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Abstract

Assembly Sequence Planning
Using Deep Learning Approaches

One of the visions of Industry 4.0 is to enable mass customization through flexible pro-
duction systems. A key challenge in realizing this vision is efficiently planning assembly
sequences for customized product variants. Traditionally, assembly sequence planning
(ASP) has been performed manually by experts, but this process is time-consuming and
does not scale well. This work contributes to the automation and optimization of ASP.

One approach to automate ASP is through Assembly-by-Disassembly (AbD) simulation.
This method starts with the fully assembled product and iteratively removes parts one by
one. After each part is removed, the system performs two checks: first, it tests whether
the part could be removed without collisions; second, it verifies that the remaining assem-
bly is stable. This continues until all parts have been removed. Inverting the disassembly
sequence then provides an assembly sequence. This inversion is possible if no irreversible
joining methods, such as welding or gluing, are used. While general, AbD faces a com-
binatorial explosion and may require up to N2 tests for an assembly with N parts. To
improve the efficiency of feasible ASP, we propose a graph-based assembly represen-
tation and use a Graph Neural Network (GNN) to predict part removability. We then
incorporate these predictions into a graph search algorithm that prioritizes testing parts
with high predicted removability. With this approach, we could significantly reduce the
number of unsuccessful removal tests compared to traditional AbD approaches.

Manufacturers often require not only feasible sequences but also want them to be opti-
mized for specific objectives. However, searching for optimal assembly sequences faces
an even greater combinatorial challenge, i. e., in the worst case, N ! sequences must be
evaluated. We address single-objective optimization with a framework that combines
Monte Carlo Tree Search (MCTS) with Deep Q-learning (DQL). When evaluated on
datasets of aluminum profile assemblies, this approach consistently outperformed vanilla
MCTS in minimizing total removal path length.

Additionally, manufacturers often want to optimize multiple objectives simultaneously.
Typical approaches employ linear combinations of objectives, but this provides less in-
sight into the trade-offs between different objectives and may overlook potentially valu-
able solutions. To address these limitations, we extend our framework to multi-objective
optimization. Specifically, we use multiple Q-functions to guide a multi-objective variant
of MCTS towards Pareto-optimal assembly sequences. This provides manufacturers with
a set of non-dominated solutions that offer clear insights into trade-offs. Experiments on
Soma cube assemblies demonstrated the effectiveness of our approach in simultaneously
optimizing geometric accessibility and minimizing direction changes.
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A significant challenge to conducting this research is the availability of suitable datasets.
Existing mechanical assembly datasets often lack detailed information about their assem-
blies, i. e., what tools are required or how many robotic manipulators are needed. In con-
trast, assembly benchmarks provide this information but have limited variety. To address
this, we present two assembly generators: one for 3D aluminum profile assemblies that
can be assembled by a single robotic manipulator and another for Soma cubes of arbitrary
size.
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Zusammenfassung

Planung Von Montagesequenzen
Mittels Deep Learning Ansätzen

Eine der Visionen von Industrie 4.0 ist, kundenindividuelle Massenproduktion durch fle-
xible Produktionssysteme zu ermöglichen. Eine zentrale Herausforderung bei der Ver-
wirklichung dieser Vision ist die effiziente Planung von Montagesequenzen für kunden-
spezifische Produktvarianten. Traditionell wurde die Planung von Montagesequenzen von
Experten manuell durchgeführt, was zeitaufwendig und schlecht skalierbar ist. Diese Ar-
beit trägt zur Automatisierung und Optimierung der Montagesequenzplanung bei.

Ein Ansatz zur Automatisierung der Planung von Montagesequenzen ist die AbD-Simula-
tion. Diese Methode beginnt mit dem vollständig montierten Produkt und entfernt iterativ
einen Teil nach dem anderen. Nach jeder Entfernung führt das System zwei Überprü-
fungen durch: Zunächst wird geprüft, ob das Teil kollisionsfrei entfernt werden konnte;
anschließend wird überprüft, ob die verbleibende Baugruppe stabil ist. Dies wird fortge-
setzt, bis alle Teile entfernt sind. Durch die Umkehrung der Demontagesequenz ergibt sich
dann eine Montagesequenz. Diese Umkehrung ist möglich, wenn keine irreversiblen Ver-
bindungstechniken wie Schweißen oder Kleben eingesetzt werden. Obwohl allgemein-
gültig, steht die AbD-Methode vor einer kombinatorischen Explosion und kann für eine
Baugruppe mit N Teilen bis zu N2 Tests erfordern.

Um die Effizienz der Planung durchführbarer Montagesequenzen zu verbessern, schla-
gen wir eine graphbasierte Darstellung der Baugruppe vor und nutzen ein GNN, um die
Entfernbarkeit der Teile vorherzusagen. Diese Vorhersagen werden dann in einen Gra-
phsuchalgorithmus integriert, der das Testen von Teilen mit hoher vorhergesagter Ent-
fernbarkeit priorisiert. Mit diesem Ansatz konnten wir die Anzahl der fehlgeschlagenen
Entfernungstests im Vergleich zu traditionellen AbD-Ansätzen deutlich reduzieren.

Hersteller benötigen oft nicht nur durchführbare Sequenzen, sondern wollen diese auch
für spezifische Ziele optimiert haben. Die Suche nach optimalen Montagesequenzen steht
jedoch vor einer noch größeren kombinatorischen Herausforderung, d.h. im schlimmsten
Fall müssen N ! Sequenzen bewertet werden. Für diese Einzelzieloptimierung schlagen
wir ein Framework vor, das MCTS mit DQL kombiniert. Bei der Evaluierung auf Daten-
sätzen von Aluminiumprofil-Baugruppen übertraf dieser Ansatz konsequent reines MCTS
bei der Minimierung der Gesamtlänge des Entfernungspfads.

Darüber hinaus wollen Hersteller oft mehrere Ziele gleichzeitig optimieren. Typische An-
sätze verwenden lineare Kombinationen von Zielen, was jedoch weniger Einblicke in die
Kompromisse zwischen verschiedenen Zielen bietet und potenziell wertvolle Lösungen
übersehen kann. Um diesen Einschränkungen zu begegnen, erweitern wir unser Frame-
work auf Mehrzieloptimierung. Konkret verwenden wir mehrere Q-Funktionen, um eine
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mehrzielorientierte Variante von MCTS zu Pareto-optimalen Montagesequenzen zu füh-
ren. Dies bietet Herstellern eine Menge nicht-dominierter Lösungen, die klare Einblicke
in die Kompromisse zwischen den verschiedenen Zielen ermöglichen. Experimente mit
Soma-Würfeln zeigen die Effektivität des Ansatzes bei der gleichzeitigen Maximierung
der geometrischen Zugänglichkeit und der Minimierung von Richtungswechseln.

Eine bedeutende Herausforderung bei der Durchführung dieser Forschung ist die Ver-
fügbarkeit geeigneter Datensätze. Bestehende Datensätze für mechanische Baugruppen
enthalten oft keine detaillierten Informationen über ihre Montage, z.B. welche Werkzeu-
ge erforderlich sind oder wie viele Roboter-Manipulatoren benötigt werden. Im Gegen-
satz dazu bieten Montage-Benchmarks diese Informationen, weisen jedoch oft nur eine
begrenzte Vielfalt auf. Um dies anzugehen, werden zwei Baugruppen-Generatoren ent-
wickelt: einer für 3D-Aluminiumprofil-Baugruppen, die von einem einzelnen Roboter-
Manipulator montiert werden können, und ein weiterer für Soma-Würfel beliebiger Grö-
ße.
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1 Introduction

1.1 Motivation

Industry 4.0 represents a vision for the future of manufacturing driven by technological
advances across various fields, including additive manufacturing, sensors, robotics, and
artificial intelligence. It promises smart factories characterized by interconnected, flexi-
ble, and autonomous production systems. Through constant monitoring and analysis of
the production process, these systems will be able to predict equipment failures before
they occur, significantly minimizing downtime. Furthermore, they will enable manufac-
turers to economically produce products that are tailored to the individual specifications
of each customer.

However, making this a reality is an ongoing process. While companies and researchers
are making major strides, achieving the full vision of Industry 4.0 still requires overcom-
ing significant technological challenges. One of these is automating assembly sequence
planning (ASP), which involves determining the sequence of operations to assemble a
desired customized product from its individual parts. Often, in addition to being feasi-
ble, i.e., executable by production systems, these sequences should also be optimal with
respect to certain objectives, such as minimizing tool changes or assembly path lengths.

Traditionally, assembly sequences are planned by domain experts who are familiar with
the product and production systems. However, this process is time-consuming, expensive,
and does not scale. One method for automating it is Assembly-by-Disassembly (AbD).
Starting from the 3D model of a product in its fully assembled state, it iterates over all
parts and tries to remove them in simulation. If a part can be removed, this process is
repeated for the remaining parts until all are removed. The found disassembly sequence is
then inverted to obtain an assembly sequence. AbD relies on the assumption that assembly
and disassembly are the inverse of each other, which holds as long as all disassembly steps
are non-destructive.

While AbD is a general approach for automating ASP, it faces the major challenge of
combinatorial explosion in the search space. The goal of this thesis is to alleviate this
problem. Specifically, we propose an ASP framework that uses deep learning techniques
to focus the planning process on the most promising parts and assembly sequences. By
learning from previous planning experiences, our approach can significantly reduce the
computational effort required to find feasible and optimal assembly sequences.
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1 Introduction

1.2 Research Questions

To develop our novel ASP framework, the following research questions must be ad-
dressed.

1. How to efficiently discover a feasible assembly sequence?

AbD iteratively attempts to remove parts from an assembly without causing colli-
sions or compromising the stability of the remaining structure. In the worst case,
for an assembly consisting of N parts, AbD may have to perform up to N ·(N−1)

2
∈

O(N2) removal tests. While previous work has often focused on speeding up these
tests, our research addresses the question of how to reduce the number of failed
removal attempts by leveraging the knowledge learned from previous ASP experi-
ences.

2. How to efficiently discover optimal assembly sequences?

Manufacturers often require assembly sequences that optimize additional objectives
beyond simple feasibility. This requirement significantly increases the complexity
of the problem, as the search needs to consider all feasible sequences. In the worst
case, an assembly with N parts has N ! possible sequences.

Additionally, there may be multiple objectives to optimize simultaneously, turning
this into a multi-objective optimization problem. In this case, a planning algorithm
needs to find a set of assembly sequences known as the Pareto front, where each
sequence is optimal for a subset of objectives.

A range of such algorithms has been suggested in related work. However, all of
them were focused on planning optimal assembly sequences for a specific assem-
bly and had to start the planning process from scratch for each new assembly. In
contrast, our approach aims to transfer knowledge from previous planning attempts
to improve the efficiency of finding optimal sequences for new assemblies.

3. How to address the lack of high-quality assembly datasets?

A major limiting factor in applying data-driven approaches such as deep learning to
ASP is the lack of high-quality datasets of industrial assemblies. Publicly available
3D models are often incomplete, e. g., missing screws. Additionally, they may con-
tain errors such as overlapping parts. Another problem is that the available models
might require a diverse set of tools and a varying number of robots to be success-
fully assembled.

Consequently, creating a comprehensive and reliable dataset for ASP becomes a
highly time-consuming process, requiring researchers to invest significant effort in
cleaning, correcting, and annotating the 3D models. As a result, related work often
focuses on toy examples such as assembling LEGO models or wooden blocks. To
address this challenge, we present a method for automatically generating industrial-
grade assemblies that can be assembled by a single robot.

2



1.3 Contributions

1.3 Contributions

To address these questions, we make the following contributions:

1. An approach for identifying assembly parts that have a high likelihood of being
removable.

To address the first research question, we propose a method that reduces the num-
ber of unsuccessful removal attempts by prioritizing parts that are more likely to be
removable. We observe that a part’s removability heavily depends on the surround-
ing parts. Moreover, we assume that similar parts with similar surrounding parts
have a comparable likelihood of being removable. Therefore, we can learn from
previous planning attempts for other assemblies whether a part could be removed
in the presence of specific surrounding parts and then apply this learned knowledge
during ASP for a new assembly.

We introduce a graph-based assembly representation, where parts are represented as
nodes and contacts between parts are indicated by edges. By considering the graph
structure around each node, we can effectively capture the influence of surrounding
parts on the removability of a given part.

This graph representation is then used to train a Graph Neural Network (GNN),
a specialized neural network architecture capable of processing graphs of varying
sizes. We utilize the trained GNN to predict the removability of parts during the
planning of an assembly sequence for a new assembly. Unlike related work that
directly predicts an assembly sequence using deep learning, our approach uses the
predictions in combination with a graph search. This guides the search towards parts
with a higher likelihood of being removable, significantly reducing the number of
unsuccessful removal tests and improving the efficiency of the ASP process.

2. A strategy for the efficient discovery of an optimal assembly sequence that
combines Monte Carlo Tree Search (MCTS) with deep learning.

To address the second research question, we propose a strategy that efficiently dis-
covers optimal assembly sequences by combining MCTS with deep learning. This
combination has been successfully applied in other domains, such as playing board
games like Go and chess [101], where it has achieved superhuman performance.
However, its application to efficiently finding optimal assembly sequences is novel.

While the previous contribution focused on identifying removable parts to find a
feasible assembly sequence, planning an optimal assembly sequence is a more com-
plex challenge. In contrast to checking for feasibility, which is a binary decision that
can be made at each planning step, the influence of a decision on the overall opti-
mality of the sequence might only become apparent later in the planning process.

We employ MCTS as a planning algorithm as it is well-suited for this kind of prob-
lem. It iteratively builds a search tree by simulating different assembly sequences
and evaluating their optimality. Each node in the search tree represents a partially
assembled state, and the edges represent the action of removing a specific part. By
repeatedly sampling assembly sequences and propagating the results back through
the tree, MCTS gradually learns which parts are more likely to lead to optimal se-
quences when removed at a given state.

3



1 Introduction

Reinforcement Learning (RL) is another approach for solving this problem: an
agent interacts with an environment by taking actions and receiving rewards to learn
a policy that maximizes the cumulative reward over time. In the context of ASP, the
environment is the partially assembled state, the actions are the removal of specific
parts, and the rewards are based on the optimality of the resulting sequences. To
learn a policy, we use Deep Q-learning (DQL), a RL algorithm that utilizes neural
networks to approximate the action-value function, also known as the Q-function.
In our case, the Q-function computes the expected cumulative reward of removing
a specific part given the current partially assembled state. We use GNNs in combi-
nation with a graph-based assembly representation to learn this function.

We incorporate the learned Q-function into the MCTS by using it to guide the sim-
ulation step. Usually, during this step, parts are selected randomly. However, in
our approach, we instead use an ϵ-greedy policy based on the Q-function to choose
the part to remove. That is, with probability 1 − ϵ, the policy selects the part with
the highest Q-value, i. e., the most promising part to remove based on the expected
cumulative reward. Otherwise, a random part is removed. This allows the search
to balance between exploiting the knowledge captured by the Q-function and ex-
ploring potentially promising actions that the Q-function might not have accurately
estimated yet.

We extend the approach to multi-objective ASP by utilizing an extension of MCTS,
where each node of the search tree constructs an approximation of a local Pareto
front. The root node will therefore approximate the global Pareto front for the com-
plete assembly sequences. Furthermore, we train one Q-function per objective. To
guide the simulation step, we again employ an ϵ-greedy policy, where with proba-
bility 1 − ϵ, the policy selects the part that maximizes the product of the Q-values
across all objectives, effectively considering the trade-offs between the objectives.
Otherwise, a random part is chosen to encourage exploration.

3. Generators for Aluminum Profile Assemblies and Soma Cubes.

To overcome the lack of high-quality datasets for training and evaluating our meth-
ods, we develop two assembly generators. The first generator creates assemblies
out of aluminum profiles. While previous approaches have been used to generate
2D assemblies consisting of a small number (< 10) of profiles, our approach can
generate stable 3D assemblies of arbitrary size that a single robot manipulator can
assemble. The second generator creates Soma cubes, a type of 3D puzzle, of ar-
bitrary size. They have the important property that all parts can be removed along
straight trajectories.

4



1.4 Outline

1.4 Outline

Introduction
In Chapter 1, we motivate the importance of automating ASP in realizing Industry 4.0 and
discuss the challenges faced by traditional ASP approaches. We then present our research
questions and outline the contributions we aim to make in addressing these challenges.

State of the Art
Chapter 2 provides a comprehensive overview of current research in ASP. We review fun-
damental concepts, methods for generating feasible assembly sequences, approaches to
optimizing assembly sequences, and existing assembly datasets and benchmarks. We also
discuss the limitations of current approaches, particularly in handling the combinatorial
explosion that occurs when searching for feasible and optimal assembly sequences.

Learning Feasible Assembly Actions
In Chapter 3, we present our novel approach to plan feasible assembly sequences effi-
ciently. We introduce a graph-based assembly representation and describe how we use
a GNN to predict part removability. We demonstrate how these predictions can guide a
graph search to efficiently explore the disassembly graph.

Generating Assemblies
Chapter 4 introduces two assembly generators we developed to address the lack of suit-
able datasets for training and evaluating ASP algorithms: The first generator creates 3D
aluminum profile assemblies that a single robotic manipulator can assemble, while the
second generates Soma cubes, a type of 3D puzzle, of various sizes. These cubes have the
property that each part can be removed along a straight line.

Learning Assembly Actions to Optimize a Single Objective
In Chapter 5, we extend our feasible ASP framework to optimize assembly sequences
with respect to a single objective efficiently. We describe our method, which combines
MCTS with DQL, utilizing a GNN to learn the Q-function. We evaluate this approach
on datasets of aluminum profile assemblies and demonstrate its superiority over vanilla
MCTS.

Learning Assembly Actions to Optimize Multiple Objectives
Chapter 6 presents our approach to multi-objective optimization in ASP. We describe how
we adapt MCTS to handle Pareto optimization and explain the integration of multiple Q-
functions to guide the search process. We evaluate this method on Soma cube assemblies,
where we simultaneously maximize part accessibility and minimize the number of direc-
tion changes.

Discussion, Outlook and Conclusion
In Chapter 7, we summarize our contributions to automating feasible and optimal ASP.
We then outline directions for future research in this field. Finally, we give some conclud-
ing remarks.
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2 State of the Art

The goal of this thesis is to increase the efficiency of ASP by reusing knowledge gained
during prior planning attempts. In this chapter, we provide an overview of the related
literature in the field of ASP and position the work within this context.

In Section 2.1, we introduce fundamental concepts related to ASP, including different
approaches to representing assemblies and their corresponding assembly sequences. We
also discuss various properties of these representations.

Section 2.2 focuses on methods for generating feasible assembly sequences. We begin by
presenting approaches that obtain sequences from human experts, either through direct
questioning or by Learning from Demonstration (LfD). Next, we explore case-based rea-
soning (CBR) methods that reuse solutions from similar past assemblies. We then exam-
ine techniques that simulate the assembly process using Computer-Aided Design (CAD)
models, discussing both methods that precompute blocking relationships and those that
utilize sampling-based path planning. Finally, we review approaches that leverage knowl-
edge from previous planning attempts to predict feasible assembly actions, highlighting
their potential benefits and limitations.

In Section 2.3, we review techniques for generating optimal assembly sequences. We
first discuss exhaustive search methods, followed by soft computing approaches, such as
Genetic Algorithm (GA) and Reinforcement Learning (RL). We then explore methods
that transfer knowledge from previous planning efforts to optimize sequences for new
assemblies more efficiently.

Finally, in Section 2.4, we provide an overview of existing datasets and benchmarks for
assembly planning, describing their characteristics and limitations.

2.1 Fundamental Concepts of ASP

The ASP process takes a representation of an assembly as input and generates one or more
feasible assembly sequences as output.

In the following sections, we will first discuss different representations of assemblies and
then examine how assembly sequences can be represented. This is followed by an analysis
of the conditions that determine the feasibility of these sequences. Finally, we provide an
overview of assembly sequence properties, which offer insights into the “complexity” of
planning and executing different sequences.
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left (l)
cap

right (r)
cap

tube (t) stick (s)

(a) A tube assembly consisting of four parts. (b) Liaison diagram or
graph of

connections.

(c) directed acyclic graph (DAG).

(d) AND/OR graph (shown in two parts to improve readability).

Figure 2.1: Various representations of the tube assembly shown in (a) and its liaison dia-
gram (b). (c) and (d) depict all of its assembly sequences as a directed acyclic
graph DAG and an AND/OR graph, respectively (adapted from Homem de
Mello and Sanderson [53]. © 1991, IEEE).
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2.1.1 Representation of Assemblies

At its core an assembly is a tuple A := (P , C), where P := {p0, p1, . . . pN−1} is a set
of N individual parts and C ⊆ {(pi, pj)|pi, pj ∈ P} is the corresponding set of relations
between parts. A simple tube assembly consisting of four parts is shown in Figure 2.1a.

A common assembly representation is as “graph of connections” [53] or liaison dia-
gram [29] GA = (NA, EA), where the relations correspond to contacts between parts.
In this representation, the set of parts NA is used as the node set, and the relations EA
are used as edges between them. Figure 2.1b depicts the liaison diagram for the tube
assembly.

Parts might carry additional information such as their type (e. g., screw, angle bracket,
etc.) or their pose relative to the assembly [96, 97, 10]. In particular, if the assembly
representation is used in combination with learning-based ASP algorithms, the parts may
also include geometric information represented using various 3D shape descriptors [127].

Relations might also encode how two parts are attached to each other [52, 30, 96, 97]
(e.g., glued together, clip attachment, screwed, etc.). In cases where the parts are only in
contact but not attached, the contact type might be encoded instead (e.g., planar surface
on planar surface, cylinder in hole, etc.). Some representations also encode the location of
the relation either directly [52] or by splitting the parts into surfaces and then establishing
relations between these surfaces instead of between parts [97]. Besides being in close
proximity, relations between parts can also indicate other spatial relationships, such as
colinearity and coplanarity [127], or parallelism and orthogonality [10]. This can lead to
edges connecting parts that are far apart in the physical assembly, potentially resulting in
a fully connected graph.

Another common representation of an assembly is via matrices. All graphs can also be
represented as an adjacency matrix, which is a square matrix where each column and row
corresponds to a node. The entries in the matrix represent the presence or absence of
edges between pairs of nodes, with a value of 1 indicating the presence of an edge and
a value of 0 indicating its absence. The adjacency matrix for the graph GA is called the
liaison matrix [74]. As stated above, relations might encode several additional pieces of
information, which can also be stored in matrix form by mapping the categorical data
onto integers. For example, different contact types can be represented by distinct integer
values, which are then stored in a separate matrix with the same dimensions as the liaison
matrix [30].

2.1.2 Representation of Assembly Sequences

An assembly sequence is a sequence of assembly states, where one common way to en-
code such a state is via set partitions [53] of the set of all parts. That is, as the assembly
process progresses, the set partition becomes coarser until all parts are in one set in the
final assembled state. An alternative is to use boolean strings of fixed sizes, where each
position corresponds to a liaison [29].

Independent of the chosen assembly state representation, a common representation of
multiple assembly sequences is as a DAG [53]. Each node corresponds to an assembly
state in one of the representations discussed above, and each edge to the assembly steps
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required to progress from one state to the next. Another common, but more compact rep-
resentation is as an AND/OR graph [51]. Here, each node corresponds to a subassembly,
which is represented by the set of its constituent parts. Each hyperarc represents an AND
relationship, meaning that all the subassemblies pointed to by a hyperarc must be present
to form the parent assembly. If a node has multiple outgoing hyperarcs, this represents an
OR relationship, meaning that any one of these hyperarcs can be followed to create the
parent assembly. Examples of an assembly graph represented as DAG and as an AND/OR
graph are provided by Figure 2.1c and 2.1d, respectively.

2.1.3 Conditions for Feasible Assembly Sequences

For an assembly sequence to be feasible, all assembly steps must satisfy certain condi-
tions. These are either precedence relations or establishment conditions [53], where the
former one dictates what connections must be established before which other connection.
In contrast, the latter one informs what connections can be established starting from a
given assembly state.

It has been shown in [53] that given a complete and correct set of either precedence re-
lations or establishment conditions, one can derive a complete set of feasible assembly
sequences and vice versa. The former set of conditions is known as implicit [53] or
constraint-based [121] representation of assembly sequences. In contrast, any assembly
representation discussed in the previous sections from which one can directly derive an as-
sembly sequence is known as an explicit [53] or enumerative [121] representation. While
an explicit representation is more straightforward to interpret, an implicit representation
is often more compact.

Furthermore, precedence relations and establishment conditions can be understood as
high-level constraints that encompass a variety of more specific feasibility constraints [59].
Fundamental ones are geometric feasibility and stability of subassemblies. These ensure
that parts can be added without collision and that intermediate assemblies remain stable
with respect to gravity during the assembly process. Depending on the level of detail in
the planning process, additional constraints may include ensuring that a manipulator can
assemble a part without colliding with itself or other parts, as well as the availability of
specific tools, such as screwing end effectors.

2.1.4 Properties of Assembly Sequences

An assembly sequence can have several properties [120, 121, 88]:

• Number of hands: This property indicates the number of manipulators (hands)
required to add subassemblies from different directions during a single assembly
step. An additional hand is assumed to hold all parts that remain fixed during this
step.

• Sequential: If an assembly sequence is sequential (or two-handed), during each
assembly step, only a single part (or subassembly) is added to the current assembly
state.
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Figure 2.2: Assembly sequences with various properties (adapted from Wolter [120].
© 1989, IEEE).

• Linear: In a linear assembly sequence, there are no subassemblies. That is, only
a single part is added to the current assembly state during each assembly step. All
linear assembly sequences are also sequential.

• Monotone: An assembly sequence is monotone if parts already added to the as-
sembly (i.e., all parts present in the current assembly state) do not need to be moved
to add new parts. This excludes, for example, deformable parts or parts that require
intermediate positions during the assembly process.

• Contact-coherent: An assembly sequence is contact-coherent if each part added
(except the first) makes contact with at least one previously assembled part.

Descriptive examples of assembly sequences with these properties are shown in Fig-
ure 2.2. These properties provide important information about the complexity of planning
and executing an assembly sequence. For example, non-sequential assembly sequences
require the planner to consider adding several parts from various directions during the
same assembly step. Additionally, the system that executes the sequence must control a
sufficient number of manipulators to handle the simultaneous addition of multiple parts
or subassemblies.

If not indicated otherwise, for the remainder of this work, we discuss assemblies for which
linear, monotone, and contact-coherent sequences are sufficient. An example is the tube
assembly shown in Figure 2.1a.
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2.2 Generating Feasible Assembly Sequences

As stated in Section 2.1.3, feasible assembly sequences can directly be derived from a
set of precedence relations. Several works directly learn such relations, for example, by
posing questions about the assembly to humans [15, 29], or by learning them from human
demonstration [115, 35, 36, 34, 99].

However, a disadvantage of these approaches is that they require demonstrations from a
human expert. Therefore, a significant body of research has focused on extracting prece-
dence relations from CAD models [30, 81, 118, 43, 119, 45, 106, 103, 26, 77, 38, 32, 33,
107]. These methods utilize the connection between precedence relations and feasibil-
ity checks to automatically determine feasible assembly sequences. Specifically, through
simulating the assembly process, they can, after each assembly step, test if the step itself,
as well as the resulting assembly state, are feasible, i.e, the part could be added without
collision and the resulting state is stable.

These methods are limited by the fact that they have to start the planning process from
scratch for each new assembly. Therefore, various approaches focused on reusing knowl-
edge from previous planning attempts either through CBR [72], where similar past cases
(here, feasible assembly sequences for subassemblies) are retrieved and adapted to solve
new problems [93, 21, 92, 105, 78, 97, 127], or by directly learning to predict what as-
sembly actions are feasible [125, 41, 83, 10].

In the following, we will review these approaches in more detail, starting with methods
that learn from humans, either through asking questions or from demonstration. We will
then discuss various approaches, which utilize CBR. Afterwards, we examine methods for
extracting precedence relations through simulation of the assembly process. Following
this, we explore techniques that directly learn feasible assembly actions. In the final
section, we provide a summary and discussion of all reviewed methods.

2.2.1 Direct Learning of Precedence Relations from Human
Experts

Bourjault [15] pioneered a method to obtain precedence relations by questioning human
experts. DeFazio and Whitney [29] refined this technique by reducing the number of
required questions and making them more intuitive.

Another strategy is LfD, a vast research area [14, 73], which we will focus on in relation
to ASP. In general, an LfD for ASP system involves several steps. First, an expert demon-
strates one or more successful assembly sequences, typically by physically manipulating
the parts or through a graphical interface. The system then learns a representation of the
demonstrated assembly sequences, which is subsequently generalized to handle similar
assembly tasks, while accounting for variations in part geometries, numbers of parts, and
other factors. Finally, the generalized assembly plan is executed on a robotic system.

A hierarchical approach to Multimodal Assembly Skill Decoding (MASD) was intro-
duced by Wang et al. [115]. After a demonstration was captured using a stereo camera
system, the demonstrated skills were identified in two stages: first, individual actions
were recognized using multimodal information (gesture, trajectory, and action-object ef-
fects) with a top-level Support Vector Machine (SVM) classifier [22]. Second, dynamic
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programming was used to segment the continuous demonstration into multiple assembly
skills, assuming a library of assembly skills is available. Using this library, the system
then matched the identified skills to corresponding robot code templates. These were then
filled with specific parameters, also extracted from the demonstration, to create executable
robot programs. MASD was evaluated on two assemblies: a flashlight and a light switch.
When compared against several other action recognition methods, it demonstrated high
accuracy and real-time performance.

A novel technique for identifying actions from bimanual human demonstrations was pro-
posed by Dreher et al. [35]. Specifically, given a demonstration of a task recorded with
an RGB-D camera, the authors first extracted object and hand poses. Using the depth
data, they then estimated 3D bounding boxes for the detected objects and hands. From
these bounding boxes, they determined various spatial relations between objects, such as
“above” or “inside”. These relations, along with object identities, were used to construct
a scene graph representing the current state. In addition, they captured temporal infor-
mation by concatenating scene graphs from ten consecutive frames. The resulting graph
structure served as input to a Graph Neural Network (GNN) [12], which learned to predict
the action being performed by each hand independently. The approach was evaluated on
the KIT Bimanual Actions Dataset 1, which contains data from five kitchen tasks, such as
preparing breakfast cereals and cooking, as well as four workshop tasks, including disas-
sembling a hard drive and hammering nails. During evaluation, when considering only its
top prediction, the model correctly identified the action being performed approximately
63% of the time. This was further improved to about 86% when considering the top three
predictions.

Building upon this work, Dreher et al. [36] later developed a more comprehensive multi-
sensory, robot-supported platform designed to capture human demonstrations during com-
plex disassembly processes. This enhanced system was used to record 15 participants
performing 10 disassembly trials each on different variants of an electric motor. The plat-
form captured RGB-D video streams from both a stationary camera and a mobile camera
mounted on a robot arm, as well as 3D human pose data, object detections, and eye track-
ing data.

Both Wang et al. [115] and Dreher et al. [35] focused on identifying an action sequence
from a single demonstration. Wang et al. [115] also then identified assembly skills consist-
ing of multiple actions, which were, however, predefined. In contrast, Dreher and Asfour
[34] proposed a model-driven approach that automatically creates temporal task models
from multiple bimanual human demonstrations. These models represent precedence rela-
tions at two levels: between tightly coupled sets of actions (thus automatically identifying
skills (subtasks in [34])) and between these sets of skills. The models are implemented
as fully connected directed graphs, where nodes represent actions and edges track the
frequencies of observed temporal relations between actions across all demonstrations.
The system was evaluated on two datasets: one based on the electric motor disassem-
bly scenario discussed in Dreher et al. [36], and the previously mentioned KIT Bimanual
Actions Dataset [35]. They measured the precision and recall of identified temporal con-
straints. The results showed high recall from the beginning and increasing precision as
more demonstrations were added to the model. Furthermore, to demonstrate its real-world
applicability, a temporal task model describing a clean-up task was successfully executed
on the humanoid robot ARMAR-6.

1https://bimanual-actions.humanoids.kit.edu/
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A three-level LfD system that integrates learning at the sensorimotor, semantic, and plan-
ning levels was proposed by Savarimuthu et al. [99]. At the lowest level, motor skills
were learned via Dynamic Movement Primitives (DMPs) [56]. At a semantic level, the
sequence of changes in object relations during an action was extracted and represented
as Semantic Event Chains (SECs) [6]. At the highest level, the system used probabilistic
planning operators to learn the preconditions, effects, and success likelihoods of actions.
Assembly tasks were demonstrated using a teleoperation setup where a human performed
actions with magnetically tracked objects while a robot mimicked the movements in real-
time. In this way, it was possible not only to record the trajectories and object poses
but also to measure the forces and torques the robot exerted. The authors demonstrated
the capabilities of their approach by teaching a robot to assemble the Cranfield Assem-
bly Benchmark, a standard assembly task involving ten parts, including pegs, plates, and
separators. We will discuss several such benchmarks at the end of this chapter.

2.2.2 Reusing Precedence Relations via Case-Based
Reasoning

One approach to knowledge transfer is CBR [72]. The basic idea behind this approach is
to maintain a library of cases. Each one is represented in a structured format that captures
the essential features of a previously solved problem as well as its solution. If a new
problem needs to be solved, a CBR system will use a retrieval mechanism to identify
relevant cases from the library. Typically, a similarity measure is defined and used to find
the most similar matches between the features of the new problem and those stored in the
library. Next, an adaptation mechanism will modify the solutions of retrieved cases to fit
the specifics of the new problem. The solution is then validated. Finally, suppose a valid
solution was found in this way. In that case, a case retention process decides whether and
how to incorporate the new problem-solution pair into the library, which is crucial for the
system’s ability to learn from experience.

An early application of CBR to ASP was discussed by Pu and Reschberger [93]. Their
system, CAB-Assembler, utilizes a small library of primitive cases representing individ-
ual assembly steps rather than complete assembly sequences. These cases are described
by feature vectors that capture all involved parts along with their associated spatial and
geometric constraints. When retrieving a case, the authors proposed not only matching the
features but also taking into account how often the case’s solution could either be used to
solve a new problem or fail to do so. The retrieved assembly steps are then combined, and
each one is validated by asking a human expert during the training phase. This allows the
system to detect and learn from failures, updating the success and failure counts for each
case. The authors demonstrated that their approach could efficiently solve ASP problems,
particularly for enclosure-type assemblies, and that training the system on more complex
problems enabled it to solve simpler ones without failures.

Another early work is presented by Chakrabarty and Wolter [21], who state that all as-
semblies can be decomposed into a “hierarchy of standard structures”. They introduced a
case library that contains solutions for four of such structures, each involving two parts:
“against”, “threaded”, “fits”, and “blocks”. Their planner takes as input a user-provided
hierarchical decomposition of the assembly with labeled standard structures and then uses
the library to retrieve solutions for these structures. It then iteratively merges solutions for
substructures, backtracking if necessary, until a solution for the complete assembly is
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found. The authors proved that their planner is both correct and complete, and demon-
strated its effectiveness on an example assembly, showing improved performance com-
pared to a system [120] that does not reuse solutions.

Pu and Purvis [92] extended the approach of Pu and Reschberger [93] by formalizing the
ASP problem as constraint satisfaction problem (CSP). Specifically, they used a repair-
based constraint satisfaction solver [85] to find an assembly sequence that satisfies the
feasibility constraints and, thus, precedence relations. Instead of starting from scratch,
this solver can begin with an initial, potentially incorrect, solution and then repair it.
This initial solution is derived from similar cases in the case library. Importantly, this
combination of CBR and CSP techniques lifts the need for human validation during the
adaptation process, which was a limitation of [93].

Swaminathan and Barber [105] introduced an Assembly Planner using Experience (APE).
To encode a case, they extracted loops from the mating direction graph, which is an as-
sembly’s contact graph with directed edges. That is, each edge has an attribute indicating
the direction along which the parent node can be mated with the corresponding child node.
APE represents each case in its database as a loop family, which encompasses all mating
direction strings that can be generated from a reference string through four transforma-
tions: “reorient”, “swivel”, “reverse”, and “cyclic”. When planning a new assembly, APE
first matches encountered loops to these families. It then uses the transformation parame-
ters to adapt the stored plans to the specific orientation and traversal of the new assembly’s
loops. Finally, the plans are merged such that they satisfy every part’s precedence rela-
tionships. The resulting solutions are represented as Assembly Precedence Graphs, which
are DAGs where nodes represent parts and edges indicate precedence relations and mating
directions. This is in contrast to methods discussed by Pu and Reschberger [93] and Pu
and Purvis [92], where only a single assembly sequence was planned.

Lee et al. [78] proposed an approach for generating assembly sequences for product fami-
lies. Unlike typical CBR approaches, their primary goal was not to accelerate the planning
process. Instead, they aimed to generate sequences that closely resemble the case assem-
bly sequence. The authors assumed that this case sequence represents the ideal assembly
sequence for a group of products from the same family. Their method begins with a
case-based preplanning stage, utilizing a modified version of OAKplan [100] to generate
assembly sequence candidates based on past cases. The authors then created a relation
matrix based on geometric information extracted from the product’s CAD model. Each
generated assembly sequence candidate was then rated using this matrix. Finally, the
best-scoring candidate was adapted, if necessary, to solve the current assembly problem.
The authors evaluated their approach using a toy airplane assembly. The experimental re-
sults confirmed that their approach can produce suitable assembly sequences for multiple
assemblies within the same product family, even with limited reference cases.

Rodríguez et al. [97] introduced the Knowledge Transfer - Robotic Assembly Sequence
Planner (KT-RASP) algorithm, which utilizes a graph-based representation of assembly
topology. In this representation, nodes correspond to either parts or their surfaces, while
edges represent contacts between them. While each assembly corresponds to a specific
topology, a single topology can represent multiple assemblies. Each topology defines a
unique mapping between parts and a parameter vector that captures the relative distances
between surfaces. The authors focused their study on assemblies composed of aluminum
profiles connected via angle brackets. They built a case library of 5000 assemblies, each
containing two or three profiles. For every assembly, they computed precedence rela-
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tions (referred to as rules in the paper) using an automatic rule deduction algorithm [96].
New topologies were added to the database if they enclosed rules not covered by existing
topologies. For known topologies, new assemblies were stored along with their specific
parameters and associated rules. The assemblies were then grouped into configuration
classes based on their rule sets. For a new assembly, the KT-RASP algorithm matches it
to known topologies in its database, potentially identifying multiple instances of known
topologies within a larger assembly. For each identified instance, the system extracts the
parameter vector. For each one, a neural network classifier then predicts the correspond-
ing configuration class and set of precedence rules. Finally, the rules from all identified
instances are combined. The authors evaluated their approach on 20 test assemblies, with
the largest consisting of five profiles and five angle brackets. Using KT-RASP signifi-
cantly reduced planning times compared to a traditional method discussed by Rodríguez
et al. [96], particularly for more complex assemblies, while maintaining solution correct-
ness in 39 out of 40 cases across two test scenarios.

Another graph-based approach to matching new assemblies to those stored in a case li-
brary was discussed by Zhou et al. [127]. The authors introduced a graph representation
where each node stores the shape of a part, encoded via a rotation-invariant 3D shape
descriptor [62, 9], as well as its order in the reference assembly sequence. Edges in this
graph represent assembly relations, established between parts that are either coplanar or
collinear. For a new assembly, each part is matched to parts in the reference assembly
using a two-step process. First, parts are compared based on the similarity of their shape
descriptors. For parts that exceed a shape similarity threshold, a second comparison is
made based on the number of assembly relations (i.e., the number of edges the corre-
sponding node has) within their respective assemblies. This second criterion is also used
for parts that could not be matched based on shape. If neither criterion is met, the system
requests assistance from a human expert. After completing the matching process, the as-
sembly order from the matched reference parts is used to generate a candidate sequence
for the new assembly. This candidate sequence is then refined using the contact graph of
the new assembly. During refinement, the order of identical parts may be swapped when
necessary to maintain feasibility with respect to gravity constraints. The authors evalu-
ated their method on three classes of wooden chair assemblies. Each one included one
reference assembly and two variants with differences in component shapes and numbers.
The method successfully generated feasible assembly sequences for most variants. How-
ever, the system required human input to handle entirely new components (e.g., a backrest
added to a stool design).

2.2.3 Inferring Precedence Relations via Feasibility Checks

In this section, we provide an overview of methods that search for feasible assembly se-
quences by simulating the assembly process using CAD models of the assembly. These
approaches test each potential assembly step against various feasibility constraints, with
two fundamental constraints being geometric feasibility and stability. Geometric feasi-
bility determines whether a part or subassembly can be added to the current assembly
state without causing a collision. At the same time, stability ensures that the current state
remains stable with respect to gravity.

Particularly for testing geometric feasibility, a large body of prior work exists [58]. In the
following, we will first briefly discuss the advantages and disadvantages of simulating the
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assembly process in either a forward or backward direction. Subsequently, we will review
approaches that derive blocking relationships between parts, followed by an examination
of methods that utilize sampling-based path planners.

Forward ASP vs. Backward ASP
When searching for feasible assembly sequences in simulation, there are two directions
in which an assembly can be constructed:

• Forward assembly: This method starts with a single part or subassembly and suc-
cessively adds parts until the assembly is complete. It is intuitive and reflects the
real-world assembly process. However, it can encounter dead ends from which it
must backtrack.

• Backward assembly (also known as AbD): This approach starts from the com-
plete assembly and iteratively removes parts until all have been removed. The
disassembly sequence is then inverted to obtain an assembly sequence. This as-
sumption holds that assembly and disassembly are the inverse of each other, which
is valid as long as no permanent joining methods, such as gluing or welding, are
used. Because it starts from the fully assembled state and works backwards, this
approach automatically eliminates many infeasible sequences.

Approaches That Derive Blocking Relationships Between Parts
We will now review several approaches that precompute the blocking relationships be-
tween parts. These methods determine which parts obstruct or block the movement of
others along various directions. The resulting relationships are then stored in specialized
data structures that enable efficient lookup of removable parts. Specifically, if any other
part does not block a part, it can be removed from the assembly.

Dini and Santochi [30] simulated the movement of parts along the x-, y-, and z-axes of a
Cartesian coordinate system and recorded collisions (i.e., blocking relationships) in two
types of matrices: the contact matrices recorded if a part’s movement is immediately
blocked by another part, indicating a contact between these two parts. The interference
matrices, on the other hand, captured collisions that occur during the simulated movement.
Furthermore, the authors used a third matrix type, connection matrices, to represent the
types of connections between components, such as threaded connections or O-rings, as
integers. For each direction and matrix type, a separate matrix is used, resulting in a total
of nine matrices. The authors presented an algorithm that utilizes these matrices to sys-
tematically evaluate the feasibility of potential subassemblies. The result is a hierarchical
structure of subassemblies, with individual parts forming the lowest layer. Explicit assem-
bly sequences can then be recovered from this structure via a depth-first search (DFS).

Lu et al. [81] introduced the Local Constraint Digraph (LCD), a directed graph that
records blocking relationships between parts for a specific assembly direction d⃗. In an
LCD, each node represents a part, and a directed edge from node ni to nj indicates that
part pi is blocked by part pj when moved along direction d⃗. It follows that part pi must
be assembled before part pj along this direction. Loops in the LCD indicate subassem-
blies. The authors’ method recursively computes LCDs for each subassembly, resulting
in a hierarchy of subassemblies similar to the approach of Dini and Santochi [30].
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Figure 2.3: Non-directional blocking graph (NDBG) with directional blocking graph
(DBG) for 2D infinitesimal translations (adapted from Wilson and Latombe
[118]. © 1994 Published by Elsevier B.V. CC BY-NC-ND 4.02).

Wilson and Latombe [118] observed that LCDs, which they called directional blocking
graphs (DBGs), remain constant for sets of motions. They introduced non-directional
blocking graphs (NDBGs) to represent these sets. The authors considered three cases:
infinitesimal translations, infinitesimal translations and infinitesimal rotations, and infi-
nite translations. In all cases, these sets are computed by examining the interactions be-
tween each pair of parts in the assembly. Specifically, potential collisions between two
parts are determined through two methods: for infinitesimal translations and/or rotations,
by analyzing the contacts between parts; and for infinite translations, by computing the
Minkowski difference

Qp0 ⊖Qp1 = {q0 − q1 | q0 ∈ Qp0 , q1 ∈ Qp1}, (2.1)

where Qp0 and Qp1 represent the sets of all the points on the surface of the two parts.
This difference identifies all translations that would cause a collision between the parts.
These collision-causing motions are then represented geometrically. For translations in
2D, the directions are projected onto the unit circle and, for translations in 3D, the surface
of the unit sphere. When rotations are included, the directions are projected onto a 5D unit
hypersphere. The intersections of these projections from all part pairs create a partition of
these spheres into regions, each corresponding to a set of motions with a constant DBG.
Figure 2.3 illustrates an example of a NDBG for infinitesimal translations, along with
some of its corresponding DBGs.

An algorithm to efficiently compute an NDBG for infinitesimal motions was described
by Guibas et al. [43]. Instead of computing all regions, it focuses on computing directions
that lie inside “maximally covered” regions (cells in [43]). They have the property that
moving infinitesimally outside the region into neighboring regions would result in a re-
duction of the number of blocking relationships. Therefore, it is sufficient to only analyze
the DBG associated with these regions.

To generalize the NDBG approach, Wilson et al. [119] introduced the interference dia-
gram. It removes the requirement that motions are either infinitesimal or infinite. First, a
common coordinate system is chosen for all parts in the assembly. Then, for every pair

2https://creativecommons.org/licenses/by-nc-nd/4.0/
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of parts, the configuration space (C-space) obstacle is computed, i.e., the set of all con-
figurations where one part intersects with the other part. As previously discussed, if only
translations are considered, this set is computed using the Minkowski difference defined
by Equation 2.1. However, instead of projecting these sets onto a sphere, they are super-
imposed in the previously chosen common coordinate system. This is the key difference
in the construction of a NDBG. The boundaries of the superimposed sets divide the space
into regions, where each one is labeled with the C-space obstacles that include it. Using
these labels, a DBG can be computed for each region. Because a common coordinate
system was used, any point in the diagram corresponds to the placement of an arbitrary
part or subassembly. To test if a placement in a region is feasible, one must check the
corresponding DBG to ensure that there are no outgoing edges from the node or nodes
encoding the part or subassembly. It follows that a removal path is only feasible if all
regions through which this path goes have DBGs that allow the movement of the part or
subassembly being considered. To find a removal path for a subassembly, one starts from
the initial configuration and explores neighboring regions. The DBG of the starting region
is updated as new regions are added to the path. A path is considered feasible if its com-
bined DBG (the union of DBGs of all regions along the path) is not strongly connected,
meaning there exists a subassembly that can move along the entire path without being
blocked.

Halperin et al. [45] combined the work of Wilson and Latombe [118], Guibas et al. [43]
and Wilson et al. [119] into a general ASP framework. Specifically, the concept of motion
space (M-space) was introduced, which is a parametric representation of all motions that
separate a subassembly or a part from the remaining assembly. Each point in the motion
space corresponds to a path, starting from a fixed initial position, along which a sub-
assembly or a part can potentially be moved. Therefore, its dimension corresponds to the
minimum number of parameters required to uniquely define such a path, given this fixed
starting point. For example, if no restrictions are placed on the motions, the dimension of
the motion space is infinite. If the motions are one-step translations of predefined length,
then the M-space is two-dimensional. Motion spaces are tightly related to the C-space. As
explained above, one can compute regions in the M-space (M-regions), which, for pairs
of parts, describe along which motions they would collide.

An approach similar to the motion space one was discussed by Thomas et al. [106]. They
computed the C-space obstacles for pairs of parts using the Minkowski difference de-
scribed by Equation 2.1 and then projected them onto two half-spheres using a stereo-
graphic projection. However, instead of constructing DBGs, they preserved the informa-
tion on motion length during the projection. In fact, they stored it in two 21
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maps, where each entry corresponds to a direction. Then, using this information, they
build an AND/OR graph, discussed in Section 2.1.2, by systematically testing if a sub-
assembly or a part could be separated.

Approaches Using Sampling-Based Path Planning
In this section, we review methods that utilize sampling-based path planners to deter-
mine removal paths for individual parts or subassemblies. The main idea behind these
approaches is to explore the C-space of the assembly by randomly sampling collision-
free configurations and connecting them to construct feasible paths. Two well-known
algorithms are probabilistic roadmap (PRM) [61] and Rapidly-exploring Random Tree
(RRT) [75]. PRM first precomputes a roadmap by randomly sampling collision-free con-
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Figure 2.4: RRT vs ML-RRT
(adapted from Cortés
et al. [26]. © 2008,
IEEE).

Figure 2.5: Example of a GVD-based roadmap
(reproduced from Dorn et al. [31].
© 2020, IEEE).

figurations from the C-space and connecting these configurations to their nearest neigh-
bors. Then, during the actual planning phase, the precomputed roadmap is used to connect
the start configuration to the end configuration. In contrast, RRT finds a path between start
and goal configurations by incrementally constructing a random tree. It iterates through
the following steps: First, it samples a random collision-free configuration from the C-
space. Then, it identifies the nearest neighbor to this sampled configuration among the
existing nodes in the tree (initially, this is only the start configuration). Finally, it attempts
to move from the nearest neighbor towards the sampled configuration for a predefined
distance. If successful, a new node is created and connected to the nearest neighbor node,
expanding the tree. This continues until a path connecting the start and goal configurations
is found.

Sundaram et al. [103] presented a method for ASP based on PRM [61]. In this context,
the C-space includes all possible poses of each part in the assembly. For example, an
assembly with two parts that require both translation and rotation in 3D results in a 12-
dimensional C-space. The PRM is then used to plan a path from the assembled product
to a fully disassembled state. The authors highlighted that disassembly sequences often
involve tightly packed configurations, which introduces the narrow passage problem [55].
This problem complicates the search for collision-free paths using random sampling. To
mitigate this, the authors leveraged the geometric properties of the parts, biasing the sam-
pling process by moving parts along directions aligned with the normals of their faces.
The effectiveness of this approach was demonstrated on several puzzle-like assemblies
consisting of two to twelve parts.

Cortés et al. [26] extended the RRT algorithm by developing the Manhattan-like RRT
(ML-RRT). This new algorithm was specifically designed to plan disassembly paths for
two articulated parts composed of multiple connected elements. They observed that the
standard RRT algorithm often produces inefficient paths with unnecessary movements
when dealing with articulated assemblies due to the complexity of the C-space. To im-
prove efficiency, they introduced a distinction between active and passive configuration
parameters. Active parameters refer to the positions and orientations of the parts directly
controlled by the planner. In contrast, passive parameters represent the joint variables
of the articulated elements, which are adjusted only when they hinder the motion of the
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active parts. This distinction allowed the algorithm to focus on the essential movements
required for disassembly and minimize redundant motions. Their experiments demon-
strated that ML-RRT significantly outperformed the basic RRT algorithm, especially as
the number of articulated elements increased. A comparison of both algorithms for a 2D
assembly is shown in Figure 2.4.

Le et al. [77] observed that the core idea behind ML-RRT is more general than its original
application to two articulated parts. They suggested the Iterative-ML-RRT (I-ML-RRT)
algorithm. As its name suggests, it iteratively applies the ML-RRT algorithm to the in-
dividual parts of an assembly, where active parameters correspond to the part (or parts if
subassemblies are considered) that should be disassembled. In contrast, the position and
orientation of the remaining parts are treated as passive parameters. This enables I-ML-
RRT to solve monotonic as well as non-monotonic disassembly problems as we discussed
in Section 2.1.4. Furthermore, because the algorithm can make progress even if it tries to
remove a part that is blocked by other parts, it can efficiently explore various disassembly
sequences without getting stuck. When the authors compared I-ML-RRT with the method
proposed by Sundaram et al. [103], it outperformed the latter by two orders of magnitude
in computational efficiency.

Ebinger et al. [38] presented a general framework for disassembly sequence planning. It
relies on two data structures: a disassembly graph and a roadmap. The disassembly graph
provides a high-level representation of the disassembly process, where nodes store the as-
sembly states and edges indicate feasible transitions between these states. The roadmap,
on the other hand, stores low-level information about the removal paths, with nodes rep-
resenting specific configurations of parts and edges representing feasible paths between
these configurations. One key idea is that the framework uses multiple separation tests
with varying computational complexity. In detail, the authors employed two tests: the
first attempts part removal along predefined directions derived from the geometry of the
parts, similar to the method proposed by Sundaram et al. [103], while the second uses
RRT [75] to search for more complex removal paths. Additionally, the framework in-
cludes a novel method for identifying subassemblies based on the first separation test.
That is, through analyzing collision information obtained during simple linear translation
attempts, the method groups parts into subassemblies. The authors discussed two meth-
ods to expand the disassembly graph: a preemptive DFS for efficiently finding feasible
sequences and a full breadth-first search (BFS) to find optimal sequences. Comparative
results showed significant performance improvements over the I-ML-RRT [77] method,
particularly in solving more complex assemblies.

Similarly to the approach presented by Sundaram et al. [103], the Expansive Voronoi
Tree (EVT) method proposed by Dorn et al. [32] centers on precomputing a roadmap
of potential disassembly paths for use during ASP. An example of such a roadmap is
depicted in Figure 2.5. Their method employs a General Voronoi Diagram (GVD) to
create this initial roadmap. An ordinary Voronoi diagram partitions a plane into Voronoi
cells, each containing all points closest to a specific seed point. It follows that the cell
boundaries are equidistant from neighboring seeds, thus providing paths with maximum
clearance. The GVD generalizes this concept and can use arbitrary 3D meshes as seeds.
Dorn et al. [31] presented an efficient algorithm for computing the GVD. Using this GVD-
based roadmap, the authors first searched for the shortest path. However, as this path may
not always be feasible for moving a part, they employed the Expansive Space Tree (EST)
algorithm [54] for local refinement. This combination of global path planning via the
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GVD and local optimization with EST enables the EVT to efficiently find disassembly
paths through open spaces and narrow passages. It was evaluated on a subset comprising
18 parts of a real-world car assembly dataset and outperformed several other planners in
both path length and reliable running time.

Dorn et al. [33] expanded on their previous work [32] by presenting an ASP framework
for complex real-world assemblies. Their approach shares similarities with Ebinger et al.
[38] in using two distinct strategies to evaluate part separability. However, they do so to
handle flexible parts. In detail, they split the planning into two phases: a NEAR phase,
which employs the Iterative Mesh Modification Planner [48] to locally plan with flexible
fastening elements, and a FAR phase that utilizes the EVT for efficient planning of the
remaining path. The authors introduced two techniques to reduce the number of failed
feasibility tests. First, they implemented a path existence check using the GVD-based
roadmap, which quickly assesses if a potential disassembly path exists. Second, they em-
ployed a bookkeeping heuristic that tracks parts that could not be removed in previous
attempts. These parts are only tested again after the removal of one or more parts against
which they previously collided. The framework was evaluated on a larger subset (com-
prising 661 parts) of the car assembly also used by Dorn et al. [32]. It outperformed a
RRT-based approach in both path-finding capability and efficiency. Also, the heuristics
proved highly effective, reducing the overall calculation time by approximately 67%.

A physics-based ASP framework was introduced by Tian et al. [107]. Specifically, the au-
thors customized a physics simulator that utilizes a penalty-based contact model to handle
collisions between parts. It requires an efficient way to compute the penetration distance
and speed. The original simulator had the limitation that in each collision pair, at least
one object had to be a primitive shape with a known distance function. To support com-
plex geometries, the authors implemented signed distance fields, which they computed
for each collision shape to serve as distance functions. For disassembly planning, the
framework employs a BFS-guided algorithm that iteratively applies one of six unit forces
or unit torques to the part for a predefined timestep and observes its movement in the
physics simulation. For multi-part assemblies, the algorithm iterates over all parts, try-
ing to disassemble each one, starting with a shallow search depth that is incrementally
increased if no parts can be removed. Like the approach by Ebinger et al. [38], this pri-
oritizes simpler disassembly paths and can quickly identify and remove less constrained
parts first. The authors evaluated their method on thousands of industrial assemblies.
Their results showed that it, particularly with progressive deepening BFS, achieved supe-
rior performance in both success rate and computational efficiency compared to baseline
approaches, including the work by Ebinger et al. [38].

2.2.4 Improving Precedence Relation Inference via Knowledge
Transfer

In the previous section, we explored methods that simulate the (dis)assembly process
while testing the feasibility of each step. In contrast, in this section, we review approaches
that accelerate precedence relation inference by leveraging knowledge from previous ASP
attempts to directly predict the feasibility of assembly steps.

We begin by introducing the Markov Decision Process (MDP) [104], a mathematical
framework for modeling sequential decision-making. One common approach to solving
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MDPs is RL, and we will discuss deep Q-learning (DQL) [86] in detail. Next, we describe
how to formalize the ASP process as an MDP. Finally, we review several methods that
leverage knowledge transfer to enhance the efficiency of ASP.

Markov Decision Process
The MDP [104] is a mathematical framework for modeling decision processes. It is de-
scribed by the tuple (S,A, P,R). In this formulation, S represents the set of possible
states, while A corresponds to the set of available actions. The transition probability
P (st, at, st+1) indicates the likelihood of moving from state st to state st+1 when action
at is taken. Each transition is associated with an immediate reward R(st, at, st+1).

The actual decision-making is modeled via a policy π : S → A, which is a function that
maps states to actions. The expected cumulative reward for a policy is then computed as

E

[
∞∑
t=0

γtR(st, at, st+1)

]
, (2.2)

where at = π(st) and γ a discount factor. The solution to an MDP is then given by the
optimal policy π∗ that maximizes this expected reward.

Deep Q-learning
Q-learning [104] is one approach to finding a solution for an MDP, i.e., an optimal policy
π∗. Given a policy π, the Q-function Qπ (s, a) estimates the expected reward for taking
an action a in state s and thereafter following the actions as determined by π. It is also
known as the state-action function. The optimal Q-function Q∗ (s, a) uses the optimal
policy π∗ to determine actions and satisfies the Bellman optimality equation:

Q∗ (st, at) = E
[
R(st, at, st+1) + γmax

at+1

Q∗ (st+1, at+1)

]
. (2.3)

The main idea behind Q-learning is to use this equation to define an iterative update:

Qi+1 (st, at) = E
[
R(st, at, st+1) + γmax

at+1

Qi (st+1, at+1)

]
, (2.4)

where Qi converges against Q∗ as i approaches infinity. After the Q-function has con-
verged, the optimal policy π∗ can be derived from it by selecting the action that gives the
highest Q-value for each state:

π∗(s) = argmax
a∈A

Q∗(s, a). (2.5)

Traditionally, the Q-function is often implemented as a table. However, this becomes
impractical for large state and action spaces due to the exponential growth of possible
state-action pairs. Instead, DQL, as introduced by Mnih et al. [86], uses a neural network
to approximate the Q-function, parameterized by θ, such that Q(s, a; θ) ≈ Q∗(s, a).

To train the neural network, DQL first collects past transitions (st, at, rt, st+1) and stores
them in an experience replay buffer. It then samples minibatches from this buffer. This is
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done to break the temporal correlations between samples, which improves the stability of
the training. The minibatches are then used to minimize the following loss:

L(θi) = E(st,at,rt,st+1)∼D
[
(yi −Q(st, at; θi))

2] , (2.6)

where D represents the distribution of transitions sampled from the replay buffer, and the
target value yt is computed as:

yi = R(st, at, st+1) + γmax
at+1

Q(st+1, at+1; θi−1). (2.7)

Here, θi−1 represents the parameters of a separate target network, which are a delayed
copy of the Q-network’s parameters θ that are periodically updated. Besides the experi-
ence replay buffer, using a target network is another technique to stabilize the training.

While we have used the θ parameter here to emphasize that the Q-function is implemented
via a neural network and to simplify our explanation of the training process, for simplicity,
we will drop this notation for the remainder of this work.

Formalizing ASP as an MDP
We can formalize ASP as a finite MDP. The set S comprises all assembly states s ⊆
P , where each state contains the parts currently present in the assembly. An action is
defined as mounting a part to the assembly, with at = i representing adding part pi ∈ A
at timestep t. In the case of ASP by AbD, the actions correspond to removing parts.
Furthermore, we define the transition function P and reward function R as follows:

P (st, at, st+1) =


1, if st+1 = st ⊕ at and the action at is feasible,
1, if st+1 = st and the action at is infeasible,
0, otherwise,

(2.8)

where st ⊕ at denotes the state resulting from applying action at to state st:

1. Forward ASP (assembling parts): st+1 = st ∪ pi

2. Backward ASP (disassembling parts): st+1 = st \ pi.

Action at is feasible if part pi can be added to (or removed from) state st without collision,
and the resulting state st+1 remains stable under gravity. That is, if a feasible action is
performed, we move to the next state st+1 resulting from that action. Otherwise, if the
action is infeasible, we remain in the same state st+1 = st.

We now define the reward function R such that feasible actions are rewarded, while in-
feasible actions are penalized:

R(st, at, st+1) =

{
1 if the action is feasible
−1 if the action is infeasible

(2.9)

Deep Learning Approaches to Predict Precedence Relation
We will review several approaches that utilize knowledge learned during past planning
attempts to predict which assembly actions are feasible. One way to do so is to formalize
the ASP process as an MDP and then learn a Q-function via DQL to guide the planning
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process, as was done by Zhao et al. [125] and Ghasemipour et al. [41]. Another learning
paradigm, supervised learning, was used by Ma et al. [83] and Atad et al. [10]. It tries to
learn a direct mapping between actions and their feasibility. That is, unlike RL, supervised
learning does not consider the future effects of these actions, which is equivalent to setting
the discount factor γ to 0 in Equation 2.7.

Zhao et al. [125] proposed a deep RL approach for ASP for workpieces (ASPW-DRL).
The system takes two inputs: an image of the current assembly state and an image of
the potential next part to assemble. Using a deep Q-network implemented with a con-
volutional neural network (CNN), it predicts whether the part should be attached. The
assembly process is simulated in Gazebo [71], a 3D robotics simulator. A positive reward
is provided only if the entire assembly process is completed. Otherwise, a negative reward
is given. To address the challenges of sparse rewards, the authors employ an experience
replay buffer, as well as curriculum learning, to gradually increase task difficulty. The
approach was initially tested on a seven-part car model, achieving 100% accuracy. To
evaluate generalizability, the authors tested the model on three assemblies: a toy model
with five parts, a humanoid model with eight parts, and a house model with nine parts.
However, they retrained the model on each new assembly before conducting the test. For
each retrained model, they conducted 100 tests with randomly generated feasible initial
states, and the system achieved a 100% success rate for each of them.

Ghasemipour et al. [41] introduced a physics-based environment for multi-part assem-
bly tasks. Their goal was to assemble diverse structures from a fixed set of components.
Specifically, the authors create a 3D simulated environment containing 16 cuboid blocks
of six different types, each with magnetic connection points. A pair of free-floating grip-
pers directly manipulate these blocks to assemble structures according to a predesigned
blueprint. The authors represented the environment state as a fully connected graph,
where most nodes correspond to blocks and store their height, as well as whether each
gripper was holding them during the last timestep. The edges carry the majority of the
information, including the change in position and orientation required to align the correct
magnets, the difference between their current positions and orientations, and those speci-
fied by the blueprint, as well as whether the blocks should be or are currently connected.
Two global nodes store the observations for each gripper, i.e., their orientation, positional
and rotational velocities, as well as the block they were holding in the last timestep. This
graph representation was then processed with a Graph Attention Network (GAT) [111],
which is a type of GNN [12] that incorporates attention mechanisms to weigh the im-
portance of neighboring nodes and edges when making predictions. The GAT produces
three types of outputs: per-block motion actions, per-block key vectors, and per-gripper
block query vectors. The per-block motion actions are 6D vectors representing how each
block should be moved if selected. To match grippers to blocks, the authors compute the
dot-product attention between the per-gripper query vectors and the per-block key vec-
tors. They evaluated their system by training on 141 blueprints and testing on 24 unseen
ones, which contained between 2 and 16 blocks. While their approach could solve all
training blueprints and successfully generalize to the unseen test blueprints, it required a
substantial amount of training data.

Ma et al. [83] introduce a graph-transformer framework for ASP for LEGO models. The
authors collected 100 user-created LEGO animal models uploaded to LEGO Studio, then
manually cleaned them by adjusting colliding parts. They describe a graph-based assem-
bly representation, where nodes represent individual LEGO bricks and edges represent
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Figure 2.6: Overview of the ASP approach for aluminum profile assemblies proposed by
Atad et al. [10]. Each profile’s surface is represented as a node in a fully con-
nected graph. This graph serves as input to their Graph Assembly Process-
ing Network (GRACE), which predicts the assembly sequence step-by-step
(adapted from Atad et al. [10]. © 2023, IEEE).

relationships between bricks. Each node has two types of features: a 24-dimensional,
one-hot encoded vector representing the brick type and a normalized 3D position of the
brick’s center. They use two types of edges: link edges, which represent knob-cavity
connections between bricks, and block edges, which represent spatial blocking relation-
ships along the x-, y-, and z-axes. The authors proposed a graph-transformer architecture
to predict assembly sequences from these graphs. In detail, a graph transformer [37] is
an extension of the traditional transformer model [110] to handle graph-structured data.
A key feature of transformer models is their use of attention, which enables the compu-
tations of a node embedding to be more influenced by the values of specific neighbors
rather than all neighbors. The authors computed separate attention values for different
types of edges to handle the heterogeneous nature of their LEGO assembly graph rep-
resentation. These values are then aggregated to produce the final node embeddings.
Finally, these embeddings are used as input for a standard decoder, a component of the
transformer architecture, which generates sequences by predicting each element based on
all the previously predicted ones. To evaluate the system, the authors measured the cor-
relation [63] between the predicted and ground-truth assembly sequences. Their results
showed a moderate correlation for smaller graphs (using the smallest 60% of the dataset)
with a degrading performance for larger, more complex graphs.

Graph assembly processing networks (GRACE) were introduced by Atad et al. [10]. Sim-
ilarly to Rodríguez et al. [97], their work focused on planning assembly sequences for
aluminum profiles. Furthermore, the assembly graph representation in GRACE is quite
similar to the topology-based approach discussed by Rodríguez et al. [97]. Both meth-
ods use nodes to represent parts and surfaces, and both capture relative distances between
surfaces. However, while the topology representation only connects surfaces in contact,
GRACE employs a fully connected graph structure with edges between all surface nodes.
In Rodríguez et al. [97], relative distance information is encoded in parameter vectors
associated with each specific instance of a topology. In contrast, here the authors store
this data directly in the edge features of their graph. They then use this graph representa-
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tion as input to a GAT [111] which predicts feasible assembly sequences in a step-by-step
manner. An overview of this process is depicted in Figure 2.6. To evaluate GRACE,
they created a dataset of profile assemblies ranging from three to seven parts. In intra-
sized experiments, the model was trained and tested on assemblies of the same size, while
inter-sized experiments assessed generalization across different assembly sizes. For intra-
sized assemblies, GRACE achieved perfect step prediction performance and near-perfect
sequence prediction for smaller assemblies, with slight decreases for larger ones. In inter-
sized tests, GRACE demonstrated strong generalization capabilities, particularly when
applying knowledge from larger to smaller assemblies. However, it showed a perfor-
mance drop when generalizing to larger, potentially more complex structures.

2.2.5 Discussion

In this section, we provided an overview of several approaches to generate feasible assem-
bly sequences. We first discussed methods to obtain such sequences from human experts.
In fact, early works in the field by Bourjault [15] and DeFazio and Whitney [29] directly
asked experts to create assembly sequences. Other works, e.g., by Wang et al. [115]
or Dreher and Asfour [34], leveraged LfD techniques to extract sequences from human
demonstrations.

Another approach to creating assembly sequences that we discussed next is CBR. When
presented with a new assembly, CBR first decomposes it into cases, i.e., subassemblies.
It then searches a library for similar subassemblies. By adapting and combining solutions
to these similar cases, CBR generates an assembly sequence for the new assembly. While
it can expedite the planning process, this approach presents two main challenges. First,
it requires maintaining a case library, which can be a resource-intensive task. Second,
determining the optimal size for cases might be difficult: if cases are too small, they may
not capture enough context about neighboring parts to be useful. Conversely, if cases are
too large, the number of variations that must be stored in the library grows exponentially,
which might make retrieval and adaptation more complex and time-consuming.

We then examined two techniques that simulate the assembly process using CAD models.
Both of them test that various feasibility constraints, particularly geometric feasibility and
stability, are satisfied after each assembly step, thereby determining which are physically
possible and in what order they must occur.

The first technique involved precomputing blocking relationships between parts and stor-
ing them in specific data structures. Examples of such structures are NDBG introduced
by Wilson and Latombe [118] or 21

2
D distance maps proposed by Thomas et al. [106].

They allow for the quick determination of which parts can be (dis)assembled in the cur-
rent assembly state, thus enabling efficient ASP. While the precomputation of blocking
relationships enables efficient ASP, it becomes computationally expensive for arbitrary 6D
motions. In fact, most previously discussed methods assume either infinite or infinitesimal
motions, which limits their ability to handle complex motions.

The second technique employs sampling-based motion planners, such as PRM [61] or
RRT [75], for finding feasible (dis)assembly paths. While more flexible than the first
technique, these algorithms may require a significant amount of time to find complex
paths. Consequently, researchers have long been working on accelerating this process
through various methods. Earlier approaches we discussed included moving parts only
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Table 2.1: Overview of learning-based methods for predicting feasible assembly actions
reviewed in Section 2.2.4. † The model was retrained for each new assem-
bly during evaluation. ‡ Intra-sized experiments: The model was trained and
tested on assemblies of the same size. Inter-sized experiments: The model was
trained on assemblies of a certain size and then tested on assemblies with dif-
ferent sizes.

ASP
direction

Direct
sequence

prediction
Dataset

Uses
robotic

manipulator

Part
representation

Type of parts Training Evaluation

Zhao et al. [125] Forward ✓

Cubes,
cylinders,
prisms

Toy model
(5 parts)

† Car
(7 parts),
humanoid
(8 parts),
house
(9 parts)

✗ Image

Ghasemipouret
al. [41] Forward ✓

6 types
of blocks
with magnetic
connectors

141 assemblies
(2 - 16 parts)

24 assemblies
(2 - 16 parts)

Two
free-floating
grippers

Block
height

Ma et al. [83] Forward ✓
LEGO
bricks

75 LEGO
assemblies
(3 - 44 parts)

25 LEGO
assemblies
(3 - 44 parts)

✗
One-hot
vector

Atad et al. [10] Forward ✓

Aluminum
profiles,
angle brackets

17513 assemblies
(3 - 7 parts)

‡ Cross-validation:
intra-sized and
inter-sized
experiments

Two robotic
manipulators

One-hot
vector

This thesis Backward
(AbD) ✗

Mechanical
components:
aluminum
profiles,
screws,
wheels, . . .

5 real-world
assemblies
(29 - 68 parts)

Leave-one-out
cross-validation ✗

3D shape
descriptor

after collisions occurred with other parts, as proposed by Cortés et al. [26] and Le et al.
[77], and utilizing removal checks with increasing complexity as presented by Ebinger
et al. [38]. More recent contributions include the precomputation of potential paths ex-
plored by Dorn et al. [32][33] as well as using simulated normal forces to guide the path
search as suggested by Tian et al. [108].

However, these algorithms start from scratch for each new assembly, which can be in-
efficient. An alternative approach leverages knowledge from previously solved assembly
problems to guide the planning process for new assemblies. We reviewed several methods
that implement this strategy, as summarized in Table 2.1.

All of these methods focus on directly predicting assembly sequences without incorpo-
rating any recovery strategies for incorrect predictions. While this is the most efficient
method for generating assembly sequences, it has its limitations. It works well for shorter
sequences, as shown by Atad et al. [10], but requires substantial training data, as demon-
strated by Ghasemipour et al. [41], to handle more complex assemblies.

The lack of a recovery strategy means this approach struggles with completely unseen
parts and requires that precedence relations for all parts can be learned from the training
set. If this condition is not met, the approach fails, as Ma et al. [83] discovered when
attempting to generalize from smaller to larger LEGO assemblies with more complex
structures.

This limitation is further reflected by the fact that three of the four discussed works as-
sumed known part types. Specifically, Ma et al. [83] and Atad et al. [10] represented
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different part types using a one-hot vector, while Ghasemipour et al. [41] assumed that
all parts were blocks and then utilized their height. This raises questions about the gen-
eralizability of these approaches to more diverse and complex real-world assembly tasks.
Additionally, all these approaches predicted sequences in a forward direction. Therefore,
they always needed to consider the complete assembly (both assembled and not yet as-
sembled parts) during each prediction step. This is in contrast to the backward (AbD)
direction, where removed parts can be ignored during all future predictions.

2.3 Optimizing Assembly Sequences

Manufacturers are often interested not only in feasible assembly sequences but also in
sequences optimized for various objectives. An overview of these objectives is provided
by Jones et al. [60]. Common optimization goals include minimizing the number of tool
changes, reducing assembly direction changes, and decreasing overall assembly time.

A basic approach to finding optimal sequences involves exhaustive search [11, 38, 51,
7]. However, given the combinatorial explosion, there are N ! potential sequences for an
assembly with N parts, this approach is only useful for small assemblies. More advanced
approaches use soft computing techniques such as GA [76, 109, 84, 122, 68] or RL [67,
89] to efficiently find near-optimal solutions in a reasonable time. Nevertheless, these
methods have to start each planning attempt from scratch.

Similar to feasible ASP, an alternative approach is to reuse knowledge from previous
planning attempts to guide the sequence optimization for a new assembly [116, 47, 44,
39].

In this section, we first provide an overview of different approaches to optimizing as-
sembly sequences, ranging from basic exhaustive search methods to more sophisticated
algorithms designed to efficiently navigate complex search spaces. In the final section, we
explore approaches that reuse previous planning knowledge, offering potential improve-
ments in efficiency and effectiveness.

2.3.1 Exhaustive Search

A straightforward approach to finding optimal assembly sequences is to exhaustively
search all feasible options as discussed by Bahubalendruni and Biswal [11]. When these
sequences are represented as a DAG, standard graph-search algorithms such as BFS can
be applied, as demonstrated by Ebinger et al. [38]. For more efficient exploration of the
search space, heuristic-based algorithms like A* are often employed. An extension of
A*, known as AO*, is specifically designed for AND/OR graphs [90], and was, for exam-
ple, used by Homem de Mello and Sanderson [51]. However, they still first construct the
whole AND/OR assembly graph.

Andre and Thomas [7] presented an innovative anytime ASP algorithm that can be stopped
and return a feasible sequence at any time while continuously improving the solution as
long as computation time is available. Their approach used precomputed 21

2
D distance

maps [106] to incrementally construct an AND/OR graph while simultaneously searching
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for the optimal sequence. They optimized the weighted sum of two objectives: minimiz-
ing the number of tool changes required during the assembly process and reducing the
number of part reorientations needed to complete the assembly. The authors successfully
demonstrated the functionality of their algorithm on 4 assemblies: a cross and a rectangle
consisting of aluminum profiles (13 parts and 24 parts, respectively), a gearbox (8 parts),
and a drilling machine (26 parts).

2.3.2 Approximating Optimal Sequences via Soft Computing
Algorithms

In this section, we provide an overview of methods that approximate optimal assembly
sequences using soft computing algorithms. These approaches address the combinatorial
explosion by utilizing heuristics to guide the search towards potentially rewarding areas
in the search space. Their application to ASP has been extensively studied [28].

We will first review various approaches utilizing GA. Afterwards, we discuss methods
that employ RL.

Genetic Algorithm
GA solve optimization problems through an evolutionary-inspired iterative process. Start-
ing with a population of potential solutions encoded as “chromosomes” the algorithm
repeatedly applies selection, mutation, and crossover steps. Selection chooses solutions
stochastically based on their fitness, which normally corresponds to the value of the ob-
jective function. This favors fitter solutions while still maintaining a diverse solution
population. The mutation step introduces small random changes to some selected solu-
tions, while the crossover step recombines parts of chromosomes from pairs of selected
solutions. Each iteration creates a new generation, with the population evolving over time.
The process continues until a stopping criterion is met, such as reaching a maximum num-
ber of generations or achieving a desired fitness level.

Lazzerini et al. [76] employed a GA for assembly planning, assuming an assembly system
that can only attach parts along the vertical axis. Their approach encoded three key prop-
erties in each chromosome: the part assembly order, their corresponding vertical insertion
directions (upward or downward), and the gripper types used to grasp them (e.g., vacuum
or two-finger grippers). They randomly created the initial population. Their fitness func-
tion considered sequence feasibility, orientation changes, gripper changes, and grouping
of similar assembly operations, such as screwing or pressing. Feasibility is evaluated us-
ing interference, contact, and connection matrices [98]. Their mutation step used three
operators: The first exchanges one or two randomly selected genes (where a gene is an
element of a chromosome) in the part order, mirroring these changes in the insertion direc-
tion and gripper type variables. The second randomly replaces genes in a selected portion
of the insertion direction variable. The third randomly changes a single gripper type to an-
other suitable option. The authors introduced a modified partially matched crossover [42]
that allows matching and exchanging portions of to-be-mated chromosomes located at
different positions. The method was tested on assemblies with up to 16 components,
consistently converging to feasible sequences. In 63 of 100 trials for an 8-component
example, it found the optimal solution.
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Given an AND/OR graph representing all feasible assembly sequences, Valle et al. [109]
presented a GA that minimizes the total assembly time. It considers assembly duration,
time for tool changes, and subassembly transportation times. For creating the initial popu-
lation, they used a heuristic to estimate a lower bound for this time. In contrast, to compute
the actual fitness of a chromosome, they created an assembly schedule and then simulated
it. The GA employs two types of mutation operators: “reordering tasks”, which performs
local search by moving tasks within a sequence, and “replanning mutation”, which ex-
plores different assembly sequences by replacing subtrees in the AND/OR graph. For
crossover, they introduced a “replanning crossover” operator that combines tasks from
two parent chromosomes while maintaining task positions when possible. The algorithm
was evaluated on a hypothetical product consisting of 30 parts. Results showed that using
all three operators yielded the best performance, consistently improving solutions over
time, with the heuristic-based initialization further enhancing the algorithm’s effective-
ness.

Marian et al. [84] proposed a GA that relies on a guided search to generate the initial pop-
ulation of feasible sequences as well as to implement its mutation and crossover operators.
Its chromosomes represent the order of assembly operations, which the authors defined
over the Entities Meaningful for Assembly Sequence (EMAS) instead of parts. That is,
EMAS can represent not only individual parts but also subassemblies, assembly opera-
tions, or special processes, such as adding fluids. This allows the GA to handle a broader
range of assembly scenarios, including nonsequential, nonlinear, and nonmonotone as-
sembly processes. We discussed these properties in Section 2.1.4. The guided search
algorithm utilizes a liaison graph, where vertices represent EMAS and edges represent
liaisons or relationships between EMAS, to determine candidates for each assembly step.
It then checks, for each candidate, if assembling it satisfies additional constraints such as
geometric feasibility, accessibility, and additional assembly process requirements. The fit-
ness function uses a penalty-based approach, assigning penalties for suboptimal assembly
steps (e.g., rotating heavy components). Their crossover operator combines features from
both parents while maintaining feasibility, using guided search to fill in missing genes. In-
stead of traditional mutation, they implement a “pseudo-mutation” that randomly replaces
chromosomes with new feasible ones generated by a guided search. The authors tested
their approach on a hydraulic linear motor with 25 parts. The GA consistently converged
to optimal or near-optimal solutions within reasonable computation times.

Wu et al. [122] proposed a discrete differential genetic algorithm (DDG) for ASP. Unlike
standard GA, DDG replaces the traditional sampling step with a discrete difference op-
eration. The DDG algorithm begins by randomly generating an initial population, where
each chromosome represents an assembly sequence encoded as an integer vector. The
main loop then iterates over these chromosomes, applying three key operations. First, in
the “variation step”, three chromosomes (P1, P2, P3) are randomly selected. The algo-
rithm calculates the positional differences between similar genes in P1 and P2, then uses
these differences to reorder the genes in P3, creating a new chromosome V . Second, a
“crossover operation” is performed with a certain probability between V and the current
chromosome, using a partial cross-recombination method. It randomly selects a crossover
point, exchanges subsequences between the parent chromosomes, and then resolves any
conflicts by removing duplicate genes. Third, a “mutation operation” may be applied, ran-
domly swapping two genes in V . After these operations, the fitness of V is evaluated and
compared with the current chromosome. The fitness function is computed as a weighted
sum of three objectives, considering only feasible assembly sequences: the number of
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assembly direction changes, the number of assembly tool changes, and the stability of
the assembly process. To determine feasibility and calculate the objectives, the algorithm
uses interference and connection matrices [30]. The chromosome with the higher fitness is
retained for the next generation. The authors compared their algorithm against a standard
GA using a vise assembly consisting of 11 parts. Results showed that DDG consistently
outperformed GA in terms of convergence speed and solution quality, with DDG able to
find the optimal solution more frequently and with smaller population sizes.

A proper multi-objective optimization approach to ASP based on the Non-dominated Sort-
ing Genetic Algorithm II (NSGA-II) [27] was proposed by Kiyokawa et al. [68]. Un-
like previous works that optimized weighted sums of objectives, the authors optimized
the Pareto front for two objectives: optimizing insertion conditions and minimizing the
constraint state transition difficulty (CSTD). Optimizing insertion conditions prioritizes
sequences following natural insertion orders, e.g., adding a part with a hole before as-
sembling a peg. Minimizing CSTD focuses on adding parts that are less constrained in
the current assembly state. The Pareto front represents the set of non-dominated solu-
tions, where each solution is better than all others in at least one objective. To check
sequence feasibility and compute objectives, the authors used three matrices extracted
from 3D CAD models: The “interference-free matrix” shows whether one part can move
without colliding with another. The “insertion matrix” captures insertion relationships,
such as plug-and-socket connections. The “degree of constraint matrix” measures move-
ment restrictions between parts, considering translational and rotational constraints. For
rigid parts, these matrices are computed directly from geometric data. For deformable
parts, such as rubber bands, the authors simulated potential deformation before extracting
the matrices. The approach was evaluated on eight different assemblies with up to 33
parts, of which several were deformable, e. g., rubber bands, belts, and chains. For all
eight assemblies, it could consistently generate feasible assembly sequences.

Deep Reinforcement Learning
As described in Section 2.2.4, when using rewards for sequence completion or the exe-
cution of feasible actions, RL can be utilized to train policies that select feasible actions
at each assembly state. However, if the reward function is defined to reflect specific opti-
mization objectives, such as part accessibility or the number of tool changes, deep RL can
be used to plan assembly sequences that are optimized with respect to these objectives.
The policy is then trained and evaluated on the same assembly.

Kitz and Thomas [67] used DQL to plan assembly sequences that are optimized with
respect to the accessibility of the individual parts. To compute this objective and to speed
up the planning process, the authors used the 21

2
D distance maps introduced by Thomas

et al. [106]. They represent the assembly state as a boolean vector where a 1 indicates
that the part is still present in the assembly and a 0 means it has been removed. The
action space consists of selecting the next part to remove. To implement a learnable Q-
function, the authors used an Feed-Forward Neural Network (FNN) with N input and
output nodes (where N is the number of parts), which allows the direct mapping of the
assembly state to Q-values for each possible removal action. The search process follows
an ϵ-greedy strategy, with the ϵ value being gradually decreased during training to balance
exploration and exploitation. Each episode continues until the assembly is completely
disassembled. Significantly, the Q-function is updated after each episode, i.e., the learning
process is directly integrated into the search. The authors evaluated their approach on
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three different assembly tasks: a small Soma cube (a 3D puzzle consisting of 7 parts),
an item-profile construction (16 parts), and a large Soma cube (56 parts). Their results
showed that the approach could quickly generate feasible assembly sequences and then
progressively improve the accessibility of individual parts.

Neves and Neto [89] applied four different RL algorithms to finding optimal assembly
sequences for a toy airplane. They were tabular Q-Learning [104], DQL [86], Advan-
tage Actor-Critic (A2C) [87], and Rainbow [50]. The airplane consists of 11 distinct
components and two types of fasteners, which were grouped into eight assembly tasks.
Similarly to Kitz and Thomas [67], the state representation used a boolean vector for
completed tasks. Additionally, the currently selected tool was encoded as an integer.
The action space comprised the eight assembly tasks. The authors discussed a scenario
in which some assembly tasks are performed by a human expert and others by a robot.
Therefore, the reward function combined total assembly time minimization with user pref-
erences to avoid ergonomically challenging sequences. The algorithm was evaluated in
both deterministic and stochastic assembly time settings. Their results showed that A2C,
Rainbow, and tabular Q-Learning achieved near-optimal performance. Surprisingly, DQL
performed poorly compared to the other algorithms, including tabular Q-Learning. The
authors suggested that its poor performance might be due to infrequent updates of the tar-
get network, which leads to outdated target values and slower learning. Furthermore, the
experience replay might have hindered learning by delaying the use of recent experiences
and continuously reusing transitions from initial poor policies. However, the paper lacks a
detailed discussion of hyperparameters such as the update frequency of the target network
or the size of the experience replay buffer.

2.3.3 Knowledge Transfer

While in the last section, we reviewed works that trained and evaluated policies on the
same assembly, here we discuss approaches that transfer knowledge from previous plan-
ning attempts to new assemblies. Specifically, through utilizing pretrained policies, these
methods can accelerate the learning process and potentially achieve better optimization
outcomes.

An early approach to transferring knowledge from one assembly to another was proposed
by Watanabe and Inada [116]. Their goal was to find an assembly sequence that minimizes
the time required by two robotic manipulators to assemble wooden block models. The au-
thors used a traditional tabular Q-learning [104], where the state was encoded as a binary
number. Actions were represented as pairs of numbers indicating which blocks to disas-
semble with the left and right robot hands, respectively. The Q-values were updated based
on rewards that considered sequence completion, individual block removals, and penalties
for infeasible operations. To encourage faster sequences, a higher reward was provided
if the current disassembly time was shorter than the best time found so far. Additionally,
simultaneous disassembly operations using both robot hands were rewarded more than
single-hand operations. To transfer knowledge between assemblies, the authors experi-
mented with two methods: a regression analysis, where Q-values from simpler wooden
assemblies served as the dependent variable and 20 features describing block properties
and assembly states as independent variables. For the other method, they trained an FNN
that took the same 20 features as input to predict Q-values as output. Both methods, once

33



2 State of the Art

Figure 2.7: Illustration of Funk et al. [39]’s approach, where cubes (blue, green, and cyan)
should be assembled to fill a 3D target shape (yellow). The assembly is repre-
sented as a graph, which is processed by a multi-head attention graph neural
network (MHA-GNN) to compute an embedding. A trained Q-function uses
this embedding to predict the optimal placement of each cube relative to al-
ready placed cubes (red) (adapted from Funk et al. [39]. © 2022, IEEE).

trained on simpler models, were used to initialize Q-tables for more complex new assem-
blies. After training the system on five simpler assemblies, it was evaluated on two unseen
assemblies with seven and ten blocks, respectively. The authors compared their transfer
learning approaches with a baseline Q-learning method that does not utilize transfer. Re-
sults showed that both methods significantly outperformed the baseline, with the neural
network approach demonstrating the best performance.

Hayashi et al. [47] presented an approach for minimizing the amount of temporary sup-
ports required to build spatial trusses using an AbD strategy. They represented the truss
as a graph, with the state defined by a tuple (C, v), where C is the connectivity matrix
encoding member-node relationships and v⃗ is a matrix containing binary flags for support
conditions and local stability for each member. The authors then used a graph embed-
ding to transform this variable-sized state representation into fixed-size feature vectors.
These are used as input to an FNN that estimates Q-values for each possible action, i.e.,
which member to remove next in the disassembly process. The parameters of both the
graph embedding and the Q-value estimation network are trained via DQL. The authors
trained the agent on various randomly generated truss configurations and validated it on
unseen structures. Their approach significantly outperformed GA and Covariance Matrix
Adaptation Evolution Strategy (CMA-ES) [46], an evolutionary algorithm for continuous
optimization, in terms of solution quality and computational efficiency. In fact, it found
better assembly sequences over a thousand times faster. The method was validated on
three unseen structures: a dome truss with 25 nodes and 56 members, a flat roof truss
with 28 nodes and 80 members, and a large latticed shell with 220 nodes and 797 mem-
bers.

Guo et al. [44] introduced the Connector-Linked Model (CLM), a graph-based assembly
representation based on precedence graphs rather than liaison graphs. In CLM, nodes
represent connectors (e.g., screws, bolts) and edges indicate assembly precedence. In
detail, node attributes encode the connector ID and type, the precedence position, as well
as the required assembly tool and assembly direction. The edge attributes capture the
number of changes in connector type, assembly tool, and assembly direction between
connected nodes. The assembly state was represented by a matrix derived from the CLM
and encoded using an edge graph attention model. The action space involved selecting
the next connector to assemble, along with its tool and assembly direction. A decoder
then calculated a probability distribution over viable connector combinations, based on
the state encoding and the encoding of the previously assembled connectors. The entire
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model is trained using the REINFORCE algorithm to minimize changes in connector type,
assembly tool, and assembly direction across the sequence. The system was evaluated
on synthetic datasets with varying numbers of connectors (20-50), using one million in-
stances for training and one thousand for testing at each size. Additionally, it was tested on
two real-world reducer assembly cases: one with 24 connectors and another with 19 con-
nectors. The results showed that the approach achieved lower assembly costs and faster
decision-making times compared to other algorithms, namely pointer networks [112], GA,
and particle swarm optimization, particularly for larger problem instances.

Funk et al. [39] described an approach to robotic architectural construction. Specifically,
they addressed the challenge of how a robot can assemble a set of wooden cubes to best
fill out a given 3D target shape. The authors represented the workspace as a graph, where
each node corresponds to either a target point defining the desired shape, an already as-
sembled wooden cube, or a cube that still needs to be added to the structure. Edges are
established from unplaced cubes to placed cubes as well as to target points. To process
this graph representation, the authors used a multi-head attention graph neural network
(MHA-GNN). The attention mechanism helps the GNN to focus on important relation-
ships between nodes. Multi-head attention extends this concept by computing multiple
attention operations in parallel, each potentially focusing on different aspects of the graph
structure. The authors utilized the graph representation to train a Q-function that assigns
Q-values to assembling an unplaced cube relative to already placed cubes. This pro-
cess is illustrated in Figure 2.7. They then explored various methods to integrate this
learned Q-function with MCTS. These methods include using MCTS only during test-
ing to enhance the learned policy, incorporating MCTS during both training and testing,
and investigating different strategies for balancing exploration and exploitation within the
MCTS framework. Through extensive experiments, they demonstrated that combining
the learned Q-function with MCTS at decision time provides the best performance and
generalization across diverse assembly tasks.

2.3.4 Discussion

We have reviewed a range of approaches for planning assembly sequences optimized for
various objectives. Initially, we considered methods that generate all feasible sequences
and then evaluate them to identify the optimal one. While straightforward, these ap-
proaches are limited by the exponential growth of the search space and are, therefore,
only practical for small assemblies.

This limitation has driven researchers to explore the application of various soft computing
algorithms to optimal ASP. We gave an overview of two such algorithms: GA and RL.
Instead of exhaustively exploring the entire solution space, they employ heuristics and
learning mechanisms to efficiently guide the search.

Parallel to our review of feasible assembly sequence generation in the previous section, we
next explored approaches that reuse knowledge learned during previous planning attempts
to efficiently optimize assembly sequences for new assemblies. An overview is given by
Table 2.2.

Similar to the approaches that reuse knowledge to accelerate feasible assembly sequence
planning, as shown in Table 2.1, all of these optimization methods, except for Funk et al.
[39], directly predict the sequence using the learned Q-function. However, in contrast
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to planning feasible assembly sequences, when planning optimal sequences, selecting a
suboptimal action can lead to either an infeasible sequence or one that is suboptimal with
respect to the optimization objectives. To avoid the former case, two of the reviewed
approaches, Hayashi et al. [47] and Guo et al. [44], restricted the action space to only
allow the selection of feasible actions. This ensures that a feasible sequence is always
generated, although it might not be optimal.

Conversely, the strategies discussed by Watanabe and Inada [116] and Funk et al. [39]
could produce infeasible sequences. Notably, while Funk et al. [39] did not use the Q-
function to predict the sequence directly, but instead combined it with an MCTS, they
analyzed a scenario where a robotic manipulator directly executed each planned assembly
step. Therefore, the authors focused on rapid prediction and limited the search depth of the
MCTS to a single assembly step. Moreover, because of this scenario, once an assembly
action was taken, the planner could not backtrack.

Another important point is that, among all the reviewed works, only Kiyokawa et al. [68]
employed proper multi-objective optimization. Specifically, while most authors combined
multiple objectives into a single scalar value using weighted sums, [68] utilized NSGA-
II [27] to optimize the Pareto front, which represents the set of non-dominated solutions.
That is, each solution in this set is better in at least one objective compared to all others.
Providing a set of solutions, rather than a single one, offers valuable insight to human
operators. Moreover, it allows them to select the solution that best balances different pri-
orities based on the specific manufacturing context. This is particularly useful in scenarios
where priorities might change or when it is challenging to determine appropriate weights
for balancing multiple objectives.

2.4 Assembly Datasets

To accelerate the ASP process via deep learning, training datasets are required. While
research on 3D shape retrieval [57] has led to the creation of numerous datasets containing
large numbers of common objects, only a few of those contain mechanical parts [13, 64,
69] and even fewer mechanical assemblies [82, 117].

Additionally, robotic assembly benchmarks [25, 17, 65, 79, 24] have been developed to
standardize the evaluation of assembly planning and execution algorithms. These bench-
marks typically provide specific assembly tasks with well-defined metrics. However, they
often offer only a single benchmark or a few variations, which limits their usefulness for
training deep learning models.

In this section, we will provide an overview of existing resources for assembly planning.
First, we will discuss datasets focused on individual mechanical parts. Following this, we
explore datasets that consist of complete assemblies. Finally, we discuss various robotic
assembly benchmarks.

2.4.1 Mechanical Parts Dataset

The first dataset containing mechanical parts is the Actual Artifacts Dataset (AAD) dis-
cussed in Bespalov et al. [13]. It consists of four subdatasets where the first three are all
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(a) Toy plane assembly
from the YCB dataset
(reproduced from [17].
© 2015 IEEE).

(b) Three variants of the
Belt drive assembly used
during the WRS 2018
(reproduced from [124].
© 2019 The Author(s),
Taylor & Francis Group.
CC BY-NC-ND 4.03).

(c) The RAMP benchmark
with four target assem-
bly states (reproduced
from [24]. © 2023 IEEE).

Figure 2.8: Examples of robotic assembly benchmarks: (a) Toy plane assembly from
the Yale-CMU-Berkeley (YCB) dataset [17], (b) Belt drive assembly vari-
ants from the World Robot Summit (WRS) 2018 [124], and (c) Robotic As-
sembly Manipulation and Planning (RAMP) benchmark with target assembly
states [24].

derived from the National Design Repository Dataset [95]. The Manufacturing Classifica-
tion Dataset comprises 110 models categorized by their manufacturing process, including
56 prismatic machined parts and 54 cast-then-machined parts. The Functional Classifi-
cation Dataset contains 70 models that have been manually classified according to their
functionality, such as being a bracket, a gear, or a housing. To create the Variable Fidelity
Dataset, the authors selected 40 models and reduced their polygon count twice by merg-
ing surfaces with similar normals, resulting in a total of 120 models. This was done to test
the robustness of retrieval algorithms against varying levels of geometric detail. The final
dataset, the LEGO Dataset, contains all 47 pieces from the LEGO Mindstorms robotics
kit.

Two recent large-scale datasets created for evaluating the retrieval of mechanical parts
are the Mechanical Components Benchmark (MCB) collected by Kim et al. [64] and
the A Big CAD Model Dataset (ABC) introduced by Koch et al. [69]. MCB contains
around 58700 models across 68 categories that were collected from three online databases:
TraceParts4, 3D Warehouse5, and GrabCAD6. Human experts used a web-based tool to
filter and annotate the parts. In contrast, the ABC dataset contains over 1 million CAD
models without any category annotations. To create it, the authors collected models from
Onshape’s online platform7.

3https://creativecommons.org/licenses/by-nc-nd/4.0/
4https://www.traceparts.com
5https://3dwarehouse.sketchup.com
6https://grabcad.com
7https://www.onshape.com
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2.4 Assembly Datasets

The datasets discussed so far contained individual mechanical parts. To address the lack
of publicly available assembly datasets suitable for testing retrieval methods, Lupinetti
et al. [82] introduced a dataset containing 137 CAD assembly models. These models are
categorized into 11 classes, such as coupling flanges, differentials, turbines, . . . . Overall,
the dataset comprises approximately 12800 parts, of which 4900 are unique. On average,
each model contains about 93 parts, with approximately 36 unique parts per model. An-
other one is the Fusion 360 Gallery Assembly Dataset collected by Willis et al. [117]. As
its name suggests, it aggregates designs from the Autodesk Online Gallery8 that were cre-
ated using Autodesk Fusion 360. It contains approximately 8300 assemblies, comprising
154000 individual parts. That is, on average, each assembly consists of 19 parts.

2.4.2 Assembly Benchmarks

The Cranfield Assembly Benchmark, introduced by Collins et al. [25], is one of the ear-
liest benchmarks for long-horizon robotic assembly. The original benchmark includes 17
parts, while a simplified version, which excludes screws, consists of 10 parts [99]. When
fully assembled, the parts form a pendulum.

One benchmark suite that contains both short-horizon and long-horizon robot manipu-
lation tasks is the Yale-CMU-Berkeley (YCB) object and model set, described by Calli
et al. [17]. It consists of a diverse collection of objects categorized into food items, kitchen
items, tools, shape items, and task items. One of them is the toy plane assembly shown
in Figure 2.8a, which was used by Neves and Neto [89] for evaluating their approach as
described in Section 2.3.2.

Kimble et al. [65] gave an overview of various benchmarking protocols for robotic as-
sembly that have been used in multiple robotics competitions. In detail, the authors de-
scribe three task boards of increasing complexity: the first one focuses on basic operations
such as peg-in-hole insertions or gear meshing. The second task board introduces more
complex tasks, including the handling of flexible parts such as belt tension mechanisms.
Finally, the third task board emphasizes the manipulation of cables. A belt drive assembly
similar to the one used in the second task board was employed during the World Robot
Summit 2018 competition [124]. Three variations are shown in Figure 2.8b. Further-
more, Kiyokawa et al. [68] used this assembly and its variants for evaluating their ASP
approach.

The IKEA Furniture Assembly Environment presented in Lee et al. [79] is a virtual as-
sembly benchmark where one or more robotic manipulators must assemble furniture. It
features a diverse range of 61 furniture models, including chairs, tables, and various stor-
age units. These models were created based on official IKEA manuals and have between
2 and 15 parts.

Inspired by real-world industrial assemblies, Collins et al. [24] designed the Robotic As-
sembly Manipulation and Planning (RAMP) benchmark to assess long-horizon robotic
assembly tasks. The benchmark consists of nine 20 × 20 mm aluminum profiles that a
robotic manipulator can assemble. To this end, the authors designed specific 3D-printed
joints that can be connected using up to 15 pegs. Based on these parts, the authors con-
structed nine different assembly tasks, which they categorize into easy, medium, and hard

8https://gallery.autodesk.com
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difficulty levels. Four of these tasks are shown in Figure 2.8c. The easy class contains
assemblies that require 3-4 peg insertions, while the medium class involves 4-8 peg in-
sertions and more sophisticated skills, such as angled beam insertions. The hard class
presents free-form designs with longer assembly sequences.

2.4.3 Discussion

We provided an overview of datasets comprising individual mechanical parts as well as
complete assemblies. As previously mentioned, there are some large datasets containing
individual mechanical parts. However, the number of datasets consisting of complete as-
semblies is limited. One reason for this is that high-quality assembly models are often
proprietary and closely guarded by the companies that produce them. Another limitation
of using publicly available assembly models for ASP is that they frequently require addi-
tional processing to address issues such as overlapping or missing parts. To handle over-
lapping parts, various approaches have been suggested. One method involves shrinking
parts to eliminate intersections [49]. An alternative approach is to push overlapping parts
away from each other. In fact, as we have discussed in Section 2.2.3, this latter technique
was employed by Tian et al. [107] to accelerate removal tests in their ASP framework.
Another limitation of these datasets is the lack of information about the properties of their
assemblies, such as the number of hands or the specific tools required for assembly. We
discussed various assembly properties in Section 2.2. As a case in point, Tian et al. [107]
only focused on finding feasible removal paths while ignoring stability constraints.

We also examined specific robotic assembly benchmarks that come with detailed assem-
bly instructions. However, these benchmarks often offer either no variants or few variants
with only minor differences between them. Consequently, they are not well-suited for
training deep learning approaches.

As shown in Tables 2.1 and 2.2, another approach is to generate assemblies with known
properties, for example, out of wooden blocks [41, 39], trusses [47], and aluminum pro-
files [97, 10]. Inspired by these works as well as the Soma cubes used by Kitz and Thomas
[67] and the aluminum profile benchmark described by Collins et al. [24], we propose
two assembly generators. The first generator produces aluminum profile assemblies that
can be assembled by a single robotic manipulator. Importantly, in contrast to previous
work [97, 10, 24] that focused on 2D assemblies (i.e., assembled on a plane such as a
table), our generator creates 3D assemblies. The second generator creates Soma cubes
of arbitrary size, which have the property that all parts can be removed along straight
trajectories.
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One of the visions of Industry 4.0 is a shift from traditional mass production to mass
customization. This transition requires manufacturing systems capable of efficiently pro-
ducing a wide variety of product variants, often in small batches or even as single units.

One important step during the production process is ASP, i.e., planning a feasible se-
quence in which the individual parts of a product can be assembled. Traditionally, this
step is performed by human experts. However, given the time required to manually plan
assembly sequences, it is crucial to automate this step to efficiently handle a large number
of product variants.

In fact, as we have shown in Section 2.2.3, automatically deriving assembly sequences
from CAD models is an important research area. In particular, we provided an overview
of several approaches that utilize AbD to plan a feasible assembly sequence. These meth-
ods begin with a fully assembled product and simulate its disassembly by sequentially
removing individual parts. The resulting disassembly sequence is then inverted to obtain
a feasible assembly sequence.

All of these approaches focused on how to efficiently test whether a part can be removed
from the assembly at each step. However, they all face the issue of computational ex-
plosion. For an assembly consisting of N parts, they need to conduct N + (N − 1)+
(N − 2) + · · · ∈ O(N2) tests. This means that even if individual tests are fast, the total
number of tests can become overwhelming for assemblies with many parts. Moreover,

Graph 
Neural
Network

Assembly state Part removability

Figure 3.1: The goal of our method is to predict the removability of each part in an as-
sembly (reproduced from Cebulla et al. [19]. © 2023, IEEE).
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many of these tests may be unnecessary, as they check for the removability of parts that
are clearly not feasible candidates at certain stages of the disassembly process.

As depicted in Figure 3.1, our goal is to reduce the number of unsuccessful tests by learn-
ing to predict part removability. This approach is based on two insights: first, product
variants often share subassemblies, and second, a part’s removability primarily depends
on its type and the configuration of surrounding parts. To capture this information, we
have developed a graph-based assembly representation where nodes represent individual
parts and edges represent connections between parts. Both parts and their connections are
represented using 3D shape descriptors [9, 62] derived from the assembly’s CAD model.
This representation serves as input for a GNN, which predicts the likelihood of successful
part removal. We then incorporate these predictions into the AbD process and test parts
with higher predicted removability before those with lower removability.

To evaluate our system, we conducted experiments using five real-world assemblies con-
sisting of 29 to 68 parts. We compared our method with a traditional AbD approach
proposed by Ebinger et al. [38], with and without an additional bookkeeping heuristic
suggested by Dorn et al. [33], to assess the accuracy of removability predictions as well
as the overall efficiency gain in the ASP process. Our results demonstrate an accuracy of
over 85% in predicting part removability. Furthermore, our approach reduced the number
of required removal tests by 64% to 90% compared to the traditional AbD method, and
by 30% to 87% when compared to AbD utilizing the bookkeeping heuristic.

In the following sections, we will first position our approach within related literature. Af-
terwards, we give a formal definition of the feasible ASP problem. Next, we describe a
traditional approach to ASP proposed by [38]. We then explain our graph-based assembly
representation as well as the architecture of the GNN we used. Next, we elaborate on
how we used its predictions to accelerate the AbD process. Finally, we will present exper-
imental results demonstrating the effectiveness of our approach compared to traditional
AbD.

The work in this chapter has been published in Cebulla et al. [19].

3.1 Positioning Within Related Literature

We provided a comprehensive review of deep learning approaches for directly predicting
feasible assembly sequences in Section 2.2.4, as summarized in Table 2.1. As discussed
in Section 2.2.5, these approaches have several key limitations:

1. They lack recovery strategies for handling incorrect predictions, which limits their
robustness when encountering errors during sequence generation.

2. They either require prior knowledge of part types [10, 41, 83] or retraining on the
evaluation set [125].

3. They generate sequences in the forward direction, necessitating modeling of the
complete assembly state at each prediction step. This includes both the currently
assembled parts and all parts that remain to be assembled.
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3.2 Problem Statement

Our proposed approach directly addresses these points:

1. Instead of solely relying on the predictions to choose the next part to disassemble,
we use a graph search to organize the AbD process. This allows for recovery and
backtracking if a prediction turns out to be incorrect.

2. By utilizing a graph search as well as 3D shape descriptors [9, 62] to represent parts
and their connections, our approach can handle previously unseen parts.

3. Because we predict the assembly sequence in backward (AbD) direction, the as-
sembly state only contains parts that are still attached to the assembly. In contrast,
already removed parts can be ignored.

3.1.1 Bookkeeping Heuristic for AbD

Another approach to reduce unnecessary removal attempts during the AbD process is the
bookkeeping heuristic proposed by Dorn et al. [33]. This method maintains a record of
parts whose removal was blocked by collisions during earlier attempts. That is, when a
part fails a removal test, the colliding parts are recorded. In subsequent disassembly steps,
this part is only retested if at least one of its recorded colliding parts has been removed.

While the bookkeeping heuristic reactively avoids retesting parts known to be unremov-
able, our method proactively predicts which parts are likely to be removable. Thus, it
can potentially avoid unnecessary tests before they occur. As we will show in our eval-
uation, combining our approach with the bookkeeping heuristic can lead to even greater
efficiency gains in the AbD process.

3.2 Problem Statement

An assembly, as defined in Section 2.1, is a tupleA := (P , C), whereP = {p1, p2, . . . , pN}
is the set of its N parts, and C is the set of relationships between these parts. Each part pi
is characterized by its pose and geometric shape.

We employ the AbD approach to ASP and represent a disassembly sequence as a state-
action sequence:

u = {(s0, a0), (s1, a1), . . . , (sN−1, aN−1)}, (3.1)

where st is the assembly state at timestep t, that is, s0 corresponds to the original assembly
A and sN−1 contains a single removable part. Furthermore, at represents the disassembly
action at timestep t and corresponds to the index of the part to be removed. We define U
as the set of all disassembly sequences, i.e., u ∈ U .

To describe our problem formally, we introduce a feasibility function ff (u) : U → {0, 1}
and a removability function gf (st, at) : S ×A → {0, 1}, where the former is defined over
the whole disassembly sequence u and the latter over individual state-actions pairs in a
sequence:

ff (u) =

{
1, if u is feasible,
0, otherwise

(3.2)
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and

gf (st, at) =

{
1, if pat is removable in st,

0, otherwise.
(3.3)

We define a sequence u to be feasible if and only if all of its individual disassembly actions
were successful.

Our problem is then to find a disassembly sequence u ∈ U such that

ff (u) = 1 ⇐⇒ gf (st, at) = 1 ∀t = 0, 1, . . . , N − 1. (3.4)

3.3 Planning Feasible Assembly Sequence via AbD

One approach to finding a feasible assembly sequence is to organize the AbD process
as a graph search through a directed, acyclic disassembly graph (DG), where the root of
the graph contains the fully assembled product and intermediate nodes represent valid
subassemblies. As the graph search progresses, the DG expands. That is, to expand a
node, the framework iteratively tests the removability of parts in the current disassembly
state. If the removal of a part is feasible, a new child node is created representing the
disassembly state after the part’s removal. This continues until a leaf node is reached,
which represents a fully disassembled state. Consequently, each path from the root to a
leaf node in the DG represents a valid disassembly sequence.

To more efficiently test for removability, we follow the suggestion of Ebinger et al. [38]
and employ a two-step testing approach. We first use a fast test, and if it fails, we then use a
more comprehensive, slower one. Specifically, the fast test checks if a part can be removed
along a set of predefined directions, which correspond to the clustered surface normals of
all parts in the assembly. If the fast test fails for all parts in the current disassembly state,
we perform a more thorough test using RRT [75], a sampling-based motion planning
algorithm, to search for a feasible removal path.

While Ebinger et al. [38] solely focused on removability, we also tested for stability.
Specifically, we added a simple gravity constraint based on the assumption that each
planned assembly sequence will be contact-coherent as discussed in Section 2.1.4, i.e.,
each newly added part makes contact with at least one previously assembled part. An
assembly state is considered stable only when all parts are linked, whether directly or
indirectly through physically connected parts, to at least one part belonging to the set of
fixated parts upon which the assembly is built.

The framework can be used with various graph search algorithms, and DFS and BFS were
used by Ebinger et al. [38]. Because we are interested in efficiently finding a feasible
assembly sequence, we used DFS.

An important aspect of the framework that significantly impacts its efficiency is the order
in which parts are tested for removal within each disassembly state. Ebinger et al. [38]
used an arbitrary order. However, this approach can lead to unnecessary computational
overhead.
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(a) A 3D assembly model consisting of four parts.

(b) Graph representation of the assembly model with extracted point clouds on the edges.

Figure 3.2: Depiction of a four-part 3D assembly model and its corresponding graph rep-
resentation (reproduced from Cebulla et al. [19]. © 2023, IEEE). While the
extracted point clouds are shown, the computation of 3D shape descriptors
from these point clouds is not displayed.

3.4 Graph-Based Assembly Representation

The main idea behind our approach is to predict whether parts can be removed in a certain
assembly state and then test parts with a high removability probability first. We assume
that a part’s removability is primarily determined by two local factors: its function, which
is closely correlated with its shape, and its immediate connections to other parts. For
instance, a screw’s function is to fasten different parts together, and its shape reflects
this purpose. Consequently, any parts held by the screw cannot be removed until the
screw itself is removed. By focusing on these local characteristics rather than the entire
assembly structure, we not only capture the most relevant information for removability
but also address potential scalability issues that may arise. To effectively capture these
factors, we propose a graph-based representation. This allows us to represent both the
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individual properties of parts and their connections to other parts in a format that can be
provided to a GNN.

3.4.1 Graph Structure

Given an assemblyA as previously defined, we need to capture the neighborhood between
its parts. Therefore, we define Cl, the set of relationships, more precisely, to contain all
physical connections between the parts in P . A physical connection exists between two
parts if their surfaces are within a small threshold distance of each other.

Formally, let Qpi be the set of all points on the surface of part pi. We define:

Cl := {(pi, pj)|pi, pj ∈ P , min
qi∈Qpi ,qj∈Qpj

||qi − qj||2 < ϵc}, (3.5)

where ϵc > 0 is a small threshold distance.

We can now represent A as a directed graph GA = (NA, EA), where NA is the set of
nodes and EA is the set of edges between them.

Each node ni ∈ NA corresponds to a part pi ∈ P and each directed edge ei,j to a connec-
tion between parts pi and pj . Formally,

NA := {ni|pi ∈ P} (3.6)
EA := {ei,j|(pi, pj) ∈ Cl} (3.7)

3.4.2 Node and Edge Attributes

As stated above, we assume that the removability of a part is mainly dependent on its
function (as defined by its shape) and its neighborhood. Importantly, this function is inde-
pendent of the part’s size, orientation, and location within the assembly. While the edges
in our graph already capture the connections between parts, we want to include specific in-
formation about the exact regions where parts make contact. To achieve this, we represent
the point clouds of individual parts and those of the contact regions between parts using
3D shape descriptors [62, 9]. In particular, we compute the spherical harmonic represen-
tation [62] of their 3D shape histograms [9], ensuring invariance to scale, rotation, and
translation. Figure 3.2 provides an example of our graph-based assembly representation
before the computation of the spherical harmonic representation.

Spherical Harmonic Representation of 3D Shape Histograms

Spherical harmonics [62] are a set of orthogonal functions defined on the surface of a
sphere. They can be used to approximate any function on a sphere, similar to how Fourier
series approximate functions on a circle. In our context, we use them to represent a point
cloud in a way that is invariant to rotation.

In detail, given a point cloud Q, we compute a spherical harmonic shape descriptor as
follows:
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1. First, to be scale and translation invariant, we normalize Q by centering it at the
origin and scaling it to fit within a unit sphere.

2. We then express its points in spherical coordinates (r, θ, ϕ).

3. For the next step, we calculate the 3D histogram for these points, where each bin
defines a range for r, θ, ϕ.

4. If we fix a range for r, then all the bins for this range form a discrete spherical
function f(θ, ϕ).

5. We now approximate this function by the sum of the spherical harmonic basis func-
tions Y m

l (θ, ϕ) up to degree L:

f(θ, ϕ) =
L∑
l=0

fl(θ, ϕ) (3.8)

fl(θ, ϕ) =
l∑

m=−l

aml Y
m
l (θ, ϕ) (3.9)

where fl are the frequency components of f and aml are the coefficients obtained by
projecting f(θ, ϕ) onto Y m

l (θ, ϕ).

6. A property of spherical functions is that their L2-norm is not affected by rotation.
We use this to achieve rotation invariance. Specifically, to construct the shape de-
scriptor h⃗ ∈ RD, we compute the L2-norm of the coefficients for every radius bin
and then concatenate them

h⃗ = (∥f0(θ, ϕ)∥2 , ∥f1(θ, ϕ)∥2 , . . . , ∥fL(θ, ϕ)∥2) . (3.10)

Node Attributes

For each node ni ∈ NA, we compute a node attribute vector ani ∈ RD to represent the
shape of the corresponding part pi. That is, we use the spherical harmonic representation
of the 3D shape histograms computed for the point cloud Qi of part pi

ani := h⃗pi ∈ RD (3.11)

Edge Attributes

For each edge ei,j ∈ EA, we compute an edge attribute vector aei,j ∈ RD that captures
the characteristics of the connection between parts pi and pj . That is, we first extract the
point cloud Qj

i = {qi ∈ Qpi |∃qj ∈ Qpj : ||qi − qj|| < ϵ} ⊆ Qpi which contains all points
in Qpi that are closer than a threshold ϵ to any point in Qpj . We then compute the edge
attribute as

aei,j := [⃗hj,i, h⃗i,j] ∈ R2D, (3.12)

where h⃗i,j and h⃗j,i are the shape descriptors computed for Qi
j and Qj

i , respectively.
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Failure: cannot find
collision-free path to
remove 

Failure: cannot find
collision-free path to
remove 

Test removabilityTest removabilityTest removability

Success: 
can remove

(a) Vanilla AbD: Test the removability of assembly partsA := {p1, p2, p3, . . . , pN} in an arbitrar-
ily predefined order.

Success: 
can remove

Convert assembly to graph Predict removability probabilities
with 

Test removability

Test parts wrt 
their predicted 
probabilities

(b) Our approach: Test parts in order corresponding to their predicted removability ϕL.

Figure 3.3: A comparison between the vanilla AbD method and our approach (both
figures are reproduced from Cebulla et al. [19]. © 2023, IEEE). The parts
shown in yellow are fixed in the xy-plane, and serve as a stable base for the
other parts. Gravity acts in the -z-direction.

3.5 Learning and Predicting Feasible Assembly
Actions

The vanilla AbD framework’s arbitrary part testing order is inefficient, as it might attempt
to remove many non-removable parts before finally testing a part that can actually be re-
moved. To address this limitation, we propose a novel method that uses a GNN to predict
the removability of individual parts. It then prioritizes parts with higher predicted remov-
ability, potentially reducing unnecessary removal attempts. Figure 3.3 shows a compar-
ison between the vanilla approach proposed by Ebinger et al. [38] and ours. Similar to
Atad et al. [10] and Ma et al. [83], we train the GNN via supervised learning, in contrast
to the RL methods used by Zhou et al. [127] and Ghasemipour et al. [41].

In the following sections, we first elaborate on our choice of the supervised learning
regime. We then introduce our GNN architecture and explain how we integrate its predic-
tions into the AbD framework.

3.5.1 Supervised Learning vs Reinforcement Learning

It is straightforward to interpret the disassembly sequence u ∈ U as a rollout of an MDP
and then, as explained in Section 2.2.4, apply RL like DQL to generate feasible sequences.
In fact, this approach was taken by Zhou et al. [127] and Ghasemipour et al. [41].

However, the goal of RL is to learn a policy that maximizes the expected cumulative
reward, as defined in Equation 2.2. This means it considers not only the immediate effects
of an action but also its impact on future states. When planning the assembly sequence
in a forward direction, it is necessary to guarantee geometric feasibility. For example, if
an assembly consists of a housing with internal components, assembling the housing first
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would block the insertion of the internal parts. This problem does not arise if backward
(AbD) ASP is used.

A similar argument can also be made for considering a stability constraint. For example,
assembling top-heavy parts before establishing a solid foundation could lead to an unsta-
ble assembly that might collapse. In this case, establishing this foundation later on might
not be possible without colliding with already assembled parts. In contrast, this problem
does not occur with backward (AbD) ASP, as disassembling a stable assembly typically
maintains stability throughout the process. Independent of the assembly direction, it is
possible to get into states that are less stable than other states, which, however, cannot be
distinguished by a binary stability constraint.

3.5.2 The GNN Architecture

A GNN is a neural network architecture specialized in processing graphs with a varying
number of nodes and edges [12]. It consists of multiple layers with shared weights, where
each layer updates the graph’s node and edge attributes based on their local neighborhood.
Formally:

G(l+1) = Φl
(
Gl

)
,∀l ∈ [0, L], (3.13)

where Φl is the l-th GNN layer, G0 the original, input graph, Gl for l ∈ [1, . . . , L] its
intermediate representations and GL+1 its final representation, i.e., the GNN’s output.

In our implementation, we applied a linear transformation to the edge attributes in the
first layer, ensuring their dimensionality matches that of the node attributes. The update
process in each layer l consists of two main steps: edge updates and node updates.

1. For the edge update, we use:

a(l+1)
ei,j

= ϕl
e

(
alni

+ alei,j + alnj

)
(3.14)

where alni
and alnj

are the attributes of nodes ni and nj at layer l, respectively, alei,j
is the attribute of edge e(i,j) at layer l and ϕl

e is an FNN.

2. The node update is performed in two steps:

a) Aggregation of neighborhood information:

ā(l+1)
ni

= σl
(
ReLU

(
alni

+ a(l+1)
ei,j

)
+ ϵ|ei,j ∈ EA

)
(3.15)

where ϵ is a small constant for numerical stability and σl is a learned SoftMax
aggregator that outperformed other functions like mean() or max() as demon-
strated in [80].

b) Update of node attributes:

a(l+1)
ni

= ϕl
n

(
alni

+ ā(l+1)
ni

)
(3.16)

where ϕl
n is another FNN.

We used two layers with 64 neurons and ReLU activation functions to implement the two
FNNs ϕl

e and ϕl
n. The same two networks are used in every layer Φl.

In the final layer ΦL, we used a sigmoid activation function to compute a single output
between 0 and 1 for each node ni, which we interpret as the removability of the corre-
sponding part pi.
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3.5.3 Reordering Parts Based on Their Predicted Removability

To speed up the AbD process, we first use our trained GNN to predict part removability.
Then, we prioritize testing parts that are more likely to be removable, thereby potentially
reducing the number of unnecessary removal attempts. In detail, the process, also illus-
trated in Figure 3.3b, is as follows:

1. Utilizing the procedure described in Section 3.4, we first represent any new assem-
bly A as a graph GA = {NA, EA}.

2. We then use the trained GNN Φ to predict the removability probability nL
i for each

node ni ∈ NA.

3. The parts pi corresponding to the nodes ni ∈ NA are then ordered from highest
predicted removability to lowest predicted removability.

4. Utilizing this ordering, we iteratively test parts until finding one that can be re-
moved.

5. The removal of a part results in a new subassembly, which is then represented as a
new graph.

We iteratively apply these steps to each resulting subassembly until we obtain a complete
disassembly sequence.

3.6 Evaluation

To evaluate our approach, we conducted two sets of experiments:

1. We analyzed how suitable our proposed graph representation is for inferring part
removability.

2. We compared the efficiency of our approach with the vanilla AbD approach pro-
posed by Ebinger et al. [38], both with and without utilizing the bookkeeping heuris-
tic introduced by Dorn et al. [33]. We briefly described its function in Section 3.1.1.
Moreover, we also investigated whether our approach can be improved by combin-
ing it with this bookkeeping heuristic.

In the following sections, we first describe the dataset used for both experiments and how
we trained our GNN on it. We then discuss each experiment and its results in detail.

3.6.1 Dataset

To evaluate our approach and train the GNN, we created a dataset using five real-world
assemblies illustrated in Figure 3.4: a workbench (68 parts), a lectern (59 parts), a white-
board (29 parts), a cart (33 parts), and a shelf (53 parts).

For each assembly, we generated training data by running the vanilla AbD framework 20
times, starting from the fully assembled state and continuing until complete disassembly
was achieved. At each step of the disassembly process, we recorded the current assembly
stateAi as well as the removability label li for each part in the current state (1 if removable,
0 if not removable). This resulted in the dataset D = {(Ai, li)|i ∈ 0, 1, . . . , N}.
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(a) Workbench
(68 parts) [5]

(b) Lectern
(59 parts) [2]

(c) Whiteboard
(29 parts) [4]

(d) Cart
(33 parts) [1]

(e) Shelf
(53 parts) [3]

Figure 3.4: The real-world assemblies used for evaluation, which we obtained and
cleaned from the given source. To have a stable base for each assembly,
we fixed some of the parts (marked in yellow) in the xy-plane. They are ex-
cluded from the part count (all figures are reproduced from Cebulla et al. [19].
© 2023, IEEE).

3.6.2 Training the GNN

We trained the GNN on a dataset D = {(Ai, li)|i ∈ {0, 1, . . . , N}} collected as described
in the previous section, where we used a binary cross-entropy loss and the ADAM opti-
mizer [66].

3.6.3 Analyzing the Graph Representation

To evaluate the effectiveness of our proposed graph representation for inferring part re-
movability, we conducted a series of experiments using different combinations of node
and edge attributes. We used a five-fold cross-validation, where for each assembly, we
trained a GNN for 50 epochs on data from the other four assemblies and tested it on the
target assembly. We repeated this 10 times for each assembly to account for variability
and then measured the averaged prediction accuracy acc, where

acc =
number of correct predictions

total number of samples
.
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(a) Cart (b) Lectern (c) Shelf

(d) Whiteboard (e) Workbench

Figure 3.5: Boxplots showing the prediction accuracy for different assemblies (results
published in Cebulla et al. [19]. © 2023, IEEE).

We considered a part to be removable if its predicted removability was greater than 0.5.

We tested three different configurations:

1. Only node attributes: using only the 3D shape descriptors of individual parts.

2. Only edge attributes: using only the 3D shape descriptors of contact areas between
parts.

3. Combined node + edge attributes: using part shapes as well as contact area infor-
mation.

Figure 3.5 shows boxplots of the prediction accuracy for each assembly under these three
configurations. Using only node attributes, we achieved a median accuracy above 0.8
for all assemblies, which suggests that the shape of a part provides valuable information
about its removability. However, edge attributes alone consistently outperformed node
attributes, indicating that the connections between parts are more informative for pre-
dicting removability than the shapes of individual parts. This makes intuitive sense, as
the removability of a part often depends more on the surrounding parts than on itself.
The combination of node and edge attributes generally yielded the highest accuracy,
although the improvement over edge attributes alone was often marginal. This suggests
that most of the relevant information for removability prediction is captured in the edge
attributes, with node attributes providing some complementary information.

We observed that prediction accuracy varied across different assemblies; for instance, the
shelf and whiteboard assemblies showed higher accuracies and less variability compared
to the workbench and cart, suggesting that some assembly structures may be inherently
more predictable in terms of part removability.
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Table 3.1: The total disassembly time and the number of removal tests required by the
AbD framework [38], described in Section 3.3, were evaluated. Performance
was compared both without (Vanilla) and with (BK) the bookkeeping heuris-
tic [33], detailed in Section 3.1.1. These results were further compared with
our proposed approach, presented in Section 3.5, which was also tested with-
out (GNN) and with (GNN + BK) the same heuristic. Each of the five assem-
blies was evaluated across ten different initial part orderings. The best results
for each assembly are highlighted. (results published in Cebulla et al. [19].
© 2023, IEEE).

Assembly Approach
Time (s)

(mean + std.
over 10 runs)

Number of removal tests
(mean + std. over 10 runs)

Total Failed
(collision)

Failed
(gravity)

Vanilla 816 ± 90 1153 ± 107 1032 ± 113 53 ± 16
BK 439 ± 75 604 ± 46 483 ± 45 53 ± 16
GNN 310 ± 34 420 ± 47 344 ± 46 8 ± 2

Work-
bench

GNN + BK 224 ± 28 281 ± 30 205 ± 29 8 ± 2
Vanilla 591 ± 190 725 ± 74 600 ± 84 66 ± 25
BK 348 ± 89 499 ± 56 374 ± 61 66 ± 25
GNN 72 ± 13 123 ± 25 60 ± 21 4 ± 9Lectern

GNN + BK 57 ± 12 85 ± 14 23 ± 8 4 ± 9
Vanilla 217 ± 115 186 ± 36 144 ± 33 13 ± 7
BK 184 ± 120 157 ± 25 115 ± 21 13 ± 7
GNN 66 ± 32 35 ± 5 1 ± 1 5 ± 5

White-
board

GNN + BK 66 ± 32 35 ± 5 1 ± 1 5 ± 5
Vanilla 191 ± 53 252 ± 36 197 ± 40 22 ± 8
BK 130 ± 33 174 ± 12 119 ± 16 22 ± 8
GNN 51 ± 15 90 ± 11 49 ± 11 7 ± 2Cart

GNN + BK 54 ± 10 88 ± 10 47 ± 10 7 ± 2
Vanilla 258 ± 49 579 ± 85 477 ± 80 49 ± 19
BK 185 ± 50 447 ± 79 345 ± 71 49 ± 19
GNN 35 ± 5 58 ± 3 6 ± 3 0 ± 0Shelf

GNN + BK 34 ± 6 58 ± 3 6 ± 3 0 ± 0

3.6.4 Improving ASP by Reordering Parts

To evaluate the effectiveness of our GNN-based approach in improving the efficiency of
ASP, we conducted a series of experiments comparing four different methods:

1. Vanilla: The vanilla AbD framework [38], presented in Section 3.3, using an arbi-
trary part testing order.

2. Bookkeeping (BK): The AbD framework enhanced with the bookkeeping heuris-
tic [33], described in Section 3.1.1.

3. GNN: Our proposed approach that reorders parts according to their predicted re-
movability.

4. GNN + BK: A combination of our GNN-based approach with the bookkeeping
heuristic [33].
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For the two GNN-based approaches, we trained the GNN using five-fold cross-validation
over the five assemblies, as detailed in Section 3.6.3. We ran each method 10 times on
each of the five assemblies. Importantly, for each run, we used the same predefined initial
part ordering for all four methods, but varied this order across the 10 runs. Furthermore,
the same trained GNN is used for both the third and the fourth method. This ensures a fair
comparison between methods while also testing their robustness to different initial condi-
tions. We used the full assembly representation, i.e., with node and edge attributes. Ta-
ble 3.1 presents the results, showing the total disassembly time and the number of removal
tests for each method across all assemblies. The method using the bookkeeping heuristic
consistently reduces the number of failed removal attempts due to collisions compared to
the vanilla approach. However, because the heuristic only tracks previous collisions, it
cannot reduce the number of failed removal attempts where the gravity constraints were
violated. Our approach (GNN), on the other hand, consistently outperformed both the
vanilla AbD method and the bookkeeping heuristic across all assemblies. Specifically,
it reduced the total number of removal attempts by 64% to 90% and achieved speed-ups
ranging from 2.6 to 7.4 times faster. When compared to the AbD framework enhanced
with a bookkeeping heuristic, it reduced removal attempts by 30% to 87% while achiev-
ing speed-ups of 1.4 to 5.3 times. Notably, our approach (GNN) significantly reduced
both collision-based and gravity-based failed removal attempts, which indicates that our
GNN successfully learned to predict not only geometric feasibility but also stability con-
straints. The degree of improvement varied across different assemblies, with the shelf
assembly showing the highest improvement and the workbench the least, possibly due
to differences in complexity and structure. Interestingly, the combination of our GNN
approach and the bookkeeping heuristic (GNN + BK) further improved performance for
three of the five assemblies. For the workbench assembly, this reduced the number of
removal tests by 33% compared to using the GNN method alone. The relatively low stan-
dard deviations in our results, despite varying initial part orderings across runs, suggest
that the GNN-based approach provides consistent improvements and is robust to different
starting conditions.
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To accelerate the ASP process using deep learning techniques, high-quality assembly
datasets are required for training. Unfortunately, such datasets are often proprietary and
closely guarded by companies. While some publicly available assembly datasets exist,
they come with their own challenges and often require additional processing. For in-
stance, parts might be overlapping or missing. In the previous chapter, we had to clean our
dataset manually by readjusting part poses and adding missing screws and screw holes.
As discussed in Section 2.4, other researchers have developed approaches to automati-
cally handle intersecting parts, such as pushing parts out or shrinking them. However,
publicly available assembly datasets have another limitation: they often lack information
about assembly properties. This includes details such as the number of hands required
(which determines the number of fixtures or robotic manipulators needed) or the specific
tools necessary for assembly.

Conversely, researchers focusing on specific questions may require assemblies with par-
ticular properties. Therefore, a common approach is to generate assemblies, for example,
out of wooden blocks [41, 39], trusses [47], and aluminum profiles [97, 10], which have
known characteristics. In this chapter, we introduce two assembly generators. The first
one produces 3D aluminum profile assemblies such as the one shown in Figure 4.1. It
has been published in Cebulla et al. [20]. The second generator creates Soma cubes as
illustrated in Figure 4.2.

Figure 4.1: A generated
aluminum profile
assembly
(reproduced from
Cebulla et al. [20].
© 2024, IEEE).

Figure 4.2: A generated
Soma cube.
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(a) The base structure is
composed of 12 profiles.

(b) Top view of support pro-
files ps0 (in red) and ps1
(in blue) being added to
the structure.

(c) Each layer contains a
frame consisting of four
yellow profiles.

(d) The first back profile is
aligned along the x-axis
and connected to the sup-
port profile ps1 .

(e) The second back profile is
oriented along the y-axis.

(f) The third and fourth back
profiles are both aligned
along the x-axis.

(g) The first front profile is
aligned along the x-axis
and connected to the sup-
port profile ps0 .

(h) The second front profile
is aligned along the y-
axis.

(i) The third front profile is
aligned along the x-axis.

Figure 4.3: Illustration of the step-by-step creation process of the assembly depicted in
Figure 4.1 (all are reproduced from Cebulla et al. [20]. © 2024, IEEE). The
top row shows the position g⃗ from which the profiles are picked up alongside
the world coordinate system OW and the assembly coordinate system OA. In
the subsequent steps, only the assembly coordinate system OA is shown.
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4.1 Aluminum Profile Assemblies

(a) The U-shaped connector supports
profiles that lie in the xy-plane.

(b) The O-shaped connector supports
vertical profiles parallel to the z-
axis.

Figure 4.4: An O- and a U-shaped connector (both reproduced from Cebulla et al. [20].
© 2024, IEEE).

4.1 Aluminum Profile Assemblies

Inspired by the assembly benchmark of Collins et al. [24] and building on the work of Ro-
dríguez et al. [97] and Atad et al. [10], we implemented a generator that creates 3D assem-
blies using 20 mm × 20 mm aluminum profiles. While previous research focused on 2D
assemblies that were constructed in a plane, thereby neglecting stability constraints, we
aimed to produce more complex 3D structures. Additionally, we required that these as-
semblies could be assembled by a single robotic manipulator that has a two-finger gripper
as its end-effector.

Because of this requirement, we employ two types of connectors in our assemblies, added
wherever one profile’s short side contacts another’s long side. Profiles parallel to the
ground, i.e., those in the xy-plane of the world coordinate system OW , use U-shaped
connectors, whereas upright profiles, i.e., those along the z-axis, use O-shaped connectors.
Both connector types are depicted in Figure 4.4.

Each assembly is generated following a three-step process. First, we establish a base
structure that serves as the foundation for all other profiles. Next, we position several
supporting profiles within the base structure. Finally, we add multiple layers of profiles,
each connected to both the base structure and the supporting profiles. All profiles are
parallel to one of the axes of OW .

We will now discuss each step in more detail. An overview of these steps is also given in
Figure 4.3.

4.1.1 Base Structure

The base structure of each assembly, as shown in Figure 4.3a, is a cuboid consisting of 12
aluminum profiles. Four profiles form a horizontal square at the bottom, and four more
create an identical square at the top, with four vertical profiles connecting them at the
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corners. Since all other profiles are positioned within this base structure, its height H ,
width W , and length L define the overall assembly size.

4.1.2 Support Profiles

After establishing the base structure, we add several support profiles. As their name im-
plies, their function is to provide additional support for the layers of profiles that we will
add in the next step.

Support profiles are oriented parallel to the z-axis of OW and positioned within the base
structure. For clarity, we consider two support profiles ps0 and ps1 , shown in Figure 4.3b,
though more can be added for increased complexity. Their x-positions are randomly
chosen between ϵp and L − ϵp and their y-positions between ϵp < yps0 < W/2 and
W/2 < yps1 < W − ϵp, where L and W are the assembly length and width, respectively,
and ϵp is the minimum profile length. This ensures that ps0 is in the left half and ps1 is in
the right half. Both profiles connect to the bottom and top layers via additional profiles
randomly oriented along either the x- or y-axis.

4.1.3 Adding Profile Layers

With the base structure and support profiles in place, we now add multiple layers of pro-
files to them. Each one consists of profiles oriented along either the x- or y-axis and is
connected to both the base structure and the support profiles.

The creation of each layer follows a three-step process:

Creating a Frame
As illustrated in Figure 4.3c, we create a frame using four profiles in the xy-plane, which
are connected to the base structure. It forms the outline of the layer and provides attach-
ment points for subsequent profiles.

Adding Profiles to the Back
Next, we add profiles to the “back” of the layer, i.e., these are all profiles that are partially
or completely behind the frontmost support profile when viewed from a predetermined
position g⃗. Here, g⃗ is the position where profiles are stored and retrieved.

To add a profile, we first randomly determine its orientation either along the x-axis or the
y-axis. If an unconnected support profile exists, we randomly decide whether to connect
the new profile to it.

• If it should be connected, we set, depending on its orientation, either its x- or y-
coordinate accordingly. This is shown in Figure 4.3d.

• In case the new profile should not be connected, or if all support profiles already
have connections, we determine the profile’s position based on its orientation:
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Figure 4.5: Individual parts of the Soma cube shown in Figure 4.2.

– If the profile is oriented along the y-axis: We randomly select its x-coordinate
between xpsi

and L− ϵg, where xpsi
is the x-coordinate of the support profile

closer to the front, L is the length of the assembly, and ϵg is the minimum
distance required between parallel profiles for robotic grasping. An example
is given in Figure 4.3e.

– Otherwise, we choose its y-coordinate between ϵg and W − ϵg, where W is
the width of the assembly. This is illustrated in Figure 4.3f.

After determining the profile’s position, we verify that the new profile maintains a min-
imum distance ϵg from all parallel profiles. If it does not, we discard it and restart the
process. Otherwise, we add it at full length, which, depending on its orientation, corre-
sponds to either W or L.

If the new profile intersects with any existing profiles, we split it into segments, removing
all segments that are either shorter than ϵp (the minimum allowable profile length) or are
partially or fully in front of the support profile that’s closer to the front. We then randomly
select one of the remaining segments and add it to the assembly.

Adding Profiles to the Front
Finally, as shown in Figures 4.3g to 4.3i, we add profiles to the “front” of the layer. This
step is similar to the previous one, with the following adjustments:

• When determining the position for profiles not connected to support profiles that
are oriented along the y-axis, we randomly select its x-coordinate between ϵg and
xpsj

, where xpsj
is the x-coordinate of the support profile that is in the back.

• When splitting intersecting profiles, we remove segments that are partially or fully
behind the support profile that is in the back.

These two steps are repeated for each new layer until we’ve added a predetermined num-
ber of profiles.
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Algorithm 1: Generate Soma Cube.
Input : S: the size of the Soma cube
Output : T : a 3D array representing the Soma cube
Initialization: T ← 3D array of size S × S × S, initialized with zeros; p = 1;
Function GetNeighborhood(x, y, z, T):

neighborhood = {};
foreach (x′, y′, z′) in [(x± 1, y, z), (x, y ± 1, z), (x, y, z ± 1)] do

if 0 ≤ x′, y′, z′ < S ∧ T [x′, y′, z′] == 0 then
neighborhood = neighborhood ∪ {(x′, y′, z′)};

end
end

return neighborhood

Function FillPiece(i, j, k, p, T):
ind← {(i, j, k)};
for t← 1 to 4 do

if ind == ∅ then
return;

end
(x, y, z)← randomly select and remove an element from ind;
T [x, y, z] = p;
ind = ind∪ GetNeighborhood(x, y, z, T);

end
return

while ∃i, j, k : T [i, j, k] == 0 do
(i, j, k)← randomly select coordinates where T [i, j, k] == 0;
FillPiece(i, j, k, p, T);
p = p+ 1;

end
return T ;

4.2 Soma Cubes

The original Soma cube is a 3D spatial reasoning puzzle consisting of seven distinct parts
that can be assembled to form a 3 × 3 × 3 cube. It was invented in 1933 by Piet Hein, a
Danish polymath, while listening to a lecture on quantum mechanics [40].

An important property of Soma cubes is that all parts can be removed along straight
lines. This is a crucial requirement of many approaches that derive blocking relationships
between parts, as discussed in Section 2.2.3. In fact, Wan et al. [114] presented an ASP
planner that generates sequences optimized for stability, graspability, and accessibility
(referred to as assemblability in their paper), and evaluated it using a Soma cube. This
planner was later employed by Chen et al. [23] to plan and execute the assembly of a
Soma cube using a dual-armed robot. In another work, Kitz and Thomas [67] utilized
the planner introduced by Thomas et al. [106] to generate assembly sequences for Soma
cubes that were optimized for accessibility.

We implemented a generator that creates Soma cubes of an arbitrary size S ∈ N. As
described in Algorithm 1, the generator iteratively fills an initially empty 3D array T of
size S×S×S with part identifiers p. The process begins by randomly selecting an empty
cell, then growing a part from that cell by setting up to four adjacent empty cells to p.
This iteration continues until the entire cube is filled. Finally, each unique part identifier
in T is converted to a closed mesh. Examples of generated parts are shown in Figure 4.5,
which displays the individual parts of the Soma cube depicted in Figure 4.2.
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Optimize a Single Objective

In Chapter 3, we proposed an efficient approach for planning feasible assembly sequences.
However, while having a feasible sequence is a fundamental requirement for assembling
any product, it is often not sufficient in practical applications. That is, to be time- and cost-
efficient, manufacturers frequently require these sequences to be optimized with respect
to objectives such as minimizing assembly time, reducing tool changes, or improving
ergonomics for human operators.

We reviewed various approaches to optimal ASP in Section 2.3 that ranged from exhaus-
tive search methods to more sophisticated heuristic-based algorithms. While an exhaus-
tive search is guaranteed to find the optimal solution, it quickly becomes impractical due
to the combinatorial explosion of possible sequences. That is, for an assembly with N
parts, assuming all sequences are viable, the search space contains N ! possible sequences.
This limitation has led researchers to explore soft computing techniques such as GA or
RL. These methods can efficiently navigate complex search spaces to find near-optimal
solutions.

However, all of these optimization approaches start the planning process from scratch for
each new assembly. This can be time-consuming and computationally expensive, partic-
ularly when manufacturers need to quickly adapt to new or customized product variants.

Building on our approach to feasible ASP, we propose to reuse knowledge from previous
planning attempts to accelerate the optimization of assembly sequences. When planning

Figure 5.1: Double-layered aluminum profile assembly designed as described in Sec-
tion 4.1 (reproduced from Cebulla et al. [20]. © 2024, IEEE).
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feasible sequences, once a part was identified as removable, it remained removable in all
subsequent states. Additionally, the feasibility of the sequence is not affected by when
or in which state the part is removed. In contrast, in optimal ASP, the timing of when
a part is removed is important, as early removal might significantly improve the overall
sequence. For example, removing a specific part early might improve the accessibility of
many other parts throughout the remaining assembly process. To capture this temporal
aspect and efficiently explore the search space, we utilize an MCTS instead of a DFS.
Furthermore, whereas in Chapter 3 we directly used the output of a GNN, here we use it
to implement a Q-function.

We evaluated our approach by optimizing the total length of all assembly paths required
to assemble aluminum profile assemblies with a robotic manipulator. For that, we used
the generator described in Section 4.1 to create two datasets. The first one consists of
14 single-layer assemblies with 21 removable profiles, while the second one contains 7
double-layer assemblies with 30 removable profiles. Examples of such assemblies are
depicted by Figures 4.1 and 5.1, respectively. Using leave-one-out cross-validation, our
method outperformed a vanilla MCTS by finding assembly sequences with shorter total
path lengths, achieving average reductions of 0.8 m for the first dataset and 1.4 m for the
second. When training on the first dataset and testing on the second, we found sequences
with average total path length reductions of 1.6 m.

In the following sections, we will first position our approach within the related literature.
Next, we will formally define the problem of optimizing assembly sequences with respect
to a single objective. We then describe how to plan removal paths for individual alu-
minum profiles. Following this, we discuss our approach to guiding MCTS in efficiently
planning assembly sequences. Specifically, we will briefly discuss how ASP can be for-
malized as an MDP and how we can then use MCTS to search for optimal sequences. We
then introduce our graph-based representation of disassembly states and explain how we
use DQL with GNNs to guide the MCTS. Finally, we present an evaluation of our ap-
proach, demonstrating the effectiveness of our pretrained Q-function in improving MCTS
performance.

The work in this chapter has been published in Cebulla et al. [20].

5.1 Positioning Within Related Literature

In Section 2.3.3, we reviewed several methods that reuse knowledge learned from previous
planning attempts to plan optimal assembly sequences for new assemblies. We provide
an overview in Table 2.2.

The approach proposed by Watanabe and Inada [116] uses tabular Q-learning, which
is challenging to scale to large state spaces. Consequently, the authors evaluated their
method only on small assemblies containing ten or fewer parts. In contrast, Guo et al.
[44] employed DQL, similar to ours and the other discussed approaches. They evaluated
their method on larger assemblies with up to 50 parts. However, in contrast to us, they
required that the precedence relationships between all parts were known in advance.

Closest to our approach are the works of Hayashi et al. [47] and Funk et al. [39]. Like us,
Hayashi et al. [47] used AbD and evaluated their approach on large assemblies. However,
as detailed in Section 2.3.4, except for Funk et al. [39], all of these approaches directly
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predict the (dis)assembly actions using a learned Q-function. Consequently, incorrect
predictions can result in infeasible or suboptimal sequences.

Similar to us, Funk et al. [39] combined MCTS with a learned Q-function. However,
in their scenario, a robotic manipulator had to execute each planned action immediately.
Consequently, the authors prioritized rapid prediction of assembly actions and limited
the search depth of their MCTS to one, i.e., they used it as a single-step look-ahead.
Additionally, executed actions could not be undone. As a result, their approach could
plan infeasible sequences. This is in stark contrast to the goal of our framework, which is
to efficiently plan assembly sequences that are always feasible and approximately optimal
with respect to manufacturers’ objectives.

5.2 Problem Statement

We extend the problem described in Section 3.2 as follows: let

Uf := {u|ff (u) = 1;u ∈ U} (5.1)

be the set of all feasible disassembly sequences for an assembly A := (P , C), where
U is the set of all disassembly sequences and ff the feasibility function as defined in
Equation 3.2.

Our objective is to find a feasible disassembly sequence uf ∈ Uf that minimizes an ob-
jective function fo(u) : Uf → R. In our case, we are specifically interested in minimizing
the total length of all the paths that a robotic manipulator must follow to disassemble all
parts. Thus, we define fo(u) as the sum of the lengths of the removal paths a robotic
manipulator needs to follow based on the disassembly actions in sequence uf .

We introduce additional definitions to formalize this. Each part pi ∈ P has grasp points
Gi, where each gi,j =

(
τ⃗ , Γ⃗, ω

)
specifies its position τ⃗ ∈ R3, the gripper’s orientation

Γ⃗ ∈ SO(3) as well as the width between its fingers ω. For part pi grasped at gi,j , the

removal path qgi,j =
(
H⃗0, H⃗1, . . . , H⃗M

)
is a sequence of gripper poses H⃗k ∈ SE(3).

The Euclidean distance between consecutive gripper poses is given by

d
(
H⃗k, H⃗k+1

)
= ∥t⃗k − t⃗k+1∥2, (5.2)

where t⃗k is the translational component of H⃗k. The length of a removal path qgi,j is then

l
(
qgi,j

)
=

M−1∑
k=0

d
(
H⃗k, H⃗k+1

)
. (5.3)

We now define the shortest removal path qsi for a part pi over all grasp points ∀gi,j ∈ Gi:

qsi = qgi,j s.t. min
gi,j∈Gi

l
(
qgi,j

)
(5.4)
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As we have defined in Section 3.2, each action at = i in the disassembly sequence u ∈ U
corresponds to the removal of a part pi at timestep t. Here, we extend this notion such that
an action aqt = qsi in a feasible disassembly sequence

u = (s0, a
q
0) , (s1, a

q
1) , . . . ,

(
sN−1, a

q
N−1

)
, (5.5)

corresponds to the shortest removal path qsi (the planning of these paths will be discussed
in the next section) along which a robotic manipulator can successfully disassemble a
specific part pi.

Finally, we can express our objective function as the sum over all removal path lengths:

fo(u) =
N−1∑
t=0

l (aqt ) . (5.6)

The overall problem is then to find a feasible disassembly sequence u ∈ Uf that minimizes
this objective:

min
uf∈Uf

fo(u). (5.7)

5.3 Testing Profile Removability

An important detail of our problem statement is that we optimize over the set of all feasible
disassembly sequences Uf . We therefore require a feasibility function ff . Specifically, we
need a method to check if a profile can be removed, i.e., it has at least one grasp point for
which a collision-free removal path can be computed.

Given a profile pi ∈ P , we approach this computation using a hierarchical method:

1. We first check if any profile blocks pi by moving it 5 cm in the z-direction while
testing for collisions.

2. If no collisions are detected, we proceed to test the reachability of all grasp points
gi,j =

(
τ⃗ , Γ⃗, ω

)
∈ Gi. For each grasp point, we attempt to compute the inverse

kinematics (IK) such that the robotic gripper is oriented according to Γ⃗, with its two
fingers’ midpoint placed at τ⃗ , and the width between them ω. We discard any grasp
points for which the IK could not be computed or resulted in collision.

3. Finally, for all reachable grasp points gri,j , we compute removal paths qgri,j . If any of
these paths is collision-free, pi is removable.

We utilized the cuRobo [102] motion planning library to parallelize removal path plan-
ning, which significantly reduces computation time. Additionally, cuRobo automatically
optimizes paths for both length and smoothness.
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5.4 Guiding MCTS to Efficiently Plan Assembly
Sequences

To solve the problem described in the previous section and find feasible assembly se-
quences that minimize the total sum of disassembly paths, we extend the framework de-
scribed in Chapter 3. In particular, we use an MCTS instead of the previously used DFS
to search through the DG. This is necessary because removing a specific part early in
the sequence can influence the removal path lengths of the subsequently removed parts.
Therefore, to efficiently find an optimal sequence, it is important to focus the exploration
on states that have this influential part removed. MCTS accomplishes this by employing
a tree policy that leverages data gathered during the search to guide exploration towards
promising states.

However, MCTS needs to train its policy from scratch for each new assembly, which
can be time-consuming. Moreover, optimal ASP significantly increases the complexity
of the search space compared to feasible ASP. In detail, for feasible ASP, the order of
part removal is irrelevant as long as the precedence constraints are satisfied, and, in the
worst case, it requires at most O(N2) removal tests for an assembly with N parts. In
contrast, for optimal ASP, as outlined above, the order is important. In the worst case,
an optimal ASP framework needs to evaluate O(N !) potential sequences, which makes
optimal ASP considerably more challenging to solve efficiently. To accelerate the optimal
ASP, we propose reusing knowledge from previous planning attempts to guide the MCTS.
Specifically, we propose implementing a Q-function using a GNN that we then train via
DQL.

In the following sections, we first formalize the ASP problem as an MDP. We then explain
how MCTS can be applied to search for optimal sequences within this framework. Next,
we describe our graph-based representation of disassembly states. We detail how we
implement DQL with GNNs to learn a Q-function that predicts the expected cumulative
reward of actions. Finally, we explain how the learned Q-function guides the MCTS to
efficiently plan assembly sequences that minimize the total removal path length.

5.4.1 Formalizing ASP as an MDP

As we have detailed in Section 3.5.1, we can interpret the disassembly sequence uf ∈
Uf as a rollout of an MDP. In this context, the framework must decide which part to
disassemble after each step. Because it is our goal to plan sequences that minimize the
total removal path length, we define the immediate reward as the negative value of the
removal path’s length, l

(
qgi,j

)
, which is defined in Equation 5.3:

R (st, at, st+1) := −l
(
qgi,j

)
. (5.8)

5.4.2 MCTS for ASP

One technique to solve the MDP discussed in the previous section is MCTS [16]. It
iteratively constructs a search tree to maximize the expected cumulative reward defined in
Equation 2.2. This will, in turn, minimize the loss function presented in Equation 5.7.
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Each tree node nT stores a specific disassembly state s ⊆ S as well as a count of its visits
NT (nT ). Additionally, nodes typically track the sum of cumulative rewards obtained over
their children. However, we instead recorded the maximum overall cumulative rewards
QT , which corresponds to the minimum total length for all the disassembly sequences that
start from the stored disassembly state s. We did this to reduce the influence of outliers,
specifically those with long removal paths. As we discussed in Section 5.3, the motion
planning pipeline [102] that we use minimizes the length of its planned paths. However,
we could still observe some variability in planned path lengths.

MCTS constructs a search tree through repeating the following four steps until it exhausts
a predefined search budget:

Selection
During this step, the already explored search tree is navigated. In detail, starting from the
root node nT

0 , a tree policy recursively selects child nodes until it reaches an unexpanded
leaf node. We implement this policy via a slightly modified Upper Confidence Bounds
for Trees (UCT) [70]:

UCT (nT , n′T ) = Q̂T (n′T ) + c

√
2 ∗ lnNT (nT )

NT (n′T )
(5.9)

n′T = argmax
n′T∈Children(nT )

UCT (nT , n′T ), (5.10)

that uses the maximum rather than the average expected reward for its computation. Here,
n′T is a child node of nT and Q̂T is the maximum reward normalized to be between 0 and
1. As suggested by Vodopivec et al. [113], for an existing node, we used the maximum
and minimum QT values of its children as local bounds, whereas for new nodes, we used
global bounds. Finally, the constant c balances the exploration of less-visited nodes with
the exploitation of nodes with high rewards.

Expansion
After a leaf node with unexplored children is reached, MCTS randomly selects one and
adds it to the tree. To do so, it simulates the corresponding disassembly action as we
outlined in Section 5.3. Specifically, it computes the shortest collision-free removal path
qsi for the transition from parent to leaf and stores it in the parent node. As we have
previously discussed, our motion pipeline [102] exhibits some variability in path length.
To reduce this, we repeat the planning process k times and select the overall shortest path.

Simulation
In this step, MCTS estimates the expected cumulative reward for the node added dur-
ing the expansion step by simulating the disassembly process. The simulation employs a
default policy that selects feasible actions randomly until the disassembly process is com-
plete. In contrast to the expansion step, nodes explored during the simulation step are not
added to the search tree. To reduce computation time, we do not plan each removal path
multiple times to decrease variability. Instead, we search only once for the shortest path
and, as we discussed above, rely on our maximum reward tracking to mitigate variability.
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5.4 Guiding MCTS to Efficiently Plan Assembly Sequences

Backpropagation
After the simulation step, the results are propagated upward through the tree. Specifically,
the estimated reward values QT and visit counts NT for each node visited during the
selection and the expansion steps are adjusted.

After exhausting the search budget, MCTS uses its tree policy to select a child node. This
concludes one search step of the current MCTS episode. If this node is not a leaf, it
continues the current episode. Otherwise, it starts a new episode, beginning again from
the root.

5.4.3 Representing a Disassembly State as a Graph

To represent a disassembly state s ∈ S, we utilize a directed graph GA = (NA, EA),
which is similar to the graph-based representation we described in Section 3.4. Here,
NA and EA correspond to the set of nodes and the set of edges, respectively. Each node
ni ∈ NA represents a part pi ∈ s.

However, here we use a fully connected, directed graph, i.e., we add an edge for every pair
of nodes ni and nj . This contrasts with the previous representation in Section 3.4, where
edges represent physical connections and only exist between parts that are in proximity
(i.e., within a threshold distance ϵc).

In our current representation, each node ni has a node attribute ⃗̂ni that stores the eight
corner points of the corresponding part pi. This provides explicit spatial information
about the part’s dimensions and orientation within the disassembly state s.

Similarly, each edge ei,j ∈ EA has an edge attribute ⃗̂ei,j that stores a unit vector pointing
from the midpoint of part pi to the midpoint of part pj as well as the distance between
these two points.

5.4.4 DQL with GNNs

As we discussed in Section 2.2.4, DQL [86] is an alternative to MCTS for identifying
an optimal policy π∗ that maximizes the expected reward defined in Equation 2.2. While
traditional Q-learning typically relies on a table to implement the Q-function, DQL in-
stead utilizes a deep neural network. To train this network to approximate the optimal
Q-function, DQL utilizes experiences in the form of (st, at, st+1, R(st, at, st+1)) tuples.
These are collected during previous explorations of the MDP, which in our context corre-
spond to previous ASP attempts.

To implement the Q-function Q(st, at), we first compute node embedding for the graph
representation, which we discussed in Section 5.4.3. For this, we use the GNN architec-
ture introduced in Section 3.5.2. It processes the input graph G0 through L layers, where
each one updates the node and edge attributes while preserving the graph’s structure, as
previously defined in Equation 3.13:

G(l+1) = Φl
(
Gl

)
,∀l ∈ [0, L− 1].
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Using its output, we can define our Q-function as:

Q(st, at) = ϕQ

 1

|NL
st |

∑
nL
j ∈NL

st

⃗̂nL
j ,
⃗̂nL
at

 .

Here, the Q-values are computed by an FNN ϕQ that takes as input a state-action pair.
The state st must summarize the current configuration of the assembly. We compute it as
the mean of the node embeddings ⃗̂nL

j over all nodes NL
st of the graph GL

st computed by the
GNN. To represent the action at, we utilize the embedding ⃗̂nL

at of the node corresponding
to the to-be removed part.

5.4.5 Guiding MCTS with a Learned Q-function

An important property of DQL is that it is an offline algorithm, which enables us to train
our Q-function using experiences gathered from various assemblies. Specifically, we col-
lect these experiences during simulation steps of previous MCTS episodes. For a new
assembly, we can then replace the default policy used in the simulation process, as de-
scribed in Section 5.4.2, with this trained Q-function. To balance between exploiting the
predictions of the Q-function and exploring the search tree, we implement an ϵ-greedy
strategy. During each step, we generate a random value r ∈ [0, 1]. If r > ϵ, the simulation
leverages the pretrained Q-function and tries to remove the part with the highest predicted
reward. Conversely, if r ≤ ϵ, the simulation uses the default policy, which introduces
randomness into the part selection process.

5.5 Evaluation

We performed three experiments to investigate:

1. The influence of the cuRobo motion planning pipeline [102] on the total removal
path length.

2. The effectiveness of a pretrained Q-function in improving MCTS performance.

3. The generalizability of a pretrained Q-function across different levels of assembly
complexities.

We used a search budget of five for all MCTS experiments and set ϵ = 0.2 for the ϵ-greedy
policy.

In the following sections, we first describe the dataset used for all three experiments, and
afterwards we discuss each experiment and its results in detail.

5.5.1 Datasets

Using the generator described in Section 4.1, we created two types of assemblies: 14
single-layer assemblies with 21 removable profiles and 7 double-layer assemblies with 30
removable profiles. To reduce computation time, we kept the bottom profiles and the two
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(a) Influence of repeated planning on total path
length.

(b) Time required per part for repeated
planning.

Figure 5.2: Boxplots showing the total removal path length and planning time required
per part versus number of planning iterations (k) for the first three two-layered
assemblies over 50 trials. (results published in Cebulla et al. [20]. © 2024,
IEEE).

back profiles of the base frame fixed. All assemblies have the same dimensions: 40 cm in
width and length, and 60 cm in height. Moreover, all assemblies use two support profiles.
As their name suggests, single- and double-layer assemblies have either one or two layers,
each with three front profiles. They differ in the number of back profiles, the single-
layer assemblies have four back profiles, whereas the double-layer assemblies have three
back profiles. We sampled grasp points along each profile at 2 cm intervals for all four
sides, while leaving a margin of 3 cm from each end. We collected experiences for both
assembly types using the vanilla MCTS described in Section 5.4.2. These experiences
were stored in two separate datasets: D1 for single-layer assemblies and D2 for double-
layer assemblies.

5.5.2 Learning the Q-function

To train our Q-function, we utilized the DQL algorithm discussed in Section 2.2.4. As de-
scribed in the previous section, the experiences used for training were collected during the
selection and simulation steps of previous MCTS episodes and then stored in the corre-
sponding datasets. For each experiment, we then trained the GNN-based Q-function using
the respective dataset (D1 for single-layer assemblies andD2 for double-layer assemblies).
During all experiments, we used a batch size of 128 and trained for 200 episodes.

5.5.3 Analyzing the Removal Path Length Deviation

Our first experiment investigates how the cuRobo [102] motion planning pipeline impacts
the total removal path length. Specifically, one stage of this pipeline utilizes a sampling-
based planner, which, due to its randomness, can find removal paths of varying lengths for
the same part in the same disassembly state. Furthermore, while in a subsequent stage the
pipeline optimizes path length, it can only refine previously found paths. In other words,
it cannot replace an initially longer path with an entirely different, shorter one.
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Table 5.1: Performance comparison of vanilla MCTS versus guided MCTS on single-
layer assemblies. For each assembly, we report the total removal path length,
number of episodes (#epi), and search steps (#st) required to find the shortest
path. The minimum path length for each assembly is highlighted (results pub-
lished in Cebulla et al. [20]. © 2024, IEEE).

Vanilla MCTS for
single-layered assemblies

MCTS + Q-function
trained on D1

id inital path
length [m]

shortest path
length [m]

found after
(#epi, #st)

shortest path
length [m]

found after
(#epi,#st)

1 16.95 16.53 (15, 1) 16.07 (2, 1)
2 15.96 14.55 (14, 7) 14.37 (7, 3)
3 16.45 14.73 (2, 6) 14.63 (4, 2)
4 16.88 16.16 (3, 1) 15.08 (2, 2)
5 14.27 13.64 (20, 10) 13.34 (5, 1)
6 18.42 15.51 (9, 1) 14.12 (14, 1)
7 16.89 16.65 (8, 3) 16.03 (1, 1)
8 18.29 17.22 (3, 3) 15.99 (16, 6)
9 17.64 15.48 (7, 1) 13.87 (6, 3)

10 19.21 15.52 (16, 7) 15.37 (1, 1)
11 18.26 17.65 (7, 3) 15.12 (2, 1)
12 17.95 16.35 (18, 3) 16.16 (9, 1)
13 17.82 16.70 (5, 3) 15.78 (1, 1)
14 17.53 15.23 (15, 2) 14.69 (2, 1)

Table 5.2: Performance comparison of vanilla MCTS versus guided MCTS on double-
layer assemblies. The Q-function was pretrained either on single-layer assem-
blies (D1) or, via leave-one-out cross-validation, on double-layer assemblies
(D2). For each assembly, we report the total removal path length, number
of episodes (#epi), and search steps (#st) required to find the shortest path.
The minimum path length for each assembly is highlighted (results published
in Cebulla et al. [20]. © 2024, IEEE).

Vanilla MCTS for
double-layered assemblies

MCTS + Q-function
trained on D1

MCTS + Q-function
trained on D2

id initial path
length [m]

shortest path
length [m]

found after
(#epi,#st)

shortest path
length [m]

found after
(#epi,#st)

shortest path
length [m]

found after
(#epi,#st)

1 29.12 24.12 (13, 20) 23.41 (6, 1) 24.33 (2, 1)
2 29.31 23.67 (10, 2) 21.79 (8, 3) 21.88 (1, 3)
3 30.19 27.70 (13, 1) 23.88 (1, 4) 24.03 (13, 4)
4 31.67 27.10 (19, 6) 24.50 (2, 2) 25.29 (2, 5)
5 28.82 27.28 (5, 1) 24.73 (2, 2) 25.42 (8, 4)
6 26.65 24.31 (17, 4) 24.67 (2, 2) 23.75 (7, 7)
7 28.50 26.11 (2, 16) 25.84 (1, 3) 26.02 (5, 8)
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To analyze the influence of the sampling-based planner on the removal path length and
determine if it can be reduced through repeated planning, we conducted the following
experiment for each of the first three two-layered assemblies: We identified a feasible
robotic disassembly sequence and, for each of its removal paths, performed 1-6 planning
iterations, where we only kept the shortest path. For each assembly, we repeated this
process 50 times.

The results demonstrate that replanning reduces the influence of random sampling on path
length. Figure 5.2a and Figure 5.2b present the total path lengths for each assembly and
the corresponding planning time per part, respectively. As can be seen from Figure 5.2a,
the median path length decreased by roughly 3 m for all assemblies. However, this comes
at the cost of increased planning time, as shown in Figure 5.2b. Specifically, each ad-
ditional planning iteration adds around 5 s per part. Furthermore, we observed that the
reduction in path length diminishes with each additional iteration. As described in Sec-
tion 5.4.2, we repeat the path planning process during the expansion step of the MCTS.
Based on these results, we decided to use four iterations (k = 4) for all further experi-
ments.

5.5.4 Evaluating Guided MCTS on the Same Assembly Type

We initially evaluated the pretrained Q-function’s effectiveness in improving MCTS per-
formance by separately testing on two datasets: single-layer assemblies (D1) and double-
layer assemblies (D2). To do so, we utilized a leave-one-out cross-validation strategy for
both datasets, where we trained the model on all assemblies except one and then tested it
on this remaining assembly.

Single-Layer Assemblies
As can be seen from Table 5.1, our guided MCTS consistently outperformed vanilla
MCTS in terms of path length across all single-layer assemblies. Significant improve-
ments, with path length reductions exceeding 0.5 meters, were observed for assemblies
4, 6, 7, 8, 9, 11, 13, and 14. Moreover, the guided MCTS typically found the best path
length faster than its vanilla version. Notably, for assemblies 7, 10, and 13, the best path
was identified immediately after the initial search step, which suggests that the Q-function
alone was sufficient for these particular assemblies.

Double-Layer Assemblies
The results for double-layer assemblies, presented in Table 5.2, support the observations
made during the single-layer experiments. That is, utilizing a pretrained Q-function to
guide the MCTS simulation process consistently resulted in shorter paths compared to
vanilla MCTS. Except for the first and last assemblies, where the guided MCTS produced
comparable results to vanilla MCTS, all other double-layer assemblies had path length
reductions greater than 0.5 m.

5.5.5 Evaluating Guided MCTS Across Assembly Types

The goal of our final experiment was to evaluate how well a pretrained Q-function general-
izes across different levels of assembly complexities. Specifically, we trained a Q-function
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on D1, the single-layer assembly dataset, and evaluated it on D2, the double-layer assem-
bly dataset. All results are shown in Table 5.2.

Consistent with our intra-dataset experiments, the guided MCTS outperformed vanilla
MCTS in both path length optimization and search speed. When guided by the pretrained
Q-function, MCTS planned assembly sequences with shorter total removal path lengths
for all assemblies except the 6th. In terms of search speed, the guided approach found the
best path length within the first two MCTS iterations for all assemblies except the first
two.

Notably, the Q-function trained on the simpler single-layer dataset (D1) outperformed
the one trained on the target double-layer dataset (D2) for all assemblies except the 6th.
For assemblies 1, 4, and 5, the D1-trained Q-function found removal paths at least 0.5 m
shorter than those found using the D2-trained Q-function. This suggests that training on
simpler assembly tasks may improve generalization in some cases.
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Optimize Multiple Objectives

In Chapter 3, we introduced an approach for efficiently planning feasible assembly se-
quences. Then, in the previous Chapter 5, we proposed an extension that can efficiently
plan assembly sequences optimized for a single objective, such as minimizing the to-
tal path length traveled by a robotic manipulator while assembling a product. However,
manufacturers often seek to optimize multiple, sometimes conflicting, objectives simul-
taneously. For example, a manufacturer may want to minimize the number of assembly
direction changes to increase efficiency while also maximizing the accessibility of each
part throughout the assembly process.

Many of the approaches to optimal ASP that we reviewed in Section 2.3 considered mul-
tiple objectives. However, almost all of these methods optimized a linear combination
of objectives rather than treating them as separate optimization goals. This approach is
straightforward to implement as it can be easily integrated with existing single-objective
optimization algorithms. Nevertheless, it has several disadvantages: firstly, manufacturers
must predetermine the relative importance of each objective by choosing corresponding
weights. If these assumptions about the manufacturing process are incorrect, it can lead
to suboptimal solutions. Furthermore, this approach does not provide the necessary in-
sights to identify and fix such issues. In fact, exploring the different trade-offs between
objectives requires setting new weights and rerunning the entire optimization. As a result,
potentially better solutions might be overlooked.

In contrast, we propose to optimize multiple objectives simultaneously by optimizing
their Pareto front. That is, a set of solutions where no objective can be improved with-
out deteriorating at least one other objective. We extend our single-objective ASP opti-

(a) 5× 5 Soma cube (38 parts). (b) 6× 6 Soma cube (58 parts).

Figure 6.1: Two Soma cubes generated with Algorithm 1 (both reproduced from Cebulla
et al. [18]. © 2023, IEEE).
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mization framework discussed in Chapter 5 such that it can handle Pareto optimization.
Furthermore, we explain how to integrate multiple Q-functions into this multi-objective
framework to again guide the MCTS and thereby accelerate the ASP process.

We evaluate our approach by optimizing two objectives for Soma cube assemblies: max-
imizing the accessibility of each part during the assembly process while minimizing the
number of direction changes in the sequence. Our experiments utilize two datasets:
one containing eight 5 × 5 Soma cubes and another with four 6 × 6 Soma cubes. We
compare four different settings: vanilla multi-objective MCTS, MCTS with Q-functions
trained during the search, MCTS with pretrained Q-functions (our proposed approach),
and MCTS with pretrained Q-functions that are retrained during the search. Our results
demonstrate that our approach consistently outperforms the other methods, i.e., it found
better sequences in less time for both Soma cube sizes.

In the following sections, we will first position our approach within the related litera-
ture. Then, we will provide a formal problem definition for multi-objective optimization
of assembly sequences. Next, we will describe our method for calculating these objec-
tives using distance maps. Following this, we discuss how we extended our framework
to efficiently plan assembly sequences that simultaneously optimize multiple objectives.
Specifically, we will explain how multi-objective ASP can be formalized as an MDP with
multiple rewards and how we can then use a multi-objective variant of MCTS [91] to
search for Pareto-optimal sequences. We then introduce our graph-based representation
of disassembly states and explain how we use DQL with GNNs to guide the MCTS. Fi-
nally, we present an evaluation of our approach, demonstrating the effectiveness of our
pretrained Q-functions in improving MCTS performance for optimizing multiple assem-
bly objectives.

The work in this chapter has been published in Cebulla et al. [18].

6.1 Positioning Within Related Literature

In Section 2.3, we reviewed several approaches to planning optimal assembly sequences
for assemblies with and without reusing knowledge from previous attempts. However,
among all the reviewed works, only Kiyokawa et al. [68] performed a proper multi-
objective, or Pareto, optimization. That is, instead of combining multiple objectives into
a single scalar value using weighted sums, they optimized the Pareto front, which rep-
resents the set of non-dominated solutions. Each solution in this set is better in at least
one objective compared to all others. They did not utilize knowledge transfer in their
approach.

Our framework stands out as the only one that combines both knowledge transfer and
Pareto optimization for ASP, which offers several advantages over the linear combina-
tion approach commonly used in previous works. Specifically, providing a set of Pareto-
optimal solutions enables manufacturers to:

• explore trade-offs without making prior assumptions about the relative importance
of each objective;

• select a solution based on current priorities or constraints;

• discover solutions that might be missed when using a weighted sum approach.
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6.2 Problem Statement

6.2 Problem Statement

We now extend the single-objective optimal ASP problem presented in Section 5.2 to
a multi-objective optimal ASP. To incorporate multiple objectives, we define a vector
objective function f⃗o(uf ) : Uf → Rm+1 as follows:

f⃗o(uf ) = (fo,0(uf ), fo,1(uf ), . . . , fo,m(uf )) , (6.1)

where each fo,i for i ∈ 0, . . . ,m is an individual objective function and uf ∈ Uf represents
a feasible disassembly sequence as defined in Equation 5.1.

In particular, we focus on two objectives: fo,0 estimates the accessibility of each part
during assembly, and fo,1 calculates the number of assembly direction changes required
to assemble the product. We will provide the implementation details of these objectives
in the next section.

Our optimization problem can now be stated, similar to Equation 5.7, as:

max
uf∈Uf

f⃗o(uf ).

However, optimizing multiple objectives simultaneously may result in various non-dominated
solutions. Therefore, we will optimize the Pareto front. Specifically, given two disassem-
bly sequences uf , u

′
f ∈ Uf , we say that uf dominates u′

f if and only if:

fo,i(uf ) ≥ fo,i(u
′
f ), ∀i ∈ {0, . . . ,m}, and (6.2)

fo,j(uf ) > fo,j(u
′
f ), for at least one j ∈ {0, . . . ,m}. (6.3)

That is, uf is at least as good as u′
f across all objectives and outperforms it in at least

one. A solution is considered Pareto optimal if no other solution in the feasible set Uf
dominates it. The Pareto front consists of all Pareto optimal solutions.

6.3 Calculating Objectives

As discussed in Section 2.2.3, an alternative to testing removability via sampling-based
motion planners is to precompute the blocking relationships between all parts. These
relationships are then stored in specialized data structures for fast removability testing.
One example of such a data structure is the 21

2
D distance map described by Thomas et al.

[106].

In the following, we first briefly discuss the computation of these maps. We then explain
how to use them to test for collision-free removal and stability. Finally, we demonstrate
how these maps can be utilized to compute geometric accessibility and the number of
direction changes.

6.3.1 Distance Maps

One method for computing distance maps was proposed by Thomas et al. [106], who sug-
gested computing the Minkowski difference, as defined in Equation 2.1, between pairs of
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Figure 6.2: Computation of the minimum distance map M̄ for an assembly A consisting
of three parts: green bottom (p0), blue top (p1), and red ball (p2), with the
grey floor being a special part (pf ). M̄ is computed for the red ball (p2) in the
initial, assembled state (s0). Shown at the top are the 3D models of the pairs
of parts, as well as the sampled directions (illustrated as orange cubes) along
which p2 can be removed. On the bottom, we depicted their corresponding
distance maps M. Yellow entries correspond to directions along which p2
can be removed.

parts. This results in a set of direction vectors that describe potential collisions when one
part is translated by a specific vector. Finally, these vectors are projected via a stereo-
graphic projection onto two half-spheres. In contrast, we follow the approach by Andre
and Thomas. [8] that samples directions directly from a half sphere along which one part
is moved while the other remains static.

Formally, let M(pi, pj) be a NM × NM distance map for parts pi ∈ P and pj ∈ P.
Each pair of indices (k, l) corresponds to a unique direction vector m⃗ on the sampled
half sphere, while the entryM(k, l) stores the separation distance ds. This ds represents
the distance pi can move along m⃗ before either a collision with pj occurs or it reaches a
maximum removal distance dmax, i.e., it was successfully removed. This is repeated for
all pairs of parts, resulting in |P|2 − |P| distance maps.

To determine how far part pi can be moved relative to all other parts, we compute the
minimum over all its corresponding distance maps. Specifically, we define the minimum
distance map M̄(pi, s) as:

M̄(pi, s) := min
pj∈s\pi

M(pi, pj), (6.4)

where s ∈ S is a disassembly state. In other words, M̄k,l(pi, s) quantifies the maximum
distance part pi can move without collision in the direction indexed by (k, l) in disassem-
bly state s. Its computation is also illustrated by Figure 6.2.
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6.3.2 Collision-Free Removal and Gravity Constraint

Utilizing the minimum distance map M̄(pi, s), we can assess if a part pi can be removed
without collision. This is the case if there exists at least one entry in the map, where the
separation distance ds is larger than the maximum removal distance dmax. Formally,

∃k, l ∈ {0, . . . , N} s.t. M̄k,l(pi, s) > dmax. (6.5)

To maintain stability in each disassembly state, we must ensure that all remaining parts
are supported, which can also be verified with M̄. Namely, after each disassembly action,
we check that each remaining part cannot be moved in the direction of gravity (i.e., the
minimum distance equals zero), confirming that other parts or the floor fully support it.

6.3.3 Geometric Accessibility Objective

We optimize access to part mounting locations, which offers two advantages. First, pro-
viding multiple attachment options increases assembly flexibility, reducing the risk of
damaging the part or its neighboring components. Second, better access and greater clear-
ance make the assembly process more robust against imprecision.

We estimated the accessibility of a part pi in a given disassembly state s as the sum over
all the entries of the corresponding minimum distance map M̄(pi, s) as defined in Equa-
tion 6.4. That is, for a disassembly sequence uf ∈ Uf we can define our first objective,
which estimates the accessibility of each part as:

fo,0(uf ) =
N−1∑
t=0

∑
k,l∈{0,...,NM}

M̄k,l(pat , st). (6.6)

6.3.4 Direction Change Objective

Through minimizing the number of direction changes, we reduce the number of move-
ments required to assemble the parts, thereby increasing the overall efficiency and speed
of the assembly process. To accomplish this, we focus on maximizing two factors:

1. The number of removal directions for each part.

2. The overlap between the directions available for removing the current part and the
removal directions of previously removed parts.

We assume that in the current disassembly state sn, we want to remove pi and therefore
execute the disassembly action an = i. We now introduce the notation

uf,n = ((s0, a0), (s1, a1), . . . , (sn−1, an−1)) (6.7)

to denote the feasible disassembly sequence uf,n ∈ Uf containing the n previously visited
state-action pairs required to reach sn.
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Figure 6.3: Calculation of the direction change objective for a potential assembly se-
quence of the assembly shown in Figure 6.2.

Additionally, we define BM̄(pi, s) as a binary map derived from the minimum distance
map M̄k,l(pi, s) for part pi as defined in Equation 6.4. It is computed by:

BM̄
k,l (pi, s) =

{
1, if M̄k,l(pi, s) > dmax

0, otherwise
. (6.8)

That is, BM̄
k,l (pi, s) = 1 indicates that part pi can be removed along the direction indexed

by (k, l) in disassembly state s.

We can now recursively define a function H(an, sn, uf,n) that calculates the overlap be-
tween the viable removal directions of part pan in state sn as given by BM̄(pan , sn) and
the removal directions of the parts that were previously removed in uf,n. Formally,

H(an, sn, uf,n) = BM̄(pan , sn)

∩H(ai−1, sn−1, uf,n−1)
(6.9)

If there is no overlap between the viable removal directions of the current part pan with
the previous parts in uf,n, we assume that to assemble it, a change in assembly directions
is required. Therefore, we restart the computation with all the viable removal directions
for part pan in state sn:

H(an, sn, uf,n) = BM̄(pan , sn) (6.10)

When performing the first disassembly action a0 from the full assembly (s0 = A), we
have no prior sequence (uf,0 = ()). We therefore use all feasible removal directions for
part pa0 :

H(a0, s0, uf,0) = BM̄(pa0 , s0).
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To define our second objective fo,1 such that it corresponds to the two factors, we dis-
cussed at the start of this section, we first need to introduce a helper function Ĥ to cor-
rectly handle the restart of the computation in case of a direction change as defined in
Equation 6.10. If there is no restart, it is equal to the sum of the number of viable removal
directions in the current disassembly state that are in common with all previous removal
directions:

Ĥ(an, sn, uf,n) =
∑

k,l∈{0,...,N}

Hk,l(an, sn, uf,n) (6.11)

In the case of a direction change, it should evaluate to 0, as we want to minimize these
changes. Formally, if BM̄(pan , sn) ∩H(an−1, sn−1, uf,n−1) = ∅:

Ĥ(an, sn, uf,n) = 0 (6.12)

Finally, for a disassembly sequence uf ∈ Uf we can define our second objective as:

fo,1(uf ) =
N−1∑
t=0

Ĥ(an, sn, uf,n). (6.13)

Figure 6.3 visualizes these steps for a potential assembly sequence of the assembly shown
in Figure 6.2.

6.4 Multi-Objective Optimization for ASP

We utilize a multi-objective variant of MCTS introduced by Perez et al. [91] to search for
a Pareto-optimal set of disassembly sequences that minimize assembly direction changes
while maximizing the accessibility of each part during its assembly. The computational
complexity remains the same as in the single-objective case, i.e., for an assembly with N
parts, in the worst case, N ! potential disassembly sequences need to be evaluated.

Similar to Chapter 5, we propose reusing knowledge from previous planning attempts to
guide the multi-objective MCTS. In detail, because the MCTS optimized multiple objec-
tives, we used separate Q-functions for each one.

In the following sections, we provide a detailed discussion of how we adapted our frame-
work to simultaneously optimize multiple objectives. First, we describe how we formal-
ized the multi-objective ASP problem as an MDP. Next, we explain the multi-objective
MCTS [91] variant. Afterwards, we present our approach for guiding this search process
using multiple, pretrained Q-functions. Finally, we detail how we represent disassembly
states as graphs and then utilize these representations to train GNNs to approximate our
Q-functions.

6.4.1 Formalizing Multi-Objective ASP as an MDP

As we extend our framework from single-objective to multi-objective optimization, we
also must adapt the MDP formalism, which we introduced in Section 2.2.4. In partic-
ular, this requires redefining the reward function. While in Chapter 5 we used a scalar
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Figure 6.4: A multi-objective variant of MCTS [91] applied to ASP for a Soma cube
(reproduced from Cebulla et al. [18]. © 2023, IEEE).

reward function, we now need a vector reward function to express multiple objectives.
Specifically, for m ≥ 2 objectives, we define:

R⃗(st, at, st+1) := (R1(st, at, st+1), R2(st, at, st+1), ..., Rm(st, at, st+1)). (6.14)

Here, Ri(st, at, st+1) corresponds to reward for the i-th objective, which is gained while
transitioning to state st+1 after performing action a in state st.

In our case, we have two objectives fo,0 and fo,1 as defined by Equations 6.6 and 6.13,
respectively.

For the first objective, which estimates the accessibility of each part, we define:

R0(st, at, st+1) =
∑

k,l∈{0,...,NM}

M̄k,l(pat , st), (6.15)

where M̄(pat , st) is the minimum distance map defined in Equation 6.4.

For the second objective that maximizes the overlap between all viable disassembly di-
rections, we define:

R1(st, at, st+1, uf,n) = Ĥ(an, sn, uf,n), (6.16)

where Ĥ(an, sn, uf,n) is the helper function we defined in Equation 6.11 and 6.12, respec-
tively.
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Figure 6.5: A multi-objective MCTS [91] simulation guided by an ϵ-greedy policy. The
shaded regions correspond to the hypervolume of the Pareto front (reproduced
from Cebulla et al. [18]. © 2023, IEEE).

6.4.2 Multi-Objective MCTS for ASP

To optimize assembly sequences with respect to multiple objectives, we utilize a multi-
objective variant of MCTS proposed by Perez et al. [91]. Similar to the single-objective
MCTS we described in Section 5.4.2, this algorithm grows a search tree by iteratively
performing selection, expansion, simulation, and backpropagation within a given search
budget.

In both variants, each tree node nT stores a disassembly state s ∈ S as well as N , the
number of times it has been visited. Additionally, for the multi-objective variant, each
node maintains a local approximation of the Pareto front Pf , which represents the set of
non-dominated solutions. Figure 6.4 depicts a search tree with three examples of such
nodes.

Furthermore, to handle multiple optimization criteria, the multi-objective MCTS adapts
the selection and backpropagation steps. We now provide a detailed explanation of these
adaptations:

Selection
Similar to the single-objective MCTS, the selection step utilizes a tree policy to traverse
the search tree from the root node nT

0 to an unexpanded leaf node.
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In the single-objective case, this policy is commonly implemented based on the UCT [70]:

UCT (nT , n′T ) =
QT (n′T )

N(n′T )
+ c

√
2 ∗ lnN(nT )

N(n′T )

n′T = argmax
n′T∈Children(nT )

UCT (nT , n′T ),

where n′T is a child of nT and QT is the total reward obtained for all disassembly se-
quences that start from the disassembly state s stored in nT . Further, N(nT ) and N(n′T )
are the visit counts of nodes nT and n′T , respectively, and c is a constant balancing explo-
ration and exploitation. In fact, we used a slightly modified version of the UCT described
in Equation 5.9 in our single-objective MCTS.

In the multi-objective setting, we need a selection policy that can handle multiple objec-
tives and consider the Pareto front maintained at each node. To achieve this, we adopt
the Multi-Objective Upper Confidence Bound (MOUCB) proposed by Perez et al. [91],
which utilizes the hypervolume indicator as a measure to evaluate the quality of a Pareto
front. In detail, this indicator measures the volume of the objective space delimited by the
solutions [128].

Formally, the hypervolume HV (P , z) of a set of solutions P relative to a reference point
z ∈ Rm is defined as:

HV (P , z) = Λ ({z′ ∈ Rm|∃p ∈ P : z ≺ z′ ≺ p}) .

Here, Λ is the Lebesgue measure, which is a mathematical concept used to determine the
“volume” of a subset in Rm. For instance, when m = 2, it measures the area, and when
m = 3, it represents the volume of the space dominated by the solutions in P .

Using this metric, [91] defined the MOUCB as:

MOUCB(nT , n′T ) =
HV (P)
N(n′T )

+ c

√
2 ∗ lnN(nT )

N(n′T )
.

Expansion and Simulation
These two steps are identical to the single-objective MCTS. That is, the expansion step
adds an unvisited child node to the tree, while the simulation step estimates the expected
reward for this newly added node by simulating the disassembly process until completion.

Backpropagation
The backpropagation step in both variants updates the accumulated rewards in the nodes
visited during the selection and expansion steps. In the single-objective MCTS, this in-
volves propagating the estimated cumulative reward QT and incrementing the visit counts
NT for each node. The updates are straightforward because the reward is a scalar value
representing the total cost.

In the multi-objective MCTS, the backpropagation step is more complex. After the simu-
lation, we obtain a reward vector r⃗ that contains the cumulative rewards for all objectives.
As we backpropagate this vector through the nodes visited during selection and expan-
sion, we test if it either dominates or is dominated by any solution in the local Pareto
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6.4 Multi-Objective Optimization for ASP

fronts Pf maintained by each node. In detail, at each node, if r⃗ is dominated by any
existing solution in Pf , the vector is discarded, and backpropagation halts. Otherwise,
if r⃗ is not dominated, it is added to Pf , and any solutions in Pf that are dominated by
r⃗ are removed. This process ensures that each local Pareto front remains consistent and
includes only the most promising, non-dominated solutions.

Similar to the single-objective MCTS, these four steps are continuously repeated during
each episode until the search budget is depleted. Then, the MOUCB is used to select a
child node from which the search resumes. This process continues until a leaf node is
found, which marks the end of the current episode. The next episode begins again from
the root node nT

0 .

6.4.3 Representing a Disassembly State as a Graph

We represent each disassembly state s ∈ S using the same graph structure Gs = (Ns, Es)
we described in Section 5.4.3. In this graph, Ns is the set of nodes where each node
ni ∈ Ns corresponds to a part pi in s and has an associated node attribute u⃗ni

that captures
information about that part. The set of edges Es consists of directed edges ei,j and ej,i,
each with edge attributes v⃗ei,j and v⃗ej,i , respectively. Because we use a fully connected
graph, they are added for each pair of nodes ni, nj ∈ Ns.

We utilize this graph structure to create two different graph-based representations for a
given disassembly state s: one for the geometric accessibility reward function and another
for the direction change reward function.

Graph Representation for Geometric Accessibility
We construct the graph representation Ggeo

s for the geometric accessibility reward function
as defined in Equation 6.15.

For the directed edges, we use the distance maps as described in Section 6.3.1 as attributes:
v⃗ei,j =M(pi, pj) and v⃗ej,i =M(pj, pi).

For the nodes, we assign each node ni ∈ Ns the minimum distance map given by Equa-
tion 6.4: u⃗ni

:= M̄(pi, s).

Graph Representation for Direction Change
We construct the graph representation Gdir(sn, uf,n) for the direction change reward func-
tion as defined in Equation 6.16. This representation follows a similar structure to the
geometric accessibility graph but uses binary distance maps instead of continuous ones.

Parallel to the above formulation, the edge attributes are then v⃗ei,j = BM(pi, pj) and
v⃗ej,i = BM(pj, pi). Here, the binary distance map BM(pi, pj) is 1 for all directions in
which part pi can be removed without colliding with pj , and is 0 otherwise.

For the nodes, we assign each node ni ∈ Ns the binary minimum distance map defined in
Equation 6.8: u⃗ni

:= BM̄(pi, s).

Unlike other rewards we discussed so far, such as the path length minimization reward as
defined in Equation 5.8 or the part accessibility reward, that depend only on the current
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disassembly state sn, this reward is also influenced by the sequence of prior disassembly
states and actions uf,n that led to sn. In more detail, this reward depends on the common
removal directions of previously removed parts H(an−1, sn−1, uf,n−1) as given by Equa-
tion 6.9. To express this dependence, we leverage the fact that this is also a binary map
and add node nc to store it as an attribute: u⃗nc := H(an−1, sn−1, uf,n−1). We then connect
nc to all other nodes with outgoing edges.

A disadvantage of both representations is that they result in fully connected, directed
graphs. While this captures all pairwise interactions between parts, it leads to quadratic
growth in the number of edges: for a disassembly state with N parts, we have |Es| =
N2 − N edges. To reduce computational complexity, we limit the number of edges by
considering only the Nc closest neighbors for each part pi based on the distance maps,
adding edges only between these nearest neighbors.

6.4.4 Guiding the Multi-Objective MCTS with Learned
Q-functions

Based on the graph representations introduced in the previous section and using the pro-
cess we described in Section 5.4.4, we can train GNNs to approximate the Q-functions for
both the geometric accessibility reward function and the direction change reward function.

Specifically, we compute the Q-function for the geometric accessibility reward as

Qgeo(st, at) = ϕgeo


nL

at ,
1

|NL,geo
st |

∑
nL
j ∈N

L,geo
st

nL
j


 ,

Here, GL,geo
s is the graph computed for Ggeo

s by the GNN after L layers. Its corresponding
node set is NL,geo

s . We use the node embedding nL
at ∈ NL,geo

st to represent action at which
will remove the corresponding part pat . To capture the disassembly state, we compute the
global mean over all node embeddings NL,geo

st . We then concatenate both and provide it
as input for an FNN ϕgeo.

For the direction change reward, we define the Q-function Qdir in a similar manner.

We can now use both trained Q-functions to guide the MCTS during the simulation pro-
cess, as depicted in Figure 6.5. Specifically, we replace the default policy discussed in
Section 5.4.2, with an ϵ-greedy policy. That is, during each simulation step, we first ran-
domly choose an r ∼ U(0, 1). If it is larger than a threshold r > ϵ, then we compute
the Q values for all feasible actions using the trained Q-functions. We then multiply them
for each action, which corresponds to the hypervolume indicator computed for a single
solution. Finally, we select the action with the largest product.

6.5 Evaluation

We evaluated the performance of our multi-objective MCTS guided by learned Q-functions
compared to vanilla multi-objective MCTS. Specifically, we consider four settings:
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(a) Average hypervolume for 5×5 Soma cubes. (b) Pareto front for a 5x5 soma cube.

Figure 6.6: Average hypervolume and Pareto front for 5×5 Soma cubes (results published
in Cebulla et al. [18]. © 2023, IEEE).

(a) Average hypervolume for 6×6 Soma cubes. (b) Pareto front for a 6x6 soma cube.

Figure 6.7: Average hypervolume and Pareto front for 6×6 Soma cubes (results published
in Cebulla et al. [18]. © 2023, IEEE).

1. MCTS: Vanilla multi-objective MCTS as baseline.

2. MCTS + Q-functions: Q-functions are trained after each episode.

3. MCTS + pretrained Q-functions: Our proposed approach using pretrained Q-
functions.

4. MCTS + retrained Q-functions: Q-functions are pretrained and then retrained
after each episode.

All settings used a search budget of 5.

6.5.1 Learning the Q-functions

We performed a series of experiments using two Soma cube datasets. The first dataset
consisted of eight 5 × 5 cubes and the second one consisted of four 6 × 6 cubes. An
example cube for each size is depicted in Figures 6.1a and 6.1b, respectively.

We trained all Q-functions with the DQL [86] algorithm that we described in Section 2.2.4,
where we used a replay buffer of size 10000. All experiences gathered during either the
selection or the simulation steps were added to this buffer after each MCTS episode. We
then sampled batches to train the GNNs using a batch size of five for the 5 × 5 Soma
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cubes and a batch size of one for the 6 × 6 Soma cubes. Because we wanted to train on
100 samples for both sizes, we ran the training for 20 episodes for the 5× 5 Soma cubes
and for 100 training episodes for the 6× 6 Soma cubes.

6.5.2 Evaluating Multi-Objective Guided MCTS

We present our experimental results for both Soma cube datasets. The results for the 5×5
dataset are shown in Figure 6.6, and those for the 6× 6 dataset in Figure 6.7.

We evaluated the search progress by computing the hypervolume of the Pareto front at
the root node at each timestep. These values were averaged over all eight cubes for the
5 × 5 dataset and all four cubes for the 6 × 6 dataset, as shown in Figures 6.6a and 6.7a.
Additionally, for a representative Soma cube from each dataset, we present the final Pareto
fronts in Figures 6.6b and 6.7b, respectively.

For both datasets, we required all experiments to run for the same duration. Specifically,
for the 6×6 Soma cubes, we used the time needed to run 50 episodes of MCTS, where the
Q-functions were trained after each episode (MCTS + Q-function), which was 570 min,
as the stopping criterion for all other experiments with this cube size. Similarly, for the
5× 5 cubes, we used the time needed to run 100 episodes, which was 190 min.

As can be seen from Figures 6.6a and 6.7a, the vanilla MCTS approach underperformed
when compared against any of the other methods that utilized Q-functions, despite being
computationally faster. On average, it executed 14.4 and 15 times more episodes for the
5 × 5 and 6 × 6 cubes, respectively. Our approach, which used pretrained Q-functions
(MCTS + pretrained Q-functions), outperformed training Q-functions during the MCTS
(MCTS + Q-function). Finally, pretrained Q-functions performed better without retrain-
ing during the MCTS than with it (MCTS + retrained Q-functions).
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7 Discussion, Outlook and
Conclusion

Throughout this thesis, we identified and addressed several challenges in automating and
optimizing ASP. The goal is to enable efficient planning for customized product variants
and to contribute to realizing the vision of Industry 4.0. The work focused on four main
areas: improving the efficiency of feasible ASP, optimizing ASP for both single and mul-
tiple objectives, and the automatic generation of assemblies from industrial components.
We proposed and evaluated novel approaches to all four areas.

In the following sections, we will briefly recapitulate and discuss these approaches. Next,
we will provide an overview of the future steps. Finally, we will give some concluding
remarks.

7.1 Discussion

The central research questions addressed in this work were how to efficiently

1. identify feasible assembly sequences?

2. generate assemblies with known properties?

3. optimize assembly sequences for a single objective?

4. optimize assembly sequences via Pareto optimization for multiple objectives?

In the following, we summarize the findings and methodologies for each of these research
questions.

7.1.1 Efficient Generation of Feasible Assembly Sequences

To address the combinatorial explosion in the search space of feasible assembly sequences,
a graph-based representation of assemblies was proposed in Section 3.4. Based on this
representation, a GNN was trained to predict part removability, as described in Sec-
tion 3.5.2. In contrast to related work [125, 41, 83, 10], we utilized these predictions
to guide a graph search, efficiently exploring the disassembly graph. That is, we were
able to recover if the prediction was wrong. Moreover, we could also handle previously
unseen parts. We also planned the assembly sequence in backward (AbD) order. There-
fore, we only needed to consider the parts still attached to the assembly at each step. This
differs from forward planning approaches, where both assembled and unassembled parts
need to be modeled.
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The proposed approach significantly reduced the number of unsuccessful removal tests
compared to traditional AbD methods. For the evaluated five real-world assemblies, the
number of required removal tests was reduced by 64% to 90% compared to the AbD
approach proposed by Ebinger et al. [38], and by 30% to 87% when compared to AbD
utilizing a bookkeeping heuristic proposed by Dorn et al. [33].

7.1.2 Generation of Assembly Datasets

One of the key challenges in incorporating prior knowledge into the ASP process is the
lack of suitable datasets for training and evaluating algorithms. To address this challenge,
we developed two assembly generators, which we discussed in Chapter 4.

1. A generator for 3D aluminum profile assemblies that a single robotic manipulator
can assemble. These assemblies are constructed from real-world industrial parts,
enabling us to evaluate the developed framework on practical, complex structures.

2. A generator for Soma cubes of arbitrary size. They have the property that each
part can be disassembled along a straight line, which is a requirement for most
approaches that precompute blocking relations between parts, such as the 21

2
D dis-

tance maps introduced by Thomas et al. [106] and Andre and Thomas. [8].

7.1.3 Single-Objective Optimization of Assembly Sequences

Building on the feasible ASP framework, a method for efficiently optimizing assembly
sequences with respect to a single objective was developed and described in Chapter 5.
This approach combines MCTS [16] with DQL [86], using a GNN [12] to learn the Q-
function.

The method was evaluated on datasets of aluminum profile assemblies generated using the
previously mentioned generator. Specifically, we created two datasets: one consisting of
14 single-layer assemblies with 21 removable profiles, and another containing 7 double-
layer assemblies with 30 removable profiles. Our approach consistently outperformed
vanilla MCTS in terms of total removal path length. For single-layer assemblies, our
method produced sequences with total path lengths that were, on average, 0.8 m shorter.
For double-layer assemblies, the improvement increased to an average of 1.4 m shorter
paths. Knowledge transfer between datasets of different complexity was also successfully
demonstrated, with our method achieving sequences with total path lengths that were, on
average, 1.6 m shorter when trained on single-layer assemblies and tested on double-layer
assemblies.

7.1.4 Multi-Objective Optimization of Assembly Sequences

When optimizing multiple objectives, all reviewed related work, except for the approach
discussed by Kiyokawa et al. [68], optimized a weighted sum of these objectives. This
approach is straightforward to implement, but has several disadvantages. First, it requires
the prior determination of the relative importance of each objective by assigning corre-
sponding weights. If these assumptions about the manufacturing process are incorrect, it
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can lead to suboptimal solutions. Moreover, exploring different trade-offs between ob-
jectives requires setting new weights and rerunning the entire optimization. This can be
time-consuming and may result in potentially better solutions being overlooked.

To overcome these limitations, we extended our framework to Pareto optimization of as-
sembly sequences, as detailed in Chapter 6. This presented method expanded the single-
objective MCTS to handle multiple objectives simultaneously, based on the approach pro-
posed by Perez et al. [91], and incorporated multiple Q-functions to guide the search pro-
cess. We evaluated this approach on two datasets of Soma cube assemblies created using
the generator discussed in Chapter 4. Our goal was to maximize geometric accessibil-
ity while minimizing the number of assembly direction changes. During evaluation, our
approach outperformed vanilla multi-objective MCTS.

7.2 Outlook

We proposed a framework for efficiently planning feasible assembly sequences that are
optimized with respect to various objectives. The main idea was to reuse knowledge
gained during previous planning attempts to guide the planning process for new sequences.
While we made several contributions to feasible and optimal ASP, as well as in generating
suitable datasets, there are various opportunities for future research:

7.2.1 Use of Deep Learning for Feature Extraction

In this work, we utilized three different, hand-crafted features for parts and edges: 3D
shape descriptors [62, 9], bounding boxes, and 21

2
D distance maps [106, 8]. An inter-

esting direction for future research would be to explore deep learning feature extraction
techniques. Specifically, we would like to investigate how architectures such as Point
Transformer [123], Voxel Networks [126], or PointNet++ [94] could be used to automat-
ically learn such features.

7.2.2 Expanding the Aluminum Profile Generator

Our aluminum profile generator represents a step towards creating more complex assem-
blies that closely align with industrial needs. However, its current limitation to aluminum
profiles arranged in a rectangular shape presents opportunities for expansion in two direc-
tions:

1. Structural Diversity: The goal is to generate a broader range of shapes beyond the
current rectangular configurations. Thus, an expansion should include triangular or
hexagonal frames utilizing diagonal profiles. Moreover, it is important to explore
the generation of curved or circular assemblies.

2. Component Variety: While our current generator focuses on aluminum profiles,
real-world industrial settings employ a diverse set of components1. To account for

1https://store.boschrexroth.com/Assembly-Technology/Basic-mechanic-
elements
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this, incorporating elements such as hinges, wheels, handles, . . . is needed. Addi-
tionally, common fastening elements, such as screws, nuts, and bolts, require spe-
cialized tools for assembly.

Both enhancements would bring our generated assemblies closer to the complexity seen
in real-world assemblies, such as those we examined in Section 3.6.1.

7.2.3 Extension to More Complex Assemblies

Alongside the proposed expansion of the aluminum profile generator, the goal is to further
extend the developed framework to handle more complex assembly scenarios. Specifi-
cally, we intend to remove several assumptions that the current framework makes regard-
ing the properties of assembly sequences, which we discussed in Section 2.1.4:

• Multiple Hands: The current framework assumes two-handed, sequential assem-
blies. To remove this constraint, we need to enable our framework to plan parallel
assembly steps using multiple robotic manipulators.

• Non-Contact-Coherent Assemblies: Closely linked to the previous point, han-
dling non-contact-coherent assemblies would require the framework to either fix
parts, e.g., with clamps, or coordinate actions between multiple agents. For ex-
ample, one robotic manipulator holds a part in place while another fixes it with a
screw.

• Non-Monotone Assemblies: The current approach assumes monotonic assembly
sequences, where parts, once added, do not need to be moved again. Our framework
would need to plan for moving parts that are already attached.

• Subassemblies: Currently, the framework focuses on linear assemblies where parts
are added one by one. Developing methods to identify and plan for subassemblies
that can be constructed separately and then integrated into the main assembly could
potentially reduce overall assembly time and complexity.

• Tool Changes: Expanding the framework to plan for tool changes is important for
handling a wider variety of assembly tasks. We would need to integrate tool selec-
tion into the planning process. We could then also optimize sequences to minimize
tool changes.

7.3 Conclusion

One of the goals of Industry 4.0 is to shift towards flexible and adaptive manufacturing
systems that can efficiently produce customized products. The automation of the ASP
process is an important requirement for achieving this goal. One approach to ASP is
AbD, which starts with the fully assembled product and iteratively removes parts. After
each part is removed, the system performs two checks: first, it tests whether the part could
be removed without collisions; second, it verifies that the remaining assembly is stable.
This continues until all parts have been removed. Inverting the disassembly sequence then
provides an assembly sequence. This is possible if no irreversible joining methods, such
as welding or gluing, are used. However, these methods face a combinatorial explosion
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in the search space. For an assembly with N parts, finding a feasible assembly sequence
requires O(N2) tests in the worst case. Moreover, the size of the search space further
increases if not only any feasible sequence is required, but one optimized with respect to
one or more objectives. In this case, the search space can grow to N ! potential sequences,
as the order in which parts are removed becomes crucial for optimization.

The focus of this work was to address this challenge by accelerating the ASP process
through the reuse of knowledge from previous planning attempts. To this end, we made
the following contributions:

Efficient Identification of Removable Parts
We developed a learning-based approach for identifying assembly parts that have a high
likelihood of being removable. It utilizes a graph-based assembly representation and a
GNN to learn from previous planning attempts. The predictions of the GNN are then
utilized by a graph search to test the most promising parts for removal first. With this
approach, we could significantly reduce the number of unsuccessful removal tests, thus
improving the overall efficiency of the ASP process.

Efficient Discovery of Assembly Sequence Optimized for a Single
Objectives
We proposed a strategy for efficiently discovering optimal assembly sequences by com-
bining MCTS with DQL. Specifically, we used a pretrained Q-function, implemented
using a GNN, to guide the simulation step of an MCTS. During this step, we employed
an ϵ-greedy policy. With probability 1 − ϵ, the policy selects the action with the highest
Q-value to exploit the knowledge captured by the Q-function. With probability ϵ, it selects
a random action to encourage exploration of potentially promising actions. Our approach
enables more efficient exploration of the complex search space of optimal assembly se-
quences, significantly reducing the time required to find high-quality solutions.

Efficient Discovery of Assembly Sequence Optimized for Multiple
Objectives
We extended the framework to simultaneously optimize multiple, potentially conflicting
objectives. To do so, we utilize a variant of MCTS that stores a local Pareto front at each
node. We then trained separate Q-functions for each objective and used them to guide
the MCTS. Specifically, during the simulation step of MCTS, we again employed an ϵ-
greedy policy as described earlier, with the exploitation step selecting actions based on the
product of Q-values across all objectives. Our experiments demonstrated that this guided
multi-objective MCTS consistently outperformed the vanilla approach, i.e., it produced
Pareto fronts with larger hypervolumes in less computation time.

Assembly Generators for Training and Evaluating ASP Algorithms
To address the lack of high-quality datasets for training and evaluating ASP methods,
we developed two assembly generators. The first generator creates 3D aluminum profile
assemblies that a single robot manipulator can assemble. The second generator creates
Soma cubes, which are a type of 3D puzzle. These have the property that all parts can be
removed along straight trajectories, which is a requirement for various ASP algorithms
that we reviewed in Section 2.2, which precompute blocking relationships between parts.
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