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Abstract

Embodied agents must operate safely and efficiently in complex, dynamic, and unstruc-
tured environments. In these settings, they face the inherent uncertainty, unpredictability,
and ambiguity of the world and other agents within it, particularly humans. The agents’
limited perception further amplifies these challenges, resulting in noisy and partial ob-
servations that may contain distractions. Consequently, simple deterministic models are
an insufficient basis for decision-making and can lead to inefficient or even dangerous
behavior.

Probabilistic models provide a principled and powerful framework for representing knowl-
edge, accounting for ambiguities, and quantifying uncertainties. Combined with modern
deep learning techniques, they facilitate learning probabilistic world and behavior models
directly from highly complex data. Additionally, imposing structure through latent vari-
ables and graphical models can guide these models to learn meaningful representations
that support informed decision-making. However, learning such structured, uncertainty-
aware models presents its own set of challenges, especially within the context of learning
behavior through Imitation or Reinforcement Learning (RL).

This thesis addresses three such challenges by developing novel probabilistic models,
training approaches, and inference schemes. We first tackle the problem of learning from
diverse human demonstrations by introducing a learning approach based on the Infor-
mation Projection. Unlike standard methods that can average over distinct behaviors,
which can lead to unsafe actions, our approach enables learning mixture models that
represent multimodal human behavior more faithfully. Next, we address the challenge
of learning world models for model-based RL with deep State Space Models, which of-
ten fail to represent different sources of uncertainty appropriately. After analyzing the
shortcomings of prior approaches, we propose a more principled alternative that leverages
the foundations of Kalman smoothing for inference. This enables our model to explicitly
distinguish between environmental uncertainty and model uncertainty, resulting in more
robust decision-making under partial observability. Finally, we employ similar state space
approaches to learn multi-sensor representations by developing a unified framework that
combines reconstruction-based and contrastive learning. Our framework allows tailoring
the loss to the properties of the respective sensors and learning concise, task-relevant
representations for RL.

Together, these contributions provide new tools and deeper insights for creating capable
and reliable embodied agents. By advancing the theory and practice of probabilistic world
and behavior models, this thesis contributes to the development of intelligent systems that
can better navigate the uncertainties and complexities of the world.






Zusammenfassung

Embodied Agents miissen in komplexen, dynamischen und unstrukturierten Umgebungen
sicher und effizient agieren. Dort sie sind mit der inharenten Unsicherheit, Unvorherseh-
barkeit und Mehrdeutigkeit der Welt sowie anderer Agenten, insbesondere Menschen,
konfrontiert. Ihre eingeschrankte Wahrnehmung verstarkt diese Herausforderungen zu-
satzlich, da sie zu verrauschten und unvollstindigen Beobachtungen fiihrt, die auch ab-
lenkende Elemente enthalten konnen. Einfache deterministische Modelle bieten daher
keine ausreichende Grundlage fiir die Entscheidungsfindung und kénnen ineffizientes
oder sogar gefahrliches Verhalten zur Folge haben.

Probabilistische Modelle bilden ein fundiertes und leistungsstarkes Framework, um Wissen
zu reprasentieren, Mehrdeutigkeiten zu berticksichtigen und Unsicherheiten zu quantifi-
zieren. In Verbindung mit modernen Deep-Learning-Techniken ermdglichen sie es, proba-
bilistische Welt- und Verhaltensmodelle direkt aus komplexen Daten zu erlernen. Mithilfe
latenter Variablen und grafischer Modelle lassen sich diese Modelle zudem so strukturieren,
dass sie sinnvolle Reprasentationen entwickeln, die eine fundierte Entscheidungsfindung
unterstiitzen. Das Erlernen solcher strukturierter, unsicherheitsbewusster Modelle bringt
jedoch erhebliche Herausforderungen mit sich, insbesondere im Kontext des Erlernens
von Verhalten mittels Imitation- oder Reinforcement Learning (RL).

Diese Arbeit adressiert drei dieser Herausforderungen durch die Entwicklung neuarti-
ger probabilistischer Modelle, Trainingsansatze und Inferenzverfahren. Zunachst stellen
wir einen auf Information Projection basierenden Lernansatz vor, um aus multimodalen
menschlichen Demonstrationen zu lernen. Im Gegensatz zu Standardmethoden, die tiber
verschiedene Verhaltensweisen mitteln und dadurch unsicheres Handeln riskieren, erlaubt
unser Ansatz das Erlernen von Mixture Models, die multimodales menschliches Verhalten
prazise abbilden. Anschlieffend befassen wir uns mit dem Problem, dass Weltmodelle fiir
model-based RL, welche als Deep State Space Models realisiert werden, haufig verschie-
dene Quellen der Unsicherheit nicht angemessen darstellen konnen. Nach einer Analyse
der Schwiachen bestehender Ansitze schlagen wir eine Alternative vor, die die Inferenz
auf den Grundlagen des Kalman Filters aufbaut. Dadurch kann unser Modell explizit
zwischen Umweltunsicherheit und Modellunsicherheit unterscheiden und unterstiitzt eine
robustere Entscheidungsfindung bei partieller Beobachtbarkeit. Schlie8lich kombinieren
wir beim Erlernen von Multisensorreprasentationen rekonstruktionsbasiertes und kon-
trastives Lernen in einem einheitlichen Framework. So kann das Lernverfahren an die
jeweiligen Sensoreigenschaften angepasst werden, um priagnante und aufgabenrelevante
Représentationen fiir RL zu erlernen.
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Zusammenfassung

Diese Beitrage liefern neue Werkzeuge und tiefere Einsichten fiir die Entwicklung zuver-
lassiger und leistungsfahiger Embodied Agents. Die Arbeit leistet damit einen Beitrag zur
Weiterentwicklung der Theorie und Praxis probabilistischer Welt- und Verhaltensmodelle
und zur Schaffung intelligenter Systeme, die besser mit den Unwégbarkeiten und der

Komplexitat der Welt umgehen kénnen.
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1. Introduction

In our increasingly automated world, embodied agents such as robots or autonomous
vehicles need to operate in complex and dynamic environments. To act safely and effi-
ciently, these agents must accurately represent and understand their surroundings, the
consequences of their actions, and the behavior of other agents, such as humans. However,
real-world conditions and human behaviors are inherently uncertain, unpredictable, and
ambiguous. Adding to this complexity, the agent’s perception is often limited, with obser-
vations that are noisy, partial, and may contain distracting details or irrelevant information.
Consequently, simple deterministic models of the world and behaviors are insufficient and
can lead to inefficient or even dangerous actions. Instead, agents require models that can
robustly represent these uncertainties, account for ambiguities, and are aware of what
they do not know.

Probabilistic models provide a principled framework for representing, quantifying, and
reasoning about uncertainties (Murphy, 2012). Combined with modern deep learning
techniques (Goodfellow et al., 2016), they enable the learning of complex probabilistic
representations from high-dimensional data. Furthermore, by imposing structure on
these models using latent variables and graphical models, we can guide them to learn
meaningful representations. For example, such models can help disentangle underlying
causes from raw sensory observations, naturally capture multimodality (Bishop, 2006),
and introduce information bottlenecks (Kingma and Welling, 2013; Alemi et al., 2016),
which help focus on relevant aspects. However, the need for awareness of uncertainty and
added structure makes learning such models more challenging, necessitating specialized
learning methods.

Additionally, when used for embodied agents, we often ultimately care about learning
behavior, and we must consider probabilistic models in this context. In modern ma-
chine learning, the two primary paradigms for learning behavior are Imitation Learning
(IL) (Pomerleau, 1991; Osa et al., 2018) and Reinforcement Learning (RL) (Sutton and Barto,
2018). In IL, the agent learns to copy the behavior of an expert, typically a human, who
demonstrates the desired behavior. While this approach provides a direct way to learn
behavior, the quality and scope of the demonstrations fundamentally limit the agent’s
performance. In contrast, RL enables an agent to learn through trial-and-error interactions
with its environment, optimizing actions to maximize a cumulative reward signal. This
approach enables the discovery of novel behavior, unlocks skills for which there are no
experts (Degrave et al., 2022), and can surpass the best humans (Silver et al., 2016, 2018).
However, it often requires extensive and sometimes unsafe exploration. Which paradigm
is more suitable often depends on the task and hand.
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Yet, crucially, both paradigms introduce additional challenges when building and learning
probabilistic models. In IL, the data is often collected by other agents, such as humans, and
in RL the agent collects its own data through exploration. Both settings violate many of the
assumptions underlying common supervised learning (Ross et al., 2011; Mnih et al., 2015).
Additionally, when used for behavior learning we often care about the quality, safety,
and efficiency of the resulting behavior, which is not necessarily captured by the model’s
training objective (Lambert et al., 2020). If not carefully mitigated, this mismatch or other
conflicting objectives and quality measures can lead to suboptimal or even dangerous
results. In this thesis, we focus on three such challenges, which we consider particularly
relevant for embodied agents.

The first challenge arises when embodied agents need to predict or learn from human
behavior. Humans often demonstrate remarkable versatility in their actions. When faced
with the same task, different humans often employ different strategies, and even the same
person may not use the same strategy when solving the task a second time. While this
versatility is one of the main strengths of humans, it can pose considerable challenges
when learning from human demonstrations. Therefore, an agent learning from human
demonstrations should be able to effectively represent this multimodal behavior. Crucially,
it should avoid averaging over different modes of behavior, as this can lead to disastrous
actions. For instance, if humans avoid an obstacle by passing it on either the left or right
side, averaging would lead to running into the obstacle head-on. While probabilistic
mixture models can capture multimodality, common training objectives, such as maximum
likelihood, inherently encourage mode averaging.

The second challenge arises as embodied agents must learn to form effective representations
of the world itself to make safe and efficient decisions. Here, the agent typically forms
these representations from high-dimensional, noisy, partial, and ambiguous observations
due to occlusions or a limited field of view. One efficient way to learn behavior with such
representation using RL is by predicting the future state of the world, given potential
actions (Chua et al., 2018; Janner et al., 2019). This prediction ability allows agents to
plan their actions more effectively by simulating different scenarios and evaluating their
outcomes before execution. Again, uncertainty is a crucial factor as assuming the current
representation is correct and the prediction is flawless would lead to overconfident and
potentially dangerous decisions. However, if the model is aware of its uncertainties, it
allows the agent to make more informed decisions by reasoning about all states of the
world it might be in and all possible outcomes of its actions. Especially during learning,
it is crucial that the models can disentangle the source of the uncertainties, particularly
whether they are due to limited perception, a lack of experience, or insufficient data.
This raises the question of how we can learn probabilistic world models that effectively
represent the world and its uncertainties, disentangle them, and are amenable to informed
decision-making.

The third challenge arises as most embodied agents perceive the world through multiple
sensors with different properties. Similar to humans, embodied agents typically have a
precise understanding of their internal state through proprioception but must rely on
less precise sensors, like vision, to comprehend their surroundings. These sensors often
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provide high-dimensional, noisy, and unfiltered signals that can contain irrelevant details,
which distract from decision-making and lead to inefficient representations. In humans,
the brain has evolved to unconsciously filter irrelevant information from raw sensory
input. It also integrates information from past observations where necessary to form a
concise representation of the current state of the world for the task at hand. This ability
to prioritize and condense information is crucial for effective decision-making and action
planning in complex environments. It raises the question of how we can design world
models and training objectives that equip embodied agents with such capabilities.

In this thesis, we address these challenges by developing novel probabilistic models, learn-
ing objectives, and inference schemes. We introduce new algorithms that leverage struc-
tured latent variable models to learn meaningful representations from high-dimensional,
noisy, and multimodal data. Our contributions include new training methods designed
to avoid averaging when learning from multimodal human demonstrations, principled
and efficient model and inference schemes for modeling and disentangling uncertainties
in deep State Space Models (SSMs), and a unified framework for learning from multiple
sensors with different properties.

1.1. Overview of Thesis Contributions and Structure

We condense the challenges outlined above into three distinct research questions, which
we will answer in this thesis.

Q1 How can we learn multimodal probabilistic models that focus on modes they can
represent and avoid averaging? (Chapter 3)

Q2 How can we build a computationally efficient world model for RL that captures and
propagates uncertainties in the world while separating them from uncertainties due
to lack of training data? (Chapter 5 and Chapter 6)

Q3 How can we use probabilistic world models to combine information from multiple

sensors with highly different properties into a single, concise representation as a
basis for RL? (Chapter 7)

Before taking a closer look at how we answer these questions, Chapter 2 reviews the
probabilistic modeling techniques and learning approaches used throughout this work.
Additionally, it provides background on Imitation and Reinforcement Learning.

In Chapter 3, we address the first question by introducing a novel method for distribution
matching for latent variable models, specifically mixture models. This method employs
an alternative objective, namely the Information Projection, which enables focusing on
modes that the model can represent. This objective is well-established in Variational
Inference (Jordan et al., 1999; Arenz et al., 2018), and we adapt it for IL by providing
efficient algorithms to optimize it based on demonstration data.
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To address the second and third questions, we focus on SSMs to learn effective probabilistic
world models from challenging observations. These naturally support awareness of
uncertainty and the capability to integrate information from multiple sensors. SSMs are
well-established probabilistic models for dynamical systems and ubiquitous in control and
robotics. When combined with deep learning, they are particularly well suited for learning
representations from sequences of high-dimensional observations. Additionally, as we now
aim to learn targeted, goal-driven behavior, given the sensory limitations of the embodied
agent itself, we can no longer rely on imitation but must consider Reinforcement Learning
(RL) based approaches, which enable agents to learn from trial-and-error interactions
with the environment. However, this paradigm introduces additional challenges in model
learning, as the agent must incrementally collect its own data for improvement.

Before addressing the second question, Chapter 4 recapitulates our prior work on efficient
inference in high-dimensional feature spaces, which combines Kalman filtering and deep
learning. It lays the foundation for the state space approaches to world modeling intro-
duced in the following chapters. In Chapter 5, we start addressing the second question
by analyzing the limitations of existing SSM approaches to world modeling (Hafner et al.,
2019, 2020), particularly with respect to representing and disentangling uncertainties.
Here, we improve on this uncertainty handling by building on the foundations of Kalman
filtering (Kalman, 1960) and smoothing (Rauch et al., 1965), as well as the methods intro-
duced in Chapter 4. While effective, the resulting approach lacks computational efficiency,
which we address in Chapter 6 by presenting a unified approach combining probabilistic
SSMs with recent advances in structured SSMs for sequence modeling (Smith et al., 2022;
Gu and Dao, 2023).

Maintaining SSMs as our model and RL as the paradigm for behavior learning of choice,
Chapter 7 addresses the third question regarding multi-sensor representations. For this set-
ting, we propose a unified framework to learn multi-sensor representations from multiple
sensors. To account for the different properties and characteristics of the sensors, we pro-
pose a principled approach that combines reconstruction and contrastive learning (Oord
et al., 2018) to learn effective representations for RL.

Finally, Chapter 8 concludes the thesis, summarizes its contributions, and explores potential
future research directions.

Below, we provide summaries of the four individual papers which form the main contribu-
tions of this thesis.

The following four sections are reprints of the abstracts of the four publications this thesis
builds upon.
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1.1.1. Expected Information Maximization: Using the I-Projection for
Mixture Density Estimation

Philipp Becker, Oleg Arenz, and Gerhard Neumann (2020), Chapter 3.

Modeling highly multimodal data is a challenging problem in machine learning. Most
algorithms are based on maximizing the likelihood, which corresponds to the M(oment)-
projection of the data distribution to the model distribution. The M-Projection forces
the model to average over modes it cannot represent. In contrast, the I(nformation)-
projection ignores such modes in the data and concentrates on the modes the model
can represent. Such behavior is appealing whenever we deal with highly multimodal
data where modeling single modes correctly is more important than covering all the
modes. Despite this advantage, the I-Projection is rarely used in practice because it lacks
algorithms that can efficiently optimize it based on data. In this work, we present a new
algorithm called Expected Information Maximization (EIM) for computing the I-Projection
solely based on samples for general latent variable models, where we focus on Gaussian
mixtures models and Gaussian mixtures of experts. Our approach applies a variational
upper bound to the I-Projection objective, which decomposes the original objective into
single objectives for each mixture component and the coeflicients, allowing efficient
optimization. Similar to GANs, our approach employs discriminators but uses a more
stable optimization procedure, using a tight upper bound. We show that our algorithm
is much more effective in computing the I-Projection than recent GAN approaches and
we illustrate the effectiveness of our approach for modeling multimodal behavior on two
pedestrian and traffic prediction datasets.

1.1.2. On Uncertainty in Deep State Space Models for Model-Based
Reinforcement Learning

Philipp Becker and Gerhard Neumann (2022), Chapter 5.

Improved State Space Models, such as Recurrent State Space Models (RSSMs), are a key
factor behind recent advances in model-based Reinforcement Learning (RL). Yet, despite
their empirical success, many of the underlying design choices are not well understood.
We show that RSSMs use a suboptimal inference scheme and that models trained using
this inference overestimate the aleatoric uncertainty of the ground truth system. We find
this overestimation implicitly regularizes RSSMs and allows them to succeed in model-
based RL. We postulate that this implicit regularization fulfills the same functionality as
explicitly modeling epistemic uncertainty, which is crucial for many other model-based
RL approaches. Yet, overestimating aleatoric uncertainty can also impair performance
in cases where accurately estimating it matters, e.g., when we have to deal with occlu-
sions, missing observations, or fusing sensor modalities at different frequencies. Moreover,
the implicit regularization is a side-effect of the inference scheme and not the result of
a rigorous, principled formulation, which renders analyzing or improving RSSMs diffi-
cult. Thus, we propose an alternative approach building on well-understood components
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for modeling aleatoric and epistemic uncertainty, dubbed Variational Recurrent Kalman
Network (VRKN). This approach uses Kalman updates for exact smoothing inference
in a latent space and Monte Carlo Dropout to model epistemic uncertainty. Due to the
Kalman updates, the VRKN can naturally handle missing observations or sensor fusion
problems with varying numbers of observations per time step. Our experiments show that
using the VRKN instead of the RSSM improves performance in tasks where appropriately
capturing aleatoric uncertainty is crucial while matching it in the deterministic standard
benchmarks.

1.1.3. KalMamba: Towards Efficient Probabilistic State Space Models for
RL under Uncertainty

Philipp Becker, Niklas Freymuth, and Gerhard Neumann (2024a), Chapter 6.

Probabilistic State Space Models (SSMs) are essential for Reinforcement Learning (RL) from
high-dimensional, partial information as they provide concise representations for control.
Yet, they lack the computational efficiency of their recent deterministic counterparts such
as S4 or Mamba. We propose KalMamba, an efficient architecture to learn representations
for RL that combines the strengths of probabilistic SSMs with the scalability of deterministic
SSMs. KalMamba leverages Mamba to learn the dynamics parameters of a Linear Gaussian
SSM in a latent space. Inference in this latent space amounts to standard Kalman filtering
and smoothing. We realize these operations using parallel associative scanning, similar
to Mamba, to obtain a principled, highly efficient, and scalable probabilistic SSM. Our
experiments show that KalMamba competes with state-of-the-art SSM approaches in RL
while significantly improving computational efficiency, especially on longer interaction
sequences.

1.1.4. Combining Reconstruction and Contrastive Methods for Multimodal
Representations in RL

Philipp Becker, Sebastian Mossburger, Fabian Otto, and Gerhard Neumann (2024b), Chap-
ter 7.

Learning self-supervised representations using reconstruction or contrastive losses im-
proves performance and sample complexity of image-based and multimodal Reinforcement
Learning (RL). Here, different self-supervised loss functions have distinct advantages and
limitations depending on the information density of the underlying sensor modality. Re-
construction provides strong learning signals but is susceptible to distractions and spurious
information. While contrastive approaches can ignore those, they may fail to capture all
relevant details and can lead to representation collapse. For multimodal RL, this suggests
that different modalities should be treated differently based on the amount of distractions
in the signal. We propose Contrastive Reconstructive Aggregated representation Learning
(CoRAL), a unified framework enabling us to choose the most appropriate self-supervised
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loss for each sensor modality and allowing the representation to better focus on relevant
aspects. We evaluate CoRAL’s benefits on a wide range of tasks with images containing
distractions or occlusions, a new locomotion suite, and a challenging manipulation suite
with visually realistic distractions. Our results show that learning a multimodal represen-
tation by combining contrastive and reconstruction-based losses can significantly improve
performance and solve tasks that are out of reach for more naive representation learning
approaches and other recent baselines.






2. Foundations

In this section, we will establish the theoretical foundations for this work. First, we
will review the techniques we use for structuring probabilistic models throughout this
thesis (Section 2.1) and how to learn such models from data (Section 2.2). Next, we will
discuss how to use probabilistic models for world modeling and how to use these world
models to learn behaviors through Reinforcement Learning (Section 2.3). Finally, we will
examine how to use probabilistic models for Imitation Learning by distribution matching
(Section 2.4).

Throughout this thesis, we will denote vectors using lowercase bold letters (e.g., x), matrices
using uppercase bold letters (e.g., X), and scalars, as well as general unspecified elements,
using lowercase letters (e.g., x). Furthermore, we will use x<r to denote a sequence of
vectors (x;);—;..r as well as x<; and x5; to denote parts of a sequence up to ¢t or from ¢
onwards respectively.

Unless explicitly cited otherwise, the content of Section 2.1 and Section 2.2 are based on
Machine Learning: A Probabilistic Perspective (Murphy, 2012).

2.1. Probabilistic Modeling and Inference

Probabilistic models are at the heart of modern Machine Learning, where most methods
are formulated as fitting either a marginal distribution p(x) or a conditional distribution
p(x|y) from data. For the embodied agents considered in this thesis, such probabilistic
models are not just a helpful tool but necessary. To act efficiently and safely, these agents
must be able to reason about the uncertainty and unpredictability of their environment and
human behavior. Probabilistic models provide a principled mathematical framework for
modeling such uncertainty and reasoning about it. In this section, we will review how to
construct them by imposing meaningful structures and how to use them for inference.

2.1.1. Giving Structure to Probabilistic Models

For many interesting models, there is no single random variable x but multiple ones,
x1.N = {x1,---,xn}. For an embodied agent, these could represent sequences of sensor
readings from multiple sensors, predictions about the current state of the world, or the
results of actions taken by the agent. In such cases, naively modeling the unstructured
joint distribution p(x7.y) is often neither simple nor particularly useful. Instead, we want
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to impose structure on the model, allowing us to construct simpler, more scalable, and
more interpretable models. Two fundamental concepts for imposing such a structure,
which we extensively use in this thesis, are latent variables and probabilistic graphical
models.

2.1.1.1. Latent Variable Models

Perhaps counterintuitively, we can often simplify probabilistic models by introducing
additional random variables. So-called latent or hidden variables are not part of the original
data and are typically assumed to model common causes that gave rise to some observed
data points.

Formally, there can be an arbitrary number M of latent variables that we denote as
z1:m = {z1,- -+ , zm}. The resulting latent variable model of the observables x;.x is then
given by

p(x1N) :/P(xlzN,Zl:M)dzl:M- (2.1)

Think about examples from the medical domain to gain an intuition about the value of such
latent variable models. Here, a doctor can usually only observe or measure the symptoms
of a patient, corresponding to the observable hidden variables x;.5. However, to find the
best treatment, the doctor is ultimately interested in the underlying disease, which is not
directly observable and thus corresponds to the latent variables z;.y;.

2.1.1.2. Conditional Independence and Probabilistic Graphical Models

The next step in probabilistic modeling is to impose structure on the joint distribution
in Equation 2.1. A key concept for imposing structure is conditional independence, i.e.,
assuming that two or more random variables do not affect each other, given knowledge
about some other variables. Formally, we say that two random variables x; and x; are
conditionally independent given z if

p(x1,x212) = p(x1]2)p(x2]2)

and denote this as x; 1L x;|z. We can naturally extend this notion to sets of random
variables. For example x1x A Xgi1.n|21:m. for some k € {1, N}, denotes that the first
k random variables are conditionally independent of the last N — k random variables
given the latent variables z;.y;. Returning to our previous medical example, it would be
reasonable to assume that symptoms are conditionally independent given knowledge
of the underlying disease, which should provide sufficient information to explain each
symptom.

We can visualize such independence assumptions using a directed acyclic graph, leading
to Directed Graphical Models (DGMs), also known as Bayesian Networks (Pearl, 1988;

10
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Koller and Friedman, 2009). Here, the nodes of the graph represent the random variable,
while the edges model the dependency structure between them. More specifically, given
the edges, the joint distribution factorizes as

N
pGan) = | | p(xilpar)
i=1

where p; are the parents of x; in the graph. In terms of conditional independence, this means
that each node is conditionally independent of all its descendants given its parents.

To reason about conditional independence between two sets of random variables in the
graph, given a third set of random variables, we can use the so-called d-separation cri-
terion. This criterion states that two sets of random variables X and Y are conditionally
independent given a third set of random variables Z if all paths between X and Y are
blocked by Z. Formally, a path is blocked by Z if one of the following conditions holds:

1. The path contains a chain X — Z — Y ora fork X « Z — Y and Z is not in the
conditioning set.

2. The path contains a collider X — Z « Y, and neither Z nor any of its descendants
are in the conditioning set.

2.1.1.3. Inference

Given a structured latent variable model, many tasks require us to infer a distribution over
the latent variables given the observables p(z;.ar|x1.5). We often refer to this distribution
as a belief over the latent variables. Such a belief can serve as the basis for decision-making.
Additionally, as we will see (Section 2.2.1) inferring beliefs is crucial for learning latent
variable models from data in the first place.

The simplest form of inference is applying Bayes’ rule

P(XI:N|ZI:M)P(21:M)
p(xlzN)

p(zl:Mlxl:N) =

However, this is only possible if the random variables are discrete, like those in our medical
example, and for the most simple continuous-valued cases. For most cases in the context
of embodied agents, computing p(z1.p1|x1.n) becomes intractable, and therefore we need to
resort to approximations. We will discuss such approximate inference techniques further
in Section 2.2.

In our running example, inference corresponds to the doctor making a diagnosis based on
the observed symptoms. They can then use their belief over the underlying disease as a
basis for decision-making, e.g., choosing a treatment.

11
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2.1.2. Mixture Models

Mixture models are among the simplest and most commonly used latent variable models.
They assume a set of D simpler models, referred to as components, which are combined
into a single complex model using a weighted sum. Formally, we can model the weights
as a categorical distribution p(z) = Cat(sy, - - -, 7p), and the components as a conditional
distribution p(x|z). The categorical weight distribution selects the component based on
the index z; with corresponding probability p(z;). We can compute the full density of the
mixture model by marginalization

D
p(x) = > p(xlz)p(z).
i=1

Given enough components, such mixture models can generally model arbitrarily complex
distributions. Despite their richness, they offer interpretability, as we can often analyze
the contribution of each component individually. Furthermore, they are highly scalable, as
we can parallelize most computations over the individual components.

The most common choice of component, and also the most relevant for this thesis, is the
multivariate Gaussian distribution, giving rise to Gaussian Mixture Models (GMMs). Here,
the components are given by p(x|z;) = N (x|u;,Z;), where p; and ¥; are the mean and
covariance of the i-th component. Together with the categorical weight distribution p(z),
this gives rise to the full model

D
p() = ) mN (xlp, ).
i=1

So far, we have only looked at mixture models for marginal distributions p(x). However,
for many tasks, we are also interested in conditional distributions p(x|y), which model the
relation between inputs y and outputs x. While we can consider arbitrary distributions
for the components, we will again focus on multivariate Gaussians, resulting in Gaussian
Mixture of Experts (MoE) (Jacobs et al., 1991) models. Besides choosing the family of
distributions for the components, for conditional models, we can also decide on how to
model the relationship between inputs y and the parameters of the components. While
more classical approaches would use a linear model for the mean and a constant covariance,
modern methods often use neural networks to map from y to both.

As the first core contribution of this thesis, Chapter 3 will introduce a new approach to
learning such mixture models from data.

2.1.3. State Space Models

State Space Models (SSMs) are the go-to choice for probabilistic modeling of time-series
data. For such time series, the observable random variables x;.y are given by a series of

12
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Figure 2.1.: Graphical model of a State Space Model (SSM). Each observation o; depends only on the current
latent state z;, and each latent state z; depends only on the previous latent state z;_; and the corresponding
action a;_i.

observations (0;),_,..; = o<1, wWith 0, € R%. SSMs assume this observation sequence is
generated by a sequence of latent variables (z;),_,..7 = z<r, given inputs (a;),_;..r = a<7.
Here z; € R% and a,; € R% are called the latent state and action at time t, respectively. For
example, in robotics, the observations often correspond to sensor measurements of the
robot and its surroundings, while the inputs are the control commands sent to the robot.
To allow tractable modeling, SSMs make two conditional independence assumptions. First,
each observation only depends on the current state. Second, each state only depends on the
previous state and the corresponding action. Figure 2.1 shows the corresponding graphical
model. Formally, the joint distribution of observations and latent states p(z<r, o<r|a<r)
factorizes as

T T
plz<r, ocrlacr) = p(z0) || | p(zilzir ) ||| [ ploilz) |-
=1 =0

Here, the dynamics model p(z;|z;—1, a;—1) models how the latent states evolve over time,
and the observation model p(o;|z;) models how observations are generated from states.
Finally, p(z,) is the distribution over the initial state.

Given a SSM, there are several common inference problems. Filtering considers past
observations o<; and actions a<; and aims to infer the current state p(z;|0<;, a<;). One
example of such filtering is online tracking of a vehicle, where the current state is the
vehicle’s position and velocity, and the observations are sensor measurements such as GPS.
If we do not need a fully online estimate, we can often improve the accuracy of our belief
by also including future observations os; and actions a>;. Taking both past and future
information into account to form a belief for time step ¢ is referred to as smoothing and
aims to infer the current state p(z;|o<r, a<7). Finally, given a belief about the current state,
the SSM can predict distributions over future states and observations or draw samples
from these distributions.

However, inference in SSMs is intractable for most models, and a vast body of literature
exists to approximate inference techniques in SSMs (Julier and Uhlmann, 1997; Arulam-
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palam et al., 2002). Next, we review the sole case where inference is tractable, namely
Linear Gaussian SSMs. Section 2.2.2 discusses a common approximate inference technique
for SSMs in a deep learning context, and Chapter 4, Chapter 5, and Chapter 6 introduce
new methods for inference in SSMs, which combine classical techniques with modern
deep learning approaches in a principled way as basis for world modeling and behavior
learning.

2.1.3.1. Kalman Filtering and Smoothing: Inference in Linear Gaussian SSMs

The classical Kalman filtering (Kalman, 1960) and smoothing (Rauch et al., 1965) algorithms
can viewed as inference in Linear Gaussian State Space Models (LGSSMs). Formally,
LGSSMs assume dynamics and observation models which are (locally) linear and Gaussian,
as well as an Gaussian initial state distribution,

p(z0) = N (20, =) (2.2)
P(zilze-1,a,1) = N(z4|Ayzi 1 + Bray g, Z?yn) (2.3)
p(oslz;) = N(o:|H;z, Z?bs), (2.4)

. dyn ini . . .
where A;, B;, H; are matrices, Zty ,Z?bs, Yt are covariance matrices, and 0 is a vector
of zeros. These assumptions allow inference of filtered and smoothed beliefs in closed
form.

The Kalman filter (Kalman, 1960) works by iteratively computing the posterior distribution
over the latent state p(z;|0<;, a<;—1) given the current observation o; and the previous
state estimate p(z;—1|0<¢—1,a<;—2),

1
P (ztlo<s,a<i 1) = EP (o¢]zt) p (zt|o<t—1,a<-1) (2.5)
1
= EP (o¢zs) / P (z¢|zi—1,ai-1) p (Z-1|0<t—1,a<1—2) dz 1 . (2.6)
update predict

As indicated, this equation consists of two steps, prediction and update.

First, the predict step uses the previous belief p(z;—1|0<;—1,a<;—2) = N(z—1|p;_;, X, ), the
dynamics model p(z;|z;-1, a;-1), and the action a;_; to propagate the belief forward in time.
This leads to a prior (to the observation) belief over the latent state p(z;|o<;—1,a<;—1) =
N (z;|p;, Z;) whose parameters are given by

_ - T d
P = Ay and X0, = ASTA; +377
Next, the prior belief is updated using the current observation o, to obtain the current fil-

tered belief p(z;|o<;, a<;—1) = N(z;|pf,X)). Using Bayes’s rule for Gaussian distributions,
this leads to

-1
it = b +Q, (o~ Hup) and 37 = (1- QH,) 37 with Q, = 57 HT (H;37HI +39%)
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where I denotes the identity matrix. The matrix Q, is referred to as the Kalman gain can be
interpreted as the weight for a weighted average between state and observation estimates.
This weighting takes the uncertainty into account to update the belief based on the trust
in both state and observation.

If we are interested in the smoothed belief, we can compute them by iterating back-
wards over the sequence and reusing quantities computed during filtering. While mul-
tiple versions of this so called backward pass exist, we will focus on the most basic and
widely used one, resulting in the Rauch-Tung-Striebel (RTS) smoother (Rauch et al., 1965).
The RTS smoother computes the smoothed belief p(z;|0<7, a<r) using the filtered belief
p(zt|o<s, a<;—1) and the smoothed belief from the next time step p(z;41|0<T,a<r) as

(Zt4112t, a)p (241 |0<T, Aa<T)
P(Zts1]0<,a<t)

p (ztlo<r,a<r) = p(z:]o<y, aSt—l)/ P dz;sq. (2.7)

We can naturally initialize this backward recursion, by realizing that the filtered and
smoothed beliefs are equivalent at the last time step, as no future information is available.
If we denote the parameters of the smoothed belief as yj and X3, this equation gives rise
to the following recursion

e = i+ C (e — piry) and B = 37 +C, (55, —35) CF with € = ZFAT (%7,)

Here, the matrix C; plays a similar role as the Kalman gain in the filtering step, as it trades
off the contribution from past and future information.

2.1.3.2. Temporally Parallelized Kalman Filtering and Structured State Space Models

Forming belief states online is an inherently sequential process, which is reflected in the
standard formulation of Kalman filtering as alternating update and predict steps. However,
a key feature of modern deep learning models for time series, such as transformers (Vaswani
et al., 2017), is their ability to process the entire sequence in parallel during training
by parallelizing over the temporal dimension. Given parallel hardware, such as GPUs,
temporal parallelism enables them to consume massive amounts of data and learn from
long sequences.

One way to achieve such temporal parallelism is binary associative scanning, also known
as parallel scanning or the prefix sum algorithm (Blelloch, 1990; Harris et al., 2007). For an
arbitrary sequence of values (x;)=1...r and an binary associative operation @ this algorithm
allows computing the sequence

(x1,x1 @ %3, , X1 ®x2® -+ D XT)

in parallel, i.e., in O(logT) time using O(T) processors. Intuitively, parallel scanning
exploits the associativity of & to rearrange the computations and compute the terms in
parallel using two passes over the sequence. The first pass recursively combines adjacent
pairs of elements, halving the number of elements in each step. Then, the second pass
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combines the partial results to construct the entire sequence. If @ is a simple addition, this
approach computes the cumulative sum of the elements.

In modern deep learning, such parallel scanning is one primary driver behind a recent
class of methods known as Structured SSMs. Models such as S4 (Gu et al., 2021), S5 (Smith
et al., 2022), and Mamba (Gu and Dao, 2023) formulate a sequence model using the linear
recurrence

h; = Ath; 1 + Bsx;,

where h; is the state and x the input at time t and A;, B; are the learnable model parameters.
Different models of this class differ in how exactly they parameterize A; and B;, as well as
how they efficiently realize the recurrence on parallel hardware. While earlier models used
convolutions (Gu et al., 2021), more recent models use the parallel scanning technique
described above (Smith et al., 2022; Gu and Dao, 2023). However, unlike the previously
discussed SSMs, these structured SSMs are entirely deterministic and designed as a general
approach for sequence-to-sequence modeling.

Concurrently, Sarkki and Garcia-Fernandez (2020) exploited the parallel scanning tech-
nique for inference in LGSSMs by showing how to rewrite the Kalman filtering and
smoothing equations in terms of binary associative operations. However, they only con-
sider classical state estimation problems, assuming all models are known.

In Chapter 6 we combine these structured SSMs with the framework from Sarkka and
Garcia-Fernandez (2020) to build a new deep probabilistic SSM capable of processing
sequences in O(log T) time.

2.2. \Variational Inference and Learning in Latent Variable
Models

In the previous section, we saw how to utilize latent variables and probabilistic graphical
models to impose structure on complex distributions and how to infer exact beliefs over
the latent variables using Bayes’ rule. However, for many problems in the context of
embodied agents, computing the belief over the latent variables p(z|x) in closed form is
intractable, and we need to resort to approximate inference methods.

While many methods for approximate inference exist, this thesis will focus on Variational
Inference (VI) . Generally, VI frames inference as an optimization problem, where we
want to find a parametric distribution g(x) that is as close as possible to an intractable
distribution p(x). More formally, in VI, we aim to minimize a distance or divergence
between the approximate and true distributions. While we can use arbitrary distances and
divergences, we will focus on the most common choice, namely the (reverse) Kullback-
Leibler divergence (KL-divergence) (Kullback and Leibler, 1951), which aims to find an
approximate posterior by solving

q(x)
p(x)

arg minKL (9(9)l|p(x)) with KL (q(x)l|p(x)) = / g0 log T2dx.  (28)
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2.2. Variational Inference and Learning in Latent Variable Models

In a modern machine learning context, this essentially reframes the inference problem as
a learning problem. This perspective on approximate inference as optimization enables us
to apply the same techniques to two related challenges central to this thesis.

First, we can use VI to approximate target distributions for which we have access to an
unnormalized density function p(x), i.e., a function that specifies the distribution p(x) up
to its normalization constant Z, as discussed in Section 2.2.4. This form of VI is a central
prerequisite for the distribution matching approach for behavior learning by imitation we
will introduce in Chapter 3.

For the second application of VI, we will focus on learning latent variable models from
data. In this setting, we need VI to obtain a tractable training objective that circumvents
marginalizing the latent variables. In Section 2.2.1 and Section 2.2.2, we will establish a
framework for learning latent variable models from sequential data using VI. Additionally,
in Section 2.2.3, we will examine an alternative yet related approach to learning latent
variable models from data by maximizing mutual information. This framework will serve
as the basis for the world models introduced in Chapter 5 and Chapter 6, as well as the
training approach presented in Chapter 7.

2.2.1. Learning Latent Variable Models from Data with Variational
Inference

Straightforward optimization of a latent variable model’s log-likelihood

log p(x) = log / p(xl)p(2)dz

is usually not possible as computing the likelihood involves marginalization over the
latent variables, which is generally intractable. An easier alternative would be to optimize
the joint log-likelihood of the observable and latent variables, log p(x, z). However, it
is not immediately clear that this leads an equivalent solution. Additionally, it requires
knowledge about the latent variables, which leads to a "chicken-and-egg" problem, as
inferring the latent variables depends on the model.

As aremedy, the classical Expectation-Maximization (EM) (Dempster et al., 1977) algorithm
proposes a lower bound objective to show the equivalence and circumvent the "chicken-
and-egg" problem by breaking it into two iterative steps. We can obtain this lower bound,
usually called the Evidence Lower Bound (ELBO), by introducing a variational distribution
q(z) and rewriting the marginal log-likelihood of the observable variables as

log p(x) = Eq(z) [log p(x|2)] - KL (q(2)[|p(2)) +KL (q(2)|Ip(z]x)) . (2.9)
ELBO 20
= Eq(z) [log p(x,2)] + H (q(2)) +KL (q(2)|p(z]x)), (2.10)
ELBO >0
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where H (q(z)) = — / q(z) log q(z)dz is the entropy of the variational distribution g(z).
Here, we present two equivalent ways of writing the ELBO, which are useful in different
contexts. In both formulations, we can see how the ELBO bounds the marginal log-
likelihood of the observable variables x from below as the KL-divergence term in log p(x) =
ELBO + KL (q(2)||p(z|x)) is always non negative. Thus, any increase in the ELBO will
also increase the marginal log-likelihood of the observable variables x, provided that the
bound is tight, i.e., g(z) = p(z|x).

The EM algorithm uses this relationship to optimize the ELBO iteratively. First, during
the E-Step, the bound is tightened by keeping the model fixed and minimizing the KL-
divergence term KL (g(z)||p(z|x)) for each x in the dataset. This step is an instance of the
general VI problem in Equation 2.8, and its exact realization depends on the model and
choice of the variational distribution g(z). Next, during the M-Step, and fix the variational
distribution ¢(z). For such fixed variational distribution g(z), optimizing the ELBO in
Equation 2.10 is equivalent to maximizing the joint log-likelihood of the observable and
latent variables, as the entropy term is constant with respect to p(x). This resolves the
"chicken-and-egg" problem, as we can now use the variational distribution g(z) instead of
the unknown latent variables z to optimize the model.

For example, in the simple case of GMMs, we can compute p(z|x) in closed form using
Bayes’ rule during the E-Step. During the M-Step, we now update the weight distribution
p(2z) using maximum likelihood, and the parameters of each Gaussian component are
updated using a weighted version of maximum likelihood. Here the so called responsibili-
ties p(z|x), computed during the E-Step, serve as weights. If such closed-form solutions
are not available, we need to resort to approximation-driven versions of the E-step (Neal
and Hinton, 1998). More generally, many approaches exist that approximate either the
M-Step with numerical optimization, the E-Step with VI, or both (McLachlan and Krish-
nan, 2008). However, here we will focus on the predominant approach in modern deep
learning, namely stochastic gradient variational bayes (Kingma and Welling, 2013), which
learns both the generative model and an approximate variational distribution jointly using
stochastic gradient descent.

2.2.1.1. Stochastic Gradient Variational Bayes and Variational Autoencoding

The stochastic gradient variational Bayes approach (Kingma and Welling, 2013) combines
the idea of optimization-based approximations to the EM algorithm with deep learning.
Building on the ELBO in Equation 2.9, Kingma and Welling (2013) make two major changes
over the classical EM-like approach. First, they use an amortized inference distribution
q(z|x), i.e., instead of approximating p(z|x) for each sample x separately, they train a
model mapping from x to z using a parametric family of distributions, e.g., a Gaussian
distribution with mean and variance given by a neural network. Second, they discard the
alternating nature of the EM approach and instead jointly optimize the parameters of the
generative and amortized inference distribution using stochastic gradient descent on the

18



2.2. Variational Inference and Learning in Latent Variable Models

Training Generation
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Figure 2.2.: During training, the VAE encodes an image x to extract the parameters of a Gaussian amortized
inference distribution q(z|x). Next, the parameters of this distribution are used to sample a latent variable z
using the reparameterization trick. The latent variable z is then decoded to reconstruct the image using
the generative model p(x|z). The parameters of the generative model are optimized to maximize the ELBO,
which consists of two terms: the expected log-likelihood of the reconstruction and the KL-divergence
between the amortized inference distribution and the prior distribution p(z), which usually is an isotropic
Gaussian with unit variance, N (z]0,I). After training, the VAE can generate new images by sampling from
the prior distribution p(z) and decoding the latent variable z using the generative model p(x|z).

ELBO. With the amortized inference distribution, the ELBO for a single sample x can be
written as

Lsvgh (%) = Eg(zl) [log p(x[2)] = KL (q(z|x)]|p(2)) .

To allow optimizing this objective using stochastic gradient descent, Kingma and Welling
(2013) introduce a stochastic gradient estimator based on the reparameterization trick (Kingma
and Welling, 2013; Rezende et al., 2014). This trick reframes sampling from a distribution
with given parameters as sampling from a fixed distribution and then deterministically
transforming the sample using these parameters. For example, suppose z follows a Gaus-
sian distribution N (g, 0%). In that case, we can sample from a standard normal distribution

€ ~ N(0, 1) and then transform this sample to obtain a sample from the desired distribution
asz=p+0-¢.

Kingma and Welling (2013) instantiate this approach for latent variable models by using
deep neural networks to parameterize the generative model p(x|z) and the amortized
inference distribution q(z|x), resulting in the Variational Autoencoder (VAE). Figure
Figure 2.2 illustrates the VAE architecture for image data. While image compression and
generation is still the most common use case for modern versions of VAEs (Van Den Oord
et al., 2017; Rombach et al., 2022), the general framework has found applications in many
other domains. In particular, when combined with State Space Models (SSMs), VAEs
provide a powerful framework for learning probabilistic world models from sequential
data.

2.2.2. Sequential Variational Autoencoding for World Modeling
To learn sequential world models from observations o<r, given actions a<r we need to

extend the VAE framework to the conditional setting (Sohn et al., 2015) as well as sequential
data. For this, we first replace the latent variable z with a sequence of latent state vectors
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z<T, one for each time step. Additionally, conditioning the entire model on the actions
gives us the following lower-bound objective

log p(o<r|acr) = KL (q(z<r|o<r, a<r)||p(z<r|0<T, 2<T))

>0

=Eq(zorjo<racr)) log plo<r|z<r|acr)] — KL (q(z<rlo<r, a<7r)||p(z<1la<r))

Lower Bound
where q(z<r|o<r,a<r) is the amortized inference distribution. To get a model that is
both more tractable and more useful, we can now introduce the State Space assumptions
(Section 2.1.3) into this model.

This general approach yields a powerful framework for learning world models for behavior
learning. The following section will introduce one specific approach, namely the Recurrent
State Space Model (RSSM) (Hafner et al., 2019). Furthermore, we will look at how to learn
behaviors on top of such models in Section 2.3. These foundations lay the groundwork for
Chapter 5, Chapter 6, and Chapter 7 where we will introduce improved approaches to learn
such world models using variational autoencoding as the basis for behavior learning.

2.2.2.1. Recurrent State Space Models

The Recurrent State Space Model (RSSM) (Hafner et al., 2019) is a specific instantiation of
a sequential Variational Autoencoder for world modeling.

Its generative model generally follows the state space assumptions but splits the latent
state into a deterministic h; and stochastic part ¢,. Given this split, Hafner et al. (2019)
define the generative model as

h; :f(ht—l; gt—l’at—l) N(§t|yt(ht),6(ht))

where f is a recurrent neural network consisting of a Gated Recurrent Unit (GRU) (Cho
etal., 2014) and p, and o are neural networks that output the mean and standard deviation
of the Gaussian distribution for the stochastic part of the latent state. Additionally, they
define the observation model as p(o;|hy, §;) = N(o:|p(hs, £;), oI)), where p(hy, ;) is a
neural network which is shared across time steps. According to Hafner et al. (2019), the
split is necessary as a purely stochastic latent state is unable to reliably capture the model’s
dynamics and memorize information over long time horizons.

The RSSM’s inference model shares large parts of the generative model but adds a varia-
tional distribution

q (§t|hﬁt’ Ost) =N (§t|llt(0t, h;), U(Ot,ht))

conditioned on the deterministic part of the latent state h<; and the observations o;.
This way of formulating the inference model results in a filtering inference, assuming the
variational distribution factorizes as q({ .r|o<r,a<r) = Hthl q(&,hy, 0p).

As we will discuss in Chapter 5, this inference assumption has significant implications for
how the model represents uncertainty and learns.
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2.2.3. Using Mutual Information to Learn Latent Variable Models

So far, we have focused on generative approaches to learning latent variable models
using VI, where we aim to obtain latent variables that contain sufficient information
to reconstruct the observations. Such reconstruction-based training usually includes
objectives that maximize the likelihood of the observations given the latent variable, i.e.,
log p(z). While this provides a strong signal to learn a latent probabilistic representation,
it forces this representation to capture all parts of the observation o, even those that are
pure noise or irrelevant to the task at hand. Here, contrastive learning approaches provide
a powerful alternative. Those use a discriminative objective and, intuitively, instead
of learning to reconstruct the entire observation, they learn to encode the information
necessary to determine if a sample is different from another sample. This approach offers a
powerful method for learning representations that are invariant to irrelevant or distracting
features within the data.

In this thesis, we will focus on contrastive approaches based on maximizing the Mutual
Information (MI) between the observation o and the latent variable z, I(o, z). Intuitively,
the mutual information quantifies how much information about the observation o is
contained in the latent variable z by measuring the reduction in uncertainty about o when
knowing z. Formally, the mutual information is defined as

I(o0,z) = /p(o z) log 1()() ()Z)

=H (p(0)) = Ey() [H (p(0l|2))] = H (p(2)) = Epo) [H (p(2|0))].

dodz (2.11)

Formulating the MI as the difference between the entropy of the observation o and the
conditional entropy of the observation given the latent variable z, H (0)—H (o|z) formalizes
the intuition that MI quantifies the reduction in uncertainty about the observation o when
knowing the latent variable z. Additionally, it immediately shows that MI is symmetric, i.e.,
I(0,z) =1(z 0). The information an observation contains about its latent representation
is identical to the information the latent representation contains about the observation.

As we will see in Chapter 7, the previously discussed reconstruction-based approaches
and the MI-based approaches discussed here can be interchanged, and combining them in
a principled way allows us to learn representations that enable learning behaviors in sce-
narios with challenging multi-sensor, observations. While Chapter 7 takes a pragmatic but
still principled approach to combine MI and reconstruction-based objectives for learning
latent variable models, there is a deeper connection between MI and the previously dis-
cussed variational autoencoding approaches through the information bottleneck (Tishby
et al.,, 1999) objective and its deep learning instantiation, the Deep Variational Information
Bottleneck (Alemi et al., 2016).

However, to use the MI in the first place, we must be able to compute it, which is not a
straightforward task.
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2.2.3.1. Estimating Mutual Information for Sequential Data

While maximizing MI is a powerful objective, directly computing it using Equation 2.11
would require learning a full generative model of the joint distribution p(o, z), which is
precisely what contrastive methods seek to avoid. Fortunately, there exist multiple more
effective approximations. Most notably, the InfoNCE (Noise Contrastive Estimation) (Oord
et al., 2018) estimator provides a practical and alternative lower bound to MI, which we
can optimize instead.

The core idea behind InfoNCE is to train a classifier that can distinguish one positive
observation oP®® from a set of N —1 negative samples {o?eg} i=1:N—1 given the corresponding
latent z. This classifier is parameterized using a score function f(o, z), which should assign
high values to positive pairs and low values to negative pairs. The resulting lower bound
can then be written as

exp (0P, 2)
exp f(oP%s,z) + Zf\i;l expf(o?eg, 2) |

I(O, Z) > EP(OPOS,{O?Eg}i:I:N—l;Z) log

For this approach to work, both designing a good score function f(o,z) and sampling
distribution p (0P, {o?eg}izl;N_l, z) are crucial. The score function f(o,z) is typically
implemented as a neural network that projects the observation and latent state into a
shared embedding space before computing their similarity, for instance, with a dot product.
To obtain the set of negative samples required by the objective, a common and highly
efficient strategy is to use in-batch negatives. For a given positive pair (0;, z;) all other
observations o; with j # i within the same training mini-batch are treated as negative
samples. This approach scales well with large batch sizes, providing a large and diverse
set of negatives at little additional computational cost.

When using the InfoNCE estimator in the context of State Space Models (SSMs), the
positive pairs are given by an observation o; and the inferred latent state z; at the same
time step ¢, given the entire trajectory. In this case, we can extend the idea of in-batch
negatives to in-sequence negatives, where the positive pair is given by the observation o,
and the latent state z; at the same time step ¢. In contrast, the negative samples are given by
all other observations oy and latent states z; at different time steps k # t within the same
sequence. If we use a batch of sequences, we can increase the number of negative samples
by also including all observation-state pairs from the other sequences in the batch.

2.2.4. Variational Inference for Inference Given Unnormalized Densities
The second common use case for VI is learning a tractable distribution for inference

and sampling given an unnormalized density function p(x). Such a function specifies a
distribution p(x) up to its normalization constant Z, i.e,

p(x):jﬁ with Z:/f)(x)dx. (2.12)
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2.2. Variational Inference and Learning in Latent Variable Models

For many relevant problems, computing p(x) is much simpler than computing p(x), as
normalization requires solving the integral in Equation 2.12, which is often intractable.
In this setting, VI can be used to fit a parametric distribution g(x) given p(x) to obtain a
tractable approximation of the target distribution p(x) which can be used for sampling
and inference. However, while tractable, evaluating the unnormalized density function
p(x) can be costly, requiring VI approaches that emphasize sample efficiency.

The key insight towards finding a variational approximation lies in the fact that the KL-
divergence between the variational distribution g(x) and the unknown target density p(x)
can be rewritten as

KL(glp(e) = [ a0 1o {3 ax ~log z
= —/ q(x)log p(x)dx — H(q(x)) —log Z, (2.13)

where H(gq(x)) = - f q(x) log g(x)dx is the entropy of the distribution g(x). Crucially, we
can ignore the log Z term, as it is constant for the optimization, which results in an objective
that only depends on p(x) and g(x). While we can access the former by assumption, we
are free to choose the model g(x), allowing us to optimize the KL divergence with respect

to g(x).

This insight leaves us with two related design choices: which parametric family of distri-
butions g(x) to use and how to solve the optimization problem efficiently.

2.2.4.1. Variational Inference by Policy Search

For Variational Inference by Policy Search (VIPS), Arenz et al. (2018) choose Multivariate
Gaussian Mixture Models (GMMs) as the parametric family

D
q(x) = ) q(xlz)q(z).
i=1

However, while powerful, optimizing the resulting objective for such latent variable models
is non-trivial. First, the entropy term H (q(x)) is not tractable for mixture models. Second,
optimizing the multivariate component distributions is hard, primarily due to the quadratic
size and positive-definiteness constraints of the covariance matrices.

To address these optimization challenges, Arenz et al. (2018) propose an upper bound that
yields individual updates for each mixture component and its corresponding weights.
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For this upper bound, Arenz et al. (2018) first introduce an auxiliary distribution q(£ |x)
allowing them to bound Equation 2.13 as

—/ q(x) log p(x)dx + H(q(x)) = —Eq(x) [KL (q(z]x)]lg(z|x))]

>0

—/ q(x)(log p(x) +log g(z|x))dxdz — Bq(z) [H (q(x]|2))] - H (q(2)), (2.14)

upper bound

where the second part is an upper bound to the original objective as the KL term is
non-negative. This bound holds for every choice of §(z|x). However, the bound is only
tight if g(z|x) = q(z|x), which suggests an iterative approach, similar to the Expectation-
Maximization (EM) algorithm (Dempster et al., 1977) (Section 2.2.1). For VIPS, in what
corresponds to the E-step, we update the auxiliary distribution §(z|x) using the current
GMM and Bayes’ rule and, in the corresponding M-step, we update the GMM parameters
by minimizing the upper bound.

To update the GMM parameters, Arenz et al. (2018) repurpose an existing, highly sample-
efficient policy search algorithm called Model-Based Relative Entropy Stochastic Search
(MORE) (Abdolmaleki et al., 2015). For this approach, they first fit a quadratic surrogate
function to the samples drawn from the auxiliary distribution g(z|x) and re-weighted
using the unnormalized density p(x). They then use this surrogate function to update the
components’ parameters in closed form while also adhering to an information-theoretic
constraint, ensuring stable updates. Appendix A.1.2 provides additional details on how
the MORE algorithm is used in VIPS.

In their original paper, Arenz et al. (2018) also introduce techniques to adapt the number
of mixture components and reuse samples to improve sample efficiency further. Later,
they further refined their approach to optimize sample efficiency even further (Arenz et al.,
2020) and extended their approach to a first-order setting, assuming access to the gradient
of p(x) (Arenz et al., 2023). In Chapter 3 of this thesis, we extend VIPS to the density
estimation case, i.e., we will not assume access to the unnormalized density function p(x)
of a distribution p(x), but only to samples from p(x). Furthermore, we go beyond the
marginal case and consider fitting conditional latent variable models.

2.3. Reinforcement Learning for Behavior Learning with
Probabilistic World Models

At its core, Reinforcement Learning (RL) is about how intelligent agents can learn to
make optimal decisions through interaction with their environment. Inspired by the
way how humans and animals learn from experience, RL frames behavior learning as a
trial-and-error process, where the agent receives a reward signal indicating the quality of
its decisions.
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This section addresses how to use the previously discussed probabilistic models to learn
goal-directed behavior through Reinforcement Learning. First, Section 2.3.1, Section 2.3.2,
and Section 2.3.3 will introduce the foundations of RL. Here, we will focus on the partially
observable setting, which is crucial for embodied agents in realistic environments. We
will also highlight the differences between model-free and model-based RL, as well as
the role of uncertainty for the latter. Finally, Section 2.3.4 will introduce the concept of
probabilistic world models and discuss how we can use them to learn behavior through
RL. There, we will tie together the previously discussed modeling and learning approaches
with the RL foundations into a framework for learning behavior under partial observability.
This framework will be the basis for the three different approaches to learning behavior
with probabilistic world models presented in Chapter 5, Chapter 6, and Chapter 7.

2.3.1. Foundations of Reinforcement Learning

This section will briefly introduce the foundations of RL in the fully observable case
and serve as a primer for the subsequent sections on RL under partial observability and
model-based RL.

Unless otherwise cited, this section is based on Reinforcement Learning: An Introduc-
tion (Sutton and Barto, 2018).

2.3.1.1. Learning Optimal Behavior in Markov Decision Processes

Formally, the RL problem is defined using a so-called Markov Decision Process (MDP) (Bell-
man, 1957). The literature presents several slightly different definitions of MDPs, depending
on the problem at hand. However, here we will focus on MDPs with probabilistic dynamics
given by a set of states s € S and actions a € A, a transition distribution p(s;11]ss, a;), a
reward function R(s;, a;), and an initial state distribution py(sy). While both states and
actions can be discrete or continuous in principle, we will focus on continuous settings,
usually assuming they are a subset of R?. Crucially, to get a tractable decision process,
both the transition distribution and reward function impose structure on the MDP by
assuming that the next state s;4; and reward R(s;, a;) depend only on the current state s;
and action a;.

Given an MDP, the goal of the agent is to learn a distribution 7 (a|s) that maximizes the
expected cumulative reward, also known as return, over time

](”) = EPO(SO) [1720 7 (azlse)p(seetlse.ar) [Z YtR(st’ at)] > (2'15)
t=0

where y € [0, 1) is a discount factor that trades off between optimizing long and short-term
rewards. The distribution 7z (als) is usually referred to as policy and describes the agent’s
behavior given a certain state.
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2.3.1.2. Value Functions and Q-Functions

To effectively evaluate and improve policies, most RL algorithms rely on auxiliary functions
that allow them to assess the quality of being in a certain state or taking a certain action.
The most common of these functions are the value function V (s;) and the state-action-
value function Q(sy, a;), also known as the Q-function. The value function V (s;) describes
the expected return when starting in state s; and following a certain policy 7 thereafter

Va(st) = B r(aelso)p(seelsear) [Z Y R(s, ak)] : (2.16)
pan

Analogously, the Q-function Q(s;, a;) describes the expected return when starting in state
st, taking action a;, and then following a certain policy 7 thereafter

Qn(star) = EH;Z, (a1 |Skr1) P (Skr1[Sk-ak)

R(sa)+ ) v*R(s ak)] L (217)

k=t+1

The true benefits of these auxiliary functions only become apparent when realizing that
we can rewrite them in a recursive manner as

Vn(st) = Eﬂ(at|st) [R(st, at) + yEp(sHﬂs,,at) [Vn(st+1)]] and
Qﬂ (St’ at) = R(st’ al‘) + YEJT(%H|5t+1)P(St+1|3t,at) [Q”(s“’l’ at"'l)] >

respectively. These recursive equations are known as the Bellman equations. They are
the basis for many RL algorithms, as they significantly simplify the expectations in Equa-
tion 2.16 and Equation 2.17. Additionally, by realizing that any optimal policy 7* will
always pick the actions that maximize the value or Q function, we can rewrite the Bellman
equations to directly compute the value and Q functions for this optimal policy

Ve (8t) = nzax [R(st, at) + YEp(ssuilsnar) [V,,(sm)]] and
t
Qn= (st ar) = R(st, ar) + YEp (s, [sp.ar) I{llaX Qr(St+1, Ar41) | - (2.18)
t+1

These equations are known as the Bellman Optimality Equations. For MDPs with discrete
states and actions, they allow us to compute the optimal policy using dynamic program-
ming. However, to model the kinds of embodied agents we focus on, we need approaches
able to work with arbitrary state and action spaces.

2.3.1.3. Deep Reinforcement Learning with Continuous State and Action Spaces

For continuous state and action spaces, we cannot use the dynamic programming approach
to compute the optimal value functions and Q-functions. Instead, we need to rely on
function approximation. Nevertheless, in this case, we can use the Bellman optimality
equations to get a training signal for these function approximators. As the resulting
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approaches are very similar for value functions and Q-functions, we will focus on the
latter in this section.

We know that the Q-function of the optimal policy 7* has to satisfy Equation 2.18, which,
in principle, gives us a supervised learning problem. We can optimize any function
approximator Q,(s;, a;) to minimize the error between the left and right-hand side of the
Bellman optimality equation, known as the Bellman error. If we choose the squared error
as our loss function, this results in the Mean Squared Bellman Error (MSBE) Lyspe(Q) =

Eopo(s0) [15%0 7(arlso)p(sealsiar) | (RSt @) + YEp(st [sran) | max Qr(Ste1s ary1) | —Qr (st )]

t+1

Bellman Target

However, even with discrete actions and continuous states, directly optimizing the MSBE
is infeasible, especially with large and powerful function approximators such as large
neural networks. To use neural networks as function approximators, deep Q-learning
approaches employ a range of techniques to make this feasible and efficient. Most notable
are experience replay, which stores past transitions in a buffer and samples them randomly
to break temporal correlations, and target networks that slowly update a copy of the
Q-network to compute the Bellman Target, providing a stable reference point for learn-
ing (Mnih et al.,, 2013). Yet, state-of-the-art approaches go far beyond this and employ a
range of additional techniques to mitigate systematic biases, stabilize training, and improve
performance (Hessel et al., 2018; Badia et al., 2020).

If we consider the setting we focus on, continuous state and action spaces, another problem
with the above approach arises, as we cannot simply take the maximum of all actions
in the domain of the Q-function. This issue gives rise to the paradigm of actor-critic
methods, which simultaneously learn a Q-function and a policy. Here, the policy is
updated to maximize the Q-function and then used to compute the Bellman target for the
Q-function.

2.3.1.4. Soft Actor-Critic

Out of the family of actor-critic methods, the Soft Actor-Critic (SAC) (Haarnoja et al., 2018)
is the one most prominently used in this thesis (Chapter 6 and Chapter 7). SAC augments
the standard RL objective in Equation 2.15 with a maximum entropy term

](”) = EPO(SO) [120 (w(arlss)p(sestlse.ar)) Z th(St’ at) +aH (”(.lst)) : (2'19)
t=0

Here, « is a hyperparameter determining the importance of the entropy term. Maximiz-
ing entropy, along with the cumulative expected reward, can improve both the policy’s
exploration behavior and its robustness.
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To derive a practical algorithm from this objective, SAC learns a soft Q-function that
considers both the expected future rewards and the policy’s future entropy, thereby
balancing reward-seeking with exploration behavior.

When updating the policy, SAC exploits an interesting relation (Levine, 2018) between max-
imum entropy RL and the Variational Inference (VI) framework introduced in Section 2.2.
Given a (soft) Q-function Q(sy, a;), the optimal policy is given by the unnormalized density
of a Boltzmann distribution

7" (aglst) o exp (éQ(St, at)) .

Given this target, Haarnoja et al. (2018) use VI to fit a parametric policy my(a;|s;) to this
unnormalized density using

. 1 1
T =arg n}f;npr(s,)KL 7T(at|3t)||z exp EQ(St, ar)

= arg n}gXpr(st) [7g(arls)Q(st, ar) + aH (7(asls;))] .

This approach shows an interesting connection to VIPS (Arenz et al., 2018) (Section 2.2.4.1)
and the approach introduced in Chapter 3, which use the same relationship to repurpose
the MORE (Abdolmaleki et al., 2015) algorithm, initially designed for maximum entropy
policy search, to update their distributions, in a VI and distribution matching setting
respectively.

2.3.2. Reinforcement Learning Under Partial Observability

The MDP framework described previously assumes that the agent has full access to the
state of the environment. However, for realistic embodied agents, this is usually not the
case.

2.3.2.1. Partially Observable Markov Decision Processes (POMDPs)

The Partially Observable Markov Decision Process (POMDP) (Astrom, 1965) is a general-
ization of the MDP framework that allows to model partially observable states. Similar to
the MDP, a POMDP has a set of states z € Z and actions a € A, a transition distribution
p (214121, ar), a reward function R(z;, a;), and an initial state distribution py(z,). However,
in a POMDP, the state is no longer directly observable but hidden. To indicate that we
are now dealing with a latent variable, we changed the notation from s to z. Instead, the
agent receives observations o; € O, which are generated from the state via an observa-
tion distribution p(o;|z;). Besides being noisy, this observation distribution can also lose
arbitrary information about the state.

Crucially, as the agent does not have access to the state, it cannot be used as input to the
policy anymore. Furthermore, simply using the observation o; as input to the policy is also
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clearly insufficient for most cases of partial observability. Thus, to learn good behavior in
a POMDP, we need to use a policy 7 (a;|0o<;, a<;—1) that takes the history of observations
and actions into account.

2.3.2.2. Using State-Space Models to solve POMDPs

Conditioning the policy explicitly on the history of observations and actions is generally
impractical, as the history grows with each time step, making it hard to learn or even
represent the policy. The standard solution to this problem is to compress the history of
observations and actions into a compact representation that is still sufficient for optimal
decision-making (Sondik, 1971; Kaelbling et al., 1998).

The first step towards such representations is realizing that the POMDP formulation is
closely related to the State Space Model (SSM) framework introduced in Section 2.1.3, as
both make the same assumptions about the dynamics and observation distributions. Hence,
a sufficient statistic for the history of observations and actions is given by the filtered
belief b(z;) = p(z¢|o<s, a<;—1). In the POMDP literature, b(z;) is commonly referred to as
the belief state.

By working with a policy conditioned on this belief, 7 (a;|b(z;)), we can effectively reduce
the history of observations and actions, obtaining a more tractable decision process.
Additionally, we can reuse the Bayesian filtering techniques to compute this belief state
given the history of observations and actions or recursively update it as new observations
and actions are made.

Two special cases of this approach are fully discrete POMDPs and what is known as
Linear Quadratic Gaussian (LQG) control. If the latent states, actions, and observations
are all discrete, forming the required belief states is straightforward using the forward
algorithm for hidden Markov models (Murphy, 2012). However, even for a finite number
of discrete states, there are an infinite number of possible beliefs, which makes learning a
policy significantly more complex. Formally, the belief state for fully discrete POMDPs
is a categorical distribution whose parameters are continuous, and therefore, tabular RL
approaches are no longer applicable (Kaelbling et al., 1998). For POMDPs with continuous
spaces, closed-form inference of the belief state is only possible under the typical linear
Gaussian assumptions underpinning the Kalman filter. Interestingly, if we additionally
assume quadratic cost (i.e., negative rewards), it can be shown that feeding the mean of
the belief state into a linear quadratic regulator (LQR) results in an optimal policy. This
is known as the separation principle and results in an approach called Linear Quadratic
Gaussian (LQG) control (Anderson and Moore, 2007).

However, these approaches not only make strong assumptions about the structure of the
POMDP but also rely on exact knowledge of the transition and observation distributions for
inference of the belief state. One major contribution of this thesis is the formulation of new
learning approaches for Deep SSMs, which enable the effective and accurate computation
of approximate belief states in more general settings encountered by embodied agents.
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2.3.3. Model-Based Reinforcement Learning

The Reinforcement Learning (RL) approaches discussed so far all operate in a model-
free setting, meaning they learn policies directly from interaction with the environment
without explicitly modeling it. In contrast, model-based RL (MBRL) (Moerland et al.,
2023) approaches aim to learn a model of the environment’s dynamics first and then use
this model to learn optimal behavior. Model-based RL promises that this approach is
significantly more sample efficient as it allows conducting the expensive trial-and-error
process of RL in a simulated environment. Additionally, learning environment models
allows a natural transfer of experiences from one task to another (Hansen et al., 2024), as
many aspects of the environment, such as fundamental physics or object permanence, are
consistent across tasks.

Many MBRL approaches are rooted in more classical ideas from model-based control.
Assuming accurate knowledge of the environment’s dynamics, model-based control ap-
proaches such as Model Predictive Control (MPC) or the Linear Quadratic Regulator (LQR)
can achieve exceptional performance and are widely adopted in robotics and control
engineering (Mayne, 2014). However, in classic model-based control, this accurate system
knowledge is typically provided by manual modeling from human engineers and system
identification. For more complex systems, manually designing models of sufficient quality
is often infeasible.

Here, the MBRL approach of learning the model on the go can serve as an alternative to
overcome the limitations of manual modeling. However, MBRL is fundamentally more
difficult than learning a model by supervised learning and then adding a model-based
control approach on top. The challenges revolve around the fact that the performance of the
current policy highly depends on the quality of the current model, which in turn depends on
the quality of the data collected by the policy (Deisenroth et al., 2013; Moerland et al., 2023).
The key to mitigating these issues is to use models that are aware of their uncertainties,
i.e.,, they must be aware of what they do not know (Deisenroth and Rasmussen, 2011; Chua
et al., 2018; Kidambi et al., 2020). Such awareness allows the model to mitigate the effects
of the issues outlined below, namely unreliable predictions, a mismatch between the model
and the policy, and a distribution shift.

First, even minor inaccuracies in the model’s prediction of the next step can accumulate
over time (Talvitie, 2014). Such compounding errors can cause simulated rollouts to diverge
significantly from the dynamics of the real environment. This effect renders long-term
planning and control infeasible, often forcing model-based RL approaches to rely on
short-term planning horizons (Janner et al., 2019)

Second, another critical challenge is the inherent objective mismatch (Lambert et al.,
2020). The dynamics model optimizes the next state prediction loss using a supervised
learning objective, while the policy aims to maximize the expected cumulative reward.
These two objectives are not necessarily aligned as a model that makes globally accurate
predictions might lack the resolution needed for optimal control in critical regions of
the state space. Similarly, a model that accurately predicts the next state locally might

30



2.3. Reinforcement Learning for Behavior Learning with Probabilistic World Models

make arbitrary errors in parts of the state space it has not yet seen or for which there is
very little data (Kurutach et al., 2018). This mismatch can lead to policies that exploit the
model’s flaws, causing them to perform well in simulation but fail catastrophically in the
real environment.

Third, learning a model for MBRL suffers from a fundamental distribution shift, breaking
many of the assumptions underlying standard supervised learning. As the policy improves,
it naturally pushes the agent into new regions of the state space, constantly changing the
data distribution and expanding its support. This exploratory data collection creates a
unique trilemma when designing the model and its learning approach. First, the model
must be accurate enough from the start to bootstrap a useful policy. Second, it must be
flexible enough to adapt quickly to new data, keeping pace with the evolving policy. Third,
it must be expressive enough to eventually capture the dynamics of the entire relevant
state space required for an optimal policy. This trilemma demands a model that is robust
against overfitting to sparse data early in training yet has sufficient capacity to represent
a complex and expanding world as learning progresses.

These challenges make it clear that the first step towards awareness of uncertainty is to
use a principled probabilistic world model and not rely on a single deterministic prediction.
Moreover, particularly in the partially observable setting, we need a model that can
disentangle different sources of uncertainty, such as uncertainty due to lack of training
data and uncertainty caused by the inherent randomness of the POMDP. This distinction is
crucial when learning behavior. It allows the agent to adapt its behavior to its uncertainty
about the environment while interacting with it without overly relying on the model during
training if this is not warranted. Designing such probabilistic world models building on
the foundations of SSMs is the key focus of Chapter 5 and Chapter 6.

2.3.3.1. Uncertainty in Model-Based Reinforcement Learning

Uncertainty in model-based RL (MBRL), and machine learning more generally, can be
broadly categorized into epistemic and aleatoric uncertainty (Hiillermeier and Waegeman,
2021).

Epistemic uncertainty captures the model uncertainty about the world due to a lack of
training data. In the context of MBRL, epistemic uncertainty arises from the model’s lack of
knowledge about the environment, particularly in regions of the state-action space that it
has not explored sufficiently. Crucially, this uncertainty can be reduced by collecting more
training data, and given a ground truth environment, it vanishes entirely. An example is
learning to drive on the moon. While most readers will have no prior experience with this
task and will be highly uncertain about it initially, we can master it through practice, i.e.,
by collecting more training data.

Aleatoric uncertainty, on the other hand, captures the inherent uncertainty or randomness
in the environment. In the POMDP setting discussed earlier, this is the uncertainty arising
from the noise in the observations distribution p(o;|z;) and the dynamics p(z;41|zs, a;).
It cannot be reduced by collecting more training data and will not vanish even if the
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agent has perfect knowledge of the environment. However, aleatoric uncertainty is still
reducable within a single episode of the agent interacting with the environment through
active information-gathering behavior. Here, the example is driving through a busy street
in a city. No matter how much experience we have, we can never perfectly predict the
behavior of other drivers and road users and need to adapt our driving accordingly.

As outlined above, it is common wisdom in the MBRL literature that for successful model-
based RL, we need to learn models that capture and address both of these two sources of
uncertainty. For instance, Probabilistic Inference for Learning Control (PILCO) (Deisen-
roth and Rasmussen, 2011) utilizes Gaussian Processes (GPs) that inherently capture both
epistemic and aleatoric uncertainty. To integrate more modern deep learning approaches
into MBRL Gal and Rasmussen (2016) have extended PILCO using Bayesian neural net-
works, building on Monte Carlo Dropout (Gal and Ghahramani, 2016). Another highly
scalable and popular is the use of probabilistic ensembles (Chua et al., 2018). For these,
each member of the ensemble captures aleatoric uncertainty. In contrast, the ensemble
as a whole can be viewed as approximating a Bayesian posterior over the model parame-
ters (Lakshminarayanan et al., 2017), thus capturing epistemic uncertainty. After Chua
et al. (2018) originally proposed using a simple planning approach on top of such a proba-
bilistic ensemble, many approaches extended either modeling and behavior learning while
keeping the underlying ideas of ensembling multiple probabilistic models (Janner et al.,
2019; Sekar et al., 2020).

Chapter 5 analyses the role of epistemic and aleatoric uncertainty in state space-based world
models presented in literature and, following the insights from this analysis, introduces a
new approach to disentangle these two sources of uncertainty.

2.3.4. Probabilistic World Models for RL under Partial Observability

We can now tie together the previously established concepts of probabilistic modeling
(Section 2.1), model learning with VI (Section 2.2.2), and RL to formulate a framework
for learning behavior with probabilistic world models. This framework will serve as
the foundation for the second part of this thesis, where we will present three different
approaches to learning behavior with probabilistic world models in Chapter 5, Chapter 6,
and Chapter 7.

For our purposes, we will consider a probabilistic world model based on an SSM, which
captures the dynamics of the environment and the observation generation process. Ad-
ditionally, as we aim to learn goal-driven behavior through RL, we need to model the
POMDP’s reward, which we do using a reward model p(r;|z;). Finally, we assume that we
have an efficient inference mechanism for the world model, which allows us to approxi-
mate the belief state needed for RL in POMDPs. In our case, this inference mechanism
is typically based on a Variational Inference (VI) model, which is trained simultaneously
with the world model. Figure 2.3 provides a schematic overview of the components of a
probabilistic world model and how they relate to the RL problem.
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Figure 2.3.: Overview of State Space Models as World Models for RL under partial observability. Given
observations and actions, the world model learns both the generative dynamics p(z;41|2z,a;) and the
observation generation process p(0;|z;), as well as an variational distribution q(z;|0<;, a<;—1) from data
collected by the agent. These models, together with a reward model p(r;|z;), allow learning behavior based
on the belief extracted by the inference model. For behavior learning we can either directly provide the
belief to a model-free algorithm, such as SAC, or use the generative parts of the world model to rollout
action in imagination for a model-based approach.

Given such a probabilistic world model, we primarily consider three different approaches
to learning the actual behavior, which are described below. For all three approaches, we
learn the world model and behavior concurrently in an online fashion, meaning we train
the world model on data collected by the agent in the environment.

2.3.4.1. Learning Behavior with Probabilistic World Models

We can use the beliefs extracted from the probabilistic world model for either model-free
RL or model-based RL. In this context, model-free approaches still utilize the model to
compute an approximate belief state, but then learn a policy directly from this belief
state without using on the model itself. In contrast, model-based approaches do not only
use the belief state but also the world model’s latent state dynamics to explicitly roll out
trajectories and predict the effects of actions.

In Chapter 6 and Chapter 7 we consider a model-free approach based on SAC (Haarnoja
et al., 2018) (Section 2.3.1.4). Here, the mean of the belief state serves as input to both
the actor and critic networks. The policy is learned directly from real-world experience
collected in the environment, and the world model only provides a compact and informative
state representation.

Additionally, we consider two model-based approaches. The first approach is simple plan-
ning in the latent space of the world model using the Cross-Entropy Method (CEM) (Rubin-
stein, 1997), which we will utilize in Chapter 5. Following Hafner et al. (2019), we use the
world model to first generate the belief state and then use its dynamics to simulate several
multi-step rollouts and their returns with actions sampled from a Gaussian distribution.
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The Gaussian distribution is then updated on the k best-performing action sequences
using maximum likelihood, and the process is repeated several times. However, to achieve
optimal behavior with this approach, we need to replan the entire action sequence at
every time step to account for model errors and noise, which is computationally very
expensive.

The second, more prominent, model-based approach is known as latent imagination (Hafner
et al., 2020). Instead of planning at each time step, latent imagination learns a parametric
policy mapping from the belief state to a distribution over actions. However, unlike SAC,
we still roll out the policy in the latent space, predict returns, and train the actor by back-
propagating through the world model. To avoid very long rollouts or learning a myopic
policy, Hafner et al. (2020) propose learning a value function in the latent space as well.
This value function and the predicted rewards are then combined, akin to generalized
advantage estimation (GAE) (Schulman et al., 2015b), to trade off bias and variance and
serve as target values v(z;) for the actor. Given these targets, we can train the policy by
Maximizing

t+H
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This approach exploits the fact that the world model’s latent dynamics are differentiable,
enabling us to propagate gradients through the entire process of simulating and assessing
trajectories. Such dynamic backpropagation through the model stands in contrast to model-
free actor-critic methods, which can only propagate gradients through the immediate
Q-value function and not the environment’s dynamics. We will consider this approach in
Chapter 5 and Chapter 7.

The choice between using SAC on the belief state and latent imagination involves a trade-
off between robustness and sample efficiency. While the latent imagination approach can
be more sample-efficient, it also relies significantly on the accuracy of the world model and
its ability to accurately predict multi-step rollouts. Conversely, for SAC, the behavior is
still trained on real-world data from the replay buffer, and only the belief state is computed
using the world model. Crucially, this approach, in principle, still works with world models
that lack prediction capability, as long as they can compute concise and effective belief
states.

2.4. Distribution Matching to Learn Behavior by Imitation

Imitation Learning (IL) is a powerful alternative to the previously discussed RL paradigm
for learning behaviors. For many real-world tasks, demonstrations from a (human) expert
performing the task are available or easy to obtain. We can use such demonstrations to
learn a policy by imitation, which can be a more straightforward alternative to defining a
reward function. While this approach typically cannot surpass the expert’s performance, it
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—— Target p(x)
Model g(x)
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Figure 2.4.: Example of matching a simple Gaussian model to a target distribution with two modes with
different objectives. Left: The maximum likelihood solution, which is equivalent to the M-Projection, covers
both modes of the target. However, to do so, it needs to put significant density in the region between the
two modes, which is not supported by the target distribution. Right: The I-Projection solution allocates all
density to the larger mode of the target distribution, ignoring the smaller mode, while staying within the
target distribution’s support.

can often help to learn strong initial behavior that we can then refine with Reinforcement
Learning (Rajeswaran et al., 2018; Ouyang et al., 2022).

Fundamentally, IL can be framed as a problem of distribution matching, i.e., learning a
policy whose behavior distribution matches that of the expert. This perspective connects
IL to the previously discussed probabilistic modeling and learning techniques. To capture
the inherently multimodal nature of human behavior, we can use the probabilistic mix-
ture models discussed in Section 2.1.2 to represent the behavior distribution. However,
simple supervised learning via maximum likelihood estimation of the actions given a
state is often insufficient for IL. This approach can lead to issues such as compounding
errors (Ross et al., 2011) and may fail to safely capture the multimodal nature of human
expert behavior. To learn safe and effective behaviors from multimodal distributions, we
need therefore consider more advanced distribution matching methods. In this section,
we will derive the foundations for such methods, starting from a Variational Inference
perspective. In Chapter 3 we will follow the same recipe to obtain a novel approach for
safe IL from multimodal data by modifying the Variational Inference by Policy Search
(VIPS) approach (Arenz et al., 2018) (Section 2.2.4.1).

2.4.1. Objectives for Distribution Matching

We already discussed one objective for distribution matching as an alternative to the
standard maximum likelihood approach, namely, the KL objective we used for VI (Equa-
tion 2.8),

argminKL () lIp() with KL (g(llp() = [ 4o 10g T0a
q(x) (x

p

This objective is also known as the Information Projection (I-Projection). However, the KL
is not symmetric, and we obtain an alternative by exchanging the positions of the model
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q(x) and the target distribution p(x). The resulting objective is known as the Moment
Projection (M-Projection) and is, in fact, equivalent to the standard maximum likelihood

arg mm KL (p(x)|lg(x)) = arg mln/p(x) log PE ;
=argminc — / p(x) log q(x)dx = argmax E,(y)[log q(x)]. (2.20)
q(x) q(x)

Crucially, the choice of objective can have a significant impact on the learned model. For
example, the M-Projection, as the name suggests, matches the moments of the model g(x)
to the moments of the target distribution p(x). It forces the model to allocate density to
all regions where the target distribution has density, without penalizing the model for
assigning density to regions where the target distribution has no density. In contrast,
the I-Projection has a zero forcing effect, meaning it will force the model to have low
density in regions where the target distribution has low density but not penalize the
model for ignoring regions where the target distribution has high density. This insight is
the key motivation behind using the I-Projection for the safe IL approach introduced in
Chapter 3.

We can obtain further distribution matching objectives by using other divergences. One
generalization of the KL-divergence is the concept of f-divergences (Ali and Silvey, 1966),
which gives rise to a class of objectives of the form

q(x ))
p(x)

where f is a convex function with f(1) = 0. This class of objectives includes both the
I-Projection and the M-Projection, but also many other objectives such as the Jensen-
Shannon divergence.

argmm/p(x)f( (2.21)

2.4.2. From Variational Inference to Distribution Matching

In the VI setting, we assumed we could not sample from the posterior p(x) but have access
to its unnormalized likelihood function. For distribution matching from samples, we will
now change this assumption and assume we have no information about the distribution’s
(unnormalized) likelihood, but are given a fixed set of samples from it. This change results
in a supervised learning approach applicable to IL, where the samples are the expert
demonstrations.

However, under these assumptions, we cannot directly use most of the previously discussed
objectives, as we cannot evaluate p(x) inside the convex function f in Equation 2.21.
This limitation explains the predominance of the standard maximum likelihood objective
(Equation 2.20), where this term naturally vanishes, and p(x) only occurs in the expectation,
which is approximated using the given samples (Equation 2.20).
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However, we can still use objectives such as the I-Projection or any other of the f-divergence
objectives introduced in Section 2.4.1 by estimating the density ratio % from samples.
This insight is the key behind the popular class of Generative Adversarial Networks (GANs)
(Goodfellow et al., 2014), but also crucial for the approach introduced in Chapter 3. We
will now first discuss how to estimate this density ratio from samples and then how to use

it for distribution matching with GANs.

2.4.2.1. Density Ratio Estimation

As the name suggests, Density Ratio Estimation (DRE) aims to estimate the ratio between
two probability densities p;(x) and pz(x), i.e., r(x) = % The key insight here is that
estimating this ratio is fundamentally simpler than estimating the individual densities, as
it avoids the normalization constants of the distributions.

The most intuitive and common method for DRE is probabilistic classification. If we assign
samples from p;(x) a label of 0 and samples from p,(x) a label of 1, we can rewrite the
density ratio as

_pi(x)  pxly=1) py=0x)p(x) ply=1)  ply=0) ply=1|x)

0= ) T el =0 - ply=0) p=10pE  py=1 ply=0R)

Here, crucially, the fraction simplifies by removing p(x), which removes the normalization
constant and only leaves us with the task of estimating the conditional probabilities
p(y = 1|x) and p(y = 0|x), which is a standard classification problem. More specifically,
if we train a logistic regressor C(x) to predict the probability C(x) = p(y = 1|x) using
the standard binary-cross-entropy objective, the logits ¢(x) = sigmoid™'(C(x)) of this
classifier are equivalent to the log of the density ratio. To realize this connection, we first
need to realize that under these assumptions, C(x) is optimal for C(x) = q(x)/(q(x) +
p(x)) (Bishop, 2006). Using this, we can rewrite the log density ratio as

1 g @ ~1 CI(X)/(‘I(X) +p(x)) — 10g & — Sigmoid_l (C(x)) = gi)(x)

0 plx) o8 p(x)/(q(x) + p(x)) 1-C(x)

Given this, we can now use the entire toolbox for standard logistic regression to estimate
our density ratio instead of learning two separate fully generative models for p;(x) and

p2(x).

We will use this exact method of density ratio estimation in Chapter 3. However, to fully
understand the relation to GANs, we also need to consider a more general framework
for density ratio estimation based on Bregman divergences (Sugiyama et al., 2012). Such
Bregman divergences (Bregman, 1967) are measures of distance between elements of
convex sets, defined by a strictly convex function f(#). The framework of Sugiyama et al.
(2012) builds on the inside that we can use arbitrary Bregman divergences to learn density
ratio estimators. Similar to how using different f’s can lead to different models when
matching two distributions by minimizing an f-divergence, different choices of f for the
Bregman divergence can lead to different density ratio estimators.
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2.4.2.2. Generative Adversarial Networks

The intuition behind Generative Adversarial Networks (GANs) can be understood as a
competition between a forger and a detective. In this example, the forger tries to create
counterfeits that fool the detective while the detective tries to detect the counterfeits. Here,
both parties need to continuously improve their strategies to outsmart each other until
the forger’s counterfeits are indistinguishable from the real thing.

Formally, as introduced by Goodfellow et al. (2014), GANs consist of two neural networks
trained by playing a two-player minimax game. The first network, the generator, is a
latent variable model q(x) = f q(x|z)q(z)dz that generates samples x. Here, usually,
q(z) is a simple isotropic Gaussian distribution, while q(x|z) is a Dirac delta distribution
parameterized by an arbitrary neural network that maps the latent variable z to the data
space. Under these assumptions, the density of the generator g(x) is itself intractable,
and the capability of using models with intractable densities is one of the key advantages
of GANSs over prior methods. The second network, the discriminator C(x), predicts the
probability that a given sample x is from the target distribution p(x) and not generated by
q(x). Goodfellow et al. (2014) suggest training the networks by optimizing

arg n}1r)1 arg rg(a;)( Ep(x) [log C(x)] +Eg(x) [log(1 - C(x))] . (2.22)
q(x x

and prove that g(x) will minimize the Jensen-Shannon divergence between p(x) and g(x)
at convergence.

The connection with the estimation of the density ratio becomes apparent when one
realizes that the resulting discriminator C(x) is a logistic regression model trained to
predict the probability that a given sample x is from the target distribution p(x) using the
binary cross-entropy loss. Thus, as discussed in the previous section, its logits approximate
the log density ratio log %.

Building on this relation or related insights, several works (Nowozin et al., 2016; Uehara
et al., 2016; Poole et al., 2016), present versions of the GAN that minimize arbitrary f-
divergences between the model distribution g(x) and the target distribution p(x). In
particular, Uehara et al. (2016) make the connection to density ratio estimation explicit
by using the Bregman divergence framework of Sugiyama et al. (2012) to derive their
approach. We will further examine the relations between these approaches with a focus
on the I-Projection in Chapter 3.

2.4.3. Distribution Matching for Imitation Learning

The advanced distribution matching concepts introduced in Section 2.4.2 allow us to go
beyond simple supervised learning by maximum likelihood and design IL approaches
along two main axes. First, we can decide which target distribution to match, and second,
we can choose the objective for matching,.
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Regarding the target distribution, the most direct approach is known as Behavioral Cloning
(BC) (Pomerleau, 1991; Osa et al., 2018). BC aims to match the expert’s conditional action
policy z(als), i.e., the distribution of actions the expert took in each state s. The crucial
limitation of this approach is that any error in the learned policy will compound when it
is executed. Because the policy is trained only on states visited by the expert, any mistake
can lead the agent to out-of-distribution regions of the state space, where optimal actions
are not known. A more robust, but harder-to-realize, alternative is to match the expert’s
state-action distribution p(s, a) or its marginal state distribution p(s). Intuitively, these
force the agent to both be in the same states and take the same actions as the expert or only
be in the same states as the expert, respectively. The main problem with these approaches
is that evaluating the state-action distribution p(s, a) or the marginal state distribution
p(s) requires knowledge of the system dynamics, which is usually not available. However,
if we can sample from the system dynamics, approaches such as Generative Adversarial
Imitation Learning (GAIL) (Ho and Ermon, 2016) can still match these distributions by
using the GAN framework introduced in Section 2.4.2.

The second choice, which objective to use, is more prominently featured in this thesis,
This choice determines the nature of the learned policy, especially when dealing with
the versatile and multimodal behavior often demonstrated by humans. As introduced in
Section 2.4.1, the maximum likelihood objective used in standard BC is mode-covering. It
forces the learned model to assign probability mass everywhere the expert distribution has
mass. When the model has limited capacity and the expert is multimodal, this property
leads to disastrous mode-averaging. The learned policy averages the distinct expert
behaviors, resulting in potentially unsafe actions. For example, if an obstacle has to be
avoided on the left or the right, averaging between these options would lead to colliding
with the obstacle head-on. In contrast, the reverse KL divergence, which defines the
Information Projection (I-Projection), is mode-seeking or zero-forcing. It penalizes the
learner for assigning probability mass where the expert has none. This allows a capacity-
limited model to ignore some modes of the expert’s behavior and focus its entire capacity
on accurately representing a single, valid mode. In the obstacle avoidance example, a
policy trained with the I-Projection would learn to go either left or right but not to average
them into a collision. This property is crucial for safely imitating complex human behavior.
Symmetric objectives, such as the Jensen-Shannon divergence used in GAIL, represent a
compromise but still exhibit mode-covering tendencies and do not fully resolve the safety
concerns of mode-averaging.

Motivated by the beneficial properties of the I-Projection for IL Chapter 3 introduces a novel,
practical, robust, and efficient approach to optimize it based on samples. Furthermore,
we provide empirical results that demonstrate the advantages of this approach over prior
methods for IL.
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3. Expected Information Maximization:
Using the I-Projection for Mixture
Density Estimation

As discussed in the introduction and Section 2.4, learning from human behavior presents a
powerful framework for training embodied agents. However, for this approach to succeed,
the agent must be able to learn from the diverse human behavior safely. Failing to represent
this multimodality appropriately can lead to policies that are not only suboptimal but
also unsafe. In this chapter, we introduce a novel approach to address this challenge by
answering the first research question of this thesis:

Q1 How can we learn multimodal probabilistic models that focus on modes they can
represent and avoid averaging?

Our solution is a novel approach called Expected Information Maximization (EIM), designed
to learn latent variable models, particularly mixture models, from demonstration data.
Inspired by previous work on Variational Inference for Mixture Models (Arenz et al.,
2018)(Section 2.2.4.1), EIM avoids using the likelihood as an objective and instead uses
the Information Projection. This approach allows the model to focus on the data it can
represent, avoiding the averaging effects that can lead to suboptimal or unsafe policies.
While EIM shares the need for density ratio estimation with adversarial methods, it is not
adversarial itself, as the density ratio is between two fixed distributions. This results in an
optimization procedure more akin to the original Expectation Maximization (Dempster
et al., 1977) approach, where a bound is iteratively optimized and tightened.

While EIM introduces a general learning approach, its primary motivation and focus is
on learning multimodal behavior by imitation. Further development of EIM, including an
application to real-world robotic imitation, is summarized in Section 3.7.

The following was published as Expected Information Maximization: Using the I-Projection
for Mixture Density Estimation (Philipp Becker, Oleg Arenz, and Gerhard Neumann, 2020)
in the 8th International Conference on Learning Representations, ICLR 2020. Reprinted with
permission of the authors. Wording, notation, and formulations were revised in several places.
The contents of the original publication were restructured. In particular, the content of the
preliminary section of the original publication was integrated into Section 2.4. Section 3.7
briefly summarizes several follow-up papers I contributed to during my PhD studies.

The work builds on my Master Thesis with the same title but extends it with additional discus-
sions and experiments for Expected Information Maximization with Marginal Distributions.
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Additionally, while the lower bound for the conditional case was already included in the thesis,
I derived, implemented, and evaluated the realization of Expected Information Maximization
for Nonlinear Mixtures of Experts afterward as part of my PhD studies.

3.1. Introduction

Learning the density of highly multimodal distributions is a challenging machine learning
problem relevant to many fields such as modeling human behavior (Pentland and Liu,
1999). Most common methods rely on maximizing the likelihood of the data. It is well
known that the maximum likelihood solution corresponds to computing the M(oment)-
projection of the data distribution to the parametric model distribution (Bishop, 2006).
Yet, the M-Projection averages over multiple modes in case the model distribution is not
rich enough to fully represent the data (Bishop, 2006). This averaging effect can result in
poor models, that put most of the probability mass in areas that are not covered by the
data. The counterpart of the M-Projection is the I(nformation)-projection. The I-Projection
concentrates on the modes the model is able to represent and ignores the remaining ones.
Hence, it does not suffer from the averaging effect (Bishop, 2006).

In this paper, we explore the I-Projection for mixture models which are typically trained
by maximizing the likelihood via Expectation Maximization (EM) (Dempster et al., 1977).
Despite the richness of mixture models, the averaging problem remains as we typically
do not know the correct number of modes and it is hard to identify all modes of the
data correctly. By the use of the I-Projection, our mixture models do not suffer from this
averaging effect and can generate more realistic samples that are less distinguishable from
the data. In this paper we concentrate on learning Gaussian mixture models and conditional
Gaussian mixtures of experts (Jacobs et al., 1991) where the mean and covariance matrix
are generated by deep neural networks.

We propose Expected Information Maximization (EIM), a novel approach capable of
computing the I-Projection between the model and the data. By exploiting the structure of
the I-Projection, we can derive a variational upper bound objective, which was previously
used in the context of Variational Inference (Maalee et al., 2016; Ranganath et al., 2016;
Arenz et al., 2018). In order to work with this upper bound objective based on samples, we
use a discriminator to approximate the required density ratio, relating our approach to
GANs (Goodfellow et al., 2014; Nowozin et al., 2016; Uehara et al., 2016). The discriminator
also allows us to use additional discriminative features to improve model quality. In our
experiments, we demonstrate that EIM is much more effective in computing the I-Projection
than recent GAN approaches. We apply EIM to a synthetic obstacle avoidance task, an
inverse kinematic task of a redundant robot arm as well as a pedestrian and car prediction
task using the Stanford Drone Dataset (Robicquet et al., 2016) and a traffic dataset from
the Next Generation Simulation program (U.S. Dep. of Transportation, 2016).
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3.2. Related Work

(a) Expert Data (b) M-Projection (c) I-Projection

Figure 3.1.: lllustration of the I-Projection vs. the M-Projection for modeling behavior. (a): A robot reaches a
target point while avoiding an obstacle. There are two different types of solutions, above and below the
obstacle. A single Gaussian is fitted to the expert data in joint space. (b): The M-Projection fails to reach the
target and collides with the obstacle. (c): The I-Projection ignores the second mode and reaches the target
while avoiding the obstacle.

3.2. Related Work

We will now discuss competing methods for computing the I-Projection that are based
on GANSs. Those are, to the best of our knowledge, the only other approaches capable of
computing the I-Projection solely based on samples of the target distribution. Furthermore,
we will distinguish our approach from approaches based on Variational Inference (VI) that
also use the I-Projection.

Variational Inference. The I-Projection is a common objective in VI (Opper and Saad,
2001; Bishop, 2006; Kingma and Welling, 2013). Those methods aim to fit tractable ap-
proximations to intractable distributions of which the unnormalized density is available.
EIM, on the other hand, does not assume access to the unnormalized density of the target
distributions but only to samples. Hence, it is not a VI approach, but a density estimation
approach. However, our approach uses an upper bound that has been previously applied
to VI (Maalee et al., 2016; Ranganath et al., 2016; Arenz et al., 2018). EIM is especially
related to the VIPS algorithm (Arenz et al., 2018), which we extend from the VI case to
the density estimation case. Additionally, we introduce conditional latent variable models
into the approach.

Generative Adversarial Networks. While the original GAN approach minimizes the
Jensen-Shannon Divergence (Goodfellow et al., 2014), GANs have since been adapted to a
variety of other distance measures between distributions, such as the Wasserstein distance
(Arjovsky et al., 2017), symmetric KL (Chen et al., 2018) and arbitrary f-divergences
(Ali and Silvey, 1966; Nowozin et al., 2016; Uehara et al., 2016; Poole et al., 2016). Since
the I-Projection is a special case of an f-divergence, those approaches are of particular
relevance to our work. Nowozin et al. (2016) use a variational bound for f-divergences
(Nguyen et al., 2010) to derive their approach, the f-GAN. Uehara et al. (2016) use a
bound that directly follows from the density ratio estimation under Bregman divergences
framework introduced by Sugiyama et al. (2012) to obtain their b-GAN. While the b-GAN’s
discriminator directly estimates the density ratio, the f-GAN’s discriminator estimates an
invertible mapping of the density ratio. Yet, in the case of the I-Projection, both the f-GAN
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and the b-GAN vyield the same objective, as we show in Appendix A.3. For both the f-GAN
and b-GAN the desired f-divergence determines the discriminator objective. Uehara et al.
(2016) note that the discriminator objective, implied by the I-Projection, is unstable. As
both approaches are formulated in a general way to minimize any f-divergence, they do
not exploit the special structure of the I-Projection. Exploiting this structure permits us to
apply a tight upper bound of the I-Projection for latent variable models, which results in a
higher quality of the estimated models.

Li et al. (2019) introduce an adversarial approach to compute the I-Projection based on
density ratios, estimated by logistic regression. Yet, their approach assumes access to the
unnormalized target density, i.e., they are working in a VI setting. The most important
difference to GANSs is that we do not base EIM on an adversarial formulation and no
adversarial game has to be solved. This removes a major source of instability in the
training process, which we discuss in more detail in Section 3.4.1.

3.3. Expected Information Maximization

Expected Information Maximization (EIM) is a general algorithm for minimizing the I-
Projection for any latent variable model. We first derive EIM for general marginal latent
variable models, i.e., g(x) = / q(x|z)q(z)dz and subsequently extend our derivations to
conditional latent variable models, i.e., g(x|y) = f q(x|z,y)q(z|y)dz. EIM uses an upper
bound for the objective of the marginal distribution. Similar to Expectation-Maximization
(EM), our algorithm iterates between an M-step and an E-step. In the corresponding
M-step, we minimize the upper bound and in the E-step we tighten it using a variational
distribution.

3.3.1. EIM for General Latent Variable Models

The I-Projection can be simplified using a (tight) variational upper bound (Arenz et al.,
2018) which can be obtained by introducing an auxiliary distribution g(z|x) and using
Bayes rule

KL (q(0)|lp(x)) = Usp(q) —Eq(x) [KL (q(z|x)[lg(z]x))],

~——
upper bound >0
where
q(x|z)q(2) -
Usp(q) = ‘// q(x|z)q(z) (log ) —log g(z|x) | dzdx. (3.1)

The derivation of the bound is given in Appendix A.1. It is easy to see that U, (q) is
an upper bound as the expected KL term is always non-negative. In the corresponding
E-step, the model from the previous iteration, which we denote as g;(x), is used to tighten
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3.3. Expected Information Maximization

the bound by setting g(z|x) = g:(x|z)q:(z)/q:(x). In the M-step, we update the model
distribution by minimizing the upper bound Uj,(q). Yet, opposed to Arenz et al. (2018),
we cannot work directly with the upper bound since it still depends on log p(x), which
we cannot evaluate. However, we can reformulate the upper bound by setting the given
relation for g(z|x) of the E-step into Equation 3.1,

Uap(@ = [ a62)( [ atwie) o 25 ax + KL (q(xl2)lau(r12) | 4 KL (g0 a2
(3.2)

The upper bound now contains a density ratio between the old model distribution and
the data. This density ratio can be estimated using samples of g; and p, for example, by
using logistic regression as shown in Section 2.4.2.1. We can use the logits ¢(x) of such a
logistic regressor to estimate the log density ratio log(g;(x)/p(x)) in Equation 3.2. This
yields an upper bound

Uy p(q) = / a(2) ( / 4(x]2)(x)dx + KL (q(x12)l1g: (x12)) | dz + KL (q(2)]14:(2)) .
(3.3)

that depends on ¢ (x) instead of p(x). Optimizing this bound corresponds to the M-step of
our approach. In the E-step, we set g; to the newly obtained g and retrain the density ratio
estimator ¢(x). Both steps formally result in the following bilevel optimization problem

qr+1 € arg rqrgcr)l Upgr (@) st ¢"(x) € arg 2}%‘ BCE(¢(x), p(x), g: (x)).

Using a discriminator also comes with the advantage that we can use additional discrimi-
native features g(x) as input to our discriminator that are not directly available for the
generator. For example, if x models trajectories of pedestrians, g(x) could indicate whether
the trajectory reaches any positions that are not plausible such as rooftops or trees. These
features simplify the discrimination task and can therefore improve our model accuracy
which is not possible with M-Projection based algorithms such as EM.

3.3.2. EIM for General Conditional Latent Variable Models

For conditional distributions, we aim at finding the conditional I-Projection

arg ;{ﬁf}) Epy) [KL (g(x[y)|Ip(xly))] .

The derivations for the conditional upper bound follow the same steps as the derivations in
the marginal case, where all distributions are extended by the context variable y. We refer
to the supplement for details. The log density ratio estimator ¢(x, y) now discriminates
between samples of the joint distribution of x and y. For training ¢(x, y) we generate a
new sample x for each context y, using the distribution go1q(x|y). Hence, as the context
distribution is the same for the true data and the generated data, the log density ratio of
the conditional distributions is equal to the log density ratio of the joint distributions.
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3.3.3. EIM for Gaussian Mixtures Models

We consider Gaussian mixture models with D components, i.e., multivariate Gaussian
distributions q(x|z;) = N'(p;,Z;) and a categorical distribution g(z) = Cat(sr) for the coef-
ficients. As the latent distribution ¢(z) is discrete, the upper bound in EIM (Equation 3.2)
simplifies, as the integral over z can be written as a sum. Similar to the EM-algorithm,
this objective can be updated individually for the coefficients and the components. For
both updates, we will use similar update rules as defined in the VIPS algorithm (Arenz
et al., 2018). VIPS uses a trust region optimization for the components and the coefficients,
where both updates can be solved in closed form as the components are Gaussian. The
trust regions prevent the new model from going too far away from g; where the density
ratio estimator is inaccurate, and hence, further stabilize the learning process. We will
now sketch both updates and refer to Appendix A.1 for the full details.

For updating the coeflicients, we assume that the components have not yet been updated,
and therefore KL (q(x|z;)||q:(x|z;)) = 0 for all z;. The objective for the coefficients thus
simplifies to

D
argmin > g(2)¢(z1) + KL (q(2)llar(2) - with  §(z0) =Bz [9(0]. (39)
i=1

where ¢(z;) can be approximated using samples from the corresponding component. This
objective can easily be optimized in closed form, as shown in the VIPS algorithm (Arenz
et al., 2018). We also use a KL trust-region to specify the step size of the update. For
updating the individual components, the objective simplifies to

arg qr(r)l(}g) Eq(xiz) [¢(x)] + KL (q(x]2)lg: (x]21)) - (3.5)

As in VIPS, this optimization problem can be solved in closed form using the MORE
algorithm (Abdolmaleki et al., 2015). The MORE algorithm uses a quadratic surrogate
function that locally approximates ¢(x). The resulting solution optimizes Equation 3.5
under a KL trust-region. The pseudo-code of EIM for GMMs can be found in Algorithm 1.

3.3.4. EIM for Gaussian Mixtures of Experts

In the conditional case, we consider mixtures of experts consisting of D multivariate
Gaussians, whose parameters depend on an input y in a nonlinear fashion, i.e., g(x|z;, y) =
N (¥,,i(y), ¥5i(y)) and the gating is given by a neural network with softmax output.
We again decompose the resulting upper bound into individual update steps for the
components and the gating. Yet, closed-form solutions are no longer available and we
need to resort to gradient-based updates. The objective for updating the gating is given

by
D

arg q(rrg';l) (Ep(y)qxizuy) [9(zily) (%, 9)1) +Ep(y [KL (q(zly)llg: (2ly))] . (3.6)
i=1
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3.4. Qualitative Comparison to Related Generative Approaches

EIM-for-GMMs ({x}'} j-1...x, ¢(%));

Input:Data {xl(,j)}jzl...N, Initial Model g(x) = ?:1 q(x|zi)q(z;) = ?:1 mN (x|p;, %))
for i in number of iterations do

E-Step:

q:(z) = q(z), q:(x|z;) = q(x|z;) for all components i

Update Density Ratio Estimator:

sample data from model {Xéj ) biztoN ~ @i (X)

retrain density ratio estimator ¢(x) on {xéj )} j=1..N and {x((lj )} j=1-N
M-Step Coefficients:

for i in number of components do

1 . ;
compute loss I; = N ?[:1 0] (X((lj)) with samples {x((lj) biztN ~ qi(X]2;)

end

update g(z) using losses [; and MORE equations
M-Step Components:

for i in number of components do

fit gi;(x) surrogate to pairs (Xéj), ¢ (xéj))) with samples {xéj) }i=1-N ~ i (X]2;)

update q(x|z;) using surrogate gi; (x) and MORE equations
end
end
Algorithm 1: Expected Information Maximization for Gaussian Mixture Models.

We minimize this equation w.r.t. the parameters of the gating by gradient descent using the
Adam (Kingma and Ba, 2014) algorithm. The objective for updating a single component i
is given by

arg q(r)glliny) Byl [Eq(xlzi,y) [¢(x,y)] + KL (q(x|z1, y)llg: (]2, Y))] ) 3.7)

where p(yl|zi) = p(y)q(zily)/q(z;i). Note that we normalized the objective by q(z;) =
f p(v)q(zily)dy to ensure that also components with a low prior g(z;) get large enough
gradients for the updates. As we have access to the derivatives of the density ratio estimator
w.r.t. X, we can optimize Equation 3.7 with gradient descent using the reparametrization
trick (Kingma and Welling, 2013) and Adam (Kingma and Ba, 2014).

3.4. Qualitative Comparison to Related Generative
Approaches

3.4.1. Generative Adversarial Networks

There is a close relation between EIM and GANs due to the use of a logistic discriminator
for the density ratio estimation. It is therefore informative to investigate the differences in
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(a) Log Density Ratio (b) Adversarial Formulation
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Figure 3.2.: An illustrative example of the benefits of EIM versus an adversarial formulation. (a): The true
log density ratio of the model and the target distribution (both are Gaussians). The location of the optimum
is unbounded. (b): In the adversarial formulation, the generator minimizes the expected log density ratio. If
we neglect that the adversarial discriminator changes with every update step of the generator, the generator
updates yield an unbounded solution. Hence, overly aggressive generator updates yield unstable behavior.
(c): The upper bound of EIM introduces an additional KL-term as objective. Optimizing this objective directly
yields the optimal solution without the need to recompute the density ratio estimate.

the case without latent variables. In an adversarial formulation, the density ratio estimator
would directly replace the density ratio in the original I-Projection equation, i.e.,

argmin / q(§ ()dx st §°(x) € argminBCE($(x), p(x), 4" ()

However, such adversarial games are often hard to optimize. In contrast, EIM offers a
bilevel optimization problem where the discriminator is explicitly learned on the old data
distribution g¢;(x),

argmin / g(x)¢* (x)dx + KL (g(x)]|q:(x))
q(x)

s.t. §*(x) € arg g}ir)lBCE(qﬁ(x),p(x), q:(x)).

Thus, there is no circular dependency between the optimal generator and the optimal
discriminator. Figure 3.2 illustrates that the proposed non-adversarial formulation does
not suffer from too large model updates. Choosing the number and step-size of the updates
is thus far less critical.

3.4.2. Expectation-Maximization

EIM can also be seen as the counterpart of Expectation-Maximization (EM). While EM
optimizes the M-Projection with latent variable models, EIM uses the I-Projection. However,
both approaches decompose the corresponding projections into an upper bound (or lower
bound for EM) and a KL-term that depends on the conditional distribution g(z|x) to tighten
this bound.
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3.5. Empirical Evaluation

Recall that the Expectation-Maximization (EM) algorithm (Dempster et al., 1977) maximizes
the log-likelihood of the data by iteratively maximizing and tightening the following lower
bound

Ep(x) [log g(x)] = Ep(x) [ / G(z]x) log Zgbi;

= L(q,q9) +Epw [KL(G(z]x)]lq(z]x))] .
———
lower bound >0

dz

+Epy) [ / G(zlx) log ZZ :3 dz

It is instructive to compare our upper bound (Equation 3.1) to this lower bound. As
mentioned, maximizing the likelihood is equivalent to minimizing the M-Projection,
ie., argming(y) KL (p(x)[|g(x)), where, in relation to our objective, the model and true
distribution have switched places in the non-symmetric KL objective. Like our approach,
EM introduces an auxiliary distribution g(z|x) and bounds the objective from below by
subtracting the KL between auxiliary distribution and model, i.e., KL (g(z|x)||g(z|x)). In
contrast, we obtain our upper bound by adding KL (g(z|x)||§(z|x)) to the objective. Again,
the distributions have exchanged places within the KL.

3.5. Empirical Evaluation

A reference implementation of Expected Information Maximization for Gaussian Mixtures
and Mixtures of Experts is available at:

https://github.com/pbecker93/ExpectedInformationMaximization

We compare our approach to GANs and perform an ablation study on a toy task, with data
sampled from known mixture models. We further apply our approach to two synthetic
datasets, learning the joint configurations of a planar robot as well as a non-linear obstacle
avoidance task, and two real datasets, namely the Stanford Drone Dataset (Robicquet et al.,
2016) and a traffic dataset from the Next Generation Simulation program. A full overview
of all hyperparameters and network architectures can be found in Appendix A.2.

3.5.1. Comparison to Generative Adversarial Approaches and Ablation
Study

We compare to the f-GAN which is the only other method capable of minimizing the
[-Projection solely based on samples. We use data sampled from randomly generated
GMMs with different numbers of components and dimensionalities. To study the influence
of the previously mentioned differences of EIM to generative adversarial approaches, we
also perform an ablation study. We compare to a version of EIM where we neglect the
additional KL-term (EIM, no KL), a version where we trained all components and the
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Figure 3.3.: Average I-Projection achieved for EIM, the f-GAN, and the modified EIM versions. The task is
to fit a model to samples from a randomly generated GMM of different dimensions. Both the model and the
target GMM have the same number of components. EIM clearly outperforms the generative adversarial
approaches, especially for larger dimensions. The ablation study shows that the separated, closed-form
updates yield better results. Neglecting the KL has a big influence on lower dimensional models, but is
outweighed by the error of the discriminator at higher dimensions.
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Figure 3.4.: Average distance to line (left) and samples (right) for robot line reaching. While EIM for small
numbers of components ignores modes, not considering the whole line, it learns models that achieve the
underlying task, i.e., reach the line. Providing additional information to the density ratio estimator further
decreases the average distance to the line. EM, on the other hand, averages over the modes, and thus, fails
to reach the line even for large numbers of components.

coefficients jointly using gradient descent (Joint EIM), and a version where we do both
(Joint EIM, no KL). The average I-Projection achieved by the various approaches can be
found in Figure 3.3.

3.5.2. Line Reaching with Planar Robot

We extended the introductory example of the planar reaching task and collected expert
data from a 10-link planar robot tasked with reaching a point on a line. We fitted GMMs
with an increasing number of components using EIM, EIM with additional features, where
the end-effector coordinates for a given joint configuration were provided, and EM. Even
for a large number of components, we see effects similar to the introductory example, i.e.,
the M-Projection solution provided by EM fails to reach the line while EIM manages to
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Figure 3.5.: Results on the traffic prediction tasks. Naturally, EM achieves the highest training log-likelihood.
Yet, for large numbers of components, a severe amount of overfitting is observed. EIM, on the other hand, has
no problems working with high numbers of components and achieves a higher test log-likelihood, despite
optimizing a different objective. We also provided 'road masks’ as additional features for the discriminator.
We used this road mask to evaluate how realistic the generated samples are. While EIM without features
produced more realistic samples on the Lankershim dataset, we needed the feature input to outperform EM
on this evaluation on the SDD dataset.

do so. For small numbers, EIM ignores parts of the line, while more and more parts of
it get covered as we increase the number of components. With the additional features,
the imitation of the line reaching was even more accurate. See Figure 3.4, for the average
distance between the end-effector and the line as well as samples from both EM and EIM.

3.5.3. Pedestrian and Traffic Prediction

We evaluated our approach on data from the Stanford Drone Dataset (SDD) (Robicquet
et al., 2016) and a traffic dataset from the Next Generation Simulation (NGS) program
(U.S. Dep. of Transportation, 2016). The SDD data consists of trajectories of pedestrians,
bikes, and cars and we only used the data corresponding to a single video of a single scene
(Video 1, deathCircle). The NGS data consists of trajectories of cars and we considered
the data recorded on Lankershim Boulevard. In both cases we extracted trajectories of
length 5, yielding highly multimodal data due to pedestrians, bikes, and cars moving at
different speeds and in different directions. We evaluated on the achieved log-likelihood
of EIM and EM, see Figure 3.5. EM achieves the highest likelihood as it directly optimizes
this measure. However, we can already see that EM massively overfits when we increase
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Figure 3.6.: Samples from the Dataset, EIM, EIM with features and EM, plotted over the reference image
from the Stanford Drone Dataset and the generated mask. In the mask green corresponds to valid regions
and red to invalid regions. EIM with the additional feature input generates samples that stay within the
‘road mask’ and are therefore considered to be more realistic.
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Figure 3.7.: Results on the obstacle avoidance task. Left: Even for a small number of components, EIM has
a rather high probability of success, i.e., placing a trajectory that does not hit any obstacle. Even with a
sufficient number of components, i.e., eight, EM fails to achieve good results. Middle and Right: Samples
of a mixture with 4 components, learned by EIM and EM respectively. EM clearly averages over multiple
modes in the data distribution.

the number of components as the test-set likelihood degrades. EIM, on the other hand,
produced better models with an increasing number of components. Additionally, we
generated a mask indicating whether a given point is on the road or not and evaluated how
realistic the learned models are by measuring the amount of samples violating the mask,
i.e., predicting road users outside of the road. We also evaluate a version of EIM where we
provide additional features indicating if the mask is violated. EIM achieves a much better
value on this mask for the NGS dataset, while we needed the additional mask features
for the discriminator on the SDD dataset to outperform EM. Both experiments show that
EIM can learn highly multimodal density estimates that produce more realistic samples
than EM. They further show that the models learned by EIM can be refined by additional
prior knowledge provided as feature vectors. Figure 3.6 shows qualitative samples for the
different approaches on the Stanford Drone Dataset.
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3.5.4. Obstacle Avoidance

We evaluate the conditional version of EIM on an artificial obstacle avoidance task. The
context contains the location of three obstacles within an image. The gating, as well as the
components, are given by deep neural networks. Details about the network architectures
can be found in the Appendix. The data consists of trajectories going from the left to the
right of the image. The trajectories are defined by setting 3 via-points such that no obstacle
is hit. To generate the data we sample via-points over and under the obstacles with a
probability proportional to the distance between the obstacle and the image border. Hence,
for three obstacles, there are 23 = 8 different modes in the data. Note that, like in most
real-world scenarios, the expert data is not perfect, and about 13% of the trajectories in the
dataset hit an obstacle. We fit models with various numbers of components to this data
using EIM and EM and compare their performance on generating trajectories that achieve
the goal. Results are shown in Figure 3.7 together with a visualization of the task and
samples produced by EIM and EM. EIM was able to identify most modes for the different
given inputs and did not suffer from any averaging effect. In contrast, EM does not find all
modes. As a consequence, some components of the mixture model had to average over
multiple modes, resulting in poor quality trajectories.

3.6. Conclusion

We introduced Expected Information Maximization (EIM), a novel approach for computing
the I-Projection between general latent variable models and a target distribution, solely
based on samples of the latter. General upper bound objectives for marginal and conditional
distributions were derived, resulting in an algorithm similar to EM, but tailored for the
[-Projection instead of the M-Projection. We introduced efficient methods to optimize
these upper bound objectives for mixture models. In our experiments, we demonstrated
the benefits of the I-Projection for different behavior modelling tasks. The introduced
approach opens various pathways for future research. While we focused on mixture
models, the derived upper bounds are not exclusive to those and can be used for arbitrary
latent variable models. Another possibility is an online adaptation of the number of used
components. Arenz et al. (2018) propose heuristics for such an adaptation in their VIPS
approach. Those could easily be adapted to our approach.

Contribution Statement. [ (re)derived the upper bounds for the marginal and derived the
bounds for the conditional case. I derived and implemented EIM for Gaussian Mixture Models
and Mixtures of Experts, ran all evaluations, and wrote the large majority of the resulting
article. OA advised me during the derivation and implementation. He double-checked the
derivations, suggested improvements to the implementation, and proposed experiments and
ablations. GN suggested using density ratio estimation techniques to extend Variational
Inference by Policy Search (Arenz et al., 2018) to density estimation, suggested experiments
and wrote small parts of the article.
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3.7. Follow Ups

During my PhD studies, I contributed to several follow-up works that extended Expected
Information Maximization (EIM). These projects were led by fellow PhD students or Master’s
students I supervised, and I list my contributions to the individual works in the contribution
statements at the end of the respective sections.

Here, we will briefly discuss three works that build upon ideas from Expectation Infor-
mation Maximization (EIM). First, Freymuth et al. (2021) introduced Versatile Inverse
Reinforcement Learning (VIRL) (Section 3.7.1), an extension of EIM from Imitation Learn-
ing to inverse Reinforcement Learning. Next, Freymuth et al. (2022) proposed Versatile
Imitation Learning from Geometrically Observed Representations (VIGOR) (Section 3.7.2),
a practical Imitation Learning approach building on EIM. It exploits geometric features of
planned behavior to train the discriminator and learns multimodal behavior for real-world
robots from a few human demonstrations. Freymuth et al. (2021) and Freymuth et al. (2022)
use the expression versatile (behavior) synonymously with multimodal (behavior).

Finally, we include Differentiable Trust Region Projection Layers (Otto et al., 2021)(Sec-
tion 3.7.3). While seemingly unrelated at first glance, the specialized code initially written
for EIM proved crucial for this work.

3.7.1. Versatile Inverse Reinforcement Learning via Cumulative Rewards

This section summarizes Versatile Inverse Reinforcement Learning via Cumulative Rewards,
published at the Workshop on Robot Learning: Self-Supervised and Lifelong Learning at
NeurlIPS 2021 (Niklas Freymuth, Philipp Becker, and Gerhard Neumann, 2021) and draws
connections to EIM.

Inverse Reinforcement Learning (IRL) (Ng and Russell, 2000; Abbeel and Ng, 2004) is a
form of Imitation Learning that aims to learn a model of the expert’s underlying rewards
based on demonstrations. The hope is that this model enables training agents that are
more robust than those based on direct imitation, thereby improving performance over
the expert and generalizing to novel scenarios. Freymuth et al. (2021) propose Versatile
Inverse Reinforcement Learning (VIRL), which builds on EIM to learn reward models
from demonstrations of highly versatile behavior by taking the sum of iteratively trained
discriminators.

Building on maximum entropy IRL (Ziebart et al., 2008), VIRL assumes the expert’s reward
is given as R(x) = log p(x) — ¢, where p(x) is the distribution over demonstrations and c is
some constant offset. From EIM, we know that we can interactively update a model of the
data, g;(x), by maximizing Equation 3.3, which is optimal for (Abdolmaleki et al., 2015)

log gr+1(x) = log q:(x) + ¢ (x) — ;. (3.8)

Here, ¢;(x) is a discriminator, approximating the log density ratio between ¢;(x) and p(x)
and c; is the log of the normalization constant. If we now assume the algorithm converges
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after T iterations, i.e., g7(x) = p(x), we rewrite the maximum entropy reward model by
recursively inserting the solution of Equation 3.8 into itself,

R(x) = log p(x) — ¢ = log gr(x) — ¢ = logexp (log gr-1(x) = ¢pr-1(x) —cr-1) —¢

T-1 T-1
=log go(x) = D ($:(x) =) —c =loggo(x) = D $i(x) — &,
i=0 i=0

where ¢ = ¢ + >, ¢; accumulates all constant offsets and gy (x) is an arbitrary prior over
the demonstrations. In contrast to the parametric model learned by EIM, the cumulative
reward function can represent behaviors of arbitrary complexity and is not constrained by
the number of model components.

However, VIRL still needs samples from the current g;(x) to train the discriminators and
thus fits a parametric approximation at each iteration using VIPS (Arenz et al., 2018).
Crucially, VIRL then corrects these samples using importance weighting, which enables
the use of an imperfect approximation to train a discriminator between demonstrations
and samples from the current optimal policy.

Furthermore, Freymuth et al. (2021) introduces several practical modifications to stabilize
the algorithm, such as enriching the VIPS approximation by a Kernel Density Estimator
trained on the data for a more robust sampling. They then evaluate VIRL on two simulated
tasks that exhibit highly versatile behavior and demonstrate that VIRL can learn reward
functions for these tasks. In particular, the learned reward functions allow training
new policies during test time, which cover more modes than the original variational

approximation of qu) used for training,.

Contribution Statement. NF derived and implemented VIRL in the course of his Master’s
Thesis. He made the majority of design choices for the implementation, conducted all ex-
periments and evaluations, and wrote the majority of the paper. I supervised NF during his
Master’s Thesis, helping with derivations and design choices of the implementation. I also
wrote and revised parts of the paper. GN supervised the project, proposed the key idea of
using cumulative rewards, and assisted in writing the paper. Both GN and I helped with the
experiment design.

3.7.2. Inferring Versatile Behavior from Demonstrations by Matching
Geometric Descriptors

This section summarizes Inferring Versatile Behavior from Demonstrations by Matching
Geometric Descriptors, published in the 6th Conference on Robot Learning, CoRL 2022 (Niklas
Freymuth, Nicolas Schreiber, Aleksandar Taranovic, Philipp Becker, and Gerhard Neumann,
2022), and draws connections to EIM.

Building on EIM, Freymuth et al. (2022) propose Versatile Imitation from Geometrically
Observed Representations (VIGOR), a practical Imitation Learning approach applicable

55



3. Expected Information Maximization: Using the I-Projection for Mixture Density Estimation

FTTTANN

Figure 3.8.: VIGOR (Freymuth et al., 2022) allows Imitation Learning of multimodal behavior on real robots,
as demonstrated on the shown task. Here, a Franka Emika Panda robot must push a box into a specified
goal pose. The first two rows show executions of the learned behavior on the real robot, while the last row
shows the same setup in simulation, with the target indicated in green. The target is the same for all three
rows, yet all three executions push the box differently, showing how VIGOR can capture multiple modes in
human demonstrations. Here, the first execution pushes from inside the box while the second two push
from different locations on the outside. Figure taken from Freymuth et al. (2022). Caption rewritten.

to human demonstrations and real-world robots. VIGOR learns versatile behavior, pa-
rameterized by mixture models, via a non-adversarial distribution matching approach
using a discriminator. This setup is very similar to EIM, but VIGOR fully leans onto the
idea of using discriminative features, as discussed in Section 3.3, by relying solely on
such features. It utilizes intelligently designed features that exploit geometric relations,
abstracting away the concrete task configuration by relying on relative information, e.g., by
using the distance between a robot’s end-effector and a target instead of its absolute value.
Using these features allows VIGOR to learn highly generalizable multimodal behavior
from small amounts of contexts and demonstrations on realistic and real robot systems.

VIGOR represents the expert behavior using Probabilistic Movement Primitives (ProMPs)
(Paraschos et al., 2013). These compact trajectory representations allow modeling complex
trajectories with few parameters w, which massively simplifies learning. Given a context
¢, VIGOR then fits a mixture model to the ProMP parameters q(w|c) using an approach
closely modeled on EIM. The discriminator fully relies on the sequences of geometric
features generated from w, O(w) = (0;(wW)),—,..r along the entire trajectory, while not
considering w or c directly. Additionally, VIGOR exploits the sequential nature of the
features O(w) by unfolding the discriminator over time. To this end, a 1d-Convolutional
Neural Network provides an output y,(O(w)) for each time step given a sequence of
features O(w) with w either taken from the data or sampled from the current mixture
model. The density ratio estimator is trained by minimizing

~Eq(wo) Zlog(a(m(O(w)))) Ep(sle) Zlog(l—o(m(O(w))))

where p(w|c) is the data distribution and o the sigmoid activation function.
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To learn the actual behavior, VIGOR uses the same update steps as EIM for Gaussian
Mixture Models (GMMs) (Section 3.3.3) to learn a single GMM for each training context.
This formulation allows using the effective closed-form updates available for marginal
models and avoids the costly and noisy reparametrization-based updates for conditional
models. Additionally, using a Mixture of Experts model parameterized with a neural
network can lead to severe overfitting. This issue is particularly noticeable in scenarios
with very few contexts and demonstrations, which is the focus of VIGOR. However,
VIGOR can still generalize to previously unseen contexts. During training, VIGOR includes
additional contexts for which no expert demonstrations are available, and Freymuth et al.
(2022) show that the resulting policies generalize well to these contexts. Additionally, once
trained, VIGOR can, in principle, learn behavior for new contexts without additional data
by reusing the discriminator. In particular, neither case requires additional interaction with
the environment, as the geometric features are evaluated based on the planned behavior
given by the ProMP. This approach offers a significant advantage compared to related
adversarial Imitation Learning methods (Ho and Ermon, 2016), which heavily rely on such
environment interaction during imitation.

Freymuth et al. (2022) evaluated VIGOR on a suite of three tasks, a 2D planar reacher, a
7 Degree of Freedom reach task with a Franka Emika Panda robot, and the box pushing
task shown in Figure 3.8. They use human demonstrations for all environments and show
how VIGOR can learn highly versatile and accurate behavior from as few as 6 contexts
and 5 samples per context. These experiments show how combining geometric features,
movement primitives, and ideas from EIM can lead to successful Imitation Learning of
multimodal behavior that is transferable from simulation into the real world.

Contribution Statement. NF derived and implemented VIGOR. He made the majority of
design choices for the implementation, conducted the majority of evaluations, including data
collection, and wrote the majority of the paper. NS assisted with experiments, particularly
in running real-world robot experiments and collecting data. AT participated in discussions
about the methodology and experiments. I provided guidance on deriving VIGOR, helped
identify implementation issues, and assisted with the experimental design and presentation
of the results. I wrote or revised parts of the paper. GN supervised the project, assisted in
identifying implementation issues, and suggested relevant experiments.

3.7.3. Differentiable Trust Region Layers for Deep Reinforcement Learning

This section summarizes Differentiable Trust Region Layers for Deep Reinforcement Learn-
ing, published in the 9th International Conference on Learning Representations (ICLR 2021)
(Fabian Otto, Philipp Becker, Vien Anh Ngo, Hanna Carolin Maria Ziesche, and Gerhard
Neumann, 2021) and draws connections to EIM.

Trust Region methods are a crucial tool for model-free on-policy Reinforcement Learning
(RL) (Peters et al., 2010), as they can help control exploration and increase the robustness
of inherently noisy policy gradient methods. However, enforcing such trust regions in
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deep RL approaches is notoriously difficult, and many popular approaches resort to crude
approximations (Schulman et al., 2015a, 2017). While these approaches can work effectively
when properly tuned, they often violate the trust region constraints, fail at exploration,
and are challenging to implement due to their high susceptibility to seemingly minor
implementation details (Engstrom et al., 2019). As a remedy, Otto et al. (2021) propose
differentiable trust region projection layers.

Generally, modern trust region policy gradient methods iteratively collect data with the
current policy 7; (als), which is then used to update to policy using an importance sampling
estimator (Schulman et al., 2015a) by optimizing

mr+1(als) =arg rr(la}x) E m(arfse) Ax(sr,ar)
m(a|s

pos0) [T1-o (r(arlse)p(senalsean) | 7 Ts)

s.t. d(n(als), mc(als)) <€ Vs,

where A;(s,a) denotes the advantage function corresponding to 7;(als) and d is some
distance measure between probability distributions used to define the trust region. The
differentiable trust region projection layers can be added on top of any Gaussian policy
nm(als) = N(u(s),X(s)), parameterized by a neural network. Given x(a|s) and the old
policy m;(a|s) they then project the parameters back inside the trust region, by solving

arg min d (7(als), z(als)) s.t. d(7a(als), m(als)) <e (3.9)

n(als)

for each state. For their practical algorithm, Otto et al. (2021) split the constraint into
separate constraints for the policy’s mean and covariance, using different trust region
sizes for each. Otto et al. (2021) propose three different choices for d, the Frobenius norm
between parameters, the Wasserstein-2 (Villani et al., 2008) distance and the KL divergence.
While Equation 3.9 can be solved in closed form for Frobenius norm and Wasserstein-2
distance, numerical optimization is required for the KL.

This numerical optimization is where we draw the connection to EIM, as the optimization
problem in Equation 3.9 and EIM’s trust region-based update for the GMM components
are closely related. Both are instances of the general optimization problem considered
by Abdolmaleki et al. (2015), which provides a closed-form update for the primal and a
numerical solution for the dual optimization problem (Appendix A.1.2). Additionally, for
both settings, we need a highly efficient and parallelized implementation as the numerical
optimization must be repeatedly solved for a large number of components or states in a
batch, respectively. We created such an implementation in C++ during the development
of EIM and modified it for the differentiable trust region projection layers by tailoring it
to the projection optimization problem and adding gradients by differentiating the KKT
conditions following Amos and Kolter (2017).

Among the three measures considered by Otto et al. (2021), the KL projection yielded the
best results. It, and our implementation, was adopted by several follow-up works (Otto
et al., 2023; Celik et al., 2024; Otto et al., 2025; Hoang et al., 2025).

The mentioned C++ implementation is available at https://github. com/ALRhub/ITPAL
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Contribution Statement.  FO led the project, did the majority of derivations, and practically
realized the trust region projection layers. He implemented the large majority of the code, ran
and evaluated the experiments, and wrote the majority of the paper. I wrote the original C++
code for EIM and adapted it for this work. I performed the corresponding derivations, including
the calculation of the corresponding gradients. Additionally, I conducted preliminary studies
regarding the viability of KL-based trust region projections, VAN proved Theorem 1 in the
paper. HZ proposed the Wasserstein-based projection approach. GN proposed the original
idea of differentiable trust region projection layers and supervised the project. VAN, HZ, GN,
and I assisted with derivations and identifying issues with the implementation.
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4. Recurrent Kalman Networks:
Factorized Inference in
High-Dimensional Deep Feature Spaces

This chapter establishes a crucial architectural foundation for addressing the second
research question, namely the Recurrent Kalman Network (RKN). The RKN combines the
strengths of recurrent neural networks (Elman, 1990; Hochreiter and Schmidhuber, 1997)
with the probabilistic framework of Kalman filters (Kalman, 1960). By embedding a Linear
Gaussian State Space Model (LGSSM) (Section 2.1.3.1) into a recurrent neural network,
we obtain a model that can learn to represent complex temporal dependencies in high-
dimensional observations while still allowing closed-form inference of belief states in a
latent space. To utilize the relatively high-dimensional latent spaces required for modeling
complex observations, the RKN relies on a factorized representation, which enables it to
remain computationally efficient and scalable. Due to its probabilistic nature and exact
inference capabilities, the RKN can model uncertainty in a principled manner and applies
to various tasks, including state estimation, filtering, and prediction. This approach is in
stark difference to many other advancements in general sequence-to-sequence models,
which focus on discrete data and do not holistically consider uncertainty (Hochreiter and
Schmidhuber, 1997; Vaswani et al., 2017).

While we focused on state estimation and filtering tasks in the original publication, subse-
quent work extended the RKN for modeling robotic dynamics, non-stationary systems,
and switching dynamics for multimodal behavior. We will briefly summarize these works
in Section 4.5. More crucially, in the context of this thesis, the RKN lays the foundation of
the subsequently presented work, and its architecture heavily influenced the design of the
models presented in Chapter 5 and Chapter 6.

The following was published as Recurrent Kalman Networks: Factorized Inference in
High-Dimensional Deep Feature Spaces (Philipp Becker, Harit Pandya, Gregor Gebhardt,
Cheng Zhao, C James Taylor, and Gerhard Neumann, 2019) in the Proceedings of the 36"
International Conference on Machine Learning (ICML 2019) Reprinted with permission of the
authors. Wording, notation, and formulations were revised in several places. The contents of
the original publication were restructured. Section 4.5 briefly summarizes several follow-up
papers I contributed to during my PhD studies.

The work was conducted and published before I started my PhD studies.
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4.1. Introduction

State-estimation in unstructured environments is a very challenging task as observations
or measurements of the environment are often high-dimensional and only provide partial
information about the state. Images are a good example: Even for low resolution, the
number of pixels can quickly exceed tens or hundreds of thousands and it is impossible
to obtain any information about the dynamics, such as velocities, from a single image.
Additionally, the observations may be noisy or may not contain useful information for the
task at hand. Such noise can, for example, be introduced by poor illumination or motion
blur and occlusions can prevent us from observing some or all relevant aspects of the
scene. In addition to state estimation, it is also often desirable to predict future states or
observations, for example, in order to assess the consequences of future actions. To this
end, an initial estimate of the current state is necessary which again has to be inferred from
observations. In such environments, we typically also have to deal with high uncertainties
in the state estimates. Being able to model this uncertainty is crucial in many decision
making scenarios, e.g., if we need to decide to perform an action now or wait until more
information about the scene is available.

Deep learning models have been very successful for time-series modelling in unstructured
environments. Classical models such as LSTMs (Hochreiter and Schmidhuber, 1997) or
GRUs (Cho et al., 2014) perform well but fail to capture the uncertainty of the state estimate.
Recent probabilistic deep learning approaches have used the Kalman filter (KF) as a tool
to integrate uncertainty estimates into deep time-series modelling (Haarnoja et al., 2016;
Watter et al., 2015; Archer et al., 2015; Fraccaro et al., 2017; Krishnan et al., 2017). These
approaches use the KF to perform inference in a low-dimensional (latent) state space
that is typically defined by a deep encoder. However, using KF in such a state space
comes with two main limitations. In order to be usable for non-linear dynamics, we
have to introduce approximations such as the extended KF (Haarnoja et al., 2016) and
Variational Inference methods (Krishnan et al., 2017; Fraccaro et al., 2017). Moreover,
the KF equations require computationally expensive matrix inversions that are hard to
scale to high dimensional latent spaces for more complex systems and computationally
demanding to fully backpropagate in an end-to-end manner. Most of these methods are
implemented as (variational) auto-encoders and are therefore also limited to predicting
future observations or imputing missing observations and can not be directly be applied
to state estimation.

We introduce the Recurrent Kalman Network, an end-to-end learning approach for Kalman
filtering and prediction. While Kalman filtering in the original state space requires ap-
proximations due to the non-linear models, the RKN uses a learned high-dimensional
latent state representation that allows for efficient inference using locally linear transition
models and a factorized belief state representation. Exploiting this representation allows
us to avoid the expensive and numerically problematic matrix inversions involved in the
KF equations.

Conceptually, this idea is related to kernel methods which use high-dimensional feature
spaces to approximate nonlinear functions with linear models (Gebhardt et al., 2017).
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However, in difference to kernel feature spaces, our feature space is given by a deep
encoder and learned in an end-to-end manner.

The RKN can be used for any time-series data set for which LSTMs and GRUs are cur-
rently the state of the art. In contrast to those, the RKN uses an explicit representation
of uncertainty which governs the gating between keeping the current information in
memory or updating it with the current observation. While the RKN shows a slightly
improved performance in terms of state estimation errors, both LSTMs and GRUs struggle
with estimating the uncertainty of the prediction while the RKN can provide accurate
uncertainty estimates. In relation to existing KF-based approaches, our approach can be
used for state estimation as well as for generative tasks such as image imputation. We also
show that we outperform state of the art methods on a complex image imputation task.

4.1.1. Related Work

Using encoders for time-series modelling of high-dimensional data such as images is a
common approach. Such encoders can also be easily integrated with well known deep
time-series models such as LSTMs (Hochreiter and Schmidhuber, 1997) or GRUs (Cho
et al,, 2014). These models are very effective but do not provide good uncertainty estimates
as shown in our experiments.

Pixel to Torques (P2T) (Wahlstrom et al., 2015) employs an autoencoder to obtain low
dimensional latent representations from images together with a transition model. They
subsequently use the models to perform control in the latent space. Embed to Control
(E2C) (Watter et al., 2015) can be seen as an extension of the previous approach with the
difference that a Variational Autoencoder (Kingma and Welling, 2013) is used. However,
both of these approaches are not recurrent and rely on observations which allow inferring
the whole state from a single observation. They can therefore not deal with noisy or
missing data.

The BackpropKF (Haarnoja et al., 2016) applies a CNN to estimate the observable parts of
the true state given the observation. Similar to our approach, this CNN additionally outputs
a covariance matrix indicating the model’s certainty about the estimate and allows the
subsequent use of an (extended) Kalman filter with known transition model. In contrast, we
let our model chose the feature space that is used for the inference such that locally linear
models can be learned and the KF computations can be simplified due to our factorization
assumptions.

Another family of approaches interprets encoder-decoder models as latent variable models
that can be optimized efficiently by Variational Inference. They derive a corresponding
lower bound and optimize it using the stochastic gradient variational Bayes approach
(Kingma and Welling, 2013). Black Box Variational Inference (BB-VI) (Archer et al., 2015)
proposes a structured Gaussian variational approximation of the posterior, which simplifies
the inference step at the cost of maintaining a tri-diagonal covariance matrix of the full
state. To circumvent this issue, Structured Inference Networks (SIN) (Krishnan et al., 2017)
employ a flexible recurrent neural network to approximate the dynamic state update. Deep
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Table 4.1.: Qualitative comparison of our approach to recent related work.

Variational Bayes Filters (DVBF) (Karl et al., 2016) integrate general Bayes filters into
deep feature spaces while the Kalman Variational Autoencoder (KVAE) (Fraccaro et al.,
2017) employs the classical Kalman Filter and allows not only filtering but also smoothing.
Variational Sequential Monte Carlo (VSMC) (Naesseth et al., 2018) uses particle filters
instead, however, they are only learning the proposal function and are not working in a
learned latent space. Disentangled Sequential Autoencoder (DSA) (Yingzhen and Mandt,
2018) explicitly partitions latent variables for separating static and dynamic content from a
sequence of observations however, they do not model state space noise. Yet, these models
cannot be directly used for state estimation as they are formulated as generative models
of the observations without the notion of the real state of the system. Moreover, the
use of Variational Inference introduces an additional approximation that might affect the
performance of the algorithms.

Recently, Rangapuram et al. (2018) introduced Deep State Space Models for Time Series
Forecasting (DSSM). They employ a recurrent network to learn the parameters of a time
varying linear State Space Model (SSM. The emissions of that SSM are the model’s final
output, i.e. there is no decoder. While this makes the likelihood of the targets given the
predicted SSM parameters tractable it limits them to simple latent spaces. Additionally, their
approach is only derived for 1 dimensional output data. Probabilistic Recurrent State-Space
Models (PRSSM) (Doerr et al., 2018) use Gaussian processes to capture state uncertainties,
however, their approach is not demonstrated for high dimensional observations such as
images.

A summary of all the approaches and their basic properties can be seen in Table 4.1. We
compare whether the approaches are scalable to high dimensional latent states, whether
they can be used for state estimation, whether they can provide uncertainty estimates,
whether they can handle noise or missing data, and whether the objective can be optimized
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directly or via a lower bound. All probabilistic generative models rely on Variational
Inference which optimizes a lower bound, which potentially affects the performance of
the algorithms. P2T and E2C rely on the Markov assumption and therefore can not deal
with noise or need very large window sizes. The approaches introduced in (Archer et al.,
2015; Fraccaro et al., 2017; Haarnoja et al., 2016) directly use the Kalman update equations
in the latent state, which limits these approaches to rather low dimensional latent states
due to the expensive matrix inversions.

Traditional recurrent models such as LSTMs or GRUs can be trained directly by backprop-
agation through time and therefore typically yield very good performance but are lacking
uncertainty estimates. However, as in our experiments, they can be artificially added.
Our RKN approach combines the advantages of all methods above as it can be learned by
direct optimization without the use of a lower bound and it provides a principled way of
representing uncertainty inside the neural network.

4.2. Factorized Inference in Deep Feature Spaces

Lifting the original input space to a high-dimensional feature space where linear operations
are feasible is a common approach in machine learning, e.g., in kernel regression and SVMs.
The Recurrent Kalman Network (RKN) transfers this idea to state estimation and filtering,
i.e.,, we learn a high dimensional deep feature space that allows for efficient inference
using the Kalman update equations even for complex systems with high dimensional
observations. To achieve this, we assume that the belief state representation can be
factorized into independent Gaussian distributions as described in the following sections.
Figure 4.1 shows an overview of the proposed architecture.

4.2.1. Latent Observation and State Spaces

The RKN encoder learns a mapping to a high-dimensional latent observation space W =
R™. The encoder also outputs a vector of uncertainty estimates a9, one for each entry
of the latent observation w;. The latent state space Z = R" of the RKN is related to the
observation space ‘W by the linear latent observation model H = [ L Omx(n-m) ], ie.,
w = Hz with w € W and z € Z. I, denotes the m X m identity matrix and 0, (y—m)

denotes a m X (n — m) matrix filled with zeros.

The idea behind this choice is to split the latent state vector z; into two parts, a vector p,
for holding information that can directly be extracted from the observations and a vector
m; to store information inferred over time, e.g., velocities. We refer to the former as the
observation or upper part and the latter as the memory or lower part of the latent state.
For an ordinary dynamical system and images as observations the former may correspond
to positions while the latter corresponds to velocities. Clearly, this choice only makes
sense for m < n and in this work we assume n = 2m, i.e., for each observation unit p;, we
also represent a memory unit m; that stores its velocity information.
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Figure 4.1.: The Recurrent Kalman Network. An encoder network extracts latent features w; from the
current observation o;. Additionally, it emits an estimate of the uncertainty in the features via the variance
0%, The transition model A, is used to predict the current latent prior (p;,>;) using the last posterior
(e, =) and subsequently update the prior using the latent observation (wy, o). As we use a factorized
representation of ¥;, the Kalman update simplifies to scalar operations. The latent state consists of the
observable units as well as the corresponding memory units. Finally, a decoder produces either (x;“, 6;’), a
low dimensional observation and an element-wise uncertainty estimate, or o7, a noise free image.

4.2.2. The Transition Model

To obtain a locally linear transition model we learn K constant transition matrices A%
and combine them using coefficients a*)( y;) depending on the current posterior mean

+ .
y; ,ie,

K
Ac= ) (uh)A®.
k=1

A small neural network with softmax output is used to learn ¥, Similar approaches are
used in (Fraccaro et al., 2017; Karl et al., 2016).

Using a dense transition matrix in high-dimensional latent spaces is not feasible as it
contains too many parameters and causes numerical instabilities and overfitting, as pre-
liminary experiments showed. Therefore, we design each A¥) to consist of four band
matrices
o[ a8
B, By

with bandwidth b. Here, X gk gk ng) € R™™ since we assume n = 2m. This choice

11> P12>Par
reduces the number of parameters while not affecting performance since the network is

free to choose the state representation.

We assume the covariance of the transition noise to be diagonal and denote the vector
containing the diagonal values by 6. The noise is learned and independent of the state.
Moreover, it is crucial to correctly initialize the transition matrix. Initially, the transition
model should focus on copying the encoder output so that the encoder can learn how to
extract good features if observations are available and useful. Additionally, it is crucial that

A does not yield an instable system. We choose Bilf) = Bg;) =TIand BY;) = —Bg;) =0.2-L

66



4.2. Factorized Inference in Deep Feature Spaces

4.2.3. Factorized Covariance Representation

Since the RKN learns high-dimensional representations, we can not work with the full state
covariance matrices X} and X;. We can also not fully factorize the state covariances by
diagonal matrices as this neglects the correlation between the memory and the observation
parts. As the memory part is excluded from the observation model H, the Kalman update
step would not change the memory units nor their uncertainty if we would only use
a diagonal covariance matrix X}. Hence, for each observation unit p;, we compute the
covariance with its corresponding memory unit m;. All the other covariances are neglected.
This might be a crude approximation for many systems, however, as our network is free to
choose its own state representation it can find a representation where such a factorization
works well in practice. Thus, we use matrices of the form

XX
(% 3]
%

where each of X}, X3, Z% € R™™ is a diagonal matrix. Again, we denote the vectors
containing the diagonal values by ¢", ¢! and &%

4.2.4. Factorized Inference in the Latent Space

Inference in the latent state space can now be implemented, similar to a standard KF, using
a prediction and an observation update. Following the factorized covariance representation
introduced above, we split the means of prior and posterior beliefs for these derivation.
The observation and memory parts are denoted by p} and plt, respectively.

Prediction Update. Equivalently to the classical Kalman Filter, the next prior (., 2, ,)
is obtained from the current posterior (uf,X}) by

pr, =Ag; and 37, = ASAT +1- 0,

However, the special structure of the covariances enables us to significantly simplify the
equation for the covariance. While being straight forward, the full derivations are rather
lengthy, thus, we refer to the supplementary material where the equations are given in
Equation B.1, Equation B.2 and Equation B.3.

Observation Update. Next, the prior is updated using the latent observation (wy, &
Similar to the state, we split the Kalman gain matrix Q, into an upper Q}' and a lower part
Q!. Both Q! and Q! are squared matrices. Due to the simple latent observation model
H= [ L Omx(n-m) ] and the factorized covariances all off-diagonal entries of Q} and Qlt

?bs).

are zero and we can work with vectors representing the diagonals, i.e., q}' and qlt. Those
are obtained by

u obs

q; =0, @ (O’?’_ + J?bs) and q, = 0>~ @ (‘7:’_ + 07} )
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where @ denotes an elementwise vector division. With this the update equation for the
mean simplifies to

po=pp+

Pl
q; Wy — [y

where © denotes the elementwise vector product. The update equations for the individual
covariance parts are given by

, — , ,— L, L—- 1 ,—
0" =(ln—¢q)) 00", 0;" = (ln-q/) © 07", and 0" =0, - q, 0 0},
where 1,, denotes the m dimensional vector consisting of ones. Again, we refer to the
supplementary material for a more detailed derivations.

Besides avoiding the matrix inversion in the Kalman gain computation, the factorization
of the covariance matrices reduces the total amount of numbers to store per matrix from
n? to 3m. Additionally, working with ¢° makes it trivial to ensure that the symmetry and
positive definiteness of the state covariance are not affected by numerical issues.

Initialization. We initialize pj with an all zeros vector and X with 10 - L. In practice,
it is beneficial to normalize w; since the statistics of noisy and noise free images differ
considerably.

4.2.5. Loss and Training

We consider two different potential output distributions, Gaussian distributions for es-
timating low dimensional observations and Bernoulli distributions for predicting high
dimensional observations such as images. Both distributions are computed by decoders that

. ) . . 1
use the current latent state estimate p; as well its uncertainty estimates 0’;1’+, 6§’+, 0{+-

Inferring States. Let x.1 be the ground truth sequence with dimension Dy, the Gaussian
log-likelihood for a single sequence is then computed as

, 3 1,
dec,(p7), decs (o}, 07", 0,1 |,

T
1
Lxen) =1 Y loeN [x

t=1

where dec,(-) and decs () denote the parts of the decoder that are responsible for decoding
the latent mean and latent variance respectively.
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Inferring Images. Let o<r be images with D, pixels. The Bernoulli log-likelihood for a
single sequence is then given by

T D
1 o

L(or) = 237" o g (decy (1)) + (1 - of?) og (1 - decy, (1),
t=1 i=0

where ot(i) is the ith pixel of the tth image. The pixels are in this case represented by

grayscale values in the range of [0; 1]. The ith dimension of the decoder is denoted by

dec,; (p]), where we use a sigmoid transfer function as output units for the decoder.

Gradients are computed using (truncated) backpropagation through time (BPTT) (Werbos,
1990) and clipped. We optimize the objective using the Adam (Kingma and Ba, 2014)
stochastic gradient descent optimizer with default parameters.

4.2.6. The Recurrent Kalman Network

The prediction and observation updates result in a new type of recurrent neural network,
that we call Recurrent Kalman Network, which allows working in high dimensional state
spaces while keeping numerical stability, computational efficiency and (relatively) low
memory consumption.

Similar to the input gate in LSTMs (Hochreiter and Schmidhuber, 1997) and GRUs (Cho et al.,
2014) the Kalman gain can be seen as a gate controlling how much the current observation
influences the state. However, this gating explicitly depends on the uncertainty estimates
of the latent state and observation and is computed in a principled manner. While the
sparse transition models and factorization assumptions may seem restrictive, they allow
stable and efficient computations in high dimensional spaces. Since the high dimensional
representation is learned jointly with the dynamics, this can yield very powerful models,
as shown in our experiments.

In comparison to LSTMs and GRUs the number of parameters is considerably smaller. For
a fixed bandwidth b and number of basis matrices k it scales linearly in the state size for
the RKN while it scales quadratically for LSTMs and GRUs.

Moreover, the RKN provides a principled method to deal with absent inputs by just omitting
the update step and setting the posterior to the prior.

4.3. Evaluation and Experiments

A full listing of hyperparameters and data set specifications can be found in the supplemen-
tary material. We compare to LSTM and GRU baselines for which we replaced the RKN
transition layer with generic LSTM and GRU layers. Those were given the encoder output
as inputs and have an internal state size of 2n. The internal state was split into two equally
large parts, the first part was used to compute the mean and the second to compute the
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Model Log Likelihood
RKN (m = 15,b = 3,K = 15) 6.182 + 0.155
RKNm=b=15K =3) 6.248 + 0.1715

RKN (m=15b=3,K=151fc)  6.161 +0.23
RKN (m =b = 15,K = 15, fc) 6.197 + 0.249

LSTM m = 50 5.773 £ 0.231
LSTMm=6 6.019 £ 0.122
GRU m =50 5.649 + 0.197
GRUm =38 6.051 £ 0.145

Table 4.2.: Our approach outperforms the generic LSTM and GRU baselines. The GRU with m = 8 and the
LSTM with m = 6 were designed to have roughly the same amount of parameters as the RKN with b = 3. In
the case where m = b the RKN uses a full transition matrix. fc stands for full covariance matrix, i.e., we do
not use factorization of the belief state.

variance. We additionally executed most of the following experiments using the root mean
squared error to illustrate that our approach is also competitive in prediction accuracy.
The RMSE results can be found in the appendix.

4.3.1. Pendulum

We evaluated the RKN on a simple simulated pendulum with images of size 24 X 24 pixels
as observations. Gaussian transition noise with standard deviation of o = 0.1 was added
to the angular velocity after each step. In the first experiment, we evaluated filtering in
the presence of high observation noise. We compare against LSTMs and GRUs as these
are the only methods that can also perform state estimation. The amount of noise varies
between no noise at all and the whole image consisting of pure noise. Furthermore, the
noise is correlated over time, i.e., the model may observe pure noise for several consecutive
time steps. Details about the noise sampling process can be found in the appendix. We
represent the joint angle 6, as a two dimensional vector s; = 6; = (sin(6,), cos(6:)) to
avoid discontinuities. We compared different instances of our model to evaluate the effects
of assuming sparse transition models and factorized state covariances. The results are
given in Table 4.2. The results show that our assumptions do not affect the performance,
while we need to learn fewer parameters and can use much more efficient computations
using the factorized representation. Note that for the more complex experiments with a
higher dimensional latent state space, we were not able to experiment with full covariance
matrices due to lack of memory and massive computation times. Moreover, the RKN
outperforms LSTM and GRU in all settings.

In a second experiment, we evaluated the image prediction performance and compare
against existing Variational Inference approaches. We randomly removed half of the
images from the sequences and tasked the models with imputing those missing frames, i.e.,
we train the models to predict images instead of the position. We compared our approach
to the Kalman Variational Autoencoder (KVAE) (Fraccaro et al., 2017), Embed to Control
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Model Log Likelihood
RKN (informed) —12.782 + 0.0160
RKN (uninformed) —12.788 + 0.0142
KVAE (informed, filter) —14.383 £ 0.229
KVAE (informed, smooth) —13.337 £ 0.236
KVAE (uninformed, filter) —46.320 + 6.488
KVAE (uninformed, smooth) —38.170 + 5.399
E2C (informed) —95.539 + 1.754
SIN (informed) —101.268 + 0.567

Table 4.3.: Comparison on the image imputation task. The informed models were given a mask of booleans
indicating which images are valid and which not. The uninformed models were given a black image
whenever the image was not valid. E2C and SIN only work in the informed case. Since the KVAE is capable
of smoothing in addition to filtering, we evaluated both. Our approach outperforms all models. Only the
informed KVAE yields comparable, but still slightly worse results while E2C and SIN fail to capture the
dynamics. The uninformed KVAE fails at identifying the invalid images.

(E2C) (Watter et al., 2015) and Structured Inference Networks (SIN) (Krishnan et al., 2017).
The results can be found in Table 4.3. Again, our RKN outperforms all other models. This is
surprising as the Variational Inference models use much more complex inference methods
and in some cases even more information such as in the KVAE smoothing case. Sample
sequences can be found in the supplementary material. All hyperparameters are the same
as for the previous experiment.

4.3.2. Multiple Pendulums

Dealing with uncertainty in a principled manner becomes even more important if the
observation noise affects different parts of the observation in different ways. In such a
scenario the model has to infer which parts are currently observable and which parts
are not. To obtain a simple experiment with that property, we repeated the pendulum
experiments with three colored pendulums in one image. The image was split into four
equally sized square parts and the noise was generated individually for each part such
that some pendulums may be occluded while others are visible. Exemplary images are
shown in the supplementary material. A comparison to LSTM and GRU baselines can be
found in Figure 4.2 and Figure 4.2 as well as an exemplary trajectory in Figure 4.3. The
RKN again clearly outperforms the competing methods. We also computed the quality of
the uncertainty prediction by showing the histograms of the normalized prediction errors.
While this histogram has clearly a Gaussian shape for the RKN, it looks like a less regular
distribution for the LSTMs.
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Model Log Likelihood

RKN m = 45 11.51 + 1.703
b=3k=15

LSTM m =50 7.5224 + 1.564
LSTMm =12  7.429 +1.307

GRU m =50 7.541 + 1.547
GRU m = 12 5.602 + 1.468

Table 4.4.: Results of the multiple pendulum experiments.

RKN LSTM

Figure 4.2.: To evaluate the quality of our uncertainty prediction we compute the normalized error * i > in
for each entry j of x for all time steps in all test sequences. This normalized error should follow a Gaussian
distribution with unit variance if the prediction is correct. We compare the resulting error histograms with
a unit variance Gaussian. The left histogram shows the RKN, the right one the LSTM. The RKN perfectly
fits the normal distribution while the LSTM’s normalized error distribution has several modes. Again we
designed the smaller LSTM and GRU to have roughly the same amount of parameters as the RKN.

4.3.3. QuadLink

We repeated the filtering experiment on a system with much more complicated dynamics,
a quad link pendulum on images of size 48 X 48 pixels. Since the individual links of the
quad link may occlude each other different amounts of noise are induced for each link.
Two versions of this experiment were evaluated. One without additional noise and one
were we added noise generated by the same process used in the pendulum experiments.
You can find the results in Table 4.5.

Furthermore, we repeated the imputation experiment with the quad link. We compared
only to the informed KVAE, since it was the only model producing competitive results for
the pendulum. Our approach achieved —44.470 + 0.208 (informed) and —44.584 =+ 0.236
(uninformed). The KVAE achieved —52.608 + 0.602 for smoothing and —59.0218 + 0.580
for filtering . Sample images can be found in the appendix.

4.3.4. KITTI Dataset for Visual Odometry

Next, we evaluate the RKN on the task of learning visual odometry from monocular images
on the KITTI visual odometry dataset (Geiger et al., 2012). It consists of 11 labeled image
sequences collected by driving a vehicle in an urban environment.
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Figure 4.3.: Predicted sine value of the three links with 2 times standard deviation (green). Ground truth
displayed in blue. The crosses visualize the current visibility of the link with yellow corresponding to fully
visible and red to fully occluded. If there is no observation for a considerable time the predictions become
less precise due to transition noise, however, the variance also increases.

Model without noise with noise
Log Likelihood Log Likelihood

RKN (m =100,b =3,K =15) 14.534 £ 0.176 6.259 + 0.412

LSTM (m = 50) 11.960 +1.24  5.21 + 0.305
LSTM (m = 100) 7.858 +4.680  3.87 +0.938
GRU (m = 50) 10.346 £2.70  4.696 + 0.699
GRU (m = 100) 5.82 + 2.80 1.2 +1.105

Table 4.5.: Comparison of our approach with the LSTM and GRU Baselines on the Quad Link Pendulum.
Again the RKN performs significantly better than LSTM and GRU who fail to perform well.

We use the unsupervised approach proposed by Zhou et al. (2017) to extract features from
the images. Using these features, we first evaluate a simple forward network, which we
refer to as sfmlearner-s. We then augment this architecture with LSTMs, GRUs, and our
proposed RKN. Additionally, we compare to DeepVO (Wang et al., 2017), an approach
tailored to the problem of visual odometry. In Table 4.6 we show results using the common
KITTI evaluation scheme. The results show that the RKN shows better performance in
comparison to LSTMs and GRUs, and even performs comparably to the tailored DeepVO
approach.

4.3.5. Pneumatic Brook Robot Arm

We consider another real world task, learning the dynamics of a pneumatically actuated
joint of a Hydro-Lek HLK-7W robot arm. The data consists of measured joint positions
and the input current to the controller of the joint sampled at 100Hz. Pneumatic robots are
very hard to model as there is a large amount of hysteresis, requiring recurrent prediction
models.

During training, we work with sequences of length 500. For the first 300 time steps those
sequences consist of the full observation, i.e. joint position and current. The remaining
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Deep VO sfmlearner-s LSTM GRU RKN
Seq~ trel(%) rrel(o) trel(%) rrel(o) trel(%) rrel(o) trel(%) rrel(o) trel(%) rrel(o)

3 8.49 6.89 13.21 6.70 8.99 4.55 9.34 3.81 7.83 3.57
4 7.19 6.97 13.56 4.56 11.88 3.44 12.36 2.89 11.61 2.61
5 2.62 3.61 13.06 5.70 8.96 3.43 10.02 3.43 7.29 2.77
6 5.42 5.82 10.87 4.47 9.66 2.80 10.99 3.22 8.08 2.32
7 3.91 4.60 13.47 8.41 9.83 5.48 13.70 6.52 9.38 4.83
10 8.11 8.83 16.69 6.26 13.85 3.49 13.37 3.25 12.71 3.09

mean  5.96 6.12 13.48 6.02 10.53 3.87 11.63 3.85 9.48 3.20

Table 4.6.: Comparison on the KITTI dataset using the common evaluation scheme. The RKN performs
better than the non-recurrent sfmlearner-s baseline as well as the recurrent LSTM and GRU baselines. It
performs comparably to DeepVO (Wang et al., 2017), an approach tailored to the task of visual odometry.

! \ RKN LSTM GRU GT
05 |
0
-0.5 ' ' '
0 500 1000 1500 2000 2500

Figure 4.4.: Predicted joint values for the pneumatic joint prediction task. The initial burn-in phase is 200
time steps long, afterwards only the predictions are displayed. GT denotes the ground truth. As can be seen,
only our approach manages to give feasible predictions.

200 time steps only the current is given. The models have to impute the missing joint
positions in an uninformed fashion, i.e., the absence of a position is only indicated by
unrealistically high values.

In order to evaluate the learned dynamics, we used them to predict future joint positions.
After an initial burn-in phase, the model was tasked with predicting the joint position
2 seconds into the future, given only the future control inputs. Afterwards, the next
observation was given to the model and the prediction process repeated.

Using a 60 dimensional latent space, 32 basis matrices and a bandwidth of 3, the RKN
achieved a log likelihood of 4.930. This is considerably better than the LSTM and GRU
baselines, which achieved 0.952 and 1.186 respectively. Figure 4.4 shows exemplary
predictions of all approaches.
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4.4, Conclusion

In this paper, we introduced the Recurrent Kalman Network that jointly learns high-
dimensional representations of the system in a latent space with locally linear transition
models and factorized covariances. The update equations in the high-dimensional space
are based on the update equations of the classical Kalman filter, however, due to the
factorization assumptions, they simplify to scalar operations that can be performed much
faster and with greater numerical stability. Our model outperforms generic LSTMs and
GRUs on various state estimation tasks while providing reasonable uncertainty estimates.
Additionally, it outperformed several generative models on an image imputation task and
we demonstrated its applicability to real world scenarios. Training is straight forward and
can be done in an end-to-end fashion.

In future work, we want to exploit the principled notion of a variance provided by our
approach in scenarios where such a notion is beneficial, e.g., Reinforcement Learning.
Similar to Fraccaro et al. (2017) we could expand our approach to not just filter but smooth
over trajectories in offline post-processing scenarios which could potentially increase the
estimation performance significantly. Additionally, different, more complex, factorization
assumptions can be investigated in the future.

Contribution Statement. [ devised and derived the factorized inference scheme, implemented
the model, devised and ran the large majority of the evaluations, and wrote the large majority
of the article. HP conducted the KITTI evaluation, helped with the Pneumatic Arm experiment
and wrote the corresponding parts of the article. GG advised me during the project, helped
with devising approach and experiments, and guided me in writing the article. CZ helped
with the experimental evaluation. JT provided the dataset for the Pneumatic Brook Robot
Arm and helped with writing the corresponding part of the article. GN suggested the initial
idea of combining Kalman filtering and deep learning, advised during the project, helped
with devising the approach and experiments, and guided me in writing the article.
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4.5. Follow Ups

During my PhD studies, I contributed to several follow-up works, extending the Recurrent
Kalman Network (RKN). These projects were led by fellow PhD students or Master’s students I
supervised. I list my contributions to the individual works in the contribution statements at
the end of the respective sections.

Here, we will briefly discuss three works that build upon ideas from the Recurrent Kalman
Network (RKN). First, Shaj et al. (2020) introduced the Action-Conditional Recurrent
Kalman Network (ACRKN), a principled method for incorporating control inputs into
the RKN, which was used for learning forward and inverse dynamics in robotics. Next,
Shaj et al. (2022) introduced Hidden Parameter Recurrent State Space Models (HiPRSSMs),
extending the ACRKN to learn non-stationary dynamics by leveraging additional condi-
tional latent variables to capture the non-stationarity of the system. These architectures,
in particular the ACRKN, inspired the VRKN’s (Chapter 5) and KalMamba’s (Chapter 6)
dynamics parameterization. Finally, Nguyen-Quynh et al. (2021) introduced Switching
Recurrent Kalman Networks (SRKN). The SRKN builds upon the previously explored theme
of modeling multimodal human behavior (Chapter 3), yet it focuses on prediction rather
than imitation. Furthermore, it employs a fully variational lower bound objective, which
precludes some aspects of the VRKN’s training scheme (Chapter 5) without learning an
action conditional model or utilizing smoothing inference.

4.5.1. Action-Conditional Recurrent Kalman Networks for Forward and
Inverse Dynamics Learning

This section summarizes Action-Conditional Recurrent Kalman Networks for Forward and
Inverse Dynamics Learning, published in the 4th Conference on Robot Learning (CoRL 2020),
(Vaisakh Shaj, Philipp Becker, Dieter Buchler, Harit Pandya, Niels van Duijkeren, C James
Taylor, Marc Hanheide, and Gerhard Neumann, 2020) and draws connections to the RKN and
the works presented in the following chapters.

The Action-Conditional Recurrent Kalman Network (ac-RKN ) (Shaj et al., 2020) extends
the RKN to systems with control inputs, taking an important step towards using it for
world modeling. While the RKN could, in principle, handle actuated systems by using the
control input as an additional observation, this does not align with the State Space Model’s
assumptions. To make the action conditioning more principled, the ac-RKN builds on the
RKN’s locally linear dynamics model and introduces the action conditioning in the predict
step. The resulting dynamics model is given by

N (zp41|Avze + b(ay), o,dan)

where b is a function mapping the control input to the latent space. Importantly, this
formulation assumes uncertainty-free control inputs based on the argument that the
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Figure 4.5.: From left to right: The hydraulic BROKK-40 Robot arm, the 4 DoF pneumatically actuated
musculoskeletal robot arm, and a cable-driven Barret WAM used to demonstrate the ac-RKN’s effectiveness.
The ac-RKN combines ideas from the RKN with a more principled action conditioning scheme and a predictive
training objective to learn precise forward and inverse dynamics models of the highly challenging dynamics
of these robots. Figure adapted from Shaj et al. (2020). Caption rewritten.

control input is deterministic. These assumptions result in the following predict step to
propagate the latent belief to the next time step

Miyy = Awp, +b(ay) and T, = AtZtAtT + oL

Crucially, this closed-form update does not make any assumptions on the function b,
which allows using a nonlinear neural network to model the action conditioning. Shaj et al.
(2020) compare this choice against globally and locally linear models and, unsurprisingly,
find the nonlinear model to perform best in most scenarios. Finally, Shaj et al. (2020)
retain the RKN’s factorized representation of the latent state, the parameterization of the
transition matrix A;, and the Kalman filter-based inference scheme. The ac-RKN employs
the same direct likelihood-based training objective as the RKN, but it predicts the target
observations from the current prior rather than the current posterior. This difference
tailors the model more towards prediction instead of state estimation, allowing multi-step
prediction as it forces the state representation to remain consistent over time.

Besides these forward dynamics models, Shaj et al. (2020) present ac-RKN models for
inverse dynamics learning. They collect real-world data from several robots, including
the hydraulic BROKK-40 Robot Arm already considered with the RKN, a four degree of
freedom (DoF) pneumatically actuated musculoskeletal robot (PAM) (Buichler et al., 2016),
a cable-driven Barret WAM and a Franka Emika Panda. See Figure 4.5 for pictures of some
of the robots used in the experiments. Except for the Franka Emika Panda, the nature of
these robots and their actuation makes it impossible to describe them using rigid body
dynamics and brings more advanced traditional modeling techniques to their limits. The
ac-RKN excels at capturing these complex dynamics and outperforms traditional methods,
standard recurrent neural networks (Hochreiter and Schmidhuber, 1997; Cho et al., 2014),
and the RKN, which employs a more naive approach to action conditioning using the
observations.

While shifting the focus back to more general world modeling for embodied agents, the
methods introduced in Chapter 5 and Chapter 6 are both heavily influenced by the ac-RKN,
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in particularly its action conditioning scheme. They take the idea of the ac-RKNs nonlinear
action conditioning even further by using a neural network to parameterize all of the
dynamics models parameters, including the transition matrix A; and the noise covariance
nyn. In particular, these methods learn a time-dependent transition noise variance taking,
among other quantities, the action as input. This parameterization lifts the ac-RKN’s
assumption of a constant transition noise variance, accounting for the fact that different
actions can lead to different noise levels. For example, in many applications, larger actions
lead to faster movements and, thus, larger uncertainties in their effects.

On the one hand, the way the ac-RKN learns forward dynamics by reconstructing obser-
vations from the prior is similar to the predictive coding approach used in Chapter 7. On
the other hand, it differs from the approaches used in Chapter 5 and Chapter 6, as well
as the variational approach in Chapter 7, where the KL term naturally arising from the
lower bound trains the dynamics model and enforces consistency between the prior and
posterior.

Contribution Statement. VS led the projects and designed the ac-RKN for forward and
inverse dynamics learning, including the training objectives. He conducted the experiments
and wrote large parts of the paper. I provided the initial RKN implementation and assisted
with devising the algorithm, implementing details, conducting experiments, and writing
the article. DB provided the data for the musculoskeletal robot, assisted in conducting the
corresponding experiments, and offered feedback on the paper. HP and NvD assisted with
experimental design and execution as well as writing the paper. JT provided the data for the
BROKK-40 robot and provided feedback on the corresponding parts of the paper. MH and GN
supervised the project and provided feedback on the paper. GN also contributed to the design
of the method and experiments.

4.5.2. Hidden Parameter Recurrent State Space Models For Changing
Dynamics Scenarios

This section summarizes Hidden Parameter Recurrent State Space Models For Changing
Dynamics Scenarios, published in the 10th International Conference on Learning Representa-
tions (ICLR 2022) (Vaisakh Shaj, Dieter Biichler, Rohit Sonker, Philipp Becker, and Gerhard
Neumann, 2022) and draws connections to the RKN. Building on the ac-RKN, Shaj et al.
(2022) introduced the Hidden Parameter Recurrent State Space Model (HiPRSSM) to enable
learning dynamics models under non-stationary conditions. Such non-stationary effects
arise in many real-world applications, for example, due to wear and tear or changing
environmental conditions such as temperature, and are poorly captured by state space
approaches not explicitly designed for this purpose. To account for these effects, the
HiPRSSM introduces a hidden task variable 1, i.e., an additional latent variable that is
assumed to be constant for a given task or trajectory segment but can change between
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different tasks or segments. This task variable is used to condition the dynamics models
by

p(zt+l |Zl’: a;, 1) = N(Zt+1 |Atzt + b(al’) + C(l), O'dan).

Similar to the ac-RKN, the HiPRSSM assumes the actions are free of uncertainty. However,
they assume the task variable 1 to be uncertain, i.e., it is modeled as a Gaussian random
variable with mean p; and covariance X;.

Thus, to retain the RKN’s and ac-RKN’s closed-form inference, the HiPRSSM can still use
arbitrary nonlinear functions to model the action conditioning but needs a linear model
c(1) = C/1 to incorporate the task uncertainty in closed form. Under those assumptions
and an u, the predict step is given by

z;., = Az + b(a;) + Cpy and X, = A,5AT + CxCT 4+ 397, (4.1)

However, Shaj et al. (2022) also explore an alternative approach and use a nonlinear model
c(1). While the resulting predict step for the mean is still straightforward, uncertainty
propagation is no longer possible in closed form. Inspired by Equation 4.1, they introduce
a second nonlinear function ¢, (%)) to transform the task covariance and add it to the
variance of the propagated state and the one of the system dynamics.

Zyyy = AeZe + b(a;) +c(l) and Y = AtZtAtT +c (X)) + Zdyn,

where ¢ and ¢, are parameterized by neural networks.

For inference, the HiPRSSM uses a two-stage process. First, the task parameter 1 and
uncertainty ¥; is obtained from a context set using a Bayesian context aggregation mech-
anism (Volpp et al., 2021). In principle, this context set can be anything that describes
the current task or conditions. Shaj et al. (2022) use a sliding window over observations
and actions. In the second step, the dynamics model is conditioned on the inferred task
parameter 1, and the latent states are inferred using Kalman filtering in the latent space,
following the RKN and ac-RKN approaches.

For evaluation, Shaj et al. (2022) first repeat their prior experiments with the ac-RKN on the
musculoskeletal robot (Shaj et al., 2020). The HiPRSSM learns a model that outperforms
the ac-RKN, indicating there are non-stationary effects in the data, even though care was
taken to ensure consistent conditions during the original data collection. They further
evaluate their approach using both real and simulated robot data, which was deliberately
collected under challenging and changing conditions. Here, the HIPRSSM learns models
that effectively identify meaningful latent task variables while improving prediction
performance across tasks. When comparing the linear and nonlinear task conditioning,
they find that the nonlinear model performs better in most experiments.

The HiPRSSM was developed concurrently with the method presented in Chapter 5 to
tackle an orthogonal problem. However, it further emphasizes the benefits of appropriately
structured latent variable models and the importance of uncertainty propagation in the
latent space. The benefits of the nonlinear parameterization of the task model ¢(1) and, in
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particular, the additional nonlinear function for the uncertainty c,(%;) suggest benefits of
more complex uncertainty models. The methods presented in Chapter 5 and Chapter 6
take this idea further by using state and action-dependent transition noise models, which
nevertheless still allow closed-form uncertainty propagation over time.

Finally, including ideas from the HiPRSSM into the SSM-based world models and represen-
tations introduced in this thesis provides a promising avenue for approaches that generalize
better over different domains and tasks. Gospodinov et al. (2024) presents preliminary
results in this direction by combining ideas from the HiPRSSM with Dreamer (Hafner et al.,
2020) to learn world models that can adapt to changing dynamics and multiple tasks.

Contribution Statement. VS led the projects, designed the HiPRSSM, including the training
objectives, conducted the experiments, and wrote large parts of the paper. DB provided the data
for the musculoskeletal robot, helped conducting the corresponding experiments, and provided
feedback on the paper. RS implemented the wheeled robot simulator, collected the data, and
conducted the corresponding experiments. I assisted in the model design, implementation,
and writing the paper. GN supervised the project and provided feedback on the paper and
experiment design.

The work presented in Gospodinov et al. (2024) is the result of EG’s Master’s thesis supervised
by VS. I assisted in the final stages of the project and in writing the article.

4.5.3. Switching Recurrent Kalman Networks

This section summarizes Switching Recurrent Kalman Networks, published at the Machine
Learning for Autonomous Driving Workshop at NeurIPS 2021(Giao Nguyen-Quynh, Philipp
Becker, Chen Qiu, Maja Rudolph, and Gerhard Neumann, 2021) and draws connections to
the RKN, the motivation behind EIM and the variational objectives for learning deep SSMs
presented in Chapter 5.

The Switching Recurrent Kalman Network (SRKN) (Nguyen-Quynh et al., 2021) extends
the RKN to explicitly model multimodal dynamics. Towards this end, they combine the
RKN’s locally linear dynamics model and efficient inference with the concept of switching
SSMs (Murphy, 1998; Ghahramani and Hinton, 2000). Such switching SSMs introduce an
additional latent variable {, that indicates which of several possible dynamics models is
active at a given time step. While classical switching SSMs typically use discrete latent
variables, the SRKN uses a continuous latent variable ¢,, which it uses to compute a locally
linear transition matrix. Like the RKN, the SRKN parameterizes its transition matrix as
a linear combination of K basis matrices AX). However it computes the coefficients «
around the additional latent variable g, instead of the posterior mean puf, i.e.,

K
A) =Y a(2)A® with (@), a(g)) = softmax(z,).

k=1
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With this matrix, the SRKNs dynamics model is given by
p(znlzn §) = N (2l AGG )z 0™™),

where %" is a scalar noise parameter and I is the identify matrix. Additionally, they
assume the standard SSM observation model p(o;|z;) and reuse the RKNs parameterization.
In particular, following the switching SSM literature, they model the observations as
independent of the switching variable ¢,. To complete the specification of their generative
transition models, Nguyen-Quynh et al. (2021) model the dynamics of the switching latent
variable {, as

p(&aldnz) =N (llgt’zg) with (g, %) = f(h, z1) and hy = GRU(Z,_1, hy—y).

Similar to the Recurrent State Space Model (RSSM) (Hafner et al., 2019) (Section 2.2.2.1),
this model combines a gated recurrent unit (GRU) (Cho et al., 2014) with a small neural
network f to model dynamics in a latent space. However, the SRKN uses this for modeling
the switching latent variable g, instead of the latent state z; directly.

To capture truly multimodal behavior, the SRKN cannot use the RKN’s direct likelihood-
based training objective but needs to use a variational objective for SSMs similar to those
discussed in Section 2.2.2. To this end, the SRKN uses a variational distribution of the
form

T
q(z<r, Ecrlosr) = | [ 92180 21,0)q(£11E -1, 00).
=1

Here, the dependency of the switching variable ¢, on the previous latent state z;,_; pur-
posefully omitted following previous works (Yingzhen and Mandt, 2018) to empirically
avoid averaging problems. The first term is formed with Kalman filtering, following the
RKN, and the second term is learned by a neural network with another GRU. However,
with this inference model, Nguyen-Quynh et al. (2021) rely on a filtering inference scheme,
which can lead to suboptimal results, as discussed in Chapter 5. Additionally, by reusing
the RKN to compute q(z;|{,, z;—1, 0;) they implicitly marginalize over the previous latent
state z;_1, introducing an additional bias in the lower bound.

Nguyen-Quynh et al. (2021) evaluate their approach on both simulated and real-world
data and show that it can effectively capture and predict multimodal behavior. Figure 4.6
shows examples of predictions of human taxi driving behavior based on real-world data.
While the results indicate that the SRKN can usually capture the multimodal nature of the
data well, its predictions are often less accurate than those of related approaches, which
is arguably an artifact of the issues with the variational objective discussed earlier. To
mitigate this issue, Nguyen-Quynh et al. (2021) add an additional next state prediction
loss, akin to the one used by the ac-RKN, to the training objective.

Both the SRKN and the EIM (Chapter 3) address the problem of modeling multimodal
human behavior, specifically trying to avoid unsafe averaging over behavioral modes.
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Figure 4.6.: SRKN predictions on test data from the (O’Connell et al., 2015) dataset modeling human driving
behavior based on data from taxi drivers in collected in Porto, Portugal. Each subplot shows 50 predicted
trajectories (red) given a single observation context (blue). The results show that the SRKN can capture the
multimodal nature of human driving behavior. While the trajectories follow the general structure of the
underlying road network, they can fail to capture the exact details and predict driving outside of the road.
Figure adapted from Nguyen-Quynh et al. (2021). Caption rewritten.

However, they differ in their focus and approach. While the SRKN focuses on predicting
future behavior, EIM is primarily designed for imitation. Additionally, there is a close
relation between switching SSMs and the mixture models used by EIM, as switching SSMs
can be seen as a mixture of transition models to capture multimodal behavior. In this
context, using a continuous latent switching variable ¢, to model the switching between
different modes can be viewed as a mixture model with infinite components.

Contribution Statement. The SRKN and the resulting workshop paper are the results of
GNQ'’s Master’s thesis supervised by CQ, MR, and myself. GNQ derived and implemented
the SRKN, conducted the experiments, and wrote the paper. CQ, MR, and myself provided
assistance during the derivations for experimental design and writing of the paper. The basic
idea of combining the RKN with a switching latent variable model was developed by MR and
myself. GN supervised the project and provided feedback on the paper.
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5. On Uncertainty in Deep State Space
Models for Model-Based Reinforcement
Learning

Section 2.3.3 discussed the importance of world models for model-based Reinforcement
Learning (RL) that not only accurately represent the world but also capture and disentangle
uncertainties. In this chapter, we address this challenge by starting to answer the second
research question of this thesis

Q2 How can we build a computationally efficient world model for RL that captures and
propagates uncertainties in the world while separating them from uncertainties due
to lack of training data?

We start with a critical analysis of prominent world modes for model-based RL, such as
the Recurrent State Space Model (RSSM) (Hafner et al., 2020) (Section 2.2.2.1) to answer
this question and make two key observations. First, while RSSMs are very successful in
deterministic and game-like environments, they struggle in environments with highly
uncertain observations, such as those encountered in real-world applications. Second, the
RSSM does not explicitly model epistemic uncertainty, defying the conventional wisdom in
model-based RL that epistemic and aleatoric uncertainties should be modeled as discussed
in Section 2.3.3.1.

Here, our analysis revealed that the reasons behind these issues are connected in intricate
and counterintuitive ways. Both are fundamentally caused by the RSSM’s simplifying
inference scheme, which learns a model based on filtered, not smoothed, belief states.
While this might seem like a reasonable simplification at first, we will see that it causes the
RSSM to overestimate the aleatoric uncertainty in the model systematically. On the one
hand, this overestimation of the aleatoric uncertainty benefits the model in deterministic
environments, as it acts as an implicit regularization and compensates for the lack of
epistemic uncertainty. On the other hand, it leads to poor performance in environments
with highly uncertain observations, as the model cannot learn a good representation of
the system dynamics.

To address these shortcomings, we turned to our previous work on the RKN to devise a new,
more principled probabilistic world model for model-based RL, the Variational Recurrent
Kalman Network (VRKN). First, we extended the RKN from only filtering to a full smoothing
approach and replaced the likelihood-based objective with a full autoencoding variational
Bayes (Kingma and Welling, 2013) (Section 2.2.1) objective. Second, we equipped the model
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with explicit epistemic uncertainty to act as explicit regularization. Third, we used the
resulting world model to learn behaviors through model-based RL by planning (Hafner
et al., 2019) and latent imagination (Hafner et al., 2020).

While the VRKN is a principled way to model and disentangle epistemic and aleatoric
uncertainties, it lacks the computational efficiency needed for large-scale model-based RL.
We will address this issue in Chapter 6.

The following was published as On Uncertainty in Deep State Space Models for Model-
Based Reinforcement Learning (Becker and Neumann, 2022) in Transactions on Machine
Learning Research (TMLR). It was also presented in the Journal Track of the first Reinforcement
Learning Conference (RLC 2024). For this chapter, the contents of the original publication
were restructured, and the wording and formulation were slightly revised in several places.

5.1. Introduction

Accurate system models are crucial for model-based control and Reinforcement Learn-
ing (RL) in autonomous systems applications under partial observability. Practitioners
commonly use State Space Model (SSMs) (Murphy, 2012) to formalize such systems. SSMs
consist of a dynamics model, describing how one state relates to the next, and an observa-
tion model, which describes how system states generate observations. Yet, dynamics and
observation models are unknown for most relevant problems, and exact inference in the
resulting SSM is usually intractable. Researchers have proposed numerous approaches to
learning the models from data and approximating the inference to solve those issues.

Recurrent State Space Models (RSSMs) (Hafner et al., 2019) are of particular interest here.
Using RSSMs as the backbone for their Deep Planning Network (PlaNet), Hafner et al.
(2019) showed that variational latent dynamics learning can succeed in image-based RL for
complex control tasks. Combined with simple planning, RSSMs can match the performance
of model-free RL while requiring significantly fewer environment interactions. The authors
later improved upon their original model, including a parametric policy trained on imagined
trajectories (Dreamer) (Hafner et al., 2020). In general, approaches based on RSSMs have
found considerable interest in the model-based RL community. Yet, while RSSMs draw
inspiration from classical SSMs, they use a simplified inference scheme. During inference,
they assume the belief is independent of future observations instead of using the correct
smoothing assumptions (Murphy, 2012) to obtain the belief. We formalize this observation
in Section 5.2 and discuss how these simplified assumptions result in a theoretically
looser variational lower bound. Further, we analyze the effects of these assumptions
on model learning and find they cause an overestimation of aleatoric uncertainty. Such
aleatoric uncertainty stems from partial observability or inherent stochasticity of the
system (Hiilllermeier and Waegeman, 2021). It plays an important role in many realistic
tasks, e.g., in the form of occlusions, missing observations, or observations arriving in
different modalities and frequencies. Consider, for example, low-frequency camera images
providing external information and high-frequency proprioceptive measurements of the
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robot’s internal state. Given such sensory inputs, we require an appropriate estimation of
aleatoric uncertainty to fuse all information optimally and form accurate belief states. Our
experiments show that RSSMs perform sub-optimally in such cases, which we attribute to
the wrong estimation of aleatoric uncertainty.

Furthermore, we argue that the RSSM’s inference assumptions are a double-edged sword
for model-based RL. On the one hand, the overestimated aleatoric uncertainty can be
beneficial as it leads to dynamics models that generalize better and are more robust to
objective mismatch (Luo et al., 2019; Lambert et al., 2020). Such objective mismatch arises
because the model aims to maximize the data likelihood while the metric we care about is
the agent’s reward. Additionally, as the agent explores during training, it will encounter
states and actions the model has not seen, causing a distribution shift between training
and data collection. While many approaches rely on explicit epistemic uncertainty to
tackle this issue (Chua et al., 2018; Janner et al., 2019), RSSMs succeed without capturing
epistemic uncertainty. Such epistemic uncertainty (Hillermeier and Waegeman, 2021)
stems from the lack of training data and plays an important role in model-based RL, where
the data is not given but collected during the training process. On the other hand, this
heuristic approach to address objective mismatch complicates the design and analysis of
the approach as the robustness is a side-product of the inference scheme and does not
follow well-motivated principles. For example, purely stochastic versions of the RSSM
give unsatisfactory results, and it is unclear why this is the case. Arguably, an explanation
could be the overestimated aleatoric uncertainty causing the purely stochastic model to
be unstable. As a remedy, Hafner et al. (2019) introduce a deterministic path, i.e., they
combine stochastic and deterministic features to form the belief state.

We show that removing this issue for RSSMs by implementing a naive approach to smooth-
ing yields unsatisfactory results, even if the model uses explicit epistemic uncertainty to
compensate for the missing overestimation of the aleatoric uncertainty. To make smoothing
inference work, we redesign the model using well-understood and theoretically founded
components to model aleatoric and epistemic uncertainty. We dub the resulting model
Variational Recurrent Kalman Network (VRKN). It uses a Linear Gaussian State Space
Model embedded in a latent space, which allows closed-form smoothing inference and
proper estimation of aleatoric uncertainty. Furthermore, as the inference builds on Bayes
rule, it provides a natural treatment of missing observations and sensor fusion settings.
Additionally, the VRKN uses Monte Carlo Dropout (Gal and Ghahramani, 2016) for a
Bayesian treatment of its transition model’s parameters, explicitly modeling epistemic
uncertainty.

We first show that the resulting architecture allows model-based agents to perform com-
parably to RSSM-based agents on standard benchmarks from the Deep Mind Control
Suite (Tassa et al., 2018). Those environments are almost deterministic, i.e., the aleatoric
uncertainty is low. Subsequently, we modify tasks from the Deep Mind Control Suite to
create three different scenarios that exhibit high aleatoric uncertainty, i.e., we introduce
occlusions, missing observations, and sensor fusions problems of external camera images
and internal proprioceptive feedback which are available at different frequencies. Using
those, we show that the VRKN improves the agents’ performance due to its accurate
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(a) State Space Model (b) RSSM Inference Model

°P

Figure 5.1.: (a) State space model, serving as the generative model throughout this work. (b) Graphical
Model underlying the RSSM (Hafner et al., 2019) inference scheme. In contrast to the generative SSM, the
direction between observations and latent states is inverted. These independence assumptions result in a
simplified inference and subtle effects on model learning.

estimation of aleatoric uncertainty. Our approach builds on well-motivated components
for aleatoric and epistemic uncertainty. Additionally, it does not require heuristic model
components such as a deterministic path. As such, it may serve as a basis for future
research into improving SSMs for model-based RL.

To summarize our contributions:

1. We analyze the assumptions underlying the RSSM and show that they are not
only suboptimal but also have subtle effects on model learning. They lead to an
overestimation of the aleatoric uncertainty (Section 5.2.1 and Equation 5.2.2).

2. We argue that, counterintuitively, this suboptimal inference is beneficial for the
RSSMs performance as it addresses objective mismatch in a heuristic way (Sec-
tion 5.2.3). We evaluate several modifications to the RSSM to provide empirical
evidence to support this hypothesis (Section 5.4.1).

3. We introduce the VRKN, providing a more principled inductive bias for smoothing
inference than the RSSM (Section 5.3). We again show that a smoothing inference
without additional measures results in suboptimal performance, yet, when combined
with epistemic uncertainty, the VRKN’s improved inductive bias allows it to close
the performance gap on standard benchmarks (Section 5.4.1).

4. We show that VRKN-based agents improve performance in tasks where correct
uncertainty estimation matters. Here we consider tasks with partial observability,
missing information, or tasks that require sensor fusion (Section 5.4.2).

5.2. Inference and Learning in State Space Models

State Space Models (SSMs) (Murphy, 2012) assume that a sequence of observations o< =
(0¢);—..7 is generated by a sequence of latent state variables z<t = (z;),—...7> given a
sequence of actions a<r = (a;);..r- In SSMs, each observation o; is assumed to only
depend on the current latent state z; via an observation model p(o¢|z;). Further, they
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assume the latent states are Markovian, i.e., each latent state only depends on its direct
predecessor and the corresponding action via a dynamics model p(z;41|2;, a;). Finally,
the initial state is distributed according to a distribution p(zy). Figure 5.1 shows the
corresponding graphical model. Typically, when inferring latent states from observations,
we consider three different beliefs for each z;. Those are the prior p(z;|0<;-1,a<;-1), i.e., the
belief before observing oy, the posterior, p(z;|o<;, a<;—1), i.e., the belief after observing oy, as
well as the smoothed belief p(z;|o<r, a<r) which is conditioned on all future observations
and actions, until the last time step T. We refer to those estimates as state-beliefs to
distinguish them from dynamics distributions, which are conditioned on the previous state
z;—1 such as the prior dynamics p(z;|z;—1, a;—1), the posterior dynamics p(z;|z;—_1, 04, a;_1)
and the smoothed dynamics p(z;|z;—1, 054, a>;—1). To get from a dynamics distribution to
the corresponding state belief we need to marginalize out the previous state, e.g.,

P(Zt|05t—1,35t—1):/P(Zt|Zt—1,at—l)P(Zt—1|03t—1,asr—l)dzt—1

for the prior.

Traditionally, the independence assumptions of the generative model, shown on the left
side of Figure 5.1, are also used for inference. Yet, RSSMs (Hafner et al., 2019) work with
a different set of assumptions during inference, shown on the right side of Figure 5.1'.
In particular, in this graphical model the state z; is conditionally independent of all
observations o-; and actions as; given z;_1, a;_1, and o;, which is not the case for the
standard SSM. We discuss the effects of those assumptions on inference and model learning,.
We refer to Appendix C.1 for more detailed derivations of the following identities.

5.2.1. Variational Inference for State Space Models

Inferring beliefs over the latent states given observations and actions is intractable for most
models. Thus, we usually use approximate inference methods. In this work, we focus on
Variational Inference. Such variational methods introduce an auxiliary distribution q over
the latent variables given the observable variables. They decompose the data log-likelihood
into a variational lower bound and a Kullback-Leibler divergence (KL) term, measuring
how close the bound is to the data log-likelihood. For State Space Models (SSMs) this
decomposition is given as

log p(o<rla<r) (5.1)
p(o<r,z<7l|a<r)

=E
q(z<rlo<r,a<T)

q(z<rlo<racr)) |108 +KL (q(z<rlo<r,a<r)||p(z<r|0<T, 2<T)) .

KL term(>0)
Lower Bound

1 The full model of Hafner et al. (2019) also includes a deterministic-path which is of no concern regarding
the discussion here. Thus, we omit it for brevity. Furthermore, Hafner et al. (2019) compare their RSSM to
a baseline they abbreviate as SSM (stochastic state model), which also builds on the simplified assumptions.
In this work, we refer to all approaches based on the simplified assumptions as RSSM.
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Variational inference methods try to find the optimal g by maximizing the lower bound or
minimizing the KL term. If a g can be found such that g(z<r|o<r,a<7) = p(z<r|o<T,a<T),
the KL term is 0, and the bound is said to be tight. While the decomposition is valid for
arbitrary distributions q(z<r|o<T, a<7), we need to pose a set of independence assumptions
to obtain tractable variational models. If we again use the independence assumptions of
the generative model, shown in Figure 5.1, we can obtain the inference model by explicitly
inverting the generative direction using Bayes rule

T T
1
q(z<rlozr,acr) = ———p(20) | | p(zlzv.a) | | ploilze).
t=1 t=0

p(o<r)
For certain model parametrizations, this variational distribution can be computed analyti-
cally, e.g., by Kalman smoothing if the model is linear and Gaussian. In this case, the KL
term vanishes, and the bound is tight.

Yet, RSSMs, as introduced in (Hafner et al., 2019), assume the variational distribution
factorizes as

T
q(z<rlo<r,a<r) = q(zoloo) | [ a(zilzi 1, 0021-1).
t=1
This assumption results in a simplified inference procedure, as the belief over z; is assumed
to be independent of all future observations o-;, given z;_1, 0;, and a;_;.

Inserting these assumptions into the KL term yields

KL (q(z<r|o<T, a<r)||p(z<1|0<T, 3<T)) (5.2)

T
= > Botwslocrrazea [KL(q(z|2i1, 020 1)|p(21]201, 050 2201))]

t=1
For general distributions p, the individual terms in this sum will not be 0, as the right-hand
side distributions receive information, i.e., future observations and actions, which are
ignored by the variational distribution. Thus, this bound can in general not be tight, not
even for linear Gaussian models as the resulting variational distribution can in general
not represent p(z<;|o<r, a<r). Typically, tight variational bounds are preferable as they
allow for faster optimization of the marginal log-likelihood.

The above discussion may be hypothetical, as all considered architectures do not provide
tight lower bounds due to the use of deep neural networks, which prevents analytic
solutions for inference. Still, as a tight lower bound does not even theoretically exist for
the RSSM assumptions, we believe this is already an indication of the misspecification of
its inference distribution.

5.2.2. Model Learning under Different Inference Assumptions

In the model-based RL setting considered in this work, the generative model is usually
assumed to be unknown and we jointly learn a parametric generative model p and an
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inference model q using an auto-encoding variational Bayes approach (Kingma and Welling,
2013; Sohn et al., 2015) by maximizing the lower bound part of Equation 5.1. Inserting the
RSSM-assumptions into the general lower bound gives the objective introduced by Hafner
et al. (2019),

T
Lrsam(0<1,2<7) = ) Byzlo-azy) [log plor|z,)] (53)

t=1
- Eq(zt71|0§t71,a§t71) [KL (q(ztlzt—13 at—l’ Ot) | |p(Zt|Zt—1’ at—l))] *

If one instead uses the same factorization assumptions as the generative model, the
inference distribution factorizes as

T

CI(ZST|0sT, acr) = CI(ZO|0§T, ac<r) l_[ CI(Zt|Zt—1, a>¢-1,03¢).
=1

Inserting this factorization into the general lower bound leads to

T
Lssm(OST’ aST) = Z Eq(z,|057,asr) [logp(otlzt)] (5-4)

t=1
- Eq(z,,1|og,ag) [KL (CI(Zt|Zt—1, a>;—1, Ozt)||P(Zt|Zt—1, a;1))] .

Opposed to the RSSM-objective, this objective uses the smoothed belief-state q(z;|o<T, a<T)
and the smoothed dynamics q(z;|z;—1,a>;—1, 0>¢). The variational distribution considers
all future information until t = T and thus can theoretically yield a tight bound.

These differences have interesting effects on the learned transition model p(z;|z;-1, a;-1).
For the RSSM, the belief over past states can, by definition, not change due to additional
observations. Thus, any discrepancy between this past belief and the current observation
must be explained by the transition model. In contrast, a smoothing inference can also
explain the discrepancy by propagating information from observations to past beliefs. In
Equation 5.3, this observation is reflected in the expected KL-term, where the expectation
does not consider o; or other future observations. Thus, the transition model has to explain
the transitions from a given z;_; to z;, even if z;_; would be rendered implausible by a
future observation.

For a thought experiment illustrating these effects, consider the following scenario. You
meet a person holding a box, and they tell you there is a hamster inside. As your prior
experience is that people are usually trustworthy, you chose to believe them. Next, the box
opens, and a cat jumps out. As you trust your eyes, you now believe it is a cat. Yet, under
the RSSM-assumptions, you cannot revise your belief of the first time step and thus still
believe it originally was a hamster. When updating your model based on this interaction,
you would learn that hamsters can turn into cats, as you cannot capture the arguably more
likely explanation that the person lied. Learning under these assumptions requires you to
model unlikely events as more likely than they are. Thus, you overestimate the aleatoric
uncertainty in the world.
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(a) Inference Tracking Error (b) Model Learning Error (c) Transition Variance
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Figure 5.2.: Comparison of inference and model learning results on a simple Linear Gaussian State Space
Model without actions, under both RSSM and SSM inference assumptions. We report average results over 10
seeds and error bars indicating 95% bootstrapped confidence intervals. Note that the error bars are too small
to be visible. We consider both a closed-form (CF) version based on Kalman Smoothing and a version with a
neural network (NN) as an inference model for the SSM-based approaches and find that only the objective
matters, not the parametrization of the inference model. (a) Log-probability of the ground truth states under
the learned models. We compare against the quality of the ground truth smoothed (GT Smoothed) and
posterior (GT Posterior) beliefs, computed using a Kalman Smoother and ground truth generative model.
While the SSM objective reaches the quality of the smoothed belief, the RSSM-based inference fails to attain
the quality of even the posterior belief. (b): Distance between ground truth transition matrix and learned
transition matrix, measured using the Frobenius norm. Here, the SSM inference yields a model that is an
order magnitude closer to the ground-truth model than that learned by the RSSM-bound. (c): Transition
variance ol. With the SSM bound we recover the ground-truth aleatoric uncertainty, yet with the RSSM
bound the aleatoric uncertainty is significantly overestimated.

More formally, we can demonstrate this effect using a simple Linear Gaussian State Space
Model without actions. We will use a state dimension of 4 and the ground-truth model
given by

p(zo0) = N(20/0,1), p(os|z;) = N(04|lz;,0.0251),  p(z412s) = N(Zt+1|Atht, O'gtI)
where I denotes the identity matrix and oy = 0.01. The transition matrix A is given as

1.0 00 02 0.0
00 10 0.0 0.2
-0.2 00 095 0.0])
0.0 -0.2 0.0 0.95

Agt =

which induces a slightly damped, oscillating behavior.

Using this ground truth model, we generate 1, 000 sequences of length 50 and fit a generative model
transition model. For this model, we fix the initial state and observation model and only learn a
linear dynamics model. This model consists of a 4 X 4 transition matrix A, which is initialized
randomly, sampled from N (0, 0.05), and an isotropic covariance which we scale by a learned factor
o, initialized with 1.

Even in this simple setting, computing the optimal inference distribution for the RSSM-bound
(Equation 5.3) is impossible, and we thus resort to numerical methods. We thus parameterize it as
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q(z¢412s,00) = N(Crzp + ¢4, X5), where C;, ¢;, 7 are emitted by a small neural network given the
observation and mean of the previous belief. This network is trained jointly with the generative
model. For the state space assumptions, we can compute the optimal inference distribution in
closed form using Kalman Smoothing. Thus we do not need an additional inference model. We refer
to this approach as Lsm(CF) in Figure 5.2. Yet, we additionally consider a NN-based approach to
ensure the observed effects are a result of the loss used, not the parameterization of the model. To
this end, we use a GRU (Cho et al., 2014) to process the observations backward, extracting a latent
representation of all future observations o, for each time step. We then feed this representation
into the NN used for L, described above to get a NN emitting parameters for q(z;4+1|zs, 0>,) and
refer to the resulting model as Ly, (NN).

Figure 5.2 summarizes the results and demonstrates that the RSSM-bound leads to a suboptimal
inference and consequently to learning a wrong model. In particular, we can see that for the
RSSM, the transition variance ¢ is much larger than the ground-truth value ¢ = 0.01 as all
unexpected observations have to be explained by the transitions instead of correcting the beliefs
of past time steps. Additionally, we can see that L, (CF) and Ly, (NN), behave very similar
across all considered metrics, which demonstrates that the loss is the determining factor, not the
parameterization.

5.2.3. The Interplay of Policy Optimization and Regularization

Despite the theoretical considerations in the previous section, RSSMs work well for model-based RL.
It is well known that model-based RL suffers from an objective mismatch (Luo et al., 2019; Lambert
et al., 2020) issue. This issue arises because the model aims to maximize the ELBO (Equation 5.1)
but is evaluated based on the agent’s reward. The effect is further amplified by the distribution shift
between training and data collection, as data collection is typically performed only after a policy
improvement step. In RL, we explicitly want the agent to explore unseen parts of the state-action
space, encountering observations the model has not seen before. Thus, training the underlying
model requires careful regularization such that wrong predictions do not prevent the agent from
exploring relevant parts of the state space. Many model-based RL approaches (Chua et al., 2018;
Janner et al.,, 2019) handle this issue by explicitly modeling the epistemic uncertainty of the model,
which is not required by the RSSM. Instead, we argue that RSSMs rely on the overestimated aleatoric
uncertainty caused by suboptimal inference to address objective mismatch in a more heuristic
manner. The overestimation implicitly regularizes the RSSM as it forces the transition model
to model unlikely events with higher probability. This regularization thus implicitly prevents
overconfident model predictions due to overfitting. Yet, while it alleviates the objective mismatch
issue, there are also drawbacks to this heuristic solution. First, it complicates the model design,
analysis, and improvement of RSSMs. As already observed by Hafner et al. (2019), a fully stochastic
model based on the RSSM-assumptions underperforms without additional measures as it fails
at reliably propagating information for multiple time steps. As a remedy, Hafner et al. (2019)
introduces a deterministic path, i.e., a Gated Recurrent Unit (Cho et al., 2014), and base the belief
update on this instead of the stochastic belief. Second, as we show in Section 5.4.2, there are settings
where appropriately capturing the aleatoric uncertainty is important, and failing to do so can hurt
performance.

In a first attempt to address those issues, we minimally adapt the RSSM to be capable of smoothing.
This Smoothing RSSM uses a GRU which is added before the actual RSSM and runs backwards over
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(a) VRKN Overview (b) Overview of the VRKN’s Dynamics Network
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Figure 5.3.: (a) We use an encoder (blue) to extracts an intermediate representation w; and the observation
noise o} from the original observation o;. Both, w; and ¢}, are then used to update the state estimate z;
using the closed-form Kalman belief update (Bayes rule for Gaussians) (orange). A decoder (red) reconstructs
the observation given a state sample. We propagate the latent state estimate to the next time step using the
transition model p(z;_1|z;, a;—1) (green). The parameters of this distribution, A;, b;, and o(:yn, are computed
using the network ¢(u7, a;), shown in (b). The network receives the current posterior mean p} and the
action a; as inputs. Thus, the resulting dynamics are linearized around the posterior mean, which allows
closed-form belief propagation, similar to an extended Kalman filter. For stability during training, the
network includes a gated unit, i.e., a GRU cell, which receives the posterior mean p; at the memory input.
For a Bayesian treatment of the transition model’s parameters, we include Monte Carlo Dropout layers at
the positions indicated by the purple dashed lines.

the representations extracted by the encoder, effectively accumulating all future information. The
RSSM then receives the output of this GRU instead of the original observation as input. This model
is an extension of the neural network based inference model for L, introduced in the previous
section ( Lssm(CF) in Figure 5.2). We compare this approach to the original RSSM and present
the results in Section 5.4.1, in particular Figure 5.4. Those results show that the performance
decreases compared to the original RSSM. We argue that with a proper inference, the overestimated
aleatoric uncertainty no longer regularizes the model, making it more prone to objective mismatch.
Following other methods, we try to improve the results by modeling epistemic uncertainty. To this
end, we use Monte Carlo Dropout (MCD) but find that it does not help to improve the Smoothing
RSSM’s performance. From these results, again presented in Figure 5.4, we conclude that solely
addressing the suboptimal inference assumption is insufficient, but we also need to rethink the
model’s parameterization. We postulate that the additional GRU for the backward pass is a poor
inductive bias and that we require a smoothing approach that adds as little complexity as possible
to the model. In the next section, we will introduce an architecture that allows for parameter-free
smoothing.

5.3. Variational Recurrent Kalman Networks

To provide a theoretically better-grounded alternative to the RSSM, we require a model which allows
tractable inference while still scaling to complex image-based control tasks. Further, the architecture
should allow efficient computation of smoothed and posterior state beliefs and dynamics. While we
need smoothed beliefs for training, we require (filtered) posteriors for online control. In particular,
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as only the smoothed beliefs are explicitly used for training, the model needs to provide a strong
inductive bias that enables it to still produce reasonable posterior estimates.

To meet these criteria, we introduce a new parametrization of the latent dynamics based on a
Linear Gaussian State Space Model (LGSSM) (Murphy, 2012) embedded in a latent space. The linear
Gaussian assumptions allow a rigorous treatment of uncertainties while working in a learned latent
space allows for modeling high-dimensional and non-linear systems. Inference in this LGSSM
amounts to (extended) Kalman filtering and smoothing, enabling smoothing inference without
introducing additional parameters besides the latent observation and dynamics model. Due to
this property, the architecture can perform proper smoothing inference for training and also
produce reasonable posterior beliefs for online control. As an additional benefit, the formulation
can naturally handle missing observations and the fusion of multiple sensors, making it amenable
to many realistic problems. To include epistemic uncertainty in our approach, we use Monte Carlo
Dropout (Gal and Ghahramani, 2016) for a Bayesian treatment of the LGSSM’s transition model.
We name the resulting approach Variational Recurrent Kalman Network (VRKN). Figure 5.3 shows
a schematic overview.

In the following, we first introduce the VRKN’s dynamics model, which is shared between the
inference and generative parts of the model. Next, we introduce the parameterization of the
inference model g and the generative model p. We describe how to train the model and use it for
control and conclude by elaborating on the natural fusion mechanism.

5.3.1. The VRKN’s Dynamics Model

Both, the VRKN’s inference model g and the generative model p, use the same dynamics model.
Such parameter sharing is common for variational time-series models (Karl et al., 2016; Fraccaro
et al., 2017; Hafner et al., 2019; Klushyn et al., 2021), as it simplifies the architecture, reduces the
number of parameters, and simplifies training.

We model the latent dynamics as

P(Zeslze,a) = N (Zt+1 |At(11:, as)z; + bt(ll;-, a), Ufyn(ll;-, at)) ,

where p7 denotes the mean of the posterior state estimate g(z¢|o<;, a<;) provided by the inference
model. Thus, we learn a linearized dynamics around the current posterior mean. This parametriza-
tion builds on the work of Shaj et al. (2020), who propose using a model that is locally linear in
the state while depending non-linearly on the action. Building on the assumption that there is
no uncertainty in the actions, it is maximally flexible while still allowing the usage of extended
Kalman filtering (Jazwinski, 1970). Here, the linearization around the current posterior mean p;
enables closed-form propagation of state beliefs.

We model A, to be a diagonal matrix which is emitted together with the offset term b; and the

transition noise afyn by a single neural network (At, b;, afyn) = ¢(u}, a;). We carefully design

this network to prevent the state estimates and gradients from growing indefinitely during training.
First, as A; is diagonal, its values are its eigenvalues, and constraining them in an appropriate range
ensures stable dynamics. To this end, we use an activation of the form f(x) = s - sigmoid(x +b) + m
where we choose s, b, and m such that it saturates at 0.1 and 0.99 while f(0) = 0.9. Here, the
intuition is that we want plausible and stable dynamics, which we initialize as a slightly dampened
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system. Second, we employ a gating mechanism to mitigate problems with vanishing and exploding
gradients. To this end, we use a standard GRU cell implementation but feed the posterior mean
p; into the memory input, i.e., ¢(p},a;) = ¢2(GRU(¢1(p7, ar), gf)). The resulting model is still
fully stochastic and linear in z;. In contrast to the RSSM, it does not use a deterministic path as the
GRU cell does not introduce an additional deterministic memory and is used solely for addressing
problems arising from unstable dynamics and gradients. We empirically found this helpful and
took inspiration from standard recurrent architectures (Hochreiter and Schmidhuber, 1997; Cho
et al., 2014), where gating mechanisms are a well-known approach to mitigate instabilities. The
right side of Figure 5.3 provides an overview of the dynamics model architecture.

Modeling Epistemic Uncertainty. As discussed in Section 5.2.3, the overestimated aleatoric
uncertainty of the RSSM’s transition model avoids overconfident estimates due to overfitting and
compensates for the lack of explicit epistemic uncertainty. Thus, as our approach captures the
aleatoric uncertainty correctly, we need to explicitly consider epistemic uncertainty to obtain
a model that is also useable for policy optimization. We use Monte Carlo Dropout (Gal and
Ghahramani, 2016) due to its simplicity and include corresponding layers at appropriate points in
the transition model. Those point are shown on the right side of Figure 5.3.

5.3.2. Inference Model

We aim for a model that can work with high-dimensional observations which depend non-linearly
on the latent state while still allowing efficient inference of filtered and smoothed beliefs. Thus, we
introduce an auxiliary, intermediate representation w; for the original observations o;. Such an
intermediate representation allows us to capture the highly complex relations between state and
observations in the mapping from o, to w; while using a simple observation model q(w;|z;) in the
latent space. This approach is common for variational latent State Space Models (Karl et al., 2016;
Fraccaro et al.,, 2017; Klushyn et al.,, 2021) as it enables efficient inference in latent space. These
approaches model w; as a latent Gaussian random variable and learn it’s mean and variance based
on o;. They then sample w, given these parameters. Yet, this assumption complicates inference and
training, as now an additional latent variable, w;, has to be addressed. Further, it makes uncertainty
propagation from observations to states harder (Becker et al., 2019; Volpp et al., 2021), as explicit
uncertainty information is lost during sampling. Thus, following (Haarnoja et al., 2016; Becker
et al., 2019; Shaj et al., 2020; Volpp et al., 2021), we instead formulate the observation model as
q(wilz;) = N (w;|zs, o)), where w; = enc,(0;) and the diagonal covariance o™* = enc,(o;) are
given by an encoder network taking the original observation. In practice, the encoder consists
of a single neural network with two output heads. This formulation does not suffer from the
previously mentioned issues. First, as it models w; as a direct mapping of the observation and not
a random variable, we do not need to infer w; but can assume it is observable. This assumption
results in a simplified inference and training objective as we do not have to account for unobserved
latent variables other than the latent state itself. Second, the encoder can directly extract the
uncertainty in the observation, which tells the inference procedure how much it can rely on w;. For
example, when estimating w; from images, some images might contain certain information, e.g.,
the positions of an object, while others do not. The former case would result in a low uncertainty
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and the latter in a high one. Given w; and o}’ we can update belief states using the Kalman update,
i.e., Bayes rule for Gaussian distributions,

1
q(Zt|05t, aci_1) = Zq(enco(ot)|Zt)q(zt|0§t—1a acs—1).

Here, o}’ contributes to the computation of the Kalman gain, which highlights how the model uses
the encoder’s uncertainty to trade-off information from the prior belief and observation.

The inference observation model is combined with the shared locally linear dynamics model
q(z¢+112s, a¢) = p(z441]24, ;) to obtain a latent LGSSM for inference. Given this dynamics model,
we can forward beliefs in time using closed-form Gaussian marginalization,

Q(Zt+1|oSt,a§t)=/Q(Zt+llzt,at)q(zt|0§taa§t—l)dzt-

Repeating the described forms of forwarding beliefs in time and updating them based on observa-
tions amounts to standard (extended) Kalman filtering (Kalman, 1960; Jazwinski, 1970). Similarly,
given these models, we can compute smoothed belief states using the Rauch-Tung-Striebel (Rauch
et al., 1965) equations. In particular, the smoothing only requires beliefs and transition models
computed during filtering and does not introduce additional learnable parameters. Note that both
the filtering and smoothing equations simplify under our assumptions of diagonal covariances
and are thus efficient and scalable. Thus, the smoothing inference only slightly increases the
computational load during training. Especially in the image-based settings considered here, the
computational cost largely stems from encoding and reconstructing observations.

5.3.3. Generative Model

Recall that we assume a generative State Space Model (SSM) consisting of three parts. Those
are the dynamics model, the observation model, and the initial state distribution. First, we have
the dynamics model p(z;+1|2;, a;) as described in Section 5.3.1. Second, we assume a Gaussian
generative observation model p(o;|z;) parameterized by a neural network (decoder). Following
Hafner et al. (2019), we parameterize the mean by a neural network and assume a fixed variance. This
parameterization is often empirically beneficial, especially in the image-based setting considered
in our experiments, but not a theoretical constraint. We could also parameterize the variance by
the network if required. Third, we have an initial state distribution p(zy). Here we use a Gaussian
with zero mean and a learned diagonal variance which we initialize with the identity matrix.

5.3.4. Stochastic Gradient Variational Bayes for Model Learning

We train our model using a version of stochastic gradient variational Bayes (Kingma and Welling,
2013) and maximize L, (Equation 5.4). Like most approaches building on (Kingma and Welling,
2013) we approximate all expectations in Equation 5.4 using Monte Carlo estimation with a single
sample from the latent variable and jointly optimize the parameters of ¢ and p. For training,
we infer the required belief states using the Kalman-based smoothing procedure described in
Section 5.3.2. To compute the KL term in Equation 5.4 we additionally need the smoothed dynamics
q(Z:41|Zt, @54, 05441) Which we obtain with minimal overhead by extending the RTS equations as
detailed in Appendix C.1.2.
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The VRKN’s formulation tightly couples posterior and smoothed beliefs by a fixed (not learned),
deterministic, and well-motivated procedure. Smoothing using the Rauch-Tung-Striebel equations
ensures that reasonable smoothed beliefs can only stem from reasonable posterior beliefs. Thus,
while the posterior belief is not explicitly part of the objective, it is still learned during training as
a prerequisite of the smoothed beliefs.

5.3.5. Using the Model for Online Control and Reinforcement Learning

When using the model for online control, we cannot smooth but have to act based on samples from
the posterior belief q(z;|a<;, 0<;). We can rely on Kalman filtering, as described in Section 5.3.2, to
obtain this posterior belief and omit the smoothing step, as future observations are unavailable.
For the VRKN, the tight coupling between smoothed and posterior beliefs ensures the posteriors
are reasonable and usable for control.

To act based on the latent state beliefs, we add a decoder network to predict rewards from latent
states. Following (Hafner et al., 2019), this decoder is trained by adding a reconstruction loss
term to the objective. Given the predicted reward, various forms of control are applicable to
act optimally. Yet, in this work, we focus on the underlying SSM and thus reuse two previously
introduced methods building on the RSSM (Hafner et al., 2019, 2020). The PlaNet (Hafner et al.,
2019) approach plans actions using the cross entropy method by rolling out trajectories on the
model. The Dreamer (Hafner et al., 2020) approach learns a parametric policy and value function
based on latent imagination. Such latent imagination uses the model as a differentiable simulator
and optimizes the policy based on the estimated values of predicted future states.

5.3.6. Sensor Fusion

Given the possibility of using the Kalman update for incorporating observations, we can use the
VRKN for a simple but principled approach to sensor fusion. Formally, we assume the observation
o, factorizes into K different observations ng)’ ie, p(osz;) = Hlk(:lp(ogk)lzt). Those observa-
tions can be of various modalities and be available at different frequencies, e.g., high-frequency
velocity information from an inertial measurement unit and low-frequency camera images of the
surroundings. In this scenario, we have K encoders and K decoders, one for each ng). Similar to
more traditional sensor fusion approaches (Gustafsson, 2010), we then accumulate the intermediate
observation representation wik) by repeatedly applying the Kalman update. This approach reflects
the invariance to permutations of all observations for a single time step. Furthermore, it enables

the model to omit the update if some of the K observations are unavailable for a time step.

5.4. Evaluation

A reference implementation of the Variational Recurrent Kalman Network with PlaNet and Dreamer
Agents, as well as all baselines, is available at:

https://github.com/pbecker93/vrkn
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5.4. Evaluation
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Figure 5.4.: Comparison of the RSSM, the simple smoothing extension (Smooth RSSM) as well as versions of
both models using Monte Carlo Dropout (MCD) to capture epistemic uncertainty in the dynamics (MCD-
RSSM and Smooth MCD-RSSM). Note that we use different tasks for PlaNet and Dreamer-based agents.
Thus the left and right plots are not directly comparable. We find that proper inference by smoothing for
both types of agents deteriorates performance. The additional epistemic uncertainty does not compensate
for this decrease in performance.

We compare the VRKN, the original RSSM,and the modified RSSM version introduced in Section 5.2.3
on image-based continuous control tasks using the DeepMind Control Suite (Tassa et al., 2020). Prior
works (Lambert et al., 2020; Lutter et al., 2021) concluded that the model’s predictive performance
is often uninformative about the quality of the model-based agent. We concluded the same
after preliminary experiments and want to study the effects of the different assumptions and
parametrizations on the performance in a model-based RL setting. Thus, we evaluate the SSMs as
backbones for model-based agents and directly consider the achieved reward. As mentioned, we
use both the PlaNet and the Dreamer approaches for control and thus closely follow the experiment
setup described by Hafner et al. (2019, 2020). Appendix C.2 details the experimental setup and used
baselines.

For our experiments, we run a varying number of tasks from the DeepMind Control Suite (Tassa
et al., 2020) and report aggregated results over these tasks. Such aggregation is possible as the
rewards in the DeepMind Control Suite are normalized, and all sequences are of equal length (1, 000
steps). Thus the returns are normalized, and aggregation yields better performance estimates (Agar-
wal et al.,, 2021). Again following the suggestions of Agarwal et al. (2021), we report interquartile
means while indicating 95% stratified bootstrap confidence intervals by shaded areas. These metrics
are computed using the provided library®. We base our conclusions on those aggregated results.
Unless noted otherwise, we use 10 seeds for each agent-environment pair, train for 1 million
environment steps, and approximate the expected return using 10 rollouts. Appendix C.3 provides
reward curves for the individual tasks and additional quantitative results, such as box plots of their
final performance.
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Figure 5.5.: Comparison of VRKN and RSSM-based PlaNet and Dreamer agents on standard DeepMind
Control Suite tasks. Note that we use different tasks for PlaNet and Dreamer-based agents. Thus the left
and right plots are not directly comparable. The VRKN without epistemic uncertainty (VRKN (no MCD))
cannot compete with the RSSM-agents, especially using the more involved Dreamer-based agents. Yet, the
VRKN profits from the epistemic uncertainty, and closes the performance gap to the RSSM and even shows
a tendency to be more sample efficient.

5.4.1. Evaluation of the Effect of Epistemic Uncertainty on Different
Smoothing Architectures

We start our evaluation by comparing the original RSSM with its extended smoothing version
using a GRU with and without Monte Carlo Dropout (MCD), described in Section 5.2.3. We also
include a version of the original RSSM with MCD to model epistemic uncertainty for completeness.
For the PlaNet agents, we evaluate the 6 tasks originally used in (Hafner et al., 2019). For the
Dreamer agents, we use 8 tasks. Those are Cheetah Run, Walker Walk, Cartpole Swingup, Cup
Catch, Reacher Easy, Hopper Hop, Pendulum Swingup, and Walker Run. As indicated by the results
in Figure 5.4, the proper smoothing inference significantly deteriorates performance. Adding
epistemic uncertainty in the form of MCD does, on average, neither affect the performance of the
original RSSM nor the smoothing RSSM. These results underpin the argument that naive smoothing
with the RSSM gives suboptimal performance. Additionally, they show that epistemic uncertainty
in the form of Monte Carlo Dropout cannot serve as a remedy for the RSSM.

Next, we compare the VRKN to the RSSM using the same environments and also include a version of
the VRKN without Monte Carlo Dropout (MCD), i.e., without epistemic uncertainty, dubbed VRKN
(no MCD). Figure 5.5 shows the aggregated results for both PlaNet and Dreamer agents. Those
results demonstrate that matching the RSSM’s performance is possible with a principled smoothing
inference by explicitly modeling epistemic uncertainty and providing a more appropriate inductive
bias. Additionally, we find the VRKN tends to reach a given performance with fewer environment
interactions, especially for the Dreamer agents.

Together, the results from Figure 5.4 and Figure 5.5 emphasize the importance of regularization for
model-based RL. This regularization can be either implicitly by suboptimal inference or explicitly
by capturing epistemic uncertainty. Additionally, they indicate that epistemic uncertainty alone
is insufficient for approaches using a correct smoothing inference. Yet, the VRKN’s appropriate

2 rliable: https://github.com/google-research/rliable
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5.4. Evaluation
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Figure 5.6.: We introduce two types of occlusions to induce partial observability. (a) Disk Occlusion: Slow-
moving disks float through the image and bounce off its walls. (b) Wall Occlusions: Walls slide over the
image from right to left at a constant speed. Their width is sampled randomly between half the image
width and the image width. In both cases, the models have to accurately estimate which parts of the system
are visible and which are not. Yet, the wall-based occlusions are more correlated over time and require
memorization and prediction over longer time periods.

inductive bias makes the more principled approach of combining proper inference with explicit
epistemic uncertainty feasible.

5.4.2. Evaluation on Tasks where Aleatoric Uncertainty Matters

The standard versions of the Deep Mind Control Suite Tasks have a deterministic simulation
and rendering process. Thus, their aleatoric uncertainty is low. To better analyze the approaches’
capabilities to capture and handle aleatoric uncertainty, we design tasks where doing so is necessary.
To this end, we modify the Cheetah Run, Walker Walk, Cartpole Swingup, and Cup Catch tasks.
First, we introduce transition noise by adding Gaussian noise to the actions before execution. We
added noise with a standard deviation of 0.2 for Cheetah Run and Walker Walk and 0.3 for Cartpole
Swingup and Cup Catch. Note that valid actions are between —1 and 1 for all tasks. Second, we
modify the observations to contain only partial information, are missing for several time steps, or
are available in different modalities at different frequencies. For details, we refer to the individual
experiments below.

We use these tasks to study the effects of appropriately capturing aleatoric uncertainty in tasks
where this form of uncertainty matters. We compare VRKN-based and the RSSM-based Dreamer
agents and find that precise estimation of the aleatoric uncertainty makes a difference. Contrary to
the original tasks, where RSSM and VRKN-based agents performed similarly, agents building on
the VRKN outperform their RSSM-based counterparts in all considered scenarios.

5.4.2.1. Partial Observability through Occlusions

In a first approach to include observation uncertainty, we render two types of occlusions over the
images, i.e., discs and walls. See Figure 5.6 for an explanation and some examples. Due to these
occlusions, the individual observations have varying amounts of relevant information. Thus, the
models need to correctly capture uncertainties in the system, allowing them to trade off information
from the prior belief and current observation. For training, we use masked reconstruction, i.e.,
only non-occluded pixels contribute to the reconstruction loss. We want to emphasize that we do
not consider the availability of such loss masks a realistic scenario but see the task as a reasonable
benchmark to evaluate the models’ capabilities to cope with uncertainties. We also consider a
baseline where we train the model solely to reconstruct the reward to show that the approaches
can still extract information from the highly occluded observations. Figure 5.7 shows the results of
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Figure 5.7.: Aggregated results for the partial observability experiments with both occlusion types. For the
experiments, except for the reward-only baseline, we used 20 seeds per task. Both approaches clearly perform
better than the reward-only baseline, showing that they can extract useful information from the occluded
images. Yet, especially in the wall-occlusion task, the VRKN-based agents outperform the RSSM-based
agents. They do not only achieve a higher reward but also converge faster. Especially in the wall occlusion
task, it is insufficient to only extract information from the occluded images, but a reasonable belief also
needs to be sustained over time.

the comparison. Under the heavy occlusions considered here, the VRKN performs significantly
better than the RSSM. In particular for the wall occlusions, the VRKN-based agents achieve a
higher reward using fewer environment interactions. The wall occlusions are more correlated, i.e.,
occluded parts in one image are more likely also occluded in the previous and next images. Thus,
they test the approaches’ capability to not only form a reasonable belief but also to propagate it for
multiple time steps.

Figure 5.8.: Exemplary sub-sequence of reconstruc-
tions, based on the model’s posterior beliefs. The first
row is the noise-free ground truth image, which the
models never see. The second row is the model input,
followed by the VRKN and the RSSM reconstructions.
Even though the ball is partly visible in most images,
the RSSM fails to reconstruct its position. The VRKN
manages to do so and even provides a reasonable es-
timate for cup position. These results indicate the
VRKN’s improved ability to capture the system state
in noisy scenarios.

Ground Truth

VRKN Input Image

RSSM

Additionally, we qualitatively compare images reconstructed from posterior beliefs of both ap-
proaches to gain further insights into the quality of the belief state. Figure 5.8 shows some of
those reconstructions for the Cup Catch task, further images can be found in Appendix C.3. From
these images, it appears that the VRKN better captures the actual system state and uncertainty
and thus allows the model-based agent to achieve a higher reward. Yet, while the reconstructions
are visually much better, we only observe a small increase in performance, which we attribute to
objective mismatch.
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Figure 5.9.: Aggregated results in the missing observations setting with and without transition noise. First,
we see that the VRKN works equally well if we provide the information about which information are valid
explicitly (VRKN) or if we provide it by concatenation (VRKN (Cat)). Second, the RSSM performs significantly
worse than both VRKN versions. Especially if the system is subject to transition noise it fails to give good
results.

5.4.2.2. Dealing with Missing Observations

Another common setting where estimating aleatoric uncertainty is important is missing obser-
vations. It requires the models to propagate a reasonable belief without information and update
it if an observation is available. Additionally, if no observations are available for multiple time
steps, the belief state gradually drifts away from the real state due to noise and model inaccuracies.
Once a new observation arrives, the discrepancy between this observation and the belief has to be
explained. Recall that, due to its inference assumptions, the RSSM must explain the discrepancy by
the last transition and thus will overestimate the aleatoric uncertainty even further. On the other
hand, the VRKN with its smoothing inference can capture the drift of the belief state and evenly
attribute the discrepancy to all transitions since the last observation. Thus the VRKN should be
better equipped to solve such a task.

We consider a setting where we only provide every n-th image, where n is sampled uniformly
between 4 and 8. We assume knowledge about whether the observation for a given time step is
valid and feed that knowledge to the models as an additional input flag. For valid observation,
the model receives the observation and a 1. For invalid observations, it receives a default value
and a 0. The RSSM handles this flag by appending it to the convolution network processing the
inputs or to the default value. See Appendix C.2.3 for details. The VRKN allows for two ways
of handling the flag. First, we can again concatenate it to the observation before computing the
latent observation and corresponding uncertainty estimate (VRKN (Cat)). Second, the VRKNs
design allows us to provide the information more explicitly and the Kalman update step for invalid
observations during inference. We evaluate with and without additional transition noise and
show the results in Figure 5.9. Those results underpin the initial hypotheses that the VRKN is
better equipped to learn in this setting and significantly outperforms the RSSM. The improvement
is independent of how we provide information about missing information to the VRKN and, as
expected, more significant with transition noise.
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Figure 5.10.: Aggregated results in the fusion setting with and without transition noise. When comparing to
Figure 5.9 we see that both approaches are able to exploit the additional proprioceptive information and
improve their performance. Yet, the VRKN seems to better exploit and accumulate the available information,
as the resulting agents significantly outperform their RSSM-based counterparts.

5.4.2.3. Fusing Information from Multiple Sensors at Different Frequencies

We extend the missing observations setting using proprioceptive information which is available at
every time step. The exact form of the proprioceptive information is task-dependent. For example,
for Cup Catch, we define the cup position as proprioceptive, but not the ball position, which has
to be inferred from images. Appendix C.2.4 provides an overview for all considered tasks. This
experiment mimics a common robotics scenario where we have proprioceptive information about
the robot at high frequencies but need to estimate the environment’s state based on lower-frequency
images. It tests the approaches’ abilities to form reasonable state estimates from observations
that arrive in different modalities and at varying frequencies. Here, the models need to trade off
information encoded in the prior belief with the information available in both sensor sources. This
trade-off requires accurate estimates about the aleatoric uncertainty in both state and observations.
For the fusion task, the VRKN can rely on the natural fusion mechanism described in Section 5.3.
For the RSSM, we also use multiple encoder networks, decoders, and loss terms and concatenate
the outputs of the encoders before forming the posterior belief. For details, see Appendix C.2.3.

As shown in Figure 5.10, the VRKN achieves a higher reward than the RSSM, especially in the
setting with transition noise. This result again emphasizes the VRKNs capability to exploit all
available information, appropriately capture the system’s uncertainty, and form belief states that
yield good performance.

5.5. Related Work

Recurrent State Space Models. While earlier works (Wahlstrom et al., 2015; Watter et al., 2015;
Banijamali et al., 2018; Ha and Schmidhuber, 2018; Buesing et al., 2018) discussed and showed
the feasibility of control using learned latent State Space Models, the work originally proposing
the RSSM (Hafner et al., 2019) was the first to show that such approaches can achieve similar
performance to model-free RL on pixel-based complex continuous control tasks while using
significantly fewer environment interactions. Since then, Hafner et al. (2020) improved their
approach using a parametric policy learned on imagined trajectories and categorical latent spaces
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(Hafner et al., 2021). These approaches gained interest in the model-based RL community and
are empirically successful, yet, little attention has been paid to the underlying SSM itself, the
assumptions it builds upon, and its parametrization.

State Space Models. The Machine Learning community extensively studied and used SSMs.
Besides classical approaches using linear models (Shumway and Stoffer, 1982) and works using
Gaussian Processes (Eleftheriadis et al., 2017; Doerr et al., 2018), most recent methods build on
Neural Networks (NNs). The first class of NN-based models of particular relevance for this work
embeds Linear Gaussian SSMs (LGSSM) into latent spaces (Watter et al., 2015; Karl et al., 2016;
Fraccaro et al., 2017; Banijamali et al., 2018; Becker-Ehmck et al., 2019; Klushyn et al., 2021). These
approaches assume actuated systems and learn using stochastic gradient variational Bayes (Kingma
and Welling, 2013). Yet, non of these approaches were used to model or even control systems
of the complexity considered by (Hafner et al.,, 2019) and here. They are not directly applicable
to these scenarios for various reasons. First, they use full transition matrices and covariances,
which prevents them from scaling to sufficiently high-dimensional latent spaces. (Karl et al., 2016;
Becker-Ehmck et al., 2019) do not allow smoothing. (Fraccaro et al., 2017; Klushyn et al., 2021) model
the latent observations as random variables which are inferred jointly with the latent states and
use constant observation uncertainty for the filtering in the latent space. This choice complicates
inference and training and prevents principled usage of the observation uncertainty for filtering.
Our parameterization of the LGSSM alleviates these issues by building on factorization assumptions
which yield a scalable architecture. Further, it allows smoothing and principled usage of observation
uncertainty during filtering by modeling the observations in latent space as deterministic. Finally,
non of these approaches considered modeling epistemic uncertainty.

Another class of approaches directly uses NN-based, nonlinear parametrization for SSMs (Archer
et al., 2015; Krishnan et al., 2015; Gu et al., 2015; Zheng et al., 2017; Krishnan et al., 2017; Yingzhen
and Mandt, 2018; Schmidt and Hofmann, 2018; Naesseth et al., 2018; Moretti et al., 2019). Out of
this class, Structured Inference Networks (SINs) (Krishnan et al., 2017) are the most relevant for
our work. SINs build on the same variational objective as VRKN, yet without conditioning on
actions. The smoothing-RSSM baseline introduced in Section 5.2.3 can be considered an instance of
a SIN. Yet while it builds on the same loss and fundamental ideas, the underlying NN architecture
is different.

Kalman Updates in Deep Latent Space. Haarnoja et al. (2016) first proposed using an encoder
to extract uncertainty estimates from high-dimensional observations for filtering. They only
learned the encoder while assuming the transition dynamics to be known. Becker et al. (2019)
proposed an efficient factorization to additionally learn a high-dimensional, latent, locally-linear
dynamics model. Shaj et al. (2020) extended this approach by introducing a principled form of
action conditioning. While the VRKN builds on many of their design choices, there are also
considerable differences. Those differences mainly concern the parametrization of the dynamics
model and further simplifying the factorization assumptions. These changes are necessary to
make the approaches scale to the complex control tasks considered in this work. Additionally,
Haarnoja et al. (2016); Becker et al. (2019); Shaj et al. (2020) train using regression and do not learn
a full generative model. Thus, they cannot produce the reasonable latent trajectories needed for
model-based RL.

Epistemic Uncertainty for Model-Based RL. Ample work emphasizes the importance of model-
ing epistemic uncertainty for model-based RL (Deisenroth and Rasmussen, 2011; Chua et al., 2018;
Janner et al., 2019) and several authors equipped RSSMs with epistemic uncertainty. Okada et al.
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(2020) use an ensemble of RSSMs and showed improved results on modified versions of the Deep
Mind Control Suite (Tassa et al., 2020) benchmarks. Sekar et al. (2020) also combine an ensemble
with the RSSM but focus on exploration and generalization to unseen tasks. Yet, neither of these
works questioned the assumptions underlying the RSSM or analyzed their effects on the learned
models.

5.6. Conclusion

We analyzed the independence assumptions underlying Recurrent State Space Models (RSSMs)
and found they are theoretically suboptimal. Yet, they implicitly regularize the model by causing
an overestimated aleatoric uncertainty and are crucial to the RSSMs success in model-based RL.
When trying to avoid this heuristic approach and use the correct assumptions while replacing
the implicit regularization with a more explicit approach using epistemic uncertainty, we found a
simple extension of the RSSM architecture is insufficient. Thus, we redesigned the model using
well-understood and established components, providing a more appropriate inductive bias for
smoothing. The resulting Variational Recurrent Kalman Network (VRKN) uses a latent Linear
Gaussian State Space Model to address aleatoric uncertainty and Monte-Carlo Dropout to model
epistemic uncertainty explicitly. Building on an LGSSM allows exact inference in the latent space
using Kalman filtering and smoothing to obtain both smoothed and posterior belief states efficiently.
While agents based on the VRKN and the RSSM perform similarly on the standard DeepMind
Control Suite (Tassa et al., 2020) benchmarks, the VRKN-based agents significantly outperform
those using the RSSM on tasks where capturing uncertainties is more relevant. Additionally, the
VRKN provides a natural approach to sensor fusion and outperforms the RSSM on tasks that require
fusing sensor observations from several sensors at different frequencies.

Limitations. We showed that designing a State Space Model out of well-founded components that
matches or improves the RSSM’s performance is possible. This insight opens a path to improve
them individually. Yet, here we used simple instances of these components and have not yet further
investigated how to improve them. Further, we have not investigated the interplay between the
models and the controllers used on top of them but used the control approaches proposed in
(Hafner et al., 2019) and (Hafner et al., 2020) with default parameters. Due to the intricate interplay
between model learning and using the resulting controller for data collection, it is reasonable to
rethink the design of the controller when changing the model.

Contribution Statement. [ conducted the analysis of the RSSM inference assumptions and impli-
cation for model learning, devised, derived, and implemented the VRKN, devised, implemented, and
ran all the evaluations and wrote the large majority of the article. GN advised me during the project,
assisted with the analysis and suggested experiments, and helped with writing the article.
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6. KalMamba: Towards Efficient
Probabilistic State Space Models for RL
under Uncertainty

While the Variational Recurrent Kalman Network (VRKN) introduced in Chapter 5 provides a
principled way to model and disentangle epistemic and aleatoric uncertainties in world models,
it is still computationally expensive. Its inherently sequential nature limits the parallelism of the
model, making it challenging to scale. This chapter addresses this limitation and, together with the
VRKN itself, answers Q2:

Q2 How can we build a computationally efficient world model for RL that captures and propagates
uncertainties in the world while separating them from uncertainties due to lack of training
data?

Our approach, KalMamba, bridges the gap between the VRKN and a concurrently emerging class of
deterministic structured SSMs (Gu et al., 2021; Smith et al., 2022; Gu and Dao, 2023) that can process
sequential data in parallel. While these consider different approaches for efficient computation, the
most intuitive and flexible ideas build on parallel scan algorithms (Blelloch, 1990; Harris et al., 2007),
which allow parallelized sequential computations over associative binary operators. Crucially,
Séarkka and Garcia-Fernandez (2020) (Section 2.1.3.2) showed that such parallel scan algorithms
can efficiently compute the forward and backward passes of Kalman filters, creating a natural
connection to the RKN and VRKN.

The following was published as KalMamba: Towards Efficient Probabilistic State Space Models
for RL under Uncertainty (Philipp Becker, Niklas Freymuth, and Gerhard Neumann, 2024a) at the
Workshop on Aligning Reinforcement Learning Experimentalists and Theorist (ARLET 2024) at ICML
2024. Reprinted with permission of the authors. Wording, notation, and formulations were revised in
several places. Shorter versions of this article were also presented at the Next Generation of Sequence
Modeling Architectures Workshop at ICML 2024 and the Training Agents with Foundation Models
Workshop at RLC 2024.

6.1. Introduction

Deep probabilistic State Space Models (SSMs) are versatile tools widely used in Reinforcement
Learning (RL) for environments with high-dimensional, partial, or noisy observations (Hafner
et al., 2020; Lee et al., 2020; Nguyen et al., 2021; Becker and Neumann, 2022; Hafner et al., 2023;
Samsami et al., 2024). They model states and observations as random variables and relate them
through a set of conditional distributions, allowing them to capture uncertainties and learn concise
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Figure 6.1.: Overview of KalMamba. The observation-action sequences are first fed through a dynamics back-
bone built on Mamba (Gu and Dao, 2023) to learn a linear dynamics model for each step. KalMamba then uses
time-parallel Kalman filtering (Sérkka and Garcia-Fernandez, 2020) to infer filtered beliefs q(z;|0<;, a<;—1)
which can be used for control with a Soft Actor Critic (SAC) (Haarnoja et al., 2018). For model train-
ing, KalMamba employs an additional time-parallel Kalman smoothing step to obtain smoothed beliefs
q(ztlo<t,a<t). These beliefs allow training a model that excels in modeling uncertainties due to a tight
variational lower bound (Becker and Neumann, 2022). Crucially, the smoothing step does not introduce
trainable model parameters, enabling the direct use of the filtered beliefs for downstream RL policy training
and execution.

probabilistic representations for downstream RL applications. Beyond RL, recent deterministic
SSMs (Gu et al.,, 2021; Smith et al., 2022; Gu and Dao, 2023) offer a powerful new paradigm for
general sequence modeling and rival state-of-the-art transformers while improving computational
complexity (Gu and Dao, 2023). These models assume states and observations are vectors related
by deterministic, linear, and associative functions, which allow efficient time-parallel computa-
tions. Such deterministic models are often insufficient for RL with complex observations, where
uncertainty awareness and probabilistic modeling are crucial (Chua et al., 2018; Lee et al., 2020;
Hafner et al., 2019). In contrast, due to their nonlinear parameterizations and inference approaches,
most existing probabilistic SSMs for RL and beyond do not feature the favorable scaling behavior
of recent deterministic SSMs.

Many real-world applications require both uncertainty awareness and the capability of handling
long sequences. Examples include multimodal robotics tasks with high-frequency control, long
sequence non-stationary tasks, or complex information-gathering tasks. Consider a robot tasked
with packing objects of unknown properties into a basket. By interacting with each item to infer
and memorize properties such as mass and deformability, the robot refines its understanding of
the scene, enabling it to strategically arrange the objects in the basket. Current deterministic
SSMs lack uncertainty awareness to solve such tasks, while their probabilistic counterparts do not
scale to the required sequence lengths. Thus, the question of how to develop a principled method
that combines the benefits of both paradigms to obtain robust and efficient probabilistic SSMs for
long-sequence RL under uncertainty arises.

We propose an efficient architecture for RL that equips probabilistic SSMs with the efficiency of
recent deterministic SSMs. Our approach, KalMamba, uses (extended) Kalman filtering and smooth-
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ing (Kalman, 1960; Rauch et al., 1965; Jazwinski, 1970) to infer belief states over a Linear Gaussian
SSM in a latent space that uses a dynamics model based on Mamba (Gu and Dao, 2023). In this ap-
proach, Mamba acts as a highly effective general-purpose sequence-to-sequence model to learn the
parameters of a dynamics model. The Kalman Smoother uses this model to compute probabilistic
beliefs over system states. Figure 6.1 provides a schematic overview. Mamba is efficient for long
sequences as it uses parallel associative scans, which allow parallelizing associative operators on
highly parallel hardware accelerators such as GPUs (Sengupta et al., 2007). Similarly, we formulate
both Kalman filtering and smoothing as associative operations (Sarkka and Garcia-Fernandez, 2020)
and build efficient parallel scans for filtering and smoothing in PyTorch (Paszke et al., 2019). With
both Mamba and the Kalman Smoother being parallelizable, KalMamba achieves time-parallel com-
putation of belief states required for model learning and control. Thus, unlike previous approaches
for efficient SSM-based RL (Samsami et al., 2024), which rely on simplified inference assumptions,
KalMamba enables end-to-end model training under high levels of uncertainty using a smoothing
inference and tight variational lower bound (Becker and Neumann, 2022). While using smoothed
beliefs for model learning, our architecture ensures a tight coupling between filtered and smoothed
belief states. This inductive bias ensures the filtered beliefs are meaningful, allowing their use for
policy learning and execution where future observations are unavailable.

We evaluate KalMamba on several tasks from the DeepMind Control (DMC) Suite (Tassa et al., 2018),
training an off-the-shelf Soft Actor-Critic (Haarnoja et al., 2018) on beliefs inferred from both images
and states. As baselines, we compare to Recurrent State Space Models (Hafner et al., 2019) and the
Variational Recurrent Kalman Network (Becker and Neumann, 2022). Our preliminary experiments
show that KalMamba is competitive to these state-of-the-art SSMs while being significantly faster
to train and scaling gracefully to long sequences due to its ability to be efficiently parallelized.
These results indicate KalMamba’s potential for applications that require forming accurate belief
states over long sequences under uncertainty:.

To summarize our contributions, we (i) propose KalMamba, a novel probabilistic SSM for RL that
combines Kalman filtering, smoothing, and a Mamba backbone to offer efficient probabilistic infer-
ence, (ii) motivate and compare KalMamba to existing probabilistic SSMs for RL, and (iii) validate
our approach on state- and image-based control tasks, closely matching the performance of state-
of-the-art probabilistic SSMs while being time-parallelizable.

6.2. Related Work

Deterministic State Space Models in Deep Learning. Structured deterministic State Space
approaches (Gu et al., 2021; Smith et al.,, 2022; Gu and Dao, 2023) recently emerged as an alter-
native to the predominant Transformer (Vaswani et al., 2017) architecture for general sequence
modeling (Gu and Dao, 2023). Their main benefit is combining compute and memory requirements
that scale linearly in sequence length with efficient and parallelizable implementations. While
earlier approaches, such as the Structured State Space Sequence Model (54) (Gu et al.,, 2021) and
others (Gupta et al., 2022; Hasani et al., 2022) used a convolutional formulation for efficiency, more
recent approaches (Smith et al., 2022; Gu and Dao, 2023) use associative scans. Such associative
scans allow for parallel computations over sequences if all involved operators are associative,
which yields a logarithmic runtime, given enough parallel cores. However, all these models are
deterministic, i.e., they do not model uncertainties or allow sampling without further modifications.
As a remedy, Latent S4 (LS4) (Zhou et al., 2023) extends S4 for probabilistic generative sequence
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modeling and forecasting. However, in LS4, the latent states are not Markovian and are thus hard
to use for control. KalMamba exploits the fact that filtering and smoothing in Linear Gaussian
State Space Models (LGSSM) models can also be formulated as a set of associative operations,
which makes it amenable to parallel scans (Sarkka and Garcia-Fernandez, 2020). To our knowledge,
it is the first deep-learning model to do so. Further, it relies on Mamba (Gu and Dao, 2023), a
state-of-the-art deterministic State Space Models, to precompute the dynamics models required for
filtering and smoothing.

Probabilistic State Space Models for Reinforcement Learning. Probabilistic State Space
Models (SSMs) are commonly and successfully used for Reinforcement Learning (RL) from high
dimensional or multimodal observations (Nguyen et al., 2021; Wu et al., 2022; Hafner et al., 2023;
Becker et al., 2024b), under partial observability (Becker and Neumann, 2022), and for memory
tasks (Samsami et al., 2024). Arguably, the most prominent approach is the Recurrent State Space
Model (RSSM) (Hafner et al., 2019). After their original introduction as the basis of a standard
planner, they have been improved with more involved parametric policy learning approaches Hafner
et al. (2020) and categorical latent variables for categorical domains (Hafner et al., 2021). During
inference, the RSSMs conditions the latent state on past observations and actions, resulting in
a filtering inference scheme. Here, the key architectural feature of RSSMs is splitting the latent
state into stochastic and deterministic parts. The deterministic part is then propagated through
time using a standard recurrent architecture. In its original formulation, the RSSM uses a Gated
Recurrent Unit (GRU) (Cho et al., 2014). One line of research focuses on replacing this deterministic
path with more efficient architectures with the TransDreamer (Chen et al., 2021) approach using a
transformer (Vaswani et al., 2017) and Recall to Image (Samsami et al., 2024) using S4 (Gu et al., 2021).
However, to fully exploit the efficiency of these backbone architectures, both need to simplify
the inference assumptions and can only consider the current observation, which makes them
highly susceptible to noise or missing observations. Opposed to that, the Variational Recurrent
Kalman Network (VRKN) (Becker and Neumann, 2022) proposes using a smoothing inference
scheme that conditions both past and future actions. This scheme allows the VRKN to work
with a fully stochastic latent state and lets it excel in tasks where modeling uncertainty is crucial.
The VRKN uses a locally LGSSM in a latent space, performing closed-form Kalman Filtering and
smoothing. KalMamba holistically combines smoothing inference in a fully probabilistic SSM with
an efficient temporally parallelized implementation, resulting in an approach that is robust to noise
and efficient.

Probabilistic State Space Models in Deep Learning. Probabilistic SSMs are versatile and
commonly used tools in machine learning. Besides classical approaches using linear models
(Shumway and Stoffer, 1982) and works using Gaussian Processes (Eleftheriadis et al., 2017; Doerr
et al., 2018), most recent methods build on Neural Networks (NNs) to parameterize generative and
inference models using the SSM assumptions (Archer et al., 2015; Watter et al., 2015; Gu et al., 2015;
Karl et al., 2016; Fraccaro et al., 2017; Krishnan et al., 2017; Banijamali et al., 2018; Yingzhen and
Mandt, 2018; Schmidt and Hofmann, 2018; Naesseth et al., 2018; Becker et al., 2019; Becker-Ehmck
et al., 2019; Moretti et al., 2019; Shaj et al., 2020; Klushyn et al., 2021; Shaj et al., 2022). Out of
these approaches, those that embed Linear Gaussian SSMs into latent spaces (Watter et al., 2015;
Haarnoja et al., 2016; Fraccaro et al., 2017; Banijamali et al., 2018; Becker-Ehmck et al., 2019; Becker
et al.,, 2019; Shaj et al., 2020; Klushyn et al., 2021; Shaj et al., 2022) are of particular relevance to
KalMamba. Doing so allows for closed-form inference using (extended) Kalman Filtering and
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Method Inference Model Smooth Parallel
RSSM (Hafner et al., 2019) q(z;|hy, 04) X X
R2I (Samsami et al., 2024) q(z:|o¢) X v
VRKN (Becker and Neumann, 2022)  q(z;|o<T,a<T) v X
KalMamba q(z;lo<T,a<T) v V4

Table 6.1.: Comparing the inference models and capabilities for smoothing (Smooth) and time-parallel
(Parallel) execution of recent SSMs for RL.

Smoothing. However, with the notable exception of the VRKN, these models usually cannot be
used to control or even model systems of similar complexity to those controlled with RSSM-based
approaches. Furthermore, some of them (Karl et al., 2016; Becker-Ehmck et al., 2019) do not allow
smoothing, while others (Fraccaro et al., 2017; Klushyn et al., 2021) model observations in the
latent space as additional random variables which complicates inference and training and prevents
principled usage of the observation uncertainty for filtering. Another class of approaches (Haarnoja
et al., 2016; Becker et al., 2019; Shaj et al., 2020, 2022) trains using regression and are thus not
generative. Notably, none of these approaches uses a temporally parallelized formulation of the
filtering and smoothing operations.KalMamba takes inspiration from many of these approaches and
partly follows the VRKN’s design to enable RL complex systems. However, it combines those ideas
with the efficiency of recent deterministic SSMs using an architecture that enables time-parallel
computations.

6.3. State Space Models for Reinforcement Learning

In Reinforcement Learning (RL) under uncertainty and partial observability, State Space Models
(SSMs) generally assume sequences of observations o<1 = (0;),-,...r Which are generated by a
sequence of latent state variables z<1 = (z;) ,~...1, given a sequence of actions a<r = (a;),...- The
corresponding generative model factorizes according to the hidden Markov assumptions (Murphy,
2012), i.e., each observation o, only depends on the current latent state z, through an observation
model p(o;|z;), and each latent state z, only depends on the previous state z,_; and the action a;_;
through a dynamics model p(z;|z;—1,a;-1).

In order to learn the SSMs from data and use it for downstream RL, we need to infer latent belief
states given observations and actions. Depending on the information provided for inference, we
differentiate between the filtered belief q(z;|0<;,a<;—1) and the smoothed belief q(z;|0<T, a<T).
The filtered belief conditions only on past information, while the smoothed belief also depends on
future information. Computing these beliefs is intractable for models of reasonable complexity.
Thus, we resort to an autoencoding variational Bayes approach that allows joint training of the
generative and an approximate inference model using a lower bound objective (Kingma and Welling,
2013).

The Recurrent State Space Model (RSSM) (Hafner et al., 2019) assumes a nonlinear dynamics
model, splitting the state z; into a stochastic s; and a deterministic part h; which evolve according
toh; = f(h;—y,a;-1,8;-1) and s; ~ p(st|h;). Here f is implemented using a Gated Recurrent
Unit (GRU) (Cho et al., 2014). This results in a nonlinear, autoregressive process that cannot be
parallelized over time. Further, RSSMs assume a filtering inference model g(s;|h;, o), where h;
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accumulates all information from the past. The RSSM’s inference scheme struggles with correctly
estimating uncertainties as the resulting lower bound is not tight (Becker and Neumann, 2022). In
tasks where such uncertainties are relevant, this lack of principled uncertainty estimation causes
poor performance for downstream applications.

As a remedy, the Variational Recurrent Kalman Network (VRKN) (Becker and Neumann, 2022)
builds on a Linear Gaussian SSM in a latent space which allows inferring smoothed belief states
q(z¢lo<T, a<t) required for a tight bound. The VRKN removes the need for a deterministic path
and improves performance under uncertainty. However, it linearizes the dynamics model around
the mean of the filtered belief, resulting in a nonlinear autoregressive process that cannot be
parallelized.

In contrast, Recall to Image (R2I) (Samsami et al., 2024) builds on the RSSM and improves computa-
tional efficiency at the cost of a more simplistic inference scheme. It uses S4 (Gu et al., 2021) instead
of a GRU to parameterize the deterministic path f but has to remove the inference’s dependency on
h, to allow efficient parallel computation. The resulting inference model, g(z;|0;) is non-recurrent
and neglects all information from other time steps. Thus, while R2I excels on memory tasks, it is
highly susceptible to noise and partial-observability as the inference cannot account for inconsistent
or missing information in o,.

Our approach, KalMamba, combines the tight variational lower bound of the VRKN with a paral-
lelizable Mamba (Gu and Dao, 2023) backbone to learn the parameters of the dynamics. It thus omits
the nonlinear autoregressive linearization process. Combined with our custom PyTorch routines
for time-parallel filtering and smoothing (Sarkka and Garcia-Fernandez, 2020), this approach allows
efficient training with the VRKNs principled, uncertainty-capturing objective.

6.4. KalMamba

On a high level, KalMamba embeds a Linear Gaussian State Space Model into a latent space and
learns its dynamics model’s parameters using a backbone consisting of several mamba layers. It
employs a time-parallel Kalman smoother in this latent space to infer latent beliefs for training
and acting. By exploiting the associativity of the underlying operations, we can utilize parallel
scans for this parallelization. KalMamba employs a tight variational lower bound objective that
allows appropriate modeling of uncertainties in noisy, partial-observable systems. We then use a
Soft Actor Critic (Haarnoja et al., 2018) approach to learn to act, avoiding autoregressive rollouts
for policy learning.

6.4.1. The KalMamba Model

To connect the original, high-dimensional observations o, to the latent space for inference, we
introduce an intermediate auxiliary observation w;, which is connected to the latent state by an
observation model g(w;|z;) = N (w;|z;, X)) (Becker et al., 2019; Shaj et al., 2020). Here, we assume
w; to be observable and extract it, together with the diagonal observation covariance X}’ from
the observation using an encoder network; (wt, Z?’) = ¢(o;). This approach allows us to model
the complex dependency between z; and o; using the encoder while having a simple observation
model for inference in the latent space. Opposed to modeling w; as a random variable (Fraccaro
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Figure 6.2.:.

Schematic of the Mamba (Gu and Dao, 2023) based backbone to learn the system
dynamics. It shares the inference model’s encoder ¢(0;) and intermediate representation
w;. Each w; is then concatenated to the previous action a;_;, fed through a small Neural
Network (NN) and given to Mamba model which accumulates information over time and

emits a representation m;(0;<,a<;—1) containing the same information as the filtered
belief q(z;|0;<,a<;—1). We then concatenate each m; with the current action a; and use
another small NN to compute the dynamics parameters A;, b; and X;. This scheme allows
us to use the intermediate representation m; for regularization and we regularize it
towards the filtered belief’s mean using a Mahalanobis regularizer (Equation 6.2). Finally,
the small NNs include Monte-Carlo Dropout (Gal and Ghahramani, 2016) to model
epistemic uncertainty.

et al., 2017; Klushyn et al., 2021), modeling it is observable results in fewer latent variables which
simplifies inference and allows direct propagation of the observation uncertainties from the encoder
to the state.

We parameterize the dynamics model as
dyn
p(zrlz,ar) = N (Zt+1|At(0St: a<)z; +bs(0<y, aSt):Zty (0<s, ast)) (6.1)

where both A; and E?yn are diagonal matrices and we constrain the (eigen)values of A to be between
0.4 and 0.99. This constraint ensures the resulting dynamics are plausible and stable. This approach
effectively linearizes the dynamics parameters A, b; and nyn around all past observations and
actions. Crucially, the resulting dynamics are linear in z; enabling the closed-form inference of
beliefs using standard Kalman filtering and smoothing.

Parameterizing the dynamics model of Equation 6.1 naively can lead to poor representations, as
information can bypass the actual SSM through the linearization backbone. To counter this, we
design the backbone architecture as depicted in Figure 6.2. For each timestep, we concatenate
w; and a,_1, transform each resulting vector using a small neural network, feed it through a
Mamba (Gu and Dao, 2023) model and linearly project the output to a vector m; of the same
dimension as the latent state z;. Each m; now accumulates the same observations and actions
used to form the corresponding filtered belief q(z;|0<;, a<;—1). We then take m; and the action
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a; to compute the dynamics parameters using another small neural network. This bottleneck
introduced by m; allows us to regularize the model as discussed below. Following (Becker and
Neumann, 2022) we further include Monte-Carlo Dropout (Gal and Ghahramani, 2016) into this
architecture, as explicitly modeling the epistemic uncertainty is crucial when working with a
smoothing inference.

The generative observation model is given by a decoder network p(o;|z;). The observations are
modeled as Gaussian with learned mean and fixed standard deviation. Finally, we assume an initial
state distribution p(z) that is a zero mean Gaussian with a learned variance %;.

Given the latent observation model q(w;|z;), and the shared, pre-computable, linear dynamics
model, we can efficiently infer belief states using extended Kalman filtering and smoothing. Recent
work (Sarkka and Garcia-Fernandez, 2020) shows how to formulate such filtering and smoothing as
associative operations amenable to temporal parallelization using associative scans. We implement
these operations in PyTorch (Paszke et al., 2019). Similar to S5 (Smith et al., 2022) or Mamba (Gu
and Dao, 2023) this implementation yields a logarithmic time complexity, given sufficiently many
parallel cores. Additionally, as the dynamics matrix A; and all model covariances, i.e., nym, »obs,
and X, are diagonal, the same holds for the covariances of the filtered and smoothed beliefs. Thus
we can replace costly matrix operations during Kalman filtering and smoothing with point-wise
operations, which further ensures KalMamba’s efficiency.

6.4.2. Training the Model

After inserting the state space assumptions of our generative and inference models, the standard
variational lower bound to the data marginal log-likelihood (Kingma and Welling, 2013) for a single
sequence simplifies to (Becker and Neumann, 2022)

Lsm(o<r,a<7) =

T

(Eq(zt|0§1,a57) [log p(o;|z:)] - Eg(z,_1]o<ra<r) [KL (q(z¢]Zi—1,a5¢-1, 024)||p(2¢]Zs -1, at—l))]) .

t=1
Due to the smoothing inference, this lower bound is tight and allows accurate modeling of the
underlying system’s uncertainties. To evaluate the lower bound we need the smoothed dynamics
q(z¢|z¢-1,a51-1, 0>;) whose parameters we can compute given the equations provided in (Becker
and Neumann, 2022).

To regularize the Mamba-based backbone used to learn the dynamics, we incentivize m; to corre-
spond to the filtered mean using a Mahalonobis distance

R(o<r,a<7T) = (mt(ost, A<t-1 — l‘;)T (Z;)_l (mt(OSbaSt—l) - Il;r) > (6.2)

M~

t=1

p; and X} denote the mean and variance of the filtered belief q(z;|0<;, a<;—1). This regularization
discourages the model from bypassing information over the Mamba backbone. This mirrors many
established models such as the classical extend Kalman Filter (Jazwinski, 1970), which linearize
directly around this mean, but still allows associative parallel scanning.

Finally, we add a reward model p(r;|z;), predicting the current reward from the latent state using a
small neural network. While this is not strictly necessary for standard policy learning on top of the
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Figure 6.3.: Aggregated expected returns for image-based observations. (Left) KalMamba is slightly worse
but overall competitive with the different baselines. Combining either baseline SSM with SAC matches or
exceeds the performance of DreamerV3. (Right) Using Mamba to learn the dynamics is crucial for good
model performance. Similarly, both Monte-Carlo Dropout and the regularization loss of Equation 6.2 stabilize
the training process and lead to higher expected returns.

representation, it nevertheless helps the model to focus on task-relevant details and learn a good
representation for control (Srivastava et al., 2021; Tomar et al., 2023). Including this reward term
and the Mahalonobis regularize, the full maximization objective for a single sequence is given as

LKalMamba(OST: aST) = Lssm(osT, aST) + Eq(ztlosr,asr) [logp(rtlzt)] - aR(OST; aST)~

6.4.3. Using KalMamba for Reinforcement Learning

We learn a policy on top of the KalMamba state space representation using Soft Actor Critic
(SAC) (Haarnoja et al., 2018). Here, we use the mean of the variational filtered belief g(z;|0<;, a<;—1)
as input for the actor and, together with the action a, for the critic. Importantly, we cannot smooth
during acting as future observations and actions are unavailable. However, while not directly
involved in the loss, the filter belief is still meaningful as the smoothing pass introduces no additional
parameters. This inductive bias induces a tight coupling between filtered and smoothed belief that
ensures the reasonableness of the former. We independently train the KalMamba world model and
SAC by stopping the actor’s and critic’s gradients from propagating through the world model. We
use SAC instead of the typical latent imagination strategy used with RSSMs, the VRKN, and R21.
For all 4 models, rolling out policies in the latent space is autoregressive but these rollouts can be
avoided by using a Q-function directly on the inferred belief states.

6.5. Experiments

We evaluate KalMamba on four DeepMind Control (DMC) Suite tasks, namely cartpole_swingup,
quardruped_walk, walker_walk, and walker_run. We train each task for 1 million environment
steps with sequences of length 32 and run 20 evaluation runs every 20, 000 steps. We report the
expected return using the mean and 95% stratified bootstrapped confidence intervals (Agarwal
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State-Based Noisy Tasks
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Figure 6.4.: Aggregated expected returns for the state-based noisy tasks. KalMamba clearly outperforms
the RSSM while almost matching the VRKN’s performance. Naively using SAC is insufficient, which testifies
to the increased difficulty due to the noise.

et al.,, 2021) for 4 seeds per environment. Appendix D.1 provides all hyperparameters. Appendix D.2
provides per-task results for all experiments.

We compare against Recurrent State Space Models (RSSM) and the Variational Recurrent Kalman
Network (VRKN). To isolate the effect of the SSMs’ representations, we combine both with
SAC (Haarnoja et al.,, 2018) as the RL algorithm, instead of using latent imagination (Hafner
et al., 2020).

6.5.1. Standard Image Based Tasks

We first compare on standard image-based observations of the different tasks and include Dream-
erV3 (Hafner et al., 2023) results for reference. The left side of Figure 6.3 shows the aggregated
expected returns. The results indicate that KalMamba is slightly worse, but overall competitive to
the two baseline SSMs and DreamerV3, while being parallelizable and thus much more efficient to
train. Interestingly, both SSMs work well when combined with SAC, matching or outperforming
DreamerV3.

We also conduct ablations for some of the main design choices of KalMamba on the right side
of Figure 6.3. No Mamba removes the Mamba layers from the dynamics backbone in Figure 6.2.
Similar to the selection mechanism of Mamba (Gu and Dao, 2023) itself, the resulting approach
linearizes the dynamics around the current action and observation, instead of all previous observa-
tions and actions. The results show that this is insufficient for KalMamba, presumably because
it uses only a single SSM layer instead of the stacked layers used by Mamba. Furthermore, No
Regularization loss removes the Mahalanobis regularization from the model and No Monte Carlo
Dropout removes Monte-Carlo Dropout from the dynamics backbone. Here, the results indicate
that regularizing m; and explicitly modeling the epistemic uncertainty are crucial for KalMamba’s
performance.

6.5.2. Low Dimensional Tasks with Observation and Dynamics Noise

To test the models’ capabilities under uncertainties, we use the state-based versions of the tasks
and add both observation and dynamics noise. The observation noise is sampled from N (0, 0.3)
and added to the observation. The dynamics noise is also sampled from N (0, 0.3) and added to
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Figure 6.5.: Wall-clock time evaluations on the state-based noisy walker-walk for KalMamba, the RSSM,
and the VRKN for different training context lengths for 1 million environment steps or up to 24 hours. This
time limitation only affected the VRKN training for 256 steps, which reached 650 thousand steps after 24
hours. While all methods work well for short sequences of length 32 (Top Left), the efficient parallelization
of KalMamba allows it to scale gracefully to and even improve performance for longer sequences of up to
256 steps, where the other methods fail (Bottom Right).

the action before execution. However, unlike exploration noise, this addition happens inside the
environment and is invisible to the world model and the policy. We include SAC without a world
model in our experiments as a baseline to evaluate the difficulty of the resulting tasks.

The results in Figure 6.4 show that naively using SAC fails in the presence of noise. While
the RSSM manages to improve performance it is still significantly outperformed by VRKN and
KalMamba, which both use the robust smoothing inference scheme. KalMamba needs slightly
more environment steps to converge but ultimately almost matches the VRKN’s performance while
being significantly faster to run.

6.5.3. Runtime Analysis

To show the benefit of KalMamba’s efficient parallelization using associative scans, we compare its
wall-clock runtime to that of the SSM baselines on the state-based noisy version of walker-walk
for training sequences of increasing length. The models share a PyTorch implementation and differ
only in the SSM. We run each experiment on a single Nvidia Tesla H100 GPU, for up to 1 million
steps or 24 hours. Figure 6.5 shows the resulting expected returns. While all models work well
for the short sequences of length 32 that are used for the main results above, the training time
of the baseline SSMs scales linearly with the sequence length, causing slower convergence and a
time-out after 24 hours and 650 thousand environment steps for the VRKN for a length of 256. In
comparison, KalMamba shows negligible additional training cost for increased sequence lengths.
Further, while the absolute performance of both baselines decreases as the training sequences
get longer, KalMamba slightly improves performance when trained on more than 32 steps. These
results indicate that KalMamba efficiently utilizes long-term context information through its Mamba
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Figure 6.6.: Runtime comparison of KalMamba, the RSSM and the VRKN for (Left) a SSM forward pass and
(Right) a single training batch. While the computational cost of both baseline models scales linearly in the
sequence length, KalMamba utilizes associative scans for efficient parallelism and thus near-logarithmic
runtime on modern accelerator hardware.

backbone, whereas the dynamics models of the baseline SSMs have difficulty with too-long training
sequences.

Investigating this further, we visualize the wall-clock time of a single SSM forward pass and a
single training batch for different sequence lengths in Figure 6.6. While both the RSSM and VRKN
scale linearly with the sequence length, shows near-logarithmic scaling even for longer sequences
thanks to its efficient parallelism. We expect further significant speedups for KalMamba with a
potential custom CUDA implementation, similar to Mamba.

6.6. Conclusion

We proposed KalMamba, an efficient State Space Model (SSM) for Reinforcement Learning (RL)
under uncertainty. It combines the uncertainty awareness of probabilistic SSMs with recent
deterministic SSMs’ scalability by embedding a :inear Gaussian SSM into a latent space. We
use Mamba (Gu and Dao, 2023) to learn the linearized dynamics in this latent space efficiently.
Inference in this SSM amounts to standard Kalman filtering and smoothing and is amenable to
full parallelization using associative scans (Sarkka and Garcia-Fernandez, 2020). During model
learning, this allows time-parallel estimation of smoothed belief states, which allows the efficient
usage of principled objectives for uncertainty estimation, especially over long sequences.

Our experiments on low-dimensional states and image observations indicate that KalMamba can
match the performance of state-of-the-art stochastic SSMs for RL under uncertainty. In terms of
both runtime and performance, KalMamba scales more gracefully to longer training sequences.
In particular, its performance improves with sequence length while it degrades for the baseline
SSMs.

Limitations and Future Work. The present work explores KalMamba’s potential in small-scale
experiments, but a more elaborate evaluation of diverse, more realistic tasks would help to explore
our method’s strengths and weaknesses. A thorough comparison of recent baselines is needed
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to contextualize KalMamba against existing time-efficient SSMs with simplified, non-smoothing
inference schemes (Samsami et al., 2024). We additionally aim to refine KalMamba to improve
its performance across wide-ranging tasks. In this context, we plan to model the state with a
complex-valued random variable to expand the range of dynamics models that can be learned.
Other ideas include improving the regularization of the Mamba backbone and investigating more
advanced policy learning methods that make use of the uncertainty in the filtered beliefs.

Contribution Statement. 1 devised and derived the KalMamba model, implemented it including
the efficient parallel scanning for filtering and smoothing, devised and ran the large majority of
the evaluations, and wrote the large majority of the article. NF helped suggested experiments and
evaluations, and helped with writing the article. GN supervised the project.
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7. Combining Reconstruction and
Contrastive Methods for Multi-Sensor
Representations in RL

We will now turn to the third research question of this thesis, which concerns how to combine
information from multiple sensors with highly different properties into a single, concise represen-
tation as a basis for Reinforcement Learning (RL). In such settings, an agent needs a world model
that has learned to fuse information from all available sensors, integrate relevant information from
the past, and discard irrelevant details. This chapter will focus on answering the third research
question of this thesis:

Q3 How can we use probabilistic world models to combine information from multiple sensors
with highly different properties into a single, concise representation as a basis for RL?

Our solution, Contrastive Reconstructive Aggregated representation Learning (CoRAL), is a unified
framework for state space representation learning that enables combining standard variational au-
toencoding with contrastive approaches, which maximize mutual information and allows tailoring
a loss function to the properties of the given sensors.

Originally, this research was motivated by the observation that the vast majority of RL approaches
either directly work on fully observable states or only consider images as observations. However,
many real-world embodied agents, such as robots or autonomous vehicles, use a variety of sensors,
including cameras, joint encoders, force-torque sensors, IMUs, and more. Of these sensors, some
emit concise, noise-free, and informative signals, such as joint encoders. Others are noisy and only
provide partial information about the environment state, such as cameras. In terms of probabilistic
modeling, State Space Models (SSMs) are a natural choice for such multi-sensor settings, and they
are heavily used in more traditional approaches (Khaleghi et al., 2013) to fuse information into a
single state estimate.

The following was published as Combining Reconstruction and Contrastive Methods for Multimodal
Representations in RL in the Reinforcement Learning Journal and presented at the accompanying
first Reinforcement Learning Conference (RLC 2024) (Philipp Becker, Sebastian Mossburger, Fabian
Otto, and Gerhard Neumann, 2024b). For this chapter, the contents of the original publication were
restructured, and the wording and formulation were slightly revised in several places.

The original publication used the term multimodal to refer to the combination of multiple input
modalities, which reflects the common meaning of the term multimodal in a deep learning context at
the time of writing both the paper and thesis. However, I replaced it with the term multi-sensor for this
thesis to avoid confusion with the concepts of multimodal distributions and multimodal behavior.
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7.1. Introduction

Most representation learning approaches for Reinforcement Learning (RL) (Hafner et al., 2020, 2021,
2023; Laskin et al., 2020; Lee et al., 2020; Yarats et al., 2021b; Zhang et al., 2020; Zhu et al.,, 2023;
Deng et al.,, 2022) focus on images. Here, the challenge lies in compressing relevant information
while not getting distracted by potentially irrelevant aspects. Yet, most agents in realistic scenarios
can directly observe their internal states using sensors in the actuators, inertial measurement units,
and force and torque sensors. Including this low-dimensional and concise proprioceptive sensing in
representation learning can improve representation quality and downstream RL performance. For
such multi-sensor representations, State Space Models (Murphy, 2012) are a natural choice as they
lend themselves to accumulating information across multiple sensors and time. Previous works
suggest using either reconstruction (Hafner et al., 2019, 2021) or contrastive methods (Hafner et al.,
2020; Ma et al,, 2020; Nguyen et al., 2021; Srivastava et al., 2021), both with their individual strengths
and weaknesses. While reconstruction provides an informative learning signal, it may fail to learn
good representations if observations are noisy or contain distracting elements (Zhang et al., 2020;
Ma et al., 2020; Deng et al., 2022). In such cases, contrastive methods can ignore irrelevant parts of
the observation and still learn valuable representations. However, they are prone to representation
collapse and often struggle to learn accurate dynamics (Ma et al., 2020). We argue that the different
properties of sensors, such as images and proprioception, suggest using different self-supervised
loss functions for each modality.

We propose Contrastive Reconstructive Aggregated representation Learning (CoRAL) to combine
contrastive and reconstruction-based approaches. CoRAL builds on state space representations
and allows us to select the best-suited loss function for each modality, for example, reconstruction-
based loss functions for concise, low-dimensional proprioception and contrastive losses for images
with distractions. Learning such state space representations can be theoretically motivated using
a Variational Inference (Hafner et al., 2020; Ma et al., 2020) or a predictive coding (Oord et al.,
2018; Nguyen et al., 2021; Srivastava et al., 2021) viewpoint, which results in two instances of
CoRAL. For both paradigms, CoRAL relies on the insight that we can replace likelihood-based
reconstruction terms with contrastive losses based on mutual information, which allows for a
principled combination of the two (Hafner et al., 2020; Ma et al., 2020). Figure 7.1 provides an
overview of the approach.

We integrate CoRAL into model-free and model-based RL to systematically assess the effects of
learning multi-sensor representations by selecting appropriate losses. We evaluate on DeepMind
Control (DMC) Suite (Tassa et al., 2018) tasks which we make more difficult by adding Video
Backgrounds (Zhang et al., 2020; Nguyen et al., 2021) and Occlusions. Furthermore, we use a new
Locomotion suite where agents must fuse proprioception and egocentric vision to move while
navigating obstacles. Finally, we consider a novel challenging Manipulation suite consisting of
static and mobile manipulation tasks with varying object geometries, built on ManiSkill2 (Gu et al.,
2023). Here, the agents must combine proprioception and different visual modalities, such as color
and depth, to move, navigate, and interact with varying objects in visually realistic environments.
These experiments show that learning multi-sensor representations using the best-suited loss for
each modality improves over other methods combining both modalities, such as representation
learning with a single loss and concatenating image representations with proprioception. CoRAL
tends to work better than recent baselines on the Video Background and Occlusion tasks and allows
significant performance gains in the challenging Locomotion and Manipulation tasks. Furthermore,
CoRAL significantly improves model-based approaches with contrastive image representations,
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Figure 7.1.: Contrastive Reconstructive Aggregated representation Learning (CoRAL) learns multi-sensor
state space representations of all available sensors using a combination of reconstruction-based and con-
trastive objectives. Building on the insight that we can exchange likelihood-based reconstruction with
contrastive approaches using mutual information, allows us to choose an appropriate loss function for each
modality. Motivated by both a variational and predictive coding viewpoint, CORAL helps model-free and
model-based agents to excel in challenging tasks that require information fusion from sensors with different
properties such as images and proprioception.

which are known to perform worse than reconstruction-based approaches (Hafner et al., 2020; Ma
et al., 2020). Finally, we show the strengths of both instances of CORAL. Variational CoRAL excels in
tasks where the main challenge is filtering out irrelevant distractions from images, while Predictive
CoRAL performs better in tasks that require propagating information over many timesteps.

To summarize our contributions: (i) We propose CoRAL, a general framework for multi-sensor
representation learning for RL which allows using the best-suited self-supervised loss for each
modality using the interchangeability of likelihood-based reconstruction and contrastive losses
based on mutual information. (ii)We instantiate two versions of CORAL using state space repre-
sentations, namely Variational-CoRAL and Predictive-CoRAL, which are inspired by variational
and contrastive predictive coding viewpoints, respectively. (iii) We systematically show their
effectiveness on a diverse set of 26 tasks, across the Video Backgrounds, Occlusions, Locomotion,
and Manipulation suites.

7.2. Related Work

Representations for Reinforcement Learning. Many recent approaches use ideas from genera-
tive (Wahlstrom et al., 2015; Watter et al., 2015; Banijamali et al., 2018; Lee et al., 2020; Yarats et al.,
2021b) and self-supervised representation learning (Zhang et al., 2020; Laskin et al., 2020; Yarats
et al., 2021a; Stooke et al., 2021; You et al., 2022) to improve performance, sample efficiency, and
generalization of RL from images. Those based on Recurrent State Space Models (RSSMs) (Hafner
et al., 2019) are particularly relevant for this work. When proposing the RSSM, Hafner et al. (2019)
used a generative approach. They formulated their objective as auto-encoding Variational Infer-
ence (Kingma and Welling, 2013), which trains the representation by reconstructing observations.
Such reconstruction-based approaches have limitations with observations containing noise or
many task-irrelevant details. As a remedy, Hafner et al. (2020) proposed a contrastive alternative
based on mutual information and the InfoNCE estimator (Poole et al., 2019). Ma et al. (2020) refined
this approach and improved results by modifying the policy learning mechanism. Using a different
motivation, namely contrastive predictive coding (Oord et al., 2018), Okada and Taniguchi (2021);
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Nguyen et al. (2021); Srivastava et al. (2021); Okada and Taniguchi (2022) proposed alternative
contrastive learning objectives for RSSMs. In this work, we leverage the variational and predictive
coding paradigms and show that CoRAL improves performance for both. Fu et al. (2021); Wang
et al. (2022) propose further factorizing the RSSM’s latent variable to disentangle task-relevant and
task-irrelevant information. However, unlike contrastive approaches, they explicitly model the
task-irrelevant parts instead of ignoring them, which can impede performance if the distracting
elements become too complex to model. Zhu et al. (2023) propose a relaxed variational information
bottleneck (Alemi et al., 2016) approach which trains RSSMs solely by predicting rewards and
enforcing posterior predictability using a KL term. Other recent approaches for learning RSSMs
include using prototypical representations (Deng et al., 2022) or masked reconstruction (Seo et al.,
2022).

Sensor Fusion in Reinforcement Learning. Many application-driven approaches to visual RL
for robots use proprioception to solve their specific tasks (Finn et al., 2016; Levine et al., 2016;
Kalashnikov et al., 2018; Xiao et al., 2022; Fu et al., 2022). Yet, they usually do not use explicit
representation learning or concatenate image representations and proprioception. Several notable
exceptions use RSSMs with images and proprioception (Wu et al., 2022; Becker and Neumann, 2022;
Hafner et al., 2022, 2023). Furthermore, Seo et al. (2023) learn world models using multiple images
from different viewpoints. However, all these approaches focus on purely reconstruction-based
representation learning. Srivastava et al. (2021) use images and proprioceptive information using
contrastive predictive coding for both modalities. Opposed to all of these works, we propose
combining contrastive approaches with reconstruction.

Multi-Sensor Representation Learning. Representation learning from multiple modalities has
widespread applications in general machine learning, where methods such as CLIP (Radford et al.,
2021) combine language concepts with the semantic knowledge of images and allow language-based
image generation (Ramesh et al., 2022). For robotics, Brohan et al. (2022); Mees et al. (2022); Driess
et al. (2023); Shridhar et al. (2022, 2023) combine language models with the robot’s perception for
natural language-guided manipulation tasks using Imitation Learning. In contrast, CoRAL assumes
an online RL setting and focuses on different modalities, namely images and proprioception.

7.3. Combining Contrastive Approaches and Reconstruction
for State Space Representations

Given trajectories of observations o<t = (0;),-;...7 and actions a<7 = (a;),-;...r we aim to learn a
state representation that is well suited for RL. We assume the observations stem from K different

Sensors, 0; = (oik))k , where the individual ng) only contain partial information about
=1.-K

the state. Further, even o; may not contain all necessary information for optimal acting, i.e.,
the environment is partially observable, and the representation has to accumulate information
over time. Our goal is to learn a concise, low dimensional representation ¢(0<; a<;—1) that
accumulates all relevant information until time step t. We provide this representation to a policy
7m(a;|¢(0<s a<y—1)) which aims to maximize the expected return in a given RL problem. In this
setting, the policy’s final return and the sample complexity of the entire system determine what
constitutes a good representation.
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State Space Models (SSMs) (Murphy, 2012) naturally lend themselves to sensor fusion and informa-
tion accumulation problems. We assume a latent state variable, z;, which evolves according to a
Markovian dynamics p(z;4+1|2;, a;) given an action a;. Furthermore, we assume the K observations
at each time step are conditionally independent given the latent state, resulting in an observation
model p(o;|z;) = HIk{:l po (ogk) |z¢). The initial state is distributed according to p(zy). Here, the
belief over the latent state, taking into account all previous actions as well as previous and current
observations p(z;|la<;—1,0<;) can be used as the representation. Yet, computing p(z;|a<;—1,0<;)
analytically is intractable for models of relevant complexity and we use a variational approximation
$(0<s,a<s—1)=q(2zt|a<;-1, 0<;). This variational approximation also plays an integral part during
training and is thus readily available as input for the policy.

We instantiate the generative SSM and the variational distribution using a Recurrent State Space
Model (RSSM) (Hafner et al., 2019), which splits the latent state z; into a stochastic and a determin-
istic part. Following Hafner et al. (2019, 2020), we assume the stochastic part of the RSSM’s latent
state to be Gaussian. While the original RSSM only has a single observation model p(o;|z;), we
extend it to K models, one for each observation modality. The variational distribution takes the
deterministic part of the state together with the K observations o; = {oik) }e=1...x and factorizes as
q(z<slo<s,acy—1) = Hthl q(z;|z¢-1,a;-1, 04). To account for multiple observations instead of one,
we first encode each observation individually using a set of K encoders, concatenate their outputs,
and provide the result to the RSSM. Finally, we also learn a reward model p(r;|z;) to predict the
reward from the representation. Following the findings of Srivastava et al. (2021) and Tomar et al.
(2023) we also include reward prediction to learn the representations for model-free agents.

7.3.1. Learning the State Space Representation

We propose to combine reconstruction-based and contrastive approaches to train our represen-
tations. Training RSSMs can be based on either a variational viewpoint (Hafner et al., 2020; Ma
et al., 2020) or a contrastive predictive coding (Oord et al., 2018) viewpoint (Nguyen et al., 2021;
Srivastava et al., 2021). We investigate both approaches, as neither decisively outperforms the
other.

Originally, Hafner et al. (2019) proposed leveraging a fully generative approach for RSSMs. Building
on the stochastic variational autoencoding Bayes framework (Kingma and Welling, 2013; Sohn
et al., 2015), they derive a variational lower-bound objective

EP(OST’agT) [logP(OsﬂasT)]

T
> " By, [log p(oy|z:) ~ KL (q(zelz—1,ar-1,00)|p(zelze—1,20-1))],
t=1

where §(-) = q(z;—14|0<s,a<;)p(0<s, a<y), 1. e the variational distribution and sub-trajectories from
a replay buffer. After inserting our assumption that each observation factorizes into K independent
observations, i.e., log p(0;|z;) = Zlk(:l log p) (ogk) |z;), and adding a term for reward prediction,
this results in

T K
D Baey | D logp™ (0] 12,) +log p(relze) — KL (q(ze|z-1, 2,1, 00)||p(zelze-1,2-1)) | . (7.1)

t=1 k=1
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Optimizing this bound using the reparameterization trick (Kingma and Welling, 2013; Rezende
et al., 2014) and stochastic gradient descent simultaneously trains the variational distribution and
all parts of the generative model. While this approach can be highly effective, reconstructing
high-dimensional, noisy observations can also cause issues. First, it requires introducing large
observation models. These observation models are unessential for the downstream task and
are usually discarded after training. Second, the reconstruction forces the model to capture all
details of the observations, which can lead to highly suboptimal representations if images contain
task-irrelevant distractions.

Contrastive Variational Learning (CV) can remedy these problems. To introduce contrastive
terms, we replace the individual reconstruction terms in Equation 7.1 with mutual information (MI)
terms I(ogk), z;) by adding and subtracting log p®) (oK) (Hafner et al., 2020; Ma et al., 2020)

(k) (o (F)
PO ) g po)| =10, 2y re. (72

log
p(o")

k
By [logp® (0 20)| = By

Intuitively, the MI measures how informative a given latent state is about the corresponding
observations. Thus, maximizing it leads to similar latent states for similar sequences of observa-
tions and actions. While we cannot analytically compute the MI, we can estimate it using the
InfoNCE bound (Oord et al., 2018; Poole et al., 2019). Doing so eliminates the need for genera-
tive reconstruction. It instead only requires a discriminative approach based on a score function
ﬁ,(k) (ogk), z;) — R,. This score function measures the compatibility of pairs of observations and
latent states. It shares large parts of its parameters with the RSSM. We refer to Appendix E.1 for
details on the exact parameterization. This methodology allows the mixing of reconstruction and
mutual information terms for the individual sensors, resulting in a generalization of Equation 7.1,

T K
Z Z Lz()k) (ng), z;) + E4(.) log p(r¢|z;) — KL (q(2¢]2-1,2:-1, 00) ||p(2¢]2e-1,2:-1))] . (7.3)

t=1 k=1

Here Lz(,k) is either Eg (. [logp(ogk) |zt)] or I(ogk), z;). As we show in Section 7.5 choosing the terms

corresponding to the properties of the corresponding modality can often improve performance.

Contrastive Predictive Coding (CPC) (Oord et al., 2018) provides an alternative to the variational
approach. The idea is to maximize the MI between the previous latent variable z,_; and the
observation 0'¥) i.e., I (oik), z;-1). While this approach seems similar to contrastive variational
learning, we use the previous latent state z;_; instead of the current z; to estimate the MI. Thus, we
explicitly predict one time step ahead to compute the loss. As we use the RSSM’s dynamics model
for the prediction, this formalism provides a training signal to the dynamics model. However,
Levine et al. (2019); Shu et al. (2020); Nguyen et al. (2021) discuss how this signal alone is insufficient
for model-based RL. Srivastava et al. (2021) show that similar ideas also benefit model-free RL and
we follow their approach by regularizing the objective using KL-term from Equation 7.1 weighted
with a small factor . Additionally, we can turn individual contrastive MI terms into reconstruction
terms for suitable sensor modalities by reversing the principle of Equation 7.2. Including reward
prediction, this results in the following maximization objective

T
DD L (0 20) + By [og p(relz:) = PKL (q(ze|2i-1,1-1,0)Ip(zilz-1,2,-1))],  (7.4)

K
t=1 k=1
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where Lj(,k) is either the one-step ahead likelihood Eg(.) |log p(oik) |z;—1)| or an InfoNCE estimate

of I(ogk), z;-1) using a score function fp(k)(ogk), z;—1) — R,. From an implementation view-

point, the resulting approach differs only slightly from the variational contrastive one. For CPC
approaches, we use a sample from the RSSM’s dynamics p(z;|z;-1,a;-1) and for contrastive varia-
tional approaches we use a sample from the variational distribution q(z;|z;-1, a;-1, 0;) as input to
the score function or decoder.

Estimating Mutual Information with InfoNCE. We estimate the mutual information (MI) using
b mini-batches of sub-sequences of length I. After computing the latent estimates, we get N = b -
pairs (0, z;), i. e., we use both samples from the elements of the batch as well as all the other time
steps within the sequence as negative samples. Using those, the symmetry of MI, the InfoNCE
bound (Poole et al., 2019), and either f = U(k) or f = ﬁk), we can estimate the MI as

N
I(Oi, Zi) > 0.5 (Z Iog M + log M) ]

i=1 j'vzlf(oi, Zj) ?]:1 f(oj: z;)
The score function for the contrastive variational objective fv(k) is given as
k) (o (k 1 PRGN
£ (o), 2) = exp (;po (v (0" pz<zt>),

where i,b(fss) is the RSSM’s encoder and A is a learnable inverse temperature parameter. p, and p,
are projections that project the embedded observation and latent state a 50 dimension embedding.
Do is only a single linear layer while p, is a 2 X 256 fully connected NN. Both use LayerNorm (Ba
et al., 2016) at the output.

Similarly, the score function for the contrastive predictive objective j;,(k) is given as

f})(k) (Ot{k)’ Zt—l) = exp (%po (l//(E}IJCs) (oik)))sz(¢dyn(zt_1’ )) .

Here ¢gyn is the RSSM’s dynamics model, which propagates the latent state forward in time and is
now explicitly part of the score function. All other components are the same as in the contrastive
variational case.

7.3.2. Learning to Act Based on the Representation

Our representations are amenable to both model-free and model-based Reinforcement Learning.
For the former, we use Soft Actor-Critic (SAC) (Haarnoja et al., 2018) on top of the representation
by providing the deterministic part of the latent state and the mean of the stochastic part as input
to both the actor and the critic. For the latter, we use latent imagination (Hafner et al., 2020), which
propagates gradients through the learned dynamics model to optimize the actor. In both cases, we
alternatingly update the RSSM, actor, and critic for several steps before collecting a new sequence
in the environment. The RSSM uses only the representation learning loss and gets neither gradients
from the actor nor the critic.
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7.4. Experiment Setup
A reference implementation of CoORAL and all considered tasks is available at:
https://github.com/pbecker93/CoRAL/

Building on the previously introduced methodology, we build two versions of Contrastive Recon-
structive Aggregated representation Learning (CoRAL) differing in the state space representation
objective. Variational CoRAL (V-CoRAL), using the variational objective (Equation 7.3) and Pre-
dictive CoRAL (P-CoRAL), using the predictive coding objective (Equation 7.4). We evaluate the
performance of CoRAL by using it for downstream online RL and assessing the average expected
return or success rate.

7.4.1. Baselines and Ablations

To show the benefits of combining contrastive and reconstruction-based objectives, we compare
with ablative variants that use the same loss for both modalities (Same-Loss), the naive approach
of concatenating proprioception to image representations (Concat) and using only the image
(Img-Only). We consider the contrastive variational (CV) and the contrastive predictive coding
(CPC) paradigm for each of these approaches. For reference, we also include reconstruction-based
(Recon.) approaches (Equation 7.1). Furthermore, we use SAC (Haarnoja et al., 2018) on only the
proprioception (ProprioSAC), to show that proprioception alone is insufficient to solve the tasks.
Finally, we consider the model-free DrQ-v2 (Yarats et al., 2022) and model-based RePo (Zhu et al,,
2023) as baselines to demonstrate the competitiveness of our approach. We extend both to also use
proprioception and refer to the resulting approaches as DrQ-v2(I+P) and RePo(I+P) respectively.

Some of our ablations are similar to related approaches. The model-based Img-Only ablation
with reconstruction loss, is very similar to Dreamer-v1(Hafner et al., 2020). It differs from the
Dreamer-v1 (Hafner et al., 2020) in using the KL-balancing introduced in (Hafner et al., 2021) and
in regularizing the value function towards its own exponential moving average, as introduced
in (Hafner et al., 2023). However, there are considerable differences between the contrastive
version of Dreamer-v1(Hafner et al., 2020) and the contrastive variational Img-Only ablation. In
particular, those regard the exact form of mutual information estimation and the use of image
augmentations.

The model-free contrastive predictive Img-Only and Same-Loss ablations are similar to the approach
of Srivastava et al. (2021). The main difference is that Srivastava et al. (2021) includes the critic’s
gradients when updating the representation while in our setting no gradients flow from the actor
or the critic to the representation. Furthermore, we did not include the inverse dynamics objective
used by Srivastava et al. (2021) as we did not find it to be helpful. Additionally, we adapted some
hyperparameters to match those of our other approaches.
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7.4. Experiment Setup

Environment Proprioceptive Non-Proprioceptive
Ball In Cup cup position and velocity ball position and velocity
Cartpole cart position and velocity pole angle and velocity
Cheetah joint positions and velocities global pose and velocity
Reacher reacher position and velocity distance to target
Quadruped joint positions and velocities global pose + velocity, forces
Walker orientations and velocities of links global pose and velocity,
height above ground

Table 7.1.: Splits of the entire system state into proprioceptive and non-proprioceptive parts for the DeepMind
Control Suite environments.

7.4.2. Modified Deep Mind Control Suite Tasks

We use 7 tasks from the DeepMind Control Suite (DMC) (Tassa et al., 2020) that cover a wide
range of challenges, namely Ball-in-Cup Catch, Cartpole Swingup, Cheetah Run, Reacher Easy,
Walker Walk, Walker Run, and Quadruped Walk. We split their states into proprioceptive and non-
proprioceptive entries, where the proprioception only contains partial information about the state.
The remaining information has to be inferred from images. For example, in Ball-in-Cup Catch the
cup’s state is proprioceptive while the ball’s state is not. Table 7.1 lists the splits for the remaining
tasks. Additionally, we create two suites by adding Video Backgrounds or Occlusions for all seven
tasks.

Video Backgrounds. Following (Zhang et al., 2020; Fu et al., 2021; Nguyen et al., 2021; Deng
et al., 2022; Wang et al., 2022; Zhu et al., 2023) we render videos from the driving car class of
the Kinetics400 dataset (Kay et al., 2017) behind the agents to add a natural video background.
However, previous works implement this idea in two distinct ways. Nguyen et al. (2021) and Deng
et al. (2022) use color images as background and pick a random sub-sequence of a random video for
each environment rollout. They adhere to the train-validation split of the Kinetcs400 dataset, using
training videos for representation and policy learning and validation videos during evaluation.
Zhang et al. (2020); Fu et al. (2021); Wang et al. (2022); Zhu et al. (2023), according to the official
implementations, instead work with gray-scale images and sample a single background video from
the train set once during initialization of the environment. They do not sample a new video during
the environment reset, thus all training sequences have the same background video. We follow the
first approach, as we believe it mimics a more realistic scenario of always changing and colored
natural background.

Occlusions. Following (Becker and Neumann, 2022), we render slow-moving disks over the
original observations to occlude parts of the observation. The speed of the disks makes memory
necessary, as they can occlude relevant aspects for multiple consecutive timesteps.

Figure 7.2 shows example images the modifications. For both suites, the challenge is to learn
representations that filter out irrelevant visual details while focusing on relevant aspects. Occlusions
also tests the approaches’ capabilities to maintain a consistent representation across time under
partial observability, considerably increasing the task’s difficulty.
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Figure 7.2.: Example images of the Cheetah Run task. Left: Standard image. Middle: Image with natural
video background. Right: Image with occlusions.

Environment Proprioceptive Non-Proprioceptive
Ant joint position and velocity wall positions
global velocities global position
Hurdle Cheetah joint positions and velocities hurdle positions and heights
global velocity global position
Hurdle Walker orientations and velocities of links  hurdle positions and height
global position and velocity
Quadruped (Escape) joint positions and velocities, Information about terrain

torso orientation and velocity,
imu, forces, and torques at joints

Table 7.2.: Splits of the entire system state into proprioceptive and non-proprioceptive parts for the Locomo-
tion Suite. Some of the agents (Cheetah, Walker, Quadruped) require more proprioceptive information for
the locomotion tasks with an egocentric vision than for the standard tasks with images from an external
perspective.

7.4.3. Locomotion Suite

Building on the DeepMind Control Suite (Tassa et al., 2020), we introduce a novel Locomo-
tion suite consisting of six tasks: Hurdle-Cheetah Run, Hurdle-Walker Walk, Hurdle-Walker Run,
Ant-Empty, Ant-Walls and Quadruped Escape. Table 7.2 shows the splits into proprioceptive and
non-proprioceptive parts. Figure 7.3 displays all environments in the suite. All tasks include
obstacles that have to be localized through egocentric vision to be avoided. As the agents cannot
observe themselves from the egocentric perspective, they additionally need proprioception. These
tasks test the representations’ ability to combine information from both sources to enable successful
navigation and movement.

Both Ant tasks build on the locomotion functionality introduced into the DeepMind Control suite
by (Tassa et al., 2020). For Ant Empty, we only use an empty corridor, which makes this the easiest
task in our locomotion suite. For Ant Walls, we randomly generate walls inside the corridor,
and the agent has to avoid those to achieve its goal, i.e., running through the corridor as fast as
possible.

For the Hurdle Cheetah and Hurdle Walker tasks we modified the standard Cheetah Run, Walker
Walk, and Walker Run tasks by introducing "hurdles" over which the agent has to step to move
forward. The hurdles’ positions, heights, and colors are reset randomly for each episode, and the
agent has to perceive them using egocentric vision. For this vision, we added a camera in the
head of the Cheetah and Walker. Note that the hurdle color is not relevant to avoid them and thus
introduces irrelevant information that needs to be captured by reconstruction-based approaches.
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Figure 7.3.: The environments in the Locomotion Suite are (from left to right) Hurdle Cheetah Run, Hurdle
Walker Walk / Run, Ant Empty, Ant Walls, and Quadruped Escape. Upper Row: Egocentric vision pro-
vided to the agent. Lower Row: External image for visualization.

Figure 7.4.: 4 Example images for each of the environments in the Manipulation Suite, showing the visual
and geometric diversity within each task. The tasks are, from left to right, LiftCube, PushCube, TurnFaucet,
OpenCabinetDrawer (RGB), OpenCabinetDrawer (Depth), OpenCabinetDoor (RGBD). For the last, we visualize
only the RGB part of the image.

The Quadruped Escape task is readily available in the DeepMind Control Suite. For the egocentric
vision, we removed the range-finding sensors from the original observation and added an egocentric
camera.

7.4.4. Manipulation Suite
For the Manipulation suite, we design 6 tasks based on ManiSkill2 (Gu et al., 2023). Those tasks

are LiftCube, PushCube, TurnFaucet, OpenCabinetDrawer (RGB), OpenCanbinetDrawer(Depth), and
OpenCabinetDoor (RGBD). The first three are static manipulation tasks where the target object has
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to be localized (cube) or identified (faucet) for successful manipulation. The latter three are mobile
manipulation tasks where the robot navigates to a cabinet and interacts with it using egocentric
vision and proprioception. They also use different visual modalities, i.e., standard RGB images,
depth only, or RGBD. For all tasks, we add visually realistic backgrounds using diverse scenes from
the ReplicaCAD Dataset (Straub et al., 2019)! and randomize the ambient lighting. At the beginning
of each episode, we randomly pick one of 80 curated scenes and randomly sample the ambient
lighting to place the task in a varying and visually realistic scenery. The task’s complexity stems
from the visual realism of the background and the diverse geometry of the target objects, which
require that the representations allow identification and precise localization. Figure 7.4 provides
example images showing the tasks’ visual diversity. LiftCube builds on Maniskill2’s LiftCube task
and involves picking up a cube and lifting it to a fixed target position. The proprioception includes
the robot’s joint positions, velocities, and end-effector pose, while the cube has to be localized and
tracked via an image of an external camera. Opposed to Zhu et al. (2023) we randomize the initial
cube position, requiring the agents to first localize the cube based on the representation, which
makes the task considerably more difficult.

PushCube builds on the PushCube task introduced by Zhu et al. (2023), but we again randomize
the initial cube position. Like in LiftCube, the proprioception includes the robot’s joint positions,
velocities, and end-effector pose, while the cube has to be localized and tracked via an image of an
external camera.

TurnFaucet extends Maniskill2’s TurnFaucet task and involves opening various faucets by turning
the handle. The proprioception includes the robot’s joint positions, velocities, and end-effector
pose, while all information regarding the faucet has to be inferred from an image of an external
camera. We sample one out of 15 different faucets at the beginning of each episode. As their
geometry and opening mechanism vary any representation needs to capture detailed information
about the faucet and allow the policy to identify it. This makes our task considerably more difficult
than that proposed by Zhu et al. (2023), who use the same faucet model for all episodes.

OpenCabinetDrawer(RGB) is based on the mobile manipulation OpenCabinetDrawer task from
ManiSkill2, where a mobile robot with a single arm has to navigate towards and then open a
drawer one of 25 cabinets. We disable the rotation of the robot base, which prevents the robot from
turning away from the cabinet during initial exploration and significantly speeds up learning for
all considered approaches. This results in a 10 dimensional action space, consisting of the x and y
velocities of the base, desired changes for the 7 robot joints, and the gripper. Images are egocentric
from the top of the robot base and the proprioception includes the entries from the ManiSkill2
"state dict".

OpenCabinetDrawer (Depth) is equivalent to OpenCabientDrawer (RGB) but the agent only receives
an egocentric depth image instead of a color image. This effectively removes the variation in
lighting from the environment.

For OpenCabinetDoor (RGBD) we build on the Maniskill2 task of the same name, use 25 different
cabinet models, and the same action space as for OpenCabientDrawer (RGB. The sensory observations
are also equivalent to the Drawer tasks, but we provide both color and depth information. While
conceptually similar to the Drawer tasks opening the Door is considerably harder, as it requires
coordination with the base not just to reach the handle, but also to pull back on it.

1 specifically: ReplicaCAD_baked_lighting https://huggingface.co/datasets/ai-habitat/ReplicaCAD_
baked_lighting/

130


https://huggingface.co/datasets/ai-habitat/ReplicaCAD_baked_lighting/
https://huggingface.co/datasets/ai-habitat/ReplicaCAD_baked_lighting/

7.5. Discussion of Results
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Figure 7.5.: Aggregated performance after 10° environment steps on the 7 tasks from the Video Background
suite (IQM and 95% Cls). For both model-free and model-based RL, V-CoRAL performs best among all
considered methods, with the model-free performance being better than the model-based one. While some
of the model-free ablations are competitive, they perform considerably worse in the model-based case.
From the baselines, only DrQ-v2 with additional proprioception, RePo (with and without proprioception),
and DreamerPro get a final return of over 200. These results demonstrate how including readily available
proprioception with appropriate losses for each modality helps to learn accurate dynamics required by
model-based RL and provides a simple alternative to more tailored approaches.

7.5. Discussion of Results

We run 5 seeds for each task in each suite and build our analysis on the aggregated results across the
entire suite. This process results in 35 runs for each method on Video Background and Occlusions
and 30 runs for each method in the Locomotion and Manipulation suites. For aggregating the
results over a suite, we follow Agarwal et al. (2021) and provide Interquartile Means (IQMs), which
they found to be more meaningful and robust than alternatives such as mean or median in related
scenarios. Similarly, we follow Agarwal et al. (2021) and provide 95% Stratified Bootstrapped
Confidence Intervals (Cls) for the entire suite to quantify the statistical uncertainty in results. We
indicate those with black bars in bar charts or shaded areas in reward curve plots.

Appendix E.1 lists all hyperparameters of our approach and Appendix E.2 provides further details
on the baselines. Appendix E.3 shows learning curves for all representation learning paradigms on
all tasks, performance profiles, and per-environment results.

7.5.1. Modified Deep Mind Control Suite Tasks

For the modified Deep Mind Control Suite tasks, we consider the model-free and model-based
versions of V-CoRAL, P-CoRAL, and all ablative variants. Note that the Concat ablations are
inapplicable in the model-based setting, as the proprioception is not available during latent imagi-
nation (Hafner et al., 2020). Additionally, we include several baselines, besides DrQ-v2 and RePo.
Those are the model-based Task Informed Abstractions (TIA) (Fu et al., 2021) and DreamerPro (Deng
et al., 2022), the model-free Deep Bisimulation for Control (DBC) (Zhang et al., 2020) approach,
and DenoisedMDP (Wang et al., 2022), which has both a model-free and model-based variant. All
these methods are visual RL approaches tailored for images with distractions and the comparison
further shows the competitiveness of CoRAL.

Figure 7.5 and Figure 7.6 show the results for the Video Background and Occlusion tasks respectively.
We also include results for the Standard Images without any distractors or occlusions for reference
and refer to Appendix E.3 for those results. On Natural Videos V-CoRAL yields the best results
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Figure 7.6.: Aggregated performance after 10° environment steps on the 7 tasks from the Occlusion suite
(IOM and 95% CIs). For both, model-free and model-based RL, P-CoRAL performs best among all considered
methods, with the model-free version again outperforming its model-based counterpart. While all approaches
handle Occlusions worse than VideoBackgorund, the performance drop is generally larger for the ablations
and baselines. In particular, the Concat and model-based Same-Loss ablations suffer and no approach using
only a single modality achieves an expected return of over 200. This indicates the importance of learning a
multi-sensor representation using tailored losses over naively integrating proprioception.

among all approaches. However, the margin to some of the ablations is small with all of them closing
in on the performance of the best approaches on images without background videos (Figure E.1).
For model-based RL the results show clearer benefits of learning a multi-sensor representation
by appropriately combining multiple losses. This difference is also much more pronounced for
the more difficult Occlusions (Figure 7.6) suite. Here, no image-only approach learns reasonable
behavior or manages to outperform ProprioSAC, indicating a higher difficulty for representation
learning. Our method P-CoRAL tends to perform best in this suite, achieving a return of around
750, and closing in on the best approaches on Standard Images which get around 900. Furthermore,
using readily available proprioception for representation learning in a principled manner provides
a simple alternative to the strong baselines listed above and also tends to outperform the naive
Concat ablation that does not consider proprioception for representation learning but only for
RL.

Variational vs. Predictive Approaches. Variational approaches tend to work better than pre-
dictive ones on Video Backgrounds, where the challenge is to focus on the relevant aspects while
ignoring distractions. Yet, the predictive approaches work better on Occlusions, where information
has to be propagated over time. As the underlying tasks are identical, this highlights the benefits
of considering both paradigms, depending on the perception challenges.

Visualization of Learned Representations. We qualitatively investigate some of the learned
representations in Figure 7.7, which illustrates how CoRAL helps the representation to focus on
relevant aspects and extract all necessary information from an image.

Model Quality and Model-Based Approaches. While model-free and model-based agents
perform similarly well for approaches that reconstruct images, model-based agents perform worse
than their model-free counterparts for contrastive image losses (Figure 7.5, Figure 7.6, Figure E.1,
Figure E.2). In line with previous findings (Hafner et al., 2020; Ma et al., 2020), this shows how
contrastive approaches struggle to learn suitable long-term dynamics for model-based RL. However,
this gap is larger for the Same-Loss and Img-Only ablations than for CoRAL, which almost closes
the gap between model-free and model-based for V-CoRAL (Figure 7.5, Figure 7.6). This result
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7.5. Discussion of Results

Figure 7.7.: Left: Saliency Maps showing on which pixels the respective representation learning approaches
focus in an example from Video Prediction. V-CoRAL focuses better on the task-relevant cheetah, while the
corresponding contrastive variational Img-Only approach is more distracted by the video background. Right:
For this Occlusion task, we train a separate decoder to reconstruct the occlusion-free ground truth from the
(detached) latent representation. For Cartpole Swingup only the cart position is part of the proprioception.
Still, P-CoRAL can capture both cart position and pole angle, while the contrastive predictive Img-Only
approach fails to do so.
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Figure 7.8.: Aggregated performance on model-free agents and RePo after 10° environment steps on the 6
tasks of the Locomotion suite (IQM and 95% Cls). P-CoRAL significantly outperforms all ablative variants
and baselines, highlighting how combining contrastive methods and reconstruction can form effective
multi-sensor representations. It also outperforms purely reconstruction-based approaches, even with no
distraction in the images.

demonstrates how CoRAL allows learning more precise long-term dynamics that enable more
successful model-based RL.

7.5.2. Locomotion Suite

For this more challenging Locomotion suite, we focus on model-free RL for all representations due
to the performance gap for model-based RL with contrastive image losses (Hafner et al., 2020; Ma
et al., 2020), (Figure 7.5, Figure 7.6). We include the model-based RePo for reference.

The results in Figure 7.8 show that P-CoRAL excels in the Locomotion suite and has a significant
edge over reconstruction or the pure CPC-based approach while V-CoRAL outperforms the related
variational approaches. While highly relevant to the task, the obstacles appear at random and
have random colors for some tasks, which makes reconstruction harder. The contrastive methods’
advantage is pronounced in tasks with random colored obstacles (Figure E.13).
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Figure 7.9.: Aggregated performance on model-free agents and RePo after 2 x 10° environment steps on
the Manipulation suite (IQM and 95% Cls). Overall, V-CoRAL achieves the best average success rate by a
significant margin, followed by P-CoRAL. While they achieve about 68% and 58% success respectively, no
ablation gets over 42%. In particular, both fully contrastive Same-Loss ablations fail to succeed, which again
highlights the importance of choosing an appropriate loss for each modality. While both RePo and DrQ-v2
can utilize the additional proprioception, they are not competitive with CoRAL or even SAC trained solely
on the proprioception.

7.5.3. Manipulation Suite

For our most challenging set of tasks, the Manipulation suite, we again focus on model-free RL
and RePo. Figure 7.9 shows the results. The Manipulation suite is the hardest set of tasks we
consider and here the benefits of CoRAL are most obvious. Here, most of the considered baselines
fail while only V-CoRAL and P-CoRAL achieve over 50% success rate, averaged over all tasks, with
V-CoRAL giving the best result of 68%. In particular, the corresponding contrastive same-loss
approaches fail almost completely, which puts additional emphasis on the importance of using
appropriate losses for each modality. Using different image types for the 3 mobile manipulation
tasks shows how CoRAL is beneficial across different visual modalities. Using depth images,
OpenCabinetDrawer(Depth) effectively removes the lighting variations for this task which allows
several approaches to achieve higher performance but has only minor effects on the ranking,.

7.5.4. Discussion

Considering all task suites and the full results presented in Appendix E.3, we see the benefits
of CoRAL compared to the ablations and a large selection of model-free and model-based base-
lines. Especially for the harder tasks, i.e., Occlusions (Figure 7.6), Locomotion (Figure 7.8), and
Manipulation (Figure 7.9), CoRAL can significantly outperform other methods working on the
same observations, which shows that different modalities require distinct self-supervised loss
functions while simply using the additional proprioception by concatenation or using the same
self-supervised loss is often insufficient.

Variational vs. Predictive Approaches. While either V-CoRAL or P-CoRAL generally provides
the best results on the considered tasks and both outperform the corresponding ablations, neither
consistently outperforms the other across all task suites. While this prevents conclusive decisions
about whether variational or predictive methods work generally better, we can observe a trend. The
variational approaches appear more suited for tasks requiring the filtering out of visual distractions,
such as in Video Background and Manipulation scenarios, while predictive approaches perform
better in tasks needing information to be carried over time, like Occlusions and Locomotion.
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Baselines. Contrary to the results presented in the respective original works, DBC (Zhang
et al., 2020), TIA (Fu et al., 2021), DenoisedMDP (Wang et al., 2022) and RePo (Zhu et al., 2023)
underperform on the Video Backgrounds task. The discrepancy in performance is due to us using
a more difficult experimental setup proposed by Deng et al. (2022), which features colored videos
of greater diversity. We detail the differences and their effects in Appendix E.2. Furthermore, RePo
fails in the Manipulation suite which seems to contradict results presented by Zhu et al. (2023) on
three static manipulation tasks, similar to those in that suite. Again there are subtle differences in
the task specification: While Zhu et al. (2023) only randomize the visual background we randomize
both the visual background and the task’s initial condition (cube position or faucet model) creating
considerably more challenging scenarios.

Consistency Across Tasks. The additional result visualizations in Appendix E.3 show that the
aggregated performance underlying our analysis is mostly representative of the per-task perfor-
mance, i.e., if an approach outperforms another when considering the aggregated performance, it
generally also does so on a large majority of the individual tasks and runs. Furthermore, perfor-
mance is consistent across the different observation types for the DMC tasks, i.e., Occlusions are
more difficult than Video Background, which are more difficult than Standard Images (Figure E.1,
Figure E.2).

7.6. Conclusion

We consider the problem of Reinforcement Learning (RL) from multiple sensors, in particular
images and proprioception. We propose Contrastive reconstructive Aggregated Representation
Learning (CoRAL), an approach to learning multi-sensor state space representations for RL by
combining contrastive and reconstruction losses. CoRAL builds on the insight that we can replace
likelihood-based reconstruction terms with contrastive mutual information terms and vice-versa
and is applicable for variational and predictive coding paradigms. We evaluate on modified versions
of the DeepMind Control Suite and novel Locomotion and Manipulation suites. Our results show a
consistent benefit of CoRAL due to the combination of contrastive approaches for images with
reconstruction for low-dimensional, concise signals. These benefits are most pronounced for the
hardest tasks we consider, i.e., the Manipulation suite, where CoRAL, allows us to solve complex
tasks with realistic background scenes and varying target object geometries.

Limitations. Depending on the task, either V-CoRAL or P-CoRAL performs better. While our
evaluation provides some insights about when to use either, further research into understanding
their advantages and disadvantages and finding a unified approach that excels in all tasks is required.
Additionally, even with CoRAL, model-free agents outperform their model-based counterparts
when using contrastive image losses. We thus believe that contrastive learning of state space
representations can be further improved, especially with regard to learning accurate system
dynamics.

Contribution Statement. [ devised and derived the CoORAL model, implemented it, devised and
ran all evaluations, and wrote the large majority of the article. SM conducted preliminary evaluated
different representation learning methods for image-only RL during his master’s thesis under my
supervision. Choosing the Mutual Information as contrastive loss is based on this analysis and I reused
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parts of his code for both the algorithm and the evaluation. He also helped with writing the article. FO
helped with conduction evaluations and writing the article, in particular focusing on the presentation
of the results. GN supervised the project.
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8. Conclusion

This thesis addresses the challenge of enabling embodied agents to operate safely and efficiently in
complex and challenging environments. To act intelligently, these agents must not only perceive
their surroundings but also understand the consequences of their actions and be able to reason about
and imitate human behavior. Under real-world conditions, this requires them to deal with inherent
unpredictabilities and uncertainties in both observations and dynamics, as well as multimodal
human behavior. Thus, simple deterministic models, which assume a single correct state and a
single outcome for each action, are brittle in the face of such ambiguity and uncertainty and can
lead to inefficient or even dangerous behavior. Consequently, we build on the premise that robust,
probabilistic world and behavior models are crucial for Imitation Learning (IL) and Reinforcement
Learning (RL) with embodied agents.

To guide our research into using such probabilistic models to advance embodied agents, we
formulated three research questions, first posed in Chapter 1:

Q1 How can we learn multimodal probabilistic models that focus on modes they can represent
and avoid averaging? (Chapter 3)

Q2 How can we build a computationally efficient world model for RL that captures and propagates
uncertainties in the world while separating them from uncertainties due to lack of training
data? (Chapter 5 and Chapter 6)

Q3 How can we use probabilistic world models to combine information from multiple sensors
with highly different properties into a single, concise representation as a basis for RL?
(Chapter 7)

In answering these questions, we not only advance the capabilities of embodied agents but also
focus on developing, analyzing, and improving probabilistic models as a basis for decision-making
in complex environments. We introduce novel algorithms and architectures that leverage structured
latent variable models to learn meaningful representations from multimodal data as well as high-
dimensional, noisy, and partial observations. Specifically, our algorithmic contributions include
probabilistic modelling itself and proposing novel learning objectives and inference schemes. For
learning meaningful representations, we introduce new training methods tailored to avoid averaging
over modes when learning from multimodal data, as well as a unified framework for combining
reconstruction and contrastive losses to learn efficient representations from heterogeneous sensor
data. For inference, we analyze the limitations of existing deep State Space Models (SSMs) and
propose a principled approach to uncertainty modeling that disentangles different sources of
uncertainty. Here, our improved smoothing inference scheme builds on Kalman smoothing in a
latent space. Additionally, we propose novel architectures for deep probabilistic State Space Models
(SSMs) that facilitate our improved inference scheme and enable efficient parallelization over the
time axis, thus improving computational efficiency. Finally, we ensure that our models are not only
good at learning representations and uncertainties but also amenable to decision-making through
IL and RL.
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The research presented in this thesis builds on a series of individual works. The following summa-
rizes the key contributions of each of these works.

Chapter 3: Expected Information Maximization (EIM). Standard IL methods based on Maxi-
mum Likelihood (the M-Projection) tend to average over different modes of expert behavior, which
can lead to catastrophic failures, such as an agent attempting to navigate through the center of an
obstacle when demonstrated paths go around both sides. To overcome this, we introduce Expected
Information Maximization (EIM), a novel algorithm for fitting mixture models using the Informa-
tion Projection (I-Projection). Unlike the M-Projection, the I-Projection is mode-seeking, allowing
the model to focus its capacity on representing a subset of the demonstrated behaviors accurately
rather than averaging them. We derive a practical, sample-based algorithm for optimizing this
objective, which is related to adversarial approaches (Goodfellow et al., 2014; Ho and Ermon, 2016)
without being itself adversarial. Through experiments involving multimodal behavior, such as that
of pedestrians and traffic, we demonstrate that EIM effectively learns multimodal distributions that
produce more realistic and safer behaviors.

Chapter 5: On Uncertainty in Deep State Space Models (VRKN). We begin with an in-depth
analysis of Recurrent State Space Models (RSSMs) (Hafner et al., 2019), a prominent backbone of
many successful model-based RL agents. Here, our analysis reveals that the simplified filtering-
based inference scheme used by RSSMs leads to a systematic overestimation of aleatoric uncertainty:.
While this overestimation acts as an implicit form of regularization that is beneficial in determin-
istic environments, it impairs performance in settings where accurately modeling uncertainty
is crucial. To address this, we propose the Variational Recurrent Kalman Network (VRKN), a
more principled deep SSM that combines a proper smoothing inference scheme based on Kalman
updates (Kalman, 1960; Rauch et al., 1965) with an explicit model of epistemic uncertainty using
Monte Carlo Dropout (Gal and Ghahramani, 2016). The VRKN’s ability to perform exact infer-
ence in its latent space enables it to correctly disentangle aleatoric and epistemic uncertainties.
Our experiments demonstrate that the VRKN matches the performance of RSSMs on standard
benchmarks while significantly outperforming them in tasks involving occlusions and missing
observations, highlighting the benefits of a principled approach to uncertainty modeling.

Chapter 6: KalMamba. While principled, the VRKN’s recurrent nature prevents efficient paral-
lelization over the time axis, limiting its scalability to long interaction sequences. We introduce
KalMamba to bridge the gap between the probabilistic rigor of models like the VRKN and the
computational efficiency of modern deterministic structured SSMs (Gu et al., 2021; Smith et al.,
2022; Gu and Dao, 2023). This architecture leverages a Mamba (Gu and Dao, 2023) backbone to
learn the parameters of a Linear Gaussian SSM in a latent space. It then utilizes a time-parallel
formulation of Kalman filtering and smoothing (Sarkka and Garcia-Fernandez, 2020) operations
for inference given the learned model. Hence, KalMamba is a highly efficient and scalable deep
probabilistic SSM that retains the benefits of a tight variational bound from smoothing inference
while leveraging modern accelerators. Our experiments demonstrate that KalMamba is competitive
with state-of-the-art probabilistic SSMs in RL tasks while offering significant improvements in
computational efficiency, especially for long sequences.
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8.1. Future Work and Outlook

Chapter 7: Combining Reconstruction and Contrastive Methods (CoRAL). We argue that a
one-size-fits-all approach to representation learning is suboptimal when learning in settings with
multiple sensor modalities which have different properties. For instance, a reconstruction-based
loss is well-suited for clean, low-dimensional proprioceptive data but can be distracted by irrelevant
information in high-dimensional images. Conversely, contrastive losses can ignore such distractions
but may fail to capture fine-grained details (Hafner et al., 2020; Deng et al., 2022) Thus, we propose
Contrastive Reconstructive Aggregated representation Learning (CoRAL), a unified framework that
allows the flexible combination of reconstruction and contrastive losses for each sensor modality.
By exploiting the interchangeability of likelihood and mutual information objectives within both
variational and predictive coding (Oord et al., 2018) paradigms, CoRAL enables the learning of a
single, concise state space representation tailored to the specific characteristics of the available
sensors. Across a wide range of challenging tasks involving visual distractions, occlusions, and
multi-sensor fusion, we demonstrate that CoRAL significantly improves the performance of both
model-free and model-based agents, highlighting the benefits of adapting the learning objective to
the nature of the sensory input.

In summary, the contributions of this thesis provide a coherent set of advancements in probabilistic
modeling for embodied agents. While we address several specific research questions, they col-
lectively form a foundation upon which future research can build and open up new and exciting
directions for creating more intelligent and capable embodied agents.

8.1. Future Work and Outlook

While this thesis has advanced the development of probabilistic world and behavior models for
embodied agents, we are far from done, and many exciting challenges remain. To move closer to
the goal of building truly autonomous agents that can solve a variety of tasks in the real world, we
must continue to improve and scale the kind of probabilistic models developed in this work. In
this context, the recent successes of large-scale generative Al and foundation models are already
causing a paradigm shift (Firoozi et al., 2025; Gemini Robotics Team, 2025). These models have
demonstrated remarkable capabilities and provide powerful, pre-trained priors for perception that
generalize well across large domains (Kim et al., 2024). Furthermore, they make new modalities,
such as language, available to embodied agents, enabling them to reason and communicate with
humans more naturally. However, while some works aim to equip them with principled notions
of uncertainty, such as through Bayesian fine-tuning (Seligmann et al., 2023; Pandey et al., 2024),
the features extracted by these models are usually deterministic, and it is unclear whether or how
they represent uncertainty. Thus, naively using them as feature extractors in our probabilistic
state space framework might be insufficient, and future work must explore how to leverage the
internal representations of foundation models and make their remarkable capabilities amenable to
probabilistic reasoning.

Furthermore, all agents developed in this work are specialists, trained to solve a single task.
However, truly autonomous and general embodied agents must be able to solve a wide range of
tasks and adapt to new ones without extensive retraining. In the fully observable Markov Decision
Process (MDP) setting, training methods for such agents are currently developed using paradigms
such as meta RL (Rakelly et al., 2019; Zintgraf et al., 2020), goal-conditioned (Eysenbach et al., 2022)
or multi-task RL, or unsupervised RL (Eysenbach et al., 2019; Tirinzoni et al., 2025) Yet, regardless
of the paradigm, these works typically assume fully observable, concise, and unrealistically simple
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state representations, allowing for a complete focus on generalizing across tasks. Naively combining
these approaches with one of our, or potential future, probabilistic SSMs might be a first step
towards more general embodied agents. However, especially when dealing with the types of highly
challenging observations considered in this thesis, it is likely beneficial to learn a task or goal-aware
world model that can focus on the relevant aspects of the environment for the task at hand. How to
design such a model in a principled way, particularly incorporating the benefits from the previously
mentioned foundation models, is an open question that requires further research.

In the context of IL, this trend towards more general agents is currently already visible in the form
of modern diffusion-based policies (Chi et al., 2023). These methods have shown remarkable success
in learning complex behaviors from large, diverse datasets conditioned on language prompts or
images of the desired behavior. While these methods are vastly more capable than the older
Expected Information Maximization (EIM) approach presented in this thesis, they again employ the
maximum likelihood objective or related score-matching objectives (Song et al., 2021) and rely on
the model being sufficiently rich to capture multimodal behaviors without averaging. However, as
seen in Chapter 3, using the I-Projection can still offer benefits even when the model is sufficiently
rich to capture multimodal expert behavior. Furthermore, while we focused on Mixture Models,
EIM is a much more general framework applicable to arbitrary latent variable models, including
diffusion models. Thus, investigating how to use insights from EIM to train large-scale diffusion
policies could be a promising direction for future work to improve safety and adherence to expert
behavior.

In summary, I believe that the path toward more capable and general embodied agents lies in
combining principled probabilistic models and objectives with the remarkable capabilities of
large-scale foundation models. While the community currently focuses mainly on scaling up
foundation models and improving their capabilities, I believe that the simultaneous and continued
development of scalable yet principled probabilistic models and inference schemes is essential for
the next generation of truly autonomous general and embodied agents.
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A. Appendix for Chapter 3

A.1. Derivations

Derivations of the upper bound stated in Equation 3.1. We assume latent variable models g(x) =

fq(xlz)q(z)dz and use the identities q(x|z)q(z) = q(z|x)q(x) and log q(x) = logq(x|z)q(z) —

log q(z|x)
KL (glp) = [ <x>1og dx_ Ji (xlz)q(z)log dzd
//Q(xlz)Q(z)( ax |()6;(2) q(zlx)) dzdx
- [« (x|z>q<z>( "(’“"?‘i(z) 1ogq<z|x>+logq<z|x>—logq<z|x>)dzdx
= // ¢(x]2)q(2) (log q(’;l‘gg(z) _ log(j(zlx)) dzdx

- // 4(x|)q(2) (log q(zlx) — log d(=]x)) dzdx

- [] atizrace) (10g LE29E < togaeto) asax - [ o [ ataioytog LE S dsa

=U(q.G.p) — Eq(x) [KL (g(z|%)[|g(z]x))] .

After plugging the E-Step, i.e., §(z|x) = q;(x|z)q;(2)/q:(x), into the objective it simplifies to

U(q. 4. p)

//CI(xlz)Q(z) (10 1x12)e(2) qt(xlz)qt(z))dzdx
p(x) q:(x)

= // q(x|2)q(z) (log q(x|2) +log q(z) —log p(x) —log q:(x|z) —log q:(2) +log q:(x)) dzdx

q:(x) | Q(XIZ) q(2)
ﬂ (x]2)q(2) (log = ) qt(x|2) + log qt(Z)) dzdx

_ qr(x ) q(x|z) q(z)
[ (/ 1) (1°g po) T8 qt(x|z>) “bgqt(z))dz
:/q(z)/q(x|z)10g qr(x )dxdz+/q(z)/q(xlz)log q(x|z) dxdz+/q(z)log q(z) e

p(0) 2l 7
=[] atrtonater t0g %2 dsr+ ey 1L gt lan(x12D)] + KL (@i (21,

which concludes the derivation of upper bound of latent variable models.

161



A. Appendix for Chapter 3

A.1.1. Derivations Conditional Upper Bound

By introducing an auxiliary distribution g(z|x, y) the upper bound to the expected KL for conditional
latent variable models q(x|y) = / q(x|z,y)q(z|y)dz can be derived by

Ep(y) [KL (q(x[y)lIp(x]y))] =//p(y)q(x|y) log qE Ily;dxd

/ p(y) // (xl. 1)q(=ly) (1og"(' - Yq(zly) logq(z|x,y>)dzdxdy

P(ly)
- [ »w) [[ atxlz gty

(1 q(x|z, y)q(zly)
N1oe IX1= Y4 21Y)
p(xly)

/P(y)//q(x|z y)q(zly) (log 9(x |p(y)|q§ 21y) logc](zlx,y)) dzdxdy

- / p(y) // a(xlz 9)q(z.y) (og q(zlx.y) — log d(zlx.y)) dzdxdy

/p(y)// (x|z,y)q(zly) (1 gq( lp(y)lq; Zy) log(j(z|x,y)) dzdxdy

_//p(y)qmy)/q(zlx,y) log ?E : y;d dxdy

=U(4: 4. ) = Ep(y).qxly) [KL (q(z|x, )14 (z]x, y))] .

~logq(zlx.y) + logd(zlx.y) — log (2], y)) dzdxdy

During the E-step the bound is tightened by setting §(z|x,y) = q:(x|z, y)q:(z|y)/q:(x|y).

U(g.4.p)

_ q(xlz,y)q(zly) . q:(x|z,y)q: (zly)
—/P(y)//q(XIz,y)q(ZIy) (10g (1Y) log e )dzdxdy

=/P(y)//q(xlz,y)q(ZIy)(logq(XIz,y)+10gq(2|y)—logp(XIy)—logqt(xlz,y)
—log q:(zly) +log q:(x|y))dzdxdy

_ q:(x|y) q(x|z,y) q(zly)
—/P(y)//Q(XIz,y)q(ZIy) (10g 2(x1y) + log 4 (ls 0) + log qt(z|y))dZdXdy
q:(x Iy) (XIz,y))d 1 q(ZIy))d J
/p(y)/q(ZIy) (/ q(x|z, y)( p( |y) qt(x|z’y) x +log aly) | Y
/p(y)/q(ZIy)/q(xlz y)logq( |y))d dzdy
/P(y)/q(ZIy)/q(xlz y)IOg ll )dxdzdy+/p(y)/q(z|y)10g qzly) . dy

GIy)
= [ pwateiatiz o qf(( |'y))d dzdy

+Ep(y).q(zly) [KL (q(x]2, 9)llg: (x|z, y))] + Ep(y) [KL (q(zly)llq: (zly))],

which concludes the derivation of the upper bound for conditional latent variable models.
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A.1. Derivations

A.1.2. Using MORE for closed form updates for GMMs

The MORE algorithm, as introduced by Abdolmaleki et al. (2015), can be used to solve optimization
problems of the following form

argmax By /(0] st KL(g(0)lgoa(x) < ¢

for an exponential family distribution g(x), some function f(x), and an upper bound on the allowed
change, €. Abdolmaleki et al. (2015) show that the optimal solution is given by

q(x) « gola(x) exp (%) = exp (Ulog qud;x) +f(x) ) ,

where 1 denotes the Lagrangian multiplier corresponding to the KL constraint. In order to obtain
this Lagrangian multiplier, the following, convex, dual function has to be minimized

11og qola (x) +f(x)) dx. (A1)

9(n)=n€+nlog/eXP( p
For discrete distributions, such as the categorical distribution used to represent the coefficients of
a GMM, we can directly work with those equations. For continuous distributions, Abdolmaleki
et al. (2015) propose approximating f(x) with a local surrogate. The features to fit this surrogate
are chosen such that they are compatible (Kakade, 2002), i.e., of the same form as the distributions
sufficient statistics. For multivariate Gaussians, the sufficient statistics are squared features and
thus the surrogate compatible to such a Gaussian distribution is given by

A 1 7 AT
flx) = —EXTFX +f x+ fo.
The parameters of this surrogate can now be used to update the natural parameters of the Gaussian,
i.e, the precision matrix Q = X"' and q = X 'u by

A

14
Q:Qt+5F and q:qt+5f.

In order to apply the MORE algorithm to solve the optimization problems stated in Equation 3.4
and Equation 3.5 we make two trivial modifications. First, we invert the signs in Equation 3.4 and
Equation 3.5, as we are now maximizing. Second, to account for the additional KL term in our
objectives, we add 1 to n, everywhere except the first term of the sum in Equation A.1.

This is very similar to the approach Arenz et al. (2018) use in their VIPS algorithm. The main
difference lies in how f(x) is defined, where for EIM it is the log density ratio f(x) = ZZ&;, in
its original formulation, VIPS uses f(x) = log p(x) + log g (z|x). Instead of having to account for
an additional KL term, this formulation requires us to account for an additional entropy term in
the dual function. Thus, we need to add a 1 to 1, everywhere except the first term of the sum in

Equation A.1 and the 5 log g;(x) term nominator in Equation A.1
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A.2, Hyperparameters

In all experiments, we realize the density ratio estimator as fully connected neural networks which
we train using Adam (Kingma and Ba, 2014) and early stopping using a validation set.

Comparison to Generative Adversarial Approaches and Ablation Study

+ Data: 10, 000 Train Samples, 5, 000 Test Samples, 5,000 Validation samples (for early stopping
the density ratio estimator)

« Density Ratio Estimator (EIM) / Variational function V (x) (f-GAN): 3 fully connected layers,
50 neurons each, trained with L2 regularization with factor 0.001, early stopping and batch
size 1,000

« Updates EIM: MORE-like updates with e = 0.05 for components and coefficients, 1,000
samples per component and update

» Updates FGAN: Iterate single update steps for generator and discriminator using learning
rates of 1e — 3 and batch size of 1, 000.

Line Reaching with Planar Robot

« Data: 10,000 train samples, 5,000 test samples, 5, 000 validation samples (for early stopping
the density ratio estimator)

« Density Ratio Estimation: 2 fully connected layers of width 100, early stopping and batch
size 1,000

« Updates: MORE-like updates with € = 0.005 for components and coefficients, 1,000 samples
per component and update

Pedestrian and Traffic Prediction

« Data SDD: 7,500 train samples, 3,801 test samples, 3,801 validation samples (for early
stopping the density ratio estimator)

« Data NGS: 10,000 train samples, 5,000 test samples, 5,000 validation samples (for early
stopping the density ratio estimator)

« Density Ratio Estimation: 3 fully connected layers of width 256, trained with L2 regularization
with factor 0.0005 early stopping and batch size 1, 000.

« Updates: MORE-like updates with ¢ = 0.01 for components and coefficients, 1, 000 samples
per component and update

Obstacle Avoidance
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« Data: 1,000 train contexts with 10 samples each, 500 test contexts with 10 samples each, 500
validation contexts with 10 samples each (for early stopping the density ratio estimator).

« Density Ratio Estimation: 3 fully connected layers of width 256, trained with L2 regularization
with factor 0.0005 early stopping and batch size 1, 000.

« Component and Gating networks: 2 fully connected layer of width 64 for each component
and the gating. Trained with Adam (@ = 1e — 3, fy = 0.5) for 10 epochs in each iteration.



A.3. Further Discussion on Prior Works

A.3. Further Discussion on Prior Works

A.3.1. Equality of f-GAN and b-GAN

Both the f-GAN (Nowozin et al., 2016) and the b-GAN (Uehara et al., 2016) yield the same objective
for the I-Projection.

We start with the f-GAN. Nowozin et al. (2016) propose the following adversarial objective, based
on a variatonal bound for f-divergences (Nguyen et al., 2010)

arg min arggl&>)<F(q(X),V(x)) =Epx) [9(V(x)] = Eqe) [f*(g(V(x)))].

Here V(x) denotes a neural network with linear output, g(v) the output activation and f*(t) the
Fenchel conjugate (Hiriart-Urruty and Lemaréchal, 2012) of f(u), i.e., the generator function of
the f-divergence. For the I-Projection f(u) = —logu and f*(t) = —1 — log(t). In theory, the only
restriction posed on the choice of g(v) is that it outputs only values within the domain of f*(t)
Nowozin et al. (2016) suggest g’s for various f— divergences and chose exclusively monotony
increasing functions which output large values for samples that are believed to be from the data
distribution. For the I-Projection they suggest g(v) = —exp(—v). Thus the f-GAN objective for the
I-Projection is given by

argmin arg max F(q(x), V(x)) = =E,x) [exp(=V(x)] + Eg(x) [1 =V (x)].
q(x) V(x)
The b-GAN objective follows from the density ratio estimation framework given by Sugiyama et al.
(2012) and is given by

arg minarg max Epx) [f"(r(x))] = Eqx) [f" (r(x))r(x) = f(r(x))]

Here f’(u) denotes the derivative of f(u) and r(x) denotes an density ratio estimator. We need to
enforce r(x) > 0 for all x to obtain a valid density ratio estimate. In practice this is usually done by
learning r;(x) = logr(x) instead. Plugging r;(x), f(u) and f’(u) = 1/u into the general b-GAN
objective yields

arg min arg max F(q(x),ri(x)) = ~Ep(s) [exp(~r1(x))] + Egte) [1 = ()]
x ry(x

Which is the same objective as the f-GAN uses. Yet, f-GAN and b-GAN objectives are not identical
for arbitrary f-divergences.
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B.1. Simplified Kalman Filter Formulas

As stated above the simple latent observation model H = [ Lo Omx(n-m) ] , as well as the assumed
factorization of the covariance matrices allow us to simplify the Kalman Filter equations.

B.1.1. Notation

In the following derivations we neglect the time indices ¢ and ¢ + 1 for brevity. For any matrix M,
M denotes a diagonal matrix with the same diagonal as M, m denotes a vector containing those
diagonal elements and M) denotes the entry at row i and column j. Similarly, o) denotes the
i-th entry of a vector v. The point wise product between two vectors of same length (Hadamat
Product) will be denoted by © and the point wise division by @.

B.1.2. Prediction Step

Mean: z” = Az"
. _ ad
Covariance: x” = AZFAT + 37
The computation of the mean can not be further simplified, however, depending on the state size

and bandwidth, sparse matrix multiplications may be exploited. For the covariance, let T = AX*.
Then,

AU, ~ u, .5, .5 .
T — AZ+ — [ Bll BlZ ] Zu+ 2j+ _ B112u+ + B1225+ B1125+ + BIZZ *
By By ORI Sul By St + Bps® Byt + B2221,+

and

Al A, AS, Al
Y = TAT " ﬁdyn _ B112u+ + B1228+ B112s+ +B;xX "

T T
[ B11 B21 ]+2dyn

AU+ a8+ 28,4 ~L+ T T
B, X + ByyX By X' +ByX B12 B22
AU~  AS,—
> >
= 28, — 2 1,— bl
% >
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with

R . R .1 R
¥ = (an‘” + B1225’+) BT, + (an“ +B,5 ’+) B, +3""

AU, + 28, + 28, + al+ 2 u,dyn
=B 2 B, + B2 B + B 2 B, + By BL 4 50

Zl’_ = (B212u’+ + Bzzis;'.) Bgl + (B2125’+ + B2221’+) Bgz + ZA:Ldyn

=By, 2" B], + B, B], + By 27 BL, + Bzzﬁ1’+Bsz +3ham
= (B212u,+ + B2225’+) B{1 + (1?'21ZA:S’Jr + Bzzﬁl’Jr) Bsz
=B212u)+B1T1 + Bzzis’+B1T1 + Bz1ﬁs’+B1Tz + B2221’+B1T2
Since we are only interested in the diagonal parts of X%, L= and 35~ ie. 2u,—’ 21,_ and ﬁs’_’ we

can further simplify these equations by realizing two properties of the terms above. First, for any
matrix M, N and a diagonal matrix ¥ it holds that

(MﬁNT)(ii) _ ZA(ik)B(ik)o-(k) _ (NﬁMT)
k=1

11

Hence, we can simplify the equations for the upper and lower part to
_ AU, 2, 21, su,d
5%~ =B 5" Bl +2- B3 BT, + B2 B, + 50,

1,_ AWt T &S+ T A1,+ T Al,dyn
X7 =By X B21 + 2By B21 + ByyX B22 +X .

Second, since we are only interested in the diagonal of the result it is sufficient to compute only

the diagonals of the individual parts of the sums which are almost all of the same structure i.e.
A} A4

S=MX N7, Let T = M3, then each element of T can be computed as

n
(W) — ZMUk)g(kj) = M) 50
k=1
Consequently, the elements of S = TN” can be computed as
n n
(i) = Z 1) Ny UR) — ZM(lk)O'kN<Jk).
k=1 k=1
Ultimately, we are not interested in S but only in S

n
$lii) _ ZM(ik)N(ik)a(k).
k=1
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Using this we obtain can obtain the entries of 6%, 6>~ and 6%~ by

m m
g (0) :Z (Bﬁk))Z u (i) +ZZB(zk)B(1k) 5,4+, (i) +Z (ng))zo_l,+,(i) +owdm() (g )
k=1 k=1
U n 2N\ 2
JANG) :Z (B(lk)) Ut (i) +ZZB(1k)B(1k) s4,(i) +Z (Bégk)) () 4 ghdn () (g 9)
k=1 k=1 k=1
o5 (i) _ ZB(lk)B(lk) u,+,(i) +ZB(lk)B(lk) s+(l) (B3)

;. ZB(sz(zk) s ZB(’k)B(’k) (i),

which can be implemented efficiently using elementwise matrix multiplication and sum reduc-
tion.

B.1.3. Update Step

T T sobs) '
Kalman Gain Q=3H (HZ‘H 430 S)
Mean pr=z+Q(w-Hz")
Covariance >*=(I-QH)X"~

First, note that

and
u,— ~.0bs

~0b ~
HE H +327° =3 +3

and thus the computation of the Kalman Gain only involves diagonal matrices. Hence the Kalman

AU
Gain matrix also consists of two diagonal matrices, i.e., Q = l %1 whose diagonals can be
computed by
q"=0"" 0 (au’_ + GObS) (B.4)
and q' =% 0 (o™ +0°"). B.5
q
Using this result, the mean update can be simplified to
pore| S o| VAT )
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For the covariance we get:
2u,+ 2S,+ _ (I QH) Z_ _ Im _ Qu Ome ﬁ:u’_ ZA:S,—
ZA:S,+ ZA:L+ = \Un = Al A8, — ZA:I,—
| (-9 (1-9")3
OB SO 43

Hence the diagonals of the individual parts can be computed as

o =(1p-q") oo™ (B.7)
o =1, -q") 0% (B.8)
ot =" —doo. (B.9)

B.2. Root Mean Square Error Results

To evaluate the actual prediction performance of our approach we repeated some experiments
using the RMSE as loss function. Other than that and removing the variance output of the decoder
no changes were made to the model, hyperparameters and learning procedure. The results can be
found in Table B.1.

B.3. Visualization of Imputation Results

Exemplary results of the data imputation experiments conducted for the Pendulum and Quad Link
experiment can be found in Figure B.1

B.4. Network Architectures and Hyper Parameters

For all experiments Adam (Kingma and Ba, 2014) with default parameters (@ = 1073, §; = 0.9,
B2 = 0.999 and £ = 10~%) was used as an optimizer. The gradients were computed using (truncated)
Backpropagation Trough Time (BpTT) (Werbos, 1990). Further in all (transposed) convolutional
layers layer normalization (LN) (Ba et al., 2016) was employed to normalize the filter responses.
"Same" padding was used. The elu activation function (Clevert et al., 2015) plus a constant 1 is
denoted by (elu + 1) was used to ensure that the variance outputs are positive.

B.4.1. Pendulum and Multiple Pendulum Experiments

Observations. Pendulum: Grayscale images of size 24 X 24 pixels. Multiple Pendulum: RGB images
of size 24 X 24 pixels. See Figure B.2 for examples.

Dataset. 1000 Train and 500 Test sequences of length 150. For the filtering experiments noise
according to Appendix B.5 was added , for imputation 50% of the images were removed randomly.
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Table B.1.: RMSE Results

Model

RMSE

Pendulum

RKN (m = 15,b = 3,K = 15)
RKN (m = b = 15,K = 15)

0.0779 + 0.0082
0.0758 + 0.0094

LSTM (m = 50) 0.0920 + 0.0774
LSTM (m = 6) 0.0959 + 0.0100
GRU (m = 50) 0.0821 + 0.0084
GRU (m = 8) 0.0916 + 0.0087
Multiple Pendulums
RKN (m = 45,b =3,k = 15) 0.0878 £ 0.0036
LSTM (m = 50) 0.098 + 0.0036
LSTM (m = 12) 0.104 + 0.0043
GRU (m = 50) 0.112 + 0.0371
GRU (m = 14) 0.105 + 0.0055

Quad Link (without additional noise )

RKN (m = 100, b = 25,k = 15)

LSTM (m = 100)

LSTM (m = 25)
GRU (m = 100)
GRU (m = 25)

0.103 + 0.00076
0.175+0.182

0.118 + 0.0049
0.278 + 0.105

0.121 = 0.0021

Quad Link (with additional noise )

RKN (m = 100, b = 25, k = 15)

LSTM (m = 75)
GRU (m = 25)

0.171 £ 0.0039
0.175 £ 0.0022
0.204 + 0.0023

Encoder. 2 convolution + 1 fully connected + linear output & (elu + 1) output:

+ Convolution 1: 12, 5 x 5 filter, ReLU, 2 X 2 max pool with 2 X 2 stride

« Convolution 2: 12, 3 X 3 filter with 2 X 2 stride, ReLU, 2 X 2 max pool with 2 X 2 stride

+ Pendulum: Fully Connected 1: 30, ReLU

« Multiple Pendulum: Fully Connected 1: 90, ReLU

Transition Model Pendulum: 15 dimensional latent observation, 30 dimensional latent state.
Multiple Pendulum: 45 dimensional latent observation, 90 dimensonal latent state. Both: band-

width: 3, number of basis: 15

« a(z;): No hidden layers - softmax output

Decoder (for s;). 1 fully connected + linear output:

« Fully Connected 1: 10, ReLU
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Figure B.1.: Left. Pendulum imputation Tasks. Right. Quad Link imputation task. Both show from left to
right: true images, input to the models, imputation results for RKF, imputation results for KVAE (Fraccaro

et al., 2017).

Decoder (for of).: 1 fully connected + 2 transposed convolution + transposed convolution out-

put:
+ Fully Connected 1: 144 ReLU

 Transposed Convolution 1: 16, 5 X 5 filter with 4 X 4 stride, ReLU

Transposed Convolution 2: 12, 3 X 3 filter with 2 X 2 stride, ReLU

« Transposed Convolution Out: Pendulum: 1 Multiple Pendulum: 3, 3 X 3 filter with 1 X 1 stride,

Sigmoid
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Decoder (for o} or ¢}). 1 fully connected + (elu + 1):

« Fully Connected 1: 10, ReLU

B.4.2. Quad Link

Observations. Grayscale images of size 48x48 pixels.

Dataset. 4000 Train and 1000 Test sequences of length 150. For the filtering with additional
noise experiments noise according to section D was added, for imputation 50% of the images were
removed randomly.

Encoder. 2 convolution + 1 fully connected + linear output & (elu + 1) output:
« Convolution 1: 12, 5 X 5 filter with 2 X 2 stride, ReLU, 2 X 2 max pool with 2 X 2 stride
+ Convolution 2: 12, 3 x 3 filter with 2 X 2 stride, ReLU, 2 X 2 max pool with 2 X 2 stride
+ Fully Connected 1: 200 ReLU

Transition Model. 100 dimensional latent observation, 200 dimensional latent state, bandwidth:
3, number of basis: 15

+ a(z;): No hidden layers - softmax output
Decoder (for s;). 1 fully connected + linear output:
« Fully Connected 1: 10, ReLU
Decoder (for o}). 1 fully connected + 2 transposed convolution + transposed convolution output:
+ Fully Connected 1: 144 ReLU
« Transposed Convolution 1: 16, 5 X 5 filter with 4 X 4 stride, ReLU
« Transposed Convolution 2: 12, 3 X 3 filter with 4 X 4 stride, ReLU
« Transposed Convolution Out: 1, 1 X 1 stride, Sigmoid
Decoder (for o} or ¢/. 1 fully connected + (elu + 1):

« Fully Connected 1: 10, ReLU

Figure B.2.: Example images for the multiple pendulum experiments. Left: Noise free image. Middle:
sequence of images showing how the noise affects different pendulums differently. Right: Image without
useful information.
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B.4.3. Kitti

Observation and Data Set. For this experiment, our encoder is based on the pose network
proposed by Zhou et al. (2017) which helps us to speed-up the training process. Specifically we
extract features from the convé layer of the pose network by running the model on the KITTI
odometry dataset. The training dataset for this experiment comprised of sequences 00, 01, 02, 08,
09. Sequences 03, 04, 05, 06, 07, 10 were used for testing.

Encoder. Pose Network of Zhou et al. (2017) up to layer convé + 1 Convolution
« Convolution 1: 50, 1x1 filter,with 1x1 stride

Transition Model. 50 dimensional latent observations, 100 dimensional latent state, bandwidth 1,
number of basis 16

« a(z;): No hidden layers - softmax output
Decoder (for s7). 2 fully connected + linear output:

o Fully Connected 1: 50, ReLU

B.4.4. Pneumatic Brook Robot Arm

Observations and Data Set. 6 sequences of 30,000 samples each of input currents and observed
joint positions, sampled at 100Hz. 5 sequences were used for training, 1 for testing.

Encoder. 1 fully connected + linear output & (elu + 1) output.
« Fully Connected, 30 ReLU

Transition Model. 30 dimensional latent observation, 60 dimensional latent state, bandwidth 3,
number of basis 32

Decoder (for s;). 1 fully connected + linear output

« 30 ReLU

B.5. Observation Noise generation process

Let U (x,y) denote the uniform distribution from x to y.To generate the noise for the pendulum

task for each sequence a sequence of factors f; of same length was generated. To correlate the

factors they were sampled as fy ~ U(0,1) and f;+; = min(max(0, f; +r;), 1) with r, ~ U(—0.2,0.2).

Afterwards, for each sequence two thresholds ¢t; ~ U/(0.0,0.25) and t, ~ U(0.75, 1) were sampled.

All f; < t; were set to 0, all f; > t, to 1 and the rest was linearly mapped to the interval [0, 1].
inoise

Finally, for each image i; an image consisting of pure uniformly distributed noise i}°**¢ was sampled
and the observation computed as o; = f; - iy + (1 — f;) - if°"*€.
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C.1. Derivations

C.1.1. Lower Bound Objective

Derivation of the general ELBO objective (Equation 5.1)

p(o<r,z<Tla<r)
p(z<r|o<r,a<7)
plo<r|z<t,a<r)p(z<7lA<T) +log q(z<rlo<r,a<7)
p(z<rlo<T,a<7) q(z<rlo<T,a<7)

=Eq(z<rlo<racr) [log p(o<rl|z<7,a<7)] = KL (q(Z<7l|0<T, 2<7)|IP(2<T" [2<T))

log p(o<rla<r) = log

=Eq(zorlo<racr) llog

ELBO

+KL (q(z<7|o<r,a<7)||p(z<T|0<T,2<T))

KL term(>0)
plo<r, z<rlacr)
q(z<rlo<r,a<7)

=Eq(zerlocracr) [log +KL (q(z<rlo<t,a<7)||p(z<T|0O<T,2<7)) .

KL term(>0)
ELBO

Before we derive the decomposition of the KL term under the RSSM-assumptions (Equation 5.2)
and the lower bound under the SSM-assumptions (Equation 5.4), let us restate the independence
assumptions. For all approaches, the joint generative model factorizes as (cf. the graphical model
in Figure 5.1)

T T
plosr,z<rlacr) = p(z0) | | p(zilzi-r,a-0) | | plos]20).
t=1 t=0

The same independence assumptions imply the following decomposition for the conditional
distribution over latent states given observations and actions p(z<r|o<rt,a<7) =

T T
p(zolo<T,a<T) HP(Zt|ZSt—1, o<r,a<t) = p(Zolo<r,a<T) I_IP(Zt|Zt—1,02t, a>i-1).

t=1 t=1
Thus, when using the same assumptions for the variational distribution q(z<r|o<T, a<7), it also
factorizes as
T

q(z<rlo<r,a<7) = q(zolo<T,a<T) l_[ q(z¢|2s-1,054,a54-1).
t=1
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Contrary to that, as introduced by (Hafner et al., 2019), the RSSM’s joint variational distribution
factorizes as (cf. the graphical model in Figure 5.1)

T T
g(o<r.z<rlasr) = q(zoloo) | | a(zlzi-1,0n20-1) | | alon).
t=1 =0

Thus the variational distribution is given by

q(o<t,z<T|a<T)

q(o<7)

q(z<rlo<r,a<r) =

T
= CI(ZO|00) l—[ 6](Zt|Zt—1, 04, a;-1).
=1

Let us now consider the KL term of the lower bound decomposition (Equation 5.1) when using the
generative assumptions for p and the RSSM’s inference assumptions for q. We get Equation 5.2:

KL (q(z<r|o<T,a<7)||p(z<T|O<T,2<T))

(z¢]ze—1,048;-1)
/Q(ZO|00)HQ(Zt|Zt 1,0n A1) (Z p?z |tZ t1 10 ! at 11) dz<t
t1Zt—1, 0>, A5~

=1
L q(z¢|24-1,04,24-1)
— L , B 1 t14t—1, 9t ar—1 d
;‘/ (q(ZO|00)Uq(Zt|Zt 1, 0>, Axy 1)) OgP(Zt|Zt—1,02t,azt—1) Z<T

T
=> / ]_[ 9(zk |2k 1, 0k Ak 1>dqu<zo|oo>]_[q<zk+l|zk, Ofcr1, A1)z
=0

k=t+1

=1 q(z¢-1l04-1,21-2)
Q(Ztlzt—l, Ot, at—l)

P(Z¢|Zi—1, 051, 254-1)

Q(Ztlzt—laot,at—l)log leL dzt—l

KL(q(zt|2-1,08,2r-1) ||p(2£]2£-1,0>1,251-1))

M=

Eq(z,,1|os,,1,a5,,2) [KL (Q(Zt|zt—1,0t, at—1)||P(Zt|Zt—1,02t,32t—1))] .
i

Il
=}

Plugging the same assumptions into the ELBO part of Equation 5.1 gives the RSSM objective already
derived by Hafner et al. (2019) (Equation 5.3).

To derive our objective (Equation 5.4) we instead use the generative assumptions for both the
generative model as well as the inference model. Again starting from the ELBO part of Equation 5.1,
we get

Eg(zerlocract) [log p(o<r|z<7)] — KL (q(z<7|0<7,2<7)||p(Z<T]2<T))

/(CI(ZO|0<T,3<T)1_[CI(Zt|Zt Laxi— 1’0>t))zlogp(0tlzt)dz<t

t=0

Zs|Z;_1,a54-1,0
_/CI(ZO|0<T>a<T)HQ(Zt|Zt—1,a>t—1’°>t) (Zlog 4(zelz-1, 2501, 020) dz<r
t=1 t=1

p(z¢|zi-1,a,-1)

T T
:Z/ (CI(ZO|0§T,33T) l—[q(zt|zt—1;32t—1:°2t)) 10gP(°t|Zt)dZ5t
=0

t=1
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T

T
C](Zt|zt—1,32t—1,02t)
- E /(Q(Zo|0sT,asT)| |Q(Zt|zt—1,azt—1,02t log dz<r
t=1 t=1

P(z¢|zi-1,a,-1)
T T
= / 1_[ q(zk|zk—1, a5 k-1, 05k ) dZk
=0

t k=t+1

=1
t-1

q(zolo<r,a<T) l—[ q(Zk+11Zk, A5k, O k41)dZi log p(o4|2; ) dz;
k=1

q(ztlo<T,a<T)

T T t-2
- Z/ ]_[ ‘I(Zk|zk—1,azk—l,ozk)dzk(‘Z(ZobsT, acr) Hq(zk+1|lk,azk,02k+1)dzk
=0 k=t+1 k=1
=1 q(z:-1lo<T,a<T)
Q(Zt|zt—1,azt—1,02t)

dZt dzt—l

q(z¢|2t-1,354-1,05;,) log

P(z¢]zs-1)

KL(q(zt|zt-1,22¢-1,021) ||p (2t |2e-1,2¢-1) )

T
= Z EQ(ZHOST,’&ST) [logp(otlzt)]
t=0
T

- ZEq(zt_ﬂog,ag) [KL (Q(Zt|zt—1,azt—1, Ozt)||P(Zt|Zt—1, a;-1))].
t=1

C.1.2. Extended Backward Pass for Smoothed Dynamics

Here we derive an extended backward pass, i.e., given the forward priors and posteriors we are inter-
ested in the smoothed state q(z,_1|0<T, a<T) as well as the smoothed dynamics q(z;|z;—1,a5;-1,05;).
We can read off both these quantities from the joint smoothed estimate

Q(Zt, z;-1|lo<T,a<T) = ‘I(Zt|Zt—1, aA>r-1, Ozt)q(zt—l lo<T,a<T).

This joint smoothed estimate can be computed using the identity

q(zs, 2t -1]lo<7,a<7) = q(2:-1]21,0<t-1,a<4-1)q(2¢|0<T,2<7T)
_p(Ze|ze-1,2:-1)q(Ze-1]0<r-1,2<1-2)
q(zt|lo<i-1,a</-1)

q(z¢lo<r,a<r). (C.1)

All quantities in Equation C.1 are available in closed form as the smoothed state-estimate q(z;|o<1, a<T)
is computed during the previous iteration of the backward pass. To recursion starts with the last
posterior which is equal to the smoothed estimate for t = T. We denote the parameters of the 4
distributions as follows

q(Zt|03t—1, agsq1) = N(Zt|ﬂ;,2;), q(Zt—1|05t—1, ) = N(Zt—1|ﬂ;—192f_1),
d
q(z¢lo<r,acr) = N(z,|ps, 25) and p(zelzi—1,a:-1) = N(2¢|Aro1ze—1 + Brojar— 1, 277).
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Using Bayes rule we get

q(zt-1|2e,0<r-1,a<4-1) = N(pj_; + Coo1(z¢ — Apap)_ +Beorar—1), 11— Ci1A1)E) )

My

with C;_; = = AT (A, B AT +30)~1 = 5+ AT (37)”". Thus, the full "two-sliced”

b

smoothed estimate is given by

q(Zt—l,Zt|05T, acr) = q(Zt—1|Zt,05t—1,agt—1)CI(Zt|05T, a<r) =

N ((Zt—l) | (ﬂ:_l +Cro1 (i - Ilt_)) ((I —Cim1Ar-)E + CoZ5CL, Ct—@?))

Z; [TH Zi(:z-l X

- N ([ |("§—1 Zi—T1 Ci-12} .
z py ) \ZCL, X

We can just read off the smoothed dynamics at time  from the joint above and get

CI(Zt|Zt—1, a>-1,0>7)

=N (Zt|ﬂ§ + ZictT—l(Z?—l)_l(Zt—l — ). 2 - ZictT—l(Ziq)_lCt—lzi) .

We can also read off the smoothed state estimate at time ¢ — 1 and get the standard Rauch-Tung-
Striebel backward recursion.

C.2. Details on Experiment Setup, Baselines and
Hyperparameters

We evaluate all variants of the RSSM and the VRKN in an experimental setup that closely follows
Hafner et al. (2019) as well as Hafner et al. (2020) by exchanging the underlying model while
keeping all other parts of the approach fix. We refer to the pseudo-code presented in those works
for an overview of the training procedure.

C.2.1. Smoothing RSSM

The smoothing RSSM works very similar to the L, (CF) and uses a GRU (Cho et al., 2014) to
accumulate information for all future time steps. This GRU is placed between the CNN which
extracts the representation for the RSSM and the RSSM itself, as indicated by the dashed red line
in Figure C.1. It processes the CNN’s output backward and extracts a latent representation of all
future observations 0>; which is fed to the rest of the pipeline instead of the original CNN output.
For online control, we only have o, as all future information is unavailable. In this case, we only
feed oy, together with the default initial memory value, through the GRU and give the output to
the remaining pipeline.
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Figure C.1.: Overview of the dynamics and inference model of the RSSM with MC Dropout baseline. The
general architecture is equivalent to that of the original RSSM, but we included Monte Carlo Dropout
Layers at the locations indicated by the purple dashed lines. For preliminary experiments, we also included
Dropout before the two linear layers in the computation path of the posterior but found that this decreases
performance. The dashed red line indicates the position where the backward GRU is added for the smoothing
version of the RSSM

C.2.2. RSSM with Monte Carlo Dropout

For the baseline with Bayesian treatment of the RSSM’s transition parameters, we combined the
original RSSM with Monte Carlo Dropout (Gal and Ghahramani, 2016). Figure C.1 provides an
overview over the resulting architecture.

C.2.3. Missing Observations and Fusion for RSSM.

For the experiments including missing observations, we concatenated the flag indicating the validity
of the observation after the CNN-Encoder in Figure C.1.

For fusion, we used several encoders, whose output we concatenate before passing it to the next
linear layer (red dashed line in Figure C.1). Like for the VRKN, we use a separate decoder an
reconstruction loss term for all observations (Section 5.3.6)

C.2.4. Proprioceptive Joints in Fusion Tasks

Table C.1 shows how we split the observations in into proprioceptive and non-proprioceptive
information for the different environments. In all cases, we only provide positional information,
no velocities.
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Environment Proprioceptive Non-Proprioceptive
Cheetah Run Joints (bthigh, bshin, bfoot,  Global Position/Orientation:
fthigh, fshin, ffoot) (rootx, rooty, rootz)
Walker Walk / Run orientation of links height of center of
mass above the ground
Cartpole Swingup Cart position (slider) Pole angle (hinge)
Cup Catch Cup Position (cup_x, cup_z)  Ball Position(ball_x, ball_z)

Table C.1.: For the fusion experiment we split the standard observations of the environments into proprio-
ceptive and non-proprioceptive as follows.

C.2.5. Hyperparameters

Where applicable we reused the hyperparametes used in (Hafner et al., 2019) and (Hafner et al.,
2020).

State Space Models. The exact parametrization of the RSSM (layer widths and activation
functions) differs between (Hafner et al., 2019) and (Hafner et al., 2020) and we used the respective
values for the respective agents. Both use a stochastic state size of 30 and a deterministic state size
of 200.

For the VRKN, we used a common set of hyper-parameters for all experiments and a stochastic
state size of 230, to match the total state size of the RSSM approaches. All layers, including the GRU
cell, are of width 300 and all linear layers use ReLU activation. The transition matrix output of the
transition network is transformed by the sigmoid-based transformation described in Section 5.3, the
offset output is unconstrained and the transition noise output is constrained by the sigmoid-based
transformation, saturating at 0.001, 0.1 while f(0) = 0.01.

For the Monte Carlo dropout-based approaches, we use a dropout rate of 0.1.

Encoder - Decoder. We used the convectional architectures originally introduced in (Ha and
Schmidhuber, 2018) and later used in (Hafner et al., 2019, 2020). For the VRKN the encoder was
augmented with a linear layer mapping to the latent observation and a linear layer + softplus for
the uncertainty output.

For the reward decoder, we also followed (Hafner et al., 2019) and (Hafner et al., 2020) and used 2
layers of width 200 with ReLU activation for PlaNet experiments and 3 layers of width 300 with
ELU activation for all the Dreamer experiments.

To encode low-dimensional proprioceptive observation in the fusion experiments we used an
additional encoder network with 3 layers of width 300 with ELU activation.
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Loss. Following the official implementation of (Hafner et al., 2019) we scaled the loss of the
reward decoder by a factor of 10 for the PlaNet experiments. Ee also found this beneficial for the
VRKN. While the RSSM (and all approaches based on the original parametrization) use a factor of 1
for Dreamer, we kept the factor of 10 for the VRKN-parametrization based approaches. In both
cases, that led to better performance of the respective approaches. We used the 3-free nats trick
used in (Hafner et al., 2019, 2020) to regularize the KL term for all experiments and approaches.

Training. We started with 5 randomly collected initial episodes and collected one more episode
every 100 model update steps. Each update step is performed on 50 sub-sequences of length
50, sampled uniformly from all previously collected sequences. We used Adam (Kingma and Ba,
2014) with the same learning rates and gradient clipping as (Hafner et al., 2019) for the PlaNet
experiments (learning rate 10~3, clip by norm 1, 000) and (Hafner et al., 2020) for Dreamer (learning
rate world model: 6 - 107, learning rate actor and critic: 8 - 107>, all with clip by norm 100).

Environments For PlaNet-agents we used the same action repeats as (Hafner et al., 2019) (Cheetah
Run: 4, Walker Walk: 2, Cup Catch: 4, Cartpole Swingup: 8, Reacher Easy: 4, Finger Spin: 2). For
Dreamer-agents we used an action repeat of 2 for all environments. Images are [64 X 64] pixels
and the color-depth is sub-sampled to 5-bits, following (Hafner et al., 2019). Table C.1 shows splits
into proprioceptive and non-proprioceptive state information for the fusion experiments.

Data Collection and Evaluation. We collected data with an exploration noise of 0.3. For the
Monte-Carlo Dropout based approaches, we turned the dropout layers off during evaluation but
not during data collection.

Planet-Agent The CEM-Planning method is equivalent to the one used in (Hafner et al., 2019)
for all experiments.

Dreamer-Agent Actor and value networks, as well as the hyper-parameters for the generalized
value estimates, are equivalent to the one used in (Hafner et al., 2020) for all approaches up to the
activation function used in the value network. Here we use Tanh to avoid rare cases of exploding
values for the VRKN approaches. In the cases where the original formulation with ELU converged,
we observed no difference from Tanh.

C.3. Comprehensive Experiment Results and Visualizations

We provide results for the individual tasks for all conducted experiments. Here we report reward
curves, as well as the final performance. Following the suggestions of Agarwal et al. (2021), for
the reward curves, we report the interquartile mean and 95% bootstrapped confidence intervals
(shaded areas). Unless otherwise noted, we use 10 seeds per task and approximate the expected
return using 10 rollouts. We provide box plots and tables stating the mean and standard error of the
final performance. We define final performance as the mean performance during the last 100, 000
train steps.
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Figure C.2.: Comparison of RSSM and all baselines on all tasks considered for the PlaNet agents.

RSSM

MCD-RSSM

Smooth RSSM

Smooth MCD-RSSM

Cheetah Run
Walker Walk
Cartpole Swingup
Cup Catch
Reacher Easy
Finger Spin

627.4290 + 7.4144
945.8944 + 2.1465
790.4359 + 8.4232
783.3987 + 54.1554
862.8973 + 8.1286
623.6027 + 21.5528

616.2516 + 13.5786
912.0173 + 19.3413
791.2157 + 8.4791
874.4680 + 23.6101
818.6773 + 10.3870
635.7293 + 32.7763

519.9207 = 11.7773
794.5836 + 38.2716
640.5327 + 79.7364
233.3460 + 78.0361
654.9960 + 23.2955
599.2760 + 17.6737

454.1092 + 14.7283
557.6727 + 33.9011
761.4190 + 10.7277
421.9260 + 122.9805
681.2360 + 30.5072
622.0860 + 19.4163

Table C.2.: Mean and standard error of final performance for the comparison of RSSM and all baselines on

all tasks considered for the PlaNet agents.

We want to emphasize that we draw our conclusion and claims from the aggregated results reported
in the main part of the paper.

C.3.1.

Comprehensive Results for the Comparison of the Different RSSM
Versions in Section 5.4.1 (Figure 5.4)

Figure C.2 shows the comparison to the Smoothing RSSM and the MCD versions for PlaNet agents.
Figure C.3 and Table C.2 show the corresponding box plots and table. Figure C.4 shows the
comparison to the Smoothing RSSM and the MCD versions for Dreamer agents. Figure C.5 and
Table C.3 show the corresponding box plots and table.

182



C.3. Comprehensive Experiment Results and Visualizations

1,000

fo]
(=3
(=}

D
[=3
(=}

=
o
B
<8 o

400

Expected Return

S~}
[=3
(=}

[=}

o®

o

o

Q
. ‘\cg’
\eg«ﬂ‘
«°
o

‘q@\\‘ C’A&&

N
& ‘Q)@‘-'
G

%@“"e‘\e

&%é%@o
<

[T I CE|
S

¢
|| Ll X I 2
$ oy =

L L e e e L
SEERE ERERE RS 2 22 222
RBBE BEB8 BEB8 8838 G888 $3843
moﬁmcﬁmoﬁmcﬁmaﬁmnﬁmaﬁmnﬁmoﬁmnﬁmaﬁmq
Q<A AasA el AasA AasA [al=al
O o Q QO o QO O o O O o O O o O O o O
S8 g2 =g =gz =gz =s¢g=
B S B S & 5 @ g n 5 @»n 5
5] 5] 5] 5] 5] o
<] <] <] <] 5] 5]
& & & & & &
) ) ) ) ) )

Figure C.3.: Box plots of final performance for the comparison of RSSM and all baseline on all tasks considered
for the PlaNet agents.

—— RSSM —— MCD-RSSM —— Smooth RSSM —— Smooth MCD-RSSM
Cheetah Run

1,000

Walker Walk Cartpole Swingup Cup Catch

800 —
600
400
200 —

0

1,000

Reac‘her EaS}‘f

Hop‘per Hof; Pendulum Swiﬂgup Walker Run

800 -

B> N

[ ]

(=)
| |

Expected Return Expected Return
[y~
(=3
o
|

(=]

I I
0.2 040
Time Steps (x10°)

| |
.6 0.8 1.0
Time Steps (x10°)

0.2 0.4 0.6 0.8 1.0
Time Steps (X10°)

- 1 1
0.2 0.4 0.6 0.8 1.0
Time Steps (x10°)

T
0.2 0.4 0.6 0.8 1.0

Figure C.4.: Comparison of RSSM and all baselines on all tasks considered for the Dreamer agents.

C.3.2. Comprehensive Results for VRKN and RSSM Comparison in
Section 5.4.1 (Figure 5.5)

Figure C.6 shows the reward curves for PlaNet agents, Figure C.7 and Table C.4 show the corre-

sponding box-plots and table. Figure C.8 shows the reward curves for Dreamer agents, Figure C.9
and Table C.5 show the corresponding box-plots and table.
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Figure C.5.: Box plots of final performance for the comparison of RSSM and all baseline on all tasks considered
for the Dreamer agents.

RSSM MCD-RSSM Smooth RSSM Smooth MCD-RSSM
Cheetah Run 828.3105 + 12.7068  779.5831 + 17.5038 749.6598 + 12.6213 701.1207 + 20.8974
Walker Walk 915.0295 + 24.0175  866.2743 + 33.1511 841.6051 + 37.6502 887.1364 + 28.4298
Cartpole Swingup 837.0084 + 8.9790 844.2569 + 12.9288 800.4897 + 14.5373 769.1028 + 23.8682
Cup Catch 961.1700 * 1.3949 955.5520 = 2.1011 825.4520 + 79.2088 683.2780 + 108.1605
Reacher Easy 562.4000 + 80.4134  548.8700 + 82.5122 335.7420 + 55.2733 454.1340 + 51.4296
Hopper Hop 263.8984 +17.7745  239.7520 £ 29.6752 197.5490 + 36.8571 160.7789 + 20.0703
Pendulum Swingup ~ 689.7720 + 70.8294  798.3480 + 28.6680  476.3280 + 121.9812 799.9800 + 10.4065
Walker Run 500.7626 + 39.3808  499.6024 + 52.2246 397.7456 + 26.9991 367.6974 + 32.9808

Table C.3.: Mean and standard error of final performance for the comparison of RSSM and all baselines on
all tasks considered for the Dreamer agents.

C.3.3. Comprehensive Results for Occlusion Experiments in Section 5.4.2.1
(Figure 5.7)

Figure C.10 shows the reward curves for Dreamer agents on the disc occlusion task, Figure C.11
and Table C.6 show the corresponding box-plots and table.

Figure C.12 shows the reward curves for Dreamer agents on the wall occlusion task, Figure C.13
and Table C.7 show the corresponding box-plots and table.

C.3.4. Comprehensive Results for Missing Observation Experiments in
Section 5.4.2.2 (Figure 5.9)

Figure C.14 shows the reward curves for Dreamer agents on the missing observation task without
transition noise, Figure C.15 and Table C.8 show the corresponding box-plots and table.
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Figure C.6.: Comparison of VRKN (with and without Monte Carlo Dropout) and RSSM on all tasks considered
for the PlaNet agents.
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Figure C.7.: Box plots of final performance for the comparison of VRKN (with and without Monte Carlo
Dropout) and RSSM on all tasks considered for the PlaNet agents.

Figure C.16 shows the reward curves for Dreamer-agents on the missing observation task with
transition noise, Figure C.17 and Table C.9 show the corresponding box-plots and table.
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VRKN (no MCD) VRKN RSSM
Cheetah Run 705.1629 + 7.3881 749.2355 + 5.3298 627.4290 = 7.4144
Walker Walk 889.8291 + 14.2379  940.5245 + 11.0899 945.8944 + 2.1465
Cartpole Swingup ~ 625.0746 + 22.7305 779.3265 = 7.7148 790.4359 + 8.4232
Cup Catch 548.4413 £35.6197  652.2427 £ 37.5175  783.3987 + 54.1554
Reacher Easy 871.8760 + 10.4746 872.0493 £ 9.5175 862.8973 + 8.1286
Finger Spin 564.7493 + 31.3898  578.9867 +31.7433  623.6027 + 21.5528

Table C.4.: Mean and standard-error of final performance for the comparison of VRKN (with and without
Monte Carlo Dropout) and RSSM on all tasks considered for the PlaNet agents.
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Figure C.8.: Comparison of VRKN (with and without Monte Carlo Dropout) and RSSM on all tasks considered
for the Dreamer agents.

C.3.5. Comprehensive Results for Sensor Fusion Experiments in Section
5.4.2.3 (Figure 5.10)

Figure C.18 shows the reward curves for Dreamer agents on the fusion task without transition
noise, Figure C.19 and Table C.10 show the corresponding box-plots and table.

Figure C.20 shows the reward curves for Dreamer agents on the fusion task with transition noise,
Figure C.21 and Table C.11 show the corresponding box-plots and table.

C.3.6. Qualitative Image Reconstructions for Noisy-Dreamer Experiments

We show sub-sequences of decoded posterior belief states for the 4 noisy tasks in Figure C.22,
Figure C.23, Figure C.24, and Figure C.25. Note that the first image in those sequences is not
necessary the first image the respective model saw, thus the reconstruction might be reasonable
even if the system is fully occluded. Figure C.26 explicitly shows the models’ behavior if no
information is available at the beginning of a sequence.
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Figure C.9.: Box plots of final performance for the comparison of VRKN (with and without Monte Carlo
Dropout) and RSSM on all tasks considered for the Dreamer agents.

VRKN (no MCD)

VRKN

RSSM

Cheetah Run
Walker Walk
Cartpole Swingup
Cup Catch

Reacher Easy
Hopper Hop
Pendulum Swingup
Walker Run

678.8993 + 42.6969
897.1648 + 22.6760
441.9785 + 31.5798
912.3980 + 37.7156
290.6880 + 68.4338
152.6910 + 23.3830
500.4280 + 98.7629
318.8323 + 68.5679

834.1799 + 7.0240
951.5513 + 6.6140
818.7790 + 8.8191
945.1860 + 7.7854
646.3940 + 106.9958
257.7012 + 38.3835
703.5000 + 75.4019
565.1005 + 32.1744

828.3105 + 12.7068
915.0295 + 24.0175
837.0084 + 8.9790
961.1700 + 1.3949
562.4000 + 80.4134
263.8984 + 17.7745
689.7720 + 70.8294
500.7626 + 39.3808

Table C.5.: Mean and standard-error of final performance corresponding for the comparison of VRKN (with
and without Monte Carlo Dropout) and RSSM on all tasks considered for the Dreamer agents.
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Figure C.10.: Comparison of VRKN and RSSM on all tasks considered with disc occlusions. The ¢ in the title
indicates the standard deviation of the Gaussian transition noise.
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Figure C.11.: Box plots of final performance for the comparison of VRKN and RSSM on all tasks for the disc

occlusion task.

VRKN

RSSM

Reward Only

Cheetah Run
Walker Walk
Cartpole Swingup
Cup Catch

578.7090 + 9.4257
539.5958 + 28.6619
503.7676 + 28.6705
607.3370 + 40.2025

532.2949 + 26.3772
564.8669 + 30.8898
429.8483 + 31.4116
512.6090 + 48.2354

79.7795 £ 39.9028
95.9638 + 21.2174
102.1589 + 14.0952
166.6440 + 46.7917

Table C.6.: Mean and standard-error of final performance for the comparison of VRKN and RSSM on all
tasks for the disc occlusion task.
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Figure C.12.: Comparison of VRKN and RSSM on all tasks considered with wall occlusions. The ¢ in the title
indicates the standard deviation of the Gaussian transition noise.

VRKN

RSSM

Reward Only

Cheetah Run
Walker Walk
Cartpole Swingup
Cup Catch

677.8950 + 11.7388
703.8418 + 27.3761
764.7615 + 5.8841
861.7760 + 14.6734

639.3058 + 10.7563
601.7267 + 26.7561
710.6911 + 31.6704
789.6590 + 27.4923

79.7795 £ 39.9028
95.9638 + 21.2174
102.1589 + 14.0952
166.6440 + 46.7917

Table C.7.: Mean and standard-error of final performance for the comparison of VRKN and RSSM on all tasks
for the wall occlusion task.
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Figure C.13.: Box plots of final performance for the comparison of VRKN and RSSM on all tasks for the wall
occlusion task.
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Figure C.14.: Comparison of VRKN and RSSM on all tasks considered with missing observations and without
transition noise.
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Figure C.15.: Box plots of final performance for the comparison of VRKN and RSSM on all tasks for the
missing observation task without transition noise.
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VRKN RSSM VRKN (Cat)
Cheetah Run 479.6113 +39.0438  385.1623 + 34.2866  513.6416 + 20.9897
Walker Walk 295.5923 + 40.7882  138.5695 + 21.9475  335.1612 + 37.8743
Cartpole Swingup ~ 589.5229 +91.1411  429.4998 +59.3501  661.1643 + 36.6275
Cup Catch 806.2720 + 75.0126 633.8480 + 140.1743 815.7960 + 44.0564

Table C.8.: Mean and standard-error of final performance for the comparison of VRKN and RSSM on all
tasks for the missing observation without transition noise.
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Figure C.16.: Comparison of VRKN and RSSM on all tasks considered with missing observations and transition
noise. The o in the title indicates the standard deviation of the Gaussian transition noise.
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Figure C.17.: Box plots of final performance for the comparison of VRKN and RSSM on all tasks for the
missing observation task with transition noise.

VRKN

RSSM

VRKN (Cat)

Cheetah Run
Walker Walk
Cartpole Swingup
Cup Catch

431.1943 + 19.2437
330.7420 + 30.5173
594.6512 + 22.4822
632.9800 + 64.4935

302.2760 + 20.2040
116.6937 + 13.0846
557.7137 + 58.3520
203.1760 + 32.3139

502.3162 + 13.2101
360.0558 + 26.1748
514.7862 + 32.5809
767.1400 + 21.0592

Table C.9.: Mean and standard-error of final performance for the comparison of VRKN and RSSM on all
tasks for the missing observation task with transition noise.

190



C.3. Comprehensive Experiment Results and Visualizations

Cheetah Run

Walker Walk

VRKN — RSSM

Cartpole Swingup

Cup Catch

Expected Return

Time Steps (x10°)

Time Steps (x10°)

I I I I I I I I I I I I I I I I
0.2 0.4 0.6 0.8 1.0 0.2 04 0.6 0.8 1.0 0.2 04 0.6 0.8 1.0 0.2 04 0.6 0.8 1.0
Time Steps (x10°)

Time Steps (x10°)

Figure C.18.: Comparison of VRKN and RSSM on all tasks considered for the sensor fusion task without

transition noise.
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Figure C.19.: Box plots of final performance for the comparison of VRKN and RSSM on all tasks for the
sensor fusion task without transition noise.

VRKN

RSSM

Cheetah Run
Walker Walk
Cartpole Swingup
Cup Catch

628.8849 + 9.6539
746.9262 + 60.4730
690.6291 + 51.6357
885.5980 + 17.4907

577.7296 + 26.4294
733.0111 + 70.6512
440.9525 + 36.0824
797.1000 + 66.0047

Table C.10.: Mean and standard-error of final performance for the comparison of VRKN and RSSM on all
tasks for the sensor fusion task without transition noise.

VRKN

RSSM

Cheetah Run
Walker Walk
Cartpole Swingup
Cup Catch

594.5483 + 13.6106
663.4760 + 68.0791
546.1525 + 64.0839
809.5620 + 69.0404

480.7173 + 18.8966
635.1461 + 68.1526
354.1156 + 51.2910
478.1520 £ 60.6500

Table C.11.: Mean and standard-error of final performance for the comparison of VRKN and RSSM on all
tasks for the sensor fusion task with transition noise.
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Figure C.20.: Comparison of VRKN and RSSM on all tasks considered for the sensor fusion task with transition
noise. The o in the title indicates the standard deviation of the Gaussian transition noise.

_ 5= 907 0.3 03
L0~ VA O no=
1 ROD < Wal win! Catd
Cheet® ke Cartp
1,000
900 - - =
800 - - .

700 . . -
600

Expected Return
N
(==
(=]
[
[
||
[

300 - - -
200 | T e - e
100 - - + -
0 T T T T T T T T
% = g = é = Z =
n %) %) é %)
v [97] ) w
= &~ > ~ > ~ > ~

Figure C.21.: Box plots of final performance for the comparison of VRKN and RSSM on all tasks for the
sensor fusion task with transition noise.
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Figure C.22.: Trajectory samples of Cup Catch task with disc occlusions.
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Figure C.23.: Trajectory samples of the Cheetah Run task with disc occlusions.
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Figure C.24.: Trajectory samples of the Cartpole Swingup task with disc occlusions.
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Figure C.25.: Trajectory samples of the Walker Walk task with disc occlusions.
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Ground Truth

Model Input

194

Figure C.26.: Another, sub-sequence of a
Cup Catch trajectory. The first image
shown here is the first image in the se-
quence. Neither the ball nor the cup is vis-
ible, i.e., the approaches have no informa-
tion about their whereabouts and have to
rely on their initial belief. As the model,
towards the end of the agent’s training, saw
lenty of trajectories with caught balls, the
RKN’s initial belief appears reasonable.
Further, the VRKN’s belief does only change
minimally over time while the RSSM hal-
lucinates movements without any visual
information indicating them.



D. Appendix for Chapter 6

D.1. Hyperparameters and Implementation Details

Table D.1 lists all hyperparameters of the KalMamba model and Table D.2 lists the hyperparameters
of Soft Actor Critic (SAC) (Haarnoja et al., 2018) used for control.

D.1.1. Baselines.

Both RSSM+SAC and VRKN+SAC use the same hyperparameters as KalMamba where applicable.
For all other hyperparameters, we use the defaults from (Hafner et al., 2020) and (Becker and
Neumann, 2022) respectively. The SAC baseline uses the hyperparameters listed in Table D.2 and
the results for DreamerV3 (Hafner et al., 2023) are provided by the authors!.

D.2. Additional Results

We provide results for the individual tasks of the Deepmind Control Suite for image-based observa-
tions in Figure D.1 and the different KalMamba ablations in Figure D.2. Figure D.3, shows the
per-task results for the noisy state-based environments.

1 https://github.com/danijar/dreamerv3
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Hyperparameter Low Dimensional DMC Image Based DMC
World Model
Encoder 2 X 256 Unit NN with ELU ConvNet from
(Ha and Schmidhuber, 2018)
and (Hafner et al., 2020)
with ReLU
Decoder 2 X 256 Unit NN with ELU ConvNet from

Reward Decoder
Latent Space Size

(Ha and Schmidhuber, 2018)
and (Hafner et al., 2020)
with ReLU
2 X 256 Unit NN with ELU
230 (30 Stoch. + 200 Det. for RSSM

Mamba Backbone

num blocks
d_model

d_state

d conv

dropout probability
activation

pre mamba layers
post mamba layers

256

64
2
0.1
SiLU
2 X 256 Unit NN with SiLU
VRKN Dynamics Model Architecture
from (Becker and Neumann, 2022) with SiLU

Loss

KL Balancing
Free Nats

0.8 for RSSM, 0.5 for VRKN, KalMamba
3

a (regularization scale) 1, KalMamba only

Optimizer (Adam (Kingma and Ba, 2014))

Learning Rate 3-107*

Table D.1.: World Model hyperparameters for KalMamba experiments
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Hyperparameter Low Dimensional DMC Image Based DMC

Actor-Network 2 X 256 Unit NN 3 X 1024 Unit NN
with ReLU with ELU

Critic-Network 2 X 256 Unit NN 3 X 1024 Unit NN
with ReLU with ELU

Actor Optimizer
Critic Optimizer

Adam with learning rate 3 x 10™*
Adam with learning rate 3 x 10™*

Target Critic Update Fraction 0.005
Target Critic Update Interval 1
Target Entropy —daction

Entropy Optimizer

Adam with learning rate 3 x 107*

Initial Learning Rate 0.1
discount y 0.99
Table D.2.: SAC hyperparameters for KalMamba experiments
Methods: — KalMamba RSSM+SAC —— VRKN+SAC DreamerV3
Cartpole Swingup Quadruped Walk
£ 800 =] %]
— — > ¥
£ WV\/\' 600 -
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s 400
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S 200 - 200 ﬂ/:dfv/fvf
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Figure D.1.: Per environment evaluations of the DeepMind Control Suite on image-based observations.

Dreamer-v3 shows a performance similar to RSSM+SAC.
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Methods: —— KalMamba —— No Mamba No Monte-Carlo Dropout
—— No Regularization
Cartpole Swingup Quadruped Walk
g |
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Figure D.2.: Per environment evaluations of the DeepMind Control Suite for different KalMamba ablations.
Monte-Carlo Dropout and the Mahalanobis regularization make the largest difference for the hardest task in
the suite, i.e., quadruped_walk.
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Methods: — KalMamba —— RSSM+SAC —— VRKN+SAC — SAC
Cartpole Swingup Quadruped Walk
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Figure D.3.: Per environment evaluations of the DeepMind Control Suite on low-dimensional state repre-
sentations. KalMamba performs on par with or better than the RSSM on all tasks, and is only outperformed
by the computationally more expensive VRKN on cartpole_ swingup.
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E. Appendix for Chapter 7

E.1. Architecture Details and Training

We use the same hyperparameters for all experiments based on the DeepMind Control Suite (DMC),
i.e,, the standard tasks with the different observation types (Video Background, Occlusions and
also Standard Images) as well as, the Locomotion Suite. For the ManiSkill2-based Manipulation
Suite, we use a larger model and a more conservative update scheme for actors and critics. We use
the ELU activation function unless otherwise mentioned.

E.1.1. Environments

For the model-based agents, we followed common practice (Hafner et al., 2020; Fu et al., 2021;
Wang et al., 2022; Deng et al., 2022) and use an action repeat of 2 for all environments. We do the
same for the model-free agents except for: Ball In Cup Catch (4), Cartpole Swingup (8), Cheetah
Run (4) and Reacher Easy (4). All environments in the locomotion suite also use an action repeat
of 2, this includes Hurdle Cheetah Run which requires more fine-grained control than the normal
version to avoid the hurdles.

The environments of the Manipulation suite do not use action repeat. Here, we use delta joint
position control, no action repeat, and dense normalized rewards for all tasks. For the depth images
we use the depth camera functionality provided by ManiSkill2 and clip to values between 0 and 4
meters.

E.1.2. Recurrent State Space Model

We denote the deterministic part of the RSSM’s state by h; and the stochastic part by s;. The base
RSSM model without parts specific to the objective consists of:

- Encoders: v,bs{:s) (0;), where tps is the convolutional architecture proposed by (Ha and
Schmidhuber, 2018) and used by (Hafner et al., 2019, 2020) for image observations. For the
low-dimensional proprioception, we used 3 X 400 fully connected layers for the DMC tasks
and 4 x 512 fully connected layers Manipulation Suite.

« Deterministic Path: h; = g(z;,_1,a;-1,h;_1) = GRU({/get(2;-1,a;-1), h;—1) (Cho et al., 2014),
where g4et is a 2 X 400 fully connected NN and the GRU has a memory size of 200 for the
DMC tasks. For the Manipulation Suite /ge; has 2 X 512 units and the GRU a memory size of
400
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+ Dynamics Model: p(z:41]|2s,a;) = Yayn(h;), where Yayn is a 2 X 400 units fully connected
NN for the DMC tasks and a 2 X 512 units fully connected NN for the Manipulation Suite.
The network learns the mean and standard deviation of the distribution.

bs
Yyar is @ 2X400 units fully connected NN for the DMC tasks and a 2x512 units fully connected

NN for the Manipulation Suite. Again, the network learns the mean and standard deviation
of the distribution.

« Variational Distribution q(z;|z;-1,a;-1,0;) = Yar (ht, Concat ({lﬁék (ogk))}k:hK)),where

« Reward Predictor p(r;|z;): 2 X 128 units fully connected NN for model-free agents. 3 X 300
units fully connected NN with ELU activation for model-based agents. The network only
learns the mean of the distribution. The standard deviation is fixed at 1. The model-based
agents use a larger reward predictor as they rely on it for learning the policy and the value
function. Model-free agents use the reward predictor only for representation learning and
work with the ground truth rewards from the replay buffer to learn the critic.

E.1.3. Objectives

Image Inputs and Augmentation. Whenever we use a contrastive image loss, we randomly crop
a 64 X 64 pixel image from the original image of size 76 X 76 pixels during training. Cropping is
temporally consistent, i.e., the same crop is used for all time steps in a sub-sequence. For evaluation,
we corp at the center. For the ablations that reconstruct images, we downsize them directly to
64 X 64 pixels.

KL. For the KL terms in Equation 7.1 and Equation 7.3 we follow Hafner et al. (2023) and combine
the KL-Balancing technique introduced by Hafner et al. (2021) with the free-nats regularization
used by Hafner et al. (2019, 2020). Following Hafner et al. (2021) we use a balancing factor of 0.8.
We give the algorithm 1 free nat for the DMC Tasks and 3 for the Manipulation Suite.

Following Srivastava et al. (2021) we scale the KL term using a factor of f = 0.001 for the contrastive
predictive objective.

Reconstruction Objectives. Whenever we reconstruct images we use the up-convolutional
architecture proposed by (Ha and Schmidhuber, 2018) and used by (Hafner et al., 2019, 2020). For
low-dimensional observations, we use 3 X 400 units fully connected NN for the DMC tasks and a
4 X 512 Units fully connected NN for the Manipulation Suite. In all cases, only the mean is learned.
We use a fixed variance of 1 for all image losses and the proprioception for the DMC tasks. For the
Manipulation Suite, we set the variance for the proprioception to 0.04.

Optimizer. We used Adam (Kingma and Ba, 2014) with & = 3 x 1074, f; = 0.99, 8, = 0.9 and
£ = 1072 for all losses. We clip gradients if the norm exceeds 10.

E.1.4. Soft Actor Critic

Table E.1 lists the hyperparameters used for model-free RL with SAC (Haarnoja et al., 2018).

We collected 5, 000 initial steps at random. During training, we update the RSSM, critic, and actor
in an alternating fashion for d steps before collecting a new sequence by directly sampling from

202



E.2. Details on Baselines and Ablations.

Hyperparameter DMC and Locomotion Manipulation
Actor Hidden Layers 3 X 1,024 Units 3 X 1,024 Units
Actor Activation ELU ELU + LayerNorm
Critic Hidden Layers 3 X 1,024 Units 3 X 1,024 Units
Critic Activation Tanh ELU + LayerNorm
Discount 0.99 0.85

Actor Learning Rate 0.001 0.0003
Actor Gradient Clip Norm 10 10

Critic Learning Rate 0.001 0.0003
Critic Gradient Clip Norm 100 100

Target Critic Decay 0.995 0.995
Target Critic Update Interval 1 1

a learning rate 0.001 0.0003
initial 0.1 1.0

target entropy - action dim - action dim

Table E.1.: Hyperparameters used for policy learning with the Soft Actor-Critic.

the maximum entropy policy. Here, d is set to be half of the environment steps collected per
sequence (after accounting for potential action repeats). Each step uses 32 subsequences of length
32, uniformly sampled from all prior experience.

E.1.5. LatentImagination

Table E.2 lists the hyperparameters used for model-based RL with latent imagination. They follow
to a large extent those used in (Hafner et al., 2020, 2021).

We again collect 5, 000 initial steps at random. During training, we update the RSSM, value function,
and actor in an alternating fashion for 100 steps before collecting new sequences. Each step uses 50
subsequences of length 50, uniformly sampled from all prior experience. For collecting new data,
we use constant Gaussian exploration noise with ¢ = 0.3.

E.2. Details on Baselines and Ablations.

For Dreamer-v3 (Hafner et al., 2023) we use the raw reward curve data provided with the official
implementation'. For DreamerPro (Deng et al., 2022)?, Task Informed Abstractions (Fu et al.,

1 https://github.com/danijar/dreamerv3/blob/main/scores/data/dmcvision_dreamerv3.json.gz
2 https://github.com/fdengl8/dreamer-pro
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Hyperparameter Value
Actor Hidden Layers 3 X 300 Units
Actor Activation ELU
Critic Hidden Layers 3 X 300 Units
Critic Activation ELU
Discount 0.99
Actor Learning Rate 8x107°
Actor Gradient Clip Norm 100
Value Function Learning Rate 8x107°
Value Gradient Clip Norm 100
Slow Value Decay 0.98
Slow Value Update Interval 1

Slow Value Regularizer 1
Imagination Horizon 15
Return lambda 0.95

Table E.2.: Hyperparameters used for policy learning with Latent Imagination.

2021)%, Deep Bisumlation for Control (Zhang et al., 2020)*, DenoisedMDP (Wang et al., 2022)°
and DrQ-v2 (Yarats et al., 2022)® we use the official implementations provided by the respective
authors.

DrQ-(I+P) builds on the official implementation and uses a separate encoder for the propriocep-
tion whose output is concatenated to the image encoder’s output and trained using the critics’
gradients.

We implemented RePo and RePo(I+P) in our framework, reused the Hyperparameters form Zhu
et al. (2023), and ensured the results of our implementation match the official implementation’s’
result on the DMC tasks with standard images. RePo(I+P) encodes the proprioception using a
separate encoder and both the embedded image and proprioception are given to the RSSM.

E.2.1. Hyperparameters of Abltions and Baselines.

Ablations. All Same-Loss, Concat, and Img-Only use the hyperparameters listed in Appendix E.1.
They are merely missing certain parts of the model or use a different loss for one or both modalities.
For the Concat baseline, we project the proprioception to the RSSMs latent state size (stochastic +
deterministic) using a single linear layer before concatenation.

https://github.com/kyonofx/tia/
https://github.com/facebookresearch/deep_bisim4control/
https://github.com/facebookresearch/denoised_mdp
https://github.com/facebookresearch/drqv2
https://github.com/zchuning/repo

N gk W
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E.2. Details on Baselines and Ablations.

ProprioSAC uses the hyperparameters listed in Table E.1, except for the learning rates. We reduced
those to the SAC default values of 0.0003 for all environments, as we found the more aggressive
updates used for CoRAL on Video Background, Occlusions and Locomotion can lead to instabilities
when training directly on the proprioception.

Baselines. All our baselines were originally evaluated on standard DeepMind Control Suite tasks,
modified DeepMind Control Suite tasks, or both. They were designed for problems very similar to
Occlusions and, in particular, Video Background and we thus reuse the Hyperparameters originally
proposed by the respective authors. For baselines using an RSSM, (TIA, DreamerPro, DenoisedMDP,
and RePo) these are generally very similar and follow (Hafner et al., 2020, 2021).

For the Locomotion suite all approaches, including CoRAL and the ablations, use the same Hyper-
parameters as they use for Video Backgrounds and Occlusions.

For the Manipiluation suite we increased the model sizes of RePo following those of CoRAL. For
both the DrQ-v2-based and the RePo-based baselines we tried a discount factor of 0.85 and 0.99
to ensure the performance differences to CoRAL is not an artifact of the low discount of 0.85.
However, the lower discount worked better for all methods.

E.2.2. On the Performance of Some Baselines in our Setting.

As described in Section 7.4, there are distinct ways how to select and use the Kinetics400 videos in
the existing literature. Nguyen et al. (2021), who first introduced the more challenging setting we
use, already found DBC (Zhang et al., 2020) to struggle in this setting and our results align with
those findings.

TIA (Fu et al., 2021) and DenoisedMDP (Wang et al., 2022) factorize the latent variable into 2 distinct
parts and formulate loss functions that force one part to focus on task-relevant aspects and the
other on task-irrelevant aspects. However, the part responsible for the task-irrelevant aspects still
has to model those explicitly. In the more complicated setting with randomly sampled, colored
background videos, the TIA and DenoisedMDP world models underfit and thus fail to learn a good
representation or policy. Contrastive approaches, such as our approach and DreamerPro (Deng
et al., 2022), do not struggle with this issue, as they do not have to model task-irrelevant aspects
but can learn to ignore them.

RePo (Zhu et al., 2023) was also evaluated on the simpler setting and Zhu et al. (2023) report
an improved performance over TIA and DenoisedMDP. In the more challenging setting, this
improvement persists and RePo performs similarly to DreamerPro (Figure 7.5).

Furthermore, Zhu et al. (2023) presents results on ManiSkill2 environments similar to LiftCube,
PushCube, and TurnFaucet of our Manipulation Suite. However, as detailed in Section 7.4 our
Manipulation Suite tasks randomize initial conditions (i.e., cube position or faucet model) which
results in significantly more challenging tasks, in which RePo seems to struggle.
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E.3. Complete Results

The following pages list the aggregated results and performance profiles for all tasks, representation-
learning approaches, and both model-free and model-based RL. We compute inter-quartile means
and stratified bootstrapped confidence intervals, as well as the performance profiles according
to the recommendations of Agarwal et al. (2021) using the provided library®. For each task in
the suites, we ran 5 seeds per method, i.e., the results for Standard Images, Video Backgrounds,
and Occlusions are aggregated over 35 runs, and those for Locomotion and Manipulation over 30
runs. Figure E.1 lists the aggregated results for all model-free agents on the DeepMind Control
(DMQC) Suite tasks and Figure E.3 lists the corresponding performance profiles. Figure E.2 lists the
aggregated results for all model-based agents on the DeepMind Control Suite tasks and Figure E.4
lists the corresponding performance profiles. Figure E.5 shows aggregated results and performance
profiles for the Locomotion suite. Figure E.6 shows aggregated results and performance profiles for
the Manipulation suite. We also list the per-task results for all task suits:

« Figure E.7: Model-free agents on DMC tasks with Standard Images

« Figure E.8: Model-free agents on DMC tasks with Video Background.

« Figure E.9: Model-free agents on DMC tasks with Occlusions.

« Figure E.10: Model-based agents on DMC tasks with Standard Images.

« Figure E.11: Model-based agents on DMC tasks with Video Background.
« Figure E.12: Model-based agents on DMC tasks with Occlusions.

« Figure E.13: Per Environment Results for the Locomotion suite.

« Figure E.14: Per Environment Results for the Manipulation suite.

8 https://github.com/google-research/rliable
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Figure E.1.: Aggregated results for all model-free agents on the DeepMind Control Suite environments with
Standard Images, Video Background, and Occlusions. As expected, reconstruction-based approaches do not
work on Video Background and Occlusions. Out of all considered approaches V-CoRAL achieves the highest
performance on Video Background and P-CoRAL achieves the highest performance on Occlusions.
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Figure E.2.: Aggregated results for all model-based agents on the DeepMind Control Suite environments
with Standard Images, Video Background, and Occlusions. Compared to their model-free counterparts (Fig-
ure E.1), model-based agents perform worse, except if a reconstruction-based representation is used. Yet,
the performance gap is larger for image-only and fully contrastive approaches. Especially V-CoRAL still
achieves high performance on Video Background, almost matching the performance of Dreamer-v3 on
Standard Images. This further highlights the benefits of using CoRAL, which can significantly improve over
tailored approaches such as DreamerPro or RePo.
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Figure E.3.: Performance profiles for all model-free agents on the DeepMind Control Suite tasks with
Standard Images, Video Background, and Occlusions. They show that performance is largely consistent
across the tasks. The sole exception is V-CoRAL and the contrastive variational approach with the same loss
for both modalities on Occlusions. Here, the former fails for Ball-in-Cup Catch and Cartpole Swingup,
while the latter underperforms for Cheetah Run (Figure E.9).
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Figure E.4.: Performance profiles for all model-based agents on the DeepMind Control Suite environments

with Standard Images, Video Background, and Occlusions. They indicate that performance is largely
consistent across the environments.
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Figure E.5.: Aggregated results and performance profiles for the Locomotion suite. Both V-CoRAL and
P-CoRAL outperform reconstruction and P-CoRAL gives the best results of all approaches by a significant
margin Figure E.13 shows that the performance difference is larger in environments with randomly colored
obstacles (Hurdle Cheetah Run,Hurdle Walker Walk,Hurdle Walker Run. The color is not relevant to avoid
the obstacles but seems to hinder reconstruction.
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Figure E.6.: Aggregated results and performance profiles for the Manipulation Suite. V-CoRAL performs best
by a significant margin, followed by P-CoRAL No approach that uses solely images, i.e., Img-Only-ablations,
RePo and DrQ-v2, or uses both modalities but has a fully constrastive objective achieves any notable success.
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Figure E.7.: Per environment results for model-free agents on the DeepMind Control Suite with Standard

Images.
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Figure E.8.: Per environment results for model-free agents on the DeepMind Control Suite with Video
Background.
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Figure E.9.: Per environment results for model-free agents on the DeepMind Control Suite with Occlusions.
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Figure E.10.: Per environment results for model-based agents on the DeepMind Control Suite with Standard

Images.
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Figure E.11.: Per environment results for model-based agents on the DeepMind Control Suite with Video
Background.
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Figure E.12.: Per environment results for model-based agents on the DeepMind Control Suite with Occlusions.
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Figure E.13.: Per environment results for the Locomotion suite.
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Figure E.14.: Per environment results for the Manipulation suite.
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