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Summary

In this manuscript titled ”Hyperfine Interactions in Lanthanide-Organic Complexes for Quantum
Information Processing,” we explore the intricate interplay between atomic physics and quantum
computing, focusing on hyperfine interactions in lanthanide-organic complexes and their applications in
quantum information processing. The work bridges multiple disciplines, including quantum computing,
optimal control theory, nuclear structure, hyperfine interactions, f-elements, crystal field theory, and
molecular magnetism.

We begin by examining the Hamiltonian of free lanthanide ions, deriving matrix elements that
account for electronic structure, spin-orbit coupling, and hyperfine interactions. Utilizing hydrogen-like
wavefunctions and Slater determinants, we ensure antisymmetry in multi-electron systems, adhering
to the Pauli exclusion principle. The spin-orbit coupling is treated perturbatively, leading to fine-
structure splitting, with matrix elements derived using angular momentum coupling schemes. Hyperfine
interactions, including magnetic dipole and electric quadrupole contributions, are formulated to account
for energy level splitting due to nuclear spin states, which are essential for precision spectroscopy and
quantum information applications.

Transitioning to ligand field theories, we elaborate on how surrounding organic ligands influence the
electronic structure of lanthanide ions in complexes. We contrast Crystal Field Theory (CFT), which
models ligands as point charges, with Ligand Field Theory (LFT), which considers covalency and orbital
overlap. The ligand field Hamiltonian is expressed through multipolar expansions, and matrix elements
are derived using advanced angular momentum theory. Selection rules based on ligand symmetry are
established, reducing the complexity of the problem. These concepts are crucial for understanding the
electronic structure and spectroscopy of lanthanide-organic complexes used in quantum computing.

In exploring configuration interaction, we delve into the Judd-Ofelt theory and its generalizations, which
describe electric dipole transitions in lanthanide complexes. We address how odd ligand field parameters
facilitate configuration mixing between different parity states, such as 4f™ and 4"~ '5d, and how this
mixing is essential for understanding the hyperfine Stark effect observed in experiments. Perturbation
theory is employed to derive effective operators that account for these transitions, providing a theoretical
framework for hyperfine-induced transitions in lanthanide complexes.

Relativistic corrections are addressed through the Dirac equation, providing a foundation for under-
standing the hyperfine interaction and calculating hyperfine constants. We consider the finite mass,
size, and magnetic characteristics of atomic nuclei, and how these nuclear properties influence the
hyperfine structure in lanthanide ions. Calculations of hyperfine constants include corrections for finite
nuclear charge and current distributions, using the Bohr-Weisskopf and Breit-Rosenthal corrections.

A significant portion of the work involves using electrons and muons as nuclear probes in hydrogen-like
lanthanide ions, such as dysprosium. By calculating energy levels and hyperfine constants for different
isotopes and nuclear models, we demonstrate that muonic ions provide enhanced sensitivity to nuclear
properties due to greater wavefunction penetration into the nucleus. Hyperfine anomalies are calculated,
revealing the ability to discriminate between different nuclear models and isotopes, which is valuable
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for designing qudits with desired properties.

Transitioning to quantum computing, we focus on the use of nuclear spins in lanthanide ions as
qudits for quantum information processing. We provide an overview of qubits, qudits, and essential
quantum concepts such as state representations, quantum gates, and critical timescales. We discuss
the differences between qubits and qudits, illustrating how qudits, as d-level quantum systems, can
represent more information and potentially offer advantages over qubits. The scaling of noise with the
dimension of the Hilbert space is analyzed, and conditions under which qudits outperform qubits are
derived.

We explore the dynamics of open quantum systems interacting with an environment under the Markovian
assumption, employing the Lindblad equation to model these systems. Using perturbation theory on
the Lindblad master equation, we study the effects of decoherence on quantum operations in qudits.
Beyond the first-order approach, higher-order corrections are considered, revealing the nonlinearity of
fidelity in open qudit systems and the necessity of accounting for these corrections in high-dimensional
systems.

To address the implementation of quantum gates on nuclear spins, we employ optimal control theory
to optimize gate generation and reduce gate times, thereby improving system performance. Techniques
such as the rotating wave approximation, Givens rotation decomposition, and optimal control algorithms
like GRAPE and MAGICARP are utilized to minimize the time and energy costs of implementing
quantum gates in high-dimensional systems. These methods are crucial for overcoming the challenges
associated with longer gate times and increased decoherence in qudits.

Finally, the manuscript explores the applications of the Prouhet-Thue-Morse sequence in quantum
computing. This mathematical sequence is shown to have significant utility in error correction, the
design of noise-resistant quantum memories, and the analysis of quantum chaos. Its properties allow
for the construction of logical states that satisfy the Knill-Laflamme conditions for error detection and
correction, providing robustness against certain types of errors and dephasing.

Overall, the manuscript presents a comprehensive study that bridges atomic physics and quantum
computing, with a specific focus on hyperfine interactions in lanthanide-organic complexes for quantum
information processing. The work provides theoretical insights into the complex interactions within
these systems and practical considerations for advancing quantum computational technologies using
lanthanide-based qudits.
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Zusammenfassung

In diesem Manuskript mit dem Titel ”Hyperfeinwechselwirkungen in Lanthanid-Organischen Kom-
plexen fiir die Quanteninformationsverarbeitung” untersuchen wir das komplexe Zusammenspiel
zwischen Atomphysik und Quantencomputing, mit Schwerpunkt auf Hyperfeinwechselwirkungen in
lanthanid-organischen Komplexen und deren Anwendungen in der Quanteninformationsverarbeitung.
Die Arbeit schlagt eine Briicke zwischen mehreren Disziplinen, einschliefSlich Quantencomputing,
Optimalsteuerungstheorie, Kernstruktur, Hyperfeinwechselwirkungen, f-Elementen, Kristallfeldtheorie
und Molekiilmagnetismus.

Wir beginnen mit der Untersuchung des Hamiltonoperators freier Lanthanidionen und leiten Ma-
trixelemente her, die die elektronischen Strukturen, Spin-Bahn-Kopplung und Hyperfeinwechsel-
wirkungen beriicksichtigen. Durch die Verwendung von wasserstoffahnlichen Wellenfunktionen und
Slater-Determinanten gewéhrleisten wir die Antisymmetrie in Viel-Elektronensystemen unter Beach-
tung des Pauli-Ausschlussprinzips. Die Spin-Bahn-Kopplung wird perturbativ behandelt, was zur
Feinstrukturaufspaltung fiihrt, wobei die Matrixelemente mithilfe von Drehimpulskopplungsschemata
abgeleitet werden. Hyperfeinwechselwirkungen, einschliefilich magnetischer Dipol- und elektrischer
Quadrupolbeitrige, werden formuliert, um die Energieaufspaltung aufgrund von Kernspinzustanden zu
berticksichtigen, die fiir Prazisionsspektroskopie und Quanteninformationsanwendungen essentiell sind.

Im Ubergang zu Ligandenfeldtheorien erldutern wir, wie umliegende organische Liganden die elektronis-
che Struktur von Lanthanidionen in Komplexen beeinflussen. Wir kontrastieren die Kristallfeldtheorie
(CFT), die Liganden als Punktladungen modelliert, mit der Ligandenfeldtheorie (LFT), die Kovalenz
und Orbitaliiberlappung beriicksichtigt. Der Ligandenfeld-Hamiltonoperator wird durch multipolare
Expansionen ausgedriickt, und Matrixelemente werden unter Verwendung fortgeschrittener Drehimpul-
stheorie abgeleitet. Basierend auf der Ligandensymmetrie werden Auswahlregeln aufgestellt, die die
Komplexitat des Problems reduzieren. Diese Konzepte sind entscheidend fiir das Verstandnis der elektro-
nischen Struktur und Spektroskopie von lanthanid-organischen Komplexen, die im Quantencomputing
verwendet werden.

Bei der Erforschung der Konfigurationswechselwirkung vertiefen wir uns in die Judd-Ofelt-Theorie
und ihre Verallgemeinerungen, die elektrische Dipoliibergiange in Lanthanidkomplexen beschreiben.
Wir erldutern, wie ungerade Ligandenfeldparameter die Konfigurationsmischung zwischen Zusténden
unterschiedlicher Paritét, wie 4™ und 4f"15d, ermdglichen und wie diese Mischung essentiell fiir
das Verstandnis des in Experimenten beobachteten Hyperfein-Stark-Effekts ist. Die Storungstheorie
wird verwendet, um effektive Operatoren abzuleiten, die diese Ubergénge beriicksichtigen und einen
theoretischen Rahmen fiir hyperfeininduzierte Ubergénge in Lanthanidkomplexen bieten.

Relativistische Korrekturen werden durch die Dirac-Gleichung behandelt, die eine Grundlage fiir das
Verstandnis der Hyperfeinwechselwirkung und die Berechnung von Hyperfeinkonstanten bietet. Wir
beriicksichtigen die endliche Masse, Grofie und magnetischen Eigenschaften von Atomkernen und
wie diese Kernmerkmale die Hyperfeinstruktur in Lanthanidionen beeinflussen. Berechnungen von
Hyperfeinkonstanten beinhalten Korrekturen fiir endliche Kernladungs- und Stromverteilungen unter
Verwendung der Bohr-Weisskopf- und Breit-Rosenthal-Korrekturen.
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Ein bedeutender Teil der Arbeit beinhaltet die Verwendung von Elektronen und Myonen als Kernsonden
in wasserstoffahnlichen Lanthanidionen wie Dysprosium. Durch die Berechnung von Energieniveaus
und Hyperfeinkonstanten fiir verschiedene Isotope und Kernmodelle zeigen wir, dass myonische Ionen
aufgrund der starkeren Wellenfunktionseindringung in den Kern eine erhchte Empfindlichkeit gegeniiber
Kerneigenschaften bieten. Hyperfeinanomalien werden berechnet, was die Fahigkeit zeigt, zwischen
verschiedenen Kernmodellen und Isotopen zu unterscheiden, was wertvoll fiir die Gestaltung von Qudits
mit gewiinschten Eigenschaften ist.

Im Ubergang zum Quantencomputing konzentrieren wir uns auf die Verwendung von Kernspins in
Lanthanidionen als Qudits fiir die Quanteninformationsverarbeitung. Wir geben einen Uberblick
iber Qubits, Qudits und wesentliche Quantenkonzepte wie Zustandsdarstellungen, Quantengatter
und kritische Zeitskalen. Wir diskutieren die Unterschiede zwischen Qubits und Qudits und zeigen,
wie Qudits als d-dimensionale Quantensysteme mehr Informationen darstellen und potenziell Vorteile
gegeniiber Qubits bieten konnen. Die Skalierung von Rauschen mit der Dimension des Hilbertraums
wird analysiert, und Bedingungen, unter denen Qudits Qubits tibertreffen, werden abgeleitet.

Wir untersuchen die Dynamik offener Quantensysteme, die unter der Annahme der Markow-Eigenschaft
mit einer Umgebung interagieren, und verwenden die Lindblad-Gleichung zur Modellierung dieser
Systeme. Durch Anwendung der Storungstheorie auf die Lindblad-Mastergleichung untersuchen wir
die Auswirkungen von Dekohérenz auf Quantenoperationen in Qudits. Uber den Erstordnungsansatz
hinaus werden hohere Ordnungen betrachtet, die die Nichtlinearitdt der Fid

elitat in offenen Qudit-Systemen aufzeigen und die Notwendigkeit betonen, diese Korrekturen in
hochdimensionalen Systemen zu beriicksichtigen.

Um die Implementierung von Quantengattern auf Kernspins anzugehen, verwenden wir die Op-
timalsteuerungstheorie, um die Gattererzeugung zu optimieren und Gatterzeiten zu reduzieren,
wodurch die Systemleistung verbessert wird. Techniken wie die Rotierende-Wellen-Naherung, Givens-
Rotationszerlegung und optimale Kontrollalgorithmen wie GRAPE und MAGICARP werden genutzt,
um die Zeit- und Energiekosten bei der Implementierung von Quantengattern in hochdimensionalen
Systemen zu minimieren. Diese Methoden sind entscheidend, um die Herausforderungen zu iiberwinden,
die mit langeren Gatterzeiten und erhohter Dekohérenz in Qudits einhergehen.

Abschliefend untersucht das Manuskript die Anwendungen der Prouhet-Thue-Morse-Sequenz im
Quantencomputing. Diese mathematische Sequenz zeigt erhebliche Nitzlichkeit in der Fehlerkorrektur,
dem Design von rauschresistenten Quanten-Speichern und der Analyse von Quantenchaos. Ihre
Eigenschaften ermoglichen den Aufbau logischer Zustéande, die die Knill-Laflamme-Bedingungen fir
Fehlererkennung und -korrektur erfiillen und somit Robustheit gegeniiber bestimmten Fehlertypen und
Dephasierung bieten.

Insgesamt prasentiert das Manuskript eine umfassende Studie, die Atomphysik und Quantencomputing
verbindet, mit speziellem Fokus auf Hyperfeinwechselwirkungen in lanthanid-organischen Komplexen
fiir die Quanteninformationsverarbeitung. Die Arbeit liefert theoretische Einblicke in die komplexen
Wechselwirkungen innerhalb dieser Systeme und praktische Uberlegungen fiir den Fortschritt von
Quantencomputing-Technologien unter Verwendung von Lanthanid-basierten Qudits.




XIT

Karlsruhe Institute of Technology

Résumeé

Dans ce manuscrit intitulé ”Interactions hyperfines dans les complexes organiques de lanthanides pour
le traitement de I'information quantique”, nous explorons l'interaction complexe entre la physique
atomique et le calcul quantique, en nous concentrant sur les interactions hyperfines dans des complexes
organiques de lanthanides et leurs applications dans le traitement de I'information quantique. Ce
travail établit un lien entre plusieurs disciplines, y compris le calcul quantique, la théorie du controle
optimal, la structure nucléaire, les interactions hyperfines, les éléments f, la théorie du champ cristallin
et le magnétisme moléculaire.

Nous commencons par examiner le hamiltonien des ions lanthanides libres, en dérivant des éléments de
matrice qui tiennent compte de la structure électronique, du couplage spin-orbite et des interactions
hyperfines. En utilisant des fonctions d’onde de type hydrogénoide et des déterminants de Slater, nous
assurons l'antisymétrie dans les systemes multi-électroniques, conformément au principe d’exclusion
de Pauli. Le couplage spin-orbite est traité de maniere perturbative, conduisant au dédoublement
de la structure fine, avec des éléments de matrice dérivés en utilisant des schémas de couplage de
moment angulaire. Les interactions hyperfines, y compris les contributions dipolaires magnétiques et
quadrupolaires électriques, sont formulées pour rendre compte du dédoublement des niveaux d’énergie
di aux états de spin nucléaire, essentiels pour la spectroscopie de précision et les applications en
information quantique.

En passant aux théories du champ de ligands, nous élaborons sur la maniere dont les ligands organiques
environnants influencent la structure électronique des ions lanthanides dans les complexes. Nous
contrastons la théorie du champ cristallin (CFT), qui modélise les ligands comme des charges ponctuelles,
avec la théorie du champ de ligands (LFT), qui considére la covalence et le recouvrement orbitalaire.
Le hamiltonien du champ de ligands est exprimé a travers des expansions multipolaires, et les éléments
de matrice sont dérivés en utilisant une théorie avancée du moment angulaire. Des regles de sélection
basées sur la symétrie des ligands sont établies, réduisant la complexité du probleme. Ces concepts
sont cruciaux pour comprendre la structure électronique et la spectroscopie des complexes organiques
de lanthanides utilisés en calcul quantique.

En explorant 'interaction de configuration, nous approfondissons la théorie de Judd-Ofelt et ses
généralisations, qui décrivent les transitions dipolaires électriques dans les complexes de lanthanides.
Nous abordons comment les parametres impairs du champ de ligands facilitent le mélange de configura-
tions entre des états de parité différente, tels que 4f™ et 4" 15d, et comment ce mélange est essentiel
pour comprendre l'effet Stark hyperfin observé dans les expériences. La théorie des perturbations est
employée pour dériver des opérateurs effectifs qui rendent compte de ces transitions, fournissant un
cadre théorique pour les transitions induites hyperfines dans les complexes de lanthanides.

Les corrections relativistes sont abordées a travers 1’équation de Dirac, fournissant une base pour
comprendre l'interaction hyperfine et calculer les constantes hyperfines. Nous considérons la masse finie,
la taille et les caractéristiques magnétiques des noyaux atomiques, et comment ces propriétés nucléaires
influencent la structure hyperfine dans les ions lanthanides. Les calculs des constantes hyperfines
incluent des corrections pour la distribution finie de charge et de courant nucléaire, en utilisant les
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corrections de Bohr-Weisskopf et de Breit-Rosenthal.

Une partie significative du travail implique "utilisation d’électrons et de muons comme sondes nucléaires
dans des ions hydrogénoides de lanthanides, tels que le dysprosium. En calculant les niveaux d’énergie
et les constantes hyperfines pour différents isotopes et modeles nucléaires, nous démontrons que les
ions muoniques fournissent une sensibilité accrue aux propriétés nucléaires en raison d’une plus grande
pénétration de la fonction d’onde dans le noyau. Des anomalies hyperfines sont calculées, révélant la
capacité a discriminer entre différents modeles nucléaires et isotopes, ce qui est précieux pour concevoir
des qudits avec des propriétés désirées.

En passant au calcul quantique, nous nous concentrons sur ’utilisation des spins nucléaires dans les
ions lanthanides comme qudits pour le traitement de 'information quantique. Nous fournissons un
apercu des qubits, des qudits et des concepts quantiques essentiels tels que les représentations d’états,
les portes quantiques et les échelles de temps critiques. Nous discutons des différences entre les qubits
et les qudits, illustrant comment les qudits, en tant que systémes quantiques a d niveaux, peuvent
représenter plus d’informations et potentiellement offrir des avantages par rapport aux qubits. La
mise a ’échelle du bruit avec la dimension de ’espace de Hilbert est analysée, et des conditions dans
lesquelles les qudits surpassent les qubits sont dérivées.

Nous explorons la dynamique des systemes quantiques ouverts interagissant avec un environnement
sous ’hypotheése markovienne, en employant I’équation de Lindblad pour modéliser ces systéemes. En
utilisant la théorie des perturbations sur I’équation maitresse de Lindblad, nous étudions les effets
de la décohérence sur les opérations quantiques dans les qudits. Au-dela de ’approche de premier
ordre, des corrections d’ordre supérieur sont considérées, révélant la non-linéarité de la fidélité dans les
systemes de qudits ouverts et la nécessité de prendre en compte ces corrections dans les systemes de
haute dimension.

Pour aborder I'implémentation des portes quantiques sur les spins nucléaires, nous employons la théorie
du controle optimal pour optimiser la génération des portes et réduire les temps de porte, améliorant
ainsi les performances du systeme. Des techniques telles que 'approximation de ’onde tournante,
la décomposition en rotations de Givens et les algorithmes de controle optimal comme GRAPE et
MAGICARP sont utilisées pour minimiser les cotits en temps et en énergie lors de 'implémentation des
portes quantiques dans des systemes de haute dimension. Ces méthodes sont cruciales pour surmonter
les défis associés aux temps de porte plus longs et a 'augmentation de la décohérence dans les qudits.

Enfin, le manuscrit explore les applications de la séquence de Prouhet-Thue-Morse dans le calcul
quantique. Cette séquence mathématique s’est avérée avoir une utilité significative dans la correction
d’erreurs, la conception de mémoires quantiques résistantes au bruit et ’analyse du chaos quantique. Ses
propriétés permettent la construction d’états logiques qui satisfont aux conditions de Knill-Laflamme
pour la détection et la correction d’erreurs, offrant une robustesse contre certains types d’erreurs et de
déphasage.

Dans I'ensemble, le manuscrit présente une étude complete qui relie la physique atomique et le calcul
quantique, avec un accent spécifique sur les interactions hyperfines dans les complexes organiques de
lanthanides pour le traitement de I'information quantique. Le travail fournit des apercus théoriques sur
les interactions complexes au sein de ces systemes et des considérations pratiques pour faire progresser
les technologies de calcul quantique en utilisant des qudits & base de lanthanides.




II. HYPERFINE INTERACTIONS IN Ln COMPLEXES FOR QIP “(I I

||I of Strasbourg Interfacing Quantum Realms: A Lanthanide Perspective
Karlsruhe Institute of Technology

Contents

1 Introduction 1
1.1 Converging Paths: A multidisciplinary historical prelude . . . . . . .. .. ... ... ... 1
1.1.1 Quantum Computing . . . . . . . . . L 2

1.1.2 Optimal Control Theory . . . . . . . . . . . 3

1.1.3 Nuclearstructure . . . . . . . . e 4
1.1.4 Hyperfine Interactions . . . . . . . . . .. 6
115 felements . . . . . . e 7

1.1.6 Crystal Field Theory . . . . . . . . . . 9
1.1.7 Molecular magnetism . . . . . . . . L 10

1.2 Bridging the gap via lanthanide-organic complexes . . . . . . . . . . . .. ... ... ... 12
1.2.1 Theposterchild: TbPco . . . . . . . . . . o 13
1.2.2 A scale-encompassing Hamiltonian . . . . .. .. .. ... ... ... ... ... 14

1.2.3 Towards a molecular quantum processor . . . . . . . . . . ..o 16
1.2.4 Wherethetheoryislacking . . . . . . . .. .. .. . .. ... 16

1.3 Thesisoutline . . . . . . . . . e 19
| Lanthanides in matter: atomically free yet chemically bound 21
2 Free atom/ion Hamiltonian 25
2.1 Non-interactinge™ inacentral potential . . . . . .. ... ... ... . 25
2.1.1 Solvingtheeigensystem . . . . . . . . ... L 26
2.1.2 Configurationbasis . . . . . . . . . 27

2.2 Angular momenta couplingschemes . . . . . . . . ... o oL 27
2.3 Matrix elements for the two-electronscase . . . . ... ... .. ... ... ... . ... . 29
24 UnitTensor Operators . . . . . . . . i e 33
2.4.1 Singleelectronoperators . . . . . . . . .o 33
2.4.2 Mulli-electronoperators . . . . . . . .. 34

2.5 Coulomb interelectronic repulsion . . . . . . . . .. 35
2.5.1 Thediagonalbasis . . ... ... .. . . . .. .. 36
2.5.2 Matrix element for the valence shell . . . . .. ... ... ... ... ... 37
2.5.3 Mean-field contribution . . . . .. ... 39
2.5.4 Matrix element of excited configurations . . . . . . . ... ... ... . 39
2.5.5 Exampleinthecaseoftwoelectrons. . . .. .. .. .. ... ... ......... 40
2.5.6 Off-diagonal elements of the interelectronic repulsion . . . . . . . .. ... .. ... 41
257 LSJ-coupling . . . . . . e 42

2.6 Spin-orbitcoupling . . . . ... 42
2.6.1 Thediagonalbasis . . .. . . . . . . . . .. 42
2.6.2 Matrix element for the valenceshell . . . . . ... ... .. ... ... .. ... .. 43

CONTENTS Vi




II. HYPERFINE INTERACTIONS IN Ln COMPLEXES FOR QIP “(I I

III of Strasbourg Interfacing Quantum Realms: A Lanthanide Perspective
Karlsruhe Institute of Technology

2.6.3 Matrix element for excited configurations . . . . . . . ... ... oo 44

2.6.4 Exampleinthecaseoftwoelectrons. . . . . .. ... ... ... .. ........ 45

2.7 Hyperfine coupling . . . . . . . .. 45
2.7.1 Magnetic Hyperfine interaction . . . . . . . . . ... ... oo 45

2.7.2 Electric Quadrupole Hyperfine interaction . . . . . .. .. ... ... ... ... .. 47

2.7.3 Hyperfine Splitting . . . . . . . . . . 48

3 Ligand Field 51
3.1 From Crystal Field Theory to Ligand Field Theory . . . . . . . .. ... ... ... ..... 51
3.1.1 Crystal Field Theory . . . . . . . . . . 51

3.1.2 Matrix elementinthe valenceshell . . . . . .. ... ... ... ... ... ... 52

3.1.3 Matrix element for excited configurations . . . . . . .. . ... ... oL 53

3.1.4 Selection rules for the crystal field parameters . . . . . . . ... ... ... ... 54

3.1.5 Meanfield contribution . . . . . .. ... ... . L 58

3.1.6 Ligand Field Theory . . . . . . . . . . . . e 58

3.2 Ligand Field DFT . . . . . . . . e e 59
3.2.1 Theradial degrees of freedom . . . . .. ... ... ... ... ... .. .. ..., 60

4 Configuration Interaction 65
4.1 Symmetry and odd Ligand Field Parameters . . . . . .. .. ... ... ... ....... 65
4.2 Judd-Ofelt theory and effective operators . . . . . . . . . . . ... .. ... .. ... ... 65
4.2.1 Overview of the Judd-Ofelttheory . . . . . .. .. . ... ... ... . ... .. 65

4.3 The hyperfine Starkeffect . . . . . . .. . .. . .. . . . .. . 72
4.3.1 The modulation of the hyperfine constant by an electricfield . . . .. ... .. ... 72

4.3.2 Double perturbation applied to the hyperfine magnetic dipole interaction . . . . .. 73

4.4 Towards hyperfine-induced luminescence . . . . . . . .. . . .. .. .. .. ... .... 77

Il The Hyperfine Interaction 87
5 The Dirac equation 91
5.1 Introducing relativity into the Schrédinger equation . . . . . . . ... ... ... L. 91
5.1.1 TheKlein-Gordon equation . . . . . . . . . . . ... . 91

5.1.2 TheDiracequation . . . . . . . . . . . . . . 92

5.2 Adding external fields: The single-electronion . . . . . . . . . ... ... ... ... .... 94
5.2.1 The Dirac equation with external electromagneticfields . . . . . . ... .. ... .. 94

5.2.2 The Dirac equation for a single-electronion . . . . . .. ... ... ... ...... 94

5.3 Beyondthe Diracequation . . . . . . . . . . . ... 96

6 The finite nucleus 99
6.1 Mass corrections . . . . . . . . . e e 99
6.2 Muonicions . . . . . . . . L e 99
6.3 The nuclear charge distrbution . . . . . . . .. .. ... .. .. ... L 100
6.3.1 Ab-initio computation of the nuclear charge distribution . . . . . . . ... ... ... 100

6.3.2 Multipole expansion of the nuclear potential . . . . . ... ... ... ........ 104

6.3.3 Electric monopole moment . . . . . .. ..o 106

6.3.4 Electricquadrupole moment . . . . ... ..o L L o 108

6.4 The nuclear currentdistribution . . . . . . . . ..o o L 110
6.4.1 Ab-initio computation of the nuclear current distribution . . . . . . . ... ... ... 111

6.4.2 Multipole expansion of the nuclear magnetic vector potential . . . . . . ... .. .. 117

6.4.3 Magneticdipole moment . . . . . . ... ... L 119

6.5 Othereffectsofthenucleus . . . . . . . . . .. ... 120

viii CONTENTS



II. HYPERFINE INTERACTIONS IN Ln COMPLEXES FOR QIP “(I I

III of Strasbourg Interfacing Quantum Realms: A Lanthanide Perspective
Karlsruhe Institute of Technology

7 Hyperfine constants 125
7.1 The hyperfine dipoleconstant. . . . . . . . . . ... 125
7.2 The hyperfine quadrupole constant . . . . . . . . . ... .o o Lo 130
7.3 Isotope Shifts . . . . . . e 132

7.3.1 Thehyperfineanomaly . . . .. . .. . .. . . ... .. 132
7.3.2 The Breit-Rosenthal correction . . . . . . . . ... ... ... o 133
7.3.3 The Bohr-Weisskopf correction . . . . . . . . . .. ... .. oo 133
7.3.4 Quadrupole hyperfineanomaly . . . . .. ... ... ... ... ... .. .. .... 134
7.4 The non-relativistic limit . . . . . . . . . . 135
7.4.1 The Pauli approximation. . . . . . . . . . . .. 135
7.4.2 The non-relativistic limit of the hyperfine dipole constant . . . . . . ... ... ... 137
7.4.3 Fermi contact term for a finite current distribution nucleus . . . . . . ... ... .. 139
7.5 Hyperfineconstantsinmatter. . . . . . .. ... L L 141

8 The electron/muon as a nuclear probe: hydrogen-like Dy ions 143
8.1 Wavefunctions of the electron and muon in H-likeions . . . . .. .. ... ... ...... 143
8.2 Muonic and electronic H-like energy levels . . . . . . . . .. ... ... L. 144
8.3 Hyperfine isotope shifts of **"/*63Dy05+ 151

8.3.1 Breit-Rosenthal corrections to the hyperfine constants . . . . . . .. ... ... .. 151
8.3.2 Bohr-Weisskopf corrections to the hyperfine constants . . . . . . . ... ... ... 154
8.3.3 Hyperfine anomaly between ''Dyand %3Dy . . . . . ... ... .. ... ... 158
8.3.4 Quadrupole hyperfineanomaly . . . . . . . ... ... oL 159
8.4 Additional examples of 129Tb%+ and 165Ho56+ . . . . . .. 163
8.4.1 Nuclear charge and currentdensities . . . . .. .. .. ... ... .. ....... 163
8.4.2 Hyperfineconstants . . . . . . . .. 168

L Quantum Computing with Nuclear Spins in Lanthanides 175

9 From bits to qubits to qudits 179
9.1 Whatisaqubit? . . . . . . . e 179

9.1.1 State Representation . . . . . . . . . ... .. 179
9.1.2 Density matrix representation . . . . . . ... ... o o 179
9.1.3 Bloch Sphere Representation. . . . . . . . . .. ... oL 180
9.1.4 Entanglement . . . . . . 181
9.2 Quantumgates . . . . . .. e e 182
9.2.1 Characteristicsof Quantum Gates . . . . . . . .. . ... ... . 182
9.22 TypesofQuantumGates . . . . . . . . . . ... 182
9.2.3 Implementing Quantum Gates . . . . . ... . ... ... o 182
9.2.4 Physical Realisation . . . . . . . . . .. 184
9.3 Quantumalgorithms . . . . . . . . . . 184
9.3.1 Quantum Circuit . . . . . . . 184
9.3.2 Prominent Quantum Algorithms . . . . . . . . ... L o 185
9.4 Whatisaqudit? . . . . . . . e 189
9.4.1 State Representation . . . . . . . . . . . ... 189
9.4.2 Density Matrix Representation . . . . . ... . ... ... Lo 189
9.4.3 Generalized Bloch Representation . . . . . . . ... ... ... ... ... ... 189
9.4.4 Quantum GatesforQudits . . . . . . . ... L 190
9.4.5 AdvantagesofQudits . . . . . . . . ... 190
9.5 Timescales. . . . . . . . 190
9.5.1 7Ti: Longitudinal Relaxation Time . . . . . . . .. ... ... ... ... ....... 190

CONTENTS iX




II. HYPERFINE INTERACTIONS IN Ln COMPLEXES FOR QIP “(I I

III of Strasbourg Interfacing Quantum Realms: A Lanthanide Perspective
Karlsruhe Institute of Technology

9.5.2 T5:Decoherence Time . . . . . . . . . . . . . e 191
9.5.3 T3:Dephasingtime . . . . ... ... ... ... 191

10 Markovian open quantum systems 195
10.1 The Lindblad equation . . . . . . . . . . . . e 195
10.2 Alternative way to model errors: Kraus operators . . . . . . . . . ... ... ... ... 196
10.3 Link with T3 and Ts timescales . . . . . . . . . . . . . . . . . . ... 197
10.3.1 Puredephasing . . . . . . . . . e 197
10.3.2 Longitudinal relaxation . . . . . . . ..o 197
10.3.3 Dephasinginqudits . . . . . . . . . ... 197

10.4 Issues in solving the Lindblad equation numerically . . . . . . .. ... ... ... ..... 198
11 Noisy qudits vs. qubits: First-order approach 201
11.1 The AGI: Definition and First-Order Approximation . . . . . . . .. ... ... ... .... 201
11.1.1 Fluctuation-dissipation relation for a perturbed pure state . . . . . . . . .. ... .. 201
11.1.2 Average Gate Fidelity of asinglequdit . . . . . . .. ... ... ... ... ... 202
11.1.3 Average Gate Infidelity for the Pure Dephasing Channel of one qudit . . . . . . .. 203
11.1.4 1 dephasing qudit vs N qubits: Different AGl scalings . . . . . ... ... ... ... 204
11.1.5 Process fidelity & averaged fluctuation-dissipation relation . . . . . . . .. ... .. 206

11.2 Numerical validation and deviation . . . . . . . . . . . . .. ... ... . 207
11.2.1 Fit and deviation from the linear behaviour . . . . . . . .. ... ... ..., 208
11.2.2 Gatedependence . . . . . . . . . 208
11.2.3 Other cases thanpure dephasing . . . . . . . . . . . . ... ... .. ... ..., 210
11.2.4 A single quditvs anensemble ofqubits . . . . . . . ... o000 211
11.2.5 Summary . . . . . e 213

11.3 Linear and exp. scalings from the perspective of the AGI . . . . . . ... ... ... .... 215
11.3.1 Scaling of the gate durations with the number of qudits . . . . . . ... .. ... .. 215
11.3.2 Scaling of the noise strength with the number ofqudits . . . . . . .. ... .. ... 217

12 Noisy qudit: Beyond the first-order approach 221
12.1 The Lindblad equation as a superoperator . . . . . . . . . . . . . ... ... .. 221
12.2 Perturbative expression of the AGI . . . . . . . . . ... oo o 224
12.2.1 First-order AGl . . . . . . _ . L 226
12.2.2 Second-order AGl . . . . . . . L e 227
12.2.3 Pure dephasing example and error correction considerations . . . . . . . . ... .. 229

12.3 Universal bounds on the AGI for large noise and gatetimes . . . . . . . ... ... .... 231
13 Optimal gate generation 237
13.1 Rotating Wave Approximation and Rotating Frame . . . . . . . . .. ... ... ... ... 237
13.1.1 Laboratory frame to rotatingframe . . . . . . . . .. ..o 237
13.2 Quantum Speed Limits . . . . . . . L 243
13.2.1 Exampleforaqubit . . . . . . . .. L 243
13.2.2 Generalcase . . . . . . . .. 247
13.3 An overview of gate generationmethods . . . . . . . . .. ... ... L L. 251
13.3.1 (GRD) Givens Rotation Decomposition. . . . . . . . . . . ... ... ... 251
13.3.2 GRAPE Algorithm . . . . . . . . 253

13.4 Towards optimal quditgates . . . . . . . . . . . . . .. ... 258
13.4.1 Optimal Control and Cost Functions . . . . . . .. .. .. .. ... .. ....... 258
13.4.2 Pontryagin’s Maximum Principle . . . . . . .. . ... o o 259
13.4.3 PMP-informed discrete gradient ascent: MAGICARP . . . . . . . ... ... .... 263

X CONTENTS



II. HYPERFINE INTERACTIONS IN Ln COMPLEXES FOR QIP “(I I

III of Strasbourg Interfacing Quantum Realms: A Lanthanide Perspective
Karlsruhe Institute of Technology

IV The Ubiquitous Prouhet-Thue-Morse Sequence 277
14 The Ubiquitous Prouhet-Thue-Morse Sequence 279
14.1 The multiple defintions of the Prouhet-Thue-Morse sequence . . . . . . ... .. ... .. 279
14.2 The T-M sequence in Quantum Computing . . . . . . . . . . .. ... ... 281
14.2.1 Definition of PTM (logical) states . . . . . . . . . . . ... .. .. ... ... 281

14.2.2 Relations between the PTM states and the Hadamardgate . . . .. ... ... .. 283

14.2.3 X-X Spinchainandthe PTMstates . . . . . . . .. ... .. ... ... ...... 283

14.2.4 PTM states as eigenvalues of S, . . . . . . . . .. ... . L. 284

14.2.5 The PTM sequence as the indicator function of the purely dephased X-X Ising chain 284

14.2.6 Initializing a spin system in a Thue-Morse state . . . . . . . ... ... ... .... 285

14.2.7 Quantum Error Correction (QEC) . . . . . . . . . . . . 285

14.2.8 Noise-resistant quantummemories. . . . . . . . . . .. .. Lo 288

14.3 Linkto quantumchaos . . . . . . . . . . . L. 288
14.4 Link with numbertheory . . . . . . . . . L 289
145 ConcClusion . . . . . . . . e e e e 291

V Conclusion 295
15 Overview and Perspectives 297
15.1 Current stateoftheart . . . . . . . . . 297
15.1.1 A theoretical toolbox for lanthanide-based qudit engineering . . . . . . . . ... .. 297

15.1.2 A how-to guide for Ln-molecular QIP implementations . . . . ... ... ... ... 297

15.1.3 Nuclear and hyperfine structure of lanthanides . . . . .. .. .. ... ....... 298

15.2 Areas lefttoexplore . . . . . . . . L 299
15.2.1 Ab-initio study of the decoherence . . . . . . . . . . . ... 299

15.2.2 In-depth study of the effect of ligand composition and geometry . . . . . . . . . .. 299

15.2.3 Calculating the hyperfine structure of multielectronic ions in molecules/crystals . . . 300

15.2.4 A methodology for exploring the isotopologue quantum chemical space . . . . . . . 301

15.2.5 Computational performance scalings with increased number of qudits . . . . . . .. 302

15.2.6 Quantifying the optimality of a qudit gate implementation . . . . . .. .. .. .. .. 302

15.2.7 Towards noise-robust and error-corrected qudit quantum computing . . . . . . . .. 303

VI Appendix 315
A Mathematical Prelude to Quantum Information Processing 317
A1 Hilbert Spacesand States . . . . . . . . . .. 317
A.1.1 OperatorsonHilbert Spaces . . . . . . . . . . ... . 317

A1.2 QuantumPostulates . . . . . . . .. L 318

A.1.3 Finite Dimensional Hilbert Spaces and Basis Representation. . . . . . .. ... .. 318

A.1.4 Composite Systems and Tensor Products . . . . . . .. ... ... .. .. ..... 318

A.2 Schrédinger Equation and Evolution Operator . . . . . . . . .. ... ... L. 319
A.2.1 Time-Dependent Schrédinger Equation . . . . . . . ... ... ... ... ... 319

A.2.2 Time-Independent Schrédinger Equation . . . . . . . .. ... ... ... ..., 319

A.2.3 Evolution Operator . . . . . . . . . 320

A.2.4 Time-Dependent Evolution Operator . . . . . . . . . . .. ... ... ... ..... 320

A.2.5 Interactionpicture . . . . . . . . . L 321

A.2.6 The Heisenberg Picture . . . . . . . . . . . .. . 321

A3 Densitymatrices . . . . . . . . e e 322
A.4 Superoperators and vectorisation . . . . .. ... L e 323

CONTENTS Xi




II. HYPERFINE INTERACTIONS IN Ln COMPLEXES FOR QIP “(I I

III of Strasbourg Interfacing Quantum Realms: A Lanthanide Perspective
Karlsruhe Institute of Technology

Xii

A5 Quantum channels and Kraus operators . . . . . . . . . . . ... . o o 324
B Methods for the numerical simulations 327
B.1 Numerical noisy qudit/multiqubit simulation . . . . . ... ... ... ... ... 327
B.2 Random gate and pulse Hamiltonian generation . . . . . ... ... ... ... ...... 328
C Symmetries I: Spherical Harmonics and Multipoles 329
C.1 Spherical Harmonics . . . . . . . . . e 329
C.2 Multipolar expansion . . . . . . . . L e e 331
D Symmetries IlI: Tensor Operators and Racah-Wigner coefficients 335
D.1 Coordinate systems . . . . . . . . e 335
D.1.1 Polar Coordinates . . . . . . . . . . . e 335
D.1.2 Spherical Coordinates (or circular polarizationbasis) . . . . ... .. ... .. ... 335
D.2 Irreducible Tensor Operators . . . . . . . . . . . . e 335
D.2.1 Angular Momentum Operators . . . . . . . . . . .. 335
D.2.2 Definition . . . . . . . . e 336
D.3 njsymbols . . . . . e 337
D3.1 3jsymbols . . . . . . . e 337
D3.2 6jand9jsymbols. . . . . . ... 338
D.3.3 Wigner-Eckarttheorem . . . . . . . . . ... 340
D.3.4 Coupledtensoroperators . . . . . . . . . . . . . . 341
E Preprint summarized in the main text 343
E.1 Nonlinearity of the Fidelity in Open Qudit Systems . . . . . . . . ... .. ... .. .... 344
F Proofs of the statements in the main text 373
.1 Proofs for Section 9.5 (Timescales) . . . . . . . . . . . . . 374
.2 Proofs for Section 11.1 (The Average Gate Infidelity: Definition and First-Order Approximation)375
.3 Proofs for Section 12.2 (Perturbative expressionofthe AGIl) . . . . . . ... ... ... .. 376
4 Proofs for Section 12.3 (Universal bounds on the AGlI for large noise and gate times) . . . 382
.5 Proofs for Section 13.2 (Quantum Speed Limits) . . . . . . ... ... ... ... ... 383
.6 Proofs for Section 14.2 (The T-M sequence in Quantum Computing) . . . . . . ... .. .. 384
.7 Proofs for Section 15.2 (Areas lefttoexplore) . . . . . . . . . ... 388
VIl French summarized version 401
0F Introduction en francais I
0F.1 Chemins convergents : Une introduction historique multidisciplinaire . . . . .. ... ... I
0F.2 Combler les lacunes grace aux complexes organiques de lanthanides . . . . . . ... ... XIIT
OF.3 Plandelath@se . . . . . . . . o o XX
IF (Résumé) Les lanthanides dans la matiére: libres atomiquement mais liés chimiquement XXl
IF.1 hamiltonien d'un atomefionlibre . . . . . .. .. ... ... XXIII
IF2 Champdeligands . ... ... ... .. . ... XXV
IF.3 Interaction de configurations . . . . . . . .. ... ... ... XXVII
IIF (Résumé) Linteraction hyperfine XXIX
NP1 Léquationde DiraC . . . . o o v v v e e e e e e XXIX
NP2 Lenoyau fini . . . . o o oo o XXX
[IF.3 Constantes hyperfines . . . . . . . . . . . . i XXXII
lIF.4 Lélectron/muon comme sonde nucléaire : ions hydrogénoidesde Dy . . ... .... ... XXXIV

CONTENTS




II. HYPERFINE INTERACTIONS IN Ln COMPLEXES FOR QIP “(I I

||I of Strasbourg Interfacing Quantum Realms: A Lanthanide Perspective
Karlsruhe Institute of Technology

IIF (Résumé) Informatique Quantique avec des spins nucléaire de lanthanides XXXVII
lIF.1 Des bits aux qubits aux qudits . . . . . . . . . ... ... XXXVII
l1IF.2 Systémes quantiques ouverts markoviens . . . . . . . . . . . ... XXXVIII
11IF.3 Qudit bruyant vs. plusieurs qubits : approche du premierordre . . . . . .. ... ..... XL
11IF.4 Qudit bruyant : Au-dela de I'approche du premierordre . . . . . . . ... ... ....... XLI
lIIF.5Génération optimale de portes . . . . . . . . . . XLIII

IVF(Résumé) La séquence omniprésente de Prouhet-Thue-Morse XLV
IVF.1La séquence omniprésentede PTM . . . . . . . . . . . ... .. ... ... ... XLV

VF Conclusion en francais — Apercu et Perspectives XLVII
VF.1 Etatde lartactuel . . . . . . . . . ... XLVII
VF.2 Axesderecherche futurs . . . . . . . . . . . . . . XLIX

CONTENTS Xiii



universiey [ ]|

[Tofsasbours




XIT

Karlsruhe Institute of Technology

— Chapter Contents

1.1 Converging Paths: A multidisciplinary his-
toricalprelude . . . ... ... ... .... 1

1.2 Bridging the gap via lanthanide-organic
complexes . . . . .. ... ... 12
1.3 Thesisoutline . . ... ........... 19 CHAPTER

Introduction

”You have to know the past to understand the present.”
— Carl Sagan

This introductory chapter aims to present all the different fields and how they relate to this thesis and
endeavour. First, it will introduce the historical background and current state of the art of different
formalisms. Then it will discuss how they weave together to form the theoretical foundation used for
the systems of interest in this study.

1.1 Converging Paths: A multidisciplinary historical prelude

Optimal Control Theory

(N
Prouhet-Thue-Morse

Sequence ?Q) /J \\)
K 1ie1 f —elements

’*:b:

= &

Quantum Computing

72N . Molecular Magnetism
'\ ) This work
=
Hyperfine Interactions Crystal Field Theory

@ Nuclear Structure

This work is at the intersection of several fields: quantum computing, optimal control theory, nuclear
structure, hyperfine interactions, f-elements, crystal field theory, and molecular magnetism. The
historical development of these fields has been intertwined, with each contributing unique insights and
methodologies that have shaped our understanding of quantum systems and materials. This section
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provides a brief overview of the evolution of these disciplines and their convergence, in this work,
toward the study of lanthanide-organic complexes for quantum information processing.

1.1.1 Quantum Computing

The evolution of quantum computing is intimately connected with the quest to comprehend and
manipulate the foundational principles of information processing. While classical computing has
achieved remarkable advancements, the relentless miniaturization of transistors is approaching the
physical limits imposed by quantum mechanics [1, 2]. This impending convergence has propelled the
exploration of quantum computing as a new paradigm that leverages the unique properties of quantum
mechanics.

The inception of quantum computing ideas can be traced back to the early 1980s. Yuri Manin first
proposed the concept of harnessing quantum mechanics for computation in 1980 [3]. Shortly thereafter,
Paul Benioff introduced a quantum mechanical model of a Turing machine [4], laying the groundwork
for theoretical quantum computing models. Richard Feynman, in his seminal 1982 paper Simulating
physics with computers [5], famously declared, ”Nature isn’t classical, dammit, and if you want to make
a simulation of nature, you’d better make it quantum mechanical.” David Deutsch further advanced
the field in 1985 by proposing the first universal quantum computer model [6].

The development of quantum algorithms has been pivotal in demonstrating the potential advantages of
quantum computers over their classical counterparts. Peter Shor’s groundbreaking algorithm in 1994
for factoring large numbers and computing discrete logarithms [7] showcased that quantum computers
could solve certain problems exponentially faster than classical computers. Lov Grover’s 1996 algorithm
provided a quadratic speedup for unstructured search problems [8], and Seth Lloyd’s work on universal
quantum simulators [9] highlighted the capability of quantum systems to efficiently simulate other
quantum systems.

These theoretical advancements spurred extensive research into practical implementations of quantum
computers. Various physical platforms have been explored, including superconducting circuits [10],
trapped ions [11, 12], photonic systems [13, 14], neutral atoms [15, 16], and semiconductor quantum
dots [17, 18]. Among these, superconducting qubits have emerged at the forefront due to their
scalability and integration with existing technologies. Companies like IBM and Google have developed
superconducting quantum processors with dozens to hundreds of qubits [19, 20], achieving significant
milestones in coherence times and gate fidelities.

Despite rapid development, substantial technical challenges remain in achieving universal and fault-
tolerant quantum computation. Issues related to decoherence, noise management, and error correction
persist, particularly as systems scale up [21]. The DiVincenzo criteria [22] outline the essential
requirements for a functional quantum computer, including scalable qubits, reliable initialization, long
coherence times, a universal set of quantum gates, and efficient qubit readout. Meeting all these criteria
simultaneously is a formidable task, and current qubit-based platforms (summerized in Fig. 1.1) often
struggle with maintaining coherence and high-fidelity operations in larger systems.

In light of these challenges, alternative approaches such as qudits—quantum systems with more than
two levels—have garnered increasing interest. By encoding information in higher-dimensional Hilbert
spaces, qudits can potentially enhance computational efficiency and reduce the complexity of quantum
circuits [23]. Although classical computing eventually standardized on binary bits, early computers
explored ternary logic to increase computational capacity [24]. Similarly, qudits offer a way to encode
more information per physical unit, which could be advantageous for scalability.

Nuclear spin systems, in particular, present an intriguing avenue due to their long coherence times and
inherent isolation from environmental noise. The interplay between electronic and nuclear degrees of
freedom in these systems offers unique advantages for quantum information processing [25]. While
the strong isolation of nuclear spins poses challenges for control and manipulation, advancements in
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Figure 1.1: Rough zoology of qubit quantum computing platforms. Adapted from Ezratty [21].
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platform design and control techniques [26] are making it increasingly feasible to harness these systems
for quantum computing.

The exploration of qudit-based quantum computing represents a promising strategy to overcome some
of the inherent limitations of qubit-based systems. By leveraging the natural properties of nuclear spins
and high-dimensional quantum states, we may achieve more scalable and robust quantum computing
architectures. As we continue to push the boundaries of technology and theory, the convergence of
multiple disciplines—including physics, chemistry, and computer science—will be crucial in advancing
toward the realization of practical quantum computers.

1.1.2 Optimal Control Theory

Optimal Control Theory is a mathematical discipline focused on finding control policies that optimize
the performance of dynamical systems. Its origins trace back to the calculus of variations developed by
Euler and Lagrange in the 18th century, which provided methods for finding functions that minimize
or maximize functionals. This foundation set the stage for addressing more complex optimization
problems in engineering and physics.

In the mid-20th century, the field experienced significant advancements with the introduction of the
Pontryagin Maximum Principle by Lev Pontryagin and his collaborators in 1956 [27, 28]. This principle
offered necessary conditions for optimality in control problems, enabling the determination of control
laws that steer a system from an initial state to a final state while optimizing a given performance
criterion. Around the same time, Richard Bellman developed the concept of dynamic programming,
leading to the formulation of the Hamilton-Jacobi-Bellman equation [29], which provides a method for
solving control problems by breaking them down into simpler subproblems.

Optimal Control Theory has been instrumental in various fields such as economics, where it aids
in resource allocation; aerospace engineering, for trajectory optimization; and robotics, for motion
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planning. In recent decades, its principles have been applied to quantum systems, giving rise to the field
of quantum control. Quantum control involves manipulating quantum states and dynamics to achieve
desired outcomes, which is essential for quantum computing and quantum information processing [30,
31].

In quantum computing, Optimal Control Theory is employed to design control pulses that drive qubits
through specific quantum gates with high fidelity. Techniques like Gradient Ascent Pulse Engineering
(GRAPE) have been developed to optimize control fields in systems with complex interactions [32].
These methods adjust control parameters iteratively to maximize the overlap between the desired and
actual quantum states, effectively navigating the challenging control landscape of quantum systems.

As quantum systems become more intricate, especially with the introduction of qudits that have
higher-dimensional state spaces, the application of Optimal Control Theory becomes increasingly vital.
The complexity of controlling such systems requires sophisticated mathematical tools to ensure precise
manipulation while mitigating errors due to decoherence and other quantum noise sources.

Integrating Optimal Control Theory with quantum technologies not only enhances the performance
of quantum operations but also contributes to overcoming some of the scalability challenges faced
by current quantum computing platforms. By optimizing control strategies, it’s possible to improve
gate fidelities and coherence times, bringing us closer to the realization of universal and fault-tolerant
quantum computers.

1.1.3 Nuclear structure

The study of nuclear structure aims to understand the properties and behaviors of atomic nuclei by
examining the interactions among protons and neutrons. This field has evolved significantly since
Ernest Rutherford’s gold foil experiment in 1911, which led to the discovery of the atomic nucleus [33].
Rutherford’s work laid the foundation for subsequent models that sought to explain nuclear stability,
binding energies, and other fundamental properties.

Early theoretical models, such as the liquid drop model proposed by George Gamow [34] and later
refined by Niels Bohr and John Archibald Wheeler [35], treated the nucleus as an incompressible fluid
drop. This macroscopic approach successfully explained nuclear fission and bulk properties but could
not account for the discrete energy levels observed in experiments. To address this, Maria Goeppert
Mayer and J. Hans D. Jensen independently developed the nuclear shell model in 1949 [36, 37], which
considered individual nucleons moving in a mean potential. The shell model explained the occurrence
of "magic numbers” corresponding to exceptionally stable configurations. This model illuminated
the importance of quantum mechanics in nuclear systems and earned its creators the Nobel Prize in
Physics in 1963. For illustrative purposes Fig. 1.2 shows the nuclear shell model orbits with their
respective quantum numbers and typical level ordering.

Understanding the strong nuclear force—the fundamental force responsible for binding protons and
neutrons together—has been crucial in nuclear physics. The strong force is characterized by its
short-range yet immensely powerful attraction, overcoming the electromagnetic repulsion between
protons. However, directly solving the equations of quantum chromodynamics (QCD) for nuclei is
computationally intractable due to the complexity of many-body interactions at low energies.

To circumvent this challenge, effective interactions and phenomenological models have been developed.
One notable example is the Skyrme interaction, introduced by Tony Skyrme in 1958 [39]. The Skyrme
interaction is a parameterized effective force used within the mean-field framework, allowing for
simplified calculations of nuclear properties while capturing essential features of the strong force.

The Skyrme-Hartree-Fock (SHF) method combines the Skyrme interaction with the Hartree-Fock
approach to model the nucleus as a collection of independent nucleons moving in self-consistent mean
fields [40]. This method accounts for exchange and correlation effects crucial for an accurate description
of nuclear systems. To include pairing correlations essential for open-shell nuclei, the Hartree-Fock-
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Figure 1.2: Nuclear shell-model orbits with their respective quantum numbers and typical level
ordering. Magic numbers of protons and neutrons are shown encircled. Adapted from [38].

Bogoliubov (HFB) theory extends the SHF method by incorporating Bogoliubov transformations
[41].

Deformed nuclei, particularly those in the lanthanide series, exhibit significant deviations from spherical
symmetry due to their open-shell configurations and strong nucleon-nucleon interactions [42, 43]. The
SHF and HFB models, employing Skyrme-type interactions, have been instrumental in predicting and
explaining the properties of these deformed nuclei.
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1.1.4 Hyperfine Interactions

The exploration of hyperfine interactions has been a cornerstone in the development of atomic and
nuclear physics, providing profound insights into the internal structures of atoms and nuclei. The
phenomenon was first observed in the late 19th - early 20th century when spectroscopists detected
minute splittings in atomic spectral lines that extended beyond the fine structure explained by
electron spin-orbit coupling. These additional splittings, termed hyperfine structure, were attributed
to interactions between the electrons and the nucleus, specifically involving nuclear magnetic moments.

Fa

2 251 091.6(2.0) kHz
6p P3/2 201 287.1(1.1) kHz
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NWea O
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(this work)
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3

Figure 1.3: Neutral 33Cs energy level diagram, not to scale. The hyperfine transition between the
F =4 and F = 3 ground states is used as the basis for atomic clocks. Adapted from [44].

The theoretical understanding of hyperfine interactions was significantly advanced by the introduction
of the electron spin concept by George Uhlenbeck and Samuel Goudsmit [45]. Their proposal that
electrons possess intrinsic angular momentum, or spin, was instrumental in explaining atomic fine
structures. Paul Dirac’s relativistic quantum theory of the electron further provided a comprehensive
framework incorporating electron spin and magnetic moments [46], which was essential for accurately
describing fine structure phenomena.

To account for hyperfine structures, it became necessary to consider the nuclear magnetic dipole
moment arising from the intrinsic spin and orbital motion of protons and neutrons within the nucleus.
The interaction between the nuclear magnetic moment and the magnetic field produced by the electrons
at the nucleus leads to energy level splittings observable as hyperfine structure [47].

As experimental precision improved, it was discovered that certain nuclei exhibited hyperfine splittings
that could not be fully explained by magnetic dipole interactions alone. In 1939, the existence of the
nuclear electric quadrupole moment was proposed to address these discrepancies [48]. This quadrupole
moment arises from a non-spherical charge distribution within deformed nuclei and interacts with the
electric field gradients generated by surrounding electrons, leading to additional hyperfine splitting [49].
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Further refinements in hyperfine interaction theory included corrections accounting for the finite size
and structure of the nucleus. The Bohr-Weisskopf effect [50] considers the distribution of nuclear
magnetization and its impact on the hyperfine interaction, which becomes particularly significant in
heavy nuclei where the assumption of a point-like nucleus is inadequate. The Breit-Rosenthal correction
[51] incorporates relativistic effects and the overlap of electron wavefunctions with the finite-sized
nucleus, providing more precise calculations of hyperfine structures.

Muonic atoms have offered valuable insights into hyperfine interactions and nuclear properties. In
these atoms, an electron is replaced by a muon, a lepton with the same charge but approximately 200
times the mass of an electron. The muon’s closer proximity to the nucleus enhances sensitivity to
nuclear charge distributions and deformations [52]. Studies of hyperfine splittings in muonic atoms have
enabled detailed examinations of nuclear sizes, shapes, and the distribution of nuclear magnetization
[53].

Hyperfine interactions have critical applications in modern technology and fundamental science. The
hyperfine transition between the F' = 4 and F' = 3 ground states of cesium-133 is used to define the
second in the International System of Units (SI) [54], as illustrated in Fig. 1.3. Atomic clocks based on
this transition provide extremely stable frequency standards, essential for global positioning systems,
telecommunications, and precision timekeeping [55].

In the realm of quantum computing, hyperfine levels are exploited for their long coherence times
and robustness against environmental decoherence. Systems such as phosphorus-doped silicon use
the nuclear spin states of phosphorus atoms as qubits, with hyperfine interactions facilitating the
initialization and readout of quantum states through coupling with electron spins [56]. Trapped ion
quantum computers, utilize hyperfine states of ions like *Ca®™ and "'Yb™ to achieve high-fidelity
quantum operations and entanglement necessary for scalable quantum information processing [57, 58,
59].

Hyperfine interactions are also instrumental in nuclear physics research, particularly in studying
nuclei with octupole deformation—nuclei that exhibit pear-shaped charge distributions. By analyzing
hyperfine splitting patterns, researchers can infer the presence of such exotic shapes, which have
implications for understanding fundamental symmetries and interactions within the nucleus [60]. These
studies contribute to our knowledge of nuclear structure and inform models that predict nuclear
behavior under various conditions.

In summary, the investigation of hyperfine interactions has profoundly influenced both theoretical
and applied physics. From the initial observations of spectral line splittings to their utilization in
cutting-edge technologies like atomic clocks and quantum computers, hyperfine interactions continue to
be a vital area of study. They bridge our understanding of atomic and nuclear structures and facilitate
advancements across multiple disciplines, including precision metrology, quantum information science,
and fundamental physics research.

1.1.5 f-elements

The f-elements, represented in Fig. 1.4, are a group of elements that occupy the two rows at the bottom
of the periodic table. This family encompasses the lanthanides and actinides, are characterized by
the progressive filling of the 4f and 5f electron orbitals, respectively. Their discovery and subsequent
exploration have been pivotal in advancing inorganic chemistry and materials science. The journey
began in the late 18th and early 19th centuries with the isolation of yttrium and cerium. However, it
was the work of Carl Gustav Mosander in the 1830s and 1840s that significantly expanded knowledge
of the lanthanides by discovering lanthanum, erbium, and terbium [62].

The lanthanides posed a considerable challenge to chemists due to their similar chemical properties,
which made separation and identification difficult. A phenomenon, often referred to as the ”lanthanide
contraction,” arises from the shielding effect of the 4f electrons, leading to a gradual decrease in ionic
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Figure 1.4: The f-block of the periodic table, encompassing the lanthanides and actinides. Adapted
from [61].

radii across the series and slight variations in chemical properties of lanthanide complexes [63]. This
latter point, coupled to the development of advanced separation techniques, such as ion-exchange and
solvent extraction during the mid-20th century, eventually allowed for the isolation of pure lanthanide
elements.

Actinides, on the other hand, gained prominence with the discovery of uranium and thorium in the
late 18th and early 19th centuries. The synthesis of neptunium and plutonium in the 1940s marked
the expansion of the actinide series, driven largely by research related to nuclear energy and weaponry
[64]. The actinides are notable for their radioactive properties and a greater variety of oxidation states
compared to lanthanides, attributed to the participation of 5f electrons in bonding.

The unique electronic configurations of f-elements result in distinctive magnetic, optical, and chemical
properties. The partially filled f-orbitals are shielded by outer s and p electrons, leading to narrow
absorption and emission bands. Their valence electrons therefore behave a lot like the electrons of
a free ion, weakly perturbed by the environment. This property is harnessed in various luminescent
materials and devices. The strong spin-orbit coupling and large magnetic moments make f-elements
particularly interesting for magnetic applications as we will see in just a minute regarding single
molecular magnetism.

In contemporary technology, lanthanides have found extensive use across multiple industries due
to these exceptional properties. They are critical components in the production of high-strength
permanent magnets, such as neodymium-iron-boron (NdFeB) magnets, which are essential in electric
vehicle motors, wind turbine generators, and various electronic devices [65]. Dysprosium and terbium
are often added to these magnets to improve performance at high temperatures.

Lanthanides also play a vital role in lighting and display technologies. Europium and terbium are key
activators in red and green phosphors used in fluorescent lamps and color television tubes [66]. The
sharp emission lines and high quantum efficiencies of lanthanide ions are exploited in lasers and optical
amplifiers, particularly in fiber-optic communication systems where erbium-doped fibers amplify signals
over long distances [67].

A comprehensive review by Biinzli and Eliseeva [68] details the multifaceted applications of lanthanides
in modern technology, emphasizing their roles in material sciences, electronics, and medicine. The
continued exploration of f-element chemistry not only enhances our fundamental understanding of
these elements but also drives innovation in various high-tech industries.

1.1 Converging Paths: A multidisciplinary historical prelude — f-elements
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However, it is worth noting that the widespread use of lanthanides has raised ecological and geopolitical
concerns. Mining and processing often cause environmental damage, including soil erosion, habitat
destruction, and water contamination from toxic byproducts like radioactive thorium [69]. This is
worsened by the low concentrations of lanthanides in ores, requiring large-scale material processing.
Efforts are underway to develop sustainable mining practices and recycling technologies to reduce
environmental impact [70], with recycling from electronic waste gaining attention as a supplement
[71]. As demand for lanthanides grows with green technologies, addressing environmental impact and
ensuring access remain crucial for sustainable development and innovation.

In summary, the f-elements, once considered chemically enigmatic due to their similar properties
and complex electron configurations, have become indispensable in contemporary technology. Their
magnetic, optical, and catalytic properties are central to advancements in energy, communication,
healthcare, and environmental sustainability. Ongoing research into the f-elements promises to unlock
new applications and address some of the critical challenges facing modern society.

1.1.6 Crystal Field Theory

Crystal Field Theory (CFT) was developed in the early 20th century to explain the electronic structures
and spectral properties of transition metal complexes. The foundational work was conducted by Hans
Bethe in 1929, who introduced the concept of crystal field splitting to describe how the degeneracy
of the metal ion’s d-orbitals is lifted due to the electrostatic fields produced by surrounding ligands
[72, 73]. John Hasbrouck Van Vleck further advanced the theory by applying it to paramagnetic salts
and elucidating the magnetic and spectral behaviors of transition metal ions in different coordination
environments [74].

CFT models the metal-ligand interaction as a purely ionic bond where the ligands are treated as point
charges or dipoles that create an electrostatic field, perturbing the energy levels of the metal ion’s
d-orbitals. In an octahedral field, for instance, the five degenerate d-orbitals split into two sets: the
lower-energy ta, orbitals and the higher-energy e, orbitals. This splitting, known as the crystal field
splitting energy (Ag), and shown in Fig. 1.5, explains the absorption of specific wavelengths of light,
resulting in the characteristic colors of many transition metal complexes [75].

Negative charges
distributed uniformly
over surface of a sphere

Negative charges
located at vertices
of an octahedron

Metal cation, 3
Mn+ £ - !

Figure 1.5: Crystal field splitting of d-orbitals in an octahedral field. The degenerate d-orbitals split
into lower-energy ta, and higher-energy e, sets. Adapted from [76].
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While initially formulated for d-block elements, CF'T was later extended to the f-block elements—the
lanthanides and actinides—to account for their unique electronic and magnetic properties. Due to the
deeply buried nature of f-orbitals beneath the outer s and p orbitals, the crystal field effects in f-elements
are generally weaker than in transition metals but are nonetheless crucial for understanding their
spectroscopic behavior. The limitations of treating metal-ligand interactions purely electrostatically
led to the development of Ligand Field Theory (LFT), which incorporates covalent character and
molecular orbital considerations into the framework of CFT. LFT provides a more comprehensive
understanding of bonding and electronic structures in coordination compounds, acknowledging that
metal-ligand interactions often have significant covalent contributions [66, 77, 78].

In the field of molecular magnetism, CFT and LFT are indispensable tools for designing molecules with
specific magnetic properties. By manipulating the ligand environment around a metal center, chemists
can fine-tune the crystal field splitting to maximize magnetic anisotropy and stabilize particular
spin states. This is particularly important in the development of single-molecule magnets (SMMs),
where the goal is to achieve high blocking temperatures and slow magnetic relaxation [79, 80]. For
example, increasing the axial crystal field splitting in dysprosium-based SMMs has led to significant
enhancements in magnetic hysteresis and operating temperatures [81].

Understanding crystal field effects is also crucial in the context of quantum computing, especially when
utilizing molecular systems as qubits or qudits. Precise control over the electronic energy levels through
ligand design allows for the engineering of molecules with desired quantum properties, such as long
coherence times and well-defined transition energies necessary for qubit manipulation[82]. The ability
to tailor the crystal field can lead to improved performance of molecular spin qubits by minimizing
decoherence pathways and enhancing spin relaxation times. In this work, we will also see how the
symmetry of the complexes, via ligand field parameters, also play a role in the addressing speed of
molecular qudits.

In conclusion, Crystal Field Theory has been a fundamental concept in inorganic chemistry, providing
critical insights into the electronic structures and properties of metal complexes. Its applications extend
beyond explaining colors and magnetism to enabling the rational design of materials for advanced
technologies, including catalysis, luminescent devices, and quantum information processing. The
ongoing refinement and application of CF'T continue to be central to advancements in chemistry and
materials science.

1.1.7 Molecular magnetism

The early 20th century saw the foundational understanding of magnetism at the atomic and molecular
levels, with significant contributions from scientists like Pierre Curie and Paul Langevin, who explored
magnetic susceptibilities and paramagnetism [83, 84]. The conceptual framework for understanding
magnetic interactions in molecules was further developed with the introduction of quantum mechanics.
Linus Pauling’s work on the nature of the chemical bond provided insights into how unpaired electron
spins contribute to magnetic properties in molecules [85]. The concept of exchange interactions, where
electron spins on adjacent atoms or ions influence each other, became central to explaining magnetic
coupling in molecular systems [86].

Molecular magnetism is a field that explores magnetic phenomena at the molecular level, bridging the
gap between quantum chemistry and condensed matter physics. The origins of molecular magnetism
can be traced back to the early 20th century with the study of paramagnetic and diamagnetic properties
of coordination compounds [87]. However, it was not until the latter half of the century that significant
advancements were made, fueled by the development of sophisticated spectroscopic techniques and a
deeper understanding of electronic structures.

The foundational work by Olivier Kahn in the 1980s and 1990s played a crucial role in establishing
molecular magnetism as a distinct discipline. Kahn’s research focused on the design and synthesis
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of molecular materials exhibiting cooperative magnetic behaviors, such as ferromagnetism and anti-
ferromagnetism, through superexchange interactions mediated by bridging ligands [88]. This work
demonstrated that magnetic ordering could be achieved in purely molecular systems without the need
for extended lattices found in traditional magnetic materials.

A landmark discovery in the field was the identification of single-molecule magnets (SMMs) in 1993 by
Dante Gatteschi and Roberta Sessoli [79]. They reported a manganese-based cluster, Mnjs-acetate,
which exhibited slow relaxation of magnetization and magnetic hysteresis of purely molecular origin at
low temperatures. This behavior was attributed to a high-spin ground state combined with significant
magnetic anisotropy, resulting in an energy barrier for the reversal of magnetization—a phenomenon
previously observed only in bulk magnetic materials.

SMMs are characterized by a large ground-state spin multiplicity and significant magnetic anisotropy,
leading to an energy barrier for magnetization reversal. This barrier allows the molecule to maintain
its magnetic orientation over time, a property essential for potential applications in high-density data
storage and quantum computing [89]. The quantum tunneling of magnetization (QTM) observed in
SMMs, and illustrated in Fig. 1.6, provided experimental evidence of macroscopic quantum phenomena
in molecular systems [90]. This led on to the work of Ishikawa and Wernsdorfer, et. al. in the early-mid
2000s, where they studied the magnetic properties of TbhPco, observing slow magnetic relaxation and

QTM [91, 92].
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a) Schematic representation of the energy diagram
for a single-molecule magnet with S = 10 with energy
equal to DS?, where S is the spin state and D is
the zero-field splitting parameter. The reversal of the
magnetization occurs through mg states (red arrows)

b) Zeeman diagram for Feg, a single-molecule magnet
with S = 10 ground state. Quantum tunnelling of
magnetization can occur for certain crossing of elec-
tronic states (mg), providing a relaxation pathway for
the magnetization.

via phonon absorption (to excite the spin system to
the top of the barrier) and emission (deexcitation to
the bottom of the other side of the barrier). Reversal
of the magnetization can also occur through quantum
tunnelling of magnetization through the barrier with
the states that are in resonance.

Figure 1.6: Examples of QTM processing for two different SMMs. Adapted from [25].

The discovery of SMMs opened new avenues for research, with implications for data storage, quantum
computing, and spintronics. SMMs act as nanoscale magnets where each molecule can potentially store
a bit of information, leading to the concept of molecule-based memory devices with ultra-high density
proposed by Bogani and Wernsdorfer [93]. The quantum tunneling of magnetization observed in these
systems also provided a platform for studying quantum phenomena at the macroscopic scale.
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In the context of quantum computing, SMMs present a promising platform for qubits and qudits due
to their discrete energy levels and the potential for quantum coherence, as proposed by Leuenberger
and Loss in 2001 [94]. The ability to manipulate the spin states of individual molecules using external
stimuli, such as magnetic fields or light, opens avenues for information processing at the molecular scale.
Challenges remain in achieving long coherence times and coherent control, but strategies like chemical
modification to reduce decoherence pathways and integrating SMMs into solid-state devices are under
active investigation [95, 96]. One of the most popular measurement techniques for observing the QTM
is with superconducting quantum interference device (SQUID) magnetometers, which can measure the
magnetisation of a sample with high sensitivity and resolution. With Wernsdorfer’s development of
nano-SQUIDs in 2009 [97] refining the capabilities of the micro-SQUID devices, the increased sensitivity
enabled the direct electronic readout of the individual nuclear spin states of Th3T in TbPcy [98] that
can be used as qudits, and will be the subject of the next subsection.

In summary, molecular magnetism has evolved from fundamental studies of magnetic properties in
molecules to a vibrant field with significant implications for technology. The discovery and development
of Single-Molecule Magnets have not only deepened the understanding of quantum magnetic phenomena
but also paved the way for potential applications in quantum computing, high-density data storage, and
spintronics. The continued interdisciplinary efforts combining synthetic chemistry, theoretical modeling,
and advanced characterization techniques promise to further unlock the potential of molecular magnets
in the years to come.

1.2 Bridging the gap via lanthanide-organic complexes

W BT e

a) FePc b) TbPcq

Figure 1.7: Examples of phthalocyanine-based molecular complexes, including: (a) FePc, (b) TbPc,
and (c) ThoPcs.

The fields of quantum computing, optimal control theory, nuclear structure, hyperfine interactions,
f-elements, crystal field theory, and molecular magnetism are interconnected through the study of
lanthanide-organic complexes. In the collaboration between the chemists of our group in KIT and
physicists of the Wernsdorfer Group in Grenoble and now KIT, the nuclear spin states of lanthanide
ions was studied, specifically dysprosium and terbium, embedded in single-molecule magnets. The most
successful of these have been the phthalocyanine-based (Pc) double-decker complexes with a single
lanthanide ion (LnPcg) at the center, most notably, they have used ThPcy (terbium bis-phthalocyanine,
see Fig. 1.7 for visual examples). In 2012, the first direct electronic readout of the nuclear spin states
of Th3* in a single molecule was demonstrated [98]. This work was soon followed in 2014 by the first
demonstration of an electrically-driven nuclear spin in a single molecule, still TbPcg [26]. Finally,
in 2018, on the same system, the first implementation of a quantum algorithm in a single molecule
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was demonstrated [99]. In 2019, Wernsdorfer and Ruben published a strategy for a scalable qudit
quantum processor based on Ln,Pc, 1 complexes [100], the idea being to use isotopologue chemistry
to engineer the Hilbert Space of the nuclear spins of the lanthanide ions. For example, replacing the
159Th with the isotopically selected 8'Dy or 193Dy would increase the number of nuclear levels, and
therefore the dimension d of the qudit. Synthesizing in turn ”multiple decker” phthalocyanines would
increase the number of lanthanide ions, and therefore the number of qudits n. This in turn provides (i)
a linear scaling of the Hilbert space dimension d with the choice of isotope and (ii) an exponential
scaling of the Hilber space dimension d" with the number of qudits n. This thesis aims to explore the
theoretical foundations of this topic of research, and to provide a roadmap from theoretical insights
on the development of a molecular quantum processor based on lanthanide-organic complexes. This
scheme is illustrated in Fig. 1.8.

Exponential scaling
of the Hilbert space

d =36

163Dv:
1=5/2
d=(2/+1)"

AanPC3
n=2

Figure 1.8: Conceptual scaling of the Hilbert space of the 4Ln, Pc, 1 spin qudit (I = 5/2) with the
example of 193Dy, Pc,, 1 with n = 1-4 leading to exponential increase by d = (2 + 1)". Adapted from
[100].

Finally, the work of Kumar et al. [101] that stems from a collaboration between our group in KIT
and the group of Phillipe Goldner in Paris, shows the potential of more general lanthanide-organic
complexes beyond the SMM approach, with the demonstration, in binuclear europium complexes in
crystals, of triggered nuclear spin transitions by optical means instead of electrical means. This opens
then also the possibility of using the optical transitions of the lanthanide ions to trigger the nuclear
spin transitions.

1.2.1 The poster child: TbPc,

Let us present in detail the physical system on which these previously mentioned experiments were
performed, the TbPcy molecule. The ThPcy molecule is a single-molecule magnet (SMM) that consists
of a Tb?* ion coordinated to two phthalocyanine ligands. The experiments were done at cryogenic
temperatures of 1.2 K, where the molecule exhibits slow magnetic relaxation due to the presence
of a large energy barrier between the ground and first excited states. The molecule is placed on a
gold surface and connected to gold electrodes, forming a break junction, as illustrated in Fig. 1.9.
The valence electrons of the central Th3T ion are coupled via exchange interaction to the delocalised
electron in the radical, this is the source of changes in conductance depending on the orientation of the
ground Ising-like spin of the valence electrons, which will prove quite useful a bit later.
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Figure 1.9: Schematic illustration of the TbPcy spin readout setup. (a) AFM coloured image of a
TbPco SMM connected to gold source and drain electrodes through tunnelling barriers, within a break
junction on top of an Au/HfO2 layer. (b) Schematic of the coupling procedure from the nuclear to
the electronic spin states of Th3t via the hyperfine interaction, then to the delocalised electron of the
tunnelling current via exchange interaction. Adapted from [26].

1.2.2 A scale-encompassing Hamiltonian

The Hamiltonian of the system is composed of several terms, each of which is responsible for a different
energy splitting of the system. The central field Hamiltonian Hy provides the separation of energy
of the ground 4f8 and the 4f75d"! excited electronic configurations. Then the ground spectroscopic
term is “ Fy, which is due to the interelectronic repulsion He and spin-orbit coupling Hy,. The ligand
field Hyr then splits the “ Fy term into 7 energy levels, relatively well defined by |M;| the projection of
the total angular momentum J on the quantization axis, with a very large energy gap between the
ground Mj; = £6 and the first excited M; = +5 doublets, leading to a quasi-Ising spin behaviour of
this doublet at cryogenic temperatures. Finally, the hyperfine interaction Hyy splits the levels into 4
hyperfine levels since the nuclear spin of the Th3* ion is I = 3/2, the hyperfine levels of the ground
Mj; = +6 term are then ‘4 f8TFs My =46 M I>, which are 4 doubly degenerate energy levels, for each
pair of My = 4£6 and M = +£1/2,4+3/2. The different energy splittings are represented in Fig. 1.10.
Note the different scales of energy of the different terms of the Hamiltonian, note also the different
physical origins of the different terms of the Hamiltonian, from purely atomic, to chemical in nature
for the ligand field, to nuclear in nature for the hyperfine interaction.

Note: These considerations, and the quantum numbers indexing each state discussed in Fig. 1.10
are only true to first order, as each one of this state is an admixture of other states, with a majority
of the weight on the state it is designated by. The admixtures comes from different selection rules
and the fact that not all the terms of the Hamiltonian are diagonal in the same bases of quantum
numbers. This will be discussed in more detail in Part I of this thesis.

The slight twist angle of the two phthalocyanines relative to each other, making the environement
of the Tb3T ion slightly deviating from the D4q symmetry of the crystal, leads to the appearence
of crystal field parameters B(’; with ¢ # 0 but with ¢ = +4 (See Section 3.1.1). This leads to, via
the application of Wigner-Eckart’s theorem, mixings between states with AM; = 4. Via third or-
der perturbation theory, it is possible to show that a mixing between the states M; = —6 and
Mj; = 6 is possible, as such corrections to the wavefunction would contain terms of the form
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Figure 1.10: Iterative spectrum of each term of the Hamiltonian of TbPcy in decreasing order of
energy amplitude. The computational Hilbert space is spanned by the 4 hyperfine levels of the ground
state of the system. Represented here on the right.

<MJ = +6|HLF’MJ = —|—2> <MJ = +2|HLF|MJ = —2> <MJ = —2|HLF|MJ = —6>, where the energy de-
nominators have been neglected. This mixing is responsible for a zero field splitting between the two
doublets, this in turn is responsible for the Quantum Tunelling of Magnetization (QTM) observed in
the complex [26, 99, 102].

Ignoring the hyperfine structure, the Zeeman diagram, i.e. the energy levels of the system as a function
of the magnetic field, presents then an avoided crossing between the two doublets, around B = 0T.
As represented in Fig. 1.11a), this anticrossing is of the order of 1.2x107%kgK, which, refereing back
to Fig. 1.10, is much smaller than the energy gap between hyperfine levels, which is of the order of
1073kgK. This means that, accounting for the hyperfine levels of the system, there will be 4 avoided
crossing, one per value of the nuclear spin, each one will happen at a different critical value of the
magnetic field, see Fig. 1.11b).

It is then possible to read in which nuclear spin state the Terbium nucleus is by measuring at which
value of the magnetic field does the avoided crossing happen. When sweeping the magnetic field at
a constant rate, the electronic spin will flip at the anticrossing, and this flip will then influence the
conductance of the molecule as a whole [103], see Fig. 1.12. This makes it then possible to read
the nuclear spin state of the Terbium nucleus, and therefore, provided it is possible to coherently
manipulate the nuclear spin state, to use it as a qudit with d = 4 levels. This is exactly what was
demonstrated by Thiele et al. in 2014 [26], where they showed that it was possible to drive coerently
and therefore perform quantum operations on the nuclear spin of the Terbium nucleus. With the use of
an AC electric field applied to the molecule, one can then drive Rabi oscillations, signature of coherent
manipulation of the nuclear spin state, and perform quantum gates on the nuclear spin state of the
Terbium nucleus [99, 104], as seen in Fig. 1.12.
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a) Zeeman diagram of the ground M; = £6 doublet, neglecting the hyperfine splitting. The avoided crossing
between the two doublets is highlighted. The energy of the avoided crossing is of the order of 1.2x10 6kgK.
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b) Zeeman diagram of the ground M; = +6 doublet, with the hyperfine splitting. The avoided crossings for
each value of the nuclear spin M} are highlighted.

Figure 1.11: Zeeman diagram of the ground M; = +6 doublet, a)neglecting the hyperfine splitting
b)with the hyperfine splitting. The energy levels are represented in units of kgK, where kg is the
Boltzmann constant. The parallel magnetic field applied pgH ), is given in Tesla. Re-adapted from [99].

1.2.3 Towards a molecular quantum processor

As stated at the begining of this section, Godfrin et al. (2017) [99] demonstrated that coherence times
were sufficiently long and Rabi oscillations were coherent enough to implement both the superposition
(generalized-Hadamard) gate and Grover’s search algorithm on qudit states (see Fig. 1.13).

This experiment was inspired by the theoretical framework laid out by Leuenberger and Loss, who, in
the early 2000s, proposed general methods for quantum computing with large nuclear spins. They also
presented a specific example involving a novel implementation of Grover’s algorithm on a single, large
qudit [94, 105, 106].

1.2.4 Where the theory is lacking

By commenting this last experiment, there are mainly four points where the theory is lacking in the
current state of research.
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B The hyperfine Stark effect

First, the electrical addressing of the nuclear spin transitions that was observed by Thiele et al. in
2014 [26]. The application of a DC electric field to the molecule was shown to change the resonance
frequency of the nuclear spin transitions. An electric field of the order of ~ 0.1mV /A was shown to
shift the resonance frequency of the nuclear spin by ~ 5 MHz. Moreover, an AC electric field was
shown to drive Rabi oscillations on the nuclear spin transitions, with a Rabi frequency proportional to
the amplitude of the AC electric field [103], as can be seen in Fig. 1.14, result corroborated by Godfrin
et al. in 2017 [104].

This so-called hyperfine Stark effect is not yet well understood, and the current theoretical framework
is lacking a proper description of this effect. While it is quite certain the effect is due to an interplay
between the hyperfine interaction, the electric field and the ligand field of the phthalocyanines, the
exact nature of this interplay is not yet well understood. We propose to investigate this effect in more
detail in this thesis, via an atomistic approach and the introduction of effective operators obtained via
multiperturbation theory. We will also show how the theoretical framework used can also be applied
to study hyperfine-induced transitions in other systems, such as the binuclear europium complexes
studied by Kumar et al. [101].

B Quantum gates on the nuclear spin

Although Godfrin made considerable advances in the development of a qudit-based quantum computing
platform, the implementation of Grover’s algorithm was restricted to three out of the four nuclear
spin states of the terbium nucleus. This raised an important theoretical question regarding qudit
universality: whether the nuclear spin states of the terbium ion could be employed to implement a
universal set of quantum gates, thereby enabling the execution of any arbitrary quantum algorithm. A
subsequent question is then, given a desired gate, how to implement it in the system. This will be
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Figure 1.13: Experimental realization of Grover’s algorithm in ThPcs. Each plot shows the populations
of individual nuclear spin states of TbPcs (represented by red, green, black, and blue) as a function of
time (in ns). The top row illustrates the implementation of the Quantum Fourier Transform (QFT)
superposition gate (generalized-Hadamard) in a qudit system with d = 4, where the first, second, and
third columns represent 2, 3, and all 4 levels, respectively. The bottom row displays two cycles of the
Grover diffusion operator applied to the marked state (black in the left, red in the center, and green in
the right), showing the amplification of the amplitude before returning to the original superposition.
Adapted from [99].

tackled in this thesis through the use of optimal control theory and an in-depth study of the system’s
control Hamiltonians.

. Scaling of the noise with the dimension of the Hilbert space

As proposed in [100], the idea is to scale the Hilbert space of the nuclear spins of the lanthanide ions
by using isotopologue chemistry. This will lead to a linear scaling of the Hilbert space dimension d
with the choice of isotope, however, it can be infered that as the number of nuclear levels increases, the
number of error channels will also increase. This will lead to a scaling of the noise with the dimension
of the Hilbert space, and it is important to understand how this scaling will affect the performance of
the quantum processor. Moreover, is it possible to quantify an upper limit on the dimension of the
qudit in order to stay competitive with qubit platforms, given the noise level of the system? Finally,
how does the computational performance of the system scale with the number of qudits? This will be
studied in this thesis through the use of perturbation theory on the Lindblad master equation.

. The nuclear degree of freedom

Finally, to come back to the isotopologue engineering of the Hilbert Space suggested by Wernsdorfer
and Ruben [100], it is important to understand how the simple addition of one proton and one neutron
to go from ®*Tb to 81Dy affects the hyperfine structure so as to transition from a 4 level system to a
6 level system. Moreover, the hyperfine splittings of 1! Dy and 3Dy have been observed to be quite
different, albeit the number of hyperfine levels stay the same. How can a difference in two neutrons
with zero charge lead to such a difference in the hyperfine structure? This will be studied in this thesis
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Figure 1.14: Rabi frequency Qp/27 as a function of the square root of the microwave power P of the
electric field driving the transition.

too and will provide a detour into the nuclear structure of the isotopes of different lanthanides, heavily
charged ions and exotic muonic ions.

1.3 Thesis outline

This thesis is divided into three parts, each addressing a different aspect of the highlighted theoretical
challenges regarding hyperfine interactions in lanthanide-organic complexes. An additional fourth part
is present to provide an overview of a side project on the ubiquity of the Thue Morse sequence in the
quantum computing world and its link to quantum chaos.

. Lanthanides in matter: atomically free yet chemically bound

Part I will focus on the theoretical framework used to describe the the valence electrons of atomic
systems. Using Racah algebra, we will formally derive the analytical expressions of the matrix
elements of the different Hamiltonians presented in Fig. 1.10 and show how they can be evaluated
non-empirically using Hartree-Fock or DF'T codes. In particular we will present the LFDFT method,
that we consider the most appropriate to use in this context of Hilbert space engineering in lanthanides.
We will also show how the interplay between the hyperfine interaction, the electric field and the ligand
field of the phthalocyanines can be described using effective operators obtained via a generalisation of
the Judd-Ofelt theory that we will introduce.

[l The Hyperfine Interaction

Part II will focus on the hyperfine interaction as well as the nuclear structure of different isotopes of
lanthanides. We will start from the Dirac equation and derive the hyperfine interaction and the
hyperfine constants through a perturbation of the electronic Hamiltonian. We will then show how
the internal nuclear structure influences the hyperfine constants of the electrons, by calculating finite
size effects such as the Bohr-Weisskopf or Breit-Rosenthal corrections. We will particularly dwelve
on highly charged hydrogen-like ions and muonic ions, and show how the electron or muon can be
used as a probe of the nuclear structure.
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. Quantum Computing with Nuclear Spins in Lanthanides

Part III will focus on the quantum computing aspect of lanthanide-organic complexes, and more
generally qudits. We will first remind basics in quantum computing and open quantum systems theory,
and then apply these to qudits. We will first focus on the effect of the noise on qudits via perturbation
theory on the Lindblad master equation. In particular, in a first chapter, using only a first-order
approach, we will compare the scalings of computational infidelities of qubits vs. qudits, and show
how the noise scales with the dimension of the Hilbert space. In a second chapter, we will generalize
the perturbation to any order, and consider the effect of the Hamiltonian/gate on the computational
performance as the duration of the operations and the noise amplitude increases. Following this, in a
last chapter, we will focus on how to implement quantum gates on a pulse-level in the system,
and show how optimal control theory can be used to tackle the necessity for shorter gate times to
reduce the effect of the noise derived in the previous chapters.

. The Ubiquitous Prouhet-Thue-Morse Sequence

Part IV will focus on a side project on the Prouhet-Thue-Morse sequence, whose appearence we
notices while benchmarking some numerical simulations. We want therefore to point out its ubiquity
in the quantum computing world. We will first introduce the sequence and its properties, and then
show how it is related to quantum chaos and the quantum baker’s map. We will then show how it
appears naturally as an interaction of the Quantum Fourier Transform and the Hadamard transform
of N qubits. Finally, we will show its link with number theory and the Riemann hypothesis.

1.3 Thesis outline
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Lanthanides in matter: atomically free

yet chemically bound

“There is in all things a pattern that is part of our universe. It has symmetry, elegance, and grace - these
qualities you find always in that the true artist captures. [...] We try to copy these patterns in our lives
and in our society, seeking the rhythms, the dances, the forms that comfort. Yet, it is possible to see
peril in the finding of ultimate perfection. It is clear that the ultimate pattern contains its own fixity.”

— Frank Herbert, Dune

This part focuses on the atomistic aspect of this thesis. It presents the theoretical groundwork necessary
for obtaining the key components of the Hamiltonians used to describe the physical systems of interest
in this field. Lanthanides pose a unique challenge in quantum chemistry due to their complex electronic
structure. Thus, we aim to introduce the theoretical tools needed to describe the electronic structure
of lanthanides from an atomistic point of view, treating the atom or ion as being perturbed by its
environment. This approach is valid because triply-ionized lanthanides possess a 4f valence shell
that is shielded from the environment by the 5s and 5p shells. This section is divided into three chapters.

The first chapter begins by addressing the physics of a single atom or ion in isolation, without
interactions with the external environment. It introduces mathematical tools for describing the angular
degrees of freedom of the electronic Slater determinants, which represent the electronic states of the
atom or ion. These tools incorporate the antisymmetrization of wavefunctions to respect the fermionic
nature of electrons.

The second chapter introduces crystal field theory, which is essential for understanding the interaction
of the electrons in the atom or ion with surrounding ligands. Additionally, we introduce ligand field
theory, a more general framework that, when combined with quantum chemistry methods, provides a
comprehensive model of the electronic structure of the atom or ion in a molecular environment.

The third and final chapter introduces the concept of effective operators that thanks to the use of
Racah algebra derive selection rules for highly forbidden transitions in lanthanide ions. This is achieved
through perturbation theory with excited states. This part is crucial for understanding the hyperfine
Stark effect, which is observed and exploited by our collaborators in Grenoble and Karlsruhe to perform
a qudit quantum algorithm using the TbPcy single-molecule magnet. As described in the introduction,
in this system, the four hyperfine levels of the central Th3" ion act as the qudit. Understanding
the hyperfine Stark effect reveals the underlying mechanism that controls the qudit and lays the
groundwork for optimizing its addressability. By identifying the key parameters that need to be
controlled in experiments, we aim to achieve optimal performance.
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Free atom/ion Hamiltonian

The aim of this section is to calculate the Hamiltonian matrix elements. More precisely, the Hamilto-
nian of the electrons in the atom/ion is presented, and the effects of the nucleus are included in the
last part. For a more in-depth discussion of the nucleus, the reader is referred to the next part that
delves in much more details about the structure of the nucleus and its interaction with valence electrons.

Since the electronic wavefunctions can be decomposed into radial and angular parts, Hamiltonian matrix
elements will generally consist of a radial integral and and a term depending on the angular quantum
numbers and accountng for the antisymmetrization due to the fermionic nature of the electrons. The
latter will be calculated using mathematical tools from Racah algebra discussed in Appendix D.

Starting from the Schrodinger equation, the Hamiltonian of a free atom/ion is given by

N

h? Ze? e?

H = <—V22 - ) + Z + Hso + Hug, (2.1)
i—1 dmeor; i<y 471'607"@‘

where the first term is the kinetic energy of the electrons, the second term is the Coulomb interaction
between the electrons and the nucleus, the third term is the Coulomb interaction between the electrons,
the fourth term is the spin-orbit coupling, and the fifth term is the hyperfine coupling. The spin-orbit
coupling is a relativistic effect that couples the spin of the electron with its orbital angular momentum.
The hyperfine coupling is the result of the interaction between the magnetic moment and the electric
quadrupole of the nucleus with the magnetic moment of the electron.

2.1 Non-interacting electrons in a central potential

Let us consider the Hamiltonian

Definition: (Central potential Hamiltonian for non-interacting electrons)

H, —i B 28 —ih' (2.2)
0= 2m ' dwegr; —i:I ! ’
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it represents the energy of N independent electrons of charge —|e| under the influence of a central
point-like infinitely massive nucleus of charge Ze, where Z would be the element number i.e. number
of protons in the nucleus. Note that NV = Z in the case of neutral atoms, but N < Z in the case of
positively charged ions.

2.1.1 Solving the eigensystem

Solving for the eigenenergies and eigenfunctions of any h would simply yield the hydrogen-like
wavefunctions ¥y, gm,m, () of energy €,¢. The shorthand notation n = nfm;m, will be used.

Since Hy = ZZ]\L 1 hi, if 9y is an eigenfunction of h of eigenenergy ey, then

N
U (F) = [ ] s (7) (2.3)
=1

is an eigenfunction of Hy of eigenenergy

N
Eg=) en,. (2.4)
=1

with 1 = {n;,ny,--- ;ny}.

Note that therefore all N! wavefunctions obtained by permutations of the n;’s are degenerate in
energy. This means that since electrons are fermions, the wavefunction obtained by antisymmetrizing
all degenerate product wavefunctions of the form (2.3) such that Zf\i | €n, are equal is the correct,
physical, eigenfunction of Hy for N electrons, mathematically such a wavefunction is given by the
Slater determinant

Definition: (Slater determinant)

\Ijﬁ(FlaF27"'7FN) = = : o : o (25)

Note: The Pauli exclusion principle in atoms and ions can be infered immediately from the
mathematical form of (2.5), since if any of the n’s are the same, the determinant would be
vanishing.

Note: The ground state for an idealized atomic system of non-interacting electrons can be
obtained straightforwardly from energetic considerations in (2.4). For a bosonic system, the
eigenenergy with the lowest energy would be Nej,. That would however require all electrons
to be in the 1s state, which comprises the two states characterized by the quantum numbers
n=1¢=0my=0ms = :l:%. Therefore only two electrons can occupy an 1s orbital, any
supplementary electron would need to populate the 2s orbital on behalf of Pauli’s exclusion
principle. Following this logic, one ends up with the well-known aufbau principle, or Klechkowsky
rule stating that electrons in an atomic system in its ground state, electrons first fill subshells of
the lowest available energy, then fill subshells of higher energy, with each shell having a degeneracy

2.1 Non-interacting e~ in a central potential — Solving the eigensystem
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of 41 4+ 2, corresponding to the number of possible values of my and m.

Example: One can consider a two-electron state. With n = (n1€1my, ms,, nalam;,ms, ), the Slater
determinant of the two-electron system is given by

N _L ¢n1(F1) an(Fl)
Va("072) = 5 L (7)o (72)
1

B E (wn1 (Fl)an (FQ) - ¢n2 (Fl)wnl (F2)) )

(2.6)

2.1.2 Configuration basis

Under the reasonable assumption that Hy is the term in the Hamiltonian with the largest eigenvalues
and contribution to the final spectrum of the electrons, one can define a new basis in which to work
going forward thanks to the ground state configuration of the atomic system at study. Since Hj is
diagonal in the base determined by n, the latter quantum numbers will characterize the newly defined
basis.

Notation-wise, with respect to suitably chosen closed-shells (generally all the shells filled according to
the aufbau principle) the electronic configuration of the ground state is uniquely characterized by the
nl quantum numbers of the p valence electrons and the corresponding states are denoted |n¢P). If the
state is in an excited configuration, with an electron from shell ncélgc promoted to the shell n.f, for
example, one can refer to the excited state as ‘ncflgc_lnﬁpneﬁb, or, if the electron is promoted from the
valence shell, nﬁp_lne&l). The basis of the configuration space is then given by the Slater determinants
of the states |nf?), ncflgc_lnfpnefé% etc... This notation can be used for more than one excitation of
course, for example !2314 f5632> for the triply ionized Eu®* ion whose ground configuration is ‘4 f6>,
represents the excited state where one electron from the core shell 2s and one from the valence shell 4 f
have been promoted to the previously unoccupied 6s shell. In essence, any shell that does not appear
in the notation of a state is assumed to either be entirely filled or empty.

Note: Each actual single state is characterized not only by the n’s and ¢’s of the N electrons,
but also by their my’s and m,’s. For example, a completely uniquely defined Slater determinant
for the C atom would be |2p2; my, =0mg, = —1/2, my, = —1mg, = 1/2>, signifying one of the 2p
electron has an m; = 0 and ms = —1/2 and the other has an m; = —1 and ms = 1/2. Notably,
if a shell is almost full, expliciting which quantum numbers are not occupied can also uniquely
define a Slater determinant, for example for the F atom, ‘2p5; my=0ms =1/ 2> denotes the Slater
determinant where none of the 2p electrons are in the m; = 0, ms = 1/2 state, meaning the 5 other
2p states are occupied. The reason only nf’s are specified here is because Hy is degenerate with
respect to the other quantum numbers.

2.2 Angular momenta coupling schemes

The total angular momentum of a system of IV electrons is given by the sum of the individual angular
momenta of the electrons. The total angular momentum J is then given by

T=3l+> 5=y (+5), (2.7)

i=1 =1 =1

CHAPTER 2. FREE ATOM/ION HAMILTONIAN

27




universiey [ ]|

[Tofsasbours

28

where l: is the orbital angular momentum and §; is the spin angular momemntum of the i-th electron.
The total angular momentum of the system can be decomposed into the orbital angular momentum L
and the spin angular momentum S of the electrons. The total angular momentum J is then given by

N N
J=>lLi+> &=L+5. (2.8)

The total angular momentum J can also be decomposed into the sum of all the individual angular
momenta of the electrons j;. The total angular momentum J is then given by

J = ' <E+§i) :iﬁ. (2.9)

An example of the two different ways to decompose the total angular momentum of a system of 2
electrons is given in Section 2.2.

Figure 2.1: Geometric representation of the two traditional coupling schemes for the total angular
momentum of a two-electron system. a) Two electrons with an orbital angular momentum  and spin
S, b) The L — S coupling scheme, where the two orbital angular momenta l71 and [2 are added to form
the total orbital angular momentum L and the two spins §1 and 55 are added to form the total spin
S , ¢) The j — j coupling scheme, where the total angular momentum of each electron is constructed
by adding the orbital and spin angular momenta of each electron individually d) The total angular
momentum of the system J is the sum of the total orbital angular momentum L and the total spin S
or the sum of the total angular momentum of each electron ;’1 and jg.

In the case of L — S coupling, the wavefunction corresponding to a certain projection of the total

angular momentum J is given by

ot My, —-M; Mg

QLSIMy) = (-1 M2 11 Y <L J S>|aLMLSMS), (2.10)

2.2 Angular momenta coupling schemes
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where « is a shorthand notation for the quantum numbers of the electrons.

While in the case of j — j coupling, the wavefunction corresponding to a certain projection of the total
angular momentum J is given by

lajrjnd My) = (=1)" M2 +1 Y (jrbll _]‘{JJ %ZZ) |ajimy jams) (2.11)
mi,m2
The choice of coupling schemes depends on the problem at hand, for example, the L — S coupling
scheme is more appropriate when the interaction between the electrons is stronger relative to the
spin-orbit coupling and the 7 — j coupling scheme is more appropriate when the spin-orbit coupling is
stronger relative to the interaction between the electrons. The latter is the case for heavy, relativistic,
highly-charged ions for example.

In most cases, the eigenstates of an atom are neither in the L — S nor in the j — j coupling scheme,
but a mixture of both. It is possible to transform between the two coupling schemes using the 9 — j
symbols, and one has

]na&lnbﬁb(ﬁlsl)jl (@282)j2LSJMJ> =
NZ ((61€2)L(s152)SJT|(£151)71(L2s2)j2d) [nalansly(€1l2) L(s1s2)SJIMy), (2.12)
LS

1 if j1 =joand {1 =/
where N = B =z and f ? and the generlized Clebsch-Gordan coefficients are given by
V2 else
{y by L
((t1l2) L(s182)ST[(L151)J1(bas2)jad) = /[SI[L][][G2] ¢ 1 s2 S ¢ (2.13)
g2 J

Note: If the spin-orbit coupling is strong enough relatively to the interaction between the electrons,
the j — j coupling scheme, represented by c¢) in Section 2.2, is more appropriate. Figure 2.2 shows
the evolution of the energy levels from the pure L — S coupling with no spin-orbit coupling to the
jj coupling with maximum spin-orbit coupling, in Pr3*, where the radial integrals, energies, and
spin-orbit constant were obtained from a Hartree-Fock (HF) code.

2.3 Matrix elements for the two-electrons case

To illustrate the complication arising from the antisymmetrization of the wavefunction, let us consider
(k)

i

the general form of matrix elements of a single electron tensor operator' t;"’ acting on the position

space of the electron 4 in the basis of the two-electron system.

The wavefunction of the two-electron system is given by the Slater determinant (2.6)

(7. 7) = ¢1§ (s (71) g (72) — oy (7)o (2)) - (2.14)

In the L — S basis, it can be written as (omitting the sums over my and ms for brevity)

1See Appendix D.2.
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Figure 2.2: Evolution of the energies of the 42 configuration of free Pr3*, from LS coupling (¢ = 0,
no spin-orbit, left) to jj coupling (right, spin-orbit maximum). Numerical values for R¥ integrals
were obtained from an Hartree-Fock (HF) wavefunctions and HF potential U. The red points are
experimental data from [107], while the blue points are the energies obtained from the HF code with ¢,
the calculated spin-orbit coupling constant. AF is the difference between the minimum and maximum
energies in the configuration. Obtained spin-orbit constant from the HF code : (, = 1011 cm™!.

1
1nalasanplosy LS I M y) = —= (|(na,10a,150,11,200,256,2) LS T M ) —

V2

|(na,20a,25a,2m,10,1561) LST M), (2.15)

where the subscripts 1 and 2 denote the electron to which the quantum numbers belong?, it is important
to note that when coupling two angular momenta j; and js, the order of the coupling does matter, and
the Clebsch-Gordan coefficients are not symmetric under the exchange of j; and ja, see (D.8). This
can therefore be rewritten as

]na&lsanbﬁbsbLSJMﬁ = ( |(na71£a,13a71nb,zﬁb’gsb,g)LSJMﬂ

1
V2
— (—1)8“+sb+l”+lb+L+S \(nbylﬁb,lsb71na72€a728a,2)LS’JMJ> ), (2.16)

using the symmetry properties® of the 3j—symbols/Clebsch-Gordan coefficients, considering s = 1/2,
one can omit the spin quantum numbers for breviety, and write

]nafanbﬁbLSJMJ) = ( ‘(na,lga,1n572€b72)LSJMj>

€
V2
+ (—1)la+lb+L+S |(nb71€b71na,2€a,2)LSJMJ> ) (217)

2Tn essence [(Na,10a,15a,1p,20p,2562) LS) = (|Nalasa) ® [nulyss)) ;g
3see (D.12)
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Note: In the case where n, = n; = n, it is then important to not omit m; and ms in the ket
notation since those have to be different for the two electrons and (2.17) becomes

1
‘némgmsnémzm;LSJMﬁ = —( ‘(mélmg’lm&ln2€2m2’2m’572)LSJMJ>

V2

4 (=1)latlo LS |(nilimy yml, ynalomeams o) LSTMy) ). (2.18)

Consider now that the previous expression is not physical since an LS state is generally not
composed of two electrons of definite m, and ms but is a superposition of all allowed m, and my
states??.

Doing the formal calculation would simplify the expression to
1
|(n0)2LSJTM;) = S+ (=19 |(n1byngly) LS T M) . (2.19)

This means that L and S must be such that L + S is even otherwise the wavefunction would vanish.
This is generalizable to any number of electrons in the same electronic configuration.

We can therefore write to maintain generality:

Definition: (Two-electron antisymmetrized wavefunction)

Na,b
V2

|(nalanply) LSIMy) = (|(na,1lanb,28s,2) LS T M)
T+ (—1)l“+lb+L+S |(nbﬁlﬁb’lnmgﬂa,g)LSJMJ) ), (2.20)

with N, ; a normalization factor that depends on the quantum numbers of the two electrons, and
is equal to 1 if the two electrons are not in the same state and 1/+/2 if they are.

(%)

The matrix elements of the g-th component of the single electron tensor operator t;” acting on
the position space of the electron ¢ in the basis of the two-electron system are then given by the
Wigner-Eckart theorem (D.29)

() B _ J kT
((nalanply) LS T Myt )| (no oy L'S' T My )y = (—=1)7 M <_MJ . My) "

X {(nalanply) LS Tt F)||(n/ .m0, L' S" ). (2.21)

Equation (D.43) states as a reminder

o g gt L J kJ
<a31J2J HT(k)H Oé/JiJéJ/> = 5j2,j§(_1)]1+]2+J * ([J] [J,]) : { }

J1 J2 7
x (o HT(’“)H o). (2.22)

And it would be tempting to use it immediately to decouple L and S (resp. L’ and S’) from J (resp.
J') and obtain
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!/
(nalanplp) LS J|[t || (nl 0 nf 0} LS J') = (—1) ST/ +0 /0T 12T +1 { g, g ‘2} ds,s"

x ((nalanply) LIt™ | (nloni ) L), (2.23)

Notice, one can not then immediately use the same decoupling formula to decouple [, and [ to calculate
((nalanply) LIt ™| (nl i n; 6, )L') since it would require to know the order of which is the first and
second angular moment. This then requires to first express the antisymmetrized wavefunction as a
function of the distinguishable states, as in (2.17). So, going one step back, before writing (2.23), one
should first express the matrix element in the basis of the distinguishable states, as in (2.17). This
leads to

((nalanply)LSJT|[tF)||(nl 0. n}t,) L' STy =
N (st ) LS TN 1 00) 161
+ (DS (g 1 12l 2) LS T8 || (m 1 6 1ty 560 5) L'S' ')
+ (1) (1 1m0,202) LS TN | (1 6 41 o0, 0) 'S T')

/ U ’ ! k
(1)l S LS (0 110,00, 2) LS8 (016,40, 20 ) L'S' T ) (2:24)

Looking at diagonal matrix elements between two states in the same configuration (i = 1i’), (2.24)
simplifies to

(nalanply) LS J|[t™) || (nglonply)L'S'J') =

N;
2,b (((nwlea’lnbggb,g)LSJ”tgk) H(na,lga,lnb,ZEb,Q)L/S/J/>

(1)t EES (g 1 0 11,96,2) LS T|[6 || (0,101 710,200 2) L'S" ')
+ (—1)la+lb+L+S<(nb71£b,1na72£a72)LSJHt§k) H (navlﬁajlnm@b,g)L’S’J’)

+(—1)L+S+LI+S/<(nb,1€b71na,2€a72)LSJHtEk) H(nb,1€b71na72€a72)L'S'J’)) . (2.25)

Each reduces matrix element in (2.24) can be decoupled to obtain terms of the form (2.23). Meaning

!
the prefactor (—1)L+5H/ "k /2T 1 1/27 1 {I{’ g i

matrix element {(nq€anply) L[t 5] (n £hn}¢; ) L') takes the same form as in (2.24) but with the additional
condition that S = 5’

} dg s can be factored out and the reduced

Na bNa’ /
((malamolo) LIEW [ (mf lamblh) L) = =2 (1 bamooo2) L6 (16 11 62 1)

! / / ! k-

+ (—1)l“+l”+L s <(”a,1£a71nb,2€b,2)LHt§ )‘|(n€),1£§),ln;,2£2¢,2)L/>
k

A+ (D)l (g 10 1 0,000,2) DI | (0l 1€ 1) 56 5) L)

/ / / k-
(=) A (1 010,000 ) L6 | (0 1610 200 2) L)) - (2:26)

32 2.3 Matrix elements for the two-electrons case




XIT

Karlsruhe Institute of Technology

The order of coupling of the 2 £’s is now clear in every term of (2.26) and one has for i = 1

(10,10, 20y, 2) L6 || (0, 1€, 10l 0, 5) L) = (= 1)t K40 DL 121 1 1

{LkL’

v 4, fx}%l’w<’”xfx||t(k)llnz€z>, (2.27)

where (z,y), (z,w) € {(a,b),(b,a)}, and a similar expression for i = 2.

As an illustrative example, one can look at the diagonal elements between two configurations of
equivalent electrons, starting from (2.17), one can write

/
<n£2LHt(’“)Hn€2L’>:(—1)L/+k\/2L+1\/2L’+1{§ y Ié}(nﬁHt(k)Hn@, (2.28)
and (2.23) then yields
(nPLSJT|t WL’ S' Ty = k(¢, L, S, J, L', 8", J) (nt][t*)||ne), (2.29)
with
, : J k J\V[L k L
I 7N 1\ L+S+T , / /
WO LS. T 1,8, 7) = (-1) ssevIEE{y & THE L T e

As a reminder [z] = +/2z + 1. Similar expressions can be derived if one considers the matrix elements
of the tensor operator acting on the spin space of the electrons, or the tensor operator acting on the
position space of one electron and the spin space of the other, etc...

2.4 Unit Tensor Operators

The computations of the previous section show how the antisymmetrization of the wavefunction can

complicate the calculation of matrix elements of operators acting on the position space of the electrons.

Moreover, this was only in the case of 2 electrons only. Is there a way to simplify the calculation of
matrix elements of operators while considering the wavefunction of more than even 2 electrons? The
answer is yes, and it is to use the unit tensor operators, which this section introduces. A more in-depth
derivation and explanation of the computations methods to obtain the values of the reduced matrix
elements of the unit tensor operators can be found in [108, 109, 110] for example.

2.4.1 Single electron operators

Introducing the single electron operator whose reduced matrix element is normalized to unity i.e.

V-0 <k<l+0,

<a€ Hu(k) (1,1

O/E/> = 6a,a’6f,l6€’,l’7 (231)

and thank to the Wigner-FEckart theorem, one can express the matrix elements of any single-electron

)

operator tgk acting on the position space of electron ¢ in the basis of the multi-electronic system as

(a-- ;- .}tl(’“)w...g/. ) = (ot |t$F )0/ 2) (a-ty-Ju® o/ (2.32)

7

or for reduced matrix elements
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(el L)t )y = (i |t | ) -l [P o ). (2.33)

It becomes highly non-trivial to calculate (a---£;---£;|[u®||a’--- /.- £}) as it requires doing the
operation done in Section 2.3 recursively and while conserving the antisymmetry of the wavefunction to
odd permutations of the electrons. But this has been done in [109, 111] and the results are tabulated.
And thanks to the last relations, only the reduced matrix elements of u(®) are needed to calculate the
matrix elements of any single-electron operator.

One can also generalize the expression for coupled basis states and p equivalent electrons

(P LST|tM o/ P L' STy = (al][t® o/ 0) (P LT[ | o/ P L S T'). (2.34)

Note: For the case p = 2, we have computed the reduced matrix elements of the unit tensor
operators in (2.29) and (2.30). Therefore, in this case, we can write

L S L\t ¢ ¢
(2.35)

/ /
<al2LSJ”u(k)||a/l2L/S/J/> _ (_1)L’+L+S+J’5a7al5573l [J][J/] [L] [L/] {J kK J } {L k L } '

One can also define the double unit tensor operator v(¥1) as the product of the unit tensor operator on

the position space of the electron and § = s(*) on the spin space of the electron.

vFD) — (R (2.36)

Finally, one can define the double unit tensor operator w (k%) ag the product of the unit tensor operator

of rank k on the position space of the electron and the unit tensor operator of rank x on the spin space

of the electron. Since (s||s™)]s") = (5578/§, vkl = @w(kl).
We have then
asl|[vFD LIS = 640000100 1,53,5’@7 2.37
k) ) ’ 2
and
(ast)|wE (11|80 = 6o 80100 1105, 5 (2.38)

2.4.2 Multi-electron operators

Finally, one can define, for a shell of p equivalent electrons, the unit tensor operator U*) as the sum
of the unit tensor operators acting on each electron of the shell

P
U® =35, (2.39)
=1
And thus
V4
(|| S" 6P o'y = (0t )10 (e [UP o 7). (2.40)

i=1

2.4 Unit Tensor Operators — Multi-electron operators
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This can also be expressed in a coupled basis as

p
(@’ LST| Yt o' LS Ty = (Ut | 0)(aP LS T|[UP o/ ¢ LS J"). (2.41)

=1

And, similarily, one can define the double unit tensor operators VED and W) as the sum of the
double unit tensor operators acting on each electron of the shell.

All these operators have an implicit dependence on the number of electrons in the shell, and the
antisymmetry of the wavefunction to odd permutations of the electrons is conserved.

The reduced matrix elements of the unit tensor operators u®), v(k1) U®) v (1) and WEs) can all be
found in the tables of Tuszynski or Nielson and Koster [109, 111].* And any multi-electron operator
can be expressed in terms of these reduced matrix elements.

2.5 Coulomb interelectronic repulsion

Consider the next term in the total Hamiltonian

Definition: (Interelectronic repulsion Hamiltonian)

2

Hee=)Y —= (2.42)

47T€0’I“ij ’

which can also be written as

1 e?
Heoe=72) (2.43)

47T€07’z'j ’

where r;; = |7 — 7] is the distance between the electrons ¢ and j.

In order to calculate the matrix elements He., it would be more practical to express it in terms of
tensor operators, which can be done thanks to the expansion (C.24)

k 3
.
57 (=110 (0;, 00 ) (0, ¢), (2.44)

— k7>

1 oo
=
k=0g¢q

Tij

where r and 7 are the smallest and largest of r; and r; respectively. The matrix elements of He.. in
the valence shell are then given by

4The reduced matrix elements might be computed in the uncoupled basis LS, one can then use the recoupling formulae
in Appendix D.3.4, for example

ol

<aLSJHU(k)||a/L/S/J/> — 55,5’(*1)L+S+J/+k ([J][J/]) { J k J

e T }x(aLS|\U<k)||a'L’S).
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(V| Hee|Vg) = (nlP|He.o|nl?)
1 e?
=53 (0l ——n”)

it 47T60’I"ij
1 e S (k) (k)
S s 3 ()P0 00Ch 0 00 (g5
2 itj dmeo (= [ —
=cM.c®
i J
1 e VZ rk my {eplc® . c®) |
_2;47r60k20<n ‘r];+1‘n >< i >
1 J =

2.5.1 The diagonal basis

Ideally it would simplify things if one finds the basis in which He, is diagonal. First, since the
interelectronic repulsion is spin-independent, the total spin momentum of the p electrons in the valence
shell S =3P  my; can be used as a quantum number for a diagonal basis. Similarly then, one would
be tempted to use L = ¥ | m,; as another quantum number. To confirm if He is diagonal in L, the
Wigner-Eckart theorem can be of great use

Definition: ( Wigner-Eckart theorem)

_ L k I
(LM | T®) |L'Mp) = (-1)FMe (

L||IT® L, 2.46
an T (2.46)

since He. is a sum of scalar operators acting on the electrons, it is a tensor operator of rank k = 0,
and the selection rules on the 3j—symbol then impose that L = L’ and

Or,L/ 0Ny M,

2L + 1 <LH‘He-e||L/>‘ (2'47)

<LML’ Hee ‘L/ML’> =
The good quantum numbers are then L and S, and H,. is degenerate in M and Mg, and

1

(LSMLMs|Heo| I'S' My Ms') = 57—

(Ll|He-el| LYo, /60y M, 68,5 OMg, Mo, - (2.48)

Definition: (Spectroscopic term) Traditionally, one denotes
el (2.49)

the spectroscopic term i.e. the eigenstate of H. . whose quantum numbers are L and S. L
is generally written in spectroscopic notation, which is a letter corresponding to the value of L
(S,P,D,F,G,H,I,K,L,M,...)* with L=0,1,2,3,4,5,6,7,8,9,10, 11, ....

%The letters after M are in alphabetic order.

Note: Equation (2.48) seems to infer that He only depends on L, and is degenerate in S. This is
formally the case, but it can be proven that L + S is necesarily even. Therefore, the choice of L

2.5 Coulomb interelectronic repulsion — The diagonal basis
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also imposes some conditions on S.

2.5.2 Matrix element for the valence shell

Rewriting the matrix element in the newly chosen basis (assuming arbitrary M and Mg, since He¢
is degenerate in My and Mg, an implicit dyy, M, O, MY, is present in the expressions of the matrix
elements for the rest of this section) yields

2 IX
(k
(nP LS| He.o|nlPLS) = Z e Z () +1|nep> (rLsici . crLs). (2.50)

In order to calculate (¢’L| C; k). ok ) |¢PL), one can use the following expression in terms of unit tensor
operators u and U

Z(tgk).t;ﬁk)):(<€\|t(<]2||fﬁ>(g|||!z;(j)W)) [(w ©) =3 (ut u)], (250)

i#£j i=1

(k)

where the tensor operator t,

'(k)

acts on the electron ¢ and ¢, acts on the electron j.

Using
1 - k. ok p
———— (n/PLS| u; - u; ) [nPLS) = (2.52)
QIGE ; ( ) 2+ 1
one gets g
2 IX
(0P LS| Hoo|nlPLS) = —<— ZFk nl,nl) fu((PLS, PLS), (2.53)
with
w(nl,n'l') = / / k+1 Pn,g/ (ro)dridrs, (2.54)
LICW? (ISP U eLs)
PLS,PLS) = — 2.55
Je(EPLS, L) 2 {a®]e)2 20+ 1 (2.55)

Equation (2.55) can be further explicited in terms of a product of reduced matrix elements of single
unit tensor see [110] for a detailed derivation.

Note that

wieWo = vt (g g ), (2.56)

using selection rules on the 3j—symbol, one gets that for (2.56) not to be zero, 0 < k < 2¢ and k needs
to be even, and one can rewrite the matrix element without loss of generality as

®See [112, 113] for a detailed derivation of the matrix element of the interelectronic repulsion inside one shell.
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Definition: (Matriz element of He.. for the valence shell)

2 21
(LS| Heo|n?LS) = —— " Fy(nt,nt) fi(¢PLS, (PLS)
4meq Pt
= (2.57)

47T€O ZFQq nlP, nlP) fog ((PLS, PLS).

Note: The form of (2.57) means it is possible to describe the effect on the valence shell of the
interelectronic Coulomb repulsion with a finite number of parameters. More precisely, for the
valence shell nfP, only 2¢ + 2 parameters are needed, namely the ¢ + 1 radial integrals Fy(n¢, nf)
and the ¢ + 1 angular matrix elements fi(¢P?LS, PLS).

Since L and S are resulting from the coupling of the p orbital and p spin angular momenta of the
valence electrons, there are only a finite number of possible values of L and S per valence shell, and the
number of energy levels due to the interelectronic repulsion can be calculated. Moreover, (2.17) states
that L + S is even. Tables 2.1 to 2.3 and 4.2 show the possible spectroscopic terms for the s, p,d and f
shells respectively. One can see that some spectroscopic terms are share the same L and S quantum
numbers, and are thus degenerate in energy, but to disambiguate them, one can use a supplementary
a quantum number, which comes from group theory, see [110, 114].

Configuration | Number of Terms | Spectroscopic Terms
s0, s? 1 s
st 1 28

Table 2.1: Spectroscopic terms for £ = 0

Configuration | Number of Terms | Spectroscopic Terms
p07 p6 1 IS
ol o 1 2p
pZ’p4 3 1D,3P,1S
p3 3 ’D, 2P, 48

Table 2.2: Spectroscopic terms for £ =1

Configuration | Number of Terms | Spectroscopic Terms
dO le 1 1S
dt, d° 1 ’D
d?, d® 5 'G,°F,'D,%P, 'S
43, d 8 °H,*G,'F,’F,*D,?D, *P,*P
2 b 16 '1,3H,3G,°D, ‘G, 'G,3F,3F, 3D, 'F
’ 'D,'D,3P,*P, 'S5, 1S
5 °I,’H, G, *G,*G, *F, "D, °F,*F, 'P
d 16 65,2D, 2D, 2D, %P, 2S

Table 2.3: Spectroscopic terms for ¢ = 2

2.5 Coulomb interelectronic repulsion — Matrix element for the valence shell
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2.5.3 Mean-field contribution

One last simplification of the matrix element is worth considering.

The term k£ = 0 in the sum is

2

L Ey(nt?, nt?) fo(fPLS, P LS), (2.58)
4dmeg
with
EICOg? ((eLS|(UO - uO)rLs)
PLS PLS) = — 2.59
Jo("LS, 7LS) 2 ECIGE 20+1)° (2:59)
the latter has been computed in [113], and is equal to
p(p—1)
fo(nPLS,ndPLS) = ————, (2.60)

2

it is independent of both L and S. Therefore the term of H., for £ = 0 is only a term dependent on n,
¢ and p, and does not split the electronic configuration’s degeneracy (namely in L ans S). It is thus
just a mean-field addition to the energy of the electronic configuration as obtained from the study of
Hy. Tt is quite standard to ignore the term k = 0 if one only considers the energy levels within the
same electronic configuration. It is sometimes even included in Hy as it has the same effect on the
degeneracy of the electronic spectrum.

Definition: (Mean-field contribution of the interelectronic repulsion in the nlP configuration)

e2

p(p—l) /+ * 2 1 5
— 2 P —P drid 2.61
Ineg 2 S - n[(rl)r> e(r2)dridrs (2.61)

If however one considers interconfigurational effects, albeit one of the shells’ £ = 0 term can be
incorporated in the chosen energy origin (generally the valence shell), it is primordial to consider the
mean-field contribution of the other shell, as it contributes significantly to the energy splitting between
the two shells.

Note: For a closed shell, note that since all 4¢ 4+ 2 electronic states are occupied, L = S = 0
necesarily (there is only one spectrscopic term), and one can compute (2.57). This would yield [113]

f 218 02 15) = —(e| W l0). (2.62)

2.5.4 Matrix element of excited configurations

If one were to consider the configuration ’nﬂ’_lneﬁi) where an electron has been promoted from the
valence shell to an excited one, the electron in n.f. would (i) Necesarily be in the state L = ¢, and
S =1/2 (ii) Interact with the p — 1 electrons in the valence shell.

Note: The matrix element be calculated similarly to the calculation of matrix elements for the two
electron cases, by conceptualizing the nfP~! electrons as a single electron with an effective angular
momentum [, and spin 5.
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The matrix element of the interelectronic repulsion in this case is given by [112, 113]

(P~ 1L1Sy) (nelilel/2) LS|Heo|(ntP~ L1 ST) (nellilel/2) L'S") =
2 21
ZFk nl,nl) fr(P~1L1 Sy, P71 L1Sy)

Or,1/08,5' 01,1, 05,51 7 o

2 21
© N Fi(nbinele) fi(" Ly be LS, P LY S, €. LS) (2.63)
O k=0

+ 01,108,505, 51 Tre

5 2
© N Gulnt, nebe) gy (P Ly Sy L LS, 7 LS, €, LS),
€00

- 5L,L'5S,S'4

where fj, and Fy are defined in (2.54) and (2.55), while F}, is called the direct radial integral, Gy, is the
exchange radial integral and is given by

400 Tk‘
nﬂ n/fl / / né T‘l)P ’Z’(Tl) k+1 Png(’l“g)P /g/(TQ)dTldTQ, (264)

while f; and g; are given by

fo(P1L, Sy b, LS, P11, S b, LS) =

/ Ly ¢
<—1>L+L1+€easl,s;<enc<’f>He><ze||c<k>||ee>{ vl

" i}<€?151L1 [u®] e-15,21) (209

and

g.(P~ L Sy L. LS, P71LN S €. LS) =

1\ la la T L-‘,—L, +4e 651,5 Ll ge L
) (QTH){& l k}[( 2 > \ b L v

x (07181 [UD)|| 718, L ) 4 2(—1) S ST 2 (2.66)

312 (L, ¢ L S 1/2 5\ /et
_ € — ar) || pp—1 gt 7/
8 M { b Ly 7 }{ /2 S 1 }<€ SlLlHV ¢ 51L1>

2
eIc®e.)

Note: Fy and Gy are oftentimes referred to as the direct and exchange Slater integrals/pa-
rameters, respectively.

2.5.5 Example in the case of two electrons

For the case of two electrons, one can use (2.24) with t*) = (C*). C*)) to compute the matrix element
of the interelectronic repulsion. The result is, for example for the Pr®* ion, where the valence shell is a
4f orbital (¢ = 3) and the excited shell is just denoted by nf (it can also represent a 4f orbital, in
which case it is the matrix element in the valence shell).

2.5 Coulomb interelectronic repulsion — Example in the case of two electrons




XIT

Karlsruhe Institute of Technology

A (4f2) —I
1r AF (4f5d) =]
4f (4f6p)

\; 5d (4f5d) ==
o8k 6p (4f6p) === == |
0.6 | i

i ,I
0.4 R
L .
0.2 .l ,, \\ 7]
' N
~
IAY] N S~
v
o VN |
SR VAN
‘! \/ 1 L 1 1 L
2 4 6 8 10

rin atomic units

Figure 2.3: Radial wavefunctions for the 4f, 5d and 6p orbital of Pr3* for different configurations
(4f2,4f5d and 4f6p). The radial wavefunctions are computed using a Hartree-Fock code.

e2

471_80./\/'37(./\/’3’5/7\/ [E] [5/] X

30 LY (3 k 3\ [t k 0\ . ;o
(_)L{e 3 k} (0 0 0> <o 0 0>R(4f’”l’4f’”£)

(4fnlLS| Hee |Af'n'V'LS) =

XZ (2.67)
¢ 3 L\ (3 k ¢\ (¢ k 3
k s k 1t /
+{5 5 i (06 o) (0 o o) Furmene.ar)
With
o [e%S) 00 ’I“l
Rl(z,],k,p) ::/ drlpméi(rﬂpnkfk (7‘1)/ d?“anjgj (TQ)Pnpgp (7"2) (@) (268)
0 0 >

which can be equal to the direct or exchange Slater integral, depending on the values of ¢, j, k, p.

Note: Note the notation 4f’ that signifies that the radial wavefunctions are not necessarily the
same for both 4f orbitals, since having different number of electrons in the orbital leads to slightly
different radial wavefunctions. This is illustrated in Fig. 2.3 for Pr3* wavefunctions for different
configurations computed using a Hartree-Fock code.

2.5.6 Off-diagonal elements of the interelectronic repulsion

Off-diagonal elements of the interelectronic repulsion of the form

(n0PLS|He-o|(nP~'LS7) (nelylc1/2) LS) (2.69)
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do exist, they are for example computed in [110, 115]. The main selection rules are that it is still
diagonal in L and S but also that ¢, and £ need to be of the same parity. The particular form of the
matrix element will not be given here, as it is not as useful as the diagonal elements for the study of
interest in this work.

2.5.7 LSJ-coupling

In the next section we will see that an additional quantum number, arising from the coupling of the
orbital angular moment L and the spin angular momentum S, is useful to describe the energy levels of
the atom. This quantum number is the total angular momentum J = L 4+ S.

The LSJ wavefunctions are related to the LS wavefunctions by the Clebsch-Gordan coefficients since
it is a standard coupling of two angular momenta L and S. See Appendix D.2.1.

Knowing that

M T M; —M; Mg

l@LSTM) = (~1)F 5 Mvag+1 - <L J S>|aLMLSM5), (2.70)

where « is a shorthand for all the other quantum numbers, and (D.15), one can easily show that, since
He—e X 5ML7ML/ 5M5,MS/ y

<CKLSJMJ|He_e‘OJL,S/J/MJ/> = <LSMLM5‘HG_Q‘L/S/ML/MSI> 6J,J’6MJ,MJ/- (271)

2.6 Spin-orbit coupling

Consider the term in the Hamiltonian

Definition: (Spin-orbit coupling Hamiltonian)

N
Hyo =Y &(ri)l; - 5, (2.72)
1=1

it represents the interaction between the spin and the orbital angular momentum of the electrons and
is a consequence of the relativistic effects on the electrons, as a matter of fact it can be derived from
the relativistic Dirac equation as a first order correction in C% to the non-relativistic Hamiltonian with
a S{:aladrvpotential V. &(r;) is the spin-orbit coupling constant, such that, if V' is a central potential,

5oz g 18 the order of magnitude of the relativistic correction to the Hamiltonian.

2.6.1 The diagonal basis

Just as in the previous subsection, it is useful to find the basis in which Hy, is diagonal.

The selection rules for Hy, can be computed [112], and are:

AS = 0,41,
AL = 0,1, (2.73)
AJ = 0.

Where J is the total angular momentum of the electrons, J = L 4+ S. The good quantum numbers is
then J, and Hy, is degenerate in M.

2.5 Coulomb interelectronic repulsion — LSJ-coupling
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However, it becomes clear that Hy, is not diagonal in L and S, but if one considers that H. . has a
much larger effect on the energy levels than Hg,, one can continue labelling the states with L and
S, with the addition of J as a quantum number. One should then keep in mind that the states are
an actual mixture of L and S states, whose relative importance is determined by the ratio of the
amplitude of the matrix elements of Hy, and He .

Definition: (Spectroscopic term with spin-orbit) The spectroscopic term with spin-orbit coupling

is denoted by
251y . (2.74)

i.e. the eigenstate of He . and Hy, that are mostly characterized by the quantum numbers L, S
and J.

To obtain the number of spin-orbit spectroscopic terms and therefore the number of energy levels due
to Hyo, and He, one can refer to Tabs. 2.1 to 2.3 and 4.2 and to the fact that J takes all integer (if
S is an integer), or half-integer (if S is a half-integer), values such that |L — S| < J < L+ S. The
number of 25711 ; terms for each ¢ is given in Tabs. 2.4 to 2.7.

s0, 5% | st

N° of 25+1[; 1 1

Table 2.4: Number of spectroscopic terms for £ = 0

% 0% | Pty | Pt | PP
N° of 25+l ; 1 2 5 5
Excited configuration pOst ptst | p?s!
N° of excited >°*1L; 1 4 8
Total (valence + excited) 3 9 13
Excited configuration | p°s! prst pist
N° of excited >*T1L; 4 8 10
Total (valence + excited) 5 10 15

Table 2.5: Number of spectroscopic terms for ¢ = 1 with excited configurations

d07 le dl7 d9 d27 dS d3, d7 d4, d6 d5

N° of 25*1[; 1 2 9 19 34 37

Excited configuration dp! d'p! d’p! d3pt | dp?

N° of excited 'L, 2 12 45 110 | 180

Total (valence + excited) 4 21 64 144 | 217
Excited configuration dpt d®p? d'pt dSp! d’pt
N° of excited **T'L; 12 45 110 180 214
Total (valence + excited) 13 47 119 199 248

Table 2.6: Number of spectroscopic terms for ¢ = 2 with excited configurations

2.6.2 Matrix element for the valence shell

The matrix element of Hg, in the basis of the spectroscopic terms is given by
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fO, f14 fl, f13 f2; f12 f37 fll f47 flO f5’ f9 f6, f8 f7

N° of 25F1[; 1 2 13 41 107 198 295 | 327

Excited configuration Jul el el el fAat | fPdt | fod!

N° of excited 2°T1L; 2 20 107 386 977 | 1878 | 2725

Total (valence + excited) 4 33 148 493 1175 | 2173 | 3052
Excited configuration PG P P e il T il
N° of excited 2°t1L; 20 107 386 977 1878 2725 3106
Total (valence + excited) 21 109 399 1018 1985 2923 | 3401

Table 2.7: Number of spectroscopic terms for ¢ = 3 with excited configurations

p
(ndPLSJ|Hyo|ndPL'S'J)y = > " (nl|€(r;)|nl) (LST|l; - 5|L'S'"T)
=1 ) (2.75)
= (nd|(r)|nl) (nPLSJ|Y 1 - §|ntPL'S'T),
=1

with

NS L S J N
<n€pLSJ|;li-si\n£”L’S’J>:(—1)L+S+J“{S, o 1}(EPLSH;li-siHEPL'S’>, (2.76)

and (see Section 2.4.2)

p
(LS| 1+ 5 | PL'S"y = \/U(£ + 1)(20 + 1) (LS| VD || P L'S") . (2.77)
i=1

In conclusion,

Definition: (Matriz element of Hg, for the valence shell)

(nPLSJ|Heo|ntPL'S' J) = (—1)L'+5++1 {L S J}

S L1
X (nlle(r)|nl) /(€ + 1) (20 + 1) (P LS| VAV || PL'S") . (2.78)

2.6.3 Matrix element for excited configurations

If one considers again the configuration ‘nﬁp_lneﬁé% the matrix element of Hy, is easily obtainable if
one splits the matrix element in two parts, one for the electrons in the valence shell and one for the
electron in the excited shell. The matrix element is then given by [109, 115, 116].

(nlP71L1S1) (nefi0.1/2) LSJ|| Hyol|(nP~ L1 SY) (nelltc1/2) I'S'T) =
X(‘épa éea Lllell 17 LSL/S/7 J) <n€|£(r)|n€>

2.79
8y 1105, 50 Xe (7. Los L1S1, LIS ) (el €nete) )

with

2.6 Spin-orbit coupling — Matrix element for excited configurations
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X(P, Lo, L1 S L4 Sy, LSL'S', J) =
(—1) LSttt 124508 Jp(0 3 1)(20 + 1) (2L + 1) (2L + 1)(25 + 1)(25" + 1) x

) Ly L ¢\ (S S 121 (L S J (2.80)
><<€”L151HV(1’IWL'151>{L/ o 1f\s s 1S mo1f

and

XE(gpa ee: Llslu LSL/S/') ']) =
(—1)FatSutbet 1 2HLEL =T [y (004 1)(20, 4+ 1) (2L + 1)(2L' 4 1)(25 + 1)(25" + 1) x

(. L L 1/2 S S L S J
> (fel/QHV(“) [1€.1/2) {L’ ‘ 11} { é/ U 11} {S’ e 1}, (2.81)
=/3/2

2.6.4 Example in the case of two electrons

Let’s consider the two-electron case of Pr3* ion again as in Section 2.5.5, the valence shell being the
4f orbital. The matrix element of Hg, in the basis of the spectroscopic terms is then given by

(4fnt, (LS) JM;| Hso |Af'n'¢' (L'S") J'My)

5 T4+
= NN (N3 02600 (—1) Y26 50600, 00, 00,0

NG CIE R A SR Y (SR SOV EVIR B

2 2 2

+ (0 (nljg(r)|nl) /0(0 + 1)( 2€+1){£, Lgl i’}) (2.82)

2.7 Hyperfine coupling

A detailed study of the microscopic (and relativistic) origins of the hyperfine interaction is done in the
next part of this manuscript, starting at Chapter 5.

In this subsection, we will start from the nonrelativistic limit of the hyperfine interaction and we will
derive the matrix elements of the hyperfine interaction in the basis of the spectroscopic terms.

2.7.1 Magnetic Hyperfine interaction

From a nonrelativistic point of view, the magnetic hyperﬁne interaction has its origin in the mteractlon
between the nuclear magnetic moment pu; = grp NI and the magnetic moment of the electrons .. Iis
the nuclear spin, uy is the nuclear magneton, and gy is the nuclear g-factor. The Hamiltonian of the
magnetic hyperfine interaction is then given by [108]

N 2\
Hyggip = AZ 73 T+ A ( 5(7 )S> (2.83)
With : 305 7)F i
N 7 ol Si - Ti)Ti 2f0 GIKLNKB
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The second term in (2.92) is the Fermi contact term, which is a consequence of the non-relativistic
limit of the Dirac equation, and it will be derived in Chapter 7. It is only relevant for the s electrons,
and is not considered in the following.

It is then possible to compute the matrix elements of ), N;/ 73
Using the equality &, = C(!)
3(8; - P

Az e — A Oy
2 —S(SZeTi)eri—?)(((sz) cc! ) (2.85)

Then using (D.35) and (D.39) and the definition of the 65 symbol (D.20):

3(8; - 1) W
SRR s ({00}

= -3V Y (L 10,1 11 (1 Dk 1) {(s) D (cD 0} (2.86)
k

)
:_3\/52 /72k+1{1 1 g}{(Si)(l){CEI)CEI)}(k)} )
k

We first have 1 1 ]g} # 0 only if £k =0,1,2, and then {1 1 ]8} = (—31)k' Moreover, evaluating
(e ey O)|r), we find :
MO =2 el =0, (e = \/zcz@- (2.87)

Finally, this means that
(1)
N =L - vio{(s{") M} (2.88)

This means that taking the matrix element of ), Ni/ 73 yields
(g MyIM;|NO - IW|a)' My IM;)

1
= 3" (-1 (@I My IM;|NSDT) |0 My IMy)

P
1
J 1 J I 1 I
_ _1\q(_1\J—M (1) N 1\I-M (1)
= 3 (0D (L s Ny (L o,
q=—

(2.89)
If one considers that,
(4fnl, (LS) JMy, IM;| (I - J)|[4f'n'l (L'S") IM), I'Myp) =
J 1 J - I 1 I -
—1‘1—1J—MJ< > J||J||J —1I—MI< )111.(2-90)
D (=1)7(-1) My q M, (JI[ [Ty (=1) —Mz—qu<””>
=4/J(J+1)(2J+1)

We can write, when J = .J', effectively:

2.7 Hyperfine coupling — Magnetic Hyperfine interaction
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Definition: (Effective magnetic hyperfine interaction within a J multiplet)

_ 20 grpowpis {(ES) TN iy N /(L) )

Hyg g =al-J and
hidip dr R2 VI +1)(2J +1)

(2.91)

Note: In Chapter 7, we will also derive the same expression as the non-relativistic limit of the
magnetic hyperfine interaction treated as a perturbation of the spherically-symetric relativistic
Dirac equation. Interestingly, it will be in the coupled basis of J and I, while here it was done in
the decoupled basis.

There exist off-diagonal terms with (aJM;IM;N® .10 |a] + 1My IMyp), contrary to J which is
diagonal in J, these can be found in [108] for example.

2.7.2 Electric Quadrupole Hyperfine interaction

On top of the interaction between the nuclear and electronic magnetic dipoles, the nuclei of lanthanides
are quite deformed [43], and this deviation from the sphericity of the electrostatic potential that was
assumed in Hy can be described by the electric quadrupole interaction. The Hamiltonian of the electric
quadrupole interaction is then given by [108]

(I+1)  3(7i- I;)?
th,quad BZ( ( 5 ) ) (292)

T

. €20 '
with B = 22 and Q = \/ e ([IR*C(©, )| 1)°.

712
Similarily to the magnetic hyperfine interaction, the matrix elements of ), <I(I§1) + 3 5I i) ) can be
re-expressed in term of spherical tensor operators. '

Starting with (D.35), we can write

w7 =r (C0.10) = —V3[cW. I(l)]éo) _ (2.93)

Then, using the definition of the 95 symbol (D.21), we can write

(7 1) = 302 (CO1 ) (c <1>1<1>)§”
<o> 0\ ©
2 (a (W) >
(< )
(0)
= 323 ((11)0(11)0; 0](11)k(11)k; 0) <(C(1)C(1))(k) (1<1>1<1>)(k)>
L 0
110 (0)
=323 (2k+1)31 1 0 ((C(l)C(l))(k) (1(1)1(1))(k)>0 (2.94)
k k k O

SR = (R, 0, ®) is the nuclear position operator in spherical coordinates, the reduced matrix element is of the nuclear
charge quadrupole
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The 9j—symbol is non-zero only for k = 0, 1,2, and thanks to (2.87), only two of those (C(l)C(l))(k)

are non-zero. Computing the corresponding (I(l)I(l))(k) and the 9j—symbol, we find that the 11(0)

term perfectly cancels the (IH) term, the 11(1) term vanishes, and one is left with the 11(2) term,
which means

—-q

1 @)
Higquaa = B —V/B(=1)7C{2 (1010) ™. (2.95)

Just as previously for the magentic dipole, it is possible to derive an effective electric quadrupole
interaction within a J multiplet, which is given by

Definition: (Effective electric quadrupole hyperfine interaction within a J multiplet)

Hyfquad = (2.96)

with

_ . Q J(2J —1) /
SV (CT Y \/ TrDes e+ @/ 1CPE ol )). (2.97)

Note: In Chapter 7, we will also derive the same expression, in the coupled basis.

2.7.3 Hyperfine Splitting

Considering the diagonal matrix elements, the hyperfine energy correction is given by

b 3M7—I(I+1) 3M3—J(J+1)
2 I(2I-1) J(2J —1)

<aJMJIM[|HHF‘OéJMJIM[> =aMiMj+ - (298)

Note: It is not uncommon to find in the literature the following effective Hamiltonian for the
hyperfine interaction, which is a simplification of the effective Hamiltonians we derived in (2.91)
and (2.97) for My = +J:

- o I(I+1
HHF:aI-JJrP(M?—(;)), (2.99)

b3
2T(2-1)°

in which case P =

Equation (2.98) means that the hyperfine splitting between two adjacent M; and M; = M; + 1 states
in the same J,M; multiple is given by

b 6M;+3 3M2—J(J+1)
AE My + = J
HE =0t S Tor— 1) J@J - 1)

(2.100)
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Note: We observe that in the absence of a quadrupole term, the hyperfine splitting is identical
between any two M; states, and it is proportional to M ;. The quadrupole term introduces
a dependence on M in the hyperfine splitting, which is proportional to M;. The latter is
primordial for nuclear spin qudits, as it allows for the individual and discriminative addressing
of the different transitions between the nuclear spin states.
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Main takeaways from Chapter 2

e Hamiltonian of Free Atoms/Ions:
— Total Hamiltonian includes kinetic energy, electron-nucleus and electron-electron
Coulomb interactions, spin-orbit coupling, and hyperfine coupling.
— Expressed as:

N
H=Y PG 22 +> ¢ + Hoo + Hyg (2.101)
— 2m ' 4dweor; o 4meor;;

e Non-Interacting Electrons:
— Solutions yield hydrogen-like wavefunctions.
— Multi-electron states are constructed using Slater determinants to ensure antisymmetry.

Angular Momentum Coupling:
— L-S coupling and j-j coupling schemes describe total angular momentum.
— Choice depends on the relative strengths of electron-electron interactions and spin-orbit
coupling.

Coulomb Interelectronic Repulsion:
— Leads to energy level splitting into spectroscopic terms labeled by 25*1L.
— Energy depends on total orbital (L) and spin (5) angular momenta.

Spin-Orbit Coupling:
— Relativistic effect coupling electron spin and orbital angular momentum.
— Further splits energy levels, introducing total angular momentum J = L + S and
spectroscopic terms 25+1p, ;.

Hyperfine Coupling:
— Interaction between nuclear moments and electrons, including magnetic dipole and
electric quadrupole terms.
— Causes uneven hyperfine splitting of energy levels, important for nuclear spin qudits.
— Effective Hamiltonians for hyperfine interactions can be derived for electrons in the
same J multiplet. Exact expressions will be derived in the next part of this manuscript.

50 2.7 Hyperfine coupling — Hyperfine Splitting
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Ligand Field

This section will be dedicated to the study of the ligand field, which is the effect of the surrounding
ligands on the electronic structure of the central atom. The ligand field is a consequence of the
electrostatic interaction between the electrons of the ligands and the electrons of the central atom. The
ligand field is a perturbation of the atomic Hamiltonian, and can be treated as such. The ligand field
is a very important concept in the study of transition metal complexes, as it is the origin of the color
of many of these compounds. In the case of lanthanides and actinides, the ligand field is also of great
importance, as it is the origin of the magnetic and optical properties of these elements in molecular
and solid-state compounds.

3.1 From Crystal Field Theory to Ligand Field Theory

3.1.1 Crystal Field Theory

The Crystal Field Theory (CFT) is a model that describes the effect of the ligands on the electronic
structure of the central atom. The CFT is based on the electrostatic interaction between the electrons
of the ligands and the electrons of the central atom. The CFT is a very simple model that assumes that
the ligands are point charges, and that the electrons of the central atom are spherically symmetric. The
CFT is a qualitative model that is very useful for understanding the electronic structure of transition
metal complexes. It was first proposed by Hans Bethe [72, 73] and John Van Vleck [74] in the 1930s.

The CFT is based on the following assumptions:
e The ligands are point charges.

e The electrons of the central atom do not overlap with the ligand charges and are contained inside
a sphere of radius smaller than the distance to the ligands.

e The ligands are arranged in a regular geometry around the central atom.

e The ligands interact with the electrons of the central atom through electrostatic interactions.
e The ligands are non-polarizable.

e The ligands are non-magnetic.

e The ligands are non-relativistic.

e The ligands are static.

Based on those assumptions and the multipolar expansion of the electrostatic interaction between the
ligands and the central atom, see (C.26), the potential of the ligand on N electrons can be written as
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N 4o
How (7 7v) = =le] 3 ) Z 1™V, ()0 (6:, 64), (3.1)
=0 [=0 m=—1

where V,,(ll) (r) are the multipolar expansion coefficients of the potential of the ligand on the electrons,

and Cy(,ll) (0, ¢) are the normalized spherical harmonics.

Since the electrons of the central atom do not overlap with the ligand, the expression of Véll)(r) is given
by (see (C.27))

Vid(r) = Tl/pig%)cr(rlz)(eLv¢L)d3FL7 (3.2)

L

with the subscript L indicating that the integral is over the ligands, and pr,(71,) is the charge density of
the ligands. Which, if one assumes point charges for the ligands, is given by

Ny
= ZQ)\(S(FL — FA), (33)
=1

where ¢ is the charge and 7 is the position of the A-th ligand charge, out of Nr,. This then simplifies
(C.27) to

=7l Z ?1100 (62, ). (3.4)

The main advantage of CFT becomes apparent when computing the matrix elements of the crystal
field Hamiltonian.

3.1.2 Matrix element in the valence shell

The matrix element of the crystal field Hamiltonian in the basis of the spectroscopic terms is given by

(nd?LSJM J\HCF|n£PL’S’J’MJ,> =

Z Z ™ (ne|eV) () |n'0') (ePLSJMJ}ZCU (6:,00)|PL'S"T' M), (3.5)
=0 m=—I =0

obtaining the matrix element of the crystal field Hamiltonian in the basis of the spectroscopic terms is
then a matter of computing the matrix elements of the spherical harmonics

p
(PLSTM|> " CO(0:, ) |PL'S" T M) =
1=0

p
(ol CD |0y (PLSTM;|> UD|PL'S T My (3.6)
1=0

Since, using the Wigner-Eckart theorem, one can write

3.1 From Crystal Field Theory to Ligand Field Theory — Matrix element in the valence shell
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J R i

(PLSIM;|UD P L'S' T My ) = (—1)7 M (_MJ m My

)<epL5JHU<l>HepL'S’J'>, (3.7)

one can see that while the reduced matrix elements of U are diagonal in S, no other selection rules are
generally present, not even regarding M.

On another note, we remind the reader that the reduced matrix element of the spherical harmonics is
given by (D.33)

(@t OO €)= b0 (11D (5 ¢ ) (38)

The 3j—symbol implies that the multipoles V,g) of order | > £+ ¢ are not needed, as the corresponding
(]| CW || o/¢") would be zero, the same can be said of the parameters whose order [ is of a different
parity than ¢ + ¢. In that regard, one can define the Crystal Field Parameters as

Definition: (Crystal Field Parameters)

Al (ne,n'0') = <n€‘rl‘n'€’> = (-1)™ <n€|eV(l (r)|n'e") (3.9)
or, effectively, with the assumptions of CF'T, one can write

Ny

By, = <—1>m/6”§§?>c<” (01, 1), = (—1)"12;?10 ) (Or, d3)- (3.10)
A=1"A

The form of the matrix element of the crystal field Hamiltonian in the basis of the spectroscopic terms
is then given by

Definition: (Matriz element of the crystal field Hamiltonian for the valence shell)

J/
(P LSIM|Her |nfPL'S' I M) = (=1)7 M“SSS'ZO 22 ( M; m MJ/)
g=Um=—2q

B24(nt, nt) (nl|r¥|nt) (nf||CPD||ne) (/P LS J|UCD|PL'ST'). (3.11)

3.1.3 Matrix element for excited configurations

If one considers the singly excited configuration ‘nﬁp_1n6€é>, the matrix element of the crystal field
Hamiltonian is easily obtainable if one splits the matrix element in two parts, one for the electrons
in the valence shell and one for the electron in the excited shell. The matrix element can then be
computed using the methodology described in [109, 116], with the abuse of notation that the m-th
component of B?,f (n€,nt) still being present in a reduce matrix element, this needs to be understood
as a term only really appearing back in (3.11), but is still used here to insist on the orbital dependence
of the crystal field parameters.
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(nP7YL0181) (nelteo1/2) LSJ|Hep||(ntP~1LL S, (nelle 1/2) L'S' ') = Z Z
q=0 m=—2q
(—=1)EHATS S B2 (00 ) (]2 k) (nl]|CPD||nd) (P~ 018 ||[UCD || eP=1 L 57 x

Do L[S s 12\ fL S
L' Iy 208 S 0[S L' 2

Le 2¢e
+ Z > Op, 0 s (1) FSIHLES L /9L + 1) (25 + 1)(2L + 1)(25" + 1) %
=0m=—2¢qe
2ge ! (24e) be L Ly 1/2 S S L s J
x Byt (nele, nele) (nele|r'|nele) (nele|C [mele) {L’ 0. 2q. S 1/2 0 S L 2
(3.12)

[ oft-diagonal matrix elements

The final term of the matrix element of the crystal field Hamiltonian for excited configurations is the
off-diagonal matrix element, mixing the valence and excited shells. It is probably the most interesting
term as it is the origin of a lot of the intersting physical properties of lanthanide-based materials, in
particular the ones of interest in this manuscript. Assuming ¢ and /. are of different parity, the matrix
element is given by

0+le—1
Sl 9

(neP LS| Her||(nP L1 ST) (nelile1/2) L'S'Ty = ) >

p=e=tel=1 m=—2t—1
2

(_1)L+S+L1+Sl+1/2+£+l \/(2L + 1)<25 + 1)(2[/ 4 1)(23/ 4 1)(€NLS{‘€N_1L151€)X
XB%+1(n€eyne€e) <n€|7'2t+1|ne€e> <n€HC(2t+1)”ne£e> {Ee L Ly } {1/2 S Sl} {L S J } ’

L ¢, 2t+1 S 1/2 0 S L 2t+1
(3.13)
with (¢NLS{|¢N—1L1S1¢) the coefficient of fractional parentage, as defined in [110] and that are
tabulated in [111].
If £ and /. are of the same parity, the matrix element is the same, except that the sum over t is from
% to %, and the occurrences of 2t + 1 are replaced by 2t.
For simplicity, and using the generalized inter-shell unit tensor operator defined in (2.31), this can be
rewritten in a form similar to the one of the matrix element for the valence shell
S 2t+1
(nePLSJ)|Hop||(nP ' LLSY) (nellbe1/2) L'S' Ty = 3" 3" B2 (nke,nele)

o li=te|=1 m=—2t—1

- 2
X (] nete) (0] CPH | n ) (neP LST) UGV (47 47 15d) || (nfP~ L SY) (nelile1/2) L'S'T').

(3.14)

3.1.4 Selection rules for the crystal field parameters

The main advantage of CF'T is that only a finite number of crystal field parameters are sufficient to
characterise the effect of the ligand on the electrons.

3.1 From Crystal Field Theory to Ligand Field Theory — Selection rules for the crystal field parameters
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. Consequences of the spherical harmonics selection rules

It was already stated that as a consequence of (3.8), only the parameters B! with [ < ¢4 ¢’ and with I
of the same parity as £ + ¢ are necessary, the others can simply be considered null. This means that if
one considers only one shell with £ = ¢, there will be only £+ 1 orders I of non-zero parameters B' |
the even ones between 0 and 2¢ included. For each one of those orders, there will be 2] 4+ 1 possible
values of m, so in total there will be Z£:0(2(2k5) + 1) = 202 + 3¢ + 1 non-zero parameters B.,.

If one were to consider two shells this time, with £ # ¢, the number of non-zero parameters B,
would be the sum of the number of non-zero parameters for each shell — B!, (nf,n¢) and B!, (n'¢',n'¢")
— 2(£2 + 0"%) 4+ 3(£ + ') + 2, plus the off-diagonal elements between the two shells B!, (nf,n'¢'). The
number of the latter can be computed to be 20¢' + 3min(¢, ') + 2 — (—1)¢*.

Note: The number of non-zero crystal field parameters for one shell with £ = ¢’ is given by
Ncr(0) = 202 + 30 + 1, (3.15)

while the number of non-zero crystal field parameters for two shells, including the off-diagonal ones,
with ¢ # ¢ is given by

Nep(€,0) =202 + 00" + 0%) + 3(0 4 ¢ + min(¢, ) + 4 — (=1)7. (3.16)

This is summerized in Tab. 3.1.

s(0) p(1) d(2) f3)

1 10 17 32
10 6 31 44
17 31 15 64
32 44 64 28

- ag on S
~—~~
—_
~— — —

—
w
S~—

Table 3.1: Total number of crystal field parameters necessary to model the crystal field in one (¢ = ¢')
and two shells (¢ # ¢') if the ligand presents no symmetries Cj.

. Consequences of the geometry of the ligands

Moreover, depending on the finite point group symmetry of the ligands, the crystal field parameters
Al are zero for certain additional values of I and m. On top of that, in that situation, the crystal field
parameters Al are not all independent, as the symmetry of the ligands imposes additional constraints
on the crystal field parameters, reducing the number of independent parameters [117].

The elements of the 32 point groups ?7? transform any spherical harmonics Yr(nl ) into a linear combination
of spherical harmonics of the same order [ and different m. This relations between the spherical
harmonics the lead to the selection rules for the crystal field parameters.

For example:
e Choosing the p-fold rotation axis (), along the z-axis implies that the potential remains invariant
under rotations by 27 /p. This rotational symmetry transforms the spherical harmonics Yn(f) into
eim%ﬂ Yy(nl). For this to hold, m must be a multiple of p:

m=0,%p,£2p, ... (3.17)
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e Inversion symmetry C; causes YTSLZ) to transform into (—1)lYW(ll). Consequently, the coefficients
AL vanish for odd I:
Al =0 iflis odd. (3.18)

e Reflecting through a plane containing the z-axis, such as the zz-plane, (Cs symmetry), transforms
Yn(ll) into (—1)lY_(l721. This symmetry requires that:

Al = (—1)lAl (3.19)

e A rotatory-reflection by 27w /2p (Sgp) transforms Y, into emr/ p)Y,(l,zl. For this operation, the
condition is: m
n+m+ — = even. (3.20)
p

Based on these conditions, the allowed combinations of n and m for Ss, are summarized in Tab. 3.2:

n m m/p
odd | odd | impossible, as m/p cannot be even.
odd | even odd p=2;n>3.
even | odd odd p=3;n2>3.
even | even even p=2or 3.

Table 3.2: Allowed combinations of n and m for point group Sa,.

e The p-fold axis (Cpp) results in the relation (3.17). The inversion leads to relation (3.18) when

p =4 and 6. A rotatory-reflection by 27 /p transforms Yn(p into efm(1+2v/ p)Y_(lzl, leading to the
condition:

2
n+m+ — = even. (3.21)
p

The allowed combinations of n and m for Cy, are listed in Tab. 3.3:

n m 277"
odd | odd |even | p=3;n>3.
odd | even | odd p=4;n>3.

even | odd | odd p=2or6.
even | even | even | p = 2,3,4, or 6.

Table 3.3: Allowed combinations of n and m for point group C,.

e For (), the p-fold axis leads to relation (3.17). Reflection in the zz-plane leads to relation (3.19).

When p is even, the yz-plane is also a symmetry plane; reflection in the yz-plane transforms Yn(ll)
into Y_(QI Therefore,
Al = Al (3.22)

e D,: The p-fold axis leads to relation (3.17). If we choose one of the p twofold axes as the z-axis,
O]

the twofold rotation transforms Y,") into (=D)"Y,”

m- Therefore,

Al = (—1)"Al

(3.23)

e For Dy, the relations (3.17), (3.19), (3.21) and (3.23) hold.
e For D,,, the relations (3.17), (3.19), (3.20) and (3.23) hold.

3.1 From Crystal Field Theory to Ligand Field Theory — Selection rules for the crystal field parameters
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. Number of energy levels

As can be seen from (3.7), in C1 symmetry, the only quantum number that can be used to label the
states is not even J but its projection M ;. This means that, at maximum, the number of energy
levels due to the crystal field is 2 + 1 for each 25t1L; term, i.e. the number of Slater determinants.
This number can obviously be greatly reduced if the ligand presents symmetries. Moreover, due to
Kramers’ theorem', that states that the energy levels of a system with time-reversal symmetry are at
least doubly degenerate, the states will be degenerate with respect to the sign of M; for any system
with an odd number of electrons.

sV, 8% | &t

N° of S.D. 1 2

Table 3.4: Number of LSJM states/Slater Determinants for £ = 0

A

N° of S.D. 1 6 15 20

Excited configuration pOst ptst | p?s!

N° of excited S.D. 2 12 30

Total (valence + excited) 8 27 50
Excited configuration | p°s! prst pist
N° of excited S.D. 12 30 40
Total (valence + excited) 13 36 55

Table 3.5: Number of LSJM states/Slater Determinants for £ = 1 with excited configurations

dO) 410 dl, d° d2, d8 d3, d7 d4, A0 d°

N° of S.D. 1 10 45 120 210 252

Excited configuration dp! d'p! d’p! d3pt | d*p!

N° of excited S.D. 6 60 270 720 | 1260

Total (valence + excited) 16 105 390 930 | 1512
Excited configuration dopt d®p! d"p! dSp! d°p!
N° of excited S.D. 60 270 720 1260 | 1512
Total (valence + excited) 61 280 765 1380 | 1722

Table 3.6: Number of LSJM states/Slater Determinants for £ = 2 with excited configurations

fO’ f14 fl, f13 f?7 f12 f3, fll f4, flO f5, f9 f6, f8 f7

N° of S.D. 1 14 91 364 1001 2002 3003 | 3432

Excited configuration fOdt frat f2dt f3dt fAdt fodt fodt

N° of excited S.D. 10 140 910 3640 | 10010 | 20020 | 30030

Total (valence + excited) 24 231 1274 4641 | 12012 | 23023 | 33462
Excited configuration F13dt F2qt FHgt F1ogt fodt fFedt frdt
N° of excited S.D. 140 910 3640 10010 | 20020 | 30030 | 34320
Total (valence + excited) 141 924 3731 10374 | 21021 | 32032 | 37323

Table 3.7: Number of LSJM; states/Slater Determinants for £ = 3 with excited configurations

'Kramer’s theorem, as well as multipolar expansion will, interestingly, both play a crucial role in the next part of this
manuscript, regarding the despcription of the nucleus.
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3.1.5 Mean field contribution

Similarily to the electrostatic interaction between the electrons in Section 2.5.3, the Crystal Field also
induces a mean field contribution to the Hamiltonian. The term [ = 0,m = 0 in the sum of (3.11) is
independent of L, S,J and My, and can be comptued to be

Definition: (Mean field contribution of the Crystal Field in the néP shell)

ep/ / TL)d?’_’ dr :peg—; (3.24)

The last equality being valid if the ligands are point charges at the same distance Ry from the
central atom, in which case @)y, is the total charge of the ligands.

3.1.6 Ligand Field Theory

The assumptions made in Section 3.1.1 can be considered reasonable for describing impurities in crystal
matrices, for example. However, some of these assumptions are quite restrictive. Specifically, the
assumption that the ligands are point charges is a strong one, and the idea that the electrons of the
central atom do not overlap with the ligands is also quite limiting. In the case of molecular complexes,
the covalency of the bonds between the ligands and the central atom plays a crucial role, and thus:

e The ligand/molecule is not composed of point charges.

e Electrons of the central atom are not necessarily confined within a sphere smaller than the
distance to the ligands; they do overlap with the ligands, particularly in the case of hybridized
molecular orbitals.

e The ligands are now polarizable, mainly by the central atom.

Crystal Field Theory (CFT) is therefore not suitable for describing the electronic structure of molecular
complexes. Ligand Field Theory (LFT) is a generalization of CFT that accounts for the covalency
of the bonds between the ligands and the central atom. It is based on the same principles as CFT,
except for the three mentioned limitations.

The form of the Hamiltonian remains the same as in (3.1), but the expressions for V. (r) and,
consequently, the Crystal Field Parameters Al (nf,n¢') are different:

N +oo
Hip(r)=e) > Z )™V () (60:, ). (3.25)
1=0 =0 m=—1
with v,,(f)(r) given by:
0 o [T pL(TL) L) " opL(TL) ) 3
Vin (7")27"/ - C, (0L, ¢L) 7L + ,H OO (0L, ¢L)dPFL. (3.26)
rL=r TL r,=0 'I"L

Therefore, the Crystal Field Parameters A, (nf,nf') are given by:

Al (nt,n'0) = (—=1)™x

o0 +00 o (7 o1 7
x / (ﬂ / ”il(;)c“?n(ehm)d%ﬁTZH / le(HL)c“ (01, ¢1.)d® )Png(r)Pn/g/(r)dr.
T TL=T L

-0 =0 T,

(3.27)
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We can observe that the radial integrals over the electronic and ligand parts are no longer separable.

Additionally, other complications arise. First, it becomes non-trivial to define the density pr, of the
ligands and to extract it from any calculation, as the charge density of the molecule consists of
hybridized molecular orbitals of the ligands and the central atom. The ligand charge is also polarized
by the central atom. The same applies to the radial wavefunctions of the central atom, which are now
hybridized with and polarized by the ligands. A schematic representation of the complications in the
density and wavefunctions calculations is given in Fig. 3.1.

a). d)

® ©
®
+

b)

ole

Figure 3.1: Schematic representation of the density mixings in a molecular complex. a) the densities
of the ligand with no central ion. b) the spherical density of the free ion. c) the density of the
molecular complex with hybridized orbitals. d) the extracted densities of the ligands and the central
ion separately.

The second complication, related to this, is that even if one can extract the molecular orbitals and
their related densities of the ligands and the central atom separately, the radial wavefunctions of the
central atom are not necessarily orthogonal to each other anymore.

In the following section, we will discuss a method for the computation of the Crystal Field Parameters
AL (nf,nt") using Density Functional Theory (DFT) that circumvents those complications.

3.2 Ligand Field DFT

The expressions for the Hamiltonian terms obtained in the previous sections all have a common
structure. For the valence shell, we have:

(nePLSJM;|H|ntPL'S' J' M) =
> Co(n)Du(L, L, S, S, J,.J', My, My ) ((PLS.J|| T, ||(PL'S"T"). (3.28)

For the singly excited configurations:
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60

(P~ 'LySinetl) (LS) JMy|H|(ntP~ L Sinetl) (L'S') J'My) =
> Co(n)Dp(le, L, Ly, L' L}, S, 81,8, 81, 7, J', My, M) {(P Ly Sy|| T, ||€P L 51 )

+CT,e(nege)Dr,e(geaLyLlaLla llasaslasla iaJN],aMJ:MJ’)? (329)

And for the off-diagonal terms mixing the valence and excited shells:

("' LyS1nell) (LS) JMy|H|(ntP~ Ly Sinetl) (L'S') J' My ) =
> " Cr(nl,nele) Dy(le, L, Ly, L' L4, S, 81,8, 81, 0,0, My, M) (€N LS{|EN "1 L1S10). (3.30)

Here, T, is generally a unit tensor operator (such as U® vED o W(k”)) whose matrix elements are
tabulated in [109, 111]. It can also be an operator whose matrix elements can be expressed as a linear
combination of the matrix elements of unit tensor operators. Both T, and the coefficients of fractional
parentage, which are also tabulated in [111], contain the information related to the antisymmetrization
of the wavefunctions.

All the remaining multi-electronic effects on the angular degrees of freedom are encapsulated in D,..
This takes the form of a product of nj-symbols and originates from decoupling formulas in the LSJ
coupling scheme. It’s noteworthy that these quantities depend only on the number of electrons in the
valence shell and the nature of the shell. They do not depend on the specific atomic or ionic species
under consideration, nor on the ligands. This universality applies to all systems with the same valence
shell and excited configurations.

The radial degrees of freedom are described by the single-electron-like C).(nf) parameters. These
parameters can be fitted from experimental data or computed from first principles. In this section,
we will focus on the latter approach, specifically on the computation of the C,(nf) parameters using
Density Functional Theory (DFT) or Hartree-Fock (HF)/Dirac-Fock (DF) methods. These parameters
vary from one physical system to another and will be the focus of the following sections.

It is practical to tabulate the products of D,’s and the reduced matrix elements in advance for all
possible configurations of the valence shell. The matrix elements of the Hamiltonian can then be
obtained by simply multiplying these precomputed values by the C,(nf) parameters.

We will consider these C,(nf) parameters in the following subsections.

3.2.1 The radial degrees of freedom

. The LFDFT theoretical framework

Ramanantoanina describe the method they developed to bridge the gap between atomistic description
and quantum chemistry calculations in [118]. We will summarize the main points of their method,
called LEDFT, here.

The main point of interest here, is the methodology they deployed to compute the radial parameters
Cr(nf) from DFT calculations, which is based on extracting radial wavefunctions from the Kohn-Sham
orbitals. The radial wavefunctions are then used to compute the radial parameters C,.(nf).

By doing an Average of Configuration (AOC) method that forces fractional occupation of electrons
within Kohn-Sham orbitals that are selectively chosen as the active subspace, they can extract the
radial wavefunctions of the valence shell after convergence of the DFT calculations.
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Depending on the geometry of the ligand, some slight m, variations in the radial wavefunctions of the
valence shell can be observed. In order to consider a single radial wavefunction for each nf orbital,
they average the radial wavefunctions over the my values.

. Configuration energies

If one only considers the valence shell, one can set the origin of the energy to be the central-potential
energy of the valence configuration (nf|Hy|nf). Moreover, one can include in the origin of the energy
all mean-field contributions discussed in Sections 2.5.3 and 3.1.5. This removes the need to calculate
Fo(nl,nt) for the interelectronic repulsion and A$(n¢,nf) for the Ligand Field.

If one considers two configurations, the valence shell and the singly excited configuration, the origin
of the energy can be stille be chosen to the central-potential energy of the valence configuration
(nl|Hy|nl), and the mean-field contributions of the valence shell and the singly excited configuration.
However, the energy difference between the valence shell and the singly excited configuration needs
to be taken into account and calculated, but it can also be effectively included in the Fy(nt,n.le)
parameter for example. In DFT, it simply takes the form of

A(l) = AEng .0, = EPFY (0P~ n 0,) — EPYT (ner). (3.31)

[ The Slater parameters

The first radial parameters to be considered are the Slater parameters, where C; can represent either
Fi.(nt,n't") aor G(nl,n't") from (2.57) and (2.63), which are the two particle matrix elements of the
Coulomb operator in the basis of the radial wavefunctions.

k
Fr(nt,n't") = ((nl] @ (nt)) k+1 (‘n'€'> ® |n'l"))

+oo
/r / k+1 Pn/é’(r2)d7"1d7'2 (3.32)

2 L[ ke p [T 1
= / Poo(r) | 77 / ry Pyrg(r2)dra + 17 / i1 P (r2)dra | dry,
r1=0 ™ ro=0 ro=r1 Ty

and

k:
Gr(nt,n'l') = (<n€\ ®< /EID 7 (|n€ ) ® ‘n’€/>)

>

+oo Tk
/ / ng Tl)P /51(7”‘1) k+1Png(T2)P lzl(T‘Q)drld'f’Q

(3.33)
= Png(rl)P 10t (7”1) X
r1=0
o[, e [T 1
TH T9 Png(TQ)Pn/g/(Tg)dTQ + ™ k-‘,—l Png(’f‘Q)Pn/g/('l“g)dTg Cl’f'l.
™ ro=0 ro=r1 Iy

They will be dependent on the radial wavefunctions of the valence shell and, if considered, the singly
excited configuration. These can be obtained directly from the HF or DF calculations, or, more
indirectly, from the DFT calculations, using the molecular orbitals as the radial wavefunctions. To
be exact, in our case, they are the dominant part of the radial functions extracted from the active
Kohn-Sham orbitals centered on the lanthanide ion that predominantly possess n¢ and n'¢’ characters.
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. The Spin-Orbit parameters

For the spin-orbit interaction, we have the Spin-Orbit parameters (nf|&(r)|nf) and (nle|&(r)|nele)
from (2.78) and (2.79) are single-electron matrix elements of

2 T
gy = 1V E) (3.34)

2mec r  dr

with V (r) the electric potential felt by the electron. This quantity can be computed in a variety of
ways, be it from atomistic calculations with the wavefunctions directly, or, again, indirectly from DFT
calculations with the use of the ZORA (Zeroth-Order Regular Approximation) found in the seminal
work of Van Lenthe [119] and Cy(nf) = (= (nl|€(r)|nf) can be readily computed from ZORA

energies by

2 ZORA ZORA
G =g (B — B ). (3.35)

[l The Ligand Field parameters
This is the most significant part of the LFDFT method. We will explain here how the LFDFT method
can be used to compute the Ligand Field parameters.

We can define the (2¢+ 1) x (20 +1) (or (2(£+ £Le) +2) x (2(€ + £¢) + 2)) matrix Vi, the Ligand Field
operator in the nf basis, as

l 29
(nlp|Hop|nly) = Z Z A2 (nt, nl) (nlp|CRD |nev) | (3.36)
q=0 m=—2q
¢ 2q
(nelep| Hep|nlv) = Z Z A2 (nele, nele) (nelep|CRD|nlors) (3.37)
q=0 m=—2q
¢ 2q
(nelep|Hop|ntv) = Y " A2 (nele, nele) (nelep|CED|nty) | (3.38)
q=0 m=—2q

The Al (nf,nt') as defined in (3.27) are the Ligand Field Parameters that need to be computed, for
which one can use the Angular Overlap Model (AOM) that defines the e,, e, and es parameters,
characterizing the overlap with ligand orbitals related to covalent o, m and § bonds, respectively.

The energy splitting in the n¢ and n.f. shells are then characterized by these parameters. For example,
for the 4f and 5d shells, the AOM parameters are defined with respect to the energy splittings as
depicted in Fig. 3.2.

The ligand-field reduced matrix Vi r is then obtained by the following relations that make use of
(k)

mom/ and where p and v are the magnetic quantum numbers of the

Wigner’s Darstellungsmatrizen D
nt and n'¢’ orbitals, respectively:

ligands
(FoulVielfv)= > > Dil(k)- DLk - ear(f) (3.39)
k=1 A\=o,m
ligands
(d,plVield, vy = Y > Di&(k)- Di(k) - exn(d) (3.40)
k=1 A=om
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Anom(fd) | | es(f) Te

af

Figure 3.2: Representation of the AOM parameters adjusted from the interaction of a lanthanide ion
with one ligand. The first order energy splitting of the 4f and 5d orbitals is presented in purple and
blue respectively and the second order energy splitting is represented in black. Adapted from [120].

ligands
(FoulVield,v) = > S DiL(k) - D (k) - ex(fd), (3.41)
k=1 A=o,m
with the additional condition that
1 1
Asom(fd) = A(fd) + - Tr( (f|Virlf)) — £ Tr( (d|VLr|d)) (3.42)

where A(fd) is the energy splitting defined in (3.31).

It is then a matter of using (3.36) to (3.38) to identify each matrix element of Vi with the corresponding
sum of Ligand Field parameters Af’n (nf,nf), and then to solve the system of equations to obtain the
AF (n€,nf). From Tab. 3.1, one can see that the number of parameters to be computed in the case
of the 4f and 5d shells is 64, while there are 12 x 12 = 144 matrix elements in Vip, leading to an
overdetermined system of equations.

The method, including the formal procedure to obtain the AOM parameters from DFT are explained
in more detail in [120, 121].

Noteably, it has successfully been applied with good agreement with experimental data to the study
of the electronic structure and emissions of lanthanide complexes in [118, 122], moreover it was also
successfully applied to the ThPcy SMM of interest in our work in [123], to predict d — f core excitation
energies, by working in the 3d and 4f active space.

CHAPTER 3. LIGAND FIELD 63




universiey [ ]|

[T o st

64

Main takeaways from Chapter 3

e Ligand Field and Crystal Field Concepts:

— Both theories describe the effect of surrounding ligands on the electronic structure of a
central atom.

— Crystal Field Theory (CFT) assumes ligands are point charges arranged in a regular
geometry, with no overlap between ligand charges and central atom electrons.

— Ligand Field Theory (LFT) generalizes CFT by considering ligand electron densities
and their overlap with central atom orbitals.

— LFT provides a more accurate description for molecular complexes, accounting for
covalency and ligand polarizability.

— These concepts are crucial for understanding magnetic and optical properties of lan-
thanides and actinides.

e Matrix Elements and Crystal Field Parameters:
— The potential is expanded using spherical harmonics in terms of crystal field parameters
AL (nl,n'0).
— Selection rules, based on symmetry and angular momentum, reduce the number of
necessary parameters.
— Mean field contributions can be separated to simplify calculations.

e Ligand Field Density Functional Theory (LFDFT):

— Combines LFT with Density Functional Theory for computational studies.

— Radial parameters C,(nf) are extracted from DFT calculations using Kohn-Sham
orbitals.

— Addresses challenges in calculating overlap between ligand and central atom electron
densities.

— Facilitates computation of Slater parameters, spin-orbit parameters, and most impotantly,
ligand field parameters.

3.2 Ligand Field DFT — The radial degrees of freedom
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Configuration Interaction

“Facts do not cease to exist because they are ignored.”
— Aldous Huxley, Complete Essays, Vol. Il: 1926-1929

4.1 Symmetry and odd Ligand Field Parameters

From the previous sections, we obtained that the only term of the Hamiltonian that can couple
electronic configuration of different parities (such as 4f™ and 4" 15d configurations) is the Ligand
Field term. The amplitude of this mixing is determined by the off-diagonal matrix elements (3.13),
and importantly, requires the presence of odd Ligand Field Parameters Alm(nﬁ, nl") with [ odd.
Moreover, from symmetry considerations, we know that such off-diagonal LFPs are only possible in
complexes lacking inversion symmetry, since, otherwise, (3.18) holds

Al (nt,nt') = (=1)™AL (nl,nt), (4.1)

and the off-diagonal matrix elements would vanish.

4.2 Judd-Ofelt theory and effective operators

4.2.1 Overview of the Judd-Ofelt theory

The Judd-Ofelt theory is a method introduced by Brian Judd and George Ofelt in the 1960s to describe
the intensity of the electric dipole transitions in rare-earth ions. As the f — f transitions should
be parity-forbidden, the method is based on the assumption that the electric dipole transitions are
mainly due to the interaction of the rare-earth ion with the ligands, and in particular due to the
configuration mixing it induces. It is based on the standard second-order perturbation theory applied
to the Hamiltonian of the rare-earth ion in the presence of the ligands. The Hamiltonian is given by

Htot =H+e¢ (PHLFQ + QHLFP) ; (42)

where H is the unperturbed Hamiltonian of the rare-earth ion, Hyp is the Ligand Field Hamiltonian,
and P and @ are the projection operators on the ground (4f") and excited (4f" '5d among others)
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states of the rare-earth ion, respectively, with PQQ = 0. The parameter ¢ is a small parameter that
allows for the perturbation theory to be applied.

Note: H is the unperturbed block diagonal Hamiltonian of the free ion (PHP + QHQ) including
terms of the ligand field Hamiltonian within the same configuration, i.e. terms of the form PHypP.

The ground state wavefunctions perturbed to first order are then given by

Jomsrlo?)
E(O) E](-O)) ’

;) = ‘ >+€Z<

JF

\11§.°)> (4.3)

where ‘\IJZ(O)> are the unperturbed wavefunctions of the rare-earth ion, and ¢ indexes states from the

ground state configurations P ’\IIEO)> = ’\IIZ(.O)> and j indexes states from the excited configurations
O\ _ |¢©

Qlv”) = |v").

J
From selection rules consideration in (3.13), and assuming the ground state is 4f™ and 4"~ '5d spans
the space @) projects on, we can rewrite QHrpP as

2 2t+1
QHLpP =Y Y BXVYAf,5d) (5d|r® T af) YD, (4.4)

t=0 m=—-2t—1

Refering to (3.14),
YEHD = (54| CEHD 4 £)UBHD (47 5d, 4f7). (4.5)

with (see (2.31))
PYCHIp . QY+ — o, pY@t) g — @+, (4.6)

. We thus have the perturbed wavefunctions

241 <\Il(0)"f (2t+1) ‘\I/(O)>
i) = ’w§”)> +€ZZ S° BEH(4f,5d) (5 [4f) - ‘\y§°)>. (4.7)
j#i t=0 m=-2t—1 ( % Ej )

It would be useful to define the first order correction to the wavefunction as

241 < ‘T (2t+1) "1, >
) > 3 Z S BEH(4f,5d) (5d)r T 4f) D }qf > . (48)
j#i t=0 m=—2t—1 E; _E‘
i J
Let’s consider the electric dipole operator D, which is given by
Definition: (Electric dipole operator)
N N
DO =" —le|f; =Y —[elriCM (0, 6). (4.9)
i=1 i=1
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Without configuration mixing, the matrix elements of the electric dipole between two states in the 4f
(0)> = [4f"LSJMy) and ‘\115,0)> = [4f"L'S"J' M), are given by

configuration, |,

!/
<4fnLSJMJ‘D§1)|4fnLls/JlMJ,> — (_1)J—MJ€ <—]t(4(] ; ]éJ/)

(@f|Irl|l4f) AfICD[4f)(4fLSTUM||4fL'S"T), (4.10)
this expression contains

aric®an =-1(5 5 5). (a.11)

which, is actually vanishing [124] on account of 3 + 1 + 3 = odd.

This is what is meant by the electric dipole transitions being parity-forbidden, since to zeroth order,

the transition amplitude T is equal to (4.10), which is zero.

We can then write explicitly \I/( ) = |4 f15dL'S"J'M /), and the matrix elements of the electric dipole
operator between the ground and excited states are given by

n (1[4 gn—1 1S T — (1) M J 1 J
(4f"LSJM;| DV |4f™ " 5dL'S" T My) = (—1) (_MJ . My
¢ (4f1rl5d) (4F1CW 5d) (4f LS IO (4f", 4" 5d)|AFL'S' T, (4.12)
this time (4f]|C1)||5d) is non-vanishing, and this also means we have the equalities

pDYpP =09, oDWQ=0, PDWQ=DW. (4.13)

Moreover, effectively, in the subspace of the ground and excited states we are considering, we have

D :<4f|r|5d)<4fHC ||5d> (4f”,4f”_15d). (4.14)

By considering the perturbed wavefunction (4.7), we can calculate the transition amplitude to first
order in e:

Definition: (First order transition amplitude)

(i, ) = (T;DO|T,) = <\1/§°)’D<1>]\11§,”> <\If(1)‘D(1 ‘\I:<°)> (v ‘D )\If“>+ h.c. (4.15)

where we remind that ¢ indexes the ground state configurations (4f™) and j indexes the excited state
configurations (4f"~'5d). The matrix elements of the electric dipole operator between the ground and
excited states are given by

(n" oW}l =

—ZZ QtZH B2FL(4f,5d) (5| (v )T%H)“P(O)> 01| g©
j#i’ t=0 m=—2t—1 ' ’4f> Ej() <\IIZ ‘D ‘\I]J >

L <\I/§° o) (e 0xfey
:;m:;t_le (4f,5d) (5d|r |4f>j§; 00
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The key insight and assumptions of the Judd-Ofelt theory is that the energy denominator Ei(o) — E](.O)
is (i) large relative to the numerator terms (ii) similar for all j states. The first is justified if the excited
4f"15d configurations are far from the ground 4f™ configurations, and the second is justified if the
excited configurations are close in energy to each other relatively to the difference in energy between

the ground and excited configurations.

Note: Physically, this means we consider the excited configurations to be degenerate and far in
energy from the ground configurations. The relative positions of the 4 f™ and 4"~ 15d configurations
for triply ionized lathanide ions are depicted in Fig. 4.1 for comparison. For most rare-earth ions,
these assumptions are only moderately satisfied, but they provide a significant simplification in the
analysis.

35
4f"15d
30f m—fm |
T’\25— —
g
(&}
= 20 _
X
> L —
%015
<t
5)
10+ _
sL™ T 2 ! _|
] = =
= = = =
O & = S N0 = m =2 = -

Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb

Figure 4.1: Energy levels of the 4f and 5d orbitals in the lanthanide series. The energy levels are in
units of 10* em™'. The 4f™ and 4" 15d configurations are indicated. Adapted from [125].

Thus by assuming that Ei(o) - E](.O) = AF is constant, we can write (4.16) as

(n"[p]el?) =

LA s ey - A P ()
:tzgm_zgt_le (4f,5d) (5d|r \4f>#§; NG

(4.17)
2 2t+1 Z/ ’\IIEO)> <\I/§O)‘
=3 X BETArsd) (sdr g (9 ‘DU)”’“ ngt+1>(x1;§f”>
t=0 m=—2t—1

AFE

We note, refering to (4.6) and (4.13), that Zj it effectively acts as a closure relation

o) (o

between D) and Tgtﬂ). The assumptions of the Judd-Offelt theory are precisely made to take
advantage of this. Therefore, one has, using (4.5) and (4.12):
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(n"[pW ) =

2 2t41
_ ﬁ S R AL sd) s (v D |el)
t=0 m=—2t—1
e 2 2t+1
=AE Y BRtHAS,5d) (sl THAS) (4f|ri5d) (4F]/C [5d) (5| P |14 ) x

t=0 m=—2t—1

% <\I/Z(0)‘Uél)(4fn,4fn_15d)UT(,?t+1)(4fn_15d, 4fn)

\I/§,°)> . (4.18)

Using some property of Racah algebra, in particular regarding coupled tensor operators (D.35) and
closure/orthogonality relations of coefficients of fractional parentages, we can write the product of

UM (4fn, 457 15d) and U2 (47 15d, 4f7) as

U(gl)(4fn,4fn_15d)U (2t+1) ( fn 15d 4fn) _
S~ T <1 2+l 4 ) Uy W )

N g m —(g+m) —(g+m)

implifvi (1) @t+1]W
Simplifying |Ug,’ x U (e further, we have

n n—1 (2 n— n
UM (Af™, 4f"5d) U (457 5d, 4f) =

1 2t+1 A 2t+1 A 1 A
§ : _1\A+gtm U( )

These simplifications allow one to write the matrix element of the dipole operator as

(4| i) = S (o]

A

2 2t+1
(Z > rrsEarsa (5 o ) aasson <4f,5d>) (4:21)

t=0 m=—2t—1 P
with p = —¢ — m and the angular term A§1t+1(4f, 5d) given by

Mharsn=ea+n {71 5 busicOsaeaee O, @)

and the radial term R(4f,5d) given by

(4f|r[5d) (5d|r*+1]4f)
(& AE .

R(4f,5d) = (4.23)

The same calculation can be done for the hermitian conjugate of the matrix element, and the result is
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<qz§1)‘pgl>)w§,°)> =3 (-t <WEO)’U£A)‘\IIZ(.9)>

A

2t+1
(Z > sy (42 ) aanson <4f,5d>>. (124)

t=0 m=—-2t-1

A 2041 1 A1 241
t+ > = (-1 ( b+ >, so the terms in the sums of the two expression

Note that (
P m q P q

only differ by a factor of (—1)4. This means that, in order to calculate (4.15), the terms with odd
A will cancel out. Moreover, in order not to vanish, the 3j- and 6j—symbols containing A impose
1 < A<2t+2=6. Thus, posing A = 2, one is left with

i) = (W0 u®) 23" (40| ]ad)
A

2t+1
(Z S (C1)rmBEE (47, 5a) <_ 2\ 1 2t+1> A2\ (af,5d)R (4f,5d)> (4.25)

t=0 m=-2t—-1 (Q+m> q m

Two important takeaways can be highlighted:

1. It is possible to express the matrix element of the dipole operator between two perturbed states
as the matrix element of an effective operator between the two same unperturbed states, in the
unperturbed basis, we have derived an effective dipole operator D such that

(400} = (s o)

3
=y D (4.26)
A

and

with

2t+1
—2U(A)Z Z 1)t BRHD (41, 54) (A L 2t+1> Ajy (Af,5d)R(Af,5d). (4.27)

m
t=0 m=—-2t—1 p4

2. The linestrength of a f — f transition from state i to ¢’ is given by [125]

FG, )= > [(4f"LSIM,|T(i,i")|4f"L'S T M) |? (4.28)
MMy’

> A LSIuWjarn s, (4.29)
Ae{2,4,6}

with the Judd-Ofelt parameters

2 2t+1 2t4+1)
B2V (4f,5d
0=y S W US4 g sa) iR s (4.30)

From an experimental point of view, this expression is extremely useful as it allows to fit only 3
parameters that, by themselves determine (approximately) all the 4f — 4 f transitions in a given
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system, without the need to consider the excited 4 f"~15d states. From a theoretical point of view,
it involves the odd ligand field parameters, that are generally not considered, but proves they
are primordial for understanding the behaviour of lanthanides in matter. For example, selection
rules in the 6j—symbol in the defintion of Aélt 4+1(4f,5d) impose that a ligand field parameter of
rank 2t + 1 = 1 only contributes to the A = 2 Judd-Ofelt parameter, imposing in turn, via U®),
that ligand field parameters of rank 1 only affect the AJ < 2 transitions. However rank 1 ligand
field parameters appear only in C1, Cs, Cs or Cs, symmetries, meaning the AJ < 2 transitions
are hypersensitive to the symmetry of the ligand field [126].

. Selection rules and limitations of the Judd-Ofelt theory

While the Judd-Ofelt theory is quite ressourceful and also successful in predicting the luminescence
properties of lanthanides once the Judd-Ofelt parameters are extracted from the experimental data, it is
not without its limitations. A study of the selection rules imposed by the 65— symbols in Aélt 41(4f,5d)
and the Wigner-Eckart theorem yields the following conditions for a transition to be allowed:

(4.31)

AS =0, AL < 6, {22,4,6ifJ0r J' is zero

< 6 otherwise

If one looks at the emission spectrum of Eut starting in the ®Dy state, presented in Fig. 4.2, one
can observe transitions that are not allowed by the Judd-Ofelt theory, as they correspond to AS # 0
transitions. The same observation can be done in the spectrum of Sm3* [127], indicating that the
Judd-Ofelt theory is not sufficient to describe the luminescence of lanthanides in its entirety.

Intensity (a.u)

7 T
0 1 F3 F4
T B e NS

| ¥ | , | ! | ' | . | ! | ’
575 600 625 650 675 700 725
Wavelength (nm)

Figure 4.2: Luminescence spectrum [Eu(tta)s(phen)] at 77 K. The excitation wavelength is 396 nm.
All the transitions start from the ®Dj state. Adapted from [128].

. The Wybourne-Downer theory and multiperturbation theory

The Wybourne-Downer theory is similar in idea to the Judd-Ofelt theory, but in place of (4.2), one
considers the double perturbation expansion
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H = HO + 5(PHLFQ + QHLFP) + ,U(PHpertQ + QHpertP + QHpertQ)v (432)

choosing Hpery = Hyo yields what is called the Wybourne-Downer theory. But the multiperturbation
framework is of course much more general, and can account for more than just the spin-orbit corrections

[108].

The perturbed wavefunctions and energies are then both expanded in a double power series of € and u:

U, =0 4wl O et (4.33)
B =E” + B 4 uB™ 4 epm™M 1 (4.34)
Computing the transition amplitude to first non-vanishing orders yields
= 0) (10) 10 0
f.1) = (< u?[PO[ef?) + (w7 pOe?))
+u((E0pO[) + (1 pO[e)
. (4.35)

o (400 ) (91700
(oo fal?) (oo )

If one considers the Wybourne-Downer theory with Hpery = Hgo, between states not coupled via the
Judd-Ofelt approach, T takes the form [127]

. \I,Zgo) DO \I,(p) ‘1,( 0) qj(‘o) Fodd ‘I’E/O)
=T et
) o o )

(B - B) (B - EY)

0)

.

HSO

(4.36)
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with Hf%d, the ligand field Hamiltonian with only the odd rank parameters. j and j' both index excited
states of the system in electronic configurations that are of the opposite parity to the ground state.
The Wybourne-Downer correction allows to violate the spin selection rules as well as the J-selection
rules, and can thus account for certain transitions observed in the luminescence spectra of Eu?* and
Sm3+

Accounting for more and more possible Hpey terms allows to complete the picture of the 4f — 4f
transitions in lanthanides, and the multiperturbation theory is a powerful tool to do so.

4.3 The hyperfine Stark effect

The experiments of Godfrin et al. [99, 104, 129] and Thiele et al. [26, 103] have shown that the
hyperfine transitions within the same manifold of a lanthanide ion (in this case, terbium in TbPcy)
can be driven by an electric field.

4.3.1 The modulation of the hyperfine constant by an electric field

The empirical tentative explanation for this effect is that the electric field modifies the hyperfine
constant of the lanthanide ion, and thus the energy levels of the hyperfine transitions. Moreover, a
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period modulation of the hyperfine transition leads to a Rabi driving of the hyperfine transitions, and
thus a control of the populations and coherences of the hyperfine levels.

In mathematical form, the Hamiltonian of the hyperfine Stark effect can be written as

=

Hig gip = a(E) - J =

aol - J + 6a(E) - J, (4.37)
with ag the unperturbed hyperfine constant, and da(E ) the Stark shift of the hyperfine constant.

Looking at the unperturbed states of the ground hyperfine multiplet, a Rabi driving of the hyperfine
transitions should not be possible, as the electric field does not couple the states of the same electronic
multiplet, much less in the same hyperfine multiplet, i.e. considering the particular case of Tb3T in
TbPcy, the electronic ground configuration is " FgM; = 46,

(4f8 TFsMy = £6|E - Fl4f® TFe My = £6) o< (4f|CH[[4f) = 0. (4.38)

4.3.2 Double perturbation applied to the hyperfine magnetic dipole interaction

We can write the magnetic hyperfine interaction (2.88) as

th,dip PN (hfdlp,lh \/7hfd1p,2h ) I( ) (439)

where

hfdip,1}, (1) — T%L(l) _ T%(KHL(I)W/)U(Dv (4.40)

and, using the sum of 2.38 over all electrons,

hfdip,2p, (1) — %MHC(D 1YW, (4.41)
T

The double perturbation theory approach from the previous subsection, can be applied with Hpery =
Hytgipr for £ = 1,2, and by calculating the matrix element of the dipole operator between two
perturbed states, one obtains the effective operators for DM [108].

Due to hf’dip’lhgl), resulting from the contraction'

i dd
from hf.dip,1}(1) from er(D) from HY G
7\ 7\

(WU (f,n" f) U @ f,n'¢) ULHD 00, 4f)|0y0) (4.42)

one has

hf,dip,1 } ZZB%+1(4f75d) Z <Q2t+1(4f—>€,)’7"@_3(4f_>f)>

k tm V' Eeven
J )(20+ 1)(¢]|[CEHD | (2 |cW ) (4.43)

)\+m (X;Zgitﬂ) O 0'6) + X}(}gz—&-l)ll()\u;g/@) Ui(f\) (e0)

VM

with

L™ is non-zero between two states of same £ only, hence the n” f in U" (4f, n” f)
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Puo(r). (4.45)

Note: p are the perturbed radial functions, and for p?*! for example, one can use both the
above defintion, or the radial wavefunctions obtained from a molecular orbital for example,
that would represent the exact perturbed (not only to first order) radial wavefunctions by the
ligand field, different from the free atom ones, as illustrated in Fig. 4.3. In the latter case,
B2HYAf 5d) > prcoven (02THAS — E’)|r|g_3(4f — f)) can be identified as the A2+1(4f,5d) Lig-
and Field parameters obtained from LFDFT for example.
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Figure 4.3: Radial functions of the 4f (left hand side) and 5d (right hand side) Kohn—-Sham (DFT)
orbitals of the free Pr®* ion (in red) and Pr*" in CaFa:Pr®" (in blue). Adapted from [66].

Due to hf’dip’thl), resulting from the contraction

dd .
from HY§ from er(1) from Bf:dip,1K(2)
7\

<@i’w(§0(2t+l))l(4f, nlfl) W/Sm)l (n/y’ n"ﬁ") Wq(12)1(n//€//’ 4f) |\I/z’> (4.46)

thanks to the formula [108]
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one has
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This last term contains a 12j—symbol [130].

A similar tensorial form is obtained for the effective operators for intra-shell correction due to Q HpQ)
in (4.32) and therefore they do not introduce new selection rules [108].

The effect we are looking to explain is not a transition between two different electronic manifolds as
before however, but the energy modulation of the hyperfine transitions within the same electronic
manifold.

Therefore, rewriting (4.39) in the form of the effective operator, we have

Definition: (Effective hyperfine Stark operator between two unperturbed 4f™ states)

- S o5 o -
Hyggip =al-J+ > (-1)TE_, ?(Deg)? I_g=al - J+E- Deg- I (4.49)

with #(Der)? = (4f"LSIM J‘ (vitipt D) 4 v DY) ’4 frLSIMy).

If one considers the only excited configuration to be n'¢’ = 5d, and n"¢" = 4f, we need to consider the

expressions from intra-shell corrections that have the same tensorial form but with some permutation
of indices [108].

The effective operator terms responsible for driving the hyperfine transitions are those represented by
P(Deg)*!, and da(F) defined in (4.37) is then given by

Definition: (Stark shift of the hyperfine constant)

1
> (1B, (4 LSTMy| (MR DY) + M2 DY |4 LS TM; ).

VI +1)(2J + 1) =

(4.50)

In order to understand how the electric field influences the hyperfine transitions, and to quantify the
role of odd ligand field parameters, it is necessary to undertake a detailed analysis of the selection

rules imposed by the nj-symbols present in both hf’dip’lﬁfy}q) and hﬂdipzb%. This analysis will also
help determine how many parameters are required to accurately describe the hyperfine Stark effect in

a particular case.
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As an initial approach, we observe that each term of the effective operators involves a product of the

following type:
(kl k‘Q X ) (.CI} ]€3 A ) : (4.51)
qg g2 —0O 0 43 —H

where (k1,q1), (k2,q2), and (ks, g3) represent any permutation of (2t +1,p), (1,¢q), and (2t + 1, p). This
product is only non-zero when p = g1 + g2 + g3 = p + ¢ + p. Furthermore, applying the Wigner-Eckart
theorem to evaluate the matrix elements of #(Deg)? introduces an additional term of the form

J A J
) 4.52
<MJ 7 _MJ> (4.52)

which implies that only terms with ;4 = 0 contribute to the hyperfine Stark effect.

Combining these two selection rules, we find that p + ¢+ p = 0. Given that p and ¢ can take values
0, +1, this necessitates the presence of non-zero odd-rank ligand field parameters with p = 0, +£1,£2 in
order to drive hyperfine transitions with an electric field.

Note: This observation confirms that the electrical driving of the nuclear qudit transitions in
TbPcy arises from the presence of odd-rank ligand field parameters beyond those assumed under the
D,q symmetry of the ligand. Although D,4 symmetry allows odd-rank parameters with 2t + 1 = 5,
they are restricted to having components with p = +4, which do not contribute to the hyperfine
Stark effect. This therefore implies the TbPcy system used for the experiments of Godfrin et al.
[99, 104, 129] and Thiele et al. [26, 103] must have been deformed from the Dy, symmetry as was
already hinted by the presence of Quantum Tunneling of Magnetization (QTM), that shouldn’t be
possible in Dyy [102], but rather in simple Cy symmetry. The latter however would still not allow
for the presence of odd-rank parameters with p = £1,+2, and thus the system must have a more
complex symmetry.

Equation (4.49) is a general expression for the hyperfine Stark effect, while keeping in mind the exact
expressions of (4.43) and (4.48) are very effective in nature, and rely on the Judd-Ofelt assumptions
to contract the expressions to a manageable form. Moreover, it is impossible, without the exact
computation of the different contributions, to obtain a hierarchy of which allowed terms are contributing
the most to the hyperfine Stark effect. However, the angular selection rules obtained, coupled with
the particular energy levels of the system, like for the Judd-Ofelt theory, provide a valuable insight
into the effects of the odd ligand field parameters on the hyperfine transitions of lanthanides. It is,
nonetheless, a more precise and quantitative approach than the previous empirical explanation [104]
that was very similar in spirit to double perturbation theory but was not based on the exact expressions
of the effective operators.

Note: The key takeaway from this complex form of the effective operators is that, for a given
ligand geometry and thus known non-zero ligand-field parameters, (4.43) and (4.48) can indicate
whether the hyperfine Stark effect is possible in a system just by considering the selection rules,
and without requiring a full calculation of each term’s value in both expressions.

In an attempt to quantify further the amplitude of the effective operators, the integral

(PFHAf = O)r|e™>@4f = )
appearing in both (4.43) and (4.48) when one considers intra-shell contributions with excitations

from 5d, have been computed for the case of Pr3t(4£2), Eu®t (4f6), Gd3*(4f7) and Th3*(48) in the
seminal book of Wybourne [108]. The results are presented in Tab. 4.1.
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2t + 1 Pr3t Eu’t Gd3t Th3+
1 5.5209 | -2.4887 | -2.1743 | -1.9239
3 -25.3936 | -10.3939 | -8.7955 | -7.5500
5 -175.6036 | -62.8265 | -51.6912 | -43.2150

Table 4.1: Values of the integral (o**!(4f — ¢')|r|o™3(4f — f)) in atomic units for different
lanthanide ions. Adapted from [108].

We can observe that the values increase with ¢ quite substantially, and also seem to decrease in
amplitude as the number of electrons in the 4f shell increases. While the relative amplitude of the
angular part of the effective operators is not known, the values of the integrals provide a first insight
into the relative importance of the different contributions to the hyperfine Stark effect and the absolute
values of the hyperfine Stark effect in different lanthanide ions.

As a final note, the same approach can be applied to the quadrupole hyperfine interaction too, and the
effective operator for the quadrupole can be taken into account. The quadrupole hyperfine interaction
is generally weaker than the magnetic dipole interaction, but it can still be important in the context of
the hyperfine Stark effect.

4.4 Towards hyperfine-induced luminescence

In a collaboration between our groups at KIT and Strasbourg and IRCP in Paris, Kumar, Serrano et
al. [101] have recently studied the Dy — 7 F luminescence transition in binuclear Eu®" complexes in
a crystal, and a selective control of the population of the hyperfine states of 7Fy was demonstrated via
Spectral Hole Burning (SHB) that is schematically presented in Fig. 4.4.

(i) [#5/27— (i) 25/2,, (iil) 512, #5/2,—%1/2,,
Hole
5Dy | £3/2, —— 302, +312,; ( 1)
@
+1)2,—— g Mg T g
£ 1 £ ‘
] - : - 8 |
2 I < \
+1/2 +1/2 —t £112,, I
o Ener LA Energy
7F, #3125 2 £32, T  £3/2
$5/2 e 52, ——— 502,

Figure 4.4: Schematic representation of the spectral hole burning experiment. Adapted from [101].

Note: SHB consists of burning a hole in the inhomogeneously broadened absorption spectrum
of the material, by applying a resonant laser pulse at a particular frequency corresponding to a
homogeneous peak in the absorption spectrum. This leads to a population transfer from the ground
state to an excited state of a selected number of sites that are resonant with the laser frequency,
and therefore contributing to the homogeneous peak. Those sites dexcite back to a state that is
not resonant with the laser frequency, and therefore there are no more sites to absorb laser light at
that frequency, leading to a hole in the absorption spectrum, that gets filled back as the sites relax
back to the ground state.

Equation (4.48) contains a term that determines 0 — 0 transitions, since for A =0, y = x = 1, it

simplifies to
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This term, coupled back with the nuclear spin I can allow to calculate the transition amplitude between
the hyperfine states of the “Fy hyperfine multiplet, and the hyperfine states of the ®Dy hyperfine
multiplet (and reciprocally) since we have

C(l) ‘ ‘E”> <€//‘

To(My, Mp) = Y (—1)7 (45 TRy My |07, ,10)|41% *DoM})
q

V210, .5 I 1 1 o
=—(-1 /Q*MIE —1‘1( ) 415 TE M |020T |4f8 Do M) .
7 b q(> —MIqM;<f 0Mi [T, q |41 " DoM;)

(4.54)

From this expression, one can observe there is a direct link between the hyperfine Stark effect and
the hyperfine-induced luminescence, and that the effective operator formalism also provides a way to
calculate nuclear-spin-dependent transition amplitudes between hyperfine states of different electronic
manifolds.

One can envision, after careful consideration of the selection rules, and a characterisation of the
interplay between p and ¢ in the effective operators, a way to control the population of the hyperfine
states of the “Fy and %Dy hyperfine multiplets, similarily to the control of the hyperfine states of the
"Fs hyperfine multiplet in the case of Th3T in TbPcs.

4.4 Towards hyperfine-induced luminescence
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Main takeaways from Chapter 4

e Odd Ligand Field Parameters and Judd-Ofelt Theory:

— 0Odd ligand field parameters (LFPs) are necessary to couple electronic configurations of
different parities, such as 4f™ and 4" '5d.

— Such odd LFPs exist only in complexes lacking inversion symmetry.

— The Judd-Ofelt theory explains the intensity of electric dipole transitions in rare-earth
ions by considering configuration mixing induced by ligand fields.

— It uses second-order perturbation theory to account for otherwise forbidden f — f
transitions.

— Introduces effective operators that allow calculation of transition amplitudes between
perturbed states.

e Hyperfine Stark Effect and Double Perturbation Theory:
— Electric fields can modulate hyperfine transitions by affecting the hyperfine constant.
— Double perturbation theory extends the Judd-Ofelt framework to include hyperfine
interactions.
— Effective operators are derived to describe the hyperfine Stark effect.
— The presence of certain odd ligand field parameters is crucial for enabling the hyperfine
Stark effect.

e Hyperfine-Induced Luminescence:
— Effective operator formalism can be applied to hyperfine-induced luminescence.
— Allows calculation of nuclear-spin-dependent transition amplitudes.
— Demonstrates a connection between hyperfine Stark effect and hyperfine-induced lumi-
nescence.

e Applicability to Lanthanide based Quantum Technologies:
— Both Hyperfine Stark effect and Hyperfine-induced luminescence have been used or
proposed as a way to control qudits.
— Theoretical framework developed in this chapter can be used to understand and predict
the behavior of lanthanides in such systems.
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Conclusion

In this part, we have laid out the theoretical foundation necessary to understand the behavior
of lanthanides, starting from their atomistic characteristics to their interactions within molecular
environments. The unique electronic configuration of lanthanides, particularly the shielding of the
4f valence shell by the 5s and 5p shells, allows us to treat them as atomically free yet chemically
influenced entities—a central theme throughout the chapters. This shielding effect not only influences
their chemical reactivity but also makes lanthanides a fascinating case study for understanding the
delicate balance between isolated atomic properties and environmental interactions.

We began by exploring the physics of a single, isolated lanthanide atom or ion, focusing on the angular
degrees of freedom of electronic Slater determinants. This foundational perspective provided insights
into how antisymmetrization affects the wavefunctions due to the fermionic nature of electrons. The
proper treatment of electronic wavefunctions and the careful consideration of symmetry are essential
for capturing the quantum behavior of these complex elements. This allowed us to calculate the
matrix elements of various operators, as well as the selection rules governing electronic transitions in
free lanthanides. Understanding these individual atomic properties set the stage for describing more
complex systems, particularly when lanthanides are embedded in environments where symmetry is
broken or modified.

Building on this atomistic understanding, the second chapter introduced Crystal Field Theory (CFT)
and Ligand Field Theory (LFT). CFT offered a simplified model of electrostatic interactions between
the lanthanide ion and surrounding ligands by treating ligands as point charges. This model was
instrumental in providing a qualitative picture of how the 4f free-atom orbital degeneracy is lifted
by the presence of an electrostatic potential from surrounding ligands. However, the limitations of
CFT, particularly its inability to account for the covalent nature of interactions, necessitated the use
of Ligand Field Theory (LFT). LFT expanded upon CFT by incorporating the covalent aspects of
bonding between the lanthanide ions and their ligands. This more sophisticated approach enabled
a deeper understanding of the influence of covalency and orbital overlap on the electronic structure
of lanthanides. The inclusion of computational methods, such as Density Functional Theory (DFT),
demonstrated how theoretical constructs could be employed to simulate real-world properties effectively,
and in particular we presented a theoretical framework to calculate the ligand field parameters for
lanthanide complexes, and in particular odd-rank ligand field parameters that are crucial for the optical
and electrical properties of lanthanides.

In the third chapter, we shifted our focus to the concept of effective operators and the utilization of
Racah algebra to derive the selection rules for highly forbidden transitions in lanthanide ions and
showed the ubiquity of odd-rank ligand field parameters in the understanding of those transitions.
The use of Racah algebra and perturbation theory helped in deriving selection rules that dictate
the conditions under which electronic transitions can occur. The introduction of effective operators
allowed us to simplify the complex interactions within lanthanide systems, providing a practical means
of calculating transition selection rules in otherwise intractable or barely-tractable systems. These
methods were particularly useful for understanding transitions implying an external electric field.
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These insights were introduced through discussions on the Judd-Ofelt and Wybourne-Downer theory.
The Judd-Ofelt theory provided a framework for calculating the intensities of electric dipole transitions
by considering configuration mixing, which allows otherwise forbidden transitions to occur. This
theoretical framework was essential in quantifying the effects of ligand fields on transition intensities,
thereby offering predictive power regarding the optical properties of lanthanide complexes. The
Wybourne-Downer theory, on the other hand, extended this framework by considering additional
perturbations such as spin-orbit coupling, thereby broadening the scope of allowed transitions and
offering a more comprehensive picture of the behavior of lanthanide ions in various environments.

The chapter also examined the hyperfine Stark effect, an extremely important phenomenom observed
by our collaborators from the Wernsdorfer group in Grenoble and Karlsruhe, which are the fundamental
property allowing for fast and efficient control of the hyperfine levels, and that permitted for the first
experimental implementation of a quantum algorithm in a molecular qudit. The hyperfine interactions
are sensitive to external electric fields, which can modify the hyperfine constants and thus influence the
energy levels of the ion. This analysis leveraged multi-perturbation theory to understand how electric
fields drive hyperfine transitions by considering, again, odd ligand field parameters. The effective
operator formalism is therefore instrumental in calculating the transition amplitudes between hyperfine
states, thereby providing a theoretical basis for understanding the hyperfine Stark effect in lanthanides.
This effect was further linked to the hyperfine-induced luminescence, where the population of hyperfine
states could be selectively controlled through Spectral Hole Burning (SHB) experiments. While the
derived form of the effective hyperfin Stark operator can only discriminate which transitions are allowed
and which are not, the aim for future works is to couple this with the LEFDFT method from the previous
subsection to calculate the exact values of the effective operators, and thus the exact values of the
hyperfine Stark effect in a given system.

Overall, this part of the thesis has provided a comprehensive view of lanthanides as atomic systems
influenced by their chemical environment, starting from an isolated atom to more complex interactions
with ligands and external fields. The theoretical tools developed here—ranging from angular momentum
frameworks, ligand field interactions, to perturbative approaches—serve as a robust foundation for
understanding the electronic structure and transitions in lanthanides. By combining a fundamental
understanding of atomic structure with sophisticated models for environmental interactions, we have
built a framework that captures the essential physics governing the behavior of lanthanide complexes.

These insights pave the way for practical applications in a variety of fields. The understanding of
forbidden transitions and their enhancement through ligand interactions has implications for designing
luminescent materials, which are central to applications in lighting, displays, and biological imaging.
Furthermore, the detailed analysis of hyperfine interactions and electric field effects offers promising
avenues for the development of quantum computing technologies, where lanthanide ions and their
nuclei could serve as stable, optically addressable qudits.

4.4 Towards hyperfine-induced luminescence
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The Hyperfine Interaction

"To see a World in a Grain of Sand, And a Heaven in a Wild Flower
Hold Infinity in the palm of your hand, And Eternity in an hour.”
— William Blake, Auguries of Innocence

The characteristic length scale of an electron within an atom is on the order of the Bohr radius,
ag ~ 107m, whereas the characteristic length scale of a nucleus is on the order of the Fermi radius,
ro ~ 1071m. This section aims to explore the intricate interplay between these two scales: the electron
and the nucleus, using tools from both atomic physics and low-energy nuclear physics. By collaborating
with nuclear physicists, who provided detailed magnetization and charge distributions for various
lanthanide nuclei, we have applied these insights to the approach of isotopologue engineering of nuclear
molecular qudits in our group. This work is an example of multiscale physics, where the hyperfine
interaction is analyzed from the perspectives of atomic physics, nuclear physics, and, within the larger
scope of this project, quantum chemistry. This part then offers a coherent understanding of this
interaction across different scales.

The hyperfine interaction, a relativistic phenomenon, arises from the interaction between the electron’s
magnetic moment and the magnetic field generated by the nucleus. This interaction governs the energy
levels of the ground-state lanthanides in the organic complexes studied throughout this PhD thesis.
To lay the foundation for this exploration, we begin by revisiting the Dirac equation and introducing
the hyperfine interaction, subsequently deriving the effective Hamiltonian that describes the hyperfine
interaction in the atomic physics context.

In parallel, the study of highly charged electronic and muonic hydrogen-like ions presents a valuable
approach for probing the internal structure of atomic nuclei. Here, we extend the discussion of hyperfine
interactions to the realm of low-energy nuclear physics, demonstrating how these interactions can
reveal valuable information about the hyperfine structure of selected hydrogen-like lanthanide ions.
This analysis includes a focus on muonic ions, which are particularly effective for investigating nuclear
charge distributions. By employing nuclear simulations based on a modified Skyrme-Hartree-Fock
model with BCS corrections, we illustrate how small changes in nuclear charge, such as the addition of
nucleons, significantly impact the hyperfine structure of lanthanides. This approach is especially useful
in modeling highly deformed nuclei, with a focus on isotopes such as 161Dy%6+ 163Dy 05+ 159p64+
and '%Ho5* | all of which are promising candidates for nuclear qudits.

This work also involves calculating the hyperfine splitting of electronic and muonic hydrogen-like ions,
while incorporating crucial finite volume corrections, such as the Bohr-Weisskopf and Breit-Rosenthal
effects. These corrections refine our understanding of nuclear magnetic and quadrupole moments by
accounting for how the electron and muon wavefunctions penetrate the nuclear charge and magnetic
dipole densities.

Furthermore, the multipole expansion method, which has already proven useful in earlier chapters e.g.
in Ligand Field Theory, plays a critical role in this analysis as well. It serves as a unifying mathematical
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framework that can be applied across different domains, linking atomic and nuclear physics as well as
quantum chemistry. Through this part, let us deepen our understanding of nuclear properties but also
demonstrate how subtle changes within the nucleus can have profound effects on atomic behavior.
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The Dirac equation

“The electron and its spin are like a rotating ball and its angular momentum, except the electron is
neither a ball nor a rotating object.”
— A spherical cow in a vacuum somewhere, probably

The Dirac equation, formulated by Paul Dirac in 1928 [46], is a relativistic quantum mechanical wave
equation that describes the behavior of spin—1/2 fermions. It is a generalization of the Schrodinger
equation that incorporates special relativity in its formulation. The Dirac equation of a free electron is
given by

(thy" 9y, — me)yp =0, (5.1)

where 7# are the Dirac matrices, 9, is the four-gradient operator, m is the mass of the particle, c is
the speed of light, and v is the wave function of the particle. The Dirac matrices are defined as

o (1 0 i (0 o

1
where 1 is the identity matrix and ¢* are the Pauli matrices. One can also define a = <£ a ) and

3 =4". The Dirac equation can be expanded as

2 —»‘—» 6
- 9 _(mct cd-p\ (u\ _ .0 (u
(ca-p+mcB) Y = (c&-ﬁ —mc2> <v> —zhat (v)’ (5.3)

where ¢ are the Pauli matrices in a vector form, p’ is the momentum operator, and v and v are the
upper and lower components of the wave function, respectively.

5.1 Introducing relativity into the Schrodinger equation

5.1.1 The Klein-Gordon equation

To see how Dirac arrived at the Dirac equation, a brief overview of the Schrodinger equation and the
Klein-Gordon equation is necessary. The Schrédinger equation is a non-relativistic quantum mechanical
wave equation that describes the behavior of particles on the microscopic scale. It is given by

9
iho-t = H, (5.4)
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with H being the Hamiltonian operator. The Hamiltonian operator for a free particle is given by

2

p
H=—, 5.5
oo (5.5)
where p = —ihV is the momentum operator and m is the mass of the particle.

The Schrodinger equation is not compatible with special relativity, as it is not Lorentz invariant. To
introduce relativity into the Schrodinger equation, one can use the Klein-Gordon equation, which is a
relativistic wave equation that describes the behavior of spin—0 particles. The Klein-Gordon equation
is given by

Definition: (Klein-Gordon equation)

1 82 m?2c?
Or, more compactly,
m?2c?
(D 4 o ) Y =0, (5.7)

where [ = 3156%27 — V2 is the d’Alembertian operator.

The Klein-Gordon equation is compatible with special relativity, but it has some issues, such as negative
probabilities and the lack of a spin term. Moreover, it is a second-order differential equation, compared
to the first-order Schrodinger equation.

A naive approach would be to do the identification between observables and operators in (5.6) and (5.7)

E? = ()2 P 4+ m?ct = 20+ m?ct, (5.8)

and, therefore, one could find a first-order operator similar to the Hamiltonian operator in (5.5)
by taking the square root of the Klein-Gordon operator. This approach, used in [131] for example,
necessitates the application of advanced tools from linear algebra, which falls beyond the scope of this
work.

5.1.2 The Dirac equation

Another approach to arrive at a first-order relativistic wave equation is, instead of calculating the
square root directly, to find an operator I', that when squared gives the Klein-Gordon operator and

zh%w =T. (5.9)
Dirac postulated that I' takes the form
I* =T .p+ Tomc. (5.10)
This expression can be squared to try and compute the components of I'*, using (5.6) and (5.9):
(T2 = (722 + mPchy (5.11)

i.e.

T, T
Z L k}p]pk+zmc2{T07Fk} Zp ¢ +m2ct (5.12)

7,k=1

5.1 Introducing relativity into the Schrédinger equation — The Dirac equation




XIT

Karlsruhe Institute of Technology

this imposes conditions on the anticommutation relations of the components of I'*, which are given by
V1<j,k <3,
{T%, T} = 2%, {Tk,To} =0 and T§=1. (5.13)

No scalar operator can satisfy these conditions, therefore, the components of I' must be matrices.

Moreover, it can be demonstrated that the I' matrices must be 4k x 4k complex matrices, and for
k =1, the I' matrices are given by

T 0\ _ (0 coy _
F0—<0 _]1>:5, FZ_(CO’@ O>_caz. (5.14)

The Dirac equation is then obtained by considering that k£ = 1 solution, leading to

Definition: (Dirac equation)

0

(ca - p+ Bmc?) ¢ = ihaw. (5.15)

The dimensions of the matrices requires that the wavefunction 1 is a statevector with 4 components,
or bispinor. The 2 x 2 block diagonal form of the Dirac matrices allows one to write the Dirac equation
as a system of two equations, coupling the upper and lower components of the wavefunction

(ce(G - P)o(F, ) + mcPu(, 1)) = z'haatu(f’, t),
(5.16)

o . . L0
(c(& - P)u(r,t) — mc®v(F,t)) = zhav(r, t),

with ¢ = (:j), both u and v being two-component statevectors, or spinors.

By looking for stationary solutions of the decoupled Dirac equation

(e(@ - Do) + mcPu() = Bu(?),
(c(&' - p)u(r) — mc%(f’)) = Ev(F),

two solutions arise for the eigenenergy,

E = +£+/c2p? + m2c4, (5.18)

(5.17)

corresponding to the positive and negative energy solutions of the Dirac equation, with eigenvectors

U c(&’ﬁ')ZU
Vi = aon, | ad vo=(Em=). (5.19)
E+mc

The positive energy solutions correspond, in the non-relativistic limit, to the electron. The negative
energy solutions were initially considered as unphysical, but Dirac showed that they correspond, in the
non-relativistic limit, to the positron, the antiparticle of the electron. Moreover, the two components
of the spinors correspond to the two possible spin states of the electron, with v and v corresponding to
spin up and spin down, respectively.

The Dirac equation predicts therefore the existence of antiparticles, which were later discovered
experimentally by Carl Anderson in 1932 [132] but also predicts the intrinsic property of the electron,
the spin, which was confirmed earlier by the Stern-Gerlach experiment in 1922 [133].
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5.2 Adding external fields: The single-electron ion

5.2.1 The Dirac equation with external electromagnetic fields

The Dirac equation can be extended to include the interaction of an electron with external fields
through the minimal coupling principle. This principle involves replacing the momentum operator p’
with 7 — eA(F,t), where A(7,t) is the vector potential of the electromagnetic field, and e < 0 is the
charge of the electron. Additionally, the scalar potential ®(7,¢) can be incorporated into the Dirac
equation. Thus, the Dirac equation with external electromagnetic fields is expressed as:

Definition: (Dirac equation with external electromagnetic fields)

(cd’-(ﬁ—eff(ﬁt))—i—ﬂmc + ed(7, t))¢( )_m (7, ), (5.20)

Note: This equation is invariant under the gauge transformation

A1) — A(7 1) + ﬁ%(ﬁ ),
o7, 1) — (7, 1) — hgte( t), (5.21)

W(F,t) — Ty (7, 1),

Equation (5.20) now allows one to go beyond the free electron case and study the interaction of the
electron with external fields. This is particularly important in the context of atomic physics, where the
electron interacts with the electromagnetic field of, for example, the nucleus.

5.2.2 The Dirac equation for a single-electron ion

Let’s consider the simple case of a single-electron ion, where the electron interacts with the electro-
magnetic field of a point nucleus. The only external field considered is the radial Coulomb field of the
nucleus, which is given by

/T(Fa t) =0, (5 22)
(7, 1) = (1),
The Dirac equation for a single-electron ion is then given by
(cd-p+ Bme® + ed(r)) Y(F,t) = iho, w< t). (5.23)

It can be shown [134], that since the electric potential is spherlcally symmetric, the eigenfunctions of
the Dirac equation can be written as

-\ Ink (T)Xfi,m]‘ (97 (b) _ 1 ian (T)Xmmj (97 ¢)
Yrman () = <z’fm<r>xn,mj<e,¢>> o (an@(r)xn,mj(e, ¢>) | 529

where Xy m, (0, ¢) are the two-component spin-angular eigenfunctions, gnyx (resp. Ppnx) and fi, (vesp.
Qni) are radial functions, n is the principal quantum number, and x and m; are the relativistic
quantum numbers. The spin-angular eigenfunctions are related to the spinor spherical harmonics €2,
(M

introduced by [135], and the spherical harmonics Y’ by the relation

X, (0, 6) = Qe (0, 6) = Zc me ma,ma) Y, (0,6)Xm.,. (5.25)

5.2 Adding external fields: The single-electron ion
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where C(I34; m; —ms, ms) are the Clebsch-Gordan coefficients defined in (D.8), [ is the orbital quantum
number, j is the total angular momentum quantum number, and mg is the spin quantum number, the
eigenvalue of the spin operator whose eigenfunctions are the spinors X, .

Assuming a point-like, infinitely massive nucleus, the electric potential energy is given by e¢(r) = — 455;

where Z is the atomic number of the nucleus, e is the charge of the electron, r is the distance between
the electron and the nucleus, and ¢q is the vacuum permittivity. The Dirac equation for a single-electron
ion then becomes

Ze?

dmegr

(cd’ P+ Bmc? — ) (7, t) = m;w(ﬁ ). (5.26)

The radial functions P, (r) and Qn—_x(r) in (5.24), are then solutions of the radial Dirac equation,
which can be obtained by substituting (5.19) into (5.23) and separating the radial and angular parts of

the equation.
d K Za  mc? FE
- <d7‘ + > Prm(r) + <T‘ - ) Qrm - %an(r)a

T he
d K Za  mc? FE, (5.27)
T nkK - 5 Prm - ﬂprm )
(dr 'r> @ (7) + < T + he > he (r)

where « is the fine-structure constant, and Ej is the energy of the electron.

Note: x emerges as the eigenvalue in the eigenfunction Xy, m; (0, #), associated with the operator
L -&. This is because (& - L + B)Xwm; (0, ¢) = —hKkXkm,; (0, ), where L is the orbital angular
momentum operator.

In the works of [134] and [135], further analysis reveals the eigenenergies for a single-electron ion as:

mc2

Ban = (5.28)
Y+n—|x|

Here, v = \/k? — (Z)?, the principal quantum number is denoted by n, and « serves as the relativistic

quantum number. The relationship between s and the orbital quantum number £ is defined as Kk = —¢—1

for j = ¢+ 5 and k = £ for j = £ — J. Additionally, |x| = j + 1/2, where j is the total angular

momentum quantum number, resulting from the coupling of the orbital and spin angular momenta.

Note: Notably, the energy levels of a hydrogen-like ion with a point-like nucleus depend on n and
j only, giving naturally rise to the spin-orbit splitting, which is a relativistic effect that can be
modeled by an effective Hamiltonian in the Schrodinger equation. The form of that Hamiltonian
will be recovered in latter sections.

Note: Expanding (5.28) in terms of the fine-structure constant «, yields both the electron’s rest
mass and the non-relativistic energy levels for a single-electron ion as the first two leading terms:

E,. = me? — =—

Za? 5, Z%* (1
me® — ——
2n2 2n3

3 2 6

— — — | mc* + O(a”). 5.29
) et o) (5.29)
The term proportional to a? (a? relative to the non-relativistic hydrogen-like energy) represents
the first relativistic correction to the energy levels, known as the fine-structure correction. The
Dirac equation, which incorporates special relativity, accurately predicts the fine structure observed
in the hydrogen atom. This fine structure was first observed by Albert A. Michelson and Edward
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W. Morley in 1891 [136]. Notably, using the notation n¢; to refer to an orbital via its quantum
numbers, the energy difference between the 2p3/5 and 2p; /; levels of the hydrogen atom, as given

by (5.29), is AE = ©me® ~ 0.37cm ™1,

5.3 Beyond the Dirac equation

The Dirac equation is a powerful tool for describing the behavior of spin—1/2 fermions, such as the
electron. However, it is not the end of the story. In order to account for interacting particles of
different kind, one must consider the quantum field theory, and in particular, quantum electrodynamics
(QED). QED is a quantum field theory that describes the interaction between charged particles and
the electromagnetic field. It is based on the principles of quantum mechanics and special relativity,
and it is one of the most successful theories in physics, with a precision of up to 1072 in some cases in
atomic physics [137].

QED effects for highly charged ions has been studied in [138] for example, where the author considered
the self energy of the electron, which is the energy shift of the electron due to its interaction with
its own electromagnetic field, or the vacuum polarization effect, which is the effect of the virtual
electron-positron pairs that are created and annihilated in the vacuum. The latter has been studied
both with regards to its effect on the electronic wavefunctions and the hyperfine structure.

Figure 5.1 shows the first-order-in-(Za)) Feynmann diagrams for both QED effects.

MO

(a) (b)

Figure 5.1: First-order-in-(Za)) Feynmann diagrams for the self energy (a) and the vacuum polarization
(b) effects in QED. Taken from [138].

Finally relativistic effects have to be considered when multiple electronic systems are studied, as
for example, the electron-electron interaction is no longer instantaneous, and the electron-electron
interaction is mediated by the exchange of virtual photons. In this case, the usual term associated
with the Coulombic potential energy must be replaced by the Breit interaction term [139].

QED or higher order relativistic corrections is however not within the scope of this work, and the
Dirac equation will be the main tool used to study the hyperfine interaction of hydrogen-like ions in
the following chapters.

5.3 Beyond the Dirac equation
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Main takeaways from Chapter 5

e The Dirac Equation:
— A relativistic wave equation for spin—% particles.
— Incorporates special relativity into quantum mechanics.
— Predicts electron spin and antiparticles.

Relativity in Quantum Mechanics:
— The Schrodinger equation is not Lorentz invariant.
— The Klein-Gordon equation applies to spin-0 particles but has issues for electrons.
— The Dirac equation resolves these issues for Spin—% particles.

Application to Hydrogen-like Atoms:
— Applies to electrons in the Coulomb potential.
— Predicts fine-structure splitting naturally.
— Spin-orbit interaction emerges without added terms.

External Electromagnetic Fields:
— Included via minimal coupling p — p'— eA.
— Gauge invariance is maintained.

Limitations and Extensions:
— Does not account for electron-electron interactions or higher-order effects.
— Quantum Electrodynamics (QED) is needed for precise calculations.
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The finite nucleus

6.1 Mass corrections

Up until this point, the nucleus was assumed to be infinitely massive, but in reality, the nucleus has
a finite mass Mpy. Depending on the degree of precision required, the mass of the nucleus can be
considered in different ways. The simplest approach is simply to consider the Normal Mass Shift (NMS).
The NMS is the correction due to the incorporation of the reduced mass excluding the correction to
the rest mass, of the electron-nucleus system in the Dirac equation., i.e. the substitution

meMN

s 6.1
me+MN ( )

m=me — [k =
with My being the mass of the nucleus. This reduces to solving the Dirac equation in the center-
of-mass frame, where the reduced mass is the mass of the electron. This also only accounts for the
non-relativistic kinetic energy of the electron, therefore, to obtain relativistic corrections, a more
sophisticated approach is required.

Assuming a single electron ion with a massive point-like nucleus, the Normal Mass Shift (NMS)
affects both the energy and the wavefunctions. The energy is rescaled by the factor 77134{7]]\\[41\/ while the
wavefunctions lenghtscales are rescaled by the inverse factor.

However, in the case of multi-electronic atoms, the NMS is not sufficient, and one must consider the
Specific Mass Shift (SMS), a mass polarization effect. The SMS can take the form of an effective
Hamiltonian, given by

Hgys = —~— Y Vi V. (6.2)

Finally, a more rigorous, relativistic, treatment of the finite mass of the nucleus requires the use
of the Bethe-Salpeter equation for example [140], or more generally, a full QED treatment of the
electron-nucleus interaction [141].

6.2 Muonic ions

Muonics ions are atoms where the electron is replaced by a muon, a particle with the same charge as
the electron but with a mass 207 times larger. The muon is a lepton, and as such, it interacts with
the nucleus through the electromagnetic force. The muon is also unstable, with a mean lifetime of
2.2us, which is long enough to form muonic atoms. The muon is also a point-like particle, and the
muonic atom can be treated similarily to a single-electron ion with a massive nucleus. However, the
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mass of the muon is not small enough to consider the nucleus as infinitely massive, and the finite mass
of the nucleus must be taken into account. In this work, we will consider the reduced mass of the
muon-nucleus system, given by

m, My

’ 6.3
i (6.3)

,u,:

where m,, is the mass of the muon. The energy levels and wavefunctions of a muonic ion can then be
calculated by solving the Dirac equation with the reduced mass given by (6.3).

6.3 The nuclear charge distrbution: Monopole and quadrupole

The nucleus, on top of not being infinitely massive, is also not a point-like particle. It has a finite size,
moreover its charge distribution is not necessary spherically symmetric either.

6.3.1 Ab-initio computation of the nuclear charge distribution

In order to describe the nuclear charge distribution, one must consider the nuclear charge density
p(ﬁ), where R will denote the spatial coordinates pertaining to the nucleus. The nuclear charge
density can be computed ab-initio, by solving the Schrédinger equation for the nucleons. However, the
nuclear force is not well understood outside the framework of Quantum ChromoDynamics (QCD), and
the Schrodinger equation for the nucleons is not analytically solvable. Instead, one can use effective
interactions, such as the Skyrme interaction, to model the nuclear force. The Skyrme interaction
is a density-dependent effective interaction that can be used to compute the nuclear charge density.
This is a methodology oftentimes used in low-energy nuclear physics theory. For that reason we have
collaborated with nuclear physicists to obtain the nuclear charge distribution for the nucleus of interest
and use it in our calculations. Low-energy nuclear theory aims to describe the structure and behavior of
atomic nuclei, which consist of protons and neutrons, near their ground state. Since a nucleus involves
many particles, solving this N body problem exactly is impossible. Instead, we use numerical solving
methods, one of the most common being the Hartree-Fock (HF) method. In this approach, we assume
that each nucleon (proton or neutron) moves independently in an average potential generated by all the
others. I am grateful to my local collaborators Johann Bartel and Hervé Molique as well as Ludovic
Bonneau, from Bordeaux, for providing the numerical code and the nuclear charge distribution data for
the nuclei studied in this work. I am also grateful for the discussions we had that helped me understand
the techniques used in low-energy nuclear theory. More details about the computational methods and
the theory behind the nuclear structure can be found in the paper stemming from this collaboration
The hyperfine interaction as a probe of the microscopic structure of the nucleus, to be
submitted to PRX.

[l The Skyrme-effective interaction

The Skyrme interaction is a simplified model for the forces between nucleons in a nucleus. Instead of
dealing with the exact strong force from QCD, we use an effective interaction that captures the essential
features. This interaction includes terms representing different aspects of the force, like the short-range
nature of the interaction and how it changes with the density of nucleons. The Skyrme-effective
interaction serves as a practical model for approximating the nuclear force and is commonly used to
compute nuclear charge densities. This phenomenological method has demonstrated significant success
in low-energy nuclear physics, particularly when describing the structure and behavior of nuclei in or
near the nuclear ground state.

The Skyrme interaction is a local effective nuclear interaction consisting of several terms, each capturing
different facets of the nuclear force. These terms describe the short-range nature of the force, which
becomes negligible beyond a distance of approximately 2 fm, is attractive within this range, and
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exhibits strong repulsion at very short distances. In its original formulation by Skyrme [39] and later
implemented by Vautherin and Brink [40], the interaction is expressed as a sum of two-body and
three-body potential terms:

Vsk = Vsk,2 + Vsk,3 (6.4)

where the two-body potential is given by
Lo . 1 . PR
Vsr2(Ri, Rj) = to [1 + xoPy] §(Rij) + ot [1+ 21 Pp] [6(}22--) K+ k? 5(Rij)}
+ to [1+$2Pg] El -5(ﬁij)g+lW0 O'Z—l-O'J [k X 5 } , (6.5)

and the three-body potential is described by

—

V5k73(Ri, éj, ék) =13 [1 -+ ZIZ‘3PU] (5(]%1])(50%]@) . (6.6)

In these expressions, the interaction is characterized by Dirac delta distributions acting on the relative
distances ﬁij = EZ — Ej between nucleons. The term P, represents the spin-exchange operator
associated with the Pauli spin matrices o, while k and k denote the momentum operators of the
nucleons. The parameter Wy is the strength of the spin-orbit coupling. The constants ¢; and z; are
Skyrme parameters, which are fitted to experimental data such as nuclear ground-state properties and
nuclear matter characteristics (a fictitious system of N = 2 interacting nucleons without Coulomb
interaction).

In the case of even-even nuclei, where time-reversal symmetry applies (as will be discussed later), the
three-body term can be reformulated as a density-dependent two-body term:

L 1 . .
Vsk3(Ri, Rj, p) = 6153 1+ 23P5] 6(Rij)p(Rij) (6.7)

where 7€¢j = (ﬁz + R]) /2 is the center-of-mass vector of the interacting nucleons, and p represents the
total nucleon density, p = py, + pp, comprising both protons (p) and neutrons (n).

This density-dependent term paves the way for discussions on the numerous refinements and extensions
of Skyrme-type parameterizations that have been explored since the original formulation.

. The Skyrme Hartree-Fock equations

The Hartree-Fock (HF) method offers a framework for addressing the N-body problem by modeling
nucleons as independent particles moving within an averaged field generated by the other nucleons. This
mean-field approach is a common approximation in quantum many-body systems, and the inclusion of
the Skyrme potential allows for more detailed modeling of interactions between nearby nucleons.

The Hamiltonian of the system is given by
Hy, =T+ VSk + VCoul (68)

where T represents the kinetic energy operator, Vg;. is the Skyrme interaction, and Voo accounts for
the Coulomb interaction. The expectation value of this Hamiltonian for a nucleus in its ground state
|W), a Slater determinant, composed of single-particle (s.p.) states ¢j, is given by

(W H| WY = / H(R) &R (6.9)
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The Skyrme-Hartree-Fock equations are derived by minimizing the total energy with respect to the s.p.
wavefunctions ¢;, leading to Schrodinger-like equations:

R

VeV U(R) — iWy(R) - (V % F) | 00 (B) = 245005 (F) (6.10)
2m}(R)

which the ¢ ; (ﬁ) must satisfy under the normalization constraint:

)
0,

E— qu,j / |¢q,j(é)|2d37“ =0. (6.11)
J

*
q

effective mass term, Uq(ﬁ) is the mean-field potential, ¢, ; are the single-particle energies, and Wq(ﬁ)
refers to the spin-orbit form factors.

In these equations, ¢ indexes the nature of the nucleon (proton or neutron), m (ﬁ) represents an

The solution of the Skyrme-Hartree-Fock equations proceeds iteratively. Starting with an initial guess
for the fields in the Schrédinger-like equations in (6.10), the s.p. wavefunctions for protons and neutrons,
©p.j (R) and gomj(]:f), are obtained by solving the equations. These wavefunctions are used to update
the densities of the Skyrme interaction, thereby refining the fields in the Schrédinger-like equations.
This process repeats until convergence is achieved, yielding the final local densities from the computed

wavefunctions.

. Symmetries in nuclei

In our work modeling the nuclear structure of lanthanide nuclei, we must account for the deformations
of these nuclei away from spherical symmetry. It is well-known that these nuclei often exhibit either
prolate or oblate deformations. This presents a challenge when solving the Skyrme-Hartree-Fock
equations, as the assumption of spherical symmetry is no longer applicable, making it difficult to
resolve the equations in configuration space. However, we can retain the assumption of axial symmetry
in our model for lanthanides, as we do not consider higher multipole moments beyond the electric
quadrupole.

An initial approach involves expanding the nucleon wavefunctions in a truncated basis of an axially
deformed harmonic oscillator (HO) [142, 143]. In this method, the oscillator frequencies w, and w
define the nuclear deformation parameter 5. This parameter indicates whether the nucleus is prolate
(8 > 0) or oblate (8 < 0), and serves as a measure of the nuclear shape. As a result, an additional
optimization step is required in the Skyrme-Hartree-Fock iterations, where the deformation parameter
must be determined self-consistently by minimizing the total energy of the nucleus.

As a refinement, the constrained Hartree-Fock (CHF) method can be employed to examine the
deformation energy of the nucleus as a function of 3 [144]. In this approach, a constraint is applied to
the mass quadrupole moment of the nucleus, providing a more precise representation of nuclear shapes
away from spherical symmetry. For instance, in the case of the nucleus 92Dy, the deformation energy
can be calculated as a function of 8 to demonstrate the transition between prolate and oblate shapes.
Figure 6.1 illustrates the deformation energy of 92Dy, showing how the nuclear energy changes with
its shape parameter .

[l Nuclear quadrupole moments

One can also check whether the structure of the deformed nucleus reproduces, indeed, the experimentally

measured deformation of the studied nucleus as it is given e.g. by the charge rms radius Ryns = <R2>

and the charge quadrupole moment' Qézint), As far as the latter is concerned, one, however, needs to

!Considering the symmetries of the nucleus, the latter has only one non-zero component, Q(()Q).
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Figure 6.1: Deformation energy (left) of the nucleus 192Dy as a function of the deformation parameter
B. The right panel shows the energy in the Sy—plane to explore possible triaxial (three-dimensional)
deformation (taken from [43]).

convert the intrinsic charge quadrupole moment, as it is calculated in the mean-field method that is
used in our approach, into the spectroscopic quadrupole moment which is the quantity that is measured
in the experiment as tabulated by Stone [145]. This is done by use of the following equation [146, 147]

(2,spec) 3K? — I(I + 1) (2) —
Qo T (I +1)(21 +3) (PIQy ) =

3K% — I(I+1)
(I+1)(21+3)

Q™™ | (6.12)

with K being the projection of the total angular momentum I on the symmetry axis of the nucleus, we
assume the first is aligned with the latter and that K = I. The calculated rms radii and quadrupole
moments for 1Dy and 93Dy are in good agreement with the experimental data, as shown in Table
6.1.

(cal) (exp)

(cal (e [148] 1gilmfslp) Q(()2,spec,cal) Q(()2,spec,exp) [145]
161Dy | 5.212 5.196 5.118 2.62 2.51
163Dy | 5.232 5.211 5.137 2.73 2.65

Table 6.1: Comparison with the experimentally obtained charge rms radii (in fm) and spectrscopic
charge quadrupole moments (in ebarn) for 15'Dy and '93Dy. femp) = (0.836 A3 4-0.57)1/2 [149].

Note: One notices that if K =1 < %, the spectroscopic quadrupole moment vanishes. Moreover,
looking back at (6.32), the magnetic moment vanishes for K = I = 0. Figure 6.2 shows a schemat-
ical representation of the nuclear charge and current distributions, illustrating the quadrupole
deformation and its relation to the sign of (Jo9. The quadrupole moment is a measure of the
deviation of the charge distribution from a spherical shape, and a non-zero value indicates a
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deformed nucleus, a positive value corresponds to a prolate (cigar-shaped) nucleus, and a negative
value to an oblate (disc-shaped) nucleus.

7 N
N \
[ !
\ ! '_!_‘1
\ - 7
\\% Z
1
K=0 K=§ K>1
QQZO Q2>0 Q2<0

Figure 6.2: Schematical representation of the nuclear charge and current distributions. For nuclei
with a spin K > 1, an electric quadrupole @) is allowed.

B summary

In summary, this Skyrme-Hartree-Fock BCS model (we also refer to as the HFBCS model, see
Section 6.4.1), incorporating effective interactions and self-consistent blocking, provides a framework
for understanding nuclear structure and properties. By simplifying the complex nucleon interactions
into manageable forms, this approach successfully describes various nuclear phenomena, including
shapes, pairing effects, and, as will be seen in Section 6.4.1, magnetic moments.

One can use the nuclear charge distribution obtained from these computations to calculate the charge
multipole moments of the nucleus and incorporate them into the Dirac equation for a single-electron
ion, as we will see in the next subsection.

For indicative purposes, the obtained nuclear charge distributions for ''Dy and 93Dy can be seen in
Fig. 6.3. The proton (p) and neutron (n) density distributions are shown in cylindrical coordinates
(z,0) on a planar slice along the z-axis. In these figures, lengths are normalized by considering the

nucleus as a homogeneously charged sphere whose radius is given by Ry = 4/ ngms fm. In this

last expression Ryys is the radius of the root mean square (RMS) charge of the nucleus given by the
empirical formula Ryys = (0.836A41/3 +0.57) fm [149]. For the two isotopes considered in this work,
this gives Ry (1%1Dy) = 6.607 fm and Ry (1%Dy) = 6.631 fm. Moreover, the outer shell of the nucleus
is indicated by the dashed curve, and chosen to be the full width at half maximum (FWHM) of the
respective isotope’s radial proton density.

6.3.2 Multipole expansion of the nuclear potential

The Laplace equation for the electric potential ¢(7) in the presence of the nuclear charge distribution
p(R) is given by

Vi =2 (6.13)
€0

Using the multipole expansion of the potential of the nucleus to the electron (see (C.26)), one can
write the potential as

400 k
oM =Y 3 (~1)%" rCH 9, ¢) (6.14)

k=0q=—k

6.3 The nuclear charge distrbution — Multipole expansion of the nuclear potential
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Figure 6.3: Nucleon density distributions of ''Dy and 93Dy with logarithmically spaced contour
curves. (p) stands for the protons and (n) for neutrons. The figures are plotted in cylindrical coordinates
(z,0), on a planar slice through the z—axis. The spatial coordinates are in units of Ry, the empirical
nuclear radius (see text) for each isotope, leading to a density distribution in units of R]_V?’. The
contours represent curves of equivalent density, with numerical values as indicated by the legend above.
The dashed curve indicates the contour line of the FWHM of the isotope’s proton density, representing
the outer shell of the nucleus.
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where ¢(_k3 (r) are the multipole moments of the nucleus, and Cék) (0, ¢) and Yq(k) (0, ¢) are the normalized
and non-normalized spherical harmonics, respectively. The multipole moments of the nucleus can be
written as (see (C.27))

o) = / () o e, By R (6.15)

k+1 g
LSS

where R is the nuclear radius vector, p(fé) is the charge distribution of the nucleus, r- = min (r, R),

r~ = max (r, R)**! and C(gk)(G,@) are the normalized spherical harmonics defined in (C.1). The
integral can be split in two regions, r < R and r > R, and the multipole moments can be written as

k

1 r - S oo p( ﬁ) .
ky(my — _  + ko(k) (@ &)g3 P ) (0 d\BR. 1

6.3.3 Electric monopole moment

The first term of the multipole expansion (k = 0) is the electric monopole moment of the nucleus, and
considering C(()O)(Q, ®) =1, VO, d, it is given by

0,1 r | /*oop(ﬁ) 373
_ _ U R)d*F &R 6.17
bo0(r) = ¢g " (7) Areor /R_O pUR)A R + dmeo Jp=r R o0

We can define m(;béo) () and exgbéo) (7) as the contributions of the nuclear region inside and outside the
electron’s orbit, respectively

) r . . in)(0)
"0 = e [ =2,

e o 4722? (6.18)
ex¢(0) (7) = 1 / p(R) PR = *Q (7“)
0 - dmeg Jp=r R ~ dme

One notices that Q) (r) is the nuclear charge inside a sphere of radius r, while Q) (r) has the
dimensions of an electric potential and is the contribution of the nuclear charge outside the sphere
of radius r to the electric monopole moment of the nucleus. A schematical representation of the
appearence of the two electric monopole moments is shown in Fig. 6.4.

-~

(a) ’ Sy T<=R
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Figure 6.4: Schematic of the two integration regions: (a) the traditional case where the electronic
wavefunction does not penetrate the nucleus, and (b) where it does, splitting the integration into R < r
and R > r, with the monopole moment divided into internal and external contributions as in (6.18).

Note: If one ignores the penetration of the electronic wavefunction inside the nucleus, i.e. consider
only the R < r region, then “*@Q(r) is zero, and the electric monopole moment of the nucleus is

6.3 The nuclear charge distrbution — Electric monopole moment
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given by

1 oo oo 1 Zle|
- PR=—in - 1
$0,0(r = +00) Treor /R:O p(R)d°R Treor Q(r — +00) Tmcgr” (6.19)

where Z is the atomic number of the nucleus.

The finite size and charge density distribution of the nucleus can still be taken into account in the
radial Dirac equation by considering the monopole charge distribution of the nucleus. This is the
spherically symmetric charge distribution that would yield the same electric monopole moment as the
realistic nucleus.

If one considers the spherical average of the charge density of the nucleus:

Definition: (Spherical average charge density)

1 . . 1 T 27 S
. /Q pR)G = /@ ~ [p _ plR)sin(©)d0a. (6.20)

poo(R) =

then, by solving the Poisson equation for the spherical average charge density, one can obtain the
electric monopole moment of the nucleus as:

7 r
—

QU =i [ moBEdR= [ p(R)PE,
=0 =0 (6.21)

+oo +o0 B o
QO (r) = 4r / moR)Rdr= [ PP pg
R=r R=r R

Note: A simplistic approximation used for the spherical average charge density is a simple solid
sphere model, where the charge density is constant inside the nucleus and zero outside. Where the
radius of the nucleus Ry is given by the empirical formula Ry = w/%REmS fm [149]. The spherical
average charge density of the nucleus is then given by

3Ze :
if R < Ry,
poo(R) = ¢ 4=fix (6.22)
0 if R > Ry,

Note: Another case of interest for modelling the spherical average charge density is the Fermi
distribution, which is a continuous step function that models the charge density of the nucleus as a
uniform distribution inside the nucleus and decreases to zero outside. The Fermi distribution is
given by

p(R) = 1+ex?)0(R5) ) (6.23)

)

with
3

po =
47 (1+ (

(6.24)

E

The parameters a, ¢ have been taken from [149].

In the upper part of Fig. 6.5, the monopole electric potentials, ¢gp, are depicted, illustrating the
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influence of the spatial distribution of protons within the nucleus of 1'Dy. As stated, due to the
spherical symmetry of the monopole, these potentials are expressed in terms of the radial component
r, averaged over the angular components. Here, r is measured in units of the nuclear radius, Ry,
providing the potential in units of R](,le /4meg. Each curve represents a different model for the monopole
density distribution: (dashed) a point-like (%) nuclear model, (blue) a uniformly distributed spherical
model (see (6.22)), (black) a smooth Fermi distribution (see (6.23)), and (red) a more realistic model
using the HFBCS code (the computed charge distrbution is plotted in Fig. 6.3). Notice that outside
the nuclear radius at R/Rx = 1, all potentials converge, and the variations in the HFBCS calculations
for each isotope are minimal (refer to the green curve and the corresponding y-axis on the right).
The lower part of the figure illustrates the distributions of the monopolar nuclear charge densities,
pé?a(R), associated with the spatial distribution of protons within the "*'Dy nucleus. Due to the
monopole’s spherical symmetry, these densities are given in terms of the radial component R, averaged
over the angular components. R is expressed in units of the nuclear radius, Ry, resulting in the
monopole density units of eR;,?’. The HFBCS model indicates a lower proton density at the nucleus’s
center, which increases unevenly toward a peak at the outer edge. The outcomes are nearly identical
for both isotopes, with only minor differences in the HFBCS model near R = 0 (refer to the green
curve and the corresponding y-axis on the right). The dashed vertical line marks the nuclear surface at
R =1 X Ry, to which the other curves are normalized.

Note: By solving numerically the Dirac equation with the radial electric potential ¢ o(r) =

ind)(()o)(r) + EXQS(()O) (r), one can obtain the correction in energy levels and wavefunctions due to the
finite size of the nucleus up to a monopole approximation, this approach has the advantage of only
requiring the solution of the radial Dirac equation, although it does not account for the higher
multipoles of the nucleus. This is then done perturbatively in Chapters 7 and 8.

6.3.4 Electric quadrupole moment

In order to take into account the deformation of the nucleus, one must consider the electric quadrupole
moment of the nucleus, but instead of solving the Dirac equation in a non-radial potential, one can
treat the electric quadrupole moment perturbatively using the solutions of the Dirac equation in a
spherically symmetric potential as a zeroth-order approximation, this can in turn allow to obtain an
effective quadrupole Hamiltonian.

The electric quadrupole potential is obtained by looking at the next non-vanishing term in the multipole
expansion (6.14), for k = 2.

2

Squad () = > (~1)16) () CP (6, 9), (6.25)

q=-2

with

1 r i 2 +00 (R’) .
(2) — 2,(2) 35 PUL) (2) 3
by (7) Ireor? /R » p(R)R*C{) (O, ®)d°R + —— e /R e Cc{?(©,9)d*R. (6.26)

Or, in terms of non-normalized spherical harmonics

Gauad(F) = Z 1762 ()Y 2 (0, 0). (6.27)
q=—2
with .
7(2) 1 " 5 P2 ( ) 35, 0 [T p(R) 2) 375
I = s /R _ARRY(0,0)d F + = [ EE e (6.28)
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Figure 6.5: Z-normalized proton monopole density (bottom part) obtained for the 1Dy nucleus
from a uniform sharp-edge (blue), a Fermi-function type (black) and the distribution resulting from
the here presented HFBCS type (red) calculation with self-consistent blocking and the Z-normalized
monopole potential experienced by the electron resulting from the different approaches for the density
(upper part). The Coulomb potential generated by a nuclear point-charge density is shown by the
dotted line. The green lines show the difference in density and potential between the two dysprosium
isotopes obtained with the HFBCS model. k. = ﬁ is the Coulomb constant.

Similarly to the monopole moment, one can define two quantities, iHQ(2)(7“) and eXQ(Q)(r), as the
contributions o the nuclear region inside and outside the electron’s orbit, respectively.

Definition: (Quadrupole electric potential of the nucleus) Let’s define

nQ® (r) = /R RRCP (.90 R

= (6.29)
+o00o
X _ 4 R >
xQ()(r) = /R ~ %Cé”(@,@)d:”}%.
The quadrupole potential then takes the form
1nQ(2 ( ) ZeXQ(Eg(T) )
Gauad(7) = Z ey Ci7(0.6) + 1 — L0 6, 9). (6.30)

One can also write factor the quadrupole potential in terms of the radial component r and the spherical
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harmonics 0(52) 0, 9),

2 in (2) ex (2)
bquad (7) = ZQ 4i;§:g)+rz i;so(r) Cc(0,¢) = 6P} (1) C2(8, ). (6.31)

q=—

This radial part of the quadrupole potentials, converted to the spectroscopic referential frame (see
(6.12)), ¢2,0(r) produced by the spatial distributions of protons within the deformed nuclei of isotopes
161Dy (black) and 193Dy (red) are shown on Fig. 6.6. r is in units of the nuclear radius, Ry, thus
giving the potential in units of eijl /4meg. The vertical line represents the surface of the nucleus
at R = Ry, to which the other curves are normalised. For indicative purposes, we also show the

quadrupole potential of a point-like model (%) Note the strong similarities in the curves for each
isotope, since the neutrons do not contribute towards the quadrupole moment, and they have the
same number of protons, yet a slightly higher maximum for 93Dy, indicating a more pronounced
deformation of the proton distribution. The values of inQ(i)I (r) and er(fg (r) are rescaled from their
intrinsic values to their spectroscopic ones, according to (6.12).

Note: For information, C(()Z)(@, P) =1 (cos(@)2 - 1), which is oftentimes the form used in the

literature.
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Figure 6.6: The radial part of the spectroscopic quadrupole contribution to the nuclear electric
potential for 16'Dy (black) and 3Dy (red), as obtained from our HFBCS calculation, compared
with the corresponding potentials obtained for a point-quadrupole nucleus (dashed). k. = ﬁ is the
Coulomb constant.

6.4 The nuclear current distribution : Magnetic Dipole Moment

On top of the nucleus not being a point charge, it also has a magnetic (dipole) moment. The magnetic
moment is due to the motion and spin of the protons and neutrons inside the nucleus, and is therefore
not a point dipole either.

110 6.4 The nuclear current distribution
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6.4.1 Ab-initio computation of the nuclear current distribution

Our collaboration with nuclear physicists has allowed us to obtain the nuclear magnetic dipole moments
for the nuclei of interest on top of their charge distributions mentioned in Section 6.3.1. Using the
same numerical code, it is possible to extract the magnetic current distribution of the nucleus, which
can be used to calculate the magnetic dipole moment of the nucleus.

. Magnetic Dipole Moments in Nuclei

In atomic nuclei, the magnetic dipole moment is a fundamental property that arises from the motion
and intrinsic spin of protons and neutrons. The magnetic dipole moment determines how the nucleus
interacts with magnetic fields and is an important characteristic in understanding nuclear structure. It
consists of contributions from both the orbital motion of nucleons and their intrinsic spin.

For an axially symmetric nucleus, just as it is the case for the electric quadrupole, the intrinsic
magnetic dipole MSW) needs to be expressed in the spectroscopic referential frame (yielding NSW)),
the spectroscopic magnetic moment can be expressed as [146]:

K K -
(spec) — (|, |U) = ——p, (intr) 6.32
where K is the projection of the nucleus’s total angular momentum I along its symmetry axis, we
assume the first is aligned with the latter and that K = I, and pu, is the operator for the magnetic
dipole moment in the direction of this axis. The wave function ¥ describes the quantum state of the
nucleus.

. Odd nuclei and time-reversal symmetry

As a final consideration in the development of our model, it is important to note that the standard
BCS pairing correlation method relies on time-reversed pairs of nucleons. In this framework, each
single-particle state |k) has a time-reversed partner }E> = T |k), with both states having the same
energy due to Kramer’s degeneracy. This symmetry holds in systems where both proton and neutron
numbers are even.

However, in systems where this symmetry is broken, such as in even-odd, odd-even or odd-odd nuclei’
Kramer degeneracy no longer applies. In such cases, the unpaired nucleon (or odd particle) disrupts
the time-reversal symmetry across the system, meaning that there is no true time-reversed partner for
all nucleons. Since the time-reversal symmetry breaking caused by the odd particle leads to a core
polarisation that affects all the particles of the nuclear system, the BCS method must then be modified
to account for the unpaired nucleon, but also for the other nucleons, generally referred to as the core.
The concept of a pseudo pair is introduced [150, 151], whereby for each single-particle state |k), a

conjugate partner ‘%> is identified that has the largest overlap <%)]_§> with the time-reversed state ‘l_f>
It turns out that there is no ambiguity in finding such a conjugate partner, but that rather the overlap
of a given single-particle state |k) with its conjugate partner ‘E>, what was formerly its Cooper-pair
partner, is generally of the order of 99% or better. This extension allows the BCS pairing method to
handle odd-even and odd-odd nuclei, ensuring pairing correlations are still included.

In odd-even nuclei, such as in the neighboring nucleus of an even-even core, the presence of an
unpaired nucleon induces polarization effects in the core. This polarization, caused by the unpaired
nucleon, is crucial for reproducing experimentally observed quantities such as magnetic dipole moments.
The computational technique used to address these cases is called self-consistent blocking. In this

method, the relevant single-particle state associated with the unpaired nucleon is considered fully
occupied, effectively blocking it from participating in pairing interactions. Its conjugate partner, with

2For example 151:1%3Dy are such even-odd nuclei, possessing an even number of protons and an odd number of neutrons.
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opposite quantum numbers, is also blocked with zero occupation probability, preventing the pair from
contributing to pair excitations. This method enables a consistent treatment of nuclear systems with
broken time-reversal symmetry.

. Understanding Magnetic Currents

The magnetic properties of the nucleus arise not just from the spin of the nucleons but also from their
orbital motion. Two important components contribute to the magnetic current within the nucleus:

e Convection Current (fg): This current is associated with the orbital motion of the nucleons,
similar to how an electric current is generated by moving charges. Mathematically, it is given by:

Jol7) = i D202 90 [90s (7) Vi (7) = 65 (F) Vo (7)) (6.33)
4.J

where py is the nuclear magneton (a unit for magnetic dipole moments in nuclear physics), gy is
the orbital g-factor, ¢, ;(7) are the wave functions of the nucleons, ¢ indexes the nature of the

nucleon (proton or neutron), and vg’ ; are the occupation probabilities of these nucleons.

e Spin Current (js) This current arises from the intrinsic spin of the nucleons and is given by
[152]:
Jo(F) = v > w2 96 V x [} (7)) § 05 (7)] (6.34)
q.J
where g is the spin g-factor, and § is the spin operator. This expression captures how the

intrinsic spin of nucleons contributes to the overall magnetic field.

. Magnetic Dipole Moment Calculations

To calculate the total magnetic dipole moment of a nucleus in the nuclear numerical code, we consider
contributions from both the intrinsic and collective motions. We also take into account how both the
spin and orbital motion of protons and neutrons contribute:

() = ge(lz) + gs(s2), (6.35)

where (£,) and (s,) are the expectation values of the orbital and spin angular momentum operators,
respectively. Table 6.2 shows the Landé g factors for protons and neutrons used in these calculations.

ge <€Z>(tot) s <SZ>(tot) <Nz>(t0t)
Neutron | 0 | 2.238199 | -3.8262 | 0.261801 | -1.0017
Proton | 1 | -0.018104 | 5.58658 | 0.018104 | 0.0830

Table 6.2: Values of the Landé g factors for protons and neutrons needed to calculate the expectation
value of the magnetic moment through Eq. (6.35). The expectation values of the orbital and spin
angular momentum operators are also shown for 1 Dy.

In the context of axially symmetric nuclei, the magnetic dipole moment is evaluated by summing
up the contributions from each nucleon. For nuclei like 'Dy and 93Dy, this involves considering
how the unpaired neutron or proton affects the magnetic moment, which is a process known as ”core
polarization” (see Section 6.3.1).

. Comparison with Experimental Data

The theoretical calculations of magnetic moments can be compared with experimental measurements
to validate the models used. For the nuclei 1Dy and %Dy, the calculated magnetic dipole moments
are shown in table 6.3.

6.4 The nuclear current distribution — Ab-initio computation of the nuclear current distribution
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<N2> ’u(spec) M(exp) [145]
161Dy | -0.91865 | -0.6562 -0.480
163Dy | 0.92765 | 0.6626 0.673

Table 6.3: Intrinsic and spectroscopic contributions to the magnetic moments of '6!Dy and 193Dy,
compared with experimental values.

The comparison shows that while the model captures the general behavior of magnetic moments,
some discrepancies with experimental data remain, indicating the need for further refinement in
understanding the complex interplay of nuclear forces and motions.

. Summary

Magnetic dipole moments in nuclei result from the complex interplay of nucleon spins and orbital
motions. By using the Skyrme-Hartree-Fock model, which includes terms for these magnetic currents,
we can gain insights into the structure of the nucleus and its interaction with magnetic fields. Although
the calculated magnetic moments align reasonably well with experimental values, they highlight the
intricacies involved in modeling nuclear properties. The obtained current and magnetic moment
distrbutions for 1'Dy and 3Dy can be seen in Fig. 6.7 for the protons and Fig. 6.8 for the neutron.
The spatial coordinates are in units of Ry, the empirical nuclear radius, leading to a current distribution
in units of R]_\,Q.sfl. Moreover, the outer shell of the nucleus is indicated by the dashed curve, and
chosen to be the full width at half maximum (FWHM) of the respective isotope’s proton density.

Neutron current distributions are represented on Fig. 6.8. In comparison with the proton case shown
in Fig. 6.7, the intensity of the currents is greater. From the symmetries of the currents, it can be
seen that only the z-component of the magnetic dipole moment is non-zero, as expected for axially
symmetric nuclei.

Note: The core polarization effect is particularly visible in Figs. 6.7 and 6.8. Since 91Dy and 93Dy
have an odd number of neutrons, and assuming the core is the even-even nucleus %°Dy or 152Dy,
respectively, that exhibits no intrinsic currents. Then it appears that the proton current densities
mirror the structure of the neutron current densities, albeit with lower intensity, suggesting that
the proton currents are induced by the neutron currents.

Although the single-particle model falls short in fully capturing the complex interactions between
nucleons in the nucleus and the resulting currents, it offers a useful foundation for understanding
the structure of current distributions. For instance, in the case of 193Dy, which has 97 neutrons,
simple predictions from the nuclear shell model suggest that the unpaired neutron occupies the
Lhg o state [38]. Additionally, experimental data shows that the ground state of 163Dy corresponds
toa K™ =5/2" band [145].

Figure 6.9 shows the normalized current distributions  calculated for the 3D spherical harmonic
oscillator eigenstate, which corresponds to the quantum state [nf; m; = —5/2). This state can be
expressed as a combination of orbital (m;) and spin (ms) components

1
V11

In this expression, n = 6 and £ = 5, which correspond to the 1h orbital state. The using Clebsch-
Gordan coefficients (see (D.8)) in the equation represent the relative contributions of two specific
combinations of the orbital angular momentum (m;) and spin angular momentum (ms) to form
the total angular momentum state m; = —5/2.

The current distribution closely resembles the one obtained for '3Dy. Similar qualitative consider-
ations can be applied to the other isotopes and elements investigated in this study, even though,

nty my = =5/2) = ——= (V3InLmy = =2 m, = ~1/2) = 2V2 0l my = —3 my = +1/2)) . (6.36)
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Figure 6.7: Proton current distributions, f(p)(ﬁ) (upper : spin contributions, lower: orbital contri-
) . - 1 /5 _
butions), of '%'Dy (left) and 3Dy (right) with associated magnetic dipole moments R A B (j () (R))

indicated by the arrow vectors. The figures are plotted in cylindrical coordinates (z, ), on a planar
slice through the z—axis. The contours represent curves of equivalent density, with numerical values as
indicated by the legend. The dashed curve indicates the contour line of the FWHM of the isotope’s
proton density, representing the outer shell of the nucleus.
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Figure 6.8: Neutron current distributions, j(")(ﬁ) (upper : spin contributions, lower: orbital
contributions), of 1Dy (left) and %Dy (right) with associated magnetic dipole moments R A
1 - —

3 (j W(R)) indicated by the arrow vectors. The figures are plotted in cylindrical coordinates (z, g), on

a planar slice through the z—axis. The contours represent curves of equivalent density, with numerical
values as indicated by the legend. The dashed curve indicates the contour line of the FWHM of the
isotope’s proton density, representing the outer shell of the nucleus.
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in some cases, one should also account for configuration mixing and other non-trivial effects. For
example, the single particle spectra for both the neutrons and the protons in 92Dy, obtained
from the HFBCS calculations, are shown in Fig. 6.10. The Nilsson quantum numbers of the
corresponding harmonic oscillator states are also indicated, along with the occupation probabilities
of the states, and we can observe the configuration mixing in the single-particle states.

i (Ve Vne = Yne V7 o)

T T T ].O
4_ | I
10.5
2_ _
® - OF 1 110.0
—9t -
—0.5
4} -
1 1 1 _10
) 0 d
0

Figure 6.9: Normalized current distribution for the 3D spherical harmonic oscillator eigenstate
corresponding to the quantum state ‘1]19 /2 Mj = =5 / 2>, which is a component of the single particle
ground state of 93Dy according to the shell model. The figure is plotted in cylindrical coordinates
(z,0), on a planar slice through the z—axis. The contours represent curves of equivalent density, with
numerical values as indicated by the legend.

6.4 The nuclear current distribution — Ab-initio computation of the nuclear current distribution




XIT

Karlsruhe Institute of Technology

e (MeV)
—3F
HFBCS(SIILG)
—4r 9%624) 1 83% — 5% 1402] 1 64%
17 [514] | 83%
—5F ———— 37 [512] 1 66%
17 [541) | 35%
7% 1404] | 89%
171411] | 62%
—6 1 T¥e33) t72% —— 3 [523]177%
1/27[521] | 55%
Z =66
7L —— 37[411] 1 60%
5/27[523] | 74%
N=96_ 5/2+[642] 1 56%
3/27[521] 1 57%
sl 57[532] 1 61%
571413 | 83%
ol 3%(651] 1 37%
L7 [505] 1 92%
- 3~
1 +640] 1 28% 27 [541) 1 41%
3% 1402] | 73%
—10Ft 1/271400] 1 64%
Neutrons Protons

Figure 6.10: Single particle spectra for the 12Dy nucleons near the Fermi level obtained from the
HFBCS calculations. Each level is denoted by K™ quantum numbers, where K is the projection of
the total angular momentum along the symmetry axis, and 7 is the parity. The numbers in square
brackets indicate the Nilsson quantum numbers of the corresponding haromonic oscillator states, while
the percentage values represent the contribution of the state to the multi-particle state of the ground
state, the arrows indicate the spin

6.4.2 Multipole expansion of the nuclear magnetic vector potential

Considering a finite current density distribution in the nucleus, one starts from the form of the vector
potential in the Coulomb gauge (V - A = 0), given by

T Ho j(ﬁ) 35
A = — —d°R. .
(r) 1 |F R‘ (6 37)
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Given a set of normalized spherical harmonics {C’ék)(e, ®)}k,q» one can define the following normalized
vector spherical harmonics, for & > 1,

Y0 = e.c(9,9), (6.38)

5 1 5
ok = — [pveR(g, ¢)|, 6.39
Y = e rvare9) (6.39)
AW — " [fom 0,9)|. 6.40
e T kR e, (0:40)

It should be emphasized that while the definition of Y remains unchanged for £ = 0, both U and
®O) are identically zero.

Any vector field V() can be decomposed into a series of vector spherical harmonics

(), | = k), \ =
E E ( )Y, y (k) (\I’)‘/q (r)\Ilgk) ~|—(¢)Vq (r)<1>5/“))- (6.41)
k=0qg=—k
However,
ry/(k)
oo d"V 2, k(k+1 (k
VAT ( drq - V!(lk) _ (T)(\I’)Vq )> C’(gk) 0, 0), (6.42)

and A respects the Coulomb gauge condition VA= 0, therefore, A can be expressed into a series of

i(]k) only, taking the form
= i@, ¢)| AP (r). 6.43
Al = zzhm[ (6. 6)] AP () (6.43)
Using the orthogonality relation
—1 7o) g™ 23 _ (_1\a
PR T /0 ) Ly 0,0)] - [LC8)0,0)] 2 = (~1)01 4104, (6.44)
one obtains A ]
1 S S | ‘I/ Lo™ (0, ¢)| - A(7)d24. 6.45
P = s Y, [Eeh e 0] - 4@ (6.43)
The multipolar expansion of |Fj1§| in (6.37),
T L . .
A(7) Zrkﬂ Z 1)1C9) (9, ¢) N OC( )(0,)j(R)R*&R,
o~ (6.46)

Z Z 1)4CM (0, ¢) o c™(e,®)j(R) Rk+1d3R
qf—k? R=r

(k)

can be inserted in (6.45), and, computing the effect of each component of L on CZ,, one can prove
that’

( /9 @(—1)‘1’0;5“')(0, o) [Lc)0,9)] d2§> c™)e,8) = Lc") (0, ), (6.47)

3Note that L = # A V, on the left side of this equality is acting on the electronic coordinates 6, ¢ while, L=RA ﬁR,
on the right side, is acting on the nuclear coordinates O, ®.
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therefore,
. 1 rool s .
AR () — ’ 1 q/ e e, d)| - J(R)RF3R,
. +o0 :
i b 7o) (R PR
N —— —1q/ LCY/(©,®)| - j(R d°R.
h/k(k +1) ) Rzr[ 102 -J b
To follow convention, we can write the multipolar expansion of the vector potential as
1o =2 i) (0L
0 =) [k in
) = Ez > {chg )(97¢)] M2 (r)
_’:2‘1:’;’“ (6.49)
Ko —1 T exr k
oS3 e [Ee o)) =B
k=1q=—
with . ,
in gy = ¢ / rcWo o) . J(R RFPR 6.50
P =5y | e e JRRER (6.50)
and
S E— /+OO [Ec(k)(@ ‘I’)] Gy (6.51)
T T TR A T) Jpe, L RS |

6.4.3 Magnetic dipole moment

Truncating the previous expansion to the first non-vanishing term (k = 1) yields

1

Ay =237 (-1

. inq (1) 1 .
D 2ei0,0)] ot 20 5~ c0nED [EeWie, )] 2B,

r2 47 h a 4
q=-—1 q=-1
(6.52)
For an arbitrary vector 71, one can show that

A7)y = % [rﬁc§1)(9, qb)] ol (6.53)

We recall that for vectors @, represented as first-rank tensors o1, the scalar product is defined as
7 a® =3 (-1 e, (6.54)

A

Moreover, it is important to remember L commutes with any function of r, from there, one can look at
the following scalar product:

A7) -7
—i) [ < . MO
= i : h) (Z (=1 [T‘Lcé”(&cb)} D ¢ Z e [rEC60.0)] eIM“;(r).gm)

q:—l q——l

A3
qg=-—1 q=-1

— Fo_in iy A g0 4 Boea i Wy m a5
=13 M (r)- (FADY) + M (r) - (FATY)

_ ( M03(m]\7[(1)(r) A7) + @(exM(l)(T) /\F)) )
47r T

(6.55)
Therefore, one obtains
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Definition: (Dipole magnetic vector potential of the nucleus)

1 _ Mo an(l) (T) AT MO (ex y7(1) =
A =2——T 4 B0 (o8t O() A7), (6.56)
with, also using (6.53),
. — 1 & — - = —
mpMD(r) = 2 / RAJ(R)d*R (6.57)
2 Jr—o
and too B« 3
. 1 [T RAJR) 4=
ewM(l) _ = IV BR )
(r)=3 Ml d°R (6.58)

RAJ(R). (6.59)

MO Z im0 (S 00) = / m(R)dR. (6.60)
R=0

Similarily, one can define the angular average of the magnetic dipole density as

A(R) = fRz /Q A R)de, (6.61)

such that the magnetic dipole moment of the nucleus is given by

MO = 70— 00) = [ 42 (RaR (6:62)

Figure 6.11 shows the only non-zero component of pi, p1,. = p1,0, for the isotopes 161Dy and 93Dy. It

is normalized by the total magnetic dipole value M. 2(1)’ that are shown in Tab. 6.3 and it thus in units
of R;,?’, with Ry being the nuclear radius. The dipole densities are dominated by the contributions
from the neutron spins, particularly for isotope %Dy with an additional 2 neutrons. It is interesting
to see that there are peaks in the curves lying close to the outer surface of the (spherically averaged)
nuclear radius. Comparison of the curves for each isotope show that the difference in only 2 neutrons
in the nucleus leads to a complete change of sign of the dipole densities contributing towards the dipole
moment (as Mz(l)’161 and Mz(l)’163 are of opposite sign). Furthermore, it is interesting to see that there
are peaks in the curves lying close to the outer surface of the (spherically averaged) nuclear radius.
This is consistent with the expectation that the magnetic dipole moment of the nucleus is dominated
by the contributions from the single unpaired neutron in the outer shell of the nucleus.

6.5 Other effects of the nucleus

Aside from the finite size, mass, and magnetization of the nucleus, atomic energy levels are influenced
by other nuclear effects.

Parity violation One such effect is atomic parity violation, caused by the weak interaction between
atomic electrons and nuclear constituents [153]. This interaction can mix atomic states of different
parity, leading to phenomena like circular dichroism, where atoms interact differently with left and

6.5 Other effects of the nucleus
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Figure 6.11: The distributions of the magnetic dipolar radial density contributions, normalized by
the total magnetic moment of the isotope A = 161,163 (uk, = (A)Mz(l)’iso), p1,0(R) within the nuclei of
isotopes 3Dy (upper) and '%'Dy (lower). R is used in units of the nuclear radius, Ry, thus giving the
dipole in units of R;,?’. The dashed vertical line represents the surface of the nucleus at R =1 x Ry,
to which the other curves are normalised. Each curve describes a different contribution to the dipole
density distribution: (dashed) the total dipole density, (blue) the neutron spins, (red) the proton spins,
and (green) the proton orbital currents.

right-handed circularly polarized photons. This effect introduces an odd parity-violating potential,
resulting in a slight asymmetry in atomic transitions.

Nuclear polarization Nuclear polarization is another effect, stemming from the interaction between
the radiation field and intrinsic nuclear dynamics. The nucleus can undergo virtual transitions to
excited states through the exchange of virtual photons, causing shifts in the energy levels of the
atomic electrons. Although these polarization effects are generally small, they become significant in
high-precision atomic structure calculations, particularly in heavy elements.

NEEC/NEET/BIC Other mechanisms involve direct interactions between atomic electrons and
nuclear excited states. Nuclear Excitation by Electron Capture (NEEC) occurs when an electron is
captured into an atomic bound state while simultaneously exciting the nucleus. Nuclear Excitation by
Electron Transition (NEET) happens when the nucleus is excited during an atomic transition, given
that the energies of the atomic and nuclear transitions match. Additionally, Bound Internal Conversion
(BIC) involves a nuclear transition inducing an electron transition within the atom. These processes
directly couple atomic and nuclear transitions, affecting atomic energy levels.
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These other effects are discussed in greater detail in the review Palffy [149], but will not be further
elaborated on in this work. A complete and metrologically relevant study of the hyperfine structure

must however consider these nuclear effects, as they can significantly impact the accuracy of the final
calculations.

6.5 Other effects of the nucleus
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Main takeaways from Chapter 6

e Finite Nuclear Mass and Mass Corrections:
— The nucleus has finite mass, leading to mass corrections in atomic calculations.
— Normal Mass Shift (NMS) and Specific Mass Shift (SMS) account for these effects.

e Muonic Ions:
— Muonic ions involve muons replacing electrons, requiring adjusted reduced mass.
— Energy levels are calculated using the Dirac equation with this reduced mass.

e Nuclear Charge and Magnetic Distributions:

— Nuclei have finite size and may be deformed.

— Charge distributions affect electric monopole and quadrupole potentials.

— Magnetic dipole moments arise from nucleon spins and orbital motions.

— Both charge and current distributions were computed using the Skyrme-Hartree-Fock-
Bogoliubov (HFBCS) model, in collaboration with nuclear physicists.
Lanthanide nuclei exhibit complex current distributions, and a high deformation of the
charge distribution.

e Multipole Expansion of Nuclear Potentials:
— Electric and magnetic potentials are expanded using multipole series.

e Other Nuclear Effects not covered in the manuscript:
— Parity violation and nuclear polarization can impact atomic energy levels.
— Important for high-precision measurements and metrological applications.
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Hyperfine constants

We have seen in Section 6.3.3 that the monopole electric field of the nucleus can be inserted in the Dirac
equation for a central potential discussed in Chapter 5, this will lead to a change in the atomic energy
levels as well as the radial distribution of the wavefunctions. In this chapter, we will discuss the first
order correction to the atomic energy levels due to the higher order multipoles of the nuclear magnetic
and electric fields. This will allow to define the hyperfine constants, which are used to characterise the
energy splittings of atomic levels due to the higher-than-monopole nuclear fields.

7.1 The hyperfine dipole constant

The effect of the dipole magnetic vector potential of the nucleus on the electron derived in (6.56) can
be modeled as an effective Hamiltonian term in the Dirac equation. This subsection aims to show the
derivation of that term.

One can rewrite (6.52) and (6.56) as

1

A(F) = %‘; 3 (—1)4(;) [ECgU(e, (;s)] Fat—q(r), (7.1)
qg=—1
with
— r — - = — too ] (R —
=y 1, (ndieier [ 1), 72

and obtain the correction to the Dirac equation due to the magnetic dipole moment of the nucleus
according to the minimal coupling principle (see (5.20))

Definition: (Hyperfine magnetic dipole Hamiltonian)
Hygaip = —ecal - A(7). (7.3)
We can define the total angular momentum operator of the electrons+nucleus system as F=J+ f,

with J and I being the total angular momentum operators of the electrons and nucleus, respectively.
Therefore, the energy correction due to the hyperfine dipole Hamiltonian in this basis is given by
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first-order perturbation theory as

(naka F Mp|Hyg gip|npks F Mp) =
o < R (7.4)
—iec— (=) (ngkamaF MF| [04 - LC,7 (0, ¢)} v, —q(r)|npkpmp F M)

4rh —

The Wigner-Eckart theorem states that

F k F

(k) | N — (_1\F-Mr
(FMp|T\M |[F'Mp)y = (—1) (_MF ¢ Mp

) (PO, (7.5)

where Tq(k) is a tensor operator of rank k and ¢ is the projection of the operator in the z-axis.
(F||T®)||F") is the reduced matrix element of the operator, independent of My and M.

Using (7.5), one can obtain that

(i aglatg) = (-1 (3 L ol

Sl (PR | (L ﬁ)_l (1| o)1)

Given two irreducible tensor operators T™) and U®) of rank k, acting, respectively on the electronic
and nuclear spaces, one can compute the matrix element of their scalar product as

(7.6)

(J D) FMp| T - U® |(J,I)F' Mpr) =

Jpy I F
<—1>Jb+f+F6F,F/6MF,MF,{;’ i k}<Jar|T<’f>\|Jb><f|rU<k>||I>. (7.7

Therefore, since only fyro(r) is non-zero (see Section 6.4.1), one can write

(nakaF Mp| [07 . ECS”(Q, ¢)} o) |npre F' Mpry x = (=150 o060 v, 00,0

-1
x{?b fa If}(nanaHo?-ECél)(G,qﬁ)(IIfM,o(r)\II)Hnbmb> (_II (1) ﬁ) . (7.8)

Note: One notices that F and Mp are good quantum numbers indexing a diagonal basis for
the hyperfine dipole interaction. It does not however mean that the perturbation provides an
exact energy correction since, while it is exact on the angular degrees of freedom, it is only a first
order perturbation on the radial degrees of freedom that remain unchanged from the unpertubed
spherically symmetric Hamiltonian. This can be seen by the fact that the perturbation is not
diagonal in n.

Let us note that

(JD)FMp|I - J |(JyI)F' Mp:) =

Jy I F - =
(_1)Jb+z+F5F,F,5MF7MF/{Ib H 1}<JaHJHJb)(IHI|]l>. (7.9)
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Since,

Gl = V327 + 10 + Dy, (7.10)
one sees that (7.9) vanishes for states with different F', I or K (equiv. J). Furthermore, comparing

(7.9) and (7.8), one can see that for matrix elements diagonal in J, the magnetic dipole hyperfine
interaction is proportional to I - J,

(NakaF Mp|Hyt gip|naka FME) = a (naka FMp|T - JngkaF M) (7.11)

and

_ o (nakal|d- LC <II’fM0( )IT) [[naka)
a= —iec — T 1 - . (7.12)
S A AT

This also allows to write the hyperfine dipole Hamiltonian as an effective one for states in the same J
multiplet, and (7.12) gives the expression of the hyperfine constant a in terms of the reduced matrix
elements of the magnetic dipole moments of the nucleus and the electron.

Definition: (Effective dipole Hamiltonian)

-

f g aip = al - J. (7.13)

The expression in (7.12) can be readily computed in the case of a single electron. One can calculate
the matrix element (ngkqamq| [62 . ECél)(H,@} I fni(r)|npreme), where ! fy(r) = (I fao(r)|I1), by

noticing that L commutes with any function of r, and by extension so does & - L
[07 LM, ¢)] () =T faa(r) [a LM, ¢)} —a-L [05”1 fM(r)} : (7.14)

and
&L [Cg”(a, ¢) \nﬁ:m)} - [07 Lo, ¢>)] Inkm) + S (0, 6) [d I |mm>} : (7.15)

since L is a differential this is simply the Leibniz product rule.
Thus,

(naramal & - LG5 (6, 0) far ()] Imprymns) =
[(naramal@- L] [CEV(0,6) Far () Inpsoms) | = [ (marcamal f1(r)C6Y (0, 9)] [& - L Imoreyms)|  (7.16)

Moreover,

5. T nKm) = 0 . - E } Pnn(T’)Xmm(H, (;5) _ 1 h(ﬁ— l)ZQnH( ) (9’ ¢)
a-L|nkm) (5-L 0 )r ( 1Qni (1) X—rm (6, @) > r( B(—k — 1) Py (r )Xﬁm(g’gﬁ) > (7.17)

since (7 - L+ R)Xrm (0, @) = —hkXxkm (0, @).

Hence, one can write

(maral @ LC§D (0, 0)] T faa(r) ) =
+oo

= (a4 ) (el C30.6) [} | 1) (Pra )@ (1) + Qo (1) P (1)
(7.18)
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Or, alternatively,

(naramal | |@ - LC§(0,6)] a0 lInoreyma) =
+oo

— ih(Ka + k) (kal [ (6, §) ]| —r) /O () (Prana (1) Qnyiy (1) + Qg (1) Py, (7)) dr. (7.19)

One can now calculate the hyperfine splitting due to the magnetic dipole interaction, using (7.8),

(k| C®]| ) = (~1) mw(_{m o 0)H<La+k+Lb> (7.20)
with
1
[z] =22 +1, TI() z{ (1) ;“ 1: gzlzn (7.21)
This means that
M P o B
{£a| (0, )| —Ka) = —3 R (7.22)
Finally,
I 11 I
<—I 0 1>: [Nk (7.23)

thus, recalling (7.10) to (7.12),

Definition: (Hyperfine dipole constant for a single electron ion)

20 T ol ID) P, d
a—EC%m/TZO < |fM,0| > nana(r)Qnama(r) T.

+oo T —+o00 é/\j(ﬁ))
12%0) Ra M 1 1 / SN2 53 35 / ( z 13D
=ec—————1, - | = RAjJ(R)) d°R ——"2d°R

66277 TjaGa+ 1) lab /rzo 2\ 72 Jus ( J( ))Z +r - e X

X Pk, (1) Qnor, (1)dr,
(7.24)

where Iﬁfb is the conversion factor from the intrinsic magnetic dipole to the laboratory one, it is given
by (6.32) and is equal to Ilﬁ We obtain the same result as in [154].

Ultimately, using (7.9) to (7.11), and

{J I F}:(_l)FHHH 2(I(I+ 1)+ J(J+1)—F(F+1))

rJ 1 V2I(2T + 1)(21 +2)2J(2J + 1)(2J +2)

prrpg FE+1) —I(I+1) = J(J +1)
2(J (||| (I I|T)

(7.25)
= (-1)

)

one obtains that
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Definition: (Hyperfine dipole correction)
a
th,dip = (’I’LalﬁaFMF|th7dip‘nalﬁ?aFMF> = §Ka (7.26)

where Ko = F(F+1) —I(I+1) — Jo(Jo + 1).
The splitting between two hyperfine levels F and F/ = F' — 1 in the same J multiplet is given by

AE = aF (7.27)

While (7.26) is a general expression for the magnetic dipole hyperfine interaction, it is particularly
useful for the case of a single electron, where a can be computed explicitly with relative ease. In the

case of multiple electrons, the expression of a is more complex, but the general form remains the same,
and refering to (7.5), (7.10), (7.12) and (7.23), one has

po_(nakal|@ - LOSV(0,¢) (11 faro (T ||naka)

4rh I/ Jo(2Jy + 1) (J + 1)

1o (naKa(Jo)my = Jol@- LCSV(0,8) (11| faro ()| 11) [naKCa(Ja)my = Ju) (7.28)
4mh 1J,

po (Mada ol IITY (P naJa ol )

= —iec .

47h 1J,

a = —iec

= —iec

It can be seen that, in the case one does not consider the electronic penetration inside the nucleus (i.e.

r > R), or equivalently, if one considers a point nuclear magnetic dipole, fuo(r) reduces to

1 too , 33 M(l)
- ; BR =22 2
fuwolr) = 53 [ (RAGR)_ = 2o (7.29)
with M®) the intrinsic nuclear magnetic moment, consequently,
Definition: (Hyperfine dipole constant with no nuclear penetration)
i 0 (I MOIT) (naKo(Ja)my = Ja|@ - LCS(, ¢)r=2|naKa(Ja)my = Ja)
P 47h 1J, (7.30)
oML (oo dal - LC5Y (0, 0)r naTada)
- dmrh IJ, ’

with M z(l’SpeC) = (II|M S)]I I = Illzle 7?1) the spectroscopic nuclear magnetic moment computed in
(6.32).

Or, in the case of the single electron again, one can write,

Definition: (Hyperfine dipole constant for a single electron ion with no nuclear penetration)

(1) +00
o Mz Ka 1
n = —_— —Pn K, d . 731
WP =TT Jalat 1) /T:O 72 Fresa (1) Qe (r)dr (31

Note this is the same result obtained in [135].
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7.2 The hyperfine quadrupole constant

Starting from the multipole expansion of the quadrupolar nuclear potential (6.30), one can write the
hyperfine quadrupole interaction hamiltonian as

Definition: (Hyperfine quadrupole Hamiltonian)

th,quad = 6quuad (F)a (732)
with !
_ 1 o
gbquad("?) — TCO (97 Qb)fQ,()(T‘) (733)
)
and
faolr) =55 [ pliEECP @,0)8F 12 [ " HRC(O,9) o (7.34)
Q0 2r3 R:op 0 ’ R=r 2R , .
similarly to (7.8), one can write
e

<na’CaFMF|th,quad|anCbFMF> = - (_1)Jb+I+F+15F,F’

51\/[ My X
47eg o

-1
{«;b H 5} (nalCallCS (0, 6) (TT| foy0 () 1) [[nCy) ( 4 D . (7.35)

with, in the case of a single electron,

(nakallCS (8, 6) (IT| fo ()| 1T) | Inprs) =

+o0
<"faHC(2)(07 o)|[kb) /:0 (LI1fQo(r)IT) (Pryrk, (1) Payry (1) + Qngrg (1) Qnyr, (1)) dr. (7.36)

The use of the following relations

{I J F}:(_1)1+J+F<J 2 J)(I 2 I) 6K(K+1)—8J(J+1)I(I+1)’ (7.37)

J I 2 ~J 0 J)\-T 0 I 21(21 —1)2J(2J — 1)

I 2 I\ 2I(21 — 1)

(—f 0 I>_\/[I](2I+2)(21+3)’ (7.38)
o lo® oy (7200 1 (20 = Dlja](2]a +3)
(kalC®) (0, 9)||Ka) = 4\/ iGat D) , (7.39)

allows one to write

!The symmetries of the nuclei (see Section 6.3.1) are such that only one component of the quadrupole tensor is
non-zero, and the quadrupole potential is scalar, given that the symmetry axis of the nucleus is chosen to be along z, only
fq,0 is non-zero.
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Definition: (Hyperfine quadrupole correction)

b3K,(Ky+1) —4ja(ja+1)I(I+1)

th,quad = <na5aFMF|th,quad|na’{'aFMF> = 5 21(21 — 1)2ja(2ja — 1) . (740)
with K, = F(F+1)—I(I +1) — jo(jo + 1), and with
Definition: (Hyperfine quadrupole constant for a single electron)
e| 2jo—1 [T
— L2t [ Q) 1) (P2 ) + @, ()
_ le] 2ja—1_g
Ameg 2jo +27
oo (1 . . +° (R 0(2) 0. . (7.41)
/ _3/ p(R)R2Céz)(@,<I>)d3R+T2/ p(R) 03( ) )dSR «
r=0 \T" JR=0 R=r R
(P, (r) + Qi (7)) dr,

where Iﬁb is the conversion factor from the intrinsic quadrupole moment to the laboratory one,

according to (6.12), it is given by gj&%

Just as for the magnetic dipole hyperfine interaction, in the case of multiple electrons, (7.40) stays
valid by replacing j, = J, but the expression of b is more complex to compute,

_ € 2J,(2Ja — 1)
~ dmeg \/ T, + 27, 73 el 02 (. 8)lIKa)

N (7.42)
/:O (IT|4fQ(r)|IT) (P .. (r) + Q. (r)) dr.

Finally, in the case one does not consider the electronic penetration inside the nucleus (i.e. r > R),
fq(r) reduces to

9 400 . . 9 (2,int)
o) =5 [ pBECP (@,0)d = X (7.43)
T R=0 T
where fo’int) is the intrinsic nuclear quadrupole moment, and consequently
Definition: (Hyperfine quadrupole constant with no nuclear penetration)
e 2J(2J — 1) (2,int) 1
bop. = Ka|lCP (8, $)||KCa) (IT12Q5 | 1T) { =
4W€0\/J] 7+ ) T3 IRk el ()
_ 2eQ) 2J(2J — 1) HE ]
Kal|CP (8, 6)| K, / P 2 d
471-60 [J 2J+2 2J+3)< H ( 7¢)H > =0 ,,,_ ( TLaKZu( )+Qnulﬁ2a(r)) T’
. _ (7.44)
with Q(()Q’Spec) = (IT |Q(()2’mt)|l i = Ing(()th) the spectroscopic nuclear quadrupole moment.

Or, in the case of the single electron again, one can write,
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Definition: (Hyperfine quadrupole constant for a single electron ion with no nuclear penetration)

el QP 24, — 1 /+ 1 2
by = ~ (P dr. 7.45
e dreg 2§+ 2 Jr—g 73 ( rara(7) + @ngreg (T)) " ( )

Just as in the case of the magnetic dipole hyperfine interaction, the effect of the electric quadrupole
hyperfine interaction can be written in the form of an effective Hamiltonian for states of the same J
multiplet. Notice that

(Ko FMp|12(1 - J)2 + 61 - J — 4I*J? |Ko FMp) = 3K(K + 1) — 4J,(Jo + 1)I(I 4 1), (7.46)

and therefore, refering to (7.40), one can write

Definition: (Effective quadrupole Hamiltonian)

eﬂth,quad — 5 (747)

7.3 The Isotope Shifts: Breit-Rosenthal and Bohr-Weisskopf

7.3.1 The hyperfine anomaly

If one considers the expression of the hyperfine dipole constant without taking into account the
penetration of the nucleus by the electron given in (7.30) and (7.31) for multiple electrons and a single
electron respectively, one can compute their ratio for two isotopes 1 and 2

Day . () ppitspee) (B) 1 1 <nAJAJA|52'ECSI)(97¢)T_2|TLAJAJA>

= — . (7.48)
Banp, BN DLTs (npigigla- LS (0, 6)r2npJsJs)
If one considers both isotopes are in the same electronic state i.e. J4 = Jp, this simplifies to
(A) (4) pr(Lspec) /(A)
np. _ Mz [T (7.49)
Banp, (B p{1#0°) /(B)
Therefore the quantity
(A) (B) py(bspec) /(B)
anp. Mz T L (7.50)

(B)an.p' (A)Mzgl,spec)/(A)I
for two isotopes with an infinitely massive, point-like nucleus with point dipole moments.

One can check experimentally if this equality holds [155], and it is found that it very rarely does. This
discrepancy is known as the hyperfine anomaly, and is quantified by

Definition: (Hyperfine anomaly)

(4)q (B) pg{Lspee) /(B) 1

AA
B= (B (4) p %) /() T

1. (7.51)

Its origins are multiple, and are evidently due to the assumptions made to get (7.49), one of which is
the point-like nature of the nucleus and its magnetic dipole.
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7.3.2 The Breit-Rosenthal correction

One can first consider the effect due to the finite charge distrbution of the nucleus, but still assuming
a point-like magnetic dipole. This correction enters (7.49) through the electronic wavefunctions, in
essence, the expression stays the same, but the expectation values of the electronic operators are
modified. This correction is known as the Breit-Rosenthal effect egg.

ap.d. = apt(1 — €BRr), (7.52)

where ap, q. is the hyperfine constant for a point dipole nucleus with a finite charge distribution, and
apt is the hyperfine constant for a point charge nucleus. By decomposing the expectation value in
(7.30) into a radial and an angular part, one can write
) - +oo 1
(a1l Lo (6.6 21001) = (n]|a- LC06.6)nd) | 5 Pun(r)Qua(r)dr (7.53)
r=0

Since the finite charge distribution of the nucleus is incorporated into the Dirac equation via its
monopole charge distrbution?, that is spherically symmetric, the angular part of the expectation value
remains the same, and only the radial wavefunctions are modified. This allows one to write

(A)an.p. (B)Mz(l’spec)/(B) f+%o 7~12 P(fc (r) g,f')(?”)dr .
P, (M) j A [ L PR (1) QR (r)dr” (7:54)

where the superscripts f.c. and pt. refer to the electronic wavefunctions for a nucleus with a finite
charge distribution and a point nucleus, respectively.

Therefore, the Breit-Rosenthal effect is given by

Definition: (Breit-Rosenthal effect)

+oo 1 P7(11;C)(7,)Q( )( )dr

r=0

ape [T T%Pégt)(r)cz;pmdr

(7.55)

7.3.3 The Bohr-Weisskopf correction

If one considers now the continuous and finite current distrbution/magnetic dipole density distribution
of the nucleus, one can write the hyperfine constant as

ara, = apd.(1 — eBw), (7.56)

where agq. is the hyperfine constant for a finite dipole density distribution and egw is the Bohr-
Weisskopf effect. In this case, the electronic wavefunctions are not modified, but the integrals in the
expectation values are. By seperating <naJaJaII\T1541’)O(F)]naJaJaID in (7.28) into a radial and an
angular part, one can write

+00 1 1 r . oo . +0o0 ﬁ/\;(é) .
<naJaJaIIIT§}%<F>|naJaJaII>o</ S / (£ JR)) d3R+r/ <>zd3R «
’ r=0 2 \r? R=0 Z R=r R3

Priara (1)Qnar, (1)dr
(7.57)

with a proportionality constant that depends on the electronic angular quantum numbers, that are the
same for the two isotopes. This allows to write

2See the discussion in Section 6.3.
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Definition: (Bohr-Weisskopf effect)

caw = 1= (7.58)
apd
oo g voo (BAJ(R))
el DA G(B 3B z 1378 (f.c.) (f.c.)
/r:o 572 /R:O (R/\j(R)>zd R-{—T‘/R:r g R | Pkl ()@ (r)dr
=1—

If one considers only those two corrections to the hyperfine constant as the origin of the hyperfine
anomaly, one can write
A (A agpq (B pgllspee) /(B) 1 _ Wy, ® M) B (1 — eSy(1 — )
Blaga. () a0 jar - Blanp, () ) /1 (1 — B (1 - 2))

A
(7.50) (1 — 6%3133)(1 - 61(3\72/)

) (7.59)
(1 - eGR) (1 — et)
Therefore, the hyperfine anomaly can be computed via
(A) (A)
1-— 1-—
ad - L)l —gw) (7.60)

(1— e“”)(l ~ etr)

If we assume that the Breit-Rosenthal and Bohr-Weisskopf effects are small, one can write, to first

order
The order sequence of the corrections to the hyperﬁne constants and their origin are summarized in
Tab. 7.1.
- (ﬁ) p(F) Point charge | Charge distribution model
J
Point dipole ) (1 — eodel) \
Current distribution model N/A (1 — emedeh)(1 — epw)

Table 7.1: Summary of the corrections to the hyperfine constants by progressively including the finite
charge distribution of the nucleus and the finite current distribution of the nucleus.

7.3.4 Quadrupole hyperfine anomaly

The quadrupole hyperfine anomaly is defined in the same way as the magnetic dipole hyperfine anomaly,
but with the quadrupole hyperfine constants:

Definition: (Quadrupole hyperfine anomaly)
A) (B) lespec)

b

A

QA = B 2,spec -
b( )(A)Q(() pec)

(7.62)
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There is no two sets of corrections, one due to the finite charge distribution of the nucleus and the other
due to the finite current distribution of the nucleus, as for the magnetic dipole hyperfine anomaly. The
quadrupole constant is only affected by the finite charge distribution of the nucleus, since this effects
both p and the wavefunctions P, @ in the definition of b in (7.42), recalled here, for the multi-electonic
case

2eQS P 2J(2J — 1) oo
*= " ines \/[J](2J T 2)(27 +3) (KallC® (6, 9)]KCa) / B — (P2 () + Q2 (r) dr. (7.42)

One can then define the quadrupole correction due to the finite charge distribution of the nucleus as

Definition: (Quadrupole Shift)

AB—1- d
bPCl
+oo 2,(2) 3 2 (+o0 p(R)CE(0,9) 3
S (& fr_ p(R)R2CS) (0, ®)d3 R + 12 [1o0 ARG (O) g3 3
) (7.63)
<><P,$J;~C~> (r) + Q) (r)) dr
=1-

9

in oo 1 2 2
G [ = (PE () + Q% (1) dr

r=0

with bgq. the quadrupole hyperfine constant for the chosen model of finite charge distribution of the
nucleus, and by, 4. the quadrupole hyperfine constant for a point charge nucleus and a point quadrupole,
where the superscripts f.c. and pt refer to the electronic wavefunctions for a nucleus with a finite
charge distribution and a point nucleus, respectively.

And once this is defined, similarly to the magnetic dipole hyperfine anomaly, one can write

4 1—ABW

7.4 The non-relativistic limit and the Fermi Contact term

7.4.1 The Pauli approximation

We recall that the solution of the radial Dirac equation for the electron in a central potential are given

by (5.24)
1 iPa(r)Xeem, (6, 9) 5
() = (Qn_ﬁ<r>x_n,mj<e,¢>> o

where P, (r) and Q,,(r) are the large and small components of the radial wavefunction, respectively,
and &, (0, ¢) are the spin-angular functions.

The radial Dirac equation is given by (5.27)

d K Za  mc? FEo.
- <dr + 7") Pmi("”) + <7" - hC) Qni = %an(r))

d & Za  mc? E 759
( - > an(T) + < + ) Pn/i = ﬂpﬂﬁ(r%
r r ¢

he
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Separating P, (r) and Qn.(r) on either side of the equality one can write

Za mc® By d K
- L — nk — | 7 _ P?’LR ;
( r he he >Q <dr+r> (r)

Za  mc® By d K
<r+fw‘;w>3m—<w‘r>@ﬂ”

By defining ¢, = E,, — mc?, the energy of the electron without the rest mass energy, this reads

Zoh d
( ane — €nk — 2m02> nk — he < + H) P?’m(r)-
T dr r

(Zahc - 6nm> P = he <d(.17' - H) an(r)-

r r

(7.66)

(7.67)

If we consider typical atomic lengthscales, @ is of the order of ~ 1422 eV, and e, is of the order
of ~ 14Z/n? eV, on the other side 2mc? is of the order of ~ 1 MeV. Therefore, the asumption that
@ — €nx < 2mc? is reasonable, especially for low Z. This is known as the Pauli approximation.
In this case, one can write

d K

-2 2 e = B - — | Pux )
me”Q c(dr+r> (r)

Zahe d K
— Enk Pnn =N . nK .

The Pauli approximation allows to write the radial Dirac equation as a Schrédinger-like equation, since
the first equality allows one to write

(7.68)

Definition: (Pauli approzimation)

Que = — 1 (% + ;) Po(r). (7.69)

" 2me

Substituting this into the second equality of (7.68) one can write

Zohe d K h d K
(557 =) P =t (=) (e (i + ) Pt0)

2 (a2 k(k+1)
- v o T 9 PTLKZ 9
<d’r2 r2 > (r)

(7.70)

2m

which, by rearrenging terms, and noticing that x(k + 1) = £(£ + 1), yields the Schrédinger-like equation
for the radial wavefunction P, (r)

Z
ohe e P, (7.71)

R (A2 e+ 1
g () P+

2m

Note: In summary, the Pauli approximation allows one to write that in the non-relativistic limit
one has:

7.4 The non-relativistic limit — The Pauli approximation
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kk+1)=0(L+1),
Pnn(r) — Rnﬁ(r)y
Q) — h dRy(r) N hx

2mc  dr 2mer
where R,¢(r) is the radial wavefunction of the non-relativistic Schréodinger equation and £(¢ + 1) is
the eigenvalue of the angular momentum operator L.
We notice the Pauli approximation does not allow to keep the spin-orbit coupling term, and is
purely a non-relativistic approximation. In order to keep the spin-orbit coupling term, one would
need to consider the Foldy-Wouthuysen transformation [156, 157], an approximation that still
retains the first non-vanishing order of the relativistic effects and that allows to write the Dirac
equation in a form where the spin-orbit coupling term is kept.

(7.72)

Ry (T)7

7.4.2 The non-relativistic limit of the hyperfine dipole constant

The Pauli approximation will prove to be a very useful tool to obtain the non-relativistic limit of the
hyperfine dipole constant a. For example one recalls that, in the one-electron case (7.24)

—

o= uo”aIM/ml 1/T (ﬁ/\f(ﬁ))zd?’ﬁ—l—r/erMm))zd?’ﬁ x

= eCo———r -5
21 Ljo(ja + 1) Jizo 2 \ 72 Jr—o R=r B (7.24)

P’naﬂa (T)Qnaﬁa (’I“)d’l“.

Indeed, in (7.24) as well as the other expressions of a in (7.28) and (7.31) those expressions contain
integrals of the form [ f(r)Pu.(r)Qnx(r)dr, and in the naive non-relativistic limit where one assumes
Qni(r) = 0, this would yield a = 0. However, the Pauli approximation allows to write Q. (r) in terms
of P,(r). Therefore,

0P )@~ [ 500 Ranr) (g () Rurtr) )

T: —0 2me \ dr
- 72%6 /::O F(r) R (r) (i + ’:) Ry (r)dr (7.73)
= o [ 0 Ratr) Rt = g [ IO R )
Integrating the first term by parts yields
‘TZC j f(r)Rng(r)%Rng(r)dr = —4imc / j:o f(r)oﬁ‘f@dr 4
- RO e [ R

Since R,¢(r) is vanishing at r — +o0, it leads to

| Definition: (Non-relativistic limit of the integral of the cross product of the relativistic wavefunc-
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| 10 @uetrsir ~ i ([ |5 =2 50| R = (R0, )
(7.75)
In the case of a point-dipole nucleus, the hyperfine dipole constant is given by (7.31)
(1) +oo
o M Ka 1
n.p. — €C— — Pk nak y 31
. = eehe s [ P (1) Quu () (7.31)
or (7.30) for multiple electrons, in both cases f(r) = r%, and therefore
+oo h teor/sd 2k 17 ., 1
/ro F(r) Paw(r)@na(r)dr ~ - </r0 Kdr - r) rg] Ry y(r)dr — [TQRM(T)]T:O)
5 oo 1 A (7.76)
__ " 1 T p2 dr — —— | = 2
i) [ SR = o SR

with Ry¢(r) the non-relativistic wavefunction of the electron in the nk state, solution to the Schrédinger
equation.

Therefore, the non-relativistic limit of (7.31) i.e. the hyperfine dipole constant for a point-dipole
nucleus in a single-electron ion, is given by

Definition: (Non-relativistic hyperfine dipole constant for a point-dipole nucleus)
If k = —1 i.e. for s states, the hyperfine dipole constant is given by

of) =

2eh MY o [R2,(0) (7.7
Ery el i NS |

If k #£ —1 i.e. for all the states with £ # 0, the non-relativistic wavefunction vanishes at » = 0, and
the hyperfine dipole constant is given by “

oh M py €(e+1) /1 (7.78)
2m I Aw Jo(Jo+1) \r3 /.,

4

n.

o) = -

“Reminder: k(k+1) =£(¢ + 1)

Traditionally, in non-relativistic atomic physics, the hyperfine dipole constant is written in terms of
the Fermi contact term, that is the expectation value of the Dirac delta function at the origin, and the
expectation value of the inverse of the distance cubed. This is indeed the non-relativistic limit of the
hyperfine dipole constant calculated here for a point-dipole nucleus.

The Fermi contact term is then given by

Definition: (Fermi contact term)

1
Fermi _ @MZ( )@
P 3m I A4rw

[ns (0)2, (7.79)

with ¥, = %Rns the radial wavefunction of the electron in the ns state.

7.4 The non-relativistic limit — The non-relativistic limit of the hyperfine dipole constant
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For hydrogen-like ions, assuming an infinitely massive point charge nucleus, |¢,(0)|? = 475—23, and
0
therefore the Fermi contact term is given by
1 1
Fermi:@Mz(‘)@ Z3 ZSL%MZ()@ Z3 (780)
np 3m I 4w ndad 3m I 4wnia}’

which is the expression encountered in the previous part in (2.92).

Note: One can compare this value to the experimental one for the F' = 1 — F = 0 hyperfine
transition in the electronic ground state of hydrogen, i.e. the 21cm line of hydrogen that is very
useful in different fields of astronomy [158]. It has been measured to be 1420.40575177 MHz [159],
and (7.27) and (7.80) yield a value of ~ 1421.2 MHz. This value can be improved slightly by
including the mass correction discussed in 6.1 via the reduced mass p = "Z‘ﬁi’l’p
mass of a proton. The constant a is then given by

where m,, is the

Fermi __ @Mz(l) @ Z3
"P 3y I 4Am
(“0 z

7 ~ 1419.7 MHz, (7.81)

however a rigorous relativistic, and even QED approach is needed to achieve higher accuracies.

7.4.3 Fermi contact term for a finite current distribution nucleus

If one were to consider the finite current distribution model for the nucleus as in (7.24) , and therefore
the electronic penetration inside the nucleus. The value of the non-relativistic hyperfine dipole constant
can be obtained by assuming

1 [ /o2 o= . .
= RAJ(R)) d°R ~ 7z p3R 7.82
1) =53 [ (BAiR) @Rer [ "t d'R (7.82)

in (7.75). Interestingly, in that case, the term [f(r)R2,(r)]
left to calculate the integral

/:O Ki - 2:) ! (rﬂ Ry (r)dr

“+o00 i 2 1 T 5 55 = +00 RA;(R)) —
:/ <d_"‘> / (£ j(R)) d3R+r/ <>Zd3R Ry (r)dr.
r R=0 Z =

.o is vanishing, since f(0) = 0. And one is

dr r

+o00 [ | r o oo . +oo (R/\j(é))z .
:/r:o | /R:O <RA](R>>2d3R+(2/€—1)/_ ~ZEPR| | R?,(r)dr.

(7.83)
Therefore, while there is still a term that vanishes for s states (k = —1), the other term does not vanish
for £ = 0 states, as in the case of the point-dipole nucleus.
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Definition: (Non-relativistic hyperfine dipole constant for a finite current distribution nucleus) If
k = —1 i.e. for s states, the hyperfine dipole constant is given by

+oo +oo RA j(ﬁ))
(s) — gHo eh l/ ( R | R2 7.84
a 847r om )0 \ T ), 53 d°R | R (r)dr. (7.84)

If k # —1 i.e. for all the states with ¢ # 0, the hyperfine dipole constant is given by

g0t Ul+1) ek
2n IJ(J +1)2m

—

+o00 1 T oL . 2% — 1 +oo (R/\;(R)) .
_ ; 3 z 3 2
x[_o = /R_O (R/\](R))Zd B+ 0 /R_T S d*R | R2(r)dr. (7.:85)

Therefore, while it would be incorrect to say that a(®) is a contact term, since the same term still
appears in the expression of a(¥), the expression of a®) can still be identified to the Fermi contact term,
as it is the non-relativistic limit of the hyperfine dipole constant of s states, albeit for a finite current
distribution nucleus. More importantly, given a model for the current distribution inside the nucleus,
the expression of a(®) allows for an ab-initio, non-relativistic, calculation of the Fermi contact term. It
should also converge towards the Fermi contact term in the limit of a point-dipole nucleus, although,
the current distribution model of a point dipole nucleus is not trivial to define’.

Note: If one were to consider the electronic penetration inside the nucleus too hastily, without
accounting for the irregular multipoles (the integrals from R = r to +00) the assumption in (7.75)
would be 1 g
Fr) = -2 / (RAj(R)) &°F, (7.86)
27‘2 R=0 z
Thus, f(0) =0, still, but the non-relativsitc limit of the [ -P(r)Q(r)dr integral would be different

L6 -2) so] ma
- <(A2M> [T (i) @ F] B

Which also yields the correct limit of the hyperfine dipole constant for a point-dipole nucleus. It
also provides for an approximation for the non-relativistic Fermi contact term from the current

distribution model of the nucleus, which is then simply given by f;%o [M] R%Z(T)dr.

272

(7.87)

Note: The non-relativistic limit of (7.42) for the hyperfine quadrupole constant is obtained by
simply assuming Q. (r) = 0.

3under the assumption that fpt satisfies

L (B ndwe(m)

R=r 2R3

5 4
B = oM 6(r).

7.4 The non-relativistic limit — Fermi contact term for a finite current distribution nucleus
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7.5 Hyperfine constants in matter

The values obtained for the hyperfine constants in the previous sections are valid for free ions, where
the nucleus is the only source of magnetic field. However, in matter, the hyperfine constants are
modified by the presence of the environment, and the external fields. The main consequence of this is
that F' is not a good quantum number indexing eigenenergies of the system.

The eigenstates are then majoritarily states in the uncoupled basis of the electron and nucleus
|JM;IMr), where the electronic eigenstates are obtained from the considerations made in Part I.

The effective hyperfine Hamiltonians given in (7.13) and (7.47) are then still valid for states in the
same J multiplet, and the hyperfine constants are then given by the expectation values of the effective

Hamiltonians in the decoupled states, which can be shown to yield the same expressions as in (7.28)
and (7.42).

However, in matter, the effect of the Ligand Field mixes the states of different J multiplets, and
therefore, the value of the hyperfine constant will depend on the linear combination of the states in
the uncoupled basis that form the eigenstates of the system. To a first order approximation, since the
hyperfine hamiltonian amplitude is small compared to the Ligand Field, if the considered state is a
linear combination of the states |JM ;IM;) with different J (but same M; and M), the hyperfine
constant is given by the same linear combination of the hyperfine constants of the states forming the
eigenstate.

Moreover, if the Ligand-Field presents negligible off-diagonal elements in the J basis, the hyperfine
constants of the states in the same J multiplet are not modified by the Ligand-Field, and the hyperfine
constants are then given by the same expressions as in (7.28) and (7.42). However, as the eigenstates
are in the decoupled basis, the hyperfine energy levels can be computed as a perturbation

(JM;IMi|al - J|JMsIM;) = aMiM;. (7.88)

This yields a constant hyperfine splitting between two states of adjacent My, equal to aMj.

The same considerations can be made for the hyperfine quadrupole constant, and the hyperfine
quadrupole energy contribution is given by

Ly e
b3([- T2+ 30T 12J?

b(3M2—I(I+1))(3M2—I(I+1))
UMM = =1y 27— 1) : 2

[TMIM) = 5 121 —1)J(2J — 1) - (7:89)

Note: The important take-away from this is that the hyperfine constants are modified by the
presence of the environment, and an exact diagonalization of the atomic Hamiltonian including
the Ligand Field and the Hyperfine Hamiltonian is needed to obtain the energy splittings of the
hyperfine levels, and effective hyperfine constants can then be computed by fitting the energy levels
given by first-order perturbation of the hyperfine Hamiltonian wih variable hyperfine constants.

CHAPTER 7. HYPERFINE CONSTANTS

141




universiey [ ]|

[T o st

Main takeaways from Chapter 7

Hyperfine Interactions and Constants:
— Hyperfine structure arises from nuclear magnetic dipole and electric quadrupole interac-
tions with electrons.
— Hyperfine constants a and b quantify these interactions.

Isotope Shifts and Hyperfine Anomaly:
— Deviations in hyperfine constants between isotopes are explained by Breit-Rosenthal
and Bohr-Weisskopf corrections. These account for finite nuclear size and magnetization
distributions and are sensitive to the chosen nuclear model.

Non-Relativistic Limit:
— The Pauli approximation simplifies the Dirac equation to non-relativistic form.
— Leads to the Fermi contact term for s-states, involving electron density at the nucleus.

Hyperfine Constants in Matter:
— Environmental effects like ligand fields modify hyperfine constants in materials by mixing
states.
— Calculations must include these effects for accurate descriptions in solids.

142 7.5 Hyperfine constants in matter
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The electron/muon as a nuclear probe:

hydrogen-like Dy ions

As previously stated, the Dirac equation for the electron and muon can be numerically solved in
the presence of a nucleus, considering both a point-like dipole and a finite charge distribution. The
resulting wavefunctions allow for the calculation of the energy levels, helping to assess how different
corrections affect these observables. Ideally, by comparing these theoretical results with experimental
data, one can validate the models used for the nucleus. Using the electron and muon as probes in this
manner provides a means to evaluate the accuracy of nuclear models; improvements in the calculated
observables, relative to other models, suggest a more accurate representation of the nucleus. In this
section we will focus on two dysprosium isotopes that are of particular interest in lanthanide-based
complexes and that have two different hyperfine structures albeit with the same electronic structure:
161Dy and 1%Dy. As a matter of fact, they are the only two naturally abundant dysprosium isotopes
with a non-vanishing nuclear spin in their nuclear ground state, see Tab. 8.1

Their nuclei differ by 2 neutrons, and we will investigate how this difference affects the hyperfine
structure of the electronic (and muonic) states. Moreover, for the sake of simplicty, we will consider
one-particle ions, or hydrogen-like ions: '*1Dy%* and 163Dy55+,

8.1 Wavefunctions of the electron and muon in H-like ions

Figure 8.1 presents the two components of the relativistic radial wavefunctions, as defined in (5.24),
for the 1sy/, and 2p; /5 states of the electron in hydrogen-like 163Dy65+  The figure includes various
models for the nuclear monopole potential. The most noticeable distinction between the point-like
model and the more realistic ones is the behavior of the wavefunctions within the nucleus, where the
surface is marked by the vertical line. Due to the finite size of the nucleus, there is a reduction in the
wavefunction amplitude at its center. As expected, the differences between the finite size models are
negligible outside the nucleus, but inside, the differences are also not particularly significant.

As discussed in Sections 6.1 and 6.2, increasing the mass of the orbiting negatively charged particle
leads to a rescaling of the wavefunctions. Therefore, how do different nuclear charge models influence
muonic ions, for which stronger penetration into the nucleus is expected? Figure 8.2 shows the radial
wavefunctions for the 1s; /5 and 2p, /; states of the muon in hydrogen-like 163Dy 65+ (1 ~), using different
nuclear monopole potential models. Aside from the length rescaling, the main difference between the
electronic and muonic wavefunctions is the greater penetration of the muonic wavefunctions into the

CHAPTER 8. THE ELECTRON/MUON AS A NUCLEAR PROBE: HYDROGEN-LIKE DY IONS
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A Ty [ NAGH [ K | p(om) | Q)
147 1.3 m 0 1/2+ | —0.915(9) 0

149 4.23 m 0 7/2- —0.119(7) -0.62(5)
151 17 m 0 7/2- ~0.945(7) -0.30(5)
153 6.3 h 0 7/2—- —0.782(6) -0.02(5)
155 10.0 h 0 3/2- -0.385(4) +1.04(3)
156 Obs. Stable 0.056 0+ 0 0

157 8.1h 0 3/2— —-0.301(2) +1.30(2)
158 Obs. Stable 0.095 0+ 0 0

159 144 d 0 3/2— —-0.354(3) +1.37(2)
160 Obs. Stable 2.33 0+ 0 0
161 | Obs. Stable | 25.5 | 5/2+ | —0.480(3) | +2.51(2)
162 Obs. Stable 18.9 0+ 0 0
163 Stable 24.9 5/2— | +0.673(4) | +2.318(6)
164 Stable 28.3 0+ 0 0

165 2.33 h 0 7/2+ | —0.520(5) —3.48(7)

Table 8.1: Table listing the isotopes of dysprosium (ggDy) with experimentally observed ground-states,
only naturally abundant even-even ground state nuclei are included. The table, adapted from Stone
[145], lists the isotopes, half-lives, natural abundances, spin-parities, magnetic moments (in nm) and
charge quadrupole moments (in eb). Isotopes with ”Obs. Stable” lifetimes are theoretically expected
to be unstable, but have not been observed to decay, and are therefore assumed to have extremely
long lifetimes hence being ” Observationaly Stable”. The two isotopes of interest in this chapter are
indicated in bold. The natural abundances are taken from [160].

nucleus. Although the finite size of the nucleus still results in a reduced amplitude at the center, the
effect is more pronounced for muonic wavefunctions. Moreover, the distinctions between the different
finite size models within the nucleus are more significant for the muon compared to the electron.

Once the wavefunctions are determined, they can be used to compute various observables, e.g. the
energy levels of electrons and muons in hydrogen-like ions or hyperfine constants. These calculations
can then be compared to experimental data, providing a way to validate the nuclear models used in
the study.

8.2 Energy levels of the electron and muon in H-like ions

In particular, as a first step, one can consider the energy levels of the electron and muon in hydrogen-like
ions. As an indication, the computed energy levels of the electron in the 193Dy% 7 for different excitated
states (1s1/9 to 4f7/) are shown in Tab. 8.2. The energy levels are given in atomic units and for
different models of the monopole charge distribution of the nucleus. The first column, labeled ”pt”,
corresponds to the point charge model, and the values obtained are in accordance with (5.28) after
substracting the electron rest mass energy. The labels ”sp”, ”fm”, and "hf” correspond to the spherical,
Fermi, and HFBCS models, respectively.

Table 8.3 shows the same information for the muon in the '%3Dy%* (4 7) ion. One can note the rescaling

discussed in Section 6.1 for the muon binding energies for the point charge model, with a reduced
muonic mass of m, ~ 206.6m..

One can define the relative energy shift of the nfx state due to the finite size of the nucleus, considering
a given model for the monopole charge distribution of the nucleus, as

AER?(nlk) = (E™(ndk) — E™ (nlk)) /E™ (nlK), (8.1)

8.2 Muonic and electronic H-like energy levels
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Figure 8.1: Relativistic radial wavefunctions of the 1s;/5 and 2p; /5 states of the electron in the
hydrogen-like 193Dy5*  accounting for different nuclear potentials. The coloured curves correspond to
the different models for the monopole charge distribution of the nucleus: (dashed) a point-like (%)
nuclear model, (blue) a uniformly distributed spherical model, (black) a smooth Fermi distribution,
and (red) a more realistic model using the HFBCS code. The green curve represents the difference
between the HFBCS models for the two isotopes. The vertical line indicates the nuclear radius Ry.
The radial coordinate r is in atomic units i.e. in units of the Bohr radius ag.

where E™°%!(nfk) is the energy of the nfx state with a chosen monopole charge distribution model.
The computed energy shifts from the point charge model for different nfx states of the electron
and muon in hydrogen-like 1%3Dy%* are shown in the histograms in the upper parts Fig. 8.3a) and
Fig. 8.3b), respectively. The relative energy shifts are given in percentage, and the different colors
represent the different models for the monopole charge distribution of the nucleus. The energy shifts
are positive for all states, indicating that the finite size of the nucleus leads to a decrease in the energy
levels of the electron or muon. These shifts are more pronounced for the muon than for the electron,
and the differences between the different finite size models are more pronounced for the muon than for
the electron, as would have been expected from the befaviour of the wavefunctions.

Note: We also observe a degenracy lifting between states of same j but different ¢, that is due to
the finite charge distribution of the nucleus. Therefore the finite charge distribution, on top of the
Lamb shift and the vacuum polarization, also contributes to this well-known effect.

The lower parts of Fig. 8.3a) and Fig. 8.3b) show the relative energy shifts between the HFBCS models
for the two isotopes, 1Dy and 3Dy as well as the shift between the Fermi distribution and the
HFBCS model. The energy shifts are still given in percentage.

In more detail, the monopolar energy shifts for the electronic ion are significant only for the j = %

states (s1/2 and py /). These shifts are on the order of 1072% for the s1/2 state and 1073% for the P1/2
state, with a notable maximum of 0.02% for the 1s; /5 orbital. This observation (that energy shifts are
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Figure 8.2: Same as Fig. 8.1 but for the muon in the hydrogen-like 63Dy%* (7).

noticeable only for j = % states) is consistent with the non-relativistic limit, where only states with
j= % have a non-zero probability density at the nucleus, as discussed in more detail in Section 7.4.

In contrast, the energy shifts for the muonic ion are significantly more pronounced than those for the
electronic ion. For the muonic ion, the maximum shift is 40% for the 1s; 5 orbital, while the shifts are
on the order of 10% for the other s/, states and 1% for the p; /o states and even the p3/, states. This
difference can be attributed to the fact that the wavefunctions of the muon are more localized around
and inside the nucleus, as discussed in Section 6.3.3.

The energy shifts between the Fermi distribution and the HFBCS model is of the order of 1074% at best
for the electronic ion, rendering electronic monopolar energy shifts quite ill-suited for discriminating
between different nuclear models. Based on the values for the binding energy of the s/, states in
Tab. 8.2, this would correspond to a difference in energy of the order of tens of meV. On the other
side, the energy shifts between the Fermi distribution and the HFBCS model for the muonic ion are on
the order of 1071%, this coupled with the high bonding energies of the muon (Tab. 8.3), corresponds
to a difference in energy of the order of keV. This suggests that muonic monopolar energy shifts could
already be used to discriminate between different nuclear models.

Note: Interestingly, the root-mean-square radius (Ryms = +/(R?)) of both the spherical distribution
(6.22) and the Fermi distribution (6.23) can be redefined to match the Ryms of the HFBCS model.

The renormalized distributions are displayed in the lower section of Fig. 8.4, note that Ry = 4/ %R?ms
has changed according to the new value of R, while the monopole potential experienced by
the electron is shown in the upper section. These can be compared with that in Fig. 6.5. The
recalculated binding energies for both electronic and muonic ions are summarized in Tab. 8.4 and
can be compared with the results in Tab. 8.2 and Tab. 8.3.

By performing this renormalization, one observes that the energy shifts between the Fermi distri-
bution and the HFBCS model for the electronic ion are on the order of 107%%, corresponding to a

8.2 Muonic and electronic H-like energy levels
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nlj Ept ESP Efm Ehf

Isyjp | -2321.4948  -2321.0385 -2321.0392 -2321.0245
2512 | -589.6305  -589.5601  -589.5603  -589.5580
2p1j2 | -589.6305  -589.6269  -589.6269  -589.6268
2p3/ | -552.6315  -552.6315  -552.6315  -552.6315
3812 | -207.8394  -257.8184  -257.8184  -257.8177
3p1j | -257.8394  -257.8382  -257.8382  -257.8381
3p3j | -246.8293  -246.8293  -246.8293  -246.8293
3dgjp | -246.8293  -246.8293  -246.8293  -246.8293
3dsjo | -243.5797  -243.5797  -243.5797  -243.5797
4syjp | -143.2890  -143.2802  -143.2802  -143.2799
dpyjo | -143.2890  -143.2884  -143.2884  -143.2884
dpz/p | -138.6699  -138.6699  -1383.6699  -138.6699
4dz/p | -138.6699  -138.6699  -138.6699  -138.6699
4d5/2 -137.2922  -137.2922  -137.2922  -137.2922
4f5/2 -137.2922  -137.2922  -137.2922  -137.2922
4f7/2 | -136.6220  -136.6220  -136.6220  -136.6220

Table 8.2: Binding energies in Hartrees for nf; states of the 163Dy 55+ jon. E™ denotes the relativistic
energy values (excluding the rest mass) calculated by solving the Dirac equation for a (m=pt) point
nucleus, (m=sp) sphere model, (m=fm) Fermi model, and (m=hf) spherically averaged HFBC realistic

model.

different nuclear models.

difference of hundreds of peV. This indicates that, for electronic ions, the Ry is the dominant
factor in determining energy levels, as previously noted in [149]. Consequently, one can use the
HFBCS model to determine the R,s of the nucleus and calculate the energy levels using the
Fermi distribution, renormalized with the same R.ns. This approach yields accurate results while
reducing computational costs.
The energy shifts between the Fermi distribution and the HFBCS model for the muonic ion are
on the order of 1073%, corresponding to a difference of hundreds of eV, which is still significant.
This means that the R,y is not the only factor necessary in determining the energy levels of the
muonic ion, and their binding energies still represent a valuable tool for discriminating between

Finally, the isotopic shift in energies between the two isotopes, 1'Dy and 3Dy, is on the order of
107° — 10~4% for s1/2 states and 107%% for P12 states for the electronic ion, corresponding to energy
shifts of the order of the meV. For the muonic ion, the isotopic shifts are on the order of 1072 — 10~1%
corresponding to energy shifts of the order of the hundreds of eV. This suggests that muonic isotopic
energy shifts could also be used to discriminate between different isotopes of the same element.
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’I’Llj Ept FSP Efm Ehf

Isy/p | -479680.4 -285823.2 -286916.6 -284560.7
2519 | -121832.8 -90810.8  -91087.4  -90671.6
2p1sp | -121832.8 -115503.4 -115443.9 -115250.1
2p3 /2 -114187.8 -111674.2 -111596.0 -111468.7
3s1/2 | -53276.2  -43553.2  -43650.9  -43513.4
3p1jp | -53276.2  -51122.5  -51106.6  -51042.3
3p3/p | -51001.3  -50101.0  -50076.4  -50032.1
3dgjp | -51001.3  -50980.2  -50978.1  -50976.4
3dsj | -50329.8  -50322.2  -50320.8  -50319.9
dsyj9 | -29607.2  -25412.2  -25456.7  -25395.6
dp1so | -29607.2  -28664.8  -28658.5  -28630.5
dpz/p | -28652.8  -28250.6  -28240.1  -28220.4
ddz/p | -28652.8  -28640.1  -28638.8  -28637.8
dds/p | -28368.1  -28363.4  -28362.6  -28362.1
dfs;p | -28368.1  -28368.1  -28368.1  -28368.1
4f7/2 -28229.6  -28229.6  -28229.6  -28229.6

Table 8.3: Binding energy values in Hartrees for nf; states of the muonic '**Dy%*(4~) ion. The
notations are the same as in Tab. 8.2.

n lj ESP Efm Ehf n lj ESP Efrn Ehf

Isy/p | -2321.0242  -2321.0249 -2321.0245 Isy/o | -283536.8 -284602.4 -284560.7
2512 | -589.5579  -589.5581  -589.5580 2519 | -90405.7  -90677.2  -90671.6
2p1j2 | -589.6268  -589.6268  -589.6268 2pyjg | -115315.7  -115256.5 -115250.1
2p3/ | -552.6315  -552.6315  -552.6315 2p3/9 | -111551.3  -111473.7 -111468.7
3819 | -207.8177  -257.8178  -257.8177 3512 | -43419.0  -43515.2  -43513.4
3p1jp | -257.8381  -257.8381  -257.8381 3p1s2 | -51060.0  -51044.4  -51042.3
3p3ja | -246.8293  -246.8293  -246.8293 3p3/a | -50058.0  -50033.7  -50032.1
3dgjp | -246.8293  -246.8293  -246.8293 3dgjp | -50978.7  -50976.5  -50976.4
3dsjo | -243.5797  -243.5797  -243.5797 3ds/o | -50321.5  -50320.0  -50319.9
4sy1s9 | -143.2799  -143.2799  -143.2799 4s1/9 | -25352.5  -25396.3  -25395.6
dpyjp | -143.2884  -143.2834  -143.2884 4pyjp | -28637.6  -28631.4  -28630.5
dpg/p | -138.6699  -138.6699  -138.6699 dpgjp | -28231.5  -28221.1  -28220.4
4dz/p | -138.6699  -138.6699  -138.6699 4dz/p | -28639.2  -28637.9  -28637.8
ddsj | -137.2922  -137.2922  -137.2922 4ds /5 | -28363.0  -28362.1  -28362.1
Adfsso | -137.2922  -137.2922  -137.2922 4fs500 | -28368.1  -28368.1  -28368.1
4fz/o | -136.6220  -136.6220  -136.6220 dfzp | -28229.6  -28229.6  -28229.6

(a) Binding energies for the electronic 63Dy (b) Binding energies for the muonic *%3Dy% " (1™)

ion.

Table 8.4: Binding energies in Hartrees for different nt; states of the 03Dy

ion.

65+

and Fermi distributions normalized for the same R,.s values as the HFBCS model.

8.2 Muonic and electronic H-like energy levels

ion, with spherical
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Figure 8.3: (upper panels) Monopolar shifts in the energy levels of the electronic or muonic orbitals of
163Dy65+ (from sy /5 to 4f7/2) in different nuclear models: point (pt), spherical (sp), Fermi (fm), and
HFBCS (hf). (lower panels) Relative energy shifts between the HFBCS models for the two isotopes,

161Dy and 193Dy (AE{S = (EW, — EW)) /EY,), as well as the shift between the Fermi distribution

and the HFBCS model Angl
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Figure 8.4: Z-normalized proton monopole density (bottom part) obtained for the %'Dy nucleus
from a uniform sharp-edge (blue), a Fermi-function type (black) and the distribution resulting from
the HFBCS type (red) calculation, the first two have been renormalized so as to have the same value of
Ryms as the last one. And the Z-normalized monopole potential experienced by the electron resulting
from the different approaches for the density (upper part). The Coulomb potential generated by a
nuclear point-charge density is shown by the dotted line. k. = is the Coulomb constant.
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8.2 Muonic and electronic H-like energy levels
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8.3 Isotope shifts in the hyperfine structures of */'*Dy%+

The next observables of interest were discussed in Section 7.3, the hyperfine structures of the electronic
and muonic ions for two different isotopes of the same element and the ratio of the computed magnetic
hyperfine constants. The hyperfine anomaly refers to the deviation that occurs when comparing two
isotopes’ magnetic properties. Specifically, it measures the difference between the ratio of the magnetic

1,spec

hyperfine constants and the ratio of the nuclear gyromagnetic ratios M. Z( )/ 1 for those isotopes.

We recall the definition (7.51) of the hyperfine anomaly between isotopes A and B as

Definition: (Hyperfine anomaly)

(A), (B) ps(1spec) /(B)
Ad= 0 M T [ (7.51)
(Bla (A)MZ(LSPBC)/(A)I

where a and (B)q are the magnetic hyperfine constants of the electronic or muonic ion for isotopes
A and B, respectively, and (A)Mél’Spec) and (B) M z(l’SpeC) are the nuclear magnetic moments of the
isotopes A and B, respectively, finally ‘YT and (B)] are the nuclear spins of the isotopes A and B,
respectively.

We recall the different steps in calculating the hyperfine anomaly shown in Tab. 7.1 here for convenience.

i) p(E) Point charge | Charge distribution model
J
Point dipole 1 —t— (1 — eodel) \
Current distribution model N/A (1 — emodeh)(1 — epw)

The first step is obtaining the Breit-Rosenthal correction (7.55) to the hyperfine constants, which is
a direct consequence of the change in the radial wavefunctions due to the finite size of the nucleus.
The second step is the Bohr-Weisskopf correction (7.58), which accounts for the penetration of the
electronic or muonic wavefunctions into the nucleus.

8.3.1 Breit-Rosenthal corrections to the hyperfine constants

Figure 8.5 shows the Breit-Rosenthal corrections to the hyperfine constants of the electronic orbitals
of 13Dy%+ (from 1s; /2 t0 4f7/2) in different nuclear models, as well as the relative Breit-Rosenthal
corrections between the HFBCS models for the two isotopes, 91Dy and 93Dy, and the correction
between the Fermi distribution and the HFBCS model. The electronic Breit-Rosenthal corrections
seem to be noticeable for the same sets of states as the monopolar energy shifts, i.e. the sy and py /o
states, and are on the order of 4% for the sy /9 state and 1% for the 2py o state.

Fig. 8.6 shows the same information for the muonic orbitals of '3Dy%* (4 ~). The same trend as in the

monopolar energy shifts is observed, with the Breit-Rosenthal corrections being more pronounced for
the s and p states. The Breit-Rosenthal corrections are on the order of as much as 100% for the sy,
states, 50% for the p; o states and 25% for the p3/, states. Noteably, the Breit-Rosenthal corrections
are still of the order of 1% for the d states.

When comparing the Breit-Rosenthal corrections between the Fermi distribution and the HFBCS
model for the electronic and muonic ions, one can see that the relative difference for the predicted
correction is of the order of 1% for the electronic ion. The muonic ion shows an intersting behaviour
regarding that relative difference between models, as it seems to grow from less than 1% for the s/,
states to more than 10% for the f, /2 states, increasing with the orbital angular momentum of the state.

CHAPTER 8. THE ELECTRON/MUON AS A NUCLEAR PROBE: HYDROGEN-LIKE DY IONS
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Figure 8.5: (upper pannel) Breit-Rosenthal corrections to the hyperfine constants of electronic orbitals
of 183Dy%+ (from Lsy/5 to 4f7/2) in different nuclear models, point (pt), spherical (sp), Fermi (fm)
and HFBCS (hf). (lower pannel) Relative Breit-Rosenthal corrections between the HFBCS models for
the two isotopes, 11Dy and 193Dy (Ald3 = (6}1153 — 6}1151) /eik), as well as the correction between the
Fermi distribution and the HFBCS model Aeff = (efif — elf) /el .

8.3 Hyperfine isotope shifts of 161/163Dy"5+ — Breit-Rosenthal corrections to the hyperfine constants
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Figure 8.6: (upper pannel) Breit-Rosenthal corrections to the hyperfine constants of muonic orbitals
of 13Dy%+(47) (from 1s1/5 to 4f7/2) in different nuclear models, point (pt), spherical (sp), Fermi (fm)
and HFBCS (hf). (lower pannel) Relative Breit-Rosenthal corrections between the HFBCS models for
the two isotopes, 1®1Dy and 193Dy (A¢]d3 = (6}1%3 — e}fgl) /eik), as well as the correction between the
Fermi distribution and the HFBCS model Aelf = (e?rfl = eﬁf) Jeht
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8.3.2 Bohr-Weisskopf corrections to the hyperfine constants

The Bohr-Weisskopf corrections to the hyperfine constants of the electronic orbitals of '63Dy%* and
161Dy05+ (from 1s4 /2 to df7 /2) as well as the relative Bohr-Weisskopf corrections between the HFBCS
models for the two isotopes, ''Dy and 63Dy, and the correction between the Fermi distribution
and the HFBCS model are shown in Fig. 8.7. Only the HFBCS model has been used to obtain a
distribution of the magnetization inside the nucleus, over which to integrate according to (7.58). The
Bohr-Weisskopf corrections are of the order of 1072 for both isotopes, with the neutron spin current
seemingly being the most significant contribution to the correction.

Fig. 8.8 shows the same information for the muonic orbitals of '63Dy%* (4 ~) and 6'Dy%* (™). The
1

Bohr-Weisskopf corrections are of the order of 1 for the j = 5 states, and decrease with the orbital
angular momentum of the state. The neutron spin current is still the most significant contribution to
the correction. This can be expected within even the single-paticle model of the nucleus, as the two
isotopes under consideration are even-odd, meaning they have an unpaired neutron, that is the most
likely to contribute to the magnetic moment of the nucleus, the core polariation effect we discussed
in Section 6.4.1 does seem to act as a screening effect, as the smaller proton contributions to the
correction are opposite in sign to the neutron contributions and thus reduce the total correction by a

certain amount.

As has been noted, for both types of corrections, the s and p orbitals are the most affected by the finite
size of the nucleus, echoing the non-relativistic limit of the Fermi contact term. It would be interesting
to observe how those corrections change with the quantum number n of the state.

Figure 8.9 shows the Breit-Rosenthal and Bohr-Weisskopf corrections for the electronic orbitals of
163Dy65+ and 161Dy%* as a function of the quantum number n for the orbitals ns; /2, NP1/2, and
np3/e. It can be observed that apart for a very slightly lower value for the 1s; /o and 2p; o orbitals, the
corrections are fairly constant, and their approximate values are summarized in Tab. 8.5.

Orbital | Breit-Rosenthal | Bohr-Weisskopf
51/2 4.7 1.6
D1 /2 0.9 04
P3/2 0 0

Table 8.5: Approximate plateau values of the Breit-Rosenthal and Bohr-Weisskopf corrections (in %)
for the electronic orbitals of 163Dy%* and 61 Dy%+,

Figure 8.10 shows the same information for the muonic orbitals of '3Dy%* (=) and 6'Dy%* (4 ~). The
corrections now show a bigger variation with the quantum number n of the state, the Bohr-Weisskopf
correction especially shows a significant dip for the 1s/, orbital. But the curves do also eventually
show a plateau. The approximate values of the plateau are summarized in Tab. 8.6.

Orbital | Breit-Rosenthal | Bohr-Weisskopf
$1/2 90 80
p1/2 50 65
D3/2 25 20

Table 8.6: Approximate plateau values of the Breit-Rosenthal and Bohr-Weisskopf corrections (in %)
for the muonic orbitals of *3Dy%+(4~) and 151Dy%+(y ™).

8.3 Hyperfine isotope shifts of *'/163Dy%+ — Bohr-Weisskopf corrections to the hyperfine constants
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Figure 8.7: Bohr-Weisskopf correction ey for 1Dy (top panel) and '63Dy5* (lower panel) for
the orbitals from 1sy/5 to 4f7/2. Only the HFBCS model is used to obtain the current distribution.
The various magnetic contributions (proton and neutron spins and proton orbital motion) are shown,
together with the total correction.
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are shown, together with the total correction.
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Figure 8.9: Breit-Rosenthal (in red and reading on the left axis) and Bohr-Weisskopf (in blue and
reading on the left axis) corrections for *3Dy%* (solid line) and 6! Dy%"* (dashed line). The results
are plotted as a function of quantum number n for the orbitals nsy 3, np; /2, and npg/y. It is important
to note that, with the exception of the Bohr-Weisskopf correction for the sy, and p;/, orbitals, where
there is a slight difference for '*'Dy%* and 93Dy the other curves are superimposed for both
isotopes. For pg/s, as the corrections are very small, the straight line with square symbols actually
corresponds to four superimposed curves including the two corrections and the two isotopes.
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Figure 8.10: Breit-Rosenthal (in red and reading on the left axis) and Bohr-Weisskopf (in blue and
reading on the left axis) corrections for 63Dy5%* (1~) (solid line) and '6'Dy%+ (u~) (dashed line).
The results are plotted as a function of quantum number n for the orbitals ns; /o, npy /2, np3/2, and
’I’Ld5/2.
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8.3.3 Hyperfine anomaly between '5'Dy and %Dy

Finally, since both the Breit-Rosenthal and Bohr-Weisskopf corrections could be computed, one can
now calculate the hyperfine anomaly (7.60) between the isotopes 1%'Dy and 63Dy for the electronic
and muonic ions. The results are shown in Fig. 8.11 for the electronic and muonic ions.

x1072; . e x 107
120 P
1ol é]O

3 s SCI
4 4
2— %2
0: ‘ ‘ ]

1s12s12p12p33s13p13p:3d:3ds4s: 4pi4p:4dsads 4fs 4f;
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
Orbital

Figure 8.11: Hyperfine anomaly between 6'Dy and 93Dy is depicted for muon (in red and reading
on the left axis) and electron (in blue and reading on the right axis) for the orbitals from 1s;/, to

4f7/2-

The orders of magnitude for the anomalies for the electronic ion is around 10~* while it is of the order
of 1072 up to 107! for the muonic ion. Both orders of magnitude seem coherent with the litterature
[155, 161].

The states with the largest anomaly are still the j = 1/2 and to a certain extent the ps; /2 states,
therefore the same trend analysis as for egr and egy can be applied, and the values of the anomaly as
a function of the principal quantum number n for the s/, p1/2, and p3/, states are plotted in ?7?.

Orbital | Anomaly Orbital | Anomaly
512 0.065 s1 135
P1/2 0.01 P12 7.5
P3/2 0 P3/2 1
(a) Electronic orbitals of 63Dy55+ and 161Dy65+. (b) Muonic orbitals of 63Dy%* (=) and

161Dy65+(uf).
Table 8.7: Approximate plateau values of the hyperfine anomaly (in %) for different orbitals.

We can see that for the electronic ion, the anomaly is fairly constant with the quantum number n of
the state, with the exception of the 1s; /5 state, where the anomaly is slightly lower. The approximate
values of the anomaly are summarized in Tab. 8.7a.

For the muonic ion, the anomaly is more variable with the quantum number n of the state, with the
anomaly being, interstingly, the lowest for the 1s;/, state and then growing until a plateau value, that
is more than twice the value of the anomaly for the 1s; /5 state. The approximate values of the anomaly
are summarized in Tab. 8.7h.

8.3 Hyperfine isotope shifts of '*//1%3Dy%5+ — Hyperfine anomaly between 61Dy and 6Dy
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Figure 8.12: Hyperfine anomaly between 6'Dy and %Dy is depicted for muon (in red and reading
on the left axis) and electron (in blue and reading on the right axis) for the orbitals ns; /25 MP1/2, and

nps/2-

8.3.4 Quadrupole hyperfine anomaly

The quadrupole hyperfine anomaly refers to the deviation that arises when comparing the quadrupole
properties of two isotopes. It specifically describes the difference between the ratio of the quadrupole
hyperfine constants and the ratio of the nuclear quadrupole moments for those isotopes. It is defined in
(7.62). Ideally, these two ratios would be equal, resulting in a value of one. However, when a discrepancy
occurs between the ratios, this deviation from unity is what we call the quadrupole hyperfine anomaly.

Definition: (Quadrupole hyperfine anomaly)

b(4) (B) Q(2pec)

QAg = b(B) (A) (2,spec) -
Qo

L (8.2)

where b)) and b8 are the quadrupole hyperfine constants of the electronic or muonic ion for
isotopes A and B, respectively, and (A)Q(()Q’SPEC) and (B)Q(()Z’Spec)

of the isotopes A and B, respectively.

are the nuclear quadrupole moments

The quadrupole hyperfine anomaly is calculated in the same way as the magnetic hyperfine anomaly.

The first quantity that was calculated was the quadrupole shift defined in (7.63), that represents the
change in the quadrupole moment due to the finite size of the nucleus. The quadrupole shift for the
electronic orbitals of 163Dy% is shown in the upper pannel of Fig. 8.13 for the orbitals from 2ps /2 to
4f7/2 in different nuclear models, as well as, in the lower panel, the relative quadrupole shifts between
the HFBCS models for the two isotopes, 1'Dy and 63Dy, and the shift between the Fermi distribution
and the HFBCS model.

Note that the finite charge distrbution used for the nuclear density p is the one obtained from the
HFBCS model, and that the different nuclear charge models mentioned in Fig. 8.13 are the ones used
to obtain the wavefunction only, and not the charge distribution itself, therefore it can be seen as more
of numerical interest than physical interest. Moreover, the expression of the quadrupole hyperfine
constant given in (7.42) is zero for J = 1/2, and therefore the quadrupole hyperfine anomaly is not
defined for the s1/, and p; /5 states.

CHAPTER 8. THE ELECTRON/MUON AS A NUCLEAR PROBE: HYDROGEN-LIKE DY IONS
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Figure 8.13: (upper) Quadrupole shifts in the hyperfine constants of electronic orbitals of 1631y, 65+
(from 2p3 /5 to 4f7/5) in different nuclear models, point (pt), spherical (sp), Fermi (fm) and HFBCS
(hf). (lower) Relative quadrupole shifts between the HFBCS models for the two isotopes, 1Dy and
163Dy (Ab1S3 = (bhE, — bhE)) /bhES), as well as the shift between the Fermi distribution and the HFBCS
model Al = (bhf — phf) /bl

One can see that the quadrupole shifts for the electronic ion are of the order of 1073% for the ps /2 stat
es, this can be compared to the value of the hyperfine corrections in Fig. 8.9 and 77 for the same states,
which are around 107°%. In terms of energy, for example, the dipole contribution to the hyperfine
splitting of the 2p3 /5 state for the F' =4 to F' = 3 transition in the 163Dy65+ jon can be calculated! to
be around 3keV, while the quadrupole contribution” is around 24keV, this means that the quadrupole
shift is almost three orders of magnitude larger than the dipole shift. However, the absolute value of
the quadrupole shift is still of the order of 1073% of the energy of the transition, and therefore the
quadrupole hyperfine shift is not reasonably measurable for the electronic ion.

The quadrupole shift for the muonic orbitals of 1%3Dy%* (;~) is shown in the upper pannel of Fig. 8.14
for the orbitals from 2pg/y to 4f7/o in different nuclear models, as well as, in the lower panel, the
relative quadrupole shifts between the HFBCS models for the two isotopes, 91Dy and 93Dy, and the
shift between the Fermi distribution and the HFBCS model.

1Using (7.24).
2Computed using (7.41)

8.3 Hyperfine isotope shifts of '*'/2¢3Dy%+ — Quadrupole hyperfine anomaly
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Figure 8.14: (upper) Quadrupole shifts in the hyperfine constants of muonic orbitals of '%3Dy%* (1)

(from 2p3 /5 to 4f7/5) in different nuclear models, point (pt), spherical (sp), Fermi (fm) and HFBCS
(hf). (lower) Relative quadrupole shifts between the HFBCS models for the two isotopes, 01Dy and
163Dy (Ab}EF = (bhly — ;) /bhEs), as well as the shift between the Fermi distribution and the HFBCS
model AbM = (bhf — bhf) /bl

One can see that the quadrupole shifts for the muonic ion are of the order of 50% for the ps3 /2 states,
5 — 10% for the d3/ states and 5% for the ds/; states. This can be compared to the value of the
magnetic hyperfine corrections in Figs. 8.10 and 8.12 for the same states in muonic ions, which around
around 1 — 2%. In terms of energy, for example, the quadrupole contribution to the hyperfine splitting
of the 2p3/; state for the F' =4 to F' = 3 transition in the 163Dy%5+ (=) ion can be calculated similarily
to the electronic ion to be around 100keV, while the dipole contribution is around 100eV. Those values
are fairly consistant with the litterature [161]. This means that the main contribution to the hyperfine
splitting of the 2p3/, state for the muonic ion is by far the quadrupole interaction, and therefore
the quadrupole hyperfine shift is reasonably measurable for the muonic ion, as it would be a shift of
energy of tens of keV. A relative difference of around 4% is consistently observed between the B of the
two isotopes. This is to be expected, as the relative difference between the two nucleau quadrupole
moments is of the same order, see 6.1. The hyperfine anomaly allows to eliminate this dependence on
the nuclear quadrupole moment, and therefore the quadrupole hyperfine anomaly is a more relevant
quantity to compare the quadrupole hyperfine constants of two isotopes.
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Therfore, in the same way as for the magnetic hyperfine anomaly, the quadrupole hyperfine anomaly
are calculated and shown in Fig. 8.15 for the electronic and muonic ions.
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Figure 8.15: Quadrupole hyperfine anomaly between %' Dy and 193Dy is depicted for muon (in red
and reading on the left axis) and electron (in blue and reading on the right axis) for the orbitals from

2p3/2 to 4f7/5.

Anomalies can be measured entirely experimentally and do not require a comparision with a theoretical
calculation, since it is a direct measurement of two different isotopes. Therefore, our calculations
predict that the quadrupole hyperfine anomaly is of the order of 1077 — 10~® for the electronic ion and
1073 — 10~ for the muonic ion, which, coupled to the much higher quadrupole hyperfine interaction
amplitude for the muonic ion, reinforces the observation that the quadrupole hyperfine anomaly is
reasonably measurable for the muonic ion and not for the electronic ion.

The same trend analysis as for the magnetic hyperfine anomaly can be applied, and the values of the
anomaly as a function of the principal quantum number n of the state for the p3/, and ds/ states are
plotted in Fig. 8.16.

[
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Figure 8.16: Quadrupole hyperfine anomaly between %' Dy and 193Dy is depicted for muon (in red
and reading on the left axis) and electron (in blue and reading on the right axis) for the orbitals 2ps,
and d5/2.
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The quadrupole hyperfine anomaly is fairly constant with the quantum number n of the state, with
the exception of the 2p3/y state, where the anomaly is slightly lower, which is fairly similar to the
trend observed for the magnetic hyperfine anomaly. Contrary to the magnetic hyperfine anomaly, the
quadrupole hyperfine anomaly behaves fairly similarily for the electronic and muonic ions, except for
the 4 orders of magnitude difference.

8.4 Additional examples of **Tb%" and '%Ho%*

8.4.1 Nuclear charge and current densities

In this subsection, we present the results of the HFBCS calculations for the nuclear charge and current
densities of the isotopes "?Tb and '®*Ho. These isotopes are two of the candidates considered by our
group for nuclear qudits in lanthanide-based materials, with Terbium Bisphthalocyanine being the
most extensively studied chemical system by our team. Dysprosium proved useful in providing insights
into the hyperfine anomaly and its corrections, as we were able to disregard the electronic degrees
of freedom. This is because we expected them to cancel out in the calculated ratios, given that the
electron cloud remains the same between isotopes.

However, Terbium and Holmium, which we focus on here, each have only one naturally abundant
stable isotope. As a result, any study of their hyperfine structure must account for the electronic
degrees of freedom. Fortunately, ' Ho, in its simplest electronic configuration, H-like Ho%, has been
investigated in the context of the hyperfine structure of the 1s;/; state [162]. This allows us to perform
a preliminary benchmarking of our model against available experimental data.

The nucleon densities for the isotopes *Tbh and °Ho are shown in Fig. 8.17.

It is interesting to compare elements with different numbers of protons, including the two Dy isotopes
in Fig. 6.3. The nuclear charge density spatial expansion increases with Ry and therefore with Z which
is expected. There is a variation in the shapes of the nuclei, in particular their prolate deformations.
Their inner structures are also different, with »*Tb’s inner composition that is more similar to the
ones of 1%'Dy and 193Dy, even if the first is an nucleus with an odd number of protons and the latter
are even. The interal composition of 'Ho is the most different from the other elements, with a more
pronounced prolate deformation as can be seen in the values of the quadrupole moments in Tab. 8.8

and Tab. 6.1.
RSE?SI) Efﬁ?) [148] 1Srenn;p) Q(()Q,spec,cal) Q(()2,spec,exp) [145]
B9TH | 5.19 5.06 5.099 1.45 1.43
165Ho | 5.25 5.21 5.16 3.60 3.58

Table 8.8: Comparison with the experimental data of charge rms radii (in fm?) and spectrscopic
charge quadrupole moments (in ebarn) for *Tb and '6°Ho. (R?)emp = (0.836AY3 4 0.57) [149].

Moreover Tab. 8.8 shows the comparison of the calculated charge rms radii and the spectroscopic
charge quadrupole moments with the experimental data. The calculated values are again in good
agreement with the experimental data.

Finally, one can observe the compared radial spherically averaged charge densities of the isotopes
161Dy, 163Dy and '65Ho, relative to '%9Tb, in Fig. 8.18, they are shown Z-normalized and rescaled to
be expressed in units of the respective nuclear radii eRX[‘g. One can observe that adding 2 nucleons has
for effect to seemingly concentrate the charges near the surface. Since Ry increases with A, the charge
distributions are also more spread out for the heavier isotopes, as expected.

The current densities are shown in Fig. 8.19 for the protons and Fig. 8.20 for the neutrons. The current
distributions present the most variety accross the isotopes, for the protons they can be compared with
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Figure 8.17: Nucleon densities distributions of **Tb and '°Ho with logarithmically spaces contour
curves. (p) and (n) stand for proton and neutron, respectively. The figures are plotted in cylindrical
coordinates (z, 0) on a planer slice throught the z-axis. The spacial coordinates are in units of Ry the
empirical nuclear radius (see text) for each isotope, leading to a density distribution in units of eR]_V?’.
The contours represent curves of equivalent density, with numerical values as indicated by the legend
above. The dashed curve indicates the contour line of the FWHM of the isotope’s proton density,
representing the outer shell of the nucleus.
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Figure 8.18: (lower panel) Radial spherically averaged charge densities of 16'Dy, 193Dy and '°Ho
relative to ?Th. The densities are Z-normalized and rescaled to be expressed in units depending of
the respective nuclear radii Ry of the isotope. The radial coordinate is in units of Ry and the charge
distribution is in units of Z/R%,. (top panel) The same relative difference in potentials stemming from
the charge distributions, in units of k./Ry. ke = is the Coulomb constant.
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the proton current distributions for the Dy isotopes in Fig. 6.7 and Fig. 6.8 for the neutrons. We note
the node-current-loop structural pattern of the neutrons mostly matches that of the protons for each
isotope. However, the proton contributions exhibit a higher amplitude than the neutron contributions.
Referring to our discussion regarding Dysprosium, we observe that, since in this case, both isotopes
are odd-even, in the single-particle model, they have an unpaired proton, which now polarizes the
core neutrons. This represents the reverse situation compared to Dysprosium, where an unpaired
neutron was seemingly polarizing the core protons. The ®*Tb nucleus shows the current distributions
with the larger spread and inner penetration, while the other isotopes seem to have currents that are
more concentrated on the surface of the nucleus. The Dysprosium isotopes seem to present the largest
current localised intensities, in particular for the neutrons.
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Figure 8.19: Proton current distributions, f(p)(ﬁ) (upper : spin contributions, lower: orbital

-

T .
contributions), of 9Th and °Ho with associated magnetic dipole moments R A 5 (] (p)(R)> indicated

by the arrow vectors. The figures are plotted in cylindrical coordinates (z, 0), on a planar slice through
the z—axis. The contours represent curves of equivalent density, with numerical values as indicated by
the legend. The dashed curve indicates the contour line of the FWHM of the isotope’s proton density,
representing the outer shell of the nucleus. The spatial coordinates are in units of Ry, the empirical
nuclear radius, leading to a current distribution in units of RX,Q.S_l.
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Figure 8.20: Neutron current distributions, 7™ (]-?i) (upper : spin contributions, lower: orbital
01 S
contributions), of ¥Tb and %°Ho with associated magnetic dipole moments R A 3 (j (”)(R)) indicated

by the arrow vectors. The figures are plotted in cylindrical coordinates (z, 0), on a planar slice through
the z—axis. The contours represent curves of equivalent density, with numerical values as indicated by
the legend. The dashed curve indicates the contour line of the FWHM of the isotope’s proton density,
representing the outer shell of the nucleus. The spatial coordinates are in units of Ry, the empirical
nuclear radius, leading to a current distribution in units of RX,Q.S_l.

CHAPTER 8. THE ELECTRON/MUON AS A NUCLEAR PROBE: HYDROGEN-LIKE DY IONS




universiey [ ]|

[Tofsasbours

8.4.2 Hyperfine constants

The hyperfine constants for some electronic and muonic orbitals of 1**Th%* and %°Ho%"* have been

computed using (7.24) and (7.31), and are shown in Tab. 8.9.

nlj np (159Tb65+) Ay (159Tb65+) np (165H065+) Ayp (165H065+)
Is1/2 520.6450 515.4131 523.8773 517.9916
251/2 75.8488 75.0460 77.1217 76.2066
2p1 /2 25.1710 25.1298 25.6203 25.5699
2p3/9 3.2432 3.2432 3.1953 3.1953
3s1/2 22.4880 22.2477 22.8652 22.5912
3p1 /2 7.6400 7.6255 7.7891 7.7713
3p3/2 0.9922 0.9922 0.9795 0.9795
3d3 /o 0.5912 0.5912 0.5834 0.5834
3ds /2 0.2374 0.2374 0.2333 0.2333
4512 9.3997 9.2989 9.5509 9.4361
4p1 /2 3.2186 3.2122 3.2809 3.2730
4p3 /o 0.4215 0.4215 0.4163 0.4163
4d3 /9 0.2519 0.2519 0.2488 0.2488
4ds /9 0.1014 0.1014 0.0997 0.0997
4f5/2 0.0722 0.0722 0.0710 0.0710
4172 0.0392 0.0392 0.0385 0.0385

Table 8.9: Hyperfine anomalies in meV for nf; states of 1597165+ and 165Ho%* jons. anp and ayp
denote the hyperfine anomalies calculated without accounting for the penetration inside the nucleus
and with the penetration inside the nucleus, respectively. The wavefunctions used for the calculation
are the ones obtained with the HFBC nuclear model.

Interestingly, the F' =4 to F' = 3 transition in the 1s;/, orbital of 165056+ has been experimentally
observed and measured [162] at AFEq, = 2.1651(6) eV. According to (7.27), the splitting should be
equal to AF = aywpF. Naively, our calculation would yield a splitting of AE = 2.0720 eV, which is
4.3% lower than the experimental value. One can account for the radiative correction to the hyperfine
splitting, which is computed in [138] to be —0.0104 eV, which would bring our calculated value to
AFE =2.0616 eV, and therefore even further from the experimental value.

However, if one were to look at the obtained total magnetic dipoles for the isotopes shown in Tab. 8.10,
one can see that the calculated values still have some discrepancies with the experimental values. The
magnetic dipole moment of °Tb is underestimated by 6.3%, while the one of '°Ho is underestimated

by 6.5%.
<MZ> M(spec) u(exp) [145]
1597 | 3.145 | 1.887 2.014
165Ho | 5.071 | 3.944 4.17

Table 8.10: Comparison of the calculated and experimental magnetic dipole moments (in uy) for
159Th and '%Ho.

Interestingly, rescaling the hyperfine constant of the 1s;,5 orbital of 16506+ by the ratio of the
experimental and calculated magnetic dipole moments, one obtains a splitting of AE = 2.1635 eV,
which is only 0.1% lower than the experimental value, and the radiative correction would bring the
calculated value to AE = 2.1531 eV, which is still 0.5% lower than the experimental value. This is
summerized in the following Tab. 8.11.

8.4 Additional examples of %9Tb% and '95Ho%* — Hyperfine constants
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Point-like HBCS without HBCS with QED corr. [138] Exp. [162]

penetration penetration
2.1967 2.0955 2.0720 -0.0104 2.1651(6)
After rescaling
2.2941 2.1883 2.1633 -0.0104
Breit-Rosenthal Bohr-Weisskopf
4.6081% 1.1235%
0.1012 0.0235

Table 8.11: Table of the calculated and experimental F' =4 — F' = 3 hyperfine splitting of the 1s; /9
orbital of 8°Ho%*. The values are in eV. The Breit-Rosenthal and Bohr-Weisskopf corrections (in %)
are also shown, as well as their corresponding energy shifts.

We note that the percentage we obtained for the Bohr-Weisskopf correction is sensibly the same as the
one obtained in [138], which is 1.125%.

To enhance the predictive accuracy of our model, it is important to emphasize that the QED corrections
have not been computed using our specific model or wavefunctions but are instead assumed to be
identical to those reported by [138]. Furthermore, one could consider the effect of a Rynys rescaling of
the currents to have the value be equal to the experimentally obtained one, in a manner consistent with
the approach applied to the magnetic dipole moment. Although the preliminary results are promising,
there remains scope for refinement, and further investigation is warranted to improve the model.
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Main takeaways from Chapter 8

e Electron and Muon as Nuclear Probes:
— Solving the Dirac equation for electrons and muons in the presence of a nucleus allows
for calculating energy levels and assessing nuclear models.
— The differences in wavefunctions between electrons and muons highlight the increased
nuclear penetration of muons.
— Comparing experimental spectra with model-dependent theoretical calculations can help
discriminate between nuclear models.

e Energy Levels in Hydrogen-like Ions:
— Finite nuclear size leads to shifts in energy levels, more pronounced for muonic ions due
to greater nuclear penetration.
— Monopolar energy shifts are significant for sy, and p; /o states, especially in muonic
ions.

e Hyperfine Structure and Isotope Shifts:
— Hyperfine anomalies arise from deviations in hyperfine constants between isotopes.
— Breit-Rosenthal and Bohr-Weisskopf corrections are significant for muonic ions and must
be considered.
— Quadrupole shifts are more significant in muonic ions, making them suitable for studying
quadrupole hyperfine anomalies.
— The anomalies can provide insights into nuclear charge distributions.

e Nuclear Models and Current Densities:
— HFBCS nuclear models provide detailed charge and current densities for isotopes like
159Th and 1% Ho.
— These models help in understanding nuclear deformation across lanthanides and the
effects of a change of the number of nucleons on hyperfine interactions.

e Comparison with Experimental Data:
— Calculations for '%Ho%* show good agreement with experimental hyperfine splittings
after considering corrections.
— Rescaling theoretical values using experimental magnetic moments improves accuracy.

8.4 Additional examples of ?Tb%* and '%5Ho%* — Hyperfine constants
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Conclusion

In this work, we have presented a theoretical model for the calculation of hyperfine constants in highly
charged ions. The model is based on the HFBCS method, that we combine with a numerical solver for
the Dirac equation in order to compute different energetical shifts due to the finite size of the nucleus.
We have shown it is possible to compute the Bohr-Rosenthal and Bohr-Weisskopf corrections to the
magnetic hyperfine constant, allowing to obtain the hyperfine anomaly between different isotopes of
dysprosium in a fully ab-initio manner. We have also shown that the quadrupole hyperfine anomaly
can be calculated in the same way, and that it is reasonably measurable for muonic ions. The latter
have been shown to be particular useful in probing the internal structure of the nucleus and, coupled
with our methodology, could allow us to benchmark different nuclear models.

Moreover, we have shown that the magnetic dipole moments of '%°Ho%"* can be computed quite

accurately, in particular considering our approach doesn’t require any fitting parameters. However, the
accuracy can be further improved by allowing for such parameters to fit the experimental values of
easily obtainable quantities whose calculated values in our model are not in perfect agreement with the
experimental values.

This methodology has still room for improvement, in particular on the atomic side, it doesn’t include
the radiative corrections originating from QED, while on the nuclear side, we don’t account for nuclear
excitation effects. The latter could prove particularly important via the configuration mixing they
induce, and could help reduce the discrepancies between the calculated and experimental values.

The model presented in this work is a first step towards a fully ab-initio model for the computation
of hyperfine constants in highly charged ions, and could be further improved on the nuclear side to
include more effects and be more accurate, like for example Higher Tamm-Dancoff Approximation
(HTDA) on top of the HFBCS calculation [163]. Moreover, coupled to atomic structure calculations,
especially the ones introduced in I, it could be generalized to multi-electronic systems, and could be
used to compute hyperfine constants in complex systems such as atoms and molecules.

This part of the work has provided a solid insight in the nuclear effects and internal structures, that
transpires through the hyperfine anomaly via the nucleus’ interaction with the electrons and muons.
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Quantum Computing with Nuclear

Spins in Lanthanides

“Nature isn’t classical, dammit, and if you want to make a simulation of nature, you'd better make it
quantum mechanical, and by golly it's a wonderful problem, because it doesn’t look so easy.”
— Richard Fenyman

This section builds upon the foundational concepts of quantum mechanics, and the tools from linear
algebra used to describe quantum states, to introduce the principles of quantum computing. A review
of these mathematical tools is provided in Appendix A. Initially, the section covers the core principles
of quantum computing, such as qubits, quantum gates, and quantum algorithms, before expanding to
d-dimensional quantum systems, known as qudits, and their potential applications. This exploration
aims to enhance understanding of the mathematical behavior of the computational space underlying
lanthanide-based nuclear qudits, which are central to this work.

Since the Hilbert space of multiple qubits and qudits is mathematically equivalent when their dimensions
match, we will explore the origins of their differences, focusing on the noise channels affecting these
systems. Specifically, we introduce the Lindblad master equation as a general framework for describing
the evolution of open quantum systems, along with the Kraus representation, which characterizes
quantum channels that include these noise effects. Our analysis will emphasize how noise channels
impact the coherence and computational fidelity of operations on d-dimensional quantum systems and
how this differs from multi-qubit systems. We will examine how computational fidelity scales with
increasing dimension, given that one of the project’s long-term objectives is to leverage isotopologue
degrees of freedom to increase the dimension d of qudits linearly, thereby expanding the computational
space. Thus, it is crucial to understand how these noise channels influence the fidelity of quantum
operations as the system’s dimension grows.

Finally, we introduce the concepts of quantum optimal control and quantum speed limits as strategies
for implementing quantum gates in the shortest possible time. This approach is vital for mitigating
the detrimental effects of noise channels on computational fidelity, especially as higher-dimensional
systems experience greater noise impacts. To ensure competitiveness with qubit platforms, faster
gate implementations are necessary to offset the increased influence of noise in higher-dimensional
qudit systems. By leveraging these strategies, we aim to enhance the computational capabilities of
lanthanide-based nuclear qudits and enable the development of robust quantum algorithms for quantum
computing applications.

Note: For the entirety of this part, we will use 7 = 1 units, unless specified otherwise.
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From bits to qubits to qudits

9.1 What is a qubit?

A qubit, or quantum bit, is the fundamental unit of quantum information. Unlike a classical bit,
which can be either 0 or 1, a qubit can exist in a state that is a superposition of both 0 and 1. This
property allows quantum systems to process information in ways that classical systems cannot.

9.1.1 State Representation

A qubit is mathematically represented by a vector in a two-dimensional Hilbert space. The canonical
basis states of this space are denoted by |0) and |1), analogous to the classical bits 0 and 1. However,
a qubit can exist in any superposition of these states:

) = al0) + 811), (9.1)

where o and 3 are complex numbers satisfying the normalization condition |a|? + |3|? = 1.

9.1.2 Density matrix representation

The density matrix formalism (see Appendix A.3) proves useful in representing an ensemble of qubit
realisations, providing an object that displays the ensemble’s average dynamics, whether it is a multitude
of physical qubits or a statistical ensemble of repeated single-qubit experiments/measurements, an
element of the ensemble is simply called realisation. Given an operator A and ensemble of states {|¢)}
and a pure state [¢), with p and o their respective density matrices, we have

E[(A),] =Tr(4p)  and  E[IWI6)P] = Wlolv) = Tr (op) (9:2)

where £ [-] is the average over the realisations.

Therefore the density matrix of a qubit takes the form:

P00 Po1
= ) 9.3
P (Plo Pn) 9:3)

where poo + p11 = 1 and po1 = pjy, also, by construction, the density matrix for the pure state
a|0) + B1) is such that poo = |a|?, p11 = |B]? and po1 = a* .
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9.1.3 Bloch Sphere Representation

The state of a qubit can also be visualised on the Bloch sphere, where every point on the surface of a
unit sphere represents a possible state of the qubit. The north and south poles of the sphere correspond
to the states |0) and |1), respectively, while any other point on the sphere represents a superposition of
these states. The Bloch sphere is a powerful tool for visualising the state space of a qubit and the
effect of quantum gates, and quantum channels in general.

10)
i /3
= 1)
1)
Figure 9.1: Example of a Bloch Sphere representation, for the state @ |0) —1—# 1) with § = ¢ = /3.

There are multiple ways of defining the mapping of a quantum state to the Bloch sphere.

1. From ¢: The quantum state |¢)) = «|0) + S|1) can be mapped onto the Bloch sphere by
expressing the state vector’s coefficients in terms of spherical coordinates:

o = cos (g) . B =¢eYsin <2) , (9.4)

where 0 and ¢ are the polar and azimuthal angles, respectively. These angles uniquely determine
the position on the Bloch sphere, with 6 varying from 0 to m and ¢ from 0 to 2.

2. Thanks to o0,,0,, and o.: These Pauli matrices play a crucial role in mapping quantum states
onto the Bloch sphere. They are defined as follows:

(O () e (0. »

The expectation values of these matrices with respect to the state p determine the coordinates
on the Bloch sphere, thus providing a comprehensive geometrical interpretation of the qubit’s
state. The components of the Bloch vector 7= (ry,ry,7.) are given by:

re = Tr(poz) = (Yloxlvp), 1y =Tr(poy) = (Ploylv), 1. =Tr(pos) = (Y[o:|v). (9.6)

This vector fully characterises the state within the Bloch sphere.

3. Link with p: As consequence of the previous point, the density matrix of a state whose Bloch
vector is 7 = (ry, 7y, 72) is

1
p= 5 (I +1ry05 +ryoy +1.02) (9.7)

9.1 What is a qubit? — Bloch Sphere Representation
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Note: One can see that a pure state is necessarily on the surface of the Bloch sphere, while a
density matrix can also represent states inside the Bloch ball, i.e. mixed states, see Appendix A.3.

9.1.4 Entanglement

One of the most powerful features of qubits is their ability to become entangled with each other. Entan-
glement is a quantum phenomenon in which the states of two or more qubits become interdependent
enough that the state of each qubit cannot be described independently of the state of the others. This
property is the basis for many quantum algorithms and protocols, including quantum teleportation
and quantum cryptography [164].

The phenomenon of interest related to quantum entanglement in this context is the exponential
expansion of the Hilbert space. Analogous to how classical bits exist in one of two states —either 0
or 1- a qubit can be in a complex superposition, representing a combination of both |0) and |1). For
a system of N classical bits, the total number of possible configurations is 2%V, and a system of N
qubits can exist in a superposition encompassing all 2V potential states simultaneously, illustrating
the profound scaling advantage of quantum systems over classical systems, as shown in Tab. 9.1.

Number of bits | Possible classical states Possible quantum states

a0) + S[1)

1 0or1l Va,B € Cst. o+ |82 =1

00 ‘00) “+ o1 ‘01> + aqg ’10> + a1 |11>
2 00, 01, 10, 11 Vo € Cst. 3 Jayl = 1
ij

> aiji lijk)

000, 001, 010, 011, 100, 101, | &
3 110, 111 Voijr € C st > o> =1
ijk

Z Qjyig.. iy |i1i2 A ZN>

N one of 2V states i10..0N ;
Vv iy iy € C s.t. Z |Qiyigin |2 = 1

1192...IN

Table 9.1: Comparison of classical and quantum states for different numbers of bits.

One can discriminate between separable and non-separable (or entangled) states. If a N-qubits state
|tn) can be represented as

=

n) = @ [0, (9.8)

0

B
I

with (%) being a pure state of qubit k, it is said to be separable. Any state that cannot be put in
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this form is said to be non-separable.

Note: For example, } (/000) — [001) + [100) — [101)) = /1 (10} +[1)) @ 0) @ /3 (10) — 1) is a
separable state. While 3 (/000) + [001) +|100) — [101)) is not.

A noteworthy example is the non-separable GHZ state:

Definition: (GHZ state)

N-1 N-1
(GHZ) = \/g (@ 0+ |1>) : 9.9)
k=0

k=0

the 