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Abstract

The multi-index model with sparse dimension reduction matrix is a popular ap-
proach to circumvent the curse of dimensionality in a high-dimensional regression
setting. Building on the single-index analysis by Alquier, P. & Biau, G. (Journal
of Machine Learning Research 14 (2013), 243-280), we develop a PAC-Bayesian
estimation method for a possibly miss-specified multi-index model with unknown
active dimension and an orthogonal dimension reduction matrix. Our main result is
a non-asymptotic oracle inequality, which shows that the estimation method adapts
to the active dimension of the model, the sparsity of the dimension reduction matrix
and the regularity of the link function. Under a Sobolev regularity assumption on
the link function the estimator achieves the minimax rate of convergence (up to a
logarithmic factor) and no additional price is paid for the unknown active dimen-
sion. The method is illustrated with simulation examples.

Keywords Multi-index model - PAC-Bayes - Adaptive nonparametric estimation -
Sparsity - Oracle inequality - Dimension reduction

Mathematics Subject Classification 62G08 - 62F15

1 Introduction

A standard task in supervised learning is to estimate or learn, respectively, the con-
ditional expectation of a label ¥ € R given a large vector X € RP of explanatory
random variables based on i.i.d. data D,, := (X, Y;);=1,... », Which are distributed as
(X,Y). The corresponding nonparametric regression model reads as
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V=fX)+e M

with an observation error ¢ satisfying E[¢|X] = 0 a.s. and the unknown regression
function f: RP — R given by f = E[Y|X = -]. If the dimension p is large, the esti-
mation problem suffers from the well-known curse of dimensionality. This is of par-
ticular importance in numerous recent applications where p may even exceed the
sample size n.

A popular approach to reduce the effective dimension of the model is to impose a
multi-index structure on f(Li, 1991). While we do not assume that the observations
exactly follow a multi-index model, our method builds upon an approximation of the
regression function of the form

fx) =g (W),  VxeRP, @)

for some active dimension d* < p, a sparse dimension reduction matrix W* € R P
and a (measurable) link function g*: R* — R. Under this model, the problem of
estimating the high-dimensional regression function f boils down to estimating a
lower-dimensional function g* and a sparse d* X p matrix. The sparsity assumption
implies most of the covariates, approximately do not have an influence on the label.
If we knew, which covariates are irrelevant, we could discard them entirely, further
reducing the model complexity. However, even without this knowledge, we can ben-
efit from a sparse dimension reduction matrix by constructing an estimator which
adapts to this sparsity.

Note that the class of multi-index models covers various commonly studied
regression models from the literature, see e.g. Hastie et al. (2009) for an overview.
In particular, for x = (x1,...,2,) ", w,w1,...,wp € RP,z = (21,...,24)" € RY,
9:91,---,9p: R = Rand d < p, we recover the following models:

(a) Linear regression: f(x) = w ' x, which can be seen as a multi-index model with
d* = 1 and the identity as link function.
(b) Additive model: f(x) = >.7_, g;(z;), i.e. a multi-index model with W = I,,,,

and g(x) = Z?zl gi(xs).

(c) Single-index model: f(x) = g(w'x), the special case of the multi-index model
with d* = 1.

(d) Projection pursuit regression: f(x) = Z?zl gi(w; x), which is a multi-index
model with d* = d, dimension reduction matrix W = (wy,...,wg)" and link
function g(z) = Z?Zl 9i(2).

In the high-dimensional linear regression, the curse of dimensionality can also be cir-
cumvented assuming sparsity of w by using the celebrated LASSO, see van de Geer
et al. (2011). Alquier and Biau (2013) study the single-index model under a sparsity
assumption on w.

Following the aforementioned Li (1991), the estimation of the space spanned by
the rows of W* has been studied extensively in the literature, see e.g. Hristache et al.
(2001), Xia (2007) and Dalalyan et al. (2008), but under the assumption of a known
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active dimension d*. While some research has been done on the estimation of d*
itself, see Xia et al. (2002) and Zhu et al. (2006), the estimation of the overall model
has relied on estimating W* and g* separately to then analyze the propagation error,
see Klock et al. (2021). The analysis of high-dimensional multi-index models, where
p > n, is rather limited.

A common assumption in the theory of multi-index models is that the dimen-
sion reduction matrix is (semi-)orthogonal, i.e. W*(W*)T = Iz« 4~ is the identity
matrix. Indeed, this allows for the interpretation of W*X as a rotation of the covari-
ates, projected onto the first d* coordinates followed by another rotation.

We use a PAC-Bayesian estimation approach based on the Gibbs-posterior (see
Guedj (2019) and Alquier (2024) for an overview) which was originally devel-
oped by Catoni (2004, 2007) and has been adapted to the single-index model (i.e.
d* = 1) without miss-specification by Alquier and Biau (2013). Other applications of
the Gibbs-posterior to nonparametric regression include additive models, see Gued;
and Alquier (2013), and neural networks, see Bieringer et al. (2025) and Steffen and
Trabs (2025).

In this paper we generalize the PAC-Bayes method for single index models to the
more flexible class of multi-index models. In particular, we aim for a method which
adapts to the unknown active dimension d*, the sparsity of W* and the regularity of
g* for a good approximation (2) based on the given data.

The PAC-Bayes approach relies on the following principle: With a prior IT for the
parameters (W, g) we consider the Gibbs-posterior probability distribution IT (- | D,,)
whose II-density is (up to normalization) given by

dH)\ (I/V, g | Dn)

1 o exp(—AR, (W, g)) 3)

with a tuning parameter A > 0 and empirical prediction risk

The estimator for f'is obtained by simulating a random variable

(W, 9r) ~ (- | D) (4)

and setting =0\ (WA) Other estimators based on the Gibbs-posterior are the pos-

terior mean E[f| D,,] and the maximum a posteriori (MAP) estimator. We focus on
the estimator from (4) for clarity, but our results can easily be extended to the poste-
rior mean.

While (3) coincides with the classical Bayesian posterior distribution only if
Y; = g(WX,) + ¢; with i.i.d. &; ~ N(0,n/(2X)), the estimator f= §,\(ﬁ/\,\~) will
achieve a small prediction error under quite mild model assumptions.
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We choose a hierarchical prior that prefers models with a low active dimension,
sparse dimension reduction matrices and regular link functions. Let IT be supported
on ngl Syq x G4 for some classes Sy and G4 for W and g, respectively. For S; we
will study a class of sparse matrices while G4 will be given by finite wavelet approxi-
mations. The prior is uniform for a given sparsity and a wavelet projection level. The
posterior weighs each pair of parameters (¥, g) based on its empirical performance
(with respect to the empirical loss function) on the data, where the tuning parameter
A controls the impact of R, (W, g).

We quantify the accuracy of the estimation procedure in terms of the excess risk

EW,g) == R(W,g) —E[(Y — f(X))?] = E[(¢g(WX) — f(X))?], (5)
where
R(W,g) :=E[(Y — g(WX))?] (6)

is the prediction risk.

The paper is organized as follows: We explain our estimation method in Sect. 2
and state our main results in Sect. 3. In Sect. 4, we demonstrate the performance of
our estimation method with simulation examples. The proofs have been postponed
to Sect. 6.

Throughout, we denote the ¢9-norm of a vector x € R? by |x|, for ¢ € [1, c0] and,
in particular, the Euclidean norm by |x| = |x|o. Further, we set a V b := max{a, b}
and a A b := min{a, b} for a,b € R.

2 Construction of the prior

To construct the prior, we introduce for any dimension d =1,...,p classes Sy
and G, together with priors pg and vy for the dimension reduction matrix W and
the link function g, respectively. Based on that we can then define the prior IT on
U§:1 Sa % Gq.

We start with a fixed active dimension d € {1,...,p}. While it is common in
the literature to assume that the “true” dimension reduction matrix W* is (semi-)
orthogonal, we do not need to impose this restriction on our estimation method.
Instead, we simply generate an estimator with ¢?-standardized rows, i.e. for
W = (w1,...,wg)" € R>P with row vectors w; = (w;1,...,w;,) € RP we
impose |w;| = 1. To encode sparsity, let

To={I|0#T:=0L x--x1Iy I,...., 14 C{1,...,p}}

contain all potential sets of active coordinates, that is I; describes the active coordi-
nates in the i-th argument of the link function. For I = I; X --- x Iy € Z; the num-
ber of active coordinates is || I || := Z?Zl |1;|, where | ;| denotes the cardinality of I;.
Note that ) # I = I x --- x I; already implies I1, ..., I; # (. The parameter set
S4(I) of sparse dimension reduction matrices is given by
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Sa(I) :={W = (w1,...,wa)" € RP |w; € S(L),i=1,...,d}, where
S(Il) = {wz = (witl,...,wi’p) € RP | |wz| = 1,Vj ¢ I; : Wy,5 = O}

Finally, we define Sq = (J; 7, Sa(1). Note that Sq(1) 2 Sq([) for

Sa(I) == {W = (w1, ...,wq) " € RYP | |wy| = = |wg| = 1,w;; #0iff j € I,
j:17"'?p}'

In §d(I ) the index set [ exactly describes the sparsity of /7. However, we consider the
prior on the compact set Sq(I) to ensure the existence of solutions to minimization
problems over Sg(I), which becomes relevant in Sect. 3.

To construct a prior measure jq on Sg, we use the uniform distribution on the
set of dimension reduction matrices with a given active dimension d and with spar-
sity ¢ = ||I||. These uniform distributions are then weighted geometrically such that
sparse dimension reduction matrices are preferred by the prior. Denoting the uniform
distribution on Sq(I) by pq, 1, the prior measure on Sy is thus given by the mixture

dp
. 1
= g—itd-1 / 1 — 2(-p)d-1 where Tai:={1 €Ly ||I|| =1}
Hd ;:d Tl zegzd ,'u(“ ( ) i ={ a | 1]l =i}

Here and in the following two analogous constructions, the basis 2 of the geometri-
cally decreasing weights can be replaced by an arbitrary fixed @ > 1. The theoretical
results remain unchanged up to constants.

To define a class G4 and a prior v4 for the link function, we use a multivariate
tensor product wavelet basis on R?, see e.g. Daubechies (1992); Giné and Nickl
(2016). Let ¢ and 9 be a continuously differentiable scaling and wavelet function on
R, respectively, and write ¥ := ¢, ¥1 := 1. We use compactly supported regular
Daubechies wavelets. For M € Ny, N € N we define the index set

Z]d\/[,N ={1=(0,12,0) | Iz € Z%, |ls]oc < N}
U{l = (ln,l2,l3) € No x Z% x {0, 1} [ i < M, llafoc < 2" N, 13 # 0},

where [; is the approximation level, l5 is a shift parameter and /3 is due to the tensor
structure. The system (V;);cza _ with

00,00

d
Uy (x) =202 [y, (2" s — 1), x € R4 1= (lh,1p,13) € Z¢
=1

is an orthonormal basis of L?(R?). In particular, each g € L?(R?) admits a wave-
let series representation g = > ;. -4 (g, ¥;)V¥;. Throughout, we fix a sufficiently

large constant N € N and abbreviate Z¢, := ZJ(%/I, - For £ > 0 we define the com-
pact wavelet coefficient ball
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Bua(€) = {B € R |[|Bls <&},  where
1815 =L Y 25@2 D15 with L= [[9lloo V lelloe V ¥/ llse V ¢ lloe V1, (7)

d
lezy,

which determines the finite dimensional approximation space

Gam(§) ={g=Pam(B)|BEBam(} via  Dgun(B):= Z By, B € RZ,

lezy,

For any g = ®4 57 (5) we write ||g|| 5 := || 8]l 5 which corresponds to the Besov norm
with regularity 1 + d and integrability parameter 1 on span{V, : [ € Z¢,}. In par-
ticular, we have for any g € G4 a(€)

lglle <llgllz <& and  [[(Vg)illeo <llgllz <& Vie{l,....d}. (8)

For C' > O we set G4 := U;\'Z:O Gam(C+1).

The prior v4 on G4 is defined as a random coefficient prior with uniformly dis-
tributed coefficients on Gg ar(C' + 1) and geometrically decreasing weights in
the approximation level M. To this end, let 4 5s be the uniform distribution on
Bam(C +1) and let vy p == ﬁd,M(q);}w(-)) denote the push-forward measure of
Ug,am under @4 . Then, we set

Vq = Z 2_MVd7M/(2 — 2—n).
M=0

We can now define the prior for a fixed active dimension d as the product measure
T4 = pq ® V4. Finally, we mix over all possible active dimensions to account for the
fact that d* is unknown. Encoding a preference for simple models, i.e. small active
dimensions, via weights 2%, the final prior on (Y=, Sa x Gq is given by

p
= 22—%/(1 _97P), 9)
d=1

Note that the structure of the prior ensures that drawing from II yields a link function
and a dimension reduction matrix with matching active dimension.

3 Oracle inequality
For an active dimension d € {1, ..., p}, an active index set I € Z; of the dimension

reduction matrix and an approximation level M € {0, ..., n} of the link function, we
define an oracle choice on Sq(I) x G a(C) as
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(Wirgiar) € argmin  R(W,g). (10)
(W,9)€Sa(I)xGa,n (C)

Note that the minimization in g is over Gg4 ps(C), whereas the prior is defined on
Ga,m(C + 1) which ensures that a small neighborhood of g ), is contained in the
support of the prior. A solution to the minimization problem in (10) always exists
since we have equivalently

(Wip B € arg min E[(Y = ®40(B)(WX))?]
(W,B)Esd(l) XBd’]\j (C)

with compact Sa(I) x Baa(C) and continuous
(W, B8) = E[(Y — <I>d7M(B)(WX))2]. Our main result gives a theoretical guarantee
that the estimator (W), gx) from (4) is almost as good as the best oracle (Wj 1, g5 1r)

for all possible active dimensions in terms of the excess risk. To this end, we need
some mild assumptions on the regression model.

Assumption A

(a) Bounded regression function: For some constant C' > 1 we have || |00 < C.

(b) Bounded inputs: For some constant i > 1 we have |X|,, < K a.s.

(c) Conditional sub-Gaussianity of observation noise: There are constants
o,I' > 0 such that

k!
E[le[*1X] < 50%’6*2 a.s., Yk > 2.

We obtain the following non-asymptotic oracle inequality. It generalizes Alquier
and Biau (2013, Theorem 2) not only with respect to the multi-index approach with
unknown active dimension, but also with respect to some technical but practically
relevant aspects such as the £2-normalization of  and the wavelet basis.

Theorem 1 (PAC-Bayes oracle inequality) Under Assumption A there are constants
Qo, Q1 > 0 depending onlyon C,T",c > 0 such that for A\ = n/ Qo and sufficiently
large n we have for all § € (0, 1) with a probability of at least 1 — ¢ that

E(Wx, ) < min (35(W5,p i) + %(IIIH log(pV n) + 16 N2 log(n) + log(2/5)))7

where the minimum is taken over all triplets (d, I, M) with d € {1,...,p}, [ € I,
and M € {0,...,n}.

Remark 2 Here and in the following, the 1 — § probability in takes into account the
randomness of the data and of the estimate. An explicit admissible choice for A is
A=n/((2C+1)(T'V (2C + 1)) +4((2C +1)? + 40?)). The dependence of Q;
on C, T, o is at most quadratic and n > no =5V (C 4+ 1) V K is sufficiently large.
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The right-hand side of the oracle inequality can be interpreted similarly to the clas-
sical bias-variance decomposition in non-parametric statistics. The first term

EWir 9a.n) = Ellgan (Wi X) = £(X))?]

quantifies the approximation error while second term is an upper bound for the
stochastic error. In particular, we recover ||I|log(pV n)/n (or ||I|log(p)/n if
p = n) as the typical error term for estimating sparse matrices with sparsity ||7]],
see van de Geer et al. (2011), while 169N 29 log(n) /n is due to the estimation of
O(16N*24M) many wavelet coefficients each with (squared) accuracy log(n)/n
paying a logarithmic price for adaptivity.

The minimum over all (d, I, M) in the upper bound shows that the estimator adapts
to the active dimension, the sparsity of the dimension reduction matrix and the regu-
larity of the link function. One can show the same result in a multi-index model with
a known active dimension d* by using 74+ as a prior instead of I1. The only difference
(up to a different constant J1) in the result is that the minimum in the upper bound
is only taken over all pairs (I, M) € Zy« x {0,...,n}. Consequently, no additional
price is paid for not knowing the true active dimension of the model.

In the well-specified setting and under assumptions on the distribution of W*X as
well as a Besov-type regularity assumption on the link function, we derive explicit
convergence rates from Theorem 1.

Assumption B

(a) Multi-index model: There exist d* € {1,...,p}, W* € S* and g* : RY — R
such that f = g*(W™*.).

(b) Bounded dimension reduced inputs: For By > 1, we have |[IW*X|., < Bj.

(c) Lebesgue density of dimension reduced inputs: 1/ *X has a Lebesgue density
o on R bounded by a constant By > 1.

For the true dimension reduction matrix W* we write |W*||o := ||I*|| for the mini-
mal (with respect to || - ||) I* € Zy~ such that W* € Sy« (I*). The regularity of g*
will be measured in terms of its Besov norm. We recover Sobolev balls for ¢ = 2, cf.
Giné and Nickl (2016, (4.164)).

Definition 3 The Besov ellipsoid in R%" with regularity o > 0 and integrability
parameter ¢ € [0, c0) is given by

008 = {ge P®RT)| X 2hefig ) <&t} an

lezd

for a radius £ > 0.

Corollary 4 (Convergence rate) Let the assumptions of Theorem 1 be fulfilled in
addition to Assumption B. Take X = n/ Qg with Qg from Theorem 1. Suppose that
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9" € BY 4. (&) with § = C(L¥ 2N /21694 /2)~1 for some a > 2 + d*. Then, for
sufficiently large n and with a probability of at least 1 — 6, we have

2
log n)ﬁ
n

LW oo ), los(2/9)
n n ’

E(Wa,9y) < Qz( +Q2<

where @)z is a constant only depending on C, I',0, N, B;, By and d*.

Remark 5 1If W* is sparse (i.e. |[W*||o is small), then the dominating term in the
upper bound of the excess risk of the PAC-Bayesian estimator is of order

lognﬁ
(=)

which is the usual minimax-optimal rate (up to a logarithmic factor) for such estima-
tion problems, see e.g. Tsybakov (2009). Note that if d* is substantially smaller than
p, then we have successfully circumvented the curse of dimensionality, since the
dimension which appears in the rate is now only d*. As an alternative to the wavelet
construction, one can use the multivariate trigonometric system on [—1, 1], assume
X € [~1,1]? and ¢'-standardized rows of W* (which ensures W*X € [—1,1]%)
leading to a more direct generalization of Alquier and Biau (2013). In particular, an
analogous statement to Corollary 4 holds for an estimator based on the trigonometric
system in the setting of W* having ¢*-standardized rows and X € [—1, 1]P. However,
the /2-standardization seems more natural and is in line with the literature.

4 Simulation examples

In this section, we demonstrate the performance of our estimation method with simu-
lation examples. To this end, we need to sample from the Gibbs posterior distribution.
Since its normalizing constants are inaccessible, a common way to achieve this is
through the Metropolis-Hastings algorithm where a Markov chain (W *), g()), o,
is constructed which admits the Gibbs posterior as its invariant distribution. While
the hierarchical prior allows for the construction of a method with desirable theo-
retical properties as demonstrated in Sect. 3, the implementation of such adaptive
methods presents its own set of challenges, especially for our method with a multi-
level hierarchical prior. The typical approach in the literature is to use a particular
variant of the Metropolis-Hastings algorithm, namely the reversible-jump Markov
chain Monte Carlo (RIMCMC) algorithm originally introduced by Green (1995).
In a regression setting, it has successfully been applied to additive models (Guedj &
Alquier, 2013) and single-index models (Alquier & Biau, 2013). To obtain a numeri-
cally feasible method, we restrict ourselves to the case of an active dimension d* = 2
in a projection pursuit type regression which generalizes the implementation in the
latter reference.
The Markov chain (W®), g(*)), ., is constructed as follows:
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(a) Randomly initialize (W () ().
(b) Fork =0,..., N with some fixed N € N:
(i) Given (W® ¢(®) draw (W,§) from some conditional proposal density
qe(- | WH) | gk,

(ii) Set
(W(k’+1) g(kJrl)) — { (Wvg)a with prObablhty ak(wag_\‘/w(k)ag(k))a
’ (W) g)), with probability 1 — (W, g | W) g(k),
where

(W, g | D)W, 9)gr (W), g™ | W, 3)
I\ (W ®), g®)) | D)W E, gk)) gy, (W, g | W), g(k)

ap(W,g | Wk g0y = A1.(12)

As in Alquier and Biau (2013), we choose g = g1 for odd k and g, = ¢ for even &,
where ¢ proposes to modify (W, g) and g2 only proposes a modification to g. The
main challenge is to construct g1, g2 such that the resulting algorithm is manageable.
To explain this construction, we fix some notation. We write

g(@1,22) = g1(21) + g2(2) Zﬁl (1) +Zﬂ2m 2),
j=1 j=1

9(x1,22) = g1(21) + g2(2) Zﬂl (@1 +Zﬂ2,a% 2),

with m,meN, i, b2, El.,ja E2,j €R and a basis (p;)jen consist-
ing of univariate functions. For simplicity, we use the trigonometric system
1(x) =1, p9;(x) = cos(mjz), pa2;+1(x) = sin(mjz) for j € N, but in theory other
systems such as wavelets could be used. For the notation of the dimension reduction
matrices, it is convenient to interpret them as a vector. In particular, we write

W:(wla"'vwlo)eRlov with |(w17"'aw5)‘:‘(wﬁa“wwlo)l:l

W:(wl,...,alo)GRIO, with |(1171,...,1T)5)\:\(1176,...,@10)|:1

)

and denote by I C {1,...,10} the set of indices of the nonzero entries of W. Further,
for some s > 0, we set

52 <

p(QIW,m)aexp(—QLZZ(ﬂm — B;;(W,m)) )

where
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> (W, o € i
(B (Wom)) iy i m oy B
n m 2
Z (Yz - Z Zﬁi,j@j((’wus(i—n» e w5+5(i—1))Xl)) .
=1 i=1 j=1

We can now define ¢1, ¢o. Starting with g, we set

%QI,:(' | Wa g) + lql,Jr(' | VVag) 1 lf |I‘ = 27
(- |W,g) = gqu(' | W, g) +5q1=( | W,9)+ 31— | W,g) if2<|I] <p,
= |W,9)+350-(|Wyg) if [I] = p.

The idea is to achieve mixing over models with different sparsity by randomly pro-
posing to add or remove an entry from W if this is possible. For instance, if |I| = p,
no components can be added and if |I| = 2, no further entries can be set to zero as
this would violate the standardization of (w1, ..., ws) and (ws, . .. ,w1p). In the case
where we propose to leave the sparsity unchanged, we obtain W by adding noise
to W, standardizing and, given the new W, taking g as a noisy version of the least
squares estimator. Specifically, we choose

G1,=(W, 5| W, g) = q1,-(W | W)p(G | W,m),

where q17:(W | W) denotes the density of W drawn from

W~ ( w1 +Uilgen ws + Usliseny
(w1 +Uilgieny, - - ws + Uslgseny)| " [(wr + Urlgiery, - - - ws + Uslgseny)|
we + Uslisery w10 + Uiol{10er} >
[(we + Us1serys - - - w10 + Utolproery)! ™ [(we + Uslsery, - - - w10 + Urolroery)|

with (Uy, ..., Ug) ~ U([—d,6]*°) for some § > 0. Adding or removing components
is accomplished by ¢ 4+ and ¢1,—, respectively. Denote by W_; the vector W with
the i-th entry set to zero and standardized in the first and second half of the entries,
respectively. We set

1.~
. s
W31 Wg) =Y cril iy _ypy—astpd | W.om)

igl
with weights

exp (| 1) (¥ — gWX0) X1
> j¢1 €XP (‘ S (Y- Q(WXI))Xl,jD 7

C+i =

where X ; denotes the i-th entry of the /-th observation.
For the removal of components, we use
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q17—(W,§ | VV,Q) = ZC_’il{ﬁ/:W_i}p(§| W7m)a
el

where the weights are chosen as

exp(—|wi]?)L{jw,|<s}
Eje[ eXp(_‘wj|2)1{‘Wj|<6}

C_ ;=

Choosing 0 < 1 ensures that the algorithm will not propose to remove the last remain-
ing entry of (w1, ..., ws) or (we,...,w1o)-
For g2, we set

%qz,:(- | W, g) + %qu(- | W, 9) ) ifm =1,
a@(- | W,g) = %CI2,+(' | W, g) + ?Q2,:(' | W,9) + 302, (- | W,g) if1<m<mn,

0= 1W,9) + 30 -(|Wy9) if m =n,
where

QQ,:(qu | Wa g) = 1{W={71'/}p(§| mm)

q2,+(W7§ | Wag) = l{W:ﬁ/}p(§| VVaer 1)

This choice of ¢, allows for the mixing of models with a different number of basis
elements representing the link function.

In theory, one could extend the algorithm to also accomplish mixing over different
active dimensions. An idea would be to alternate between three steps, ¢1, g2 and g3,
where g3 proposes to increase or decrease the active dimension of the model. How-
ever, constructing this proposal distribution g3 such that the acceptance probability
in (12) is large enough, on average, to allow for convergence of the algorithm in a
reasonable number of steps is challenging, as a more complex proposal also leads to
a more computationally costly acceptance probability. Also, evaluating the multivari-
ate basis required for the full multi-index model in every step adds to this cost.

We now demonstrate the performance of this algorithm in simulation examples.
First, we specify the experimental setup. For the true regression function f, we con-
sider the following three models:

(a) Additive model:  f(x) = g1(z1) + ge(z6) with g1(x1) = —sin(mz?),
g6(xg) = — cos(mxe).

(b) Single-index model: f(x) = g(w'x) with w=(1/v2,1/v/2)T and
g = 2cos(m).

(c) Projection  pursuit  regression:  f(x) = g1(w] x) + go(wg x)  with
w1 = (3/5,0,4/5,0,0,0,0,0,0u).= (v13/4) - (3/4,1/2,0,0,0,0,0,0,0,0)T
and g1 = 2 cos(7-), g2 = sin(7-).
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We generate the iid. data D, = (X;,Y;)i=1,...» C R? x R with n = 2000 and
p = 10 according to f(X) =Y + &, where ¢ ~ N(0,0.01). The data is then split
into a training and a test sample with 1,5, = 1600 and nese = 400, respectively.
We run the RIMCMC algorithm with A = 5ny,,i,, on the training data for 5000 itera-
tions to obtain our estimator ]? for f.

The algorithm calculates the empirical prediction risk on the training sample in
every step, as illustrated in the upper half of Fig. 1 for 25 Monte Carlo iterations in
the projection pursuit model. From this figure, we note that most of the optimization
occurs within the first 1000 steps, after which the chain stabilizes. The lower half
of this figure illustrates how the algorithm tries to find the active coordinates of the
model. The four active coordinates which it settles on in most runs are indeed correct
in the projection pursuit regression specified for the experiment, namely the first and
third entry of w; and the first two entries of ws.

After training, the average of (f(X;) — f(XZ))z across the test sample is cal-
culated and normalized by n=! >°"" | f(X;)? for an approximation of the relative
excess risk. For each of the models above, we repeat this procedure in a Monte Carlo
simulation with 25 iterations. The results are summarized in the rows of Table 1 with

f. Comparing the means with the much smaller trimmed means (trimmed at the 10%
level on both ends) and the medians suggests that the larger means are due to outliers.
This is underlined by the fairly large standard deviations and the upper half of Fig. 1.
When checking the individual runs for all models, we observe that in about 1 out of
10 runs, the algorithm wrongly removes relevant coordinates from the model, fails
to remove irrelevant ones or otherwise gets stuck at what is only a local optimum.

In practice, this can be circumvented by running the algorithm multiple times on the
same data.

|
- o =
s L s

log(empirical prediction risk)
b

=

T T T T T
1000 2000 3000 4000 5000
step

#active coordinates
-

. T

=

T T T T T
1000 2000 3000 4000 5000
step

Fig. 1 Logarithm of the empirical prediction risk and number of active coordinates during training of
25 Monte Carlo iterations with 5000 steps each for the projection pursuit model
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Table 1 Relative excess risk of  pModel Estimator ~ Mean Trimmed Median
the projection pursuit type es- (standard mean (inter-
timator f and the single-index deviation) quartile
estimator f in a Monte Carlo range)
simulation with 25 iterations additive f 0.0850 0.0629 0.0289
(0.1210) (0.1193)
;F 0.1429 0.1428  0.1426
’ (0.0090) (0.0157)
single-index J‘A 0.0304 0.0003  0.0002
(0.1477) (0.0004)
]? 0.0310 0.0027  0.0019
(0.1386) (0.0032)
projection ]? 0.0528 0.0009  0.0007
pursuit (0.1760) (0.0004)
j? 0.2724 0.2279  0.2011
(0.2024) (0.0232)

In order to compare the above numerical performance with a reference method, we
implement the algorithm by Alquier and Biau (2013) in the same settings. The results

are shown in the rows of Table 1 with f The performance on data generated from a
single-index model is comparable to that of our method. The other settings showcase
that our generalized method is more widely applicable.

5 Discussion

Overall, our results showcase the flexibility of the PAC-Bayesian estimation approach
based on the Gibbs-posterior to construct adaptive estimators in a wide spectrum of
models. Our theoretical results demonstrate that the estimation procedure generalizes
that of Alquier and Biau (2013) from the single-index model to the multi-index model
with unknown active dimension. As illustrated in Sect. 4, it is applicable to more
general settings than single-index data, which is in line with the theory.

A remaining issue is that our implementation does not access the full Gibbs-pos-
terior with a mixing prior in the active dimension, but only a simplified version in
a projection pursuit type model with fixed active dimension. However, theoretical
guarantees for this simplified estimator could be studied with the same techniques.
For this, one would consider the Gibbs-posterior with respect to a simpler prior. Fol-
lowing the construction in Sect. 2, the prior would be chosen as 77y := jig ® vy, where
114 draws a level of sparsity from a geometric distribution and given this level of spar-
sity draws a d X p-matrix with appropriately normalized row-vectors wq, ..., wq.
vy draws a link function by drawing a basis projection level m from a geometric
distribution, given m uniformly draws coefficients (3; ;)i=1,...m,j=1,.. 4 in basis
representation and then returns the resulting function. In particular, for a given draw
(W1, ...,Wq), (Bm-)izly___,myjzl,,__?d from the Gibbs-posterior with prior 74, the esti-
mate for fis
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:225 j‘PJ wl )
i=1 j=1

where (¢;)jen is a sufficiently regular orthonormal basis of L?(IR) such as the trigo-
nometric system or a wavelet basis. Meanwhile, our theory is applicable to the much
more general and adaptive Gibbs-posterior with the prior constructed in Sect. 2.
Since the mixing prior introduces computational complexity as explained in Sect. 4,
an implementation of the full method remains challenging.

6 Proofs

We begin with a general PAC-Bayes bound to then prove the main results. The proof
strategy is line with the PAC-Bayes literature, see e.g. (Alquier & Biau, 2013). A
similar result can be found in Steffen and Trabs (2025). The main difference is the
change of the prior and, consequently, the change of the integration variables. This
results in slightly different constants. The proofs of the auxiliary results are post-
poned to Sect. 6.3.

For probability measures u, on a measurable space (F, ), the Kullback—
Leibler divergence of p with respect to v is defined via

[log (3&)dp, ifpu<v
KL | v) = { 0, otherwise (13)

Lemma 6 (PAC-Bayes bound) Grant  Assumption A and  set
V:=8(2C+ 1)(I'V (2C + 1)). Then, we have for any A € (0,n/V) and any D,,
-dependent (in a measurable way) probability measure o < II that

£, 5r) < /5dg+ S (KL(o | TD) + log(2/0)) (14)

with probability of at least 1 — 4.

Proof For (W, g) € Jl_, Sa x Ga, we set £,(W,g) := 13" | Z; with centered
and independent random variables

= (Yi — g(WXy))® — (Yi = f(X))? = = (28 + f(Xi) — gV X)) (9(WXi) — (X))

Owing to (8), g is bounded C' + 1. By Assumption A, fis bounded by C and ¢; is
sub-Gaussian. Hence,

E[Z?] = E[(2¢; + £(Xi) — g(WX:))* (9(WXy) — F(X))?] < 2040 + (2C + 1))E(W, g) = U

and for k£ > 3 we have
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E[|2e; + f(Xi) — g(WXa)[Flg(WX;) — f(X) [ (g(WXs) — f(X0))?]
(2C + D)FPE[|2¢; + f(Xs) — g(WX)[* (g(WX) = f(X))?]

(20 + 1)F22F 1 (k1216202 4 (20 + 1)F)E(W, g)

(2C + 1) 2RI8F2(TF 2 v (20 + D) 2)U

= kIUVF2,

E[(Z)]

<
<
<
<

As E,(W, g) is centered around £(W, g), a variant of Bernstein’s inequality, see Mas-

sart (2007, inequality (2.21)), yields for A € (0,n/V) and C,,  := 2 2LCE o0

that
UX?
E[GXP ()\(gn(vva g) —EW, 9)))] < exp (m) = exp (C’n,,\)\é’(VV, g)),
which we can rewrite as
E[exp (A&n(W, ) — A1 + Cy 2)E(W, g) — log(671))] < 6. (15)

Note that the same arguments can be applied if we replace Z; by —Z; leading to
E[exp (A(L = Con)E(W, g) — AEn (W, g) — log(67"))] < 6. (16)

Integrating both sides of (15) and (16) in (W, g) with respect to II and applying
Fubini’s theorem, we conclude

E[/exp (A1 = Co)E(W, g) — AEn (W, g) — log(67 1)) dTI(W, g)] <6 and (17)

B[ [ exp (AEu(W.0) = A1 + Co)E(W.g) - log(a™1) dlLW. 9)] <5. (19

The Radon-Nikodym density of the posterior distribution II)(- | D,) < II with
respect to IT is given by

dII\(W, g | D)

i = Di'exp(—AR,(W,g)), Dy := / exp(—AR, (W, g)) dILI(W, g).(19)

Therefore, (17) gives
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ED,. 5 2yt (10 | P (AL = Cap)EW.G) = A (W, §) — log(67")

+ AR, (W,§) +log D))]
= EDH,(W,E)NHA(-\DH) [exp ()‘(1 - Cn)\)g(Wv/g\) - Agn(W7§)

g5~ - tog (TLT L))

= ED,L {/GXP <>\(1 - Cn,)\)g(VVv g) - )\gn(VVv g) - log((s_l)) dH(Wa g)} <0

Usingtheinequality 1(g «)(z) < e** forallz € R,wededucefor(w, 9) ~II\(- | Dy)
with a probability not larger than ¢ that

(1= Cur)EW,9) — Ea(W,§) + Ru(W,§) — A~ (log(671) —log Dy) > 0.
As1— Cp » > 0, we have with a probability of at least 1 — ¢ that
g(Wu/g\) < (1 - Cn,)\)_l( - Rn(Ipxpv f) + A_l(log((s_l) - log D)\))

Equation (5.2.1) in Catoni (2004) yields

—log Dy = —log (/exp(—/\Rn(W, g)) dII(W, g))
(20)
— inf (KL(e|T)+ [ AR.(W9)de(W.)).

Therefore, for any ¢ < II, it holds with probability of at least 1 — ¢ that

EW,9) < (1= Co) ([ Ea(W.9) do(Wig) + A (log(6™) + KL(o | D) ). 21

To control the leading integral term in (21), we use Jensen’s inequality and (18) to
obtain

o, [exp ([ A6.0W.9) = A1+ C)E(W,g) da(IW.) ~ KL(e | TD) ~ log(5))|
— Ep, [exp ([ A£a(W.9) = A1+ Co)E(W.g) — log (S5 (W.0))

dII
~log(0™") de(W.g) )|

< Ep, (Wge [exp ()\E,L(W,g) — M1+ Cnn)EW, g)
~tog ($2(79)) ~los(6 1)) ]

—Ep, [ [ e (A,(W.g) ~ ML+ Cur)E(Wig) — log(5™ ) dII(W.g)] <
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Again by 1 o) (2) < e’ we deduce that with probability of at least 1 — &

/En(W, g)do(W,g) < (1 + Cp.n) /E(I/V,g) do(W, g) + /\71(KL(Q | TI) + log(éfl)).

Combined with (21), we conclude that with probability of at least 1 — 26

5(W g) (1 - O’L,)\)71<(1 + Cn)\) /5(W7 g) dQ(Wv g) + g

L(KL(e | 1) +log(57)) ).

which yields the claimed bound since C), » < 1/2. O
6.1 Proof of Theorem 1

We extend the proof strategy by Alquier and Biau (2013) to the multi-index setting
with unknown active dimension.
Lemma 6 with A = n/(V + 4((2C + 1)? + 40?)) and ¢ < II ensures that

E(Wx,Gn) < /5 W, g)de W9)+%(KL(9 | 11) +1og(2/0))  (22)

with a probability of at least 1 — d, where the constant Q3 only depends on C, I" and
o.

Tochoose o, wefixsometriplet(d, [, M)withd € {1,...,p}, I =11 x --- x Iy € Iy,
M €{0,...,n}aswellasn,v € (0,1] and set

1 2
0= 0d,1,Mn,y = Qd,1,n ® 0d,M,~> (23)
where 957 I and 937 M, Are the uniform distribution with respect to ji4,r and v4 37 on
a ball of radius 7 and y around the oracle Wy ; = (w} ;;,...,w}; 4) " € R*P and

94,1 tespectively. Specifically, we set

d‘Q(li I n d (11117; T
3 — H = ), VW = (wq,...,wq) , where
Nd,f _
| = (24)
dg(lj:llm( ) 1 d dg?l,fwﬂ’( ) 1
dug, OV O v leny G gy L)X Hlomgi e

where p 5, denotes the uniform distribution on S(I;). To complete the proof, we need
to bound the terms on the right hand side of (22) for this choice of o.

First, we deal with the Kullback—Leibler divergence term using the following two
lemmas:

Lemma7 For ¢ = p4,1,M 5~ from (23) and with wq 1 v = 1ha,1 ® Va,m, we have
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KL(¢ | IT) < [[I][log(ep) + (I 1] + M + 2)log(2) + KL(¢ | ma,1.00) =: T1 + KL(¢ | 7a,1.1)-

Lemma8 For ¢ = 04,1,Mm,n,~ from (23) and with wq 1 p = La,1 @ Va,m, we have
KL(o | wa,r,1) < [[1]|log(5/n) + 16N 2™ log((C + 1)/7) =: Ts.

Thus,

EWa.3) <3 [ E0V.g) doW.g) + L (1 + To+ log(2/9)  (29)

with a probability of at least 1 — .
Second, we control the integral term in (25) by splitting it into

/ E(W, 9) do(W, g) = EOW 1, gl a1)
+ / El(g501 (W X) — g(Wy,1X))?] de(W, )

+ [ Ellg(Wi,X) = g(WX))?] de(W, g)

+

—_—

E2(Y — g3 0 (Wi 1X)) (90,0 (Wi 1X) — g(W5 1 X))] do(W, 9)(26)

+ [ ER2(Y — g3 0 (Wi 1 X)) (9(Wi 1 X) = g(WX))] do(W, g)

+ [ ER2(94,m (W rX) — 9(W5 1 X)) (9(W5 1 X)

- g(WX))] de(W, g)
= EW3,900m) UL+ Uz +Us +Us +Us

and treating the terms Uy, . . ., Us sequentially.
Recall the definition of || - ||z from (7) and the paragraph thereafter. As in (8),

g =24m(B) € Gam(C + 1) with [|3 — 8 5/ ll5 < v implies
lg — gamllco < llg—ga,0mll8 =118~ Baumlls < -
As a consequence, we obtain
U = [ Bl W) - 9(0V3,X)*)ded ar, 0)
(27)
< [ w0 (60 60) = 9002 A () < 7%
pNS

Any g € G4 v (C + 1) is differentiable as a linear combination of only finitely many
basis elements. Therefore, applying the fundamental theorem of calculus to the

mapping
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h:l=1,1] =R, s g(W +s(Wg ; — W))X(w))
with a fixed w € 2 (which we omit from here on) yields
1 1
9(Wi 1 X) = g(WX) = / W(s)ds = (Wi, = W)X, / V(W + s(Wi ;= W)X) ds).
Combined with (8) and applying the Cauchy—Schwarz inequality twice, we obtain
1
9W3.%) = (VX)) = [((Ws = WX, [ Fa((W + (W3, = W)X ds)|

< 0Wis = WX|| [ Sl + 50 = W)%) s

d (28)
< IXI(3 i - wi?) Ve
i=1
d 1/2
< pK( Z lwg . — wi|2) VdC P-as.
i=1

Using (28), we deduce
s = / El(g(WirX) — oW X)) deh 1,y @ 01, (W.9)

29
d(pKC) / /Z|wdu wz‘QdQ;:})n(wﬁ...dQ}i:CIlm(wd) (29)
< (dpKCn)®.

By construction, o7 M, 1s centered around gj; , and thus
[ 969428 14(9) = g9, v < . (30)

In particular, we have
Us =0. 31

Using Fubini’s theorem together with (30), and applying the Cauchy-Schwarz
inequality, we obtain
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(Y - gd M(Wd 1X)) / / Wd 1X) — g(WX) dQZ,M,'y(g) dé)[lz,l,n(W)] ‘
Z‘E (Y - Qd M(Wd 1X)) /g(W(;iIX) - QZ,M(WX) dQ}i,z,n(W)} ‘ 32)

<2(RWir ga M)E[(/g:;,M(W;,IX) = 92, (WX) dg}iJﬂl(W)f])l/Q'

Repeating the argument from treating Uz, but now with g = g ,,, we have

B[ ([ giaeWirX) - giaeWX)delr, (W) | < @pKCnP. 33
Clearly, g = 0 € Gg,m(C) and thus we get by definition of (W} ;, g7 5,) that
RW;1.g5m) < ROWj 1, g) = E[Y?] = E[f(X)?] + 2E[f(X)E[e|X]] + E[e?] < C* + 0°.(34)
Plugging (33) and (34) into (32), we have
|Us| < 2dpKCny/ C? + 2. (33)
Finally, applying (28) again yields
Us| < 2/E[|92,M(W5,1X) gWa i X)[lg(Wg 1 X) — g(WX)[]de(W, g)
< 2VdpKCE| /|gd (Wi X) = (W 1 X) (Z i rs wi\2)1/2

do((wr,-..wa) ", 9)]

= 2VdpKC / 93,00 (Wi 1 X(w)) — g(Wi 1 X(w))]

(36)
d 1/2
(D lwir = wil?) AP ow, (i, wa) T g)
i=1
* * * 2 T 1/2
<2V [ (g5 (W3 X)) ~ (W3 X()* 4P & oo (0, w) )
d 1/2
</Z [wj ;i — wil* AP ® o(w, (w1, ..., wq) T, g))
=1
* * 2 2 1/2
< 2Vapi O ( [ ElaW;X) - 9 X0 e 9)
d 1/2 37
(] o= wil ddh(wr,e o)) 7
i=1

< 2dpKCrpy,
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where (36) follows from the Cauchy-Schwarz inequality for integration with respect
to the product measure P ® Q}L 1 ® Q(QL M~

Choosing = (2dpKC+/C? + 02n)~!, v = n~! when summarizing (26), (27),
(29), (31), (35) and (37), we have

/ E(W, ) do(W.g) < EW2 1, gia1) + 72 + (dpKCry)?

+ 2dpKCnv/ C? + 02 4+ 2dpK Cny

* * 4
<SEWir 9a0) + o

With these choices for 7 and -y, we get for sufficiently large n that

Ty + Ty = ||| log(ep) + (||| + M + 2)log(2) + ||| log(5dpn) + 16T N92¢M log((C + 1)n)
< Q||| log(p V n) + 164N 24 log(n))

with a constant Q4 independent of the parameters involved.
Summarizing the above, we arrive at

S(ﬁ/\,\,ﬁ,\) <3EWS 1, 90.0m) + %(HIH log(p vV n) 4+ 169 N92¢M Jog(n) + log(2/4))(38)

with a probability of at least 1 — §, where @5 is a constant only depending on C, T’
and 0. Note that the upper bound in (38) is deterministic. Choosing a triplet (d, I, M)
such that this upper bound is minimized (which is always possible, since there are
only finitely many choices for (d, I, M)) completes the proof of Theorem 1. O

6.2 Proof of Corollary 4
Plugging in d* and I* in the minimum in Theorem 1, we obtain that
EWy,§y) < nin, (35(W§,1a T + %(HIH log(p V n) +16*N 2" log(n) + 10g(2/5)))
< min (SS(W"7 9) + % (IIW*]lolog(p V n) + 169N 42¢M 1og(n) + log(2/6))) (39)

0<M<n,
9 € Ga- m(C)

with a probability of at least 1 — §. The rest of the proof consists of choosing M to
balance the terms on the right hand side of (39) by using an approximation of g*,
namely

gm = Z (9%, W)Wy (40)

lezd;

and then determining the projection level M. To do this, we have to verify that g, is
a valid choice for g in the sense that gas € Gg- ar(C). Indeed, the Cauchy-Schwarz
inequality ensures that

@ Springer



Japanese Journal of Statistics and Data Science

Z ol «1/2+1)|<q )| < 5 ( Z 921 (1—atd” /2)) ( Z 2211a|<g*7%>‘2)1/2

leZd; lezds leZd;

. . /e . 1/2
< L4 aNT /216 /2( Z 22l1a‘<g*7\11l>|2) (41)

lezdr

gcv

since g* € BS' 4. (€) with £ = C(LY2N*"/216%" /)=, Denote the Lebesgue mea-
sure on RY" by A", Using that W*X admits a Lebesgue-density o < Bs by Assump-
tion B, we see that g5, admits an excess risk of

E(W*, gar) = El(gar(W7X) — g"(W*X))?
= [ et — ()X (@
[=B1,B1]¢

< B, / (921(x) — g (x))2A%" (dx)
[-B1,B;]%"
% 42
<B Y g w)? “42)
ez \Z3;

< B2272(1M Z 22l10‘|<g*,\111>|2
lEZ;i:7N\Z]‘€;

< B22—20¢]\4(2Nd*/216d*/2)—1CL—d* .

Applying (42) to (39), we see for sufficiently large n and with a probability of at least
1 — § that

wlogn | W lologtp ) | log(2/5)y

E(Wr,33) < Qs min (2720M 4 2
n n n

o<M<n

with a constant Qg only depending on C,I',;o, N, By, B> and d*. To balance the
order of the terms depending on M, we choose

M= [1og (%)/((m +dY) log(2))—‘»

which completes the proof. O
6.3 Proofs of auxiliary lemmas

6.3.1 Proof of Lemma 7

We employ another auxiliary lemma:

Lemma9 It holds that
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KL(04,1,0,m,~ | IT) =log(G(d, I, M)) + KL(04,1,7,n,~ | Ta,1,01), where
G(d, I, M) :=(1—277)(1 — 20=Pd=1)y3 — g=m2lllI+MFY 7, )

Now, we can combine |Zq | 7| < (de\l) with the basic inequality (”de”) < (ﬁ%ﬁ) 1
and ||I]| > d to obtain

KL (04,17, | TT) = log(G(d, I, M)) + KL(0a,1,7,n,~ | Ta,1,01)
< log (2\\III+1\4+2(HdeH)) + KL(QMM,M | wd,I,M)
< ][ 1og(ep) + ([ I]| + M + 2)log(2) + KL(0d,1,7,m,y | Ta,1,01)-

O
6.3.2 Proof of Lemma 8
We split the proof into two further auxiliary lemmas:

Lemma 10 For gilmﬁﬁom (24), we have
KL(0d.1.y | #a1) < |[1]11og(5 /n).
Lemma 11 For QiMﬁfrom (24), we have

KL(07 p | va) < 16°N42™ log((C + 1) /7).

The assertion then follows directly via

KL(o | ma,r,0) = KL(0} 1., ® 0301~ | Pt @ Vanr)
= KL(QEI,I,W | :ud,I) + KL(QZ,M,')/ | Vd7M)
< ||| log(5/1) + 169 N92¢M 1og((C' + 1) /7).

6.3.3 Proof of Lemma 9

To simplify the notation we write ¢ = 04,7,M 5,y and mq, 1 pr = pa,1 @ va,nr. We will
show that

do _
i

do
dmarm’

G(d, I, M) (43)

from which we can deduce
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do do
KL(p | 11) = /log (ﬁ) do = log(G(d, I, M)) +/log (dMM) do

= log(G(d, 1, M)) + KL(Q | 7Td,I,M)~

For (43), we need to show that
—1 do
o(4) = [ G(d, 1, M)~ dmar.m (44)
A

holds for all Borel-measurable sets A = A; x Ay C ngl Sy4 x Gq4. Observe that for

Sao(J) = {W=(wi,...,wq)" €Sa|(wi; 0= jcJ)Vie{l,...,d},
jefl,....p}}
G (Ot ={g=2,5(B8) €g, z(C+ 1|3 e 2L : bl = 2" M, B # 0}

with J = J; ><~-~deEIdandME{0,...,n},wehave

H’dJ(Sd,@(J)) = Vd,]ﬁ(gd,l\;],;é(c + 1)) =1 (45)

In particular, (45) holds for J=1I and M =M. Since also
0(Sd, e (I) X Gg v, (C + 1)) = 1, no generality is lost in additionally assuming that

A C Sd,@(j) and Ay C gd,Mﬁg(C + 1).
Note that
Sie(J)NSye(I)=0¥I #1 and G, ~ (C+1) NGy z(C+1) = 0VM # M.(46)

d,M,#

Combining (45) with (46), we find

do B
/A1 dﬁ(W’ 9) d#d,J(W) =0

for any g € A and J # I. Similarly, we have for any W € A; and M # M that

do
| W, (o) =0,

Therefore, repeated application of Fubini’s theorem yields
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do do
A= [ —=dn=» 27¢ [ = 1—277
o(A) = / T d ;:1: / L. /(1 -277)
_ do d -p
—/Aﬁdudééyd/@ (1-277))

_ /41XA2 ((iiH(W 1) dpg @ va(W, g)/( (1-27)

do
=G<d,I,M>*1/ (W, g) djta s © va s (W, f)
A1><A2

dIM /—dm”M

Thus, we have shown (44). (]
6.3.4 Proof of Lemma 10

We will show that
KL(0gy, | 1) < |Lillog(5/n),  Vi=1,....d. (47)

The assertion follows immediately via

d d
KL(o | ) = KL (®@d | Q) = YKL, | 1) < 1] 1og(5/n).
=1 =1

where the first equality holds barring a slight breach of conventions for product mea-
sures. To show (47), we fix i € {1,...,d} and for simplicity of the notation, we set
0= Q(lizjn and J = I;. Plugging the p s-density of p into the definition of the Kull-
back—Leibler divergence, we easily obtain

KL(o | jes) = =108 ( [ -y, caria(du)) = ~log({uw € BV | o = @] < n}).(48)

where w* is the projection of w ; ; onto the coordinates whose indices are elements
of J and fi,; denotes the uniform distribution on the unit sphere in RI7!.

We want to show a lower bound for fi({w € RI! | jw — @*| < n}), which is the
proportion of the surface of the unit sphere in R!”| covered by the n-ball around @*
to the surface of the entire unit sphere. By rotational symmetry of the uniform distri-
bution on this sphere, no generality is lost by assuming @* = (1,0,...,0)T € R,

For any w = (wy,...,wy))" #0 with |w| <1, the n-ball around w* cov-
ers the same part of the surface of the unit sphere as the 7-ball around w, where

7= \/n?|w| — 2|w| + |w|? + 1. Using this dependence between w, n and 7, itis easily

checked that || = \/1 — 72 is solved for 0 < 77 = /2 — 4/4 < 1. Henceforth, we
fix this 77. Suppose that Nfﬁ is the smallest number of 77-balls with centers in the unit ball
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that suffice to cover the entire unit ball. Denote their centers by 1, . . . , t y~. In particu-
n

lar, these balls cover the entire unit sphere and therefore, at least one of them covers at

least N ! of the surface of the unit sphere. This can only be the case for t; # 0,because
7

otherwise 77 < 1 implies {w € RVI | |w — ;| <7} n{w e RVI | |w| =1} = 0.

If we now change the length of such a w :=t; # 0 (without changing its orienta-

tion and without changing 7), the coverage of the unit sphere provided by the cor-

responding 7j-ball also changes. In particular, we will show that if |w| # /1 — 72,

then decreasing (or increasing) |w| towards /1 — 772, enlarges the coverage of the
corresponding ball on the unit sphere. Thus, the proportional coverage of the 7-ball
around |w|~*y/1 — 2w (which has, as we showed above, the same proportional
coverage of the unit sphere as the n-ball around w* that we are actually trying to
control) is bounded from below by the proportional coverage of the n-ball around
w, which in turn is bounded from below by Ng_l. Using the fact that V- < (3/m1

combined with 77 > 1/v/2, we have

N=t = 3/ = 3v2/m T = (5/m)7

and therefore (47) follows from (48) with

KL(o | py) = = log(a({w € RV | jw — @*| < n})) < —log(N=") < | J|log(5/n).
It remains to show that changing the length of w # 0 towards /1 — 72 increases the
proportional coverage of the corresponding 7-ball. By rotational symmetry, we can

assume w = (w1,0,...,0)" € RIVI with some 0 < w; < 1 at no loss of generality.
Now, it is sufficient to show that

{yeRV |yl =1, ly—wl <7} S {y e R ||yl =1, [y — @] <7},

where @ = (/1 —172,0,...,0)" € RVI. In this setting, and as 7,77 > 0, the
relationship

7’ = n’|w| - 2@| + |3 + 1 (49)
is equivalent to
0! = (201 — @] — 1+7°) /1. (50)

Using elementary calculus together with the fact that 77 < 1, it is straightforward to
see

(2w —w? —1+7%) /w1 <2(1 — /1 —172).

In combination with the relationship between 7 and 77, we obtain
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yeR [ |ly—w| <7 [y =1} ={yeRVI| |y =1, |y — a"|?
< (2w17w%fl+172)/w1}

ClyeRVI ||y =1,ly—a P <2(1-/1-72)}
={yeRV ||y =1, ly—a" ] <n?}
={yeRV ||y =1, |y—a| <7}

O

6.3.5 Proof of Lemma 11

To simplify the notation, we write g* = g3 ), and B * = 33 - We will show that

/1{||g!§*us<w}dl’d7M(g) = ((C+1)/y)" 2], 1)

The assertion follows directly with

KL(0G01, | Vi) = —log (/1{\\979*\\5<7}dVd,M(9)) = [2f[log((C +1)/7)

< 164ND2M Jog((C + 1) /7).

We now verify (51) using the definition of v4 5. If we let NZir denote the Lebesgue
measure on RZM _ it holds that

/1{”9—5*“5@} dva,n(9) :/1{n<1>d,M(B>—’g‘*us<w} Va0 (B)

- /1{”,6—%*”5@} dvg, 0 ()

_ fl{HﬁHB<C+1}l{l\ﬂfg*nggy} AN ()
d)\ZM(ﬁ)

f1{||6—5*||s<c+1}
~ Z8
Yy W (B)
~ zd
S 55 sy WM (B)

:< gl )'Zfﬂfl{wﬁwssl}

Ct1 ~ B
- T a5 ey P (B)
- <C+ 1)7|ZZ(€I|
’}/ )

where we have used that

18lls < 1B*lls + 18— B"lls < C+v<C+1
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on {||3 — B*||z < 7} in the fourth equality. This implies that if the second indicator
in the integral in the numerator is 1, so is the first. O
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