results in a sector decom-
posed form, which is written as a sum over all cones in the simplicial fan. After some
manipulation, the decomposed integral can be expressed as [179]

I =
∏

F∈∆T
N (f)

∫ 1

0

dyF
yF

y
⟨nF ,s⟩−taF
F

(∑

i

ci
∏

F∈σ

y
⟨nF ,vi⟩+aF
F

)t ∑

σ∈∆T
N (f)

dim(σ)=N

|σ|
∏

F /∈σ

δ(1 − yF )

(3.48)
where |σ| is the absolute value of the determinant of the matrix constructed from the
vectors nF of σ. In the case of loop integrals, in the Feynman parametrisation, we have
two polynomials (U and F) that must be decomposed. The extension to multiple fi(x)

is achieved by considering the polytope from both polynomials N (
∏

j
fj) =

∑
j
N (fj),

known as the Minkowski sum.

3.3.2. Numerical integration

After sector decomposition, the decomposed integral can be series expanded in ϵ to
reach the form in Eq. (3.35). The series coefficients are finite parameter integrals well
suited for numerical integration. If there are kinematic singularities present in the
integration region, a contour deformation such as in Eq. (3.26) must be performed.

In this thesis, all integrals are evaluated with quasi-Monte Carlo (QMC) integration
[184], as implemented in pySecDec [12,94,178,180–183]. We describe the method by
reviewing the main equations from Ref. [181].

The parameter integrals after sector decomposition are over the unit-hypercube

I[f ] ≡
∫

[0,1]d
dx f(x) =

∫ 1

0

dx1, . . . , dxd f(x1, . . . , xd), (3.49)

where the integrand f(x) is a finite multi-variate function on [0, 1]d.
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MC integration

In the classical MC approach, an estimate of I[f ] is computed as

I[f ] ≈ 1

n

n−1∑

i=0

f(xi), (3.50)

where the xi are n randomly generated sample points. Eq. (3.50) is known as a quadra-
ture rule. In the most basic version, the sample points are taken from a flat uniform
distribution, xi ∈ U(0, 1)d. Any reasonable MC integrator would instead use some form
of importance sampling, which weighs the sample set according to the magnitude of
f(x). This may reduce the variance of the integrand and improve error convergence.
In either case, the selection of the xi is to some degree randomized. This allows an
unbiased estimate of the variance of the integral, using the same quadrature rule

σ2(I) =
σ2(f)

n
=
I(f 2) − I(f)2

n
. (3.51)

The resulting error convergence of the MC estimate with respect to the number of
sample points n is famously dimension independent

σ(f)√
n
, (3.52)

but scales only with the square-root of the number of sample points.

QMC integration

For integrands that fulfil certain smoothness requirements, the scaling in Eq. (3.52) is
known to not be optimal. The idea of QMC integration is to choose the sample points
deterministically, in a very particular way, in order to improve the error convergence.
The Koksma-Hlawka inequality gives an upper bound on the integration error from the
MC quadrature rule [184]

∣∣∣∣∣I[f ] − 1

n

n∑

i=1

f(xi)

∣∣∣∣∣ ≤ D∗
n(P )V (f), (3.53)

where D∗
n(P ) is the star discrepancy of the point-set P and V (f) is the Hardy-Krause

variation of f . To improve the error convergence, we can either try to minimize the
discrepancy, or reduce the variance of the integrand. Selecting the sample points to be
so-called low discrepancy sequences achieves the former and is the basis of the QMC
method.

There are two main ways of constructing low-discrepancy point sets; either with digital
nets or with lattice rules. Ref. [181] describes the implementation of a rank-1 shifted
(R1SL) lattice rule. The integral I[f ] is estimated by Q̄n,m[f ], the shift-average of

Q
(k)
n [f ], as follows

I[f ] ≈ Q̄n,m[f ] ≡ 1

m

m−1∑

k=0

Q(k)
n [f ], Q(k)

n [f ] ≡ 1

n

n−1∑

i=0

f

({
iz

n
+ ∆k

})
, (3.54)
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where ∆k are shift vectors, z ∈ Zd is a generating vector with elements coprime to n and
the curly brackets indicate taking the fractional part of each component of the vector
inside. The ∆k are d-dimensional vectors of uniformly distributed random numbers.
They reintroduce randomization to the otherwise fully deterministic quadrature rule.
QMC integration based on such quadrature rules are therefore sometimes referred to
as randomized QMC (RQMC). The additional evaluations due to the shifts provide an
unbiased estimate of the error

σ2
n,m[f ] = Var(Q̄n,m[f ]) ≈ 1

m(m− 1)

m−1∑

k=0

(Q(k)
n [f ] − Q̄n,m[f ])2. (3.55)

The extra evaluations due to the random shifts are a drawback of QMC integration.
Fortunately, in practice, only 10-20 random shifts are typically necessary to obtain a
reliable estimate [181]. Therefore, for sufficiently large n, the improved error scaling
that we usually see for our sector decomposed Feynman integrals easily outweighs the
small computational load from performing the shifts.

Using Eq. (3.53) it can be shown that QMC integration achieves an error scaling of
O((log n)d/n) [184]. The scaling with respect to the number of samples is improved,
but an exponential dependence on the dimension has appeared. However, if f is in
certain weighted function spaces, such as a Sobolev space, much better bounds can
be derived. For example, if f belongs to the space of Korobov functions, that is,
periodic and α times differentiable functions, the error can be shown to converge close
to O(n−α) [181].

The sector decomposed integrands are generally smooth but not periodic. With the
error scaling of Korobov functions in mind, a sizeable improvement can be obtained
by a suitable periodizing transformation. There are many different transformations of
this type, but a common one in this context is the Korobov transformation

ωr0,r1(u) =
ur0(1 − u)r1∫ 1

0
dt tr0(1 − t)r1

= (r0 + r1 + 1)


r0 + r1

r0


ur0(1 − u)r1 , (3.56)

usually with equal weights r0 = r1. In principle, selecting higher weights would lead
to increased smoothness and better scaling by the O(n−α) convergence. Too large
values for the weight parameters often lead to a larger variance, however, which again
increases the error. There thus exists an optimal transformation which improves the
error convergence without increasing the variance too much. Experience shows that a
good choice is r0 = r1 = 3, but this can vary depending on the problem.

3.3.3. pySecDec

A program that implements both sector decomposition and QMC integration to eval-
uate dimensionally regulated parameter integrals is pySecDec [12, 94, 178, 180–183].
In the later releases, pySecDec particularly focuses on facilitating amplitude com-
putations. This means that evaluating loops integrals, as described in Sec. 3.3.1 and
Sec. 3.3.2, is usually done in the context of an IBP system. The task is therefore not
just in estimating one I, but in computing a linear combination of master integrals

A =
∑

i

ci(s, D) Ii, (3.57)
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where the IBP coefficients ci(s, D) are functions of the kinematics and the dimension.
After sector decomposition, each master integral at each order in ϵ is in turn a linear
combination of sector integrals. To avoid introducing too much notation, we overload
the above definition with A =

∑
i ci Ii, where the ci are now a combination of IBP

coefficients and integral prefactors, and the Ii are now sector integrals.

To optimize such computations, pySecDec uses weighted evaluation. Since the values
of both the coefficients and the integrals vary for each kinematic point, a data-driven
importance sampling is performed before each run, in order to be able to allocate
an appropriate amount of computing resources to each integral. The integrals that
have a good combination of contributing more to the amplitude while being fast to
evaluate, are assigned larger QMC lattices. The optimization problem is formulated
with Lagrange multipliers [12]. The total integration time

T ≡
∑

i

τi ni, (3.58)

where τi is the time it takes to evaluate the integrand of Ii once, is minimized subject
to a precision constraint on the amplitude

var(A) =
∑

i

|ci|2
wi

nα
i

!
= V, (3.59)

where α is the scaling parameter from Sec. 3.3.2 and wi is a convergence constant.
Combining the two constraints, the minimization problem is specified by

L ≡ T +
∑

k

λ (var(A) − V ) , and
∂L

∂ {ni, λk}
= 0. (3.60)

The solution for the number of sample points that should be assigned to each integral
is [12]

λ =
1

α

(
1

V

∑

k

(
|ck|2wkτ

α
k

) 1
α+1

)α+1
α

,

ni =

(
αwi

τi
λ |ci|2

) 1
α+1

.

(3.61)

A conservative choice for the scaling parameter is α = 2 (see the discussion at the end
of Sec. 3.3.2). The evaluation speeds τi and convergence constants wi are initially esti-
mated by evaluating each integral on a small set of presamples, and then continuously
updated as the lattice sizes are increased.

In Ref. [12] we present the latest version of pySecDec. The new version introduces a
new QMC integrator Disteval, new median lattice rules, improvements to the expan-
sion by regions module as well as improvements to the interface of defining amplitudes
as sums of integrals. We list and briefly describe the main new features here.

• The Disteval integrator brings speed-up by up to an order of magnitude (both
on the CPU and GPU side) through various code improvements and extended
support for advanced compiler options. Additionally, the new integrator allows
defining IBP coefficients that are computed to arbitrary precision with GINAC.
Symbolic coefficients are saved to file and only expanded in ϵ at evaluation.



42 3. Feynman Integrals

• Median lattice rules are introduced to cure the problem of unlucky lattices. When
continuously estimating the τi and wi parameters as described above, it can hap-
pen that a larger lattice randomly performs very poorly, which spoils the data-
driven estimate of the convergence parameters. This is not surprising, since the
O(n−α) scaling law is only asymptotic. Locally, increasing a lattice size does
not necessarily lead to an improvement. It was shown in Ref. [185] that median
lattice rules avoids this problem, to an extent. The idea is to instead of using one
Q

(k)
n for the integral estimate, based on one generating vector z, we take instead

the median

Mn,r(f) = median(Qn,z1(f), . . . , Qn,zr(f)). (3.62)

This avoids selecting outliers at the expense of more integrand evaluations. In
practice, we see that examples that are known to particularly suffer from unlucky
lattices are greatly improved with this construction.

• The improvements to expansion by regions is in terms of automatically insert-
ing extra regulators to integrals that need them after expansion. The extra
regulators are shifts to the propagator exponents by a small parameter, ν1 →
ν1 + δ1, . . . , νN → νN + δN . In parameter space, this is achieved by multiplying
the integrand by xδ

1

1 · · · xδNN .

3.4. Flow-time integrals with ftint
In this section we present ftint [13], a program to calculate flow-time integrals that
appear within the gradient-flow formalism (GFF) [186–190]. The GFF was originally
introduced in QCD to regulate UV divergences on the lattice. One of the main ad-
vantages is that composite operators do not require UV renormalisation and thus do
not mix under renormalisation group-running [191]. This simplifies the comparison of
results from lattice QCD and perturbative calculations.

One application of the GFF that involves perturbative calculations is the short-flow-
time expansion (SFTX), where composite operators of flowed fields are expressed in
terms of regular operators via matching coefficients which can be determined pertur-
batively. The integrals that appear in the SFTX, so-called flow-time integrals, are
very similar to the Feynman loop integrals discussed in this chapter. The only two
differences are

1. An exponential factor in the integrand that depends on the loop momenta, masses
and flow-time variables.

2. Additional integrations over these flow-time variables.

Despite these very small differences, the wide-spread selection of tools that we take
for granted in the context of evaluating multi-loop Feynman integrals, had prior to
ftint not been made applicable to flow-time integrals19. With ftint, we provide an
interface to pySecDec that maps (massive) flow-time integrals with vanishing external
momenta20 to a form that pySecDec can handle, similar to Eq. (3.41). In its current
state ftint is limited to one-, two- and three-loop integrals, see Fig. 3.2.

19Specifically the evaluation part. Amplitude generation and IBP reduction had already been brought
to a mature state in the context of flow-time integrals.

20This is a phenomenologically relevant class of integrals. For example, they enter into the action density
⟨GµνGµν⟩.
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Figure 3.2.: One-, two-, and three-loop topologies of the integrals considered in this
section.

Following the notation of Ref. [13], the flow-time integrals we target can be represented
by [192,193]

f(c, a,b) = (4πt)LD/2 t−b

∫

[0,1]f
duuc

∫

p

exp[−t ∑k
i=1 aiP

2
i ]

(P 2
1 +m2

1)
b1 · · · (P 2

k +m2
k)bk

, (3.63)

where p = {p1, . . . , pL} is the set of loop momenta, b = {{b1,m1}, . . . , {bk,mk}}
collects the indices bi ∈ Z and masses mi ∈ R. The prefactor t−b, with b =

∑k
i=1 bi, in

Eq. (3.63) thus compensates the mass dimension of the integral, such that f(c, a,b) is
dimensionless. For massless propagators we use the special notation {bi, 0} → bi. The k
functions ai ∈ a are real-valued polynomials of the (dimensionless) flow-time variables
u = {u1, . . . , uf} that are non-negative on the hypercube [0, 1]f . Furthermore, we
define

uc := uc11 · · ·ucff , (3.64)

where c = {c1, . . . , cf} is a set of non-negative integers. The integration measure over
the loop momenta is

∫

p

:=

∫

p1

· · ·
∫

pL

, with

∫

p

=

∫
dDp

(2π)D
. (3.65)

The Pi in Eq. (3.63) are linear combinations of the loop momenta. It implies the
very convenient feature that the number of propagators k in Eq. (3.63) is completely
determined by the number of loops L as

k =





1 for L = 1 ,

3 (L− 1) for L ≥ 2 .
(3.66)

3.4.1. Calculation method

The integral in Eq. (3.63) must be brought to a form that pySecDec is able to parse.
We thus need to introduce a suitable parametrisation and integrate over the loop mo-
menta. For this purpose, we use Schwinger parameters. The result is an integral over
both flow-time variables u ∈ (0, 1) and Schwinger parameters x ∈ (0,∞). Either must
be mapped to the other interval as the sector decomposition algorithms expect all in-
tegration variables to be in the same interval. The procedure is best illustrated with a
few examples.
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Massless one-loop

A general one-loop flow-time integral with massless internal lines is

f(c, {a}, {b}) = (4πt)D/2 t−b

∫

[0,1]f
duuc

∫

p

exp[−tap2]
(p2)b

. (3.67)

If b = 0 the momentum integration can be performed and the expression can be passed
to pySecDec directly. If b > 0 we introduce Schwinger parameters and obtain

f(c, {a}, {b}) =
(4πt)D/2

(b− 1)!

∫ ∞

0

dx xb−1

∫

[0,1]f
duuc

∫

p

exp{−t[a+ x]p2} =

=
1

(b− 1)!

∫ ∞

0

dx xb−1

∫

[0,1]f
duuc [a+ x]−D/2 ,

(3.68)

where in the last step we performed Gaussian integration over the loop momentum.
Now we remap the Schwinger parameters21 to the unit-hypercube by splitting (0,∞) =
(0, 1) ∪ (1,∞) and applying x → 1/x in the second interval. The result is an integral
that can be passed to pySecDec

f(c, {a}, {b}) =
1

(b− 1)!

∫

[0,1]f
duuc

×
∫ 1

0

dx
(
xb−1 [a+ x]−D/2 + xD/2−1−b [x a+ 1]−D/2

)
.

(3.69)

If b < 0 we use the identity

(p2)−b = (−t)b ∂
−b

∂x−b
e−xtp2

∣∣∣∣
x=0

(3.70)

and obtain

f(c, {a}, {b}) = (−1)b
∂−b

∂x−b

∫

[0,1]f
duuc[a+ x]−D/2

∣∣∣∣
x=0

= P (−b) (−1)b
∫

[0,1]f
duuc[a]−D/2+b ,

(3.71)

where

P (m) =
m∏

k=1

(1 − k −D/2) =
Γ(1 −D/2)

Γ(1 −D/2 −m)
. (3.72)

This expression can again be directly passed to pySecDec.

Massless multi-loop

To understand how to integrate out the loop momenta after Schwinger parametrisation
in the multi-loop case, some auxiliary notation is helpful. We define a symmetric square
matrix A(a) by

pT A(a)p =
k∑

i=1

aiP
2
i . (3.73)

It is determined by the combinations of loop momentum appearing in the propagators.
Since the number of propagators at each loop order is exactly known as in Eq. (3.66),
we can define it explicitly at

21We could equally well have chosen to map the flow-time variables to [0,∞]f .
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one loop:
P1 = p1 ,

⇒ A(a) = a1 ,
(3.74a)

two loops:
P1 = p1 , P2 = p2 , P3 = p1 + p2 , (3.75a)

⇒ A(a) =


a1 + a3 a3

a3 a2 + a3


 (3.75b)

and three loops:

P1 = p1 , P2 = p2 , P3 = p3 ,

P4 = p1 − p2 , P5 = p1 − p3 , P6 = p2 − p3 ,
(3.76a)

⇒ A(a) =




a1 + a4 + a5 −a4 −a5
−a4 a2 + a4 + a6 −a6
−a5 −a6 a3 + a5 + a6


 . (3.76b)

Finally, we define a function

F (a,x = (4πt)LD/2

∫

p

exp

{
−t

k∑

i=1

[ai + xi]P
2
i

}
. (3.77)

Using Eq. (3.73) we identify it as Gaussian over the loop momenta which leads to

F (a,x) = [detA(a + x)]−D/2 . (3.78)

To obtain a compact master formula we introduce a notation for the b-indices as follows

bi > 0 for i ∈ Iint ,

bi < 0 for i ∈ Idiff ,

bi = 0 for i ∈ I0 .

(3.79)

For the vanishing indices bi = 0, we can simply set the corresponding Schwinger param-
eters to zero in Eq. (3.78), xi = 0. For the negative indices bi < 0, on the other hand,
we use Eq. (3.70), meaning that we need to take the derivative w.r.t. −xi at xi = 0.
Note that n derivatives acting on Eq. (3.78) produce n terms of the form

[detA(a + x)]−D/2−k gk(a,x, D) , k ∈ {1, . . . , n} , (3.80)

where gk is polynomial in its arguments at most of order xki for each xi. Finally, for
the positive indices bi > 0, we integrate over xi and multiply by 1/(bi− 1)!. Combining
everything we obtain a master formula for a flow-time integral, taken over Schwinger
parameters and flow-time variables

f(c, a,b) =

[ ∏

j∈Iint

1

(bj − 1)!

∫ ∞

0

dxj x
bj−1
j

]
×

×
∫

[0,1]f
duuc

[( ∏

i∈Idiff

∂−bi

∂x−bi
i

)
[detA(a + x)]−D/2

]

xk=0 for k∈(Idiff∪I0)

.

(3.81)
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To be able to pass this to pySecDec, we split the integration region for the Schwinger
parameters into xj ∈ [0, 1] ∪ (1,∞]. The integrand in Eq. (3.81) thus consists of poly-
nomials of the xi with i ∈ Iint and the u, raised to non-integer powers which can be
passed to pySecDec for integration.

Massive propagators

With the massless case already defined, including masses is straightforward. The only
modification to the master formula above is a factor

exp

(
−t
∑

j∈Iint

xjm
2
j

)
. (3.82)

Masses corresponding to propagators with negative indices do not need to be considered
as they can be reduced to other known integrals via the binomial formula

(p2 +m2)−b =
−b∑

n=0

(−b
n

)
(p2)n(m2)−b−n for b ≤ 0 . (3.83)

A technical issue with including massive propagators is that after remapping xj → 1/xj
in the second interval of the split, factors of e−tm2

j/xj appear. This expression is clearly
finite in the limit xj → 0, but it still creates some practical issues in pySecDec, for
example when defining subtraction terms at xj = 0. To avoid all of this, a regulator is
introduced that can be set to a small number at integration. We shift each exponential
factor by

e−tm2
j/xj → e−tm2

j/(xj+δ). (3.84)

The effect of including massive propagators is a scaling of the integrand by a finite,
positive function. It therefore does not interfere with sector decomposition and does
not generate any additional sectors. This means that the extra regulator in Eq. (3.84)
has virtually no impact on performance. By default, δ = 10−10 at integration but can
be varied by the user to ensure that the result is independent of its value22.

3.4.2. Using ftint

Following the spirit of pySecDec, the evaluation of an integral with ftint is divided
into two steps. In the first step, the integral is sector decomposed and a C++ integration
library is generated and compiled. The integration library can then be evaluated many
times for different values of the internal masses, or at different precision targets, for
example.

The program can be downloaded from gitlab.com/ftint where installation instructions
can also be found. ftint is run via a command-line interface. For example, to generate
the integration library the following command is called

$ python3 <ftint_path >/ ftint_pySecDec.py \

<ft_integrals > [<options >]

Listing 3.1: Command for sector decomposition.

22The inclusion of δ will always generate a small systematic error, but if it is small enough it can be
considered negligible compared to the statistical error of the MC integration. The integral is in this
way practically ’independent’ of the value of δ.

https://gitlab.com/ftint/ftint
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The <ftint_path> is the path to the source code and <ft_integrals> is the input
integral, following the convention in Eq. (3.63). It can also be the path to a file con-
taining a list of integrals, defined with the same notation. In this way, ftint can for
example evaluate sums of integrals appearing in an IBP system. Including masses is
done by an extra index next to each propagator power. For example, the input to the
following massive two-loop integral is

f[{0,1},{u2-u1*u2,2,u2},{-1,{2,2},{1,3}}] =

= f({0, 1}, {u2 − u1 u2, 2, u2}, {−1, {2,m2}, {1,m3}}) =

(4πt)D

∫

p,k

∫

u1,2

u2
p2

(k2 +m2
2)

2((p+ k)2 +m2
3)
e−t[(−u1u2+u2)p2+2k2+u2(p+k)2].

(3.85)

We can generate and compile the integration libraries for this integral with the com-
mand

$ python3 <ftint_path >/ ftint_pySecDec.py \

’f[{0,1},{u2-u1*u2 ,2,u2},{-1,{2,2},{1,3}}]’

Listing 3.2: Sector decomposition of the integral in Eq. (3.85).

and then integrate it with the command

$ python3 <ftint_path >/ ftint_integrate.py \

ftint_out_0 --masses =0,2.5,3

Listing 3.3: Numerical evaluation of the integral in Eq. (3.85).

Where the values of the masses were chosen to be m2
2 = 2.5/t and m2

3 = 3/t. The
output of the integration is available in multiple formats and is stored in a subdirectory
of ftint_out_0. For example, the Mathematica output format is

1 (*

2 produced by ftint , version 1.0, Fri May 24 13:50:34 2024

3 *)

4 {

5 (* integral 1 [ m2**2 = 2.5/t, m3**2 = 3/t ]: *)

6 f[{0,1},{u2-u1*u2 ,2,u2},{-1,{2,2},{1,3}}] -> (

7 +eps ^ -2*(+0.0000000000000000*10^+00+0.0000000000000000*10^+00*I)

8 +eps ^ -2*(+0.0000000000000000*10^+00+0.0000000000000000*10^+00*I)*plusminus

9 +eps ^ -1*(+1.1266529421611552*10^ -02+0.0000000000000000*10^+00*I)

10 +eps ^ -1*(+2.3027953579787037*10^ -10+0.0000000000000000*10^+00*I)*plusminus

11 +eps ^0*(+1.7797179680747620*10^ -04+0.0000000000000000*10^+00*I)

12 +eps ^0*(+1.0762786605309655*10^ -09+0.0000000000000000*10^+00*I)*plusminus

13 +eps ^1*(+6.8615123921316060*10^ -03+0.0000000000000000*10^+00*I)

14 +eps ^1*(+1.1513874186746525*10^ -09+0.0000000000000000*10^+00*I)*plusminus

15 +eps ^2*( -5.5497372202654837*10^ -03+0.0000000000000000*10^+00*I)

16 +eps ^2*(+7.0664076906102803*10^ -09+0.0000000000000000*10^+00*I)*plusminus

17 +eps ^3*(+5.2760242194534335*10^ -03+0.0000000000000000*10^+00*I)

18 +eps ^3*(+3.2253823531270829*10^ -08+0.0000000000000000*10^+00*I)*plusminus

19 )

20 }

Listing 3.4: Output file of the numerical integration.

In addition to specifying the values of masses, ftint can access all decomposition
and integration options within pySecDec. It is also possible to pass any C++ (CUDA)
compiler flags to the generation by specifying the --CXX_flags (--CUDA_flags) option.
For a full list of options we refer to the documentation within Ref. [13].
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IBP example

To demonstrate the intended input format of ftint we verify a simple IBP relation as
an example. The input is a file, ibp_rule.in, containing a Mathematica replacement
rule.

1 {f[{},{0,0,0,1,1,1},{-1,1,1,1,1,1}] ->

2 -f[{},{0,0,0,1,1,1},{0,1,1,1,1,0}]/2

3 -(f[{},{0,0,0,1,1,1},{1,0,1,1,0,0}])/(1-n/4)

4 -(f[{},{0,0,0,1,1,1},{1,1,0,0,0,0}]) /(2*(1+( -7/12+n/12)*n))}

Listing 3.5: A three-loop IBP identity in Mathematica format.

The file path can be passed to ftint_pySecDec.py, which will generate and compile
individual integration libraries for each integral in the input IBP relation. We generate
the integration libraries up to ϵ1 with the command

$ python3 <ftint_path >/ ftint_pySecDec.py \

ibp_rule.in --epsorder =1

The output is by default placed in ftint_out_0 where we find the four compiled
integration libraries, as well as other information required by ftint for the integration.

\-- ftint_out_0

|-- integral_information.json

\-- secdec

|-- secdec_ft_integral_1

|-- secdec_ft_integral_2

|-- secdec_ft_integral_3

\-- secdec_ft_integral_4

The integration can now be performed with the command

$ python3 <ftint_path >/ ftint_integrate.py ftint_out_0

The output is stored in ftint_out_0/results_0. It contains the Mathematica file
mathf_out.m where the result for each integral is defined as a replacement rule.

1 (*

2 produced by ftint , version 1.0, Fri May 24 09:21:05 2024

3 *)

4 {

5 (* integral 1 : *)

6 f[{},{0,0,0,1,1,1},{-1,1,1,1,1,1}] -> (

7 +eps ^ -1*(+1.4384102482242656*10^ -01+0.0000000000000000*10^+00*I)

8 +eps ^ -1*(+7.5901486511209429*10^ -09+0.0000000000000000*10^+00*I)*plusminus

9 +eps ^0*(+9.1030039859574119*10^ -01+0.0000000000000000*10^+00*I)

10 +eps ^0*(+7.7645751796859680*10^ -06+0.0000000000000000*10^+00*I)*plusminus

11 +eps ^1*(+3.6458111371273918*10^+00+0.0000000000000000*10^+00*I)

12 +eps ^1*(+4.2456809764811359*10^ -05+0.0000000000000000*10^+00*I)*plusminus

13 ),

14 (* integral 2 : *)

15 f[{},{0,0,0,1,1,1},{0,1,1,1,1,0}] -> (

16 +eps ^ -1*(+2.8768207244049038*10^ -01+0.0000000000000000*10^+00*I)

17 +eps ^ -1*(+1.2597382329360634*10^ -11+0.0000000000000000*10^+00*I)*plusminus

18 +eps ^0*(+1.4717502294126590*10^+00+0.0000000000000000*10^+00*I)

19 .

20 .

21 .

Listing 3.6: Result for the integrals of 3.5. Only the first few lines are shown.
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The IBP relation can now be verified by inserting the list of replacement rules in the
output back into the original IBP relation in Mathematica. This output format makes
the integration of ftint into existing workflows straightforward. In addition, the
integration results are also available in the JSON and YAML formats. It is also possible
to define customized output formats, see Appendix A of Ref. [13].





CHAPTER 4

Positive Feynman Integrands

In this chapter we present a new idea of resolving integrable singularities of Feynman
loop integrals [14]. In Sec. 3.1.2 the classic treatment with contour deformation (CD)
is outlined. Its advantage is that it is algorithmic and can be made to work in many
cases. Its downside is that it is computationally expensive and leads to long integration
times and often quite significant loss of precision.

As a motivation we thus consider Fig. 4.1, which shows the numerical precision ob-
tained from integrating the one-loop massless pentagon integral with 105 QMC points
with pySecDec, for values of the kinematic invariant s12 ∈ (−10, 10), with the other
invariants fixed to negative values; (s23, s34, s45, s51) = (−4,−2,−6,−3). The details
of this integral are given in Sec. 4.3.1. For now, all we need to know is that the inte-
gral has a so-called Euclidean region when s12 < 0 and a so-called Minkowski region
when s12 > 0. In the Minkowski regime integrable singularities appear and must be
resolved, in this case by using contour deformation. The result is a huge precision
drop for all kinematic configurations where s12 > 0. This can be explained by the
fact that the deformed integrand changes sign across the parameter space in this re-
gion. This leads to cancellations between positive and negative contributions to the
integral and the precision drops. Moreover, the deformed integrand is more compli-
cated and takes longer to evaluate. For this example, one integrand evaluation is on
average 4.54/1.7 ≈ 2.67x slower when evaluating with contour deformation23. Contour
deformation thus produces slower evaluations that yield less accurate results. The new
method presented in this chapter rewrites Feynman integrals into a sum of integrals
over positive integrands, multiplied my complex prefactors. The performance degra-
dation seen in the Minkowski regime is significantly alleviated and the evaluation time
scales much better with respect to the number of internal lines, compared to when
using contour deformation.

23This slowdown becomes significantly worse for multi-loop integrals that have many internal lines N .
The contour deformation includes a Jacobian that involves partial derivatives of F with respect to
each Feynman parameter. This results in an (N − 1)× (N − 1) determinant that has to be evaluated
at each QMC point.
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Figure 4.1.: Numerical precision obtained from 105 QMC points for the real part of
the fully on-shell, one-loop pentagon with massless internal lines. The kinematics are
specified by s12 ∈ (−10, 10) and (s23, s34, s45, s51) = (−4,−2,−6,−3). The integral
enters the Minkowski regime when s12 > 0, leading to significant loss of precision.
For s12 < 0, the integral can be evaluated without contour deformation leading to
faster integrand evaluations. Evaluating with contour deformation is on average about
4.54/1.7 ≈ 2.67x times slower for this example.

The outline of this chapter is as follows. We start with some preliminary definitions
in Sec. 4.1. Then we define the general method in Sec. 4.2, where an algorithm is
presented that can be applied to a certain class of Feynman integrals. In Sec. 4.3.1 and
Sec. 4.3.2 we apply the method to resolve integrable singularities of several massless
and massive integrals. Finally, we benchmark the examples in Sec. 4.4 and give an
outlook in Sec. 4.5.

4.1. Preliminaries

A thorough review of parametric representations and divergences of Feynman integrals
is given in Sec. 3.1. In this section, all examples happen to feature integrals without
dots, pinches or numerators, i.e. we have νi = 1,∀i. For brevity, we therefore make use
of the notation I(1, . . . , 1; s) := J(s) in this chapter. In the present case the Feynman
parametrisation simplifies slightly

J(s) = (−1)ν Γ (ν − LD/2) lim
δ→0+

∫

RN
≥0

N∏

i=1

dxi
U(x)ν−(L+1)D/2

(F(x; s) − i δ)ν−LD/2
δ(1 − α(x)), (4.1)

where ν is in this case equal to the number of internal lines. The remaining notation,
in particular the U(x) and F(x; s) polynomials, is defined in Sec. 3.1. An important
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property is that F(x; s) contain terms with quadratic Feynman parameters if the in-
tegral has massive propagators, while massless integrals have F(x; s) polynomials that
are at most linear in each parameter. Furthermore, we note that U(x) consists purely
of positive monomials of Feynman parameters with positive coefficients and is therefore
manifestly positive in RN

>0. The F(x; s) polynomial is built from monomials with both
positive and negative sign depending on the value of the invariants s.

Both U(x) and F(x; s) may vanish on the intersection of the hyperplane defined by the
Dirac-delta function with the coordinate hyperplanes, or, equivalently, for subsets of
x vanishing. Depending on the propagator powers, ν, and the space-time dimension,
D, this can give rise to UV and IR divergences. When the invariants s are chosen
such that F(x; s) contains monomials with different signs, the F(x; s) polynomial can
additionally vanish and/or change sign on hypersurfaces within the integration domain,
RN
>0. The vanishing of F(x; s) within the integration domain is usually associated with

kinematic (pseudo-)thresholds.

We distinguish between a manifestly same-sign kinematic regime, where all monomials
in F(x; s) share the same sign and a more general same-sign regime24, where F(x; s)
retains a definite sign throughout the integration domain, RN

>0, despite individual mono-
mials having mixed signs. In the most general situation F(x; s) vanishes on hypersur-
faces in RN

>0 and has no fixed definite sign in the domain of integration, we will refer to
this as a mixed-sign (or Minkowski) regime.

4.2. Method

In this section, we propose a procedure for evaluating Feynman parametrised integrals
in the mixed-sign (Minkowski) regime, i.e. where F(x; s) has no definite sign for x ∈
RN
>0, without deforming the integration contour into the complex-plane. We introduce

the general idea in Sec. 4.2.1 and present a constructive algorithm valid for a specific
class of Feynman integrals in Sec. 4.2.2. We show that when this form can be achieved,
the resulting integrands are strictly non-negative and the analytic continuation of the
resulting integrals becomes trivial. In Sec. 4.2.3 we briefly discuss the application of
the concept to general Feynman integrals.

4.2.1. Overview

The central idea is to construct transformations of the Feynman parameters such that
the variety of the F -polynomial (the hypersurface defined by F(x; s) = 0) is mapped to
the boundary of the integration domain. After this, F only vanishes on the integration
boundary. Any singularities resulting from this can be algorithmically dealt with using
existing methods, such as sector decomposition.

The new procedure involves splitting the integration domain into regions where F > 0
and F < 0 and integrating these regions separately. We may also further subdivide
the positive and negative regions for technical or computational ease (see the massive
examples in Sec. 4.3.2). For the regions where F is negative, we factor out a minus sign
from F , ensuring the Feynman iδ-prescription is respected; after this, we will have only

24The terms Euclidean and pseudo-Euclidean are sometimes used in the literature to refer to this regime.
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non-negative integrands. The resulting general decomposition of the original Feynman
integral, I(s), is

J(s) =

N+∑

n+=1

J+,n+(s) + lim
δ→0+

(−1 − iδ)−(ν−LD/2)

N−∑

n−=1

J−,n−(s), (4.2)

where we have allowed for both the positive and negative regions to be subdivided
into N+ and N− sub-regions respectively. After this decomposition, the imaginary part
of the original integral J(s) is fully determined by the contribution from the negative

region(s) in Eq. (4.2) and, furthermore, is a result of the limδ→0+ (−1 − iδ)−(ν−LD/2) =
exp[iπ(ν−LD/2)] factor multiplying the purely real J−(s) contribution(s). We remark
that, in many cases, the division can be chosen such that there is only a single positive
and a single negative region (see the algorithm in Sec. 4.2.2 and the massless examples
in Sec. 4.3.1).

It has long been known that for integrals in a kinematic regime where F is strictly non-
positive in the integration domain, a minus sign can be factored out and the resulting
non-negative (Euclidean) integrand can be evaluated. As a trivial example, consider
the massless bubble in the physical p2 = s > 0 regime,

Jbub,m=0(s) = lim
δ→0+

Γ (ϵ)

∫

R2
≥0

dx1dx2
(x1 + x2)

−2+2ϵ

(−sx1x2 − iδ)ϵ
δ(1 − α(x))

= lim
δ→0+

(−1 − iδ)−ϵ Γ (ϵ)

∫

R2
≥0

dx1dx2
(x1 + x2)

−2+2ϵ

(sx1x2)
ϵ δ(1 − α(x))

= lim
δ→0+

(−1 − iδ)−ϵJ−
bub,m=0(s), (4.3)

where, in the final line we have translated this simple manipulation into the language
of our decomposition given in Eq. (4.2). The procedure essentially generalises this idea
by mapping a generic integral into integrals which are already positive (where F > 0
originally) plus cases like this where F < 0 and we can factor out the prescription to
generate positive integrands.

In order to construct the integrands appearing in Eq. (4.2), we must ensure that our
transformations do not spoil the non-negativity of U (nor introduce zeroes of U within
the integration domain) as well as avoiding transformations with Jacobian determinants
which break the positivity of the resulting integrand within (but not necessarily on the
boundary of) the integration domain. Furthermore, we must check that the transfor-
mations applied do not miss any regions from the original integration domain as well
as prohibiting transformations that map regions from outside the original integration
domain into the new domain.

These demands may initially appear quite constraining and hence, one might as-
sume that the transformations are potentially difficult to construct. However, we will
show that for a large number of massless integrals (a sample of which are detailed
in Sec. 4.3.1), the procedure is algorithmic. Additionally, geometric visualisations can
prove extremely useful for building an understanding of how the transformation should
appear, which aids its construction. We adopt this approach on a case-by-case basis for
the resolution of the massive integrals in Sec. 4.3.2. In its current form, this approach
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suffers from the disadvantage that it is difficult to visualise beyond four propagators,
although this does not present an in-principle obstacle to the concept.

The interplay between the positive and negative contributions in our dissection also
allows us to obtain an understanding of the structure of the original integral from
a new perspective. For example, if we have a finite integral with a complex-valued
leading order in the ϵ expansion, we must necessarily have a pole in ϵ in the total
negative contribution which generates an imaginary ϵ0 term when multiplied with the
expansion of (−1 − iδ)−(ν−LD/2). In order for the full integral to be finite, the total
positive contribution must have the exact same pole in ϵ such that the poles cancel in
the full integral to leave a finite leading order.

4.2.2. Algorithm for univariate bisectable integrals

Here we describe an algorithmic procedure for resolving a class of Feynman integrals
which we call univariate bisectable (UB) in sR. The goal of the algorithm is to map an
integral in a given mixed-sign (Minkowski) regime, sR, defined by a set of inequalities
depending on external kinematics, to a single integral in which F(x; s) is non-negative
and a single integral in which F(x; s) is non-positive if there is a single variable for which
the F(x; s) = 0 hypersurface divides the integration domain in two. In Sec. 4.3.1 the
algorithm is applied successfully to several non-trivial examples. In Sec. 4.3.2 we also
solve cases for which this algorithm is not sufficient.

We begin by considering a generic Feynman integral of the form

J(s) =
(−1)ν Γ (ν − LD/2)∏N

i=1 Γ (νi)
lim
δ→0+

I(s; δ), (4.4)

I(s; δ) =

∫

RN
≥0

dx I(x; s; δ) δ(1 − α(x))

=

∫

RN
≥0

N∏

i=1

dxi
xi
xνii

U(x)ν−(L+1)D/2

(F(x; s) − iδ)ν−LD/2
δ(1 − α(x)). (4.5)

with dx =
∏N

i=1 dxi. Our goal is to cast the integral into the form of Eq. (4.2) for a
specific kinematic region.

We begin by defining some convenient notation. Let x = {x1, . . . , xN} be the complete
set of Feynman parameters and x ̸=i = x \ {xi} = {x1, . . . , xi−1, xi+1, . . . xN} be the
set excluding a single parameter xi. Let sR = {smin < s < smax} be a kinematic
region defined by a system of inequalities, this notation should be interpreted as placing
minimum and maximum limits on each independent kinematic invariant/mass on which
the integral depends (i.e. after applying momentum conservation to eliminate any
dependent invariants). The success of the algorithm depends both on the Feynman
integral and on the choice of kinematic region, a conservative choice of input region
would be from one (pseudo-)threshold to the next (pseudo-)threshold in each variable
without crossing any intermediate thresholds.

Algorithm 1 states the univariate bisection procedure. The input to the algorithm
is the integrand of the Feynman integral to be resolved and the kinematic regime of
interest. The algorithm iterates over each Feynman parameter and attempts to find a
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Algorithm 1: Univariate Bisection (UB)

Input: I(x; s; δ), sR
Output: I+(x; s), I−(x; s)
foreach xi ∈ x do

Let r = Reduce[{F(x; s) < 0} ∪ {0 < x} ∪ sR, xi];
if r ∼ Eq. (4.6) then

Let I−(x; s) = I(x ̸=i, yi) I(x̸=i, yi;−s; 0)
Let I+(x; s) = I ′(x ̸=i, y

′
i) I(x̸=i, y

′
i; s; 0)

return I+(x; s), I−(x; s)
else if r ∼ Eq. (4.7) then

Let I−(x; s) = I ′(x ̸=i, y
′
i) I(x̸=i, y

′
i;−s; 0)

Let I+(x; s) = I(x ̸=i, yi) I(x̸=i, yi; s; 0)
return I+(x; s), I−(x; s)

end
return ¬UB in sR

valid bisection. The Reduce procedure attempts to solve the system of inequalities in
the variable xi and is implemented, for example, in the Mathematica computer algebra
system. The forms of the reduced system, r, for which a bisection is valid are given by
either of

{0 < xi < f (x ̸=i)} ∪ {0 < x̸=i} ∪ sR, (4.6)

{f (x ̸=i) < xi} ∪ {0 < x̸=i} ∪ sR, (4.7)

where f(x ̸=i) is a rational (if F(x; s) is linear in xi) or, in general, an algebraic (if F(x; s)
is quadratic in xi) function with unit degree of homogeneity. If a valid bisection can be
found then we construct a transformation for the bisection parameter, xi, that maps
the variety to an integration boundary. If the reduced system r is of form Eq. (4.6)
then we map F = 0 to xi → ∞ while keeping the boundary at xi = 0 fixed. If r is of
the form Eq. (4.7) then we instead map the variety F = 0 to xi = 0 while keeping the
boundary at xi → ∞ fixed. These mappings can be achieved by substituting xi with
yi or y′i, given by

yi =
xi

xi + xj
f (x ̸=i) , (4.8)

y′i = xi + f (x̸=i) . (4.9)

These transformations are derived by solving x′i =
xixj

f(x ̸=i)−xi
(for Eq. (4.8)) and x′i =

xi−f (x ̸=i) (for Eq. (4.9)) for xi and then relabelling x′i back to xi post-transformation.
In the mapping of Eq. (4.8) the variable xj ̸= xi appearing in the denominator is an
arbitrary Feynman parameter. The function J (x̸=i, yi) appearing in the algorithm is
the Jacobian determinant resulting from the change of variables from xi to yi (similarly
for J ′(x ̸=i, y

′
i) = 1). When defining I−(x; s) we factor a minus sign out of the F -

polynomial, we indicate this in our algorithm by calling I with argument −s. This is
valid since only F depends on the kinematics and it is linear in the squared invariants.
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If the algorithm succeeds then it will return the non-negative integrands I+(x; s) and
I−(x; s), the result for the original integral is then given by,

J±(s) =
(−1)ν Γ (ν − LD/2)∏N

i=1 Γ (νi)

∫

RN
≥0

dx I±(x; s) δ(1 − α±(x)) (4.10)

J(s) = J+(s) + lim
δ→0+

(−1 − iδ)−(ν−LD/2) J−(s). (4.11)

If the algorithm fails then the integral is not UB in the kinematic region sR. A different
(more restrictive) choice of region may be necessary, or the structure of the integral
itself may prevent any univariate bisection from being obtained, we comment on this
case further in Sec. 4.2.3.

Several aspects of the above algorithm are arbitrary and the outcome often depends on
the exact ordering of Feynman parameters in x. Firstly, there may be multiple possi-
ble bisection parameters for a given Feynman integral; in order to obtain the simplest
possible integrands, it may be beneficial to examine multiple resolutions with different
bisection parameters. It is sometimes even possible to select different bisection parame-
ters for constructing I−(x; s) and I+(x; s). Secondly, the xj appearing in Eq. (4.8) can
be replaced by a more general function, e.g. a constant, however, we prefer the trans-
formation to be homogeneous such that the resulting integrand retains its homogeneity.
Any valid linear function of the Feynman parameters would also achieve this.

The univariate bisection algorithm is agnostic to the choice of hypersurface α(x) in
the δ-function of Eq. (4.5), such that a choice of α±(x) in Eq. (4.10) can be made
post-resolution. However, we must ensure transformations are constructed such that
some initial δ-functional that bounds the integral in the positive x domain can be
chosen. If the homogeneous transformation given in Eq. (4.8) is used, the integral
remains projective and the existence of a valid initial δ-functional is automatically
guaranteed (distinct choices of α+(x) and α−(x) may then be made, if so desired). This
follows by viewing the original integral as defined over RPN−1

≥0 with the regions induced

by bisection interpreted as projective subsets of RPN−1
≥0 . This structure is preserved

because the regions are bounded by coordinate hyperplanes and the projective variety
defined by the zero locus of the homogeneous F -polynomial. After being mapped back
to RPN−1

≥0 via homogeneous transformations, each resulting region supports a well-
defined projective integral which can be expressed as an integral over RN

≥0 with any
standard choice of δ-functional constraint, such as the N -dimensional simplex or other
admissible choices. In the numerical profiling of the examples of Sec. 4.3.1, we will
choose δ(1 − xN), with xN the last Feynman parameter. In contrast to this, for the
integrals which can not be bisected in a single variable, presented in Sec. 4.3.2, we will
often make a specific choice of the δ-functional and integrate over one variable before
considering the dissection of the integral.

4.2.3. Beyond univariate bisectable integrals

As is shown in Sec. 4.3.1, Algorithm 1 is sufficient to resolve various integrals at the
1- 2- and 3-loop level in kinematic regimes of physical interest. There is no particular
obstruction of the algorithm related to the number of loops or legs present in an integral.
With this said, there does exist simple examples for which the algorithm fails, one such
example is provided by the 2-loop 4-point planar double-box integral in the regime
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sR = {0 < s12 < ∞,−s12 < s23 < 0}, which is not univariate bisectable, unlike its
non-planar cousin BNP7 (see Sec. 4.3.1) which is UB. One immediate generalisation
of Algorithm 1, which has been verified to work on several examples, is to iterate the
bisection using several variables until the integral is resolved. The primary complication
of this procedure is ensuring that the entire original integration domain is covered
without any double-counting. This complication motivates the general decomposition
formula of Eq. (4.2) in which we the total number of positive and negative resolutions
are not specified.

In Sec. 4.3.2, Feynman integrals involving internal massive propagators are examined.
As mentioned previously, the F(x; s) polynomial becomes quadratic in the Feynman
parameters associated with the massive propagators, and it may not be possible to
bisect the Feynman integral in such parameters (although there are massive examples
which are UB with respect to a massive parameter). We show for individual integrals
involving internal masses, including integrals known to be elliptic and hyperelliptic, that
despite the failure of the UB algorithm in these cases, the integrals can nevertheless
be resolved at the expense of introducing, in general, algebraic transformations related
to the roots of a quadratic equation with coefficients generally depending on Feynman
parameters and kinematic invariants. The goal of this chapter is to demonstrate that
a resolution of the form in Eq. (4.2) is a desirable representation of a Feynman integral
and that it can be achieved in a wide variety of non-trivial cases (massless/massive/non-
planar and with various underlying integral geometries). A general solution to the
problem of finding a resolution is given by a generic (or open) cylindrical algebraic
decomposition [194], for which constructive algorithms exist.

4.3. Examples

4.3.1. Massless examples

In this section, we provide examples of massless integrals which are resolved by the
algorithm presented in Sec. 4.2.2. We show that this procedure can be successfully
applied to several integrals with up to 3 loops (including non-planar integrals) and up
to 5 legs. The first example is the fully on-shell, 1-loop massless box. We apply the
algorithm and carry out the steps in great detail to clarify the resolution procedure.
The presentation of the remaining massless examples is more compact as they are
resolved in the same way.

1-Loop Box with On-Shell Legs

The 1-loop massless box with all on-shell legs is shown in Fig. 4.2(a). The integral can
be written in Feynman parameter space as,

Jbox(s) = Γ (2 + ϵ) lim
δ→0+

Ibox(s; δ), (4.12)

Ibox(s; δ) =

∫

R4
≥0

4∏

i=1

dxi
U(x)2ϵ

(F(x; s) − iδ)2+ϵ δ (1 − α(x)) , (4.13)

where the U(x) and F(x; s) polynomials are given by

U(x) = x1 + x2 + x3 + x4, (4.14)

F(x; s) = −s12x1x2 − s13x3x4, (4.15)
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Figure 4.2.: The massless box with all on-shell legs (4.2(a)), an off-shell leg (p1) (4.2(b))
and the massless pentagon (4.2(c)).

with sij = (pi+pj)
2. Suppose that we are interested in evaluating this integral for 2 → 2

physical scattering kinematics sphys = {0 < s12 < ∞, −s12 < s13 < 0}. Usually we
would need a contour deformation as this regime is above the threshold at s12 = 0 and
the F polynomial contains monomials of different sign and can itself be both positive or
negative inside the domain of integration. Recall that in this kinematic regime s12 > 0
and (−s13) > 0.

Applying Algorithm 1, we begin with the choice xi = x1. Attempting to reduce with
respect to x1 the set of inequalities,

{−s12x1x2 − s13x3x4 < 0} ∪ {0 < x1, 0 < x2, 0 < x3, 0 < x4} ∪ sphys, (4.16)

we obtain the solution,

r = {−s13x3x4
s12x2

< x1} ∪ {0 < x2, 0 < x3, 0 < x4} ∪ sphys. (4.17)

We observe that r is of the form given in Eq. (4.7) with

f(x̸=1) =
(−s13)x3x4
s12x2

, (4.18)

therefore, x1 is a valid bisection parameter. As dictated by the algorithm, we can
now construct the positive and negative contributions by transforming the variable x1.
Applying the transformation given in Eq. (4.7),

x1 → y′1 = x1 +
(−s13)x3x4
s12x2

, (4.19)

we map the variety F(x; s) = 0 to x1 = 0 while keeping the boundary at x1 → ∞ fixed.
The resulting integrand is given by

J −(x) = 1, U−(x) = x1 + x2 + x3 + x4 +
−s13x3x4
s12x2

, F−(x; s) = s12x1x2,

(4.20)

I−
box(x; s) = J −(x)

U−(x)2ϵ

F−(x; s)2+ϵ

= x−2−ϵ
1 (s12x2)

−2−3ϵ (s12x2 (x1 + x2 + x3 + x4) − s13x3x4)
2ϵ . (4.21)
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In this example we are not considering an integral with dots (propagators raised to a
higher power) or with a numerator. In general one would apply the transformation also
to any Feynman parameters appearing in the numerator.

The positive contribution is given by transforming the variable x1 according to Eq. (4.8)
with the arbitrary choice xj = xN = x4,

x1 → y1 =
x1

x1 + x4

(−s13)x3x4
s12x2

(4.22)

which maps the variety F(x; s) = 0 to x1 → ∞ keeping x1 = 0 fixed. The resulting
integrand is given by

J +(x) =
(−s13)x3x24

s12x2(x1 + x4)2
, U+(x) =

x1
x1 + x4

(−s13)x3x4
s12x2

+ x2 + x3 + x4, (4.23)

F+(x; s) =
(−s13)x3x24
x1 + x4

, (4.24)

I+
box(x; s) = J +(x)

U+(x)2ϵ

F+(x; s)2+ϵ

= (x1 + x4)
−ϵ (s12x2)

−1−2ϵ (−s13x3x24
)−1−ϵ

(s12x2 (x1 + x4) (x2 + x3 + x4) − s13x1x3x4)
2ϵ . (4.25)

Sewing the positive and negative contributions together, the final result for the on-shell
box integral is given by,

Jbox(s) = Γ (2 + ϵ) lim
δ→0+

Ibox(s; δ) (4.26)

Ibox(s; δ) = I+box(s) + (−1 − iδ)−2−ϵ I−box(s). (4.27)

Neglecting the δ-functions, the integrands of both I+box and I−box pick up a factor of
λ−N = λ−4 under the scaling transformation {x1, . . . , x4} → {λx1, . . . , λx4}. This
stems from the homogeneity of the original U and F polynomials and the fact that
the algorithm preserves the homogeneity.

1-Loop Box with an Off-Shell Leg

The procedure above is straightforwardly extended to the massless box with an off-shell
leg, p21 > 0, shown in Fig. 4.2(b). The integral is

Jbox, p21>0(s) = Γ (2 + ϵ) lim
δ→0+

Ibox, p21>0(s; δ) (4.28)

Ibox, p21>0(s; δ) =

∫

R4
≥0

4∏

i=1

dxi
U(x)2ϵ

(F(x; s) − iδ)2+ϵ δ (1 − α(x)) . (4.29)

The F polynomial is now

F(x; s) = −s12x1x2 − s13x3x4 − p21x1x3. (4.30)
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and U(x) is unchanged. The integral is again UB with respect to x1 in sp21>0 = {0 <

p21 < ∞, 0 < s12 < ∞,−s12 < s13 < 0}. Choosing again xj = x4 the transformations
are

x1 → y′1 = x1 +

( −s13x3x4
s12x2 + p21x3

)
, F−(x; s) = x1(s12x2 + p21x3), (4.31)

x1 → y1 =
x1

x1 + x4

( −s13x3x4
s12x2 + p21x3

)
, F+(x; s) =

−s13x3x24
x1 + x4

. (4.32)

Applying the transformations to U(x) as well as including the Jacobians we obtain the
resolved integrands

I−
box, p21>0

(x; s) =
[(s12x2 + p21x3) (x1 + x2 + x3 + x4) − s13x3x4]

2ϵ

x2+ϵ
1 (s12x2 + p21x3)

2+3ϵ , (4.33)

I+
box, p21>0

(x; s) =
[(s12x2 + p21x3) (x1 + x4) (x2 + x3 + x4) − s13x1x3x4]

2ϵ

x2+2ϵ
4 (x1 + x4)

ϵ (−s13x3)1+ϵ (s12x2 + p21x3)
1+2ϵ . (4.34)

The final result for the off-shell box integral is given by,

Jbox, p21>0(s) = Γ (2 + ϵ) lim
δ→0+

Ibox, p21>0(s; δ), (4.35)

Ibox, p21>0(s; δ) = I+
box, p21>0

(s) + (−1 − iδ)−2−ϵ I−
box, p21>0

(s). (4.36)

1-Loop On-Shell Pentagon

Now we come to the example from the introduction, the massless one-loop pentagon,
seen in Fig. 4.2(c). The pentagon is minimally parameterised with five kinematic invari-
ants, which for example can be the set of cyclic scalar products (s12, s23, s34, s45, s51),
where sij = (pi + pj)

2. The integral is

Jpen(s) = −Γ (3 + ϵ) lim
δ→0+

Ipen(s; δ) (4.37)

Ipen(s; δ) =

∫

R5
≥0

5∏

i=1

dxi
U(x)1+2ϵ

(F(x; s) − iδ)3+ϵ δ
(

1 −
∑5

i=1
αixi

)
(4.38)

and the graph polynomials are

U(x) = x1 + x2 + x3 + x4 + x5 (4.39)

F(x; s) = −s12x2x5 − s23x1x3 − s34x2x4 − s45x3x5 − s51x1x4. (4.40)

We arbitrarily select a mixed-sign kinematic regime given by
sR = {0 < s12, s34, s51 <∞,−∞ < s23, s45 < 0}. The integral turns out to be UB with
respect to x3. Defining

f(x̸=3) =
s51x1x4 + s34x2x4 + s12x2x5

−s23x1 − s45x5
(4.41)

the transformations (with xj = x5) are given by

x3 → y3 =
x3

x3 + x5
f(x̸=3), F−(x; s) =

x5(s51x1x4 + s34x2x4 + s12x2x5)

x3 + x5
, (4.42)

x3 → y′3 = x3 + f(x ̸=3), F+(x; s) = −x3(s23x1 + s45x5). (4.43)
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Applying them also to U(x) and including the Jacobians, the resulting integrands are

I−
pen = x−2−ϵ

5 (x3 + x5)
−ϵ (−s23x1 − s45x5)

−2−2ϵ (s51x1x4 + s34x2x4 + s12x2x5)
−2−ϵ×

[(x3+x5)(−s23x1−s45x5)(x1+x2+x3+x4+x5)+

x3 (s51x1x4+s34x2x4+s12x2x5)]
1+2ϵ, (4.44)

I+
pen = x−3−ϵ

3 (−s23x1 − s45x5)
−4−3ϵ×

[(−s23x1 − s45x5) (x1 + x2 + x3 + x4 + x5) + s51x1x4 + s34x2x4 + s12x2x5]
1+2ϵ .
(4.45)

Summing the positive and negative contributions yields the resolved pentagon integral,

Jpen(s) = − Γ (3 + ϵ) lim
δ→0+

Ipen(s; δ), (4.46)

Ipen(s; δ) =I+pen(s) + (−1 − iδ)−3−ϵ I−pen(s). (4.47)

The resolution described above is valid for one particular sign combination of the kine-
matics, sR. To evaluate the pentagon for any kinematic point, one would naively have
to repeat the procedure above 25 = 32 times. Due to reparametrisation invariance,
however, only 4 resolution procedures are required, corresponding to the presence of 0,
1 or 2 negative invariants, where the case with 2 negative invariants requires different
resolutions depending on whether the legs with negative invariants are adjacent or not.
For example, the regime where −∞ < s12, s34, s51 < 0 < s23, s45 < ∞ can be directly
related to the case described above by factoring out a minus sign from F . For com-
pleteness, we highlight that the UB algorithm is sufficient to resolve kinematic regions
where either 2 or 3 invariants are negative, and where the propagators that connect the
legs corresponding to each of the same sign invariants are not adjacent to each other.
In other configurations, the space is only dissected into positive and negative parts with
constraints on more than one Feynman parameter.

If we wish to compute 1-loop integrals with more than 5 legs, we can continue to derive
resolutions using the techniques described above. However, all dimensionally regulated
1-loop N -point integrals can be reduced at all orders in ϵ to integrals with at most
5 legs [85, 195–198], therefore, it is sufficient to resolve all 1-loop integrals up to and
including pentagons. Furthermore, if we wish to evaluate only up to and including the
finite order in ϵ, we can reduce all 1-loop integrals with 5 or more legs to box integrals
with off-shell legs and resolve these instead. For example, the 1-loop pentagon integral
can be written in terms of boxes as [195,196],

Ipen = −1

2

5∑

l,k=1

S−1
lk Ibox,l + O(ε), (4.48)

where Slk are elements of the S-matrix

S = −1

2




0 p22 s23 s51 p21

p22 0 p23 s34 s12

s23 p23 0 p24 s45

s51 s34 p24 0 p25

p21 s12 s45 p25 0




. (4.49)
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Figure 4.3.: Massless non-planar 2-loop boxes with 6 (Fig. 4.3(a): BNP6) and 7
(Fig. 4.3(b): BNP7) propagators respectively.

In Eq. (4.48), each box integral has one off-shell leg corresponding to the pinching of a
propagator of the pentagon.

2-Loop Non-Planar 6-Propagator Box

The non-planar box with six propagators (BNP6, see Fig. 4.3(a)) can be parameterised
by the Mandelstam invariants s12 = (p1 + p2)

2 and s23 = (p2 + p3)
2 after applying the

momentum conservation rule s12 + s23 + s13 = 0 to eliminate s13. The integral may be
written as,

JBNP6(s) = Γ (2 + 2ϵ) lim
δ→0+

IBNP6(s; δ) (4.50)

IBNP6(s; δ) =

∫

R6
≥0

6∏

i=1

dxi
U(x)3ϵ

(F(x; s) − iδ)2+2ϵ δ (1 − α(x)) (4.51)

with the U and F polynomials,

U(x) = x1x2 + x1x3 + x1x4 + x1x5 + x2x3 + x2x4 + x2x6+

x3x5 + x3x6 + x4x5 + x4x6 + x5x6, (4.52)

F(x; s) = − s12x2x3x6 − s23x1x2x4 + (s12 + s23)x1x3x5. (4.53)

In the physical kinematic regime for massless 2 → 2 scattering, sphys = {0 < s12 <
∞, −s12 < s23 < 0}, the integral is UB with respect with x1. Choosing xj = x6 the
transformations are

x1 → y1 =
x1

x1 + x6
f(x̸=1), F−(x; s) =

s12x2x3x
2
6

x1 + x6
, (4.54)

x1 → y′1 = x1 + f(x̸=1), F+(x; s) = x1 [(s12 + s23)x3x5 − s23x2x4] , (4.55)

with

f(x̸=1) =
s12x2x3x6

(s12 + s23) x3x5 − s23x2x4
, (4.56)
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These transformations result in the resolved integrands,

I−
BNP6 =

(
s12x2x3x

2
6

)−1−2ϵ
(x1 + x6)

−ϵ [(s12 + s23) x3x5 − s23x2x4]
−1−3ϵ×[

[(s12 + s23) x3x5 − s23x2x4] (x1 + x6) [(x3 + x4) (x2 + x5) +

(x2 + x3 + x4 + x5) x6] + s12x1x2x3x6 (x2 + x3 + x4 + x5)
]3ϵ
, (4.57)

I+
BNP6 = x−2−2ϵ

1 [(s12 + s23) x3x5 − s23x2x4]
−2−5ϵ ×[

[(s12 + s23) x3x5 − s23x2x4]
[
(x3 + x4) (x2 + x5) +

(x1 + x6) (x2 + x3 + x4 + x5)
]

+ s12x2x3x6 (x2 + x3 + x4 + x5)
]3ϵ
. (4.58)

This is an example of a resolved integrand which is not manifestly positive. Instead, it
is the restrictions on the kinematics that ensure the positivity. For example, s12 + s23
is positive since we assume s12 > −s23. Combining everything, the resolved BNP6
integral is

JBNP6(s) = Γ (2 + 2ϵ) lim
δ→0+

IBNP6(s; δ) (4.59)

IBNP6(s; δ) = I+BNP6(s) + (−1 − iδ)−2−2ϵ I−BNP6(s). (4.60)

2-Loop Non-Planar 7-Propagator Box

The non planar box with seven propagators (BNP7, see Fig. 4.3(b)) is parameterised
in the same way as BNP6. The integral is given by

JBNP7 = −Γ (3 + 2ϵ) lim
δ→0+

IBNP7 (4.61)

IBNP7 =

∫

R7
≥0

7∏

i=1

dxi
U(x)1+3ϵ

(F(x; s) − iδ)3+2ϵ δ (1 − α(x)) (4.62)

with the U and F polynomials,

U(x) = x1x4 + x1x5 + x1x6 + x1x7 + x2x4 + x2x5 + x2x6 + x2x7+

x3x4 + x3x5 + x3x6 + x3x7 + x4x6 + x4x7 + x5x6 + x5x7 (4.63)

F(x, s) = − s12(x3x4x6 + x2x5x7 + x2x3x7 + x2x3x6 + x2x3x5 + x2x3x4)

− s23x1x5x6 + (s12 + s23)x1x4x7. (4.64)

Similar to BNP6, this integral is UB with respect to x1 in sphys. Choosing xj = x7:

x1 → y1 =
x1

x1 + x7
f(x̸=1), F−(x; s) =

s12x7 [x3x4x6 + x2x5x7 + x2x3 (x4 + x5 + x6 + x7)]

x1 + x7
,

(4.65)

x1 → y′1 = x1 + f(x ̸=1), F+(x; s) = x1 [(s12 + s23) x4x7 − s23x5x6] (4.66)

where

f(x̸=1) =
s12 [x3x4x6 + x2x5x7 + x2x3 (x4 + x5 + x6 + x7)]

(s12 + s23) x4x7 − s23x5x6
(4.67)
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The resulting integrands are

I−
BNP7 = (s12x7)

−2−2ϵ (x1 + x7)
−ϵ [(s12 + s23) x4x7 − s23x5x6]

−2−3ϵ ×
[x3x4x6 + x2x5x7 + x2x3 (x4 + x5 + x6 + x7)]

−2−2ϵ ×[
s12x1 (x4 + x5 + x6 + x7) [x3x4x6 + x2x5x7 + x2x3 (x4 + x5 + x6 + x7)] +

[(s12 + s23)x4x7 − s23x5x6] (x1 + x7) [(x4 + x5) (x6 + x7) +

(x2 + x3) (x4 + x5 + x6 + x7)]
]1+3ϵ

, (4.68)

I+
BNP7 = x−3−2ϵ

1 [(s12 + s23) x4x7 − s23x5x6]
−4−5ϵ×[

s12 (x4 + x5 + x6 + x7) [x3x4x6 + x2x5x7 + x2x3 (x4 + x5 + x6 + x7)] +

[(s12 + s23)x4x7 − s23x5x6]
[
(x4 + x5) x6 + x3 (x4 + x5 + x6) +

(x3 + x4 + x5) x7 + (x1 + x2) (x4 + x5 + x6 + x7)
]]1+3ϵ

. (4.69)

This is again not manifestly positive, but the assumptions on the kinematics ensures
that the resolution is valid. Combining the positive and negative contributions gives
the resolution of BNP7,

JBNP7(s) = −Γ (3 + 2ϵ) lim
δ→0+

IBNP7(s; δ) (4.70)

IBNP7(s; δ) = I+BNP7(s) + (−1 − iδ)−3−2ϵ I−BNP7(s). (4.71)

3-Loop Non-Planar Box

The final massless example is the massless 3-loop 4-point non-planar box (G•• in the
notation of Ref. [81]) where a naive contour deformation in Feynman parameter space
completely fails due to the presence of a leading Landau singularity within the domain
of integration. We show that, after first dissecting the integral on the parameter space
hypersurface associated with the Landau singularity, we can apply a combination of
shifts, rescalings, and rational transformations of the Feynman parameters to resolve
the mixed-sign integrals.

We refer to this example as the crown integral, see Fig. 4.4. Using the same parametri-
sation as in BNP6 and BNP7 the crown integral is

JG••(s) = Γ (2 + 3ϵ) lim
δ→0+

IG••(s; δ) (4.72)

IG••(s; δ) =

∫

R8
≥0

8∏

i=1

dxi
U(x)4ϵ

(F(x, s) − iδ)2+3ϵ δ (1 − α(x)) (4.73)

where the U and F polynomials are

U(x) = (x1 + x2) (x3 + x4) (x5 + x6) + (x1 + x2) (x3 + x4) (x7 + x8) +

(x1 + x2) (x5 + x6) (x7 + x8) + (x3 + x4) (x5 + x6) (x7 + x8) , (4.74)

F(x, s) = − s12 (x2x5 − x1x6) (x4x7 − x3x8) − s13 (x2x3 − x1x4) (x6x7 − x5x8) . (4.75)

We restrict to the massless 2 → 2 physical scattering regime,

sphys = {0 < s12 <∞,−s12 < s13 < 0}. (4.76)
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Figure 4.4.: Massless non-planar 3-loop box (the crown graph, G••).

In Ref. [81] it was shown that this integral has a solution of the Landau equations
within the integration domain for generic physical kinematics, preventing evaluation
with the usual contour deformation procedure. The solution proposed by the authors
is to transform the Feynman parameters such that each factor of F(x; s) is linear. This
can be achieved by the transformations

x1 → x1
x2
x8
, x3 → x3

x4
x8
, x5 → x5

x6
x8
, x7 → x7

x8
x8
, (4.77)

with Jacobian,

J =
x2x4x6
x38

. (4.78)

The resulting F -polynomial is given by,

F(x; s) =
x2x4x6
x8

(−s12(x1 − x5)(x3 − x7) − s13(x1 − x3)(x5 − x7)) . (4.79)

The integral can then be dissected into 4! = 24 regions each defined by a strict ordering
of xi ≥ xj ≥ xk ≥ xl with {i, j, k, l} all permutations of {1, 3, 5, 7}. Each of the resulting
integrals will have polynomials of definite sign multiplying each invariant s12 or s13 and
can in principle be evaluated using contour deformation. Taking into account the
symmetry of the integral, IG•• can now be expressed as a sum over six integrals,

IG••(s; δ) = 4
∑

K

IK(s; δ), (4.80)

IK(s; δ) =

∫

R8
≥0

8∏

i=1

dxi
UK(x)4ϵ

(x2x4x6)
1+3ϵ x1+9ϵ

8 (FK (x, s) − iδ)2+3ϵ δ (1 − α(x)) , (4.81)

where K ∈ {A,B,C,D,E, F}, denoting each of the six integrals resulting from the
resolution of the Landau singularity. The FK polynomials are

FA (x, s) = − [s12x3 (x1 + x3 + x5) + (s12 + s13) x1x5] (4.82)

FB (x, s) = − [(s12 + s13) x1x3 + s13x5 (x1 + x3 + x5)] (4.83)

FC (x, s) = − [s12x1 (x1 + x3 + x5) − s13x3x5] (4.84)

FD (x, s) = + [(s12 + s13) x5 (x1 + x3 + x5) + s13x1x3] (4.85)

FE (x, s) = + [s12x3x5 − s13x1 (x1 + x3 + x5)] (4.86)

FF (x, s) = + [s12x1x5 + (s12 + s13) x3 (x1 + x3 + x5)] . (4.87)
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FB (x; s) = − [(s12 + s13) x1x3 + s13x5 (x1 + x3 + x5)]

FB → s12+s13
−s13

[s12x
2
5 + s13 (x1 − x5) (x3 − x5)]

F ′
B → s12+s13

−s13
[s12x

2
5 + s13x1 (x3 − x5)] F+,1

B = s12+s13
−s13

[(s12x1 + (s12 + s13) x5) (x1 + x5) − s13x3x5]

F ′′
B → s12+s13

−s13
[s12x

2
5 + s13x1x3] F+,2

B = s12+s13
−s13

[
s12 (x3 + x5)

2 − s13x1x5
]

F+,3
B = s12+s13

−s13

[
s12x2

5x8

x1+x8

]
F−

B = − [(s12 + s13) x1x3]

x5 → s12+s13
−s13

x5

x1 → x1 + x5 x5 → x1 + x5

x3 → x3 + x5 x5 → x3 + x5

x1 → x1

x1+x8

(
s12x2

5

−s13x3

)
x1 → x1 +

(
s12x2

5

−s13x3

)

Figure 4.5.: Example transformations for resolving integral B. The initial integral (red)
is mapped to four integrals (green), three of which are manifestly positive and one of
which is manifestly negative.

Only FB and FD are of mixed sign. The corresponding integrals can both be resolved
with Algorithm 1, at the expense of introducing algebraic transformations. Here, we
demonstrate an alternative resolution procedure, first described in Ref. [199] where it
was used to resolve the 1-loop box with an off-shell leg in detail. Generally, for Feynman
integrals, we can perform the following changes of variables,

xi → αnxi, (4.88)

xi → xnj xi, (4.89)

xi → xi + xj & xj → xi + xj, (4.90)

where α > 0 is a positive constant possibly depending on kinematic invariants or
masses. Whenever we shift a variable such that xa → xa + xb, we must consider the
converse case xb → xa + xb to cover the entire original domain. This corresponds to
bisecting the integral by inserting θ (xi − xj) + θ (xj − xi) = 1. These transformations
are similar to those that appear in sector decomposition, which resolves singularities
on the boundary of integration.
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In Fig. 4.5, we record one possible chain of transformations for resolving integral B.
The integral is mapped to four different integrals, three positive contributions and one
negative contribution,

IB(s; δ) =
3∑

n+=1

I
+,n+

B (s) + (−1 − iδ)−2−3ϵ I−B (s). (4.91)

This approach generated more integrals than necessary; however, the transformations
at each step are simple, as are the resulting integrands. The complete integrand of the
negative contribution I−B , is given by,

I−B (s) =
1

(s12 + s13)
1+3ϵ (−s13)1+8ϵ

∫

R8
≥0

8∏

i=1

dxi I−
B (s) δ (1 − α(x)) (4.92)

I−
B (s) = x−2−3ϵ

1 x−2−7ϵ
3 x−1−9ϵ

8 (x2x4x6)
−1−3ϵ×[

−s13x3x4x6x8 (x7 + x8) (x3 + x5 + x7 + x8) [s12x5 − s13 (x3 + x7 + x8)] +

x2x6x8 (x7 + x8) [s12x5 (x3 + x5) − s13x3 (x1 + x3 + x5 + x7 + x8)]×
[s12x5 − s13 (x3 + x7 + x8)] + x2x4x6 (x3 + x5 + x7 + x8)×
[s12x5 (x3 + x5) − s13x3 (x1 + x3 + x5 + x7 + x8)] [s12x5 − s13 (x3 + x7 + x8)] +

− s13x2x4x8 (x7 + x8) (x3 + x5 + x7 + x8)×

[s12x5 (x3 + x5) − s13x3 (x1 + x3 + x5 + x7 + x8)]
]4ϵ
. (4.93)

For brevity, we do not state all of the positive resolutions, they can be obtained by
applying the transformations given in Fig. 4.5. Integral D is resolved in a similar way
into three positive contributions and one negative contribution such that the initial
integral, IG•• , can be expressed as sum over twelve integrals with manifestly positive
integrands,

IG•• = 4

[
3∑

n+=1

I
+,n+

B +
3∑

n+=1

I
+,n+

D + I+E + I+F

]
+ 4 (−1 − iδ)−2−3ϵ [I−A + I−B + I−C + I−D

]
.

(4.94)
where the positive contributions I+E and I+F are simply IE and IF and the negative
contributions I−A and I−C are merely IA and IC with (−1 − iδ)−2−3ϵ factored out accord-
ingly.

4.3.2. Massive examples

In this section, we present 1-, 2- and 3-loop examples of integrals with massive prop-
agators. Understanding the resolution of such integrals is important for applying the
method to the calculation of massive phenomenologically-relevant amplitudes, for ex-
ample, involving massive quarks, electroweak bosons or Higgs bosons. The primary
complication in the massive case is that the F polynomial gets modified by a term pro-
portional to U such that each Feynman parameter associated with a massive propagator
may appear quadratically in the monomials of F ,

F(x; s) = F0(x; s) + U(x)
N∑

j=1

m2
jxj, (4.95)
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Figure 4.6.: The L-loop equal-mass bubble integrals (L ∈ {1, 2, 3}): the standard 1-
loop bubble-, the 2-loop sunrise- and the 3-loop banana integrals.

where F0 is the polynomial corresponding to the massless version of the integral. We
start by analysing the 1-loop massive bubble and triangle before applying the method
to 2-loop elliptic and 3-loop hyperelliptic examples.

Equal-Mass Bubble

We saw the momentum representation of the 1-loop bubble with equal masses in
Sec. 3.2.1 as an example of IBP reduction. Using the Feynman parametrisation the
integral can be written as

Jbub(s) = Γ (ϵ) lim
δ→0+

Ibub(s; δ), (4.96)

Ibub(s; δ) =

∫

R2
≥0

dx1dx2
U(x)−2+2ϵ

(F(x; s) − iδ)ϵ
δ (1 − α(x)) . (4.97)

with the Symanzik polynomials,

U(x) = x1 + x2, (4.98)

F(x; s) = −sx1x2 +m2 (x1 + x2)
2 . (4.99)

Making the choice α(x) = x1 + x2, we can perform the x2 integral to obtain,

Ibub(s; δ) =

∫ 1

0

dx1
1

(−sx1 (1 − x1) +m2 − iδ)ϵ
. (4.100)

The integral develops kinematic singularities above the virtual threshold s > 4m2. We
consider the physical region and introduce the parametrisation

β2 =
s− 4m2

s
∈ (0, 1) , (4.101)

After exploiting the symmetry about x1 = 1/2 the integral may be written as,

Ibub(s; δ) =

(
1 − β2

m2

)ϵ ∫ 1

0

dx1
1(

(1 − x1)
2 − β2 − iδ

)ϵ

=

(
1 − β2

m2

)ϵ
(β2)

1
2
−ϵ

2
Ĩbub(s; δ), (4.102)

Ĩbub(s; δ) =

∫ 1
β2

0

dz1 z
− 1

2
1 (z1 − 1 − iδ)−ϵ . (4.103)
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After the final change of variables we clearly see how the Minkowski regime corresponds
to z > 1. The integral is resolved by splitting at z = 1 and remapping the second
integral to the unit interval

Ĩbub(s; δ) =

∫ 1

0

dz1 z
− 1

2
1 (z1 − 1 − iδ)−ϵ +

∫ 1
β2

1

dz1 z
− 1

2
1 (z1 − 1 − iδ)−ϵ ,

=

∫ 1

0

dz1 z
− 1

2
1 (z1 − 1 − iδ)−ϵ +

∫ 1

0

dz γ(γz + 1)−
1
2 (γz − iδ)−ϵ,

=(−1 − iδ)−ϵ

∫ 1

0

dz1 z
− 1

2
1 (1 − z1)

−ϵ +

∫ 1

0

dz γ(γz + 1)−
1
2 (γz)−ϵ,

=(−1 − iδ)−ϵ Ĩ−bub(s) + Ĩ+bub(s), (4.104)

where we have introduced the abbreviation γ = (1 − β2)/β2 and γ > 0. With the
(−1− iδ)−ϵ factor extracted, both integrals are manifestly positive inside the domain of
integration. They can be integrated numerically without contour deformation. The an-
alytic expressions are also known in terms of a Beta function and a 2F1 hypergeometric
function respectively

Ĩ−bub(s) =

∫ 1

0

dz1 z
− 1

2
1 (1 − z1)

−ϵ =
Γ(1 − ϵ)

Γ(3
2
− ϵ)

π
1
2 , (4.105)

Ĩ+bub(s) =

∫ 1

0

dz γ(γz + 1)−
1
2 (γz)−ϵ = 2

∫ √
1+γ−1

0

duu−ϵ(2 + u)−ϵ

=
21−ϵ

1 − ϵ
(
√

1 + γ − 1)1−ϵ
2F1

(
1 − ϵ, ϵ, 2 − ϵ, −1

2
(
√

1 + γ − 1)

)
. (4.106)

Unequal-Mass Bubble

Next, we generalise the procedure for the equal-mass bubble from the previous section
to the case of unequal masses, see Fig. 4.6(b). The F polynomial is

F = −sx1x2 + (x1 + x2)
(
m2

1x1 +m2
2x2
)
. (4.107)

and U is unchanged. We again introduce a parametrisation

β2 =
s− (m1 +m2)

2

s− (m1 −m2)
2 ∈ (0, 1) , (4.108)

which reduces to Eq. (4.101) for m1 = m2. Rescaling both Feynman parameters by
xi → xi

mi
yields a dimensionless polynomial to resolve

F̃ = x21 + x22 − 2
1 + β2

1 − β2
x1x2. (4.109)

In Fig. 4.7, we plot the variety of F̃ . We find that it separates the integration domain
into three regions defined by the sign of F̃ – in regions (I) and (II) we have F̃ > 0,

while in region (III) we have F̃ < 0. The goal is to split the integral into three pieces,

each corresponding to one of the three regions. Solving F̃ = 0 we obtain

x2 = γ±x1, with γ± =
1

γ∓
=

1 ± β

1 ∓ β
. (4.110)
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Using Fig. 4.7 as guidance, it is easy to see how each integration domain can be mapped
to the unit square with the help of Eq. (4.110). The transformations and the resulting
F polynomials are given by

I : x2 → y2 = x2 + γ+x1, F̃+,1 = x2(x2 +
4β

1 − β2
x1), (4.111)

II : x1 → y1 = x1 + γ+x2, F̃+,2 = x1(x1 +
4β

1 − β2
x2), (4.112)

III :
x2 → y2 = x2 + γ−x1,

x1 → y1 = x1 + γ−x2,
F̃− = − 16β2

(1 − β)(1 + β)3
x1x2, (4.113)

In region (I) we have mapped the x2 = γ+x1 hyperplane to x2 = 0. In region (II) we
have mapped the x2 = γ−x1 hyperplane to x1 = 0. In region (III) we have mapped
the x2 = γ−x1 hyperplane to x2 = 0 and, simultaneously, the x2 = γ+x1 hyperplane
to x1 = 0. By construction, in each region, F̃ has a fixed sign (either non-negative or
non-positive).

Applying the transformations also to the U polynomial and including the Jacobian,
the original integral is expressed as a sum of three integrals over manifestly positive
integrands

Ibub,m1 ̸=m2 = I+,1
bub,m1 ̸=m2

+ I+,2
bub,m1 ̸=m2

+ (−1 − iδ)−ϵ I−bub,m1 ̸=m2
, (4.114)

where

I+,1
bub,m1 ̸=m2

= (m1m2)
1−2ϵ(1 − β)2−2ϵ

∫

R2
≥0

dx1dx2 x
−ϵ
2

(
x2 +

4β

1 − β2
x1

)−ϵ

×

(m1(1 − β)x2 + [m1(1 + β) +m2(1 − β)]x1)
−2+2ϵ δ (1 − α(x)) , (4.115)

I+,2
bub,m1 ̸=m2

= (m1m2)
1−2ϵ(1 − β)2−2ϵ

∫

R2
≥0

dx1dx2 x
−ϵ
1

(
x1 +

4β

1 − β2
x2

)−ϵ

×

(m2(1 − β)x1 + [m2(1 + β) +m1(1 − β)]x2)
−2+2ϵ δ (1 − α(x)) , (4.116)

I−bub,m1 ̸=m2
= (4m1m2β)1−2ϵ(1 − β2)ϵ

∫

R2
≥0

dx1dx2 (x1x2)
−ϵ ×

[(m1 +m2)(x1 + x2) − (m1 −m2)(x1 − x2)β]−2+2ϵ δ (1 − α(x)) . (4.117)

Each integral can be evaluated numerically without having to use contour deformation.

1-loop Triangle with an Off-Shell Leg

For our final 1-loop massive example, we consider the massive triangle with an off-shell
leg (the independent equal-mass configurations of which are shown in Fig. 4.8). We
present the resolution of the fully massive triangle in detail as it is the most complicated
configuration. The other ones may be resolved using a similar procedure. The integral
we consider is

Jtri = lim
δ→0+

−Γ (1 + ϵ) Itri (4.118)

Itri =

∫

R3
≥0

dx1dx2dx3
(x1 + x2 + x3)

−1+2ϵ

(
−p2x1x2 +m2 (x1 + x2 + x3)

2 − iδ
)1+ϵ δ (1 − α(x)) . (4.119)
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Figure 4.7.: The variety of F̃ and the three regions of the integration domain which it
separates. In regions (I) and (II), F̃ > 0 whereas in region (III), F̃ < 0. The kinematic
regime is given by β2 ∈ (0, 1) (with m2
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Figure 4.8.: Independent equal mass triangles with an off-shell leg (p2 > 0)

It is possible to make multiple choices to parametrise the projective integral. Making
different choices of hyperplane α(x) =

∑
i αixi can lead to different solutions. Experi-

ence shows that using the symmetry of the problem, where possible, tends to produce
the neatest solutions. Breaking the symmetry with a choice like δ (1 − x1) would still
work but often complicates the integrands, for example by introducing square roots of
the Feynman parameters. Following this philosophy, we make the symmetric choice
δ (1 − x1 − x2 − x3). This is often the optimal choice at 1-loop as it sets U = 1.

Defining β2 = p2−4m2

p2
∈ (0, 1) and using the δ-function to perform the integral over x3,

we have

Itri =

(
1 − β2

m2

)1+ϵ

Ĩtri (4.120)

Ĩtri =

∫

R2
≥0

dx1dx2θ (1 − x1 − x2)
(
1 − β2 − 4x1x2 − iδ

)−1−ϵ
(4.121)

where the Heaviside function is a result of the symmetric choice of hyperplane and
restricts the remaining domain of integration to a simplex. The transformation x2 →
(1 − x1) x2 maps the integration domain to the unit square. The resulting integral is
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⇒

Figure 4.9.: Remapping the simplex integration region of the massive triangle (in green)
to the positive unit square in R2

≥0. Here, F is to be understood as F after the δ-function
has been integrated out and in the second panel, after the remapping transformation.
The kinematic regime is given by β2 ∈ (0, 1) (with m2 > 0).

Figure 4.10.: The integration domain of the massive triangle separated into one negative
and three positive regions.

Ĩtri =

∫ 1

0

dx1dx2 (1 − x1)
(
1 − β2 − 4 (1 − x1) x1x2 − iδ

)−1−ϵ
. (4.122)

To understand how to split Eq. (4.122) into a sum of integrals of positive integrands,
we consider again the variety of F . Visualising where F = 0 intersects the boundary
of the unit square inspires the decomposition seen in Fig. 4.10. We have three regions
(red, green, yellow) where F > 0 and one region (blue) where F < 0.

The goal is now to map each region to the full unit square. For brevity, we explicitly
show the steps for the negative region and state the results for the remaining positive
regions. Firstly, we need to map the orange and red regions outside the square. To
do this, we find the x1-values where F = 0 intersects the boundary of the domain at
x2 = 1. A trivial calculation reveals these values to be 1±β

2
and we want to map the
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⇒ ⇒

Figure 4.11.: The chain of transformations which maps the negative region of the
massive triangle (in blue) to the positive unit square.

x1-lines defined by these values to the boundaries of integration x1 = 0 and x1 = 1.
We can easily construct a transformation which satisfies these demands:

x′1
!

=
x1 − 1−β

2
1+β
2

− 1−β
2

⇒ x1 →
1

2
+ β

(
x1 −

1

2

)
(4.123)

and we show the effect of this transformation in the transition from the first to the
second panel of Fig. 4.11 with F → 1 − β2 − (1 − (1 − 2x1)

2β2) x2. The next step is
to map the variety of the transformed F to the boundary at x2 = 0. Solving for x2 we
find

x2 =
1 − β2

1 − (1 − 2x1)
2 β2

= f (x1) (4.124)

and the required transformation is thus given by

x′1
!

= x1, x′2
!

=
x2 − f (x1)

1 − f (x1)
⇒ x1 → x1, x2 → x2 + (1 − x2) f (x1) . (4.125)

This transformation generates the transition between the second and third panels in
Fig 4.11 and completes the mapping of the negative region to the positive unit square
as required. The final result for the negative contribution after taking into account the
Jacobian determinants of the transformations is

Ĩ−tri = 2−1−2ϵβ1−2ϵ

∫ 1

0

dx1dx2 (1 − x1)
−ϵ x−ϵ

1 x−1−ϵ
2 (1 − (1 − 2x1) β)−1 (4.126)

where we have already factored out (−1 − iδ)−1−ϵ. We note that this integral is O
(
1
ϵ

)

whereas the full integral Itri is finite. This pole cancels exactly with a corresponding
pole in I+,2

tri and, since I+,1
tri and I+,3

tri are free of poles in ϵ, the construction consistently
reproduces the full result.

It is illuminating to consider the general structure of this cancellation; if the full result
is finite and also has an imaginary part at the leading order (which is true of Itri), the
negative contribution must necessarily have a pole in ϵ to generate the imaginary part
from multiplying the ϵ1 term in the expansion of (−1 − iδ)a+bϵ. Furthermore, the total
positive contribution must have an equal pole in ϵ to cancel the pole of the negative
contribution leaving a finite result. This type of analysis can be fruitful in predicting
a priori the pole structure of the constituent integrals in the decomposition.
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For completeness, we state the result for the positive contributions:

Ĩ+,1
tri =

1

4
(1 − β)−ϵ

∫ 1

0

dx1dx2 (2 − (1 − β) x1) (1 + β − (2 − (1 − β) x1) x1x2)
−1−ϵ

(4.127)

Ĩ+,2
tri =

β

2

(
1 − β2

)−ϵ
∫ 1

0

dx1dx2 (1 − x2)
−1−ϵ (1 − (1 − 2x1) β)−1 (4.128)

Ĩ+,3
tri =

1

4
(1 − β)1−ϵ

∫ 1

0

dx1dx2 (1 − x1) (1 + β − x2 (1 − x1) (1 + β + (1 − β)x1))
−1−ϵ .

(4.129)

This gives the total result

Itri =
3∑

n+=1

I
+,n+

tri + (−1 − iδ)−1−ϵ I−tri, (4.130)

where we stress again that each integrand in the constituent integrals of Eq. (4.130) is
manifestly positive in the Minkowski region defined by β ∈ (0, 1) throughout the entire
integration domain.

2-loop Elliptic Sunrise

In this section, we analyse the equal mass sunrise integral, see Fig. 3.1(b), the sim-
plest integral which involves a function class beyond polylogarithms. The sunrise has
been studied extensively, see e.g. [200–203], and is known to evaluate to elliptic in-
tegrals. Using the sunrise integral as an example, we demonstrate that there is no
fundamental obstruction to avoiding contour deformation for massive integrals beyond
polylogarithms. Contrary to previous examples, however, we find that the sunrise leads
us naturally to algebraic transformations of the Feynman parameters instead of purely
rational function transformations. To the best of our current knowledge, it seems not
to be possible to find a resolution which avoids square roots in the transformations;
however, this does not present a fundamental obstacle for numerical evaluation, as
demonstrated in Sec. 4.4.

Using the Feynman parametrisation, the sunrise integral can be written as

Jsun = lim
δ→0+

−Γ (−1 + 2ϵ) Isun (4.131)

Isun =

∫

R3
≥0

dx1dx2dx3
(x1x2 + x2x3 + x1x3)

−3+3ϵ δ (1 − α(x))

(−sx1x2x3 + (x1x2 + x2x3 + x1x3)m2 (x1 + x2 + x3) − iδ)−1+2ϵ .

(4.132)

The virtual threshold is s > 9m2 and we use the parametrisation β2 = s−9m2

s
∈

(0, 1). For the Dirac-delta constraint, we again use the symmetry with the choice
δ (1 − x1 − x2 − x3) and integrate out x3 which results in the integral

Isun =

(
β̃

m2

)−1+2ϵ∫ 1

0

dx1dx2
(1 − x1)

−1+ϵ (x1 + (1 − x1) (1 − x2) x2)
−3+3ϵ

(
(β̃ − 9x1) (1 − x1) (1 − x2) x2 + β̃x1 − iδ

)−1+2ϵ ,

(4.133)
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⇒ ⇒

Figure 4.12.: Remapping the simplex integration region of the elliptic sunrise (in green)
to the positive unit square in R2

≥0 then exploiting the symmetry about x2 = 1
2
. Here,

F is to be understood as F after the δ-function has been integrated out and in the
second and third panels, after their respective remapping transformations as well.

Figure 4.13.: The integration domain of the elliptic sunrise separated into one negative
and three positive regions.

with β̃ = 1 − β2. Eq. (4.133) reveals that the integrand has a symmetry under
x2 → 1 − x2. This allows integrating x2 from 0 to 1

2
instead, and then double the

result. We remap this halved integration domain back to the positive unit square (as
shown in the transition between the second and third panels of Fig. 4.12) and benefit
from exploiting this symmetry which reduces the number of regions we will need to re-
solve. Were this symmetry not present, it would still be possible to resolve the integral,
but with more regions.

Isun = 42−ϵ

(
β̃

m2

)−1+2ϵ∫ 1

0

dx1dx2
(1 − x1)

−1+ϵ (4x1 + (1 − x1) (2 − x2) x2)
−3+3ϵ

(
(β̃ − 9x1) (1 − x1) (2 − x2) x2 + 4β̃x1 − iδ

)−1+2ϵ .

(4.134)

We proceed in the same way as for the massive triangle from the previous section. We
define three positive regions (red, green, yellow), where the denominator of Eq. (4.134),
which we will loosely refer to as F , is positive and one negative region (blue) where it
is negative. The decomposition can be seen in Fig. 4.13. We will resolve the negative
region in detail once more as it plays the special role in solely generating the imaginary
part of the full integral. The positive regions can be resolved in very similar manners.
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⇒ ⇒

Figure 4.14.: The chain of transformations which maps the negative region of the elliptic
sunrise (in blue) to the positive unit square.

To resolve the negative region, we first must map the two positive rectangles to the
boundary of the square. Using the intersection of F = 0 with the boundary at x2 = 1,
we find the associated x1 values and construct the transformation

x′1
!

=
x1 − 1

6

(
2 + β2 − ββ̄

)
1
6

(
2 + β2 + ββ̄

)
− 1

6

(
2 + β2 − ββ̄

)

⇓

x1 →
1

6

(
2 + β2 − (1 − 2x1) ββ̄

)
, (4.135)

with β̄ =
√

8 + β2. The effect of this transformation is shown in the transition from
the first to the second panel in Fig. 4.14. It is clear from this geometric picture what
the next (and final) step of the resolution should be: mapping the variety to x2 = 0
keeping the boundary at x2 = 1 fixed. The main distinction between this case and
the massive triangle enters here; we want to solve the variety as x2 = f (x1) but this
gives us a function involving a square root containing x1 instead of a purely rational
function. We find that, picking the relevant square root solution for the transformed F ,

F = 0

⇓

x2 = 1 − 3 (1 − x1) x1ββ̄
2

√
3(1−x1)x1β̄2

(
4−β2

(
2 (1+β2)−3 (1−x1)x1β̄2

)
−2(1−2x1)ββ̃β̄

) = f (x1) .

(4.136)

Applying the same set of transformations to the U polynomial and accounting for the
corresponding Jacobian determinants, we obtain for our final result for the negative
contribution,

I−sun = 27−6ϵ3
1
2
−ϵ
(
β2
)2−2ϵ (

β̄2
)2−2ϵ

(
β̃

m2

)−1+2ϵ

×
∫ 1

0

dx1dx2 (1 − x1)
3
2
−2ϵx

3
2
−2ϵ

1 x1−2ϵ
2 R−

sun (x1, x2; β) , (4.137)
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where the finite remainder function is given by,

R−
sun (x1, x2; β) = R1(x2; β)R2(x1; β)R3(x1; β)R4(x1, β)R5(x1, x2; β), (4.138)

R1(x2; β) = x̄1−2ϵ
2 , (4.139)

R2(x1; β) =
[
−β2 + ββ̄x̃1 + 4

]
3ϵ−2, (4.140)

R3(x1; β) =
[
4 − β

(
2β
(
β2 + 1

)
− 3ββ̄2x1x̄1 + 2β̃β̄x̃1

)]
3
2
−ϵ, (4.141)

R4(x1; β) =
[
β2β̄2x1x̄1

(
−11β2 + 3ββ̄x̃1 + 20

)
+ 4β̃2

(
β2 − ββ̄x̃1 + 4

)]
1−2ϵ, (4.142)

R5(x1, x2; β) =
[
β2β̄2x1x̄1

(
x2x̄2

(
−β2 + ββ̄x̃1 + 4

)
+ 4β

(
3β − β̄x̃1

))

+ 4β̃
(
β4 + 7β2 −

(
β2 + 3

)
ββ̄x̃1 + 4

)]
3ϵ−3, (4.143)

with x̄1 = 1 − x1, x̃1 = 1 − 2x1, x̄2 = 2 − x2 and β̄ =
√

8 + β2, β̃ = 1 − β2. Each
of the factors in the integrand of (4.137) can be shown to be positive for 0 < x1 < 1,
0 < x2 < 1 and 0 < β < 1, thereby removing the need for a contour deformation.

We can perform similar resolutions for the positive regions to obtain the overall con-
struction:

Isun =
3∑

n+=1

I+,n+
sun + (−1 − iδ)1−2ϵ I−sun, (4.144)

which resolves the elliptic sunrise and removes the need for contour deformation upon
numerical integration.

3-loop Hyperelliptic Banana

The final example is the equal-mass three-loop banana integral. The underlying ge-
ometry is a Calabi-Yau 2-fold (K3 surface) and the banana is sometimes referred to
as being hyperelliptic. We make no further comment on the underlying geometry as-
sociated to these integrals except to say that this motivates studying these particular
examples by proving that these geometric properties are not inherently prohibitive to
the resolution procedure.

Using the Feynman parametrisation the three-loop banana integral can be written as

Jban = lim
δ→0+

Γ (−2 + 3ϵ) Iban (4.145)

Iban =

∫

R4
≥0

4∏

i=1

dxi
(x1x2x3 + x1x3x4 + x2x3x4 + x1x2x4)

−4+4ϵ δ (1 − α(x))

(F (x, s) − iδ)2−3ϵ (4.146)

where the F polynomial is

F (x, s) = − sx1x2x3x4 +

(x1x2x3 + x1x3x4 + x2x3x4 + x1x2x4)m
2 (x1 + x2 + x3 + x4) . (4.147)

We proceed in mostly the same way as for the massive triangle and sunrise integrals.
The Minkowski regime is parametrised by β2 = s−16m2

s
∈ (0, 1). We again use a sym-

metric choice of hyperplane and integrate out x4. The resulting simplex integration
domain is then remapped to the positive unit cube. The symmetry of the resulting
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⇒ ⇒

Figure 4.15.: Remapping the simplex integration region of the banana (in green) to the
positive unit cube in R3

≥0 then exploiting the symmetry about x3 = 1
2
. We omit the

legend for clarity but this figure should be understood analagously to Fig. 4.12 with
the F < 0 region given in blue outside the domain of integration and in orange within.
Here, F is to be understood as F after the δ-function has been integrated out and in
the second and third panels, after their respective remapping transformations as well.
The kinematic regime is given by β2 ∈ (0, 1) (with m2 > 0).

(a) I−ban (b) I+,1
ban (c) I+,2

ban (d) I+,3
ban (e) I+,4

ban (f) I+,5
ban

Figure 4.16.: The six regions (one negative, 4.16(a), and five positive, 4.16(b) – 4.16(f))
into which the integration domain of the banana is partitioned in this resolution.

integrand under x3 → 1 − x3 allows us once again to reduce the number of integrals
into which we will eventually decompose Iban by integrating instead from x3 = 0 up to
x3 = 1

2
. This sequence of domain-remapping transformations is depicted in Fig. 4.15

(where this time we focus solely on the positive unit cube) and should be compared
and contrasted with the corresponding set of transformations for the elliptic sunrise in
Fig. 4.12.

We now repeat the same decomposition procedure as for the triangle and sunrise,
being guided by the visual geometry of F = 0. The art of partitioning the integration
domain revolves around the balance between minimising the number of integrals in the
decomposition (minimally one negative region and one positive region) and producing
regions which can all be successfully mapped back to the positive unit hypercube. For
this example, we have selected six regions, see Fig. 4.16, which generates five positive
contributions and one negative contribution.

The remapping to the unit cube works very similarly to the resolution of the sunrise
in the previous section. We therefore leave out the explicit steps and instead sketch
the procedure for the negative piece schematically. First, we look at the intersection
of the variety of the transformed F polynomial with the plane x3 = 1 and analyse the
resulting closed curve. It is clear from focusing on the plane x3 = 1 in the first panel
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⇒ ⇒ ⇒

Figure 4.17.: The chain of transformations which maps the negative region of the
banana (in blue) to the positive unit cube.

of Fig. 4.17 that this curve has four turning points (by which we mean the four points
on the curve of maximal and minimal x1 and x2 respectively). In the resolution of
the negative region shown in Fig. 4.17, we arbitrarily choose to first identify the points
of maximal and minimal x1 on the curve using standard turning point analysis and
then map the planes x1 = xmin

1 and x1 = xmax
1 to x1 = 0 and x1 = 1 respectively.

This transformation is shown in the transition between the first and second panels of
Fig. 4.17. On the curve, both xmin

1 and xmax
1 have a corresponding x2-value of x2 = 1

3

(independent of β) and taking a slice through the integration domain at this value of x2
(combining all regions in Fig. 4.16) generates a plot which is, superficially, very similar
to Fig. 4.13. The next step is to solve the transformed curve at x3 = 1 as x2 = f (x1).
Clearly, from the second panel of Fig. 4.17, this will have two solutions (the curve is
quadratic in x2) and a square root involving the Feynman parameters – specifically,
x1 – enters at this point. The map which takes x2 = f1 (x1) to the plane x2 = 1 and
x2 = f2 (x1) to the plane x2 = 0 is trivial to construct once f1 and f2 are known and
we demonstrate the effect of this transformation in the transition between the second
and third panels of Fig. 4.17. Finally, we have to solve the variety of the transformed
F as x3 = g (x1, x2) (which also has two solutions due to the quadratic appearance of
x3 but only one solution which is relevant within the integration domain) and map this
to the plane x3 = 0 while keeping x3 = 1 fixed. This transformation is shown in the
transition between the third and fourth panels of Fig. 4.17 and concludes the mapping
of the original negative region to the positive unit cube.

A similar analysis is carried out for the remaining five positive regions in Fig. 4.16,
resulting in25

Iban =
5∑

n+=1

I
+,n+

ban + (−1 − iδ)1−2ϵ I−ban (4.148)

where all of the integrands appearing in Eq. (4.148) are manifestly positive within the
domain of integration (and away from the boundary).

4.4. Benchmarks

In this section we numerically evaluate the resolved integrals from Sec. 4.3.1 and
Sec. 4.3.2 with pySecDec v1.6.4 and compare the timings to when using contour
deformation. We emphasise that pySecDec is not optimised for this new approach

25For the numerical evaluation in pySecDec, a manual sector decomposition of one of the positive
contributions into two constituent integrals is performed. This is implementation-dependent and
orthogonal to the resolution procedure for avoiding contour deformation.
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and its efficiency could be greatly improved for resolved integrals. For example, parsing
prefactor expressions can dominate the evaluation time, primarily due to the inefficient
SymPy routines used. In contrast, the same expressions load almost instantly in systems
like Mathematica. These expressions appear as a result of the resolution procedure,
particularly in the massive examples, and have therefore not been a bottleneck in py-
SecDec before. We subtract the loading time of all prefactors from the results, and
perform our comparisons strictly on the actual integration time. This issue is partic-
ularly relevant in the case of the 1-loop massive triangle. Additional inefficiencies in
the current implementation of pySecDec include the re-evaluation of common sub-
expressions appearing across multiple ϵ orders and the unnecessary expansion of finite
expressions (especially those appearing at higher orders in ϵ in finite integrals). Parts
of the current implementation also unnecessarily utilise complex numbers, even for the
real integrands we obtain after resolution. For this reason, the speed-up factors pre-
sented in this section should be interpreted as a pessimistic estimate of the impact of
the resolution procedure.

Unless otherwise specified, the integration was performed using the Disteval inte-
grator, which was run on an NVIDIA A100 80G GPU. The pySecDec integration
libraries were compiled26 using CUDA 12.4.131. The exceptions are the 2L sunrise and
3L banana integrals, where an older integrator was used in order to access the fea-
ture of user-defined C++ functions. The resolved versions of these examples contain
large positive remainder functions raised to high integer powers, that by default get
expanded into very large expressions by form routines within pySecDec. Future
versions of pySecDec should therefore offer the option to prevent certain functions
from being expanded. For now, this problem can be circumvented by manually defin-
ing the remainder expressions as symbolic functions, and providing them directly as
C++ functions. The integration libraries for these two examples were compiled27 with
gcc 7.5.0 and run on one core of an AMD EPYC 7352 CPU.

We now proceed by presenting benchmarks for each resolved integral, comparing in-
tegration times with and without contour deformation. Both massless and massive
integrals are evaluated for increasing centre-of-mass energies with other kinematics
fixed. Additionally, the massive integrals are benchmarked in the small-mass regime,
where the centre-of-mass energy is fixed and the internal mass m is pushed to very small
values. We emphasise that for the massive examples shown here, results are not ob-
tained using Algorithm 1 and instead various possible generalisations of this algorithm
were explored. In particular, results are obtained after integrating out the Dirac-delta
functional with a particular choice of hyperplane. This is not necessarily the optimal
choice for numerical performance. The goal in Sec. 4.3.2 was to show that avoiding
contour deformation for massive integrals is in principle possible. Moreover, the mas-
sive examples are all integrals with few internal lines. As described in the introduction
to this chapter, the performance gain from avoiding contour deformation is expected
to be the largest for more complicated integrals with many internal lines.

26Using the following make command: make disteval SECDEC_WITH_CUDA_FLAGS=-arch=sm_80

CXXFLAGS="-O3 -mfma -mavx2" CXX=g++-12.
27Using the simple make command: make pylink.
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Figure 4.18.: Timings with (solid lines) and without (dashed lines) contour deforma-
tion for the massless 1-loop box with off-shell legs, expanded up to the finite order.
Evaluated for different values of s12 with s13 = −1 and p21 = 2 fixed.

4.4.1. 1-loop box with an off-shell leg

Figure 4.18 shows the integration times for the 1-loop box with one off-shell leg, with
and without contour deformation, for increasing values of the centre-of-mass energy s12,
keeping s13 = −1 and p21 = 2 fixed. For non-extreme values of s12, we do not observe
significant differences between the two versions, which is expected since the 1-loop box
is a very simple integral and the time is dominated by fixed overheads, e.g. generating
the QMC sampling lattice. However, the timings for large s12 reveal a general feature
that persists in more complicated integrals: the relative performance of the contour
deformation is much worse in extreme kinematic configurations. For example, to obtain
10 digits of precision with s12 = 4000, avoiding contour deformation yields a factor of
480s
0.7s

≈ 686× speed-up.

4.4.2. 1-loop on-shell pentagon

Figure 4.19 shows the integration times for the 1-loop pentagon, with and without
contour deformation, for increasing values of the centre-of-mass energy s12, keeping the
other kinematics fixed as (s23, s34, s45, s51) = (−3, 2.5,−3, 5). We see similar behaviour
to the 1-loop box; the performance differences are more significant for large s12. In
this case, however, in addition to the aforementioned behaviour being more extreme,
the resolved integrands reach high precision more quickly even for non-extreme s12
values. For example, to obtain 7 digits of precision with s12 = 400, avoiding contour
deformation yields a factor of 2021

2.21
≈ 914× speed-up. For the same number of digits

with s12 = 4, we instead get a factor of 11.5
2.15

≈ 5.3× speed-up. For s12 ≥ 4000, it is
difficult to obtain any digits at all with contour deformation, while the resolved integral
is essentially insensitive to this increase.
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Figure 4.19.: Timings with (solid lines) and without (dashed lines) contour deforma-
tion for the massless 1-loop pentagon, expanded up to the finite order. Evaluated
for different values of s12 while the other kinematics are fixed at (s23, s34, s45, s51) =
(−3, 2.5,−3, 5).

4.4.3. 2-loop non-planar boxes

Figures 4.20 and 4.21 show the integration times for the 2-loop non-planar boxes with
6 and 7 propagators respectively (BNP6 and BNP7), with and without contour defor-
mation, for increasing values of the centre-of-mass energy s12, keeping s23 = −1 fixed.
These integrals have quite a similar structure, but BNP7 is much more challenging nu-
merically. In fact, for BNP7, numerical integration with contour deformation failed to
yield any digits of precision across all tested kinematic configurations, within a 10-hour
time limit. The resolved BNP7, however, converges with reasonable precision across
the entire range in s12, though the integration time does deteriorate for large values
of s12. The results for the resolved integral have therefore instead been checked and
validated against the analytic expression from Ref. [204], in which both integrals were
computed. The integration with contour deformation eventually converged to 1 digit
of precision for s12 = 4 after 192 hours. By avoiding contour deformation, the time
to obtain this digit is therefore accelerated by a factor of 689858

23
≈ 29994×. The cost

to compute additional digits using contour deformation is prohibitive, however, for the
resolved integral, we can obtain 6 digits of precision in about 100 seconds. For BNP6
we see a similar behaviour as for the other massless examples. For example, to obtain
about 3 digits of precision with s12 = 4000 we see a factor of 3404

4.8
≈ 709× speed-up

from avoiding contour deformation. To obtain about 6 digits of precision, but with
s12 = 4 instead, avoiding contour deformation yields a factor of 92

6.4
≈ 14× speed-up.
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Figure 4.20.: Timings with (solid lines) and without (dashed lines) contour deformation
for the 2-loop non-planar box with 6 propagators, expanded up to the finite order.
Evaluated for different values of s12 with s23 = −1 fixed.
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Figure 4.21.: Timings with (solid lines) and without (dashed lines) contour deformation
for the 2-loop non-planar box with 7 propagators, expanded up to the finite order.
Evaluated for different values of s12 with s23 = −1 fixed. In this example no digits
could be obtained with contour deformation within a time limit of 10 hours.
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4.4.4. 3-loop non-planar box

Figure 4.22 shows the integration times for the 3-loop non-planar box, only without
contour deformation, for increasing values of the centre-of-mass energy s12 with s13 =
−1 fixed. Additionally, it includes the point s12 = 1, s13 = −0.2, both with and without
contour deformation, since this is the only test point we evaluated where a valid contour
could be found with pySecDec. For this point, to obtain about 8 digits of precision,
we observe a factor of 670

62.7
≈ 11× speed-up from avoiding contour deformation. For

all other points, integrating with contour deformation fails to provide any result while
the resolved integrals achieve high precision for the full range in s12. This is different
from BNP7, since there valid contours are found but the integration instead converges
too slowly to yield any digits. This means that no amount of computing resources
would yield results for the 3-loop box when integrating with contour deformation (as
implemented in pySecDec).
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Figure 4.22.: Timings with (solid lines) and without (dashed lines) contour deformation
for the 3-loop non-planar box, with only the leading ϵ−4 pole included. Evaluated
for different values of s12 with s13 = −1 fixed, except for the point s12 = 1, where
s13 = −0.2. For the benchmarks where s12 ≥ 4 no digits could be obtained with
contour deformation.
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4.4.5. 1-loop triangle with an off-shell leg

Figure 4.23 shows the integration times for the 1-loop triangle, with and without con-
tour deformation, for increasing values of the centre-of-mass energy (parameterised by
β in this case), with the internal mass fixed as m2 = 1. For most phase-space points,
the triangle can be evaluated to high precision in short time, both with and without
contour deformation. The minimal lattice size of the QMC integrator is almost enough
to reach about 10 digits of precision, and the example is essentially too simple to see
any gain from removing contour deformation. In fact, the integrand evaluations are
not the bottleneck of this integral, which motivates us to look strictly at the integra-
tion time for the benchmarks, and ignore the overhead of loading prefactors. Despite
these measures, we still see that the resolved version of the integral evaluates more
slowly than when using contour deformation. The reason is that, as a consequence
of our chosen resolution procedure, the resolved integrands have singularities at both
the upper and the lower integration boundary. To handle this, pySecDec splits the
integrals and remaps all singularities to the lower boundary, which results in more sec-
tors and thereby increased evaluation time. For the positive contributions, J+,1

tri , J
+,2
tri

and J+,3
tri , the singularities are only present at one of the boundaries, and the splitting

could either be turned off, or avoided by applying simple transformations of the type
xi → 1−xi before passing them to pySecDec. This reduced the number of sectors sig-
nificantly, and brought the integration time of the resolved integral close to the time of
integrating with contour deformation. For the negative contribution, J−

tri, singularities
are present at both boundaries, and splitting the integral is therefore necessary. The
small remaining time difference can mostly be attributed to the extra sector this split
generates. Usually, dealing with extra sectors due to the resolution procedure is not
a major issue, since the resolved integrands typically scale much better. The problem
with the triangle, is that it is too easy to integrate in either case, and the scaling with
respect to number of lattice points becomes irrelevant. In the other massive examples
we also require integral splitting, but then the contour deformed integrals are eventu-
ally unable to reach higher precision, and we are able to access more digits with the
resolved integrands.

The situation is different when looking at the small-mass regime. The three-mass
triangle integral is finite, however, in the limit m2 → 0 the integral develops poles
in ϵ up to 1/ϵ2. Therefore, when the integral is evaluated with small mass values,
we numerically approach an end-point singularity which pinches the contour close to
the boundaries of integration. And indeed, we observe in Figure 4.24 that integrating
with contour deformation gets progressively worse for smaller values of the internal
mass while the resolved integral is stable across all values of m2. For example, already
for m2 = 10−6 we observe a factor of 368

0.45
≈ 818× speed-up when avoiding contour

deformation. For smaller values of m2 the difference is even larger already for lower
precision levels. Form2 = 10−12 we almost get no convergence with contour deformation
while the resolved integral remains mostly stable. This demonstrates that the resolution
procedure can be useful for simple examples too, albeit more so in extreme kinematic
configurations.
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Figure 4.23.: Timings with (solid lines) and without (dashed lines) contour deformation
for the all-massive 1-loop triangle, expanded up to order ϵ4. Evaluated for different
values of β with m = 1 fixed.
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Figure 4.24.: Timings with (solid lines) and without (dashed lines) contour deformation
for the all-massive 1-loop triangle, expanded up to order ϵ4. Evaluated for different
values of m2 with s12 = 1 fixed. The black dots indicate that no higher accuracy could
be reached within 5 hours.
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4.4.6. 2-loop elliptic sunrise

Figure 4.25 shows the integration times for the 2-loop massive sunrise, with and without
contour deformation, for increasing values of the centre-of-mass energy β with m = 2
fixed. Figure 4.26 shows the same but for smaller values of the internal mass m,
keeping s = 1 fixed instead. This integral is similar to the massive triangle in that the
integration time for a small lattice size is not much faster without contour deformation.
The difference here is that for a fixed lattice size, using contour deformation does not
yield the same precision as the resolved integrals do. This hints at the variance of the
resolved integrands being smaller than the variance of the contour deformed integrands.
This is more clearly demonstrated in Table 4.1 where the actual relative errors at
different QMC lattice sizes are displayed. The relative errors are estimated by:

εrel =

√
(Re(εabs)2 + Im(εabs)2)

(Re(I)2 + Im(I)2)
, (4.149)

where εabs is the absolute error estimated by the QMC integrator from random shifts,
and I is the QMC estimate for the integral. The appearance of the timing figures
can be understood by looking at the results for the higher ϵ-orders. The results from
the contour deformed integrals reach a minimum error that is several digits larger
than the results from the resolved integrals, and increasing the lattice size fails to
improve the situation. This means that besides improving integration time, the new
procedure additionally allows us to obtain more digits than could ever be obtained
when integrating with contour deformation.
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Figure 4.25.: Timings with (solid lines) and without (dashed lines) contour deformation
for the all massive 2L elliptic sunrise, expanded up to order ϵ4. Evaluated for different
values of β with m = 2 fixed. The black dots indicate points at which the evaluation
time exceeded 10 hours.
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Figure 4.26.: Timings with (solid lines) and without (dashed lines) contour deforma-
tion for the all massive 2L elliptic sunrise, expanded up to order ϵ4. Evaluated for
different values of m2 with s12 = 1 fixed. The black dots indicate points after which
the evaluation time diverged, and the integration was terminated after > 10 hours.

ϵ-order\points 103 104 105 106

ϵ0
CD 3.41 · 10−10 4.84 · 10−14 5.86 · 10−15 8.39 · 10−16

No CD 3.13 · 10−10 2.47 · 10−14 1.72 · 10−16 3.35 · 10−16

ϵ1
CD 1.11 · 10−9 2.87 · 10−13 2.10 · 10−13 1.08 · 10−13

No CD 1.13 · 10−9 8.91 · 10−14 6.53 · 10−14 9.88 · 10−14

ϵ2
CD 3.49 · 10−9 1.86 · 10−12 7.57 · 10−13 5.60 · 10−12

No CD 3.24 · 10−9 2.87 · 10−13 4.44 · 10−13 7.99 · 10−13

ϵ3
CD 9.22 · 10−9 9.02 · 10−11 7.19 · 10−10 2.47 · 10−8

No CD 6.91 · 10−9 6.05 · 10−12 1.88 · 10−12 5.30 · 10−12

ϵ4
CD 1.48 · 10−8 8.75 · 10−10 4.44 · 10−7 1.33 · 10−8

No CD 7.90 · 10−9 1.77 · 10−11 5.31 · 10−12 1.47 · 10−11

Table 4.1.: Relative errors for the massive 2-loop sunrise integral with and without
contour deformation for different QMC lattice sizes, at orders ϵ0, ϵ1, ϵ2, ϵ3 and ϵ4, with
kinematics β = 0.8 and m = 2.
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4.4.7. 3-loop hyperelliptic banana

Figure 4.27 shows the integration times for the 3-loop massive banana, with and without
contour deformation, for increasing values of the centre-of-mass energy β with m = 2
fixed. Figure 4.28 shows the same but for smaller values of the internal mass m, keeping
s = 1 fixed instead. For this integral we essentially observe the same results as for the
massive sunrise, with the integration times for initial lattice sizes even being slightly
faster for the resolved integrands in this case. Again, we obtain more digits than what
is possible with contour deformation, as is demonstrated clearly in Table 4.2. The
situation is the same in the small-mass regime, where we observe that the resolved
integrals obtain many more digits than contour deformation manages before hitting
the machine precision limit.
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3L Banana - Integration Time vs. Relative Error

β = 0.8

β = 0.9

β = 0.95

Figure 4.27.: Timings with (solid lines) and without (dashed lines) contour deformation
for the all massive 3L banana, expanded up to order ϵ4. Evaluated for different values
of β with m = 2 fixed. The black dots indicate points after which the evaluation time
diverged, and the integration was terminated after > 10 hours.
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Figure 4.28.: Timings with (solid lines) and without (dashed lines) contour deformation
for the all massive 3L banana, expanded up to order ϵ4. Evaluated for different values
of m2 with s12 = 1 fixed. The black dots indicate points after which the evaluation
time diverged, and the integration was terminated after > 10 hours.

ϵ-order\points 103 104 105 106

ϵ0
CD 2.37 · 10−4 1.43 · 10−8 7.80 · 10−11 1.96 · 10−11

No CD 3.92 · 10−5 2.88 · 10−8 5.96 · 10−10 7.79 · 10−10

ϵ1
CD 6.19 · 10−4 3.81 · 10−8 5.15 · 10−9 1.34 · 10−8

No CD 1.01 · 10−4 8.90 · 10−8 1.44 · 10−9 3.15 · 10−9

ϵ2
CD 9.26 · 10−4 1.41 · 10−6 6.06 · 10−6 1.06 · 10−5

No CD 1.86 · 10−4 1.98 · 10−7 1.67 · 10−8 1.18 · 10−8

ϵ3
CD 1.51 · 10−3 6.89 · 10−6 4.89 · 10−5 7.21 · 10−5

No CD 3.69 · 10−4 4.70 · 10−7 5.64 · 10−8 4.98 · 10−7

ϵ4
CD 5.05 · 10−3 1.46 · 10−3 5.21 · 10−4 2.36 · 10−2

No CD 4.74 · 10−4 1.17 · 10−6 6.16 · 10−7 6.41 · 10−7

Table 4.2.: Relative errors for the hyperelliptic banana integral with and without con-
tour deformation for different QMC lattice sizes, at orders ϵ0, ϵ1, ϵ2, ϵ3 and ϵ4, with
kinematics β = 0.8 and m = 2.
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4.4.8. Cancellations

Since the resolved integrals are split into a sum of several contributions, there could,
in principle, be a drop in precision on the full integrals due to cancellations. The
benchmarks in the previous section already take this into account by considering the
relative error on the full integral28. We therefore already implicitly know that if there
are any cancellations, they are not severe for the kinematic configurations considered so
far. In this section, we demonstrate that severe cancellations do not occur for non-zero
terms in the ϵ expansion of the integrals as we scan over the phase space. However,
our resolution procedure can (in fact, must in some cases) generate spurious poles in
ϵ, which then cancel upon summation. These spurious singularities nevertheless do
not degrade the performance of our resolved integrals as significantly as using contour
deformation.

In Figure 4.29, we show the positive and negative contributions to the real parts of the
ϵ−3 and ϵ0 orders of BNP6 (massless 2-loop non-planar box), for values of s12 ∈ (4, 100)
with s23 = −1 fixed. For the ϵ0 coefficient, the cancellation between the positive and
negative pieces is relatively small, remaining O(1) for most points. In the small s
limit, where we approach the limit of the validity of our resolution, the integral is
dominated by J+

BNP6, with no significant cancellation occurring between the different
terms. Instead, in the high-energy limit for s ∼ 100, we do observe cancellations of 1
digit of precision. The final result for the BNP6 integral has poles up to and including
ϵ−2. However, after resolution, the integral develops a spurious ϵ−3 pole which vanishes
due to cancellation between the positive and negative contributions29. The same type of
cancellation happens for the finite massive triangle, where a spurious ϵ−1 pole appears
and is cancelled due to J+,2

tri and J−
tri, which can be seen in Figure 4.30. One can

understand why this pole must appear by looking at the expansion of the prefactor to
the negative contribution, which for the 1-loop triangle is

lim
δ→0+

(−1 − iδ)−1−ϵ = −1 − i π ϵ+ O(ϵ2). (4.150)

We know that this integral is finite and complex at ϵ0. This means that J−
tri must

necessarily have a ϵ−1 contribution such that a complex part can be generated at leading
order (the positive contributions are purely real). It follows that some of the positive
contributions must also have a ϵ−1 contribution to cancel the pole and leave the result
finite. Coefficients of spurious poles can not be numerically integrated to high relative
precision (though good absolute precision can be obtained). For the benchmarks in this
chapter, we skip the integration of the coefficients of poles that we know are spurious.
In practice, the order of the leading pole might not be known, and in such cases, the
integration must be terminated based on an absolute error instead. In future work, it
would be interesting to explore to what extent the cancellation of spurious singularities
between resolved regions can be arranged locally in parameter space. This research
direction is simplified in our approach by the fact that we know these cancellations
occur precisely on an integration boundary, and we retain knowledge of which boundary
in each resolved integral contributes to the spurious singularity. Achieving a local
cancellation would eliminate the appearance of spurious poles, allowing the finiteness of

28This is automated within the sum_package module of pySecDec.
29In fact, for this integral, additional spurious ϵ−3 poles appear also during the sector decomposition of
the original integral when using contour deformation.
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Figure 4.29.: Magnitude of the real part of the positive and negative contributions
compared to the total integral for BNP6 at orders ϵ−3 and ϵ0. κδ = limδ→0+(−1 −
iδ)−2−2ϵ. The ϵ−3 pole is spurious and is a consequence of the cancellation between
J+
BNP6 and κδJ

−
BNP6. s ∈ (4, 100) and s23 = −1 fixed.

integrals to be manifestly maintained and removing any associated performance impact.
We remark that this situation is potentially related to the more general problem of the
appearance of spurious poles in the context of sector decomposition.

Figure 4.30 also shows the interplay between the contributions at orders ϵ0, ϵ3 and ϵ4

for the 1-loop triangle integral. We see explicitly that there are no severe cancellations
in this case either. Finally, Figure 4.31 shows the magnitude of the one negative and
three positive contributions to the 2-loop massive sunrise. In this case we observe that
at each order the value of the full integral diverges as β → 1. However, there are still no
significant cancellations between the resolved pieces. Additionally, we include the result
from using contour deformation to demonstrate that it agrees at each point with the
sum of the resolved contributions, also in the high-energy regime where contributions
become very large.
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Figure 4.30.: Magnitude of the real part of the positive and negative contributions
compared to the total integral for the all massive 1-loop triangle at orders ϵ−1, ϵ0, ϵ3

and ϵ4. κδ = limδ→0+(−1 − iδ)−1−ϵ. The 1, 2, 3 indices corresponds to the different
positive regions shown in Figure 4.10. β ∈ (0.01, 0.99) and m = 1 fixed.
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Figure 4.31.: Magnitude of the real part of the positive and negative contributions com-
pared to the total integral for the elliptic sunrise at orders 1, 2, 3, 4 in the ϵ expansion.
κδ = limδ→0+(−1 − iδ)−1−2ϵ. The 1, 2, 3 indices corresponds to the different positive
regions shown in 4.13. β ∈ (0.01, 0.9) and m = 2.
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4.5. Conclusion and outlook

The method presented in this chapter, as demonstrated in Sec. 4.4, is immediately
relevant for numerical approaches relying on the use of parameter space. So far, the
focus has been on the impact in the context of sector decomposition-based approaches;
however, this concept is also immediately relevant for avoiding contour deformation
in tropical geometry approaches to computing Feynman integrals [205, 206]. Other
numerical approaches, such as those using integrable neural networks to approximate
the integrand [207], which are known to work for Euclidean integrals but are not as
straightforward to apply to integrals in the Minkowski regime, are also likely to benefit
from this method.

Other, quite conceptually different, numerical or semi-numerical methods for comput-
ing Feynman integrals are also plagued or completely obstructed by the presence of
physical thresholds. For example, in Ref. [208], an approach to approximating/com-
puting Feynman integrals using positivity constraints was presented. The method was
demonstrated to perform well for integrals in the Euclidean region, relying on the fact
that the integrand is guaranteed to have the same sign in this region. Our work suggests
that any Feynman integral (even those without a Euclidean region) can be cast in this
form; therefore, it would be interesting to investigate the performance of this technique
on our integrands. In this context, we emphasise that it would be essential (or at least
extremely helpful) to have a robust implementation of integration-by-parts identities
directly in parameter space [109, 209–212]. In Ref. [213], a method was introduced to
compute Feynman integrals both above and below thresholds based on Taylor expan-
sion and subsequent integration in parameter space. The method applies to a wide
variety of integrals and avoids the need to numerically integrate the parameter space
representation; however, as demonstrated by the authors of that work, the performance
in some cases is significantly reduced by the presence of thresholds. We speculate that
this large performance impact is caused by the presence of F = 0 type singularities,
which our procedure would remove.

Finally, we observe that the representation we target, see Eq. (4.2), makes the analytic
continuation of any integral manifest; it is controlled entirely by a factor of (−1 − iδ)
raised to the power of the second Symanzik polynomial, or, equivalently, an overall
phase for each Feynman integral. If we imagine writing an entire amplitude in terms of
real resolved integrals, then the analytic continuation of any scattering process becomes
trivial [214]. Furthermore, at the leading order in the ϵ expansion for finite integrals,
the integrands appearing in our resolution are strictly non-negative. It would be inter-
esting to explore if being able to obtain such a representation for a complete amplitude
has any connection to concepts such as positive geometries, see e.g. Refs. [215,216], and
if any of the additional requirements important to this programme, such as complete
monotonicity, could be satisfied. In Ref. [217], it was argued that taking F(x; s) = 0 as
a boundary of integration leads to maximal (and non-maximal) cuts/discontinuities, in
general, it would be interesting to explore the interpretation of the integrals obtained
from our approach. We also remark that, naively, a modification of the resolution proce-
dure could be applicable in the context of the Method of Regions [31,218]. Specifically,
it has been shown that dissecting the domain of integration on the Landau singulari-
ties can reveal regions that are not visible using geometric methods based on Newton
polytopes, which neglect the possibility of cancellations between monomials [81, 219]
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whereas our method can naturally account for such cancellations by construction. Hav-
ing a systematic method for mapping mixed-sign polynomials to same-sign polynomials
for which the geometric approach to the Method of Regions applies provides a poten-
tially useful step in fully systematising the Method of Regions in parameter space.





CHAPTER 5

Interpolating Amplitudes

The purpose of computing multi-loop virtual amplitudes is to increase the precision with
which hard cross sections are calculated. If the IR subtraction terms are available, as
well as the matching to parton showers, the multi-loop result can be used by general
purpose MC event generators to simulate a full collider event. If the shower matching
is not available, as is the case for many NNLO processes, the multi-loop amplitude can
instead be used by partonic event generators, such as nnlojet [220], matrix [221]
and mcfm [222], to compute fixed-order cross sections. In either case, the availability
of the multi-loop results are important as they serve as inputs to the MC program and
determine features for the remainder of the simulation or calculation.

In the previous chapters both tools and techniques that facilitate multi-loop computa-
tions have been discussed in great detail. In Sec. 3.2 an overview of a standard workflow
for computing multi-loop amplitudes was introduced. Depending on how the integrals
are evaluated, the result is on either of the following two main forms30

• Analytical: The amplitude is expressed as a linear combination of special func-
tions.

• Numerical: A numerical value for each ϵ-order of the amplitude is known for some
configuration of the kinematic invariants.

Neither of these results are straightforward to implement in a MC code. In the first
case, a method for fast evaluation of the special functions must be achieved. This
can be complicated if the function class is elliptic or beyond. In the second case,
the amplitude must be re-evaluated for each required kinematic configuration. Due to
importance sampling, it is usually not possible to predict which points will be requested,

30A different approach is to compute the multi-loop amplitude in an approximation, such as in analytic
expansions [168]. Combining approximations that are valid for different phase-space regions has re-
cently been shown to be a useful approach [223, 224]. These methods provide a valuable complement
to exact calculations in cases where the analytic form is not known or where numerical evaluations
are too slow.
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which prohibits precomputation. To the three-step process of computing a multi-loop
amplitude, which was outlined in Sec. 3.2, it is therefore natural to include a fourth
step; exporting the results.

A method of making multi-loop results available is the usage of interpolation frame-
works. The idea is to precompute the amplitude at a small set of grid points and inter-
polate for the values in between. Such a procedure has been used successfully for several
two-loop amplitudes already, such as those entering tt̄-production at NNLO [225,226],
HH production in gluon fusion at NLO [227,228] and H+jet production at NLO [229,
230]. The two-loop amplitudes entering these 2 → 2 processes depend on just two
kinematic variables once the masses have been fixed to their SM values. In contrast,
the interpolation for 2 → 3 processes needs to be performed on a five-dimensional phase
space, which makes achieving precision a highly non-trivial task. A strong motivation
for this investigation is our recent work on the two-loop tt̄H amplitudes [16]. The
extreme complexity of the master integrals necessitate numerical evaluations to obtain
exact results. Ref. [16] is a proof-of-concept calculation for the quark-initiated part of
the amplitude that includes diagrams containing quark loops (the Nf part). The full
amplitude depends on many more master integrals, and evaluating it numerically is
computationally very demanding. For this application, it is therefore crucial to have
an as efficient approximation framework as possible, in order to reduce the required
number of CPU/GPU hours.

This chapter presents an investigation of several state-of-the-art multidimensional in-
terpolation methods applied to amplitudes [15]. In Sec. 5.1 we start by defining the
interpolation problem. We introduce a framework to efficiently and accurately estimate
how the approximation error propagates to observables. In Secs. 5.2 – 5.4 we describe
classical interpolation methods based on polynomials, B-splines and sparse grids, and in
Sec. 5.5 we describe regression-based machine learning techniques (MLP and L-GATr).
At the end of these sections, we comment on the performance of the tested methods.
In Sec. 5.6 we conclude by summarizing the discussion from the previous sections.

5.1. Setting the stage

The objective is to approximate a squared amplitude31

|M|2 ≡ A =
∞∑

k=0

(αs

2π

)k
Ak, (5.1)

which is truncated at some order, say k = 2, such that A ≈ A0 +
(
αs

2π

)
A1 +

(
αs

2π

)2A2.
The assumption is that A2 is much more computationally demanding than either A0 or
A1, such that we can consider them readily available. The problem therefore reduces
to approximating A2. Besides the squared amplitude, the cross section differential
depends on the parameters that fully characterize the phase space. These are two for
2 → 2 processes, five for 2 → 3, nine for 2 → 4, etc. There is freedom in choosing
these parameters; common choices are energy or Mandelstam variables, sij = (pi+pj)

2,
and angular variables. In what follows, we denote these parameters as x⃗, and choose
them such that the physical region of the process is a unit hypercube: x⃗ ∈ (0; 1)d.

31We use αs as the coupling since all test functions that appear later happen to be QCD processes.
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The interpolation problem can now be formulated as follows; we aim to approximate a
correction to a squared amplitude a by some function ã, based on the knowledge of a
at some data points x⃗1, . . . , x⃗n: ai ≡ a(x⃗i). We are interested in algorithms to choose
x⃗i and to construct ã such that it is “close enough” to a, while requiring as few data
points as possible, as to minimize the expensive evaluations of a.

5.1.1. Defining the error

There are different ways to precisely define what “close enough” means, and no single
definition works equally well for all use cases. We will consider the error on the observ-
able to be the quantity of interest, since this is what an event generator will need to
know in the end. It is not possible to simultaneously optimize for all observables and
phase-space regions, so a choice of what to prioritize must be made. For the examples
in this chapter, we focus on total cross sections and take dσ/dx⃗ to be the quantity of
interest. We define the approximation error by viewing it as a probability density and
using the distance between dσ/dx⃗ based on ã and a, measured via the L1 norm:32

ε =
||f̃ − f ||1
||f ||1

, where f(x⃗) ≡ a(x⃗)
1

2ŝ

∣∣∣∣
d(Φ, ρ)

dx⃗

∣∣∣∣
︸ ︷︷ ︸
≡weight w(x⃗)

, (5.2)

where dΦ is the element of the Lorentz-invariant phase space and dρ ≡ dρa,b(ŝ, s)
describes the probability of finding the incoming particles a and b with collision en-
ergy

√
ŝ. For example, in proton-proton collisions this denotes the contribution of the

parton distribution functions. The choice of the L1 norm ensures that this quantity is
independent of the choice of variables x⃗ (which would not be the case for e.g. L2 norm).
In statistics, ε is known as the total variation distance (up to an overall normalization).
This distance weighs different phase-space regions proportional to their contribution
to the total cross section (via the factor w), and guarantees that for any phase-space
subregion R, using ã(x⃗) instead of a(x⃗) will result in the error of

∫
x⃗∈R dσ being no more

than ε
(
αs

2π

)k ||f ||1.
Note that the precision of the total cross section comes at the expense of precision in
tails of differential distributions: for parts of the phase space that do not contribute
much to the total cross section, such as the very-high-energy region, only low precision
is guaranteed by a bound on ε. An alternative definition of the error, ε = max |ã/a− 1|,
would ensure equal relative precision for all bins of any differential distribution, but
satisfying it would come at the expense of the interpolation spending most effort on
phase-space regions where only few (or none at all) experimental data points are ex-
pected at the LHC. This is the trade-off involved in error target choices; to apply the
methods we study, each application would need to choose its own appropriate error
measure.

5.1.2. The test functions

In the remainder of this chapter we assess the performance of the most promising
interpolation algorithms studied in numerical analysis when applied to the following
five test functions.

32Here and throughout, we define the Lp-norm ||f ||p as
(∫

|f(x⃗)|p dx⃗
)1/p

.
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• f1: LO amplitude for qq̄ → tt̄H.

• f2: NLO amplitude contributing to qq̄ → tt̄H.

• f3: LO amplitude for gg → tt̄H.

• f4: NLO amplitude contributing to gg → tt̄H.

• f5: LO (one-loop) amplitude for gg → Hg.

In each case, fi is actually the cross section differential corresponding to the amplitudes
listed above. The tt̄H test functions (f1−f4) are taken as 5-dimensional functions over
the phase space as described in Ref. [16]. For example, for f1 we have

a1 = ⟨Mqq̄tt̄H
0 |Mqq̄tt̄H

0 ⟩, f1 = a1 ×
∣∣∣∣

dΦtt̄H

d(fracstt̄ , θH , θt, φt)

∣∣∣∣×
1

2ŝ

dρqq̄
dβ2

× Jtt̄H , (5.3)

with the phase space parameters set as

β2 =
10

100
+

86

100
x1, fracstt̄ = x2, θH = πx3, θt = πx4, φt = 2πx5, (5.4)

Jtt̄H =

∣∣∣∣
d(β2, fracstt̄ , θH , θt, φt)

dx⃗

∣∣∣∣ =
86

50
π3. (5.5)

To specify ρqq̄ we use the following generic form

1

2ŝ

dρqq̄
dβ2

∝ (1 − c1β
2)2

(1 − c2β2)(1 − c3β2)
, (5.6)

which approximates ρ computed using the parton distribution functions from Ref. [231].
For the parameters c = {c1, c2, c3} we use respectively for

f1 and f2 : c = {1.0132, 0.9943, 0.3506},
f3 and f4 : c = {1.0134, 0.7344, 0.0987},

f5 : c = {1.0012, 0.9802, 0.3357}.
The overall proportionality constant is omitted here because it cancels in the error def-
inition of Eq. (5.2). The remaining test functions are defined analogously to f1. These
definitions, as well as details on the phase-space parameters, amplitude symmetries and
illustrations of phase-space slices, can be found in App. A. We do point out here that
the one-loop tt̄H amplitudes have an integrable Coulomb-type singularity in the corner
where fracstt̄ → 0. The corresponding test functions (f2 and f4) are defined with this
singularity subtracted. Similarly, the phase space for f5 is defined with pT -cuts to avoid
divergences in the forward and backward regions, see App. A. In all cases GoSam [232]
is used to evaluate the amplitudes, and we set m2

H/m
2
t = 12/23.

5.1.3. Estimating the error

To evaluate Eq. (5.2) we use Monte Carlo integration. It can be formulated based on
different kinds of testing samples:

uniform: x⃗1, . . . x⃗m ∼ 1, ε =

∑m
i=1 |(ãi − ai)wi|∑m

i=1 |aiwi|
, (5.7)

partially unweighted: x⃗1, . . . , x⃗m ∼ w, ε =

∑m
i=1 |ãi − ai|∑m

i=1 |ai|
, (5.8)

leading-order unweighted: x⃗1, . . . , x⃗m ∼ aLOw, ε =

∑m
i=1 |(ãi − ai)/aLO,i|∑m

i=1 |ai/aLO,i|
. (5.9)
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The first of these is natural for the selected variables x⃗, the second is important because
it is independent of the choice of x⃗ (and can be approximated by e.g. the Rambo sam-
pling technique [233]), and the third is important because it is oriented at the approxi-
mate probability distribution of physical scattering events, encoded in the leading-order
amplitude, aLO. While each sampling method must yield the same result asymptoti-
cally, in practice we are interested in using as few testing evaluations as possible. In
Fig. 5.1 we compare the error convergence when using the different sampling methods
for test function f2. Here we see that the error becomes stable for all methods after
m ∼ 1000 samples. Note that a uniform sample can be generated both via Monte Carlo,
i.e. randomly, and with a low-discrepancy sequence (such as the Sobol sequence). In
Fig. 5.1 we present results for both options. We observe that, even though sampling
from a low-discrepancy sequence gives a more uniform coverage of the parameter space,
we see only marginal improvements in the error convergence.

5.1.4. Adaptivity and symmetries

Summarizing Sec. 5.1.3, we approximate a(x⃗), and encode the relative importance of
different phase-space regions into w(x⃗). But can we incorporate this importance infor-
mation to improve the approximation procedure? There are multiple options:

(1). Instead of constructing an approximation for a(x⃗) directly, we can construct an

approximation f̃(x⃗) for f(x⃗) ≡ a(x⃗)w(x⃗), and then set ã(x⃗) = f̃(x⃗)/w(x⃗).

(2). For methods based on regression, we can choose the data points xi such that they
cluster more in regions where w(x⃗) is greater.

(3). For adaptive methods, we can approximate a(x⃗), but use the quantity aw in the
adaptivity condition, so that regions where aw (and not just a) is approximated
the worst are refined first.

(4). We can try to find a variable transformation from x⃗ to y⃗ that cancels w, and
interpolate in y⃗ instead of x⃗. In other words, choose τ with x⃗ = τ(y⃗) such that
w(x⃗) | dτ(x⃗)/dy⃗ | = 1, so that

∫
aw dx =

∫
a dy.

One popular approach to construct such transformations is to approximate τ
as its rank-1 decomposition: τ(y⃗) =

∏
i τi(yi). This is the basis of the Vegas

integration algorithm [234]. Higher-rank approximations are, of course, also pos-
sible. Another approach is based on normalizing flows [235]: it involves fitting a
Jacobian of a specially-constructed transformation to 1/w. This machine learn-
ing approach has been extensively used to develop improvements in importance
sampling [236–240].

These approaches can be applied on top of any interpolation method, and we
shall not discuss them further.33

Moreover, when the test functions are symmetric under discrete transformations, there
are multiple ways to take advantage of this:

(i). Make the interpolant obey the same symmetries by construction.

33In our very limited testing, we did not see major gains from using these.
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Figure 5.1.: Approximation error ε of f2, as defined in Eq. (5.2), evaluated via
Eqs. (5.7) – (5.9), as a function of the number of testing points m. The uniform
samples are taken both randomly (MC) and from a low-discrepancy sequence (Sobol).
The approximations are constructed using sparse grid interpolation from Sec. 5.4, with
different numbers of data points n. The error bands are created from 10 independent
testing sets for each m.

(ii). Duplicate symmetric data points, i.e. if f(x) = f(1 − x), then for each xi also
add 1 − xi to the data set (but still count this as a single evaluation of f).

(iii). Reduce the interpolation domain, i.e. if f(x) = f(1 − x), only construct the
approximation for x ∈ [0, 1/2], and use the symmetry to obtain the values in
x ∈ [1/2, 1].
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5.2. Polynomial interpolation

In the following four sections, we describe four different approximation methods, start-
ing with polynomial based interpolation [241, 242]. In the univariate case, f̃ is con-
structed as a polynomial of degree n − 1 that passes through exactly n interpolation
nodes xi. It can be written in the Lagrange form as

f̃(x) =
n∑

i=1

fi li(x), li(x) ≡
∏

j ̸=i

x− xj
xi − xj

, (5.10)

or slightly rewritten in the barycentric form [243] as

f̃(x) =

n∑

i=1

wi

x− xi
fi

n∑

i=1

wi

x− xi

, wi =
∏

j ̸=i

1

xi − xj
. (5.11)

The barycentric interpolation formula is general enough that any rational interpolation
can be expressed by it through an appropriate choice of the weights wi, ; the weights
given here, however, correspond to the purely polynomial interpolation of Eq. (5.10).34

This is our form of choice for evaluation due to its numerical stability and simplicity.

The error of a polynomial approximation is given by

f(x) − f̃(x) =
f (n)(ξ)

n!

n∏

i=1

(x− xi), (5.12)

where ξ is some function of x. To minimize this error a priori without the precise
knowledge of f (n), one can choose the nodes xi such that they would minimize

∏
i(x−xi)

over the domain of interest. Doing so is important because a naive choice of equidistant
nodes leads to the Runge phenomenon [245]: the higher the degree of the polynomial,
the worse the approximation error becomes close to the boundaries. E.g., for 10 nodes
on the interval of [−1; 1]:

-1.0 -0.5 0.0 0.5 1.0
-0.010
-0.005
0.000

∏
i(

x
−

x
i)

1Chebyshev nodes of the first kind

The product
∏

i(x−xi) is minimized in the sense of the infinity norm by the Chebyshev
nodes of the first kind, which are traditionally given for the domain [−1; 1] as

xi = cos

(
2i− 1

2n
π

)
, i = 1, . . . , n. (5.13)

34Rational interpolation methods, specifically of the non-linear kind, such as the AAA algorithm [244],
have established themselves as the most efficient one-dimensional interpolation methods, but general-
izations to many dimensions are not developed well enough for us to consider them.
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These nodes achieve a uniform
∏

i(x− xi) over the interval:

-1.0 -0.5 0.0 0.5 1.0-0.002

0.000

0.002
∏

i(
x

−
x

i)

1Chebyshev polynomials

Corresponding to these nodes are the Chebyshev polynomials of the first kind :

Tk(x) = cos(k arccos(x)). (5.14)

Specifically, Eq. (5.13) are the zeros of Tn(x). These polynomials are orthogonal with
respect to the weight 1/

√
1 − x2:

∫ 1

−1

Tn(x)Tm(x)√
1 − x2

dx =





π if n = m = 0,

π/2 if n = m ̸= 0,

0 if n ̸= m.

(5.15)

Note that the nodes in Eq. (5.13) are nothing more than equidistant points in ϕ =
arccos(x), and the corresponding polynomials are simply an even Fourier series in ϕ.
This is why a transformation from the function values {fi} to the coefficients of the
decomposition into Chebyshev polynomials {ci},

f̃(x) =
∑

i

ci Ti(x), (5.16)

is just a Fourier transform (specifically, a discrete cosine transform). Still, for interpo-
lation purposes, the barycentric form of Eq. (5.11) is preferable, since both Eq. (5.16)
and the monomial form suffer from rounding errors that prevent their usage for n ≳ 40.

Chebyshev nodes of the second kind

A related set of points that avoids the Runge phenomenon is Chebyshev nodes of the
second kind (a.k.a. Chebyshev–Lobatto nodes), traditionally given as

xi = cos

(
i− 1

n− 1
π

)
, i = 1, . . . , n. (5.17)

Unlike Eq. (5.13), these points are not located at the zeros of Tn(x), but rather at the
extrema and end points, with the advantage of them being nested: the set of n of these
is exactly contained in the set of 2n − 1. This comes at the price of

∏
i(x − xi) not

being uniform over the interval:

-1.0 -0.5 0.0 0.5 1.0-0.004

0.000

0.004

∏
i(

x
−

x
i)

1
The property of being nested is important for adaptive interpolation constructions
because larger grids can reuse the results of the smaller ones that they contain.

Unfortunately, the inclusion of the end points can make this construction impractical
for scattering amplitudes. For example, f2 can not be evaluated at exactly x2 = 0 due
to a loss of numerical precision, and evaluation at x1 = 1 is possible but undesirable
because evaluation time typically grows when approaching this boundary.
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Gauss nodes

Closely related to Chebyshev nodes, and often considered superior, are Gauss nodes
and Gauss–Lobatto nodes. These are defined respectively as the location of zeros and
extrema of the Legendre polynomials. They have the advantage that a quadrature built
on them (Gauss quadrature) is exact for polynomials up to degree 2n−1, while the same
for Chebyshev nodes (Clenshaw–Curtis quadrature) is only exact for polynomials up to
degree n− 1. In practice, however, the approximation error of both is very close [246,
247], and since Gauss nodes are much harder to compute compared to Eq. (5.13), we
do not consider them further.

5.2.1. Approximation error scaling

It is known that polynomial interpolation at Chebyshev nodes is logarithmically close
to the best polynomial interpolation of the same degree [241]. The approximation error
itself depends on how smooth the function f is [242,248,249]. If f has ν−1 continuous
derivatives and the variation of f (ν) is bounded, then

||f − f̃ ||2 ≤
4 ||f (ν)||1
πν(n− ν)ν

, for n > ν. (5.18)

If f is analytic, and can be analytically continued to an ellipse in the complex plane
with focal points at ±1 and the sum of semimajor and semiminor axes ρ (a Bernstein
ellipse), then

||f − f̃ ||2 ≤
4Mρ−n

ρ− 1
, where M = max |f(x)| in the ellipse. (5.19)

5.2.2. Multiple dimensions

The simplest generalization to multiple dimensions is to take the set of nodes {x⃗i} to
be the outer tensor product of the Chebyshev nodes of Eq. (5.13) for each dimension,

{x⃗i} = {xi1} ⊗ · · · ⊗ {xid}, (5.20)

with possibly different node count in each dimension, ni. This corresponds to interpo-
lation via nested application of Eq. (5.11), or via the decomposition

f̃(x⃗) =

n1∑

i1=1

· · ·
nd∑

id=1

ci1...id Ti1(x1) · · ·Tid(xd). (5.21)

A detailed study of the interpolation error of this construction is presented in Ref. [250].
Roughly speaking, it is similar to Eq. (5.18) and Eq. (5.19), except instead of n one
must use ni, which are of the order of d

√
n, leading to progressively slower convergence

as d increases. This is known as the curse of dimensionality [251].

5.2.3. Dimensionally adaptive grid

The tensor product construction is fairly rigid in that it allows for no local refinement;
only the per-dimension node counts ni can be tuned. Such tuning is sometimes referred
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Figure 5.2.: Two-dimensional slices of the five-dimensional coefficients c corresponding
to the decomposition of f1 into a tensor product of Chebyshev polynomials as given in
Eq. (5.21). On all plots the horizontal axis is i, the vertical is j.

to as dimensional adaptivity, and it can be beneficial. To examine that, let us inspect
the coefficients ci1...i5 corresponding to f1: their two-dimensional slices are presented
in Fig. 5.2. From these we can learn that the function has discrete symmetries in
the 3-rd, 4-th, and 5-th dimensions that make a subset of the basis coefficients zero,
forming a checkerboard pattern. We also learn that the coefficients decay much faster
in the 5th dimension compared to the rest. To make use of this insight, let us study
Fig. 5.3, where the scaling of c is depicted in each dimension. If we want to sample so
that coefficients in each direction are close to each other (to prevent oversampling), we
would need to maintain a ratio of, e.g.,

n1 : n2 : n3 : n4 : n5 ≈ 2 : 4 : 2 : 3 : 1. (5.22)

Better results would of course be obtained if instead of a fixed ratio, we would choose
the best ni ratio for each value of n; however, this can only be done a posteriori.

The results of this optimization, together with the non-dimensionally-adaptive version,
are presented in Fig. 5.4. In this figure we show the approximation errors depending
on the number of data points n, corresponding to different ways to use polynomial
interpolation in practice: different sampling schemes, symmetry handling options, and
ways to include weights. The “a” method corresponds to interpolating the amplitude a
directly, while f corresponds to option (1) from Sec. 5.1.4. The methods marked with
“half-domain” correspond to option (iii), while the rest correspond to option (ii).
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Figure 5.3.: The maximal value of the 5-dimensional coefficients c for f1 along each of
the dimensions, corresponding to the decomposition of Eq. (5.21).

5.2.4. Beyond the full grid

Another way to improve the interpolation is to observe that in Fig. 5.2, even if we
optimize the ni bounds in the cardinal directions, as we did in Sec. 5.2.3, we might
still be oversampling in the diagonal direction: the right upper parts of each slice show
significantly smaller coefficients. The reason is simple: diagonals are longer than the
edges [252].

A possible solution is to start with the tensor product basis of Eq. (5.21), but use a
different set of multi-indices i⃗ ≡ {i1, . . . , id}, such that the upper right corner of Fig. 5.2
is cut out. This will consequentially require choosing a different set of nodes, as we can
no longer use the tensor-product construction of Eq. (5.20).

There are many different polynomial bases investigated in the literature (e.g. hyperbolic
cross sets [253], lower sets in general [254,255], including adaptively selected ones [256],
sparse sets [257]), and many possible choices for the non-tensor-product nodes (e.g.
the specific sets like Morrow–Patterson–Xu points [258, 259], Padua points [260, 261],
Chebyshev lattices [262], Lissajous–Chebyshev nodes [263, 264], and general construc-
tions for selecting nodes like Fekete points and Leja sequences [265]). Since we cannot
hope to faithfully benchmark every possible combination of options out there, we settle
for one instance of this general theme as described in Ref. [266] using the implementa-
tion from Ref. [267].

The method consists of constructing the polynomial basis by performing an Lp trun-
cation of the multiindex set in Eq. (5.21), i.e., using all i⃗ where ∥⃗i∥p ≤ k, where ∥⃗i∥p
is the Lp vector norm, (

∑
i i

p
i )

1/p, and choosing the nodes to be the first n points of
the tensor-product set of Eq. (5.20) in the Leja order, i.e., chosen one by one greedily,
so that the next selected xi would maximize

∏
j<i(xi − xj). Results of this method

depending on the chosen p are shown in Fig. 5.5.
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Figure 5.4.: Approximation error
of f1, f2, f3, f4, and f5 using the
tensor product Chebyshev poly-
nomial interpolation of Eq. (5.21),
depending on the ratio of ni,
the function interpolated, and the
symmetry handling. The number
of evaluations n takes into account
the symmetries of each function.
The grey lines in the background
are best results of each method
discussed in subsequent sections.
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Figure 5.5.: Approximation error (see Eq. (5.2)) of f1 and f3 as a function of the
number of training points n, using the Leja-ordered non-tensor-product interpolation
based on the Lp index set truncation. The “a” and “half-domain” labels are the same
as in Fig. 5.4.

5.2.5. Effects of noisy data

As a separate important point, we wish to note that the evaluation of a(x⃗) at any given
x⃗ typically requires more time the higher the precision we demand on it. Thus, it is
of practical importance to set a precision target for the evaluations of a. Ideally, this
should be done such that it does not increase the approximation error. To study how
the approximation error is affected by using low-precision values of a, we can apply
multiplicative noise to it:

ai → aiκi, κ ∼ N (1, σ2). (5.23)

The result for different σ is shown in Fig. 5.6, where we have intentionally selected very
high noise levels to make the effects more visible.

5.2.6. Discussion

Polynomial interpolation is a well understood interpolation method. It achieves ex-
ponential convergence rates for analytic functions in one dimension, and is easy to
evaluate accurately via the barycentric formula. It should be considered a safe and
dependable default method.

Its performance in multiple dimensions, however, is held back by the tensor product
grid construction, that inherently comes with the curse of dimensionality. It is also
sensitive to singularities close to the interpolation space: the closer the singularity, the
worse the convergence becomes—this is particularly inconvenient for amplitudes, which
are very often not analytic at boundaries. Finally, the method is inflexible: the node
sets that do not suffer from the Runge phenomenon are quite rigid, and if an interpolant
was constructed with n data points, one can not easily add just a few more—the best
one can do is to use a nested node set, as in Sec. 5.2, and roughly double n. Similarly,
if an interpolant was constructed on a subset of the full phase space, there is no good
way to smoothly extend it to the rest of the phase space by adding new data.
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Figure 5.6.: Approximation error (see Eq. (5.2)) of f1 and f2 as a function of the number
of training points n, if the amplitudes used for evaluation are imprecise, and contain
random noise as in Eq. (5.23). The interpolation method corresponds to 1:1:1:1:1, a,
half-domain from Fig. 5.4.

From the gathered results we can provide insight into the following questions:

• Should the interpolant be constructed on a or f? Including the weight w (i.e.,
option (1) from Sec. 5.1.4) helps a lot for very peaky functions (f5), but seems
to slightly hinder others. A possible reason is that w is not analytic at the
boundaries, which is a sensitive environment for polynomial interpolation.

• Does taking a ratio to the leading order help? Since f1 is the leading-order version
of f2, and f3 of f4, it is natural to ask if interpolating f2/f1 (the so-called K-factor)
is better than directly f2 or a2. For f2 this appears to make no difference, while
for f4 there is a notable improvement at lower precisions.

• How should the symmetries be included? Domain reduction (i.e., option (iii) from
Sec. 5.1.4) significantly helps f3 and f4, makes almost no difference for f1 and f2,
and slightly hinders f5, for which data duplication (i.e., option (ii)) is better.

• Does factoring out the known peaky behaviour from the interpolant help? Yes,
cancelling the 1/ sin2 θH factor from the f5 interpolant brings a modest but no-
table improvement. Subtracting the peak could have been even better though.

• Does dimensional adaptivity help? It only makes a notable improvement for f1.

• Does non-full-grid sampling help? Not the version of it that we investigated.

• How precise must the data points be? The noise magnitude σ acts as a lower
boundary for ε, so σ must be chosen at least as σ ≤ εtarget. Values of σ ≲ 1/3 εtarget
seem to allow reaching the desired ε while being virtually unaffected by noise.
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5.3. B-spline interpolation

Next, we move on to consider a close relative of global polynomials, the B-splines
[268, 269]. A spline of degree p is a p − 1 times continuously differentiable piecewise
polynomial. Splines provide an alternative way of preventing the Runge phenomenon
by limiting the degree of the polynomial, see Eq. (5.12). We use in particular B-splines
(basis splines), since they are the standard basis choice for spline interpolation.

B-splines have been applied in engineering applications in the context of the finite ele-
ment method [270] and in graphics as non-uniform rational B-splines (NURBS) [271].
B-splines have also been successfully used for interpolating amplitudes in lower-dimensional
cases [272, 273], which makes this a particularly interesting method for us to compare
with. Spline interpolation has also been applied in the context of PDF fits [274].

In this section we define the B-spline basis functions and show how to define multidi-
mensional B-spline interpolants on tensor product grids. We then present the resulting
approximation errors from using uniform B-splines and finish with a discussion of the
obtained performance.

5.3.1. B-spline basis functions

A B-spline basis function of degree p and index i is defined recursively through the
Cox-de Boor formula [275,276]:

Ni,0(x) =

{
1 if ti ≤ x ≤ ti+1,

0 otherwise,

Ni,p(x) =
x− ti
ti+p − ti

Ni,p−1(x) +
ti+p+1 − x

ti+p+1 − ti+1

Ni+1,p−1(x),

(5.24)

where ti are the coordinates of knots—the locations at which the piecewise functions
meet.

Knots define a knot vector t⃗, which is a sequence of m + 1 non-decreasing numbers
(t0, . . . , tm). The number of knots is related to the degree through m = n + p + 1,
where n+1 is the number of basis functions [277]. In an interpolation context, the first
and last p + 1 knots should be placed outside or at the boundary of the interpolation
domain, such that the lower and upper boundaries correspond to tp and tm−p. Under
these conditions the local Marsden identity is fulfilled, which ensures that the B-spline
basis represents polynomials exactly on the domain (tp, tm−p) [278, 279]. This ensures
that the B-spline has approximation power across the entire phase space. The most
straightforward choice of knot vector is therefore the uniform construction, with p
auxiliary knots placed outside the interpolation domain. The basis functions resulting
from such uniform knot vectors for p = 1, 2, 3 are shown in Fig. 5.7.

Another common choice is the not-a-knot construction, where knots coincide with data
points, except at p − 1 points, which are omitted. Since in the even degree case this
results in an odd number of not-a-knots, this knot vector is better defined for odd
degree B-splines. Note that the linear case simplifies to the uniform construction since
there are 0 not-a-knots in this case.

From Eq. (5.24) it can be seen that the basis functions are non-negative, form a par-
tition of unity and have local support. Moreover, thanks to the recursive nature of
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Figure 5.7.: Linear, quadratic and cubic B-spline basis functions from Eq. (5.24) with
uniform knot vectors, for different i.

Eq. (5.24), there are efficient algorithms that make B-splines fast to evaluate compared
to other spline functions [277]. This is especially true for B-splines with uniform knot
vectors, since the denominators in Eq. (5.24) are constant. In the not-a-knot case the
knot distances are not all equal, but can be precomputed in advance.

5.3.2. B-spline interpolants

A one-dimensional B-spline interpolant is a linear combination of n+ 1 basis functions

b(x) =
n∑

i=0

Ni,p(x) · ci, (5.25)

where the ci are interpolation coefficients sometimes referred to as control points. The
most straightforward extension to the d-dimensional case is through a tensor product
construction

B(x⃗) =
d∏

j=1

bj(x⃗j). (5.26)

To fully constrain a B-spline with n + 1 basis functions in each direction, (n + 1)d

interpolation nodes are required. The interpolation nodes can partially be selected
freely but need to satisfy the Schoenberg–Whitney conditions, which are degree depen-
dent and state that for each knot ti there must be at least one data point x such that
ti < x < ti+p+1. Moreover, the properties of the basis functions imply that a B-spline
interpolant is numerically stable [280].

5.3.3. Discussion

In Fig. 5.8 the performance of B-spline interpolation is compared to the other methods
described in this chapter. For all test functions a significant performance gain over
linear splines is obtained by using basis functions of at least quadratic degree. For
f1 and f2 cubic splines perform slightly better than quadratic ones; for f3, f4, and f5
quadratic splines are the best.

The effect of interpolating either the amplitude (“a”) or the test function (“f”) is shown
for f1, f3 and f5. For f1 and f3 it is better to directly interpolate the amplitude. For
f5 including the weight helps in the low training-data regime, but becomes worse for
high amount of training data.
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B-splines suffer from the same flexibility issues as polynomials, as discussed in Sec. 5.2.6,
because the extension of the B-splines to the multivariate case is based on the same ten-
sor product construction. It is difficult to predict exactly how many points are required
for a certain precision target, so the required number of evaluations likely overshoots
the minimal number of evaluations. Therefore, the results in Fig. 5.8 are optimistic
from a practical point of view. We describe in Sec. 5.4 how B-splines can be combined
with an adaptive approach in the context of sparse grids, which removes this problem.

Additionally, B-splines require function evaluations at the boundaries, which is also
pointed out in Sec. 5.2.6 to be a drawback for amplitude interpolation. For example, it
is observed in Ref. [16] that the evaluation time diverges close to certain boundaries. For
such cases, the boundary of the interpolation space can be shifted to a point where the
evaluation time is reasonable, meaning that the approximation would not cover some
parts of the phase space. Alternatively, methods that incorporate extrapolation, such
as the modified bases on adaptive sparse grids from Sec. 5.4, can be used to alleviate
this problem.

Where B-splines shine is in their evaluation speed: a B-spline interpolant can be evalu-
ated in small constant time, whereas a polynomial interpolant needs time proportional
to the number of data points. For this reason, B-splines can speed up the evaluation
of more precise approximation methods by first constructing the approximation using
those methods, and then approximating that approximation using B-splines. This is
possible because the data points for the second approximation will be obtained by eval-
uating the first approximation, which should be much faster than evaluating the target
function.

5.4. Sparse grids

The methods described in the previous sections are based on the tensor product con-
struction of Eq. (5.20), which results in a full grid. A sparse grid construction aims to
omit points from the full grid that do not significantly contribute to the interpolant,
and in this way alleviate the curse of dimensionality. Such constructions were first
described by Smolyak [281], then rediscovered by Zenger [282] and Griebel [283], and
have since found use in a wide variety of applications [284–290].

In this section we first introduce sparse grids built on a hierarchical linear basis. Next,
we describe how to incorporate spatial adaptivity and upgrade the basis to higher
degree polynomials. Finally, we study the impact these constructions have on the
approximation quality.

5.4.1. Classical sparse grids

Sparse grids can be constructed in two main ways, either with the combination technique
using a linear combination of full grids [255], or through a hierarchical decomposition
of the approximation space [286]. In this section we use the latter approach, since it
makes it straightforward to incorporate spatial adaptivity.
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Figure 5.8.: Approximation error
(see Eq. (5.2)) with respect to the
amount of training data n, us-
ing linear, quadratic and cubic B-
splines. Uniform knot vectors are
used for f1–f4 and not-a-knot knot
vectors for f5. For f1, f3, and f5
the difference between interpolat-
ing on the amplitude (a) or di-
rectly on the test function (f) is
shown. The grey lines in the back-
ground are results of methods dis-
cussed in other sections.
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First, let us restrict to functions that vanish at the boundaries. In this case, a one-
dimensional basis can be constructed with rescaled “hat” functions that are centred
around the grid points xl,i = i · 2−l, i ∈ {0, 1, ..., 2l}:

ϕl,i(x) ≡ ϕ

(
x− i · 2−l

2−l

)
, ϕ(x) ≡ max(1 − |x|, 0), (5.27)

where l is the grid level. Since these basis functions have local support, it is possible
to define hierarchical subspaces Wl through the hierarchical index sets Il by

Wl ≡ span{ϕl,i : i ∈ Il}, Il ≡ {i ∈ N : 1 ≤ i ≤ 2l − 1, i is odd}. (5.28)

The function space of one-dimensional interpolants is then defined as the direct sum of
all subspaces up to a maximum grid level k

Vk ≡
⊕

l≤k

Wl. (5.29)

The extension to the multivariate case is via a tensor product construction

Φl⃗,⃗i(x⃗) ≡
d∏

j=1

ϕlj ,ij(xj), (5.30)

with multi-indices i⃗ = (i1, ..., id), l⃗ = (l1, ..., ld) and d-dimensional grid points
x⃗⃗i,⃗l = (xl1,i1 , ..., xld,id). Similarly to the one-dimensional case, the hierarchical sub-
spaces are defined to be

Wl⃗ ≡ span{Φl⃗,⃗i : i⃗ ∈ Il⃗}, Il⃗ ≡ {⃗i : 1 ≤ it ≤ 2lt − 1, it is odd, 1 ≤ t ≤ d}. (5.31)

A multidimensional full-grid function space V F
k can now be naively constructed with

the direct sum
V F
k ≡

⊕

|⃗l|∞≤k

Wl⃗ , (5.32)

where |⃗l|∞ = max(l1, . . . , ld). The mechanism of the sparse grid is to instead limit the
selection of subspaces according to

V S
k ≡

⊕

|⃗l|1≤k+d−1

Wl⃗, (5.33)

where |⃗l|1 = l1+ · · ·+ ld. This avoids including basis functions that are highly refined in
all directions simultaneously, which is what causes the number of grid points to explode
in high dimensional cases.

Fig. 5.9 shows nodes of the resulting two-dimensional sparse grids for k = 2, 3, 4. Ta-
ble 5.1 shows the difference in the number of grid points between sparse and full con-
structions, for dimensions 2 and 5. Of course, omitting grid points can never increase
the approximation quality, but the aim is to achieve a close approximation quality, while
omitting most points. For sufficiently smooth functions, it is known that the asymp-
totic accuracy of a full grid interpolant scales with the mesh-width hk = 2−k as O(h2k),
while for a sparse grid it decreases only by a logarithmic factor to O(h2k(logh−1

k )d−1)
(see Ref. [286]).
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1Figure 5.9.: Sparse grid structure in two dimensions for k = 2, 3, 4.

Grid type d\k 2 4 6 8 10

Full
d = 2 25 289 4225 6.6 · 104 1.1 · 106

d = 5 3125 1.4 · 106 1.2 · 109 1.1 · 1012 1.1 · 1015

Sparse
d = 2 5 49 321 4097 9.2 · 103

d = 5 11 315 5503 6.1 · 104 5.5 · 105

Table 5.1.: Number of grid points from the full and sparse constructions, for dimensions
2 and 5.

5.4.2. Boundary treatment

Since the basis functions of Eq. (5.27) do not have support at the grid boundaries, we
can, so far, only handle target functions that vanish at the boundary. There are two
main ways to incorporate boundary support into sparse grids. One possibility is to add
boundary points to the grid [286], but for even moderately high dimension this causes
the number of points to increase significantly, and defeats the main purpose of the
sparse construction. The other option is to use so-called modified basis functions [286]
that linearly extrapolate from the outermost grid points:

φl,i(x) ≡





1 if l = 1 ∧ i = 1,{
2 − 2l · x if [0, 1

2l−1 ],

0 otherwise.
if l > 1 ∧ i = 1,

{
2l · x+ 1 − i if x ∈ [1 − 1

2l−1 , 1],

0 otherwise.
if l > 1 ∧ i = 2l − 1,

ϕl,i(x) otherwise.

(5.34)

Fig. 5.10 shows the modified linear basis for k = 1, 2, 3. It is apparent that sparse grids
are best suited for functions whose boundary behaviour is less important than that in
the bulk to the overall structure. The interpolant is constructed as a linear combination
of basis functions in V S

k according to

u(x⃗) =
∑

|⃗l|1≤k+d−1

∑

i⃗∈I⃗
l

αl⃗,⃗i · Φl⃗,⃗i(x⃗), (5.35)
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Figure 5.10.: Modified linear hat-basis for sparse grid levels l = 1, 2, 3 and different i.

where the interpolation coefficients αl⃗,⃗i are referred to as hierarchical surpluses since at
each level they correct the interpolant from the previous level to the target function.
They are thus also a measure of the absolute error at each level in each direction,
which makes the interpolant u(x⃗) well suited for local adaptivity. The basis functions
Φl⃗,⃗i(x⃗) are constructed from either Eq. (5.27) or Eq. (5.34) depending on if the target
function vanishes at the boundary or not. The process of determining the coefficients
αl⃗,⃗i is known as hierarchization. This can in principle be done in the same way as for
any interpolation method; construct and solve a linear system of equations where the
interpolant is demanded to reproduce the target function at each interpolation node. A
more efficient way, however, is available for bases satisfying the fundamental property:

φl,i (2−li) = 1 and φl,i (2−l(i− 1)) = φl,i (2−l(i+ 1)) = 0. (5.36)

In this case the coefficients can be calculated on the fly: the grid is initialized by
normalizing the first coefficient to the central value α1⃗,⃗1 = f(0.5, . . . , 0.5); points x⃗l⃗,⃗i
are then added, one at a time, and the coefficients are defined as the corrections

αl⃗,⃗i = f(x⃗l⃗,⃗i) − f̃(x⃗l⃗,⃗i), (5.37)

where f̃(x⃗l⃗,⃗i) is the current approximation with the already added points and f(x⃗l⃗,⃗i) is
the true function value.

5.4.3. Spatially adaptive sparse grids

While the classical sparse grid construction uses significantly fewer points than a full
grid, it is completely blind to how the target function varies across the parameter space.
In many high dimensional problems, it is typical that some regions are more important
than others. This information is exploited by spatially adaptive sparse grids, where the
grid points that contribute most to the interpolant are refined first (see Refs. [286,291]).
Refining a grid point means adding all its neighbouring points at one level lower to the
grid.

Determining which points are more important relies on some heuristic criterion. A
common strategy is to use the surplus criterion, where the point with the largest
hierarchical surplus is refined first. This is the greedy strategy. Its disadvantage is
that it might get stuck refining small regions of the parameter space. To avoid this, in
Ref. [286] it is proposed to weigh the surplus criterion by the volume of the support of

the corresponding basis function, 2−|⃗l|1 , resulting in the balanced strategy.
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finement for the two-dimensional test function f5.

Fig. 5.11 shows the difference between greedy and balanced refinement on a two-
dimensional grid, for the test function f5. We find that greedy refinement might per-
form slightly better for our error metric if the structure of the target function is simple
enough, while balanced refinement is significantly more reliable for more complicated
target functions.

5.4.4. Higher degree basis functions

The one-dimensional basis of rescaled hat functions in Eq. (5.27) is straightforward
to implement and avoids the Runge phenomenon due to its piecewise nature. The
drawback is that the linear approximations come with low interpolation performance,
as we have previously observed in Sec. 5.3.

There are many ways to make the extension to higher polynomial degrees. Here we
differentiate between two types of basis functions: those that fulfil the fundamental
property Eq. (5.36) and those that do not.

Fundamental basis functions allow for fast hierarchization and make it easy to construct
efficient evaluation algorithms. In addition to the linear basis from Sec. 5.4.1 we test
the more general polynomial piecewise functions (C0-elements) [286, 292], as well as
fundamental B-splines [289]. For these benchmarks we make use of the sparse grid
toolbox SG++ [286], where both of these basis functions are already implemented.
Beyond fundamental basis functions we also investigate extended not-a-knot B-splines
as described in Refs. [290,293].

C0 elements

Higher degree polynomials can be defined on the hierarchical structure by using grid
points on upper levels as the polynomial nodes [286, 292]. This implies the maximum
degree p is bounded by the maximum grid level. For sparse grids without boundaries
the relation is p ≤ l− 1. This can be seen already for the linear case in Fig. 5.10, since
on levels 1 and 2 the basis functions are constant and linear respectively. The drawback
of this extension is that despite the higher degree, the smoothness is not increased and
the interpolant will only be continuous. For this reason these basis functions are usually
referred to as C0 elements.
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p ei,j=0, i = 1, . . . , p+ 1 ei,j=2l , i = 2l − 1 − p, . . . , 2l − 1

1 [2,−1] [−1, 2]

3 [5,−10, 10,−4] [−4, 10,−10, 5]

5

{
[8,−28, 42,−35, 20,−6] if l = 3,

[8,−28, 56,−70, 56,−21] if l > 3.

{
[−6, 20,−35, 42,−28, 8] if l = 3,

[−21, 56,−70, 56,−28, 8] if l > 3.

Table 5.2.: B-spline extension coefficients for the upper and lower boundaries, taken
from Ref. [293].
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Figure 5.12.: Extended not-a-knot cubic B-spline basis functions at sparse grid levels
l = 1, 2, 3 and different i. At level 1 there are not enough points to define the B-spline
and a linear Lagrange polynomial is used instead.

Fundamental B-splines

The fundamental B-spline basis is constructed with the aim of fulfilling the fundamen-
tal property of Eq. (5.36), while preserving useful properties of B-splines, for example
smoothness. The construction is introduced in Ref. [289], and it works by applying
a translation-invariant fundamental transformation to the hierarchical B-spline basis.
Besides fulfilling the fundamental property, this transformation preserves the trans-
lational invariance of B-splines which improves performance during evaluation. The
modified basis that extrapolates toward the boundaries is defined similarly to the lin-
ear case. We refer to Ref. [289] for more details on the derivation. For both this and
the C0 elements, the implementations in SG++ are used for the benchmarks.

Extended not-a-knot B-splines

In this section we summarize the main equations and statements on extended not-a-
knot B-splines presented in Refs. [290, 293]. The extension mechanism ensures that
polynomials are interpolated exactly, which in many cases increases the quality of
interpolation. The basis consists of extended not-a-knot B-splines on lower levels, and
Lagrange polynomials on upper levels where there are too few points for the B-spline
to be defined. A basis function of odd degree p, level l and index i is defined as

bp,ext.l,i (x) =

{
bpl,i +

∑
j∈Jl(i) ei,j b

p
l,j when l ≥ Λext.,

Ll,i(x) when l < Λext.,
(5.38)
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where Λext. = ⌈log2(p+ 2)⌉, and ei,j are extension coefficients that only depend on the
degree. For p = 1, 3, 5 these coefficients are listed in Table 5.2. The bpl,i are not-a-knot
B-splines (see Sec. 5.3) and Ll,i(x) are regular Lagrange polynomials defined with a
uniform knot vector t = (0, 2−l, . . . , 1) as

Ll,i(x) =
∏

1≤m≤2l−1,
m̸=i

x− tm
ti − tm

, i = 0, . . . , 2l. (5.39)

The index set Jl(i) defines the extension of the B-spline. It determines to which interior
basis functions the boundary basis functions are added. An interior basis function of
index i includes the boundary basis function if i is among the first or last p+ 1 interior
indices. Formally the index set is defined as Jl(i) = {j ∈ Jl | i ∈ Il(j)}, where
Jl = {0, 2l} and Il(0) = {1, . . . , p+ 1}, Il(2l) = {2l − 1− p, . . . , 2l − 1} (see Ref. [293]).
The basis functions described by Eq. (5.38) are shown in Fig. 5.12 for the cubic case.
The linear case simplifies to the linear hat-basis described in Sec. 5.4.1.

5.4.5. Discussion

First, we compare the performance of different refinement criteria in Fig. 5.13 for test
functions f1, f3, and f5, using the modified linear basis. In some cases the greedy
construction is slightly better, but for example the results for f3 demonstrate the dan-
ger of this refinement strategy. The balanced construction results in a much smaller
approximation error, which hints at the greedy algorithm getting stuck refining local
structures. In practice, it is difficult to predict when refining greedily is better, and in
such cases the advantage seems to not be very significant. Moreover, greedy refinement
is sensitive to noise in the training data due to random enhancement of hierarchical
surpluses. Finally, balanced refinement is more robust against noise since it suppresses
the effect of local deviations by construction. For these reasons, balanced refinement is
the more reliable approach for our studies. We also try to weigh the refinement crite-
rion by the phase-space weight w from Eq. (5.8). For f1 and f3 this results in a more
uniform target function, and the resulting sparse grid becomes similar to the balanced
construction without weighting. We therefore see only minor differences in the results
from balanced and weighted refinement.

In Fig. 5.14 we compare the approximation error from spatially adaptive sparse grids
constructed with balanced refinement against the other methods described in this chap-
ter. With other basis choices we see significant improvements for all test functions. In
particular when increasing the degree with the piecewise polynomial and fundamental
B-spline bases. With the extended not-a-knot B-splines we see an even better improve-
ment for f5, but for f1–f4 the performance is at best similar to the linear case. In
particular for f3 and f4 the cubic and quintic cases converge very poorly. This result
is unexpected since these bases have been applied to high-dimensional test functions
with good results in Ref. [293]. As a cross-check, we have reproduced those benchmarks
with our implementation and our results with SG++.

For the loop amplitudes f2 and f4 we also try to flatten the target function by interpo-
lating their ratios to the corresponding leading-order amplitudes (f1 and f3). Fig. 5.15
shows the results for the linear, polynomial and fundamental spline bases. We see a
significant improvement in the low-data regime, but the scaling is worse compared to
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interpolating the amplitude directly. Additionally, the higher degree basis functions
appear to be more robust against the worse scaling.

The improvement of the spatially adaptive sparse grids over the non-adaptive full grid
methods at low amounts of training data is modest. However, we observe a better
scaling overall for each test function, yielding a significant performance boost at high
data regimes. Aside from interpolation performance, a major advantage of spatially
adaptive sparse grids is flexibility. Since it is difficult to predict how much training data
is required to reach a certain precision target for an unknown function, it is likely that
training data needs to be added iteratively. As is discussed in Sec. 5.2 and Sec. 5.3,
non-adaptive methods are very limited in this regard. A spatially adaptive sparse grid
on the other hand is able to add one point at a time, making it possible to validate
during construction and in principle stop at exactly the required number of points.
If a non-adaptive method is used to reconstruct an unknown function, we are likely
to overshoot the required number of points, making the effective number of function
evaluations higher than what is represented by these results. The results for the non-
adaptive methods at a given training size are therefore the best case scenario, while
the sparse grid results are close to what one obtains in practice.
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Figure 5.13.: Effect of refinement
criterion and choice of target func-
tion on the approximation error (see
Eq. (5.2)) as a function of the number
of training points n, for f1, f3, and
f5. The difference between interpolat-
ing on the amplitude (a) as well as on
the test function (f) is shown. In ad-
dition, we try interpolating on the am-
plitude while suppressing the refine-
ment condition with the phase-space
weight. For the comparison in this fig-
ure the linear basis is used.
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Figure 5.14.: Approximation error
(see Eq. (5.2)) as s function of the
number of training points n, us-
ing spatially adaptive sparse grids
with different basis functions. Bal-
anced refinement is used in all
cases. For f1–f4 interpolation is
done on the amplitude, while for
f5 it is done directly on the test
function. The grey lines in the
background are results of methods
discussed in other sections.
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Figure 5.15.: Approximation error (see Eq. (5.2)) as a function of the number of training
points n, using sparse grids with balanced refinement targeting amplitudes a and the
ratios a/aLO respectively. The polynomial and B-spline basis functions are all of cubic
degree in this figure. The grey lines in the background are results of methods discussed
in other sections.

5.5. Machine learning techniques

The final class of methods discussed in this chapter are regression techniques based on
machine learning approaches, which is a very promising tool for amplitude interpola-
tion [294–299]. These techniques leverage the power of neural networks, approximator
functions that are structured as a nested sequence of operations dependent on learnable
parameters. Neural networks can be optimized to approximate any function of a set of
inputs to arbitrary precision—given sufficient time and data. This is accomplished by
stochastically minimizing the loss function, which characterizes how close the neural
network results are to the desired ones. The optimization of neural network parameters
is performed by evaluating the loss function on data subsets or batches and performing
gradient descent to minimize the objective in an iterative way. In the present case, neu-
ral network trainings are framed as regression tasks, where the output of the network
is trained to match a target given an input.

The main advantage of this approach for the interpolation problem is its versatility.
Neural networks by default introduce a minimal bias in the interpolants they represent,
so they can easily adapt to a wide variety of target distributions. Additionally, networks
are not limited to a single training or dataset for their optimization. This enables their
usage for adaptive interpolation, since after an initial training their weakest predictions
can be used as a guideline for optimization through subsequent retrainings.

However, the prediction quality of neural amplitude surrogates declines substantially
as particle multiplicity grows [296]. Their performance also decreases with the inclu-
sion of beyond leading-order contributions; exploiting the known structure of infrared
divergent QCD radiation can mitigate issues related to peaked integrands [297]. In this
case, we tackle the increased amplitude complexity by including prior knowledge about
physical symmetries into the learning task. We focus on the Lorentz symmetry and
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work with architectures that are aware of the Lorentz invariance of the amplitudes.
This feature is also present in all other interpolation methods discussed in this chap-
ter, but there are several ways to incorporate it into neural networks. We explore two
ways of enforcing Lorentz invariance. On the one hand, we train a multilayer percep-
tron (MLP) [300, 301] by feeding it only Lorentz invariant inputs. On the other hand,
we use the Lorentz-Equivariant Geometric Algebra Transformer (L-GATr) [298,299], a
neural network whose operations are constrained to be equivariant (or covariant) with
respect to Lorentz transformations.

To approximate the test functions, we train the networks on an as functions of the
phase-space points using the test function from Eq. (5.9) as a loss function. We gener-
ate two sets of training data points, one sampled uniformly over the phase space, using a
low-discrepancy Sobol sequence, and another using the leading-order-unweighted sam-
pling described in Eq. (5.9). Training on the second set corresponds to option (1) from
Sec. 5.1.4. We also generate unweighted samples for the testing data points. Addi-
tionally, we also build extra datasets from unweighted samples for validation, a routine
checkup that is performed regularly during training to prevent overfitting and select the
best performing model constructed during training. The validation set size is always
10% of that of the training dataset until it reaches a size of 4000 points; after that it
remains constant for larger training sets.

For f1 and f3 our networks output a directly, while for f2 and f4 they output a/aLO.
Due to a larger range in the amplitude distribution, for f5 we preprocess the amplitude
targets by using logarithmic standardization:

â5 =
log(a5) − log(a5)

σlog(a5)
, (5.40)

where log(yi) and σlog(yi) are the mean and standard deviation of the amplitude loga-
rithm distributions over the whole dataset. In this case, the preprocessed amplitude â5
is taken as the argument for the loss in Eq. (5.9) instead of a5.

As for the inputs, all networks are trained on functions of the four-momenta of the
sampled points, as it is observed that training directly on the original parametrization,
e.g. as in Eq. (5.4), yields subpar results (see Fig. 5.18). Plus, L-GATr can only be
trained on four-momenta inputs due to architecture constraints. We derive the four-
momenta for each point from the sampled phase-space parameters. In doing so, we
prepare the tt̄ inputs for f1–f4 so that the angle φt lies only in the range [0, π]. This
decision allows all neural networks to skip learning about the parity symmetry of these
functions during training and reduces the interpolation domain (see option (iii) from
Sec. 5.1.4)).

All networks are trained for 5 × 105 steps with a batch size of 256, the Adam op-
timizer [302], and a Cosine Annealing scheduler [303]. Higher amounts of training
iterations were observed to produce better performance (see Table 5.3). However, we
choose to refrain from increasing the training time due to prohibitive training times on
L-GATr. Due to instabilities during training, we refrain from applying early stopping
and we perform validation checks every 300 iterations.
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5.5.1. MLP

The MLP is built as a simple fully connected neural network with GELU activation
functions [304]. We investigate two versions of it: MLP(x), which takes x⃗ as its inputs
(the same as for the interpolation methods in the previous sections), and MLP(s),
which takes the Lorentz invariants built from pairs of momenta,

sij ≡ (pi + pj)
2, with i ̸= j, (5.41)

amounting to 10 inputs for f1–f4 and 6 inputs for f5, as opposed to MLP(x), which
takes 5 and 2 correspondingly.

Both MLP architectures consist of 5 hidden layers with 512 hidden channels each for
all test functions, amounting to 106 learnable parameters. The inputs are preprocessed
by taking their logarithms and performing standardization similar to the amplitude
preprocessing in Eq. (5.40). We fix the maximum learning rate at 2 × 10−4 for f1–f4,
and at 10−3 for f5. An average training on 106 points lasts around 40 minutes on an
Nvidia A40 GPU. A scan over training runs with 106 data points is performed to select
the hyperparameters, which comprise both the network structure and the learning pa-
rameters. This scan is executed by selecting an initial set of hyperparameter values and
then increasing and decreasing each one by factors of 2 and 10 iteratively until the best
performance is reached. We have observed that moderate changes in the network shape
on a fixed parameter budget have a very small effect on network performance for all
test functions. A summary of all the tests performed for hyperparameter optimization
is shown in Table 5.3.

5.5.2. L-GATr

Equivariant neural networks constitute a very attractive option for any problem where
symmetries are well defined [298, 299, 305–307]. These networks respect the spacetime
symmetry properties of the data in every operation they perform. They do so by
imposing the equivariance condition, defined as

f (Λ(x)) = Λ (f(x)) , (5.42)

where x is a network input, f is a network operation and Λ is a Lorentz transformation.
By restricting the action of the network to equivariant maps, it does not need to learn
the symmetry properties of the data during training and its range of operations gets
reduced to only those allowed by the symmetry. This makes equivariant networks very
efficient to train and capable of reaching high performance with low amounts of training
data.

L-GATr is a neural network architecture that achieves equivariance by working in the
spacetime geometric algebra representation [308]. A geometric algebra is generally
defined as an extension of a vector space with an extra composition law: the geometric
product. Given two vectors x and y, their geometric product can be expressed as the
sum of a symmetric and an antisymmetric term

xy =
{x, y}

2
+

[x, y]

2
, (5.43)
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Network layers Hidden channels Training iterations Learning rate ε

3 512 5 × 105 10−3 4.93 × 10−5

3 512 5 × 105 2 × 10−4 4.81 × 10−5

3 512 5 × 105 10−5 2.66 × 10−4

3 512 5 × 106 10−3 2.44 × 10−5

3 512 5 × 106 2 × 10−4 1.50 × 10−5

3 512 5 × 106 10−5 4.16 × 10−5

5 512 5 × 105 10−3 5.90 × 10−5

5 512 5× 105 2× 10−4 4.37× 10−5

5 512 5 × 105 10−5 2.60 × 10−4

5 512 5 × 106 10−3 4.07 × 10−5

5 512 5 × 106 2 × 10−4 1.51 × 10−5

5 512 5 × 106 10−5 2.47 × 10−5

10 1024 5 × 105 10−3 9.72 × 10−5

10 1024 5 × 105 2 × 10−4 5.86 × 10−5

10 1024 5 × 105 10−5 2.25 × 10−4

Table 5.3.: Summary of the MLP hyperparameter scan based on trainings with 106

data points for f1. The highlighted setup is the one that is used for the test function
studies.

where the first term can be identified as the usual vector inner product and the second
term represents a new operation called the outer product. The outer product allows
for the combination of vectors to build higher-order geometric objects. In this partic-
ular case, [x, y] is a bivector, which represents an element of the plane defined by the
directions of x and y.

The spacetime algebra G1,3 can be built by introducing the geometric product on the
Minkowski vector space R1,3. The geometric product in this space is fully specified by
demanding that the basis elements of the vector space γµ satisfy the following anti-
commutation relation:

{γµ, γν} = 2gµν . (5.44)

This inner product establishes that the vectors γµ in the context of the spacetime
algebra have the same properties as the gamma matrices from the Dirac algebra. Both
algebras are tightly connected, with the Dirac algebra representing a complexification
of the spacetime algebra.
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With this notion in mind, we can now cover all unique objects in the spacetime algebra
by taking antisymmetric products of the gamma matrices. A generic object of the
algebra is called a multivector, and it can be expressed as

x = xS 1 + xVµ γµ + xBµν σ
µν + xAµ γ

µγ5 + xP γ5 with




xS

xVµ

xBµν

xAµ

xP




∈ R16 . (5.45)

In this expression, the components of the multivector are divided in grades, defined
by the number of gamma matrix indices that are needed to express them. Namely,
xS1 constitutes the scalar grade, xVµ γ

µ the vector grade, xBµνσ
µν the geometric bilinear

grade, xAµγ
µγ5 the axial vector grade, and xPγ5 the pseudoscalar grade.

Apart from its extended representation power, the spacetime algebra offers a clear
way to define equivariant transformations with respect to the Lorentz group on a wide
range of geometric objects in Minkowski space. The main consideration is that Lorentz
transformations on algebra elements act separately on each grade [298, 309]. As a
consequence, any equivariant map must transform all components of a single grade in
the same manner and allow for different grades to transform independently.

This guideline allows for an easy adaptation of standard neural network layers to equiv-
ariant operations in the algebra. In the case of L-GATr, this adaptation is performed
on a transformer backbone. Transformer [310] is a neural network architecture that
is well suited to deal with datasets organised as sets of particles, since its attention
mechanism can be leveraged to capture correlations between them in an accurate way.
L-GATr is built with equivariant versions of linear, attention, normalisation, and acti-
vation layers [310,311]. It also includes a new layer MLPBlock featuring the geometric
product to further increase the expressivity of the network. Its layer structure is

x̄ = LayerNorm(x)

AttentionBlock(x) = Linear ◦ Attention(Linear(x̄),Linear(x̄),Linear(x̄)) + x

MLPBlock(x) = Linear ◦ Activation ◦ Linear ◦ GP(Linear(x̄),Linear(x̄)) + x

Block(x) = MLPBlock ◦ AttentionBlock(x)

L-GATr(x) = Linear ◦ Block ◦ Block ◦ · · · ◦ Block ◦ Linear(x) . (5.46)

All of these layers are redefined to operate on multi-vectors and restricted to act on
algebra grades independently to ensure equivariance. Further details for each of the
layers are provided in Refs. [298,299].

Through this procedure, we build knowledge about the Lorentz symmetry into the
architecture, but it can also be used to enforce awareness of the discrete symmetries
described in Sec. 5.1.4 besides the parity invariance present in f1–f4 (i.e., option (i)
from Sec. 5.1.4). Being a transformer, L-GATr handles individual particle inputs in-
dependently and can enforce any exchange symmetry on individual particles. This is
performed in practice by including common scalar labels to every set of particles that
leave the amplitude invariant under permutation.
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To operate with L-GATr, we need to embed inputs into the geometric algebra repre-
sentation and undo said embedding once we obtain the outputs. For the interpolation
problem, inputs always consist of particle 4-momenta p, which can be embedded into
multi-vectors as

xVµ = pµ and xS = xTµν = xAµ = xP = 0 . (5.47)

Each particle is embedded to a different multivector with 16 components, resulting
in the inputs being organized as sets of particles or tokens, 5 for f1–f4 and 4 for f5.
Each token also incorporates a distinct integer label as part of the inputs. The value
for these labels is selected according to the permutation invariance pattern of each
process we study. Specifically, we use the same token label for the particles in the
initial state for all processes except f2, and we also use a shared label for the t and
t̄ tokens for f1, f3 and f4. This ensures that L-GATr also respects any instance of
particle exchange symmetry. The token labels are not part of the multi-vectors, they
are fed to the network as separate scalar inputs. Multi-vectors and scalars traverse the
network through parallel tracks, mixing with each other only at the linear layers.

The output of the network is constructed through the use of a global token, which is
introduced as an extra empty particle entry. This extra token holds no meaning at the
input level, but at the output level its scalar component represents the estimator for
the target amplitude. As for the input preprocessing, in L-GATr we divide them by the
standard deviation over each of the particle momenta to prevent violating equivariance.

Our L-GATr build consists of a network with 8 attention blocks, 64 multivector chan-
nels, 32 scalar channels and 8 attention heads for all test functions, resulting in 7× 106

learnable parameters. We set the maximum learning rate to 2 × 10−4 for f1–f4, and
5 × 10−4 for f5. An average L-GATr training on 106 points lasts around 40 hours on
an Nvidia A40 GPU. As with the MLP, these values are chosen after a scan on train-
ings with 106 points to maximize performance on that data regime. We observe only
a small effect in performance from changing the network shape on a fixed parameter
budget across the different test functions. A summary of all the tests performed for
hyperparameter optimization is shown in Table 5.4. The tests on this architecture are
carried out using the same procedure as with the MLP, but they are more limited due
to substantially longer training times.

5.5.3. Discussion

We show the results for the MLP and L-GATr networks in Fig. 5.18, where we display
the results from training and testing on unweighted samples. MLP(x) performs consis-
tently worse than MLP(s). Both MLP(s) and L-GATr display very similar performance
for all test functions; MLP(s) is slightly better for f5, and f2 in the low-precision limit,
but slightly worse for f4 in the high-precision limit.

We also observe a slowdown in improvement for all networks as we increase the amount
of training data. This pattern has been empirically noted before [312–316]: the test
loss goes down with the number of training points as a power law, but can eventually
reach a lower bound, past which the performance cannot improve even with infinite
data. The causes for this may involve insufficient training iterations, noise in the data,
and overfitting. In our case, since our data is fully deterministic and we observe no
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Blocks Multivector channels Scalar channels Learning rate ε

4 32 16 10−3 7.70 × 10−5

4 32 16 2 × 10−4 1.07 × 10−4

4 32 16 10−5 3.31 × 10−4

4 64 32 10−3 8.79 × 10−5

4 64 32 2 × 10−4 6.44 × 10−5

4 64 32 10−5 1.72 × 10−4

8 64 32 10−3 6.99 × 10−5

8 64 32 2× 10−4 5.15× 10−5

8 64 32 10−5 6.57 × 10−5

Table 5.4.: Summary of the L-GATr hyperparameter scan based on trainings with 106

data points for f1. All network builds are trained for 5×105 iterations. The highlighted
setup is the one that is used for the test function studies.

overfitting in the large dataset regime, we theorize that the main bottleneck is training
time. Indeed, the left panel of Fig. 5.1635 and Table 5.3 show that longer trainings on
the MLP substantially improves the performance in the large data limit. Despite these
observations, a dedicated study to better understand this limitation in the context of
amplitude interpolation may still be needed.

Comparing with other methods, machine learning algorithms surpass other interpo-
lation methods in the low-to-medium precision regime for f1–f4, and they are only
overtaken in the high precision limit, after machine learning results stop improving.
The advantage over other approaches is the greatest for f2 and f4, which represent the
more complicated higher order corrections to amplitudes. This signals potential util-
ity of machine learning approaches for the interpolation of more complex multi-loop
amplitudes.

The only front where neural networks underperform is in the case of f5. We note that
this is the only 2-dimensional function tested, and that seeing less benefits from neural
networks in lower dimensions should not be surprising.

Another important result that we obtain from this study is that neural network training
appears to be insensitive to the distribution of points it is trained on. As can be seen
from the right panel of Fig. 5.16, we can train the MLP on either uniform or unweighted
samples and get similar performance for all training set sizes. This means that we can
e.g. train our algorithms on naively sampled datasets, while targeting evaluation on
physically motivated distributions without a significant performance degradation.

35In this plot the degraded performance at the 103–104 data point range is due to overfitting, which
is more severe in this long training regime due to the slower learning rate reduction set up by the
scheduler.
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From Fig. 5.17 we observe that dividing by the leading-order amplitudes aLO brings a
small but stable improvement for f2 and f4, unlike for polynomials and sparse grids,
where the advantage disappears with more data.

Finally, we note that it should be possible to adaptively add to the training dataset
focusing on regions that are poorly estimated in the initial stages of the training. This
might work especially well combined with methods that provide uncertainty estimates
on predictions, such as Bayesian neural networks [296, 317–320] or repulsive ensem-
bles [321,322].
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Figure 5.16.: Comparison of the effect of training duration (left) and sampling method
choice (right) on the f1 MLP performance. Error bands are obtained as the standard
deviation of the test function estimations from 3 independent runs.
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Figure 5.17.: Comparison of f2 (left) and f4 (right) MLP trainings on the a/aLO ratio
versus the loop amplitudes a. Error bands are obtained as the standard deviation of
the test function estimations from 3 independent runs.
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Figure 5.18.: Approximation er-
ror (see Eq. (5.2)) of all test func-
tions with respect to the amount
of training data n, using the MLP
and L-GATr. The MLP is trained
on both x⃗ and 4-momenta inputs,
while L-GATr is only trained on 4-
momenta due to equivariance con-
straints. The grey lines in the
background are results of meth-
ods discussed in the previous sec-
tions. Error bands are obtained as
the standard deviation of the test
function estimations from 3 inde-
pendent runs.
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5.6. Conclusions
In this chapter we have presented a detailed investigation of several frameworks to
interpolate multidimensional functions, focusing on scattering amplitudes depending
on a number of phase-space variables. We have used amplitudes related to tt̄H pro-
duction (5-dimensional phase space, test functions f1–f4) and Higgs+jet production
(2-dimensional phase space, test function f5) at the LHC as test functions, and ap-
plied various ways of polynomial interpolation, B-spline interpolation, spatially adap-
tive sparse grids, and regression based on machine learning techniques, using a standard
multi-layer perceptron and the Lorentz-Equivariant Geometric Algebra Transformer.
Considering that the evaluation of loop amplitudes is costly, the main performance
measure is how the approximation error of the different interpolation methods scales
with the number of data points.

To measure the approximation error we notice that loop amplitudes typically have peaks
or show a steep rise towards the phase-space boundaries. However, the contribution
of such regions to physical observables might be small because it is suppressed by
the phase-space density or by parton distributions. With this in mind, we have used
physically motivated error metrics that weigh the approximation errors in certain phase-
space regions proportionally to their contribution to the total cross section.

For the 5-dimensional test functions, we find that machine learning techniques signifi-
cantly outperform the classical interpolation methods at 10−2 to 10−4 approximation
error, in some cases by several orders of magnitude. For the 2-dimensional case, we see
that most methods perform well enough, but if very high precision is required, sparse
grids are the best choice. In fact, for all test functions we see that the performance
of machine learning approaches starts to stagnate after a certain precision threshold,
while classical interpolation approaches scale smoothly. Since this threshold is fairly
high, this still leaves machine learning techniques as the best practical choice in high
dimensions, but does call for further investigation.

For test functions representing a higher order correction to amplitudes, we see an
improvement from training on the ratio a/aLO instead of the raw loop amplitude a.
For some methods the improvement is only significant in the low-data regime, while
the neural network approaches benefit from it at all training sizes.

Another important measure for the usefulness of a particular method is its extendibility.
Since it is difficult to predict how much data is needed to reach the desired error target,
it is likely that more training data needs to be added between validations. Both the
adaptive methods and neural networks provide this option. Spatially adaptive sparse
grids are particularly flexible: they allow for the addition of single points at a time and
for an assessment of which regions are approximated the worst, and thus need more
points. Neural networks are fairly insensitive to the data-point distribution, which
allows for more data to be easily added, at the cost of a repeated training.

In summary, the investigations show that the construction of multidimensional am-
plitude interpolation frameworks with a sufficient precision for current and upcoming
collider experiments is feasible, with machine learning being the most promising tool
for it. Therefore, numerical calculations for multi-scale loop amplitudes continue to
have a promising future. Finally, implementations of the described methods, as well as
the test functions used for the benchmarks, can be found at github.com/OlssonA/
interpolating amplitudes.

https://github.com/OlssonA/interpolating_amplitudes
https://github.com/OlssonA/interpolating_amplitudes


CHAPTER 6

Final Conclusion and Outlook

In this thesis we have presented techniques for the computation of multi-loop ampli-
tudes and Feynman integrals, with a focus on processes that involve many kinematic
scales. The developed methods mainly concern strategies for numerical evaluation, that
are important for dealing with increasingly complicated integrals appearing at higher
perturbative orders in processes with multiple mass scales, or with many particles in
the final state. The main results are presented at the end of Chapter 3, where the
pySecDec and ftint programs are described, in Chapter 4, on the topic of positive
integrands for singularity resolution of Feynman integrals, and in Chapter 5, which
concerns the construction of interpolation grids for multidimensional amplitudes.

The latest developments of pySecDec, and the new program ftint, is presented in
Chapter 3. The new versions of pySecDec focus on amplitude computations through
adaptive evaluations of weighted sums. This feature is also useful for computing in-
dividual resolved integrals from Chapter 4, as they are always expressed as a sum of
two or more integrals. In ftint, the usage of pySecDec enables the numerical eval-
uation of massive flow-time integrals up to the three-loop level. As other aspects of
multi-loop computations in flowed QFT, such as diagram generation and IBP reduc-
tion, are already available in a mature state of automation, ftint provides the missing
piece for further phenomenological applications of the perturbative approach to the
gradient-flow formalism.

In Chapter 4, a new procedure for decomposing Feynman integrals into a sum of in-
tegrals over positive integrands multiplied by complex prefactors is described. This
removes the need for contour deformation for integration in the physical region. For
integrals with many internal lines, which are present in amplitudes with many external
particles and at higher loops, this has accelerated the integration time by up to four
orders of magnitude. For integrals with few internal lines the improvements are more
modest, but still significant for extreme kinematic configurations, for example when
internal masses are very small or in the high-energy region. Additionally, in particu-
lar for massive integrals, the highest attainable precision is shown to be improved for
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the resolved integrals. The resolution procedure is shown to work for both massless
and massive integrals up to three loops. The massive examples include integrals with
complicated underlying geometries, with the equal-mass banana integral being related
to a Calabi-Yau 2-fold. It is shown how such properties pose no inherent limitations
on the resolution procedure, which is promising for phenomenological applications in
the future. A limitation in the massive case, is that geometric visualisation has been
used to understand how to dissect the integration region, implying a limitation on
the number of propagators. Developing a more general strategy for the massive case,
and automating the procedure in a code that can be interfaced to programs such as
pySecDec, is on-going work.

In Chapter 5, a framework for the interpolation of virtual amplitudes is presented,
which is a crucial part of the multi-loop workflow. A variety of state-of-the-art approx-
imation methods have been investigated in the context of multi-scale amplitude inter-
polation. The machine-learning based approach significantly outperforms the classical
interpolation methods in the multidimensional case. It has been shown that sufficient
accuracy for phenomenological application is obtainable for five-dimensional tt̄H ampli-
tudes at LO and NLO. We have also shown that adding noise to the training data does
not significantly worsen the performance of the approximation, which is important for
multi-loop applications where obtaining high accuracy is expensive. Additionally, it is
explained in detail how a physical error estimate is obtained by propagating the error
on the amplitude to observables. While the classical interpolation methods struggle
with the five-dimensional test functions, they perform well in the lower-dimensional
case. They also fill other niches. For example, B-splines are much faster to evaluate
than other interpolants, and sparse grids are completely adaptive which is useful when
it is hard to predict the required amount of training data.

In summary, the methods developed in this thesis demonstrate the feasibility of nu-
merical approaches for the computation of multi-loop amplitudes that involve many
kinematic scales. Such amplitudes will be increasingly important in the near future,
for example at the high-luminosity phase of the LHC, where the increased amount
of data will enable accurate measurements of processes with many particles in the fi-
nal state. Additionally, at future lepton colliders, electroweak corrections that involve
many mass scales will become more relevant. The next objective is to implement the
singularity resolution procedure in pySecDec, such that it can be used together with
the interpolation framework in a wide variety of phenomenological applications.



APPENDIX A

Test functions

In this appendix we provide some details on the test functions and the phase spaces of
the associated amplitudes, used to asses the performance of the interpolation methods
from Chapter 5.

A.1. Phase-space parametrisation for pp→ tt̄H

The test functions f1 − f4 are based on tt̄H amplitudes up to NLO in the quark and
gluon channels. They are defined on a 2 → 3 phase space where there are three angular
variables and two variables of energy type:

dΦtt̄H =
1

210π4ŝ stt̄

√
λ(stt̄,m

2
t ,m

2
t )
√
λ(ŝ, stt̄,m

2
H)×

Θ(
√
ŝ− 2mt −mH)Θ(stt̄ − 4m2

t )Θ([
√
ŝ−mH ]2 − stt̄) dstt̄ dΩtt̄ sinθH dθH , (A.1)

with θH being the polar angle of the Higgs boson relative to the beam axis, dΩtt̄ =
sinθt dθt dφt and λ being the Källén function, λ(a, b, c) = a2 + b2 + c2− 2ab− 2bc− 2ca,
depending on the variables

ŝ = (p3 + p4 + p5)
2 , stt̄ = (p3 + p4)

2 (A.2)

and the masses. As the production threshold of the tt̄H system is located at s0 =
(2mt +mH)2, a convenient variable for a scan in partonic energy is

β2 = 1 − s0
ŝ
, (A.3)

such that β2 = 0 at the production threshold and β2 → 1 in the high energy limit. For
more details we refer to Ref. [16].
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A.2. Amplitude definitions

f1: leading-order qq̄ → tt̄H

The squared amplitude and the phase-space parameters are already defined but we
detail some discrete amplitude symmetries. The most interesting ones are the sym-
metries under φt → −φt (parity invariance) and the swap {q, t} ↔ {q̄, t̄}. These two
symmetries are present in all higher order corrections to this amplitude too; the leading
order is additionally symmetric under the swap q ↔ q̄. In terms of the variables xi,
this works out to

φt → −φt : a1(x5) = a1(1 − x5), (A.4)

{q, t} ↔ {q̄, t̄} : a1(x3, x4) = a1(1 − x3, 1 − x4), (A.5)

q ↔ q̄ : a1(x3, x5) = a1(1 − x3, x5 + 1/2). (A.6)

As an illustration, slices of the amplitude a1 in x1–x2 and x1–x4 space are as follows:

0.00.0
x1→

1.0← x2

1.0

0.00.0
x1→

1.0← x4

1.0

The same slices for the function f1 are:

0.00.0
x1→

1.0← x2

1.0

0.00.0
x1→

1.0← x4

1.0

f2: next-to-leading-order qq̄ → tt̄H

This function is a one loop contribution to the squared qq̄ → tt̄H amplitude. The test
function has the Coulomb singularity subtracted off, and is defined by

a2 = 2 Re

[
⟨Mqq̄tt̄H

0 |Mqq̄tt̄H
1 ⟩ +

π2

βtt̄
⟨Mqq̄tt̄H

0 |Ttt̄|Mqq̄tt̄H
0 ⟩

]
, (A.7)

f2 = a2 ×
∣∣∣∣

dΦtt̄H

d(fracstt̄ , θH , θt, φt)

∣∣∣∣×
1

2ŝ

dρqq̄
dβ2

× Jtt̄H , (A.8)

where Ttt̄ is a colour operator defined in Ref. [323] and βtt̄ is the velocity of the tt̄
system, in our variables given by

β2
tt̄ ≡ 1 −


1 + fracstt̄



(

1 + 1
2
mH

mt√
1 − β2

− 1

2

mH

mt

)2

− 1






−1

. (A.9)
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The phase-space parameters are the same as for f1, but we only have two of the sym-
metries in this case:

a2(x5) = a2(1 − x5), and a2(x3, x4) = a2(1 − x3, 1 − x4). (A.10)

Slices of the amplitude a2 in x1–x2 and x1–x4 space are as follows:

0.00.0
x1→

1.0← x2

1.0

0.00.0
x1→

1.0← x4

1.0

The same slices for the function f2 are:

0.00.0
x1→

1.0← x2

1.0

0.00.0
x1→

1.0← x4

1.0

f3: leading-order gg → tt̄H

This is the leading-order contribution to the squared gg → tt̄H amplitude. The test
function is defined by

a3 = ⟨Mggtt̄H
0 |Mggtt̄H

0 ⟩, f3 = a3 ×
∣∣∣∣

dΦtt̄H

d(fracstt̄ , θH , θt, φt)

∣∣∣∣×
1

2ŝ

dρgg
dβ2

× Jtt̄H , (A.11)

The amplitude a3 possesses the same symmetries as a1, given in Eq. (A.6). Slices of
the amplitude a3 in x1–x2 and x1–x4 space are as follows:

0.00.0
x1→

1.0← x2

1.0

0.00.0
x1→

1.0← x4

1.0
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The same slices for the function f3 are:

0.00.0
x1→

1.0← x2

1.0

0.00.0
x1→

1.0← x4

1.0

f4: next-to-leading-order gg → tt̄H

This function is a one loop contribution to the squared gg → tt̄H amplitude. In the
same way as for a2, the test function has the Coulomb singularity subtracted off, and
is defined by

a4 = 2Re

[
⟨Mggtt̄H

0 |Mggtt̄H
1 ⟩ +

π2

βtt̄
⟨Mggtt̄H

0 |Ttt̄|Mggtt̄H
0 ⟩

]
, (A.12)

f4 = a4 ×
∣∣∣∣

dΦtt̄H

d(fracstt̄ , θH , θt, φt)

∣∣∣∣×
1

2ŝ

dρgg
dβ2

× Jtt̄H , (A.13)

where βtt̄ is given in Eq. (A.9), and the rest is the same as for f3. The amplitude a4
possesses the same symmetries as a3 and a1, given in Eq. (A.6). Slices of the amplitude
a4 in x1–x2 and x1–x4 space are as follows:

0.00.0
x1→

1.0← x2

1.0

0.00.0
x1→

1.0← x4

1.0

The same slices for the function f4 are:

0.00.0
x1→

1.0← x2

1.0

0.00.0
x1→

1.0← x4

1.0

f5: leading-order gg → Hg

This is the leading-order contribution to the squared gg → Hg amplitude. The test
function depends on two phase-space variables and is defined by

a5 = ⟨MggHg
1 |MggHg

1 ⟩, f5 = a5 ×
dΦHg

dθH
× 1

2ŝ

dρgg
dβ2

× JHg, (A.14)



A.2. Amplitude definitions 141

with the phase-space parameters set as

β2 =
33

100
+

66

100
x1, θH = θ0 + (π − 2θ0)x2, (A.15)

JHg =

∣∣∣∣
d(β2, θH)

dx⃗

∣∣∣∣ =
66

100
(π − 2θ0), (A.16)

and the phase-space density being

dΦHg

dθH
=

1

16π

1

ŝ

√
λ(ŝ, m2

H , 0) sin θH =
β2 sin θH

16π
. (A.17)

The introduction of θ0 as a cutoff is needed because a5 diverges as 1/ sin2 θH at θH → 0
and θH → π. We choose not to interpolate the region around the divergence, because
in practical calculations it should be regulated by infrared subtraction or appropriate
kinematic cuts; we only consider the phase-space region where the transverse momen-
tum pT of the Higgs boson H is greater than a cutoff pT,0. Then:

sin θ0 = pT,0
2
√
ŝ√

λ(ŝ, m2
H , 0)

= 2
pT,0
mH

√
1 − β2

β2
. (A.18)

We choose pT,0 corresponding to the lower boundary of the β2 region from Eq. (A.15):

pT,0
mH

=
1

2

β2
min√

1 − β2
min

, (A.19)

such that at β2 < β2
min no phase-space point passes the pT cut. This works out to

pT,0 ≈ 25 GeV. The amplitude a5 is symmetric under the swap of the incoming gluons,
i.e.,

a5(x2) = a5(1 − x2). (A.20)

The amplitude a5 (left) and the function f5 (right) depend on x1 and x2 as follows:

0.00.0
x1→

1.0← x2

1.0

0.00.0
x1→

1.0← x2

1.0
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QCD Coupling Constant,” Phys. Rev. Lett. 118 no. 8, (2017) 082002.

[41] T. Luthe, A. Maier, P. Marquard, and Y. Schröder, “Towards the five-loop Beta
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[122] J. Klappert, F. Lange, P. Maierhöfer, and J. Usovitsch, “Integral reduction with
Kira 2.0 and finite field methods,” Comput. Phys. Commun. 266 (2021) 108024.

[123] A. V. Smirnov and M. Zeng, “FIRE 6.5: Feynman integral reduction with new
simplification library,” Comput. Phys. Commun. 302 (2024) 109261.

[124] C. Studerus, “Reduze – Feynman integral reduction in C++,” Comput. Phys.
Commun. 181 (2010) 1293–1300.

[125] A. von Manteuffel and C. Studerus, “Reduze 2 - Distributed Feynman Integral
Reduction,”. https://arxiv.org/abs/1201.4330.

[126] V. Magerya, “Rational Tracer: a Tool for Faster Rational Function
Reconstruction,”. https://arxiv.org/abs/2211.03572.

[127] K. Melnikov, L. Tancredi, and C. Wever, “Two-loop gg → Hg amplitude
mediated by a nearly massless quark,” JHEP 11 (2016) 104.

[128] A. V. Smirnov and V. A. Smirnov, “How to choose master integrals,” Nucl.
Phys. B 960 (2020) 115213.

[129] J. Usovitsch, “Factorization of denominators in integration-by-parts
reductions,”. https://arxiv.org/abs/2002.08173.

[130] J. P. Guillet, E. Pilon, Y. Shimizu, and M. S. Zidi, “Framework for a novel
mixed analytical/numerical approach for the computation of two-loop N-point
Feynman diagrams,” PTEP 2020 no. 4, (2020) 043B01.

[131] A. V. Kotikov, “Differential equations method: New technique for massive
Feynman diagrams calculation,” Phys. Lett. B 254 (1991) 158–164.

[132] E. Remiddi, “Differential equations for Feynman graph amplitudes,” Nuovo Cim.
A 110 (1997) 1435–1452.

[133] J. M. Henn, “Multiloop integrals in dimensional regularization made simple,”
Phys. Rev. Lett. 110 (2013) 251601.

[134] A. B. Goncharov, “Multiple polylogarithms, cyclotomy and modular complexes,”
Math. Res. Lett. 5 (1998) 497–516.

http://dx.doi.org/10.1016/j.cpc.2019.106951
http://dx.doi.org/10.1016/j.cpc.2021.107968
http://dx.doi.org/10.1016/j.cpc.2021.107968
http://dx.doi.org/10.1016/j.physletb.2015.03.029
http://dx.doi.org/10.1016/j.physletb.2024.138491
http://dx.doi.org/10.1016/j.physletb.2024.138491
http://dx.doi.org/10.1016/j.cpc.2018.04.012
http://dx.doi.org/10.1016/j.cpc.2021.108024
http://dx.doi.org/10.1016/j.cpc.2024.109261
http://dx.doi.org/10.1016/j.cpc.2010.03.012
http://dx.doi.org/10.1016/j.cpc.2010.03.012
https://arxiv.org/abs/1201.4330
https://arxiv.org/abs/2211.03572
http://dx.doi.org/10.1007/JHEP11(2016)104
http://dx.doi.org/10.1016/j.nuclphysb.2020.115213
http://dx.doi.org/10.1016/j.nuclphysb.2020.115213
https://arxiv.org/abs/2002.08173
http://dx.doi.org/10.1093/ptep/ptaa020
http://dx.doi.org/10.1016/0370-2693(91)90413-K
http://dx.doi.org/10.1007/BF03185566
http://dx.doi.org/10.1007/BF03185566
http://dx.doi.org/10.1103/PhysRevLett.110.251601
http://dx.doi.org/10.4310/MRL.1998.v5.n4.a7


References 153

[135] C. Duhr, “Hopf algebras, coproducts and symbols: an application to Higgs boson
amplitudes,” JHEP 08 (2012) 043.

[136] E. Remiddi and J. A. M. Vermaseren, “Harmonic polylogarithms,” Int. J. Mod.
Phys. A 15 (2000) 725–754.
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