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ABSTRACT

The formation of cuboid fibers in Ni-Al-Mo and ½ab�a½ad�b superstructures in Bi-

In-Sn ternary eutectics, driven by anisotropic interfacial energies, is investi-

gated. To explain the formed superstructures (a, b and d solid phase arrange-

ment mechanism), a morphology map is developed based on Directional

Solidification (DS) simulation results. It is assumed that phase omission

potentially occurs in locked grains, where interface anisotropy influences

microstructure evolution in the following manner: Anisotropic ab interfaces can

drive the elimination of either the a or b layers in ab bilayers, while ad interface

anisotropy can lead to the removal of either the a or d layers in ad bilayers. This

mechanism accounts for the formation of abad motifs in quasi-isotropic grains

and the emergence of abd or ½ab�a½ad�b units in locked grains. It is additionally

noted that ab anisotropy in locked grains exerts a stronger influence on

microstructural development than ad anisotropy. Subsequent rotating DS (RDS)

simulations provide additional supporting evidence for the assumed formation

mechanisms. The radius profile of solidified floating grains exhibits a straight

spiral pattern, whereas in locked grains, it follows a tilted spiral, with the tilt

angle varying proportionally to anisotropy strength. Notably, the activation of

anisotropy in any interface affects neighboring interfaces, even when they are

modeled isotropically.
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GRAPHICAL ABSTRACT

Introduction

The critical effects of anisotropic interfaces on pattern

formation in Directional Solidification (DS) processes

of various material systems have been widely stud-

ied [1–4]. DS experiments on the Ni-Al-Mo ternary

eutectic by Zhang et al. [5] established fibrous

microstructures, where Mo-rich fibers are embedded

within NiAl-rich matrices. Anisotropic interfaces

have been identified as a key factor in the formation

of cuboid fibers instead of the commonly formed

cylindrical rods. Among anisotropy-related studies,

the Bi-In-Sn ternary eutectic has attracted interest due

to its relatively low melting point (’ 332 K), which

facilitates high-accuracy micrograph acquisition

during experimental investigations [6–8]. The most

common repeat unit in its solidified patterns is abad,
where a represents the BiIn 2 crystalline phase, b the

b-In crystalline phase, and d the c-Sn phase. Later

studies [9, 10] revealed that interface anisotropy

occurs in only some solidified grains, leading to the

formation of abd and ½ab�a½ad�b superstructures

(a; b 2 N; a 6¼ 1 _ b 6¼ 1). The system tends to revert to

the stable abad pattern through mechanisms such as

phase exchange (see Fig. 14 of [10]) and continuous

elimination of all phases (Fig. 7 of [10]). In addition,

changes in solidification velocity introduce further

instabilities, such as lamellae branching and lamellae

elimination. Lamellae branching occurs when velocity

surpasses a threshold, while elimination happens

when it drops below the system’s minimum velocity

limit. Other reported instabilities in anisotropic

grains include tilted phase growth relative to the

applied temperature gradient [11–13] and oscillatory

solid phase boundary behavior [14]. Studies by

Mohagheghi et al. [15] classify isotropic grains as

floating grains and strongly anisotropic grains in

which the phase arrangement is affected, as locked

grains. Quasi-isotropic grains refer to grains that

exhibit interfacial anisotropy, but its influence is

insufficient to alter the phase arrangement. This

underscores why understanding the impact of ani-

sotropic interface properties on microstructure evo-

lution remains a key research focus.

To explore these effects, the Rotating Directional

Solidification (RDS) method [16, 17] has been intro-

duced alongside DS. In RDS, sample holder rotation

induces circular trajectories in the solidified phases.

These trajectories in locked grains appear tilted rela-

tive to the imposed temperature gradient. The influ-

ence of ab interface anisotropy on pattern formation

is found to be more significant than that of ad inter-

face anisotropy [15]. While experiments reveal many

J Mater Sci (2025) 60:22468–22492 22469



details about solidification mechanisms, they can face

challenges in isolating the effects of individual

material parameters. Conversely, simulations of

phase transformations and eutectic pattern formation

can provide a controlled environment for systemati-

cally investigating these influences [18, 19]. In our

previous studies, we simulated eutectic reactions in

NiAl-10Mo [20] and Bi-In-Sn [21] ternary systems

using PACE3D framework [22, 23]. In this notation,

NiAl-10Mo refers to the eutectic transition within the

Ni-Al-Mo ternary system, characterized by an iso-

pleth section. Gibbs energy G formulations were

approximated using Thermo-Calc software [24], with

data extracted from CALPHAD databases [25, 26].

Based on the introduced energy approximation

technique in [20], the energy expressions were for-

mulated as second-order polynomials taking into

account the essential thermodynamic criteria:

Gðc1; c2;TÞ ¼ A1ðTÞ � c21 þ A2ðTÞ � c22 þ A3ðTÞ� c1 � c2 þ
A4 ðTÞ � c1 þ A5ðTÞ � c2 þ A6ðTÞ. In this formulation,

A1ðTÞ; . . .;A6ðTÞ are the linear temperature-depen-

dent functions based on the system properties and

c1; c2 are independent concentration values in the

investigated ternary system (c3 ¼ 1� c1 � c2). For

NiAl-10Mo, two-dimensional (2D) simulations of DS

showed stable growth of Mo-rich fibers within NiAl-

rich matrices [20], assuming isotropic interfacial

energies. Three-dimensional (3D) simulations are

essential to investigate the role of interfacial aniso-

tropy in this system. While such simulations are not

entirely unprecedented, related efforts in the litera-

ture remain limited. Dejmek et al. [27] performed

phase-field simulations to analyze the stability limits

of hexagonal cells and eutectic lamellae, demon-

strating that as in 2D models, crystalline anisotropy

significantly influences morphological stability. In

highly anisotropic cases, they observed lamellar

breakup. In the work of Ma et al. [28], phase-field

modeling of silicon solidification revealed facet for-

mation driven by the interplay between the dynamic

anisotropy and the interface energy anisotropy.

Gurevich et al. [29] investigated steady-state growth

shapes in an idealized binary alloy, showing a tran-

sition from finger-like to needle-like fibers with

increasing growth velocity. The present work on the

NiAl-10Mo eutectic system explores a distinct mor-

phological transition in 3D.

In [21], the eutectic reaction in Bi-In-Sn was simu-

lated using both DS and RDS techniques. The DS

simulations considered a domain width of one

lamellar spacing with initial solid a, b, and d phases

arranged in abad, in contact with the liquid phase, all

modeled isotropically. Consequently, two RDS sim-

ulations were conducted one assuming isotropic

interfaces and another incorporating anisotropy in a

specific configuration. The experimentally observed

circular trajectories were resulted including inclined

solid-phase growth in locked grains. Results for both

material systems were validated through Jackson-

Hunt analysis [30] and comparison with the experi-

mental data.

This work extends the previous simulations

through a systematic study, varying system param-

eters stepwise. Anisotropy of the solid-solid interfa-

cial energies is activated and its strength is varied in

different simulation series. The DS and RDS results

are found to be complementary in revealing the

persistent mechanisms in the microstructure evolu-

tions. The evolved patterns are analyzed, and a

morphology map explaining their formation is

introduced.

Phase-field formulation

Eq. (1) governs the temporal evolution of phases

o/âðx~; tÞ=ot which is derived from grand-potential

functionals according to [31–34], widely used in

material system simulations [35–38].

se
o/â

ot
¼ � e

oað/;r/Þ
o/â

�r � oað/;r/Þ
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� �
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Lagrangeparameter

ð1Þ

Here, /â represents an individual phase-field in the

vector /. The gradient energy density að/;r/Þ and

potential energy density wð/Þ include interfacial

energies câb̂ and a higher-order term câb̂d̂ to prevent

third-phase formation at binary interfaces [35]. Greek

letters a; b denote phases, while hatted versions â; b̂
distinguish the phase names from sigma indices. s is

the material-specific kinetic parameter, e is an inter-

face-width-related factor, and w represents the driv-

ing force as a function of phase-fields, chemical
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potentials l, and temperature T. The Lagrange

parameter serves to uphold the constraintPN
â¼1 /â ¼ 1. The chemical potential vector evolves

per Fick’s law and mass conservation as formulated

in Eq. (2) [33].

ol

ot
¼
XN
â¼1

hâð/Þ
ocâðl;TÞ

ol

� �" #�1
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XN
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� �
oT

ot

!
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In Eq. (2), M; c and hð/Þ are mobility matrix, con-

centration vector and the interpolate function

between the co-existing phases as defined in [39]. The

grand chemical potential (GP) is defined as

GP ¼ G� l � c [31]. Interfacial anisotropy is incor-

porated in the formulation of the gradient energy

density contribution að/;r/Þ which is discussed in

detail in Appendix A. Jat is the anti-trapping current

to suppress the artificially enlarged interface widths

in model, compared to experimental data.

For third-phase nucleation (e.g., d) at solid–liquid
interfaces (e.g., a-l), the following mechanism applies:

nd ¼
ndist �A 8/a/l [ 0; dt mod i ¼ 0

0; else:

(
ð3Þ

The noise term nd is incorporated into Eq. (1) as

described in [40, 41]. Nucleation is triggered when

noise-induced concentration deviations exceed a

threshold climit, evaluated after i time steps dt. Here, A

controls noise amplitude, and ndist distributes noise

uniformly. Applications of this mechanism are found

in [42, 43]. The temperature in the DS simulations

TDS is modelled as a constant but moving tempera-

ture field, given by Eq. (4). The effects of hot and cold

blocks as well as the linear motion of the sample

holder in the experimental machine [10] are descri-

bed by the employed parameters in this formulation.

T0 stands for a base temperature, GDS is the temper-

ature gradient, v the solidification velocity and x is

the pulling direction, respectively. Temperature gra-

dients perpendicular to x are assumed negligible.

TDSðx; tÞ ¼ T0 þ GDSðx� vtÞ ð4Þ

The temperature-evolution equation in RDS has to

resemble the effects of rotating sample holder on the

temperature variation in sample. TRDS in Eq. (5)

shows such a configuration in which Tm stands for

the temperature in the rotating disk center and A0 is a

constant coefficient to control the maximum and

minimum temperature values in the simulation

domain.

TRDSðx; y; tÞ ¼ Tm þ A0 � tan�1 GRDS

A0

�
x � sinðxtÞ þ y � cosðxtÞ

�" #

ð5Þ

GRDS is the temperature gradient and x stands for the

angular velocity of the rotating disk [21]. In DS, the

steady-state heat equation (r2TDS ¼ 0) holds due to

the linear spatial dependence of temperature.

Although in TRDS such linear dependency is absent,

the deviation of r2TRDS from zero becomes negli-

gible with the utilized process parameters in the

current configuration as implied in [21].

Simulations and results

In Sect. 3.1, following the simulations conducted

in [20], a representative NiAl-10Mo simulation is

extended from two to three dimensions, and the

previously isotropic interface is modeled anisotropi-

cally. The primary objective is to isolate the unique

impact of the anisotropic solid/solid interface on the

formed pattern, and compare it with the referenced

experimental micrographs.

Next, the Bi-In-Sn system is investigated, where the

implemented two-dimensional DS and RDS simula-

tions from [21] are extended as follows:

(i) In Sect. 3.2, the DS simulations are performed

on a domain size increased tenfold, with

random distribution of initial a, b, and d
solid-phase seeds in contact with the liquid

phase. The nucleation mechanism is addition-

ally activated, further enhancing the free-

arrangement capability in solidifying

microstructure. A systematic study of the

influence of anisotropy strength on the final

evolved patterns is conducted. Based on the

results, a morphology map is proposed to

explain the observed patterns.
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(ii) In Sect. 3.3, complementary anisotropic RDS

simulations are carried out, driven by the

need identified in (i). Anisotropy strength is

varied stepwise, and the resulting microstruc-

tures are analyzed. The proposed map proves

useful in explaining the observed patterns,

despite the noticed limitations in its explana-

tory power.

Three-dimensional DS simulation for NiAl-
10Mo system

The samples in the DS experiments by Zhang e-

t al. [5] are exposed to a temperature gradient of

GDS ¼ 33:4Kmm�1 and solidification velocities in the

range of 2� 300 lms�1. More well-aligned and reg-

ular eutectic structures are formed for velocities up to

35 lms�1, resulting in hexagonal fiber arrangements

with rectangular cross-sections. For higher velocities

interfaces with cellular morphologies were identified

instead of previously formed planar interfaces. In this

section, the solidification velocity 30 lms�1 is used for

a three-dimensional simulation, as it is the highest

velocity investigated in the previous study and

demands relatively low computational power. Fig-

ure 1 shows the simulation results after 8:35� 106

time steps using 54 CPUs. To achieve a 3D phase

arrangement in the rectangular-prism domain, a

predefined phase configuration is set, including one

cylindrical fiber at the center and four quarter-cylin-

ders at each corner. With periodic boundary condi-

tions along the sides of the simulation domain

perpendicular to the growth direction, a hexagonal

fiber arrangement is obtained by mirroring the

domain across xy and xz planes. The average rod

spacing, kRave ¼ 1:106 lm, as reported in [5], is used

here as well. The sections in Fig. 1 correspond to

cross-sectional areas at different growth distances.

Dashed rectangles highlight the initial fiber configu-

ration (yellow Mo-rich fibers in a cyan NiAl-rich

matrix) before mirroring. The material and process

parameters for this simulation are summarized

in Table 2 of Appendix B. Similar to the 2D models,

initial oscillations at the matrix-fiber interface occur

as the solid–liquid interface transitions from flat to

curved. These oscillations appear at a growth dis-

tance of x ’ 0:65 lm, with the fiber cross-sections in

the intermediate transition state from squares to cir-

cles. As growth continues, the transition is com-

pleted, which remains consistent until the end of the

simulation. This demonstrates that the current phase-

field model, incorporating the cubic anisotropy, suc-

cessfully captures the effect of orientation-dependent

interfacial energies on the formation of cuboid fibers

in the NiAl-10Mo ternary eutectic.

Figure 1 The eutectic solidification of the NiAl-10Mo ternary system resulted in a 3D microstructure. In magnified sections, the

transformation of fibers from cylindrical to cuboid shapes is monitored, driven by anisotropic interface effects..
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DS simulations of the Bi-In-Sn system

The process conditions for DS simulations of the Bi-

In-Sn system in [21] are based on experiments by

Witusiewicz et al. [7]. The experimental inputs

include a solidification velocity of v ¼ 0:5 lms�1, a

temperature gradient of GDS ¼ 8 Kmm�1, and an

average lamellar spacing kLave ¼ 23:4 lm. In

Fig. 4 of [21], the simulation result for a domain

width equal to one lamellar spacing is presented. In

this work, the simulation domain width is increased

tenfold equal to 234 lm, and the initial solid phases

are subjected to the liquid phase using Voronoi tes-

sellation [44, 45]. This leads to a random distribution

of small solid-phase particles. These small particle

sizes minimize the influence of size on the

microstructural arrangement. The capability of sys-

tem for autonomous microstructure development is

further enhanced by activation of the nucleation

mechanism as described by Eq. (3).

Anisotropic ab and/or ad interfaces

In forthcoming simulation studies, the main focus is

on variation of fab and/or fad as the anisotropy

strengths, based on Eq. (A2). Other system and pro-

cess parameters are summarized

in Table 3 of Appendix B. Simulations in this section

are continued up to 150� 106 time steps using

192 CPUs, with each simulation taking approxi-

mately 10 days. In Fig. 2(a), the evolved pattern for

the isotropic configuration (fab ¼ fad ¼ fbd ¼ 0) is

shown. The growth direction is from left to right,

with the red phase on the far-right side representing

the liquid phase. Boundary conditions are periodic in

the directions perpendicular to the growth direction,

Neumann in the boundary in contact with the initial

solid phases and Dirichlet in the right-side boundary

to mimic infinite liquid flow. The coloring of the

microstructure, delineates concentration of Bi in mol-

% in the involved phases. This leads to illustration of

a in yellow, b in blue and d in magenta, respectively.

In the magnified area a1, the initial stage of the solid

seeds is shown. At a later timestep, one a lamella

nucleates between two b and d lamellae diffusion

driven, as highlighted in a2. This nucleation and the

subsequent stable growth of the a lamella signifi-

cantly influence the final phase arrangement, leading

to the formation of seven abad-motifs. This means,

the free evolution of the floating grains under the

given simulation conditions closely matches the

experimentally observed phase arrangement [15] for

this grain type.

Next, the anisotropy is activated in ab phase

boundaries with a set strength value of 0.025 (green-

filled squares in the interfacial energy plots in Fig. 9).

The evolved microstructure is shown in Fig. 2(b). The

magnified area b1 highlights an intermediate pertur-

bation in this phase-growth procedure. As observed,

such a perturbation causes local tilting of the solidi-

fied phases, which generally vanish in the further

evolution process. The simulation ends with the for-

mation of seven abad-motifs in these quasi-isotropic

grains. Despite the similarity of the formed grains to

isotropic grains, the disturbances during the evolu-

tion process are stronger than those in the isotropic

simulation. It appears that anisotropy initially influ-

ences the evolving pattern, but ultimately fails to

cause a different phase arrangement in the

microstructure, possibly due to the dominant diffu-

sion and insufficient anisotropy strength. To further

inspect, additional simulations are conducted with

increased anisotropy strength. The results for some

exemplary configurations configurations are shown

in Fig. 3, which includes two sub-figures: (a) repre-

senting the ab anisotropic case and (b) illustrating the

ad anisotropic case. In the study of ad anisotropy, a

similar approach is carried out, where fab ¼ fbd ¼ 0

and fad is varied based on the values depicted

in Fig. 2(a). The growth directions in illustrations

of Fig. 3 are from bottom to top. The remarkable

phenomena in the growth process, which mainly

affect the final microstructures, are magnified below

each sub-figure. In sub-figure (a), where fab is varied

by amounts of 0.05, 0.10, and 0.15, a1 shows the

nucleation of an a lamella leading to the formation of

an abad-motif. a2 depicts the growth of two neigh-

boring ad bilayers. Although one of these d lamellae

is eliminated in later steps, the next d layer grows

stably to form a final ½ab�1½ad�2 stacking sequence. A

sharp elimination of the b phase takes place in a3 as

another effect of the ab boundary anisotropy. This

also leads to formation of the second ½ab�1½ad�2
stacking sequence in this simulation. These motifs are

magnified by cyan rectangles on top of the micro-

graph and are one of the experimentally detected

superstructures, as discussed previously. In segment

a4 (with fab ¼ 0:1), a b lamella is eliminated due to the

J Mater Sci (2025) 60:22468–22492 22473



nucleation and stable growth of a d seed at the b-
liquid interface. This elimination-nucleation process

results in the formation of an ½ab�2½ad�2 motif, which is

ultimately observed to be the widest formed super-

structure in current article. The process can be con-

sidered analogous to experimentally reported

recovery mechanism, phase exchange [10], (b-to-d). It is
important to note that these mechanisms are inher-

ently three-dimensional (see Fig. 8 of [10] as an

example); hence, the current two-dimensional simu-

lation setup may not fully resolve all aspects of the

underlying physical phenomena. However, it still

retains key physical characteristics and provides

valuable insights into the ongoing mechanisms, as

will be discussed later. In addition, reducing the

simulation dimension from 3D to 2D significantly

lowers computational costs in terms of both pro-

cessing power and time. In the magnified section a5,

another b-to-d phase-exchange occurs, resulting in

the formation of an ½ab�1½ad�2 motif. The sharp edges

formed between a and b phases in a6 are the next

mentioned influence of anisotropic ab interface

modeling. a7 shows stable growth of two neigh-

bouring ad bilayers from the initial simulation steps,

resulting in the formation of an ½ab�1½ad�2 sequence.

To summarize the evolved patterns, ½ab�1½ad�2,
½ab�2½ad�2 and bad are the observed additional motifs

in locked grains evolving alongside the quasi-iso-

tropic abad units, when only ab interfaces are mod-

eled anisotropically.

The depicted micrographs in Fig. 3(b) show

exemplary simulation results in which fab ¼ fbd ¼ 0

Figure 2 Evolved

microstructures in DS studies

of Bi-In-Sn system in a

isotropic and b fab ¼ 0:025

cases. Panel a1 shows the

initial Voronoi filling of solid

phases and the primary growth

state. Panel a2 illustrates the

nucleation and growth of an a
lamella between the b and d
layers. Panel b1 shows the

intermediate instabilities

caused by anisotropic

interfaces..
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and fad 2 f0:025; 0:05; 0:15g. In b1, the nucleation of a
and d phases at the b-liquid interface leads to a 2D

lamella branching, resulting in the formation of an

½ab�1½ad�2 motif, which continues to grow stably until

the end of the simulation. In b2, the nucleation and

growth of an a layer between the b and d layers

occurs, similar to the previously described cases. In

the enlarged view b3, the formation of an unsta-

ble sawtooth structure occurs as a result of continu-

ous nucleation and dissolution of the d phase,

influenced by anisotropic ad interfaces. This sawtooth

pattern, also observed experimentally [15], does not

persist in later simulation steps. Instead, the d lamella

evolves into a stable structure with predominantly

flat phase boundaries. In anisotropic modeling of the

ad interface, the sharp elimination of the b phase

takes place only if fad > 0:15. The magnified segment

b4 shows such a case. b5 and b6 magnify b-to-d and a-

to-d phase exchanges observed with fad ¼ 0:15. The

evolved superstructures in Fig. 3(b) are ½ab�1½ad�2,
½ab�2½ad�1 and abd, highlighted by cyan, orange, and

red rectangles, respectively. The maximum achiev-

able values for ab and ad anisotropy strengths are

fmax
ab ¼ 0:25 and fmax

ad ¼ 0:45. Going beyond these

thresholds leads to a loss of stability, ultimately

causing the simulations to fail.

In further simulation studies, ab and ad aniso-

tropies are activated simultaneously. As a brief

indication, no new patterns emerge beyond those

observed in the individual anisotropic configura-

tions. The previously identified units and mecha-

nisms, such as abd, ½ab�2½ad�1, ½ab�1½ad�2, ½ab�2½ad�2, b-
to-d and b-to-a phase exchanges, and sharp b-layer
elimination in various anisotropy configurations,

remain representative. The type and quantity of these

instabilities are discussed in detail in the next section.

(a) (b)

Figure 3 Evolved microstructures considering a ab anisotropic

interfaces (fad ¼ fbd ¼ 0) and b ad anisotropic interfaces

(fab ¼ fbd ¼ 0). The magnifications below each sub-

figure highlight the occurred instability/mechanism in the growth

procedure. The finally resulted motifs in the locked grains are

underscored in the expanded views above each sub-figure..
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Evolved patterns and explanatory morphology map

To facilitate the analysis of the evolved patterns, a

summary of all observed motifs from section 3.2.1 is

presented and quantified in Fig. 4 in the form of bar

charts. The seven abad motifs that emerge in the

isotropic case are represented by a single gray-col-

ored bar in the top-left of the figure. Figure 4(a)

illustrates the results for anisotropically modeled ab
interfaces. As anisotropy increases, the number of

formed quasi-isotropic grains decreases from seven

to four, three, and two, depending on the applied

anisotropy strength. However, this decrease is not

linearly proportional to variation in fab across these

simulations. ½ab�1½ad�2 is the most frequently formed

superstructure in this configuration, depicted in cyan.

½ab�2½ad�2 and bad also emerge, corresponding to fab ¼
0:1 and fab ¼ 0:15, in that order. To explain the

resultant phase arrangements, and schematics

assume three hypothetical abad repeat units. This

representation is based on the assumption that the

system naturally favors the formation of abad motifs,

but ab interface anisotropy can lead to the elimina-

tion of either a or b lamellae within ab bilayers. In ,

the omission of a b lamella is considered, whereas in

, an a-lamella is omitted following this assumption.

As a consequence, the resultant ½ab�1½ad�2 and bad

(a)

(b)

(c)

Figure 4 Summary of the observed patterns in a ab-interface anisotropy (fad ¼ fbd ¼ 0), b ad-interface anisotropy (fab ¼ fbd ¼ 0) and

c activated anisotropy in all interfaces..

22476 J Mater Sci (2025) 60:22468–22492



motifs, represented by cyan and pink bars, align well

with the structures observed in the simulation

results.

In Fig. 4(b), a similar illustration is provided for the

observed patterns in simulations with anisotropically

modeled ad interfaces. Two new motifs, abd and

½ab�2½ad�1, appear, represented by red and orange

bars, respectively. It is also observed that ½ab�2½ad�2, as
the widest superstructure, is formed in a higher

anisotropy strength, compared to the anisotropic ab
cases. Schematics and are structured using the

same logic as and , but with the assumption that

anisotropy at the ad interface leads to the elimination

of either a or d lamellae in an ad bilayer. Conse-

quently, ½ab�2½ad�1 and abd emerge as the expected

morphological patterns, aligning well with the sim-

ulation results. Nevertheless, similar to Fig. 4(a), a

stepwise reduction in abad units or a proportional

increase in the number of formed superstructures

with fad increase is not observed. This persistent

inconvenience in current DS simulation results

necessitates further investigation.

Figure 4(c) presents the results for fully anisotropic

interfaces. Notably, quasi-isotropic grains remain

dominant, giving the impression of similarity to the

isotropic simulation. Additionally, the number of

formed instabilities is lower than what may be

expected. Realizing the underlying mechanism

responsible for this behavior demands additional

investigations. Furthermore, by examining all three

sub-figures, ½ab�1½ad�2 emerges as the most frequently

formed superstructure, which is primarily captured

by in our schematics. This prevalence further

motivates additional investigations into its underly-

ing causes. While the dominant influence of ab

interface anisotropy explains the formation of

½ab�1½ad�2 in Fig. 4(c), its consistent presence

in Fig. 4(b) is unexplained by the introduced lamel-

lae-elimination-based morphology map. These

Observations (denoted as Ob) derived from the DS

simulations are summarized below:

Ob1 When all interfaces are modeled

anisotropically, quasi-isotropic grains appear

more frequently than in cases with only ab or

ad interface anisotropy.

Ob2 Despite a linear increase in anisotropy

strength-whether in the ab or ad interfaces- a

proportional increase in the number of formed

superstructures or a systematic suppression of

quasi-isotropic abad motifs is not observed in

current domain size. Instead, anisotropy

affects the microstructure in current DS

simulations in a primarily qualitative manner,

guiding the morphological evolution and

stability of motifs without establishing a direct

quantitative correlation.

Ob3 ½ab�1½ad�2 is the most commonly observed

superstructure in performed simulations.

According to our classification, it is expected to

form predominantly in ab anisotropies.

The final discussion in this section focuses on the

possible combinations of the assumed elimination

mechanisms. In Table 1, the potential combinations

of and are listed, along with the resul-

tant patterns for each case. Theoretically, eleven dis-

tinct combinations can be considered using these four

cases. In each row of table, the cases that lead to the

same phase arrangement are grouped together and

separated by commas. According to the first row, a

significant number of anisotropy combinations can

result in quasi-isotropic grains. Although these gains

closely resemble the abad motif in floating grains, a

fundamental difference in their formation process

can be inferred. This occurs due to the reduction of

the three hypothetical abad repeat units to two which

is served as a preliminary explanation for Ob1. From

the second and third rows of the table, it is evident

that ½ab�2½ad�1 occurs exclusively when anisotropy is

primarily present at ad phase boundaries, while

½ab�1½ad�2 forms in purely anisotropic ab interfaces or

in cases where ab anisotropy is combined with ad

boundary anisotropy. These insights may explain the

presence of orange bars only in Fig. 4(b), but the

mechanism behind Ob3 still remains unresolved.

The fourth and fifth rows of Table 1 predict the

formation of single b lamellae and bd bilayers. These

cases have not been observed in the present DS

simulations. However, in experimental studies [9],

single b lamellae have been reported as segments in

½ab�4½ad�6b superstructures. Similarly, bd bilayers

have been documented, albeit as rare occurrences in
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confined domains. Thus, these phenomena can be

interpreted as effects of anisotropic interfaces within

the proposed morphology map.

Given the observed local inclinations in the solid-

ified phases due to anisotropy-induced instabilities,

RDS simulations may provide additional insights.

This expectation is due to possibility for a quantita-

tive characterization of tilted growth, as demon-

strated in [15–17, 21]. A detailed investigation is

presented in the upcoming sections.

RDS simulations of the Bi-In-Sn system

Similar to the DS cases, the forthcoming RDS inves-

tigations extend the established system in [21], where

fab and/or fad are systematically varied. All other

model and process parameters remain unchanged as

outlined in mentioned reference, with key details

summarized as follows: The simulation domain

consists of 965� 965 cells, corresponding to

301:8� 301:8 lm. The initial square domain is boun-

ded by two barriers, forming an annular phase-evo-

lution region with inner and outer radii, denoted by ri
and ro. The rotation center, X, serves as the reference

point for measuring trajectory radii within the

solidified phases. The initial solid-phase filling con-

sists of five lamellae arranged in an abad sequence in

both growth and melting fronts.

The impact of anisotropic interfaces on trajectory

radii in the solidified phases is examined in this case

study. To minimize potential boundary effects

(see [21]), an a lamella with radius r ’ ðri þ roÞ=2 is

selected. This lamella, hatched in the illustrated

micrographs, forms distinct interfaces with two b and

d lamellae, whose evolving profiles are analyzed

below. Fig. 5(a-c) presents the resultant microstruc-

tures for the isotropic case, along with exemplary

anisotropic cases of fab ¼ 0:1 and fad ¼ 0:15. Each

micrograph is accompanied by a plot showing the

variation of ab and/or ad boundary radii, rab and rad,

with respect to the rotational angle h. In Fig. 5(a), an

almost linear dependency is observed, with oscilla-

tions in the solidified phase boundaries occurring

within the rotational range 90� 6 h 6 135�. These

oscillations, due to intermediate evolution stages,

vanish with continued simulation. In the anisotropic

cases Fig. 5(b, c), inclined growth of the solidified

phases is visually evident. The radius profiles exhibit

multimodal behavior with multiple peaks and val-

leys. Despite local minima, an overall increase in

radii is observed. Critical points marking local

extrema appear approximately every 45�, maintain-

ing a periodic pattern. This periodicity manifests in a

U-shaped pattern within the first 90� of rotation.

Despite oscillations in 90� 6 h 6 135�, the general

shape remains periodic in further simulation steps.

This consistency in r� h plots suggests that further

RDS simulations can be limited to a quarter rotation,

significantly reducing computational costs.

Figure 5(d) presents two schematics based on

observed r� h dependencies. The linear radius

increase in the isotropic case is termed straight spiral

growth, indicating a linear transformation of the

solidifying lamella shape from circular to spiral. In

isotropic simulation, the radius increase (up to 10% at

h ¼ 360�) is notably smaller than in experiments [15],

likely due to better alignment between the disk center

and the high-temperature-gradient area in simula-

tions (see Fig. 5 in [21]). Meanwhile, the radius

change in locked grains exhibits what is referred as

tilted spiral growth. The inclined growth in solidifica-

tion process of locked grains is clearly observed here.

Figure 6 shows the evolved microstructures after

p=2 rad rotation under isotropic and anisotropic

conditions. The initial abad sequences are magnified

on the left side. Sub-figures (b-e) illustrate anisotropic

ab interfaces, while (f–j) show anisotropic ad results.

By considering abad motifs as coupled combina-

tions of ab and ad bilayers, we observe that in ab
anisotropic cases, the system tends to eliminate a

Table 1 Combination of

different anisotropy-related

phase-elimination

mechanisms, and

their resultant phase

arrangements

combination resultant pattern

1 abad|abad|abad¼)
abad|abad

2 ½ab�1½ad�2
3 ½ab�2½ad�1
4 single b lamella

5 bd bilayer
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lamellae in ab bilayers. These lamellae become thin-

ner in Fig. 6(b), leading to their first elimination at

fab ¼ 0:15, as shown in sub-figure (c). The corre-

sponding rotational angle for this elimination is

h ’ 30�. Consequently, in Sub-figure (d), phase

elimination occurs at a slightly lower h value of 26�.

This behavior provides evidence for the assumed

mechanism and supports the prediction of bad

motif formation in Sect. 3.2.2. In higher ab anisotropy

strengths, the elimination trend continues, and the

number of eliminated a lamellae reaches its final

count of three in these simulation series.

The resultant microstructures in Fig. 6(f–j) show

the influence of ad anisotropy on a lamellae in ad
bilayers. This observation aligns well with the intro-

duced mechanism in Sect. 3.2.2, leading to the

formation of abd motifs. The a lamellae in ad bilayers

become thinner as ad anisotropy is activated. The

stepwise increase of fad strengthens this mechanism.

The first abd motif is observed at an anisotropy

strength of fad ¼ 0:35, which is higher compared to

the similar case in ab anisotropy. This indicates that a

stronger ad anisotropy is required for a significant

pattern change in solidification simulations of the Bi-

In-Sn system. The observations in Fig. 6 indicate that,

unlike the DS results, in RDS simulations, the inten-

sity of the assumed lamella-elimination mechanisms

increases proportionally with the strength of aniso-

tropy. This is clearly evident due to the possibility of

ordered initial solid-phase filling in these simula-

tions, which is difficult to capture in DS configura-

tions. Hence, an explanation for Ob2 is derived.

The variation of rab and rad with respect to the

rotational angles in all anisotropic scenarios is ana-

lyzed in Fig. 7. Sub-figure (a) represents the ab ani-

sotropy, while sub-figure (b) presents the ad
anisotropy results. In each case, the variations for

both interfaces are plotted to observe their reciprocal

Figure 5 Variation of rotation radii in hatched lamellae, a Isotropic simulation presented in [21], b ab interface anisotropy with strength

of 0.1, c ad anisotropy with strength of 0.15. d schematic illustrations of straight and tilted growths in floating and locked grains..
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effect on the inclined growth of the solidified phases.

The formed pattern in each case remains nearly

constant as the anisotropy strength increases, except

for the pattern change in the r� h plot when fab � 0:2.

This behavior is attributed to the influence of three

eliminated a lamellae in ab bilayers on the measured

radii. Additionally, even at fab ¼ 0:25, the new pat-

tern remains almost unchanged.

Another conclusion is that activation of anisotropy

in any interface affects neighboring interfaces, in

accordance to experimental observations [15, 46]. In

simulations this happens even if the neighbouring

interface is modeled isotropically. In this scenario, the

expected U-shaped patterns in anisotropic interfaces

also appear in nearby isotropic phase boundaries.

This reciprocal interface effect could serve as an

additional factor in the occurrence of the combined

mechanisms listed in Table 1. However, further

investigations are required to confirm this

conclusion.

The final study in this article focuses on RDS sim-

ulations with active anisotropies in both ab and ad
interfaces. The investigations aim to explore addi-

tional explanations for Ob1 regarding the simultane-

ous activation of anisotropies in all phase boundaries.

One such simulation in [21] involves setting fab and

fad to an equal value of 0.15. It is shown that this

configuration leads to more pronounced inclined

growth in ab interfaces compared to ad interfaces

(see Fig. 7 of [21]). Given the stable rotational growth

in the solidified phases, this condition is chosen as

the baseline for subsequent investigations. In this

Figure 6 Evolved microstructures after p=2 rad rotation. a isotropic simulation, b–e ab interface anisotropy and f–j ad interface

anisotropy. Hatched areas are the selected a lamellae to measure rab and rad in Fig. 7..
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context, the ratio of anisotropy strengths j is defined

as j ¼ fad=fab. Thus, j ¼ 1 represents the baseline

configuration. While keeping fab constant at 0.15, fad
is increased up to 0.45, i.e., j 2 f1; 2; 3g. The resulting

microstructures are shown in Fig. 8.

The radii measurements are performed in the hat-

ched lamellae, similar to the previous cases. Micro-

graphs suggest that activating anisotropy in all

interfaces induces simultaneous tilting of the solidi-

fied lamellae, preventing phase elimination in RDS

simulations. Under these conditions, phase bound-

aries remain inclined yet closer to parallel compared

to individual ab or ad anisotropic cases. The intensity

of parallelism of interfaces can be studied by com-

paring drab=dh and drad=dh during the evolution

process. The plot in Fig. 8 illustrates these deriva-

tives. Black, cyan and red lines correspond to j ¼ 1; 2

and 3, respectively. Solid lines represent ab inter-

faces, while dashed lines denote ad interfaces. It is

observed that with increasing j, the deviation

between dashed and solid lines significantly decrea-

ses. It can be said that another explanation for Ob1 is

achieved: when all interfaces are modeled

anisotropically, simultaneous tilting of neighboring

interfaces can prevent phase elimination. In other

words, these anisotropies do not negate each other

but instead could interact to inhibit superstructure

formation, unlike single ab or ad anisotropies.

Summary

This study utilizes a grand-potential-based phase-

field model in which interfacial energy anisotropy is

modeled by a cubic function. To explain experimen-

tally observed eutectic solidification patterns in

ternary systems, simulations are conducted for NiAl-

10Mo and Bi-In-Sn systems. In DS simulations, ani-

sotropic interfaces are shown to influence fiber mor-

phology in NiAl-10Mo, leading to cuboid rather than

cylindrical fibers. The DS setup also reveals the for-

mation of abad repeat units in isotropic or quasi-

isotropic grains of Bi-In-Sn and additional motifs in

locked grains as ½ab�1½ad�2, ½ab�2½ad�1, ½ab�2½ad�2, bad
and abd. During the transitional phase evolution,

diverse irregularities emerge, such as the sharp

removal of lamellae, phase exchange, lamella

branching, and the development of sawtooth

(a)

(b)

Figure 7 Variation of ab and

ad interface radii with respect

to the rotational angle h, a ab
interface anisotropy and b ad
interface anisotropy. The radii

measurements are performed

based on the hatched a
lamellae in Fig. 6..
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patterns. In order to explain the formation cause

behind the superstructures, a morphology map is

introduced mainly based on the phase-elimination

possibility due to the anisotropic interfaces. The

approach effectively explains the primary causes of

superstructure formation in simulations and accounts

for certain experimentally observed phenomena,

such as single b lamellae and bd bilayer formations,

which are absent in our results. While the performed

analyses show promising capabilities, further vali-

dation under differing process conditions is neces-

sary to assess its robustness and potential

refinements.

Outlook

Ob3 concerning the persistent presence of ½ab�1½ad�2
motifs under any anisotropic condition remains the

subject of future research. To gain further insights,

additional RDS simulations will be performed using

larger simulation domains with Voronoi tessellation

of the initial solid seeds. In this setup, evidence for

and mechanisms are expected to emerge. Since

these mechanisms rely on the elimination of the b and

d phases, they are unlikely to occur under the current

RDS configuration, where the filled phases with

robust bulks create extreme resistance against these

eliminations. However, introducing a Voronoi tes-

sellation with an active nucleation mechanism

removes this constraint. Another promising research

direction involves investigating the effect of aniso-

tropy angle rotation. In the current configuration, the

anisotropy rotational angle (aij in [47]) is fixed at

zero. Given the reciprocal interface effect discussed

earlier, allowing rotational anisotropy provides dee-

per insights into the underlying mechanisms. Future

works will explore extensions of the modelling

framework to account for the simultaneous growth of

floating and locked grains, as well as dynamic vari-

ations in process parameters such as solidification

velocity [45]. Additionally, system parameters like

anisotropy strength are to be varied dynamically to

analyze their impact on microstructure evolution.

The anisotropy formulation can be varied for exam-

ple in an ellipse shape [17]. Simulations of these

anisotropy types are objectives for future works.

Mohagheghi and Şerefoğlu have introduced a new

class of eutectic grains, termed Laminated Matrix

with Rods LMR by their recent RDS experiments [48].

Figure 8 Evolved

microstructures for different j
values whereas fab ¼ 0:15.

The variation of dr=dh is

plotted for each case

considering both ab and ad
interfaces..
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These grains exhibit a fully 3D nature, characterized

through double-sided microscopy. Their findings

suggest that ad anisotropy leads to the formation of

large d-phase regions on one side of the sample,

while the opposite side predominantly consists of a
and b phases. Given the novelty of this topic, many

open questions remain, necessitating further investi-

gations. A particularly intriguing avenue for future

research is extending the current 2D simulations to a

fully 3D framework. This transition will provide

valuable insights into the formation mechanisms of

LMR and further refine our understanding of aniso-

tropic effects in eutectic solidification.
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Table 2 NiAl-10Mo system, L: Liquid, F: Fiber and M: Matrix phases. GðcAl; cMo;TÞ ¼ A1ðTÞ � c2Al
þ A2ðTÞ � c2Mo þ A3ðTÞ � cAl �

cMo þ A4ðTÞ � cAl þ A5ðTÞ � cMo þ A6ðTÞ (from [56])

Phase name Gibbs energy approximation parameters

A1ðTÞ ¼ �3054:022T þ 8548519:30 A2ðTÞ ¼ �11806:786T þ 24817509:4

Fiber A3ðTÞ ¼ �15955:736T þ 35269065:2 A4ðTÞ ¼ 15252:910T � 33974178:4

A5ðTÞ ¼ 23020:250T � 48460728:9 A6ðTÞ ¼ �11292:974T þ 23688082

A1ðTÞ ¼ �1300:426T þ 2902628:20 A2ðTÞ ¼ �7970:744T þ 17433820:7

Matrix A3ðTÞ ¼ �102:330T þ 622785:006 A4ðTÞ ¼ 1449:528T � 3185144:56

A5ðTÞ ¼ 116:916T � 385991:425 A6ðTÞ ¼ �476:573T þ 850980:846

A1ðTÞ ¼ �138:250T þ 430879:432 A2ðTÞ ¼ �945:677T þ 1821352:34

Liquid A3ðTÞ ¼ �274:839T þ 642835:112 A4ðTÞ ¼ 294:671T � 723028:985

A5ðTÞ ¼ 357:285T � 684080:383 A6ðTÞ ¼ �209:938T þ 276459:004

Parameter Simulation Physical Parameter Simulation Physical

value value value value

dt 0.02, 0.06 4; 12 � 10�9s Teut: 1.0 1875.47K

DL 3.68 10�9rmm2s�1 [57] fMF 0.066 –

DM;DF 0 0 sMF,sFM 8.5 calculated

c0MF 8:84 � 10�3 0:65 Jm�2 sML,sLM 0.00168 from

cML 8:84 � 10�3 0:65 Jm�2 sFL,sLF 0.094 [32]

cFL 8:84 � 10�3 0:65 Jm�2
GDS 1:31 � 10�7 33:4 Kmm�1 [5]

cMFL 15 � cab – e 4.0 29:48 nm

dx 1.0, 2.0 0:00737; 0:00368 lm

Eutectic composition

Phase

name

cAl in mol-% cMo in mol-% cNi in mol-%

Fiber 8.64 91.2 0.16

Matrix 49.444 0.092 50.464

Liquid 43.9 9.4 46.7
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Appendix A Anisotropy formulation
and stability

The interfacial energy anisotropy is modeled via the

anisotropy function acðqâb̂Þ [49] in the gradient energy

density term in Eq. (1), expressed as:

að/;r/Þ ¼
X
â\b̂

câb̂ acðqâb̂Þ
� �2

qâb̂

��� ���2 ;

acðqâb̂Þ ¼ 1� fâb̂ 3� 4
qâb̂

��� ���4
4

qâb̂

��� ���4
0
B@

1
CA:

ðA1Þ

Here, the anisotropy function ac depends on the

generalized gradient vector of the phase fields,

qâb̂ ¼ /âr/b̂ � /b̂r/â, and fâb̂ [ 0 denotes the ani-

sotropy strength, which introduces orientation

dependence into the pattern formation [50]. The hat

symbols distinguish phase identifiers from summa-

tion indices. Special norm operators j � j4 and j � j44 are
defined in [49].

This spatial formulation in Eq. (A1) is directly

implemented in the 3D simulations of the NiAl-10Mo

system. For the 2D simulations of eutectic solidifica-

tion in the Bi-In-Sn system, the formulation simplifies

to a classical anisotropy expression:

c�a�bðhÞ ¼ c0�a�b 1� f�a�b cosð4hÞ
� �

; ðA2Þ

where �a and �b represent two neighboring phases at

an interface where anisotropy is applied. In the iso-

tropic case, the interface energy values used are

c0ab ¼ c0bd ¼ 9:26� 10�4 [-] and c0ad ¼ 2:78� 10�4 [-],

as listed in Table 3. These correspond to the physical

values 0:29 Jm�2 and 0:087 Jm�2, respectively.

Due to the use of Voronoi tessellation for initial

nuclei, the b and d phases may become adjacent

during intermediate growth. In such cases, we

assume fbd ¼ fab. The effect of this anisotropy for-

mulation on orientation-dependent energy is illus-

trated in Fig. 9(a) for different values of f.
This four-fold orientation-dependent energy form

has a long-standing history in the phase-field com-

munity [51, 52]. As shown in Fig. 9(b), the Wulff

plots for two sample values f�a�b ¼ 0:10 and 0.30 reveal

cusp and facet formation, indicating directional

interface instabilities [53]. The interface stiffness,

defined as

SðhÞ ¼ cðhÞ þ c00ðhÞ;

can become negative for high anisotropy strengths,

limiting permissible f values. As reported by

Kobayashi [51], the critical value for maintaining

positive stiffness in all directions is fcr � 0:066.

In Fig. 9(b), angular intervals with negative stiffness

are indicated with dotted shading, predicting inter-

facial instabilities or loss of certain orientations. In the

3D simulations of the NiAl-10Mo system, the value

fMF ¼ 0:066 is selected to avoid such instabilities. This

value supports the stable evolution of cylindrical

fibers into cuboidal morphologies. However, for the

Bi-In-Sn system, we explore a wide range of aniso-

tropy strengths (f 2 ½0:00; 0:45�) to investigate its

influence on the morphology of the eutectic growth

front.

22484 J Mater Sci (2025) 60:22468–22492

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


In this section, an extensive study on system

behavior in various arrangements and configurations

is presented, considering the case f[ fcr. As a start-

ing point, a classical setup is revisited: the growth of

a single solid grain within a liquid phase. The effect

of anisotropy at the solid–liquid interface is

investigated1 based on the obtained results.

In Fig. 10, the evolution of a single circular d grain in

the liquid for different f values is illustrated.

Table 3 LULC change transition matrix showcasing percentage wise area changes(AC) in each class. Bold values (No Change)

Phase name Gibbs energy approximation parameters

A1ðTÞ ¼ 3014:607T � 896340:473 A2ðTÞ ¼ 7087:078T � 2189377:1803

a A3ðTÞ ¼ 3296:242T � 929782:259 A4ðTÞ ¼ �4116:795T þ 1186641:527

A5ðTÞ ¼ �10523:232T þ 3220675:0386 A6ðTÞ ¼ 4106:939T � 1263269:831

A1ðTÞ ¼ �143:363T þ 55902:219 A2ðTÞ ¼ 138:230T � 37075:096

b A3ðTÞ ¼ 355:122T � 115506:027 A4ðTÞ ¼ �255:378T þ 78337:588

A5ðTÞ ¼ �198:487T þ 51646:124 A6ðTÞ ¼ 3:884T � 15477:151

A1ðTÞ ¼ �871:762T þ 301469:411 A2ðTÞ ¼ 122:777T � 26128:366

d A3ðTÞ ¼ 348:878T � 139478:362 A4ðTÞ ¼ 22:402T � 5281:841

A5ðTÞ ¼ �154:236T þ 40925:907 A6ðTÞ ¼ �30:836T � 6902:264

A1ðTÞ ¼ �13:421T þ 13192:535 A2ðTÞ ¼ 12:381T þ 4229:506

Liquid A3ðTÞ ¼ 23:675T � 5488:634 A4ðTÞ ¼ �20:932T � 1575:961

A5ðTÞ ¼ �14:338T � 8078:906 A6ðTÞ ¼ �70:776T þ 8898:941

Parameter Simulation Physical Parameter Simulation Pshysical

value value value value

dt 0.2 1:2 � 10�5 s Tm 0.99937 331.79 K

DL 0.62 10�9m2s�1 fab in range of -

Da;Db;Dd 0 0 0.025 - 0.045

x 3:24 � 10�7 0:309�s�1 sab 13.62 calculated

c0ab; c0bd; cbL 9:26 � 10�4 0:2888 Jm�2 sad 21.68 from

c0ad; caL 2:78 � 10�4 0:0866 Jm�2 saL 1.45 [32]

cdL 4:63 � 10�4 0:1444 Jm�2 [58] sbL 2.73

cabd 15 � cab – sdL 1.31

dx 1 0.312 lm A0 0.001374 0.456 K

GDS 7:52 � 10�6 8 Kmm�1 [7] A 5.0 –

GRDS 7:4 � 10�6� 0:786� i 400 –

2:255 � 10�4 240 Kmm�1 climit 5% –

Teut: 1 332 K [26]

Eutectic composition

Phase

name

cBi in mol-% cIn in mol-% cSn in mol-%

a 32.01 66.67 1.32

b 8.02 66.96 25.02

d 14.84 39.21 45.95

Liquid 20.37 60.36 19.27

1 The main focus of this article is on solid-solid inter faces. This
is the only case where anisotropy in the solid–liquid interface is
active, serving as a general stability-check case study. This
configuration is considered because anisotropy directly gov-
erns observable growth patterns at the solid–liquid interface,
more significantly than at solid-solid interfaces.
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The study begins with the isotropic case and con-

tinues with anisotropic configurations, with fdL
ranging from the critical value 0.06 to the extreme

value f¼0:35. The temperature is maintained

isothermally throughout the simulation domain,

which contains a fixed solid circular grain embedded

in the surrounding liquid. Micrographs are taken

after a total of 1:25� 106 time steps , ensuring con-

sistent equilibrium states. The conserved composition

dynamics alongside non-conserved phase-field

dynamics are secured in the employed phase-field

model described in section 2. The transformation of

circular grains into square shapes is observed under

different anisotropy conditions. To investigate inter-

face properties, interface profiles at various angles

are plotted. It is important to note that, unlike in RDS

simulations, no field rotation exists in this case. The

angles are defined using different Dx and Dy values,

representing grid cell variation steps in the simula-

tion. These measurements are taken from the point O,

indicating the center of the simulation domain. The

selected Dx and Dy values correspond to directions

with at least three grid cells within the interface,

ensuring meaningful profile analysis. For example,

Dx ¼ 1;Dy ¼ 0 refers to the horizontal (x-axis) direc-

tion, and Dx ¼ 1;Dy ¼ 1 refers to 45�.

As shown in Fig. 10, the interface profiles in the

isotropic simulation coincide in all directions, as

expected. As fdL increases, edge formation is

observed at the four corners corresponding to mini-

mum energy orientations, and these edges become

sharper, causing directional variation in interface

profiles. This variation becomes more pronounced

with increasing anisotropy strength, although the

smooth transition from 1 (d bulk) to 0 (liquid)

remains undistorted. At fdL ¼ 0:13, nearly twice the

reported fcr in [51], simulation stability remains

unaffected. At the extreme value fdL ¼ 0:35, where

facets appear in the Wulff plot and sharp corners

indicate a loss of stability, the interface profiles across

different angles remain consistent. The same solid–

liquid modeling procedure is repeated for the b
phase, and similar results are observed with the

activation of fbL. Since the evolved microstructures

are visually similar to those of d grain growth,

additional micrographs are not shown.

Next, a regular four-phase lamella initially filled

with solid phases in the abad arrangement is studied.

The investigation begins with the DS setup, which

represents the basic eutectic solidification simulation

in the Bi-In-Sn system. In the isotropic simulation

shown in Fig. 4 of [21], anisotropy is applied to the

ab and ad interfaces with a strength of 0.45. The

interface profiles are shown in Fig. 11 at growth

distances of 40 lm (’ 1:7 � kJH), 80 lm (’ 3:5 � kJH),
and 180 lm (’ 7:5 � kJH). Sub-figure (a) corresponds

Figure 9 a Interfacial energy

vs. orientation for the isotropic

case (black circles) and

anisotropic cases at various

anisotropy strengths. b Wulff

plots (dashed lines) and

regions of negative stiffness

(dotted areas) for two

exemplary anisotropy values:

f ¼ 0:10 and f ¼ 0:30..
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to ab anisotropy and sub-figure (b) to ad anisotropy.

In both cases, interface stability is observed, indicat-

ing that the simulations remain stable over the

studied growth distances.

In Fig. 12, an RDS simulation is presented where ab
anisotropy with strength 0.45 is active. Measurements

are performed after a p=2 radian rotation. The top

and bottom plots show the Bi concentration and b
phase-field, respectively. In the concentration plot,

values of 8:02 mol%, 14:83 mol%, and 32 mol% cor-

respond to the b, d, and a phases, respectively.

Stable solid-solid interfaces are observed across dif-

ferent measured directions.

Figure 13 shows another RDS study where ad ani-

sotropy with fad ¼ 0:25 is activated. Similar stability

is observed in this configuration as well.

A.1 Discussion

The simulations of the Bi-In-Sn system demonstrate

stable growth for values of f[ fcr. The following

factors contribute to this stability:

Figure 10 The evolution of

the d solid phase in the liquid

at different anisotropy

strengths. The interface width

in different directions is

plotted for each case..
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(i) In the DS setup shown in Fig. 11, assuming

the þx axis as the growth direction (left to

right), the solid-solid interfaces align along

the x axis. The interface normals thus point in

the 	y directions within the solidified

phases. This alignment ensures that the

system grows along energetically favorable

directions (e.g., h¼0 in Fig. 9(a)), correspond-

ing to regions of positive interface stiffness.

As a result, the solidification front can remain

smooth, stable, and regular, even for large f
values, maintaining lamellar alignment.

(ii) In RDS simulations, the thermal gradient

GRDS rotates about the disk center (see Fig. 5

in [21]). Consequently, the crystallographic

orientation (and hence cðhÞ) rotates relative to
the growth direction, creating a

misalignment between the growth direction

and the Wulff-plot minimum. However, due

to the low rotation speed (slow enough to

ensure equilibrium), the interface can remain

near low-energy orientations during each

small time step, avoiding regions with

SðhÞ\0 and preserving stability.

(iii) The real material system used in this study is

modeled with precise parameters, including

thermodynamic data from the CALPHAD data-

base (see Section 3.1 in [21]), interfacial

energy values aligned with Jackson–Hunt

predictions (see Section 3.4 in [21]), and real-

istic diffusion coefficients. These accurate

inputs result in stable simulations that match

experimental behavior, even if the

(a)

(b)

Figure 11 Interface profiles in

concentration and phase fields:

a ab anisotropy with fab ¼
0:45 and b ad anisotropy with

fad ¼ 0:45..
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mathematical stiffness criteria is not strictly

satisfied.

(iv) From a numerical standpoint, despite the

high nominal values of f, the model may

include formulations that suppress negative

stiffness regions at interfaces. This is likely

achieved by incorporating higher-order

terms such as the anti-third-phase term (câb̂d̂
in wð/Þ of Eq. (1)) and the anti-trapping

current (Jat in Eq. (2)) to regulate interface

width. A fine mesh resolution is also used to

ensure accurate spatial discretization.

It is worth noting that for directions with negative

stiffness, various numerical techniques have been

introduced in the literature, such as applying mod-

erate anisotropy with controlled smoothing [54] and

including higher-order terms in phase-field models

(e.g., jðr2/Þ2 [55]). These methods help to stabilize

interface evolution by smoothing sharp corners and

limiting excessive curvature. Such modifications are

necessary in studies that report instabilities for

f[ fcr.

Appendix B Simulation parameters

Figure 12 Evolved interface profiles from an RDS simulation with fab ¼ 0:45. Concentration (top) and b phase (bottom) fields are

shown, illustrating interface behavior at various angles..
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