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KURZFASSUNG

Das Ziel dieser Arbeit ist es, nichtlineare Stabilitdtsergebnisse periodischer Wellenziige zu be-
weisen, indem jegliche Lokalisierungs- und Periodizitdtsannahmen zu Stérungen in bestimmten
dissipativen Modellen aufgehoben werden. Dies weicht von fritheren Ergebnissen in der Liter-
atur ab (die sich auf die Lokalisierung von Stérungen stiitzen) und zeigt, dass periodische
Wellenziige robuster sind als bisher angenommen. Mathematisch lasst sich die allgemeine
Aufgabe wie folgt zusammenfassen: Wie ldsst sich aus generischen Spektraleigenschaften
die nichtlineare Stabilitét einer bestimmten Modellklasse beweisen? Aufgrund der fehlenden
Lokalisierung und der Herausforderungen, die sich aus den Modellen selbst ergeben, wie z.
B. unvollstidndige Parabolizitdt oder dispersive Eigenschaften, sind etablierte Rahmenwerke
nicht mehr anwendbar, Techniken miissen verfeinert werden und neue Ideen sind erforderlich.
Wir beweisen neue Ergebnisse zur nichtlinearen Stabilitéit periodischer Wellenziige anhand
von drei Paradigmenmodellen. Wir verwenden einen Modulierungsansatz, um die nichtlineare
Stabilitat gegeniiber vollsténdig nichtlokalisierten Stérungen im FitzHugh-Nagumo-System
zu zeigen. Fur parabolische Reaktions-Diffusions-Systeme zeigen wir ein Modulationssta-
bilitdtsergebnis gegeniiber vollstdndig nichtlokalisierten Storungen. Insbesondere lassen wir
grofle Phasenmodulationen zu, ohne jegliche Lokalisierung der anfinglichen Phasenmodulation
anzunehmen. Inspiriert durch das sogenannte Zahnproblem in der nichtlinearen Schrodinger-
Gleichung betrachten wir die Lugiato-Lefever-Gleichung und Stérungen, die aus Summen
von koperiodischen und lokalisierten Storungen bestehen. Der Anhang widmet sich einem
separaten Ergebnis, das durch Herausforderungen motiviert ist, die sich bei der Beweisfithrung
fiir das Ergebnis im FitzZHugh-Nagumo-System ergeben haben. Wir befassen uns mit der
Fourier- und Laplace-Inversionsformel und finden Bedingungen, die eine lokal gleichmé&fige
Konvergenz dieser Inversionsformeln garantieren.






ABSTRACT

The purpose of this thesis is to prove nonlinear stability results of periodic wave trains by
lifting any localization and periodicity assumptions on perturbations in certain dissipative
models. This diverges from previous results established in the literature (which rely on
localization of perturbations) and shows that periodic wave trains are more robust than
always assumed. Mathematically, the general task boils down to: given a specific class of
models, how to conclude nonlinear stability from generic spectral properties? Due to the
lack of localization and challenges coming from the models themselves, such as incomplete
parabolicity or dispersive characteristics, well-established frameworks do not apply anymore,
techniques have to be refined and new ideas are required. We prove new nonlinear stability
results of periodic wave trains along three paradigm models. The first model is devoted to
the FitzHugh-Nagumo system for which we adopt a modulational approach to show nonlinear
stability against fully nonlocalized perturbations. For parabolic reaction diffusion systems, we
show a modulational stability result against fully nonlocalized perturbations. In particular,
we allow for large phase modulations without assuming any localization on the initial phase
modulation. Inspired by the so-called tooth problem in the nonlinear Schrédinger equation,
we consider the Lugiato-Lefever equation and perturbations consisting of sums of co-periodic
plus localized perturbations. The appendix is devoted to a detached result which is motivated
by challenges arising in the proof of the result in the FitzHugh-Nagumo system. We deal with
the Fourier- and Laplace inversion formula and find conditions to guarantee locally uniform
convergence of these inversion formulae.
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CHAPTER 1

INTRODUCTION

We consider an n-dimensional system of partial differential equations (PDE) with spatial
variable € R and time variable ¢ € [0,00). As a concrete example, the reader may think of a
reaction-diffusion system dyu = DO?u+ f(u) with D € R positive definite and f : R® — R"
smooth. Let ¢ : R — R" be a smooth T-periodic function. A periodic wave train is a solution
of the PDE which can be written in the form

do(kor — wot), (z,t) € R x [0,00), (1.1)

where ¢q is the periodic profile (see Figure , ko # 0 is called the wavenumber and wy € R
is the time frequency. By the quotient ¢y = ‘,‘;—8, we denote the speed of the wave train. If
co = 0, we say that (1.1) is a standing wave. We are interested in the nonlinear L*-stability

of periodic wave trains which we informally formulate as:

FEvery solution of the (nonlinear) PDE starting close to the periodic wave train with respect to
a class of perturbations from a Banach space Y < L>®(R), exists globally and stays L*°-close
to the wave train for all times.

Furthermore, we are curious about the asymptotic behavior:

Do the perturbed solutions converge to the wave train and at which rate as time tends to
infinity?

The interest in studying nonlinear stability of periodic or other patterns is not solely of
mathematical nature. Many phenomena from biology, chemistry, physics or ecology are
described through nonlinear PDEs and therefore the question whether certain patterns such
as periodic wave trains exist in these PDEs are of crucial interest. To show nonlinear stability
now justifies that these patterns can actually be observed and accredits them a physical
relevance.

We formalize the notion of nonlinear L°°-stability in Definition and give an illustration
in Figure [I.1}

Definition 1.0.1 (Nonlinear L°°-stability). To prevent confusion at this stage of the
thesis, we suppose that kg = 1 and ¢p = 0. We fix a Banach space X — L% (R) such that
oo € X. To formalize the notion of nonlinear L°°-stability, we note that every PDE which we
consider in this thesis can be written as semilinear evolution equation

Ou = Lu+ N (u) (1.2)

where £ generates a Cy-semigroup on X, N : X — X is locally Lipschitz continuous and ¢q
is a stationary solution of . Let Y — X be a Banach space. We define: the periodic
profile ¢q is called nonlinearly L*°-stable against perturbations from Y if for every € > 0 there
exists some d > 0 such that for all vg € Y with ||vg|]y < J, the mild solution u(t) of
with initial condition u(0) = ¢¢ + vg exists globally and ||u(t) — ¢g||p~ < € for all ¢ > 0.

We remark on some aspects of Definition [I.0.1} First, it can be seen as a variant for semilinear
evolution equations of the classical notion of Lyapunov stability for ordinary differential
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equations. For all considerations in this thesis, we can assume sufficient regularity on the
initial perturbations to obtain classical solutions. Whenever we mention 'nonlinear stability’,
the reader may refer to the notion given in Definition [T.0.1] For standard references on
semilinear evolution equations, we refer to .

Measure distance in Y-norm

Measure distance in L>®

Figure 1.1.: A simplified illustration of Definition in two dimensions.

Nonlinear stability and asymptotic behavior crucially depend on the class of perturbations
against which one perturbs the wave train. We refer to Figure [I.2] for an illustration of
important types of perturbations. A co-periodic perturbation is T-periodic, i.e., it has the
same periodic as the profile. Typical examples for localized perturbation spaces are H*(R)
or LY(R) N H¥(R), k € N. A space of nonlocalized perturbations should include functions
which are neither periodic nor localized. A common choice is the space C} (R), m € Ny,
which contains all bounded, m-times differentiable functions whose derivatives are bounded
and uniformly continuousH In particular, C} (R) contains every C'*°-function with bounded
derivatives and we therefore say that C}(R) is a class of fully nonlocalized perturbations.

Perturbation Perturbed profile

Localized \/\/\/\/\/\/\
Orginial periodic profile
VYAV V.V Sy |V V/V|V/V/uN A TAVAVAVAYR

Figure 1.2.: Illustration of different types of perturbations (restricted to one component). The
focus of this thesis is on nonlocalized perturbations.

'This space forms a Banach space when equipped with the standard W™ (R)-norm.
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The purpose of this introduction is twofold. First, we give an overview of the current state
of the literature. We introduce the models that we consider in this thesis and informally
state our main results from Chapters [3] to [§] and Appendix [A] The second purpose is to set
up the modulational approach, which we follow throughout this thesis. For this intention,
we introduce the abstract framework into which the presented models are embedded. This
allows us to discuss certain challenges more explicitly. In particular, we summarize different
approaches to linear estimates in Section [I.5] In Chapter [2| we discuss toy examples to
illustrate crucial ideas and techniques. All in all, the introduction together with Chapter
are meant to support reading of the remaining chapters which contain the main mathematical
contributions of this thesis and their proofs.

1.1. LITERATURE OVERVIEW

The research on nonlinear stability in general and specifically of periodic wave trains is a
highly active area of research with long tradition. Periodic patterns are one of the most
fundamental patterns which arise through the instability of a homogeneous state. Such a
pattern-forming mechanism was first discovered by Turing in the pioneering work [99] from
1952 for a linear reaction-diffusion system describing phenomena in morphogenesis. In 1977,
Swift and Hohenberg [98] proposed their model

8tu: —(1+8§)2u+uu—u3, U ER, (13)

as reduced equation to describe effects in thermal fluctuations in fluid ﬂowsﬂ This equation
is one of the simplest nonlinear model admitting pattern formation. In fact, if u exceeds the
critical value pu, = 0, the homogeneous state © = 0 becomes unstable and periodic patterns
arise. The equation is a paradigm example for which the Ginzburg-Landau equation

Ou = 0*u+u — |ul*u, wueC, (1.4)

can be rigorously derived as amplitude equation. The validation of as amplitude equation
was also rigorously justified for other dissipative systems such as the Taylor-Couette problem
or reaction-diffusion systems. We refer to [94] for a systematic and detailed presentation of
this topic and further references. The Ginzburg-Landau formalism suggests an important
heuristic:

If we can show the existence of periodic waves and their stability for , then we can also
show them for a system for which serves as amplitude equation.

The first rigorous nonlinear stability result of periodic waves against localized perturbations
was obtained in the Ginzburg-Landau equation for the periodic roll waves z — /1 — ¢2e'9%,
q € (—1,1), against localized perturbations. This is due to Collet, Eckmann and Epstein [26]
in 1992. Switching to polar coordinates, the associated perturbation equations admit constant
coefficients and the spectrum can be computed explicitly with stable parameter regime ¢? < %
Furthermore, in contrast to general reaction-diffusion systems, the analysis of simplifies
due to translational, reflection and gauge symmetry. In the same year, Bricmont and Kupiainen
publish their paper [16] where they introduce the renormalization group approach and extend
the results from [26]. They could allow for small wavenumber-offsets giving rise to linear

2An interesting side note due to [27] is that the Swift-Flohenberg equation is already formulated in unpublished
manuscripts of Turing.
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spatial growth of the phase modulation. With the help of the renormalization group approach,
fundamental progress has been made for the nonlinear stability analysis of periodic wave
trains in a rich variety of models beyond the Ginzburg-Landau equation, i.e., in absence of
gauge invariance. We particularly mention Schneider’s pioneering work on nonlinear stability
in the Swift-Hohenberg equation [91] from 1996 and the Taylor-Couette problem [93] from
1998. Finally, the concept of diffusive spectral stability became standard as starting point to
obtain nonlinear stability; an illustration is given in Figure [[.3] and we refer to Section [I.3] for
an introduction of this concept.

C ] C L]
g : I
= : = :
B : g B g
3 = = g =
=9 : £ : g
& ; @ = ; &
k= ' =) = ' o
'z : = '3 Z
= : g
= : =

Figure 1.3.: We schematically illustrate two scenarios of spectra of the linearization of a PDE
about the wave trains. Left: this is the case when considering the spectrum on
co-periodic functions, i.e., functions with the same period as the periodic profile,
where only discrete point spectrum occurs. The eigenvalue in zero originates
from the translational invariance of the system, that is, ¢ is an eigenfunction
to the eigenvalue 0. A standard reference on nonlinear stability against co-
periodic perturbations is [64]. The central aspect to show nonlinear stability
is to isolate this eigenvalue which reduces the critical dynamics to an ordinary
differential equation as the remaining spectrum is uniformly confined to left half
plane. Right: a schematic illustration of what we understand as diffusive spectral
stability which lies at the core of the nonlinear stability analysis against localized
and (fully) nonlocalized perturbations, see Section Instead of an ordinary
differential equation, the critical quadratic curve of the spectrum (red) gives
rise to a (convective) heat equation capturing the critical dynamics induced by
translational invariance.

Between 2011 and 2014, Johnson, Noble, Rodrigues and Zumbrun published a series of papers
demonstrating nonlinear stability of periodic wave trains in more general settings based
on a modulational approach. For parabolic reaction-diffusion systems nonlinear stability
of periodic wave trains against L' N H¥-perturbations is established in [55] under diffusive
spectral stability assumptions. They extend their theory by allowing for nonlocalized phase
modulations which connect constant states at spatial +00, c.f. |56} |57]. We refer to such a
result as modulational stability. These considerations ultimately apply to viscous conservation
laws by taking into account that the spectrum close to the origin may consist of multiple
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critical curves [59].

We further mention the work of Jung [62] using a Green’s function approach and the work of
Scheel and Wu [90] using an approach via normal forms to show nonlinear stability of periodic
wave trains in parabolic reaction-diffusion systems.

The first result on modulational stability for parabolic reaction-diffusion systems can be traced
back to [89] relying on the renormalization group approach. The phase modulation there may
be chosen as explicit shock wave solution of a viscous Hamilton-Jacobi equation

O = dOu + adypu + v(dpu)? (1.5)

with constants d > 0 and a,v € R. This result may be referred to as diffusive mizing of
the periodic wave train, i.e., two distinct values of the phase modulation at £o0 are mixed
through the (nonlinear) diffusion equation . In 2019, Iyer and Sandstede extend this
result to allow for large phase offsets. We also refer to Figure

The first nonlinear stability result against fully nonlocalized perturbations is due to Hilder,
de Rijk and Schneider in [51] from 2022. There, the authors establish nonlinear stability of
the roll waves in the Ginzburg-Landau equation against perturbations from CJ} (R). Since
the linearization about the origin has constant coefficients, they are in the position to filtrate
modes with the help of the Fourier transform. A variant to the Fourier transform is to
apply the Bloch transform to find mode filtration in L?(R) whenever the linearization admits
periodic coefficients. This procedure gets more complicated for nonlocalized perturbations.
This is circumvented in [85] by following a Green’s function approach to show nonlinear
stability periodic waves in two spatial dimensions whose perturbations are nonlocalized in
one spatial direction. Solely relying on parabolic smoothing, a nonlinear stability theory is
established in [84] for parabolic reaction-diffusion systems exploiting a modulational approach.
A central achievement was to control the perturbed viscous Hamilton-Jacobi equation, which
captures the most critical dynamics, with the aid of the Cole-Hopf transform. We refer to
Sections and for insights on this decisive aspect of the analysis.

In this thesis, we present new results on the nonlinear stability of periodic wave trains against
nonlocalized perturbations along three paradigm models arising in various disciplines. One
particular concern is to extend the theory [84] beyond the parabolic setting to enclose other
phenomenological models such as the FitzHugh-Nagumo system and Lugiato-Lefever equation.
Another crucial contribution of this thesis is an extended theory of the state-of-the-art
modulational stability results which all rely on spatial localization. We summarize our new
results and relate them to the existing literature in the next section.

1.2. NEW RESULTS AND EMBEDDING INTO THE LITERATURE

We start by briefly discussing which results we can expect. Reconsidering Figure [I.3] we
detect a lack of a spectral gap due to translation invariance of the system and therefore the
evolution generated by the linearization about the wave train is at best bounded from a
perturbation space into itself in virtue of the Hille-Yosida theorem. This suggests that in
general we can only expect nonlinear stability of the periodic wave trains but no convergence
rates for the perturbations as t — oo without assuming localization assumptions on the initial
perturbation.
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We informally state and discuss the main results of the thesis. We refer to the corresponding
chapters for rigorous formulations of the theorems. Furthermore, we refrain from discussing reg-
ularity assumptions and whether we can control higher derivatives in the informal statements.
For details on these aspects, we again refer to the corresponding chapters.

A paradigm model from biology is the FitzHugh-Nagumo system

) _ (O2u w(l —u)(u—p) —v
<3tv) B < 0 > i ( e(u — v —#/ut) )’ (z,1) € R x[0,00), u(z,1),v(z,t) €R (1.6)

with parameters p € R, v > 0 and ¢ > 0. The system (1.6)) serves as phenomenological
simplification of the Hodgkin-Huxley model describing signal propagation in nerve fibers [77).
Assuming kg = 1 and that the periodic wave profile ¢y moves with nonzero speed ¢y = wg, we
perform a coordinate change ( = ¢ — wot which yields the system

Ou\ agu Ocu u(l—u)(u—p)—v
<8tv> = ( 0 +co Do + e(u— v — ) , (¢, t) e R x[0,00). (1.7)
We observe that ((1.7) is now a damped transport equation in the principal part of the second

component. Chapter [3|is the content of the preprint |5 which is a joint work with Bjorn de
Rijk. We informally state its main result.

Informal statement of main result in Chapter Let ¢o : R — R? be a smooth and
diffusively spectrally stable (see Figure , stationary solution to . Then, there exist
C, 6 > 0 such that for every g € C3,(R) x C2,(R) with Ey := HwOHijb(R)xCib(R) < 0 there
exists a unique classical global solution w(t) = (u(t),v(t))T of with w(0) = Wo + ¢o
fulfilling the estimate

[lw(t) = dol|L~ < CEy
for allt > 0.

In particular, ¢o is nonlinearly L>-stable against perturbations from C3,(R) x C’gb(R)ﬂ

As coupling of a scalar reaction-diffusion equation and a linear ordinary differential equation,
the system admits remarkably rich dynamics and gives rise to many types of patterns.
An interesting class of patterns are pattern-forming fronts which connect a constant state
in leading edge to a periodic pattern in the wake. A guiding paper from 2024 on their
nonlinear stability against localized perturbations is [8] which also includes a theorem on
the nonlinear stability of purely periodic wave trains. To the author’s best knowledge, this
is the first nonlinear stability result of periodic wave trains against localized perturbations
in the FitzHugh-Nagumo system. Building on their considerations, our result is the first to
lift any assumption on localization of the initial perturbation in a dissipative, non-parabolic
system. We emphasize that our analysis presents a robust theory that does not depend on
the specific features of the FitzHugh-Nagumo system, meaning that our developed scheme
might be applied to other dissipative systems which satisfy the following assumptions

(A1) The linearization about the wave train generates a Cy-semigroup on Cyp,(R);

3In Chapter [3] we show a stronger result by only assuming that the initial perturbations have to be small in
L while keeping the regularity assumptions.
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(A2) The periodic profile is diffusively spectrally stable.

It is an interesting task for future research to establish such a general theory for systems
supporting [(A1)] A crucial challenge in this approach is to control regularity in the
arising quasilinear iteration scheme on which we remark in the introductory Sections [I.4] and
On the other hand, the lack of parabolicity and the question on how to filtrate modes in
Cyub(R) are challenges in developing a suitable framework and proving linear decay rates. We
address them in Section [L.5l

In Chapter |4}, we study parabolic reaction-diffusion systems which are of the form
0w = Dugy + f(u), (x,t) € Rx[0,00), wu(z,t)eR" (1.8)

with positive definite D € R™*"™ and smooth f : R” — R™. The main result of the preprint [4]
(jointly with Bjorn de Rijk) is devoted to modulational stability. We heuristically motivate
the meaning of this concept. If ¢ is a stationary periodic solution of , then translational
invariance of implies that also the constantly shifted wave train ¢g(- + s) is a stationary
periodic solution of as well for every s € R. In particular, ¢g(-+ s) is diffusively spectrally
stable whenever ¢g is. Therefore, at the onset of pattern formation, one expects that not only
a pure periodic wave could be observed but also modulated versions of them. Such modulated
variants are in general given as ¢(- + vp) with bounded initial phase modulation vy : R — R
and we ask whether they are stable in an appropriate sense. We give an informal statement
of our result, see also Figure

Informal statement of main result in Chapter 4. Let ¢g : R — R" be a smooth and
diffusively spectrally stable periodic wave train to @ For simplicity, we set kg = 1 and
wp =0 in . Fix any M > 1. Then, for every small o > 0 there exist some C,e > 0 such
that for every initial phase modulation vy € CL,(R) and ug € Cyp(R) with ||yo||z~ < M and
Ey :=|0zv0]|> + |[uo — ¢o(- + Y0)||1e < € there exist a unique classical global solution u(t)
of @ with u(0) = ug and some globally defined modulation function ~(t) with v(0) = o
such that

[[u(t) = do(- + (1)l < CEG(1+1)72+0

for allt > 0. Moreover, there are a,v € R and d > 0 (see|(P4)|) such that we can approximate

for all t > 0, where ¥(t) is the solution of the viscous Hamilton-Jacobi equation

2 .
3 (63

RO =3(1)|| . SCE"(1+0)7%, j=0,1, (1.9)

Oy = daﬁ + a0,y + V(a:c'vy)Z’ (337 t) €eRx [07 OO),

with ’v}/(O) =70-

An interesting observation in this theorem is that if we formally set v(¢f) = 0, then we
obtain nonlinear stability of the original wave train. Therefore, modulational stability can be
considered as a generalized concept of nonlinear stability. We note that we can also use the
explicit solution of the viscous Hamilton-Jacobi equation as modulation function: by
and the mean value theorem, we obtain

[u(t) — do(- + 5] oo < CES®, ¢ >0,
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The reason for the a-exponent is an interpolation argument which allows to balance the
smallness of 9,7 and decay of 9%t from Cup(R) to Cyp(R). This idea is paradigmatically
executed in Section There, we also indicate where the estimate (|1.9) originates from.

Importantly, assuming higher regularity on the initial perturbation, we expect that our scheme
also applies for the FitzHugh-Nagumo by direct adaptions from Chapter

Phase modulation Derivative of phase modulation .,
+

Modulated profile

Figure 1.4.: Illustration of different initial scenarios where the scenario in the first row is
studied in [54, [57, [89]. The purple profile is the modulated profile with indicated
phase shifts at = +00. In Chapter {4 (scenario: second row in figure), we drop
the smallness assumptions from [89] and [57] on ||yo||ze but also any localization
assumption on the initial conditions from [57] and [54]. The figure indicates
that we can allow for slow oscillations of the phase modulation at spatial +o0o in
Chapter [

Example. Take L > 0 and set vyo(z) = L(sin(dz) + arctan(dx)), x € R. Now, we set § > 0
sufficiently small while L may be large. This a concrete example of an initial phase modulation
which is covered by our result in Chapter [4] but not by any earlier result since 0,9 does not
lie in LP(R) for any 1 < p < co. In general, one can consider each gy € CZ, (R) and choose
Yo(z) = go(dzx) for sufficiently small 6 > 0. O

The third model under investigation, in Chapter [5] is the Lugiato-Lefever equation which
reads as

du = —Bi0%u — (1 +ia)u +ilul®*u+ F, (x,t) € R x [0,00), wu(z,t)€C (1.10)
with parameters 5 € {—1,1},a € R and F > 0. Mathematically, (1.10) is a variant of the

cubic nonlinear Schréodinger equation with an additional damping term —u and a constant
forcing term F' > 0. In 1987, Lugiato and Lefever have derived this equation as a model for
nonlinear optical systems [72] and identified it as paradigm model for pattern formation.

The equation has recently been studied in [46] where it was shown that periodic standing
waves are nonlinearly stable against localized perturbations. In the earlier work [96], nonlinear
stability is shown against co-periodic perturbations. The Chapter [5| consists of the preprint
[2] where we unify both theories by perturbing against co-periodic plus localized perturbations.
These sums constitute a non-trivial class of nonlocalized perturbations. Considerations from
fiber optics [67], where combinations of localized and co-periodic effects naturally occur,
motivate the study of these types of perturbations. We informally state the main result of
this chapter.
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Informal statement of main result in Chapter Let ¢o : R — R? be a smooth and
T-periodic, stationary solution of . In addition, assume that ¢q is diffusively spectrally
stable. Then, there exist some C,e > 0 such that for every iy € HJ,(0,T) & H3(R) with
Eo = ||to|| s (0,myem3®) < € there exists a unique classical global solution u(t) of with

per(

u(0) = ao + ¢o fulfilling the estimate
[[u(t) = ¢ol|L= < CEy
for allt > 0.

In particular, ¢o is nonlinearly L*°-stable against perturbations from ngr(O, T)® H3(R)E|

per
solves (|1.10)) for w(t) with w(0) = wo € L2.,(0,T) and then derives the perturbation equation

for v(t) which can be solved in L?(R) such that w(t) + v(t) is again a solution of with
w(0) + v(0) = wp + vo. Therefore, the main idea of the proof of the nonlinear stability result
is to perform an iterative L2-scheme on the perturbation equations of v(t), similarly as in [46]
and [105], where the novel difficulty is to control v-w-mix terms. We resolve this difficulty by
establishing a suitable modulation ansatz which allows to rely on the orbital stability result
from [96] for the co-periodic perturbation w(t).

To construct a solution of (1.10)) with initial datum wo + vy € L2..(0,T) & L*(R), one first
(

Small initial perturbation Reference

L2..(0,7) "NNNNNNNNNNNVNNY 6] (2018)

per

L2(R) NN NN 4] (2022)

AVAVANAVANRVAVANANVAVAVA
L2..(0,T) & L*(R) Chapter [5

Table 1.1.: A related question to the one in Chapteris whether solutions of the cubic nonlinear
Schrédinger equation exist globally for initial data from L2_.(0,T) & L*(R). This
problem is also referred to as tooth problem in the literature and the red lines in
the last row might be seen as 'knocked out teeth’. For a discussion on the tooth

problem, we refer to [24, 69].

The reader might wonder whether we can apply our scheme for the FitzHugh-Nagumo system
from Chapter [3|to establish a nonlinear stability result against fully nonlocalized perturbations
in the case of the Lugiato-Lefever equation. A first complication to this suggestion is that
is violated as shown in [14]. An alternative choice of spaces to guarantee that ei%7t generates a
semigroup on a space of fully nonlocalized perturbations are the so-called modulation spaces.
We briefly discuss the possibility of such an extension in Chapter [5l In general, global existence
for Schrodinger-type equations with fully nonlocalized initial data is a widely open problem.

4We systematically introduce the spaces H{fer(O, T) @ H'(R) at the end of Chapter
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The Appendix [A]is devoted to a detached result on the Laplace transform: during the work
on [5], we were confronted with the validity of the complex inversion formula of the Laplace
transform applied to convolutions of Cy-semigroups to generate high-frequency estimates,
see Chapter |3| and Section This was the motivation for the preprint 3] (to appear in
Archiv der Mathematik). We show that for a vector-valued function the condition of Lipschitz
continuity in [6] can be relaxed to local Hoélder continuity to obtain complex inversion of the
Laplace transform with locally uniform convergence. In particular, this result applies for
Co-semigroups on Favard spaces.

Notation.

o Let S be aset, and let A, B: S — R. Throughout the thesis, the expression "A(xz) < B(x)
for x € S’, means that there exists a constant C' > 0, independent of x, such that A(x) <
CB(x) holds for all z € S. We also write ’A(z) = O(B(z))’ instead of *A(z) < B(z)

o Let X be a normed space and let S be a set. Let A(t) : X — X fort € Sand B:S — R.
The expression "A(t) = Ox_x(B(t))’ means that that there exists a constant C' > 0,
independent of x and ¢, such that ||A(¢)||x < CB(t)||x||x holds for all z € X and ¢t € S.

Comment on notational consistency. The notation within each Chapter [3]to [5]is consistent
and can differ between the chapters. This means for example that the phase modulation
throughout Chapter [3]is called ¥ while we call it v in the others. The reason is that the
Chapters [3| to [5| mainly consist of the corresponding preprints.

1.3. ABSTRACT FRAMEWORK: EXISTENCE AND SPECTRUM

The systems ([1.6]), (1.8) and the equation (1.10]) (by splitting into real and imaginary parts)
can be written as a semilinear system which is of the form

O =D*u+ f(u), (x,t) €Rx[0,00), wu(z,t)cR” (1.11)
with n € N, smooth f: R" — R™ and a matrix D € R"*",

If D is semi-positive definite, then we call (1.11)) a reaction-diffusion system. In this case,
(1.11)) becomes parabolic if D is positive definite and we call it incomplete parabolic otherwise.

Existence. Let kg # 0, wp € R and T' > 0. We assume the existence of a T-periodic profile
¢o : R — R™ such that the wave train

¢o(kor — wot), (z,t) € R x [0,00),
is a solution of (|1.11)).

The comoving frame. The coordinate change ¢ = koz — wpt transforms ([1.11]) into
dyu = kgDOFu + wodcu + f(u), ((t) €Rx[0,00), u((,t) €R™ (1.12)

The periodic profile ¢y is now a stationary solution of (1.12)). Measuring the deviation
v((,t) = u((,t) — ¢o(C) of a solution u of (1.12)) from ¢p, we arrive at the perturbation
equation

0w = Lov + R(v)
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where the linearization £y of about ¢q is given by
Lov = k:gDE)gv + wodcv + f(¢o)v
and the nonlinear residual reads as
R(v) = f(v+¢o) = f(¢o) — f'(do)v.
The linearization Ly is posed on Cy,(R) with dom(Ly) C Cyup(R) resp. on L?(R) with
dom(Ly) C L*(R).

Spectral preliminaries. We introduce the Bloch operators
L(E) = e~ Lo [_”W>
(‘E) e 0€ ", { € Tv T )

posed on L2 (0,T) with dom(£(¢)) € L2..(0,T). It holds that £(£) has compact resolvent
and its spectrum consists of isolated eigenvalues of finite algebraic multiplicity. Furthermore,

we have the identities

o(Lo) = UCub(ﬁo) =o02(Lo) = U ULger(o,T)(ﬁ(f))~ (1.13)
¢e[-F.7)

We refer to [39} [83] and [29] for details. The spectrum of o¢,, (Lo) and op2(Ly) qualitatively
differ: while o¢, (Lo) consists of a continuum of eigenvalues, o;2(Ly) is purely essential.

S
S

We make the following assumptions on the spectrum which we refer to as diffusive spectral
stability:

(D1) It holds o(Ly) C {A € C: Re(A) <0} U{0};
(D2) There exists 6§ > 0 such that for any £ € [~7, 75) we have Re OL2,.(0,T) (L(€)) < —0¢%;
(D3) 0 is a simple eigenvalue of £(0).

Due to translational invariance of (1.12]) and ZDBiL we have

kersa(o.1)(£(0)) = span{gh}, (1.14)

whenever ¢ is nonconstant. This gives rise to one critical spectral curve A.(€), & € (—&o, o), for

some & € (0, 75) touching the origin and which is confined to the left half plane, see Figure
Due to the necessary eigenvalue in the origin of £(0), we note that the assumptions [] (D3)
are the generically most stable configuration one can hope for in dissipative systems. We
informally summarize some consequences of |(D1)H(D3)| and refer to [29] for their justifications:

(P1) There exist a neighborhood U C R of kg and functions ¢: R x U - R" and w: U - R
with ¢(+; ko) = ¢o and w(ko) = wp such that

ug(,t) = d(kx — w(k)t; k),

is a solution to (1.11) of period T for each wavenumber k € U. We can arrange for
(®o, ¢p) £2,,(0,7) = 1, where @ is an eigenfunction to the eigenvalue 0 of the adjoint Bloch

operator £(0)*.

(P2) There exist eigenfunctions ®¢ with ®q = ¢, associated to the simple eigenvalue A.(§) of
,C(g), i.e., E(f)q)g = )\c(f)<1>§ for 5 S (—fo,fo).
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(P3) There exist eigenfunctions @5 associated to the simple eigenvalue A (§) of the adjoint
operator L£(§)*, i.e., L(£)*Pe = Ac(§)P¢ for € € (—&0o, &o)-
(P4) The expansions

A(6) — iaé + €2 S IEP, e — 6 — hobOh (ko) s o) S IEP
hold for £ € (—&p, &) with coefficients a € R and d > 0.

One can explicitly determine

a = wy = kow'(ko),  d = ki(®o, DYy + 2ko DOk (-3 ko))pz -
We also introduce v = —1kow” (ko) whose relevance becomes apparent later.

The coefficient a is referred to as group velocity of the wave train in the literature.

Remark 1.3.1. We have the symmetry property: if X € o(Lo), then A\ € o(Lo). This is due
to the observation that Lo has real coefficients. In particular, Ae(—€) = A(€), &€ € (=0, &).
In case that the system admits reflection symmetry and the periodic profile is even, i.e.,
o(z) = ¢(—x), we additionally have A\e(—&) = Ac(§) and therefore A\.(§) € R for z € (—&o,&o).-

We now embed the presented models into this abstract framework:

e The FitzHugh-Nagumo system is a reaction-diffusion system of incomplete parabolic
10
00
by exploiting the slow-fast structure of the system. In [33], a spectral analysis of the
resulting linearization is performed in the case v = 0 for which diffusive spectral stability
cannot hold due to the lack of damping in the second component. Another recent type of
periodic wave trains is shown to exist with justified spectral assumptions [(D1){(D3)|in
[71]. This is to the author’s best knowledge the first result proving existence of periodic
wave trains which are diffusively spectrally stable for v > 0.

type where D = . The existence of periodic traveling waves is established in [95]

e As example for parabolic reaction-diffusion systems, one considers the Brusselator
model

O = d10*u +a — (B + 1)u + u’v,

;1) € R x [0, 00), ), 0(z,t) e R? (1.15
v = da02v + Bu — uPv, (z,) x [0,00),  (u(z,?),v(z,1)) (1.15)

with parameters di,ds > 0 and a, 8 € R. For this system, it is known through [97] that
diffusively spectrally stable periodic wave trains exist in a certain paramater regime.

o The Lugiato-Lefever equation can be written in form (1.11)) by switching to the
0

variables (Re(u),Im(w)). This gives rise to D = —f 1 _01 and a smooth reaction

term F : R? — R2. The model (1.10) admits periodic standing waves and the associated
linearization obeys (D3)[ as shown in [28] and [13] exploiting Lyapunov Schmidt-
reduction and bifurcation arguments. They are typically even due to the reflection
symmetry of the Lugiato-Lefever equation.
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)\c )\(: )\C

Figure 1.5.: Qualitative illustration of spectra supported by with the critical touch-
ing at the origin. Left: the spectrum of FitzHugh-Nagumo system behaves
asymptotically parallel to the imaginary axis with an asymptote —evy. Middle:
image of the spectrum in parabolic reaction-diffusion system which in particular
lies in a sector. Right: due to the reflection symmetry of the Lugiato-Lefever
equation and the evenness of the standing wave, the critical curve is confined to
the real axis.

Remark 1.3.2 (The scalar case). [t is crucial to work with systems of equations, i.e.,
n > 2, as the condition never holds in scalar equations. This follows from Sturm-
Liouwville theory [04] which tells us that the eigenfunction to the largest eigenvalue of L(0) is
necessarily zero-free. If ¢g is nonconstant, then the eigenfunction ¢, to the zero eigenvalue has
at least one zero and therefore there has to be an unstable eigenvalue. Through identity ,
this leads to nonlinear instability of non-trivial periodic wave trains against perturbations from
L*(R) and Cyu(R).

1.4. THE MODULATIONAL APPROACH

We consider a solution u(t) of . By the touching of the spectrum of Ly at the origin,
we cannot expect decay of the semigroup e“°* from some Banach space X into itself by the
Hille-Yosida theorem. This obstructs an immediate argument through iterative estimates on
the Duhamel formula of the perturbation u(t) — ¢. The principal idea of the modulational
approach is to capture the critical touching of the spectrum at the origin on the linear and
nonlinear level. For this purpose, we introduce a phase modulation y(t)lﬂ and the inverse-
modulated perturbation of u(t) given by

w(C7 t) - U(C - 7((7 t)? t) - ¢0(<)7 (C? t) €R x [07 OO)

The inverse-modulated perturbation w satisfies a quasilinear system of the form

(0% = Lo)(w = d7) = R(w, ¢, ), (1.16)

SWe use v to denote the modulation function which should not be confused with the constant in the
FitzHugh-Nagumo system. In Chapter [3| we call the phase modulation .
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where we emphasize that the nonlinear residual R contains only derivatives of 7. We refer
to 8, 55] for the derivation of (1.16]). To exploit the structure of (1.16]), one splits the linear
evolution as

et = S,.(t) + (¢ + koOko(+; ko)) sp(t) (1.17)

by relying on |(D1){(D3)l In Section we discuss different approaches yielding the decom-
position and decay rates on s,(t) and S,(t). The requirement on such a decomposition
is that s,(t) captures the linear critical dynamics caused by the parabolic touching of the
critical spectral curve A, at the origin of the spectrum. Therefore, s,(t) qualitatively behaves
as the (convective) heat semigroup (905 +ado)t
while we expect higher-order decay of S, (t).

with respect to decay and smoothing properties

We write ug = u(0) and set wy = ug — ¢p. Let 0 < x < 1 be a smooth function such that
X =0on [0,1] and x =1 on [2,00). To capture the most critical behavior of w(t), we define
the phase modulation function v(¢) by the Duhamel formulalﬂ

t -
1) = xOsylthun + [ Xt = 9)sy(t = R(s) s, (1.18)
where we abbreviate R = R(w, Y¢;t). Furthermore, using 1j we introduce the variable

2(t) = w(t) — kodkd(-; ko)yc (t) (1.19)

which satisfies the Duhamel formula
t ~
2(t) =S, ()wo + / S,.(t — $)R(s) ds + remaining terms. (1.20)
0

This gives rise to the expectation that z(¢) admits higher-order decay since S, (t) decays
at higher-order, c.f. Section [I.5] We may also assume that the remaining terms decay at
higher-order. The genuinely most critical term that might occur in the nonlinearity R is 7?
as R contains only derivatives of v and we may assume that z(t), 7;(¢) and higher derivatives
of v(t) decay at higher-order. In summary, the most critical part of our stability analysis is
governed by a perturbed viscous Hamilton-Jacobi

Oy = dOZy + adey + v(9¢v)® + hoot (1.21)

with @ € R and d > 0 from the second order Taylor expansion of the critical spectral curve A,
in Furthermore, it is possible to show that v € R is precisely the value as defined in
c.f. [84]. The particularly interesting scenario is when v # 0 since the remaining nonlinear
terms in are of higher-order. In this case, the nonlinearity v(9:7v)* can be removed via
the Cole-Hopf transform and we give a comprehensive discussion of this procedure in Section
2.9l

Regularity control. Due to the quasilinearity of (1.16]), spatial derivatives of w appear in the
residual nonlinearity R and a crucial challenge is to control these derivatives. This is usually
and also here achieved by nonlinear damping estimates on the forward-modulated perturbation
(¢, t) = u((,t) — ¢o(C + (¢, t),t) which satisfies again a semilinear system. Finally, one

5To guarantee that ~(0) = 7o for a prescribed 7o, one needs to introduce an additional correction term. We
suppress this correction term here, as it does not affect our explanations and we refer to Chapter [ for
details.
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relates H@?w(t)” Lo to Haé“u(t)ﬂ Lo to control derivatives of the inverse-modulate perturbation
w(t), see also [105]. Analogously, one argues for z(t) and the modified forward-modulated
perturbation 2((,t) = u((,t) — ¢o(¢ + (¢, t)(1 + 0cv(¢, 1)) ko(1 + O¢y(¢, t))) which are used
in Chapters [3] and [4l These damping estimates contain pure L°°- norms. We derive them
by relying on uniformly local Sobolev norms which allow to define weighted energies for
which we can show suitable energy estimatesm The regularity control via damping estimates
is a robust approach and allows us to extend the analysis from [84] on parabolic systems,
which solely relies on parabolic smoothing, to non-parabolic systems as done in Chapter [3| for
the FitzHugh-Nagumo system. We provide an illustration of the used technique along toy
examples in Section 2.2 Another possibility to control derivatives are the use of so-called
tame estimates which are exploited in [85] or [46]. We do not go into detail on this approach
here.

Similar as for the unmodulated perturbation, we note that the forward-modulated perturbation
4 is not suitable to close an iteration argument on its Duhamel formula. The reason is that
the linear evolution of the semilinear system satisfied by @ is again given through e“°* and
the structure on the left hand side of , which allows to isolate the critical contribution
sp(t), is not present anymore.

Closing a nonlinear iteration argument. The intuition why an iteration argument closes by
following the modulational approach is as follows. Considering the propagator sy(t), which

behaves similar to the heat semigroup, one has 0¢s,(t) = Oc,,—Cu (t_%) for ¢ > 0. Since
only derivatives of v appear in the nonlinearity R, we execute nonlinear iterative estimates
on J¢v(t) by taking the derivative of with respect to the spatial variable (. Using the
linear predictions for the decay rates ||0¢y(t)||L~ = O((1 +t)*%) and ||z(t)||p~ = O((1+t)71)
and assuming that the term (9;7(t))? is removed, the most critical terms that might appear
in R(s) are for example (9¢y(s))? and z(s)9¢y(s). Now, one estimates

t 1
/0 (14t = )72 (1073w + [12(5)] [0 (5)] [ 12< ) dis
t
5/(1+t—s)—%(1+s)—%dsg(1+t)—%, t>0,
0

We conclude that we get back the predicted decay (1 + t)_% on O¢y(t) for the nonlinear
contributions (9:v(s))? and z(s)9c(s).

We refer to Sections [2.1] and [2.3] for explicit examples on how such an argument works.

Controlling the umodulated perturbation. After closing a nonlinear iteration argument, we
arrive at H@Zv(t)HLoo < (1+8)72||wo||pe, 5 = 0,1, for sufficiently small ||wo||z. Now, one

observes that ||w(t)||r= is controlled by the behavior of ||y¢(t)||r~ through (1.19)) and since
[|2(t)|| L~ admits higher-order decay. By the relation of u(t) and w(t), we also obtain the

control ||u(t)||pe < (14 t)7%]|w0| |Leo. With the help of the mean value theorem, we arrive at

~

[[u(t) = dol[z < [[a(@)][ + [lpo — ¢o(- + ()| S [lwol|Le

providing nonlinear L*°-stability.

“The uniformly local L*-space L2 (R) contains all LY. (R)-functions such that the uniformly local L*-norm
||u||L21 i= SUP,ep f]R ﬁgu(mf dz is finite and ||u(- +y) — u(-)||Lzl — 0 as y — oo. Analogously, one
defines the spaces H[}(R), m € N. Furthermore, the embeddings C7, < H{ — C7~" hold, see [94].
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1.5. APPROACHES TO LINEAR DECOMPOSITION AND ESTIMATES

To the end of this chapter, we address the question of how we come from the spectral
assumptions to linear estimates and the decomposition of the semigroup e£ot.
We distinguish between three approaches, which can be converted partially into each other:
the Bloch transform, pointwise estimates on the Green’s function and the complex inversion
formula. Each approach has advantages and limits which we briefly discuss, in particular, in
view of nonlocalized data.

Bloch transform. Since £y has T-periodic coeflicients, one can rewrite the semigroup, see
e.g. |29, as

() = 5 [T e O de 16,0 =T o€+ ). ves®), (122)

2m lEZ

’*]\=|

where 0 denotes the Fourier transform of v and £(§) are the Bloch operators defined in Section
[L.3l The function v is called the Bloch transform of v.

The representation allows us to partition the Bloch modes £ into modes which are
close to zero (low frequencies) and uniformly away from zero (high frequencies); this type of
decomposition is referred to as what we call mode filtration. Now, we explain this in some
more detail and formally isolate the principal propagator sy(t) in (1.17)).

Denote by II(§) the spectral projection onto the eigenspace span{q)g} andlet 0 < p<1lbea

smooth function with support in (=&, &) and p =1 on (—%0, ). One splits

™

S(Q) =5 [ (1= plO)eeE (e, ) e

2 1 o (1.23)
g |, PO - TI())i(E, ¢) d

'ﬂ\ﬂ

and

Se()0(0) = e40(Q) = S.(0)(Q) = o [T pl@eE O €€, ¢)

Ml

First, we have the identity

L OMIE)H(E, ¢) = MDD (¢) (Pe, V(E, 1)) 12

per(O T)

Furthermore, inserting the Bloch transform of v and rearranging terms, we obtain

~ . , _ —igC. (7 27mlC1 zg _
(e, (6 iz, = [ ”(O(lez [ e d)dc

_/ —l&Cq) )dC:

where we used the Fourier series of <I>Z. We summarize

500 = o [ [T ote AN (B(E) deu() . (1.2)
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The expressions and may be extended to L?-functions due to the density of the
Schwartz functions. The Bloch representation has the advantage to trace back the
derivation of linear L?-estimates to L%er—theory by the Hausdorff-Young inequality. This is
particularly reflected by using the Gearhart-Priiss theorem to derive exponential decay of

1Se()]| 2 2 in [45} [5557).
In view of our Cyp-theory, an important observation is that the low-frequency representation

(1.24) is defined for v € Cyp(R) and one is in the position to trade powers of Bloch modes

against time decay, see [84]. As rule of thumb, one trades powers of ¥ to decay 75 as t — oo.
Therefore, invoking the expansion [(P4)l we arrive at

Selt) = (@0 + kodw (ko )3¢)sp(t) + Ocyy—scu (L+1)7) (1.25)
with
000 = o [ [ p(@e IR0 deo() . (1.26)

Finally, with the help of , we formally arrive at S,.(t) = Se(t) + Oc,, -, (1 +1)71) in
1.17). In Remark we briefly comment on the possibility to treat S, (¢)v, given through
1.23)), as distribution for v € Cyp,(R). As we explain below, we can derive estimates in Chapter
3{on 0t — S.(t) without the need for any distributional consideration.

Pointwise estimates on Green’s function. The idea is to establish pointwise estimates on
the Green’s function G of d,v = Lyv where we represent

() = [ G () de.

The main advantage of this approach is that it is possible to derive estimates on the Green’s
functions for equations with coefficients which are not necessarily constant or periodic.
Furthermore, the Green’s function approach allows to derive explicit decay rates on the linear
evolution between LP-spaces. We refer to [104] as guiding literature in the context of shock
waves stability. In the context of periodic coefficient operators, Green’s functions approaches
are derived and exploited in [62] and [85]. We note that as soon as the linear operator Ly is
not sectorial, one cannot guarantee for an integrable Green’s function. This can already be
observed for the evolution equation d;v = O;v where G is represented by a J-distribution.

Complex inversion formula. Whenever a linear operator £y : dom(Ly) — X generates a
Cy-semigroup with growth bound 19 € R, we represent

1 n+iR
efoty = lim —/ M= Lo) " twd), v edom(Ly), n>n0. (1.27)
R—o0 2% Jy—iR

This allows a representation of the semigroup et which is not restricted to specific patterns
and to specific properties of the linear operators. On a formal level, we can solve the
resolvent problem v = (A — L) f for A € p(Ly), which gives rise to a spatial Green’s function
representation

fr= /R Gl O(C) dC.
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Inserting this into (1.27)) and swapping the order of integration, one formally arrives at the
temporal Green’s function

G(¢, ¢ t) = ! /WOO eMGA(C, C) dA.
n

27 Jy—ico

A main idea in Chapter [3]is to combine the approach through the complex inversion formula
with the low-frequency analysis of the Bloch representation. Instead of leveraging [104], see
also [8], which rely on well-selected spatio-temporal contours to deduce linear decay rates, we
show that the contour close to the origin (orange in Figure is equal to the low-frequency
part modulo exponentially decaying terms. This follows by investigating eMGy (¢, ¢, 1)
for |A| < 1, with the help of Floquet theory and the use of exponential dichotomies where the
non-degeneracy assumption a # 0, see is crucial. The latter guarantees the pointwise
analyticity of G for |A\| < 1. The advantage is to apply previously derived estimates on
from [84] 85], and in particular, we can isolate sp(t) in form of and explicitly
relate s,(t) to the convective heat equation Jyu = d@gu + ad¢u by expanding A. in the spirit
of As described in Section this allows us to reduce the question on how to control
~(t), as defined in , to the analysis of a perturbed viscous Hamilton-Jacobi equation
which can be performed as illustrated in Section 2.3] The contours uniformly bounded away
from the origin (green in Figure give rise to exponentially decaying contributions. The
proof of these estimates can be traced back to the validity of the complex inversion formula
for convolutions of semigroups. This observation originates from a Neumann series expansion
of the resolvent (A — Lo)~! for Im(\) > 1 where the critical terms appear as compositions
of simpler resolvents in the components, respectively. We refer to Chapter [3] for details. In
summary, we circumvent discussions on distributional interpretations in the context of a
potential Green’s function ansatz or in the treatment of S.(¢) within the Bloch representation

while still relying on the representations ((1.25)) and (1.26])).

Remark 1.5.1 (Possible extensions). For future research, it is interesting to adapt the
described procedure to other situations where the group wvelocity a can be zero or multiple
critical spectral curves appear. The latter then rather leads to a Whitham system, see [59], than
a viscous Hamilton-Jacobi equation for which one cannot immediately apply the Cole-Hopf

transform which makes the nonlinear stability analysis against nonlocalized perturbations more
difficult.

Since the analysis in Chapter[3 of the contributions from green contours in Figure only
relies on the boundedness of ¢y, our approach suggests that we can allow for extended classes
of perturbations for other patterns, such as pattern-forming fronts, whenever we can establish
identification procedures for the corresponding spectral situations.

Remark 1.5.2 (Distributional interpretation of S.(¢) on Cyp). For v € Cy(R), one
can interpret as tempered distribution to make sense out of it. A possibility is to define
the distribution

S®) 30 F(6) = [ w(OS.(0)9(C)d

for fized v € Cyp(R) and t > 0. As S.(t) and eLot gre defined on Cup(R), one would aim to
evaluate
%0ty — Se(t)v]| e = sup [F(¢)
deS(R),|[¢]|1=1
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due to the fact that L®°(R) is the dual of of L*(R). Assuming such an identity, we expect
similar challenges to those already faced in the FitzHugh-Nagumo system, see Chapter[3 and
18], when one tries to establish

sup [F()] < e o]z
BES®),[19ll1=1

for some © > 0. This is justified by the observation that the Lzer—theory on the Bloch operators,
as used in [56], is not applicable anymoreﬂ
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Figure 1.6.: Invoking Cauchy’s integral theorem for fixed R > 1, one decomposes f,?:lg eM(N—

L)~ v d\ by deforming the purple contour. The contributions of the gray contours
vanish as R — oo. The orange contour close to the origin corresponds to the low
frequency part and the green ones to exponentially damped contributions.

8In virtue of the Hausdorff-Young inequality, we expect to require Li((=%, %), LEe: (0,T))-estimates on the
Bloch transform of ¢ and L5, (0,T) — Lk, (0,T)-estimates on the Bloch operators to estimate Sc(t)¢ for
suitable g, p # 2. We leave the details on this distributional approach for future work.






CHAPTER 2

TOoY EXAMPLES

We discuss various nonlinear variants of the heat equation as toy examples. In the first section,
we discuss different results on localized and nonlocalized perturbations for the equation of the
form O;u = 0%u + uP. In the second section, we present the use of weighted energies to show
damping estimates only containing L°°-norms. This is again done along a scalar nonlinear
heat equation. Then, we study a perturbed viscous Hamilton-Jacobi equation and show how
the application of the Cole-Hopf transform allows us to control solutions. This represents a
key aspect of the analysis in Chapters [3 and [4]

2.1. LOCALIZED VERSUS NONLOCALIZED PERTURBATIONS

Let p € N, p > 1. As an introductory example to illustrate differences of nonlocalized
compared to localized perturbations, we consider the scalar nonlinear heat equation

ou = 02u+uP, (x,t) €ERx[0,00), u(z,t)eR (2.1)

with respect to the zero solution. The first observation is that the linear evolution equation
Oyu = 0%u gives rise to the estimates

2 _1 2 2
€% [ paypoe SE77, |7 oo poe, ||€% | iypn ST, £ 0.

For a solution u(t) of the nonlinear problem ([2.1]), this indicates that we expect for ||u(t)||r

at best decay (1+ t)_% for initial data from ug € L'(R) N L>°(R) and no decay for initial data
from ug € L>*(R).

For the standard local well-posedness of (2.1)) for initial data ug € Cyp(R) and ug € Cyp,(R) N
LY(R), we refer to [73]. We establish the following results.

Proposition 2.1.1. The following statements are true.

(i) Let p € N, p > 3. For all ¢ > 0 there exists ug € Cyup(R) with ||ugl|p~ < € and
0 < T < oo such that the unique classical solution

u € C((0,T); Ci(R)) N CH((0,T); Cup(R)) N C([0,T); Cup(R))
of with w(0) = ug blows up ast T T, i.e., limsup ||u(t)||pe = oo.
“T

(ii) Let p € N, p > 3. There exist constants C,e > 0 such that for all ug € Cyp(R) with
l|uol|L1nree < € there exists a unique classical global solution

u € C((0,T); C3(R)) N CH((0,T); Cup(R)) N C([0, T); Cup(R)))
of with u(0) = ug satisfying

_1
lu(@)llze < C(A+ )72 Juollprnp=, 20
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(iii) Let p € {2,3}. For all non-negative, non-zero ug € Cyu(R) N LY(R) there exists
0 < T < 0o such that the unique classical solution

u € C((0,T); C?Lb(R)> N Cl((()?T)? Cup(R)) N C([0,T); Cup(R))

of with u(0) = ug blows up ast 1 T.

Proof. For the proof of (i), we fix any o > 0. Then, we directly observe u(t) = ((p — 1)(a —
1 1

t)) »-T is a solution of 1) with initial datum ug = (a(p — 1)) »=T which blows up as ¢t 1 a.

To show (ii), let ug € Cyp(R) N LY(R). There exist Tmax > 0 and a unique maximally defined

solution
u € C([O7 Tmax)§ Cub(]R) N Ll (R))

satisfying the Duhamel formula
t
u(t) = %ty +/ eag(t*s)u(s)p ds, t €0, Tmax)- (2.2)
0
We set

1
1) = sup ([u(s)ll + (14 8)F[[u()] =), 0 < < T
0<s<t

where the weights in front of the norms are the decay rates predicted by the linear evolution.
We note that 7 is continuous and monotonically increasing. Fix t € [0, Tiax) such that n(t) < %
and let 0 < s < t. Using (2.2), we perform the iterative estimates

_1 8 _1 —1
lu(s)l[Le S (1 + )72 |Juoll 2o +/0 (s = )72 |u(m)|pa [Ju(r)l[f~ dr
1 S 1 p—1
S (14 9) Hluol g + 07 [ (s =) H L+ 1) dr
0
_1
S (T+s) 72 (Juoll L1 +0(t)P)
and
S
-1
[lu(s)lLr < [fuol |z +/O (D) e [Ju(n)I[Z dm S Jluollr +n(t)?
where we used that p%l > 1 and the monotonicity of . We summarize
n(t) < C(n(0) +n(t)?)
for some C > 0 and all ¢ € [0, Tmax) with 7(t) < 3. We invoke the following

Lemma 2.1.2. Let I = [0,a) witha >0 and o € (0,1]. Let n: I — R be continuous and
monotonically increasing. If there exists a constant C > 1 such that

n(t) < C(n(0)* +n(t)?)
for allt € I with n(t) < %, then there exists an € > 0 such that if n(0) < e, then it follows
n(t) <2Cn(0)*

forallt el.
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1
=)=, (%)é } Assume in contradiction to the claim that

Proof. Suppose that 1(0) < min{(4
there exists some t € I such that n(t) > 2Cn(0)%*. Then, by continuity and monotonicity of 7,

there exists some to € I with n(tg) = 2Cn(0)* < 3. By assumption, we find
n(to) < Cn(0)* + (2C)*n(0)*~*n(0)* < 20(0)*.

This contradicts the choice of ¢ty and we deduce n(t) < 2Cn(0)* for all ¢t € I. O

We deduce that there exists € > 0 such that for ||ug||;1qz~ < €, we have

1(t) < 2C]|uol|1nze~

for all ¢ € [0, Tax). This implies T,,q: = 00 and in particular
_1
lu(®)||pee <4C(1 +)"2(|uol|lp1npe, t >0,

concluding (ii). For (iii), we refer to [36] (p = 2) and to [50] (p = 3). We also refer to |[102]
for further considerations and higher dimensional variants of this proposition and to [26] for
fractional exponents. O

Proposition [2.1.1] (i) and (iii) show the impossibility of nonlinear stability of the origin
in scalar heat equations of the form against all Cy,-perturbations. In the case of
localized perturbations, the proposition teaches that we need the nonlinearity to be strong
enough to obtain the nonlinear stability of the origin. This begs the question of whether
one can establish a general nonlinear stability theory of periodic wave trains at all, even
against localized perturbations, as the nonlinearity of the perturbation equations are genuinely
quadratic. Thinking of an uncoupled system with nonlinearities of the type u?, Proposition
2.1.1]applies and the zero solution blows up against certain Cyp-perturbations. In this situation,
does not meet which illustrates that our analysis decisively hinges on the assumption
that the periodic profile is nonconstant. This rather leads to the viscous Hamilton-Jacobi
equation, see Section [2.3] as proper toy model to describe challenges from Chapters [3] and [4]

Remark 2.1.3 (Classification of nonlinearities). Following [17], we consider the general
nonlinear heat equation du = 0%u + u™ (Opu)™ (0%u)™ and introduce the indexr dp = ny +
2n9 4+ 3ng — 3. Then, the nonlinearity is classified as irrelevant if dp > 0, marginal for dp = 0
and relevant otherwise. Along this classification, several results are shown in [17] for localized
data. We also refer to [86, |87] for results along this classification.

Remark 2.1.4 (Discussion of other cases). For marginal nonlinearities, the sign in front
of the monlinearity can be decisive in question of nonlinear stability.

(i) Let ugp € HY(R). Considering O;u = 02u — u3, one finds
1
SOulullzz < =[10zull72 — |lullz: <0

and

1
Ol10uulle < —[10mulls = 3lludpul[T2 <0
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by multiplying the equation with uw and integrating and analogously for its derivative by
multiplying with O,u. This shows

Ollulfzp <0
and Grionwall’s inequality and the embedding H' < L> yield
[lu(®)[| e < Clluollm

for allt > 0.

(ii) We discuss other situations which are not covered by Proposition . Let u be a
solution of Oyu = 0%u+u? with ug < 0. Then, one immediately has ||u(t)||p < ||uo||L=
by the comparison principle. Investigating Oyu = 0?u — u?, one observes that v = —u
satisfies Oyv = 02v + v? and Fujita’s result [36] applies whenever ug < 0 while the
previous consideration applies for ug > 0.

2.2. NONLOCALIZED ENERGY ESTIMATES

We demonstrate the possibility to adapt the approach via energy estimates of Remark (i)
to a pure L°°-situation. This prevents the use of the comparison principle which is in general
not applicable for systems. As illustrative example, we consider again the weakly damped
heat equation

O = 0%u —u®, (x,t) €ERx[0,00), wu(z,t)eR. (2.3)

For the sake of readability, we also write u; = Osu, u, = d,u and so forth.

Let up € Cyp(R) and set Ey = ||ug|re < %

Short time argument. There exist Tyhax > 0 and a unique maximally defined solution
u € C([0, Tnax); Cup(R)) satisfying

t
u(t) = ePtyy — / eag(t*s)u(s)‘3 ds. (2.4)
0

Due to continuity, there is some small 0 < tg < Tinax such that supg<i<q, |[u(t)||z < 2Ep.
Taking the spatial derivative of (2.4)), we estimate

_1
|[0zu(to)||L Sty * Eo-
We conclude that there exists a constant C > 1 such that

[lu(to)|lwre < CEg and  sup |[[u(t)][r= < 2Ej.
0<t<tg

We note that w is smooth on (0, Tinax) X R by standard parabolic theory, c.f. [73].



2.2. NONLOCALIZED ENERGY ESTIMATES 25

Nonlinear damping. Setting p(z) = 2(2 + 22)~!, we observe that

'] 10" < p- (2.5)

Fix 0 < § < 1. We set Ey, = ||u(to)]|]yy1. and introduce the weighted energies

B(.0) = 5 [ (a0 + ua(ot)p(3(a — ) do. y € R
and set

E(t) =sup E(y,t), to <t < Tmax-
yeR

We have the following properties: there exist d- and t-independent constants C; > 1 and
C9 > 0 such that

/ p(ox)dx < g, (2.6)
R 0

B(t) < Ll )l 1o <1< T, 2.7
B0) > Pllule, Ol to <t < T 25)

see [94]. We determine
Oy = éﬁux — 3uluy,

write v = u, and fix y € R, tg <t < Tiax. Now, we show an energy estimate by splitting

OE(y,t) = /RU(x, tyug(z,t)p(6(z — y)) dz + /RU(% tyor(z,t)p(8(z — y)) dz
=: E1(y,t) + Ea(y, t).

We start to estimate E1(y,t), that is, we use integration by parts to obtain
1
Bufy,t) < = [ u@t)p(o(e =) de =8 [ Sou(u(a. )/ (0(x — ) da
- [ @006~ ) da
R
52
<= [ ulw,)'o(3(e — ) do + 5 [ (e, (3w~ y) do
R R
- [ @006~ ) da
R
Using (2.5 and , we estimate

2
Ei(p0) < [ (et (‘; - u(x,t>2>p<a<x —y))da
- [ vl 0%~ y) da
54 52

S gy PO e =G [ e 000~y (29

— [ v t7p(6( ) do

3 2

< S = [ utw 02000 — ) do — [ o 0p(6 — ) do

72_5]1@
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Similarly, we estimate Fa(y,t). Using integration by parts, we find

2
By (y,t) < —3/Ru(ac,t)gv(x,t)2p(5(x —y))dz + % /Rv(x,t)zf)”@(x —y))dx (2.10)

52
<5 [ 0@ 026 - ) do.
2 Jr
Using that 0 < § < 1, we summarize

52 C16°
815E(y?t) S _EE(yvt) + 12 3 tO S t < Tmaxa

and invoking Grénwall’s inequality and taking the supremum in y € R yield
52
-7

2 oot
E(t) < e*%tEtO +C10% [ em T8 s
to

2
< ¢ T By +4C18,  to < t < Thaxe

Invoking (2.8])), we arrive at

4C1

— 6%, tg <t < Thax. (2.11)
Co

1 2
()]} < =6 7By, +
Co
Setting § = Ey and using (2.7), we conclude

1
CCr\ 2
fu(o)= < (855 ) Eor 10 <t < T,

In combination with the short-time estimate, we have shown
lu(®)l|L~ < Eo, =0,
An important observation due to parabolicity is that the term
- [ ol t?p(0(a - ) do
in absorbs the term

52

o [ v t)p(d(w — y)) dz
R

in ([2.10) for small 6.

We note that, we can now take the lim sup in (2.11) first and then let § | 0 which tells us that

t—o00

[|u(t)||pee — 0 as t — oo.

Regularity control in non-parabolic situations. An important aspect for the presented
weighted energy argument is that one does not necessarily require parabolicity when the
damping in the principle part is sufficiently strong. We consider the example

Opu = Oy — u 4 u® + (Opu) f + f2. (2.12)

We aim to describe a procedure without relying on the special structure of (2.12)) which means
that we avoid to solve Oyu = O, u —u+ (9zu) f by the method of characteristics. This equation
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is more representative to the situation of the FitzHugh-Nagumo system in the context of
Section by interpreting f(¢) as the spatial derivative of the phase modulation and wu(t)
playing the role of the inverse-modulated perturbation. Indeed, when ignoring the nonlinear
term u?, occurs in this form in the perturbation equations of the inverse modulated
perturbation in Chapter [3 The term J,u(t) also appears in the Duhamel formula of z(¢) in
. For simplicity, we set f(t) = eagtfo. We suppose that ||fo||p < M for some M >0
and ||0x fo||lw1.e is sufficiently small. When one tries to estimate 9,u(t) through the Duhamel
formula associated to and the linear evolution dyu = 9?u — u, one necessarily obtains
the term 0,,u(t) which we also do not control a priori. How to control derivatives in this
situation? One principle idea here is to control ||Ozu(t)||re through f(¢) and ||u(t)||re~. In
this situation, one can establish an estimate of the form

t
00l < (el + [ NS G e ds). 213

for suitable C' = C(M) > 0 and © > 0 by a piori assuming that supg<g<; ||Ozu(s)||r~ is
bounded and supg<,<; |[u(s)|[ze < §. This can again be shown using weighted energies as in
the previous example and by remarking that ||u(t)||ze is considered to be small such that the
term —u dominates u?. We refrain from executing the details. Such an estimate is referred
to as what we call reqularity control since we are in the position to control derivatives by
variables which we control by iterative estimates on their Duhamel formulae.

2.3. L®°-STABILITY IN THE VISCOUS HAMILTON-JACOBI EQUATION
Let v € R\ {0}. We consider the perturbed viscous Hamilton-Jacobi equation
Oru = ?u + v(0,u)* 4 (Opu)®,  (z,t) € R x [0,00), wu(z,t) €R (2.14)

and establish a result for controlling ||Ocu(t)||r~ with possibly large initial data.
Subsequently, we give two interesting consequences of our analysis. The first one shows
that we can relate the solution of to an explicit solution of the unperturbed viscous
Hamilton-Jacobi equation. As second consequence, we deduce nonlinear stability whenever
the initial datum is sufficiently small. We refrain from discussing the case v = 0 since it
does not require the application of the Cole-Hopf transform and can be resolved with direct
iterative estimates on the Duhamel formula, see also Chapter {4 for details.

Assume |ug||yy1.00 < M for some M > 1. Considering the linear evolution equation dyu = d2u,
a key idea here is to estimate

2 2 1-2a 2 2a
102¢% w0 |poe S (1100 lwrsoms ool [uollwroe ) (11€%]| 0w oo |Bao] | =)
S (146724 |dpuolf, ¢ >0,

«

for o € (0, %) For small «, we can exploit the decay (1 + t)_%+ while still relying on the

smallness of ||9,uo||3%.

Proposition 2.3.1. Fiz any M >0 and « € [0, %) Then, there exist C,e > 0 such that for
all ug € CL (R) with ||0zuo||L~ < & and ||uo||r~ < M there exists a unique classical solution

u e C'((0,00), Cup(R)) N C((0, 00), Coy(R)) N C([0,00), Cup(R))
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to with w(0) = ug satisfying
[[0su(t)][ 0 < CllOauol[F% (1 + )72, [Ju(®)||p~ < C (2.15)
for allt > 0.

Proof. Let ug € CL (R). Local well-posedness is again given through [73] and therefore there
exist Tmax > 0 and a unique maximally defined solution

u € C([0, Tax); CLp (R))

which is classical and satisfies (2.14)) with u(0) = ug. We apply the Cole-Hopf transform to
u(t), i.e., we look at v(t) = e”*(!) which satisfies

v = 020 + (Opu)®(vv). (2.16)

Let o € (0,%). We set the template function to

1_
n(t) = sup (14 8)272([|00(s)lle> + [|0eu(s)llLe), 0 < < Tmax,
<s<t

which is continuous and montonically increasing. Integrating (2.16|), we obtain the Duhamel
formula

t
u(t) = it v(0) + 1// eag(t_s)(ﬁxu(s))gv(s) ds, 0<t<Thax- (2.17)
0
The maximum principle entails

o 02t 2t M M s M _.
%rzlge v(0) >e (v(()) e )+e >e 2 d,

and we establish two a piori bounds assuming 7(t) < § with

c—mm{(u\/ 5 3d8+1> ,W}.
2 @

We will use that % —3a > 1.

(I) We derive an a piori upper bound on v: for 0 < s < ¢, we find

[o(s)lzoe < [[o(0)]|zee + sup ([[o(T)][L<)n VI/ i — A7
0<r<t —i—7'

ST

1
< eVIM 3 sup ||v(7)||pee.
0<r<t

We conclude

sup |[v(s)|ze < 2elVM
0<s<t

for all 0 <t < Tiax with n(t) < 5.
(IT) Using the upper bound, we show an a priori lower bound. We infer
nt 09 2 d = sup [0l [ s 2 G
i — o —
0gsst V)= OSSL?; v(s)[lzoen(t ——304 5= 5

for all 0 <t < Thaxwith n(t) < 5.
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Using (I), we now find

00|z~ S (1+5)H 00O +n(0)* [ (s =)

N |=

1+ T)_%“L?’O‘ dr

(2.18)
< (1+5) 724 ([|0,0(0)| 3% + n(t)?),
for 0 < s <t < Thax with n(t) < % Next, we estimateﬂ
1 1 1
sup (14 8)27%[0u(s)||ree < sup (14 8)2"¥|0v(8)||pe —————
OSSI;( )27 [0z u(s)||L OSSI;( )27 [0zv(s)| | nfocict [0(5)]
2
< = sup (14 )3 7|0,0(s)|= (2.19)
d o<s<t

S N0z0(0)[[7% +n(t)?,

thanks to (II) and (2.18). Finally, we have

10z0(0)[|zoe < || @uo][ oo
In summary, we have shown

0(t) S ||0suol |72 +n(t)?,
for 0 <t < Thax with n(t) < 5. Lemma implies

n(t) S [10zuol[f%, 0 <t < Tiax,
for a € (0, %) Furthermore, using (I) and (II), we have
lu(®)[[zee < 2|1og(2)] +2|v[M, 0 <1t < Tax,

and therefore no blow-up in finite time is possible. This implies Tih.x = co. We have shown
the result for a € (0, %) Using the just shown result with o = % for the nonlinearities in

(2.17), we obtain

1 t
10z0()|| L S N O = + ||3xuOHioo/ (t— )5 (1 +5)"3+1 ds
0

Y14z
1
S ——,t>0.
(1+1)2
Proceeding as in (2.19)), one also establishes the estimate on ||0,u(t)||z. This completes the
proof of the proposition. O

We can explicitly relate the solution from Proposition to a solution of the unperturbed
viscous Hamilton-Jacobi equation.

Corollary 2.3.2. Fiz any M >0 and § € (0,1). Then, there exist C,e > 0 such that for all
ug € CL(R) with ||0yug||re < & and ||ug||p~ < M there exists a unique classical solution

u € C1((0,00), Cup(R)) N C((0, 00), C3,(R)) N C([0, 00), Cun(R))
to with u(0) = ug satisfying

for allt > 0.

'Note that we suppress the dependence by M and v of the constants in all estimates.

. 1 .
o (u(t) - Vlog(eaitewo)) H < Olldsuollu(1+ )78, j=0,1,  (2.20)
Lo
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Proof. Let a € (0, §). Let v be as in the proof of Proposition m Set w(t) = e%ter™o and
note that w(t) is a solution of the heat equation with initial datum w(0) = e*“0. Therefore,

using (2.17) and applying Proposition we find

. t ; : .
104(6) = wE)llie S suallfee [ (= )"4(1+5)7 % ds S ol (1 +0)H,

for j = 0,1 and all ¢ > 0. Noting that w(t) and v(t) are uniformly bounded away from zero,
the mean value inequality gives

' o (u(t) - ilog(eaﬂ%te”uﬂ)>

for j =0,1and all t > 0. O

- ‘ o (ilog(v(t)) - ilog(w(t))) Lo

SO (w(t) — w(t)||re S [|0wuol[§% (1 +1)72

Whenever we assume that ||ug||z~ also is sufficiently small, we can apply Proposition to
infer nonlinear L*°-stability.

Corollary 2.3.3. Let 3 € (0,1). Then, there exist C,e > 0 such that for all ug € CL (R)
with ||uo||lwi. < €, there exists a unique classical solution

u € C1((0,00), Cup(R)) N C((0, 00), Co(R)) N C([0, 00), Cup(R))
to with w(0) = ug satisfying

lu()l|zoe < Clluolljyr.ce and ||8au(t)]| L < Clluglljyr. (1+1)77 (2.21)
for allt > 0.
Proof. Let w = v — 1 with v from the proof of Proposition [2.3.1] Then w solves

dw = 2w + v(Opu)®(w + 1)
with initial datum w(0) = v(0) — 1. We first note that
w(O)|[zee < Hfuol|zee-

Let a € (0, }) and assume |ugl|yy1. < 1. Applying Proposition to the Duhamel formula
of w(t), we find

. 1
10zw(s)||zee S(1 4 5) [ |uollw.00

N b 1 (2.22)
+110wuoll6% [ sup w(s) + 1 / . o ds,
0<s<t 0 (t—s)2 (1+4s)27°7

for every 0 < s < ¢ and whenever ||0,ug||z~ is sufficiently small. Taking ||0up||re smaller if
necessary, (2.22)) provides first

sup |[w(s)[|ro S |fuol[f1.e
0<s<t

and then

N

102w (t)]| oo S luol 5,00 (1 +1)
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for all ¢ > 0. Choosing ||uo|[% . so small that sup |[w(t)||z < 3, the mean value theorem
>0
implies
j Lo
10z}l = || 70z (log(w(®) + 1))}

S 0w (t)||pee, §=0,1 t>0,

which shows the claim. O

One can reach the exponent 8 = 1 in Corollary by again closing a nonlinear iteration
argument. We refrain from doing so here.

Remark 2.3.4 (Localized data). In the spirit of Remark and ignoring the higher
order term (Ozu)3, the equation is of irrelevant type. Considering an initial datum ug
with Opug € H'(R)N LY(R) and let u(t) be the corresponding solution of with u(0) = ug,
we choose the template function

n(t) = sup (1+ )" 7[[dpu(s)|| .
0<s<t

We obtain the estimates
_1 9 [*® 1 1
[|0zu(s)||m < (1 4+ 8) " 1[|0zuol| grnpr + n(t) 3 T dr
0 (s—7)1(1+7)2

S (14971 ([[suollnp +0(H?), 0<s<t,

using Hélder’s inequality to bound ||(0yu)?|| 11 S ||0yul|32 and the embedding H'(R) < L>°(R)
to bound ||(0u)?||pr S ||0pull3. If ||0xuol|ginrr s sufficiently small, then an iteration
argument can be closed without exploiting the Cole-Hopf transform. This is the case in earlier
works such as [57] or [105] where the phase modulations are necessarily L -small.






CHAPTER 3

NONLINEAR STABILITY OF PERIODIC WAVE TRAINS IN THE
FiTzHUGH-NAGUMO SYSTEM AGAINST FULLY
NONLOCALIZED PERTURBATIONS

This chapter is the content of the preprint [5] and is a joint work with Bjorn de Rijk.

Start of Paper

Abstract. Recently, a nonlinear stability theory has been developed for wave
trains in reaction-diffusion systems relying on pure L°°-estimates. In the absence
of localization of perturbations, it exploits diffusive decay caused by smoothing
together with spatio-temporal phase modulation. In this paper, we advance this
theory beyond the parabolic setting and propose a scheme designed for general
dissipative semilinear problems. We present our method in the context of the
FitzHugh-Nagumo system. The lack of parabolicity and localization complicates
mode filtration in L°°-spaces using the Floquet-Bloch transform. Instead, we
employ the inverse Laplace representation of the semigroup generated by the
linearization to uncover high-frequency damping, while leveraging a novel link to
the Floquet-Bloch representation for the smoothing low-frequency part. Another
challenge arises in controlling regularity in the quasilinear iteration scheme for the
modulated perturbation. We address this by extending the method of nonlinear
damping estimates to nonlocalized perturbations using uniformly local Sobolev
norms.

Keywords. Periodic waves; nonlinear stability; fully nonlocalized perturbations;
FitzHugh-Nagumo system; inverse Laplace transform; Floquet-Bloch analysis;
uniformly local Sobolev spaces; Cole-Hopf transform

Mathematics Subject Classification (2020). 35B10; 35B35; 35K57; 44A10

3.1. INTRODUCTION

We study the nonlinear stability of traveling periodic waves against bounded, fully nonlocalized
perturbations in the FitzHugh-Nagumo (FHN) system
O = Ugy +u(l —u)(u—p) — v,
t T ( ) 1) (3.1)
v =e(u —yv — p),
with z € R,¢ > 0 and parameters © € R and v, > 0. The FHN system was originally
proposed as a simplification of the Hodgkin-Huxley model describing signal propagation in
nerve fibers |34, |77, 78]. Mathematically, system (3.1)) is a coupling between a scalar bistable
reaction-diffusion equation and a linear ordinary differential equation and is thereby one of
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the simpleslﬂ models, which can, and does, exhibit stable spatio-temporal patterns. In fact,
exploiting the slow-fast structure of system arising for 0 < € < 1, a large variety of
(spectrally) stable patterns and nonlinear waves have been rigorously constructed using tools
from geometric singular perturbation theory, such as fast traveling pulses [49, |60, |61, [103],
pulses with oscillatory tails [19, 20], periodic wave trains |21}, [33] |95] and pattern-forming
fronts [21] connecting such pulse trains to the homogeneous rest state (1, 0).

Due to its remarkably rich dynamics, yet simple structure, the FHN system is widely recognized
as a paradigmatic model for far-from-equilibrium patterns in excitable and oscillatory media.
It has, in small variations, been employed across various scientific disciplines to explain
phenomena such as the onset of turbulence in fluids [11], oxidation processes on platinum
surfaces |9, 76], and heart arrhythmias [74].

The simplest and most fundamental spatio-temporal patterns exhibited by (3.1]) are periodic
traveling waves, or wave trains. Writing (3.1)) as a degenerate reaction-diffusion system

du=Duy, + F(u), D= (é 8) F(u) = (“(15(;“_)(:”‘_“26)‘ ”), (3.2)

in u = (u,v)", wave trains are solutions to (3.2) of the form ug(z,t) = ¢o(x — cot) with
smooth periodic profile function ¢¢: R — R? and propagation speed ¢y € R. Upon switching
to the co-moving frame ¢ = = — ¢pt, in which system ({3.2]) reads

Ou = Duge + coue + F(u), (3.3)
we find that ¢¢ is a stationary solution to (3.3)).

Wave-train solutions to have been constructed in the oscillatory regime with 0 < p < %
and 0 < ¢ € v < 1, as well as in the excitable regime with y < 0 and 0 < ¢ € v K
1, using geometric singular perturbation theory and blow-up techniques, see |21}, 95] and
Remark [3.1.1] The associated profile functions consist of steep jumps interspersed with long
transient states, where the profile varies slowly. Accordingly, these wave trains correspond
to highly nonlinear far-from-equilibrium patterns. It has recently been argued theoretically
and demonstrated numerically [21] that some of these wave trains are selected by compactly
supported perturbations of the unstable rest state (i, 0) in the oscillatory regime and, thus,
play a pivotal role in pattern formation away from onset.

In this paper, we focus on the dynamical, or nonlinear, stability of wave trains as solutions
to (3.2). The nonlinear stability theory for wave trains in spatially extended dissipative
problems such as has been rapidly developing over the past decades. The general
approach is to first linearize the system about the wave train, obtain bounds on the Cy-
semigroup generated by the linearization and then close a nonlinear argument by iterative
estimates on the associated Duhamel formulation. A standard issue is that the linearization is
a periodic differential operator acting on an unbounded domain, which possesses continuous
spectrum touching the imaginary axis at the origin due to translational invariance. The lack
of a spectral gap prevents, in contrast to the case of a finite domain with periodic boundary
conditions, exponential convergence of the perturbed solution towards a translate of the
original profile.

To overcome this issue a common strategy is to decompose the semigroup generated by
the linearization in a diffusively decaying low-frequency part and an exponentially damped

!We note that Sturm-Liouville theory implies that all periodic traveling waves in real scalar reaction-diffusion
equations are unstable.
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high-frequency part, cf. [55]. The critical diffusive behavior caused by translational invariance
can then be captured by introducing a spatio-temporal phase modulation, whose leading-order
behavior is given by a viscous Hamilton-Jacobi equation [29]. The modulated perturbation
obeys a quasilinear equation depending only on derivatives of the phase modulation, which
thus satisfy a perturbed Burgers’ equation. Observing that small, sufficiently localized initial
data in a (perturbed) viscous Burgers’ equation decay diffusively, cf. [100, Theorem 1] or [17,
Theorem 4], suggests that the critical dynamics in a nonlinear iteration scheme, tracking
the modulated perturbation variable and derivatives of the phase, can be controlled. This
observation has led to a series of nonlinear stability results of wave trains against localized
perturbations in general (nondegenerate) reaction-diffusion systems |55l 56} 62, 63, [89] relying
on renormalization group theory [89], pointwise estimates [62, |63] or L'-H"-estimates [55,
56] to close the nonlinear iteration. We note that, since only derivatives of the phase enter
in the nonlinear iteration and thus need to be localized, one could allow for a nonlocalized
phase modulation, cf. [56, 63, 89]. With the aid of periodic-coefficient damping estimates
to obtain high-frequency resolvent bounds and control regularity in the quasilinear iteration
scheme, the method employing L'- H*-estimates could be extended beyond the parabolic
setting to general dissipative semilinear problems (and some quasilinear problems) such as the
St. Venant equations [58), 88|, the Lugiato-Lefever equation [46} 105] and the FHN system [§].

Recently, a novel approach was developed [51} 84] to establish nonlinear stability of wave
trains in (nondegenerate) reaction-diffusion systems, which employs pure L*-estimates to
close the nonlinear iteration, thereby lifting all localization assumptions on perturbations. In
contrast to previous methods, diffusive decay cannot be realized by giving up localization,
but emanates from smoothing action of the analytic semigroup generated by the linearization
about the wave train. The Cole-Hopf transform is then applied to the equation for the phase
to eliminate the critical Burgers’-type nonlinearity, which cannot be readily controlled by
diffusive smoothing.

In this paper, we extend the approach developed in |51, 84] beyond the parabolic framework by
proving nonlinear stability of wave trains in the FHN system against Cyp-perturbations.
The incomplete parabolicity of in combination with lack of localization of perturbations
presents novel challenges in our analysis. These challenges involve the decomposition of the
Cp-semigroup and the control of regularity. We explain the main ideas on how to address
these challenges in §3.1.3] after we have stated our main result in

Remark 3.1.1. Let 4 < 0, v > 0 and € > 0, so that we are in the excitable regime. Upon
rescaling time, space, the variables u and v, and the system parameters ¢, p and ~ by setting

el v
L—p’ (1—p)®
g

= A= =

F=01—-pz, t=0-p?, a=

we arrive at the equivalent formulation

Opi = tzz + u(l —a)(a — i) — D,

il ) -9 )
8{’(1 = E(U - 70)7

of the FHN system (3.1)). Here, we have i € (0,1), ¥ > 0 and £ > 0. We note that the

formulation (3.4) of the FHN system has been used in the existence and spectral stability

analysis of wave trains and traveling pulses in the excitable regime, cf. |19, 33, 60, 61}, 95| [103].
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3.1.1. ASSUMPTIONS ON THE WAVE TRAIN AND ITS SPECTRUM

Here, we formulate the hypotheses for our main result. The first hypothesis concerns the
existence of the wave train.

(H1) There exist a speed ¢y € R and a period 7' > 0 such that (3.2) admits a wave-train
solution ug(z,t) = ¢g(x — cot), where the profile function ¢g: R — R? is nonconstant,
smooth and T-periodic.

We note that wave-train solutions have been shown to exist, i.e., has been verified, in the
excitable regime with © <0 <~y < 1 and 0 < e < 1, cf. [95], and in the oscillatory regime
with 0 < p < § and 0 <e < v < 1, cf. [21].

Next, we specify our spectral assumptions on the wave train ug. Linearizing (3.3) about
its stationary solution ¢q yields the T-periodic differential operator Lo: D(Ly) C Cyp(R) —
Cyub(R) given by

Low = DWCC + cow¢ + F/(qbo)w (35)

with domain D(Lo) = C% (R) x CL (R), where C™ (R) denotes for m € Ny the space of
bounded and uniformly continuous functions, which are m times differentiable and whose m
derivatives are also bounded and uniformly continuous. We endow CJ} (R) with the standard
W™ *_norm, so that it is a Banach space.

The spectrum of Ly is determined by the family of Bloch operators
L(E)w = D(9¢ +i€)*W + co(d¢ +i&)w + F'(po)w,  £€C

posed on L2..(0,T) with domain D(L(¢)) = H2..(0,T) x H'..(0,T). Since £(£) has compact

per per per
resolvent, its spectrum consists of isolated eigenvalues of finite multiplicity. The spectrum of

Lo can then be characterized as

o(Lo)= U oL, (3.6)
¢el-1.7)
cf. [39]. We require that the following standard diffusive spectral stability assumptions, cf. [55]
84, 189, 92|, are satisfied.
(D1) We have o(Ly) C {\ € C:Re(A) <0}U{0};
(D2) There exists a constant 6 > 0 such that for any ¢ € [~7, 7.) we have Re o(L(£)) < —6¢2;
(D3) 0 is a simple eigenvalue of £(0).
The main result of [7] establishes diffusive spectral stability of wave trains in (3.1]) in the

oscillatory regime (3 —1/5)/6 < u < 1 and 0 < e < v < 1. On the other hand, a spectral
analysis of wave trains in the excitable regime with 4 < 0, v =0 and 0 < € < 1 can be found

in (33

It is a consequence of translational invariance that 0 is an eigenvalue of the Bloch operator
L£(0) with associated eigenfunction ¢f,. Assumption then states that the kernel of £(0)

2Although the spectral assumptions and are verified in 33|, we emphasize that the fact that v =0
yields a lack of damping in the second component of , causing the spectrum of the linearization to
asymptote to iR at infinity. In particular, the spectrum is not bounded away from the imaginary axis away
from 0 and the assumption does not hold, prohibiting diffusive spectral stability.
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is spanned by ¢p- In this case 0 is also a simple eigenvalue of the adjoint operator £(0)*. We
denote by ®q € H2..(0,T) x H!..(0,T) the corresponding eigenfunction satisfying

per per
<(b07 ¢6>L2(O,T) =1

An application of the implicit function theorem in combination with Assumption [(D3)| readily
yields that the wave train can be continued with respect to the wavenumber, cf. |29} Section 4.2].

Proposition 3.1.2. Assume|(H1)| and|(D3)\ Then, there ezists a constant ro € (0,1) and
smooth functions ¢: R x [1 —rg, 1 +1r9] — R? and w: [1 —rg, 1+ 9] — R with ¢(-;1) = ¢
and w(1) = ¢o such that ¢(-; k) is T-periodic and

ui(z,t) = p(kx — w(k)t; k)

is a solution to (3.2)) for each wavenumber k € [1 —ro, 1 + ro]. By shifting the wave train if
necessary, we can arrange for

(®o, I(-; 1)>L2(0,T) =0.

The curve w: [1 — rg, 1 4 ro] — R from Proposition describes the relationship between
the temporal frequency w(k) and the wavenumber k of the T'/k-periodic wave train uy and is
called the nonlinear dispersion relation.

Because the Bloch operators £(£) depend analytically on the Floquet exponent £ and 0 is a
simple eigenvalue of £(0) by Hypothesis it follows by standard analytic perturbation
theory, see e.g. [66], that the 0-eigenvalue can be continued to a simple eigenvalue A.(§) of
L(&) for & close to 0. The curve A.(§) is analytic and necessarily touches the imaginary axis in
a quadratic tangency by Hypothesis Using Lyapunov-Schmidt reduction, the eigenvalue
Ae(§), as well as the associated eigenfunction, can be expanded in £ about £ = 0, cf. [29,
Section 4.2] or [57, Section 2][}| We record these facts in the following result.

Proposition 3.1.3. Assume (H1)| and |(D1){(D3)l There exist a constant C' > 0, open
balls V1, Vo C C centered at 0 and an analytic function A.: Vi — C such that the following
assertions hold.

(i) Ae(§) is a simple eigenvalue of L(E) for each & € V1. An associated eigenfunction ®¢ of
L(§) lies in HL.(0,T) for any m € Ny, is analytic in &, satisfies o = ¢y and fulfills

per
(B9, Be) 12y = 1

for & e V.

(ii) It holds o(Lo) N Va ={Ac(§) : £ € VINR}N V5.

(iii) The complex conjugate T(f)is a simple eigenvalue of the adjoint L(£)* for any & € V.
An associated eigenfunction ®¢ lies in Hggr(O,T) for any m € Ny, is smooth in £ and
satisfies

<(I>§v (I)£>L2((),T) =1

for & € V1.

3For the purpose of our current analysis, it suffices to expand the eigenvalue \.(£) up to second order and the
associated eigenvector up to first order. We refer to Remark @ for further details.
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(iv) We have
(&) = 21 D¢, DO +16)@e) 1 ) +ic0

and the expansions

Ac(§) +icg€ + d€2‘ <CIEP, @ — ¢h — €0k (s Dl gy < CIEI% (3.7)
hold for & € Vi with coefficients

cg = —2<®0,D¢6>L2(0’T) —cp=w'(1) —cg €R,

_ (3.8)
d = (P, Doy + 2D0¢id(+; 1)>L2(0,T) > 0.

The function A, in Proposition is called the linear dispersion relation. The coefficient c,
in is the group wvelocity of the wave train and provides the speed at which perturbations
are transported along the wave train (in the frame moving with the speed ¢), cf. [29]. We
make the generic assumption that the wave train has nonzero group velocity. By reversing
space T — —x in we may then without loss of generality assume that the group velocity
is negative.

(H2) Assuming, in accordance with Hypothesis|(D3)| that 0 is a simple eigenvalue of £(0), the
group velocity ¢4, defined in (3.8)), is negative.

On the linear level, the interpretation of Assumptions|[(DT){(D3)|and [(H12)]is that perturbations
decay diffusively and are transported to the left along the wave train, i.e., there is an outgoing
diffusive mode at the origin, cf. [8, Section 2.1]. In [21], it was shown that the group velocity
of the wave trains is negative in the oscillatory regime with 0 < pu < % and 0 <e <y <K 1.

Another important consequence of Assumption is that the linear dispersion relation A, is
invertible in the point £ = 0. Hence, for |\| sufficiently small, the periodic eigenvalue problem
(Lo — A)w = 0 has a single Floquet exponent converging to 0 as A — 0. In our stability
analysis we exploit this fact to relate the inverse Laplace representation of the low-frequency
part of the semigroup generated by Ly with the Floquet-Bloch representation, see

3.1.2. MAIN RESULT

We are now ready to present our main result, which establishes Lyapunov stability of diffusively
spectrally stable wave trains in the FHN system against C\p-perturbations. Furthermore,
it yields convergence of the perturbed solution towards a modulated wave train, where the
phase modulation can be approximated by a solution of a viscous Hamilton-Jacobi equation.

Theorem 3.1.4. Assume [(II1)], [T12)] and [[DDH(D3)|. Fiz a constant K > 0. Then, there
exist constants a, g, M > 0 such that, whenever wo € C3, (R) x C2 (R) satisfies

Ep = [[woll <€, lwolles w2, <K,

there exist a smooth function ¢ € C*([0,00) x R,R) with 1(0) = 0 and ¢(t) € CI%.(R) for
each m € Ng and t > 0 and a unique classical global solution

u € C([0,00), O (R) x C,(R)) N C ([0, 00), Oy, (R)) (3.9)
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to (3.3) with initial condition u(0) = ¢o + wo, which obey the estimates

() = oll . < ME, (3.10)
ME,

[1a(®) = G- + (- ) e € A= (3.11)

e) = ol + YA+ Y ()14 YD) < MESEEED (31

and

ME

9Ol < MEBo, e, IOl < Z, »

log(2 +t) (3.13)

e ® oy, 0By, < ME-E="

for all t > 0. Moreover, there exists a unique classical global solution ¥ e C(]0,00), C2,(R)) N
C1([0,00), Cup(R)) with initial condition 1)(0) = ®fwo of the viscous Hamilton-Jacobi equation

O = dip¢ — cqde + v (3.14)
with coefficients (3.8) and

v = —5w"(1) = (@0, D(¢f + 20ckk (5 1)) + 5F"(00) (G5 1), k(5 1)) 120

- " - (3.15)
- 2<(I>07 D¢0>L2(O,T)<(I)0’ 8Ck¢('; 1)>L2(0,T)’
satisfying
il ad y log(2
t3]|0 () - () HLOO < ME, (Eg + ‘w> (3.16)

forj=0,1andt > 0.

We compare Theorem with earlier nonlinear stability results |51}, 84] of wave trains in
nondegenerate reaction-diffusion systems against C\p-perturbations. First of all, we retrieve
the same diffusive decay rates as in the reaction-diffusion case. It is argued in |84} Section 6.1]
that these decay rates are sharp (up to possibly a logarithm). Second, we do require more
regular initial data than in [84], where initial conditions wy in Cy,(R) are considered. The
reason is as follows. The lack of parabolic smoothing naturally leads one to consider initial
data wq from the domain C? (R) x CL, (R) of the diffusion-advection operator Lo, so that
the perturbed solution u(t) of the semilinear evolution problem with initial condition
u(0) = ¢g + wy is classical. Moreover, we lose one additional degree of regularity due to the
embedding of uniformly local Sobolev spaces in Cyp-spaces, cf. |94, Section 8.3.1], which are
used to obtain a nonlinear damping estimate to control regularity in the scheme, see §3.1.3]
below for more details. We emphasize that we only require our initial data to be bounded in
(C3, x C% )-norm and, similar as in [84], to be small in L°>-norm. This contrasts with earlier
nonlinear stability results [46, 58| |88] of wave trains in semilinear (nonparabolic) problems
and is due to the use of Gagliardo-Nirenberg interpolation in the nonlinear damping estimate,
see Remark for more details.

The approximation of the phase modulation v (t) by a solution to the viscous Hamilton-Jacobi
equation ({3.14) was also found in the reaction-diffusion case in [84]. Thus, independent of the
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precise structure and smoothing properties of the underlying system, the viscous Hamilton-
Jacobi equation arises as governing equation for the phase modulation, whose coefficients
are fully determined by the first and second-order terms in the expansion of the linear and
nonlinear dispersion relations. We refer to [29] for further details. Important to note is that
once the diffusive spectral stability assumptions are violated, e.g. due to the presence of
additional conservation laws, the governing equation of the phase modulation can change,

cf. [59).

3.1.3. STRATEGY OF PROOF AND MAIN CHALLENGES

We prove Theorem by extending the L>°-theory, which was recently developed in [51,
84] and applied to establish nonlinear stability of wave trains in reaction-diffusion systems
against Cyp-perturbations, beyond the parabolic setting. Here, we outline the strategy of
proof and explain how we address the novel challenges arising due to incomplete parabolicity.

To prove Theorem we wish to control the perturbation w(t) = u(t) — ¢ over time,
which obeys the semilinear equation

(8 — Lo)W = N(W), (3.17)

where L is the linearization of (3.3)) about ¢¢ given by (3.5) and N (w) is the nonlinear
residual given by

N (W) = F(¢o + W) — F(¢o) — F'(¢o)W.

We will establish that Lo generates a Cy-semigroup e“o!, which, due to the fact that £o has
spectrum up to the imaginary axis iR, does not exhibit decay as an operator on Cy,(R), thus
obstructing a standard nonlinear stability argument.

In earlier works [55} 62} [89], considering the nonlinear stability of wave trains in reaction-
diffusion systems against localized perturbations, this issue was addressed by employing its
Floquet-Bloch representation to decompose the semigroup generated by the linearization and
introducing a spatio-temporal phase modulation to capture the critical diffusive behavior.
More precisely, one considers the inverse-modulated perturbation

w(C,t) =u(¢ — (¢, 1), 1) — do(¢), (3.18)

where the spatio-temporal phase modulation ¢((,t) is determined a posteriori. The inverse-
modulated perturbation satisfies a quasilinear equation of the form

(Or — Lo) (W + ¢t — hew) = N(w, we, Wee, ¥, O, e, eee)s (3.19)

where N is nonlinear in its variables. One decomposes the semigroup €0 into a principal
part of the form ¢{,S,(t), where Sy(t) decays diffusively, and a residual part exhibiting higher
order temporal decay. Finally, one chooses the phase modulation (¢) in in such a way
that it captures the most critical contributions in the Duhamel formulation of , allowing
one to close a nonlinear iteration argument in ¢, 1); and w. The leading-order dynamics of
the phase modulation v is then given by a viscous Hamilton-Jacobi equation, cf. [29] and

Remark B.1.5

The above approach has successfully been extended to the nonlinear stability analysis of peri-
odic traveling waves against L?-localized perturbations in nonparabolic dissipative problems
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such as the St. Venant equations |58, I88] and the Lugiato-Lefever equation |46] using resolvent
estimates and the Gearhart-Priiss theorem to render exponential decay of the high-frequency
part of the Cy-semigroup.

In the nonlinear stability analysis of wave trains in reaction-diffusion systems against Cyp-
perturbations in [84], the decomposition was carried out on the level of the temporal Green’s
function, which is C? and exponentially localized, thus circumventing an application of the
Floquet-Bloch transform to nonlocalized functions, which is only defined in the sense of
tempered distributions. This leads to an explicit representation of the low-frequency part of
the semigroup as in [55] and control on the high-frequency part by pointwise Green’s function
estimates established in [62].

For nonelliptic operators, such as Ly, the temporal Green’s function is typically a distribution,
complicating a potential decomposition via the Floquet-Bloch transform. We address this
challenge by taking inspiration from [8] and employing its inverse Laplace representation,
given by the complex inversion formula

1 n+iRk
efolw = lim — / M\ — Lo)twd (3.20)
n

with n,¢t > 0 and w € D(Ly), to decompose the semigroup. By partitioning and deforming the
integration contour in , we write the semigroup as the sum of a high- and low-frequency
part. Here, we associate the high-frequency part of the semigroup with pieces of the deformed
contour integral where |Im(\)| > 1, i.e., where e rapidly oscillates, and the low-frequency
part of the semigroup with pieces of the deformed contour integral where |A| < 1.

As the space of perturbations Cyp(R) does not admit any Hilbert-space structure, we cannot
rely on the Gearhart-Priiss theorem (or leverage the sectoriality of the linearization) to establish
a spectral mapping property. Therefore, we instead use the expansion of the resolvent as a
Neumann series for A € C with | Im(\)| > 1, which was established in [8], to control the high-
frequency part of the semigroup. The leading-order terms in the Neumann series expansion of
resolvent are not absolutely integrable over the high-frequency parts of the contour in (|3.20))
and, thus, the question of how to control these terms is not straightforward. Here, we cannot
resort to the arguments in 8] which rely on test functions, since these are not dense in Cyyp,(R).
Instead, we identify the critical terms in the Neumann series expansion of (A — Lg)~! as
products of resolvents of simple diffusion and advection operators. The corresponding terms in
the inverse Laplace formula then correspond to convolutions of the Cp-semigroups generated
by these diffusion and advection operators. As far as the authors are aware, the observation
that the complex inversion formula holds for convolutions of Cy-semigroups is novel and is
therefore of its own interest, cf. [43]. All in all, we obtain that the high-frequency part of the
semigroup is exponentially decaying on Cyp,(R).

To render decay of the low-frequency part of the semigroup one must rely on diffusive smoothing
in the case of nonlocalized perturbations. The diffusive decay rates of the low-frequency part
are not strong enough to control the critical nonlinear term V(¢<)2 in the perturbed viscous
Hamilton-Jacobi equation satisfied by . In [84], this difficulty has been addressed by further
decomposing the low-frequency part of the semigroup via its Floquet-Bloch representation
and relating its principal part to the convective heat semigroup (02 —¢q0c )t, which allows to
apply the Cole-Hopf transform to eliminate the critical (¢<)2—term.

Here, we link the inverse Laplace representation of the low-frequency part with the Floquet-
Bloch representation from [84] modulo exponentially decaying terms, while exploiting the
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nonzero group velocity of the wave train, cf. Assumption This allows us to harness the
decomposition of and estimates on the low-frequency part of the semigroup from [84]. We
emphasize that, to the authors’ knowledge, such a link has not been established before and is
interesting in its own right.

After applying the Cole-Hopf transform to the equation of the phase modulation % to
eliminate the critical nonlinear term, the decay of all remaining linear and nonlinear terms
is strong enough to close a nonlinear iteration argument in 1¢,v; and w. Yet, the equation
for the inverse-modulated perturbation is quasilinear and an apparent loss of derivatives
must be addressed to control regularity in the nonlinear argument. This is a standard issue
in the nonlinear stability of wave trains and it has been recognized that, as long as the
underlying equation is semilinear, such a loss of derivatives can be addressed by considering
the unmodulated perturbation or to the so-called forward-modulated perturbation

w(¢, 1) = u((,t) = ¢o(C + (¢ 1), (3.21)

which measures the deviation from the modulated wave train, cf. [105]. Both the unmodulated
perturbation w(¢) and the forward-modulated perturbation w(¢) obey a semilinear equation
in which no derivatives are lost, yet where decay is too slow to close an independent iteration
scheme. However, by relating w(t) (or w(t)) to the inverse-modulated perturbation w(t)
regularity can be controlled in the nonlinear iteration scheme. Regularity control can then be
obtained by showing that w(¢) (or w(t)) obeys a so-called nonlinear damping estimate [59),
105], which is an energy estimate bounding the H™-norm of the solution for some m € N in
terms of the H™-norm of its initial condition and the L?-norm of the solution. A nonlinear
damping estimate for the forward-modulated perturbation has been derived in the setting of
the FHN system in [8, Proposition 8.6].

A second option is to control regularity by deriving tame estimates on derivatives of w(t) (or
w(t)) via its Duhamel formulation [46} |84, [85]. In the absence of parabolic smoothing, the
advantage of using nonlinear damping estimates is that they yield sharp bounds on derivatives
and typically require less regular initial data, as can for instance be seen by comparing [105,
Theorem 6.2] with [46, Theorem 1.3]. In the case of nonlocalized perturbations, one has
so far been compelled to the second approach using tame estimates, cf. |84, 85|, since the
lack of localization prohibits the use of L?-energy estimates. Motivated by the possibility to
accommodate less regular initial data, we control regularity in this work by extending the
method of nonlinear damping estimates to uniformly local Sobolev norms, see [94} Section 8.3.1],
which allow for nonlocalized perturbations. On top of that, we work with a slightly modified
version of the forward-modulated perturbation given by

2(Ca t) = u(C: t) - ¢(C + Yﬁ(C, t)(l + Qﬂc(C’ t))? 1+ ¢C(<7 t))
= W((,t) + do(C+9(( 1)) — (C+Y(C (A + e (C1); 1+ e (C,t)) (3.22)
= V~§/(<, t) + ¢0(C) - d’(( + ¢(C7 t)(l + 1/’((@ t)); 1+ ¢C(<a t)),

which again satisfies a semilinear equation in which no derivatives are lost and is well-defined
as long as [|1)¢(t)| e is sufficiently small, cf. Proposition The reason is that z(t) and its
derivatives exhibit stronger decay than w(t), cf. [84, Corollary 1.4]. Having sharper bounds
on derivatives, it is no longer necessary to move derivatives in the Duhamel formulation from
the nonlinearity to the slowly decaying principal low-frequency part Sy,(t) of the semigroup as
in [84]. This provides a significant simplification with respect to [84] as the computation and
estimation of commutators between the operators Sy (t) and o¢",m € N, is no longer necessary.
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Thus, using uniformly local Sobolev normsﬂ we obtain a nonlinear damping estimate for the
modified forward-modulated perturbation z(¢) and our nonlinear iteration scheme can also be
closed from the perspective of regularity. This then leads to the proof of Theorem [3.1.4]

Remark 3.1.5. It was already observed in [29] that the coefficients of the viscous Hamilton-
Jacobi equation , governing the leading-order phase dynamics, can be expressed in
terms of the coefficients of the second-order expansion of the linear and nonlinear dispersion
relations \.(€) and w(k), cf. Propositions[3.1.9 and[3.1.5 and identity (3.15)). In the current
setting of fully nonlocalized perturbations [84)], it is important to identify the leading-order
Hamilton-Jacobi dynamics of the phase modulation as this allows for an application of the
Cole-Hopf transform to eliminate the most critical nonlinear term. In contrast, in the nonlinear
stability analyses [40, |55, |58, 62, 88] of wave trains against localized perturbations, it is not
necessary to determine the leading-order phase dynamics explicitly. The derivation of the
viscous Hamilton-Jacobi equation in the current setting can be found in and exploits
the characterization of the first-order term in the expansion of the eigenfunction ®¢ as the
derivative of the family of wave trains ¢(-; k), established in Proposition with respect to
the wavenumber k, cf. Proposition[3.1.5.

Remark 3.1.6. The nonlinear damping estimate, used in the proof of Theorem [3.1.4), leads
to estimates on derivatives of the (modulated) perturbation. Specifically, we can replace
the L>-norms in estimates 3.10- by (Cgb x Cl ) -norms upon substituting Eqy by its
fractional power Eg [

Here, the occurrence of the fractional power is a consequence of the use of Gagliardo-Nirenberg
interpolation in the nonlinear damping estimate, see Remark[3.4.10, In addition, we note
that, although our initial perturbation wq lies in C3 (R) x C% (R), we do not control the
associated morm in our nonlinear stability analysis, since we lose one degree of reqularity
by embedding of uniformly local Sobolev spaces in Cyy-spaces. Nevertheless, by considering
more reqular initial data in Theorem |3.1.4), it is possible to track higher-order derivatives in
the nonlinear argument. More precisely, taking m € N and wo € C"EF3(R) x CTHF2(R) with

||WOHC$D+3XQ%+2 < K in Theorem we find
u € C([0,00), O3 (R) x CHA(R)) N CH([0, 00), CTEHL(R)).

u

and the estimates (3.10)-(3.13) can be upgraded to
lu(t) — d)OHC"J’{)”xC‘%“ < MES‘"‘,
MEZ™
Hu(t) _¢0(.+w<"t>)HC"l’{f2><C$“ S \/m7
log(2 + t)
14t

HU(t) - ¢0( + 1?(»’5)(1 + ¢C(7t))7 1+ wC('7t))HC;’£+2XC$)+1 < MEgm

where o, > 0 depends on m only, and
MEq log(2 +t)
VIt 1+1¢

for all t > 0. For the sake of clarity of exposition and in order to reduce the amount of
technicalities, we have chosen to only consider (Cl?l’b X Cﬁb)—regular initial data only in our
nonlinear stability analysis.

)

106 ()l gam < [$ec(®)lgarm < MEy

“We note that uniformly local Sobolev norms have also been used in other works, e.g. |38], to make energy
estimate methods available in L*°-spaces.
®In fact, we can also take a = 1 in (3.16).
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3.1.4. OUTLINE

This paper is organized as follows. In §3.2] we analyze the resolvent associated with the
linearization Ly of about the wave train. In we decompose the Cy-semigroup
e£ot and derive associated estimates with the aid of the inverse Laplace representation and
establish a Floquet-Bloch representation for its critical low-frequency part. In §3.4] we set
up our nonlinear iteration scheme and derive a nonlinear damping estimate. We close the
nonlinear argument and prove our main result, Theorem in §3.5] We conclude in §3.6] by
discussing the wider applicability of our method to achieve nonlinear stability of wave trains
against fully nonlocalized perturbations in semilinear dissipative problems. Appendix [3.4]is
devoted to background material on the vector-valued Laplace transform. In particular, we
prove that its complex inversion formula holds for convolutions of Cy-semigroups. Finally, we
relegate the derivation of the equation for the modified forward-modulated perturbation to

Appendix 3.B]

Notation. Let S be a set, and let A, B: S — R. Throughout the paper, the expression
“A(xz) < B(z) for € S”, means that there exists a constant C' > 0, independent of x, such
that A(z) < CB(z) holds for all z € S.

Acknowledgments. This project is funded by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) — Project-ID 491897824.

3.2. RESOLVENT ANALYSIS

This section is devoted to the study of the resolvent and serves as preparation to derive pure
L*°-estimates on the high- and low-frequency components of the semigroup given by .
That is, we collect and prove properties of (A — L)~ ! in the regimes | Im()\)| > 1 and |\| < 1.
Our refined low-frequency analysis of the resolvent is the starting point to link the inverse
Laplace representation to the Floquet-Bloch representation of the low-frequency part of the
semigroup.

3.2.1. LOW-FREQUENCY RESOLVENT ANALYSIS AND DECOMPOSITION
We consider the resolvent problem
(Lo—ADw=g (3.23)

with w = (u,v)" and g € Cyp(R) for A in a small ball B(0,4) C C of radius § > 0 centered at
the origin. We proceed as in [8] and write (3.23)) as a first-order system

W= AGNY+ G (3.24)

in ¢ = (u,u¢,v)" with inhomogeneity G = (0,g) " and coefficient matrix

0 1 0
A(C7 /\) = |- f’(uo) —Co 1 ,
_= 0 A

co o
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where ug is the first-component of the wave train ¢o = (ug,vo)" and f(u) = u(1 — u)(u — p)
is the cubic nonlinearity in the FHN system ({3.1)).

The coefficient matrix A(-; \) is T-periodic for each A € C. Thus, we can apply Floquet theory,
cf. [64, Section 2.1.3], to establish a T-periodic change of coordinates, which is locally analytic
in A\, converting the homogeneous problem

U= A(G A (3.25)

into a constant-coefficient system.

Proposition 3.2.1. Assume|H1) For § > 0 sufficiently small, there exist maps Q: R x
B(0,0) — C>3 and M: B(0,8) — C3*3 such that the evolution T(C,(;\) of (3.25) can be
expressed as

T(¢,GA) = Q(GA) 1eMNE=AQ(E; ).

Here, Q(+;\) is smooth and T-periodic for each A € B(0,9). Moreover, M and Q((;-) are
analytic for each ¢ € R.

An eigenvalue v(A) of the monodromy matrix M (\) is called a spatial Floquet exponent. It
gives rise to a solution 1(¢;\) = e/M<p(¢; N) of (3-25), where p(-;A) is T-periodic. Thus,
translating back to the eigenvalue problem (Lo — A\)w = 0, one readily observes that for each
¢ € Capoint A € B(0,9) is a (temporal) eigenvalue of the Bloch operator £(§) if and only
if i¢ is an eigenvalue of M (\). The spectral decomposition then implies that a point
A € B(0,9) lies in 0(Ly) if and only if M (X) has a purely imaginary eigenvalue.

Proposition [3.1.3] yields balls Vi, Vo C C centered at 0 and a holomorphic map A.: V3 — C
such that £(£) has a simple eigenvalue A.(&) for each & € V; and it holds o (L) N V2 = {Ac(§) :
£ e RNVi} NV, Since we have AL(0) = —icy # 0 by Assumption the implicit function
theorem implies, provided § > 0 is sufficiently small, that for each A € B(0,0) the matrix
M()) possesses precisely one simple eigenvalue v.(\) in V. These observations readily lead
to the following proposition.

Proposition 3.2.2. Assume|(H1)| |(H2)| and [(D1){(D3). There exist constants C,é > 0 and
a holomorphic map v.: B(0,9) — C satisfying the following assertions.

(i) ve(A) is a simple spatial Flogquet exponent associated with the T-periodic first-order
problem for each \ € B(0,9).
(ii) A point X\ € B(0,0) lies in o(Lo) if and only if v.(\) is purely imaginary.
(iii) We have ve(A(§)) = i€ for each & € V1 such that A\.(§) € B(0,6).
(iv) The expansion

1
ve(A) + —A| < CIN?

g

holds for all A\ € B(0,0).
(v) For X\ € B(0,0) to the right of o(Ly) we have Re(ve(\)) > 0.
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Propositions [3.2.1] and [3.2.2 imply that for A € B(0,0) system has an exponential
dichotomy on R if and only if there are no purely imaginary Floquet exponents, which is the
case precisely if A lies in the resolvent set p(Lp). Hence, taking A € B(0,d) N p(Ly) and letting
P#(X\) and P*(X) be the spectral projections onto the stable and unstable subspaces of M (),
we can express the spatial Green’s function associated with as

GGG = QUGN MMV (PN e, (C) = PN 1c.00)(0)) QG A)

where 1(_ ¢ and 1j¢ ) are indicator functions. Introducing the matrices

0O O

ngloo, IIs=11 0
0 01 _1

0 ¢

to translate between the original formulation (3.23)) and the first-order formulation (3.24]) of
the resolvent problem, we find that the unique solution of (3.23)) is now given by

((€0=N"8)(€) = wic: V) = [ T1aG(¢, G ) Lsg(€) .

By Proposition the spatial Floquet exponent v.(\) is a simple eigenvalue of M () and
all other spatial Floquet exponents are bounded away from iR for A € B(0,6). Therefore,
the spectral projection P<*(\) of M () onto the eigenspace associated with v.(\) is defined
for all A € B(0,6). For A € B(0,6) to the right of o(Ly) it holds Re(r.(\)) > 0 and we can
decompose P“(\) = P"(\) + P°“()). This then leads to the desired resolvent decomposition
for small .

Proposition 3.2.3. Assume|(H1)|, (H2)| and|(D1){(D3)} There exist constants C,§ > 0 and a
holomorphic map S2: B(0,8) — B(Cup(R)) such that for X € B(0,4), g € Cyp(R) and ¢ € R
we have

((€0=2)"8)(€) = = [ TaQ(¢:3) e M1 ) (QPHN)Q(C NLsg() dC
+ (S2V8)(©)

In order to later relate the inverse Laplace representation of the low-frequency part of the
semigroup €20t to its Floquet-Bloch representation, we prove the following technical lemma
showing that the expression IToQ(¢; A) ™ P(A)Q((; M3 in can be written as a product
of solutions of the eigenvalue problem (Lo — A)w = 0 and its adjoint (Lo — \)*w = 0.

(3.26)

and it holds

YV, < Clellz-

Lemma 3.2.4. Assume (A1), [(T12)] and[[DDH(D3). There exist a constant § > 0 and functions
U, W: R x B(0,8) — C? satisfying

ILQ(GA) T PN)Q(EG NIy = T(CGA)T(G A (3.27)

for ¢, €R and )\ € B(0,0). Moreover, W(;; ) and \i/(,g\) are smooth and T'-periodic for
each A € B(0,98) and U({;-)¥(¢;-)* is analytic for each ¢, € R. Finally, we have

P(AE) =B, AUET(5Ae(€)) = i (3.28)
for & € Vi such that A\.(§) € B(0,6), where ®¢ and 5135 are defined in Proposition .
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Proof. Let A\ € B(0,6). By Propositions [3.2.1{ and [3.2.2 the monodromy matrix M () has
a simple eigenvalue v,.(\), provided § > 0 is sufficiently small. Let wq(A) be an associated
eigenvector. Moreover, let w;(A) be an eigenvector associated with the simple eigenvalue v.(\)
of the adjoint matrix M (A)*. The spectral projection P*(\) onto the eigenspace of M (\)
associated with v.()) is now given by

PC’U,()\) —

Since v.()) is simple for each A\ € B(0,), the map P“: B(0,5) — C3*3 is holomorphic by
standard analytic perturbation theory [66, Section II.1.4].

We define U, ¥: R x B(0,8) — C2 by

QG AN wi(N)

T(CN) = v (G ), PA) ==
A= (G, e = g OGN s () o

and

QG A) w1 (M)
(wi(A), w1(N))
Then, ¥(-;A\) and ¥(-; \) are smooth and T-periodic for each A € B(0,8) by Proposition

One readily observes that (3.27) holds for ¢ ,CeRand A e B gO,fé). Moreover, since Q((; ),
Q(¢;-) and P are analytic by Proposition so is W((;-)W(¢;+)* for each ¢, € R.

T(GA) = (GA), (G = (M2Q (s A) M wi(A), @iy, () £2(0.7) -

Next, we observe that the evolution Thq(¢, (; A) of the adjoint problem
¥ = =AM, (3.29)

of is given by Taa(¢, G A) = T(C, ¢ \)*, where T(¢, ¢ \) is the evolution of (3.25). So,
since v.(A) is an eigenvalue of M (\) with associated eigenvector wq(A) and —v.(A) is an
eigenvalue of —M (\)* with associated eigenvector wi(\), we obtain, by Proposition
that 1(C; A) = e?*WMCu;(¢;N) and 9(¢; N) = e ¥ PMNCyy(¢; N) are solutions of (B.25) and (3.29),
respectively. Consequently, w(C;\) = e*MNCW(¢;\) and w((;\) = e »MNCW(¢; ) solve
the eigenvalue problems (Lo — A)w = 0 and (L9 — A\)*W = 0, respectively. Therefore,
T(N),T( ) € ngr(O, T') are nontrivial solutions of the eigenvalue problems (L(—iv.()\)) —
AMw = 0 and (L(—iv.(A)) — A)*W = 0, respectively. Now, let & € V] be such that A\.(§) €
B(0,9). Then, we find with the aid of Proposition that W(¢; A\e(€)) and ¥(C; Ae(€))
lie in ker(L(§) — Ac(€)) and ker((L(§) — Ac(€))*), respectively, which are spanned by ®¢
and &)5, respectively, by Proposition Hence, on the one hand, the gauge condition
(e, UG A(E))) L2(0,1) = 1 = (P, Pe) 2(0,1), cf- Proposition implies ®¢ = W(-; Ac(§))-
On the other hand, there exists k¢ € C\ {0} such that W(:; A\c(£)) = re¢®Pe. So, all that remains
to show is that ke = i/\,(§).

First, using that ¥((;A) = €M<y (¢ N) and 9(¢; A) = e <My, (¢; \) are solutions of (3.25))
and (3.29)), respectively, and we have v.(A.(§)) = i{ by Proposition we obtain

v1(GA(E) = [1Pre +Pie |, v2AGGA(E)) = ke Iy
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Finally, evoking Proposition integrating by parts and using 1 = <<T>5, De) 20,1, We
arrive at

Iigl = /15_1@2(-; A), 1 (5 >‘)>L2(0,T)
= ((co —1§)P1 e — P ¢, 1) o) T (P16 i8P1e + ‘I)’1,§>L2(07T) + (P2, Pag) 120 1)
=co+ 2(P¢, D(0; + if)‘l’£>Lz(0’T) = —i\(§),

which concludes the proof. O

3.2.2. HIGH-FREQUENCY RESOLVENT ANALYSIS

We consider the resolvent (A — £)~! in the high-frequency regime. The spectrum of £y away
from the origin is by Proposition confined to the left-half plane with uniform distance
from the imaginary axis, which allows us to deform the high-frequency parts of the integration
contour in into the left-half plane away from the imaginary axis and the spectrum.
Specifically, this leads us to consider the contours connecting b + ity with b + iR for some
b < 0and R > wg > 0. Since these contours are unbounded as R — oo, we require a more
refined understanding of the resolvent to secure exponential decay on the high-frequency
contributions of the corresponding contour integralsﬁ The idea from [8] is to expand the
resolvent (A — £o)~! as a Neumann series in |Im(/\)]_% for [Im(\)| > 1. It turns out that
it suffices to explicitly identify the first three terms in this expansion, since a remainder
of order O] Im()\)|_%) is integrable. These three leading-order terms can be expressed as
products of the resolvents of the simpler operators £1: Cyp(R) C C2 (R) — Cyup(R) and
Ly: Cyp(R) C CL(R) — Cyup(R) given by

El = 6{(, £2 = Coag —&7y.

Before stating the outcome of the expansion procedure in [8], we provide the following
standard result showing that £ and Lo generate Cy-semigroups and providing bounds on
their resolvents.

Lemma 3.2.5. The operators L£1 and Lo are closed, densely defined and generate Cy-
semigroups on Cy,(R). Morover, there exists a constant M > 0 such that for each t > 0,
g € Cup(R) and X € C\ {0} with |arg(\)| < 3T we have X € p(L1) and

_ M
1A = £1) gllze < WHgHLw, le“gl| e < Mg poe.
Finally, for each t >0, g € Cyp(R) and A € C with Re(X) > —evy it holds X € p(L2) and
- gl —e
I = L2)"'g]l = < Re(\) 1 27’ le“*' gz < e g oc-

Proof. The operator ¢ generates the strongly continuous translational group on Cyup(R)
by [32, Proposition 11.2.10.1]. Since translation preserves the L>®-norm, e is a group of
isometries. Therefore, each A € C with Re(A) > 0 lies in p(9;) and it holds |[(A— ;) 'g]| = <
Re(\)7!|g|lz= for g € Cup(R) by [32, Corollary 3.7]. The bounds on (A — L)™' and e~?*
now readily follow by rescaling space. Moreover, £; generates a bounded analytic semigroup
ef1t by [32, Corollary II1.4.9] being the square of the operator J;. The resolvent estimate on
(A — L£1)7! is stated in the proof of [32, Corollary I1.4.9]. O

SIndeed, the naive bound ||[(A — L£o) || <

1
~ ReX\?’

given by the Hille-Yosida theorem, is not strong enough.
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Now, we state the high-frequency expansion of the resolvent (A — Lo)~! obtained in [8].

Proposition 3.2.6. Assume |(H1)|, |(H2)| and [((D1)H(D3)| Let by > 0. Then, there exist

constants C,wqy > 0 such that we have b+ iw € p(Ly) with
(btiw—Lo) '8 =L o8+ o8+ o8 + Ih 8,

for all g = (g1, 92 T e Cyp(R) and b,w € R with —§€’y < b < by and |w| > wy, where we
7]
denote

Il _ (iw—ﬁl)*lgl I2 _ (iw—ﬁl)*l(b—i—iw—ﬁg)*ng
b,w8 (b +iw — EQ)_IQQ ’ bw8 —E(b +iw — ,CQ)_I(iw — [,1)_191

and

0

3 o

Ib’wg o (—E(b +iw — ﬁg)fl(iw — ﬁl)il(b +iw — £2)1g2>’
and the residual operator Ig{w: Cub(R) = Cup(R) obeys the estimate

_3
|fieg|, . < Clol 2 llgllm-

Proof. This result was proved in [8, Lemma B.4] for g € C*°(R), which immediately yields
the statement by density of C*°(R) in Cyp(R). O

3.3. SEMIGROUP DECOMPOSITION AND LINEAR ESTIMATES

In this section, we decompose the Cp-semigroup generated by the linearization Ly of
about the wave train ¢g and establish corresponding estimates. To this end, we employ the
complex inversion formula of the Cy-semigroup. We first deform and partition the
integration contour in (3.20)). The high-frequency contribution of the deformed integration
contour lies fully in the open left-half plane. Thus, exponential decay of the associated part
of the Cp-semigroup can be obtained with the aid of the high-frequency resolvent expansion
established in Proposition [3.2.6

For low frequencies, we employ the resolvent decomposition obtained in Proposition
leading to a critical and residual low-frequency contribution of the contour integral. On
the one hand, we shift the contour fully into the open left-half plane to render exponential
decay of the residual low-frequency contribution. On the other hand, we relate the critical
low-frequency contribution to its Floquet-Bloch representation by shifting the integration
contour onto the critical spectral curve. This allows us to gather the relevant estimates on
this critical part of the semigroup from [84].

3.3.1. INVERSE LAPLACE REPRESENTATION

We start by showing that £y generates a Cy-semigroup on Cyp(R) and represent its action by
the complex inversion formula.
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Proposition 3.3.1. Assume . Let k € Ng. The operator Lo: D(Ly) C CF (R,C?) —
Ck (R, C2) with domain D(Ly) = CEFA(R,C) x C*(R,C) generates a strongly continuous
semigroup €“ot on C’{fb(R, C2). Moreover, there exists n > 0 such that the integration contour
TE, which is depicted in Figure and connects n — iR to n+ iR, lies in the resolvent set
p(Lo) and the inverse Laplace representation

1
Loty — 5 L N -1
e™'g= lim —— /Fge (A= L) "gdA (3.30)
holds for any g € D(Ly) and t > 0, where the limit in (3.30) is taken with respect to the
C’ffb—norm.

Proof. The operator Ly is a bounded perturbation of the diagonal diffusion-advection operator
Lo = D3¢ + cod¢ on C¥, (R, C?) with dense domain D(Lg) = C* (R, C) x CKF(R, C). The
first component of L is sectorial by [73, Corollary 3.1.9] and thus generates an analytic
semigroup, which is strongly continuous by [73, p. 34]. On the other hand, the second
component of L generates the strongly continuous translational semigroup on C¥ (R) by [32,
Proposition 11.2.10.1]. Since Ly is a bounded perturbation of Ly, Ly also generates a Cy-
semigroup by [32, Theorem III.1.3]. The inverse Laplace representation, given by the complex
inversion formula (3.30]), follows from [6, Proposition 3.12.1]. O

We note that standard semigroup theory provides sufficient control on the short-time behavior
of the semigroup e“°. To distinguish between short- and long-time behavior, we introduce a
smooth temporal cut-off function y: [0,00) — R satisfying x(¢) = 0 for ¢ € [0, 1] and x(t) =1
for ¢ € [2,00) and obtain the following short-time bound.

Lemma 3.3.2. Assume|(H1)l Consider Ly as an operator on Cy,(R). There exist constants
C,a > 0 such that

(1 = x(t)e“'g|| < e
holds for g € Cyn(R) and t > 0.

Proof. This follows immediately from [32, Proposition 1.5.5], Proposition and the fact
that 1 — x vanishes on [2, 00). O

Next, we deform the integration contour I'f* in (3.30) using Cauchy’s integral theorem and
analyticity of the resolvent A — (A — Lo)~! on p(Lo).

Proposition 3.3.3. Assume [[H1)| and [D1)H(D2)] Consider Ly as an operator on Cy,(R)
and let n > 0 be as in Proposition|3.3.1 For each wy > 0 sufficiently large the integration
contours T and F3R, which are depicted in Figure and connect iy — %6’)’ to iR — %6’)/
and —iR — %57 to —iwy — %57, respectively, as well as the rectangular integration contour I's,
which connects —iwgy — %8’7 via —itwg + g and iwog + g to iy — %6"}/, lie in the resolvent set
p(Loy). Moreover, we have

~ 2mi —oo 27
+ (1= x(t)e™'g
for g € D(Ly) and t > 0.

cot.  X(t) / At —1 . x() / AL —1
e e A= L d\ + lim =~ e A= L dA
& Ty ( )78 R IRUrE ( o) 8 (3.31)



3.3. SEMIGROUP DECOMPOSITION AND LINEAR ESTIMATES 51

Proof. Let g € D(Lo) and ¢t > 0. Let R > wp. Let T{ be as in Proposition Let '} and
I'? be the integration contours depicted in Figure connecting —iR + n to —iR — %E’y and
iR — %E"}/ to iR + n, respectively. Let T'® be the closed contour consisting of —T'Z, F{%, I,
I'® T8 and T, so that I'F is oriented clockwise, cf. Figure By Assumption @' and
Proposition ' as well as its interior, lies in p(Lop), provided wy > 0 is large enough.
Moreover, the map p(Ly) — Cup(R) given by A — e*(\— Ly)~'g is analytic. Hence, Cauchy’s
integral theorem yields

0= / M\ — Lo) g dA. (3.32)
TR

We express the contribution of the complex line integral over I} UTE as

e)\t

At -1 -1
e(A=L d\ = —(A=L Log + g dA. 3.33
/Ufurg ( 08 PEUPE A (( 0) ) g) ( )
Lemma and Proposition [3.2.6] yield an R-independent constant C' > 0 such that we have
the bound [[(A — Lo) || s m)) < € for A € T UTE. Since the length of Tff UTE can be

bounded by an R-independent constant M > 0, we find that (3.33) implies

C|c - o0
lim / M= L) lgd)N| < lim "M |£ogllzoe + llgll= _
R—o0 FfUF? oo R—oo R
Combining the latter with Proposition and identity (3.32), we arrive at (3.31]), which
concludes the proof. O

3.3.2. ESTIMATES ON THE HIGH-FREQUENCY PART

We utilize the resolvent expansion obtained in Proposition [3.2.6] to establish exponential
decay of the high-frequency part of the semigroup €0, which corresponds to the complex
line integrals over the contours I'ff and F3R in the inverse Laplace representation (3.31)) of the
semigroup.

Proposition 3.3.4. Assume|(H1)| and|(D1){(D2)| Consider Lo as an operator on Cyp(R).
For each wy > 0 sufficiently large there exist constants C,a > 0 such that the operator
SL(t): Cup(R) — Cup(R) given by

1
SHg = x(t) Jim o [ M- £o)'gd
riurk

R—o0 271
for g € D(Ly) and t > 0 obeys the estimate
152 (t)gll L~ < Ce™||g]| L~ (3.34)
for g € Cyp(R) and t > 0.

Proof. Let g = (g1,92)" € D(Lp) and t > 0. We abbreviate b; = —%5'7. Employing the
high-frequency resolvent expansion from Proposition [3.2.6] we arrive, provided wy > 0 is
sufficiently large, at the decomposition

1 —To R\ .
Sl(t)g = x(t) lim — (/ +/ >e1Wt+b1t(b1 +iw — L) 'gdw
R—o0 2T —R w0

(3.35)
= "1 (t)g + Sa(t)g + S3(t)g + S4(1)g),
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Figure 3.1.: The spectrum of the linearization £y of system about the wave train
¢o (depicted in blue and red) touches the origin in a quadratic tangency. It
asymptotes to the line Re(\) = —ev. The red part of the spectrum is the critical
curve {A\:(&) : £ € RN Vp} established in Proposition Left panel: the
original contour FOR used in the inverse Laplace representation of the Cp-
semigroup €', together with the deformed contour TR UTFUT UTH UTE. The
contributions of the inverse Laplace integral over Ff’ and F?’ vanish as R — oo,
cf. Proposition Right panel: a zoom-in on the contour I', as well as its
deformation I'_ U T U f+ used in the proof of Proposition [3.3.6] The rectangular
contour I's lies in the ball B(0,d), is reflection symmetric in the real axis and
connects points —iny — 11 to ing —m with 112 > 0.

where we denote

. 1 —T0 R . . .
Sj(t)g = x(t) lim —— </R +/ )e‘mfil,wgdw, j=1,...,4
_ -

The estimate on Il?‘l,wg in Proposition readily provides g- and ¢-independent constants
Ci2 > 0 such that

Su(glie < C1 [ = gl dew < Callgllim. (3.36)

wo

We relate the leading-order contributions S1(t), Sa2(t), S3(t) to (convolutions of) the Cp-semi-
groups T (t) := e©1* and Ty(t) := e(F2=01)! using Ié Proposition 3.12.1] and Corollary
To this end, we define an R-independent contour f‘g, which connects —iwyg to ity and lies
in ¥ :={X € C\ {0} : —1ev < Re(\) < gev,|arg(N)| < 2F}. Moreover, let I} and T be
the lines connecting —iR + %E"}/ with —iR and connecting iR with iR + is’y, respectively.
Using that the maps ¥ — Cy,(R) given by A — (A — £1) " 'g and A — (A +b; — L2)~ ! are
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holomorphic by Lemma [3.2.5] Cauchy’s integral theorem yields

1 .
x(t) /ﬂﬂo B\ oty x(t) /4€7+1R At 7J
R I dw = =——= I dX
2 ( —R * w0 ¢ bl’wg “ 2ri %efy—iR ¢ b17>\g

~x(@®)

(3.37)
2mi /f“zuf“fful‘g

e/\tlgh)\g dA.

We note that the length of the contours I'y, T, TE € ¥ C p(£1) N p(Ls — by) can be bounded
by an R-independent constant. So, using the resolvent estimates from Lemma [3.2.5] we
establish a ¢t-, R- and g-independent constant C'3 > 0 such that
X() / M gdd| < Caetg (3.38)
IoUlBUNE b .

for j =1,2,3.

Lemma implies that g1 € D(L1), g2 € D(L2 — b1) and the semigroups T} (t) and T5(t)
are strongly continuous and exponentially bounded with growth bounds wg(71) < 0 and
wp (1) < —iay. Hence, an application of [6, Proposition 3.12.1] and Corollary yields

1 .

x() . /45%1]3‘ At 71 Ti(t)g
=] I d\ = x(t

ot A Jiy i © T8 A =X g, |

1 .
x() . aHRE o (T1 % T2)(t) g2
| 1, dX = x(¢t
27 RI_I,I;O %Ew—iR € 1y 28 X() —5(T2*T1)(t)gl ’

and

1 .
x(t) . VTR g 0
| 1 dX = x(t .
271 Rl_rféo iEW—iR e bl,)\g X( ) —€(T2 * T1 * TQ)(t)QQ

By [32, Theorem C.17], the convolutions 17 % Ts, To* T and T+ T * T are strongly continuous
and exponentially bounded with growth bounds being at most max{wg(71),wo(12)} < 0.
Therefore, we find a ¢- and g-independent constant C4 > 0 such that

1 .
t zev+iR .
Xy [ M1\ gdA

<C

for 7 = 1,2,3. Combining the latter with the decompositions (3.35) and (3.37) and the

estimates (3.36) and (3.38)), we arrive at (3.34) with o = %57 > 0 by density of D(Ly) in
Cun(R). O

Remark 3.3.5. Comparing the proof of Proposition with the high-frequency analysis of
the semigroup in |8, Appendiz B.2], we find that the identification of the critical high-frequency
part of the semigroup as convolutions of the the heat and translation semigroups simplifies
the analysis significantly. In particular, it is no longer necessary to compute the inverse
Laplace transform of the leading-order terms of the Neumann-series expansion of the resolvent
explicitly for a test function g.
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3.3.3. ISOLATING THE CRITICAL LOW-FREQUENCY PART

We wish to employ the decomposition of the resolvent (A — Lo)~! for |A| sufficiently small
established in Proposition to isolate the critical low-frequency part of the semigroup.
To this end, we deform the contour I's in the inverse Laplace representation of the
semigroup 0!, so that its part in the right-half plane is contained in the ball B(0, ), where
Proposition [3.2.3] applies, cf. Figure [3.1] The remainder of the deformed contour lies in the
open left-half plane, away from the spectrum of £y and, thus, the associated complex line
integrals are exponentially decaying.

Proposition 3.3.6. Assume|(H1)| and|(D1)H(D3). Consider Ly as an operator on Cy,(R).
Let wg > 0. For each § > 0 sufficiently small there exist constants C,a > 0, a linear operator
S2(t): Cup(R) — Cup(R) and a rectangular contour U's, which is reflection symmetric in the
real azis, lies in B(0,0) strictly to the right of 0(Ly) and connects points —ing —n1 and ing —n
with 12 > 0, such that we have the decomposition

X(’f)/F M(A = Lo) 'gdA = ’;g /F M(A = Lo) g dA + SZ(t)g, (3.39)

2mi
for each g € D(Ly) and t > 0 and the estimate
ISZ(t)gllz < Ce gl (3.40)
holds for g € Cyp(R) and t > 0.

Proof. Let g € D(Ly) and t > 0. By Proposition , there exist constants ¢ € R and
b, 9 > 0 such that the spectrum of Ly in the ball B(0,dy) lies on or to the left of the parabola
{ia¢ — b€? : ¢ € R}. Take § € (0,dp). By Assumption there exists a constant o > 0
such that the spectrum of L in the compact set Ko = {\ € C: |Im(\)| < 2wy, | Re(N)| <
v} \ B(0,6) lies to the left of the line Re(A) = —p. Furthermore, the contour I'y lies in the
resolvent set of Lo by Proposition [3.3.3] We conclude that there exist points —7; %+ iny with
m,2 > 0 lying in B(0, ) strictly to the right of o(Lo), as well as contours I'_, connecting the
lower end point —iwgy — 5’)/ of I'y to the point —ing — 1, and F+, connecting ine — 1 to the
upper end point itwy — *6’7 of I'9, such that I'_ and F+ are both contained in the resolvent
set p(Lo) and in the open left-half plane. Hence, there exists a rectangular contour I's, which
connects —iny — 71 to ing — 71, is reflection symmetric in the real axis and lies in B(0,0),
strictly to the right of o(Lg). Since the map p(Ly) — Cup(R) given by A — e*M(A — L) "lg is
analytic, Cauchy’s integral theorem yields with

S2(t) _2 (/ /) (A= Lo) g dA.
i Ty

The analytic map p(Lo) — Cap(R), A = (A—Lo) ! is bounded on the compact sets T+ C p(Lo),
which lie in the open left-half plane. Thus, the estimate (3.40)) follows by density of D (L) in
Cup(R). O

We can now identify the critical part of the remaining complex line integral in (3.39) by
employing the low-frequency decomposition of the resolvent obtained in Proposition and

using the identity (3.27) derived in Lemma
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Proposition 3.3.7. Assume [(H1)| [(H2)| and [DDH(D3)l. Consider Ly as an operator on
Cup(R). For each 6 > 0 sufficiently small there exist constants C,a > 0 and a linear operator
S3(t): Cup(R) — Cup(R) such that for each g € D(Ly), ¢ € R and t > 0 we have the
decomposition

X / (- £0) Mg = ) /< i AOEORCNTE N dAs(0) )
+ (Sie) (4
Moreover, the estimate
152 ()gllze < Ce™*||gl| e (3.42)

holds for g € Cyn(R) and t > 0.

Proof. Provided ¢ > 0 is sufficiently small, identity (3.41) follows readily from Fubini’s
theorem, Proposition [3.2.3] and Lemma [3.2.4] by setting
x(t) / At @O
Sit)g=+—> S2(N)gdA
(g =7~ L e cNg
for t > 0 and g € D(Ly), where SO: B(0,6) — B(Cy,(R)) is the analytic map from Proposi-
tion obeying the estimate

152(Ngl Lo < Collg| Lo (3.43)

for some g- and A-independent constant Cy > 0. Now let ['s be the straight line connecting
the end points +iny — 1y of I's. Then, Iy lies both in B(0,¢) and in the open left-half plane.
By Cauchy’s integral theorem and analyticity of S, we infer

t)
3 (t)g = X [ eMstgdn
e =55 f o % (Ne

for g € D(Ly) and ¢t > 0. Taking norms in the latter, using that the compact contour Ts lies

in the open left-half plane and applying the bound (3.43)) readily yields the estimate (3.42)) by
density of D(Ly) in Cyp,(R). O

3.3.4. FLOQUET-BLOCH REPRESENTATION OF THE CRITICAL LOW-FREQUENCY
PART

Except for the integral appearing on the right-hand side of representing its critical low-
frequency part, the semigroup e“0? is exponentially decaying by Propositions [3.3.3} [3.3.4] [3.3.6|
and and Lemma [3.3.2] The following result recovers, up to some exponentially decaying
terms, the same Floquet-Bloch representation for the critical low-frequency part of the

semigroup as in [84].

The main idea is to exploit that the integral

/ AMHNCO g (¢ N F(E, N)* dA
Is
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possesses an integrand, which is analytic in A on B(0,d) for each ¢, € R and ¢t > 0,
cf. Proposition and Lemma This pointwise analyticityﬂ allows us to shift (part
of) the integration contour I's onto the critical spectral curve A.(€), see Figure Via
the identities v.(A.(€)) = i€ and (3.28), obtained in Proposition and Lemma
respectively, we then arrive at the desired Floquet-Bloch representation from [84]. We show
that the remainder terms are exponentially decaying by using pointwise estimates obtained
through integration by parts, essentially following the same strategy as in |51, Lemma A.1].

Proposition 3.3.8. Assume|(H1)| ((H2)| and|(D1){(D3)| For each § > 0 sufficiently small
there exist constants &y, C,a > 0, a linear operator S2(t): Cup(R) — Cup(R) and a smooth
cut-off function p: R — R such that for each g € Cy,(R), ¢ € R and t > 0 we have

;;grti) /COO /Féemuc(x)(cc')qj(g, ANE(CA)* dag(C)dC
_ zﬂ // Ae()1HE(C~ <)¢£(C)§§(§)*dgg(§)d§+(S;*(t)g)[d

Moreover, p is supported on the interval (—&p,&n) C Vi N R and satisfies p(§) = 1 for
e [—%fo, %{0]. Finally, for each g € Cyp(R) and t > 0 it holds

1S (1)g L= < Ce™||g]| 1o

Proof. First, we note that Proposmons and |3 imply v/.(0) = cg_1 # 0 and \,(0) =
—icy # 0. So, using Proposition we can take 5 > (0 so small that Proposition and
Lemma apply, it holds l/é()\) 75 0 for all A € B(0,0), and each point in o(Ly) N B(0,6)
lies on the curve {\.(£) : £ € V1 NR}. In addition, there exists, again by Proposition
& > 0 such that we have [—&p, &) C Vi NR, it holds sgn(Im(A.(+&))) = £1, each point on
the curve A.([—&o,&o]) lies in the ball B(0,d) and on the rightmost boundary {z € o(Lp) :
24w € p(Ly) for all w > 0} of the spectrum of Ly, and \.(§) is nonzero for each £ € [—&p, &o)-
We let p: R — R be a smooth cut-off function, which is supported on (—&p, &) and satisfies

p(€) =1 for € € [-1&, 1&).

Our approach is to deform the contour I's into a new contour consisting of a smooth curve
I'_ € B(0,6)n{z € C: Re(N) < 0} which connects the lower endpoint —n; — inz of I's to
Ae(—&o) and satisfies I'_ \ {A.(—&0)} C p(Lo), the smooth curve I'. C B(0,d) which connects
Ae(—€0) to Ae(&) and is parameterized by A, and a smooth curve I'y C B(0,0) N {z € C:
Re(A) < 0} which connects the point A:(&p) to the upper endpoint —n; +iny of I's and satisfies
Iy \ {Ac(&0)} C p(Lo), see Figure We note that the contours I'y exist, because the
points —n; %+ iny lie in the open left-half plane strictly to the right of o¢(Lo) N B(0,d), it holds
sgn(Im(A:(£&p))) = £1, and each point on the curve A.([—&p, &o]) lies in the ball B(0,d) and
on the rightmost boundary {z € o(Lo) : 2+ w € p(Ly) for all w > 0} of the spectrum of Lo,

which lies in {z € C: Re(z) < 0} U {0} by assumption

We choose parameterizations Ay : [0, 1] — C of the curves I'y. satisfying Ny (§) # 0 for £ € [0,1].
Since v, and U(¢,-)¥((,-)* are analytic and it holds

iPe(O)Pe(C)" = V(G A(€))W(C, Ael€))"ALLE)
for each ¢, € Rand ¢ € (—&0,&0) by Proposition and Lemma Cauchy’s integral

"See [8, Section 5.1] for further discussion on pointwise and LP-analyticity.
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theorem implies

/F 5 Xe4ve N0 (¢ AVE(C, \)* dA = ( /F K / + /F +>e”+”c<”<<—<)\1f<c,A)\M,A)*dA

= i/Rp(g)eAC(f)H—ig(c_g)@§(C)§)§(§)* A6+ 1, +1_ +1.
(3.44)

where we denote

I = / e)\tJrVC(/\)(CiC_)\I}(Cv A)\il(é_-7 )‘)* dA
Ty

I = i/io (1= p(&)) OO (()De(0)* dé

for ¢,{ € R and t > 0. Using again i®¢(C)P¢(C)* = U(¢, Ae(€))T(C, Ae(€))*NL(E), we infer
i [ (e OO0 () Be()" dE = T — L (3.45)
where we denote
fo= [ OB N B(E ) A
for ¢, € Rand t > 0. All in all, (3.44) and (3.45)) yield the decomposition

i [ pOPOHEOB(OB(O)" dE = L (©) [ N ICOBE N B )" dA
R Ts

— L) (OUg + 1=+ L) + 1 (oo g (O) (Lo — L)
(3.46)

for (,( € R and t > 0. We will use integration by parts to establish pointwise approxi-
mations of Iy, Ip and I, which yield integrability in space and exponential decay in time
of 1j¢ o) (Q)(L4 + I + I.) and of 1(_ (¢)({o — I). This then readily leads to the desired
result.

Pointwise approximations of I, for ( < ¢. We wish to factor out the space-integrable
quotient (1 4 (¢ — ¢)?)~! by establishing pointwise approximations of I+ and (¢ — ¢)2I,.
Recalling v.(\) # 0 for all A\ € B(0,4), abbreviating ¥1({,(, A) = (¢, A\)U(¢,N)*/v.(N\) and
using integration by parts and Proposition we rewrite
_ 1 _ _ _
(¢ =L = / (¢ = Q)M Oy (¢, A+ (€))% (X M+ -0 ag
0

= {(C _ oe)ur(§)t+u()\+(§))(4—§)\I,l(C7 Qt, )\+(£))} 220

- /1 35((( — Q)M O (¢, ¢, )\+(§))>e’/(/\+(5))(<*€_) d¢
0
— (¢ = O)el-mFimttv(-m+im)C=O g (¢, —y + inp)
- / 1 De (¢ = OM MW (¢, A4 (€)) )OO gg
0

— (¢ = Q)MEH=Ow (¢, ¢, Ae(£0))
= [I; 4 I, — (¢ — ()@ H6 =W, (¢,C, A (&)).
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AbbreViating W?(Cv 57 >‘) = \Ijl(ga C_v )‘)/V(,:()‘) and \113(C7 gu >‘) = aA‘Ill(Cv 6) )‘)/Vé()‘) and inte-
grating by parts once again, we arrive at

1. =~ | MO (05(C.E A €)) + WG € A ()0 (OO0
= /01 O (X O (#W2(C, €, A4 (€)) + Wa(¢, (, A (€))) )P+ OO g
- [T (15(¢,8 04 (€) + Ba(G LA
-/ D (P (€€ A) +(0302(G 6 ) + B(GCN) + (<€)

— [eA+(£)t+u(/\+(€))(C—f) (t\p2(<” G (6) + Ws(¢, ¢, )Ur(g)))E:o'

We establish pointwise estimates on the contributions I, /I and I1I;. Here, we use the
following facts which follow with the aid of Proposition and Lemma First, since
the curves AL lie in the open left-half plane and the points —n; +ino lie strictly to the right of
o(Lyp), there exists a constant 79 > 0 such that Re(v(—n; +ing)) > 1o and Re(AL(§)) < —ng for
all £ € [0, 1]. Second, since the curves Ay lie to the right of o(Lp), it holds Re(v(A+(£))) > 0
for all & € [0,1]. Third, the functions ¥;(¢,(, \) as well as their derivatives with respect to
A are bounded on R x R x B(0,9) for ¢ = 1,2,3. Thus, we establish the following pointwise
bounds

14| S 1¢ = Cle™™HmCO I || TTT | S (14t + £2)e ™!
for t > 0 and ¢,¢ € R with ¢ — ¢ < 0. All in all, we conclude

= C‘)eAc(ﬁo)tH&o(C*C—) _ _ (1+4t+t2)e Mt 4 |¢ — C"e—mﬂrno(é*(—)

I = Uy (¢, ¢, Ac S
L+ e 1(¢, ¢ Ac(€0)) 1+(C—C_)2

(3.47)
fort >0and (,( e Rwith ¢ —( <0

Analogously, one finds

‘[ (¢ — g)ekc(—éo)t—iEO(C—C)
B 1+ (¢~ ¢)?

(14t 4 t2)e™m0t + | — ae—mt-i-no(é“—f)

1(¢, ¢ Ae(—0)) . (C C_>2
+ —

S

)

(3.48)
for t >0 and ¢,¢ € R with ¢ —( <0.

Pointwise approximation of I, for ¢ > (. Recalling that the integrand of I is analytic in
A on B(0,4), we can apply Cauchy’s integral theorem to deform the contour I, to a line I,
connecting the point A\.(—&y) to Ac(§p). We parameterize the line by a curve Ag: [0,1] — C
satisfying A\((€) # 0 for all £ € [0, 1], see Figure We proceed similarly as before and factor
out the quotient (1 + (¢ — ¢)?)~!, which is integrable in space. Thus, using integration by
parts and Proposition [3.2.2] we rewrite

_ 1 _ _ _
(€= 0P = [ (¢ = OeMO (€. ho(€))0 (OO g
= (¢ — é)ekc(ﬁo)t+i€0(4—§)\l;l(<’ 5, Ae(&0)) — (¢ — 5)e>\c(—£o)t—i§0(§_§)\Ill(C’ é, Ao(—0))
— / 1 85(@ —{)eM® (¢, ¢, )\0(4:)))@”(%(5))((—5) de.
0
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Using integration by parts once again, we establish
1 _ _ _
Il = — /0 ag((g — )Mt (¢, ¢, )\0(5)))6”(/\0(5))((*4) e
1 — _
= = [ O (a(¢,C () + Wa(c, €, Ma(€) e (e OO
= A‘, e)\t+y()\)(<7<_) (tQ\IIZ(Ca 57 )‘) + t(a/\\IIQ(C7 57 A) + lI’3(C7 67 )‘)) + a)\\ll3(C7 57 )‘)) dA

c

— [ OO (1y(¢, E M(€) + Wa(C, ()]

1
€=0"

Since T, is a straight line in B(0,8) lying to the left of o(Lg), it holds Re(Ao(€)) <

Re(Ac(£&0)) < —mo and Re(v(Ao(§))) < 0 for all £ € [0,1] by Proposition Hence,
we obtain the following pointwise bounds

\Io|, [TTo| < (1 +t + t2)e ™0t

for t > 0 and ¢,¢ € R with ¢ — ¢ > 0. We conclude that

Io— LC_( A@IHE =D (¢, ¢, Ae(&p)) — (T8N0 (¢ ¢ Ac(—ﬁo)))‘

1+(¢—¢)?
< (1+t+t2)?_;70t,
1+ (¢ =)

(3.49)

for t > 0 and ¢, € R with ¢ —{ > 0.

Pointwise approximation of I.. Again our approach is to factor out the quotient 1+

(= 0?7 Recalling i®e(()Pe(Q)* = V(¢ Ae(€))W(C, Ae())*N(E) for € € [~Eo, o), using
integration by parts and applying Proposition [3.2.2] we rewrite

_ o B _ ~
(=0 = /5 (1= p(&))(¢ — ) @MW (¢, ¢, A\e(€)) s (eu(xc@))(c—c)) ag

= (¢ — (MO, (¢, ¢, Aelp)) — (¢ — ()81 (=g (¢, Ao(—£p))

o B - '
» 8&((1 — p())(¢ — Q)M (¢, ¢, )\C(g))>e15(4*4) de.

—

Abbreviating (¢, ¢, €) = (1 — p(€))W1(¢, ¢, Ae(€)) and integrating by parts once again, we
establish

1= [ 20 0e((¢ = )M OMa((, 6, €) )0 e

o . _ - _ . -
i / MO N(OHT2(C, G, €) + B ((, () ) O (€ e
&o /\c t“l‘lf ¢— C) ~ -
= [ ((en* s M) aic. G o
T+ 2X,(€)0e Ba(C,C.€) + B Ta(C, €)Y

+ 1| M OO (N (€)1B5(C, €, €) + 0T (¢, €, 5))]5_—@
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In order to obtain pointwise estimates on I. and I1., we note that there exists 7. > 0 such
that Re(As(£E)) < —n, for all € € [%fg,&o] by Proposition Therefore, recalling that
1 — p(&) vanishes on [—3&, £&o], we obtain

I, [T1| < (1 4+t + t2)e e,

for t > 0 and ¢, € R. We conclude

I #( Ao(€0)tHE (=g, (¢, C, Ag(€p)) — eo(—8t=i8(C=O g (¢, ¢, )\0(—50)))‘

1+(¢=¢)?
< (1+t+t2)?_;7€t7
1+ (¢ =)

(3.50)

for t > 0 and ¢, ¢ € R.

Conclusion. Denote 77 := min{ny/2,1./2,m} > 0. Recalling the decomposition (3.46|) and
applying the estimates (3.47)), (3.48), (3.49) and (3.50]), we find the desired bound

i ] [ plee O O0g()de()" de g0 dC
_/C / e’\t+y(/\)(<_§)\11(<,)\)\i/(c_, )\)* d)\g(C_) dg‘
Ts

1+t+t2)e —2nt ¢ enoC—mt _ ~
sugum<4( i+ [ 0) < gl

14 ¢? 142
for g € Cyp(R), ( € R and ¢t > 0. O
C C
ceertee B(0,9) .} B(0,9)
O m T iy
F+\ Se R F+ .
F “‘ ‘ll
‘ I'e ™o o m Te
-m : ~ ]
Te
I 1 -1
_1”7—2’/,’ \\\\\‘ _,“7’2’,,,

Figure 3.2.: In the proof of Proposition we relate the Floquet-Bloch representation of the
critical part of the semigroup, corresponding to an inverse Laplace integral over
I'., with the aid of Cauchy’s integral theorem to complex line integrals over I's, '
and I'y. for ¢ < ¢ (left panel) and over T, for ¢ > ¢ (right panel). Here, T, lies on
the critical spectral curve {A.(§) : € € RNV} } established in Proposition
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3.3.5. LINEAR ESTIMATES

By Propositions [3.3.3} [3.3.4} [3.3.6] [3.3.7] and [3.3.8] the semigroup et decomposes for ¢ > 0 as
ol = S.(t) + Se(t),

where the operator S.(t): Cub(R) — Cyp(R) given by

(5020 =52 [ [ o Oay () degOdl (35
corresponds to the critical low-frequency part of the semigroup and
Se(t) = (1= x(1))e" + SL(t) + S2(t) + S2(t) + S2(t) (3.52)

is the exponentially decaying residual. The Floquet-Bloch representation of the critical
part of the semigroup is identical to the one obtained in the stability analysis [84] of wave trains
in reaction-diffusion systems against Cy,-perturbations. Thus, the further decomposition of
Sc(t), as well as the proofs of the associated L>-estimates, can be taken verbatim from [84].
On the other hand, estimates on the terms comprising Se(t) were obtained in Lemma
and Propositions [3.3.4] [3.3.6] [3.3.7] and [3.3.8] In the final result of this section, we collect
these results and state the decomposition of the semigroup and associated estimates needed
for our nonlinear stability analysis.

Theorem 3.3.9. Assume |[(H1)|, ((H2)| and |[(D1)H(D3)| Let j,l € No. There exist constants
C,a > 0 such that the semigroup e~ decomposes as

= (00 + Ok(-, 1)0) Sp(t) + S (t) + Se(t), (3.53)
where the operators Se(t), Sy(t): Cup(R) = Cup(R) obey the estimates

gl
14+t
fort > 0 and g € Cyp(R). In addition, Sy(t): Cup(R) = Cy,(R) satisfies Sy(t) = 0 for
t €[0,1] and the map t — Sp(t)g lies in C*([0,00), Ck (R)) for any i,k € Ny with

I1Se()gllze < Ce™ligllre, IS (DgllL> < C (3.54)

10+ g0, (0l < o(l”f”;‘j (3.55)
fort >0 and g € Cy,(R). We have the further decomposition
oS, (t)g = el e0%)" (Big) + oS, (1), (3.56)
where the operator Ogngr(t): Cup(R) = Cup(R) obeys the estimate
|05, ()l e < COLA1) 726 |g]1 (3.57)

form=0,1,t>0 and g € Cyp(R).
Finally, there exist a bounded operator Ap: L2, ((0,T),R*) — C(R,R) such that it holds
(22 me00)! (udyg) = e[ WE—0%)! (&), ) a0 ry0 — An(@)0cv) + Ocel %) Ay (g)u),
(3.58)

forge Lger((O,T),RQ), veCL (R,R) and t > 0.
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Proof. The decomposition e“0t = S.(t)+ S,(t), where S¢(t) is given by and Sc(t) is given
by (3.51]), follows from Propositions[3.3.3][3.3.4, [3.3.6] [3.3.7/and [3.3.8] The desired bound ({3.54)
on Sg(t) can be derived by combining Lemma and Propositions [3.3.4] [3.3.6], [3.3.7
and Moreover, it has been shown in [84] Section 3.3] that S.(t) decomposes as
Se(t) = (¢ + Okd(-,1)0¢)Sp(t) + Sr(t), where Sy(t), Sy (t): Cup(R) = Cup(R) are operators
obeying the estimates and (3.55)). Moreover, S, (t) satisfies Sp(t) = 0 for ¢ € [0, 1] and the
map t — S,(t)g lies in C*([0, 00), C% (R)) for any i, k € Ny. Finally, the decomposition (3.56]),
the estimates and the identity can be found in [84, Section 3.5]. O

3.4. NONLINEAR ITERATION SCHEME AND NONLINEAR ESTIMATES

In this section, we set up the nonlinear iteration scheme and state associated nonlinear
estimates, which will be employed in the upcoming section to prove our nonlinear stability
result, Theorem [3.1.4] To this end, we consider a diffusively spectrally stable wave-train
solution ug(z,t) = ¢o(z — cot) to (3.2)), i.e., we assume that Hypotheses [(H1)] [(H2)| and [[D1)}
are satisfied, and an initial perturbation wo € C3 (R) x C2, (R). We wish to control
the perturbation w(t) = u(t) — ¢¢ over time, where u(t) is the solution to with initial
condition u(0) = ¢ + wo. The perturbation w(t) satisfies equation (3.17). Theorem [3.3.9)
shows that the bounds on full semigroup e~* are too weak to close a nonlinear iteration
argument using the Duhamel formulation of .

As explained in this leads us to consider the inverse-modulated perturbation w(t) given
by . We derive a quasilinear equation for w(t), establish L>°-bounds on the nonlinearity
and define a suitable phase modulation t(t) compensating for the most critical terms in the
Duhamel formulation of w(t). We then infer, as in [84], that ¢ (¢) satisfies a perturbed viscous
Hamilton-Jacobi equation, whose most critical nonlinear term cannot be controled through
L*>-estimates, but can be eliminated with the aid of the Cole-Hopf transform. We formulate
an equation for the Cole-Hopf variable and state L°°-bounds on the nonlinearity.

Lastly, we control regularity in the quasilinear iteration scheme by relying on forward-
modulated damping estimates. We obtain an equation for the modified forward-modulated
perturbation z(t) given by (3.22)), establish norm equivalences between z(t) and the residual

z(t) = w(t) — Ok (-5 1)2pe(t), (3.59)

and we derive a nonlinear damping estimate for z(t) using uniformly local Sobolev norms.

3.4.1. THE UNMODULATED PERTURBATION

The unmodulated perturbation w(t) satisfies the semilinear equation , whose nonlinearity
N: CL (R) — CL. (R) is readily seen to be continuously Fréchet differentiable. On the other
hand, regarding Lo as an operator on C}, (R) with dense domain C3, (R) x C2, (R), Propo-
sition yields that £y generates a Cp-semigroup on C}, (R). Hence, local existence and
uniqueness of a classical solution to follows by standard results, e.g. |79, Theorem 6.1.5],
from semigroup theory.

Proposition 3.4.1. Assume|(H1). Let wo € C3, (R) x C2, (R). Then, there exists a mazimal
time Tmax € (0, 00] such that (3.17) admits a unique classical solution

W € O([0, Tmax), Ciip(R) x C3,(R)) N CH([0, Tnax), Cu (R)),
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with initial condition W(0) = wqo. Moreover, if Tiax < 0o, then we have
lim sup||w(t)|| -1 = oc.
tTTmaX ub

3.4.2. THE INVERSE-MODULATED PERTURBATION

Using that u(t) and ¢q solve (3.3]), one finds that the inverse-modulated perturbation w(t),
given by (3.18]), obeys the quasilinear equation

(0r — Lo) [w + o] = N(w, 1, 01)) + (0 — Lo)[toc W] (3.60)
with nonlinearity

N(W7 wv ¢t) = Q(W7 w) + OCR(Wa % wt)v

where

Qw, ) = (F(do + w) — F(¢o) — F"(¢o)w) (1 — 1)

is quadratic in w and

R(w, 1, 44) = (cothc — )w + D (W " <w¢<)<> '

contains all linear terms in w. We refer to [8, Appendix E] for a detailed derivation of ((3.60)).

It is relatively straightforward to verify the relevant nonlinear bound.

Lemma 3.4.2. Assume|(H1)l Then, we have

IV (w0l < w3 + 1 0)lez, <o, (IWllon e + [l )

J;OTW = (u,v) € C3,(R) x C(R) and (¥,) € CJ(R) x Cy,(R) satisfying [|ull oo, [[¢]| e <

-

Inspired by earlier works [55| |56], we implicitly define the phase modulation by the integral
equation

P(t) = Sp(t)wo + /Ot Sp(t — s)N(w(s),1(s), Op(s)) ds. (3.61)

Recalling from Theorem that S,(0) = 0, we find that (t) vanishes at t = 0. Thus,
integrating (3.60) yields the Duhamel formulation

w(t) + 6 (0) = e+ [ S INw(s), 0(s), s (s)) ds +oc(Owln). (3:62)
Writing the left-hand side of as W(t) + ¢p(t) = z(t) + (9o + Oko(;1)0¢)1b(t), where

z(t) is given by (3.59)), and recalling the semigroup decomposition (3.53)), we observe that by
defining the phase modulation by (3.61]), the term (¢f + Or¢(-;1)0¢ )1 (t) compensates for the
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critical, slowest decaying, contributions on the right-hand side of (3.62)). Indeed, we arrive at
the Duhamel formulation

206) = (S,(0) + S.O)wo + [ (S,(t = 8) St — )N (W(s), (51, 000(5)) ds + v BIwlr),
(3.63)

for the residual z(t), where S,.(t) + Se(t) exhibits stronger decay than e“o!, cf. Theorem m

Local existence of the phase modulation ¢ (t) can be obtained by applying a standard contrac-
tion mapping argument to the integral equation (3.61), where one employs Proposition m
and expresses the inverse-modulated perturbation as

w(C,t) = w(C—(¢, 1), 1) + do(C — (¢, 1)) — do(C), (3.64)
to obtain a fixed point problem in 1 (t) and its derivatives. This leads to the following result,

whose proof is identical to [84, Proposition 4.4].

Proposition 3.4.3. Assume |[(H1), Let wo € C3, (R) x C2,(R). Fiz j,l,m € Nog. For w
and Thax as in Proposition 3.4.1L there exists a mazimal time Tmax € (0, Tmax] Such that
equation (3.61)), with w given by :3.64), possesses a solution

¥ € C([0, Tmax), Cig ™ (R)) N CHH ([0, Tina), Coy (R)),

satisfying (t) = 0 for all t € [0, Timax) with t < 1.

Moreover, we have ||(¢(t),8t1/;(t))||cszcub < 3 for allt € [0, Tmax). Finally, if Tmax < Tmax
then ’

lim sup||(¢(t), D) (t)) ||c§bxcub =

1 Tmax

5.

The existence and regularity of the inverse-modulated perturbation w(t) and the residual

z(t) now follow immediately from (3.64) and (3.59)), respectively, upon applying Proposi-
tions |3.1.2} [3.4.1| and [3.4.3| and using the uniform continuity of functions in Cy,(R).

Corollary 3.4.4. Assume|(H1)| and|(D3)l Let wo € C3, (R) x C2, (R). For w as in Propo-
sition [3.4.1] and v and Tmax as in Proposition [3.4.3, the inverse-modulated perturbation w,
defined by (3.18), and the residual z, defined by (3.59)), obey

w,z € C([0, Tmax), Cop(R) x C2(R)).

Moreover, their Duhamel formulations (3.62) and (3.63)) hold for t € [0, Tmax)-

3.4.3. DERIVATION OF THE PERTURBED VISCOUS HAMILTON-JACOBI EQUATION

The estimates in Theorem in combination with (3.61) and (3.63)), show that, at least on
the linear level, the derivative Géﬁgw(t) of the phase modulation decays at rate t~U*D/2 for
J,1 € Noy, whereas the residual z(t) and

Y(t) = Ob(t) + cgtpe(t),
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decay at rate t—1. Therefore, after substituting

w(t) = z(t) + Okd(s 1)voc (), Oup(t) = ¥(t) — cgtic(t), (3.65)
in the nonlinearity N (w, 1, 1) one finds that the nonlinear terms exhibiting the slowest decay
are of Burgers’-type, i.e. of the form fi¢(¢)? with coefficient f € L2_(0,T).

The decay rates of the principal part S,(t) of the semigroup e“ot are not strong enough to
control these most critical nonlinear terms through iterative estimates on the equation
for the phase modulation. As outlined in §3.1.3] we address this issue by proceeding as
in [84]. That is, we show that 1 (t) obeys a perturbed viscous Hamilton-Jacobi equation
and subsequently apply the Cole-Hopf transform to this equation to eliminate the critical
wg—contributions.

To derive a viscous Hamilton-Jacobi equation for ¢ (t), we first isolate the ¢g—contributions in

the nonlinearity N (w, v, 1) of (3.61)). We do so by reexpressing w(t) and 9,1 (t) through (3.65))
wherever necessary. Thus, recalling ¢o + ¢4 = w'(1) from Proposition we arrive at

N(w(s),0(s), 0(s)) = £t (5)” + Nyp(a(s), w(s), v(s), ¥(s)), (3.66)

with T-periodic coefficient

£ = 3 F(00)(0k0(51), 0403 1)) + /(1 ( 1) + D6} + 20ccr0(51)
and residual nonlinearity
Np(2. w10, 10) = Qp(2, W, ¥) + O Ry (2, W, ¥, ),
where we denote
Qp(2z, W, 1) = (F(¢o + W) — F(do) — F'(do)W)tb¢ + F(do + W) — F(¢o) — F'(do)w
S (G0)(w,w) + S (60) (5 W) + St (60) (5 04005 1)

+ 20¢tee (W' (1)ORe(+5 1) + D(dg + 20ck¢(+5 1)),
RP(ZJ w, 1), 1/;) = _I;W + wl(l)z/}(z

+ & 2
‘D (W + 2200 + Wipee + 20k (- 1)¢c¢c<>-

We establish an L°°-estimate on the residual nonlinearity.

Lemma 3.4.5. Assume|(H1)| and|(D3)| Then, we have

NG (2, w, 0, 9) [ S (Iwllze + [¥cllen ) (IwlEe + l1zllcs, )
+ (Illen, + leeellen, ) Iwllen,

+ (Iecllen, + Iwllce, Ilclzse + lollE=) Iclien,

for z,w € C2, (R) and () € C3, (R) x CL (R) satisfying ||w|| e, ||[tb¢||p= < 3.
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Next, we substitute the decompositions (3.56|) of the propagtor Sp(t) and (3.66]) of the
nonlinearity N (w(s),v(s), 9 (s)) into (3.61)) and use (3.58]) to reexpress e 40 —cad <I>{§fp¢g2~>.
All in all, we arrive at

(1) = r(t) + %) (Fwg) + /0 " (d02=c00c) 4= (vic(s)? = An(£)0c (ve(5)?)) ds
+ /O " @02 -ey0)(1=9) (D5, (2(s), w(s), v(s), B(s)) ) ds,

(3.67)
where we denote
v = (Do, ) 12(0.1)
and
r(t) = Si(two+ | 5ot ) (Bc(5)?) ds + 0, / ()00 (46, (5)?) s
0 0 (3.68)

b [ 8= SN (), wis), (5), (5)) s
0

Since 1 (0) vanishes identically by Proposition setting ¢ = 0 in (3.67)) yields
r(0) = —®wo. (3.69)

Moreover, following the computations in [29, Section 4.2], one finds that the coefficient
v in equals —3w”(1). Thus, with the aid of Proposition we arrive at the
expression for v. Since S,(t) and 8§e(da< —eodc)t decay at rate £°3 as operators on
Cub(R), we find that r(¢) captures, at least on the linear level, the decaying contributions

in (3.67)), cf. Theorem m

Finally, applying the convective heat operator 9; — d@g + ¢c40¢ to (3.67), we arrive at the
perturbed viscous Hamilton-Jacobi equation

(at —dO? + cgag) (% — 1) = vy? + G(z, W, , D) (3.70)
with nonlinear residual
Gz, W, 1, 0) = BNy (2, W, 15, D) — An(£)0 (7).

Indeed, modulo the higher-order terms r and G(w, 2,1, 1)) equation coincides with the
Hamilton-Jacobi equation . Regarding as an inhomogeneous parabolic equation,
regularity properties of ¥(t) — r(t), and thus of r(t), can be readily deduced from standard
analytic semigroup theory.

Corollary 3.4.6. Assume|(H1)| and|(D3), Let wo € C3,(R) x C? (R). For v and Tmax as in
Proposition and for w and z as in Corollary the residual r, given by (3.68]), obeys

r € C([0, Tmax): Cﬁb(R)) N Cl<[0,7'max), Cup(R)).

Proof. Moving r(t) to the left-hand side, we can regard as the mild formulation
of the inhomogeneous problem for ¢(t) — r(t) with inhomogeneity ¢ — vip¢ (1) +
G(z(t), w(t),1(t),(t)), which lies in C([0, Tmax), CL,(R)) by Proposition and Corol-
lary It is well-known that d@g — ¢40¢ is a sectorial operator on Cy,(R) with domain
C?, (R), cf. [73, Corollary 3.1.9]. Therefore, since the initial condition 1(0) — 7(0) = ®wy
lies in the domain C2 (R) and Cl, (R) is an intermediate space between Cy,(R) and the
domain C2 (R), it follows from [73| Propositions 2.1.1 and 2.1.4 and Theorem 4.3.8] that
t e p(t) —r(t) lies in C([0, Tmax ), C%,(R)) NCH([0, Tmax ), Cub(R)). Invoking Proposition
then yields the result. O
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3.4.4. APPLICATION OF THE COLE-HOPF TRANSFORM

We apply the Cole-Hopf transform to remove the critical nonlinear term V@bg in (3.70). That
is, we introduce the new variable

y(t) = ea@®=®) _ 1, (3.71)
which satisfies
y € C([0, Tmax), C4 (R)) N C([0, Timax ), Cun (R)) (3.72)

by Proposition and Corollary It is readily seen that y(t) is a solution of the
convective heat equation

(&t - d8<2 + cg8<)y =2ureye + g(yrg + G(z,w, 1, 1;)) (y+1) (3.73)
with initial condition

y(0) = 52O —T(0) _ 1 _ o§P5wo _ 1, (3.74)

cf. Proposition [3.4.3] and ([3.69)).

Recalling that (t) vanishes identically for ¢ € [0,1] by Proposition [3.4.3 the Cole-Hopf
variable y(t) can be expressed in terms of the residual r(¢) through

y(t) =e"a"® —1 (3.75)

for t € [0, Tmax) with ¢ < 1. On the other hand, the Duhamel formulation of (3.73)) reads

y(t) = e(dag_‘398<)(t_1) (e;53w0 — 1)
. ) (3.76)
n /1 e(dac—cgag)(t—s)/\/c(r(s)’y(s),Z(5)7w(s),¢(s),w(s))ds

for t € [0, Tmax) with ¢t > 1, where the nonlinearity is given by
Vi oo ~
(2 + Gz w0, D)y + .

We use (3.75) for short-time control on y(t) (rather than its Duhamel formulation) in the
upcoming nonlinear argument. The reason is that we use a temporal weight \/sv/1 + s on

r¢(s), so that the obtained bound on r¢(s)? is nonintegrable and blows up as 1/s as s | 0. We
refer to the proof of Theorem and Remark for further details.

No(r,y, 2, w, b, ) = 2vreye +

With the aid of Lemma [3.4.5] we obtain the following nonlinear estimate.

Lemma 3.4.7. Assume|(H1)| and|(D3)| It holds
[N,y w, 2,6, )|z S (lrellzee + llwellzoe) el
+ (Wl + leclen, ) (IwllF + I1zlle2 )
+ (Il + ecllen, ) Iwlon,
+ (leclon, + IIwllcz, llclzse + el ) lclon,

forr,y € C’&b(R), Z,W € C’Sb(R), (1/),1])) € Cﬁb(R) X C’lllb(R) with ||y||ee, [[W|| Lo, [|10¢] oo < %
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3.4.5. FORWARD-MODULATED DAMPING

The modified forward-modulated perturbation z(t) is given by , where the T-periodic
continuation ¢(-; k) of the wave train ¢y with respect to the wavenumber k is defined for
k in the neighborhood [1 — rg,1 4 ro] by Proposition Combining the latter with
Propositions [3.4.1 and |3.4.3 we find that the forward-modulated perturbation z(t) is well-
defined as long as t € [0, Tymax) is such that |[¢¢(t)| L < 70. Its regularity then follows readily

from Propositions [3.1.2] [3.4.1] and [3.4.3]

Corollary 3.4.8. Assume|[(H1)| and [(D3)| Let wo € C3,(R) x C%4 (R). Forrg > 0 as in
Proposition[3.1.2, w as in Proposition[3.4.1, and ¢ and Tmax as in Proposition[3.4.3, we have

Tmax = SUp{t € [0, Tmax) : [|1¢ ()|l < ro for all s € [0,t]} >0

and the modified forward-modulated perturbation z(t), given by (3.22)), is well-defined for
t € [0, Tmax) and satisfies

2 € C([0, Fmax), Cap (R) x CF,(R)) N CH([0, Finax), Cup(R)).-

Using that the wave train ug(x,t) = ¢(kx —w(k)t; k) is a solution to (3.1)) and u(t) solves (3.3),
one obtains the equation

Oz = Dige + coe + F'(0)2 + O(%,9) + R(1), 4, 9)) (3.77)
for the modified forward-modulated perturbation, where

Oz, ) = F(z+ ¢(B(1))) — F((B())) — F'(0)z

_ ((¢1(5(¢))(2+2u —3%) — 361 (B(W))> + (1 + p — z°1>51>zl>
0

is the nonlinearity in z = (21, 22),

R(W, P, 0) = Dby (B (1 + e (1 + ) + Yee)” = (14 ¢)?) + rr(B))v
+ 20y (B(¥)ec (1 + e (1 +v¢) + idec)
+ 6y (B (e (1+ 30¢) + Pibeee) + dr(B)eec]
+ ok (B(¥)) (cotpec — Yet)
+ &y (B®)) (0 + &' (Ve —w(1 + 1) — P

+ co (7/)g + ¢¢4c> — Ypipe — %Z)i/}ct)
is the z-independent residual and we used

BECE) = (C+ (GO +ve(C 1)1+ v (1))

to abbreviate the argument of the profile function ¢(y;k) = (¢1(y; k), d2(y; k)) and its
derivatives. We refer to Appendix for further details on the derivation of (3.77)).

We proceed with deriving a nonlinear damping estimate for the modified forward-modulated
perturbation z(t), which will be employed in the nonlinear stability argument to control
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regularity. A nonlinear damping estimate in H3(R) x H?(R) for the “classical” forward-
modulated perturbation w(t), given by (3.21), was established in 8, Proposition 8.6]. Here,
we extend the method in [8] to nonlocalized perturbations by relying on the embedding of the
uniformly local Sobolev space H} (R) in Cyp(R), see [94, Lemma 8.3.11].

The equation for z(t) has a similar structure as the one for w(t) derived in [8]. That
is, the second derivative O¢¢2; yields damping in the first component of and the term
—ev%9 yields damping in the second component. Since is semilinear, all other linear
and nonlinear terms can be controlled by these damping terms.

All in all, we arrive at the following result.

Proposition 3.4.9. Assume |[(H1)| and |(D3)| Fiz R > 0. Let wog € C3,(R) x C% (R). Let
Y(t) be as in Proposition[3.4.5 and let Z(t) and Tmax be as in Corollary[3.4.8 There exist wo-
and t-independent constants C,a > 0 such that the nonlinear damping estimate

1 t i
IO P— c(\\w)nm IOl e om0l cn, + [ e (1)

+ [Wec(o)liEs, + 1035 ()2, + [H(3)IIEs.

M

e (1l + 100013 )) 0]

(3.78)
holds for all t € [0, Tmax) with
sup (1141, + I6(s) ey, ) < R (3.79)
0<s<t ub u

Proof. Fix a constant R > 0 and set

1
Y= min{l, 57}
2 2]l + 1

We start by relating the (C?, x Cl, )-norm of z(t) to a uniformly local Sobolev norm. First,
we define the window function p: R — R given by

00 =51

which is positive, smooth and L!-integrable, and satisfies

10O <o(¢) <1 (3.80)

for all ( € R. Next, we apply the Gagliaro-Nirenberg interpolation inequality, while noting
that o € WETLL(R) N WWHFL2°(R) and o(0) = 1, to infer

101 e = sup (oD + )02 o S 12l s + 50D (106 (2 +1))2) |
yER ub yeR
4 1
Slelgys +sup 97 (2O + ) Ealle@( + well? o
1 4
S lzllgpor + 11zl o sup 05 (20 +9))2)] 172
u yeR

4 1 1 4
4 1 1 ol i
S lellexzr +=lep 122 + 120l sup le(d(- +y)ot 2] ;2
u u y
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for z € C{f{f Y(R) and k = 1,2. Hence, interpolating between C¥_ (R) and Cy,(R), applying
Young’s inequality and rearranging terms, we arrive at

1 4
1 ot o
Izlleg, S 1zl + 12 e sup le(@(- +9))og ™ 2|l 7.
Yy

for 2 € C*™(R) and k = 1,2. Combining the latter with (3.80) and recalling Corollary [3.4.8
yields

. . . 1 2
Hz(t)HCQ col < Hz(t)HLm + Hz(t)Hzm sup E,(t)5 (3.81)
ub ub yeR
for t € [0, Tmax ), Wwhere we denote

3g 2 22 2 €Y
By(t) = [ o +u) (b2 (0] +]aC 0] )d vi= T >0
for y € R. The estimate (3.81]) provides the desired relationship between the (C% x Cl,)-norm
of z(t) and the family of energies £, (t), which are associated with the norm on the uniformly
local Sobolev space H2|(R) x H2(R) with dilation parameter ¥, cf. [94, Section 8.3.1].

Our next step is to derive an inequality for the energies Ey(t). In order to be able to
differentiate Fy(t) with respect to ¢, we restrict ourselves for the moment to initial conditions
wo € CP, (R)xC%, (R). With these two additional degrees of regularity one derives, analogously
as in Proposition that W € C([0, Timax), C2(R) x C4 (R)) N C1([0, Tinax), C2, (R)).
Combining the latter with Propositions [3.1.2 and [3.4.3| yields 2 € C([0, Tmax), Cp, (R) x
Cﬁb(R)) N Cl ([Oa 7N—maux)a Cgb(R)) .

Let y € R and let ¢ € [0, Timax) be such that (3.79) holds. Using (3.77) and

ro=(2 L)

while noting that the second component of Q(z, 1) vanishes, we compute

%&Ey(s) = [+ 11+ IIT+1V, (3.82)
where
1=v [ o(0(¢+){(041(C.9). (¢, 5) + da(C.s) = 0Fa(C,) = udFaa(C, ) de.
1= [ oo(¢+y)ac/otaa(c. o] ac
+ 2 [ o0+ )(0722(,9), 41 (C,5) ~10222(.5)) G

are the contributions from the linear terms, and
9221(¢, s o .
m-o [ g<ﬁ<<+y>><( cale )>,a§(g<z<¢,s>,w<c,s>>

+ R, 8), (G, 8), Db (G, s>>)> a,

0 o 7
IV = /]R o(¥(¢ + y))< <8252(C, S)) ) 82R(¢(<’ $),¥(C, 8), Os1(C, S))> d¢
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are the nonlinear contributions for s € [0,¢]. Integrating by parts, we rewrite
r=—v [ olo(c+ y>>(]a§zl<<,s>\2 oG] - (08469, 0222(¢.9)) ) ¢

= b [ OC+ (B 9). 041 (C ) — 9a(C.9)) G
+ cou /]R o((C + ) (8851(. ). 041(C. 5) ) dC

and

)
1= == [ o0+ u)|0222(C0)] e = 5 [ d0(C+u)|o2a(¢0)] de
+2 [ o0 <<+y>)<a§zg<c,s>,a<z°1<<,s>>d<

for s € [0,t]. Applying Young’s inequality to the latter, while using (3.80)) and 4|cy|d < e,
yields a t- and wy-independent constant C7 > 0 such that
v 1. 2 2. 2
122 o +ufota o) d+v [ oo +m]otal.s)| a
(3.83)
2
+ O [ o0+ u|otas)| do

and

M<_3fT7 ng<g+y>>yaggz<g,s)fdg+cl /R (W Hy|Racs d (380)

for s € [0,¢]. Similarly, employing Young’s inequality, while using that (3.79) holds and p is
L'-integrable, we establish a ¢- and wg-independent constant Co > 0 such that

111 < G [ o0+ ) (|00 + 2ac o) + 10 (c o)) g
AL + [V (Es, +100c) s, + 196Ny, (389)
+10c(s) B (I + 1o s) ) )
and

v

IN

% /R o(I(¢ + y))lﬁféz(C, s)fdg + Cz(||¢<<(s)||§;3b + 105 ()lE2, + ||@E(.s)||20ab

+10c(s) = (e B + 0.
(3.86)

for s € [0,t]. Applying the estimates (3.83)), (3.84)), (3.85) and (3.86)) to (3.82]) and using that
v = eg7/4, we obtain a t- and wy-independent constant C3 > 0 such that

1
2By < =B, =5 [ o0+ [0a1(C9)] e+ ol () + e,
+Hasw<<s>ucs + 12 e, + e ()70 (1l ()70 + 1050 (5)l17 )

+ [ e+ (s + 2as)| +1oca ) a)
(3.87)
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for s € [0, ].

We control the term on the last line of (3.87) by deriving an interpolation inequality. To this
end, we take k € N, n € (0, %) and aq,...,a; > 0. Integration by parts, Young’s inequality,
and the estimate (3.80)) yield

i i [ e+ otz a¢
= —Zaj [ (¢ + (08 2(0), 02O ¢ + 9 (D¢ + ) {022(0). 8 +()) ) d¢
<§: / I(C +) <ﬂ%*1(\ +oloi()f + <;+ﬁ>p{440f)dg

for z € C’fgrl(R). Setting ag = 0 = agy1, using ¥ < % and rearranging terms in the latter, we
arrive at the interpolation inequality

. |
jzl(zaj _ gaa‘—l - %ajﬂ (717 + ;)) /RQ(QS‘(C + y))‘f%Z(C)]z d¢ s

< g [ 20+ [0 dc+ 501 (5 +5) [ o0+ uleto) ag

for z € CKFL(R). Next, we fix k = 3 and solve the linear system

3 1 11 :
e U ) Ea I A b

yielding the solution

4(4 — 2 4+ 902 + 10n) oy = 224207 +4n) o = A5+ 477 + 4n)
) 2= 3=
3n%(1 — 4n) n(1 — 4n) 3(1 —4n)

where we have a1, as,a3 > 0 since n < %. Thus, taking these values for aj, ag,as in (3.88)), we
find

Z [ et ufof dcsz”(z(ﬁ‘ﬁ?l;“”) [ e(c+ynfot=f ac

(n+2)(4 — 2% + 902 + 10n)
3 (1 — 4n)

for z € C (R). So, taking n € (0, 1) so small that

a)p =

/R o(9(C + 1)) |2(¢) ¢

2n(5 + 4n* + 4n) oV
3(1—47)  — 4C5’

we establish a constant Cy > 0 such that

z / o+l ac < 2 [owc+m|at=Of do+Cullalf (389

for z € C4 (R).
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We apply the interpolation identity (3.89)) to (3.87) and deduce
ey o 2 2 2 > 2
0.E,(5) < =T By(5) + Cs ()} + ey, + 10:c(5) g, + 9,

e (10cs) = + l0.0(s) ) )

for s € [0,t], where C5 > 0 is a t- and wy-independent constant. Multiplying the latter
inequality with e and integrating, we acquire

_ey L PR A 2 -2
By(0) <o 25,0) + 5 [ e T ([ + e, +10c(s)Es, + 106,

1) (I0c(s) [ + [0.(6) ) ) .
Lastly, using that there exists a wg-independent constant Cg > 0 such that
Ey(0) < C6||W0||%’3bxcgb

and plugging the latter estimate into (3.81]), we arrive at (3.78]).

In order to extend our result to the general case wy € C3, (R) x C% (R) we argue as in the proof
of [8, Proposition 8.6]. That is, we approximate the initial condition wq in C3 (R) x C% (R)
by a sequence (Wo,n),,cy in Cop (R) x C% (R). By continuity of solutions with respect to initial
data and the fact that only depends on the (C3, x C2,)-norm of z(t), the desired result
follows by approximation. We refer to [8] for further details. O]

Remark 3.4.10. In addition to the fact that we extend the proof of the nonlinear damping
estimate in (8, Proposition 8.6] to nonlocalized perturbations by employing an energy associated
with uniformly local Sobolev norms, our analysis deviates from the one in [8] in another
important way: rather than using the bound ||0§wHLoo < H@é?wHHl, we employ the Gagliardo-
Nirenberg interpolation inequality

|0gwll e < 07w

4 1
5 [E
r2llw LEE

forw € HM1(R)N LY (R) and k = 1,2. This leads to the additional factor ||z(t)H1L/oi in the
nonlinear damping estimate , enabling us to only require that the L>°-norm of the initial
perturbation wo is small (and its (C3, x C?))-norm is bounded) in our nonlinear stability
result, Theorem[3.1.]] We expect that a similar approach can be adopted to relaz the smallness
condition on initial data in [§].

It has been argued in [105, Corollary 5.3] that, as long as |[¢¢(t)|/z stays sufficiently small,
the Sobolev norms of the forward- and inverse-modulated perturbation w(t) and w(t) are
equivalent modulo Sobolev norms of ¢¢(t) and its derivatives. We extend this result by proving
norm equivalence of the modified forward-modulated perturbation z(¢) and the residual z(t)
(up to controllable errors in ¢ (t) and its derivatives).

Lemma 3.4.11. Let ¢(t) be as in Proposition[3.4.3, let z(t) be as in Corollary and let
z(t) and Tmax be as in Corollary . Then, there exists a constant C' > 0 such that

2@z, e, < C(I8ONcs e, + Icc®ley, + IOl ) (3.90)
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and
12(8)]| e < C (2@ + e @)l + e} ) (3.91)
for any t € [0, Tmax)-

Proof. Inserting w((,t) = u(¢ — ¥((,t),t) — ¢o(¢) into and using to reexpress
u(¢ — (¢, t),t), we arrive at

z(C,t) = 2(a(C, 1), t) — do(C) — dw(C: )1he (¢, t) + B(b(¢ £); ¢(C, 1)) (3.92)
for ( € R and ¢ € [0, Tax ), Where we abbreviate
a(C,t) =C—P(¢ 1), b(¢t) = CHU(C— (¢ 1), 1) (1 + e (C—¥(C,1),1) — (¢, t)
and
(€, 1) = 1+ 9c(C = 9(C, 1), ).
Differentiating the latter with respect to ( yields

ZC(C? t) = 2((0’(4.7 t)’ t)aC(Cv t) - d’{)(g) - QSkC(Ca 1)¢C(Ca t) - ¢k(Ca 1)¢CC(Ca t)

+ GG, 1) G, 1)beC, 1) + dr(b(C, 5€(C, )l (3:95)
and
2¢c(C,1) = zec(a(C, 1), tac (¢, )% + 2¢(a(C, ), Hace (¢, 1) — 5 () — dree (G 1) (¢ 1)
= 2680(G Wec(61) = B4(G Db (C8) + Bgelb(G (G NGt
+ 2¢k (b( ) (<7 t))bC<C7 t)CC(C, t) + (bkk(b(C’ t); C(C, t))cC(Cv t)z
+ &c(b(C,1); ¢(C, 1))bec (€, 1) + Pr(b(C, t); e(C, t))ece (€1 1)
for ( € R and ¢ € [0, Timax)-
Next, we use Taylor’s theorem to bound
|b(ga t) - C| S W(C - T!J(Cv t)’ t) - w(Ca t) + M‘(C» t)T/)(Ca t)|
+ WJC(C - ¢(C) t)v t)¢(€ - T/J(Q t)’ t) - ¢C(C7 t)T/J(Q t)‘ (3 95)

S @z (Ibee@®) sl @)lee + @) 13 ),
[e(6,1) = 1= (¢, O < ()l bee (8) 2=,

and

1be(G:t) = 1] < (¢ = (G, 8,1 = (1)) = (G, 8)]
+ [thec(C = (6. DB = (1)) + el — (G, 1), 8211 = 4 (€, 1)

(
< (@)l e Oz + e (B3 ) (1 + e (1))
(3.96)

for ( € R and t € [0, Tmax). Recall from Proposition that ¢: R x [1 — rg,1 + rg] —
R? is smooth. So, applying Taylor’s theorem and estimate (3.95), while recalling from
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Proposition and Corollary that \|¢(t)|]ozb < % and ||¢p¢(t)||ree < 70, we infer the

bounds

(@26)(B(C.1): (1)) — (@LD)(Gie(¢. )| < b(,1) —¢| sup

[k—1|<rg

S e ®llzee + e ()12,

oI (5 k)

.-

) . 3.97
‘k_s?'l;m HLOO S 1Pec (@)l
and
|(926)(G31+ ¥e(¢ 1) — D20 (C) — (D) (G (G 1)] S Tl O [ma (5 1) (5.98)
S ()17
for ( e R, t € [0, Tmax) and j = 0, 1, 2. Using again H@Z)(t)Hcﬁb < %, we obtain
laCBllea ST el Bllen s Ioee s Ollie S Ibec®llen (3.99)

for ( € R and t € [0, Tmax)-

Finally, applying the bounds (3.96)), (3.97), (3.98) and (3.99)) to (3.92), (3.93) and (3.94),

while recalling that ¢ is smooth, one readily infers (3.90)). Similarly, applying (3.97)) and (3.98)
to (3.92)), we establish

[2(a (-, 1), )] oo S N2(0) | 1o0 + l[thce (8]l moe + [lvoe (8) ][ (3.100)

for t € [0,7max). Since we have |[¢o¢(t)||re < %, it holds ac(¢,t) > 5 for all ¢ € R
and the function a(-,t): R — R is bijective for each ¢t € [0,Tmax). Consequently, we
have ||z(a(-,1),t)||;,c = [|2(-,1)||,~ for each t € [0,7max), which yields (3.91)) upon invok-

ing ((3.100]). O

3.5. NONLINEAR STABILITY ARGUMENT

We prove our nonlinear stability result, Theorem [3.1.4] by applying the linear bounds, obtained
in Theorem and the nonlinear bounds, established in Lemmas [3.4.2] [3.4.5] and [3.4.7] to
iteratively estimate the phase modulation 1 (t), the residuals z(¢) and r(¢), and the Cole-Hopf
variable y(t) through their respective Duhamel formulations (3.61)), (3.63)), (3.68]) and (3.76)).
We control regularity in the scheme via the nonlinear damping estimate in Proposition [3.4.9]

Proof of Theorem (3.1.4 Take WO € C3 (R ) x C2 (R) with HWOHCs, xc2, < K. Proposi-
tions [3.4.1] and [3.4.3 Corollaries and |3 and identity - yleld that the template

function n: [0, Tmax) — R given by

n(t) = nu(t) + n2(t)®,
with

mit) = suw [nw(s)nm ()l + V5 e ()l + VT s(lr<s>|uoloo; Sl

0<s<t

el ) + o (s + (), + 19, ) |
lo g( ) ub ub
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and

t) = W(t
n2(t) osgligtﬂw( e,

is well-defined, positive, monotonically increasing and continuous, where we recall @(t) =
Opp(t) + cqpe(t). In addition, if Tmax < 00, then we have

(3.101)

N | =

lim 7(t) >

tTTmaX

We refer to Remarks [3.5.1] and [3.5.2 for motivation for the choice of template function.

Approach. Let rg > 0 be the constant from Proposition As usual in nonlinear
iteration arguments, our goal is to prove a nonlinear inequality for the template function 7(t).
Specifically, we show that there exists a constant C' > 1 such that for all ¢ € [0, Tyax) With
n(t) < 3 min{1,ro} we have the key inequality

n(t) < C(Eo +n(t)7), (3.102)

where we denote Ey := ||wo||z~. We note that by interpolation there exists an Ey-independent
constant Cp > 0 such that it holds ||wo||o1 < Cov/Ey as long as Ep < 1. So, recalling that
¥(0) vanishes identically by Proposition and using and , we find an Fy-
independent constant C, > 0 such that 7(0) < C,FEy as long as Fy < 1. Subsequently, we
set

1 in{1

Assuming that holds, we claim that, provided Ey € (0, €p), we have n(t) < MyFEy for
all t € [0, Tmax). To prove the claim we, argue by contradiction and assume that there exists a
t € [0, Tmax) With n(t) > MyEy. Since 7 is continuous and 1(0) < CLEy < MyEy, there must
exist g € (0, Tmax) With 1(tg) = MoEy < 2 min{1,ro}. Thus, applying and using
Ey < €, we arrive at

6 1
?7(750) < CEO (1 + M05 Eé’) < 2CEO < M()E(),

which contradicts n(ty) = MoFEy. Therefore, it must hold n(t) < MyEy for all ¢ € [0, Timax)-
Since My > 2, we have MyEy < %, which implies Tyax = 00 by (3.101)), i.e., u(t) = w(t) + ¢o
is a global solution to (3.3) satisfying (3.9)) by Proposition m

Our next step is thus to establish the key inequality (3.102). The estimates ([3.10))-(3.13])

and (3.16)) then follow readily by employing applying Lemma/3.4.11|and using that (t) < MyEj
holds for all ¢t > 0.

Bounds on w(t) and 0:¢)(t). Let t € [0, Tmax) With n(t) < 3 min{1,7}. We bound w(s) =
z(s) + Okd(+;1)¥c(s) and 9pp(s) = (s) — cgtic(s) as

() < (sl + (o) o <
1 z;)s (3.103)
0z < ()l + ()l S =

for s € [0, ].
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Application of nonlinear damping estimate. Take ¢ € [0, Tax) such that n(t) < 3 min{1,7}.

Then, we have t < Tax by Corollary Moreover, using identity (3.22]), n(t) < %min{l, ro}
and the fact that ¢: [1 — 79, 14 7o) x R — R? is smooth by Proposition we find a t- and

Ep-independent constant Ry > 0 such that Hi(T)HClb < Ry for 7 € [0,t]. On the other hand,
Lemma [3.4.11] implies

. log(2+7)

()| oo S MO

for T € [0,t], where we use that 1;(t) < 1. Hence, employing the nonlinear damping estimate
in Proposition while using 7;(t) < £ and Hi(7‘)||c1b < Ry for 7 € [0,¢t], we arrive at

1 2
log (2 log(2 5 s log(2 2 5
s, cn, S mO B o (B2 <+ Ji ‘Mm)

1+s 1+s es=7) (1 47
Sm(EEE
(3.104)
for s € [0,t]. We combine the latter with Lemma and use 71 () < 3 to obtain
HZ(S)HCﬁbXCib S 771(75)51)1(%1(24? (3.105)

for s € [0,¢]. Therefore, recalling w(s) = z(s) + Od(+; 1)¢(s) and using 71 (t) < 3, the latter
estimate yields

1
m(t)s
Iw(s)llez wor S l2(s)llo2 xen, + 1Pe(s)llez, S (3.106)

for s € [0, ].

Bounds on z(t), ¢ (t) and (t). Let t € [0, Tmax) be such that n(t) < tmin{l,ro}. We
invoke the nonlinear bound in Lemma employ the estimates (3.103) and (3.106)), and

use 71(t) < % to obtain

oo

m(t)
1+

IN(w(s),¥(s), Oo(s))l| Lo S (3.107)

»

for s € [0, t].

Subsequently, we apply the linear estimates in Theorem and the nonlinear estimate (3.107))
to the Duhamel formulas (3.61) and (3.63]) and establish

1 t 1 t § t 2
Hz<t)HL°° SJ ( +e_at)E0 +A (1—|—t—8 +€_a(t_5)) ?71( )5 ds + 771( )

1+t L+s L+t (3.108)
6\ log(2+t
§(E0+771(t)5>1(+t)
and
. E t (t)g 6\ log(2 + 1)
jal < 0 / m < E o\
60+ cnydtoe] . £ 755+ [ s & 8 (Bor m )
(3.109)

for all ¢ € [0, Tmax) With n(t) < £ min{1, 7} and j,1 € Ny with 2 <1+ 2j < 6, where we used
Sp(0) = 0 when taking the temporal derivative of (3.61)).



78 3. NONLINEAR STABILITY IN THE FITZHUGH-NAGUMO SYSTEM

Bounds on r(t) and r¢(t). Let t € [0, Tmax) With n(t) < $min{l,r7}. We employ the
nonlinear bound in Lemma and estimates (3.103)), (3.105)) and (3.106|) to establish

WG (a(5), w(5), (), )l S l‘gffj)‘g‘)m(t)?, (3.110)

for s € [0,], where we used 7;(t) < 3.

We recall the well-known L*°-estimates on the convective heat semigroup:

Hag”be(dag—Cgﬁc)T‘ <7 |2 oo, Hace(dag—cgag)TwH <M (3.111)

Lo ™ Lo ™ 1+7

for m =0,1, 7> 0, z € Cyp(R) and w € CL (R), cf. [84, Proposition 3.6]. So, using that o
commutes with e(d(9 —cqg0c ) (=) , we estimate

‘ 2 /t (02 =co0c) (t=5) (Ah(fp)¢<(s)2) ds

max{0,t—1} t 2 2
N/ om@)? ds—l—/ %dsg m(t) 10g(2+t)’
(t—s)(1+s) max{0,t—1} VvVt — s(1 +s) 14+¢
(3.112)

for all ¢ € [0, Tmax). Thus, applying the linear estimates in (3.111]) and in Theorem and
the nonlinear estimates (3.110]) to (3.68]), we obtain the bounds

Ej tom(t)? 0\ log(2 +1)
e < / ds < (E t)s ) —= 2 3.113
Ir®ll= £ 7o+ ) e ge &S (Bo+m®) == (3.113)

and, using (3.112)),

6
Ej m(t)s m (t)*log(2 +t)
re(t)||pe < —i—/ ds +
Ire®lle= < 7 A3+ J, VE—syT+t—s(l+s) 1+t (3.114)
6\ log(2 + 1)
S (Eo+m(t)s ) —me=
S (Botm() )ﬁm
for all ¢ € [0, Tmax) with 7(t) < 3 min{1,ro}.

Bounds on y(t) and y:(t). Applying the estimates (3.113) and (3.114) to (3.75), we derive

the short-time bound
m m m 6
t2 107 y(t)lloo < 2 1071 (t) oo S Eo +m(t)5, (3.115)

for m = 0,1 and all ¢ € [0, Tmax) With ¢ < 1 and n(¢) < § min{1,7o}.

Next, take ¢ € [0, Tmax) With ¢ > 1 and n(¢) < $min{1,ro}. Using the nonlinear bound in

Lemma and the estimates (3.103)), (3.105) and (3.106|), we infer

IN(r(5),y(s), 2(5), w(s), ), (s)) o 5 P22 L) (3.116)

(1+5s)

for s € [1,t], where we use 71 (t) < 3.
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We apply the linear estimates (3.111) and the nonlinear bound (3.116) to the Duhamel
formula (3.76) and use (3.115)) to establish

ly(D)llem Bilog2+s)  _ B
H ry HLoo < MJF/ ! ()5)’;g( g (()1++17;)(7?

(1+
for m = 0,1 and all ¢ € [0, Tymax) with ¢ > 1 and 5(t) < 2 min{1,ro}. Combining the latter
with the short-time bound (3.115)), we arrive at

t2 |07y ()| L~ S Eo+m(t)s,
for m = 0,1 and all t € [0, Tyax) With n(t) < 2 min{1,ro}.

6
5

N J

U‘\@

(3.117)

Bounds on ¢ (t) and ¢(t). We start by considering the case v # 0. Through (3.71) we can
express 9 (t) in terms of the residual r(¢) and the Cole-Hopf variable y(t) as

0(0) = r() + Llog(y(t) + 1),
with derivative
dyc(?)
AT+ (@)

for t € (0, Tmax). We emphasize that, as long as 7;(t) < 1 5 and v # 0, the above expressions
are well deﬁned So using || 0™ (¢ )HLoo SN0 r () Lee + 107"y (t)]| Lo, employing the esti-

mates and (3.117) and recalhng the fact that ¢ (s) vanishes identically for
s €0, Tmax) Wlth s S 1 by Proposition we establish

6
Eo+m(t)s
O (¢ o < =
197" ()| L < LR

for m = 0,1 and t € [0, Tmax) With n(t) < 2 min{1, ro}.

Ye(t) =re(t) +

: (3.118)

Next, we consider the case v = 0. Recalling that v (s) vanishes for s € [0, 1] by Proposition|3.4.3

we apply the linear estimates in (3.111]) and the nonlinear bounds (3.110)), (3.113)) and (3.114))
to (3.67)), and deduce

g log(2 +t) g 0g(2+ s) s
()L S (E0+771( ) )7\/ﬁ +E0+/ m(t 7(1+8)% ds < Eo +m(t)

and
6
5

log(2+) By 'm(t)flog(2+s) ,  Eo+m()
VIVI+E vVt b ims(les): T VIFt
for ¢ € [0, Tmax) with n(t) < 3 min{1,r¢}. That is, (3.118) also holds for v = 0.

[l S (Bo+m®)?) o —

Bounds on w(¢) and w(¢). Using (3.22), applying the mean value theorem and recalling
that ¢ is smooth, we bound the forward-modulated perturbation w(t), defined by (3.21)), as

W)l e S 2] Lo +§1€1§H¢( a(¢,t);ac(¢,t)) — )|
+ igﬁg [¢(a(C,t) + (¢, )0 (C 1) ac(C, 1) — dlall, t); ac(C,1))|]

SN2l e + el sup gl k)l zos

(3.119)

_ n1(t)
+ [ ()| Loe [[the (8) [ oo ‘k_S;l‘I;m [pc(58) e S T3
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for all ¢t € [0, Tmax) With n(t) < min{l,79}, where we abbreviate a((,t) = ¢ + (¢, ).
Similarly, we establish

102 (O] o S N oo + () | (1 + [l (8)]] <) sup 1076 (5 k)10

+ [z sup [0k (5 k) pee + (1000 (t)]|

|k‘—1‘§’r‘0

for j = 0,1 and ¢ € [0, Tyax) With n(t) < 2 min{1,7¢}. Hence, combining the latter with (3.104)
yields

WOl <m@), WO < m(t)s (3.120)

for ¢ € [0, Tmax) with 7(t) < 3 min{1,ro}.

Proof of key inequality and estimates (3.10)-(3.13). Take ¢t € [0, Tnax) such that n(t) <
%min{l, ro}. By estimate (3.120)) there exists a ¢- and Ep-independent constant Cy > 0 such
that

n2(t) < Cam (£)5. (3.121)

Employing the estimates (3.108)), (3.109), (3.113)), (3.114]), (3.117)) and (3.118]), we establish
a t- and Ey-independent constant C'; > 0 such that

6
m(t) < G (Eo+m(®)?). (3.122)
Hence, combining (3.121)) and (3.122)) we acquire

n(t) = m() +m(t)’ < (1+C3)m) < Co(1+C3) (Bo+m()?)
<1 (1+3) (Bo+n(t)?).

We conclude that there exists a t- and Ep-independent constant such that the key inequal-
ity holds for all ¢ € [0, Tmax) with 5(¢) < 3 min{1,79}. As argued above, this implies,
provided Ey € (0,¢), that Tmax = 0o and we have n(t) < MyEy for all t > 0. The esti-
mates , and now follow directly by combining n;(t) < MyEy with
and , respectively. In addition, n;(t) < MyEy and yield the estimate .

Approximation by the viscous Hamilton-Jacobi equation. All that remains is to establish
the approximation . We proceed as in [84] and distinguish between the cases v = 0
and v # 0. We start with the case v = 0. Then, 1) is a linear convective heat equation
We consider the classical solution P e O([0,0),C% (R L(R)) NC? 2[20 ) of with
initial condition ¥(0) = ®iwy € C% (R) given by 1/)( ) s0%) <I>*w0 Recalhng that
(t) vanishes identically for ¢ € [0,1] by Proposition we obtain by (3.111) a ¢- and
FEp-independent constant M7 > 1 such that
M, Ey

E 0 -90)|,. =t*ordw] . < A=

holds for t € [0,1] and m = 0,1. For ¢ > 1, we apply the linear estimates in (3.111]) and
the nonlinear bounds (3.110) and 7, (t) < MyEy to (3.67) to establish ¢- and Ey-independent

(3.123)




3.5. NONLINEAR STABILITY ARGUMENT 81

constants Ms, Mg > 1 such that

] . t 6 lo (2 + S)
H8< ( — ))H < M2<H8< 7n(t)HLoo +/o () (t— sg)gl(l +5)2 d5> (3.124)
(t) 1 log(2+t
< Mgh(ﬁﬂﬂf’ \g}ﬁ )’

holds for m = 0, 1. Estimate (3.16)) now follows by combining (3.123)) and (3.124)) and using
m (t) < MyEj.

Next, we take v # 0. We consider the solution P e C([0,00),C2,(R)) N C([0,00), Cup(R))
of - with initial condition d}( ) = <I>0w0 given by

o d ) .
Y(t) = > log(1+y(t)) with g(t) = (02 —cg00)t (ed‘DOWO _ 1)}

which arises through the Cole-Hopf transform and is well- deﬁned as long as Ey = ||wol|z~ is
sufficiently small Employmg Taylor’s theorem Theorem 9, identities (3.68) and (3.75)),
and estimates , and 1;1(1) < MyEy, while using that

0= S,(1)wo = e~ % Brwo + S, (1)wo

holds by Theorem |3.3.9, we establish an FEy-independent constant M4 > 0 such that

ly(1) = 5Dz < [ly(1) + GrQ)| e +

6
r(1) — ST(I)W()HLOO < MyE}.

(1) — ged63*09‘9<<53w0HL
(3.125)

4

T

Noting that y(t) = (9% _6984)(t_1)3j(1), applying the mean value theorem to (3.71)), employing

the estimates (3.111)) and (3.116)) to (3.76), and using (3.125)) and n;(t) < MyEy, we establish

[ = o), . < IOl + 196 5Ol S Il + B +m@)?,
ety = )] .. < Hrc( Mz + e (t) = el + 90 = GO oo I (1)
el + )

for t > 1. So, using that n;(t) < MyEy, affords a t- and Ep-independent constant Mz > 0
such that

oz (e = d00)] . < 2t (5 + 22,

holds for all £ > 1. On the other hand, we establish (3.123) for ¢ € [0, 1] analogously to the
case v = 0. Thus, we obtain (3.16)) for v # 0. O

Remark 3.5.1. Due to the use of forward-modulated damping in the proof of Theorem
it is, in contrast to [84)], not necessary to control derivatives of z(t) or w(t) through iterative
estimates on their Duhamel formulas. That is, we find that the template function ni(t) in
the proof of Them“em coincides with the one from (84, Theorem 1.3], upon omitting all
derivatives of z(t) and w(t). Nevertheless, in order to apply the nonlinear damping estimate
mn Pmposition the condition needs to be fulfilled, which requires control on the
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first derivative of the (forward-modulated) perturbation. For that reason, we introduce the
second template function na(t) yielding a priori control on the CL -norm of wW(t) and, thus,
via of z(t). We can then a posteriori bound no(t)® with aid of the nonlinear damping
estimate in terms of mi(t). Since ni(t) obeys the nonlinear key inequality (3.122)), the same
then follows for the full template function n(t) = n1(t) + n2(t)>.

Remark 3.5.2. The choice of temporal weights in the template function n(t) in the proof
of Theorem coincides with the one from the proof of (84, Theorem 1.3] and reflects,

as explained in |84, Remark 5.1], the linear decay rates of z(t), (t), y(t), w(t) and r(t),
cf. Theorem|3.3.9 and (3.111)), up to a logarithmic correction.

3.6. DISCUSSION AND OUTLOOK

We discuss the wider applicability of our method to establish nonlinear stability of wave trains
against fully nonlocalized perturbations.

3.6.1. APPLICABILITY TO GENERAL SEMILINEAR DISSIPATIVE PROBLEMS

Our analysis does not rely on the specific structure of the FHN system. As a matter of
fact, our approach only requires that the wave train is diffusively spectrally stable, it has
nonzero group velocity, the perturbation equation obeys a nonlinear damping estimate and the
linearization of the system about the wave train generates a Cy-semigroup on Cy,(R), whose
high-frequency component is exponentially damped. As long as these criteria are satisfied, we
expect our method to work for general semilinear dissipative problems.

It was already observed in [8] that the same linear terms in the FHN system (3.1), i.e. the
term u,, in the first component and the term —evwv in the second component, are key to
obtaining a nonlinear damping estimate, as well as high-frequency resolvent bounds leading
to exponentially damped behavior of the high-frequency part of the semigroup. It has been
pointed out in the context of the St. Venant equations in [88] that high-frequency resolvent
bounds are equivalent to linear damping estimates, which then yield a nonlinear damping
estimate as long as solutions stay small. Therefore, we expect that we can replace the
requirements that the high-frequency component of the semigroup is exponentially damped
and a nonlinear damping estimate can be derived by the condition that the linearization obeys
high-frequency resolvent bounds.

In addition, we expect that it is possible to drop the requirement that the wave train has
nonzero group velocity. In the case of zero group velocity the diffusive mode at the origin is
branched, cf. |8, Section 2.1], i.e., the linear dispersion relation A\.(£) has a double root at £ = 0.
The fact that the linear dispersion relation A.(&) is no longer locally invertible about £ = 0
poses a technical hurdle in relating the inverse Laplace representation of the low-frequency
part of the semigroup to its Floquet-Bloch representation. We anticipate that this challenge
can be addressed by unfolding the double root at 0 by working with the spectral parameter
o = v/A with branch cut along the negative real axis.
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3.6.2. OPEN PROBLEMS

There are however several prominent examples of semilinear dissipative systems, where
nonlinear stability of wave trains against localized perturbations has been established, but
where one (or more) of the above requirements are not satisfied, thereby obstructing a
straightforward application of our method to extend to fully nonlocalized perturbations. Here,
we highlight two of these examples.

The first is the Lugiato-Lefever equation, a damped and forced nonlinear Schrédinger equation
arising in nonlinear optics, whose diffusively spectrally stable periodic waves are nonlinear
stable against localized perturbations [46]. Here, the principal part of the linearization about
the wave is the Schrodinger operator 192, which does not generate a Co-(semi)group on Cyp,(R),
cf. [14, Lemma 2.1]. Thus, an extension of our method to this setting necessitates reconsidering
the choice of space. Natural candidates are the modulation spaces Mle(R) on which the
Schrodinger operator generates a Cy-group, cf. |70, Proposition 3.8]. These spaces consist of
nonlocalized functions as can be seen from the embeddings C¥%(R) < Mfo,l(R) — CF(R)
for k € Ny, cf. [68, Theorem 5.7 and Lemma 5.9]. An application of our method would then
require to establish high-frequency damping in modulation spaces, which could be challenging.
We refer to [42] for further background on modulation spaces.

A second example are the St. Venant equations, which describe shallow water flow down an
inclined ramp and admit viscous roll waves. Nonlinear stability of these periodic traveling
waves against localized perturbations has been established in [58, [88]. The St. Venant system
is only viscous in one component and therefore, similar to the current analysis for the FHN
system, incomplete parabolicity must be addressed. Moreover, due to the presence of an
additional conservation law the spectrum of the linearization about the wave train possesses
an additional curve touching the imaginary axis at 0, thereby violating the spectral stability
assumption Thus, the leading-order dynamics of perturbations is no longer governed by
the scalar viscous Hamilton-Jacobi equation , but instead by an associated Whitham
system describing the interactions between critical modes, cf. [57]. It is an open question of
how to handle the most critical nonlinear terms that cannot be controlled through iterative
L*>-estimates on the Duhamel formula as the Cole-Hopf transform is no longer available.
However, motivated by the results in [51] on the dynamics of roll waves in the Ginzburg-Landau
equation coupled to a conservation law against C\-perturbations, we do expect that our
method yields control of perturbations on exponentially long time scales in the setting of the
St. Venant equations and more general semilinear dissipative systems admitting conservation
laws.

3.A. APPENDIX: THE LAPLACE TRANSFORM AND ITS COMPLEX
INVERSION FORMULA

This section is devoted to background material on the vector-valued Laplace transforms. In
particular, we prove that the complex inversion formula holds for the Laplace transform of
convolutions of semigroups. For an extensive introduction into the topic, we refer to the
book [6] of Arendt, Batty, Hieber and Neubrander.

Let X,Y be complex Banach spaces. We denote by B(X) the space of bounded operators
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mapping from X into X. The growth bound wy(G) of a map G: [0,00) — Y is given by
wo(G) = inf{w € R:supe “|G(t)] < oo}
>0

If wo(G) < o0, then we say that G is exponentially bounded.

For a continuous and exponentially bounded function F': [0,00) — X, the Laplace transform
L(F): {A € C: Re(\) > wo(F)} — X is given by

S(F)(\) = /0 T e P (s) ds.

Strong continuity of an operator-valued map 7': [0,00) — B(X) entails that for each x € X
the orbit map T : [0,00) — X given by T,.(t) = T'(t)x is continuous. For a strongly continuous
and exponentially bounded T": [0, 00) — B(X), the Laplace transform £(7"): {\ € C: Re(\) >
wo(T)} — B(X), given by

S(T)(N) = /0 T M (s) ds,

is also well-defined by [6, Proposition 1.4.5]. For a Cp-semigroup T': [0,00) — B(X) with
infinitesimal generator A: D(A) C X — X, it is well-known, by |32, Proposition 1.5.5 &
Theorem I1.1.10], that T is exponentially bounded and its Laplace transform is given by the
resolvent £(T)(\) = (A — A)~! for Re(\) > wo(T).

Let S,T: [0,00) — B(X) be strongly continuous and exponentially bounded. The convolution
SxT:[0,00) - B(X) of S and T is given by

(S T)( /S T(t — s) ds.

The convolution theorem, cf. [32, Theorem C.17], now states that S % T is also strongly
continuous and exponentially bounded with wo(S * T") < max{wy(S),wo(T)} and its Laplace
transform obeys

L(S*xT)(N) = L(S)NL(T)(N), (3.126)
for A € C with Re(A\) > max{wo(S),wo(T)}.

The complex inversion formula of the Laplace transform holds for Cy-semigroups. That is, if
T is a Cy-semigroup with infinitesimal operator A, then we have

1 wHR | jwtiR
T(tr= tim 5= [ eemrdr= lim [T M- 4y ray
w—iR R—o0 271 Ju—iRr

for all ¢ > 0, w > wo(T) and x € D(A), cf. [6, Proposition 3.12.1].

In Section we decompose the Cp-semigroup generated by the linearization Ly by deforming
and partitioning the integration contour of the complex line integral in the inversion formula,
alongside decomposing the resolvent operator. It has been shown in [8] that for high frequencies
the resolvent can be expanded as a Neumann series, whose leading-order terms can be identified
as products of resolvents of simpler, well-understood operators. The formula (3.126|) reveals
that such products can be recognized as the Laplace transform of a convolution of Cp-
semigroups generated by those simpler operators. Indeed, if T' and S are Cy-semigroups with
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infinitesimal operators A: D(A) C X — X and B: D(B) C X — X, respectively, then (3.126)
and |32, Theorem II.1.10] yield

L(S*T)N)=(\—B)'(A—A4),

for A € C with Re(\) > max{wo(S),wo(T)}. Thus, to bound the contour integrals arising
in the decomposition of the inverse Laplace transform of the Cp-semigroup e“o, we wish
to show that the inversion formula of the Laplace transform also holds for convolutions of
Cp-semigroups. As far as we are aware, such a result is not readily stated in the current
literature. Therefore, we provide a proof in the upcoming. Our proof relies on the observation
that the inversion formula holds for F' as long as it is Lipschitz continuous and F'(0) = 0.

Proposition 3.A.1. Let X be a complex Banach space. Let F': [0,00) — X be Lipschitz
continuous. Assume F(0) = 0. Then, the complex inversion formula

Flt) = Tim — / T Mg () (1) d
_RI—I>I<1>O 27 Ju—iR ¢

holds fort > 0 and w > 0.

Proof. Since F' is Lipschitz continuous, it grows at most linearly and is therefore exponentially
bounded with growth bound wo(F) < 0. Let ¢t > 0 and w > 0. By [6, Theorem 2.3.4], we have

1 w+iR
F(t) = lim — / RUAGIY
R—oo 271 Jw—iRr A

where the analytic function 7: {\ € C: Re(\) > 0} — X given by
(V) = / e dF(s)
0

is the Laplace-Stieltjes transform of F', cf. [6, Theorem 1.10.6]. We integrate by parts, cf. 6}
Formula (1.20)], and arrive at

T&A) -~ e_;s dF(s) = lim i(e_/\tF(t) — F(0) - /OtF(S)d(e_ASD

t—oo Jo t—o00

- /0 T P(s)e M ds = £(F)(\)

for A € C with Re(\) > 0, which proves the claim. O

The fact that the complex inversion formula of the Laplace transform holds for convolutions
of Cy-semigroups is now a direct consequence of Proposition [3.A.1

Corollary 3.A.2. Let X be a complex Banach space. Let T,S: [0,00) — L(X) be Cy-
semigroups with infinitesimal generators A: D(A) C X — X and B: D(B): X — X, respec-
tively. Then, we have

(S % T)(#)x = —— lim /WR MO\ — By YA — A) Lz dx

271 R—oo Ju—iR

fort >0, z € D(A) and w > max{wy(S),wo(T)}.
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Proof. Let t > 0, x € D(A) and w > max{wo(S),wo(T")}. Take max{wy(S),wo(T)} < a < w.
The rescaled semigroups T'(s) = e~*T(s) and S(s) = e~*S(s) are generated by A — « and
B — a, respectively. Moreover, S and T have negative growth bounds wo(S) = wo(S) — a and
wo(T) = wo(T) — o and so has their convolution S 7.

Since we have z € D(A), the map F: [0,00) — X given by F(s) = (S+T)(s)z is differentiable
with

F'(s) = (S*T)(s)(Az — ax) 4+ S(s)z.

Thanks to the fact that S*7 and S have negative growth bound, there exists a constant M > 0
such that [|F'(s)|| < M (||Az|| + ||z||) for all s > 0. Hence, using the mean value theorem,
cf. |6, Proposition 1.2.3], we infer ||F'(s) — F(r)|| < M(||Az|| + ||z]|)|s — r|, showing that F' is
Lipschitz continuous. Since we have in addition F'(0) = 0, an application of Proposition
yields

(5 T)(t)z = F(t) = lim 7/0“ ME(F)(N) dA,

R—o0 271

where we denote @ = w — a > 0. On the other hand, with the aid of |32, Theorems I1.1.10
and C.17], we compute

S(F)(\) = /OOO e (G x TY(s)zds = LS« T)Na = A+ a— B "(Ata—A) Lo

for A € C with Re(A) > 0. Therefore, pulling out the exponential factors and scaling back, we
arrive at

R—o0 271

~ ~ 1 w—a+iR
(S*T)(t)x = (S« T)(t)z = lim 7/ M NLa—B) " A+ a—A) tzdA

w—a—iR
— lim - /MR M= B) H A — A) "tz da
R—s00 271 iR ’
which finishes the proof. O

3.B. APPENDIX: DERIVATION OF EQUATION FOR %(t)

Assume |(H1)| and |(D3)l Let ¢t € [0,7max). Recalling Proposition and noting that
|V (t)|| Lo < 70, we substitute k = 141 ((,t) and y = ¢+ ({5 t)(1+9¢(¢;t)) in the equation

kK2 Dy, (y; k) + w(k)ey(y; k) + F((y; k) = 0

for the profile function ¢(y; k) and arrive at

(1+%¢(C:)*Debyy (B(G, 1)) + w(l +9c(C, 1)y (B(G, 1) + F((B(C, 1) =0 (3.127)

for ¢ € R, where we abbreviate 5(¢,t) = (¢ + w(c;t)(l + ¥c(¢t)); 1 + ¥e(¢,t)). Using
Corollary and the fact that u(¢,t) solves (3.3)), we compute the temporal derivative

z; = Duge + coue + F(u) — (¢, 0 B)(¥e(1 + ¥¢) + ¥iber) — (or © B)bce- (3.128)
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In an effort to reexpress the u-contributions in (3.128)) in terms of z, we determining the
spatial derivatives of u(¢,t) = z({,t) + ¢(5(¢, t)) yielding

ue = z¢ + (¢y 0 B) (1 + Y (1 +9Y¢) + pee) + (dr © B)Yees
Uce = Bec + (dyy 0 B) (1 + (1 +¢) + Uibee)? + (dy 0 B) (whec (1 + 3¢) + Pibece)
+ (k0 B)UE: + (0 B)cee + 2(dyi © B) (L + the (1 + 1) + hibec) e

Thus, inserting u(¢,t) = z(¢,t) + ¢(B((, t)) into (3.128) and employing (3.127)), we arrive at
the equation (3.77) for the modified forward-modulated perturbation.

End of Paper
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NONLINEAR DYNAMICS OF REACTION-DIFFUSION WAVE
TRAINS UNDER LARGE AND FULLY NONLOCALIZED
MODULATIONS

This chapter contains the preprint [4] and is a joint work with Bjorn de Rijk.

Start of Paper

Abstract. We study the dynamics of periodic wave trains in reaction-diffusion
systems on the real line under large, fully nonlocalized modulations. We prove
that solutions with nearby initial data converge, at an enhanced diffusive rate, to
a modulated wave train whose leading-order phase and wavenumber dynamics
are governed by an explicit solution to the viscous Hamilton-Jacobi equation.
This constitutes a global stability result: such initial data are generally not close
to the large-time modulated wave train. In contrast to previous modulational
stability results, our analysis does not require that the initial data approach
phase shifts of the wave train at spatial infinity. The central methodological
advance is a nontrivial extension of the recently developed L*°-stability theory
to accommodate large phase modulations. This framework, based entirely on
L-estimates, removes all localization requirements as imposed in the previous
literature, allowing us to treat the full range of bounded modulational initial data
under minimal regularity assumptions. The main technical contributions include:
the strategic use of interpolation inequalities to balance smallness and temporal
decay, and a detailed analysis of the linear dynamics under fully nonlocalized
modulational data.

Keywords. Reaction-diffusion systems; periodic waves; modulation; global
stability; nonlocalized perturbations
Mathematics Subject Classification (2020). 35B10; 35B35; 35B40; 35K57

4.1. INTRODUCTION
In this paper, we study the dynamics of modulated wave trains in the reaction-diffusion system
0w = Dugy + f(u), r€e€R, t>0,ueR", (4.1)

where n € N, D € R™ " is a symmetric, positive-definite matrix, and f: R™ — R™ is a smooth
nonlinearity. Wave trains are solutions to of the form uw(z,t) = ¢o(koxr — wot) with
wavenumber kg € R\ {0}, temporal frequency wy € R, propagation speed ¢ = wg/ko, and 1-
periodic profile function ¢o(¢). These periodic traveling waves represent the most fundamental
patterns that arise at the onset of a Turing instability and as such play a fundamental role
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in pattern-forming processes in biology, chemistry, ecology and more; we refer to [30] for
further details and references. Under generic conditions, the wave train uy(x,t) can be
continued in the wavenumber, giving rise to a family of wave trains ug(z,t) = ¢(kx —w(k)t; k),
with 1-periodic profile function ¢(-; k) and temporal frequency w(k), defined for k near kg
and satisfying w(kg) = wo and ¢(-; ko) = ¢o. Here, the function w(k), which expresses the
frequency in terms of the wavenumber, is referred to as the nonlinear dispersion relation;
see [29].

We are interested in the dynamics of solutions whose initial data are close to a modulated
wave train

Umod(x) = QZ)O(]'CO$ + ’70(1‘)),

where v5: R — R denotes a phase modulation. Specifically, we consider initial data of the
form

u(z,0) = ¢o(kox + vo(x)) + wo(z), (4.2)

where wo: R — R"™ is a small perturbation. A natural question is whether the solution u(x,t)
to (4.1) with initial condition (4.2]) remains close to a modulated wave train for all ¢ > 0.
That is, under what conditions does there exist a modulation function v: R x [0,00) — R
such that the perturbation

w(z,t) = u(z,t) — go(kox — wot + v(x,1)) (4.3)

remains small for all time? In this paper, we establish such a modulational stability result
under standard spectral stability assumptions on the wave train, together with the requirement
that 7, is bounded and both ~{ and w( are uniformly continuous and small in L>(R). In
particular, for any bounded function go: R — R with uniformly continuous derivative, there
exists § > 0 such that the phase modulation v,(x) = go(dx) is admissible.

Our result advances the modulational stability theory for wave-train solutions to in
two crucial ways. First, in contrast to all prior results [54, 56| |57, 63, 89], we do not
require vf to be L!-localized and, in particular, do not assume the existence of asymptotic
phase limits v, = lim, 40 vo(x); see Remark and Figure Second, we remove all
localization assumptions on both «{ and the initial perturbation wy that are present in the
previous literature; see Remark [£.1.2] This allows us to handle a significantly larger class of
modulational initial data of the form than considered before.

Notably, we do not require 7, to be small in L>°(R). To the best of our knowledge, the
only other work addressing large phase modulations of wave-train solutions to (while
still assuming v, € L!(R)) is [54]. In this context, we also highlight the recently developed
stability theory for periodic patterns in planar reaction-diffusion systems [75]. These patterns
are intrinsically planar in the sense that they are nontrivial in all spatial directions. Building
on techniques from [56, 57], the analysis in [75] still relies on decay induced by localization, yet
it allows for large, and even unbounded, phase modulations. The reason is that localization
leads to stronger temporal decay in higher spatial dimensions, permitting a relaxation of the
localization requirement on the initial phase modulation: instead of assuming v, € L*(R)
as in [56, |57, it suffices to require that A~y, € L'(R?). This condition imposes only that
7 has bounded mean oscillation (up to additive constants), allowing for unbounded ~; see

also
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Our result is an asymptotic modulational stability result in the sense that the perturbation
w(t) in decays over time at a diffusive rate 3. Moreover, the modulation ~(¢), which
governs thle phase dynamics in , remains bounded with small derivative, which also decays
at rate t72. As in [54, 57, 89], we show that ~(t) is well-approximated by the solution 4(t) to
the viscous Hamilton-Jacobi equation

. d . N 1 o
8t7 = ? Yoz T+ W/(ko) Yz — iw”(kO) FY;?W (44)
0

with initial condition 4(0) = ,. Here, the coefficient d > 0 is an explicit Melnikov-type

integral; see (4.11).

The first rigorous justification of equation (4.4) as an effective description of the dynamics of
slowly modulated wave trains on long time intervals was provided in [29]. Our result, along
with those in [54] 57, |89], confirms that this description remains valid globally.

It is not difficult to show that the solution () to does not, in general, remain close to its
initial condition ,, and the same holds for «(¢) by approximation; see Remark Thus,
our modulational stability result is global in the sense that it provides a complete description
of the dynamics of solutions (t) with initial data of the form (4.2]), even though u(t) typically
does not remain close to u(0) over time.

It was already observed in [29] that phase and wavenumber modulations are intimately
connected. For the modulated wave train described in , the local wavenumber, i.e. the
number of waves per unit interval near position z, is given by ko + v, (z,t). This suggests
that incorporating a modulation of the wavenumber may yield a more accurate approximation
of the solution u(t). We show that the refined residual

§(z,1) = u(z,t) — ¢ (kox — wot + (2, ) (1+ Eya(2,8)); ko + v, (2, 1)) (4.5)

indeed decays in L>(R) at an enhanced rate ¢t~ log(1+t). This refined asymptotic description
of the dynamics of u(t), accounting for both phase and wavenumber modulation, was previously
established in [57], but only for small initial phase modulations 7, and with weaker decay
rates in L>°(R); see Table Here, we obtain it for the first time in the setting of large
initial phase modulations.

While previous modulational stability results rely on localization-induced decay, employing
renormalization group techniques [54, 89|, iterative L'-H* estimates [56, 57], or pointwise
Green’s function bounds [63], our analysis follows a different approach. We extend the
recently developed L*°-based stability theory of [84] to accommodate large modulational
initial data. This method eliminates the need for any localization assumptions by leveraging
decay generated by smoothing properties of the critical part of the semigroup to close the
nonlinear argument. Further details on the strategy underlying our nonlinear stability analysis

are provided in

Remark 4.1.1. The assumption that v, € C*(R) is bounded is equivalent to the condition

[ ez

sup
ReR

< 00. (4.6)

In this work, we thus extend previous modulational stability results [54, [56, 57, 63, 89], which
relied on the stronger assumption |vg|lz: = [z |[70(2)] dz < oo, to the weaker condition (4.6]).
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However, this assumption still excludes initial data with nonzero asymptotic wavenumber
shifts. Whether modulational stability persists under such wavenumber offsets remains an

open question; see §4.7.3|

Remark 4.1.2. The modulational stability results [56, [57} 63, |89] consider initial data ,
where v{, is small in L'(R). This readily implies that ||7y¢|/oo is small and that the asymptotic
limits limg 400 Yo (%) = v, exist. While [54] still requires v}, to be L!-localized, the smallness
assumption on ||vg|| .1 is dropped, thereby allowing for large phase offsets v4 =, —~v_. See
Table [41] for further details.

~o and Wy decay of v, (t) and w(t) | decay of (t)
189 o]l 2 + ll* 0] 2 < 1 toate
156, 57 ol Lrnms + Vol Lrnms < 1 t=2 t~1log(1+1)
T _3
ldo ]| ;2 < oo and (1+ |z —at|+ V1) 2
%3 o]l + 1275y < 1 o ot
Plleo Ollw.e (L) B
| il Il <o i
1Fo(X+ [ Dz + ol 2 < va
Thm. 4.1.3 | [[Yollec < M and [[tho|lco + [|76]lco < 1 =z t~Llog(1 + 1)

Table 4.1.: This table compares previously established modulational stability results with our
main result, Theorem for solutions u(t) to with initial condition (4.2).
The second column presents the assumptions on the initial modulation ~, and
perturbation 1wy, where p is the algebraic weight p(z) = V1 + 22, = denotes the
Fourier transform, and M > 0 is an arbitrary constant fixed a priori. The third
column contains the pointwise decay rates obtained for v, (t) and @(t) in (4.3).
Here, C' > 0 and a € R are constants, and « € (0, %) is an arbitrary parameter fixed
a priori. The final column presents the pointwise decay rates obtained for the refined
residual defined in ([4.F)). We note that the inequality ||vf/z1 < prg | 1 Hp%'y{]HOO
and the continuous embedding H'(R) < L>(R) imply that v € L'(R) in [54, 56,
57, 163, [89].

Figure 4.1.: Example of an initial phase modulation v, € C., (R) with nonlocalized derivative.

4.1.1. STATEMENT OF MAIN RESULT

Before stating the main result, we formulate the necessary hypotheses, which concern the
existence and spectral stability of the underlying wave train. We emphasize that these assump-
tions are standard in the nonlinear stability literature of wave trains; see, for example, [54-57,
62, 63, (84} 89, 90, [92]. We begin with the existence hypothesis:
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(H1) There exist a wavenumber ky € R\ {0} and a temporal frequency wp € R such that (4.1
admits a wave-train solution uwt(z,t) = ¢o(kox —wot), where the profile function ¢p: R —
R"™ is nonconstant, smooth and 1-periodic.

Thus, switching to the co-moving frame ( = kgx — wot, we find that ¢q is a stationary solution
to

Oru = ki Duce + woue + f(u). (4.7)

Next, we turn to the required spectral assumptions. To this end, we consider the linearization
of (4.7) about the wave train ¢:

Lou = nguCC + wou¢ + f/((bo(o)u

We view Ly as a 1-periodic differential operator acting on the space Cy,(R), with dense
domain D(Ly) = C?,(R). Here, C"(R), m € Ny, denotes the Banach space of bounded,
uniformly continuous functions that are m times differentiable, with all derivatives up to order
m also bounded and uniformly continuous. We equip C[}} (R) with the standard W™ >-norm.

Applying the Floquet-Bloch transform to £y yields the family of Bloch operators
L(€)u = kg D(9¢ +i6)*u +wo(0c +i€)u+ f'(¢o(¢))u,

defined on L2_.(0,1) with domain D(L(¢)) = H2,(0,1), and parameterized by the Bloch

per per
frequency £ € [—m, 7). Due to translational invariance, the derivative ¢, of the wave train lies

in the kernel of £(0). As a result, the spectrum of Ly, given by

o(Lo)= |J a(L(©),

ge[_ﬂ"ﬂ—)

necessarily touches the origin. The most stable nondegenerate spectral configuration, known
as diffusive spectral stability, is then characterized by the following conditions:

(D1) It holds o(Ly) C {A € C:Re(X) <0}U{0};
(D2) There exists 6§ > 0 such that for any ¢ € [~7,7) we have Re o(L(£)) < —0¢2;
(D3) 0 is a simple eigenvalue of £(0).

Examples of reaction-diffusion systems that support diffusively spectrally stable wave trains
include the complex Ginzburg-Landau equation [48], the Gierer-Meinhardt system [82], and
the Brusselator model [97]. We refer to [84] for further discussion and additional references.

It follows from Hypothesis [(D3)| that 0 is also a simple eigenvalue of the adjoint operator
L£(0)*. We denote by &y € H2.,(0,1) the corresponding eigenfunction, normalized such that

per

<&)0> ¢6>L2(0,1) =L (48)

Hypothesis also implies that the wave train ¢y can be continued in the wavenumber,
yielding a family of wave-train solutions to (4.1)) of the form wug(z,t) = ¢(kx — w(k)t; k),
defined for k near ko, where the frequency w(k) and the 1-periodic profile function ¢(+; k) obey
W(k'()) = Wo, ¢(7 kO) = ¢07 <(£07 8k¢(7 k0)>L2(0’1) =0, (49)

cf. Proposition [.3.1]
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We now present our main result, which shows that solutions to with initial data close to
a largely modulated wave train converge at an enhanced diffusive rate to a modulated wave
train, whose phase and wavenumber dynamics are governed by a solution %§(¢) to the viscous
Hamilton-Jacobi equation

Oy = die + g + Vi, (4.10)
with coeflicients

=~ 1
a = wy — kow/(ko), d= <(I)0, D¢6 + 2]€0D8§k¢<-; k0)>L2(0,1)’ vV = —ikgw”(ko). (4.11)

Theorem 4.1.3. Assume|(H1)| and (D1){(D3)| Fiz o € [0,§) and M > 0. Then, there exist
constants K,e > 0 such that, whenever ug € Cyn(R) and o € CL (R) satisfy

[ollee <M, Eo:= |lug — ¢o(- +70()) I + 0]l <&,
there exist a scalar function
7 € C([0,00), Cyp(R)) N CY((0,00), Cip(R)), 4,1 € No
with v(0) = v9 and a unique classical global solution
u€ X :=C([0,00), Cup(R)) N C((0,00),Ca,(R)) N C'((0,00), Cun(R))

to (4.7)) with u(-,0) = ug, which obey the estimates

Ol <K, lu®) = 0 + 1) oos Ic@), < — 28—

(1+1)2 (4.12)

log(2+ 1) '

Ju(t) = ¢+ (L + ¢ 1); ko(L+ ¢ (1) ]| < KEgm
fort >0, and
Jute) = ol + 7 O)ley, < KB

Ju(t) = (- +y () (1 + 3¢ (- 1)); ko(1 + ’Yc(wt)))Hciba Irec@llea < KES‘\/%

(4.13)

for allt > 0. Moreover, there exists a unique classical global solution
¥ €Y = 0([0,00), Cyp(R)) N C((0,00), C(R)) N CH((0, 00), Cub(R))

with initial condition §(0) = o to the viscous Hamilton-Jacobi equation (4.10)) such that we
have the approrimations

KEg
T+¢

I(0) =50l < KBS, () = %)l < (4.14)

for allt > 0. In particular, it holds

20

lu(t) = ¢o(- + 3 t)lloe < KEF -, t=0. (4.15)
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Remark 4.1.4. We observe that the temporal decay rates presented in Theorem [4.1.3
match those established in the sharp nonlinear stability result for wave trains under C\y,-
perturbations in [84], confirming their optimality up to a possible logarithmic correction;
see [84) Section 6.1]. Since our primary objective was to establish a modulational stability
result with sharp temporal decay rates, we did not strive for optimal powers of the FEy-terms
in the estimates (4.12)), (4.13), (4.14)), and (4.15) in Theorem As the toy example in
suggests, we expect that these powers may be improved with further technical effort.

Remark 4.1.5. Let gy € CY, (R) be any function such that g € L*(R) \ {0} has mean zero.
Set M = ||go|lso and fix o € (0, §). Let K,e > 0 be as in Theorem Clearly, there exists
§ > 0 such that the function g € CL, (R) given by 70(¢) = go(6¢) satisfies ||70/|cc < M and
I76]lc0 < €. Let 4 denote the solution to the viscous Hamilton-Jacobi equation with
initial condition §(0) = 4o. Then, k(t) := J¢(t) solves the viscous Burgers equation

Ok = dOZk + adck + vo: (k).

Since 4} € L*(R) has mean zero, it follows from [35, Theorem 2 and Corollary 1] that k(%)
converges to zero in L*(R) N L°°(R) as ¢t — co. This implies that ¥(¢) converges to a spatially
constant function ¥ in Cl, (R) as t — oo. In particular, for large times, §(t) is not close to
its initial condition 7o in C}, (R). By the estimates and (4.14)), the same holds for ~(t)
and u(t), demonstrating that Theorem provides a global stability result.

Remark 4.1.6. Although the reaction-diffusion system admits mild solutions for initial
data in L>°(R) via standard analytic semigroup theory, the minimal condition ensuring that a
solution u(t) converges to its initial condition ug in L>(R) as ¢ | 0 is that ug is uniformly
continuous; see |73, Theorems 3.1.7 and 7.1.2]. This right-continuity of u(t) at ¢t = 0 is clearly
necessary for our main result to be meaningful, as is the requirement that the initial phase
modulation 7 is bounded and differentiable, since we rely on the smallness of its derivative.
In this sense, the regularity assumptions imposed on the initial data in Theorem [4.1.3] are
minimal.

Remark 4.1.7. Estimate provides a leading-order description of the solution w(t) that
is valid for all times. This estimate is fully explicit in terms of the underlying wave train ¢q
and the solution §(¢) to the viscous Hamilton-Jacobi equation , with initial condition
¥(0) = v € CL (R). In contrast, in the other work [54] addressing large phase modulations of
wave-train solutions to , the following estimate was established for fixed a > 0:

[u(t) — do(- + B(-,1)||loe < Kt721®, >0, (4.16)

where ® is a self-similar front solution to and K > 0 is a time-independent constant.
While the estimate does not capture the leading-order behavior of u(t) for short times,
it yields near-diffusive decay for large times. We argue that this large-time decay stems from
the stronger assumptions imposed on the initial phase modulation ¢ in [54].

Indeed, even with conditions that are less stringent than those in [54], we expect to recover
an estimate matching (4.16)). To formulate these conditions, we fix asymptotic limits v+ € R
and consider the associated self-similar front solution

CHa(t+1)
- = +’Yderf<\/m>,

(I)(Cvt) -
v-+ ilog(l + (eg%l — 1)erf<gm>>, v#0,
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to (4.10), where 4 := 74+ — 77— denotes its phase offset, and

)= [ ea
= — e 4
4 —0o0
is the Gaussian error function. Thus, under the additional assumptions that g is twice
continuously differentiable with 7 € L?(R) and satisfies

erf(¢

170 = @l L1 < M,
we expect estimate (4.15)) in Theorem to improve to

(log(2 +t))?
ERV/ieTa t>0. (4.17)

We note that estimate (4.17)) is slightly stronger than (4.16]) Since the proof of (4.17)) requires
substantial additional effort, especially due to the need for tracking L?-norms in the nonlinear

iteration, we defer it to future work.

[u(t) = ¢o(- + (1)) o < K

Remark 4.1.8. Converting to the original (z,t)-variables in Theorem we obtain a
constant K > 0 such that, for each 1y € Cyp(R) and v, € CL (R) with [|vo|lec < M and
Ey = |Jip]|eo + %H'yé”oo < ¢, there exist a unique classical global solution v € X to the
reaction-diffusion system (4.1]) with initial condition and a phase modulation function
~ € Y with 4(0) = =, such that

. . KEg . e q 10g(2+1)
YD)l < K, D@, 172 (Dl < RS 19l < KEG A+oi2e

for all £ > 0, and

o ° (1 + t)a . o log(Q + t)
Ol < kg0 g < KBS

vt T Vit

for all ¢ > 0, where w(t) and () are the residuals given by (4.3) and (4.5)), respectively.
Moreover, we have the approximations
KEg

1+t

AN

;

V) =300 < KES™,  valt) = Fo(0) <

for t > 0, where & € ) is the classical solution to the viscous Hamilton-Jacobi equation (|4.4])
with initial condition ¥(0) = ,.

4.1.2. STRATEGY OF PROOF

Our proof builds on an extension of the recently developed stability theory in [84], which
is based on pure L*°-estimates and accommodates fully nonlocalized perturbations. A key
difference from the setting in [84] is that we cannot exploit smallness of ||yo||c0, Which presents
a significant challenge. In particular, a linear term of the form eﬁot(¢670) appears in the
Duhamel formulation of the inverse-modulated perturbation

v(¢,t) = u(¢ = (¢, 1), 1) — ¢o(C), (4.18)
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where e“0! denotes the semigroup on Cy,(R) generated by the linearization £y. The inverse-
modulated perturbation v(t) controls the dynamics of the difference

5(C 1) = u(C,t) = ¢o(C + (¢, 1)) (4.19)

between the solution and the modulated wave train. It is typically used in nonlinear stability
analyses, since its evolution equation exhibits more favorable decay properties compared to
the one of the forward-modulated perturbation v(t); see |105]. A crucial observation is that
the lack of smallness in the Duhamel formulation of v(¢) can be precisely quantified using the
identity

t
e (dim) — don = | ¢ La(eho)ds
; (4.20)

t
- /0 eﬁOS(ng(aC(%%)+¢876)+wo¢676)ds,

which follows from standard semigroup theory |73, Proposition 2.1.4] and the fact that ¢f lies
in the kernel of £(0). Since the right-hand side of depends only on the derivative ),
whose L°°-norm is assumed to be small, the lack of smallness in e“0!(¢/~o) manifests solely in
the term ¢f0.

Since the linear operator £o has spectrum touching the imaginary axis, the semigroup e~o*

does not exhibit decay. To obtain sufficient decay to close a nonlinear argument, it is therefore
necessary to decompose et into a principal part of the form %Sg g), where Sg (t) enjoys
the same bounds and smoothing properties as the heat semigroup e”¢ t, and a residual part
exhibiting faster temporal decay. Specifically, the phase modulation «(t) is chosen in such a
way that, for large times, it captures the slowest-decaying contributions associated with Sg(t)
in the Duhamel formulation of the inverse-modulated perturbation v(t); see Since the
phase modulation enters only via its derivatives in this formulation, we may exploit improved
decay of 820%53(1&) for j,1 € Ng with j +1 > 1 which arises due to diffusive smoothing.

It is thus essential to characterize the lack of smallness in Sg (t)(¢670), analogously to the
identity . Inspired by the Fourier-series arguments in [56], we perform a detailed linear
analysis, extending the L>-techniques from [51] to the setting of large modulational initial
data. We find, similar to , that Sg(t)(qbf)’yo) —~0 can be bounded in terms of 7. Crucially,
this implies that the same holds for spatial and temporal derivatives of S(t)(¢(70), allowing
us to recover smallness in the linear terms arising in the Duhamel representations of derivatives

of v(t).

There is, however, a caveat: bounding Sg (t)(dp70) — 70 and its derivatives in terms of )
yields only weak decay rates and, in some cases, even temporal growth. This is also reflected
in identity , where the time integral on the right-hand side naturally leads to bounds
exhibiting growth in ¢. We address this issue by interpolating between two types of bounds:
(i) classical bounds on e“o*(¢)vg) and 828,{52(75)(%70), used in the stability argument in [84],
which provide sufficient decay but not smallness, and (ii) bounds on e“ot(¢hv0) — dhvo and
828£(Sg (t)(970) — o) in terms of 7, which provide smallness but not sufficient decay. In §4.2i
the core idea behind this interpolation strategy is illustrated by means of a representative toy
example.

By carefully balancing smallness and decay, we are able to derive sufficient bounds to close
the nonlinear iteration scheme. Heuristically, this is possible because the nonlinear estimates
in [84] leave some leeway, i.e., the decay bounds on the nonlinear terms are not critical and
can tolerate some weakening.
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An important distinction from the analysis in [84] lies in how we control regularity in
the nonlinear iteration. In [84], regularity is controlled via estimates on the perturbation
o(t) = u(t) — po. However, Theorem [1.1.3shows that in the current modulational setting, o(t)
is no longer small, making it natural to instead consider to consider the forward-modulated
perturbation v(t). Unlike the inverse-modulated perturbation v(t), which obeys a quasilinear
equation (see , the forward-modulated perturbation satisfies a semilinear equation
that does not suffer from a loss of derivatives. However, the obtained decay rates of v(t) are
too weak to gain good enough large-time control on derivatives. Therefore, following the
approach in [5], we establish a nonlinear damping estimate for the modified forward-modulated
perturbation

G t) = u(st) = ¢(C+ (G ) (1 +7¢(6 1)) ko1 +7¢(C, 1)) (4.21)

in order to control regularity for large times. As indicated by the estimate (4.12]), this variable
enjoys better decay properties than 9(t). Due to the absence of L2-localization, we derive this
energy estimate in uniformly local Sobolev spaces; see [94] for background.

With the regularity control in hand, we are able to close a nonlinear iteration argument,
thereby proving Theorem Further details of the nonlinear iteration scheme are provided

in 75

4.1.3. OUTLINE

In §4.2] we present the core idea behind handling large modulational data through interpolation
arguments in the context of a toy model. Section reviews standard preliminary results
on wave trains. In we recall the semigroup decomposition from [84] and summarize
the corresponding linear estimates established therein. We also carry out a detailed analysis
of the linear dynamics arising from large, fully nonlocalized modulational initial data and
derive associated estimates. In we develop our nonlinear iteration scheme and establish
a nonlinear damping estimate to control regularity for large times. Section [4.6]is devoted
to the proof of our main result, Theorem [£.1.3] An outlook on future research directions is
provided in §4.7] Appendix [£.A] contains technical low- and high-frequency estimates required
for the linear analysis of large modulational data. Finally, Appendix [£.B] provides the proof of
the local existence result for the phase modulation.

Notation. Let S be a set, and let A, B: S — R. Throughout the paper, the expression
“A(x) S B(x) for x € S”7, means that there exists a constant C' > 0, independent of x, such
that A(xz) < CB(xz) holds for all x € S.
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4.2. HEURISTIC BEHIND HANDLING LARGE MODULATIONAL DATA

The goal of this section is to convey the core idea behind our L*°-based nonlinear iteration
argument designed to handle large phase modulations. Motivated by the fact that the leading-
order modulational dynamics is given by the viscous Hamilton-Jacobi equation (4.10)), we
consider

0w = dw¢e + awe + ng + ,uwzc3 (4.22)

with d > 0 and a, i, v € R. Here, the cubic contribution wg’ plays the role of a higher-order
residual term. When v # 0, the quadratic term in (4.22)) can be removed via the Cole-Hopf

transform
o(t) = ea®®),
which transforms the equation into

3
pd? V¢

o =d —_— 2.
v vee +ave + 202

This motivates restricting attention to the case v = 0 in (4.22)). Moreover, by transitioning to
a co-moving frame and rescaling space, we may assume without loss of generality that a = 0
and d = 1. The resulting simplified toy problem takes the form

Ow = wee + uw? (4.23)

with u € R. We use this model to illustrate how our L®°-based scheme effectively manages
large phase modulations. Specifically, under the sole assumption that the initial condition
wp € CL (R) has sufficiently small derivative, we establish global existence of the associated
solution w(t) to and show that its derivative w¢(t) decays at a near-diffusive rate.

Take wg € CL (R). Integrating (4.23), we obtain the Duhamel formula
t
w(t) = eagtwo + ,u/ eag(t_s)wg(s)3ds. (4.24)
0

By standard local existence theory for semilinear parabolic equations |73], there exist 7' € (0, 0]
and a unique maximal solution w € C([0,T),CL, (R)) satisfying ([£.24). If T < oo, then it
holds

sup ||w(t)HC1b = 00. (4.25)
4T u

The smoothing effect of the heat semigroup leads to the linear L°°-estimate
|o2e%t|| < £ 3][0]] 0o (4.26)
o

for j =0,1, v € Cyp(R), and ¢t > 0. On the other hand, we may commute the derivative with
the semigroup, which gives

H@Ceagtvu ’ea?tachoo < 10l (4.27)

o=
for v € CL (R) and ¢ > 0. Estimates of the form (4.27), where derivatives are transferred

onto the initial data through the linear propagator, are crucial to exploit smallness in the
derivative of the (possibly large) initial data; see §4.4.1]
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If the initial condition wyq is small in C}, (R), then the linear behavior dominates, and the
solution w(t) to remains bounded while its derivative decays diffusively at rate t_%;
see [51, Section 2]. Here, we show that, by sacrificing a small amount of decay, we obtain
global-in-time control on solutions to with large initial data. To that end, we fix M > 0
and a € (0, %), take wy € CL (R) with ”"UOH(J&b < M, and introduce the template function

n:10,7) — R defined by

n(t) = sup (1+s)27*[[0cw(s)|l,,
0<s<t

Using the linear bound (4.26)), we estimate the right-hand side of (4.24]) as
[w(®)lloo < llwollos +/ ds < [lwolleo + 1(t)?, (4.28)

for t € [0,T). For the spatial derivative of (4.24] m, we apply (4.27)) for s € [0, 1] and use the
interpolation inequality
2a

1-2
|oce®wo| _ < ace®wo| " |leuh | < 1+ 8)Fhuollic> w2,
oo o0 (o)
for s > 1, yielding the bound
|oce™wo| _ 5 (1 +8)3llwoll 2l

for all s > 0. Altogether, we estimate the spatial derivative of (4.24) as

L, ol /12 n(s)®
[we(s)lloo S (14 5)2 ||w0|| = “lu [ +/ dr
‘ ° Vi—r(1+r)i

5a+sr%ﬂ@ﬁ*ﬂmw£+w@>)

for s € [0,T). Taking the supremum in the latter inequality over s, we find a constant C' > 1,
independent of ¢ and wy, such that

n(t) < C(Jlwpl2 +n(0)*), (4.29)

for all ¢ € [0,T). Now assume [|w|[22 < gz, If there exists ¢ € (0,T) with n(t) > 2C||lwp |22,
then by continuity of 1 and the fact that 77( ) = |l wpleo < 2C|]w0|]2“ there must exist 7 € [0, ]

such that n(7) = 2C||w}||?¢. Applying (@ and ||w}||2¢ < 03, we obtain
n(r) < C([lwhl| +n(r)*) < 2Cwp22

yielding a contradiction. Hence, we must have 7(t) < 2C||w}]||?¢ for all ¢ € [0,T). Combining
this with (4.25)) and (4.28]), we conclude that T' = co. So, the solution is global and enjoys
the bounds
t T 1
lo@®)llse < llwollse + llwplse [we@)lloo < T
(141)2
for ¢t > 0.

We emphasize that the nonlinear iteration argument above relies exclusively on L°°-estimates
and requires smallness solely in the derivative of the initial data. This is because the
nonlinearity in involves only spatial derivatives of w. Analogously, the equations for the
inverse- and forward-modulated perturbations, used in the proof of Theorem [.1.3] depend
only on derivatives of the phase modulation ().
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4.3. PRELIMINARIES

We recall some basic results on wave trains and their dispersion relations from [84]. For a
more comprehensive treatment, we refer the reader to [29, Section 4].

The first result asserts that, under the nondegeneracy condition the wave train can be
continued in the wavenumber.

Proposition 4.3.1. Assume [(H1)| and [(D3)| Then, there exist ry € (0,3) and smooth
functions ¢: R x (kg — ro, ko +10) = R and w: (ko — 19, ko + 10) — R, satisfying (4.9)), such
that

wpla,t) = (ke — w(k)t; k)

is a wave-train solution to (4.1) for each wavenumber k € (ko — ro,ko + r0). The profile
function ¢(-; k) has period 1 for each k € (kg — ro, ko + o).

The next result provides an expansion of the critical spectral curve of the linearization £y in
terms of the Bloch frequency parameter £&. The curve, known as the linear dispersion relation,
touches the origin in a quadratic tangency. In addition, the result includes an expansion of
the associated Bloch eigenfunctions.

Proposition 4.3.2. Assume|(H1)| and|(D2){(D3)| Then, there exist a constant & € (0,7)
and an analytic curve A.: (—&o,&0) — C satisfying

(i) The complex number A.(§) is a simple eigenvalue of L(§) for any & € (—&o,&0). An
associated eigenfunction ®¢ of L(§) lies in HJ.(0,1) for each m € No, satisfies ®o = ¢y,
is analytic in € and fulfills

(B9, Be) 21 = L

(ii) The complex conjugate (&) is a simple eigenvalue of the adjoint L(§)* for any £ €
(—0,%0)- An associated eigenfunction ®¢ lies in H[;.(0,1) for each m € Ny, is smooth
in & and satisfies

@5,‘1’&&2(0,1) =1.
(iii) The expansions
Mo(€) —ia€ +d€? S 1P, [|@e — ¢ — iho&Dk( o) o) S €17
hold for € € (—&o,&o) with coefficients a € R and d > 0 given by .

4.4. SEMIGROUP DECOMPOSITION AND LINEAR ESTIMATES

The linearization Ly of about the wave train ¢q is a densely defined sectorial operator on
Cub(R), with domain D(Ly) = C% (R); see |73, Corollary 3.1.9]. In this section, we recall the
decomposition of the associated analytic semigroup e“°? carried out in [84], and summarize
the corresponding linear estimates established therein. In addition, we derive novel estimates
on modulational data, which are crucial for treating large phase modulations.

The first result from [84] expresses eLot as theQSum of an explicit principal part, exhibiting

the same L°°-bounds as the heat semigroup % ! and a remainder that decays algebraically
at rate t—1.
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Proposition 4.4.1 (84, Propositions 3.2 and 3.4]). Assume|(H1)| and|(D1){(D3). Let
o5 k), &, Ae, a, and ¢ be as in Propositions |4.3.1] and |4.3.2.  Fiz j,l,m € Ng and
o, 01 € {0,1} with £y + £1 < 1. The semigroup e“o! decomposes as

= (¢ + koOko(-; ko)de) SI(t) + S(t) (4.30)

for t > 0, where the principal part satisfies the commutator identities
I Sp(t) — Sp(t)dc = Sh (1), RS (t) — SY()0F = 205, (t) — Sp(t) (4.31)

and is explicitly given by
_ S 1 r R R
st x(t) [ GGCMOA G660 = o [ p(OFE O gbe(c) g
p 21 Jr ¢

(4.32)
fori=0,1,2, where p: R — [0,1] and x: [0,00) — [0, 1] are smooth cut-off functions satisfying

p(&) =1 for €] < 52 p(&) =0 for [&] > &o, x(t) =0 fort € [0,1], and x(t) =1 fort € [2,00).
Moreover, the estimates
“z“)nvnm,

A+ 07 (14677 ) ol

S _ 25+
|0 —adcyaLsymore| S+ )«

Hafoeﬁotaglv N S <1+

S04
SO

AN

(e 9]

hold for allv € CYL(R), w € C™(R), t >0, and i = 0,1,2.

The second result from [84] connects the principal component of the semigroup to the
convective heat equation dyu = du¢¢ + au¢, which arises from the quadratic truncation of the
low-frequency expansion of the linear dispersion relation in Proposition [£.3.2]

Proposition 4.4.2 (84, Propositions 3.6 and 3.7]). Assume [(H1)| and|(D1){(D3)|. Let
l € No, m € {0,1}, and i € {0,1,2}. There exists a bounded linear operator

Ap: per((O 1),R") —» C(R,R)
such that the principal component S};(t) decomposes as
Si(t) = Sh(t) + Si(t), (4.33)
where we denote
S () = (7 9%)! [ (i) o]
forv e Cyp(R) and t > 0. Moreover, we have

S0(t) (gv) = e PEH%) (@0, g) 2(0,1y0 — An(9)Oew) + A% Ay (o) (4.34)
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Jor g € L2,.((0,1),R"), v € C3y (R,R), and t > 0. Finally, the estimates

1 _ 1 ~i _1 _m
lotsi@w] st 2l || Siew] S 0+ 672 F o]
and
‘ aéJrle(dag—i-aa()th 5 t_% Hw/HOO’ H(at _ aac)aée(dangaag)th S t—% ”w/Hooa
o 2 l o0 (4.35)
’aée(dag-f'aag)tv‘ S t—iuvHOO
(o ¢]

hold for v € Cyp(R), w € CL (R), and t > 0.

4.4.1. L°°-ESTIMATES ON MODULATIONAL DATA

Initial phase modulations 7y of the wave train ¢y give rise to data of the form ¢j7o in the
equation for the inverse-modulated perturbation; see Such modulational data correspond
to the linearized approximation of the modulational perturbation ¢o(¢ 4+ 70(¢)) — ¢o(¢) =
#5(O)10(¢). Since we allow for large phase modulations 7, the nonlinear argument can only
exploit smallness in the derivative (). Here, we establish bounds that are designed to estimate
the action of linear propagators on modulational data in terms of ;.

Linear estimates on modulational data have also been obtained in [56} 63| under the additional
assumption that v, € L'(R). The approach in [56} 63] involves a detailed analysis in Bloch
frequency domain, relying on the Hausdorff-Young inequality to control the action of the
propagator in terms of the L!-norm of v). Although one could potentially extend this
analysis to Cyp-data by working with tempered distributions, we avoid such technicalities.
Instead, we derive bounds using abstract semigroup theory, a careful decomposition of the
principal component 5’2 (t) of the semigroup, and an adaptation of the high- and low-frequency
L*°-bounds from [84, Appendix A] and |51, Appendix A] to the setting of modulational data.

We begin by estimating the action of the full semigroup on modulational data.

Proposition 4.4.3. Assume |(H1) and|(D1){(D3)| Then, the estimates

o ) = dho ], < o1+ 0 1 o
()t ol < 1) o]

[e.e]

—o4

e =], S ¥l

hold for all t >0 and v € CL, (R,R).

Proof. We employ (73|, Proposition 2.1.4] and use that ¢{ lies in the kernel of £(0) to infer

¢ ¢
eﬁot(qblov) — v = /0 eﬁosﬁo(qﬁf)v)ds = /0 glos (k%D(@g (") + Ppv’) + woqﬁ{)v’)ds,

t t
o2 +ade)t, / e(dangaaC)s(dag + a)v'ds, e %ty —w = / e_aés(‘)gw’ds
0 0
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for v € C% (R,R), w € C4 (R), and ¢ > 0. Applying the estimates from Propositions
and [£.4.2] and the bound
102 %20 S 572 ]|2)os 2 € Cun(R), s >0

~

to the right-hand sides of the latter, we arrive at

Lot al N 4 (d62+a6<)t . < /t L / < ’
[e=t (00 = gt [l E 4 0 0| 5 (14 = )W lleds S 101+ 0) 1]
_o4 t _3 1
%0 — w| 5/0 s ||w/|| . ds < tF[|w/]|
for v € C% (R,R), w € C4 (R), and ¢ > 0. Thus, the result follows by density. O

The remaining estimates concern the action of the principal component of the semigroup on
modulational data.

Proposition 4.4.4. Assume [(H1)| and (D1){(D3)| Let g € L2,.(0,1). Fiz l,m € Ny with
[ > 1. Then, the estimates

2m—+1—1

|@ = ao)maLsp o) S+ [y (436)
|(@: ~ ad0™ 580 (éhe) ~ (@) < v (437)
hold for t > 0 and v € C}, (R,R).
Proof. We compute
(01— d)"9: | GH(¢.C. 09O
i o (MO —HAE\ TS el
= o | et (A T g0 Ouyagac

for ( € R, ¢t > 1, and v € C}, (R, R). Using Proposition we observe that we can apply
Lemma with AM(§) = Ae(§), m1 =1+2m —1>0, mg =1, and

g M) i\ "5
F6.6.6.0) = o)1) 80)9(0)
This results in the bound (4.36) upon recalling the representation (4.32)) of the principal
component of the semigroup and noting that x'(¢) is supported on [1,2].

We proceed with proving the second estimate. First, applying the product rule to the
representation (4.32)), we establish

(01 ~ a0 s8(0) (ého) ~ (O x(®)el 2"

‘ o0

S

[ G0 E 00T — el

R

by
/=1

(4.38)

‘ e}

(01— adg)! [ GBI =i+ s
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for t > 1 and v € C}, (R,R). Analogous to the proof of estimate (4.36]), we obtain the bound
2] S 1V lloo

for t > 1 and v € C} (R,R). So, all that remains is to estimate .J;. To that end, we set
A (€) = Ae(€) — iagé + d&? and decompose

/ GY(¢. ¢, 1)) (O (C)dC — o W0E+ad )ty 1 T LTI TV (4.39)
R

for ( €R, t>1, and v € C, (R, R), where we denote

L[ [ ot RO = R0 2 -0 e
I= 5o || ] e en(©) TR0 6 (O Du(Qagal

o e, MO 1
1= % /]R /]R el196-5€)1g p )56 tegl B0 ()6 (C)e*Ou(C)ded,

111 = o [ [ el () (B0(0)* () — 1) (el

1= g [ eSO e - pu@aac

In the following, we subsequently bound the contributions I, I, I11, and IV. First, we use
Proposition and apply Lemma to I with A(§) = Ac(§), m1 =0, mg =1, and

F6.6.C.0 = i LT g )

Thus, we arrive at the bound
1] < [0l
for  €R,t>1, and v € CL (R, R).

We proceed with bounding I7. We note that, by Proposition [4.3.2] there exists a constant
C' > 0 such that |A.(§)] < Cl&P°, [X(§)] < Clgl?, and [X/(§)] < Clg] for € € (=&, %0)-
Combining this with the identity |e* — 1| < el*l — 1 < |z]el*l for z € C, we establish

e O 1
3

de2 e)‘r(g)t -1
Oele 28— ——
ot

)‘r(g)t —1
rd e L
3 ( ¢

for & € (—&p,&0) and t > 1. Hence, applying Lemma with A\(§) = aif — g§2, my1 = 0,
me = 1, and

< £2te_%52t S,

2

Sl (1+€%)e 5 S VA,

and

St(1+e+ §4t2)e—%52t <t

_ —gg%e/\r(&)t -1~ - _

F(&,¢,¢t) = p(§e ¢ Do (C)" (<),
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we bound
1111 S [V [loo-
for ( €R,t>1,and v € CL (R,R).

To estimate the contribution 171, we observe that we can apply Lemma with (&) =
ai€ — dé?, m1 =0, mo =0, and

F(€,¢,¢,1) = p(&) (®o(O) () — 1),

because it holds fol Bo(C)* P (C)dC = (EIVJO,%)Lz(O’l) =1 by (4.8). Thus, we arrive at the
estimate

[III] < [[v"]loo
for ( €R,t>1, and v € CL (R,R).

Finally, we estimate the contribution IV. Integration by parts in ¢ yields
V= L/ [ e Oioeaey PO =L @dedd
21 Jr JR 3

for ( € R, t > 1, and v € C}, (R,R). Hence, applying the high-frequency estimate from
Lemma with F(€) = (p(&) — 1)¢7L, we find a constant pg > 0 such that

[IV] S e [0 ]loa

for ( €R, t>1, and v € C, (R,R). Combining ([#.38) with (4.39), and the estimates on Jo,
I,II,II1,and IV, we arrive at the bound (4.37)), which concludes the proof. O

4.5. NONLINEAR ITERATION SCHEME

In this section, we introduce the nonlinear iteration scheme that will be employed in to
prove our nonlinear stability result, Theorem m To this end, let uwi(x,t) = ¢o(kox — wot)
denote a diffusively spectrally stable wave-train solution of , satisfying assumptions
and (D3)l Take a perturbation @ € Cyup,(R) and a phase modulation 79 € CL (R), and
consider the solution u(t) to with initial condition u(0) = up € Cyp(R) given by

up(€) = ¢o(C +10(0)) +90(C),  ¢ER (4.40)

Assuming that vy and 7{ are sufficiently small in C,p(R), our aim is to construct a spatiotem-
poral modulation function 7(¢) with v(0) = ¢ such that the solution u(t) to (4.7) can be
written in the form

u(¢, 1) = ¢o(C + (¢, 1) +8(¢, )

where both 7¢(t) and the remainder v(t) stay small over time in Cy,(R) and decay at diffusive
rates. In particular, this precludes finite-time blow-up and implies that the solution u(t) exists
globally in time.

A nonlinear iteration argument cannot be closed by directly estimating the forward-modulated
perturbation 0(t), due to insufficient decay in the nonlinear terms of its evolution equation;
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see |L05| for a detailed discussion. As outlined in our approach instead relies on the
fact that the L®-norm of 0(t) is equivalent to that of the inverse-modulated perturbation v(t),
which is given by . Taking inspiration from [56], we then choose a phase modulation
~(t), which captures the most critical terms in the Duhamel formula for the inverse-modulated
perturbation v(¢) and satisfies v(0) = 0. Asin [57, |84, |89], we find that ~(¢) obeys a perturbed
viscous Hamilton-Jacobi equation. After eliminating its dominant nonlinear term via the
Cole-Hopf transformation, an L*°-based nonlinear iteration argument involving ~(¢) and v(t)
can be closed.

However, due to the quasilinear nature of the evolution equation for the inverse-modulated
perturbation v(t), an apparent loss of regularity must be addressed. To control regularity, we
distinguish between short and long times. For short times, we estimate the forward-modulated
perturbation 0(t) iteratively using its Duhamel representation, which is of semilinear nature
and does not suffer from a loss of derivatives. This allows us to control regularity of the
inverse-modulated perturbation v(t) by relating v(¢) and v(t), including their derivatives,
through mean-value type estimates; see [105]. However, the obtained decay of ©(¢) and its
derivatives is too slow to provide effective control for large times. To overcome this, we
follow the approach in [5] and employ forward-modulated damping estimates. Specifically,
we derive a nonlinear damping estimate in uniformly local Sobolev spaces for the modified
forward-modulated perturbation , which also satisfies a semilinear equation without
derivative loss. This energy estimate provides control over the L>°-norms of derivatives of Z(t)
in terms of the L*>-norm of Z(¢) itself. To close the nonlinear argument, we then relate z(t)
to the residual

2(t) = v(t) — koOko(; 1) ¢ (t), (4.41)

along with their spatial derivatives, again via mean-value type arguments. As a result,
derivatives of v(t) are ultimately controlled by the L>-norm of Z(¢) (and hence of z(t)). We
remark that short-time regularity control through the nonlinear damping estimate on 2(t) is
not feasible due to the presence of the term 74 (¢) in the nonlinearity of the evolution equation
for 2(t); see This term exhibits a non-integrable blow-up as ¢ | 0, with L°°-norm
scaling like t~1, thereby precluding control in the short-time regime.

The remainder of this section is organized as follows. We begin by establishing local existence
and uniqueness of the solution u(t) to . We then derive the equation satisfied by the
inverse-modulated perturbation v(t) and obtain L°°-bounds on its nonlinear terms. Next,
we introduce the phase modulation () and derive the perturbed viscous Hamilton-Jacobi
equation that governs its dynamics. Finally, we formulate the equations for the forward-
modulated perturbation v(¢) and the modified forward-modulated perturbation z(¢), which
are used for short- and long-time regularity control, respectively, and we establish a nonlinear
damping estimate on z(t).

4.5.1. LOCAL EXISTENCE AND UNIQUENESS OF THE SOLUTION

Since the advection-diffusion operator Lo = kZ D¢ + wod, is sectorial on C!y (R) with dense
domain D(Lg) = C'F2(R) by [73, Corollary 3.1.9] and the nonlinear map u ~ 9% f(u) is
locally Lipschitz continuous on Céb(R) for any j,l € Ny, local existence and uniqueness of
the solution u(t) to the reaction-diffusion system follows directly from standard analytic
semigroup theory; see [73, Theorem 7.1.5 and Propositions 7.1.8 and 7.1.10].
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Proposition 4.5.1. Assume|(H1), Let ug € Cyp(R). Then, there exists a mazximal time
Tmax € (0,00] such that (4.7)) admits a unique classical solution

u € O([0, Tnax); Can(R)) N C((0, Tinax), O (R)) N C((0, Tinax), Cub(R)),

with initial condition u(0) = ug. Moreover, the map [0, Tymax) — Cub(R),t — Vtuc(t) is
continuous and, if Thax < 00, then we have

lim sup||u(t)||,, = oc. (4.42)
tTTmax

Finally, for any j,1 € Ny we have u € C7((0, Tipax), C';, (R)).

4.5.2. INVERSE-MODULATED PERTURBATION EQUATION

Using that u(t) and ¢g are solutions to (4.7]), one finds that the inverse-modulated perturbation,
given by (4.18]), satisfies the quasilinear equation

(0r — Lo) [v + ¢p7 — cv] = N(v,7,07), (4.43)
where the nonlinearity N is given by
N(©,7,7%) = Qv,7) + O R(v, v, 7) + 9ZS(v,7) (4.44)
with

Q(v,7) = (f(¢o +v) — f(do) — f'(¢0)v) (1 — ),

k2 Yeev
R(v,7,%) = =70 + woycv + —2—D | vZdl — :
ST\ T Ty (4.45)
2
YEv
S(v,y) = k3D 2ycv + ¢ .
1-— ’}/C

We refer to [55, Lemma 4.2] for a detailed derivation of (4.43)).

The nonlinearities obey the following L°°-bounds.

Lemma 4.5.2. Assumel|(H1)| Fix a constant C > 0. Then, we have

1Q(v,y
||R(U7fya’)/t

S (v, v
10¢S (w,y

oo S ol

oo £ Iolloollves vl s + el
oo S Iolloclncllcos

e S lholles, el

~—_— — ~— —

for v e ({ub(R), w € CL(R), and (v,71) € C3(R) x Cup(R) satisfying ||v]|ee < C and
ellos < 5
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4.5.3. CHOICE OF PHASE MODULATION
Assuming that ~(t) satisfies v(0) = vy, we arrive at the Duhamel formulation
t
v(t) 4 Gy (t) = e£o (vg + dlhyyo — Yovo) + /O L= N (v(s),v(s), Dy (s))ds + e (t)o(t)
(4.46)

after integrating (4.43), where we denote

v (¢) = uo(¢ —10(C0) = do(¢),  CE€R (4.47)

As in [56, |63], we make a judicious choice for the phase modulation «(¢) such that the linear
term ¢)y(t) on the left-hand side of (4.46]) compensates for the slowest decaying nonlinear
contributions on the right-hand side of . This choice must be compatible with the initial
condition y(0) = v € C&b(R). Moreover, to ensure sufficient regularity for the subsequent
nonlinear iteration scheme, we require that «(¢) is smooth for all ¢ > 0. Thus, motivated by
the semigroup decomposition , we define «y(¢) through the integral equation

Y(t) = SO(#) (w0 + B0 + To) + / TS0t — )N (w(s). 7(s), By (5))ds
+ (1= x(8))e %y,

where x(t) is the temporal cut-off function from Proposition [4.4.1]

(4.48)

Before establishing existence of a solution (t) to , we argue that our implicit choice for
~(t) indeed possesses the required properties. To begin with, we have v(0) = o, since Sg(t)
vanishes on [0, 1]. Second, since the sectorial operator —821 generates an analytic semigroup on
Cub(R), cf. [73, Proposition 2.4.4 and Corollary 3.1.9], and the propagator Sp(t) is smoothing
by Proposition 4.4.1} it follows that ~y(¢) is smooth for all ¢ > 0. The choice of the analytic
semigroup % , rather than the standard heat semigroup % t is motivated by the need to

control third-order spatial derivatives of «(¢) at short times within our nonlinear argument;
see Remark [£.5.3]

Substituting (4.30)), (4.41)), and (4.48]) into (4.46)), we obtain the Duhamel formulation
~ t
z(t) = S(t)(vo + ¢y0 + ovo) + /0 St — )N (v(s),7(s), dv(s))ds + ¢ (t)v(t)

— (1= X(0) () + kodk(-: ko) )e %ty

(4.49)

for the residual z(t). Recalling that the propagator S (t) decays at rate t~! as t — oo,
cf. Proposition we confirm that our choice of y(t) indeed eliminates the slowest decaying
contributions on the right-hand side of (4.46)).

Remark 4.5.3. Our choice for the analytic semigroup e %t in is motivated by the
structure of the nonlinear terms in the perturbed viscous Hamilton-Jacobi equation, which
governs the leading-order dynamics of the phase modulation (t); see In particular,
the nonlinearity involves a temporal derivative and up to three spatial derivatives of v(¢). To
control these terms in the associated Duhamel formulation, it is crucial that the C’Sb—norm
of 7¢(t), as well as the L>°-norm of v;(t), exists for ¢ > 0 and exhibits a singularity as ¢ | 0
that remains integrable in time. Since we merely assume vy € Clllb(R), this motivates the
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introduction of ™% ‘v0. Indeed, for fixed j € Ny, standard analytic semigroup theory 73]
yields the estimates

_o4 i —o4 _ 347 L _J
[ <o [0 %] St Il 05| S

for t > 0 and v E4C&b(R), which show that the temporal derivative and the first four spatial
derivatives of e "¢ t’yo permit such integrable blow-up behavior as t | 0. So, the term e % t")/()
is tailored to the demands of our nonlinear argument. Alternatively, one could impose higher
regularity on the initial phase modulation g, which allows replacing e % t70 with v in ,
as done in [56).

We conclude this subsection by establishing local existence of a solution ~y(¢) to the integral
equation (4.48). The contraction-mapping argument is adapted from [84] Proposition 4.4],
accommodating large initial data 7o € CL (R), while still requiring that v(¢) remains
sufficiently small to ensure that the nonlinearity in is well-defined.

Proposition 4.5.4. Assume [(H1)| and [(D3)| Let ro € (0,3) be as in Proposition
Let 99 € Cup(R) and vo € Cu(R) with |Vllee < ro. Define ug,vo € Cup(R) by (4.40)
and , respectively. For u and Tynax as in Proposition[].5.1], there exists a mazximal time
Tmax € [1, max{1, Tiax}] such that (4.48)), with v given by (4.18)), has a solution

v € C([0, Tmax); Cop (R)) N CY ((0, Timax ), Cly (R)), 4,1 € Ny, (4.51)

satisfying v(t) = efagt'yg fort € [0,1]. In addition, it holds ||v¢(t)||ec < 7o for allt € [0, Tmax)-
Finally, Tmax < Tmax tmplies

lirrisupH’Yc(t)Hoo =10 (4.52)

or
li?ijip”(”(”’ Oy ()llez, <, = 00 (4.53)
Proof. We delegate the proof to Appendix [£.B] O

Local existence and regularity of the inverse-modulated perturbation v(¢) and the residual

z(t) follow directly from Propositions and

Corollary 4.5.5. Assume |[(H1)| and [(D3)| Let ro € (0,3) be as in Proposition |{.3.1 Let
o € Cup(R) and vo € CLy (R) with [|[7]lee < r0. Define ug,vo € Cup(R) by (4.40) and (4.47),
respectively. For w as in Proposition and v and Tmax as in Proposition the
inverse-modulated perturbation v, defined by , and the residual z, defined by ,
satisfy

v, 2 € C([0, Tmax); Cub(R)) N C((0, Tmax ), C25(R)) N CH((0, Tmax); Cub(R)).

Moreover, the map [0,Tmax) — Cub(R), t — V1t (ve(t),2¢(t)) is continuous. Finally, the
Duhamel formulations (4.46)) and (4.49) are valid for t € [0, Tmax)-
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4.5.4. DERIVATION OF VISCOUS HAMILTON-JACOBI EQUATION

Proceeding along the lines of [84], we derive a perturbed viscous Hamilton-Jacobi equation
governing the dynamics of the phase modulation (t).

As a first step, we isolate all contributions involving 'yg in the nonlinearity in (4.48]). These
terms are critical, as they exhibit the slowest decay. As shown in [84, Section 4.3], the
nonlinearity (4.44]) admits the decomposition

N(v(s),7(s),001(5)) = kg frrc(s)® + Np(z(s), v(s),7(s), 7(5)), (4.54)
where we denote
V(1) = 9y (t) — avc(t),

fp is the 1-periodic function

Ip= %f”(qﬁo)(@m('; ko), Ok (- ko)) + w'(ko)Ockd (s ko) + D(dp + 2koOccrd(+; ko)),

and the residual is given by
Np(2,0,7,7) = Qp(2,0,7) + O Ryp(2,v,7,7) + 0¢cSp(2,0,7), (4.55)
with
p(2,v,7)
= (f(¢0 +v) = f(¢0) = f(¢0)v)v¢ + f (o + v) — f(¢o) = f'(do)v —
+ %f”(ébo)(»% 2) + kore " (60) (2, 05 ko)) + 2kgw’ (ko) e vec Ok

+ 23D (e (86 + 4kodcrd (5 ko)) + 2ko (v, + e vcec ) Ond (s Ko

f"(¢0)(v,v)
3 ko)

).

N |

~— ./

k2 Yecv
R (Zv v,7, ;}7) = _U:? + kOW/ (kO)’y z+ 0 D 73¢/ -5 |
P A A Y.

V2
Sp(2,v,7) = k3D | 2ycz + S .
s

Applying Taylor’s theorem, we obtain the following nonlinear estimate.

Lemma 4.5.6. Assume and|(D3)| Fiz a constant C > 0. Then, we have

195 (2,2, M)lloo < (1vlloo + lIclloo) V113 + (lzlloo + e lloo) 12lloo + el Ivecliea, »
IRp(2: 0,7, M) lloo S Nolloo(IFlloo + l1eclloo) + lzlloo e lloo + e 13,
1S5 (2, v, 7)lloo S N1vlloollellZe + llzlloollelloo

for z € Cyp(R), v € Cowp(R), and (7,7) € C3,(R) x Cup(R) satisfying ||v]|ec < C and
elloo < 3-

Next, we decompose the phase modulation () into a solution y(t) solving a perturbed viscous
Hamilton-Jacobi equation and a remainder r(¢) exhibiting higher-order decay. To this end, we
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use the commutator identities (4.31]) and insert the decomposition of the propagator

SZ( ) and the decomposmon (4.54) of the nonlinearity into Thus after using
and (4.34) to reexpress o (40 —¢oT; (‘I’ofp%) and setting

v = @0.) 1201
we arrive at the decomposition
1) = 30+ 1) (4.56)
with
5() = SR() (v + 2hvo) + el %) (30 — An(¢h)h)
n /0 ! (@02 +adc) (1=9) (v1¢(5)? = B AR (f)0c (1 (5)?) ) s
+ [ 80 = 910209, 006 2(s — [ 84 = Ry (2(5),0(6),7(5), T )

—+ /Ot SZ(t — 8)Sp(2(s),v(s),~(s))ds,
(4.57)

and remainder
r(t) = 82t) (w0 + o + w0) + 8<e<da?+“a<>‘*(Ah<¢a>vo )8 [ 80— 9) (ficl)?) s
430, [N (4 (frc()?) + [ 8006 - 9)Qy((5),(5), 7 (s))ds
— [ 81— R (a(6), 00,20, 5D + [ B2t = ) (2(6),v(5), 2 ()
+ 0 [ 831t = Ry(=(5),0(5),7(6),3()ds + (1= x(B)e 10

+ o2 /0 Sp(t = $)Sp(=(5), v(s), 7(s))ds — 20 /0 Sp(t = 8)Sp(z(s), v(s), 7(s))ds.
(4.58)

Invoking the linear estimates from Propositions and we observe that r(t) accounts
for the contributions in (4.48|) that decay on the linear level. On the other hand, applying the
convective heat operator 0; — d@g — ad¢ to (4.57), we arrive at the viscous Hamilton-Jacobi
equation

(8,5 — d@g — a8<>§ = Vﬂg +G(r,g,z,v,7,7) (4.59)
with perturbation
G(2,v,%,7) = Wwijcre + vrZ = KAL) 0c(08) + ®5Qp(2,v,7) — (9c®F) Ry(2,v,7,7)
+ (8C@O>Sp(z,v,'y).
That is, y(t) is a solution to with initial condition

7(0) = 70 — An(6))v + 5 (vo + 7ovo) € Cun(R).
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By expressing the right-hand side of (4.59)) as

F(z,0,7,7) =072 — K3 Au(f,)0c(72) + B5Qp(2,v,7)
— (0c®5) Ry (2,v,7,7) + (0295) Splz,v,7),

we can interpret equation as an inhomogeneous linear parabolic problem. The inho-
mogeneity ¢ — F(z(t),v(t),v(t),5(t)) belongs to C((0, Tmax), C, (R)) N L ((0, Tmax), Cub(R))
by combining the estimates with Proposition and Corollary Consequently,
regularity properties of y(t) and r(t) = v(t) — y(t) follow from analytic semigroup theory,
cf. |73, Theorem 4.3.11].

Corollary 4.5.7. Assume [(H1)| and [(D3)| Let ro € (0,3) be as in Proposition lm Let
t9 € Cup(R) and yo € CL (R) with ||v)]leo < T0. Define ug,vo € Cup(R) by (4.40) and [.47),
respectively. For v and Tmax as in Proposition[{.5.4] and and for v and z as in Corollary[{.5.5,
the Hamilton-Jacobi variable y, given by and the residual r, given by , obey

7,7 € C([0, Tmax), Cub(R)) N C((0, Tinax), C2,(R)) N CH((0, Tax), Cub(R)).

In addition, the map [0, Tmax) = Cub(R) X Cub(R), t — V (Gc(t), rc(t)) is continuous.

Remark 4.5.8. The decomposition generalizes the corresponding one in [84], where
the initial phase modulation was assumed to vanish identically. Indeed, setting v9 = 0 in (4.57))
and recovers the decomposition used in [84]. Alternatively, by assuming more regular
initial data ¢y € C2, (R), one could employ the simpler decomposition from [5], thereby avoiding
the commutator identities (4.31]) needed to shift derivatives from the nonlinearity onto
the propagators.

4.5.5. APPLICATION OF THE COLE-HOPF TRANSFORM

In the forthcoming nonlinear analysis, we control the remainder r(¢) by estimating the right-
hand side of . For short times, a similar approach allows us to bound g(t) via (4.57]).
However, for large times, this strategy fails due to the presence of the critical nonlinear term
vyc(s)? in , which decays at the nonintegrable rate (1 + s)~! as s — oo. To address this
issue, we proceed as in [5, 84| and eliminate the problematic nonlinear term V@g in by
applying the Cole-Hopf transformation. To this end, we introduce the new variable

y(t) = edv), (4.60)
which satisfies
y € C([0, Timax), Cun(R)) 0 C((0, Tmax), Ciy(R)) N CH((0, Tmax), Cun(R)) - (4.61)
by Corollary [£.5.7 We obtain the convective heat equation
(015 - d@g - a8<)y = 2ureye + g(urg + G(z,v,7, ,7))2/ (4.62)

in which critical yg—contributions are no longer present. Integrating (4.62]), we arrive at the
Duhamel formulation

y(8) = o)y ) 4 [ Q(ERN N 1)y ), 2(6), (), (5), 3 (s)) s, (463
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for t € [0, Tmax) with ¢ > 1, with nonlinearity

v

p] (Vrg + G(z,v,7, 7))y

Ne(ry, z,0,7,7) = 2vreye +

Using Lemma [4.5.6] we readily obtain the following nonlinear estimate.

Lemma 4.5.9. Fiz a constant C > 0. Then, we have

NG 200,73 o S lrclisellvelloo + Iwlloe (el + (lolloo + lcllse)lol%
Flhellen, Inecllen, + olloo (71 + Ireclloo + el

+ ([12lloo + Ielloo) 12lloo + 1l )

for z € C’ulb(R), v € Cup(R), my € CL(R) and (v,7) € C3,(R) x Cup(R) with ||v|l < C and
17¢lloo < 3-

4.5.6. FORWARD-MODULATED PERTURBATION

Since the equation for the inverse-modulated perturbation v(t) is quasilinear, it presents
an apparent loss of derivatives that must be addressed in the nonlinear argument. In order to
control regularity for short times, we iteratively estimate the forward-modulated perturbation
0(t) via its Duhamel representation, which is semilinear and does not suffer from a loss of
derivatives. As a first step, we note that the following existence and regularity properties of

0(t) follow directly from Propositions and

Corollary 4.5.10. Assume|(H1)| and|(D3)| Let ro € (0,3) be as in Proposition|4.3.1 Let
o € Cup(R) and vo € Cly (R) with [[7g]lee < 70. Define ug,vo € Cup(R) by (4.40) and (4.47),
respectively. For u as in Proposition and v and Tmax as in Proposition the
forward-modulated perturbation 0(t), given by , is well-defined for t € [0, Tmax) and
satisfies

& € C([0, Tmax), Cub(R)) N CY ((0, Tinax), Chp (R))

for any j,1 € Ny.

Differentiating 14)(t) with respect to time and using the facts that ¢g and u(t) solve (4.7) and
that v(t) = e %'~y for t € [0,1] by Proposition we derive the semilinear equation

Orb = kg D + wobe + Alyo]d + N(6,7, ) (4.64)
valid for ¢ € [0, 1], with spatiotemporal coefficient
APol(G,1) = F(Go(C +T(C ), TG 1) = (e %"0)¢]
and nonlinearity given by

N (@, 7,7m) = (5 + do(k(7))) = F(do(6(7))) = F'(d0(K))D + B (k(7)) (wore — )
+ ko D (¢0(5(1)vee + 80N (2 + 7)),
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with shorthand notation

I{(V)(Ca t) =(+ 7((7 t)'

Differentiating (4.64]) with respect to space, we obtain an evolution equation for w(t) := (%),
reading

e = kg Dibec + wotbe + Alyoltd + N1, 7, 0y) (4.65)
valid for ¢ € [0, 1], with nonlinearity

NL(@®,7,7%) = L+ 7e) f (b0 (6(7))) (65 (£(7)), B) + ON (8,7, %)

We now state short-time bounds on the temporal Green’s function associated with the
linearized equation

Ot = k§ Dd¢¢ + wode + Alvold. (4.66)

These bounds have been established in [104], using Levi’s parametrix method.

Proposition 4.5.11. Assume . There exist constants C,M > 0 and t, € (0,1] such
that for each o € CL.(R) the temporal Green’s function G: R x (0,t,] x R x (0,t,] — R™*"
associated with is continuously differentiable in its second and fourth coordinate and
twice continuously differentiable in its first and third coordinate. The solution to the linearized
equation with initial condition ©(s) = 0o is given by

o(6t) = [ G690

for all ¢ € R and any s,t € [0,t,] with 0 < s < t. Moreover, the Green’s function enjoys the
pointwise bounds

145 _ (=02
2

GG s)| < Clt—s)” P e T, j=0,1,2

for all ¢, € R and s,t € (0,t,] with 0 < s < t.

Proof. We first observe that the coefficient A[vg] in is uniformly bounded on R x [0, 1],
with a bound that is independent of 7. Since 7y belongs to the interpolation space C&b (R)
of class J1 between Cyp(R) and the domain C%, (R) of the sectorial operator —d2, it follows
from |73 Corollary 2.2.3 and Proposition 2.2.4] that the map [0,1] — Cyp(R), t — Alvo](-, )
is Holder continuous with exponent a € (0, i) Moreover, for each fixed t € [0, 1], we have
Alv](+,t) € CL (R), so the map is also Holder continuous in space with exponent 2«. Thus,
the claim follows directly from [104, Proposition 11.3]. O

Integrating and yields the Duhamel formulas
_ _ t _ o
0.0 = [ Gt 0O+ [ [ GEECHNEE )¢ 5).0n(C9)ds (467

for ( € R and ¢ € (0,t.], and

6.0 = [ G0 5)ic(6 5)al+ [ [ 66N 9,7 5), (G 9)ds
(4.68)
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for (e Randt e [%*,t*], where we chose t = %*, rather than ¢ = 0, as our left integration
boundary in @ , since v¢(t) is only guaranteed to exist for ¢ > 0; see Corollary The
representations @ and , combined with the pointwise Green’s function estimates
from Proposition and the following nonlinear bounds, whose derivation follows directly
from Taylor’s theorem, yield the short-time regularity control needed for the forthcoming

nonlinear analysis; see also Remark

Lemma 4.5.12. Assume|(H1)| Fiz a constant C > 0. Then, we have
[ @) S 1912 + I, + Ielloos

for & € Cup(R) and (v,7) € C2(R) x Cup(R) satisfying ||9]lse, | V¢clloo < C. Moreover, we
have

[N 7,30 S Mollea, + Inellez, + Iellen,

for o € Cyp(R) and (y,7) € CJ,(R) x Ci,(R) satisfying [0, [I7¢lec < C.

4.5.7. FORWARD-MODULATED DAMPING

In order to control regularity in the forthcoming nonlinear argument for large times, we
follow the strategy of |5] and establish a nonlinear damping estimate for the modified forward-
modulated perturbation Z(t) given by . This damping estimate extends the one in [55]
to a pure L°°-setting. It exploits the dissipative structure of the underlying reaction-diffusion
system and relies on the embedding of the uniformly local Sobolev space H&I(R) into
Cub(R); see [94, Lemma 8.3.11].

Before proving the nonlinear damping estimate, we first derive an evolution equation for 2(t).
To this end, we recall that ug(x,t) = ¢(kx —w(k)t; k) is a solution to (4.1)) for all wavenumbers
k € (ko — ro, ko + 19) by Proposition Thus, using that u(t) solves (4.7)), we obtain

&2 = k2D3ec 4+ woie + O(5,7) + R(7, 7, 0ry), (4.69)
with
O(2,7) = F(2+ 6(B()) — f($(B()))
and
R(¥, 4,71

= k3D [y (BO)) (1471 +70) + 7760 = (1 +90)%) + Kb (B
+ 2k by (B(Y)vec (L +7c(1 +7¢) +77¢¢) + @y (B(Y) (vee (1 + 37¢) +v7veee)
+ kodr(B()cee] + kodr(B(1)) (woree — ce)

+ ¢y (B(7)) (wo + kow' (ko)ve — w(ko(1+¢)) = + wo (7? + ’Y’Ygg) — MY — ’Y’YCt)a

where we used

B(’Y)(Cat) = (( =+ V(Ca t)(l + ’}/C(Cvt)); kU(l + ’YC(Cat)))
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to abbreviate the argument of ¢(y; k) and its derivatives. For more details on the derivation
of (4.69), we refer to |5, Appendix BJ.

Since the continuation ¢(-; k) of the wave train ¢y with respect to the wavenumber k is
defined for all k € (kg — 1o, ko + 79) by Proposition it follows from Propositions
and that 2(t) is well-defined for all ¢ € [0, Tiax). Its regularity properties are also a
direct consequence of these propositions and are summarized in the following statement.

Corollary 4.5.13. Assume|(H1)| and|(D3)| Let ro € (0, 3) be as in Proposition|4.3.1 Let
b9 € Cup(R) and o € CLy(R) with ||vlleo < r0. Define ug,vo € Cup(R) by (4.40) and [.47),
respectively. For u as in Proposition and v and Tymax as in Proposition the
modified forward-modulated perturbation 2(t), given by (4.21)), is well-defined for t € [0, Tmax)
and satisfies

2 € C([0, Tmax), Cub(R)) N CY((0, Tinax), Ol (R))

for any j,1 € Np.

We are now in position to establish the relevant nonlinear damping estimate. The proof
follows the strategy of [5, Proposition 4.9], but differs in that damping is induced by the
second derivative across all components, not just in the first component.

Proposition 4.5.14. Assume cmd . Fiz a constant R > 0. Let ro € (0, ) be as in
Proposmonu Let 0o € Cup(R) and Yo € Cu (R) with [|7]leo < 0. Define ug, vy € Cyp(R)
by (4.40) and (| , respectively. Let () and Tmax be as in Pmposition let t, be
as in Proposztwn and let 2(t) be as in Corollary . There exists a Up- and
Yo-independent constcmt C > 0 such that the nonlinear damping estimate

20l < (10l + (¢l + [ o (I + oy,
1
2 5 ()12 2 2 2 2
+ 197z, + 176 lea + )2 (Ine()IZ + 1B (s)1%)) ds) )
(4.70)
holds for allt € [0, Tmax) with t > t. and
swp (11205) ey, + 175 lez, ) < (411)
tx<s<t ub u

Proof. Set ¥ = % We begin by relating the C, -norm of £(¢) to a uniformly local Sobolev
norm. To this end, introduce the window function ¢: R — R given by

2

Q(Q = m,

which is positive, smooth, and L'-integrable. It satisfies the inequality

10O <o) <1 (4.72)
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for all ¢ € R. Applying the Gagliaro-Nirenberg interpolation inequality, we estimate
Iz¢lloo = sup [[o(F(- +y)) 2¢lloo S [I2lloc 4 sup |0 (2(I(- + ¥))2)lloo
yER yeR

2
3
2

92 (e(9(- +))2)

1
S lzlloe + suplle(d(- +9))zl%
yeR
1 2 2
S [zl + l12lI5 | 2]l &0+ suplle(d(- +y))z¢clls
ub yeR

for z € C&b(R). Hence, employing Young’s inequality and rearranging terms, we obtain the

bound

1
1Z@)llcr, S N2l 4 sup Ey ()2, (4.73)
yeR
valid for all ¢ € (0, Tiax ), where we define

E,0) = [ o0(¢+w)lcc( 0 dC

for y € R and t € (0, Tiax)-

We now derive a differential inequality for the energy E,(t). By Proposition and
Corollary [4.5.13] the function t — E,(¢) is differentiable on (0, Tmax). Since the diffusion
matrix D is positive definite, there exists a constant dy > 0 such that the coercivity estimate

(z, Dz) > dy|2|* (4.74)

holds for all z € R". Fix y € R and ¢t € [0, Tmax) With ¢ > ¢, such that (4.71) holds.
Using (4.69)), we compute

%asEy(s) = I +1T (4.75)
for s € [ts, ], where we denote
I= / ¢+ 1)) acé(c, 5), k2DAE(C, 5) + wodE(C, 5)> dc,
1= [ o+ ) (032(C,9), (A, 51,76, 5)) + R, 8), 7€ 8),8:1(6,8)) ) de.
Integrating by parts, we find
1= =43 [ o(0(¢ + ) (2226 5), DE2(¢. ) d¢
- koﬂ/ ¢ +y)) 845(4, s), DOZ2(C, s)> ¢
+an [ o(C+)(2(C ), 082(C.9)) de.

Applying Young’s inequality and the estimates (4.72)) and (4.74]), we obtain a constant C; > 0,
independent of ¢, 09, and 7y, such that

2
1<-%% /R o(0(C + )| R2(C. )] g+ O /R o +u)|R2Cs)[ dc  (@T6)
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for s € [t«,t]. On the other hand, estimating /7 using Young’s inequality and assumption (4.71)),
we find a t-, 0g-, and vg-independent constant Cy > 0 such that

I1<C ( [ etoic+ y>>(\a§s<<,s>]2 + |8<s<c,s>|2)d< + 112() 1% + e ()12,

(4.77)
106, + 176) 2, + eI ()1 + I IZ) )

for s € [t«,t]. Inserting (4.76) and (4.77)) into (4.75), we obtain a t-, 0g-, and p-independent
constant C3 > 0 such that

1 dok?
o _ dokg
2

+ 1957 Ize, + 17 ea, + e 3 (Il + 10:7(9)I1%)

+ [ a0+ ([t o) +10cac. o) d<>

[ o0(¢+ otz e+ C3<||5(8)\<2>o + lhee(s)IiZa,

(4.78)

for s € [t t].

To estimate the last line in (4.78]), we use the interpolation inequality from [5, Estimate (4.30)],
choosing parameters

8(1 + 2n) A3+ 2n)

n € (0, 7), k=2, apg =0 = as, a] = , ay = ,
©.%) n(5 — 2n) 5—2n

resulting in

Zi:/ ¢ +y) ]8] \ dcgw RQ(Q?(C+y))’8?z(C)’2dC

2(2+n)(1 +2n)
n?(5 — 2n)

/R o(W(C + ) |=(O)PdC.

Taking 7 € (0, %) small enough that

2n(3+2n) _ dokj
2n—5 = 2Cs ’

we obtain a constant Cy > 0 such that

Z/ I(C+))|8=(C ]dc_

for z € O3, (R).

Applying the interpolation inequality (4.79) to (4.78]), we conclude that

W [ ool acr e @

0uBy(5) < —Ey(s) + C5(HZ°<S>HZO + lec()liZa, + 10022, + 17012

+ @I (eI + 04051



120 4. LARGE AND NONLOCALIZED PHASE MODULATIONS

for s € [t4,t], where C5 > 0 is independent of ¢, ¥y, and 9. Multiplying both sides by e¢® and
integrating over s € [t4,t], we arrive at

_ bt er 112 2
Ey(t) < e 'Ey(t.) + 05/t e t(HZ(S)HOO + H’ch(S)H?;gb + ||5s74(5)||203b + ||7(5)||C§b
+ H’YC(S)||go(||V<(5)||go + |557(8)|go)) ds.

The damping estimate (4.70) now follows by plugging the latter bound into (4.73) and
using the fact that there exists a constant Cs > 0 (independent of 7y and @g) such that
Ey(ts) < Coll2(t) 22, - O

We conclude this section by recalling the results from [5, Lemma 4.11] and [105, Lemma 5.1],
which state that the C* -norms of the forward- and inverse-modulated perturbations () and
v(t), as well as those of the modified forward-modulated perturbation Z(¢) and the residual
z(t), are equivalent, up to controllable errors depending on 7¢(t) and its derivatives.

Lemma 4.5.15. Fiz a constant R > 0. Let t9 € Cup(R) and o € CL (R) with |||l <
ro. Define ug,vg € C’ub ) by (4.40) and (| -, respectively. Let v(t) and Tmax be as in

Pmposmon_ let v(t) and z(t ) be as i C’orollary- let v(t) be as in Corollarym
and let 2(t) be as in C’orollarym Then, we have

Ollo SN0 + e @) oo, [0 S M) lloo + [I7¢ () loos
for any t € [0, Tmax) with

sup [|7(8)|lec < R. (4.80)
0<s<t

Moreover, we have

120 < 1=®)lleo + e Ol + I (O3

EOIPES Hz Oller, + Iec®ley, + e O

for any t € (0, Tmax) satisfying (4.80)).

Proof. The first two inequalities were proved in [105, Lemma 5.1]. The last two inequalities
follow directly from the estimates established in the proof of |5, Lemma 4.11]. O

4.6. NONLINEAR STABILITY ARGUMENT

In this section, we prove our main result, Theorem [{.1.3] by completing a nonlinear sta-
bility argument based on a quasilinear iteration scheme built around the integral equa-
tions (4.48)), ([.49), (4.58), and (4.63). Short-time regularity control is obtained via iterative
estimates applied to the Duhamel representations (4.67)) and (4.68)) for the forward-modulated
perturbation, while long-time regularity is ensured by the nonlinear damping estimate provided

in Proposition
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Proof of Theorem . Let 79 € (0,3) be as in Proposition Take 6y € Cyp(R) and

[Yollc <M,  Eg:= ||[to]loe + |16l < To-

Define ug,vg € Cyp(R) by (4.40) and (4.47)), respectively.

By Proposition there exist a maximal time Tiyax € (0, 00] and a unique classical solution
u(t) to with initial condition u(0) = g satisfying (4.51)). If Thax < oo, then (4.42)
holds. Moreover, Proposition yields a maximal time Tmax € [1,max{l, Thax}] and a
solution 7(¢) to satisfying (4.51)), v(¢) = e %ty fort € [0,1], and ||v¢(t)]|oo < 70 for all
t € [0, Tmax ). Finally, if 7iax < Thax, then we have or .

Our goal is to prove that Tmax = Tmax = o0 and that wu(t) and (t) satisfy the decay
estimates (4.12), (4.13), (4.14), and (4.15]), where §(¢) is the classical solution to the viscous
Hamilton-Jacobi equation with initial condition ¥(0) = 7. To this end, we define
a template function, controlling the norms of the phase modulation 7(t), the residuals z(t)
and 7(t), and the Cole-Hopf variable y(t), which are defined by (4.41), (4.58), and (4.60),
respectively. We first establish the result for a € (0, %) The case a = 0 then follows a
posteriori.

Template function. Let p: [0,00) — [0,1] be a smooth temporal cutoff function which
vanishes on [0, %] and satisfies o(t) =1 for all ¢ € [t,,00), where , is as in Proposition 4.5.11L
In addition, set Tmax = Min{7Tmax, Tmax - By Proposition , Corollaries |4.5.5 and |4.5.7],
and identities (4.50) and (4.61)), the template function 7: [0, Tmax) — R given by

s 1-2« _
ot (156 + 26) (Ihecee®@ley, + e, ) )

V5 (14 s)77%

n(t) = sup
0<s<t

(Ire(s)lloo + llzc(s)lloo + lIveee(5)lloo)

log(2 + s)
s%(1+8)%_20‘ _ s%(l—ks)%_m
m\h(s)!\m + WHWC(S)”M

+ Vs (14 5)lyc()lloo + (1 + S)Q_QIIWC(S)IIOO] :

is well-defined, continuous, non-negative, and monotonically increasing, where we recall
Y(t) = Oy(t) — ayc(t).

Approach. Fix a € (0, %) Our goal is to show that there exist constants C,ng > 0 such that
the estimates

n(0) < CEg, )< C(Eg+n(®)?), (bl <C (4.81)

hold for all ¢ € [0, Tiax) with n(t) < ng. Set

1
€= min{l m}a.
4C?° 2C
Then, provided Ey € (0,¢), we find that (4.81)) implies that, for any ¢ € [0, Tiax) such that
n(s) < 2CE for all s € [0,¢], we have n(t) < ny and

n(t) < C(B§ +4C2E3”) < 2CEg,
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Hence, by continuity of n and the initial bound n(0) < CEg, it follows that if Ey € (0,¢),
then n(t) < 2CE§ < no for all t € [0, Tmax). The latter, in combination with the last estimate

in (4.81)), precludes the blow-up alternatives (4.42)), (4.52)), and (4.53)), thereby implying

Tmax = Imax = 00. We use the obtained global control of z(¢) and «(t) to subsequently prove
the estimates (4.12)) and (4.13]), where we make use of the norm equivalences established in

Lemma |4.5.15, Finally, we show the bounds (4.14) and (4.15)) by proceeding along the lines
of [84].

In the following, we will establish the key inequalities by bounding the terms in the
template function 7(t) one by one. Since we consider initial data of minimal regularity,
cf. Remark higher-order derivatives may suffer from nonintegrable temporal bounds. To
address this, we often distinguish between short-time bounds, which focus on reducing the
number of derivatives, and long-time bounds, which ensure sufficient temporal decay.

Bound on vy. Inserting into , we express
vo(€) = B0(¢ —70(C)) + ¢o(C —70(¢) +70(¢ —70(C)) — ¢o(C)-

Using the mean-value theorem twice, we obtain the bound

lvolloo < Ilf0lloe + I¢0llolN0lloo M0/l < Eo- (4.82)

Interpolation bounds. We establish bounds on the linear terms involving the initial phase
modulation 7 in the Duhamel formulations of v(t), z(¢), r(t), y(t), and their derivatives. Since
70 is bounded, the standard linear estimates from Propositions [£.4.1)and [£.4.2] provide sufficient
temporal decay. However, since g is not necessarily small, they do not guarantee global-in-
time smallness. To address this, we turn to the modulational estimates in Propositions [£.4.3]
and which crucially exploit the smallness of the derivative 4(. By interpolating between
the standard and modulational linear estimates, we obtain both the required temporal decay
and global-in-time smallness. For a heuristic overview of this argument in a simplified setting,

we refer to
We start by bounding the linear term
Ji(t) = 5(5)(¢n0) — (L= x(0)dhe %"
in the Duhamel representation of z(t). Proposition and estimate yield
1 ()lloo < (1+1)7" (4.83)
for t > 0. Using , we express

Ji(t)
= 0" (gfy70) — ¢t — Kodko (s ko)A S5 (1) (¢h10)

a4 2 2 o4
— 0 (€9 = 0+ S5(0) () — Xl 50 (1) (e(EFN 5y — ) )
Hence, Propositions and [£.4.4] afford the bound

[J1()]lc < (1+¢)E (4.84)
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for ¢t > 0. Interpolating between (4.83)) and (4.84)) and using 0 < Ep <land 0 < a < %, we

arrive at
171 (D)lloe S (1 + 6"+ Eg (4.85)
for t > 0.

We proceed with estimating the linear term

La(t) = (9 — adc Y oL (S (o) + (1 = x(B))e % 50)

in the Duhamel formulation (4.48]) of (0, — aac)jﬁéy(t) for j = 0,1 and [ € Ny with [ < 5.
Applying Proposition [4.4.1] we obtain

2j+l

(0 = a0y aLSp () (@) | _ S (1+1) (4.86)

fort >0, j=0,1, and [ € Ny with [ < 5. On the other hand, the modulational estimates in
Propositions [£.4.3] and [£.4.4] yield

241

|0 = adey LSy 1) (o) | s 1+ 7 By,
H(at —ad)SO(t) () — X' (B @)t | < (4.87)
X,(t) e—agt% _ e(d8§+a8¢)t% S EO

fort >0, j €{0,1}, and | € Ny with 1 <! < 5. Furthermore, we note that

Iio(t) = (9 — adc)Sp () (dhv0) — X/(t)e(dagJF“aC)t% (1) <e(alc‘>§+mag)t7O o agt,y[))
+ (1= x(1)(2 — aa(;)e*@?wo

for t > 0. Hence, interpolating between ( and -, using , and recalling 0 <
EFy<land 0<a< %, we establish

2541
1@l S A +072 PE; (4.89)
fort > 1, j € {0,1}, and | € Ny with 1 < min{j,[} and [ <5.
Finally, we bound the linear terms
214 a4
Tat) 1= 0 (3202) (¢h0) + e 2N (L (6hno) + (1 x(E)e ™0 ).

appearing in the formulas and ( - ) for r¢(t) and yc(t), respectively. By Proposi-
tions 4.1l and [4.4.2] we have

VROl SA+672,  [[B0)]e S (1+8)77 (4.89)
for t > 0. We use , , and to rewrite
244 _ o4
Jo(t) = 0 (52<t> (o) — e( P+t (0 AL (@8 )40) + (1 — x(1))e %o).
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Applying estimates (4.87) and (4.50)) and Proposition to the latter, we arrive at
V|| Rt)llo S VI+tE,  [|1J5(t)llo < Eo, (4.90)

for t > 0. Interpolating between (4.89) and (4.90) and using 0 < Eyp < land 0 <o < ¢, we
obtain

VEITL @l S A+8)722Eg, [ Js(#)]le0 S (1+8) 2 Ef (4.91)

for t > 0.

Bounds on v(t), vc(t) and 9y(t). Let t € [0,Tmax) with n(t) < . We bound v(s) =
2(s) + Or¢(1ko)vc(s) and 9py(s) = (s) — aye(s) as

1

[o()lso S 12()lso + ()0 S (1 4+ 8) 750 (2),
Vallue) oo £ V5 (Ize®)lle + e (len, ) < (1 +5)n(t), (4.92)
010 £ 57176 oo + () loc) < (14 5)3n(2)

for s € [0, ].

Bounds on r(t) and 7¢(t). We start with bounding the nonlinear terms in the represen-
tation (£.58) for r(t) one by one. To this end, let t € (0, Fmax) With n(t) < 1. We employ
Lemma and estimate (4.92)) to establish the nonlinear bounds

1Qp(2(s), v(s), Y(5))lloos [IRp(2(s), v(s), ¥(5), v (5))lloos 1Sp(2(s), v(s), ¥(5)) o
n(s)?log(2 + s) (4.93)
sT(14 )75

<

~

for s € (0,t]. So, invoking Proposition and using 0 < a < %, we obtain

o _ ‘ n(s)* log(2 + 5)
HQ+K;@xp_@ﬁ%@@wi»v@»v@»dsujs[;O_Fﬁ_ﬁHysyl+sﬁmds
<
(1+1)75
(4.94)

and, analogously,

< n)?

e (4.95)

oz [ 3t = 98,2051 o) 25D

for all t € [0, Tmax) With n(t) < 3 and i,m € {0,1}. Furthermore, Proposition and

estimate (4.93)) yield
%

1(s)*log(2 + s)

zlgm [* g0 — 5)9p(2(s),v(s),v(s))ds t s
O R O R e v == s Faee =l
POk
~ V14t

(4.96)
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and, analogously,

. 2
3o [ 81 = 9Roa(6),0(6), 20, 7| 5 A
N 0 ) (4.97)
13 32?@/0 SHE = 9)Sp(2(s),u(s) 7(s)ds| S nl(tJ)rt

for m = 0,1 and all ¢ € [0, Tyax) With 7(t) < 1. Moreover, Proposition affords the bound

o [ AL
~ T+t—s(t—s)2 (1+¢) 220 '
for m = 0,1 and all ¢ € [0, Tax). Using Proposition we subsequently infer
b (a0 - ! n(s)? n(t)?
a / e(d8<+a8<)(t S) A S 2 ds </ dS < I S
H <Jo ( 1(fp) ¢ (s) ) o~ Jo VE—s(1+4s)lm2a T (1+t)%_20‘

02 +adc ) (t—s)

Ha&” /Ot SOt — s)(fp%(s)z)ds

[e.e]

(4.99)

for all t € [0, Tmax). Similarly, exploiting that J; commutes with e(

’ 92 /t (P00 =) (4, (e ()? ) s

0 0o

max{0,t—1} 77(3)2 t 7)(5)2
< d +/ d 4.100
~ /0 (t—s)(1+ s)t—2a ° max{0,t—1} vVt — s(1 + s)1 2 g ( )

, we obtain

< n(t)*log(2 +t)
~o(14t)t2e

for all t € [0, Tmax)-

Next, we establish bounds on the linear term
TL(t) = S2(t) (v0 + S0 + o) + el e 9 (A (¢h)70) + (1 — x(£))e %lqg
in . First, we note that
O¢Je(t) = J2(t) + 8¢S (1) (v + Y5v0)

for t > 0. Hence, using Proposition the estimates (4.50)), (4.82)), (4.90)) and (4.91)), and
the facts that 0 < Ey < land 0 < a < %, we obtain

_ B
(1 4 t)%—Qa
(4.101)

178l VE0c Tl SVI+TE,  VE[0c Tt S

< 1
N VT+t

for ¢t > 0.

Combining the nonlinear bounds (4.94), (4.95)), (4.96)), (4.97), (4.98)), (4.99), and (4.100) with
the linear bounds (4.101)), we estimate the right-hand side of (4.58)) by

1 log(2 + 1)

Il £ e Vil < (B8 +000%) 70

(4.102)

and obtain

< n@)?

[r(t) = L)oo S R

(4.103)

for all t € [0, Tmax) with n(t) < 1.
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Short-time bounds on y(t) and y:(¢). Recalling that the cut-off function x(¢) and the
propagator Sg(t) vanish on [0, 1], we find by (4.48)), (4.56)), and (4.60) that

y(t) = exp(Z (e %00 - r(t))> (4.104)
for t € [0, 1]. Hence, and yield an Ejy-independent constant K, > 0 such that

y((,t) < K, 1< Kuy(c,t) (4.105)
and

Ve llye(®)lloo < K. (B +n()?) (4.106)

hold for all ¢ € R and ¢ € [0, Tnax) with ¢ <1 and n(t) < %, where we used 0 < Ey < 1 and
0<ac< s

Bounds on y(t) and y¢(t). First, we bound the linear term in (4.63)). For this purpose, we
assume that 1 € [0, Tpmax) and 7(1) < 3 and decompose (£.104) at t =1 as

y(1) =y1 + 2

with

vV _H4 v 1% _ a4
Y = exp<d(e aclfyo — J*(l))> (ed( <)1) _ ), Y2 = exp<d(e 841’70 - J*(l)))
Applying the mean value theorem and the estimates (4.50)), (4.101)), and (4.103)), we obtain

Iillse S el <1, |vhll. S Eo.

Thus, using the latter bounds and estimate (4.105)), applying Proposition and recalling
O§E0§1and0<oz<%,weobtain

e(dangaa()(tl)y(l)H S K*7

(4.107)

2
Ha o (402 +adc) (t-1), H < ly2ll&e®llwallse + llyalloo + 194l < E§ +n(t)?
(1+t)z (1+1)z
for all ¢ € [0, Tax) with ¢ > 1 and 7(t) < %, where we used that 7 is monotonically increasing.
We proceed with bounding the nonlinear term in (4.63)). Take t € [0, Tinax) With ¢ > 1 and
n(t) < 1. Define

Y(t) == sup [[y(s)lloo-
1<s<t

Lemma and estimate (4.92)) give rise to the nonlinear bound

log(2 + s)

ING(r(5), y(5), 2(5), v(s5),7(5), 7(5)) lloo S (5)*(1 + Y (2)) R
(1+s)2
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for s € [1,t], where we use n(t) < 1. Combining the latter with Proposition we find a
constant R, > 0 such that

Ha&n te(dagﬂ&)(t_s)f\/}(r(s),y(s), Z(S),U(S),’y(s),ﬁ(s))ds

[e.e]

/ n(s 1+Y ))log(2+s)d8 “p n(t)2(1 + Y (t))
~ (t—s)%(1+s)23 T+

(4.108)

for m = 0,1 and all ¢ € [0, Fnax) with ¢ > 1 and n(t) < 3. Taking suprema with respect to ¢

in (4.63)) and using the estimates (4.107)) and (4.108)), we find an Fy-independent constant
Cy > 0 such that

Y(t) < Cu(1+n®2(1+Y (1)
for all t € [0, Fnax) with ¢ > 1 and 5(t) < 3. This implies
Y(t) <20, (4.109)

for all t € [0, Tmax) with ¢ > 1 and p(t) < min{1,1//C;}. Moreover, the lower bound

in (4.105)) and the fact that ol +ad )t ig o positive operator yield

0 < ol Etade)t g (1) — 1) = K,e(92tade)ty (1) _q (4.110)

for ¢ > 1. Finally, applying (4.107)), (4.108), (4.109)), and (4.110) to (4.63)) and using the
short-time bounds (4.105)) and (4.106)), we obtain an Ep-independent constant M, > 0 such
that

G S Moy Myt =1, Vi@l < Mo(ES+0(t)?) 1+ (4111)

for all ( € R and ¢ € [0, Tnax) With

(t)<1m1n ! ! :
K Vo VERQr20y [ ™

Short-time bounds on (¢ ) and its derivatives We use that v(t) = efagtyg for ¢ € [0, Tmax)

with ¢ <1 by Proposition Hence, (4.50) yields

3~
MMLS%, 1710 < Bo (4.112)

v (®)lloo < 1,
for j =0,1,2 and t € [0, Tiax) with ¢ < 1. In addition, it implies
hecec®ller S For eles S Eo (1,113

for ¢ € [0, Tmax) with & <t < 1.

Bounds on () and ~¢(t). We first consider the case v # 0. Recalling (4.56]) and (4.60)), we
take the spatial derivative of

1(1) = r(0) + Lloa(y (1),
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yielding

dyc (t)

vy(t)

We note that by (4.102) and (4.111]) the above expressions are well-defined and we deduce

V() =re(t) +

d
Y@l < llr(®)lloc + —[log(Mi)] S 1

and

M, B 4 n(t)?
e (®) o < 2O

v =

for t € [0,Tmax) with ¢ > 1 and n(t) < ny. Combining the latter with the short-time
bounds (4.112)) yields
< E§ +n(t)?

Yllee 1, c@llo 8 7377 [%(0)lle S EG (4.115)
(1+1)2

for t € [0, Tmax) With 1(t) < ng, where we use 0 < Ep < 1land 0 < o < %.

1@ lloo < [lre(®)lloc + (4.114)

We proceed with the case v = 0. Recalling (4.56)), we establish bounds on y(t). First, we
invoke Proposition and estimates (4.82)) and (4.91)) to bound the linear term

L(t) = S9() (v + Yvo) + el D) (30— Ay (9h)h)

in (4.57) by
Eg

L@l S 1 10L (00 S 0
(L+)5e

o e

(4.116)

for t € [0, Tmax) with ¢ > 1, where we used 0 < Ep <1l and 0 < a < %. Next, we bound the
nonlinear terms in (4.57)). With the aid of Proposition and estimate (4.93) we establish

</t n(s)’log2+s) o 0(t)’

o [ sttt = )04 (a(5).v(5). 1 (51

o0

and, analogously,

)
e}

7 [ 530 = 9)5y(=(6). 0(5).2(5))ds

2
< n(t)m’
oo T (1+1)2

o [ skt = Ru(a(5), 050700 39|

H&Cn /Ot o (d02+adc) (t=5) (Ah(fp)ac (74(8)2))013

(4.118)
for m = 0,1 and ¢ € [0, Tmax) With ¢ > 1 and n(t) < % Applying (4.116]), (4.117)), and (4.118)|)
to (4.57)), we conclude
< B§ +n(t)?
~ 1

(L41)27

for t € [0,Tmax) with ¢ > 1 and n(t) < % Combining the latter with the short-time
estimates (4.112)) and the estimates (4.102)) on r(t) for large times, we bound (4.56)), arriving

at (L115) for ¢ € [0, Tmax) With n(t) < 3.

WOl 1 ol
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Bounds on 7(t), y¢¢(t), and their derivatives. First, we use Proposition and the
estimates (4.82)) and (4.88)) to bound the linear term in (4.48)) as

j 2t 490 1o
(@ — ety 2ty @) o+ dino +agw) | S A +07H B @)

fort > 1, j €{0,1}, and [ € Ny with 1 < min{j,[} and [ <5, where we used 0 < Ey < 1 and
0<a< i
6

Next, we bound the nonlinear terms in (4.48). To this end, let ¢t € (0, Tax) With n(t) < %
We invoke Lemma and employ the estimate (4.92)) to obtain
R 5 &S <
1Q(w(s), 7(5)) loos [R(w(5), 7(5), F()lows [ S o), v(9)) | S 5255 (4.120)

0o ™ S%(l +3)%—20¢

for s € (0,t] and 7 = 0,1. So, using Proposition and the facts that S, (t) vanishes on
[0,1] and we have 0 < o < &, we infer

t
5/ n(s) s
= T2
oo JO (14+t—s)s1(l+ s)4
< n(t)*log(2 +1)
~ (1_|_t)172a ’

H(at ~ adeya. /0 "9t — SN (0(s), 1(5), By (5))ds

(4.121)

for all ¢ € [0, Tmax) With n(t) < % and j,] € Ng with 2 <[+ 25 < 5. Thus, applying the linear
bound (4.119)) and the nonlinear bound (4.121]) to the right-hand side of (4.48]), we obtain

10666 Ol e, S (5 +n(0) 20

for all ¢ € [0, Tmax) with ¢ > 1 and n(t) < % Combining the latter with the short-time

bounds ([#.112) and (4.113) and using that 0 < Ey <1 and 0 < a < %, we arrive at

1 o log(2 + t) o log(2 +t)
e (oo S (B +77(t)2)(1it)3_2a’ Vel Wl S (B +77(t)2)(1it)5_2a,
(4.122)
and
3, o log(2 +t)
(0] S (B8 +n<t>2)W, -
- log(2 +t) (4.123)
oOccce®) T Oles, xez, S (BS +10°) 7 pysm

for all t € [0, Fmax) with n(t) < 1.

Short-time bounds on §(t) and its derivatives. Let t € (0, Tyax) With ¢ <1 and n(t) < 3.
Using Lemma [4.5.15 and estimates (4.92)) and (4.112)), we deduce

. < < @) 4194

18(s) oo S N0(8)llo + [17¢(8)ll o S (4.124)
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for s € [0,¢]. Thus, Lemma|4.5.12|and estimates (4.112)) and (4.124]) yield the nonlinear bound

A7), 7(5), (s 5 ZBE0E”

for s € (0,t], where we used 0 < Ey < land 0 < a < %. Hence, applying the latter estimate
and the Green’s functions bounds in Proposition 4.5.11| to the Duhamel formula (4.67), we
establish

(¢t ]N/ \/ EodC+t2// ¢ M<i+j>§(E3+n(t)2>d§ds

J (t—s)= st (4.125)
5E0+/Omds§Ea+n()

3
1

for j =0,1, ( € R, and t € [0, Tiax) With t < ¢, and n(t) <
0<a<s.

%, where we used 0 < Ey <1 and
To prepare for the application of the nonlinear damping estimate from Proposition
we also derive a bound on the second derivative of v(t) at time ¢ = t,. For this purpose, we
assume t, € [0, Tax) with n(t.) < % Applying Lemma |4.5.12| once again, while using the
estimates (4.112)), (4.113)), and (4.125)), we arrive at

[ os). (). )| < B+ n(e)?

for s € [%,t.], where we used 0 < Ey < 1 and 0 < a <

Proposition 4.5.11] we bound the spatial derivative of | -

% Combining the latter with
as

=0%

(¢ 1)1 S [ &5 (8 +n(t)?)aC + [ / eM(t*;(Eom(t*) JAcds (4 1)

S E§ +n(t)?

for ¢ € R.

Short-time bound on z(t). Estimates (4.112)) and (4.125)) and Lemma [4.5.15| yield
128l S lo@)llso + 17Dl S N8B + el S ES + n(t)? (4.127)

for t € [0, Tmax) With ¢t < t, and n(t) < %, where weused 0 < g <land 0 < a < %.

Bounds on z(t). Using Proposition [4.4.1 and the estimates (4.50)), (4.82), and (4.85)), we

bound the linear term

To(t) := 8(t) (vo + dyr0 + Yovo) + (1 — () (8 + kodkd (- ko)dc)e % g

in as
)

[Jo(t) oo S (e

(4.128)
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fort > 0, whereweused 0 < Ey < land0 < a < %. On the other hand, using Propositionm
and estimates (4.92) and (4.120]), we bound the nonlinear term in (4.49)) as

[ 3= 9N (00511051, 007 5))ds + 000

O e n(0)? log(2 + )
S +/o (1 " \/m) TR I ST

(4.129)

for ¢ € [0, Tmax) With ¢ > ¢, and 5(t) < . Combining the short-time bound (£.127)) with the
long-time estimates (4.128]) and (4.129)), we arrive at

Hz(t)Hoo ,S (Eg +17(t)2)w

(1+ )20 12(0)lc < EG (4.130)

for ¢ € [0, Tmax) with n(t) < 1.

Short-time bounds on %(t), Z:(t), and z:(t). Recalling the identities (4.19) and (4.21]) and
using that we have ||v¢(t)||cc < 7o by Proposition we find that the mean-value theorem
yields

t3 < 13]|2(t) — (t)

1@l — 190)cs

<t (n%(t)ncﬁb + 17 ®)ll (H’Y(t)HooH‘Z’()Hcﬁb LT N LS ’“>”cf;b>>

kelko—ro,ko+ro0

| .
les,

(4.131)

for j = 0,1,2 and t € [0, Tax) with n(t) < % Applying the estimates (4.112), (4.125)),
and (£.126) to (£.131) and using 0 < Ep <1 and 0 < a < %, we establish

Bl < B+ () (4.132)
for j =0,1 and t € [0, Tinax) With ¢t < ¢, and n(t) < %, and
12t 2, < EG +n(te)? (4.133)

provided t, € [0, Tax] with n(t,) < %

Bounds on %(t), z:(t) and z:(t). Lemma [4.5.15/and (4.115)), (4.122), and (4.130) yield

log(2 +t)
(141¢)t-2

for ¢ € [0, Timax) With n(t) < no. Combining (4.115)), (4.122)), (4.123)), (4.133)), and (4.134]) with
the nonlinear damping estimate in Proposition we deduce

12)l < (B +n(t)?) (4.134)

t o5~ [e} 2 o s 2 %

e N O R e E Y
log(2

< (B3 +00?) 20

(4.135)
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for t € [0, Tax) with ¢t > ¢, and n(t) < ng. Linking the short- and long-time estimates (4.132])

and (4.135]), we thus obtain
log(2 + 1)
VtllZc®ll, S (ES +n(t)?) ———1——
120 S (ES +n(t) ><1+t)é—2a
for t € [0, Tmax) with () < no. Finally, we apply Lemma 4.5.15| and use (4.115)), (4.122]),
and (4.136f) to establish

(4.136)

log(2 +t)

Vil S (56 +000°) 0

(4.137)

for ¢ € [0, Tmax) With n(t) < no.

Bounds on 9(t), v¢(t). Combining (4.115), (4.122)), (4.134)), (4.131)), and (4.136)), we arrive
at

s f;:t)”“’ VIRl S (B +n()(1+0°  (4139)

for t € [0, Tmax) With n(t) < no.

[6()ll

Proof of key estimates. Combining (4.102)), (4.111)), (4.115), (4.122)), (4.123), (4.130),
and , we conclude that there exists a constant C' > 0, independent of Ey, such
that the key estimates hold for all ¢ € [0, Tmax) With n(t) < 9. Now take Ey € (0,¢).
As previously argued, this implies

n(t) <2CE§ <no,  [(8)]le < C (4.139)

for all ¢t € [0, Tmax), thereby ruling out the blow-up scenarios (4.52]) and (4.53]), and hence
ensuring Tmax = Tmax = dmax. S0, shows that u(¢) remains uniformly bounded on
[0, Tmax ), excluding the blow-up alternative and establishing that Tnax = Tmax = 00.
Finally, the bounds (4.134), (4.136)), (4.138)), and (4.139) yield the estimates and (4.13).

Optimal temporal decay rates. It remains to obtain the estimates (4.12]) and (4.13) for the
case a = 0. Here, we make use of the fact that we have established

n(t) <2CE§,  t>0, (4.140)
for a fixed & € (0, %) First, we apply Propositionand employ ([4.105), (4.108), and
to bound the right-hand side of as
1

VIi+i

for ¢ > 1. The latter, together with (4.114) and (4.140)), yields
1

Vi+t

for t > 1. Therefore, Proposition and estimates (4.92)) and (4.140)) result in the nonlinear
bounds

19 ()lloo S

e @)oo < (4.141)

FS(w(). ()| < (11+)

1
<
e(s)o(s)llee S 17

1Q(v(5), ¥(8))lloos [R(v(s),7(), 7(5)) | oo ’
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for all s > 0 and j = 0,1. This shows that the estimates (4.121]) and (4.129)) hold for a« = 0
and ¢t > 1 (with n(t) replaced by 1). Applying the latter bounds, estimates (4.50|) and (4.82)),
and Proposition {4.4.1] to (4.48)) and (4.49), we arrive at

log(2 +t)
1+t

for t > t,. Next, we observe that Lemma [4.5.15(and the estimates (4.115)), (4.141)), and (4.142))
yield

12(0)loes 1 (rec (0,7 WD s, s < (4.142)

. log(2 + 1)
Al < 2BETY
20 5 B2

for ¢t > t.. Combining (4.115)), (4.133)), (4.141)), (4.142)), and (4.143)) with Proposition |4.5.14
we find that estimate (4.135]) also holds for & = 0 and ¢ > ¢, (with n(¢) replaced by 1). This

leads to the bound

(4.143)

log(2 +t)
2(t S —=— 4.144
£y, $ B2 (4.144)
for t > t,. Finally, (1.115), ({.131)), ({{.141), ({.142), and (E.144) yield
1
(¢ < 4.145
5Ollcs, S < (1.145)

for t > t.. It follows from (4.141)), (4.142)), (4.143), (4.144), and (4.145)) that the esti-
mates (4.12) and (4.13)) also hold for the case o = 0.

Approximation by the viscous Hamilton-Jacobi equation. We begin with establishing auxil-
iary bounds for short time. We use Propositions and [£.4.4] to establish the modulational
bounds

(1=x(t))

SO(t) (¢70) — x<t>e<da?+“3@‘)tvoH < Eo.
> (4.146)

o4 2
o agt%_e(daﬁaag)t%H < F
oo

for t > 0. On the other hand, given « € (0, %), Propositions |4.4.1) and [4.4.2| in combination
with the estimates (4.120) and (4.139) yield the nonlinear bounds

/Ot Sg(t — 5)N(v(s),7(s), Oy(s))ds

; 2
5/ #dsﬁEgaﬂ*'t)m
< T—2a
oo JO s1(l4s)1
Ay
o TJo (t—s)T(1+s)1720 T (1 4¢)2 2

t
Hagn /0 e(d82+a8<)(t—s)7<(8)2d8

fort > 0and m =0,1.

Having established the auxiliary bounds (4.146|) and (4.147)), we follow the approach of

and distinguish between the cases v = 0 and v # 0. We begin with the case v # 0. Since

2
e A0Ha00t 4 o positive operator, we have the pointwise estimate

TN < () <efM, (t) = T (o) (4.148)
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for all ¢ > 0. One readily verifies that the function ¥ € ) defined by

(1) = S log(i(1)

is a classical global solution to the viscous Hamilton-Jacobi equation (4.10) with initial
condition ¥(0) = 7o € CL, (R). Hence, it satisfies the Duhamel formula

t
3(t) = el @0E+ad)y 1y, /0 (402 +ade)(t=s) (fuyg(s)Q)ds (4.149)
for t > 0. Moreover, the pointwise bound (4.148|) and Proposition yield

N N . 1
F®lloo = M, el T B0 1Ol S 777

for all ¢ > 0. We observe that the bounds on 7(¢) and ¥(¢) in (4.12) and (4.150)) readily imply
the estimates (4.14) and (4.15]) in case o = 0. Therefore, we focus on the case a € (0, %) By

Proposition and the bound (4.150)), we obtain

t
Hag% /0 o(40E+ade) (t=s) (*vyg(s)Q)dS

(4.150)

t E2a E2a
g/ - ds < —25—  (4.151)
0 (t—s)2(1+s)t@ (I+¢t)27

o0

form = 0,1and ¢ > 0. Applying Proposition|4.4.1} employing estimates (4.82)), (4.146)), (4.147)),
and (4.151), using 0 < Fp < land 0 < a < %, and inserting the Duhamel formulas (4.48))
and (4.149)), we arrive at the short-time bound

Iv(®) = 7Ol < B3 (1 +1)* (4.152)

for all ¢t > 0. On the other hand, using Proposition 4.4.2] the identities (4.57) and (4.149)),
and the estimates (4.82)), (4.117), (4.118), (4.139), (4.147), and (4.151)), we deduce

oz @) —5()||_ < B

oo

for m=0,1, where weuse 0 < Fp < land 0 < a < %. Hence, using the mean-value theorem
and the bound (4.150)), we obtain

o — s, = flor (80 —F )] < 5

for m = 0,1. Combining this with the identities (4.63) and y(t) = e(dangaaC)(t_l)gj(l),
Proposition and the estimates (4.108]) and (4.139)), we infer

Jeze® -5, 5 o (4159)

for m = 0,1 and ¢ > 0. Finally, applying the mean-value theorem, using the identities (4.60))
and (4.56)), and the bounds (4.102)), (4.111)), (4.139)), (4.148)), and (4.153]), we obtain

1
(148272 (4.154)
VElet) =3 S VEllre®lloo + llye(t) = dc®)ll..) < B

4
for all t > 0, where we use 0 < Ey < 1and 0 < a < %. Thus, using [(.152)) for E5 (1 +1)? <1
and the first bound in (4.154)) for (1 +¢)~2 < E}, we establish the first inequality in (4.14)),

17(#) = YOl < Ir®)lloe + [ly(t) — 50l S EG +
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where we use 0 < a < %. On the other hand, using (4.112) and (4.150) for short times
t € [0,1] and the lower bound in (4.154) for large times ¢ > 1, we obtain the second inequality
in (4.14). Finally, estimate (4.15]) follows from (4.14)) with the aid of the mean-value theorem.

We now consider the case v = 0. Then, the function ¥ € ) defined by
’L}//(t) — e(d8§+a8<)t70

is a classical global solution to (4.10) with initial condition ¥(0) = v € CL (R). Again it
follows from Proposition and the bounds (4.12)) that the estimates (4.14]) and (4.15) are

trivially satisfied in the case o = 0, allowing us to focus on the case a € (0, %) On the one hand,

Proposition the estimates (4.82)), (4.146)), and (4.147)), and the representation (4.48])

yield the short-time bound
7 () =50 S E5*(1 +1)* (4.155)

for all t > 0, where we used 0 < Ey < land 0 < a < é. On the other hand, invoking the

identities (4.56)) and (4.57)), applying Proposition and using the bounds (4.82)), (4.102)),
(4.117), (4.118), and (4.139)), we obtain

I7(®) = YD) lloe S lIre()lloe + 15(8) = YD)l S EG +

b
<1+t)%—2a’
Ve ®) =3l S lre®lloo + 17 = e )l S EG

for t € [0,1], where we again use 0 < Fyp < 1 and 0 < a < %. Similarly as in the case

v # 0, we combine the latter with the short-time bounds (4.112)), (4.155)), and ||¥¢ ()| S Eo
(cf. Proposition |4.4.2). This results in the estimate (4.14]), which once more implies (4.15]) via

the mean-value theorem. O

4.7. DISCUSSION AND OUTLOOK

We discuss the wider applicability of our method and outline potential directions for future
research.

4.7.1. ADAPTATIONS TO OTHER DISSIPATIVE SYSTEMS

We anticipate that the modulational stability framework developed in this paper extends
beyond the class of reaction-diffusion systems and applies to diffusively spectrally stable
wave trains in other dissipative problems, provided that the linearization about the wave
train generates a Cp-semigroup on Cyp,(R) whose high-frequency component is damped. A
key observation is that the structure of the critical low-frequency component S(¢) of the
semigroup is determined by the diffusive spectral stability assumptions [(D1){(D3)}, rather
than the specific structure of the underlying equation. As a result, the linear estimates on
modulational data derived in are expected to carry over to a broader class of systems.
This suggests that our method may even extend to certain dissipative quasilinear problems,
provided that one obtains sufficient regularity control within the nonlinear iteration scheme.
Such control may be established via nonlinear damping estimates, as in [88]. Alternatively, if
the quasilinear equation is parabolic, one may use pointwise Green’s function estimates |52}
104]; see [84, Section 6.6] for further discussion.
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An interesting and more delicate challenge arises when additional conservation laws are present,
as in the St. Venant equations for shallow water waves [58]. In such cases, the spectrum of
the linearization about the wave train possesses an additional critical mode at the origin,
thereby violating the spectral assumption This changes the nature of the leading-order
modulational dynamics: instead of being governed by the scalar viscous Hamilton-Jacobi
equation , it is described by a Whitham modulation system that captures interactions
among multiple critical modes; see [59]. This precludes a straightforward application of the
Cole-Hopf transform and poses a significant obstacle for extending the current analysis.

4.7.2. EXTENSION TO MULTIPLE SPATIAL DIMENSIONS

We conjecture that our modulational stability results extend to roll waves in reaction-diffusion
systems in higher spatial dimensions. These roll waves arise by trivially extending a one-
dimensional wave train in the transverse directions. We believe that the core techniques
employed in our analysis, such as the Cole-Hopf transform and the detailed decomposition
of the linear semigroup, remain valid in this higher-dimensional setting. While we do not
expect fundamental differences in the modulational behavior of roll waves compared to the
one-dimensional case, we do not anticipate that our framework can be lightly adapted to study
fully nonlocalized modulations of the planar periodic patterns studied in [75], or their higher-
dimensional counterparts. The reason is that the leading-order dynamics of the modulations
of such periodic patterns, which are nontrivial in any spatial direction, are governed by
systems that differ qualitatively from the viscous Hamilton-Jacobi equation. These may
include hyperbolic-parabolic systems, models with cross-diffusion, or anisotropic systems
with dispersive effects; see [75] for more details. Developing an L*°-theory for such periodic
patterns therefore remains an open problem for future research.

4.7.3. UNBOUNDED INITIAL PHASE MODULATIONS AND WAVENUMBER OFFSETS

We expect that it may be possible to allow initial data v € BMO(R) with v € Cyp(R),
where BMO(R) denotes the space of functions of bounded mean oscillation. This expectation
is motivated by the estimate H@getag 9o S 3 llgllBMo, which enables interpolation on the
critical linear terms in the Duhamel formulation. In particular, this suggests that the initial
data vy may be spatially unbounded. We note that, for the application of the Cole-Hopf
transform in case v # 0, it may be necessary to additionally assume that ed? BMO(R).
This condition still permits vy to be spatially unbounded. Furthermore, restricting to v = 0, we
expect to allow for algebraic growth of yg at rate |z|® as & — 4oo0 by assuming LP-localization

of the derivative 7. Here, 5 > 0 is sufficiently small and ﬁ <p < o0.

A further open question is whether wavenumber offsets can be permitted in settings where
the phase modulation grows linearly at spatial infinity. For plane wave solutions in the real
Ginzburg-Landau equation, this question has been answered affirmatively in [16, 37]. We refer
to |84} Section 6.3] for further discussion.
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4.A. APPENDIX: TECHNICAL LEMMAS FOR LINEAR ESTIMATES ON
MODULATIONAL DATA

This appendix is devoted to technical estimates underlying the L*°-bounds on modulational
data in Our first result is a variant of the low-frequency estimate established in |84,
Lemma A.1], addressing the case of a spatially periodic integral kernel. Following the treatment
of modulational data in [56| 63|, we make use of a Fourier series expansion of the periodic
kernel.

Lemma 4.A.1. Let my € Ny, mg € {0,1}, and & € (0,7]. Let A € C((—¢&o,&),C) and
Fe C’(R3 X [1,00),C). Suppose that there exist constants C,p > 0 such that

i) N(0) € iR;
Re A\(€) < —u&? for all € € (=&, &0);

ii)

iii) supp(F(-,¢,(,t)) C (—€o0,&0) for all (,C € R and t > 1;

) F is twice continuously dzﬁerentzable in its ﬁrst argument and 1-periodic in its third
argument such that ||8€F &¢,-,
(=0,1,2;

v) if mg =0, then [y F(€,¢,¢,t)d¢ =0 for all € € (—&o,&), C €R, and t > 1.
Let a € R be such that N'(0) = ai. Then, the estimate

iv

||L2 01) = Cts for & € (=£0,6), € R, t > 1, and

t)\(£ §m1+m2F(§ C t) ig(-— dgdCH < t H’U Hoo

holds for each t > 1 and v € CL, (R, R).

Proof. Expanding the 1-periodic function F'(&,(,-,t) as a Fourier series and subsequently
integrating by parts, we obtain

/ / MO gmitma pe ¢ ¢ )iy (0)dedl
R
=30 [ [ O (B (g €, 0,68 g S CT IR0l (4 156)

JEZL ’

=i [ [ eNO(emmhg(,¢,¢.0) €M (6,¢,C.0) I v ()l
R JR
for  €R,t>1, and v € C, (R, R), where we denote

2mig-
(FE G ™ ) 1a0) amige
2mj — &

hO(ﬁanga t) e Z

JE€Z\{0}

and where

_ 1
hl(ga Cv C? t) = <F(£7 Ca ) t)7 1>L2(0,1) = /0 F(£7 Ca Y, t)dy
vanishes identically in case my = 0, by hypothesis v). By Hypothesis iv), we have

< t3 (4.157)

[otme.c. 0| <||otree.c.

£2(0,1)
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for £ € (—&p,&), ¢ € R, t > 1, and £ = 0,1,2. On the other hand, hypothesis iv) in
combination with an application of Holder’s and Bessel’s inequality yields

<F(€aC7'7 )7 2 >L2(0 1)
HhO(g C? 9 )Hoo —
aezz\{f)} S (4.158)
1 2
< Pt g e —ar) St
L (071) (]EZZ\:{O} (27T.] - 5)2)

for £ € (—£0,&), ¢ € R, and ¢ > 1. Similarly, computing

o 10\ 0
%(%m£>_(%vsvﬂ

for j € Z\ {0} and using hypothesis iv), we bound

1
! < Cts (4.159
L2(0,1) Z (2mj — &)2m+D) |~ (4.159)

lothote. .0 5 3 [ Fie ¢, )
m=0 jez\{0}

for £ € (=&0,&), C€R, t>1,and £ =1,2.

Let m € Ng and ¢ € {0,1}. Proceeding as in [84, Lemma A.1], we use integration by parts to
rewrite the integrand

Hg&w:‘@ Oy (¢,¢, E 1) ag

n (4.156) as

(= (+at)?)

1
I<<,<,t>=<1+ . )(I<<,<,t>+fz<c,<,t>) (4.160)

for t > 1 and ¢, ¢ € R, where we denote

I(¢, ¢ t) = 1/}1{{82( EMO=N O gmp, (¢ ¢, C, t))eif(c—§+at)d§_

To bound the first integral on the right-hand side of (4.160)), we use hypotheses ii) and iii)
and estimates (4.157)) and (4.158]), yielding

.80 /

for t > 1 and ¢,¢ € R. To bound the second integral on the right-hand side of ([.160]), we
first observe that, by hypotheses i) and ii), estimates (4.157)), (4.158)), and (4.159)), and the
fact that A € C%((—&, &), C), it holds

gmet )| de </ €me e <t (4.161)

02 (et NO-NOOgm ¢, ¢,¢ 1))
N (l&!mt(l +[EIVE+ fzt) + m!f\m’lx/i(l + yg|\/£) + m(m — 1)|§\mf2)efus2t
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for £ € (—=€o,&), t > 1 and ¢, ¢ € R. Therefore, using hypotheses ii) and iii), we establish

.85 [l (1+1vE+ &)

(m—1) (4.162)

+ Dl (14 161VE) + Tt g s

for (,¢ € R and t > 1. Applying the estimates (4.161)) and (#.162) to (4.160]), we arrive at

1 _ 2\ —1
1¢.C.o| <t (”W)

for ¢, € R and ¢ > 1. Finally, we use this pointwise bound to estimate the right-hand side

of (4.156), yielding

- -1
/R/Ret/\(é)§m1+mzp(€,<757t)ei§(C—C)v(§)d§d§’ S/Rt—ml;l <1+(€_Ct+at)2> [V llocdC

m
St 0|

for € R, t>1, and v € C, (R, R), which concludes the proof. O

The second technical estimate is a slight modification of the high-frequency bound established
in [51, Lemma A.2].

Lemma 4.A.2. Let &,d >0 and a € R. Let F € C% (R,R) be supported on R\ [—&o, o).
Then, there exists a constant pg > 0 such that we have

/R/Reig('@+(ai€dé2)tF(5)d5”(QdCHm < <1+\2>e—uot”z}nm

forve Cyp(R,R) and t > 0.

Proof. We follow the strategy of the proof of [51, Lemma A.2] and use integration by parts to
rewrite the integrand

1¢Gt) = [ tmOH i) p()ag
R
as
_ 1 B ) . _
I(¢, ¢, t) = - I1(C Gt + | 92(e 7t R (g) ) el Fatlqe (4.163)
1+<C—C+at>2< /Rg( ) >
for ¢, € R and ¢t > 0. We compute
02 (e*dﬁth(g)) = ot (F”(g) — AdtEF' (€) + 2dtF (€) (2dt§2 - 1))

for £ € R and ¢t > 0. We estimate

y _dg2y_de2 1 _dp
1@¢Cn|s [ e R P S — e P
R\[—€0,60] Vi

Jor( @) tag s [ H (e ) Pl s
R R\[—£o0,¢o] "

1
S (Vit 25 )e t8 Py,
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for ¢, € R and t > 0. Applying these estimates to the identity (4.163), we arrive at

,Eéﬂt B 1
©aq 5 [ (Vi o) e acg (14 et
1+ (¢—C+ at) Vi
for ( e R, v € Cyp,(R,R), and ¢ > 0, which yields the desired bound with py = %fg. O

4.B. APPENDIX: LOCAL EXISTENCE OF THE PHASE MODULATION

We establish existence of a maximally defined solution (t) to the integral equation (4.48) by
employing a contraction-mapping argument.

Proof of Proposztzon_ It follows from standard analytlc semigroup theory [73] that the
orbit map I' € C([0, ), CL (R)) given by I'(t) = e~ ot Yo enjoys the regularlty property
I € G7((0,00),CLy (R)) for all j,l e NO and it obeys the estimates ) for all ¢t > 0. In

particular, it holds [|0:I'(t)||oc = \|e_8<tfy(’)Hoo < 176 lloo < 7o for t > 0. Slnce the propagator

Sg(t) vanishes on [0, 1], the function I'(¢) solves (4.48)) for ¢ € [0,1]. Hence, we have Tyax > 1.

Next, assume Tmax < Tmax- AS Tmax = 1, we must have T > 1. Take tp > % and
8,m > 0 such that tg + 6 < Tinax and 77 < 1g. Let ¥ € C([0,t0], CL,(R)) N C((0,t0], C2,(R)) N
C((0,to], Cup(R)) be a solution to (4.48) with H'ng(t)Hoo < rg—nforallt € [0,ty]. Let R > 1be

such that [|(¥(t), Oxy(t ))ch ><C’ < R for all t € [%,t9]. We argue that ¥ can be extended to a
solution yext € C([0, to + 5T )) NC((0,t0 + 5] C2 (R)) N CL((0,t0 + 8], Cup(R)) to (A.48))

which satisfies [|0¢Yext ()] oo S rg snforallt € [0, t0+5] and || (Yext (%), at%xt(t))”(]?bxcub <2R

for all t € [%, to + ¢]. To this end, we close a contraction mapping argument in the metric
space
M ={(v,7) € Clfto, to + ), C24(B) x Cun(B)) ¢ [1ye(B)low < 70 — 1 and

1)) 2, < < 2R for t € [t0,t0+ 3]

endowed with the metric from the Banach space C ([to, to + 6], C2,(R) x Cyup(R)).

Applying the mean-value theorem and Proposition it follows that V': Cyp(R) X [to, to +
0] = Cup(R) given by

V(v 1)[¢] = u( —v(¢);t) — ¢o(C)

is continuous in t and fulfills

V(1) = V(T )l < lluc®lloolly = oo

for 7,7 € Cup(R) and ¢ € [to,to + 0]. Therefore, setting IC = {(7 1) € C4 (R) x Cyp(R) :
1Y lleo < 70 — 1n, H(’y,’yt)chbxcub < 2R} and recalling (4.45)), the nonlinear maps K x

[t07t0 + 5] - Cub(R)u (’Y;'Yt,t) = Q( ( s )7’y),R(V(’y,t),’y,’)/t),S(V(’%t),’)/) are bounded,
continuous in ¢, and Lipschitz continuous in (v, y;).

Since the propagator Sg(t) vanishes on [0, 1], it must hold ¥(¢) = I'(¢) for all ¢t € [0,1].
We show that the action of the nonlinearities on I'(t) is well-defined. Thus, applying the
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estimates (4.50)), using that ¢ — ||u(t)||s is bounded on [0, 1], and noting that R(v,v,7:) is
linear in v and v¢¢, we establish

_3
IQVI(#), ), T'(t))loo, IS(VT(®), ), TW)loo S 1, IR(VI(#),2), T(#), AL (1)) o < 7%
for all t € (0,1]. Combining the latter with (4.44) and Proposition we arrive at the

estimate

1
7 80— 9NV (D(s),),T(5), DT (5))ds / s <1
0
for all t > 0.

Finally, we observe that, by Proposition the propagators 8f52(t)82: Cup(R) = CL (R)
are t-uniformly bounded and strongly continuous on [0, 00) for any i,l,¢ € Ny. A standard
contraction mapping argument, cf. [79, Theorem 6.1.2], in the complete metric space M yields
a unique solution (vy,v:) € M to the integral system

y(t) = S3(t) (vo + dhv0 + Yovo) + (1 — x(£)T'(t)

+ Sp(t = N (V(1(s). 5),7(s), 7(s))ds,

Ye(t) = 85y () (vo + dhr0 +Y6v0) — X (OT(8) + (1 = x(1)) T (¢)

Nl= —

8t50 t—s)N(V(I'(s),s),['(s),0s(s))ds

+ /[, &gSO(t — )NV (¥(s), s),5(s), 0s7(s))ds

2250 )
+ [ 880 — NV ((s), 8),4(5), 2(s))ds,

to

provided ¢ > 0 is sufficiently small.
By construction, we have v € C([to, to + 8], Cub(R)) with 8yy(t) = y(t) for all ¢ € [to, to + d].

Consequently,
Y(t), te€]l0,to),
= [0t D)
v(t), t€ [to,to+ 9],

defines a solution to (4.48), which extends . It satisfies the estimate ||O¢Yext(t)|/co < 70 for
all t € [0,tg + 0]

As shown in |22, Theorem 4.3.4] and [79, Theorem 6.1.4], this extension procedure yields the
existence of the desired maximal solution 7(t). Its regularity properties then follow by the
fact that the propagators 9fS9(t )82: Cub(R) — C'\ (R) are t-uniformly bounded and it holds
I € C((0,00),C, (R)) for allz,l,ﬁENO. O

End of Paper






CHAPTER b

NONLINEAR DYNAMICS OF PERIODIC LUGIATO-LEFEVER
WAVES AGAINST SUMS OF CO-PERIODIC AND LOCALIZED
PERTURBATIONS

With slight changes, this chapter is the content of the preprint [2]. We add an appendix where
we introduce the space L2, (0,T) & L*(R).

per

Start of Paper

Abstract. In recent years, essential progress has been made in the nonlinear sta-
bility analysis of periodic Lugiato-Lefever waves against co-periodic and localized
perturbations. Inspired by considerations from fiber optics, we introduce a novel
iteration scheme which allows to perturb against sums of co-periodic and localized
functions. This unifies previous stability theories in a natural manner.

Keywords. Nonlinear stability; Periodic waves; Lugiato-Lefever equation; Non-
linear Schrodinger equations; Nonlocalized perturbations; Tooth problem
Mathematics Subject Classification (2020). 35B10; 35B35; 35Q55

5.1. INTRODUCTION

We study the Lugiato-Lefever equation on the extended real line
Ou = —Bid%u — (1 +ia)u+iulPu+ F, Be{-1,1}, aeR, F >0, (5.1)

for u : R x [0,00) — C, which is a model from nonlinear optics [25]. An important observation
is that the principal part —Bi0%u is dispersive while the damping term —u causes energy
dissipation. The forcing term F' again adds energy to the physical system and allows for
pattern formation as predicted by Lugiato and Lefever in |72]. The most fundamental patterns
such as pulses, small-amplitude or dnoidal periodic waves are found in [10, [12} |40} 101] and
in [28] and [44], respectively. Recently, in [13], the authors have obtained large-amplitude
periodic waves.

In this paper, we prove nonlinear L*°-stability of T-periodic standing waves against initial
perturbations from the space L2 (0,T)® L? (R)ﬂ under diffusive spectral stability assumptions.

per
These spectral assumptions are only established in [13] and [28].

We emphasize that sums of periodic and localized perturbations are not necessarily localized
or periodic and thus our result is a nontrivial unification of the theories [96] (co-periodic) and
[46] (localized). For the precise formulation of our main result, we refer to §5.2.5)

!The term @ denotes the direct sum, that is for every u € Lf,cr(O,T) @D LQ(]R)7 we find precisely one
w € L2,.(0,T) and v € L*(R) such that u = w + v.
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In view of fully nonlocalized perturbations, the recently developed nonlinear stability theory
for dissipative semilinear systems [5] is not immediately applicable to all pattern-forming
semilinear systems such as the Lugiato-Lefever equation. From this perspective, the present
paper is the first to accommodate nonlocalized perturbations and to combine H}l)er(O,T )-
and H*-theory. On the other hand, considerations from fiber optics, see [67] and Remark
[5.2.1] where combinations of localized and co-periodic effects naturally occur, motivate the
investigation of these types of perturbations. Interpretating the Lugiato-Lefever equation as
a variant of the cubic nonlinear Schrodinger equation, a related inspiration for this paper
comes from the so-called tooth problem asking whether solutions of the nonlinear Schrédinger
equation with not necessarily small initial data from L2  (R) @& L*(R) exist globally; we refer
to [69] and [24] for answers to the tooth problem and background information.

Our central challenge is to develop the right modulational ansatz to make a nonlinear iteration
argument close. Inspired by [47], we introduce both a temporal and a localized spatio-temporal
phase modulation to capture the critical dynamics of the perturbation induced by translational
invariance of . Moreover, we employ novel L?-L>®-estimates in the nonlinear iteration
argument to control the interaction between the periodic and localized components of the
perturbation. For more details on the strategy of the proof, we refer to §5.2.6] The outlook
section is devoted to the robustness of our approach as well as its possible extension to
periodic wave trains in viscous conservation laws where the handling of fully nonlocalized
perturbations is similarly challenging as for the Lugiato-Lefever equation but for different
reasons. In case of the Lugiato-Lefever equation, a crucial difficulty towards extending to a
fully nonlocalized stability result is to choose a suitable class of perturbations which contains
all C'*°-functions. The generic space of perturbations is given by

R)={f:R— C: fis m-times differentiable with uniformly continuous derivatives},

m € N, whenever studying reaction-diffusion systems [5|, 51, 84]. The solutions of with
initial data in H} (R) & H'(R) naturally lie in Cy»(R) due to Sobolev embedding. However,
it is shown in [14] that ¢ — ||e?%tyq|| 1 blows up in finite times for certain ug € Cyp(R) and
therefore it is convenient to study other spaces than Cyp(R) to approach a fully nonlocalized
stability result for the Lugiato-Lefever equation . More suitable variants are given by the

so-called modulation spaces M ;(R), m € Ny, which are introduced in [42]. We discuss such

an extension in §5.6.4

5.2. PREPARATION AND MAIN RESULT

We reformulate the Lugiato-Lefever equation as a semilinear system with a C-linear part by
splitting into real- and imaginary variables. Then, we construct perturbed solutions with
initial data in L2_(0,7) & L*(R) and derive the associated perturbation equations. At the
end of this section, we impose spectral properties and formulate our main result.

5.2.1. REFORMULATION AS REAL SYSTEM

As |ul*u is not differentiable with respect to u € C, we introduce u = (u,,u;)? :=
(Re(u), Im(u))T : R — R? which transforms (5.1 into the real system

-8 0 —a 0 F
ut:j<<0 _B>um+<0 _a>u>—u+N(u)+<0>, (5.2)
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where
(0 -1 2 B —u?—u%ui
‘7_(1 0), N(u) = |u Ju_(uru?—&—u;rf)'

5.2.2. THE PERTURBED SOLUTION IN L2 .(0,T) @ L*(R)

We assume the existence of a periodic standing wave.

(H1) There exists a smooth, nonconstant and T-periodic stationary solution ¢¢ : R — C of
&)

We set ¢ := (¢, 9i)T := (Re(o), Im(¢p))? : R — R? and construct a solution of ([5.2)) with
initial datum ¢ + wo + vp in L%er(O,T) @® L*(R) with wy € L%er(O,T) and vo € L*(R) by

following the strategy of [69]. We first solve

B -8 0 —a 0 W wre (F
wt_j((o _B)Wxﬁ(o _a>w) A >+<0> .

w(0) = ¢+ wo

in L2_.(0,T). Then, we transfer from the solution w of |) to a solution u of {) with

per

initial datum ¢ 4+ wg + v by solving the perturbed problem

v(0) = vo.

In summary, if we solve (5.3)) and (5.4)), then u = w + v is a solution of (5.2]) with u(0) =
¢+ wo + vp.

Remark 5.2.1 (Interpretation from fiber optics). The cubic nonlinear Schrodinger
equation on L?M(O,T) @® L%(R) can be understood as model from monlinear fiber optics by
considering t > 0 as point on a fiber and x € R as time variable, cf. [67]. The stationary
periodic solution ¢ is then the signal at any point on the fiber if it is chosen as input signal.
Prescribing a signal at the initial point of the fiber by ¢ + Lfm(O7 T), we ask how the signal
as function depending on the time x € R looks at the place t > 0 on the fiber. Adding an
L?(R)-perturbation corresponds to temporally limited changes of the input signal. In particular,
one may switch off the periodic signal for finitely many times as illustrated in Figure |5.1].
Global existence of the perturbed solutions then translates to the observation that the fiber has
infinite length while stability of ¢ is interpreted as that the signal stays close to ¢ at any point

t > 0 on the fiber.

5.2.3. UNMODULATED PERTURBATION EQUATIONS

Given a solution u(t) = w(t)+v(t) of (5.2, we derive the unmodulated perturbation equations
by splitting the perturbation as

u(t) =u(t) — ¢ = (w(t) — ¢) + v(t) and setting w(t) = w(t) — ¢.
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AVAVAVAVAVAVAVAVAVAVAVAVAVAV RS

Periodic initial perturbation

AVAVANRVAVANYAVANRYANEVAVAV RS

Initial perturbation from LZ_.(0,7) & L?*(R)

per

Figure 5.1.: For the sake of illustration, we reduce to the real part of an initial perturbation
wo + vo with wo € L2,(0,T) and vo € L*>(R). This figure demonstrates that vo
can in particular be chosen such that vy + wq coincides with wg except for finitely
many periods for which the signal vanishes, which explains the name tooth space

for L2,,.(0,T) @ L*(R) ("knocked out teeth").

per

This gives the coupled perturbation system

‘in = Lo(¢)W + R1(e)(W) vi = Lo(¢)v + Ra(4) (W, v) (5.5)
w(0) = wo, v(0) = vo,
where Lo(¢) is the linearization of about ¢, given by
Lo(9) = J<_/Ba§ —;;:;?ﬁ i g2 —20(41):;5;63 . 3¢%> -1, (5.6)
first residual nonlinearity is given by
Ri(9) (W) = N(W + ) = N(¢) = N'(9)W, (5.7)

and the second residual nonlinearity is defined by

Ra(0)(W,v) = R1(9)(v + W) = R1(9)(W) = Ra1(0)(W, V) + Ra2(¢)(W,v),  (5.8)

with

Ra1(¢)(W,
Ra2(d) (W,

Y=N{V+W+9¢)—N(W+¢) —N'(W+9¢)v,
) =N'(W+ ¢)v —N'(¢)v.

\%
%
Fix some constant K > 0. Then, there exists a constant C' > 0 such that for v, w € C with
|v|,|W| < K we have the nonlinear bounds

[R1(&)(W)] < CIWP,  [R2,1() (W, v)| < CIvI%, [Ra2(9)(W,v)| < Clv][w]. (5.9)
For the local wellposedness of (5.5)), we refer to §5.4.1]

We also abbreviate ﬁo = £0(¢), Rl = Rl (¢), RQ = R2(¢), Rg,l = RQJ((ZS) and RQ’Q = R272(¢)
whenever ¢ is the original periodic wave profile.
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5.2.4. SPECTRAL ASSUMPTIONS ON ¢

Consider the Bloch operators £(§) = e Loe®, & € [-F,7), posed on L2,.(0,T) with

domain D(L(£)) = HZ.(0,T). Since L(£) has compact resolvent, its spectrum consists of
isolated eigenvalues of finite algebraic multiplicity only.

We introduce the standard diffusive spectral stability assumptions, cf. [46, |47, 83, 96].
(D1) We have o72(Ly) C {\ € C:Re(\) < 0}U{0};
(D2) There exists a constant 6 > 0 such that for any £ € [~ 7, 7) we have Re o72_o7)(£(§)) <
—0¢?;
(D3) 0 is a simple eigenvalue of £(0).

The spectrum of Lo on L?(R) is the union of the spectra of the Bloch operators, i.e.,

or2(Lo) = U o2 (o,T)(ﬁ(f))- (5.10)

per
ge[_%v%)
The spectrum or2(Ly) is purely essential, see e.g. [39, [64].

We emphasize that the periodic solutions of (5.1]) established in [28] and |13] satisfy [(H1)| and
(DDH(D3),

For the well-known consequences of the diffusive spectral stability assumptions, we refer to [46],
Lemma 2.1] and references therein. First, Assumption together with the translational
invariance of imply that the kernel of £(0) is spanned by ¢'. Therefore, 0 is also a simple
cigenvalue of the adjoint operator £(0)*. By & € ngr (0,T), we denote the corresponding
eigenfunction satisfying

(@0, ') 20,7y = 1
The spectral projection onto span{¢’} is given by

H(O)g = ¢/<(I)079>L2(O,T)7 g€ L?)er(ovT)

and we again refer to [46, Lemma 2.1] for properties of o72(Lp) and OL2,.(0,T) (L(£)).

Remark 5.2.2 (Spectrum on modulation space). The identity holds on Cy,(R)
and in contrast oc,,(Lo) consists entirely of continuous point spectrum, [39,64]. Since

P2 (R) = M1 (R) = Ch(R), (5.11)

for any m € Ny, one finds on My 1(R) instead of L*(R) or Cyun(R) by [32, 2.17
Proposition]. In particular, oy, ,(Lo) also consists entirely of continuous point spectrum.
This inspires a linear analysis through the complex inversion formula of the semigroup generated
by Lo on Mo 1. In particular, this allows the possibility to investigate the resolvent (A — Lo)~!
on the modulation space My 1 for X € C\ o, (Lo)-

We briefly explain : from [68], it is known that C}(R) < Moo 1(R) = Cp(R) and it
remains to show that Mo 1 — Cyup(R). This holds due to the observation that C*°(R) lies
dense in Mo 1(R), |[f||ee S || fllMe, and since the uniform limit of uniformly continuous
functions is uniformly continuous itself. Similarly, one argues for m > 1.
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5.2.5. FORMULATION OF MAIN RESULT

We are now in the position to state our main result.

Theorem 5.2.3. Assume|(H1)| and ((D1)H{(D3). There exist constants C,e > 0 such that for
initial data wo € HS_(0,T) and vo € H3(R) with

per

Ey = ||Wo +V0||H6

5,.0T)BH3R) < €

there exist a unique solution
u(t) € 0([0,00); O3, (R)) N C*([0, 00); Cup(R)) (5.12)

of with initial condition u(0) = ¢ +wq + Vo, some smooth function v € C([0,00), H>(R))
and a constant o, € R with the properties

[u(?) = dllwze < CEo (5.13)
and

u(-,t) = do(- + o« + (- 6))| |1 < C(1+ )7 B, (5.14)

for allt > 0.

We briefly discuss the regularity assumptions in Theorem The assumption vg € H3(R)
is justified by the fact that the regularity control on v mainly proceeds along the lines of a
standard L' N H*-nonlinear stability analysis |46} [55] using the nonlinear damping estimate
established in [105]. The reason for the regularity assumption on wy is that v is considered
as a perturbation of the periodic solution w, which yields expressions in the modulated
perturbation equations for v where w appears with two spatial derivatives. As we need to
control v in H3(R), this leads to three more derivatives on w. Therefore, we need to bound
the fifth derivative in L> which is covered by assuming wg € ngr(o, T'). Since we estimate
the H!'-norm of the residual in Section in order to find an L*-estimate (in the spirit
of the embedding H!(R) < L>(R)), it suffices to demand wq € H}.(0,T) and vo € H*(R)
when one only aims to establish pure L2-estimates on v and henceforth obtain in L>°(R)
with lower decay rate (1 + t)_%.

Comparing to the associated estimate in [46], we loose an algebraic decay factor of i
and one might ask whether we can compensate this lack of decay by taking the assumption
vo € L'(R) N H3(R). However, this assumption does not improve the decay rates due to the
coupling terms Ro(W, v) in which cannot be controlled in L*(R) but only in L?(R), cf.
Remark [(.4.8

Another interesting contrast to the result in [46] is the constant phase shift arising in the
modulational estimate . The reason for this constant phase shift precisely originates
from the fact the we not only enclose localized- but also co-periodic perturbation. This is
reflected in designing the modulational approach to exploit the orbital stability result from
[96].

Remark 5.2.4 (Uniqueness of solutions). We also comment on the uniqueness of solutions
stated in Theorem . Concerning fully nonlocalized solutions of , local well-posedness
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of with initial data from the modulation space MO’ZJ(]R), m € Ny, can be established by
precisely following the steps from [25, Section 4.2] as the principal linear part of the equation
generates a Cy-semigroup on My 1(R). That is, there exists a unique (mild) solution
as element from C([0,t), Moo 1(R)), t > 0, whenever ug € C% (R) < Moo 1(R). In particular,
this shows that the solution u(t) of with u(0) = wo + vo in Theorem [5.2.9 satisfying
is unique.

5.2.6. STRATEGY OF PROOF

The main task in the proof of Theorem [5.2.3] is to find a suitable way to modulate the
perturbations allowing to close a nonlinear argument through iterative estimates on their
Duhamel formulae. The construction of the perturbations w(t) and v(t) shows that Ww(t) is
independent of v(t). Therefore, we first modulate w(t) by introducing a temporal modulation
function o(t). Precisely, we choose W(z,t) = w(x + o(t),t) — ¢(z). Then, we do not only
interpret v(t) as perturbation of w(¢) but do the same for their modulated variants. This
leads to the following inverse-modulated perturbation

V(z,t) =0(z,t) — W(x,t) :=u(z — o(t) —y(t),t) — W(z,t) — ¢(z).

We arrive at a coupled system which allows to make an a-posteriori choice of the spatio-
temporal phase modulation 7 : [0,00) x R — R2. We are then in the position to exploit
the exponential decay of |o¢(t)| and ||[W(t)||r~. We also introduce the forward-modulated
perturbation

v(z,t) =u(z,t) — W(x + o(t) + v(x,t),t)
=u(x,t) — d(x+ o(t) +y(x,t),t) — W(x + o(t) + y(x,t),1t)

which obeys a semilinear equation and can thus be used to control regularity in the nonlinear
iteration. We control regularity by deriving a nonlinear damping estimate on v(¢) and
subsequently relating v(t) to v(¢). Finally, we show the following stability estimates: for
suitable constants C,d > 0 and small initial conditions

Ey = Ep + E; with Ep = HWOHHSer and F; = ”V0HH37
we find

o2 ()1, 1% ()l g, 07) < Ce™ By, o] < CEp, ¢ 20, (5.15)

Der
and
e (Ol ez, (Dl 2 < COU+HTZE,  [|y(B)]lgs < CE;, >0, (5.16)
Using L*°-estimates on the propagators, we arrive at the refined L*°-estimate
@)z < C(1L+1)1E;, t>0. (5.17)
Applying (5.15)) and (5.17)), Theorem follows from the observations

a(®)[zee < |IW (@)L + [V ()][Lee, 20,

and
[u(?) = dllwze < C([|W(E)|[w2ee + [[V(O)]lwzee + o)+ +v(O)lw2), t>0,

and Sobolev embedding. The estimate (5.15)) can be derived along the lines of the co-periodic
stability analysis in [96] and therefore the remaining task of this paper is to prove ([5.16|) and
(5.17)).



150 5. NONLINEAR STABILITY IN THE LUGIATO-LEFEVER EQUATION

Notation. Let S be a set, and let A, B: S — R. Throughout the paper, the expression
“A(x) < B(z) for x € S”, means that there exists a constant C' > 0, independent of x, such
that A(z) < CB(z) holds for all z € S.

Acknowledgments. The author is grateful to Bjorn de Rijk for valuable discussions and
support during all stages of this work. This project is funded by the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) — Project-ID 491897824 and Project-ID
258734477 — SFB 1173.

5.3. LINEAR ESTIMATES

We collect well-known facts about the semigroup generated by the linearization £y on Lger((], T)
and on L*(R).

5.3.1. SEMIGROUP DECOMPOSITION AND ESTIMATES ON L2_.(0,7)

Let x: [0,00) — R be a smooth temporal cut-off function satisfying x(¢) = 0 for ¢ € [0, 1] and
x(t) =1fort € [2,00). We write

Si(t) = (5 = x(1)11(0))g

and have the following linear estimate.

Proposition 5.3.1 ([96], [45]). Assume|(H1)|and|(D1)H(D3)| There exist constants 6y, C' > 0
such that the estimate

01) < Ce™lgll1rs. (0.1)

per

151 ()l

per

is valid for all g € ngr(O, T).

5.3.2. SEMIGROUP DECOMPOSITION AND ESTIMATES ON L?(R)

Assume [(H1)|and [(D1){(D3)} Like in [46], we decompose

eLolg = Sh(t)g + ¢'sp(t)g,

with sp(t) = 0 for ¢t € [0,1]. We have the following linear estimates.

Proposition 5.3.2. Assume [[H1)| and [DDY(D3)| Let l,j € Ng and k € {0,1,2}. Then there
exists a constant Cy; > 0 such that

, by
1050] 5, (1)% gl 2 < Coy(1+ 1) 7 |lgll2, g € L*(R)
: WS}
1050] sp(D)gl]2 < Cos(1+6)73 = |lgllL, &€ LP(R)N L'(R),
for allt > 0. Furthermore, there exists a constant C > 0 such that

~ 3
152(t)gll2 < CL+8)71llgll a2, &€ L*(R) N LY(R)
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and
= 1
1S2(t)gll < C(L+1)"2|lgll2, g€ L*(R),
for allt > 0.

Proof. The first two estimates are precisely shown in [46, Lemma 3.1]. The third one is a
consequence of |46, Lemma 3.1 & Lemma 3.2]. Adapting the proof of the estimate S.(¢) in
[46, Lemma 3.2], one immediately finds the last estimate. O

Proposition 5.3.3 (L>-estimates). Assume[[H1)| and [DDH(D3)l There exist constants
C, 91 > 0 such that

182(0glle < C (e lglly + (1 + ) lgllanzz). &€ H'(R) N L'(R),
~ _3
1S2()gll < C(1+1)"7|lgllm, g€ H'(R),
and

_3
10z5p(t)gllze < C(L+1)71|gllz2, &€ L*(R),
10z5p(t)gllL= < C(L+ 1) |lgllr, g€ L'(R),

for allt > 0.

Proof. These last two estimates are shown in [46, Lemma 3.2]. The first two estimates are
consequences of [46, Lemma 3.1] together with |55, Corollary 3.4] and [56, Proposition 3.1]. O

5.4. NONLINEAR ITERATION SCHEME
5.4.1. LOCAL EXISTENCE OF THE SOLUTIONS

Using standard semigroup theory, see e.g. [22] or [79], we establish

Proposition 5.4.1. Let wo € HS,.(0,T). There exist a mazimal time Ty,qz € (0,00] and a

per
unique solution w € C([0, Tynaz); Ho.,(0,T)) N CH([0, Thnae); Hpe,r (0, T)) of with w(0) =
¢+ wq. If Thpar < 00, then

limsup ||w(¢)|| g4, (0,7) = o©- (5.18)

mazr

Having the solution w at hand, the local existence of v follows.

Proposition 5.4.2. Let w and Ty, be as in Proposition|5.4.1. Let vo € H3 (R). There exist a
mazimal time Tmaz < Timae and a unique solution v € C([0, Timaz); H2(R))NC ([0, Traz); H (R))
of with v(0) = vo. If Tmaz < Timaz, then

lim sup ||[v(¢)|| 1 = 0. (5.19)

tTTmax
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Proof. Due to the embedding H.(0,T) < L*®(R), we have that
v Nv+w) —N(w)

is locally Lipschitz-continuous as map from H!(R) to H!(R). Moreover,

A S (5 4) =

generates a Cp-semigroup on H!(R) with domain H3(R). Therefore, Proposition follows
from |79, Theorem 1.4 of Section 6.1] O

5.4.2. INVERSE-MODULATED PERTURBATIONS

We first modulate u(t), that is, we consider

u(z —o(t),t) = o(z) = (w(z = o(t),t) = ¢(x)) + v(z = o(t), 1)

for some o : [0,00) — R with 0(0) = 0 to be defined a-posteriori. Then, we set

w(z,t) =w(x —o(t),t) — ¢(x). (5.20)
Motivated by the fact that v(t) is a perturbation of w(t) = W(t) + ¢, we subsequently define
V(z,t) =u(z —o(t) —y(z,t),t) — W(x,t) — ¢(x) (5.21)

for some v : R x [0,00) — R with y(-,0) = 0 to be defined a-posteriori. We find the modulated
perturbation equations for w(t),

O — Lo)(W + ¢'o) = Ri(W) — op Wy,

(8~ £0)(5 + 6/0) = Ra() — o 522)
w(0) = wg — ¢.

and the one for ¥(¢),
(at - ‘CO)(‘A/ + ¢/7 - ’VxVAV - ’YCC‘AI) = RS(VAV’ ‘77 7) - Ut‘A’I =+ (1 - ’VI)RZ?(VAV’ ‘A’) + T(Wv ’7)
v(0) = vy,
(5.23)

d
=
b8
u<>
2
I
£
b8
u<>
2
+
&
%
<>
2
_l_
5%
)
\.<>
2

and

T(W’ 7) = _%ch(W) — 0y <'th - Bj<mw>) - (92 <,8j <’735 + T )W> .
(1—2)? 1=
We delegate the derivation of to Appendix . The main observation is that in the
nonlinearities of any w- and o-term is paired with a -y,, ¥ or ; contribution suggesting
that we have sufficient control for an L?-iteration scheme since we expect exponential decay
for ||W(t)||= and |oy(t)| from [96] while we control . (t), ¥(¢) and v (t) in H*(R). To this
end, we establish the following nonlinear bounds.
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Lemma 5.4.3. Fiz a constant ¢ > 0 such that || f||r~ < 3 for all f € H'(R) with || f||gn < c.
There exists a constant C > 0 such that

L -bound: |[R3(%, %, 7|2 < C(I91[72 + 1 (e v0) L2 (19122 + [l 22) )
L2-bound: |[Rs(%, %, 7|22 < C(I91131 + 1| (ves vl 12z (191222 + 121 22) )

H'-bound: ||Rs(%,%,7)||m < C (1911 + | e v0) Loz (9] + Pl L) )

and
L-bounds: [|o¥.||> < Clog|[9llgn, 11 = 72)Ra2(%, 9|22 < IR 2l || a2, 0,7
T (W, MLz < Cll(vas vl 2 [ W a3, 0.7y
H'-bounds: ||oe¥el[gr < Cloe|[9lg2, 1|1 = 72)Ra2(%, 9|l < Cl19] g [[W| g2, 0.1,

T W) < ClHOvas )| s xm2 | W 14,

per

0,T)»

hold for all ¥ € H3(R), w € HZ

per

(0,7), (e,72) € H*(R) x H3(R) and oy € R provided

W llas,, 0,0y (¥ mns (el s <.

pf‘r

5.4.3. MODULATION IN THE PURELY CO-PERIODIC SETTING

The forward-modulated perturbation w(z,t) = w(z,t) — ¢(x + o(t)) fulfills the semilinear
system

(O = Lo)(W(t) — ¢/0) = Ra(W(t),0(t)) + (¢'(- + o(t)) — ¢)ou(?)
with
Ra(W(t),0(t)) = Ra((- + () (W(t)) — (N'(8) = N(6(- + o (1)) W (1)
Introducing the temporal modulation function

o(t) = w0+/ (t — $)TI(0) (Ra(W(s), 0(s)) + (&(- + 0(5)) — @')os(s)) ds  (5.24)

gives rise to the Duhamel formula

W(t) = S1(t)wo + /Ot Si(t —8)(Ra(W(s),0(s)) + (¢'(- + a(s)) — ¢')os(s)) ds. (5.25)

By a standard fixed point argument, we have local existence of o.

Proposition 5.4.4. Let w and Ty,4, be as in Proposition |5.4.1. There exists a mazimal time
tmaz,o < Tmaz such that with w(z,t) = w(z,t) — ¢(x + o(t)) has a unique solution

o e Ccl(o,t tmaze); R) with 0(0) =0 and |(o(t), 04())| < %, t €10, tmaze)-

If tma:z,‘,o- < Tma’x} then 1im SuptTtmaz,o' |(O-(t)’ O-t(t))| Z %'
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Furthermore, the following nonlinear bound holds.

Lemma 5.4.5. Let K > 0. There exists a constant C > 0 such that

[[Ra(w, U)HHSET(O,T) < CH‘;VHHSET(O,T) (H‘?VHHSET(O,T) + ’U|)a
(¢ (- + o = &)atllms, 0.1 < Clolloel,
provided
o] + o + Wil e, 0,m) < K.

5.4.4. CHOICE OF THE SPATIAL-TEMPORAL PHASE MODULATION

We have the Duhamel formula for v(t),

9(0) = e%0vg — (1) + [ 5o (Ro((5),9(5), (5)) — 03()92 5
0
+ (1= 72(5)Ra2(¥(s), W(s)) + T(W(s),7(s))) ds
2 () W(t) + 72 ()V (),
under the condition that v(0) = 0. We make the implicit choice
30 = spltv0 + [ splt ) (Ra(w(s), ¥(5),7(5)) = 7s(5)94 5
+ (1= 70()R22(¥(s), W(5)) (5.26)
+ T (W(s),7(5))) ds
which reduces the Duhamel formula for ¥(¢) to
V(1) =S2(t)vo + 12 (L)W (1) + 7 ()9(1)
+ [ Balt = 9) (Ral((s), ¥(5),7(5)) = 0(5)¥s(9) (5.27)
+ (1= 72(8))Ra,p (¥(5), W(s)) + T((s),7(s)) ) ds.

Setting ¢ = 0 in (5.26) and using that s,(0) = 0, one indeed verifies that v(0) = 0.

Proposition 5.4.6. Let w and T4, as in Proposition|5.4.1), v, vo and Tpma, as in Proposition
and o and tpmazos as in Proposition|5.4.4. Furthermore, let 0 < ¢ < % be a constant
such that ||f||ree < L|f|lzn for all f € HY(R). There ewists a mazimal time tpagy <

min{7maz, tmaze} such that with w(t) = w(- — o(t)) — ¢ and v(t) = u(- — o(t) —
v(-,t),t) — W(t) — ¢ has a unique solution

v € C([0, tmazn); H>(R)) N CH([0, timaz~); H*(R)) with v(0) = 0

satisfying
c
57

(v @), v ()| 5 xms < 5 t € [0, tmaayy)- (5.28)

If tmazy < min{Tmaz, tmazo }, then

limsup [|7(8), 7(8) sz > <. (5.29)

t’“maz,?

N o
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Proof. See Appendix O

Corollary 5.4.7. Let w and Tyep as in Proposz'tz'on and v, vo and Tpae 0S in Proposition
. Let vy, 0 and tmaso, tmasy as in Propositions|5.4.4| and|5.4.0. Then, the inverse-
modulated perturbation ¥ € C([0,tmas2), L*(R)) defined by (5.21)) satisfies (5.27) with Ww(t) =
w(-—a(t)) — ¢ and (t) € H3(R) for allt € [0,tmazn)-

Proof. Let t € [0, tmax,y). We observe
V(z,t) =v(z —o(t) — y(z,t),t) + w(x —o(t) —vy(x,t),t) — W(z,t) — P(x)
=v(r —o(t) —y(z,t),t) + w(x —o(t) —y(z,t),t) — w(x — o(t),t)

yielding on the one hand, with w(t) € HJ,

(0,T) — W4>(R) and the mean value theorem,
Iw(z —o(t) = y(z,1),t) —w(z —o(t),)][gs S V(O ms-

On the other hand, since (t) € H* < W3, SUPgefo, g |1V (8)]|Le < $ and v(t) € H3(R), we
conclude

v(t) € H3(R)

with the help of the chain and substitution rule. O

Remark 5.4.8. We can now provide some intuition where the decay (1 + t)_% for v and
Yo N originates from. For this purpose, assume that |o¢| admits exponential decay
while ||¥||p2 & ||[V4||2 decays at rate (14 t)™F with k > 5. Considering the term ||oy¥,|[r2 <
[|[Vz||r2]oe] in (5.26]) and (5.27), this yields the integral

t
/(1+t75)—%(1+s)—%—5d55 (1+1)°3.
0

By noting that 04V, cannot be estimated in any LP-norm with 1 < p < 2 due to the lack of
localization of ¥, we can only close an iterative argument with k = % at best. This shows that
even with the additional assumption vo € L*(R), the decay rate on ¥ cannot be improved.

5.4.5. FORWARD-MODULATION OF v AND NONLINEAR DAMPING ESTIMATES

We wish to control ||¥||gs in terms of ||V||r2, Y, V2, 0+ and W in the nonlinear iteration
argument in order to control regularity, cf. Lemma |5.4.3] For this purpose, we introduce the
forward-modulated perturbation v, that is,

v(z,t)

(x,t) = W(z +o(t) +v(z,t),t) — d(xz + o(t) + v(z, 1))
(x,t) — w(z + y(z,t),1) (5.30)
(z,t) + w(x,t) — w(z +v(x,t),t),

I
< £ ¢

which satisfies the semilinear system, cf. Appendix [5.B]

o o

(0r = Lo(9))¥(t) = Ra(@)(W(- + (1), 1), ¥(t)) + Rs(W(t), y(2), (1)) (5.31)
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with

o (B2 —a+30% + 3 2616 o
co<¢>>—J< NV D ) T Gt = ol 4 (),
and

Rs(W(t),(t), (1))
= _V~Vx(' + '7('vt)at)7t(t) - qb,( + ’7('775))’71?(15)

- 5\7<V~V:c( + ’Y(" t)’t)%coc(t) + V~Voc:c( + ’Y(" t)vt)(Q'Yx(t) + 'Yx(t)2)
+ &'+ ) Va2 (t) + 8"+ (1) (27 () + %c(t)Q))-

Note that Ry (¢) is as defined in (5.8) and W(t) = w(t) — ¢ is the umodulated perturbation of
w(t). We setup the local existence for the forward-modulated perturbation v(t).

Corollary 5.4.9. Let w and Tyq; as in Proposition and v, and Tmaz as in [(5.4.3).
Let v, 0 and tpmazo, tmazy s in Propositions|5.4.4] and|5.4.6. Then, the forward-modulated

perturbation ¥ € C([0, timazn), H3(R))NCL([0, tmazy), H (R)) defined by satisfies
with w(t) = w(t) — ¢.

Lemma 5.4.10. Let j = 1,2,3. Fix K > 0. There exists some C > 0 such that for
t € [0, tmazy), we obtain
109R5 (W (t), v (1), 7e ()| 2 < OOl + 7)),
17 R2() (W (- + (1), 1), % (1))l 2 < ClI¥(8)|] s

provided

sup (1190(s)| g, 0.2) + 9313 + (72 (5), 7o ()l arascms ) < K.
0<s<t

Proof. We bound

(BT (Sraal 47 ), 0(2:(0) + 70(02) + Wl +1(,8), (D))
+ V~Vm( + '7('7 t)? t)’yt(t))HLQ

S IWO g3 0.y e Ol mier + WO g2 0.y e O 15
j =1,2,3, where we used the Sobolev embedding ngr(O7 T) < WF=1(R). Similarly, one
proceeds for terms involving ¢ instead of w. Also it is straightforward to check the bound for
Ro. O

Proceeding as in [46| |47, [105], we are now in the position to derive a nonlinear damping
estimate for V.

Proposition 5.4.11. Let v, 0 and tmao, tmazy s in Propositions|5.4.4| and|5.4.0 Let w
and Tyaq as in Proposition [5.].1 Take v, vo and Tmaz as in Proposition[5.4.3. Define ¥
through and set w(t) = w(t) — ¢. Fiz K > 0. There exists a constant C > 0 such that

t
NI < € (e Ivalfhs + NI + [ e (INs) s + (o)l s + 11001 ) )
(5.32)
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for all t € [0,tmaz~) provided

sup (1)l s, 0.1 + 9015 + (e (). (D) o) S K. (5.33)
0<s<t

Proof. First we use that vo € H°(R) gives a solution
v € C([0, Tmax)); H>(R)) N C([0, Tmax); H*(R))

of (5.5 arguing analogously as in Proposition Since H?(R) is dense in H3(R) an
approximation argument as in [22, Proposition 4.3.7] yields the result for vo € H3(R).

Fix K > 0. Let t € [0, tmax,y) such that (5.33]) holds. The forward-modulated perturbation v

o

is designed such that the principal part in 1} is given by 0, — Ly(¢). This is the reason
why we choose the same energies as introduced in [46], [47] and |105], that is,

1

25 TM@)4971), G =1,23,

Ej(t) = 103 II2> —

with

2 - 5@)
M =21 - o T

We compute, see [105] and [47],
O Ej(t) = —2E;(t) + Ri(t) + Ra(t)
with
Ri0)] < SE(0) + CrIR O
for some t-independent constant C; > 0 and
Ra(t) =2 Re (92Rs(W(2), 7(6), % (£)), 19(1)) 12
~ 5 Re (TM(8)01 R (s(6),1(8), (1)), 04~ 4(0) 2

By Lemma [5.4.10) using (5.33)), interpolation and Young’s inequality, there exists a t-
independent constant Cy > 0 such that

1 .
Ba(t)] < 5E3(0) + Co(I9 12 + @l +11e®)3):
We conclude
OLE;(t) < —E;(t) + Cs (I8 )32 + 1Ol Bpsen + (D] 3 )

for some t-independent constant Cs > 0 and j = 1,2, 3. Integrating the latter and using, for
some t-independent constant Cy > 0,

10:9(6)][72 < Er() + Call ¥ (0)]l72
and
1099 (8)]122 < 285(t) + Ca(|[¥ (1) 32 + B (1)),

J = 2,3, which follow by interpolation and Young’s inequality, we arrive at (5.32)). O
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Lemma 5.4.12. Fiz K > 0. Let the assumptions be as in the previous corollary. There exists
C > 0 such that for all t € [0,t1mas) it holds

IF@Ollz2 < CUR O L2 + [y (0] 22), (5.34)
v @[z < CUN® s + 172 @) ) (5.35)
and
()| < CF ()L + [[72(t)][ ), (5.36)
provided

. 1
sup (IIW(9)llg, + 1)l 1zs +1o(s)]) < K and sup [ ()] 1= < 5.
0<s<t 0<s<t

Proof. Let t € [0, tmax,). We write Ay(x) =z —y(z,t) — o(t) and By(z) =z + y(z,t) + o(t) .
By the inverse function theorem and the fact that ||y, (t)||z < 3, it is easy to check that A4,
is invertible with

z = A(A; (7)) = AN (@) — (A7 (@), 1) — o)
and therefore
AN (@) = Bi(x) = (A (@), 1) — (1),

We also compute

ax A;l 7)) = 1 7 82 A;l 7)) = fYZEZE(A;l(x)’t) 7
B e (XTI | .
83(A_1(x)) _ 'Yz:vw(Azf_1<m)7t> 3’sz(A7t_1(x)at)2 ‘
e (1= (A7 (@), ) (1= (A7 (2),1))°
Using
1
AT (@), 1) =y (2, 1) = (A7 (2) — 2) /0 Yo(a +0(A7 () — ), 1) b, (5.38)
and |[v,(t)||r < 3, we can estimate
147" = Billee S Mellzes 147" = Bellm S 1l las (5.39)

for I = 1,2,3. This is shown in [59, Lemma 2.7] and [105, Corollary 5.3]. It additionally
follows

(A O t) =G S TR as, I (A(), 1) = V()| S V()] 2
as for [47, (3.24) & (3.25)]. We observe
V(A7 (@), 1) = V(@) = (W(B(2), 1) — WAy (2),1) + ($(A; (2)) — &(Bi(x)))
and estimate with and the mean value theorem,

(AT (), 1) =¥l S 11ATY = Bellws S 1allas-
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On the other hand,

V(x,t) — ¥ (Ag(x), 1) = — W(z, 1) + W(z + (A7), 1) — Y(2,1), 1)

and by and the mean value theorem and with

[ (A: (), 8) = Dlle2 S [ ()] 2,
which follows by , we obtain

1905 8) = V(A (), D)l 2 S (e (@]l 2

Putting everything together, we arrive at ([5.34)) and (5.35)). The relation (5.36) follows
analogously. O

5.5. NONLINEAR STABILITY ANALYSIS
5.5.1. THE NONLINEAR ITERATION

We first establish nonlinear stability of w.

Theorem 5.5.1. Let wq € HSeT(O,T). Let w, Thaz be as in Proposition and let o and
tmaz,o as i Proposition[5.4.4 There exist C,0a,e, > 0 such that for

Ey = HWOHng,.(O,T) < &p;
the functions w(t) and o(t) exist globally, i.e. tmazo = Tmaz = 00, and
o ()], 1w (t) = Dllus, 01) < CEpy oe@ W @Ilas, 01) (W) |15, 0.1) < Ce™ "By,
for allt > 0.

Proof. The estimates on |o(t)|, |o¢(t)| and ||w(t)]] He,(0,7) follow by a standard procedure, see

[64] and [96], taking Proposition and Lemma for (5.25)) into account. We observe
that

IAONFE

per

for all ¢ > 0, to finish the proof. O

o1 = [1W(+0a),t)|us

s 01 = [[W®)las,, 01)

Let wo € HS,.(0,T) and €, as in Theorem We set By = ||vo||s and choose 0 < ¢ < %

per
as in Proposition [5.4.6 Under the assumption E, < &, we consider the template function

7 : [0, tmax,y) — R given by

1) = sup ((1+8)% (19 @ + 10w() 35D o) + 17(O)l2)

and show that there exists a constant C' > 1 independent of E; and E), such that

n(t) < C(Ey +n(t)* +n(t)Ep) (5.40)



160 5. NONLINEAR STABILITY IN THE LUGIATO-LEFEVER EQUATION

for every t € [0,tmax) With n(t) < §. By Proposition we have the property: if
tmax,y < 00, then

limsupn(t) > (5.41)

tTtmax,'y

N o

Furthermore, 7 is continuous by Proposition [5.4.6| and Corollaries [5.4.7] and [5.4.9] and mono-
tonically increasing.

Iteration argument. Suppose we have proven 1) First we take E, < min{e,, %} which
gives

n(t) < 2C(E; +n(t)?). (5.42)

Now, choose 4C?E; < §. Assuming there exists some ¢ € [0, ¢max,y) such that n(t) > 4CE;,
the continuity of 7 provides a ty with n(to) = 4CE; < §. Therefore, 1' and ¢ € (0, %)
imply

n(to) < 2C(El + (1602EZ)E1) < 4CE}.
This is a contradiction and we arrive at

sup n(t) <4CE; < ¢ (5.43)
tE[0,bmax ) 2

and hence (5.41)) cannot hold. We conclude that (5.43) holds with tmaxy = Tmax = 00. This
proves (5.16) and it suffices to justify (5.40). For this purpose, let ¢ € [0, tmax,) With n(t) < §.

Bound on v. We first bound ||V (s)||gs for which we use (5.35)), that is,
. 1
v ($)llms S (1+5)"2n(s), (5.44)

for s € [0,t]. Together with the nonlinear bounds, Lemma [5.4.3] Proposition and
Theorem [5.5.1} we arrive at

9(s)lz S @+ 5) B+ a2l 85) e + a9 152
+ [ s = D R, 9) A ()2 dr
+ [C@ s = (ol g2 + T () A (7)1
+11(1 = (M) Raa(W(r), ¥())lp2) dr
S +8) 2B+ (145 20() + (14 5) 2n(t)E,
#n(0? [ —nHaendr

(5.45)

1

+n(t)E, /05(1 Fs—7m) (14 7) B Tdr
S(L+s)72 (Ez +n(t)* + U(t)Ep),

for s € [0,t], where we used that n(t) < 3.
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Bounds on . With , Proposition Lemma and Theorem we estimate
10505y(s)l| 22 < 1105 0% 5p()|| 12 12 Ivol [ 2
+ [ 1080ksy(s = 7)lla 12l Ral((r), (7). 4 () 12 dr
+ [ 1080ksp(s = 7l (o (a2 + T (W) A7) 12
+ /(1 = 72(7)Raa (W(r), ¥(7))||2) dr
<(+s) FE+ 77(3)2/08(1 ts—r) i 1) ldr

s kL 1 sr
+77(S)Ep/(1+8—7') > (1+7)2e %7dT
0
1

, ifl+k=0
S(E A0t +n()Ep)S (1+5)72, ifl+k=1
(1+s)7%,  otherwise,

(5.46)

for every s € [0, ¢].

Bounds on v. Invoking (5.45) and (5.46)), (5.34) yields

¥)lze S (+5)72 (B +n(t)* +n(t) By )

for all 0 < s <t¢. Finally, with Proposition |5.4.11{and (5.46|), we obtain

(3l S (1+9)72 (B + () +0(t) By,

for all 0 < s <'t, using n(t) < %

We have shown the key inequality ((5.40)).

Remark 5.5.2. The proof of reveals that the nonlinear iteration argument closes as
long as |ow(t)| and ||W(t)||gs (o) decay of order (1 +1t)~" for some k > 1.

per

5.5.2. REFINED L®°-ESTIMATES

By Proposition and the nonlinear bounds in Lemma and reinserting the L?-estimates
(5.16)), we obtain

e ()]l < [108p(E)l| 2 1< [[Vol| L2 +/Ot 1008p(t — 8)|| 212 100 [[Ra (W (s), ¥(s), ¥(s))|| 11 ds
+ /Ot [192p(t = 8[| 210 (Iloe(5) 92 (8)| 2 + 1T (W (s), 7 (5))l] 2
111 = 7a(8))Ro2(W(s), ¥(s)l[12) ds
<(1+t)1E + E, (/Ot(l tt—s) N1 4s) T (L+t—s) 1(1+s) 2e 2 ds)

S(1+1)7 1K,

~
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for all £ > 0. Furthermore, we have
t
9Ol S 1+ 1B+ [ (14t =97 [Ra((), 9(5),7(5) 1302 ds
t
+ [ eI Ry ((5), 9(5),7(3)) s
0

w7 (o))l

(1 =72(8))Ra2(W(s), ¥ ()l g1 + HT(VAV(S)”Y(S))HHl) ds

¢ 1

<1+t 1E +E (/ (A4t—s) 1+s) 4+ (1+t—s5)1(1+s5) 2e 0" ds>
0

<L) i,
for all t > 0. With the help of ((5.36]), we deduce
. _3
W)~ S (1 +1)73E,

for all ¢ > 0. Finally, we observe that for o, := [5° 0s(s) ds, we have
oo
0. =) < [ lou(s)]ds S e,
and therefore

H¢( + 0% + 7('7t)7t) - (Z)( + U(t) + 7('7t)?t)|’Lm S 6_51tEP7

for all ¢ > 0. As described in Section Theorem follows.

5.6. DISCUSSION
5.6.1. APPLICABILITY OF THE SCHEME TO VISCOUS CONSERVATION LAWS

A satisfying L*°-stability theory considering C\-perturbations is established in parabolic
reaction-diffusion systems [84] which can be extended beyond the parabolic setting as shown
in the context of the FitzHugh-Nagumo system [5]. On the other hand, there are crucial
obstacles in establishing pure L°°-stability results for viscous conservation laws as described
in [5, 51]. An interesting ingredient of the L2-analysis in [59] is that the authors introduce a
sum of spatio-temporal modulation functions to capture more than one critical mode arising
from the presence of the conservation laws. Therefore, a key difficulty lies in the fact that the
critical dynamics is governed by a coupled Whitham system for which one cannot immediately
apply the Cole-Hopf transform as done in the scalar case for which this Whitham system
reduces to the Burgers’ equation [5, 84]. This begs the question of whether we can apply our
Lf,er(O7 T) @ L%(R)-scheme to this setting, cf. [59] and [58]. In order to generate a result like
Theorem [5.2.3] in this setting, the question reduces to whether such a sum of spatio-temporal
modulation functions is compatibel with our approach. As the L%er(O, T')-theory can be settled
by a standard procedure, we strongly expect that it is relatively straightforward to allow for
Lger(O, T) @ L?(R)-perturbations by precisely following our nonlinear analysis, in particular
using the modified versions of inverse- and forward-modulated perturbations in and
§5.4.5, and by respecting the semigroup decomposition and estimates established in |59, pp.
149] and the nonlinear damping estimate in [59, pp. 146].
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5.6.2. UNIFORMLY SUBHARMONIC PLUS LOCALIZED PERTURBATIONS

Considering the uniformly subharmonic nonlinear stability result for the Lugiato-Lefever
equation in [47], the question arises whether we can show a nonlinear stability result involving
perturbations wo+vo with wo € HS,.(0, NT)NL}.(0, NT), vo € H?*(R) and which is uniform

in N € N. We note that as in [47] the additional condition L], (0, NT) is crucial in [47] to
guarantee the uniformity in V.

Suppose [(H1)| and [[DT)H(D3)] Now, given a solution u = w + v of (5.1)) where w solves (5.3
and v solves (5.4) with u(0) = wq + vg, we broadly sketch a possible scheme for the claimed

stability estimate

per per

_3
[[u@)|[pee S (1+1)"1 (HWOHHG (0,NT)NLL,,(0,NT) + ||V0||H3(R))v t >0, (5.47)

uniformly in N € N. Keeping the main lines of this paper, we might introduce the inverse-
modulated perturbations

W(z,t) =w(r—o(t) —n(t),t) - ¢,
(.Z',t) = u(x - U(t) - 71(x7t) - 72(x7t)7t) - W((E,t) - ¢($)

<>

and the forward-modulated perturbations

w(z,t)

) = oz +o(t) +mz,t)),
u(z,t)

w(z,t) -
— Wz + o) +y(zt) +72(,),t) = ¢(x + ot) + n(z,1) +72(z, 1)),

V(z,1)
with modulation functions

o:10,00) = R,~; : [0,00) — Lger(O,NT) and 75 : [0,00) — L*(R).
To derive suitable perturbation equations for v and v, we refer to Appendices and
Finally, with the established decay rates [47, Theorem 1.4], that is,

~ _3
1Oz (D[ 2., 0,87, loe @ W] 22, 0,5m) ~ O((1 +1)74)

per

uniformly in N, one may invoke Remark and [47, Proposition 3.7]). It remains to prove
versions of Proposition [5.4.11{and Lemma [5.4.12| to deduce (5.47]).

5.6.3. NONLOCALIZED PHASE MODULATIONS

An interesting feature of the modulational stability estimate is that we capture the
most critical dynamics of the periodic wave by a phase modulation from R + H3(R). This
class of functions covers the simplest nontrivial nonlocalized phase perturbations one could
think of. Therefore, an interesting open question is whether we can allow for perturbations
from Lger(O, T) @ L*(R) as well as (L*°-large) initial modulations vy — o, such that ||v)]|zs
is small to conclude an estimate such as . We refer to [105] for a nonlinear stability
result against localized perturbations in this context, allowing for a nonlocalized initial phase

modulation.
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5.6.4. FULLY NONLOCALIZED PERTURBATIONS

Local well-posedness results in nonlinear Schrédinger-type equations, possibly with (periodic)
potentials, have been established for initial data from the modulation space MZ | (R), see e.g.
[23, 65|, [41, pages 245-252] and references therein. At the same time, global in time results
are widely open. Due to the additional dissipativity in compared to the classical cubic
nonlinear Schrédinger equation, we expect the possibility to extend our result to perturbations
from M | (R) for sufficiently large m € N. This might be achieved by conceptually following
the lines of [5] through the complex inversion formula of the semigroup, see also Remark
Nevertheless, it turns out that high-frequency damping and regularity control are delicate
challenges and it seems that essentially new ideas have to be developed.

5.A. APPENDIX: DERIVATION OF ([5.23))
We write G(z,t) = u(z — o(t) —y(z,t),t) — ¢(z), insert (5.22)) and [47, (3.4)] to obtain

(Or — Lo)(V) = (0 — Lo)a — (0 — Lo)W
=—(0, — .Co)((;s/’}/) + (1 —v)Ri(Q) — R1(W) + oy Wy,
+ 8$S(ﬁ7 Vs Vs Ut) + 8573(&7 7) + (at - ﬁO)(foﬁ)a

where, recalling G = v + W,

2
S/ N N Yxx ~ Yz /
S(a,y,v,01) = —ypa—oa+ BT a-—

(Q, 7,72, o) Ve ta+f <(1_%)2 1—’Y:c¢>

= g(‘?’ Y Ve Ut) - 'th — oW + BJ(%W>
(1 —72)

P(0,7) = =37 (1 + 125 )i = P(37) + P, ).

We emphasize that the critical terms oyw and (9; — Lo)(¢/o) cancel out. We arrive at

(0r — Lo)(¥ + ¢y — YW — 12¥) =Q(W, ¥,7) + 8, S(¥,7) + 2P (¥, 7)
— o4V, + (1 - 'Yr)RQ,Q(Wv ‘A/) + T(Wa ’7)

QW, ¥,7) = (1 =%2)(R1(¥ + W) = Ri(W) = Ra2(W,¥)) = (1 = 72)Ra1(V, W),

2

(1_790)2 _1_790

T39) = =1:Ra(%) = 0 (309 = 57 (25w ) ) = 8857 (0 + 122 ) ).

5.B. APPENDIX: DERIVATION OF (|5.31])

We recall that

v(z,t) =u(x,t) — w(z + y(z,t),t),



5.C. PROOF OF PROPOSITION |5.4.6 165

set ¢(z) = (z + ~y(z,t)) and use the notions (5.6), (5.7) and (5.8). Furthermore, we write

oo e (7))

Using that u and w are a solutions of (5.2), we derive

(9 = Lo(9))¥(t)

= (9 = D)(u(t)) = (8 — DYW)(- + (1), 1) = N"(@)¥(t) + R (w(t), (1), (1))
= N () + % (- +7(1),8) +6) = N(W(- +7(,),1) + )
— N(@)¥(8) + Rs (w(t), ¥(t),%(t))
t), (

= Ra(O)(W(- +7(+1),1), %)) + Rs(w(t), 7(1), (1))

with

Rs(W(t), (1), (1))
= —wa (- + (1), H)ne(t

)
= BT (Wa -+ 18, ) (i (8)) + Wan (- + (1), D7) +72(5)?))

= o+ (8, 0% (0) = ¢ (- + (), )(®)
fw(ng V(1)) (aa () + W -+ (1), )(270(8) + 70(8)?)
(-

¢+

Recall that w(t) = w(t) — ¢ denotes the unmodulated perturbation of w.

1)) (Yaa (1)) + " (- + 7, 1), 8)(292(t) + %(t)Q))-

5.C. APPENDIX: PROOF OF PROPOSITION (.46

We recall the Duhamel formula (5.26) given by

10 = syt -+ [ 5yt =) (Ra(W() 9(5).7(5)) = (5)9(5)
+ (L= 30(8))Ra (). 9(s) + T(5).7(5))) ds
whereas
V(z,t) =u(x —o(t) —vy(z,t),t) — W(x,t) — ¢(x).
To prevent confusion, we write
¥(t) = ¥(x(9). 1)
and for the sake of readability, we introduce
N (t.0(3).(5). ) = syt = 5) (Ra(S(), ¥(5).7(5)) = o2(5) ()
(L= 9(5) R ((5), ¥(3)) + T(5(5).7(5))):

We do a contraction argument. For this purpose, we establish nonlinear bounds.
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Lemma 5.C.1. Fiz 0 < 7 < 7 < min{Tpaz, tmaze}- Let j,k € Ng and fix K > 0. Suppose
that

sup ([[w(t)|lwree + |oe(t)| + [[v(D)|[wr.) < K.
tE[O,’Tz]

There exist constants C > 0 and Cjj > 0 such that we have the bounds

sup [[¥(71(s),8) = ¥(72(s), 8)[[2 < C sup [[mi(s) —v2(s)llz2, (5.48)

Se[Tl,’TQ] Se[Tl,’TQ]

and
sup  sup |[0/0K(N (¢, 0(s),2(5), ) — N(t,0(5),72(5), 5))| 12
te[r1,m2] s€[T1,t]
< Cjr sup ([|n1(s) = v2(s)|[m2 + [|1071(s) — Orva(s)|[L2),

s€[r1,72]

(5.49)

for any 71,72 € C([r1, 7o)y HY(R)) x C([r1, 7o) HP(R)) with

l\D\»—l

sup [[0zy1(8)]|zoe; [[0z71 ()] Lo <

te[r1,72]

Proof. Let t € [T, 72] and s € [11,t]. We rewrite

V(z,71(s),8) = V(2,72(5),8) = v(z — 0(s) = n(z,5),5) = v(z — 0(s) —12(,5), )
+w(z —o(s) —y(z,s),s) —w(x—o(s) —y(x,s),s)
and since w(z — o(s) — y(z,s),s) — ¢(x) = w(z — v(x, s), s), this yields by the mean

value theorem. Let j, k € Ng. Recalling the choice of R3 = Q + 9,S + 9>P and the estimates
on s,(t) from Proposition we obtain

10]05 (1 = 8)(Ra(W(s), ¥(m(s), 5), 7 (s)) = Ra(W(s), ¥(32(s), 5), 72(5))|| 2
< Cjnlllri(s) = v2($)llmz + [101(s) — Orva(s)]]2)-

by taking derivatives on s,(t — s) and (5.48). Next, with the Cauchy-Schwarz inequality, we
find

1095t = 5)((1 = e () Raa (W(s), ¥ (31 (s), 8))
— (1= a72(8) Rea(W(s), ¥(12(5), ) ) 122 < Crlna(s) = 72(s)ll -

Moreover, we have
10 0ks(t = ) (02() (V2 (11(5), 8) = Vo (32(5), 9))) |2 < Ci

Together with

[71(5) = 72(8)]L2-

107055yt — ) (T (W(s),71()) = T(W(s),11(s)) ) |12
< Cialln(s) = 12)lae + 10m(s) = drals)]lz2),

again taking derivatives on s,(t — s), we arrive at ((5.49)). O
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By the choice of s),, we immediately have that v(t) = 0 for ¢t € [0,1]. We need to justify that
we can extend the modulation function 7 to a maximal time such that the alternative (5.29))
holds.

Proof of Proposition[5.4.6 Let 7 be a solution of (5.26) on [0, o] with some ¢ > 0. Lemma
B.Cl tells us that

T sptvo+ [ splt = 5) (Ra((5), 9(5),7(5)) — 01(s)9:(5)

to (5.50)
+ (1= 72(8))Ra,a (W(s), ¥(s)) + T (W(s),7(s)) ) ds

defines a contraction on
Xigm = {7 €C([to, to + 70]; H* (R)) N C'([to, to + 7o]; H(R)) :

Cc
sup {|(v(s), ()l lmsms < 5
s€[to,to+70]

for sufficiently small 79 > 0. By the Banach fixed point theorem, there exists a unique solution
ES C([to, to + T()]; H5(R)) N Cl([to, to + 7'0]; Hg(R))

of

10 = sy(Ovo + [ syt = 5) (Ra(W(5). 9. 9):705) = ou(5)9 3.

(1= 70 (3))Ra 2 (W(5), 9(5(s). )) + T(W(5).7(s))) ds
+ [ st = 5) (Ro(W(5), 9(2(5). ). 7(5) = (5)02(1(5), 8

(1= () Ra2(W(s), ¥(1(s), 5)) + T(W(s),7(5))) ds
(5.51)

for t € [to, to + 0]

Since ([5.50|) defines a contraction on X3, 4, for every ¢; € (0, min{7max, tmax,s }) and sufficiently
small ¢ > 0, we conclude that

(50, te 0.k
7“)‘{%, e ltorto + 70 (5:52)

is the unique solution of on [0,ty + 7o) such that v € X, ,. Now, there exists a max-
imal time tmaxy € (0, min{7max, tmax,s}] such that holds. Assume that tpax, <
min{ Tmax, tmax,o }- 1f fails, then there exists a unique solution # of with
SUPe[0,tmax.) | (V(), Fe(8))|| 5 x s < 5. This again allows to solve on Xy . 5 for some
small 7 giving a solution of via on [0, tmax,y +70) With [[(7(s), vs(8))|| g5 sms < §
for all ¢ € [0, tmax,y+7(). This contradicts the maximality of tyax,, and we conclude (5.29). [

End of Paper
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5.D. APPENDIX: THE SPACES L2..(0,T) AND L2..(0,T) & L*(R)

Let I,k € Ny and T' > 0. We define, see |94, Section 5.2.2],

l o
Hyo (0, T) = Cg(R) wrete [ [ oo,

per
where [Jul[ (o 77) = Steo [|0%u| r2(j0,77) and
Cpar(R)

={u:[0,T] = R?: 31 € C®°R;R?) s.t. u= tjjo,r) and @(z +T) = u(z) for all x € R}.

The next proposition in particular shows that we may naturally extend an Héer(O, T)-function
to the extended real line.

Proposition 5.D.1. We have the following properties.

(i) We can characterize: u € H]l)er(O,T) if and only if there exists a unique measurable

function @ : R — R? s.t. u = U, mr+1) (- + ML) and Gy p pryr) (- +mT) € H]fjer(O7 T)

for allm € Z.
(ii Hzl,er(O,T) is a Hilbert space with scalar product <u’v>Héer(0,T) 1= (U, V) g1 (jo,1)) -
(ili) If u € L2,(0,T), then u(x) = u(x 4+ mT) for all m € Z and for almost all z € R.

)
)

(iv) Letl € N. We have H.,.(0,T) — C--1(R).
)

per
(v) Ifue H},(0,T), then there exists g € L2,,(0,T) s.t. fOT pgdr = — fOT udypdz for all

per
p € C([0,T]). We identify g = Ou.
(vi) We may use integration by parts, that is, for u,v € H},,,(0,T), we find fOT uvde =
—fOT vOzu dx.

(v) and (vi) analogously hold for H,..(0,T) for all m € N.

Proof. Let @ as in (i). Then u = @jo7) € Héer(O, T). Assume now that u € Héer((], T') and set

i(z +mT) = u(z) for all z € [0,T) and m € Z. Let u, € Cpg, s.t. un|p) — u in H'Y(]0,T))
as n — 0o. Let m € Z. It is straightforward to check that wnj0.7) = Un|pmrmr+) (- + mT) —
@\ mr4+7) (- +mT) in H'([0,T]) as n — oo. Therefore, @jrmri7)(- + mT) € HL(0,T)
and u = U1, mT+1) (-+mT). Similarly, The uniqueness is clear by identifying measurable
functions only differing on a nullset. The statement (iii) follows directly from (i). By Sobolev
embedding, see |15, Theorem 8.8|, (iv) and (ii) is simple to check. (v) and (vi) follow directly
by density of C5%.(R). O

per

Lemma 5.D.2. Ifuc L?,.(0,7) N L?(R), then u = 0.

per

Proof. Assume that u € L?(R), that is |u[> € L*(R). By [94, Lemma 7.3.6], we find
u(z +mT) — 0 as m — oo for almost all z € R. If additionally u € L2_,.(0,T), then together

per

with Proposition we obtain u = 0 almost everywhere. O

We introduce the vector space

H! (0,T)& H*(R)

per

= {u: R — R? measurable : 3w € H' (0,T),3v € H*(R;R?) s.t. u= v+ w}

per
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and equip it with the norm

lw+llm omen®) = lwllm,, or) + V] - (5.53)

Proposition 5.D.3. We record the following statements.

(i) Ifu e H..,(0,T) ® H*(R), then there are unique w € H.,(0,T) and one v € H*(R) s.t.
u=v+w. In particular, the norm s well-defined.

(ii) H!,.(0,T)® H*(R) is a Hilbert space with the scalar product

per

(v+v w4+ w)m

per

onerE®) = (0, ) m, o) + (W, W) grw)-

Proof. Supposing u = v +w = v' + w' with w,w’ € Hrl)er(O,T) and v',v € H*(R), we have
(v —v) = —(w' — w). It follows that v’ — v € H*(R) but also v’ — v € Hll)er(O,T). By Lemma
b.D.2 —(w' — w) = v’ — v = 0 which shows (i). The statement (ii) is an obvious consequence

of (i) and the fact that H!_.(0,7) and H*(R) are Hilbert spaces themselves. O

per






APPENDIX A

UNIFORMITY IN THE FOURIER INVERSION FORMULA WITH
APPLICATIONS TO LAPLACE TRANSFORMS

This chapter is the content of the preprint [3].

Start of Paper

Abstract. We systematically find conditions which yield locally uniform conver-
gence in the Fourier inversion formula in one and higher dimensions. We apply
the gained knowledge to the complex inversion formula of the Laplace transform
to extend known results for Banach space-valued functions and, specifically, for
Cy-semigroups.

Keywords. Banach space-valued functions; Fourier transform; Laplace transform;
complex inversion formula; uniform convergence; local Hélder-continuity; strongly

continuous semigroups; Favard spaces
Mathematics Subject Classification (2020). 44A10; 47D06; 26A16

A.1. INTRODUCTION
We fix a Banach space X for the entire manuscript.

For an exponentially bounded function F' : R := [0, 00) — X with exponential growth bound
wo € R, i.e. there exists C' > 0 such that ||F(t)|| < Ce*0! for all t € R, the Laplace transform
is given by

L(F)(N) = /0 T e MF(s)ds,  Re()) > wo. (A1)

For many decades, mathematicians have been interested in how we can formally and qualita-
tively invert . The importance of this question is not only raised by abstract curiosity.
Nowadays, the Laplace transform is a standard and important tool to analyze differential
equations: having properties of the transformed solution of a differential equation at hand,
the validity of a suitable inversion formula may give further information about the solution
itself. A prominent realization of this principle is the Hille-Yosida theorem in the context of
linear evolution equations.

Let w > wg. The complex inversion formula is defined by

1 w+iR
lim — / ML(F)(N) dA (A.2)
w—iR
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for t € R;. We are interested under which regularity or localization conditions on F', we can
guarantee

1 w+iR
F(t) = lim —/ e/\t,C(F)()\) d locally uniformly in t € R,.. (A.3)

R—0c0 271 Jw—iR

In this paper, we consider general Banach space-valued functions and prove

Proposition A.1.1. If F' € Hy,(Ry; X )] with F(0) = 0, has ezponential growth bound

wo € R, then
1 w+iR
F(t) = lim — / eML(s)(\) dX locally uniformly in t € R,
R—o0 271
w—iRR

for any w > wg.

Before discussing the proof of Proposition we give a short overview of existing results
providing answers to in the current literature. For strongly continuous functions, the
question under which conditions the complex inversion formula holds and in which sense
was posed more generally and was partially answered by Markus Haase in [43]. Haase
considers convolutions of a strongly continuous and a locally integrable scalar function and
obtains with convergence in operator norm. Another recent result can be found in [5),
Appendix A]. The authors show the validity of Laplace inversion for convolutions of two
Co-semigroups as a direct consequence of the upcoming Proposition [A1.3] This observation
is then exploited to identify and control the leading-order terms in the Neumann series of
high-frequency components of a Cy-semigroup. For merely continuous functions, we cite the
result [6, Theorem 4.2.21 b)] which requires introducing the (weaker) Cesaro limit:

w+iR 1 R w+ir
C— lim eML(F)(A)d\ == lim — / / ML(FYN) dhdr, teR,.
R—o00 R—oo R Jo
w—iR w—ir

Proposition A.1.2. For F' € C(R4; X), F(0) = 0, with exponential growth bound wy, we

have
1 w+iR
F(t)=C— — lim / eML(F)(N) dX locally uniformly in t € Ry,
27i R—oo -

for any w > wy.

The next result is, to the author’s knowledge, the most general result providing (A.3) in the
current literature.

Proposition A.1.3. If F' € Lip(R4+; X)), F(0) =0, then

w+iR
1
F(t) = lim — / eML(5)(N) dX locally uniformly int € Ry,
R—o00 271
w—iRR

for any w > 0.

'For the definitions of function spaces see Appendix
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The proof of Proposition in 6] relies on |6, Theorem 2.3.4], which is obtained through
the Riesz-Stieltjes Representation [6, Theorem 2.1.1]. This representation gives an abstract
characterization of {F € Lip(X) : F/(0) = 0}. The authors give a second proof of Proposition
in [6, page 260], based on the existence of the Cesaro limit, c.f. Proposition
together with the property

w+iR w+iS

t s / ML(F(D))(N) dA — / ML(F(D)(N) dA 5 0as S, R — oo, g 1
w—iR w—iS C([OﬂlLX)

(A.4)

for all @ > 0, i.e. F'is feebly oscillating. Justifying both properties is sufficient to conclude
(A.3) by the real Tauberian theorem [6, Theorem 4.2.5].

Remark A.1.4. An example which is covered by Proposition[A.1.1] but not by Proposition

co sin(n?t)
n=1 n2

A.1.5, can be obtained by considering a Weierstrass function, for example G(t) =
and setting F(t) = (1 — e ")G(t).

Due to the observation, see Section that for exponentially bounded functions, Laplace
inversion in the sense of can be traced back to Fourier inversion, we study the Fourier
transform first and provide sufficient conditions yielding locally uniform convergence of the
Fourier inversion formula in one and higher dimensions. The gained knowledge on the Fourier
inversion formula is then exploited to prove Proposition We conclude this paper with
an application of Proposition to Cp-semigroups on Favard spaces where we follow the
literature and suppose wy < 0.

Acknowledgments. The author is grateful to the anonymous referee for his very helpful
suggestions, in particular, for the advice to study first the Fourier inversion formula and
then to apply the knowledge to the Laplace transform. He also would like to thank Anthony
Carbery for drawing his attention to [18] and a short discussion yielding Remark
This project is funded by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) — Project-ID 491897824.

A.2. UNIFORMITY IN THE FOURIER INVERSION FORMULA
A.2.1. PRELIMINARIES

We start with recalling classical results and formulae related to Fourier inversion for Banach
space-valued functions. Fix n > 1 and let F : R® — X be L'-integrable. Define the Fourier
transform

n

FF)(k) = B(s) = / e FSF(s)ds, k€ R”
and the inversion formula is given by

FYE)(2) = lim Sg(F)(z), zeR"
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with
1

Sr(F)(z) = 7/ R P(kydk, , R>1, zeR"
(2m)" Jikl<r

Analogously to the Laplace transform, we ask for regularity and localization assumptions such
that
Sr(F)(x) — F(x) as R — oo, locally uniformly in € R". (A.5)

If (A.5)) holds, we shortly write: Fourier inversion holds locally uniformly. A central role in
the study of Fourier inversion plays the spherical mean of F' at x € R™ defined by the surface
integral

Fo(r) = —

= F(z 4 rw)dw, r>0,
Wnp—1 JSn—1

where S~ is the unit sphere in R” and w,,_ is its surface measure. Following [80], we rewrite

Se(F)(@) = [ Fla+2)Dii(:)dz ",
.6

:wn_l/ " IDE(r)Fy (1) dr
0

with the Dirichlet kernel D¥(r) given byﬂ

1

R(,) _
D (2) (2m)m

n

/ e #8d¢, R>1, zeR"
IEI<R

Note that for a rotation matrix D € R™ " it holds (Dz) - ¢ = z - (DT¢) and, since DT is
also a rotation matrix, the substitution rule first gives Df(2) = D(|z|) and then the second

identity in (A.6) follows.

To that end, we record the following facts.

Proposition A.2.1 ([80]). (i) We have

RJi(R d
, DEr)= M, RJy(Rr) = —%Jo(R’I”),
forr >0 and R > 1, where Jy and J1 denote Bessel functions of first kind. In particular,

Jo and J1 are smooth and bounded.

sin(Rr)

r 2rr

Df'(r) =

(ii) For every 6 >0,

6 o 0 &
/ sin(fs) ds — 7, / LD(RS) ds — = as R — oo.
. s 0 s 2

(iii) It holds
Jo(0) =1, Jo(r) =0 asr — oc.

(iv) For n € N3, we have the relation

1d
R R
D, (r) = —;aDn,Q(r), r>0, R>1.
Denote by D}, the Dirichlet kernel given in [80]. Then, the relation DZ(z) = (27r)7"ﬁ}§((27r)7lz) holds.
This is due to slightly different choices of the Fourier transforms.
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(v) For each n € N there exists some Cp, > 0 such that
CnR"
DEr < — a0 Rl
(1+ Rr)"=

We distinguish between odd and even dimensions and study the cases n = 1 and n = 2
independently. The following formulae are a consequence of an iterative application of

Proposition (iv).

Lemma A.2.2. Let (ng)r>1 be a sequence of smooth cut-off functions with 0 < nr <1 being
one in the interval (0, R) and zero in (R + 1,00). We obtain the following identities.

(i) Letn =2k +1 with k € N. Let B:R" — X be L'-integrable and k-times continuously
differentiable. There exist universal constants Co (1), ..., Cyr(n) € R such that

S k ) ) J
/0 DEYB(r)yrmtdr = Z Cjr(n) / DE(ryrd (;;) (B(r)nr(r)) dr
+/ DE)B(r)(1 = na(r)r dr.

(ii) Let n =2k with k € N. Let B : R™ — X be integrable and (k — 1)-times continuously
differentiable. There exist universal constants Co g—1(n), ..., Cr—1-1(n) € R such that

[ DEBEar Z Cypa(m) /0 " D8t (5 (Br(r) dr

+/ DE(B(r)(1 — nr(r))rLdr.

Proof. For (i), we refer to [80, pages 141-142]. We prove (ii) for the sake of convenience as we
did not find a proof for this formula. For this purpose, we show for every k € N with n = 2k,
that it holds

/ DE(r " 1dr—ZCjk 1 / DE(r r3+1<$>j(A(r))dr (A.7)

for all compactly supported and (k — 1)-times differentiable A : (0,00) — X. For k = 1, this
is precisely formula with n = 2. We do an induction argument and therefore suppose
that the assertion is known for k — 1 with & > 2. Let A : (0,00) — X be any compactly
supported and (k — 1) times differentiable function. There exist universal constants C’1 eR
and C2E]Rf0r]—0 .,k — 2 such that

(L) (raw) = cte (L) a2 (4 (am) (A8)
ar) \"ar dr dr . '
Integrating by parts once and using Proposition we find
o/ 1 d\F!
R e 1 _ - R n—1
/ Df dr /O ( Tdr) (DE(r)) Ay dr

- [ (idci)“(pgf(r)) (raE(AG) + (=240 ) ar

*DR Q(T)
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Applying the induction hypothesis li to A(r) and rd%(A(r)) and using (j it holds

k—2 i
/ DE(r “ldr=(n-2 ZCM 2(n —2) / DI(r T]—H(dr) (A(r)) dr

7=0

k—2 .
Lo _ * R Jj+2 d A
+]Z:;]Cj Cjk—2(n 2)/0 D3 (r)r?* (dr) (A(r)) dr

k—2 .
200 — * DR+ (LN A dr
+]§C]~C}m( 2)/0 DY (ryri* (dr> (A(r)) dr.

Since A was chosen arbitrarily, this gives the assertion (A.7)) for n = 2k with determinable
constants Cp y—1(n), ..., Ck—1 x,—1(n) € R. Splitting

| DE@B@ ar = [T DEEBER0) dr
0 0
+ [T DEOBE — nalr)r dr

the claimed formula (ii) follows by choosing A(r) = B(r)ngr(r) in (A.7). O

Finally, we isolate the part of the inversion formula which tends to zero uniformly for every
xr € R™

Lemma A.2.3. For every n € N, there exists some constant C, > 0 such that

sup

Cn
< —||F||71
s " 1p,

| DEOEG) L= e ar

for every R>1 and F € L'(R; X).
Proof. We invoke Proposition (v) to infer

< %/R Uy (r)] dr

< )R,

| DEG )@ = natr)yr ar

H/ DE(r) By () dr

where we use that [;°7""! [qu 1 |F(z 4+ rw)|dwdr = ||F||p1 for every x € R". We also refer
to |80, page 141]. O

We note that in one spatial dimension, i.e. for n = 1, it holds

- %(F(x R 4P —1), wo=2. (A.9)
Invoking [80, Theorem 2.3.4] and a vector-valued version of the Riemann-Lebesgue lemma,
see e.g. 53], one finds that the additional condition F' € Din(R; X') implies pointwise Fourier
inversion. Pinsky also mentions local Hélder-continuity as a sufficient condition for pointwise
Fourier inversion in [80, Corollary 2.3.5]. In the upcoming section, we lift this pointwise
convergence to locally uniform convergence.
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A.2.2. COMPACTNESS CRITERIA AND RESULT ON R

In this section, we consider n = 1. The following compactness criteria are sketched in [81)
Corollary 2]. For the sake of self-containment, we provide their proofs here.

Lemma A.2.4 (A uniform version of the Riemann-Lebesgue lemma). Let N be any
set. Let F: N xR — X. If

{s+— F(t,s):t€ N}
is a compact subset of L'(R; X), then
/ sin(Rs)F(t,s)ds — 0 as R — oo uniformly int € N.
R
Proof. We rewrite
1 X )
/ F(t,s)sin(Rs)ds = — (/ F(t,s)e*Rds — / F(t,s)e st ds). (A.10)
R 21 R R
Applying the substitution s +— s + %, we arrive at
/ F(t, s)eiSR ds = / F(t, s+ 7T>ei‘(”Rei7r ds = —/ F(t, s+ W)eiSR ds.

R R R R R
This shows
ds.

sup

: 1
/F(t,s)e’SRds < fsup/ F(t,s)—F(t,s—i—F)’
teNIlJR 2 teNJR R

Similarly, one estimates the second integral in (A.10]) after taking its complex conjugate. By
a Banach space-value version of the Kolmogorov compactness theorem (mimic the proof of |1}
2.32 Theorem]), we arrive at

sup/
teN JR

which finishes the proof. O

F(t,s)—F(t,s+;)Hds%()asR%oo, (A.11)

Lemma A.2.5. Let F: R — X be L'-integrable and a < b. Fiz 6 > 0. Suppose thaﬁ
F(t+s)—1._ F(t
{5»—> (t+s) = L(_s5)(s)F(t) e [a,b]}

S

is a compact subset of L'(R). Then,

R—o0 27

Proof. Let t € [a,b]. Using (A.6), (A.9) and Proposition (i), we find

Sr(F)(#) = = /0 SIES) o)+ P - s))ds = © / * SnlBS) b s,

T S T J oo s

1 R .
F(t) = lim —/ e F(k) dk uniformly in t € [a, b).
-R

Invoking Proposition (ii), we arrive at

fim o [ et s F ) = im [T P g 21 0 @)

R—o0 27 R—oo T J_xo S

and the result follows from Lemma [A2.4] O
3For I C R, we set 1;(s) =1 for s € I and 1;(s) =0 for s ¢ I.
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We are now in the position to consider the special case of locally Holder-continuous functions.
Additionally, a mild localization condition is required which serves to apply dominated
convergence. In the subsequent remark, we discuss further conditions and examples.

Proposition A.2.6. Let F € H;,.(R; X) be L'-integrable. Furthermore, suppose that for
every a < b there exist 6 > 0 and g € L*(R) such that

5|7 sup [[F(t+ )| < g(s) (A12)
tela,b]

for all |s| > 6. Then:

1 R ..
F(t) = lim —/ e F(s) ds locally uniformly in t € R.
R—oo 2T J_R

Proof. Let a <b. Fix 6 > 0. In virtue of Proposition it suffices to show that

M- {5 . F(t—i—s) - 1(_575)(8)17(75) e [a,b]}

S

is compact in L'(R). So, let (t,) C [a,b]. Clearly, by compactness of [a, b], there exists (t,)
and to € [a,b] such that ¢, — to as k — co. By the Holder-continuity of F' on [a — d,b + 4],
there exists some a € (0, 1] and C' > 0 such that

HF(tnk +5) = 1(_s5)(5)F(tn,)

S

1 1
< C<1(—5,5)(3)W + 1{|s\25}(8)m sup [[F(tn, + 5)”)-
(A'13)

The function on the right hand side admits an integrable majorant thanks to (A.12)). On the
other hand, for fixed s € R\ {0},
F(tn, +8) — 155 () F(tn,) . F(to+s) — 1(_s5)(s)F(to)
s s
as consequence of continuity of F. By (|A.13), the limit function lies also in L!'(R; X).

Dominated convergence now implies

(S N F(tn, +5) — 1(_575)(5)F(tnk)> . (s n F(to —s) — 1(—s,6)(s)F(to)

S S

as k — oo

) in L'(R; X)
as k — 0o. This shows the compactness of M in L'(R; X). O

Remark A.2.7. We briefly discuss the condition .
(i) If there exist C > 0 and o > 0 such that
IF@)Il <C(sl+1)7%, s eR,
then holds. Indeed, for a < b, we find

[s|7" sup [|F(t+ )|l < C(a,0)(|s| +1)7" sup (|t —s| +1)7* < Cla,b)(|s| + )77,
t€(a,b] t€la,b]

for all |s| > & with 6 = max{|al,|b|} + 1. Clearly, the right hand side is an integrable
function. As a non-trivial example to this condition, one considers a locally Holder-

continuous and integrable function with values F(t) = ﬁ fort e [k — ﬁ, k+ ﬁ}

and k € Z\ {0}. Such a function fulfills the decay assumption only with 0 < o < %
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[e.9]

(ii) An example violating the condition in (i) is the function F(t) = Y o2, ,tEeR,
since F(e™) > # for every n € N. The function F is clearly Lipschitz-continuous and
integrable. Furthermore, since the sum converges locally uniformly, we observe for a <b
and t € [a,b] that

1 o—lt—e?
nz€

o0

1 n
sup |F(t+s)| <> — sup eI < F(b+ ) + F(a+s)
t€la,b] n=0 V" t€la,b]

providing the condition . Therefore, by Proposz'tion locally uniform Fourier
inversion follows. This shows that the decay assumption in (i) is not necessary.

(iii) The last example teaches that if ||F|| is integrable and eventually monotone, i.e. there
exists some C' > 0 such that ||F(s)|| is monotone for |s| > C, then F satisfies (A.19).

(iv) It would be interesting to find a function that is Dini-continuous and not Hélder-
continuous for which locally uniform Fourier inversion fails.

(v) As one only needs to guarantee uniform convergence, one may replace the
compactness condition by the slightly weaker assumption

sup / F(t+s)— 1(_575)(5)]'7(25) F(t+s—h)— 1(_575)(8 + h)F(t)
t€fa,b] /R

as h ] 0, in Proposition[A.2.5.

ds — 0
s s+h | y ’

A.2.3. UNIFORMITY IN R™ WITH ODD n > 3

In this section, let n = 2k 4+ 1 with & € N. Let € R” and F : R” — X be L'-integrable and
k-times continuously differentiable. With the aid of Lemma we decompose

Sr(F) = Ig(F) + IIz(F) + III5(F) with

In(F)@) = Cot) [~ T E 1) ar,
k . i
B i o sin(Rr) i1 d\ 4 ) dr
(P )a) = Y Coalo) [ (5) Bty ar

HIn(F)(@) = [~ DEC)E) (L = nn(r)r dr

é < sin(Rr) ; 4(d i
_jZOC'j,k(n)/O r l(dr) (Fe(r)(1 —ng(r))) dr.

s

Since, the constants Cj(n) are defined iteratively, they can be explicitly determined.

Remark A.2.8 (Determination of Cj ;(n)). As described in [80], we use our knowledge on
pointwise inversion to show Cyp(n) =2 for each k € N. Considering the Schwartz function
F(z) = e (or any other non-trivial Schwartz function), it is known that pointwise Fourier
inversion holds since I is in particular Dini-continuous. That is, for every v € R, it holds
Sr(F)(x) = F(x) as R — oo. On the other hand, r — P 16000

= is L'-integrable
and therefore by the Riemann-Lebesgue Lemma, we conclude [5° sin(Rr) Fy(r)dr — $F,(0) =

$F(z). Furthermore, ITp(F)(z) = 0 as R — oo since 1+ 1’ (d%)]Fgg(r is L'-integrable for
j =1,...k. Together with Lemma[A.2.5, we also find IIIg(F)(z) — 0 as R — oo. This
implies F(z) = $Co(n)F(x) and hence Cy(n) =2 as F(z) > 0.
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We formulate the following compactness criterion.

Proposition A.2.9. Let K C R" be compact. Let F : R™ — X be L'-integrable and k-times
continuously differentiable, and suppose that

{T N Fy(r) = 1(,5)(r)F () e K}, {T N rj—1<j>lﬁz(r) reK, I= O,...,j},

r T

j=1,...k, are compact subsets of L'((0,00); X) for some § > 0. Then, Fourier inversion
holds uniformly in K.

Proof. Using F,(0) = F(x), we first write

Ir(F)(z) — F(z) = 2 /OOO sin(Rr) (Fm(r) — 1) (r)F(x)) dr.

™ r

By Lemma (extend the functions trivially to R), it holds Ir(F)(x) — F(z) — 0 as
R — oo uniformly in z € K. Using again Lemma compactness implies ITg(x) — 0 as
R — uniformly in z € K. Finally, by Lemma [A.2.3] we find

(&)

for a suitable constant C' > 0. The right hand side now converges to 0 as R — oo due to
Kolmogorov’s compactness theorem. O

k i oo
sup |II1(F)(z)| < C (Z sup Z/ Pt
zeK R

j=07€K 1=

dr+ ;HFHU) (A.14)

Proposition A.2.10. Assume that F : R® — X is L'-integrable and k-times continuously
differentiable. If for every compact K C R" there exist g € L'(R™) and § > 0 such that

sup  sup |y| "TH|VOF(z +y)l| < g(y), (A.15)
a€Np |a|<k z€K

for all |y| > 6. Then, Fourier inversion holds locally uniformly.

Proof. Note that, since F' is continuously differentiable, it is locally Holder-continuous. There-
fore, there exists a constant C' > 0 such that

11

<1y (T);w —

F,(r) — F(x)

1(0,5)(7)

L IF(@+70) = Fl@)]| deo < 104)(r)C

for every r > 0 and = € K. Furthermore, we estimateﬂ7 for r > 9,

%Fx(r) /Snil %HF(&: + rw)|| dw < @rnfl /Snil g(rw) dw (A.16)

Wn—1

< sup
€K Wn—1

where the right hand side is integrable in [0, 00) by (A.15]). By dominated convergence, argued
as in the proof of Proposition [A.2.6] we conclude that

{T N Fy(r) — 1(—5,5)(7“)F($)}

r

“We denote positive constants only depending on & by C(§).
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is compact in L'((0,00); X). Similarly, one obtains the L!((0,c0); X)-compactness of

l
{THTJI(j) Fx<7~) :(EEK7 l_07...7j}7 j:].,...7k,
T

with the help of the observation that, for r > 0,

(L)

/ sup | VOF (x4 rw)]| dw
Wn—1 JSr—1 aEng,\odSl

<) (Lpm ()" [ gl

Wn—1
+10s() s sup  [[VOF(z+ry)l),
aeN,|a|<l zeK,yeSn—!

for j = 1,...,k and uniformly in [ = 0,...,j and x € K, where we use the lemma about
parameter integrals to pull derivatives into the surface integral. Putting everything together,
the previous proposition yields locally uniform Fourier inversion. ]

Remark A.2.11 (Comparison of conditions). For n = 3, we compare the conditions
of Pmposz’tz’on with the ones from [81, Proposition 4] yielding convergence for fixed
x € R3. The localization condition is that | - | "2V F(z —-) € L'(R3). Instead of this pointwise
assumption, we need an integrable majorant on 1.0y ()| - [72(|[F(z + || + ||[VF(z + )]])
uniformly for x € K and for any compact K C R3. The only further reqularity assumption
in [81, Proposition 4] is that x is a Lebesque point of F which is covered by the property
F € CL(R?).

Remark A.2.12. We consider exemplarily n = 3. To guarantee , it suffices to assume
an integrable majorant on 1i5 o) (-)| - ||| F (@ + -)|| uniformly in x € K. On the other hand,

writing out (A.14]) gives rise to the term [ Fy(r) (LR(T) + 77%,/(1")) dr for which we used the

r

stronger localization assumption . We do not see how to relax this assumption to the

weaker one required for .

A.2.4. UNIFORMITY IN R"™ WITH EVEN n > 2

As motivation, we consider first the case n = 2. Fix € R?. Let F : R? — X be such that
r+— Fy(r) is integrable and differentiable with integrable derivative. Using Proposition
(i), (iii), the fact that w; = 27 and integrating by parts, we obtain

Sw(F)(@) = [~ Falr)RA(Rr) dr
0
_ © q
— R0+ [ (Falr)o(Rr) dr
o dr
Let K C R? be compact. Since Jo(Rr) — 0 as R — oo for any r > 0 and F,(0) = F(z),
dominated convergence implies Sg(F')(z) — F(x) uniformly in € K whenever there exists

some g € L*((0,00)) such that sup,¢ g Hd%ﬁx(r)H < g(r). For general even dimensions, we
make the following statement.
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Proposition A.2.13. Let n =2k with k € N and K C R" be compact. Assume F :R" — X
is L'-integrable and k-times continuously differentiable. If there exist g € L'(R™) and § > 0
such that

sup  sup |y| "TF|VOF(z +y)|| < g(y),
a€Np,|a|<k zeK

for all ly| > 9, then Fourier inversion holds uniformly in K.

Proof. With the aid of Proposition (i) and Lemma we decompose
Sr(F)(x) = Ir(F)(z) + IIR(F)(z) + I1IR(F)(x)

with

Ir(F)(z) = Cojr(n) /0 © RIV(Rr)E,(r) dr,
k—1 0o ' i
HA(F) () = X Coaa(o / R () () (Ba(r)n)

IIIg(F 277/ DE(YFu(r) (1 — nr(r)r™dr

~ Copr(n) / RJ(Br) (Fo(r)(1 = na(r)) dr
— IIT4(F)(x) + [TTA(F)(x),

for universal constants Cj,_i(n), j = 0,...,k — 1. As in Remark one argues that
Co,k—1(n) = 1. Furthermore, integrating by parts once more and Proposition (i) yields

k—1 j
IIr(F)(z) = Cj J Rrr] 1[4 F,(r r))dr
RF)@) = X Chalr ) [ a4 (e

+ /OOO Jo(Rr)r? (;)jJrl(Fx(T)UR(T)) dr).

Arguing as in Theorem one shows, for r > 0,

./ d +1 1 -
sup /() (Folrynn(r)| <€) (o=t [ glrw)d
+10s() s sup  [[VOF(z+ry)l)),

a€eNp ,|a|<l zeK,yeSr—1

forl =0,....,5 and 5 = 0,...,k — 1, where the right-hand side is an integrable function on
(0,00). The introductory considerations for n = 2 with j = 0 give Ir(F)(z) — F(z) uniformly
in z € K. On the other hand, recalling again that Jy(Rr) — 0 as R — oo for any r > 0,
dominated convergence also implies IIr(F)(x) — 0 as R — oo uniformly in z € K. Similarly,
it follows IT11%(F)(z) — 0 as R — oo uniformly in # € K. Finally, by Lemma we find
IITH(F)(z) = 0 as R — oo uniformly in z € K. O

Remark A.2.14 (Another uniformity result in higher dimensions). The result /18,
Theorem 4] provides Fourier mversion uniformly in R™ for n > 2 whenever F : R™ — R and
its derivatives up to the order "5t lie in the Lorentz space Lot (R”) The authors of [18]

emphasize that their result may be considered as a version of Dini’s test in R™. On the other
hand, Propositions|A.2.10| and|A.2.15 are rather local analogues of Dini’s test in R™.
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A.3. APPLICATIONS TO LAPLACE TRANSFORMS
A.3.1. FrRoM FOURIER TO LAPLACE INVERSION

Lemma A.3.1. Let0<a<band R>1. Let I: [0,00) — X have exponential growth bound
wo € R. Fix w > wg. Define the function F': R — X by

F‘(s) — e—WS{F(3)7 ifs>0

0 else.
Then,
1 w+iR
F(t) = lim — / eAtC(F)()\) d\ uniformly in t € [a, b
R—o0 271 -

s equivalent to
R—o0 2T

R -
F(t) = lim 1/ e F(F) (k) dk uniformly in t € [a, D).
"R

Proof. Let t € [a,b] and R > 1. Rewriting

w+iR

1 At 1 / Bt / * _(w)

— FY\)d\= — YISF(s)dsdA

5 e L(F)(N) dA omi ) in© . (s)ds

w—iR
_ 1 wt R ikt /oo —iks _—ws
= g€ /_Re ; e e F(s)ds dk
— et L / ) " F(F) (k) dk
a 2 J_Rr
shows the claim. ]

As immediate consequence, we can translate Proposition in terms of the Laplace
transform and prove our main result:

Proof of Proposition A.1.1. Let w > wp and F as in Lemma Then ||F(s)|| < elwo—w)s
for s > 0 and F (s) = 0 for s < 0 which show that F satisfies (A.12). Furthermore, we have
F € Hyjpe(R4; X). This implies the assertion by Proposition and Lemma O

A.3.2. APPLICATION TO (C)-SEMIGROUPS

Let A: D(A) C X — X be the generator of a Cy-semigroup S(¢) with exponential growth
bound wg € R. We recall the following well-known result on the complex inversion formula
which is a consequence of Proposition see also [32}, 5.15 Corollary].

Corollary A.3.2. If w > wp and x € D(A), then

w+iR
1
S(t)xr = — lim / M\ — A) "Lz dX locally uniformly in t € (0, 00) (A.17)
271 R—oo "
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Using now Proposition [A-T.1] we may extend this result to Favard spaces. For this purpose,
let a € (0,1]. By following [32 Section 5 b], we impose the condition wy < 0 and subsequently
define the Favard space

1
Fy:={z e X :||z|lp, <oo}, |lz|lF, = iugt—aHS(t)x —z||x. (A.18)
>

Note that D(A) C F, C Fy < X forany 0 < o/ < a < 1.E| The assumption wg < 0
guarantees the latter embedding. The abstract Holder space is given by

Xo:={z€F,: 13&)1 |S(t)x — x||F, = 0}.
With [32, 5.15 Theorem], we have following properties: both spaces X, and F,, are Banach
spaces with respect to || - ||r,. Furthermore, the restriction S|g, : [0,00) — B(F,) is a

semigroup of bounded operators and the restriction S| x, : [0,00) — B(X,) is a Cp-semigroup
with generator A|x, and domain D(4x,) = Xa+t1-

Corollary A.3.3. Let wyg < 0. If w > wg and x € F,, then

w+iR
1
_pwot. — T i At B -1 . .
S(t)x — ez 57 F}E};o /R e (()\ A) o wo):pd)\ locally uniformly in t € [0, 00)
(A.19)
and
1 w+iR
S(t)xr = — lim / (N — A)"rzd) locally uniformly in t € (0, 00) (A.20)
27t R—o0 .

in X- and any F,-norm with o/ € (0,a).

Proof. Set F(t) = S(t)z — e*°'z and note that F has growth bound wy, F(0) = 0 and

X

LIFYXN) =0W\—A)"1z

_)\—CL)O.

Obviously, t — e“°tx is locally Hélder-continuous and we consider G(¢) = S(t)z. The function
G is Holder-continuous from [0,00) to X. In fact, for t5 > t; > 0, we find

|G (t1) = Gt2)llx < |ISE)Ix-x[S(t2 — t)z — 2l[x < Ciltz — ta]*||2||F,

for some constant C7 > 0 independent of 5 and ¢; and using that wy < 0. Now, let o’ € (0, )
and to > t; > 0. With wg < 0, we estimate

G (t2) — G(t1)l |,
= sup %I\S(tl)(s(t)(s(tz —t)e —x) = (S(t2 —t1)z — x))[|x

/ 1
<Ciltz =" s ZI(S(t — )(S(0)z — 2) — (S(t) ~2)lx
2—tl1Z2

+ Cl|t2 — tlla_a/ sup 7(1”5(25)(5(252 — tl)l‘ — :L') — (S(tQ — tl)az — SL‘)HX
t>to—t; (t2 —t1)

< Colty — 1] ||2|| .

SIf X is reflexive, then D(A) = F*', c.f. [32, 5.21 Corollary].
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for some constants C12 > 0 independent of to and ¢;. Similarly, one estimates
(4072 — €0 )| s < Cla, b) (b2 — 1) ||| e,

for every 0 < a < t; < to < b. Therefore, (A.19) follows by Proposition for w > wy.
Since

1 wHR | g
— lim et d\ = etz w > w,
271 R—oo Jy—_iR A — wp
locally uniformly for ¢ € (0, 00), see e.g. [6], (A.20) follows from (A.19). O

Assume that Fi, # X,. Then, the restriction S|r, is not strongly continuous on F, and, on
the other hand,

w+iR
1 >\t< -1 1 >
t— — A=A — dA A21
= 27 /R | ) A —wp . ( )

is a continuous mapping from [0, 00) to F,, for every R > 1 and = € F,. Therefore, the
convergence in ((A.19)) cannot hold for every z € F,, with respect to the F,-norm.

We justify the continuity of (A.21]). For this purpose, we fix z € X and set y(\) = (A — A4) "'z
which is in particular a continuous function in A from p(A) to X. Let Re(\) = w > wy. We
first estimate

1S@)y(A) = y(Mlx =l /Ot S(s)Ay(N) ds|[x < Cit][Ay(N)||x

for some constant C; > 0. Furthermore, we use

Ay()\) = )\y()\) — X = )\/ e*(/\*WQ)SechUQSF(S) dS + ( )\ _ 1>x
0 A\ — wo

with F as in the proof of Corollary to estimate

|wol
Ay(N)||x < CQ( Al + x||x
14y ()| N+ e el
for some w-dependent constant Cy > 0. We conclude that there exists some w-dependent
constant C'3 > 0 such that

Iy, < sup(FIS@O) ~yllx ) IS @) -yl

< CsllyIx (1 + [AD*J][%-

This yields the integrability of A — (()\ — A7 - ﬁ)x in F, on every {w+ik : k € [-R, R]}
with R > 1. Thereby, the continuity of (A.21]) follows for every R > 1 by the lemma about
parameter integrals. If S is a Cp-group, then there exists z € F“ such that (A.20)) also fails

immediately by the same argument.
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Oulook. The considerations of this section beg the question of whether we get convergence
in F-norm for every x € X,. More generally, one may ask whether for every Banach space X,
Co-semigroup (or Cp-group) S and exponential growth bound wy € R, there exists a (largest)
non-empty Banach space Y — X such that for every x € Y the convergence in (or
(A.20)) holds in Y-norm. How does X or S have to be specified and how does Y look like?
We leave these questions open for future research. As an example of such a specification, we
mention: for every Cp-semigroup and if X is a UMD-space, locally uniform convergence of
the complex inversion formula is positively answered choosing Y = X as shown in [31].

For another straightforward example, consider a Cy-semigroup S with generator A such that
ker(A) # 0. By the Hille-Yosida theorem, S has necessarily growth bound wy > 0 and one
chooses Y = ker(A) equipped with the norm || - ||x as non-trivial choice for the general
question.

A.A. APPENDIX: FUNCTION SPACES
Let I € {R", R} with R4 = [0,00) and n € N. We introduce the following spaces

Lip(I; X) := {f : I — X is Lipschitz-continuous},
Hyoe(I; X) :={f : I — X is locally Holder-continuous},
Din(I; X) := {f : I — X is Dini-continuous},

C(I; X):={f: 1 — X is continuous},

where we call F': I — X Dini-continuous at point ty € I if there exists some dg > 0 such that

||F(to + h) — F(to)ll

dh < oo.
Al

(—=60,00)"

The function F' is called Dini-continuous if it is Dini-continuous in every point. We call a
function F': I — X locally Hélder-continuous, if for every compact subset K of I there exist
an ag = op(K) € (0,1) and C = C(K) > 0 such that

1F(2) = F(y)l| < Cla — y[*® for all 2,y € K.
Obviously, we have the inclusions

Lip(I; X) C Hioe(I; X) C Din(; X) C C(I; X).

End of Paper
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