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1 Introduction

The calculation of higher-order corrections to scattering amplitudes in perturbative Quantum
Chromodynamics (QCD) is paramount for reaching the target precision of current and future
collider experiments. Given that the dominant experimental uncertainties, currently at order
of a few percent at ATLAS [1, 2] and CMS [3, 4], are expected to decrease further with
the start of the High Luminosity phase of the LHC (HL-LHC), a concerted effort towards
percent-level phenomenology is key to both verifying the structure of the Standard Model
and unlocking possible New Physics effects. Better understanding of both the Higgs potential
and Yukawa sector are crucial in this endeavour.

There has been steady progress in improving both analytic and numerical control of
loop amplitude calculations. Powerful tools have been developed that exploit the algebraic
properties of iterated integrals [5–17] including algorithmic methods related to the elliptic
sector [18–23], while steady progress has been made in understanding Feynman graphs
related to curves of higher genus [24–27]. There has been continued improvement in reducing
Feynman diagrams to a finite set of master integrals (MIs) through optimised integration
by parts (IBP) reduction techniques [28–39], in Feynman parameter space using projective
geometry [40], finite field reconstruction techniques [41–45], (numerical) unitarity-based
methods [46–54], algebraic geometry techniques [55–57], or methods based on properties
due to intersection theory [58–63]. There is a sophisticated toolkit for computing master
integrals using differential equations [64–76], solved e.g. in terms of a numerically efficient
basis of pentagon functions [77, 78], and we note recently developed analytic techniques for
the parametric integration of massive two-loop four-point Feynman integrals in the high-
energy region [79]. Many numerical methods have also emerged in the past decades, one of
the standard approaches being sector decomposition [80–90], which provide an algorithmic
and automated way of dealing with dimensionally regulated singularities, Mellin-Barnes
integration [91–98], and direct parametric integration of Feynman integrals in the Schwinger
parametrisation [99] using quasi-finite bases [100].

The last two decades have seen incredible progress in the automation of next-to-leading
order (NLO) computations for all the important hard-scattering processes relevant for the
LHC [101–108]. Replicating this success at higher orders remains a formidable challenge,
given that both the analytic complexity and computational demands grow rapidly with the
number of loops, particle masses and kinematic invariants. Extending the current frontier
of 2 → 3 next-to-next-to-leading order (NNLO) and 2 → 2 next-to-next-to-next-to-leading
order (N3LO) processes [109] to include additional loops and external legs, particularly for
processes involving multiple mass scales, is a crucial step towards advancing the precision
physics program.
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In recent years, significant progress has been made in this direction, including calculations
of two-loop QCD amplitudes with four or more scales [89, 110–115], as well as mixed
strong-electroweak corrections [116–120], two-loop five-point amplitudes with up to one
massive particle [39, 121–132], and the first calculation of the two-loop finite remainders
for gg → tt̄ + jet at leading colour [131]. Additionally, important milestones have been
reached in the calculation of three-loop massless 2 → 2 amplitudes [133–135], three-loop
form factors with massive particles [136–139], four-loop massless form factors [140–142], as
well as recent calculations of three-loop four-point Feynman integrals with masses [143–145],
including the first calculation of three-loop MIs for the production of two off-shell vector
bosons with different masses [146].

Despite these advances, many existing techniques face a rapid increase in complexity with
the number of loops and kinematic scales, necessitating the development of alternative methods
to mitigate computational bottlenecks. Direct numerical integration in momentum space
remains a tantalising solution, and has received renewed interest in recent years. The aim is to
circumvent traditional obstacles to higher-order calculations, including the generation of large
systems of IBP identities and the challenges involved in evaluating multi-scale master integrals,
particularly in understanding the space of special functions of multi-loop Feynman integrals.

At the turn of the century, Soper developed numerical techniques for the integration of
NLO corrections to infrared-safe observables [147], and subsequently implemented for three-jet
quantities in e+e− annihilation at NNLO [148]. A few years later, Nagy and Soper [149]
developed a local momentum-space subtraction scheme for generic one-loop QCD amplitudes,
with analytically calculable and process-independent counterterms regulating both infrared
and ultraviolet divergences on a graph-by-graph basis. This was eventually combined with
Monte Carlo integration of the finite remainder on a suitably deformed contour directly in
loop-momentum space [150] and using Feynman parameters [151, 152]. Subsequent years has
seen fundamental progress in combining local subtraction methods with numerical integration
techniques, formulated at the level of the amplitude [153–155], applied in the leading colour
approximation for electron-positron annihilation up to seven jets at NLO [156]. A contour
deformation applicable to multi-loop integrals has been proposed in ref. [157]. Recent
advancements in the “local unitarity” method [158–161] and groundbreaking work on a new
methodological approach dubbed Loop-Tree Duality (LTD) “causal unitarity” [162, 163] have
led to the development of locally finite representations of differential cross sections, facilitating
the cancellation of final-state infrared singularities between real and virtual contributions.
Methods to organise infrared singularities in parametric space [100, 164] and using Landau
equations [165] to determine finite bases of Feynman integrals have also been explored.

Building on this foundational work, we developed a local subtraction method for general
electroweak amplitudes in e+e−-annihilation at two-loop order [166]. The approach is based
on factorisation theorems for wide-angle or large-momentum transfer scattering processes [167–
174], in which infrared singularities are factorised from the underlying hard-scattering process
into universal, i.e. process independent jet and soft functions. This allows us to use the
simplest 2 → 1 process to construct a minimal number of universal amplitude-level form factor
subtraction terms, without referring to individual Feynman graphs, that are independent of
the number of final-state particles and the external mass scales. The subtraction defines a
locally finite representation of the loop amplitude, in which both infrared and ultraviolet
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singularities are removed point-by-point in loop momentum space. A key advantage of
this approach is that the complexity of the problem scales primarily with the number of
loops rather than the number of external particles, and is independent of the external scales.
The counterterms can be evaluated analytically in D = 4 − 2ϵ dimensions using known
IBP identities and master integrals. This is followed by numerical integration in D = 4
dimensions of the finite remainder, facilitated by recent developments in LTD [175–181]
based on foundational works of refs. [182–184], and combined with a way to treat threshold
singularities, for example through contour deformation [157], or threshold subtraction [185–
187]. The method was extended in subsequent work to qq̄-initial states in QCD [188] and
Higgs production through gluon-fusion at NNLO [189, 190]. In a recent breakthrough, the
nf -contribution to triboson production at two loops was computed for up to three different
external masses for the first time, using threshold subtraction [191]. This makes a strong
case for developing the form-factor subtraction method further and improve its versatility
by including higher loop orders as well as colourful final states in the future.

Since so few three-loop amplitudes are known, especially for processes with external
masses, the foremost aim of this paper is to determine how far the form-factor subtraction
(FFS) method developed originally for two-loop electroweak amplitudes can be pushed to
higher loop orders, and identify possible challenges that hinder local integrability. While
phenomenological applications at this loop order are still limited, our work in ref. [166] was
motivated in large part by a desire to calculate yet unknown two-loop corrections to the
process qq̄ → W±W∓Z and eventually compute the complete NNLO QCD corrections to
triboson production at the LHC. Already the NLO QCD correction to WWZ production at
the LHC is found to be about 100% [192], and we anticipate that NNLO corrections, as well
as N3LO corrections to diboson and triboson production processes to be significant [193–197].
Indeed, multiboson production is of intense phenomenological interest since it is an important
background in New Physics searches through anomalous gauge couplings [198].

The challenge is to construct a locally finite representation of the loop integrand amenable
to numerical integration. Ward identities are the basic mechanism by which local factorisation
is achieved, in which virtual collinear gluons acquire a longitudinal, or scalar polarisation.
Section 3 is dedicated to reviewing the tree-level identities. For a triple-gluon vertex contracted
with a longitudinal polarisation of one of its external gluons the result can be written in terms
of “scalar” contributions, where one of the hard propagators has been cancelled, and terms
related to ghost-gluon vertices [188]. In section 4 we review their application to one-loop
corrections to the quark propagator and quark-antiquark-gluon vertex. Then, in section 5 we
derive the Ward identities relevant for two-loop subgraphs in quark-antiquark annihilation
at three loops, which constitutes one of the main results of this paper. In this context,
we identify non-factorising shift-integrable contributions in two different loop momentum
variables which integrate to zero but hinder integrability.

Importantly, factorisation theorems a priori do not guarantee local factorisation mainly
because certain symmetries, e.g. gauge symmetry, are obscured at the level of the Feynman
integrand. This requires the modification of the traditional representation of scattering
amplitudes, obtained directly from Feynman rules, through the addition of local infrared
counterterms to ensure integrability. In ref. [166] we identified “loop polarisation” contribu-
tions of the one-loop jet function to the collinear regions whereby virtual collinear gluons
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acquire arbitrary polarisation that spoil local factorisation. This was remedied by exploiting
the symmetries of the problematic integrands under loop momentum shifts, which was later
extended to QCD corrections of the one-loop quark function in ref. [188]. At the three-loop
order similar non-factorising loop polarisation terms appear in one-loop corrections to the
triple-gluon vertex, and in sections 8 and 9 we derive locally modified versions of the gluon
self-energy and triangle subgraphs to eliminate these contributions.

The rest of this paper is organised as follows. In section 2 we review the construction of
the locally finite remainder in the FFS method, and establish the notation. In section 6 we
discuss regularisation in the ultraviolet regions, and in appendix F provide the expressions
for Ward identity preserving ultraviolet counterterms that enable collinear factorisation. In
section 7 we develop local infrared counterterms that eliminate shift terms due to scalar
contributions to the Ward identities for general electroweak integrand. The counterterms
are written in terms of standard three-loop Feynman graphs multiplied by non-standard
colour factors. Finally, in section 10 we show that local factorisation is achieved only up
to non-cancelling loop polarisation terms. Additionally, we identify shift-integrable terms
due to ghosts contributions to the Ward identities, which appear for the first time the
three-loop order, and remove them using local counterterms. We include several appendices
with technical material and definitions omitted throughout the main text.

2 Framework

We consider processes with multiple colourless final states X ∈ {γ∗, H, W, Z} being produced
at wide angles in quark-antiquark scattering,

q(p1) + q̄(p2) → X(Q) , (2.1)

where p2
1 = p2

2 = 0 and momentum conservation implies p1 + p2 = Q, with Q =
∑n

i=1 qi.
Our starting point is the 2 → n (off-shell) scattering amplitude M, generated directly
from the QCD Lagrangian in Feynman gauge. In this text, we adopt the Feynman rule
conventions of ref. [199].

The electroweak amplitude M admits a perturbative expansion in the bare QCD coupling
αs = g2

s/4π as follows,

M = M(0) + αs

2π
M(1) +

(
αs

2π

)2
M(2) +

(
αs

2π

)3
M(3) +O(α4

s) , (2.2)

where M(0) is the tree-level amplitude while M(1), M(2) and M(3) denote the one-, two-
and three-loop corrections, respectively. For clarity, we have suppressed the dependence of
the amplitude components on their (loop) momenta. It will sometimes be useful to consider
a form of the amplitude with external spinors removed,

M(L)(p1, p2, ℓ1, . . . , ℓL; {q1, . . . , qn}) = v̄(p2)M̃(L)(p1, p2, ℓ1, . . . , ℓL; {q1, . . . , qn})u(p1) .

(2.3)

The truncated amplitude M̃(L) of loop order L is a matrix in spinor space, though spinor
indices are suppressed for simplicity. We will also use this notation to denote a truncated
off-shell amplitude with external fermion propagators removed.
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We shall denote by M (L) the integrated L-loop component in D = 4− 2ϵ dimensions over
the set of loop momenta ℓ1, . . . , ℓL, calculated in the physical region where s ≡ 2p1 · p2 > 0,

M (L)(p1, p2; {q1, . . . , qn}) =
∫

ℓ1,...,ℓL

M(L)(p1, p2, ℓ1, . . . , ℓL; {q1, . . . , qn}) , (2.4)

with normalisation ∫
ℓ1,...,ℓL

≡
L∏

i=1
µ2ϵ

0

∫ dDℓi

(2π)D
. (2.5)

Infrared and ultraviolet singularities will appear as poles in the dimensional regularisation
parameter ϵ after integration. We note that analytic continuation is performed by restoring
the causal prescription to the denominators,

Pi → Pi + i0+ , s → s + i0+ , (2.6)

where the Pi represent linear combinations of the loop momenta ℓ1, . . . , ℓL and the external
momenta p1, p2, {q1, . . . , qn}.

The aim is to develop local counterterms for three-loop corrections to the electroweak
amplitude that eliminate both infrared and ultraviolet divergences directly at the integrand-
level. To this end, we re-write the loop-momentum space representation of the integrand
in the form,

M (L),R =
∫

ℓ1,...,ℓL

H(L),R(ℓ1, . . . , ℓL) +
∫

ℓ1,...,ℓL

M(L),R
singular(ℓ1, . . . , ℓL) , (2.7)

where we have suppressed the dependence on the external momenta. Here, the function
H(L),R denotes the hard finite remainder, which is amenable to numerical integration in D = 4
dimensions (at lowest order, H(0),R ≡ M(0)). The singular function M(L),R

singular is constructed
out of a set of counterterms that are local in loop-momentum and coordinate space, and
match the amplitude of loop order L in all IR- and UV-singular regions, up to finite terms.
By construction, the set of counterterms is easily integrable in D = 4− 2ϵ dimensions using
standard integration by parts and reduction to master integrals techniques. The superscript
“R” in the quantities in eq. (2.7) denotes regularisation in the ultraviolet regions, through
local UV counterterms. The method of their construction is described in section 4.3.

Following the notation of refs. [166, 188, 189] the infrared regions can be regulated
order-by-order in the strong coupling by iterative subtraction of a set of local form-factor
counterterms F ,

H(L),R = ∆M(L),R −
L−1∑
i=0

F (L−i),R(ℓ1, . . . , ℓL−i)
[
P1 H̃(i),R P1

]
, L > 0 . (2.8)

Here, the hard scales, of the order of the external invariants, are separated from the region of
the loop momentum space in which the amplitude becomes divergent in the soft and collinear
limits. The local vertex P1 H̃(i),R P1 denotes a truncated, renormalised hard-scattering
function H̃(i),R enclosed by a pair of Dirac projectors, defined as,

P1 ≡ /p1/p2
2p1 · p2

, P2
1 = P1 , (2.9)
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which satisfy P1 u(p1) = u(p1) and v̄(p2)P1 = v̄(p2). Importantly, the projectors act as the
identity on soft and collinear lines. Their role is to restore gauge invariance to the lower-order
amplitude embedded within the local vertex, and prevent spurious singularities at two-loop
order and beyond (cf. the discussion in appendix I.1 of ref. [200]).

The basic construction of eq. (2.8) relies on the factorisation of infrared poles into a
product of process-independent soft and a jet functions, and a perturbative short-distance
function in which all lines are off-shell. This type of factorisation is characteristic of wide-angle
or large-momentum transfer scattering processes [172–174], and the universality of the soft
and jet functions is key in using the simplest process, the form factor, to regulate infrared
divergences of the full amplitude. For the processes under study the infrared divergences
occur either for virtual lines that become collinear to the incoming (anti)quark line, or have
vanishing momenta (ie. become soft) and attach to either the incoming quark-antiquark
pair or to collinear lines connected to them.

Starting at two-loops, the integrand is defined up to additive infrared counterterms
δ(L) through,

∆M(1),R(l) ≡ M(1),R(l) ,

∆M(L),R(ℓ1, . . . , ℓL) = M(L),R(ℓ1, . . . , ℓL) + δ(L)(ℓ1, . . . , ℓL) , L > 1 ,
(2.10)

which do not affect the result after integration, given∫
ℓ1,...,ℓL

δ(L)(ℓ1, . . . , ℓL) = 0 . (2.11)

The purpose of δ(L) is twofold: a) to remove locally non-factorisable contributions to the
collinear regions that cancel by a loop-momentum shift and b) to remove non-longitudinal,
leading power polarisations of a virtual gluon connecting lower-order jet subgraphs to the
hard sub-amplitude. Treatment of the former is extended to three-loop order in section 7.
At present, the latter is only known to two-loop order.

The validity of eq. (2.8) has so far been demonstrated for electroweak production in
qq̄-scattering up to two loops [166, 188] and gluon fusion mediated by a heavy quark loop
below the production threshold of a heavy quark pair [189].

3 Leading regions and factorisation

The form-factor subtraction method utilises power counting arguments to identify the leading
regions in loop momentum space in fixed-angle scattering that produce infrared singularities.
Such regions are characterised by the location of pinches, in which poles due to vanishing
propagators coalesce from opposite sides of the integration contour. Such pinch surfaces can
occur for configurations where two internal lines become parallel to a lightlike direction of
an external particle (collinear pinches) or when all four components of the loop momentum
vanish (soft or infrared pinches).

In covariant gauges the reduced diagram corresponding to the leading regions has
longitudinally polarised massless vector particles that flow out of the hard subdiagram and
connect to jet lines. Gauge invariance ensures that these unphysical polarisations decouple
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in the sum of diagrams. In ref. [166] we have shown that in the collinear regions k || p1 and
k || p2 we can approximate the virtual jet-line by making the replacements,

k

ν, a µ, b

: −iδab

k2 + iϵ
gµν → −iδab

k2 + iϵ

2ην
1 kµ

d1
, k || p1 , (3.1)

and

k

ν, a µ, b

: −iδab

k2 + iϵ
gµν → −iδab

k2 + iϵ

2ην
2 kµ

d2
, k || p2 , (3.2)

with quadratic denominators

d1(k, η1) = −(k − η1)2 + η2
1 , d2(k, η2) = (k + η2)2 − η2

2 . (3.3)

Here, ηi is an auxiliary vector chosen to have a large rapidity separation from p1 (p2) in the
collinear limit k || p1 (k || p2), with gµν

⊥ kν = gµν
⊥ ηi ν = 0, to avoid producing additional pinches.

Above, we have used a empty (shaded) triangle to denote the approximation in the collinear
region k || p1 (k || p2). The case with a collinear photon is the same, up to the colour matrix
δab. The approximations in eqs. (3.1) and (3.2) are key to showing local factorisation of the
divergent collinear dynamics from the hard region (independent of the number of electroweak
final states) of the loop-momentum space at the amplitude level, and allow us to subtract
the divergent part using a small set of form factor counterterms. For completeness, we repeat
the derivations of eqs. (3.1) and (3.2) in appendix A.

As in refs. [166, 188] we find it useful to characterise the leading singular regions at
the L-loop order by an ordered tuple (Aℓ1 , Aℓ2 . . .) with Aℓi

∈ {1ℓi
, 2ℓi

, Hℓi
, Hℓi→∞} for loop

momenta ℓi with i = 1, . . . , L. The implied ordering determines the sequence in which limits
are taken. For instance, the “mixed”-collinear region1 (1l, 2q, Hk) implies l first becomes
lightlike to the incoming quark momentum p1, after which we apply the q || p2 limit while the
loop momentum k remains hard (i.e. of the order of the typical hard momentum transfer
of the process). The subscript ℓi → ∞ is used to identify ultraviolet regions of the loop
momentum space.

3.1 Tree-level Ward identities

Ward identities form a crucial element in this methodology. The modified Feynman rules that
we will use in the diagrammatic representation of the tree- and loop-level Ward identities are
summarised in figure 1 for the k || p1 limit. Consider then the quark-antiquark-gluon vertex
in which the external gluon with momentum k acquires a longitudinal polarisation, according
to the collinear approximation of eq. (3.1). The abelian-type tree-level Ward identity for
fermion lines, follows from a simple partial fractioning relation,

iS0(p′)(−igs /k)iS0(p) = e0
[
iS0(p)− iS0(p′)

]
, p′ = p + k , (3.4)

1Throughout this text we assign the loop momentum labels q, k and l up three-loop order.
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k

ν, a µ, b

= −iδab

k2+iϵ
kµ µ

a b

k
= iδab

k2+iϵ
kµ

p
p+ k

kµ, c

=−igstc/k

p
p+ k

kµ, c

=gstc

β, b α, a

pp+ k

kµ, c

=kµCαµβ
acb (−p,−k,p+k) β, b α, a

pp+ k

kµ, c

=−igsfacbgαβ

Figure 1. Modified Feynman rules used to show local collinear factorisation in the region where the
external gluon with virtual momentum k becomes collinear to an external antiquark with momentum
p2, using the diagrammatic notation of ref. [188]. The multiplicative term 2ην

2 /d2 associated to the
collinear approximation (cf. eq. (3.2)) is not shown, and will be implicit throughout this paper.

where S0 is the free fermion propagator,

p ≡ iS0(p) =
i

/p + iϵ
. (3.5)

This is shown diagrammatically in figure 2 using the modified Feynman rules of figure 1. If
instead the vertex ends on an external quark line, we have

iS0(p′)(−igs /k)u(p) = e0
[
1− S0(p′)/p

]
u(p) , p′ = p + k , (3.6)

where the second term in square brackets vanishes due to the massless Dirac equation.
For the QCD Ward identity we consider the contraction of the triple-gluon vertex with

a longitudinally polarised gluon,2

−i

l2
−i

(l − k)2 kµCµβα
cba (−k, l, k − l) = f cba

[
Qαβ

0 (k, l) + Oαβ
0 (k, l)

]
, (3.7)

where we have defined,

gs Cµβα
cba (−k, l, k − l) ≡

α, a

µ, c

β, b

k

`

`− k

= gs f cba
[
−gµβ(k + l)α + gβα(2l − k)µ + gαµ(2k − l)β

]
,

(3.8)

2We mention that ref. [189] uses an alternative approach in which eq. (3.8) is decomposed into three pairs
of terms, each of which can be interpreted as an scalar-scalar-gluon interaction vertex.
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p
p+ k

kµ, c

=

p

k

µ, c

−

p+ k

k

µ, c

Figure 2. A graphical representation of the abelian Ward identity for quark lines, eq. (3.4). A ghost
ending at a quark line indicates an insertion of the collinear momentum k at the vertex, where the
adjacent quark propagator is cancelled, denoted by a cross.

β, b α, a

`− k`

kµ, c

= β, b α, a

`− k`

k
µ, c

+ β, b α, a

`− k`

k
µ, c

+ β, b
α, a

`− k

k
µ, c

− β, b

α, a

`

k
µ, c

Figure 3. A pictorial representation of the QCD Ward identity for the three-gluon vertex, eq. (3.7).
Ghost lines ending at a gluon line indicate an insertion of the momentum k at the vertex, where the
adjacent gluon line is cancelled.

and [188],

Qαβ
0 (k, l) = gαβk · (k − 2l)

l2(l − k)2 = gαβ
[ 1

l2
− 1

(l − k)2

]
, (3.9)

Oαβ
0 (k, l) = lαlβ − (l − k)α(l − k)β

l2(l − k)2 . (3.10)

The term Q0 is what was called the scalar part in ref. [188], as it can be re-written using
a partial fractioning identity in analogy to the quark-gluon vertex. The two terms in O0
can be interpreted as ghost-gluon vertices multiplied by the momentum of the outgoing
ghost. A diagrammatic representation of the Ward identity for the triple-gluon vertex is
shown in figure 3, with ghost and scalar terms forming the first and second lines on the
right-hand side of the relation, respectively.

In our notation, a cross on a fermion or gluon line represents a cancelled propagator as
in the terms on the right-hand side of eqs. (3.4) and (3.9),

p = 1 ,

µ, a ν, b

k

= δabgµν . (3.11)
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Thus, a cancelled fermion or gluon propagator is proportional to the unit matrix in the spin
and colour space (the colour matrix depends on whether the cancelled particle transforms
in the fundamental or adjoint representation of SU(Nc)).

At three-loop order the four-gluon vertex becomes relevant also. In the case where one of
the gluons becomes collinear to an external (anti-)quark, its propagator can be replaced by one
of the approximations in eqs. (3.1) and (3.2), and the four-gluon vertex is contracted with a
longitudinal polarisation. This can be related to a sum of triple-gluon vertices as follows [201],

(−ℓµ
1 )Dabcd

µνρσ(ℓ1, ℓ2, ℓ3, ℓ4) = −i
[
fabeCedc

νσρ(ℓ1 + ℓ2, ℓ3, ℓ4)

+fadeCecb
νσρ(ℓ2, ℓ1 + ℓ3, ℓ4) + faceCebd

νσρ(ℓ2, ℓ3, ℓ1 + ℓ4)
]

,
(3.12)

and similarly for contractions with ℓi, i ∈ {2, 3, 4} (note that we can use momentum
conservation

∑4
i ℓi = 0 to eliminate one of the ℓi). Here we have defined,

g2
s Dµνρσ

abcd (p1, p2, p3, p4) ≡

ν, bµ, a

σ, dρ, c

p2p1

p3p4

= −ig2
s

[
fabef cde(gµρgνσ − gµσgνρ)

+ facef bde(gµνgρσ − gµσgνρ) + fadef bce(gµνgρσ − gµρgνσ)
]
. (3.13)

The four-gluon identity is shown in figure 4. Equation (3.12) can easily be derived by using
the familiar Jacobi identity,

fabef cde − facef bde + fadef bce = 0 . (3.14)

The three-loop electroweak amplitude also contains subgraphs which are one-loop correc-
tions to the three-point function with external gluons. These integrands are logarithmically
divergent whenever one of these gluons becomes collinear to an incoming quark line. Using
the approximations of eqs. (3.1) and (3.2), this leads to the insertion of a longitudinally
polarised gluon at the one-loop subgraph, which is either a fermion, gluon or ghost loop.
This is discussed in section 9.

As we will see in sections 4.1 and 5, where we discuss the Ward identities valid for the
QCD Green’s functions at one- and two-loop order, it will also be useful to use the notation,

p
p+ k

k
= 1 β, b α, a

pp+ k

k

= gαβ , (3.15)

which represents an insertion of the momentum k of the longitudinal gluon, neglecting the
colour matrix of the original quark-gluon or triple-gluon vertex.

3.2 Loop momentum flow

The choice of loop-momentum flow is not unique, and one is free to utilize the shift-invariance
of loop integrals to pick a different routing per diagram, as is often convenient in analytic
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ν, b ρ, c

`4`2

`3
σ, d

`1µ, a

=
b, ν

δ, e ρ, c

`4`2 `1 + `2

`3

σ, d

`1

µ, a

+
ν, b

ρ, c

`4`2

`1 + `3

σ, d

`3

δ, e

`1
µ, a

+
ν, b δ, e

ρ, c

`4`1 + `4`2

`3

σ, d

`1

µ, a

Figure 4. A diagrammatic version of the QCD Ward identity for the four-gluon vertex, eq. (3.12).
For consistency with the modified ghost-gluon-gluon vertex we have introduced a dummy Lorentz
index δ.

calculations. However, a judicious choice of loop momenta assignments will ensure that
cancellations of collinear singularities in the leading regions are manifest in the sum of
diagrams. This will lead to a factorised integrand up to shift-integrable contributions, first
identified in ref. [166] in the context of local factorisation. Such shift terms integrate to zero,
i.e. cancel at the level of the integrand only by performing suitable loop-momentum shifts,
but lead to non-factorisable contributions at the amplitude level. Therefore, shift terms have
to be subtracted in the FFS scheme to preserve manifest locality of the procedure. We will
discuss the factorisation of the scalar contributions to the general three-loop electroweak
annihilation amplitude (except gluon self-energy and triangle contributions, which are treated
separately) up to shift-integrable terms in section 7.

To be specific, let (q, k, l) be the tuple of loop momenta at three-loop order, assigned to
the virtual gluon lines according to their proximity to the incoming antiquark q̄(p2), i.e. as
we move in the opposite direction to the fermion charge flow. In this way, the virtual gluon
connected to the qq̄g-vertex closest to q̄(p2) is chosen to have loop momentum q, flowing in the
direction of the incoming quark. For “abelian” diagrams, i.e. diagrams without three-gluon
vertices, the virtual gluon connected to the qq̄g-vertex second-closest to the incoming antiquark
is labelled k, the third-closest is assigned the variable l. An example is shown in figure 5(a)

For diagrams with a single-three-gluon vertex we follow the conventions of ref. [166]. The
assignment is as follows: we start at the qq̄g-vertex closest to the incoming antiquark, and
choose the loop momentum ℓ1 ∈ (q, k, l) for the outgoing virtual gluon (which may or may
not be part of a three-gluon vertex) according to the rule above. We then move opposite
the fermion flow to the next qq̄g-vertex and assign the loop momentum ℓ2 ∈ (q, k, l) \ {ℓ1}
to the virtual gluon. Finally, we move in a clockwise orientation around the triple-gluon
vertex, starting from the gluon connected to the qq̄g closest to the antiquark, and assign
the remaining loop momentum ℓ3 ∈ (q, k, l) \ {ℓ1, ℓ2} to the second gluon. Two three-loop
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p1

p2

q2

q1

qn

k

`

q

(a)

p1

p2

q2

q1

qn

`−k

k

`
q

p1

p2

q2

q1

qn

`−q

k

q

`

(b)

p1

p2

q2

q1

qn

q

k

`

k−q

`−k

p1

p2

q2

q1

qn

q

`

k

`−q `−k−q

(c)

p1

p2

q2

q1

qn

q

k

` `−k

`−q

k −q

(d)

p1

p2

q2

q1

qn

q

`

k

`−k−q

(e)

Figure 5. Loop momentum assignment for the three-loop amplitude.

examples with a single triple-gluon vertex are shown in figure 5(b). Finally, for diagrams
with two or more triple-gluon vertices as well as diagrams with a quartic gluon vertex the
assignment is fixed according to figures 5(c)–5(e).

Since specific graphs may contribute to multiple collinear regions, we perform a three-fold
symmetrisation of the amplitude in the loop momentum variables q, k and l, so the exact or-
dering becomes unimportant. We replace the three-loop integrand with an equivalent version,

M(3)(q, k, l) → M(3)
sym(q, k, l) ≡ 1

6
(
M(3)(q, k, l) + 5 permutations of (q, k, l)

)
. (3.16)

Both M(3) and M(3)
sym integrate to the same value, of course. Averaging over the momenta of

the virtual gluon lines, q, k and l, ensures that the Ward identities can be applied consistently
to the sum of diagrams in all IR-divergent limits. In particular, it provides a systematic way
of combining integrands in all IR- and UV-singular regions.

4 One-loop Ward identities

In this part we will introduce the relevant one-loop two- and three-point Green’s functions, and
discuss their UV regularisation. The results of this section have been derived in refs. [166, 188].
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Ward identities will play a key role in ensuring the factorisation of collinear singularities
from the hard (UV) regions of loop-momentum space remains local. These functions can be
obtained directly from the Feynman rules, unless they are part of an external jet and require
additional modifications in the collinear regions. The relevant one-loop jet counterterms are
summarised in appendix B. Our understanding of the Ward identities at one-loop will form
the basis of our treatment of the three-loop qq̄-annihilation amplitude in later sections, so
we find it useful to review the one-loop case in some detail.

4.1 One-loop two- and three-point Green’s functions

The one-loop QCD correction to the electroweak vertex has the following momentum-space
representation,

eΓ(1) µ
qqγ (p, k, l) = p

`

kµ

= −e g2
sCF V (1) µ(p, k, l) (4.1)

where e is the bare electric charge and

V (1) µ(p, k, l) =
γν(/p + /l + /k)γµ(/p + /l)γν

l2(p + l)2(p + k + l)2 . (4.2)

Here, the momentum p is in general off-shell and k is the momentum of the external photon3

with Lorentz index µ.
Similarly, for the QCD vertex we have,

gs Γ(1) µ,c
qqg (p, k, l) = p

`

k
µ, c

+
p

`
k

µ, c

= g3
s tc
[
−TF (2CF − CA)V (1) µ(p, k, l) + 2T 2

F CAW (1) µ(p, k, l)
]

,

(4.3)

where TF = 1
2 is defined by Tr (tatb) = TF δab, and CF and CA denote the quadratic Casimirs

of the fundamental and adjoint representations of SU(Nc),

CF = N2
c − 1
2Nc

, CA = Nc . (4.4)

The QCD vertex correction has a term with crossed ladder structure, denoted by Γ(1,XL)
qqg ,

and a term containing a three-gluon vertex, denoted by Γ(1,3V )
qqg , corresponding to the first and

second diagrams on the right hand side of eq. (4.3), respectively. It is useful to decompose
the one-loop three-gluon vertex function W (1) µ in eq. (4.3) into a scalar contribution Q(1) µ

and a contribution associated to ghosts O(1) µ,

W (1) µ(p, k, l) = Q(1) µ(p, k, l) + O(1) µ(p, k, l) , (4.5)

3If we regard Γ(1) µ
qqγ as a subgraph in mixed QCD-EW corrections to the electroweak amplitude, then k

denotes the loop momentum of a virtual photon and the amplitude diverges if the photon becomes collinear to
an external quark or antiquark.
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with

Q(1) µ(p, k, l) = 2(1− ϵ)
(k − 2l)µ(/p + /l)
l2(p + l)2(l − k)2 , (4.6)

and

O(1) µ(p, k, l) = −
γµ(/p + /l)(/l − 2/k) + (/l + /k)(/p + /l)γµ

l2(p + l)2(l − k)2 . (4.7)

The one-loop self-energy correction is given by,

Π(1)
qq (p, l) =

p

`
= g2

sCF S(1)(p, l) , (4.8)

with

S(1)(p, l) = 2(1− ϵ) /p + /l

l2(p + l)2 . (4.9)

The QED Ward identity at one-loop follows directly from the discussion of section 3.
It is the relation,

kµΓ(1) µ
qqγ (p, k, l) = Π(1)

qq (p, l)−Π(1)
qq (p + k, l) . (4.10)

For the QCD three-point function we have instead [188],

kµ Γ(1) µ
qqg (p, k, l) = Π(1)

qq (p, l)−Π(1)
qq (p + k, l)−Π(1) shift

qq (p, k, l)

+ g2
s

CA

2 kµOµ(p, k, l) ,
(4.11)

with shift propagator

Π(1) shift
qq (p, k, l) = −g2

s

CA

2 kµ[V (1) µ(p, k, l) + Q(1) µ(p, k, l)]

= CA

2CF

[
Π(1)

qq (p + k, l − k)−Π(1)
qq (p + k, l)

]
.

(4.12)

To obtain the second line, we have used the relations,

kµV (1) µ(p, k, l) = S(1)(p + k, l)− S(1)(p, l) , (4.13)

kµQ(1) µ(p, k, l) = S(1)(p, l)− S(1)(p + k, l − k) , (4.14)

which can easily be verified using a simple partial fraction identity. The shift term integrates to
zero but is important in cancelling locally non-factorising contributions in the amplitude [188].

Graphically, we can represent the one-loop QCD Ward identity, eq. (4.11), as

kµ Γ(1) µ,c
qqg (p, k, l) = p

`

kµ, c

+
p

`
`− k

k
µ, c

= p

`

k
µ, c CF − CA/2

− p

`

k
µ, c CF − CA/2

+
p

`
`− k

kµ, c

CA/2

−
p

`
`− k

kµ, c

CA/2

+ ghosts , (4.15)
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where on the right-hand side we have explicitly written the colour factors below each graph.
As we have explained in section 3 the shaded triangle denotes a longitudinal gluon polarisation,
i.e. contraction at the vertex by the momentum of the external collinear gluon. Cancelled
propagators, as on the right-hand side of eqs. (4.13) and (4.14), are represented by blue
crosses (cf. eq. (3.11)). Ghost (dotted) lines connected to a quark or gluon propagator
represent the insertion of the collinear momentum k at the vertex and carry the Lorentz
index µ and colour index c of the longitudinal gluon, according to the modified Feynman
rules introduced in figure 1.

The shift propagator arises from the parts of the second and fourth graphs on the
right-hand side of eq. (4.15) proportional to the non-abelian colour factor CA/2.

Π(1) shift
qq (p, k, l) = CA

2CF

[
p+ k

`− k

−
p+ k

` ]
, (4.16)

where ∫
ℓ
Π(1) shift

qq (p, k, l) = 0 . (4.17)

For the sake of clarity, we remark on a subtlety in the pictorial notation above. Since the
virtual gluon line with loop momentum ℓ is cancelled there is an insertion of a scalar polarised
gluon (represented by a ghost line in eq. (4.15)) directly at the quark-gluon vertex. This
implies an incoming quark momentum of p + k.

The ghost term in eq. (4.11), kµOµ, has been shown to factorise independently [188] from
the scalar contributions in the single-collinear regions. In section 10 we will investigate to
what extent this statement applies to the two-loop QCD vertex. Pictorially, we can represent
the ghost contribution to the QCD Ward identity for the one-loop quark propagator as follows,

g3
s

CA

2 tckµOµ(p, k, l) =
p

`
`− k

kµ, c

+
p

`
`− k

kµ, c

=
p

`
`− k

kµ, c

−
p

`
`− k

kµ, c

+
p

`
`− k

kµ, c

−
p

`
`− k

kµ, c

(4.18)
Summing the second and third graphs on the second line of eq. (4.18) we obtain an integrand
proportional to the loop momentum vector of the scalar polarised gluon. This can be cast
in terms of the standard abelian-type Ward identity, multiplied by an additional bubble
integrand. Indeed, in ref. [166] it was shown that this combination, a difference of two
self-energy subgraphs, is equivalent to the following pictorial rule,

p

`
`− k

kµ, c

−
p

`
`− k

kµ, c

= −g3
s tc CA

2
i

/p

/k

l2(l − k)2
i

/p + /k

= 1
2

[
p

`− k

k

µ, c

` +

p

`− k

k

µ, c

`

]
≡

p

k

µ, c

`
,

(4.19)
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which simplifies the bookkeeping of ghost contributions to the amplitude in the collinear
regions. We will encounter similar identities at the three-loop level. For simplicity, we will
use the shorthand shown on the right-hand side of the second line, where the symmetrisation
of the bubble integrand under the exchange ℓ → k − ℓ is implied. Clearly, the second line
in eq. (4.19) satisfies the standard fermion-line identity, cf. figure 2,

p

k

µ, c

`
=

p

k

µ, c

` −

p

k

µ, c

`

≡ igs tc Π̃(k, l)
(
1
/p
− 1

/p + /k

)
,

(4.20)

with symmetrised ghost self-energy,

Π̃(k, l) = g2
s

CA

2
1

l2(l − k)2 (4.21)

4.2 One-loop jet subgraph and loop polarisations

At two loops the Feynman rules for two- and three-point Green’s functions have to be modified
by terms that integrate to zero, both to ensure that the Ward identity is preserved locally,
and to remove non-factorisable contributions due to unphysical polarisations of the virtual
gauge boson momenta. Jet subgraphs J contain terms that spoil local factorisation in the
limit where the external (virtual) gluon, which connects to the hard subdiagram H from
which the final state electroweak bosons are emitted, becomes collinear to the jet. Such
contributions, which we called loop polarisations in ref. [166], are proportional to the loop
momentum vector of the jet function and do not satisfy standard Ward identities.

In refs. [166, 188] for the one-loop quark jet function it was shown that these problematic
regions can be removed entirely by an appropriate symmetrisation of the integrand, including
in light-cone components transverse to the collinear direction. This is equivalent to adding
corresponding counterterms that do not affect the result after integration but ensures local
factorisation.

We briefly review the regularisation of the one-loop jet function in appendix B since
at N3LO loop polarisations occur when (a) both J and the corresponding hard-scattering
subdiagram are at one-loop order and (b) when H is the Born-level subdiagram and the jet
subgraph is at two-loop order. At three-loop order we have two-loop jet subgraphs that exhibit
loop polarisation terms in both single and double-collinear regions of the loop momentum
space. It remains unclear how the procedure outlined in refs. [166, 188] for the one-loop
quark jet function can be generalised to higher loop orders, and we defer the treatment of
the two-loop quark jet function to future work.

4.3 One-loop ultraviolet counterterms

The UV counterterms can be obtained by performing a Taylor expansion around the large loop
momentum and truncating the series at the order corresponding to a logarithmic divergence
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after integration [166]. In this way, the power counting is respected at the integrand level,
leading to a locally finite amplitude in all UV regions. At the same time, the poles in the
dimensional regularisation parameter ϵ coincide with those of any renormalisation scheme, such
as MS. This renormalisation procedure is originally based on the BPHZ formula [80, 202, 203],
adjusted to satisfy local Ward identities. The finite terms are chosen carefully to ensure the
local factorisation of the amplitude in the mixed collinear and ultraviolet regions (1k, Hl→∞)
and (2k, Hl→∞), as has been discussed in detail in refs. [166, 188]. We note that since our
convention is to subtract UV counterterms, they have the opposite sign to ref. [188].

The one-loop QCD vertex counterterm has the contributions,

gs Γ(1,XL) µ,c
qqg, UV (p, k, l) = −g3

s tc
(

CF − CA

2

)
V

(1) µ
UV (l) , (4.22)

and

gs Γ(1,3V ) µ,c
qqg, UV (p, k, l) = g3

s tc CA

2 W
(1) µ
UV (l) . (4.23)

The kinematic parts in eqs. (4.22) and (4.23) are given by

V
(1) µ

UV (l) = 2(1− ϵ)
(

γµ

(l2 − M2)2 − 2lµ/l

(l2 − M2)3

)
, (4.24)

W
(1) µ
UV (l) = Q

(1) µ
UV (l) + O

(1) µ
UV (l) , (4.25)

with

Q
(1) µ
UV (l) = −2(1− ϵ) 2lµ/l

(l2 − M2)3 , (4.26)

O
(1) µ
UV (l) = − 2γµ

(l2 − M2)2 . (4.27)

The term proportional to γµ in the definition of W µ
UV is associated to ghosts. The label

“(1)” in the diagrammatic representation of the UV counterterms refers to the loop order,
while the labels “(XL)” and “(3V )” denote the crossed ladder and three-gluon vertex terms,
respectively. The mass regulator M is added to the denominators of eqs. (4.24) and (4.25)
to ensure finiteness in the infrared regions (i.e. it plays the role of a renormalisation scale).
We will use this construction also for the UV counterterms at two-loop order.

The sum of eqs. (4.22) and (4.23) yields,

gs Γ(1) µ,c
qqg, UV(l) =

p

(1)

k
µ, c

= −g3
s tc

[
CA

(
(1− ϵ) 4lµ/l

(l2 − M2)3 + ϵ
γµ

(l2 − M2)2

)

+CF 2(1− ϵ)
(

γµ

(l2 − M2)2 − 2lµ/l

(l2 − M2)3

)]
(4.28)

– 18 –



J
H
E
P
0
6
(
2
0
2
5
)
2
5
7

Note that the corresponding UV counterterm for the electroweak vertex of eq. (4.1) can
be obtained from eq. (4.28) by setting CA → 0,

e0Γ(1) µ
qqγ, UV(l) =

p

(1)

k

= −e g2
s CF V

(1) µ
UV (l) , (4.29)

The UV counterterm for the fermion self-energy is given by

Π(1)
qq, UV(p, l) = p

(1)
= g2

s CF S
(1)
UV(p, l) , (4.30)

with

S
(1)
UV(p, l) = 2(1− ϵ)

(
/l + /p

(l2 − M2)2 − 2(l · p)/l
(l2 − M2)3

)
. (4.31)

We note that it can be written in terms of a contraction of the UV vertex function,

S
(1)
UV(p, l) = 2(1− ϵ)

/l

(l2 − M2)2 + pµV
(1) µ

UV (l) , (4.32)

where the first term on the right-hand side diverges linearly in the UV region but vanishes after
integration over the large loop momentum l. Locally, it ensures that the subtracted amplitude
converges in the UV region, while it plays an important role in cancelling shift mismatches in
contributions where the tree-level jet function connects to the one-loop hard function [188].

It is easy to see that the cancellation of the integrated vertex and self-energy contributions
is exact in the electroweak case while in QCD we receive an additional term from ghosts,
proportional to CA. To be specific, we have∫

l
Γ(1) µ

qqg, UV(l) =
αs

2π

(
CF Z̃

(1)
1,F + CAZ̃

(1)
1,A

)
(−igsγµ) , (4.33)∫

l
Π(1)

qq, UV(p, l) = −αs

2π
CF Z̃

(1)
1,F (−i/p) , (4.34)

where the wavefunction renormalisation constants Z̃
(1)
1,F and Z̃

(1)
1,A are given by

Z̃
(1)
1,F =

(
4πµ2

M2

)ϵ 1
2(1− ϵ)Γ(ϵ) , (4.35)

Z̃
(1)
1,A =

(
4πµ2

M2

)ϵ 3− ϵ

2 Γ(ϵ) . (4.36)

It is important to note that this prescription for the UV counterterms is not unique,
but has been chosen to respect the QCD Ward identity locally, up to terms that vanish
after integration,4

kµ Γ(1) µ
qqg, UV(l) = Π(1)

qq, UV(p, l)−Π(1)
qq, UV(p + k, l)−Π(1) shift

UV (k, l)

− g2
sCA

/k

(l2 − M2)2 ,
(4.37)

4Alternative versions that match the ultraviolet (UV)-divergent behavior of the amplitude exactly but
differ by finite terms after integration are of course possible (cf. prescription by Nagy and Soper [149]).
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where Π(1) shift
UV compensates for the ultraviolet behaviour of the shift propagator defined

in eq. (4.12),

Π(1) shift
UV (k, l) = g2

sCA(1− ϵ)
(

4(l · k)/l
(l2 − M2)3 −

/k

(l2 − M2)2

)
. (4.38)

The first two terms on the right-hand side of eq. (4.37) define the abelian part of the Ward
identity [166],

kµ Γ(1) µ
qqγ, UV(l) = Π(1)

qq, UV(p, l)−Π(1)
qq, UV(p + k, l) , (4.39)

which is a local version of the relation Z1 = Z2 between wavefunction renormalisation
constants in QED.

The UV counterterms for the modified quark jet function, provided in eq. (B.7), have
been calculated in ref. [188] and we will not reproduce them here, as they are not of interest
for the analysis that follows.

5 Two-loop Ward identities

Now that we have understood the one-loop Ward identities, we are ready to discuss the
two-loop QCD corrections to the two and three-point function, both for an external off-shell
electroweak boson and gluon. The latter will be necessary ingredients for extensions of the
FFS to the two-loop QCD amplitude with gluons in the final state as well as three-loop QCD
or mixed QCD-EW corrections to the electroweak annihilation amplitude. We ignore gluon
self-energy and triangle contributions here, which are discussed separately in section 8.

Following the strategy of the previous section, the approximated integrands in the
single-UV region can be written in terms of the one-loop counterterms of eqs. (4.28), (4.29)
and (4.30). In the double-UV region we will be careful in constructing explicit integrand
representations that respect local factorisation of collinear singularities, using appropriate
Ward identities. The relevant counterterms are collected in appendix F.

It will be useful to decompose two-loop QCD corrections to the quark self-energy
as follows,

Π(2)
qq (p, l, k) =

∑
X

Π(2,X)
qq (p, l, k) , X ∈ {UL, XL, 3V } , (5.1)

where p denotes the incoming fermion momentum while l and k are the loop momenta
assigned to gluon lines. The two-point functions with superscripts “(UL)”, “(XL)” and
“(3V )” represent the one-particle irreducible (1PI) uncrossed ladder (or planar), crossed ladder
and three-gluon vertex contributions, respectively.

Likewise, for convenience, we decompose the two-loop QCD corrections to the quark-
antiquark-gluon vertex into several contributions,

Γ(2) µ,c
qqg (p, q, k, l)

=
∑
X

Γ(2,X) µ,c
qqg (p, q, k, l) , X ∈ {UL, XL, 3V, 4V, UL − 3V, XL − 3V, d3V } . (5.2)
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These include the uncrossed, crossed and three-gluon vertex topologies already mentioned,
but with an external off-shell gluon connecting to the quark line. In addition, we have the
four-gluon vertex contribution, labelled by the superscript “(4V )”, and the usual uncrossed
ladder, crossed ladder and three-gluon vertex diagrams where an additional off-shell gluon
attaches to an internal gluon line, denoted by the superscripts “(UL − 3V )”, “(XL − 3V )”
and “(d3V )”, respectively. The terms on the right-hand side of eqs. (5.1) and (5.2) are
defined in appendix C.

Analogously to the one-loop case, the three- and two-point Green’s functions for the
two-loop QED vertex and propagator subgraphs satisfy the following Ward identity,

qµΓ(2) µ
qqγ (p, q, k, l) = Π(2)

qq (p, k, l)−Π(2)
qq (p + q, k, l) , (5.3)

where qµ is the momentum of a scalar polarised external photon, p is the momentum of the
incoming quark and k, l denote virtual gluon momenta. The QED vertex function Γ(2) µ

qqγ is
defined below eq. (C.7). We remark that eq. (5.3) applies topology-wise as

qµV (2,X) µ(p, q, k, l) = S(2,X)(p, k, l)− S(2,X)(p + q, k, l) , (5.4)

where V (2,X) µ and S(2,X) are defined in appendix C, with X ∈ {UL, XL, 3V }. The rela-
tion (5.4) follows almost directly from the tree-level Ward identity, eq. (3.4), by applying
a simple partial fraction identity on each graph, leading to two terms each with a differ-
ently cancelled propagator. Then, we are left with the difference of two quark self-energy
corrections where the incoming quark momentum in one graph is shifted by the momentum
q of the collinear gluon.

The Ward identity for the QCD vertex has a more complicated structure since it involves
contributions to the quark self-energy with a shift mismatch, with non-trivial cancellations
between different colour coefficients. In analogy to the one-loop Ward QCD Ward identity,
at two loops we have,

qµ Γ(2) µ
qqg (p, q, k, l) = Π(2)

qq (p, k, l)−Π(2)
qq (p + q, k, l)−Π(2) shift

qq (p, q, k, l)
+ ghosts ,

(5.5)

with Γ(2) µ,c
qqg ≡ tc Γ(2) µ

qqg . We decompose the two-loop shift propagator Π(2) shift
qq as follows,

Π(2) shift
qq (p, q, k, l) = Π(2,UL) shift

qq +Π(2,XL) shift
qq +Π(2,3V ) shift

qq , (5.6)

where we have suppressed the arguments of the functions on the right-hand side for readability.
We remark that the Ward identity for two-loop one-particle reducible diagrams follows directly
from the discussion in section 4.1 for one-loop subgraphs. Below, we will derive each of the
terms on the right-hand side of eq. (5.6) in turn.

We reiterate that shift terms integrate to zero but lead to non-factorisable contributions
at the amplitude level, and have to be subtracted in the FFS scheme. We illustrate the
two-loop QCD Ward identity using the planar topologies, which in QCD include graphs where

– 21 –



J
H
E
P
0
6
(
2
0
2
5
)
2
5
7

the collinear gluon with scalar polarisation attaches to a virtual gluon line. The result is,

qµ

(
Γ(2,UL) µ,c

qqg (p, q, k, l) + Γ(2,UL−3V ) µ,c
qqg (p, q, k, l)

)

= p
k

`

qµ, c

+ p
k

`

qµ, c

+ p
k

`

qµ, c

+
p

`

k

q
µ, c

+
p

`

k

q
µ, c

= tc
[
Π(2,UL)

qq (p, k, l)−Π(2,UL)
qq (p + q, k, l)−Π(2,UL) shift

qq (p, q, k, l)

+ ig4
s qµ

(
CACF

2 O(2,UL) µ(p, q, k, l)− C2
A

4 O
(2,UL) µ
2 (p, q, k, l)

)]
. (5.7)

The first two terms on the second line denote the usual abelian-like Ward identity (cf.
eq. (5.3)). Above, we have collected ghost terms according to their colour coefficients, with
O(2,UL) ≡ O

(2,UL)
1 + O

(2,UL)
2 , where O

(2,UL)
1 and O

(2,UL)
2 are defined below eq. (C.24).

The shift subtraction term Π(2,UL) shift
qq in eq. (5.7) is given by,

Π(2,UL)shift
qq (p,q,k, l)= ig4

s

CACF

2
[
S(2,UL)(p+q,k, l−q)−S(2,UL)(p+q,k, l)

]
−ig2

s

(
CF −CA

2

)
γα(/p+/l+/q)Π(1)shift

qq (p+l, q,k)(/p+/l)γα

l2(p+l)2(p+l+q)2 , (5.8)

where Π(1) shift
qq was defined in eq. (4.12). The terms on the right-hand side of eq. (5.8)

correspond to quark self-energy contributions with non-standard colour factors. The term
on the second line is equivalent to a shift subtraction of the “inner” loop. Graphically, we
represent eq. (5.8) as,

Π(2,UL) shift
qq (p, q, k, l) = CA

2CF

[
p+ q

`− q

k −
p+ q

`

k

]

+ CA

2CF

(
1− CA

2CF

)[
p

`

k − q

q

− p
k

`

q

]
.

(5.9)

Here, a double-line ending at a gluon or quark line indicates the inflow of momentum q at
the vertex, according to the notation defined in eq. (3.15).

Equation (5.7) can be derived using similar relations to eqs. (4.13) and (4.14) in the
one-loop case. In terms of the kinematic functions introduced in the previous sections, the
contraction of the planar contributions to the QCD vertex, denoted by the left-hand side
of eq. (5.7), is given by,

qµ

(
Γ(2,UL) µ

qqg + Γ(2,UL−3V ) µ
qqg

)
= ig4

s qµ

[
C2

F V (2,UL) µ + C2
A

4
(
V

(2,UL) µ
3 − W

(2,UL) µ
2

)
−CACF

2
(
V (2,UL) µ + V

(2,UL) µ
3 − W (2,UL) µ

)]
,

(5.10)
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where we have suppressed the kinematic dependence for the sake of readability. The com-
ponents of the uncrossed ladder vertex function V (2,UL) µ =

∑3
i=1 V

(2,UL) µ
i are defined

in eqs. (C.9)–(C.11). As usual, it proves salient to decompose the non-abelian terms
W (2,UL) µ = W

(2,UL) µ
1 + W

(2,UL) µ
2 into scalar and ghost parts, defined below eq. (C.24).

The scalar terms will enter the definition of the shifted quark self-energy, eq. (5.8).
Similarly, the crossed ladder type diagrams satisfy the relation,

qµ

(
Γ(2,XL) µ

qqg (p, q, k, l) + Γ(2,XL−3V ) µ
qqg (p, q, k, l)

)
= Π(2,XL)

qq (p, k, l)−Π(2,XL)
qq (p + q, k, l)−Π(2,XL) shift

qq (p, q, k, l)

− ig4
s qµ

CA

2

(
CF − CA

2

)
O(2,XL) µ(p, q, k, l) ,

(5.11)

where we have collected the ghost terms O(2,XL) µ = O
(2,XL) µ
1 + O

(2,XL) µ
2 , with O

(2,XL) µ
i ,

i ∈ {1, 2}, defined in eqs. (C.33) and (C.35). Again, the first two terms on the right-hand
side of eq. (5.11) form the abelian part of the Ward identity, while the third term, which
denotes the shifted quark-self energy contribution for the crossed ladder topology, reads

Π(2,XL)shift
qq (p,q,k, l)= ig4

s

CA

2

(
CF −CA

2

)[
S(2,XL)(p+q,k, l−q)−S(2,XL)(p+q,k, l)

+
γα(/p+/k)V (1)α(p,k, l)

(k−q)2(p+k)2 −
γα(/p+/k+/q)V (1)α(p,k+q, l)

k2(p+k+q)2

]
. (5.12)

The one-loop vertex function V (1) α appearing on the second line was defined in eq. (4.2). We
give a diagrammatic representation of the uncrossed ladder shift term as follows,

Π(2,XL) shift
qq (p, q, k, l) = CA

2CF

[
p+ q

k

`− q

−
p+ q

k

`

+p

k

`

q

− p

q
k

` ]
.

(5.13)

It is easy to see that the first graph on the second line is related to the second graph by a
loop-momentum shift l → l + q. The first two terms in square brackets has the “standard”
shift relation, while the second line is akin to the “inner” shift of the uncrossed ladder
topology, eq. (5.7). The derivation of eq. (5.11) is completely analogous to that of the
uncrossed ladder Ward identity, eq. (5.7).

Finally, we have that

qµ

(
Γ(2,3V ) µ

qqg (p, q, k, l) + Γ(2,d3V ) µ
qqg (p, q, k, l) + Γ(2,4V ) µ

qqg (p, q, k, l)
)

= Π(2,3V )
qq (p, k, l)−Π(2,3V )

qq (p + q, k, l)−Π(2,3V ) shift
qq (p, q, k, l)

+ ig4
s qµ

C2
A

4 O(2,d3V ) µ(p, q, k, l) ,

(5.14)
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with ghost contribution O(2,d3V ) µ defined in eq. (C.39). Here, we have defined the shift term,

Π(2,3V ) shift
qq (p, q, k, l) = ig4

s

C2
A

4

[
S(2,3V )(p + q, k, l)− S(2,3V )(p + q, k, l − q)

+
γα(/p + /k + /q)W (1) α(p, k + q, l)

k2(p + k + q)2 −
γα(/p + /k)W (1) α(p, k, l)

(k − q)2(p + k)2

]
,

(5.15)
which has the same structure as the shift contribution to the crossed-ladder topology, eq. (5.12).
Diagrammatically, we represent the cubic gluon vertex shift propagator by

Π(2,3V ) shift
qq (p, q, k, l) = CA

2CF

[
p+ q

`− q k

−
p+ q

` k

+
p

` k + q

q −
p

` k

q

]
.

(5.16)

Note that, as usual, symmetrisation under the exchange of the loop momenta k ↔ l in
eq. (5.14) is implied and so their assignment is unimportant. As we will show below, the
derivation of (5.15) is non-trivial, due to contributions from the four-gluon vertex correction to
the QCD vertex. In section 3 we have seen that at tree-level the four-gluon vertex decomposes
into a sum over longitudinal gluon insertions on the triple-gluon vertex (cf. figure 4).

We write the left-hand side of eq. (5.14) in terms of the kinematic functions introduced
in appendix C and collect the contributions according to their colour coefficients,

qµ

(
Γ(2,3V ) µ

qqg + Γ(2,d3V ) µ
qqg + Γ(2,4V ) µ

qqg

)
(5.17)

= ig4
s qµ

[
−CACF

2 V (2,3V ) µ + C2
A

4
(
V (2,3V ) µ + Q(2,d3V ) µ + W (2,4V ) µ

)]
+ ghosts ,

where V (2,3V ) µ was defined below eq. (C.16), W (2,4V ) µ in eq. (C.23), and the contributions
to Q(2,d3V ) µ = Q

(2,d3V ) µ
1 + Q

(2,d3V ) µ
2 were defined in eqs. (C.38) and (C.40). Above, we have

suppressed the kinematic dependence for readability. The first term in eq. (5.17) proportional
to CACF has the usual abelian-like structure,

qµV (2,3V ) µ(p, q, k, l) = S(2,3V )(p, k, l)− S(2,3V )(p + q, k, l) , (5.18)

with S(2,3V ) defined in eq. (C.6). Next, we have

qµQ
(2,d3V ) µ
1 (p, q, k, l) =

γα(/p + /k)W (1) α(p, k, l)
(k − q)2(p + k)2 − S(2,3V )(p, k, l) , (5.19)

qµQ
(2,d3V ) µ
2 (p, q, l, k) = −

W (1) α(p + l, q − l, k + q − l)(/p + /l)γα

l2(p + l)2

+ S(2,3V )(p + q, k, l − q) , (5.20)

qµW (2,4V ) µ(p, q, k, l) =
W (1) α(p + l, q − l, k + q − l)(/p + /l)γα

l2(p + l)2 (5.21)

−
γα(/p + /k + /q)W (1) α(p, k + q, l)

k2(p + k + q)2 . (5.22)
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Note that we have chosen to exchange k and l in the second equation. Equation (5.22) can
be derived by applying the Ward identity for quartic gluon vertices, eq. (3.12). It is easy to
see that combining eqs. (5.18)–(5.22) we obtain the shift counterterm of eq. (5.15).

In the next section we describe the mechanism by which we construct local UV countert-
erms for the electroweak and QCD vertices that preserve the Ward identities presented above.
This is to ensure that collinear singularities are factorised at the integrand level. Many of the
explicit expressions for the UV integrands are provided in appendix F. Then, in section 7 we
derive local infrared counterterms to remove shift contributions from the general three-loop
electroweak amplitude. As we have seen, the QCD vertex receives additional contributions
due to ghost terms, which we will discuss in section 10.

6 Ultraviolet subtractions

The diagrams contributing to the three-loop electroweak amplitude still require QCD and
electroweak renormalisation. For qq̄ scattering into off-shell electroweak bosons at three-loop
order, UV divergences occur in corrections to the fermion self-energy (up to three loops),
the quark-antiquark-gluon vertex (up to two loops, where the external virtual gluon may
additionally become collinear to an external fermion) and the electroweak vertex (up to three
loops, with an external off-shell electroweak boson).

In appendix C we provide the relevant two- and three-point QCD Green’s functions
at two-loop order, corresponding to UV divergent subgraphs of the three-loop electroweak
amplitude. In the FFS prescription the three-loop amplitude is rendered locally finite in
the ultraviolet regions by,

M(3),R
UV-finite(q, k, l) = M(3)(q, k, l)−M(3)

UV(q, k, l) , (6.1)

with ultraviolet counterterm

M(3)
UV(q, k, l) = Rsingle-UV M(3)(q, k, l) + Rdouble-UV M(3)(q, k, l)

+ Rtriple-UV M(3)(q, k, l) .
(6.2)

Each of the terms on the right-hand side approximate the amplitude in the regions where one,
two or three loop momenta, all assigned to gluon lines according to the conventions introduced
in section 3, become infinitely large. The first term, Rsingle-UV M(3)(q, k, l), removes ultraviolet
singular contributions from one-loop subgraphs, by the method discussed in section 4,

Rsingle-UV M(3)(q, k, l) = (Rk→∞ + Rl→∞ + Rq→∞)M(3)(q, k, l) . (6.3)

Here, Rℓ→∞, ℓ ∈ {q, k, l} can be understood as an operator which generates an infrared-finite
one-loop ultraviolet counterterm for large loop momentum ℓ according to the mechanism
discussed in section 4.3.

All double-UV and triple-UV counterterms are defined as free of UV subdivergences.
This is achieved through consecutive subtractions as follows,

Rdouble-UV M(3)(q, k, l)

= (Rk,l→∞ + Rk,q→∞ + Rq,l→∞)(1− Rsingle-UV)M(3)(q, k, l) ,
(6.4)
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and

Rtriple-UV M(3)(q, k, l) = Rq,k,l→∞ (1− Rdouble-UV)M(3)(q, k, l) . (6.5)

In general, the operator Rℓ1,ℓ2,...→∞ furnishes a UV counterterm for large loop momenta
ℓ1, ℓ2, . . . by performing a uniform rescaling ℓi → Λℓi and expanding around 1/Λ = 0, keeping
only linearly and logarithmic divergent terms (truncating at the order that corresponds to a
logarithmic divergence after loop integration). As a result, we obtain tadpole-type integrands
whose mass-regulated denominators are (ℓ2

i −M2)ν , [(ℓi±ℓj)2−M2]ν , [(ℓi±ℓj±ℓk, . . .)2−M2]ν ,
with i ̸= j ̸= k and ν ∈ N+.

For the electroweak amplitude of loop order L there is, a priori, some ambiguity in
choosing finite terms for the UV approximations of subgraphs of loop order ≤ L − 1, though
the corresponding counterterms have to be consistent with local collinear factorisation. The
UV approximations of fermion self-energy and vertex subgraphs constructed in this way
respect local Ward identities, eq. (5.5), for any values of the loop momenta, even away from
the limit where the loop momenta are large compared to the external scales. Thus, they are
suitable for constructing UV counterterms at higher orders, for which the local cancellation
of collinear singularities between individual diagrams, and therefore infrared factorisation
for the sum of diagrams is preserved. The explicit results in the single- and double-UV
regions are provided in appendix F.

On the other hand, the triple-UV counterterms for three-loop subgraphs in the hard
part can be obtained straightforwardly using the method described above. For the sake of
conserving space, we do not provide their explicit integrands in this paper.

7 Shift-integrable collinear singularities for the three-loop amplitude

For the general electroweak amplitude, diagrams that contribute to the single-collinear regions
have at least one virtual gluon attaching directly to the incoming quark or antiquark. In
this section we investigate the local factorisation of the three-loop amplitude without gluon
self-energy or triangle corrections in the single-collinear region denoted by (1l, Hk, Hq) (the
region (2l, Hk, Hq) is analogous). Following the notation for the topologies introduced in
section C, we show representative three-loop diagrams in figure 6. These include ladder-like
graphs which may be planar or crossed, and combinations thereof including three-gluon
vertices. At three-loop order we must also include graphs with a quartic-gluon vertex. As
usual, all three loop momenta flow through gluon lines, following the momentum routing
convention introduced in section 3.2.

We will show that through repeated applications of the QCD Ward identities in the l || p1
limit, introduced in section 3, the scalar contributions (cf. figure 3) factorise locally up to
shift-integrable terms, which we denote by M(3)

shift. These terms are not in local factorised
form but vanish by applying appropriate loop-momentum shifts in the hard sub-graph, and
therefore integrate to zero,∫

k,q
M(3)

shift(p1, p2, q, k, l; {qi}n
i=1) = 0 . (7.1)
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However, individually the terms contributing to M(3)
shift are infrared divergent. They can

be made integrable in D = 4 dimensions through a local, additive shift counterterm δ
(3)
shift

as follows,

∆M(3)
shift = M(3)

shift + δ
(3)
shift ,

∫
k,q

δ
(3)
shift(p1, p2, q, k, l; {qi}n

i=1) = 0 , (7.2)

which follows the construction in eq. (2.10). In the single-collinear region (1l, Hk, Hq) the
sum of shifted integrands is identically zero after application of the Ward identities,

lim
l=−zl,1p1

∆M(3)
shift(p1, p2, q, k, l; {qi}n

i=1) = 0 . (7.3)

The behaviour outlined above is shown symbolically in figure 7 for diagrams without
one- or two-loop jet subgraphs on the incoming quark leg. In the figure, a scalar polarised
gluon with loop momentum l, Lorentz index µ and colour index c connects to the lower
order two-loop hard subgraph, represented by the function M̃(2)

µ,c(k, q) of order g5
s in the QCD

coupling parameter, with an additional quark-antiquark-gluon, triple gluon or quartic gluon
vertex. Ghost contributions, not explicitly shown in the figure, are discussed in section 10
and yield non-factorisable loop polarisation terms.

The first term on the right-hand side of figure 7 represents the sum of integrands where
the l || p1-singularity is manifestly factorised from the two-loop finite remainder M̃(2), due
to scalar contributions to the Ward identity,

−

p1

p2

`
µ, c

(2)

q1

qn

≡ v̄(p2)M̃(2)(p1 + l, p2, q, k; {q1, . . . , qn}) C(z1,l, p1, l)u(p1) , (7.4)

with incoming quark momentum p1 + l ≃ (1− z1,l)p1. Here, the singularity in the limit l || p1
is entirely contained in the collinear factor C(z1,l, p1, l) defined by,

C(z1,l, p1, l) = −iCF
2(1− z1,l)

z1,l

1
l2(p1 + l)2 , (7.5)

which exhibits a soft singularity for lµ → 0 corresponding to a pole in z1,l = 0. Both collinear
and soft singularities are removed locally through a one-loop form-factor counterterm with a
two-loop hard-scattering vertex H̃(2),R, based on the construction in eq. (2.8). The singularities
of the factorised two-loop integrand are removed according to refs. [166, 188].

Let us clarify the symbolic notation used in figure 7 and later in this section. We use a
grey blob to represent the truncated n-point (in general off-shell) electroweak Born amplitude,
of zeroth order in the QCD coupling αs,

M̃(0)(p,p̄,{q1,...,qn})≡

p

p̄

q1

qn

=
∑

σ(1,...,n)

p̄ p

qσ(n) qσ(2) qσ(1)

=−ien
∑

σ(1,...,n)

/ϵσ(n)

(
/p−
∑

j∈σ(1,...,n)\σ(n)/qj

)
/ϵσ(n−1) ···/ϵσ(2)(/p−/qσ(1))/ϵσ(1)(

p−
∑

j∈σ(1,...,n)\σ(n)qj

)2
···(p−qσ(1))2

,

(7.6)
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p1

p2

q2

q1

qn

`

C3
F

(a)

p1

p2

q2

q1

qn

`

C3
F

(b)

p1

p2

q2

q1

qn

`

C3
F − CAC

2
F /2

p1

p2

q2

q1

qn

`

C3
F − CAC

2
F /2

(c)

p1

p2

q2

q1

qn

`

C3
F − CAC

2
F + C2

ACF /4

p1

p2

q2

q1

qn

`

C3
F − 3CAC

2
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qn
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qn
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(d)

p1
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q1
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`

CAC
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q1

qn

`

C3
F − CAC

2
F + C2
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(e)

p1

p2

q2

q1

qn

`

C2
ACF /4

p1

p2

q2

q1

qn

`

C2
ACF /4

(f)

p1

p2

q2

q1

qn

`

C2
ACF /4

(g)

Figure 6. Representative diagrams for the generic three-loop electroweak amplitude. The correspond-
ing colour factors are displayed below each graph. The diagrams have (a) no ladder structure (NL),
(b) uncrossed ladder structure (UL), (c) mixed crossed ladders (XL − NL) or (XL − UL) (from left
to right), (d) three-loop crossed ladders (XL), (e) mixed triple-gluon vertex corrections (3V − NL),
(3V − UL) and (3V − XL) (from left to right), (f) two triple-gluon vertices (d3V ) and (g) a quartic
gluon-vertex (4V ).
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where ϵi = ϵµi(qi) is the polarisation of the off-shell photon with momentum qi. The incoming
fermion momenta p and p̄ may in general be off-shell, e.g. if M̃(0) corresponds to the hard-
scattering sub-amplitude. Here, we sum over all permutations of the external photons with
momenta {q1, . . . , qn}, though we shall no longer write this explicitly for the rest of this paper.

Due to the factorisation behaviour shown on the right-hand side of figure 7, it is easiest
to classify contributions to the three-loop amplitude, divergent in the region (1l, Hk, Hq), by
the possible attachments of a virtual gluon with longitudinal polarisation and momentum
lµ ≃ −z1,lp

µ
1 , adjacent to the incoming quark with momentum p1, on the truncated two-loop

amplitudes as follows,
p1 + `

p2

`

µ, c

(2)

q1

qn

= (−lµ)M̃(2) µ,c(p1 + l, p2, k, q; {q1, . . . , qn}) , (7.7)

where we use the p1 collinear approximation, eq. (3.1). We shall refer to such attachments of a
longitudinally polarised gluon, equivalent to the contraction on the right-hand side of eq. (7.7),
as collinear insertions. In the above relation, the function M̃(2) µ,c represents the sum of all
two-loop diagrams, including all QCD vertices at which an external longitudinally polarised
gluon with momentum l attaches, but excluding the diagram where l directly attaches to
the incoming quark (i.e. excluding wave-function corrections to the three-loop amplitude).
Diagrams where l attaches to the antiquark leg are also divergent in the single-collinear region
(2l, Hk, Hq). Both the external gluon and fermion with momentum p1 + l are generically off-
shell, though they approach the mass-shell in the collinear limit lµ → −z1,l pµ

1 (cf. eq. (A.4)).
We note that M̃(2) µ,c in eq. (7.7) includes jet subgraph corrections to the incoming

anti-quark, which require integrand modifications to treat loop polarisation terms that spoil
local factorisation when l becomes collinear to p2. These diagrams are shown in figure 8.
Local counterterms that restore the integrand-level Ward identities for diagrams with one-loop
jet subgraphs have been developed in refs. [166, 188] and are summarised in appendix B. In
particular, they eliminate the shift-mismatch term generated by the one-loop jet function
and the entire divergence in the region (1l, Hk, Hq) is due to integrable ghost contributions
to the Ward identity, cf. eq. (B.13).

The two-loop p1 jet function satisfies,

qµ J (2) µ,c
1 (p1, q, k, l)u(p1) = tc

[
Π(2)

qq (p1, k, l)−Π(2) shift
qq (p1, q, k, l)

]
u(p1) + ghosts , (7.8)

with

J (2) µ,c
1 (p1, q, k, l) = tc Π(2)

qq (p1, k, l) /p1 + /q

(p1 + q)2 γµ + Γ(2) µ,c
qqg (p1, q, k, l) , (7.9)

where the two-loop quark propagator Π(2)
qq and qq̄g-vertex Γ(2) µ,c

qqg were defined in appendix C,
while the shift subtraction term Π(2) shift

qq was defined in section 5. The p2-jet function
follows from complex conjugation. Here, Π(2)

qq (p1, k, l) is a scaleless integral which vanishes
in dimensional regularisation due to the cancellation of IR and UV poles.5 We remark that

5Throughout this text, we identify scaleless integrals that can be discarded in the FFS scheme. As already
noted in ref. [166], although this procedure mixes UV and IR poles, it does not present a problem, as the
universal structure of UV and IR divergences in gauge theory amplitudes is well understood.
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p1

p2

`

µ, c

(2)

q1

qn

= −

p1

p2

`
µ, c

(2)

q1

qn

+M(3)
shift(q, k, l) + ghosts

Figure 7. Factorisation of the scalar contributions to the three-loop integrand (without gluon
self-energy or triangle corrections and p1 jet subgraphs) in the single-collinear region (1l, Hk, Hq).
The one- and two-loop hard sub-amplitude is represented by a grey disk and the labels “(1)” and
“(2)”, respectively, to denote the loop order. A grey blob denotes the truncated n-point electroweak
Born amplitude.

p1

p2

`
µ, c

(1)J (1)
2

q1

qn

(a)

p1

p2

`
µ, c

J (2)
2

q1

qn

(b)

Figure 8. Three-loop diagrams with a l || p1 divergence containing one- and two-loop jet function
subgraphs on the incoming antiquark with momentum p2, denoted by J (1)

2 and J (2)
2 , respectively.

Counterterms for the one-loop jet function are not shown.

any modifications to treat loop polarisations of the two-loop quark jet function in the region
(1q, Hk, Hl) will have to be designed to leave the Ward identity in region (2q, Hk, Hl) intact,
though finding the appropriate counterterms is beyond the scope of this paper. Ideally,
as at one-loop, the counterterms are chosen so that the first two terms on the right-hand
side of eq. (7.8) vanish identically when q becomes collinear to p2. We note that the same
potential modifications applied to the quark jet function at the amplitude level will have
to be applied to the form factor counterterms as well.

We come to the main goal of this section, the treatment of shift-integrable terms due
to scalar contributions to the single-collinear regions. We find it useful to decompose the
truncated two-loop n-point amplitude into five topologies,

p1 + `

p2
(2)

q1

qn

≡ M̃(2)(p1 + l, p2, k, q; {q1, . . . , qn})

= M̃(2,NL) + M̃(2,UL) + M̃(2,XL) + M̃(2,3V ) .

(7.10)

For simplicity, we have not shown the sum over permutations of the external photons and
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suppressed the arguments on the second line. We emphasise that M̃(2) contains self-energy
corrections to the off-shell quark legs, though in this text we ignore two-loop jet subgraphs
that lead to loop polarisation terms in the region under study. As in section C we use
the superscripts “(NL)”, “(UL)”, “(XL)” and “(3V )” to denote diagrams without ladder
structure, with two-loop uncrossed (planar) ladder structure, crossed (non-planar) ladder
structure and triple-gluon vertices, respectively. It will prove equally convenient to decompose
the three-loop shift counterterm by

δ
(3)
shift(p1, p2, q, k, l, {q1, . . . , qn})

=
∑
X

δ
(3,X)
shift (p1, p2, q, k, l, {q1, . . . , qn}) , X ∈ {J , NL, UL, XL, 3V, O,∆} .

(7.11)

The contribution δ
(3,J )
shift is due to three-loop diagrams containing one-loop (anti)quark jet

functions. As we will see in section 9, the term δ
(3,∆)
shift removes shift mismatches originating

from the gluon self-energy and triangle integrands. The function δ
(3,O)
shift , which we will define

in section 10, removes shifted terms due to ghost contributions in the single-collinear regions,
which appear for the first time at this order. The explicit diagrammatic representations for
δ

(3,∆)
shift and δ

(3,O)
shift are given in eqs. (9.21) and (10.8), respectively. We note that shift terms

due to scalar contributions to the Ward identities can be cancelled by counterterms that
consist of standard three-loop Feynman diagrams with a specific choice of loop momentum
routing and multiplied by non-standard colour factors. As we will see in section 10 this
is not the case for shifted ghost terms.

The classification of the remaining terms is based on the topologies of the two-loop
amplitude. For instance, δ

(3,UL)
shift is the local infrared counterterm added to the three-loop

amplitude to cancel shift-integrable contributions derived from collinear insertions on two-
loop graphs with uncrossed gluon ladder structure.

Below, we will use the subscript “1” to denote counterterms valid in the l || p1 collinear
limit. The complementary l || p2 limit, denoted by a subscript “2” follows straightforwardly
from the analysis presented in this section.6 Their sum covers both singular regions,

δ
(3)
shift ≡ δ

(3)
shift,1 + δ

(3)
shift,2 , (7.12)

where the decomposition in eq. (7.11) is implied for each function on the right-hand side.
We will use this convention throughout the text.

Since there is no conceptual difference in the application of Ward identities for 2 → n ≥ 2
electroweak amplitudes, we will often discuss the representative di-photon production case.
Moreover, the calculations will be very similar, and will not derive each term on the right-hand
side of eq. (7.11), but sometimes simply state the result.

Finally, we note that the form factor counterterms will require the same shift modifications.
Their counterterms follow straightforwardly from the 2 → 1 amplitudes with a generic
electroweak hard-scattering vertex, and are provided in appendix D.3.

6Throughout this paper, we will frequently switch between the single-collinear regions l || p1 and q || p2 in
our discussions, the difference being in their approximations, eqs. (3.1) and (3.2).
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p1

p2

q
`

µ, c

q1

qn

J (1)
1

(a)

p1

p2

`

µ, c

q1

qn

J (1)
1

J (1)
2

(b)

Figure 9. One-loop jet function corrections J (1)
1 with a singularity in the l || p1 limit that contain

either a self-energy subgraph on the external quark leg, adjacent to J (1)
1 , or an additional quark jet

function J (1)
2 on the p2 leg. Jet function counterterms are not shown.

7.1 One-loop shift-integrable integrands

We begin by considering the l || p1 singular contributions to the three-loop amplitude com-
ponent containing one-loop jet subgraph corrections to the quark leg with momentum p1,
where the outgoing loop momentum l attaches to the one-loop hard sub-amplitude. In
the limit where the external gluon l becomes collinear to p1 the jet function J (1)

1 exhibits
unphysical loop polarisations that spoil standard Ward identities and require extra coun-
terterms to restore local factorisation. Loop polarisation terms7 can be removed using the
prescription [166, 188] in eq. (B.7).

By applying the collinear approximation in eq. (3.1) for the l || p1 limit, we contract the
integrand with a longitudinal polarisation lµ, which is represented graphically as follows,

lim
l≃−z1,lp1

ηµν

l2
v̄(p2)M̃(1) µ,c(p1 + l, p2, q; {q1, . . . , qn})

/p1 + /l

(p1 + l)2 J (1) ν,c
1 (p1, l, k)u(p1)

= 2ην

d1(−l, η1)
v̄(p2)(−lµ)M̃(1) µ,c(p1 + l, p2, q; {q1, . . . , qn})

/p1 + /l

(p1 + l)2 J (1) ν,c
1 (p1, l, k)u(p1)

≡

p1

p2

`

µ, c

(1)

q1

qn

J (1)
1

. (7.13)

Here, M̃(1) µ,c denotes the truncated one-loop amplitude with an additional qq̄g- or triple-
gluon vertex. For the analysis that follows, it is convenient to express the limit as a sum
of three terms through,

M̃(1) µ,c = M̃(1,A) µ,c + M̃(1,B) µ,c + M̃(1,C) µ,c , (7.14)

where we have suppressed the kinematic dependence in all functions for legibility.
This class of diagrams includes graphs with an additional self-energy subgraph on the

quark leg, represented by collinear insertions on the one-loop component M̃(1,A), as well as
7From now on, the quark jet function modifications will be implied, and we will use J (1)

i and ∆J (1)
i for

i = 1, 2 interchangeably to refer to the regularised version.
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graphs M̃(1,B) where the collinear gluon l connects to a p2 jet function J (1)
2 . This is shown

in figure 9. Using both the p1 and p2 jet function prescriptions, eqs. (B.7) and (B.14), we
can cancel the l || p1 singularity for both the first set of integrands, which factorises in terms
of the hard Born sub-amplitude, and the second set of integrands which, up to integrable
ghost contributions, vanishes in the strict collinear limit, eq. (B.14). We note that the
sum of integrands represented by the graph in figure 9(a) exhibit a linear divergence in the
double-collinear region (1l, 1q, Hk) due to the repeated p1 + l propagator. As at two-loop,
we replace the quark self-energy, which carries loop momentum q in the figure, with the
symmetrised version shown in eq. (B.3) to make this locally factorisable.

Next, we have collinear insertions of the l loop, flowing out of the modified one-loop
jet function ∆J (1)

1 , on one-loop sub-graphs M̃(1,C) which contain at least one qqg-vertex
on the fermion line from which the final state photons emerge. An example for this set of
integrands is shown in figure 10. In the figure, we use the symbol “⊗” to denote a matrix
product in spinor space, while ni, i = 1, 2 are fixed and denote the number of outgoing
photons from each tree-level sub-amplitude, represented by a grey blob, with 0 ≤ ni < n with
i = 1, 2 and n = n1 + n2. In the region (1l, Hk, Hq) each sum over insertions will factorise
from a hard-scattering one-loop graph, up to shift-integrable terms that are removed by local
counterterms that integrate to zero in the FFS scheme. In this case, the shift-mismatch is in
one loop-momentum variable only. We shall refer to such terms as one-loop shift-integrable.
Similarly, integrands that have collinear singularities locally factorised from the one-loop
hard sub-amplitude will be called one-loop factorisable.

The problem is equivalent to the shift mismatches encountered for the two-loop electroweak
amplitude and investigated in ref. [188], and the construction of the shift counterterm is
straightforward,

δ
(3,J )
shift,1(ξ1; p1, p2, q, k, l; {q1, . . . , qn}) =

CA

2CF

p1

p2

q−`
`

J (1)
1

n1

n2

n3

− (q → q + l) . (7.15)

However, since it will prove indicative of more complicated integrands, we provide its derivation
in appendix D.1. Again, 0 ≤ ni ≤ n with i ∈ {1, 2, 3} and n =

∑3
i=1 ni denote the number

of outgoing photons from each Born sub-amplitude. We restrict the values to n1 + n2 ≥ 1
and n2 + n3 ≥ 1 to avoid additional quark self-energy subgraphs on the p1- and p2-legs. We
emphasise that eq. (7.15) is reminiscent of the shift-mismatches encountered for the two-loop
electroweak amplitude, cf. section 5 in ref. [188], which are also one-loop shift-integrable.

We remark on an important subtlety in the application of eq. (7.2) in removing shift
mismatches from the amplitude. Clearly, the shift counterterm δ

(3,J )
shift,1, which is designed

for the l || p1 limit, contains some graphs that become divergent when l is collinear to the
antiquark p2, spoiling factorisation in that region. Inspired by a similar procedure introduced
in ref. [189] we can eliminate this overlap by replacing the pinched fermion propagator
1/(l − p2)2 in those integrands as follows,

iS0(l − p2) → iS̄0(l − p2; p1, ξ1) =
i

p1 · p2

(/l − /p2)p1 · ξ1

(l − ξ1)2 − ξ2
1
≡

ξ1

p2 − `

, (7.16)
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∑
insertions

µ, c
`

J (1)
1

p1
⊗

n1

n2

p1 + `

p2

q

Figure 10. Example of a set of three-loop 2 → n integrands containing a (modified) one-loop
quark jet function that are one-loop factorisable or shift-integrable in the limit l || p1. Jet function
counterterms are not shown.

where ξ1 is an auxiliary vector satisfying ξ1 · p1, ξ2
1 ̸= 0. It is easy to see that the new fermion

propagator reproduces the correct behaviour when l ≃ −z1,lp
µ
1 , while guaranteeing finiteness

in the l || p2 limit. Thus, the shift counterterm δ
(3,J )
shift,1 defined in eq. (7.15) acquires an explicit

ξ1 dependence. Lastly, we find it convenient to introduce the graphical notation on the
right-hand side, when we provide the shift counterterms for the form factors in appendix D.3.
In particular, it helps us distinguish it from a similar rule introduced later in this section.

A similar replacement should be made for the counterterm δ
(3,J )
shift,2 designed to remove

one-loop shift-integrable singularities in the l || p2 limit,

iS0(l + p1) → iS̄0(l + p1; p2,−ξ2) =
i

p1 · p2

(/l + /p1)p2 · ξ2

(l + ξ2)2 − ξ2
2
≡

ξ2

`+ p1
, (7.17)

where ξ2 is an auxiliary vector chosen to have a large rapidity separation from p2.
In eq. (7.15) and later on in the text, whenever a gluon line flows into a tree-level

sub-amplitude it bisects8 the set of outgoing photon momenta as follows,
p

p̄

α, a

k
nk

qi

qj

=
p̄ p

qj qi

k α, a

+
j∑

s=i

p̄ p

qj qs+1 qs qi

k α, a

= ta

[
M̃(0)(p, p̄, k; {qi, . . . , qj})

/p − /k

(p − k)2 γα

+
j∑

s=i

M̃(0) α
s (p, p̄, k; {qi, . . . , qs}, {qs+1, . . . , qj})

]
, (7.18)

with
M̃(0) α

s (p, p̄, k; {qi, . . . , qs}, {qs+1, . . . , qj})

= −ej−i+1gs

/ϵj(/p − /k − /Qi,j−1) · · · /ϵs+1(/p − /k − /Qi,s)γα(/p − /Qi,s) · · · /ϵi

(p − k − Qi,j−1))2 · · · (p − k − Qi,s)2(p − Qi,s)2 · · · (p − qi)2 ,
(7.19)

where i < j ≤ n and we have defined Qm,n ≡
∑n

r=m qr. Above, taM̃(0) α
s denotes the

truncated tree-level integrand of order gs with outgoing photon momenta {qi, . . . , qj} and
8If the insertion is on the entire n-point sub-amplitude, we ignore the first term on the right-hand side of

eq. (7.18), since that would correspond to a wavefunction correction.
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an additional qqg-vertex (with outgoing gluon momentum k, Lorentz index α and colour
index a) between the adjacent electroweak vertices with momenta qs and qs+1. Thus, we use
an index s to mark a partition of the outgoing momenta {qi, . . . qj} into two different sets,
{qi, . . . , qs} and {qs+1, . . . , qj}, where s corresponds to the number of electroweak vertices
between the incoming quark with momentum p and the qqg-vertex with outgoing gluon
momentum l. As usual, the sum over permutations of the external photon momenta is
implicit. In the sum of integrands shown in eq. (7.18) the boundary term nk = 0 is equal
to a single qqg-vertex with no photon emissions.

7.2 Two-loop shift-integrable integrands

Next, we investigate collinear insertions of the longitudinal gluon l on two-loop subgraphs
M̃(2,NL) µ,c without ladder structure that do not contain self-energy corrections to the external
quark lines (which are part of the definition of the one- and two-loop quark jet functions with
loop polarisation terms in the l || p1 and l || p2 limits). The result for a representative set of
integrands in 2 → 2 electroweak production is shown in figure 11. Repeated application of the
QCD Ward identities yields an integrand in which the l || p1 collinear divergence is factorised
from a two-loop hard subgraph, equivalent to the first diagram in figure 11. Additionally, we
obtain four terms that have a shift mismatch in two loop momenta. These integrands are
not factorised for fixed loop momentum q and k but cancel after integration, or locally after
appropriate shifts in the loop momenta. We call these contributions two-loop shift integrable.

To remove this problematic region we add a local infrared counterterm to the three-loop
amplitude, designed to cancel these shift-integrable terms in the l || p1 limit, of the form,

δ
(3,NL)
shift,1 (ξ1; p1, p2, q, k, l; {q1, . . . , qn}) =

CA

2CF

[p1

p2

k

q−`` − (q → q + l)
]
+
[

CA

2CF

(p1

p2

q
`

k − ` +

p1

p2

q
k − ``

)

− C2
A

p1

p2

q
`

k − ` − (k → k + l)
]

. (7.20)

The second line is reminiscent of the shift subtraction shown earlier, where each integrand is
multiplied by the non-standard colour factor CA/2CF . The last term, which is proportional
to the colour factor

∑
a,b,c tatctatbtbtc = −C2

F (CA − 2CF )/2 and is multiplied by C2
A, is new.

As we will see, such a term is typical of two-loop shift-integrable contributions. It cancels
non-factorised remainders that occur, for example, after applying the QCD Ward identities
to the first and second diagrams on the second line of eq. (7.20). Here, and later in the
text, we make use of the combination

1
Nc

= CA − 2CF , (7.21)
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∑
insertions

µ, c

`
⊗

q1

q2

p1 + `

p2

q

k = −

q1

q2

p1 + `

p2

q

k

`

−C3
F

+

q1

q2

p1 + `

p2

q

k

`

CAC
2
F /2

−

q1

q2

p1 + `

p2

q

k

`

CAC
2
F /2

+

q1

q2

p1 + `

p2

q

k

`

CAC
2
F /2

−

q1

q2

p1 + `

p2

q

k`

CAC
2
F /2

Figure 11. Collinear insertions on a representative set of integrands without ladder structure.
The colour factors shown below each diagram are those of the remainder, after cancellations in
the sum of integrands have been carried out. This class of diagrams leads to four two-loop shift-
integrable integrands.

which is easily verified by plugging in eq. (4.4). It signals contributions which are subleading
in Nc. To clarify the graphical notation used in this section, we provide the explicit functional
form of the first term in eq. (7.20) in appendix D.

As a reminder, we exclude graphs in eq. (7.20) that contribute to the quark jet function
and exhibit unphysical loop polarisations in the limit l || p1, while the prescription of eq. (7.16)
is implied in all graphs containing a 1/(l−p2)2 propagator. Here, we encounter the additional
problem that the function δ

(3,NL)
shift,1 has a residual q || p2 singularity in all graphs with a k-shift

and where q is adjacent to p2. This singularity integrates to zero but is locally non-factorised,
and therefore a hindrance to local factorisation. In order to overcome this issue, we replace
the pinched propagator by,

iS0(q − p2; l) → iS̄0(q − p2; l) =
i(/q − /p2)

(p2 − q)2 − l2
≡

`

p2 − q

. (7.22)

The modified fermion propagator S̄0(q−p2; l) matches the original in the strict l || p1 collinear
limit, but suppresses the counterterm in the region where q becomes collinear to p2 as l2

acts as an infrared regulator. At the same time, and importantly, the mixed-collinear region
(1l, 2q, Hk) remains intact. From here on, both the regularisation in eq. (7.16) and eq. (7.22)
shall be implied for contributions to the shift counterterm δ

(3)
shift,1. Similarly, we use

iS0(l + p1; q) → iS̄0(l + p1; q) =
i(/l + /p1)

(l + p1)2 − q2 ≡
q

`+ p1
, (7.23)

for the l || p2 shift counterterms.
Next, we investigate shift-mismatch terms generated by l || p1 collinear insertions on

planar two-loop sub-graphs, M̃(2,UL). Again, in this text we ignore graphs that contain
two-loop jet subgraphs on the antiquark leg, which require treatment of loop polarisation
terms. For this class of integrands, we consider the representative two-loop diagram with
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two off-shell photons where the gluon lines with momentum k and q are adjacent to both
the incoming quark and antiquark,

∑
insertions

µ, c

`
⊗

q1

q2

p1 + `

p2

q k
= −

q1

q2

p1 + `

p2

q k
`

−C3
F

+

q1

q2

p1 + `

p2

q

k`

CAC
2
F /2

−

q1

q2

p1 + `

p2

q

q−`

k
`

CAC
2
F /2

+

q1

q2

p1 + `

p2

q

k

`

CAC
2
F /2− C2

ACF /4

−

q1

q2

p1 + `

p2

q k

k−`
`

CAC
2
F /2− C2

ACF /4

.

(7.24)
The right-hand side shows the result of the sum of integrands after Ward identities have
been applied to each collinear insertion and cancellations have been carried out. Below each
diagram we show the colour factor that multiplies the corresponding integrand, which is not
necessarily equivalent to the colour factor of the Feynman diagram itself.9

Again, we have applied eq. (3.1) and used the Dirac equation on the quark spinor u(p1).
The first term on the right-hand side of eq. (7.24), proportional to the abelian colour factor
C3

F , contributes to the singularity, but is factorised at the integrand-level from the hard
two-loop subgraph. Clearly, we can associate the colour factor C2

F with the hard-scattering
process. In analogy to the sub-graphs without ladder structure, we obtain two sets of shift
mismatch terms, one for each loop momentum k and q of the two-loop hard subgraph. The
shift mismatch in the “outer” loop, with loop momentum q or q − l, is proportional to the
colour factor CAC2

F /2, while that of the “inner” loop, with loop momentum k or k − l, is
proportional to CF CA(CF − CA/2)/2. The strategy is to first construct a shift counterterm
for the set of non-factorised integrands on the right-hand side of eq. (7.24) and then generalise
the expression to the full electroweak amplitude. The result is,

δ
(3,UL)
shift,1 (ξ1; p1, p2, q, k, l; {q1, . . . , qn}) =

CA

2CF

( p1

p2

k
q − `

` − (q → q + l)
)

+
[(

CA

2CF

p1

p2

q
k − `

`
+ CA

2CF

(
1− CA

2CF

) p1

p2

q
k − `

`

)
− (k → k + l)

]
. (7.25)

9For instance, the second diagram on the right-hand side of eq. (7.24) has colour factor
∑

a,b,c
tatbtctctatb =

C3
F −CAC2

F /2, but the term proportional to C3
F is cancelled by the diagram where the gluon with longitudinal

polarisation and momentum l directly attaches to the external antiquark leg.
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Here, the last diagram, multiplied by the non-standard colour factor CA
2CF

(1− CA
2CF

), cancels
additional non-factorised shift-integrable contributions in the l || p1 limit, coming from the
first diagram in square brackets.

The shift counterterm with two-loop crossed ladder subgraphs is again two-loop shift
integrable. We will not provide its derivation here, but simply state the result,

δ
(3,XL)
shift,1 (ξ1; p1, p2, q, k, l; {q1, . . . , qn}) =

CA

2CF

( p1

p2

k

q − `` − (q → q + l)
)
+
[(

CA

2CF

p1

p2

q

k − `

` − C2
A

p1

p2

q

k − `

`

)

− (k → k + l)
]

. (7.26)

The sum of integrands represented by the last diagram, multiplied by C2
A in close analogy

to the non-ladder type graphs in eq. (7.20), is as usual required to remove non-cancelled
k-loop shift mismatch terms.

Derivation of the infrared counterterm δ
(3,3V )
shift,1 , which is the last remaining term in eq. (7.11)

apart from the ghost contributions, is more intricate since it involves l || p1 divergent three-
loop graphs with either two triple-gluon vertices or a quartic gluon vertex. Consider the
following sum of collinear insertions,

∑
insertions

µ, c

`
⊗

q1

q2

p1 + `

p2

k

q

→ −

q1

q2

p1 + `

p2

k
q

−CAC
2
F /2

`

+

q1

q2

p1 + `

p2

k

q

C2
ACF /4

`

−

q1

q2

p1 + `

p2

k

q

q−k−`

`

C2
ACF /4

.

(7.27)

The first term on the right-hand side is manifestly factorised from the two-loop hard subgraph,
this time proportional to the colour factor CAC2

F /2. Clearly, the remaining two integrands
cancel only up to a simultaneous shift in both loop momenta, q → q + l and k → k − q.

To obtain the right-hand side of eq. (7.27), we have used, in addition to the by now familiar
Ward identities for quark and gluon lines, the quartic-gluon identity shown graphically in
figure 4, which for the example above yields,

q1

q2

p1 + `

p2

k

q

q−k−`

`

=
q1

q2

p1 + `

p2

k

q

q−k−`

`

+
q1

q2

p1 + `

p2

k

q

q−k−`

`

−
q1

q2

p1 + `

p2

k

q

q−k−`

`

. (7.28)

As usual, we follow the momentum flow convention of section 3.2. The first and third
integrands on the right-hand side are proportional to the colour factor C2

ACF /4 in the sum
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over attachments in eq. (7.27). The second diagram has vanishing colour factor, which
can be proven using,

fabc = −2i Tr
[[

ta, tb], tc] , (7.29)

and repeated application of the well known Fierz identity,

ta
ijta

kl = TR

(
δilδkj −

1
Nc

δijδkl

)
. (7.30)

Using the information above, we can construct a shift counterterm for this class of
diagrams as follows,

δ
(3,3V )
shift,1 (ξ1; p1, p2, q, k, l; {q1, . . . , qn}) =

CA

2CF

p1

p2

q − `

q−k−`` k − (q → q + l , k → k − q) .

(7.31)
We note the unusual momentum routing of the triple-gluon vertex in the hard two-loop
subgraph. Due to the ambiguous choice of loop momentum flow the shift term in the q || p2
limit will look slightly different. However, this ambiguity in the double-collinear region
poses no problem otherwise, since the term is cancelled exactly by the shift counterterm
in the single-collinear limit already.

To summarise, we have derived local infrared counterterms that remove non-factorising
shift mismatches generated by “scalar” contributions in the single-collinear regions. Countert-
erms are supplemented by a shift in the fermion propagator according to the prescription in
eq. (7.16) to avoid double-counting of divergent integrands that would spoil local factorisation.
In the double- and mixed-collinear regions limits are applied consecutively and the problem
reduces either to the factorisable one-loop case for integrands containing one-loop jet functions,
cf. section 7.1, or the two-loop case, which yield one-loop shift-integrable contributions at
worst. In the limit where three loop momenta become collinear the shift integrands factorise
and pose no problem to integrability.

For instance, in the region (1l, 2q, Hk) we apply the q || p2 limit to the two-loop l || p1-
finite remainder M̃(2)(p1 + l, p2, q, k; {q1, . . . , qn}), cf. eq. (7.4), as well as the three-loop
shift contribution M(3)

shift. Shift mismatch terms of the l || p1 limit yield non-factorisable,
one-loop shift-integrable contributions in the q || p2 limit, and the shift counterterm δ

(3)
shift,1

already guarantees integrability. We note for q || p2 collinear insertions on the quark line with
momentum p1 + l we apply the Ward identity for on-shell quark lines, cf. eq. (3.6), as follows,

p1 + `

q

`

β, b

α, a

= itatb S0(p1 + q) /q S0(p1 + l) = itatb
[
S0(p1 + l)− S0(p1 + l) /p1

/l

(p1 + l)2

]

≡
p1 + `

q

`

β, b

α, a

, (7.32)
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where the second term in square brackets vanishes in the l || p1 limit as /p1
/l ≃ −z1,l/p

2
1 = 0. The

expression after the second equality is obtained through a simple partial fractioning identity.
Thus, the residual shift mismatch in the region (1l, 2q, Hk) can be removed locally using the
standard two-loop shift counterterm δshift,2 derived in ref. [188], up to a collinear factor,

δ
(3)
shift,1,2(p1, p2, q, k, l; {q1, . . . , qn})

= C(z1,l, p1, l)v̄(p2)δ̃(2)
shift,2(p1 + l, p2, q, k; {q1, . . . , qn})u(p1) ,

(7.33)

with C(z1,l, p1, l) defined in eq. (7.5) and

δ̃
(2)
shift,2(p1 + l, p2, q, k; {q1, . . . , qn}) =

CA

2CF

p1 + `

p2

k−q
k

n1

n2

n3

− (k → k + q) . (7.34)

Above, the subscript “1, 2” denotes the order in which collinear limits are applied in the
region (1l, 2q, Hk).

8 Gluon self-energy corrections

In this section, we discuss the treatment of subgraphs containing one and two-loop corrections
to the gluon-self energy. The one-loop gluon propagator in Feynman gauge is given by,

−i

l2
Π(1) µν,ab

gg (k, l) ≡ µ, a

`

ν, b

(1)

= −i

l2

[
Π(1) µν,ab

q +Π(1) µν,ab
g +Π(1) µν,ab

gh

] (8.1)

where Π(1)
q , Π(1)

g and Π(1)
gh denote the quark, gluon and ghost loop contributions, respectively.

The gluon tadpole is a scaleless integral and therefore vanishes in dimensional regularisation,
so is immediately ignored. We note that we have absorbed one of the gluon propagators
−i/l2 into the definition of Πgg, which will be a useful convention later. The two-point
function is proportional to unity in colour space,

Π(1) µν,ab
gg = δab Π(1) µν

gg . (8.2)

The integrands are given by,

−i

l2
Π(1) µν,ab

q (k, l) ≡
µ, a

`

ν, b

k

= −g2
s nf TF δab Tr

[
/k γµ

(
/l − /k

)
γν
]

(l2)2k2(l − k)2 , (8.3)
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−i

l2
Π(1) µν,ab

g (k, l) ≡
µ, a

`

ν, b

k

= −g2
s

CA

2 δab Cµαβ(l, k − l,−k)Cν
βα(−l, k, l − k)

(l2)2k2(l − k)2 , (8.4)

−i

l2
Π(1) µν,ab

gh (k, l) ≡
µ, a

`

ν, b

k

= −g2
s CA δab kµ(l − k)ν

(l2)2k2(l − k)2 . (8.5)

The gluon loop contains a symmetry factor of 1/2. Later, when we investigate one-loop
gluon triangle subgraphs, it will be useful to consider an equivalent version of the ghost loop
contribution symmetrised under the exchange k → l − k, which we denote by Π(1)

2, sym. This
can be implemented through a local counterterm δgh as follows,

−i

l2
Π(1) µν,ab

2, sym (k, l) ≡ −i

l2

[
Π(1) µν,ab

2 (k, l) + δµν,ab
gh (k, l)

]
= 1

2

[
µ, a

`

ν, b

k

+
µ, a

`

ν, b

k

]

= −g2
s

CA

2 δab kµ(l − k)ν + (l − k)µkν

(l2)2k2(l − k)2 .

(8.6)

with

δµν,ab
gh (k, l) = ig2

s

CA

2 δab kµlν − kν lµ

l2k2(l − k)2 ,

∫
k

δgh(k, l) = 0 . (8.7)

Note that δµν,ab
gh , unlike the symmetrised ghost loop, is not symmetric under the exchange of

its Lorentz indices. Equation (8.6) defines the symmetrised one-loop gluon propagator,

Π(1) µν,ab
gg, sym = Π(1) µν,ab

q +Π(1) µν,ab
g +Π(1) µν,ab

gh, sym . (8.8)

It is easy to see that the doubled propagator in eq. (8.1) leads to enhanced soft and
collinear singularities. Following the discussion in section 3, in the soft limit lµ → δlµ, δ → 0,
the integrand of one-loop gluon propagator scales as

−i

l2
Π(1) µν,ab

gg (k, l) ∼ δ−4 , (8.9)

for generic non-lightlike values of the loop momentum k. The power singularity exhibited in
the soft region would suggest we can no longer rely on the leading order approximation for
the construction of the counterterm, eqs. (3.1) and (3.2). Similarly, naive power counting
in the collinear region l || p1 leads to an apparent linear divergence. On the collinear pinch
surface the polarisation of the virtual gluon with momentum lµ may be proportional to kµ,
which is arbitrary and spoils factorisation in the collinear limit.
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In ref. [166] we argued these issues can easily be resolved through a simple Passarino-
Veltman tensor reduction, which removes one power of l2 in the denominator of the photon
propagator. Applied to the gluon self-energy, tensor reduction yields,

−i

l2
Π(1) µν,ab

gg (k, l) = g2
sδab 1

l2

(
gµν − lµlν

l2

)
Γϵ

2

∫
k

1
k2(l − k)2 , (8.10)

where we define the ϵ-dependent coefficient,

Γϵ
2 = nfΓϵ

nf
+ CAΓϵ

A , (8.11)

with

Γϵ
nf

= 2(1− ϵ)
3− 2ϵ

, Γϵ
A = −5− 3ϵ

3− 2ϵ
. (8.12)

As we have argued in ref. [166], the longitudinal components in eq. (8.10) lead to a scaleless
integral in l in the sum over diagrams of the two-loop amplitude. This can be shown through
repeated application of the abelian Ward identity, eq. (3.4). Thus, the problem reduces to
the one-loop subtraction, and we make the replacement,

M(2)
2 (k, l) → M′ (2)

2 (k, l) = ig2
s

Γϵ
2

k2(l − k)2 M(1)(l) . (8.13)

The primed notation M′ (2)
2 indicates that we have performed a tensor reduction, i.e. the

integrated result is the same. Thus, a suitably modified integrand M′ (2)
2 can be obtained

directly from the corresponding one-loop amplitude M(1)(l) that is free of the problematic
behavior in the infrared regions discussed above. The one-loop amplitude M(1) is rendered
finite in the infrared and ultraviolet according to the prescription discussed in refs. [166,
188]. Regularisation of M′ (2)

2 in the UV regions is then straightforward, leading to the
following expression,

M′ (2)
2 (k, l) = ig2

s Γϵ
2

[( 1
k2(l − k)2 − 1

(k2 − M2)2

)
+ 1

(k2 − M2)2

]
×
(
H(1)(l) +M(1)

singular(l)
)

.

(8.14)

Above, the term 1/(k2 − M2)2 in round brackets removes the residual UV divergence in
the region k → ∞. We note that while the denominator 1/(l − k)2 in fact suppresses
any UV divergence in the limit l → ∞ it is convenient to make the replacement M(1) =
H(1)(l) + M(1)

singular.
Finally, we write

M′ (2)
2 (k, l) = H′ (2)

2 (k, l) +M′ (2)
2 singular(k, l) , (8.15)

where [166],

H′ (2)
2 (k, l) = ig2

s Γϵ
2

[ 1
k2(l − k)2 − 1

(k2 − M2)2

]
H(1)(l) , (8.16)

and

M′ (2)
2 singular(k, l) = ig2

s Γϵ
2

[ 1
k2(l − k)2M

(1)
singular(l) +

1
(k2 − M2)2H

(1)(l)
]

. (8.17)
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The one-loop integrands M(1)
singular and H(1) are defined according to eqs. (2.7) and (2.8)

(cf. section 4.1 of ref. [166]). The nf -contribution M
′ (2)
2 , as defined by the prescription in

eq. (8.15), was calculated recently using numerical techniques in ref. [191], for the NNLO
virtual corrections to the production of three equal-mass off-shell photons and the dd̄-initiated
production of a Z-boson and two different-mass off-shell photons.

The three-loop QCD amplitude will contain two types of gluon self-energy contributions,
which we can construct out of the one- and two-loop amplitudes by considering all possible
“insertions” of the self-energy subgraph on the virtual gluon lines. As for the two-loop
electroweak amplitude, we need to perform a tensor reduction of each gluon self-energy
subgraph to alleviate the power divergences in the soft and collinear regions. We denote by
M(3)

2,a contributions which are proportional to the one-loop amplitude after tensor reduction.
These include consecutive insertions of two one-loop gluon polarisation tensors, or a two-loop
correction on a single gluon line. For this class of diagrams we make the replacement in
straightforward analogy to eq. (8.13) and we do not show the explicit result here.

The amplitude M(3)
2,b consists of all one-loop gluon self-energy insertions on the two-loop

electroweak amplitude. For the analysis below, we consider the diagrams contributing to the
l || p1 collinear limit (as usual the q || p2 limit follows straightforwardly). Below we assign the
loop momentum k to the gluon polarisation tensor. Consider the decomposition,

lim
l || p1

M(3)
2,b ∼ M(3,A)

2,b +M(3,B)
2,b . (8.18)

The first term on the right-hand side consists of all one-loop gluon self-energy corrections to
the gluon line with momentum l adjacent to the incoming p1 quark. Replacing the gluon
polarisation tensor by its tensor reduced equivalent, eq. (8.10), we obtain,

M(3,A)
2,b ≡

p1

p2

`

(1)

(1)

→ M′ (3,A)
2,b = ig2

s

Γϵ
2

k2(l − k)2

p1

p2

`

(1)

. (8.19)

The two-loop amplitude on the right-hand side is rendered locally finite in all infrared and
ultraviolet regions according to refs. [166, 188]. The residual ultraviolet divergence due to
the scalar bubble integrand is removed in the same way as in eq. (8.14).

The amplitude M(3,B)
2,b contains gluon self-energy corrections to the loops q and l − q in

diagrams with triple-gluon vertices, as well as corrections to the q gluon line in uncrossed
and crossed ladder type diagrams, and graphs without ladder structure,

M(3,B)
2,b ≡

p1

p2

`

q
(1) +

p1

p2

`
q

(1) +

p1

p2

`

q
(1)

+

p1

p2

`

q
(1)

+

p1

p2

`
q−`q

(1)

. (8.20)
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Again, a tensor reduction is unavoidable due to doubled propagators which become problematic
in the q || p2 region or, in the case of the last set of graphs, in the mixed collinear region
(1l, 2q, Hk). On the other hand, the single-collinear region l || p1, while being free of power
singularities, factorises only when combined with diagrams containing a gluon triangle, which
we discuss in the next section. Indeed, the set of graphs with a self-energy correction on
the gluon line with momentum q − l do not factorise on their own. An additional subtlety
involves two-loop jet subgraphs containing a gluon self-energy correction, which, after tensor
reduction, require the usual one-loop modifications summarised in section 4.2.

9 Gluon triangle

Next, we discuss the regularisation and factorisation of one-loop corrections to the QCD
three-point subgraph with gluon external states, given by,

−i

l2
−i

q2 Γ(1) µνρ,abc
ggg (q, k, l) ≡

µ, a

` `− q

ν, b

ρ, c

q

(1)

= −i

l2
−i

q2

[
Γ(1) µνρ,abc

q + Γ(1) µνρ,abc
g + Γ(1) µνρ,abc

gh + Γ(1) µνρ,abc
4g

]
,

(9.1)

where we have suppressed the momentum dependence of the functions on the second line.
The grey blob represents the sum of quark, gluon and ghost loop contributions, denoted
by Γ(1)

q , Γ(1)
g and Γ(1)

gh , respectively. Additionally, we have diagrams with a quartic-gluon
vertex, denoted by Γ(1)

4g , which contain a gluon self-energy subgraph. The gluon triangle is
proportional to the antisymmetric structure constant fabc,

Γ(1) µνγ,abc
ggg = fabc Γ(1) µνγ

ggg . (9.2)

The three-point gluon subgraphs lead to logarithmically divergent contributions to
the three-loop amplitude (cf. figure 5(d)) in the single collinear regions (Hq, Hk, 1l) and
(2q, Hk, Hl), when either l is adjacent to the external quark line with momentum p1 or q is
adjacent to the incoming antiquark with momentum p2. For this reason we find it useful to
factor out the gluon propagators −i/l2 and −i/q2 in eq. (9.1).

It is well known that the three-gluon vertex satisfies a Ward-Slavnov-Taylor identity
to all orders, which relates it to the ghost-gluon vertex [204–206]. Below, we will show
how this identity is implemented locally at the one-loop order, which is the main result of
this section. In the l || p1 limit, where the gluon with loop momentum l has longitudinal
polarisation, the result is,

(−lµ)
−i

q2 Γ(1)µνρ,abc
ggg (q,k,l)+δνρ,abc

ggg,1 (q,k,l)=∆Iνρ,abc
qq,1 (q,k,l)+∆Iνρ,abc

∆,1 (q,k,l)

−igsfabc
[ −i

(l−q)2 Π
(1)νρ
gg,sym(−k,−q)

−−i

q2 Π(1)νρ
gg,sym(q−k,q−l)

]
,

(9.3)
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with

δνρ,abc
ggg,1 = δνρ,abc

T R,1 + δνρ,abc
U ,1 + δνρ,abc

E,1 + δνρ,abc
∆ gh,1 + δνρ,abc

D,1 , (9.4)

where we have suppressed the momentum dependence. Here, we use symmetric integration,
equivalent to adding a local infrared counterterm δggg,1, to remove locally non-factorisable
terms from the triangle integrand in the single-collinear region l || p1. The functions δT R,1,
δU ,1, δE,1, δ∆ gh,1 and δD,1 are defined later in this section in eqs. (9.25), (9.52), (9.56), (9.64)
and (9.67), respectively. Below, we will derive each of the five terms in turn. The integrands
∆Iνρ,abc

qq,1 and ∆Iνρ,abc
∆,1 are defined at the end of this section, shown graphically in eqs. (9.71)

and (9.73), respectively.
At the amplitude level, eq. (9.3) can be implemented by replacing the gluon triangle

with an equivalent version,

−igα
µ

l2
−i

q2 Γ(1) µνρ,abc
ggg (q, k, l) → −igα

µ

l2
−i

q2 ∆Γ(1) µνρ,abc
ggg,1 (q, k, l) =

−igα
µ

l2
−i

q2 Γ(1) µνρ,abc
ggg (q, k, l) + −i

l2
2ηα

1
d1(−l, η1)

−i

q2 δνρ,abc
ggg,1 (q, k, l) .

(9.5)

Both sides integrate to the same result given that,∫
k

δνρ,abc
ggg,1 (q, k, l) = 0 . (9.6)

For clarity, we have written the factor 2ηα
1 /d1(−l, η1) from the collinear approximation for the

propagator (−igα
µ)/l2, eq. (3.1), multiplying δggg,1 explicitly. The modified gluon triangle

subgraph ∆Γ(1) µνρ
ggg,1 in the l || p1 region also requires ultraviolet renormalisation, and we

provide the corresponding local subtraction terms throughout this section. We note that the
infrared counterterm δνρ

ggg,1(q, k, l)/(l2d1(−l, η1)) gives a finite contribution to the amplitude
for large l or q but diverges for large values of the “internal” loop momentum k. Ultraviolet
counterterms are derived according to the discussion in section 6, and in this case they
guarantee applicability of the tree-level Ward identities in mixed collinear-UV regions.

To avoid spurious contributions from eq. (9.5) to other collinear regions we introduce a
massive fermion propagator to diagrams where q is adjacent to the incoming antiquark p2,

iS0(q − p2)δνρ,abc
ggg,1 (q, k, l) → iS̄0(q − p2; l) δνρ,abc

ggg,1 (q, k, l) , (9.7)

based on the prescription used for shift counterterms, eq. (7.22).
In eq. (9.3) and later in this section, we use a subscript “1” to denote the Ward identities

in the l || p1 limit. For the q || p2 limit, with qρ ≃ z2,qpρ
2, we have instead,

qρ
−i

l2
Γ(1)µνρ,abc

ggg (q,k, l)+δµν,abc
ggg,2 (q,k, l)=∆Iµν,abc

qq,2 (q,k, l)+∆Iµν,abc
∆,2 (q,k, l)

−igs fabc
[−i

l2
Π(1)µν

gg,sym(q−k,q−l)

− −i

(l−q)2 Π
(1)µν
gg,sym(l−k, l)

]
,

(9.8)
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where this time we label the functions by a subscript “2”. It is straightforward to see that
the limits are related by a change of variables p1 → −p2 and, for example,

δµν
ggg,2(q, k, l) ≡ δµν

ggg,1(l − q, k − q,−q) , (9.9)

and similarly for Iqq,2 and I∆,2. Analogous to the prescription in eq. (9.7) we introduce a
modified fermion propagator 1/(p1+ l)2 → 1/[(p1+ l)2−q2] multiplying the counterterm δggg,2

for graphs where l is adjacent to p1. Then, we denote by ∆Γ(1) µνρ
ggg the modified integrand

that takes into account modifications in both single-collinear regions as follows,

∆Γ(1) µνρ
ggg = Γ(1) µνρ

ggg + 2ηµ
1

d1(−l, η1)
δνρ,abc

ggg,1 + 2ηρ
2

d2(q, η2)
δµν,abc

ggg,2 , (9.10)

in analogy to the shift prescription in eq. (7.12).
Later on, when we investigate the local factorisation of ghost contributions, we will

consider two-loop corrections to the qq̄g-vertex containing the modified gluon triangle sub-
graphs ∆Γ(1)

ggg,

gs
−i

l2
∆Γ(1) ρ,c

ggg (q, k, l) ≡
`

q − `

ρ, c

q
k

p

∆Γ
(1)
ggg

= −g2
s

CA

2 tc ∆Γ(1) µνρ
ggg (q, k, l)

γν(/p + /l)γµ

l2(p + l)2 .

(9.11)

Here, the limit of interest is where q becomes collinear to the incoming antiquark with
momentum p2. We note that eq. (9.11) diverges in the limit k → ∞, for which we provide
appropriate local ultraviolet subtraction terms in this section, but is suppressed by large
values of l due to the fermion propagator 1/(/p + /l). The double-UV subtraction term, which
renders amplitude-level contributions due to eq. (9.11) finite when two loop momenta become
large, is provided in eq. (F.49).

9.1 Fermion loop

We begin with the quark loop contribution to the gluon three-point function, which consists
of two distinguishable graphs,

−i

l2
−i

q2 Γ(1) µνρ,abc
q (q, k, l) ≡

µ, a

`

`− q

ν, b

ρ, c

qk
+

µ, a

`

`− q

ν, b

ρ, c

qk

= ig3
snf

(
Tr
[
tatbtc

]
− Tr

[
tatctb

]) −i

l2
−i

q2 Kµνρ
q (q, k, l) ,

(9.12)

with

Kµνρ
q (q, k, l) = −

Tr
[
/kγµ(/l − /k)γν(/q − /k)γρ

]
k2(l − k)2(q − k)2(l − q)2 . (9.13)
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The relative sign in the kinematic part in eq. (9.12) is due to the opposite fermion charge flow
in the second diagram, while the trace is cyclic. The colour factor can easily be evaluated as,

Tr
[
tatbtc

]
− Tr

[
tatctb

]
= iTF fabc (9.14)

where we used the well known identity,

Tr
[
tatbtc

]
= 1

4dabc + i

2TF fabc . (9.15)

Here, we have introduced the symmetric structure constant dabc,

dabc = 2Tr
[{

ta, tb} tc] . (9.16)

Clearly, the term proportional to dabc cancels in eq. (9.14). We note that the opposite charge
flow, the second diagram in eq. (9.12), is related to the crossed version of the first diagram
under the simultaneous exchange q → k − q and k → l − k (or by the exchange of the two
external vectors l − q and q).

We are interested in the collinear limit l || p1 (the limit q || p2 is analogous) where the gluon
with loop momentum l is adjacent to the incoming quark and has longitudinal polarisation
according to eq. (3.1),

(−lµ)
−i

q2 Γ(1) µνρ,abc
q (q, k, l) ≡ µ, a

`

`− q

ν, b

ρ, c

qk
+ µ, a

`

`− q

ν, b

ρ, c

qk

= −igsfabc
[ −i

(l − q)2Π
(1) νρ
q (−k,−q)− −i

q2 Π
(1) νρ
q (q − k, q − l)

]
,

(9.17)

To obtain the second line, we have applied the abelian Ward identity, shown pictorially in
figure 2, and noticed that the result is equal to the difference of two fermion-loop bubble
integrals, Π(1)

q defined in eq. (8.3).
Equation (9.17) has the equivalent, suggestive diagrammatic representation,

(−lµ)
−i

q2 Γ(1)µνρ,abc
q (q,k,l)≡

µ, a `

`− q

ν, b

ρ, c

q

k

−

µ, a`

`− q

ν, bρ, c

q

`− k

→ ig2
sΓϵ

nf

[
1

k2(q−k)2

µ, a`

`− q

ν, bρ, c

q
− 1
(l−k)2(q−k)2

µ, a`

`− q

ν, bρ, c

q

]

+longitudinal terms. (9.18)

On the second line, we have provided its tensor reduced equivalent. Equation (9.17) cancels
against fermion loop corrections to the external q and q − l loops (contributing to M(3,B)

2,b ),
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which we define by,

G(1) µνρ,abc
q (q, k, l) = gs

−i

q2
−i

(l − q)2

[
Π(1) αρ,cd

q (−k,−q)fabdCα
µν(−q, l, q − l)

+ Π(1) αν,bd
q (q − k, q − l)fadcCα

ρµ(q − l,−q, l)
]

≡

µ, a`

`− q

ν, bρ, c

q

`− k

+

µ, a `

`− q

ν, b

ρ, c

q

k

,

(9.19)

After tensor reduction, we obtain,

(−lµ)
[
G(1) µνρ,abc

q (q, k, l) + −i

q2 Γ(1) µνρ,abc
q (q, k, l)

]

→ ig2
s Γϵ

nf

[
1

k2(q − k)2

µ, a`

`− q

ν, bρ, c

q
− 1

(l − k)2(q − k)2

µ, a`

`− q

ν, bρ, c

q

+
(

1
k2(q − k)2 + 1

(l − k)2(q − k)2

)( µ, a`

`− q

ν, bρ, c

q
+

µ, a`

`− q

ν, bρ, c

q

)]
. (9.20)

The result is that fermion loop contributions to M(3,A)
2,b , cf. eq. (8.20), when combined

with the triangle graph above, are one-loop factorisable in the single collinear region l || p1,
up to a shift mismatch in both the scalar bubble integrand and the loop momentum q. In
the sum of eq. (9.20) the uncancelled longitudinal terms have been neglected, as they lead to
scaleless integrals. As we will see below, both gluon and ghost loop corrections to the one-loop
three-gluon vertex yield similar contributions. Factorisation of the ghost terms on the last
line of eq. (9.20) can be shown in the same way as for the two-loop amplitude. The only
subtlety is that the ghost identity, eq. (4.19), is multiplied by a scalar bubble integrand. The
shift mismatch is eliminated from the amplitude by a local infrared counterterm of the form,

δ
(3,∆)
shift,1(ξ1; p1, p2, q, k, l; {q1, . . . , qn}) = ig2

s

CA

2CF

Γϵ
2

(q − k)2(l − k)2

p1

p2

`

q−`

− (k → k + l, q → q + l) , (9.21)

which, up to a multiplicative one-loop factor, is the same as the two-loop shift counterterm
found in ref. [188]. Shift subtractions add a contribution to the quark self energy given by,

Π(2) shift
∆ (p, q, k, l) = ig2

s Γϵ
2

CA

2CF

[
1

(q − k)2(l − k)2
p+ q

`− q

− 1
k2(l − k)2

p+ q

` ]
,

(9.22)
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which is the two-loop analogue of eq. (4.16) with an additional one-loop scalar two-point
integrand. The shift counterterm Π(2) shift

∆ is divergent in the regions k → ∞ and k, l → ∞
but suppressed in the l → ∞ limit. The single-UV and double-UV singularities are removed,
respectively, using the counterterms,

Π(2) shift
∆ single-UV = ig2

s Γϵ
2

CA

2CF

1
(k2 − M2)2 Π(1) shift

qq (p, q, l) , (9.23)

and

Π(2) shift
∆ double-UV = ig2

s Γϵ
2

{
CA(1− ϵ) 1

(l − k)2 − M2

[
4 l · q /l

(l2 − M2)3(k2 − M2)

− 1
(l2 − M2)2

(
/q

k2 − M2 − 2 k · q /l

(k2 − M2)2

)]
− CA

2CF

1
(k2 − M2)2Π

(1) shift
UV (q, l)

}
,

(9.24)

where the one-loop shift counterterms Π(1) shift
qq and Π(1) shift

UV were defined in eqs. (4.12)
and (4.38).

Above, we have demonstrated local factorisation of the (tensor reduced) amplitude M(3)
2,b

with gluon self-energy subgraphs when combined with the gluon triangle, which is essential
for local integrability. As we will see below, we will require a local representation of the
gluon loop contribution to the triangle integrand as it combines with diagrams of the (d3V )
topology in the single-collinear regions. We therefore avoid performing a full tensor reduction
of Γ(1) µνρ

ggg and instead add a local infrared counterterm of the form,

δνρ,abc
T R,1 (q, k, l) = igs fabc

{ −i

(l − q)2

[
Π(1) νρ

gg, sym(−k,−q)−
(

gνρ − qνqρ

q2

)
iΓϵ

2
k2(q − k)2

]
− −i

q2

[
Π(1) νρ

gg, sym(q − k, q − l)−
(

gνρ − (l − q)ν(l − q)ρ

(l − q)2

)
iΓϵ

2
(l − k)2(q − k)2

]}
,

(9.25)

which defines the first term on the right-hand side of eq. (9.4). The function δνρ,abc
T R,1 (q, k, l)

replaces the bubble integrands that are a result of the l || p1 Ward identity of the gluon
triangle by their tensor reduced versions. Equation (9.25) contributes in the single-UV
region as follows,

δνρ,abc
T R,1 single-UV(q,k,l)= igsfabc

{ 1
q2(l−q)2

(
4nf TF tνρ

1 (q,k,l)+CA

2 tνρ
2 (q,k,l)

)
− Γϵ

2
(k2−M2)2

[ 1
(l−q)2

(
gνρ− qνqρ

q2

)
− 1

q2

(
gνρ− (l−q)ν(l−q)ρ

(l−q)2

)]}
.

(9.26)
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The Lorentz tensors t1 and t2 appearing on the first line are given by,

tνρ
1 (q, k, l) = gνρ

(
l · (q + k − l)
(k2 − M2)2 + 2(k · l)2

(k2 − M2)3

)
+ 2 l · k (kνqρ + kρqν)

(k2 − M2)3

+ 2kνkρ
(

l · (l − 2k)
(k2 − M2)3 − 4 k · l k · (l + q)

(k2 − M2)4

)
− lνqρ + lρqν

(k2 − M2)2

+ (lνkρ + lρkν)
( 1
(k2 − M2)2 + 2 k · (l + q)

(k2 − M2)3

)
,

(9.27)

and

tνρ
2 (q, k, l) = gνρ

(
l · (2k + 3l − 8q)

(k2 − M2)2 + 4(k · l)2

(k2 − M2)3

)
+ 2(3− ϵ) lνqρ + lρqν

(k2 − M2)2

− 8(1− ϵ)kνkρ
(

l · (l − 2k)
(k2 − M2)3 − 4 k · l k · (l + q)

(k2 − M2)4

)
− 8(1− ϵ) l · k (kνqρ + kρqν)

(k2 − M2)3

− 4(1− ϵ) (lνkρ + lρkν)
( 1
(k2 − M2)2 + 2 k · (l + q)

(k2 − M2)3

)
− 2(1 + ϵ)lν lρ

(k2 − M2)2 .

(9.28)

Similarly, the fermion-loop contribution to the triangle subgraph is made finite in the
single-UV region by subtracting a local counterterm that matches the divergent behaviour.
We write it as follows,

Γ(1)µνρ,abc
q single-UV(q,k,l)=4g3

s nf TF fabc 1
(l−q)2

[
4kµkνkρ

( 2k·(l+q)
(k2−M2)4 +

1
(k2−M2)3

)
−2 kνkρlµ+kµkρlν+kµkρqν+kµkνqρ

(k2−M2)3 −2 k·lgνρkµ+k·(l+q)gµρkν+k·qgµνkρ

(k2−M2)3

+gνρ(l−q−k)µ+gµρ(l+q−k)ν−gµν(l−q+k)ρ

(k2−M2)2

]
. (9.29)

9.2 Ghost loop

Next, we investigate collinear insertions on the ghost-loop contribution Γ(1) µνρ,abc
gh to the

gluon three-point function, given by

−i

l2
−i

q2 Γ(1) µνρ,abc
gh (q, k, l) ≡

µ, a

`

`− q

ν, b

ρ, c

qk
+

µ, a

`

`− q

ν, b

ρ, c

qk

= g3
s

CA

2 fabc−i

l2
−i

q2 Kµνρ
gh (q, k, l) ,

(9.30)

where the kinematic function Kgh reads,

Kµνρ
gh (q, k, l) = kµ(q − k)ρ(l − k)ν + (l − k)µ(q − k)νkρ

k2(l − k)2(q − k)2(l − q)2 . (9.31)

In the collinear region l || p1 we use the approximation of eq. (3.1). Thus, we need to consider
the contraction of the gluon-ghost-ghost vertex with a longitudinally polarised gluon with
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loop momentum −lµ ≃ z1,lp
µ
1 ,

d e

kk − `

`µ, a

≡ −gsfade l · k

k2(l − k)2 = gsfade 1
2

[
1
k2 − 1

(l − k)2 − l2

k2(l − k)2

]

= 1
2

[
d e

kk − `

`µ, a

− d e

kk − `

`µ, a

]
. (9.32)

This yields an abelian-like Ward identity, shown graphically on the second line. The term
proportional to l2 ∼ O(λ) vanishes in the strict collinear limit λ → 0 and can safely be
neglected in our approximation. Above, we have introduced the new Feynman rule,

d e

kk − `

`µ, a

= −igsfdea . (9.33)

The sign is determined by moving clockwise around the three-ghost vertex starting from
a ghost line whose arrow points into the vertex.

Applying eq. (9.32) to the contracted ghost loop, (−lµ)Γ(1) µνρ,abc
gh , we again write the

result in terms of a difference of two self-energy integrands,

(−lµ)
−i

q2 Γ(1) µνρ,abc
gh (q, k, l) = −igsfabc 1

2

[ −i

(l − q)2Π
(1) νρ
gh, sym(−k,−q)

−−i

q2 Π
(1) νρ
gh, sym(q − k, q − l)

]
+Rνρ,abc

1 (q, k, l)

≡ 1
2

[
µ, a

`

`− q

ν, b

ρ, c

qk
+ µ, a

`

`− q

ν, b

ρ, c

qk
− µ, a

`

`− q

ν, b

ρ, c

qk

− µ, a

`

`− q

ν, b

ρ, c

qk

]
,

(9.34)

with Π(1)
gh, sym defined in eq. (8.6). Above, we have the remainder R1 defined as,

Rνρ,abc
1 (q, k, l) = −ig3

sfabc CA

4
1

q2(q − k)2(l − q)2

[(q − k)ν lρ

(l − k)2 + (q − k)ρlν

k2

]
. (9.35)

Below, we will show this term cancels against bubble-type contributions to the gluon loop
Ward identity.
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9.3 Quartic vertex

The three-point function Γ(1)
4g on the second line of eq. (9.1), which contains a single quartic-

gluon vertex, explicitly reads,

−i

l2
−i

q2 Γ(1) µνρ,abc
4g (q, k, l) = ig3

s

−i

l2
−i

q2
1
2 Kµνρ,abc

4g (q, k, l)

≡

µ, a `
q

ρ, c
ν, b

`− q

k

+
µ, a

`

q ρ, c

ν, b

`− q

k

+
ρ, c q `− q

ν, b
µ, a

`

k − q

,

(9.36)

with

Kµνρ,abc
4g (q, k, l) = f cde Dµνβα

abde (l, q − l, k − q,−k)Cρ
βα(−q, k, q − k)

k2(q − k)2(l − q)2

+ faed Dνραβ
bced (q − l,−q, k, l − k)Cµ

αβ(l, k − l,−k)
k2(l − k)2(l − q)2

+ f bde Dρµβα
cade (−q, l, k − l, q − k)Cν

βα(q − l, k − q, l − k)
(k − q)2(l − k)2(l − q)2 .

(9.37)

where the quartic vertex Dµναβ
abcd was defined in eq. (3.13). The factor 1/2 multiplying K4g in

eq. (9.36) accounts for the symmetry of the quartic vertex. The “unconventional” momentum
routing of the self-energy subgraph of the last diagram in eq. (9.36) (neither gluon line
carries momentum k) is useful since it allows us to combine divergent integrands in the
single-collinear limits with the gluon-loop triangle graph Γ(1)

g . The second diagram (first
diagram) vanishes in the single-collinear limit l || p1 (q || p2),

µ, a

`

q ρ, c

ν, b

`− q

k

= 0 , µ, a

`
q

ρ, c
ν, b `− q

k

= 0 . (9.38)

This can be checked straightforwardly by contracting the second term in eq. (9.37) by the
collinear momentum lµ. In fact, the scalar and ghost terms contributing to the QCD Ward
identity, eq. (3.7), vanish separately. Using the decomposition in eq. (3.12) for quartic-gluon
vertices with a longitudinally polarised gluon, the remaining two graphs give,

µ, a

`
q

ρ, c
ν, b `− q

k

= −

µ, a`

q

ρ, cν, b

`− q
k

+ 1
2

[ µ, a`

q

ρ, c

ν, b

`− q

k

−

µ, a`

q

ρ, c

ν, b

`− q
q − k ]

,

(9.39)
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and

ρ, c q `− q

ν, b

µ, a

`

k − q

=
µ, a `

q

ρ, c

ν, b

`− q

k − `

q − k

+ 1
2

[
µ, a`

q

ρ, c

ν, b

`− q
q − k

k − `

−

µ, a`

q

ρ, cν, b

`− q
k − `

k − q
]

.

(9.40)

Again, the explicit factors of 1/2 account for the symmetry of the quartic vertex diagram.
The first terms on the right-hand sides of eqs. (9.39) and (9.40) are equal to a difference
of two gluon self energy graphs,

µ, a `

q

ρ, c

ν, b

`− q

k − `

q − k

−

µ, a`

q

ρ, cν, b

`− q
k

≡ −igsfabc
[ −i

(l − q)2Π
(1) νρ
g (−k,−q)− −i

q2 Π
(1) νρ
g (q − k, q − l)

]
,

(9.41)

with Π(1)
g defined in eq. (8.4). In analogy to the fermion loop contribution, eq. (9.18), the

integrand in eq. (9.41) factorises up to a shift term when combined with gluon loop corrections
to the q and l−q legs in the l || p1 limit. As we will see below, the other graphs contributing to
eqs. (9.39) and (9.40) can be made to vanish locally against similar self-energy contributions
to the l || p1 collinear limit of the gluon loop.

The quartic vertex contribution to the gluon triangle is made finite in the single-UV
region k → ∞ by subtracting the following counterterm,

Γ(1) µνρ,abc
4g single-UV(q, k, l) = g3

s

9CA

4 fabc gµν(2l − q)ρ − gµρ(l + q)ν + gνρ(2q − l)µ

(l − q)2(k2 − M2)2 . (9.42)

9.4 Gluon loop

Finally, we analyse the gluon-loop contributions, which are more involved. They will have to
be summed with both the quartic-vertex integrand and the ghost triangle discussed previously.
In addition we will need to introduce a local infrared counterterm that integrates to zero,
but removes terms from the gluon triangle integrand that spoil local factorisation. Explicitly,
the gluon loop contribution reads,

−i

l2
−i

q2 Γ(1) µνρ,abc
g (q, k, l) ≡

µ, a

`

`− q

ν, b

ρ, c

qk

= −g3
s

CA

2 fabc −i

l2
−i

q2 Kµνρ
g (q, k, l) ,

(9.43)
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with kinematic part,

Kµνρ
g (q, k, l) = Cµαβ(l, k − l,−k)Cϵα

ν(k − q, l − k, q − l)Cβ
ϵρ(k, q − k,−q)

k2(l − k)2(q − k)2(l − q)2 . (9.44)

In the single-collinear region l || p1 we contract the three-point function with (−lµ) ≃ z1,l pµ
1

according to the approximation eq. (3.1), and write the result as a sum of four terms as follows,

(−lµ)
−i

q2 Γ(1)µνρ,abc
g (q,k, l)≡ µ, a

`

`− q

ν, b

ρ, c

qk

=Bνρ,abc
g,1 (q,k, l)+Dνρ,abc

1 (q,k, l)+Iνρ,abc
qq,1 (q,k, l)+Iνρ,abc

∆,1 (q,k, l) .

(9.45)

Below, we will explain each of the functions on the second line in turn. They are obtained
through repeated application of the Ward identity for triple-gluon vertices, shown graphically
in figure 3. The analogous Ward identity in the q || p2 limit can be obtained using eq. (9.9).

Here, Bg,1 represents all graphs where one of the internal gluon propagators, either 1/k2

or 1/(l − k)2, has been cancelled, and are therefore similar to two-point bubble insertions,
eq. (8.4). We will use symmetric integration in the loop momentum k to remove terms that
vanish after integration. Graphically, the function Bg,1 is equal to,

Bνρ,abc
g,1 (q, k, l) = µ, a

`

`− q

ν, b

ρ, c

qk
− µ, a

`

`− q

ν, b

ρ, c

qk
− µ, a

`

`− q

ν, b

ρ, c

qk

+ µ, a

`

`− q

ν, b

ρ, c

qk
+ µ, a

`

`− q

ν, b

ρ, c

qk
+ µ, a

`

`− q

ν, b

ρ, c

qk
. (9.46)

The first (second) term combines with the second and third graphs on the right-hand side
of eq. (9.39) (eq. (9.40)), which are contributions to the l || p1 Ward identity due to graphs
with a quartic gluon vertex. Their sums simplify to,

µ, a

`

`− q

ν, b

ρ, c

qk
+ 1

2

[ µ, a`

q

ρ, c

ν, b

`− q

k

−

µ, a`

q

ρ, c

ν, b

`− q
q − k ]

≡ 1
2

[ µ, a`

q

ρ, c

ν, b

`− q

k

+

µ, a`

q

ρ, c

ν, b

`− q
q − k ]

, (9.47)
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and

− µ, a

`

`− q

ν, b

ρ, c

qk
+ 1

2

[
µ, a`

q

ρ, c

ν, b

`− q
q − k

k − `

−

µ, a`

q

ρ, cν, b

`− q
k − `

k − q
]

≡ −1
2

[
µ, a`

q

ρ, c

ν, b

`− q
q − k

k − `

+

µ, a`

q

ρ, cν, b

`− q
k − `

k − q
]

. (9.48)

The sum of integrands shown pictorially in eqs. (9.47) and (9.48), which we denote by the
kinematic function U1, is given by,

Uνρ,abc
1 (q, k, l) = ig3

s

CA

4 fabc 1
q2(l − q)2

[
Cρ

αβ(−q, k, q − k)fν;αβ(l)
k2(q − k)2

+ Cν
βα(q − l, k − q, l − k)fρ;αβ(l)

(l − k)2(q − k)2

]
.

(9.49)

The function f above is defined as,

fν;αβ(l) = lβgαν + lαgβν − 2lνgαβ , (9.50)

which is symmetric under exchange of the two Lorentz indices after the semicolon. Inter-
estingly, the first (second) term in square brackets in eq. (9.49) vanishes after performing
a symmetrisation under the exchange k → q − k (q → q + l − k). As usual, symmetric
integration is implemented using a local infrared counterterm that integrates to zero,

∆Uνρ,abc
1 (q, k, l) ≡ Uνρ,abc

1 (q, k, l) + δνρ,abc
U ,1 (q, k, l) = 0 , (9.51)

with

δνρ,abc
U ,1 (q, k, l) = −ig3

s

CA

4 fabc 1
q2(l − q)2

1
2

[
fρ;

αβ(q − 2k)fν;αβ(l)
k2(q − k)2

+ fν;
αβ(q + l − 2k)fρ;αβ(l)
(l − k)2(q − k)2

]
.

(9.52)

This defines the second contribution to the local gluon triangle counterterm, eq. (9.4). Though
δνρ
U ,1(q, k, l) integrates to zero, it has a residual UV divergence for large loop momentum k.

This divergence is removed locally through the counterterm,

δνρ,abc
U,1 single-UV(q,k,l)=−ig3

s

CA

4 fabc 1
q2(l−q)2

[
gνρ

(
l·(l+2q−4k)
(k2−M2)2 −4k·lk·(l+2q)

(k2−M2)3

)
+(5−4ϵ)(lν lρ+lνqρ+lρqν)

(k2−M2)2 −2(5−4ϵ)(lνkρ+lρkν)
(

2k·q
(k2−M2)3 +

1
(k2−M2)2

)
−4k·l 4(1−ϵ)kν lρ+kρlν

(k2−M2)3

]
. (9.53)
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Next, the sum of the third and fourth graphs in the definition of the bubble contribution
Bg,1 in eq. (9.46), which we denote by E1, is given by the following integrand,

Eνρ,abc
1 (q, k, l) = µ, a

`

`− q

ν, b

ρ, c

qk
− µ, a

`

`− q

ν, b

ρ, c

qk

= ig3
s

CA

2 fabc 1
q2(l − q)2

[(q − k)ρkν

k2(q − k)2 + (l − k)ρ(q − k)ν

(l − k)2(q − k)2

]
.

(9.54)

Again, we notice that the first (second) term in square brackets is symmetric under the
exchange k → q − k (k → q + l − k), and symmetric integration yields,

∆ Eνρ,abc
1 (q, k, l) ≡ Eνρ,abc

1 (q, k, l) + δνρ,abc
E,1 (q, k, l)

= ig3
s

CA

2 fabc 1
q2(l − q)2

1
2

[(q − k)ρkν + (q − k)νkρ

k2(q − k)2

+ (l − k)ρ(q − k)ν + (l − k)ν(q − k)ρ

(l − k)2(q − k)2

]
,

(9.55)

where,

δνρ,abc
E,1 (q, k, l) = ig3

s

CA

2 fabc 1
q2(q − k)2(l − q)2

1
2

[
kρqν − kνqρ

k2

+ (l − k)νqρ − (l − k)ρqν + kν lρ − kρlν

(l − k)2

]
.

(9.56)

The UV divergence for large k is cancelled locally using the following counterterm,

δνρ,abc
E,1 single-UV(q, k, l) = ig3

s

CA

4 fabc 1
q2(l − q)2

[
lνqρ − lρqν

(k2 − M2)2

− 2 (kνqρ − kρqν)
(

k · (l + 2q)
(k2 − M2)3 + 1

(k2 − M2)2

)
+ (kν lρ − kρlν)

( 2 k · (l + q)
(k2 − M2)3 + 1

(k2 − M2)2

)]
.

(9.57)

Superficially, the last two graphs in eq. (9.46) look similar to the ghost loop contribution
to the gluon triangle, eq. (9.30). It can be shown that the sum of these two graphs, which
we represent by the function Cνρ,abc

1 (q, k, l), is proportional to (l − q)ν or qρ, i.e. one of the
“external” gluons has longitudinal polarisation. In principle such terms can be shown to
factorise from the hard-scattering tree-amplitude. However, when combined with the newly
symmetrised expression in eq. (9.55) and the ghost triangle, eq. (9.34), the result is equal to
a difference of two self-energy graphs with a ghost loop, as we will show below. Indeed, if
such a singular contribution were to exist, even after integration, it would be in violation
of the Ward-Slavnov-Taylor identity.
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Explicitly, the sum of integrands reads,

Cνρ,abc
1 (q, k, l) ≡ µ, a

`

`− q

ν, b

ρ, c

qk
+ µ, a

`

`− q

ν, b

ρ, c

qk

= −ig3
s

CA

2 fabc N νρ
1 +N νρ

2
k2q2(l − k)2(q − k)2(l − q)2 .

(9.58)

Here, N νρ
1 and N νρ

2 denote the numerators of the first and second graphs in eq. (9.58),
which read

N νρ
1 = k · (l − k)(q − k)νkρ ,

N νρ
2 = k · (l − k)(l − k)ν(q − k)ρ .

(9.59)

Their sum can be written as

N νρ
1 +N νρ

2 ≡ k · (l − k) [(q − l)νkρ + (l − k)νqρ] . (9.60)

Using the relation

2k · (l − k) = l2 − (l − k)2 − k2 , (9.61)

and discarding terms of O(l2), which give a vanishing contribution to the collinear limit
l || p1, we obtain,

Cνρ,abc
1 (q, k, l) = 1

2

[
µ, a

`

`− q

ν, b

ρ, c

qk
+ µ, a

`

`− q

ν, b

ρ, c

qk

+ µ, a

`

`− q

ν, b

ρ, c

qk
+ µ, a

`

`− q

ν, b

ρ, c

qk

]
.

(9.62)

Then, when we combine ∆ E1, defined in eq. (9.55), with C1 and the ghost triangle
contribution, eq. (9.34), we obtain,

(−lµ)
−i

q2 Γ(1) µνρ,abc
gh (q, k, l) + ∆ Eνρ,abc

1 (q, k, l) + Cνρ,abc
1 (q, k, l) + δνρ,abc

gh (q, k, l)

= −igsfabc
[ −i

(l − q)2 Π(1) νρ
gh, sym(−k,−q)− −i

q2 Π(1) νρ
gh, sym(q − k, q − l)

]
. (9.63)

Here, we have defined the local infrared counterterm,

δνρ,abc
∆ gh (q, k, l) = −igsfabc 1

2

[ −i

(l − q)2 δρν
gh(k, q)− −i

q2 δρν
gh(q − k, q − l)

]
. (9.64)

The terms δρν
gh(k, q) and δρν

gh(q − k, q − l) on the right-hand side are required to symmetrise
bubble-type ghost loop contributions under the exchanges k → q − k and k → q + l − k,
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respectively, according to the prescription given in eq. (8.6). The contributions to the three-
loop amplitude in the l || p1 limit given by the right-hand side of eq. (9.63) factorise up to
a shift term when combined with corrections to the external legs of the triangle subgraph,
following the discussion after eq. (9.18). Again, we require a local counterterm to remove a
left-over divergence in eq. (9.64) in the single-UV region, which has the following form,

δνρ,abc
∆ gh single-UV(q, k, l) = ig3

s

CA

4 fabc 1
q2(l − q)2

[
qν lρ − qρlν

(k2 − M2)2

+ 2 (kνqρ − kρqν)
(

k · (l + 2q)
(k2 − M2)3 + 1

(k2 − M2)2

)
+ (lνkρ − lρkν)

( 2 k · (l + q)
(k2 − M2)3 + 1

(k2 − M2)2

)]
.

(9.65)

The term Iqq,1 on the right-hand side of eq. (9.45) consists of graphs that lead to collinear
insertions on the quark line, which can be shown to factorise independently. The function
I∆,1 contains all gluon triangle graphs where one of the “external” propagators 1/q2 or
1/(l − q)2 is cancelled. These terms vanish against ghost contributions to the qq̄g-vertex,
(−lµ)Γ(2) µ

qqg , either exactly or after a loop-momentum shift. The precise mechanism will be
discussed in the next section.

We note that the integrands where the propagator 1/(q − k)2 is cancelled require special
treatment through the addition of a local infrared counterterm δνρ,abc

D,1 . As we will see, the
modified integrand can be distributed among the functions Iqq,1 and I∆,1. To understand
this point, we consider the difference,

Dνρ,abc
1 (q,k,l)≡ µ, a

`

`− q

ν, b

ρ, c

qk
− µ, a

`

`− q

ν, b

ρ, c

qk

=−ig3
s

CA

2 fabc Cανρ(l−k,q−l,k−q)kα+Cβνρ(k,q−k,−q)(l−k)β

k2q2(l−k)2(l−q)2

= ig3
s

CA

2 fabc
[ 1

k2(l−k)2 [Q
νρ
0 (l,q)+Oνρ

0 (l,q)]+ (l−k)ν lρ−kρlν

k2q2(l−k)2(l−q)2

+ gνρ

q2(l−q)2

( 1
(l−k)2 −

1
k2

)]
,

(9.66)

Above, we recognise the familiar QCD Ward identity, eq. (3.7), up to terms in the integrand
that are antisymmetric under the exchange k → l−k. The term on the last line is a difference
of two scaleless integrals, which vanish individually after integration over k. These terms are
an impediment to local factorisation. However, we can remove these contributions altogether
through the use of symmetric integration of the bubble integrand ∼ 1/k2(l − k2), equivalent
to adding a counterterm of the form,

δνρ,abc
D,1 (q, k, l) = 1

2
[
Dνρ,abc

1 (q, l − k, l)−Dνρ,abc
1 (q, k, l)

]
, (9.67)
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which is the last contribution to eq. (9.4). This yields,

Dνρ,abc
1 (q, k, l) + δνρ,abc

D,1 (q, k, l) ≡
µ, a

` ν, b

ρ, cq

q − `

k

= ig3
s

CA

2 fabc 1
k2(l − k)2 [Qνρ

0 (l, q) + Oνρ
0 (l, q)] .

(9.68)

As in eq. (4.19) symmetrisation of the bubble integrand under k → l − k is implied in the
graphical notation on the right-hand side. The local infrared counterterm δD,1 has the effect
of removing terms from eq. (9.66) that are antisymmetric under the exchange k → l − k,
and is therefore valid only in the region l || p1. To avoid spurious contributions to the q || p2
region we use the prescription in eq. (9.7), with a modified fermion propagator. As usual, the
integrand-level modifications corresponding to δD,1 generate additional UV divergences in
the region where k becomes large. While they integrate to zero, we require a counterterm
to remove them locally,

δνρ,abc
D,1 single-UV(q, k, l) = ig3

s

CA

2

[
gνρ

(
l · (l − 2k)
(k2 − M2)2 − 4(k · l)2

(k2 − M2)3

)

+ (kν lρ + kρlν)
( 2 k · l

(k2 − M2)3 + 1
(k2 − M2)2

)
− lν lρ

(k2 − M2)2

]
.

(9.69)

The ghost term in eq. (9.68), proportional to Oνρ
0 (l, q), leads to collinear insertions along

the fermion line of the three-loop electroweak amplitude. By our definition, it therefore
contributes to the function Iqq,1 on the right-hand side of eq. (9.45), as follows,

∆Iνρ,abc
qq,1 (q, k, l) = Iνρ,abc

qq,1 (q, k, l) + ig3
s

CA

2 fabc Oνρ
0 (l, q)

k2(l − k)2 . (9.70)

We represent the function ∆Iνρ,abc
qq,1 graphically by,

∆Iνρ,abc
qq,1 (q, k, l) = µ, a

`

`− q

ν, b

ρ, c

qk
+ µ, a

`

`− q

ν, b

ρ, c
qk

+ µ, a

`

`− q

ν, b

ρ, c

qk

+ µ, a

`

`− q

ν, b

ρ, c
qk

+
µ, a

` ν, b

ρ, cq

q − `

k
+

µ, a

` ν, b

ρ, cq

q − `

k
. (9.71)

Note that this implicitly defines the unmodified function Iνρ,abc
qq,1 given by all but the last

two terms.
Similarly, we add the contributions from the first term in eq. (9.68) to the function

I∆,1, which defines the modified integrand,

∆Iνρ,abc
∆,1 (q, k, l) = Iνρ,abc

∆,1 (q, k, l) + ig3
s

CA

2 fabc Qνρ
0 (l, q)

k2(l − k)2 , (9.72)
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and is represented by the following sum of graphs,

∆Iνρ,abc
∆,1 (q, k, l) = µ, a

`

`− q

ν, b

ρ, c

qk
+ µ, a

`

`− q

ν, b

ρ, c

qk
− µ, a

`

`− q

ν, b

ρ, c

qk

− µ, a

`

`− q

ν, b

ρ, c

qk
+

µ, a

` ν, b

ρ, cq

q − `

k
−

µ, a

` ν, b

ρ, cq

q − `

k
. (9.73)

The last two terms denote the scalar contributions proportional to Qνρ
0 (l, q) in eq. (9.68).

We have explicitly checked that the sum eqs. (9.71) and (9.73) agrees with the known
Ward-Slavnov-Taylor identity.

Finally, the sum of ghost and gluon loop contributions to the gluon triangle is rendered
finite in the single-UV region by subtracting the counterterm,

Γ(1) µνρ,abc
g single-UV(q, k, l) + Γ(1) µνρ,abc

gh single-UV(q, k, l)

= −g3
s

CA

2 fabc 1
(l − q)2

[
16(1− ϵ) kµkνkρ

( 2 k · (l + q)
(k2 − M2)4 + 1

(k2 − M2)3

)
− 8(1− ϵ) kνkρlµ + kµkρlν + kµkρqν + kµkνqρ

(k2 − M2)3

+ 2 (gνρkµ + gµρkν + gµνkρ)
(

k · (l + q)
(k2 − M2)3 + 1

(k2 − M2)2

)
+ 4(gµν lρ + gνρqµ)− 3 (gνρlµ + gµρlν + gµρqν + gµνqρ)

(k2 − M2)2

+ 2 k · q gνρkµ + 2 k · l gµνkρ

(k2 − M2)3

]
. (9.74)

10 Local factorisation for ghost terms

In section 5 we established Ward identities for two-loop corrections to the quark-antiquark-
gluon vertex, excluding gluon triangle subgraphs. In the single-collinear regions where the
vertex is contracted by the longitudinal polarisation of the external gluon, the result can be
expressed in terms of a difference of two-loop quark self-energy corrections plus contributions
that cancel by loop momentum shifts and require shift regularisation. Consequently, for
general three-loop electroweak amplitudes, scalar contributions to the Ward identities factorise
up to shift-integrable Feynman graphs that can be cancelled locally through appropriate
shift counterterms, cf. section 7.

In this section, we extend this analysis by examining the ghost contributions that appear
on the right-hand side of the two-loop QCD Ward identities, and investigate the interplay
with modified gluon triangle subgraphs, discussed in section 9. As we will see below, ghost
terms require shift regularisation and factorise locally only up to uncancelled loop polarisation
terms, related to ghost self-energy corrections.
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In the previous section we developed graphical rules for the gluon triangle in the single-
collinear limits. Of interest here are 1) the subgraphs that lead to collinear insertions on the
fermion line, represented by the function ∆Iqq, and 2) the integrands ∆I∆ where one of the
gluon lines connecting directly to the fermion line (with momentum l or q − l) is cancelled
by Ward identities. The pictorial representations of these functions are given in eqs. (9.71)
and (9.73) for the l || p1 limit. We will consider each of these contributions in turn below.
We repeat that the bubble-type subgraphs Bg, where one of the “internal” k-dependent
propagators is cancelled, are combined with ghost loop contributions and graphs with a
quartic gluon vertex, and are regularised separately, cf. the discussion after eq. (9.46).

The graphs contributing to Γ(2) µ
qqg are all one-particle irreducible, though we will also have

to consider diagrams without (two-loop) ladder structure. These involve disjoint insertions
of the one-loop subgraphs on the same fermion line, satisfying the one-loop Ward identity,
eq. (4.11). In particular, we are interested in diagrams with a three-gluon vertex, which
we label by the superscript (NL − 3V ),

gsΓ(2,NL−3V )µ,c
qqg (q,k,l)=

p

k`
q µ, c

+
p

k`
q µ, c

=g5
s

CACF

2 tc

[
S(1)(p+q,k) i

/p+/q
W (1)µ(p,q,l)+W (1)µ(p,q,k) i

/p
S(1)(p,l)

]
,

(10.1)

where S(1) and W (1) µ = Q(1) µ + O(1) µ were defined in eqs. (4.9) and (4.5), respectively. We
define the ghost contributions to Γ(2,NL−3V ) µ

qqg to be,

O(2,NL−3V ) µ(p, q, k, l) = S(1)(p + q, k) i

/p + /q
O(1) µ(p, q, l)

+ O(1) µ(p, q, k) i

/p
S(1)(p, l) ,

(10.2)

where we have extracted the terms proportional to O(1) µ in eq. (10.1).
We let O(2) µ be the sum of ghost terms from two-loop corrections to the fermion

propagator involving one or more three-gluon vertices (except the gluon three-point function),
defined in appendix C. We find it convenient to decompose O(2) µ in terms of two colour
coefficients as follows,

O(2) µ,c(p, q, k, l) = g5
s tc i

/p + /q

[
CACF

2

(
O(2,NL−3V ) µ + O(2,UL) µ + O(2,XL) µ

)
+ C2

A

4

(
O(2,d3V ) µ − O

(2,UL) µ
2 − O(2,XL) µ

)]
i

/p
,

(10.3)

where for readability we have suppressed the kinematic dependence on the right-hand side.
Here, we consider the limit where the gluon with loop momentum q becomes collinear to the
incoming anti-quark and apply the approximation of eq. (3.2). Factorisation is guaranteed for
both single-collinear regions, except for shift-integrable contributions that can be cancelled
using local counterterms, as well as loop polarisation terms which we will discuss at the
end of this section.
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We contract eq. (10.3) with a longitudinal polarised gluon momentum qµ, and apply the
QCD Ward identities, eqs. (3.4), (3.7) and (4.18), which yields,

qµO(2) µ,c = O(2) c
2 − O

(2) c shift
2 + O

(2) c
∆,2 + O

(2) c
NF,2 . (10.4)

Below, we explain each term on the right-hand side in turn, while their explicit derivation
is provided in appendix E.

The function O(2) c
2 is analogous to the ghost contribution to the Ward identity at one loop,

cf. eqs. (4.18)–(4.20), consisting of terms where one of the outermost fermion propagators has
been cancelled. The resulting expression, which is quite lengthy, is provided in diagrammatic
form in eq. (E.11). We analyse the remaining terms on the right-hand side of eq. (10.4) in
more detail, since a priori they constitute an obstacle to local factorisation.

In ref. [188] it was shown that in the single-collinear regions ghost contributions factorise
independently from the two-loop electroweak amplitude, without extra modifications to
the integrand. At three-loop order this is no longer the case, since we have additional
non-factorisable shift contributions also for ghost terms, given by,

O
(2)cshift
2 (p,q,k,l)= ig5

s

C2
A

4 tc
[
/l(/p+/l)

(
S(1)(p+l,k)−S(1)(p+l,k−l)

)
+
(
S(1)(p+l,k)−S(1)(p+l,k+q−l)

)
(/p+/l)(/q−/l)

] 1
l2(l−q)2(p+l)2

≡ CA

2CF

[(
p

k
`

q
µ, c

−(k→k+q−l)
)

−
(

p
k

`

q
µ, c

−(k→k−l)
)]

. (10.5)

Clearly, O
(2) c shift
2 vanishes after integrating out the one-loop fermion self-energy subgraph, i.e.

it is one-loop shift-integrable in the variable k. However, as for the scalar shift contributions
to the Ward identity, this leads to non-factorisable graphs at the amplitude level and need to
be subtracted in the FFS scheme. We note that the analogous shift mismatch in the l || p1
limit for self energy corrections to the antiquark is related by complex conjugation.

The term O
(2) c
∆,2 in eq. (10.3) has the diagrammatic form,

O
(2) c
∆,2 (p, q, k, l) = CA

2CF

[
p

`

q
µ, c

k −

p

`

q
µ, c

k

]
+

p

` k
q

µ, c

−
p

` k
q

µ, c

+
p

`
k

q
µ, c

−
p

`
k

q
µ, c

. (10.6)

In appendix E we show that the contributions of the first two graphs proportional to the
colour factor CACF /2 cancel against similar graphs from the uncrossed ladder topology, and
the remainder is proportional to C2

A/4. Therefore, we multiply this combination by the
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non-standard colour factor CA/2CF . Equation (10.6) combines with the I∆ contributions
from the gluon three-point function, defined in eq. (9.73). Their sum cancels up to additional
non-factorisable one-loop shift-integrable terms, which we denote by O

(2) c shift
∆,2 ,

O
(2) c shift
∆,2 (p, q, k, l) = −

[
O

(2) c
∆,2 (p, q, k, l)− CA

2 ∆Iαβ
∆,2(q, k, l)

γβ(/p + /l)γα

(p + l)2

]

= ig5
s

C2
A

4 tc

[
(/l − /k)(/p + /k)(/l − /q)

l2(q − k)2(l − k)2(l − q)2(p + k)2 − S(1)(p + q, k − q)
l2(l − q)2

− lµW (1) µ(p + l, q − l, k − l)
l2(l − q)2

]
− (k → k + q)

≡ CA

2CF

p

k − qq
µ, c

` +
p

`

k − q
q

µ, c

−
p

`

k − q
q

µ, c

− (k → k + q) .

(10.7)

For the general electroweak amplitude, we again require a prescription to remove non-
factorised ghost terms that cancel by loop momentum shifts. However, this do not seem to
admit a representation in terms of regular Feynman diagrams in analogy to the discussion in
section 7. Instead, we remove ghost shift terms directly using the following counterterm,

δ
(3,O)
shift,1(p1, p2, q, k, l; {q1, . . . , qn}) =

{[p1

p2

k−`
`

n1

n2

q

−

p1

p2

k−`
`

n1

n2

q

− CA

2CF

p1

p2

k−q

`

n1

n2
q

]
− (k → k + q)

}

−
(

CA

2CF

p1

p2

k−`
`

n1

n2
q

− (k → k + l)
)
+
(p1

p2

k

`

n1

n2

q − (k → l − q − k)
)

,

(10.8)

which is the last remaining contribution to eq. (7.11). Again, the corresponding counterterm
for the q || p2 limit is analogous and we do not show it here. No fermion mass prescription
(cf. eqs. (7.16) and (9.7)) is required in this case.

Next, we investigate the subgraphs contributing to Iqq. It can be shown that the two
graphs on the last line of eq. (9.71), which correspond to the ghost contributions to the identity
in eq. (9.68), factorise independently when we sum over all such diagrams contributing to the
relevant single-collinear region. As subgraphs of the two-loop corrections to the qq̄g-vertex
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their contributions read,

− ig5
s

C2
A

4 tc Oµν
0 (q, l)

k2(q − k)2
γβ(/p + /l)γα

(p + l)2

≡ k

`
q − `

µ, c
q

p

+ k

`
q − `

µ, c
q

p

= k

`
q − `

µ, c
q

p

− k

`
q − `

µ, c
q

p

+ k

`
q − `

µ, c
q

p

− k

`
q − `

µ, c
q

p

. (10.9)

Each collinear insertion leads to two terms according to the abelian Ward identity, eq. (3.4).
We remark that the sum of graphs in eq. (10.9) where the fermion propagator i/(/p + /l)
is cancelled is proportional to /q, and therefore equivalent to the contraction of the scalar
polarised gluon momentum with the qq̄g-vertex. This is in complete analogy to the one-loop
bubble identity, eq. (4.19). To be specific, we obtain the relation,

k

`
q − `

µ, c
q

p

− k

`
q − `

µ, c
q

p

= ig5
s

C2
A

4 tc /q

k2l2(q − k)2(l − q)2

= 1
2

[
k

`
q − `

µ, c
q

p

+ k

`
q − `

µ, c
q

p

]
≡ k

`

µ, c
q

p

(10.10)

This consists of a two-fold symmetrisation of the bubble integrands over their loop momentum
flows, k → q−k and ℓ → q− ℓ. This identity leads to a factorised integrand at the amplitude-
level. Collinear insertions on either side of an electroweak vertex lead to pairwise cancellations
of singular integrands. The underlying mechanism of local factorisation is therefore the same
as for the one-loop amplitude and we will not explain this further.

10.1 Loop polarisations in ghost terms

Next, consider the class of diagrams discussed in section 7.1, involving a (modified) one-
loop p1 jet function in the region (1l, Hk, Hq) with an outgoing longitudinal gluon with
momentum l, connecting to a triple-gluon vertex. Factorisation of ghost terms follows directly
from application of the one-loop Ward identities, eqs. (3.7) and (4.19), and is, up to the
quark jet function, equivalent to factorisation of ghost terms for the two-loop amplitude
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`
q − `

µ, c

q
k

p

−
`

q − `

µ, c

q
k

p

+
`

q − `

µ, c

q
k

p

−
`

q − `

µ, c

q
k

p

Figure 12. Subgraphs Γ(2) c
NF,2 originating from the q || p2 Ward identity that yield locally non-

factorisable loop polarisation terms.

(cf. section 5.3 in ref. [188]),

lim
l→−z1,lp1

−igµν

l2
v(p2)M̃(1) µ,c(p1 + l, p2, q; {q1, . . . , qn})

(/p1 + /l)
(p1 + l)2∆J (1) ν,c

1 (p1, l, k)u(p1)
∣∣∣∣∣
ghost

= −

p1

p2

`
µ, c q

J (1)
1

q1

qn

−

p1

p2

`
µ, c q

J (1)
1

q1

qn

+ finite . (10.11)

Terms where the 1/(/p1 + /l) quark propagator is cancelled are not divergent in the l || p1
limit and are not explicitly shown on the right-hand side. Modifications to the one-loop
quark jet function, as summarised in section 4.2, eliminate non-factorising loop polarisation
terms from the jet subgraph.

Now, we analyse the remaining contributions to eq. (9.71), which factorise up to loop
polarisation terms that cannot be removed by symmetric integration. The problematic
subgraphs in the q || p2 region are shown in figure 12, and we denote the corresponding
integrand by Γ(2) c

NF,2. Explicitly, we have,

Γ(2) c
NF,2(p, q, k, l) = ig5

s

C2
A

4 tc 1
(l − k)2

1
2

[
4/k − /q

l2k2(q − k)2 −
2(/l − /q)

l2k2(l − q)2

+
3/q − 4/k

k2(q − k)2(l − q)2 + 2/l

l2(q − k)2(l − q)2 − /qq2

l2k2(q − k)2(l − q)2

]
.

(10.12)

To obtain the right-hand side we have written scalar products in the numerator in terms
of the inverse propagators of the triangle integrand. The last term in square brackets
is of O(q2) and therefore finite in the q || p2 limit, which means we can safely ignore it.
Terms proportional to /q are unproblematic, since they are equivalent to a contraction of
the longitudinal polarisation vector qµ at the qq̄g vertex and factorise in analogy to the
identity (4.19). However, terms proportional to /l and /k spoil local factorisation since they
correspond to an arbitrary polarisation.

Similarly non-factorising subgraphs appear on the right-hand side of eq. (10.4), denoted
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by O
(2) c
NF,2 and defined by,

O
(2) c
NF,2(p, q, k, l) ≡

p

q
µ, c

`

k − q

−

p

q
µ, c

k`

= ig3
s

CA

2 tc

[
(/q − /l) Π̃(q − l,−k)

l2(l − q)2 +
/k Π̃(k, l)

k2(q − k)2

]
,

(10.13)

where the symmetrised ghost self-energy Π̃ was defined in eq. (4.21). Again, these graphs
constitute locally non-factorisable contributions and cannot be removed using symmetric
integration due to different momentum dependence in the ghost self-energy subgraphs. Shifting
the first term in square brackets in eq. (10.13) by k → k − q and combining eqs. (10.13)
and (10.12) one can show that the uncancelled non-factorising part is proportional to a
difference of two bubble integrands. We note that these terms also spoil collinear factorisation
in the double-UV region, where k and l correspond to large loop momenta but q has scalar
polarisation.

11 Conclusions

In this paper, we have made crucial steps in applying the local factorisation framework
developed in refs. [166, 188] for the first time to the production of multiple off-shell electroweak
bosons in quark-antiquark scattering at the three-loop order. A key achievement has been the
derivation of local Ward identities for both the two-loop corrections to the quark-antiquark-
gluon vertex and the one-loop gluon triangle subgraph, which constitute some of the main
results of this paper.

Ward identities are the key mechanism by which local factorisation is achieved in the
form-factor subtraction method. Through the systematic use of Ward identities on the
amplitude integrand, infrared singularities are shown to factorise from a hard-scattering
function containing the dependence on the mass-scales and momenta of the final-state
electroweak bosons. This enables the use of the simplest process, the 2 → 1 form factor, to
remove initial-state infrared singularities directly from the loop integrand. All counterterms
contain quadratic denominators, so that the resulting integrals can be deformed in the complex
plane to avoid threshold singularities. Moreover, we have established how the gluon three-
point subgraph connects with other two-loop corrections to quark-antiquark-gluon vertex
through Ward identities. In addition, we have derived Ward identity-preserving ultraviolet
counterterms for two-loop Green’s functions, which are a crucial element in maintaining
integrability in mixed UV-collinear regions, a necessary step for managing the interplay of
singularities at three loops and beyond.

As has been shown in ref. [188], the triple-gluon vertex contracted with a scalar polari-
sation of an external gluon can be written as a sum of two scalar terms (for which a hard
propagator is cancelled) and two ghost-gluon vertices multiplied by a momentum vector
each. We have generalised this to the one-loop gluon three-point function, which is equivalent
to a local implementation of the well known Ward-Slavnov-Taylor identities. Using local
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infrared counterterms that correspond to symmetric integration of the gluon triangle in the
single-collinear regions, we were able to 1) combine bubble-type integrands with one-loop
corrections to the external legs, and 2) remove locally non-factorising contributions from
the gluon triangle subgraph.

At three loops, the amplitude exhibits locally non-factorising contributions of two kinds:
those that cancel after individual loop momentum shifts and those involving virtual gluon
momenta that do not satisfy local Ward identities. To address the former, we have developed
local infrared counterterms for both the amplitude and the form factor subtraction terms,
in a non-trivial extension of the approach introduced ref. [188]. The challenge was to avoid
spurious contributions of counterterms in different collinear regions, made possible by the
introduction of a fictitious fermion propagator with a judicious choice of mass regulator.
The shift counterterms are a critical component of the form-factor subtraction approach
and underscore its versatility at higher loops. In particular, we have derived new two-loop
shift-integrable counterterms that cancel shift mismatches in two loop momentum variables.
The counterterms for scalar contributions to shifted integrands are represented in terms
of standard Feynman diagrams multiplied by non-standard colour factors. We have also
identified familiar one-loop factorisable and shift-integrable terms in diagrams containing a
regularised one-loop quark jet function. Additionally, we have encountered for the first time
shift integrands due to ghosts contributions to the Ward identities propagating in the loop.
We note that the corresponding shift counterterms, which eliminate these terms directly from
the three-loop integrand, do not allow a representation in terms of regular Feynman diagrams.

While the introduction of zero integrals via integrand symmetrisation and shift terms —
required to enable local Ward identity cancellations — does not pose a conceptual issue, it is
expected to impact numerical implementations. In particular, these additional terms may
increase the evaluation time of integrands and potentially affect numerical stability due to
large local cancellations. We aim to address these challenges in future work.

Another significant challenge we encountered is the appearance of loop polarisation terms
in ghost contributions to single-collinear regions. At two loops ghost contributions factorise
separately and are cancelled by the corresponding form factor counterterms containing a
triple-gluon vertex. However, at three loops the gluon triangle subgraph, combined with
subgraphs containing two triple-gluon vertices, introduces non-factorised ghost contributions
that we could not eliminate using symmetric integration.

Loop polarisations also occur when a virtual collinear gluon connects to a jet subgraph.
While counterterms have been developed for two-loop QED corrections in electron-positron
annihilation [166] and later for QCD corrections in quark-antiquark scattering [188], extending
this procedure to the two-loop quark jet function at three loops remains essential. Moreover,
similar generalisations will be critical for the gluon jet function, which plays a key role in
other phenomenologically significant processes, such as electroweak production through gluon
fusion near the quark pair production threshold and Higgs production at two loops in Higgs
Effective Field Theory. In addition, the expectation is that the methods developed in this
paper — including the two-loop Ward identities and modifications to the gluon triangle
subgraph — can, in future work, be applied to processes with colourful final states.

Loop polarisations present a significant challenge to the local subtraction program, and
whether the standard symmetrisation approach is valid for more complex processes remains an
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open question. Since these issues originate from the momentum-space integral representation
of the scattering amplitude, exploring alternative formulations, such as Schwinger, Feynman-
parameter, or Mellin-Barnes representations, may provide new insights, albeit at the cost of
additional integrations over auxiliary variables and potentially obscuring gauge symmetries as
well as complicating numerical integration. However, we anticipate that further refinements
in our approach will help address these challenges in future work.

In summary, the techniques introduced in this work, including three-loop shift coun-
terterms, local modifications to the gluon triangle subgraph, and the derivation of two-loop
Ward identities, lay the groundwork for extending the approach beyond two loop electroweak
amplitudes, while resolving the remaining challenges involving loop polarisation terms will be
crucial for completing the local subtraction framework at three loops.
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A Collinear approximations

To show local factorisation, we perform a light-cone approximation of the metric tensor with
respect to the direction specified by the momentum kµ of the virtual electroweak boson or
gluon, which becomes on-shell on the collinear pinch surface (PS) [166],

gµν = kµην
i

k · ηi
+ kνηµ

i

k · ηi
− η2

i kµkν + k2ηµ
i ην

i

(k · ηi)2 + gµν
⊥ , i = 1, 2 , (A.1)

where ηi is an auxiliary vector chosen to have a large rapidity separation from p1 (p2) in
the collinear limit k || p1 (k || p2), with gµν

⊥ kν = gµν
⊥ ηi ν = 0, to avoid producing additional

pinches. Since the virtual momentum goes on-shell in either collinear limit, we can drop
the term proportional to k2 = 0 in eq. (A.1) without affecting the collinear behavior of the
amplitude. In ref. [166] we found it is useful to introduce an alternative version of eq. (A.1)
containing quadratic, instead of linear, denominators,10

gµν = 2kµην
i

di(k, ηi)
+ 2kνηµ

i

di(k, ηi)
− 4η2

i kµkν

d2
i (k, ηi)

+ gµν
⊥ , i = 1, 2 , (A.2)

with

d1(k, η1) = −(k − η1)2 + η2
1 , d2(k, η2) = (k + η2)2 − η2

2 . (A.3)

We note that eqs. (A.1) and (A.2) agree in the strict collinear limits, where k2 = 0. Similarly,
for the jet-line momentum k we perform a light-cone decomposition with respect to the
collinear directions specified by the external momenta p1 and p2,

kµ = zi,k pµ
i + kµ

⊥i + βi,k η′µ
i , 0 < zi,k < 1 , i = 1, 2 , (A.4)

10The choice η1 = p2 (η2 = p1) allows us to combine the integrands valid in the collinear regions k || p1

(k || p2) with the soft approximation into a single form factor subtraction term, cf. section 3.1 of ref. [166].
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with

zi,k = k · η′
i

η′
i · pi

, βi,k = k · pi

η′
i · pi

. (A.5)

Above, η′
i is an auxiliary light-like vector, zi is the momentum fraction of the jet-line in the

direction of the external on-shell momentum pi and k⊥i determines the transverse distance
from the pinch singularity, k⊥i · η′

i = 0 and k⊥i · pµ
i = 0. We note that in general η′

i is
not related to the auxiliary vector ηi in eq. (A.1) although in practice we set η′

1 = η1 = p2
and η′

2 = η2 = p1.
To identify the strength of the pinch singularities, we perform some elementary power

counting by rescaling the components of soft and collinear momenta by a dimensionless
parameter λ and extracting the leading divergent behaviour of the amplitude in the limit
λ → 0. Soft lines have momenta that are vanishing in all four components, and scale as,

ℓj ∼ λQ , (A.6)

where Q = √
s12. Since a pinch surface S is specified by algebraic conditions on loop momenta,

it can be understood as an algebraic surface embedded within the loop momentum space of
the Feynman graph [199]. Therefore, it is useful to distinguish between intrinsic coordinates,
which parametrise the pinch surface, and normal coordinates, which determine deviations from
the pinch surface. For a soft divergence, the PS has dimension zero, i.e. is given by a point in
loop momentum space, and the normal coordinates are given by the components ℓµ

j . The
components zi,k pµ

i correspond to points on the collinear PS. The jet line components scale as,

βi,k ∼ λQ , k⊥i ∼
√

λQ . (A.7)

To leading order in the limit k || pi, we can approximate any vector vµ(pi, zi,k) in the
direction of pi by,

vµ(pi, zi,k) ∼
v · ηi

di(k, ηi)
kµ = f(zi,k)pµ

i +O(
√

λ) . (A.8)

Again, we have replaced linear denominators for quadratic ones, ηi · k → di. Together,
eqs. (A.2) and (A.8) produce the correct behaviour in the corresponding collinear limits
k || p1 or k || p2.

B Counterterms for the one-loop jet function

At one-loop, the quark jet function reads,

J (1) µ,c
1 (p1, k, l)u(p1) = p1

`

k
µ, c

+
p1

`
k

µ, c + p1

`

k
µ, c

= g3
s tc
[(

CA

2 − CF

)
V (1) µ(p1, k, l) + CA

2 W (1) µ(p1, k, l)

+ CF N
(1)
S (p1 + k, l)γµ

]
u(p1) , (B.1)
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where we define N
(1)
S to include the adjacent quark propagator,

N
(1)
S (p1 + k, l) = S(1)(p1 + k, l) /p1 + /k

(p1 + k)2 . (B.2)

In the definition of the one-loop jet function we exclude the quark propagator with momentum
p1 + k. The one-loop two- and three-point functions V (1) µ, W (1) µ and S(1) were defined
in eqs. (4.2), (4.5) and (4.9), respectively. At the integrand level, the quark self energy
N

(1)
S (p1 +k, l) has an enhanced collinear divergence in the region (1k, Hl) due to an additional

power of the quark propagator with momentum p1 + k. Though this integrates to factorisable
form, it spoils manifest local factorisation. As a consequence we can no longer use the collinear
approximation of eq. (3.1), which is only valid at leading order in the collinear expansion,
eq. (A.4). As has been shown in ref. [188] this can be remedied by making the replacement,

N
(1)
S (p1 + k, l) → ∆N

(1)
S (p1 + k, l) = (1− ϵ)

(p1 + k + l)2l2
, (B.3)

where ∫
l

[
N

(1)
S (p1 + k, l)−∆N

(1)
S (p1 + k, l)

]
= 0 . (B.4)

The modified quark self-energy ∆N
(1)
S is obtained by symmetrising under the loop-momentum

exchange l → −(p1 + k + l), which is equivalent to adding a counterterm δS,1,

∆N
(1)
S (p1 + k, l) = N

(1)
S (p1 + k, l) + δS,1(p1, k, l) , (B.5)

with

δS,1(p1, k, l) = −(1− ϵ)
(/p1 + /k + 2/l)(/p1 + /k)
(p1 + k + l)2l2(p1 + k)2 ,

∫
l

δS,1 = 0 . (B.6)

Adopting the language of ref. [188], we shall refer such modifications as symmetric integration.
Both the original and the modified quark self-energy function is finite in the region (1l, Hk).

The modified quark jet function, which cancels the k || p1 singularity and is free of loop
polarisations in this region, reads,

∆J (1) µ,c
1 (p1, k, l) =

[
J (1) µ,c

1 + CF δS,1γµ + δµ,c
⊥,1 + δµ,c

J ,1

]
|η′

1=p2 , (B.7)

where for legibility we have suppressed the kinematic dependence of the functions on the
right-hand side. The local infrared counterterms δ⊥,1 and δJ ,1 remove loop polarisation
terms from the one-loop jet integrand with,

δµ,c
⊥,1(p1, k, l) = −g2

s tc 2(1− ϵ)
l2(p1 + l)2 /l⊥

[
CF

(p1 + l)µ

(p1 + k + l)2

− CA

2
2lµ

(l − k)2 + (l → l̃ )
]

,

(B.8)
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and11

δµ,c
J ,1(p1, k, l) = g3

s tc
[

CA

2 [Vk(k,−l − p1)− Vk(k, l)]

+ CA δJ µ(p1, k,−l − p1)− CF δJ µ(p1, k, l)
]

,

(B.9)

where

δJ µ(p1, k, l) = 2(1− ϵ)
(p1 + l + k)2

(
2lµ + pµ

1 + kµ

l2
− 2(p1 + l)µ + kµ

(p1 + l)2

)
/η′

1
2p1 · η′

1
, (B.10)

and V
(1) µ

k is the part of the one-loop vertex function V (1), defined in eq. (4.28), that produces
a divergence when l is hard and k becomes collinear to p1,

V
(1)

k (p1, k, l) = − 2(1− ϵ)
(p1 + l + k)2

[
2(p1 + l)µ/l

l2(p1 + l2) − γµ

l2

]
. (B.11)

Here, we (implicitly) perform a light-cone decomposition of the loop momentum lµ and the
Dirac matrix /l in the p1-direction according to eq. (A.4). Finiteness in the region (1k, Hl)
can be shown by decomposing also the Dirac matrix γµ into light-cone components as follows,

γµ =
pµ

1 /η′
1

p1 · η′
1
+

η′µ
1 /p1

p1 · η′
1
+ γµ

⊥ , (B.12)

with γµ
⊥ p1 µ = γµ

⊥ η′
1 µ = 0. The vector l̃µ on the right-hand side of eq. (B.8) is equivalent

to lµ up to a reflection on the transverse plane l⊥ → −l⊥. The choice η′
1 = p2 guarantees

finiteness in the region (2k, Hl).
Counterterms for the p1 jet function do not affect the l || p1 region, which factorises (up

to shift-integrable terms) and whose singularity is removed by a form-factor counterterm.
Diagrams where the gluon line with momentum k directly attaches to the incoming anti-
quark leg also exhibit a collinear divergence in the limit k || p2. Application of the QCD
Ward identities on the (UV-regulated) quark jet integrand in the region (2k, Hl) produces
a shift-mismatch, proportional to a (renormalised) on-shell one-loop self-energy correction.
Though this shift-mismatch is equivalent to a scaleless integral which vanishes in dimensional
regularisation, it spoils local factorisation. By construction, the jet counterterms eliminate this
shift-mismatch locally, i.e. the modified jet integrand vanishes when contracted by kµ ≃ zk,2pµ

2 ,
except for non-abelian terms Oµ which generate the whole singularity in the region (2k, Hl),

kµ ∆J (1) µ,c
1 (p1, k, l) ≡

µ, ck

∆J (1)
1

p1 p1 + k

→
k ≃ zk,2p2

µ, ck

p1 p1 + k

` +
p1

`
`− k

k
µ, c

.

(B.13)

11Due to a sign error in the first line of eq. (4.33) of ref. [188] the term δJ µ(p1, k,−l − p1) multiplying CA

in eq. (B.9) has opposite sign.
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As has been shown in ref. [188] the sum of all ghost terms factorise in the two-loop amplitude.
For the analogous case for the p2 jet function, which exhibits loop polarisation terms in the

region (2k, Hl), the counterterms are obtained by a change of variables p1 → −p2 and η′
1 → η′

2,

∆J (1) µ,c
2 (p2, k, l) = ∆J (1) µ,c

1 (−p2, k, l)
∣∣∣
η′

2=p1
. (B.14)

C Two-loop two- and three-point Green’s functions

The uncrossed ladder contribution to the two-loop QCD corrections to the quark self-energy,
eq. (5.1) reads,

Π(2,UL)
qq =

p

`

k
= ig4

s C2
F S(2,UL)(p, k, l) , (C.1)

where

S(2,UL)(p, k, l) = 2(1− ϵ)
(/p + /l)S(1)(p + l, k)(/p + /l)

l2((p + l)2)2 . (C.2)

The crossed ladder contribution is given by,

Π(2,XL)
qq = p

k

`

= ig4
s CF

(
CF − CA

2

)
S(2,XL)(p, k, l) , (C.3)

with

S(2,XL)(p, k, l) =
γµ(/p + /k)V (1) µ(p, k, l)

k2(p + k)2 . (C.4)

Finally, the three-gluon vertex contribution reads

Π(2,3V )
qq =

p

` k
= −ig4

s

CF CA

2 S(2,3V )(p, k, l) , (C.5)

with kinematic part

S(2,3V )(p, k, l) =
γµ(/p + /k)W (1) µ(p, k, l)

k2(p + k)2 , (C.6)

which has the same structure as eq. (C.4).
Similar to the self-energy graphs, we find it useful to split the qqγ-vertex into crossed

and uncrossed ladder and three-gluon vertex contributions,

Γ(2) µ
qqγ = Γ(2,UL) µ

qqγ + Γ(2,XL) µ
qqγ + Γ(2,3V ) µ

qqγ . (C.7)

The integrand for the uncrossed ladder contribution takes the form,

eΓ(2,UL) µ
qqγ (p, q, k, l) = p

k

`

q
µ

+ p
k

`

q
µ

+ p
k

`

q
µ

= ie g4
s C2

F V (2,UL) µ(p, q, k, l) , (C.8)
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with V (2,UL) µ ≡
∑3

i=1 V
(2,UL) µ

i . The individual kinematic vertex functions are given ex-
plicitly by,

V
(2,UL) µ

1 = −
γα(/p + /l + /q)S(1)(p + l + q, k)(/p + /l + /q)γµ(/p + /l)γα

l2((p + l + q)2)2(p + l)2 , (C.9)

V
(2,UL) µ

2 = −
γα(/p + /l + /q)γµ(/p + /l)S(1)(p + l, k)(/p + /l)γα

l2(p + l + q)2((p + l)2)2 , (C.10)

V
(2,UL) µ

3 =
γα(/p + /l + /q)V (1) µ(p + l, q, k)(/p + /l)γα

l2(p + l + q)2(p + l)2 , (C.11)

where for the sake of readability we have suppressed the arguments on the left-hand side.
The crossed ladder diagrams are,

eΓ(2,XL) µ
qqγ (p, q, k, l) = p

q k

`

µ

+ p

q
`

k

µ

+ p

q
k

`

µ

= ie g4
s CF

(
CF − CA

2

)
V (2,XL) µ(p, q, k, l) , (C.12)

with V (2,XL) µ ≡
∑3

i=1 V
(2,XL) µ

i , where

V
(2,XL) µ

1 =
V (1) α(p + l + q,−l, k)(/p + /l + /q)γµ(/p + /l)γα

l2(p + l)2(p + l + q)2 , (C.13)

V
(2,XL) µ

2 =
γα(/p + /l + /q)γµ(/p + /l)V (1) α(p, l, k)

l2(p + l)2(p + l + q)2 . (C.14)

V
(2,XL) µ

3 =
γα(/p + /k + /q)γβ(/p + /l + /k + /q)γµ(/p + /k + /l)γα(/p + /l)γβ

k2l2(p + l)2(p + k + l)2(p + k + l + q)2(p + k + q)2 , (C.15)

We emphasise that the second diagram on the right-hand side of eq. (C.12), corresponding
to the kinematic function V

(2,XL) µ
2 defined in eq. (C.14), has a different momentum routing

compared to the others. This proves a convenient choice for the single-UV region. However,
the entire three-loop amplitude is symmetrised over the virtual gluon momenta, and we will
present explicitly symmetrised versions of all double-UV counterterms. This is especially
useful for non-planar topologies, and lead to simplified numerators in the double-UV region.

Finally, we have the three-gluon vertex corrections,

eΓ(2,3V ) µ
qqγ (p, q, k, l) = p

` k

q
µ

+ p

k `

q
µ

= −ie g4
s

CACF

2 V (2,3V ) µ(p, q, k, l) (C.16)

– 73 –



J
H
E
P
0
6
(
2
0
2
5
)
2
5
7

where again we split the vertex function into separate contributions as V (2,3V ) µ = V
(2,3V ) µ

1 +
V

(2,3V ) µ
2 where,

V
(2,3V ) µ

1 =
W (1) α(p + q + l,−l, k − l)(/p + /l + /q)γµ(/p + /l)γα

l2(p + l)2(p + l + q)2 , (C.17)

V
(2,3V ) µ

2 =
γα(/p + /l + /q)γµ(/p + /l)W (1) α(p, l, k)

l2(p + l)2(p + l + q)2 , (C.18)

which has the same structure as eqs. (C.14) and (C.15).
Next, the uncrossed ladder contributions to the two-loop QCD corrections to the quark-

antiquark-gluon vertex, eq. (5.2) are given by,

gs Γ(2,UL) µ,c
qqg = p

`

k

q
µ, c

+ p

`

k

q
µ, c

+ p

`

k

q
µ, c

= ig5
s tc

[
CF

(
CF − CA

2

)(
V

(2,UL) µ
1 + V

(2,UL) µ
2

)
+
(

CF − CA

2

)2
V

(2,UL) µ
3

]
,

(C.19)

where the kinematic functions V
(2,UL) µ

i , i ∈ {1, 2, 3}, are defined in eqs. (C.9)–(C.11). The
crossed ladder diagrams are

gs Γ(2,XL) µ,c
qqg = p

q k

`

µ, c

+ p

q
`

k

µ, c

+ p

q
`

k

µ, c

= ig5
s tc

[(
CF − CA

2

)2 (
V

(2,XL) µ
1 + V

(2,XL) µ
2

)
(C.20)

+(CF − CA)
(

CF − CA

2

)
V

(2,XL) µ
3

]
,

where V
(2,XL) µ

i , i ∈ {1, 2, 3}, are defined in eqs. (C.13)–(C.15). Similarly,

gs Γ(2,3V ) µ,c
qqg = p

` k

q
µ, c

+ p

k `

q
µ, c

= −ig5
s tc CA

2

(
CF − CA

2

)(
V

(2,3V ) µ
1 + V

(2,3V ) µ
2

)
, (C.21)

with V
(2,3V ) µ

1 and V
(2,3V ) µ

2 defined in eqs. (C.18) and (C.17).
If the external particle is a gluon, we have four additional topologies compared to the

electroweak case. The four-gluon vertex contribution is

gs Γ(2,4V ) µ,c
qqg =

p

` k
qµ, c

= ig5
s tc C2

A

4 W (2,4V ) µ , (C.22)
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with

W (2,4V ) µ = −
γν(/p + /k + /q)γσ(/p + /l)γρ [gµρgνσ + gµνgρσ − 2gµσgνρ]

l2k2(p + l)2(l − k − q)2(p + k + q)2 . (C.23)

The case where the external gluon connects to an internal gluon line of the uncrossed ladder
diagram, shown in eq. (C.1), is given by

gs Γ(2,UL−3V ) µ,c
qqg =

p

`

k

q
µ, c +

p

`

k

q
µ, c

= ig5
s tc

[
CACF

2 W
(2,UL) µ
1 + CA

2

(
CF − CA

2

)
W

(2,UL) µ
2

]
.

(C.24)

Analogous to eq. (4.5) it is useful to decompose W
(2,UL) µ
1 into a scalar contribution Q(2,UL) µ

and a contribution associated to ghosts O(2,UL) µ as follows,

W
(2,UL) µ
1 (p, q, k, l) = Q

(2,UL) µ
1 (p, q, k, l) + O

(2,UL) µ
1 (p, q, k, l) , (C.25)

with

Q
(2,UL) µ
1 (p, q, k, l) = 2(1− ϵ)

(q − 2l)µ(/p + /l)S(1)(p + l, k)(/p + /l)
l2((p + l)2)2(l − q)2 , (C.26)

O
(2,UL) µ
1 (p, q, k, l) = − 1

l2((p + l)2)2(l − q)2

[
γµ(/p + /l)S(1)(p + l, k)(/p + /l)(/l − 2/q)

+(/l + /q)(/p + /l)S(1)(p + l, k)(/p + /l)γµ
]

(C.27)

where S(1) is defined in eq. (4.9).
Similarly, W

(2,UL) µ
2 can be written in terms of the one-loop function W (1) µ, defined

in eq. (4.5),

W
(2,UL) µ
2 (p, q, k, l) = −

γα(/p + /l + /q)W (1) µ(p + l, q, k)(/p + /l)γα

l2(p + l)2(p + l + q)2 . (C.28)

Again, we can write,

W
(2,UL) µ
2 (p, q, k, l) = Q

(2,UL) µ
2 (p, q, k, l) + O

(2,UL) µ
2 (p, q, k, l) , (C.29)

where Q
(2,UL) µ
2 and O

(2,UL) µ
2 are obtained by replacing W (1) µ in eq. (C.28) by the one-loop

scalar and ghost parts defined in eqs. (4.6) and (4.7), respectively.
Next, we have the crossed-ladder-type diagrams with a three-gluon vertex,

gs Γ(2,XL−3V ) µ,c
qqg =

p

k

`

q
µ, c

+ p

`

k

q
µ, c

= −ig5
s tc CA

2

(
CF − CA

2

)
W (2,XL) µ(p, q, k, l) .

(C.30)
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with W (2,XL) µ ≡ W
(2,XL) µ
1 + W

(2,XL) µ
2 . Again, we separate scalar and ghost contributions

from the kinematic parts as

W
(2,XL) µ
i (p, q, k, l) = Q

(2,XL) µ
i (p, q, k, l) + O

(2,XL) µ
i (p, q, k, l) , i ∈ {1, 2} , (C.31)

where

Q
(2,XL) µ
1 (p, q, k, l) = −

(q − 2l)µV (1) α(p + l, q − l, k)(/p + /l)γα

l2(l − q)2(p + l)2 , (C.32)

O
(2,XL) µ
1 (p, q, k, l) = − 1

l2(l − q)2(p + l)2

[
(l + q)αV (1) α(p + l, q − l, k)(/p + /l)γµ

+V (1) µ(p + l, q − l, k)(/p + /l)(/l − 2/q)
]

, (C.33)

and

Q
(2,XL) µ
2 (p, q, k, l) = −

(q − 2l)µγα(/p + /l)V (1) α(p, l, k)
l2(l − q)2(p + l)2 , (C.34)

O
(2,XL) µ
2 (p, q, k, l) = − 1

l2(l − q)2(p + l)2

[
γµ(/p + /l)V (1) α(p, l, k)(l − 2q)α

+(/l + /q)(/p + /l)V (1) µ(p, l, k)
]

. (C.35)

Above, we have used the one-loop vertex function V (1) µ defined in eq. (4.2). In the coming
sections, we will often use the shorthand X(2,XL) µ = X

(2,XL) µ
1 + X

(2,XL) µ
2 also for the ghost

and scalar contributions, X ∈ {Q, O}.
The last topology contains two three-gluon vertices and has the following contributions,

gs Γ(2,d3V ) µ,c
qqg =

p

` k

q

µ, c

+
p

k
`

q
µ, c

+

p

` k
q

µ, c

= ig5
s tc C2

A

4 W (2,d3V ) µ(p, q, k, l) , (C.36)

where W (2,d3V ) µ = W
(2,d3V ) µ
1 + W

(2,d3V ) µ
2 is the sum of the first two diagrams shown on the

right-hand side of eq. (C.36). The third diagram has vanishing colour factor. We decompose
the remaining contributions as usual into scalar and ghost parts,

W
(2,d3V ) µ
i (p, q, k, l) = Q

(2,d3V ) µ
i (p, q, k, l) + O

(2,d3V ) µ
i (p, q, k, l) , i ∈ {1, 2} , (C.37)

with

Q
(2,d3V ) µ
1 (p, q, k, l) = −

(q − 2k)µγα(/p + /k)W (1) α(p, k, l)
k2(k − q)2(p + k)2 , (C.38)

O
(2,d3V ) µ
1 (p, q, k, l) = − 1

k2(k − q)2(p + k)2

[
γµ(/p + /k)W (1) α(p, k, l)(k − 2q)α

+(/k + /q)(/p + /k)W (1) µ(p, k, l)
]

, (C.39)
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and

Q
(2,d3V ) µ
2 (p, q, k, l) = −

(q − 2k)µW (1) α(p + k, q − k, l + q − k)(/p + /k)γα

k2(k − q)2(p + k)2 , (C.40)

O
(2,d3V ) µ
2 (p, q, k, l) = − 1

k2(k − q)2(p + k)2

[
W (1) µ(p + k, q − k, l + q − k)(/p + /k)(/k − 2/q)

+(k + q)αW (1) α(p + k, q − k, l + q − k)(/p + /k)γµ
]

. (C.41)

Again, we will often write X(2,d3V ) µ = X
(2,d3V ) µ
1 + X

(2,d3V ) µ
2 also for the ghost and scalar

contributions, X ∈ {Q, O}.

D Three-loop shift counterterms

In this appendix we provide additional technical information about shift counterterms,
discussed in section 7, and provide counterterms that remove shift-integrable contributions
from the form factor counterterterms.

D.1 One-loop shift integrability for the one-loop quark jet function

In this appendix, we prove integrability in the l || p1 limit of the set of integrands shown in
figure 10, equal to the following sum of collinear insertions,

∑
insertions

µ, c

`
⊗

n1

n2

p1 + `

p2

q ≡

n1

n2

p1 + `

p2

q

`
+

n1

n2

p1 + `

p2

q
`

+

n1

n2

p1 + `

p2

q`

(D.1)

Here, whenever a gluon with longitudinal polarisations flows into an (off-shell) tree-level
sub-amplitude, it bisects the set of outgoing photon momenta as follows,

p

p̄

`

µ, c

qi

qj

= p̄ p

qj qi

` µ, c

+
j∑

s=i

p̄ p

qj qs+1 qs qi

` µ, c

= tc i

/̄p
(−lµ)

[
M̃(0)(p, p̄, l; {qi, . . . , qj})

/p − /l

(p − l)2 γµ

+
j∑

s=i

M̃(0) µ
s (p, p̄, l; {qi, . . . , qs}, {qs+1, . . . , qj})

]
i

/p

tc

[
/l − /̄p

(l − p̄)2M̃
(0)
s (p, p̄, l; {qi, . . . , qj})

i

/p
− i

/̄p
M̃(0)

s (p, p̄, l; {qi, . . . , qj})
/p − /l

(p − l)2

]

≡
p̄ p

qj qi

` µ, c

−
p̄ p

qj qi

` µ, c

. (D.2)
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Repeated applications of the abelian-type Ward identity, eq. (3.4), results in pairwise cancel-
lation of all terms except two, shown graphically on the last line. The first term vanishes if
p̄ ≡ p2 due to the Dirac equation, cf. eq. (3.6), corresponding to an insertion directly on the
incoming antiquark leg. Applying eqs. (D.2) and the QCD Ward identity for triple-gluon
vertices, eq. (3.7), to the graphs on the right-hand side of eq. (D.1) yields,

∑
insertions

µ, c

`
⊗

n1

n2

p1 + `

p2

q =−

n1

n2

p1 + `

p2

q

`

−C2
F

+

n1

n2

p1 + `

p2

q`

CACF /2− C2
F

−

n1

n2

p1 + `

p2

q

`

CACF /2− C2
F

+

q1

q2

p1 + `

p2

q`

CACF /2

−

q1

q2

p1 + `

p2

q`

CACF /2

+ghosts.

(D.3)
Colour factors are shown below each diagram for convenience. The first diagram after the
equality cancels against the contribution of the second diagram proportional to C2

F . On
the second line, the part of the first diagram proportional to CACF /2 cancels against the
second diagram (insertion on the gluon line). The remainder consists of 1) an integrand
proportional to C2

F , which contributes to the singularity but is factorised from the hard
one-loop sub-diagram, and 2) an integrand proportional to CACF /2 contributing to both
the second diagram on the second line and the last graph after the equality, which cancel
locally up to a loop momentum shift q → q + l of the gluon line.

We can easily repeat the analysis above for the remaining integrands contributing to
M̃(1,C), defined below eq. (7.13). This yields the shift counterterm shown in eq. (7.15).

D.2 Evaluation of shift integrands

As an example, the first term in eq. (7.20) is written explicitly as,

p1

p2

k

q−`` =−g4
s

1
k2(q−l)2

−igµν

l2
v̄(p2)M

(0)µ
n123+1,n1234(ξ1;−p2+l+Qn123+1,n1234 ,p2,l)

×γβM(0)
n12+1,n123(p1+q−Q1,n12 ,−p1−q+Q1,n123)γβ

×M(0)α
n1+1,n12(p1+l+k−Q1,n1 ,−p1−l+Q1,n12 ,k)γα

×M(0)
1,n1(p1+l,−p1−l+Q1,n1)γµu(p1), (D.4)

where ni denote the number of electroweak vertices at each tree-level sub-graph, with
ni...j ≡ ni+ . . .+nj . Here, 0 ≤ n1, n3 and 1 ≤ n2, n4, where n1234 ≡ n ≥ 2 is the total number
of outgoing photons. On the first and second lines we have used momentum conservation,

p1 + p2 = Q1,n . (D.5)
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To improve readability, we have used the shorthand,

M(0)
i,j (p, p̄) ≡ M(0)(p, p̄; {qi, . . . , qj}) , (D.6)

and

M(0) µ
i,j (p, p̄, k) ≡

j∑
s=i

M(0) µ
s (p, p̄, k; {qi, . . . , qs}, {qs+1, . . . , qj})

+M(0)
i,j (p, p̄) /p − /k

(p − k)2 γµ .

(D.7)

Here, the functions M(0)
i,j (p, p̄) and M(0) µ

i,j (p, p̄, k) are defined to include the adjacent (off-
shell) fermion propagators,

M(0)
i,j (p, p̄) ≡ iS0(−p̄)M̃(0)

i,j (p, p̄)iS0(p) , (D.8)

and

M(0) µ
i,j (p, p̄, k) ≡ iS0(−p̄)M̃(0) µ

i,j (p, p̄, k)iS0(p) , (D.9)

where S0 denotes the fermion propagator defined in eq. (3.4) and we set iS0(p) = 1 (iS0(−p̄) =
1) if p2 = 0 (p̄2 = 0) is on-shell. As a tree-level subgraph, M(0)

i,j (p, p̄) may contain no
electroweak vertices, for which

Mi,j(p, p̄) ≡ iS0(p) , Qi,j ≡ qi , if j < i . (D.10)

The amplitude M(0) µ
n123+1,n1234 on the first line of eq. (D.4) includes the graph where l is adjacent

to the incoming antiquark, and is regularised according to the prescription in eq. (7.16) to
avoid double-counting in different collinear regions,

M(0) µ
n123+1,n1234(ξ1;−p2 + l + Qn123+1,n1234 , p2, l)

= γµS̄0(l − p2; p1, ξ1)M(0)
n123+1,n1234(−p2 + l + Qn123+1,n1234 , p2, l)

+M(0) µ
n123+1,n1234−1(−p2 + l + Qn123+1,n1234 , p2, l) .

(D.11)

In eq. (D.4) the gluon propagator −igµν/l2 is replaced by the approximation in eq. (3.1)
in the collinear region (1l, Hk, Hq).

D.3 Form factor shift counterterms

The relevant shift counterterm Fshift,1 for the three-loop form factor follow straightforwardly
from the results of section 7. We write the form factor shift counterterm as a sum of six terms,

F (3)
shift,1(ξ1; p1, p2, q, k, l; {q1, . . . , qn})

=
∑
X

F (3,X)
shift,1(ξ1; p1, p2, q, k, l, {q1, . . . , qn}) , X ∈ {J , UL, XL, 3V,∆, O} .

(D.12)

which follows the assignment explained after eq. (7.11). Again, it suffices to provide the
counterterms valid for the region (1l, Hq, Hk). To avoid spurious contributions to overlapping
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collinear regions from a pinched fermion propagator adjacent to the incoming antiquark p2,
we implement the prescriptions (and use the graphical notation introduced) in eqs. (7.16)
and (9.7). We remark that eq. (D.12) requires local ultraviolet regularisation. The correspond-
ing counterterms can be obtained straightforwardly using the method discussed in section 6.

As in eq. (7.11), the contribution F (3,J )
shift,1 removes one-loop shift-integrable contributions

from integrands with a one-loop jet subgraph,

F (3,J )
shift,1 = CA

2CF

ξ1

p1

p2

`
q− `

J (1)
1

− (q → q + l) . (D.13)

Here and below, we have suppressed the kinematic dependence for legibility. The square
vertex in the graphical representation denotes the hard-scattering vertex (in this case, the
Born amplitude) enclosed by a pair of Dirac projectors, eq. (2.9). The contribution to the
(UL), (XL) and (3V ) sub-topologies read,

F (3,UL)
shift,1 = CA

2CF

(

ξ1

p1

p2

` k
q− `

− (q → q + l)
)
+
[(

CA

2CF

q

p1

p2

`

q

k− `

+ CA

2CF

(
1− CA

2CF

)
ξ1

p1

p2

` k− `
q

)
− (k → k + l)

]
, (D.14)

F (3,XL)
shift,1 = CA

2CF

(

ξ1

p1

p2

` kq− ` − (q → q + l)
)
+
{[

CA

2CF

ξ1

p1

p2

`
q

k− `

− C2
A

(

q

p1

p2

`

q

k− ` − (k → k + l)
}

, (D.15)

and

F (3,3V )
shift,1 = CA

2CF

(

ξ1

p1

p2

` k

q− `

+

ξ1

p1

p2

` kq− ` − (q → q + l, k → k − q)
)

, (D.16)
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respectively. Next, we have two-loop shift integrable terms due to gluon self-energy and
vertex corrections, the form factor analogue of eq. (9.21),

F (3,∆)
shift,1 = ig2

s

CA

2CF

Γϵ
2

(q − k)2(l − k)2

ξ1

p1

p2

`
q− ` − (k → k + l, q → q + l) . (D.17)

Finally, we subtract ghost shift contributions using the following counterterm,

F (3,O)
shift,1 =

{[p1

p2

`

k− `

q

−

p1

p2

`

k− `

q

− CA

2CF

p1

p2

`

k−q
q

]
− (k → k + q)

}

−
(

CA

2CF

p1

p2

`

k− `

q
− (k → k + l)

)
+
(p1

p2

`

k

q

− (k → l − q − k)
)

.

(D.18)

E Ghost contributions to the QCD Ward identity for two-loop subgraphs

In this appendix derive the ghost contributions to the QCD Ward identity for two-loop cor-
rections (excluding gluon-self-energy subgraphs) to the fermion two-point function, eq. (10.4).

We begin by contracting the ghost terms for graphs without ladder structure, eq. (10.2),
with a longitudinal polarised gluon momentum qµ, obtaining,

g5
s

CACF

2 tc i

/p + /q
qµO(2,NL−3V ) µ(p, q, k, l) i

/p

=

p

q
µ, c

` k −

p

q
µ, c

` k +

p

q
µ, c

k` −

p

q
µ, c

k`

+
p

`

q
µ, c k

−
p

`

q
µ, c k

+
p

k

qµ, c`

−
p

k

qµ, c`

. (E.1)

The right-hand side is obtained directly from the one-loop ghost identities, eqs. (4.18), (4.19)
and (4.20).

Next, we examine ghost contributions from the uncrossed-ladder topology, defined in
eq. (C.24). The external gluon with loop momentum q may either attach to the “outer” or
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“inner” loop, yielding different colour factors. For the former we obtain the relation,

ig5
s tc CACF

2 qµO
(2,UL) µ
1 =

p
k

`

q
µ, c

−
p

k
`

q
µ, c

+
p

k
`

q
µ, c

−
p

k
`

q
µ, c

.

(E.2)

Similarly, for a three-gluon vertex on the “inner” loop we have,

ig5
s tc

(
CACF

2 − C2
A

4

)
qµO

(2,UL) µ
2 =

p

`

q µ, c

k −

p

`

q µ, c

k

+
p

k

`

q
µ, c

−
p

k

`

q
µ, c

.

(E.3)

The first two graphs are obtained by straightforward application of eqs. (4.19) and (4.20).
We notice that the part of the first line proportional to CACF /2 cancels against the first and
fourth graphs on the second line of eq. (E.1). The graphs on the second line will be completely
cancelled against contributions from the crossed ladder topology, as we will show next.

The crossed ladder graphs with a three-gluon vertex, defined in eq. (C.30), yield the
ghost identity,

ig5
s tc

(
CACF

2 − C2
A

4

)
qµO(2,XL) µ =

p

k

`

q
µ, c

−
p

k

`

q
µ, c

+
p

k

`

q
µ, c

−
p

k

`

q
µ, c

+ p

k

`

q
µ, c

− p

k

`

q
µ, c

+ p

k

`

q
µ, c

− p

k

`

q
µ, c

.

(E.4)

Examining the diagrams closely, we notice that the CACF /2 part of the first graphs on the
first and third lines of eq. (E.4) cancel against the second and fourth graphs of the uncrossed
ladder topology in eq. (E.2), respectively. Similarly, the first diagram on the second line and
the last diagram on the third line of eq. (E.4) cancel completely against the diagrams on
the second line of eq. (E.3). Comparing the remaining contributions against the (NL − 3V )
topology, we see that the CACF /2 coefficient of the second graph on the first line as well as
the third graph on the second line of eq. (E.4) (where the fermion propagator 1/(/p + /l + /k)2

is cancelled by the Ward identity) vanish respectively against the first graphs on the third
and last lines of eq. (E.1).
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Lastly, we take a look at the ghost contributions to the two-loop Ward identity for the
(d3V ) topology of the QCD vertex, defined in eq. (C.36), which take the following form,

ig5
s tc C2

A

4 qµO
(2,d3V ) µ
1 =

p

` k
q

µ, c

−
p

` k
q

µ, c

+
p

` k
q

µ, c

−
p

` k
q

µ, c

+
p

` k
q

µ, c

−
p

` k
q

µ, c

+
p

` k
q

µ, c

−
p

` k
q

µ, c

, (E.5)

and

ig5
s tc C2

A

4 qµO
(2,d3V ) µ
2 =

p

`
k

q
µ, c

−
p

`
k

q
µ, c

+
p

`
k

q
µ, c

−

p

`
k

q
µ, c

+
p

`
k

q
µ, c

−
p

`
k

q
µ, c

+
p

`
k

q
µ, c

−
p

`
k

q
µ, c

. (E.6)

We observe that the third graph on the second line and the first graph on the third line
in eq. (E.5) as well as the second graph on the second line and last graph on the third
line in eq. (E.6) satisfy,

p

` k
q

µ, c

−
p

` k
q

µ, c

≡

p

q
µ, c

`

k − q

= ig5
s

C2
A

4 tc −i

/p + /q

/k(/p + /k)/k
l2k2(k − q)2(l − k)2(p + k)2

−i

/p
,

(E.7)

and

p

`
k

q
µ, c

−
p

`
k

q
µ, c

≡

p

q
µ, c

k`

= −ig5
s

C2
A

4 tc −i

/p + /q

(/q − /l)(/p + /l)(/q − /l)
l2k2(l − q)2(l − k − q)2(p + l)2

−i

/p
.

(E.8)
In analogy to the one-loop ghost identity of eq. (4.19), the convention is that we sym-

metrise over the loop momentum routing of the ghost self-energy subgraph in the pictorial
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representation on the right-hand sides. Again, we apply the abelian-type Ward identity for
collinear insertions on the quark line to obtain,

p

q
µ, c

k` =

p

q
µ, c

k` −

p

q
µ, c

k` , (E.9)

and

p

q
µ, c

`

k − q

=

p

q
µ, c

`

k − q

−

p

q
µ, c

`

k − q

. (E.10)

We denote the graphs where the “internal” fermion propagator is cancelled, either 1/(/p + /k)
or 1/(/p + /l), by O

(2) c
NF,2. The corresponding integrand, defined in eq. (10.13), contains loop

polarisation terms that are an impediment to local factorisation and therefore the FFS
method at higher orders, cf. the discussion at the end of section 10.

Finally, we compare all remaining graphs with the colour coefficient C2
A/4. The third

graph on the first line of eq. (E.5) cancels identically against the part of the third crossed
ladder graph on the second line of eq. (E.4) proportional to C2

A/4. Likewise, the first graph
on the second line of eq. (E.6) cancels the C2

A/4 part of the second crossed ladder graph
on the first line of eq. (E.4).

Additionally, for the first time to three-loop order, we also have a shift propagator for
the ghost contributions to the QCD Ward identity. This shift term is the sum of the first
graph on the second line in eq. (E.5), the third graph on the first line of eq. (E.6), and
the C2

A/4 part of the first crossed ladder graphs on the first and third lines of eq. (E.4).
This combination yields eq. (10.5), represented in terms of planar graphs multiplied by the
non-standard colour factor CA/(2CF ).

All graphs in eqs. (E.1)–(E.10) where an external quark propagator is cancelled, either 1//p

or 1/(/p + /q), enter the definition of O(2) c
2 , corresponding to the first term on the right-hand

side of eq. (10.4). Explicitly, we have,

O(2) c
2 (p, q, k, l) =

p

q
µ, c

k` −

p

q
µ, c

` k +
p

k

qµ, c`
−

p
`

qµ, c k

+
p

k
`

q
µ, c

−
p

k
`

q
µ, c

+ p
k

`

q
µ, c

−
p

k

`
q

µ, c

+
p

` k
q

µ, c

−
p

` k
q

µ, c

+
p

`
k

q
µ, c

−
p

`
k

q
µ, c

−

p

q
µ, c

`

k − q

+

p

q
µ, c

k`
(E.11)

– 84 –



J
H
E
P
0
6
(
2
0
2
5
)
2
5
7

The remaining, uncancelled graphs combine with ghost contributions to the two-loop
Ward identity involving the gluon three-point function. This yields the term O

(2) c
∆,2 , defined

in eq. (10.6).

F Two-loop UV counterterms

In this appendix we provide explicit expressions for the single- and double-UV counterterms
of two-loop subgraphs of the three-loop electroweak amplitude.

F.1 UV sub-divergence counterterms for two-loop subgraphs

In this section, we provide the counterterms that remove divergences in the single-UV regions
(Hk→∞, Hl) and (Hk, Hl→∞) directly at the integrand level.12 As we will see below, their
integrands can be written in terms of the one-loop counterterms of section 4.3. It is easy to
verify that the approximations in the single-UV regions defined here satisfy the single-UV
analog of the QCD Ward identity, eq. (5.5).

We begin with the single-UV approximations of the electroweak vertex. The uncrossed
ladder contributions are given by,

eΓ(2,UL) µ
qqγ single-UV(p, q, k, l) = ie g4

s C2
F

3∑
i=1

V
(2,UL) µ

i single-UV(p, q, k, l)

≡ p

`

q
µ

(1) + p

`

q
µ

(1) + p

`
(1)

q
µ

.

(F.1)

with

V
(2,UL) µ

1 single-UV(p, q, k, l) = −
γα(/p + /l + /q)S(1)

UV(p + l + q, k)(/p + /l + /q)γµ(/p + /l)γα

l2(p + l)2((p + l + q)2)2 ,

V
(2,UL) µ

2 single-UV(p, q, k, l) = −
γα(/p + /l + /q)γµ(/p + /l)S(1)

UV(p + l, k)(/p + /l)γα

l2((p + l)2)2(p + l + q)2 ,

V
(2,UL) µ

3 single-UV(p, q, k, l) =
γα(/p + /l + /q)V (1) µ

UV (k)(/p + /l)γα

l2(p + l)2(p + l + q)2 .

(F.2)

Here, we have simply replaced the one-loop functions V (1) µ and S(1) in eqs. (C.9) and (C.10)
with their UV-expansions, V

(1) µ
UV and S

(1)
UV defined in eqs. (4.24) and (4.31). We remark

that by simplifying numerators we could find alternative expressions that are equivalent
up to terms which are finite in the UV limits. However, this spoils the application of the
one-loop Ward identities, and therefore local factorisation in the limit where q becomes
collinear to an external fermion.

12In what follows the “internal” loop momentum k and l flow through gluon lines, while q denotes the
momentum of an external off-shell gluon or photon.
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It is straightforward to see that the crossed ladder and three-gluon vertex contributions
to the single-UV limits combine to,

eΓ(2,XL+3V ) µ
qqγ, single-UV ≡ p

(1)

`

q
µ

+ p
(1)

`

q
µ

= −ie g2
s 2CF

Γ(1) α
qqg, UV(k)(/p + /l + /q)γµ(/p + /l)γα

l2(p + l)2(p + l + q)2 , (F.3)

where the UV counterterm Γ(1) α
qqg, UV for the one-loop QCD vertex was defined in eq. (4.28).

Here, the superscript (XL + 3V ) denotes the sum of crossed ladder and three-gluon vertex
contributions to the elctroweak vertex. We note that the third crossed ladder diagram shown
in eq. (C.12) does not contribute to the single-UV region, as can be shown by simple power
counting that the corresponding vertex function V

(2,XL) µ
3 , defined in eq. (C.15), is finite

when either loop momentum becomes large.
The single-UV approximations of the two-loop self-energy corrections contributing to

Π(2)
qq can be written in terms of the UV-approximated vertex functions, up to terms that

vanish upon integration. This is in analogy to the one-loop identity eq. (4.32) for S
(1)
UV. The

counterterm for the uncrossed ladder diagram reads,

Π(2,UL)
qq single-UV(p, k, l) =

p

`
(1) = ig4

s C2
F S

(2,UL)
single-UV(p, k, l) , (F.4)

with

S
(2,UL)
single-UV(p,k, l)= 2(1−ϵ)

γα(/p+/l)S(1)
UV(p+l,k)(/p+/l)γα

l2((p+l)2)2

≡ 2(1−ϵ)
(k2−M2)2

γµ(/p+/l+/q)/k(/p+/l)γµ

l2(p+l)2(p+l+q)2 +(p+l+q)µ

3∑
i=1

V
(2,UL)µ

i single-UV(p,q,k, l) .

(F.5)

The first term after the second equality diverges linearly in the UV region where k is large,
but again corresponds to an odd integral in k and therefore vanishes.

The crossed ladder and three-gluon vertex self-energy contributions are singular single-UV
region when either gluon loop momentum become large. We can combine them to obtain,

Π(2,XL+3V )
qq single-UV(p,k,l)≡p

`

(1)

+p

k

(1)

= ig4
s

[
CF

(
CF −

CA

2

)
S

(2,XL)
single-UV(p,k,l)−CF CA

2 S
(2,3V )
single-UV(p,k,l)

]
+(k↔ l),

(F.6)

where we define

S
(2,XL)
single-UV(p, k, l) =

V
(1) α

UV (k)(/p + /l)γα

l2(p + l)2 ≡ (p + l + q)µV
(2,XL) µ

1 single-UV(p, q, k, l) , (F.7)
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and

S
(2,3V )
single-UV(p, k, l) =

W
(1) α
UV (k)(/p + /l)γα

l2(p + l)2 ≡ (p + l + q)µV
(2,3V ) µ

1 single-UV(p, q, k, l) . (F.8)

The vertex functions in the expressions on the second line of eqs. (F.7) and (F.8) are given by,

V
(2,XL) µ

1 single-UV(p, q, k, l) ≡ V
(2,XL) µ

2 single-UV(p, q, k, l) =
V

(1) α
UV (k)(/p + /l + /q)γµ(/p + /l)γα

l2(p + l)2(p + l + q)2 , (F.9)

and

V
(2,3V ) µ

1 single-UV(p, q, k, l) ≡ V
(2,3V ) µ

2 single-UV(p, q, k, l) =
W

(1) α
UV (k)(/p + /l + /q)γµ(/p + /l)γα

l2(p + l)2(p + l + q)2 . (F.10)

Again, we have simply replaced the one-loop functions V (1) µ and W (1) µ by their UV-
approximations V

(1) µ
UV and W

(1) µ
UV , defined in eqs. (4.24) and (4.25), respectively, without

simplifying numerators.
We note that together, eqs. (F.1) and (F.3) respect local collinear factorisation by virtue

of the abelian one-loop Ward identity, eq. (3.4), and its UV equivalent, eq. (4.39),

qµΓ(2) µ
qqγ, single-UV(p, q, k, l) = Π(2)

qq single-UV(p, k, l)−Π(2)
qq single-UV(p + q, k, l) , (F.11)

where Γ(2) µ
qqγ, single-UV is the sum of eqs. (F.1) and (F.3).

Next, we discuss the single-UV limits of the two-loop corrections to the quark-antiquark-
gluon vertex, introduced in appendix C. By simple power counting it is easy to see that the
four-gluon vertex contribution Γ(2,4V ) µ

qqg (p, q, k, l), defined in eq. (C.22), is finite when either
loop momentum k or l becomes large. For the (UL), (XL) and (3V ) topologies we have
already provided the UV-approximated kinematic functions in eqs. (F.2), (F.9) and (F.10)
when we discussed the electroweak vertex (only the colour factors change). For each of the
remaining topologies, we obtain the approximated integrands,

Γ(2,X) µ,c
qqg → Γ(2,X) µ,c

qqg single-UV , X ∈ {UL − 3V, XL − 3V, d3V } , (F.12)

by replacing the one-loop functions S(1), V (1) µ and S(1) in the numerators by their UV
counterparts S

(1)
UV, V

(1) µ
UV and S

(1)
UV defined section 4.3. For example, for the three-point

function Γ(2,UL−3V ) µ,c
qqg defined in eq. (C.24), the single-UV limit yields,

Γ(2,UL−3V ) µ,c
qqg single-UV = ig5

s tc
[

CACF

2 W
(2,UL) µ
1 single-UV + CA

2

(
CF − CA

2

)
W

(2,UL) µ
2 single-UV

]
. (F.13)

Here, W
(2,UL) µ
1 single-UV and W

(2,UL) µ
2 single-UV are obtained from eqs. (C.25)–(C.28) by making the

following replacements,

lim
k→∞

S(1)(p + l, k) ∼ S
(1)
UV(p + l, k) , lim

k→∞
W (1) µ(p + l, q, k) ∼ W

(1) µ
UV (k) , (F.14)

with S
(1)
UV and W

(1) µ
UV defined in eqs. (4.31) and (4.25), respectively.
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Similarly, the two-loop shift terms Π(2,X) shift
qq with X ∈ {UL, XL, 3V }, introduced in

section 5, are singular in the single-UV regions. For the uncrossed ladder contribution, the
singularities are subtracted with the counterterm,

Π(2,UL) shift
qq single-UV(p, q, k, l) = ig4

s

CACF

2
[
S

(2,UL)
single-UV(p + q, k, l − q)− S

(2,UL)
single-UV(p + q, k, l)

]
− ig2

s

(
CF − CA

2

) γα(/p + /l + /q)Π(1) shift
qq UV (p + l, q, k)(/p + /l)γα

l2(p + l)2(p + l + q)2 ,

(F.15)

with S
(2,UL)
single-UV and Π(1) shift

qq UV defined in eqs. (F.5) and (4.38), respectively. The crossed ladder
and triple-gluon vertex contributions yield, respectively,

Π(2,XL) shift
qq single-UV(p, q, k, l) = ig4

s

CA

2

(
CF − CA

2

) [
S

(2,XL)
single-UV(p + q, k, l − q)

−S
(2,XL)
single-UV(p + q, k, l) + (k ↔ l)

]
,

(F.16)

and

Π(2,3V ) shift
qq single-UV(p, q, k, l) = −ig4

s

C2
A

4
[
S

(2,3V )
single-UV(p + q, k, l − q)

−S
(2,3V )
single-UV(p + q, k, l) + (k ↔ l)

]
.

(F.17)

Diagrammatically, we can represent the sum of eqs. (F.16) and (F.17) by

Π(2,XL+3V ) shift
qq single-UV (p, q, k, l) ≡ CA

2CF

[
p+ q

`− q

(1)

−
p+ q

`

(1)

]

+ (k ↔ l) .

(F.18)

We emphasise that each of the shift counterterms integrates to zero, which also holds in
the single-UV (and double-UV) regions,∫

k,l
Π(2,X) shift

qq single-UV(p, q, k, l) = 0 , X ∈ {UL, XL, 3V } . (F.19)

As we have explained in section 10, we obtain additional shift-integrable terms associated
to ghosts, O

(2) shift
2 and O

(2) shift
∆,2 defined in eqs. (10.5) and (10.7), respectively. These require

the following counterterms for the single-UV regions,

O
(2) shift
2, single-UV(p, q, k, l) = −ig3

s

CA

2
1

l2(l − q)2(p + l)2

[
/l(/p + /l)Π(1) shift

UV (l, k)

+ Π(1) shift
UV (l − q, k)(/p + /l)(/q − /l)

]
,

(F.20)

and

O
(2) shift
∆,2 single-UV(p, q, k, l) = ig5

s C2
A

(1− ϵ)
(l2 − M2)2

(
/p + /k + /q

k2(p + k + q)2 − /p + /k

(q − k)2(p + k)2

)

− ig3
s

CA

2
Π(1) shift

UV (q, k)
l2(l − q)2 . (F.21)
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F.2 Double-UV counterterms at two loops

After treating the single-UV region in which the two-loop amplitude diverges when one of the
loop momenta approaches infinity, we turn our attention to the double-UV limit, in which
both loop momenta k, l become infinitely large. Below, we will find it particularly convenient
to symmetrise the kinematic functions13 in the loop-momenta k and l.

We begin with the uncrossed ladder vertex functions V
(2,UL) µ

i , defined in eqs. (C.9)–
(C.11). Though strictly speaking a symmetrisation is not required since the integrand is
simple enough, we find it convenient in the application of Ward identities in the collinear
regions. Since V

(2,UL) µ
1 and V

(2,UL) µ
2 have the same colour coefficient both as part of the

electroweak and QCD vertex, we find it useful to combine them,

Sk,l

(
V

(2,UL) µ
1 double-UV(k, l) + V

(2,UL) µ
2 double-UV(k, l)

)
= 2(1− ϵ)2

(l2 − M2)2

[
4lµ/l

(l2 − M2)2

( 1
k2 − M2 − 1

(l + k)2 − M2

− 2k · l

(k2 − M2)2

(
1− 2k · l

k2 − M2

))
+ 2kµ/l + 2lµ/k

(l2 − M2)(k2 − M2)

×
( 1

k2 − M2

(
1− 2k · l

k2 − M2

)
− 1

(l + k)2 − M2

)
−γµ

( 1
(l2 − M2)(k2 − M2) −

2k · l

(l2 − M2)(k2 − M2)2

(
1− 2k · l

k2 − M2

)
+ 1
(k2 − M2)((l + k)2 − M2) −

1
(l2 − M2)((l + k)2 − M2)

)]

+ 2(1− ϵ) V
(1) µ

UV (l)
(k2 − M2)2 + (k ↔ l) .

(F.22)

Here, we have introduced a symmetrisation operator Sk,l as follows,

Sl,k I(l, k) = 1
2 (I(l, k) + (l ↔ k)) , (F.23)

where I is a kinematic function of the loop momenta k and l. The remaining double-UV
approximation reads

Sk,l V
(2,UL) µ

3 double-UV(k, l)

= 1− ϵ

k2 − M2

[
V

(1) µ
UV (l)

( 1
(l + k)2 − M2 − 1

k2 − M2

)
+ 2kµkαV

(1) α
UV (l)

(k2 − M2)2

− 4(1− ϵ)(l + k)µ

(k2 − M2)((l + k)2 − M2)

(
1

(l + k)2 − M2

(
/k

k2 − M2 +
/l

l2 − M2

)

−
/k

(l2 − M2)(k2 − M2)

)]
+ (k ↔ l) .

(F.24)

13Antisymmetric terms in the loop momenta k, l vanish and the numerator Nµ
qqg double-UV belonging to the

double-UV approximation of the three-point function, Γ(2) µ
qqg double-UV, satisfies Nµ

qqg double-UV = fµ
1 /k+fµ

2 /l+fµ
3 γµ,

where fµ
i = fµ

i (k, l).
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Then, the double-UV counterterm for the two-loop uncrossed ladder contribution to the
two-point function can be written as,

Sk,lS
(2,UL)
double-UV(p,k,l)=−pµ

(
Sk,lV

(2,UL)µ
double-UV(k,l)

)
+
{

2(1−ϵ)2

(l2−M2)2

[(
/l

l2−M2 +
/k

k2−M2

)( 1
k2−M2 −

2l·k
(k2−M2)2 (F.25)

− 1
(l+k)2−M2

)
−

/l

(k2−M2)2 +
4(l·k)2/l

(l2−M2)(k2−M2)3

]
+(k↔ l)

}
.

For the crossed ladder contributions we have

Sk,l

(
V

(2,XL) µ
1 double-UV(k, l) + V

(2,XL) µ
2 double-UV(k, l)

)
= 2(1− ϵ)

(l2 − M2)(k2 − M2)

[
4(l + k)µ(/l + /k)

(l2 − M2)(k2 − M2)((l + k)2 − M2)

+ 4ϵ lµ

(l2 − M2)((l + k)2 − M2)

(
/l

l2 − M2 +
/k

k2 − M2

)

+ ϵγµ

(l2 − M2)(k2 − M2) +
4lµ(/l + /k)
(l2 − M2)2

( 1
(l + k)2 − M2 − 1

k2 − M2

)
− 4(1 + ϵ)lµ/l

(l2 − M2)2(k2 − M2) +
8k · l lµ/k

(l2 − M2)2(k2 − M2)2

]
+ (k ↔ l) ,

(F.26)

and

Sk,l V
(2,XL) µ

3 double-UV(k, l)

= − 2(1− ϵ)
(k2 − M2)(l2 − M2)

[
2ϵ lµ/k

(l2 − M2)(k2 − M2)((l + k)2 − M2)

+ 2(l + k)µ

(k2 − M2)((l + k)2 − M2)

(
/l + /k

l2 − M2 − 2/l + 2(1 + ϵ)/k
(l + k)2 − M2

)

−(2 + ϵ)γµ

k2 − M2

( 1
2(l2 − M2) −

1
(l + k)2 − M2

)]
+ (k ↔ l) .

(F.27)

Then, the corresponding crossed self-energy contribution can be written as

Sk,l S(2,XL)(p, k, l) = −pµ

(
Sk,l V

(2,XL) µ
double-UV(k, l)

)
− 2(1− ϵ)

(l2 − M2)(k2 − M2)

[
/l + /k

l2 − M2

( 1 + ϵ

k2 − M2 − 2
(l + k)2 − M2

)

− 2ϵ /l

(l2 − M2)((l + k)2 − M2) −
4l · k/l

(l2 − M2)2(k2 − M2) + (k ↔ l)
]

.

(F.28)
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Next, we turn our attention to the three-gluon vertex contribution, whose three-point
function in the double-UV limit reads,

Sk,l V (2,3V ) µ(k, l) = 2(1− ϵ)
(l2 − M2)(k2 − M2)

[
4lµ(/l + /k)

(l2 − M2)2(k2 − M2)

− (/l − /k)(l − k)µ − 2lµ/l

(l2 − M2)(k2 − M2)((l − k)2 − M2) +
4lµ(/l − /k)

(l2 − M2)2((l − k)2 − M2)

− γµ

k2 − M2

( 2
(l − k)2 − M2 + 1

l2 − M2

)
+ 2V

(1) µ
UV (k)

(l2 − M2)2

−2lµlαV
(1) α

UV (k)
(l2 − M2)3

]
+ (k ↔ l) .

(F.29)

The corresponding self-energy contribution can be written as

Sk,l S(2,3V )(p, k, l) = −pµ

(
Sk,l V

(2,3V ) µ
double-UV(k, l)

)
+ 2(1− ϵ)

(l2 − M2)(k2 − M2)

[
/l − /k

(l − k)2 − M2

( 1
l2 − M2 − 1

k2 − M2

)

−
/l + /k

(l2 − M2)(k2 − M2) +
4l · k/l

(k2 − M2)(l2 − M2)2 + (k ↔ l)
]

.

(F.30)

If the external particle is a gluon, we have additional non-abelian topologies which
contribute to the double-UV limits. We begin with the four-gluon vertex function, defined
in eq. (C.23). It has a particularly simple form if we symmetrise in k and l,

Sk,l W
(2,4V ) µ
double-UV(k, l) = − 2(1− ϵ)

(l2 − M2)(k2 − M2)

[
2lµ/k

(l2 − M2)(k2 − M2)((l − k)2 − M2)

+ γµ

l2 − M2

( 1
k2 − M2 − 2

(l − k)2 − M2

)]
+ (k ↔ l) . (F.31)

Next, we discuss the uncrossed-ladder-type topology with a three-gluon vertex, denoted
by Γ(2,UL−3V ), consisting of two diagrams shown on the right-hand side of eq. (C.24). The
kinematic function W

(2,UL)
1 belonging to the first diagram in eq. (C.24) has the following

expansion in the double-UV limit,

Sk,l Q
(2,UL) µ
1, double-UV(k, l) = 4(1− ϵ)2lµ

(l2 − M2)3

[
1

(l + k)2 − M2

(
/l

l2 − M2 +
/k

k2 − M2

)

− 1
(k2 − M2)2

(
/k − 2l · k/l

l2 − M2

)(
1− 2l · k

k2 − M2

)

+
/l

k2 − M2

( 1
k2 − M2 − 1

l2 − M2

)]
+ (k ↔ l) . (F.32)
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Likewise, the contribution associated to ghosts has the double-UV counterterm,

Sk,lO
(2,UL)µ
1, double-UV(k,l)= 1−ϵ

(l2−M2)2

{
2lµ/k−2kµ/k

(l2−M2)(k2−M2)

[
1

k2−M2

(
1− 2l·k

k2−M2

)

− 1
(l+k)2−M2

]
+γµ

[
1

(l+k)2−M2

(
1

l2−M2 −
1

k2−M2

)
+ 2
(k2−M2)2

− 1
(l2−M2)(k2−M2)+

2l·k
(l2−M2)(k2−M2)2

(
1− 2l·k

k2−M2

)]}
+(k↔ l). (F.33)

The term W
(2,UL)
2 belonging to the second diagram in eq. (C.24), has the following double-UV

scalar and ghost contributions,

Sk,lQ
(2,UL)µ
2, double-UV(k,l)= 4(1−ϵ)2kµ

(l2−M2)2(k2−M2)

[
1

(l+k)2−M2

(
/l

l2−M2 +
/k

k2−M2

)

−
/k

(k2−M2)((l+k)2−M2)

]
+(1−ϵ)

(
Q

(1)µ
UV (k)

(l2−M2)2 −
2lµlαQ

(1)α
UV (k)

(l2−M2)3

)
+(k↔ l),

(F.34)

and

Sk,lO
(2,UL)µ
2, double-UV(k,l)= (1−ϵ)

(l2−M2)2(k2−M2)

[
4(k+l)µ/l

(k2−M2)((l+k)2−M2)

− 4lµ/l

(l2−M2)(k2−M2)+
γµ

k2−M2

]
+(1−ϵ)

(
O

(1)µ
UV (k)

(l2−M2)2 −
2lµlαO

(1)α
UV (k)

(l2−M2)3

)
+(k↔ l), (F.35)

where Q
(1)
UV and O

(1)
UV are defined in eqs. (4.26) and (4.27).

Similarly, the scalar and ghost parts of the uncrossed-ladder-type contributions read,

Sk,l Q
(2,XL) µ
double-UV(k, l) = 2(1− ϵ)

(l2 − M2)2

{
2(l + k)µ(/l + /k)

(k2 − M2)2((l + k)2 − M2)

+ 8l · klµ/k

(l2 − M2)(k2 − M2)3 − 4ϵlµ

k2 − M2

[
/l

(l2 − M2)(k2 − M2)

− 1
(l + k)2 − M2

(
/l

l2 − M2 +
/k

k2 − M2

)]

− 4lµ(/l + /k)
(l2 − M2)(k2 − M2)

( 1
k2 − M2 − 1

(l + k)2 − M2

)}
+ (k ↔ l) ,

(F.36)
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and

Sk,lO
(2,XL)µ
double-UV(k,l)= 2(1−ϵ)

(l2−M2)2

{
(l+k)µ(/l+/k)

(k2−M2)2((l+k)2−M2)

+ lµ/k−kµ/l

(l2−M2)(k2−M2)

( 1
k2−M2 −

1
(l+k)2−M2

)
− 2lµ/l

(l2−M2)(k2−M2)2 +
1
2γµ

[ 1
(l+k)2−M2

( 1
l2−M2 −

1
k2−M2

)
+ 1

k2−M2

( 2l·k
(l2−M2)(k2−M2)

(
1− 2l·k

k2−M2

)
+ 3

k2−M2

− 1
l2−M2

)]}
+(k↔ l), (F.37)

where we have defined, Xµ = Xµ
1 + Xµ

2 for X ∈ {Q(2,XL), O(2,XL)}. In a similar fashion, the
symmetrised double-UV counterterms for the double three-gluon vertex part is

Sk,l Q
(2,d3V )
double-UV(k, l) = 8(1− ϵ)kµ

(l2 − M2)(k2 − M2)2

[
/l − /k

(l2 − M2)(k2 − M2)

+
/l − /k

(l − k)2 − M2

( 1
l2 − M2 − 1

k2 − M2

)
+ 2l · k/l

(l2 − M2)2(k2 − M2)

]
+ (k ↔ l) ,

(F.38)

and

Sk,lO
(2,d3V )
double-UV(k,l)= γµ

(l2−M2)(k2−M2)2

( 2
(l−k)2−M2 −

3
l2−M2

−4(1−ϵ) (l·k)2

(l2−M2)2(k2−M2)

)
− 1−ϵ

(k2−M2)2

{
4lµ/l

(l2−M2)3

+ 2(kµ/l−lµ/k)
(l2−M2)(k2−M2)

( 1
l2−M2 −

1
(l−k)2−M2

)
+ 2(k−2l)µ/l

(l2−M2)2((l−k)2−M2)−γµ
[ 1
(l−k)2−M2

( 1
l2−M2 +

1
k2−M2

)
− 1
(l2−M2)(k2−M2)

(
1+ 2l·k

l2−M2

)]}
+(k↔ l), (F.39)

where Xµ = Xµ
1 + Xµ

2 for X ∈ {Q(2,d3V ), O(2,d3V )}.
Finally, we provide the (symmetrised) double-UV approximations for the shift terms,

including ghost contributions. The uncrossed ladder contribution, given in eq. (5.9), yields
the counterterm,

Sk,l Π
(2,UL) shift
qq double-UV(q, k, l) = ig4

s (1− ϵ)2
[
CACF s

(UL)
1 (q, k, l)

+CA

(
CF − CA

2

)
s

(UL)
2 (q, k, l)

]
+ (k ↔ l) ,

(F.40)
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with coefficients s
(UL)
1 and s

(UL)
2 , corresponding to loop momentum shifts of the “outer”

and “inner” loops, given by

s
(UL)
1 (q,k,l)= 6k·q/k

(k2−M2)4

[ 1
l2−M2 −

1
(k+l)2−M2 −

2k·l
(l2−M2)2

(
1− 2k·l

l2−M2

)]
+ 1
(k2−M2)3

[
/q

(k+l)2−M2 −
2k·q(/k−2/l)

l2−M2

( 1
l2−M2 −

1
(k+l)2−M2

)

− 2(k+l)·q/k

((k+l)2−M2)2 −
4k·l(k·l/q+4k·q/l)

(l2−M2)3

]
− 1
(k2−M2)(l2−M2)2

[
2(k+l)·q/k

((k+l)2−M2)2

+ 1
l2−M2

(
/q+

2l·q/l

(k+l)−M2

)]
+ 1
(k2−M2)2(l2−M2)2

(
/q+2

k·l/q+k·q/l

l2−M2

)
,

(F.41)

and

s
(UL)
2 (q, k, l) = − 2k · q

(k2 − M2)3(l2 − M2)2

(
4k · l /l

l2 − M2 − 3/k

)

+ 1
(k2 − M2)(l2 − M2)2((k + l)2 − M2)

(
/q − 2(k + l) · q /k

(k + l)2 − M2

)

+ 1
(k2 − M2)2(l2 − M2)2

[
2k · q

(
/l

l2 − M2 −
/k

(k + l)2 − M2

)
− /q

]

− 2(k + l) · q /k

(k2 − M2)3((k + l)2 − M2)2 . (F.42)

The double-UV counterterm for the crossed-ladder shift term, defined in eq. (5.12), is given by,

Sk,l Π
(2,XL) shift
qq double-UV(q, k, l) = ig4

s 2CA

(
CF − CA

2

)
(1− ϵ) s(XL)(q, k, l)

+ (k ↔ l) ,

(F.43)

with

s(XL)(q,k,l)= 2k·q
(k2−M2)3(l2−M2)

(
2 (1+ϵ)/k+/l

(k+l)2−M2 −
2(/k+/l)+(1+2ϵ)/k

l2−M2 + 4k·l/l
(l2−M2)2

)

+ 1
(k2−M2)2(l2−M2)2

(
(1+ϵ)/q+2 k·q(/k+(3+ϵ)/l)−2l·q/k

(k+l)2−M2

)

+ 1
(k2−M2)(l2−M2)2((k+l)2−M2)

(
4(k+l)·q (1+ϵ)/l+/k

(k+l)2−M2 −(2+ϵ)/q
)
(F.44)

Similarly, for the (3V )-shift term, defined in eq. (5.15), we have,

Sk,l Π
(2,3V ) shift
qq double-UV(q, k, l) = ig4

s C2
A(1− ϵ) s(3V )(q, k, l)

+ (k ↔ l) ,
(F.45)
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where the kinematic function s(3V ) reads,

s(3V )(q, k, l) = − 2k · q

(k2 − M2)3(l2 − M2)

(
2/l − 3/k

l2 − M2 − 2(/l − /k)
(l − k)2 − M2 + 4k · l /l

(l2 − M2)2

)

− 1
(k2 − M2)2(l2 − M2)2

(
/q + 2k · q (/l − /k)

(l − k)2 − M2

)
. (F.46)

In addition to the “standard” shift contributions to the quark self-energy, the q || p2 Ward
identities generate a shift mismatch in terms associated to ghosts, cf. eqs. (10.5) and (10.7).
These are rendered finite in the double-UV regions using the following counterterms,

Sk,lO
(2)shift
2, double-UV(p,q,k,l)

= ig5
s

C2
A

4
1−ϵ

(l2−M2)(k2−M2)

[
4k·q/k

(k2−M2)2(l2−M2)

+ /q

l2−M2

(
1

(l+k)2−M2 +
1

(l−k)2−M2 +
2

k2−M2

(
2(k·l)2

(l2−M2)(k2−M2)−1
))

+
/k/l(/p+/q)−/p/l /k

(l2−M2)2

( 1
(l+k)2−M2 −

1
(l−k)2−M2

)
+ 1
(l−k)2−M2

(
(l−k)·q

(l−k)2−M2

(
/k

l2−M2 −
/l

k2−M2

)

− 2k·q
(k2−M2)(l2−M2)

)]
+(k↔ l), (F.47)

and

O
(2)shift
∆,2 double-UV(q,k,l)= ig5

s

C2
A

2

[
2(1−ϵ)k·q/k

(k2−M2)2(l2−M2)2

(
1

(l−k)2−M2 +
2

k2−M2

)
−

(l−k)·q
(
2(1−ϵ)/k+/l

)
(k2−M2)(l2−M2)2((l−k)2−M2)2 +

k·q/l

(k2−M2)2(l2−M2)2((l−k)2−M2)

−
(1−ϵ)/q

(k2−M2)(l2−M2)2

(
1

k2−M2 +
1

(l−k)2−M2

)]
(F.48)

We note the dependence of eq. (F.47) on the external fermion momentum p, which is unusual
for a shifted UV counterterm.

Finally, we provide the double-UV subtraction term for self-energy corrections to the
fermion propagator with a gluon-triangle subgraph, defined in eq. (9.11),

∆Γ(1) ρ,c
ggg double-UV(k, l) = g4

s

(
2nf sµ

nf
(q, k, l) + CA

2 sµ
A(q, k, l)

)
(F.49)

with sµ
nf

and sµ
A are decomposed as,

sµ
X(k, l) = kµ sX,k(k, l) + lµ sX,l(k, l) + γµ sX,γ(k, l) , X ∈ {nf , A} , (F.50)
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where

snf ,k(k, l) = 4/k − 2/l

(k2 − M2)(l2 − M2)3

( 1
k2 − M2 − 1

(l − k)2 − M2

)
− 4/k

(k2 − M2)3(l2 − M2)2

+ 4 k · l(2/k − /l)
(k2 − M2)3(l2 − M2)3 + 16(k · l)2/k

(k2 − M2)4(l2 − M2)3

+ 2(1− ϵ)/l
(k2 − M2)2(l2 − M2)2(l − k2 − M2) ,

snf ,l(k, l) = 2(1− ϵ)/l − 2/k

(k2 − M2)(l2 − M2)3

( 1
k2 − M2 − 1

(l − k)2 − M2

)
− 4 k · l /k

(k2 − M2)3(l2 − M2)3 ,

snf ,γ(k, l) = − 1
(k2 − M2)(k2 − M2)2

( 1
l2 − M2 + 1

(l − k)2 − M2

)
+ 2

(k2 − M2)2(l2 − M2)2

+ 1
(k2 − M2)3((l − k)2 − M2) −

2 k · l

(k2 − M2)2(l2 − M2)3

(
1 + 2 k · l

k2 − M2

)
,

(F.51)

and

sA,k(k, l) = 2 (3− 2ϵ)/l + 8(1− ϵ)(/l − /k)
(k2 − M2)(l2 − M2)3

( 1
k2 − M2 − 1

(l − k)2 − M2 + 2 k · l

(k2 − M2)2

)
+ 16(1− ϵ)/k

(k2 − M2)3(l2 − M2)2

(
1− 4 (k · l)2

(k2 − M2)(l2 − M2)

)

− 2(11− 8ϵ)/l
(k2 − M2)2(l2 − M2)2((l − k)2 − M2) ,

sA,l(k, l) = −2
/k + 9(1− ϵ)/l

(k2 − M2)(l2 − M2)3

( 1
k2 − M2 − 1

(l − k)2 − M2

)
− 4 k · l/k

(k2 − M2)3(l2 − M2)3

+ 2
/k + 4(1− ϵ)/l

(k2 − M2)2(l2 − M2)2((l − k)2 − M2) ,

sA,γ(k, l) = − 2
(l2 − M2)3

( 1
k2 − M2 − 1

(l − k)2 − M2

)
− 5

(k2 − M2)2(l2 − M2)2

+ 1
(k2 − M2)(l2 − M2)((l − k)2 − M2)

( 7
l2 − M2 + 2

k2 − M2

)
− 2 k · l

(k2 − M2)(l2 − M2)2

( 1
(k2 − M2)(l2 − M2) +

1
(l2 − M2)((l − k)2 − M2)

+ 1
(k2 − M2)((l − k)2 − M2) +

2 k · l

(k2 − M2)2(l2 − M2)

)
. (F.52)

We note that the integrand-level modifications to the gluon three-point function, defined
through additive counterterms according to eq. (9.10), do not affect the amplitude in the
double-UV region.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.
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