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Kurzfassung

Das Ziel dieser Arbeit ist es, nichtlineare Stabilitätsergebnisse periodischer Wellenzüge zu be-
weisen, indem jegliche Lokalisierungs- und Periodizitätsannahmen zu Störungen in bestimmten
dissipativen Modellen aufgehoben werden. Dies weicht von früheren Ergebnissen in der Liter-
atur ab (die sich auf die Lokalisierung von Störungen stützen) und zeigt, dass periodische
Wellenzüge robuster sind als bisher angenommen. Mathematisch lässt sich die allgemeine
Aufgabe wie folgt zusammenfassen: Wie lässt sich aus generischen Spektraleigenschaften
die nichtlineare Stabilität einer bestimmten Modellklasse beweisen? Aufgrund der fehlenden
Lokalisierung und der Herausforderungen, die sich aus den Modellen selbst ergeben, wie z.
B. unvollständige Parabolizität oder dispersive Eigenschaften, sind etablierte Rahmenwerke
nicht mehr anwendbar, Techniken müssen verfeinert werden und neue Ideen sind erforderlich.
Wir beweisen neue Ergebnisse zur nichtlinearen Stabilität periodischer Wellenzüge anhand
von drei Paradigmenmodellen. Wir verwenden einen Modulierungsansatz, um die nichtlineare
Stabilität gegenüber vollständig nichtlokalisierten Störungen im FitzHugh-Nagumo-System
zu zeigen. Für parabolische Reaktions-Diffusions-Systeme zeigen wir ein Modulationssta-
bilitätsergebnis gegenüber vollständig nichtlokalisierten Störungen. Insbesondere lassen wir
große Phasenmodulationen zu, ohne jegliche Lokalisierung der anfänglichen Phasenmodulation
anzunehmen. Inspiriert durch das sogenannte Zahnproblem in der nichtlinearen Schrödinger-
Gleichung betrachten wir die Lugiato-Lefever-Gleichung und Störungen, die aus Summen
von koperiodischen und lokalisierten Störungen bestehen. Der Anhang widmet sich einem
separaten Ergebnis, das durch Herausforderungen motiviert ist, die sich bei der Beweisführung
für das Ergebnis im FitzHugh-Nagumo-System ergeben haben. Wir befassen uns mit der
Fourier- und Laplace-Inversionsformel und finden Bedingungen, die eine lokal gleichmäßige
Konvergenz dieser Inversionsformeln garantieren.





Abstract

The purpose of this thesis is to prove nonlinear stability results of periodic wave trains by
lifting any localization and periodicity assumptions on perturbations in certain dissipative
models. This diverges from previous results established in the literature (which rely on
localization of perturbations) and shows that periodic wave trains are more robust than
always assumed. Mathematically, the general task boils down to: given a specific class of
models, how to conclude nonlinear stability from generic spectral properties? Due to the
lack of localization and challenges coming from the models themselves, such as incomplete
parabolicity or dispersive characteristics, well-established frameworks do not apply anymore,
techniques have to be refined and new ideas are required. We prove new nonlinear stability
results of periodic wave trains along three paradigm models. The first model is devoted to
the FitzHugh-Nagumo system for which we adopt a modulational approach to show nonlinear
stability against fully nonlocalized perturbations. For parabolic reaction diffusion systems, we
show a modulational stability result against fully nonlocalized perturbations. In particular,
we allow for large phase modulations without assuming any localization on the initial phase
modulation. Inspired by the so-called tooth problem in the nonlinear Schrödinger equation,
we consider the Lugiato-Lefever equation and perturbations consisting of sums of co-periodic
plus localized perturbations. The appendix is devoted to a detached result which is motivated
by challenges arising in the proof of the result in the FitzHugh-Nagumo system. We deal with
the Fourier- and Laplace inversion formula and find conditions to guarantee locally uniform
convergence of these inversion formulae.
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CHAPTER 1

Introduction

We consider an n-dimensional system of partial differential equations (PDE) with spatial
variable x ∈ R and time variable t ∈ [0,∞). As a concrete example, the reader may think of a
reaction-diffusion system ∂tu = D∂2

xu+f(u) with D ∈ Rn×n positive definite and f : Rn → Rn
smooth. Let ϕ0 : R → Rn be a smooth T -periodic function. A periodic wave train is a solution
of the PDE which can be written in the form

ϕ0(k0x− ω0t), (x, t) ∈ R × [0,∞), (1.1)

where ϕ0 is the periodic profile (see Figure 1.2), k0 ̸= 0 is called the wavenumber and ω0 ∈ R
is the time frequency. By the quotient c0 = ω0

k0
, we denote the speed of the wave train. If

c0 = 0, we say that (1.1) is a standing wave. We are interested in the nonlinear L∞-stability
of periodic wave trains which we informally formulate as:

Every solution of the (nonlinear) PDE starting close to the periodic wave train with respect to
a class of perturbations from a Banach space Y ↪→ L∞(R), exists globally and stays L∞-close
to the wave train for all times.

Furthermore, we are curious about the asymptotic behavior:

Do the perturbed solutions converge to the wave train and at which rate as time tends to
infinity?

The interest in studying nonlinear stability of periodic or other patterns is not solely of
mathematical nature. Many phenomena from biology, chemistry, physics or ecology are
described through nonlinear PDEs and therefore the question whether certain patterns such
as periodic wave trains exist in these PDEs are of crucial interest. To show nonlinear stability
now justifies that these patterns can actually be observed and accredits them a physical
relevance.

We formalize the notion of nonlinear L∞-stability in Definition 1.0.1 and give an illustration
in Figure 1.1.

Definition 1.0.1 (Nonlinear L∞-stability). To prevent confusion at this stage of the
thesis, we suppose that k0 = 1 and c0 = 0. We fix a Banach space X ↪→ L∞(R) such that
ϕ0 ∈ X. To formalize the notion of nonlinear L∞-stability, we note that every PDE which we
consider in this thesis can be written as semilinear evolution equation

∂tu = Lu+ N (u) (1.2)

where L generates a C0-semigroup on X, N : X → X is locally Lipschitz continuous and ϕ0
is a stationary solution of (1.2). Let Y ↪→ X be a Banach space. We define: the periodic
profile ϕ0 is called nonlinearly L∞-stable against perturbations from Y if for every ε > 0 there
exists some δ > 0 such that for all v0 ∈ Y with ||v0||Y < δ, the mild solution u(t) of (1.2)
with initial condition u(0) = ϕ0 + v0 exists globally and ||u(t) − ϕ0||L∞ < ε for all t ≥ 0.

We remark on some aspects of Definition 1.0.1. First, it can be seen as a variant for semilinear
evolution equations of the classical notion of Lyapunov stability for ordinary differential
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equations. For all considerations in this thesis, we can assume sufficient regularity on the
initial perturbations to obtain classical solutions. Whenever we mention ’nonlinear stability’,
the reader may refer to the notion given in Definition 1.0.1. For standard references on
semilinear evolution equations, we refer to [22, 79].

Figure 1.1.: A simplified illustration of Definition 1.0.1 in two dimensions.

Nonlinear stability and asymptotic behavior crucially depend on the class of perturbations
against which one perturbs the wave train. We refer to Figure 1.2 for an illustration of
important types of perturbations. A co-periodic perturbation is T -periodic, i.e., it has the
same periodic as the profile. Typical examples for localized perturbation spaces are Hk(R)
or L1(R) ∩ Hk(R), k ∈ N. A space of nonlocalized perturbations should include functions
which are neither periodic nor localized. A common choice is the space Cmub(R), m ∈ N0,
which contains all bounded, m-times differentiable functions whose derivatives are bounded
and uniformly continuous.1 In particular, Cmub(R) contains every C∞-function with bounded
derivatives and we therefore say that Cmub(R) is a class of fully nonlocalized perturbations.

Figure 1.2.: Illustration of different types of perturbations (restricted to one component). The
focus of this thesis is on nonlocalized perturbations.

1This space forms a Banach space when equipped with the standard Wm,∞(R)-norm.
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The purpose of this introduction is twofold. First, we give an overview of the current state
of the literature. We introduce the models that we consider in this thesis and informally
state our main results from Chapters 3 to 5 and Appendix A. The second purpose is to set
up the modulational approach, which we follow throughout this thesis. For this intention,
we introduce the abstract framework into which the presented models are embedded. This
allows us to discuss certain challenges more explicitly. In particular, we summarize different
approaches to linear estimates in Section 1.5. In Chapter 2, we discuss toy examples to
illustrate crucial ideas and techniques. All in all, the introduction together with Chapter 2
are meant to support reading of the remaining chapters which contain the main mathematical
contributions of this thesis and their proofs.

1.1. Literature overview
The research on nonlinear stability in general and specifically of periodic wave trains is a
highly active area of research with long tradition. Periodic patterns are one of the most
fundamental patterns which arise through the instability of a homogeneous state. Such a
pattern-forming mechanism was first discovered by Turing in the pioneering work [99] from
1952 for a linear reaction-diffusion system describing phenomena in morphogenesis. In 1977,
Swift and Hohenberg [98] proposed their model

∂tu = −(1 + ∂2
x)2u+ µu− u3, u ∈ R, (1.3)

as reduced equation to describe effects in thermal fluctuations in fluid flows.2 This equation
is one of the simplest nonlinear model admitting pattern formation. In fact, if µ exceeds the
critical value µ∗ = 0, the homogeneous state u ≡ 0 becomes unstable and periodic patterns
arise. The equation (1.3) is a paradigm example for which the Ginzburg-Landau equation

∂tu = ∂2
xu+ u− |u|2u, u ∈ C, (1.4)

can be rigorously derived as amplitude equation. The validation of (1.4) as amplitude equation
was also rigorously justified for other dissipative systems such as the Taylor-Couette problem
or reaction-diffusion systems. We refer to [94] for a systematic and detailed presentation of
this topic and further references. The Ginzburg-Landau formalism suggests an important
heuristic:

If we can show the existence of periodic waves and their stability for (1.4), then we can also
show them for a system for which (1.4) serves as amplitude equation.

The first rigorous nonlinear stability result of periodic waves against localized perturbations
was obtained in the Ginzburg-Landau equation for the periodic roll waves x 7→

√
1 − q2eiqx,

q ∈ (−1, 1), against localized perturbations. This is due to Collet, Eckmann and Epstein [26]
in 1992. Switching to polar coordinates, the associated perturbation equations admit constant
coefficients and the spectrum can be computed explicitly with stable parameter regime q2 < 1

3 .
Furthermore, in contrast to general reaction-diffusion systems, the analysis of (1.4) simplifies
due to translational, reflection and gauge symmetry. In the same year, Bricmont and Kupiainen
publish their paper [16] where they introduce the renormalization group approach and extend
the results from [26]. They could allow for small wavenumber-offsets giving rise to linear

2An interesting side note due to [27] is that the Swift-Hohenberg equation is already formulated in unpublished
manuscripts of Turing.
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spatial growth of the phase modulation. With the help of the renormalization group approach,
fundamental progress has been made for the nonlinear stability analysis of periodic wave
trains in a rich variety of models beyond the Ginzburg-Landau equation, i.e., in absence of
gauge invariance. We particularly mention Schneider’s pioneering work on nonlinear stability
in the Swift-Hohenberg equation [91] from 1996 and the Taylor-Couette problem [93] from
1998. Finally, the concept of diffusive spectral stability became standard as starting point to
obtain nonlinear stability; an illustration is given in Figure 1.3 and we refer to Section 1.3 for
an introduction of this concept.

Figure 1.3.: We schematically illustrate two scenarios of spectra of the linearization of a PDE
about the wave trains. Left: this is the case when considering the spectrum on
co-periodic functions, i.e., functions with the same period as the periodic profile,
where only discrete point spectrum occurs. The eigenvalue in zero originates
from the translational invariance of the system, that is, ϕ′

0 is an eigenfunction
to the eigenvalue 0. A standard reference on nonlinear stability against co-
periodic perturbations is [64]. The central aspect to show nonlinear stability
is to isolate this eigenvalue which reduces the critical dynamics to an ordinary
differential equation as the remaining spectrum is uniformly confined to left half
plane. Right: a schematic illustration of what we understand as diffusive spectral
stability which lies at the core of the nonlinear stability analysis against localized
and (fully) nonlocalized perturbations, see Section 1.4. Instead of an ordinary
differential equation, the critical quadratic curve of the spectrum (red) gives
rise to a (convective) heat equation capturing the critical dynamics induced by
translational invariance.

Between 2011 and 2014, Johnson, Noble, Rodrigues and Zumbrun published a series of papers
demonstrating nonlinear stability of periodic wave trains in more general settings based
on a modulational approach. For parabolic reaction-diffusion systems nonlinear stability
of periodic wave trains against L1 ∩Hk-perturbations is established in [55] under diffusive
spectral stability assumptions. They extend their theory by allowing for nonlocalized phase
modulations which connect constant states at spatial ±∞, c.f. [56, 57]. We refer to such a
result as modulational stability. These considerations ultimately apply to viscous conservation
laws by taking into account that the spectrum close to the origin may consist of multiple
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critical curves [59].

We further mention the work of Jung [62] using a Green’s function approach and the work of
Scheel and Wu [90] using an approach via normal forms to show nonlinear stability of periodic
wave trains in parabolic reaction-diffusion systems.

The first result on modulational stability for parabolic reaction-diffusion systems can be traced
back to [89] relying on the renormalization group approach. The phase modulation there may
be chosen as explicit shock wave solution of a viscous Hamilton-Jacobi equation

∂tu = d∂2
xu+ a∂xu+ ν(∂xu)2 (1.5)

with constants d > 0 and a, ν ∈ R. This result may be referred to as diffusive mixing of
the periodic wave train, i.e., two distinct values of the phase modulation at ±∞ are mixed
through the (nonlinear) diffusion equation (1.5). In 2019, Iyer and Sandstede extend this
result to allow for large phase offsets. We also refer to Figure 1.4.

The first nonlinear stability result against fully nonlocalized perturbations is due to Hilder,
de Rijk and Schneider in [51] from 2022. There, the authors establish nonlinear stability of
the roll waves in the Ginzburg-Landau equation against perturbations from Cmub(R). Since
the linearization about the origin has constant coefficients, they are in the position to filtrate
modes with the help of the Fourier transform. A variant to the Fourier transform is to
apply the Bloch transform to find mode filtration in L2(R) whenever the linearization admits
periodic coefficients. This procedure gets more complicated for nonlocalized perturbations.
This is circumvented in [85] by following a Green’s function approach to show nonlinear
stability periodic waves in two spatial dimensions whose perturbations are nonlocalized in
one spatial direction. Solely relying on parabolic smoothing, a nonlinear stability theory is
established in [84] for parabolic reaction-diffusion systems exploiting a modulational approach.
A central achievement was to control the perturbed viscous Hamilton-Jacobi equation, which
captures the most critical dynamics, with the aid of the Cole-Hopf transform. We refer to
Sections 1.4 and 2.3 for insights on this decisive aspect of the analysis.

In this thesis, we present new results on the nonlinear stability of periodic wave trains against
nonlocalized perturbations along three paradigm models arising in various disciplines. One
particular concern is to extend the theory [84] beyond the parabolic setting to enclose other
phenomenological models such as the FitzHugh-Nagumo system and Lugiato-Lefever equation.
Another crucial contribution of this thesis is an extended theory of the state-of-the-art
modulational stability results which all rely on spatial localization. We summarize our new
results and relate them to the existing literature in the next section.

1.2. New results and embedding into the literature
We start by briefly discussing which results we can expect. Reconsidering Figure 1.3, we
detect a lack of a spectral gap due to translation invariance of the system and therefore the
evolution generated by the linearization about the wave train is at best bounded from a
perturbation space into itself in virtue of the Hille-Yosida theorem. This suggests that in
general we can only expect nonlinear stability of the periodic wave trains but no convergence
rates for the perturbations as t → ∞ without assuming localization assumptions on the initial
perturbation.
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We informally state and discuss the main results of the thesis. We refer to the corresponding
chapters for rigorous formulations of the theorems. Furthermore, we refrain from discussing reg-
ularity assumptions and whether we can control higher derivatives in the informal statements.
For details on these aspects, we again refer to the corresponding chapters.

A paradigm model from biology is the FitzHugh-Nagumo system(
∂tu
∂tv

)
=
(
∂2
xu
0

)
+
(
u(1 − u)(u− µ) − v

ε(u− γv − µ)

)
, (x, t) ∈ R × [0,∞), u(x, t), v(x, t) ∈ R (1.6)

with parameters µ ∈ R, γ > 0 and ε > 0. The system (1.6) serves as phenomenological
simplification of the Hodgkin-Huxley model describing signal propagation in nerve fibers [77].
Assuming k0 = 1 and that the periodic wave profile ϕ0 moves with nonzero speed c0 = ω0, we
perform a coordinate change ζ = x− ω0t which yields the system(

∂tu
∂tv

)
=
(
∂2
ζu

0

)
+ c0

(
∂ζu
∂ζv

)
+
(
u(1 − u)(u− µ) − v

ε(u− γv − µ)

)
, (ζ, t) ∈ R × [0,∞). (1.7)

We observe that (1.7) is now a damped transport equation in the principal part of the second
component. Chapter 3 is the content of the preprint [5] which is a joint work with Björn de
Rijk. We informally state its main result.

Informal statement of main result in Chapter 3. Let ϕ0 : R → R2 be a smooth and
diffusively spectrally stable (see Figure 1.3), stationary solution to (1.7). Then, there exist
C, δ > 0 such that for every w̃0 ∈ C3

ub(R) × C2
ub(R) with E0 := ||w̃0||C3

ub(R)×C2
ub(R) < δ there

exists a unique classical global solution w(t) = (u(t), v(t))T of (1.7) with w(0) = w̃0 + ϕ0
fulfilling the estimate

||w(t) − ϕ0||L∞ ≤ CE0

for all t ≥ 0.

In particular, ϕ0 is nonlinearly L∞-stable against perturbations from C3
ub(R) × C2

ub(R).3

As coupling of a scalar reaction-diffusion equation and a linear ordinary differential equation,
the system (1.6) admits remarkably rich dynamics and gives rise to many types of patterns.
An interesting class of patterns are pattern-forming fronts which connect a constant state
in leading edge to a periodic pattern in the wake. A guiding paper from 2024 on their
nonlinear stability against localized perturbations is [8] which also includes a theorem on
the nonlinear stability of purely periodic wave trains. To the author’s best knowledge, this
is the first nonlinear stability result of periodic wave trains against localized perturbations
in the FitzHugh-Nagumo system. Building on their considerations, our result is the first to
lift any assumption on localization of the initial perturbation in a dissipative, non-parabolic
system. We emphasize that our analysis presents a robust theory that does not depend on
the specific features of the FitzHugh-Nagumo system, meaning that our developed scheme
might be applied to other dissipative systems which satisfy the following assumptions

(A1) The linearization about the wave train generates a C0-semigroup on Cub(R);

3In Chapter 3, we show a stronger result by only assuming that the initial perturbations have to be small in
L∞ while keeping the regularity assumptions.
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(A2) The periodic profile is diffusively spectrally stable.

It is an interesting task for future research to establish such a general theory for systems
supporting (A1)-(A2). A crucial challenge in this approach is to control regularity in the
arising quasilinear iteration scheme on which we remark in the introductory Sections 1.4 and
2.2. On the other hand, the lack of parabolicity and the question on how to filtrate modes in
Cub(R) are challenges in developing a suitable framework and proving linear decay rates. We
address them in Section 1.5.

In Chapter 4, we study parabolic reaction-diffusion systems which are of the form

∂tu = Duxx + f(u), (x, t) ∈ R × [0,∞), u(x, t) ∈ Rn (1.8)

with positive definite D ∈ Rn×n and smooth f : Rn → Rn. The main result of the preprint [4]
(jointly with Björn de Rijk) is devoted to modulational stability. We heuristically motivate
the meaning of this concept. If ϕ0 is a stationary periodic solution of (1.8), then translational
invariance of (1.8) implies that also the constantly shifted wave train ϕ0(· + s) is a stationary
periodic solution of (1.8) as well for every s ∈ R. In particular, ϕ0(·+s) is diffusively spectrally
stable whenever ϕ0 is. Therefore, at the onset of pattern formation, one expects that not only
a pure periodic wave could be observed but also modulated versions of them. Such modulated
variants are in general given as ϕ(· + γ0) with bounded initial phase modulation γ0 : R → R
and we ask whether they are stable in an appropriate sense. We give an informal statement
of our result, see also Figure 1.4.

Informal statement of main result in Chapter 4. Let ϕ0 : R → Rn be a smooth and
diffusively spectrally stable periodic wave train to (1.8). For simplicity, we set k0 = 1 and
ω0 = 0 in (1.1). Fix any M ≥ 1. Then, for every small α ≥ 0 there exist some C, ε > 0 such
that for every initial phase modulation γ0 ∈ C1

ub(R) and u0 ∈ Cub(R) with ||γ0||L∞ ≤ M and
E0 := ||∂xγ0||L∞ + ||u0 − ϕ0(· + γ0)||L∞ < ε there exist a unique classical global solution u(t)
of (1.8) with u(0) = u0 and some globally defined modulation function γ(t) with γ(0) = γ0
such that

||u(t) − ϕ0(· + γ(t))||L∞ ≤ CEα0 (1 + t)− 1
2 +α

for all t ≥ 0. Moreover, there are a, ν ∈ R and d > 0 (see (P4)) such that we can approximate∣∣∣∣∣∣∂jx(γ(t) − γ̌(t))
∣∣∣∣∣∣
L∞

≤ CE
2
3α
0 (1 + t)− j

2 , j = 0, 1, (1.9)

for all t ≥ 0, where γ̌(t) is the solution of the viscous Hamilton-Jacobi equation

∂tγ̌ = d∂2
xγ̌ + a∂xγ̌ + ν(∂xγ̌)2, (x, t) ∈ R × [0,∞),

with γ̌(0) = γ0.

An interesting observation in this theorem is that if we formally set γ(t) ≡ 0, then we
obtain nonlinear stability of the original wave train. Therefore, modulational stability can be
considered as a generalized concept of nonlinear stability. We note that we can also use the
explicit solution of the viscous Hamilton-Jacobi equation as modulation function: by (1.9)
and the mean value theorem, we obtain

||u(t) − ϕ0(· + γ̌(t))||L∞ ≤ CE
2
3α
0 , t ≥ 0.
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The reason for the α-exponent is an interpolation argument which allows to balance the
smallness of ∂xγ0 and decay of ∂xe∂

2
xt from Cub(R) to Cub(R). This idea is paradigmatically

executed in Section 2.3. There, we also indicate where the estimate (1.9) originates from.

Importantly, assuming higher regularity on the initial perturbation, we expect that our scheme
also applies for the FitzHugh-Nagumo by direct adaptions from Chapter 3.

Figure 1.4.: Illustration of different initial scenarios where the scenario in the first row is
studied in [54, 57, 89]. The purple profile is the modulated profile with indicated
phase shifts at x = ±∞. In Chapter 4 (scenario: second row in figure), we drop
the smallness assumptions from [89] and [57] on ||γ0||L∞ but also any localization
assumption on the initial conditions from [57] and [54]. The figure indicates
that we can allow for slow oscillations of the phase modulation at spatial ±∞ in
Chapter 4.

Example. Take L > 0 and set γ0(x) = L(sin(δx) + arctan(δx)), x ∈ R. Now, we set δ > 0
sufficiently small while L may be large. This a concrete example of an initial phase modulation
which is covered by our result in Chapter 4 but not by any earlier result since ∂xγ0 does not
lie in Lp(R) for any 1 ≤ p < ∞. In general, one can consider each g0 ∈ C1

ub(R) and choose
γ0(x) = g0(δx) for sufficiently small δ > 0.

The third model under investigation, in Chapter 5, is the Lugiato-Lefever equation which
reads as

∂tu = −βi∂2
xu− (1 + iα)u+ i|u|2u+ F, (x, t) ∈ R × [0,∞), u(x, t) ∈ C (1.10)

with parameters β ∈ {−1, 1}, α ∈ R and F > 0. Mathematically, (1.10) is a variant of the
cubic nonlinear Schrödinger equation with an additional damping term −u and a constant
forcing term F > 0. In 1987, Lugiato and Lefever have derived this equation as a model for
nonlinear optical systems [72] and identified it as paradigm model for pattern formation.

The equation (1.10) has recently been studied in [46] where it was shown that periodic standing
waves are nonlinearly stable against localized perturbations. In the earlier work [96], nonlinear
stability is shown against co-periodic perturbations. The Chapter 5 consists of the preprint
[2] where we unify both theories by perturbing against co-periodic plus localized perturbations.
These sums constitute a non-trivial class of nonlocalized perturbations. Considerations from
fiber optics [67], where combinations of localized and co-periodic effects naturally occur,
motivate the study of these types of perturbations. We informally state the main result of
this chapter.
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Informal statement of main result in Chapter 5. Let ϕ0 : R → R2 be a smooth and
T -periodic, stationary solution of (1.10). In addition, assume that ϕ0 is diffusively spectrally
stable. Then, there exist some C, ε > 0 such that for every ũ0 ∈ H6

per(0, T ) ⊕ H3(R) with
E0 := ||ũ0||H6

per(0,T )⊕H3(R) < ε there exists a unique classical global solution u(t) of (1.10) with
u(0) = ũ0 + ϕ0 fulfilling the estimate

||u(t) − ϕ0||L∞ ≤ CE0

for all t ≥ 0.

In particular, ϕ0 is nonlinearly L∞-stable against perturbations from H6
per(0, T ) ⊕H3(R).4

To construct a solution of (1.10) with initial datum w0 + v0 ∈ L2
per(0, T ) ⊕ L2(R), one first

solves (1.10) for w(t) with w(0) = w0 ∈ L2
per(0, T ) and then derives the perturbation equation

for v(t) which can be solved in L2(R) such that w(t) + v(t) is again a solution of (1.10) with
w(0) + v(0) = w0 + v0. Therefore, the main idea of the proof of the nonlinear stability result
is to perform an iterative L2-scheme on the perturbation equations of v(t), similarly as in [46]
and [105], where the novel difficulty is to control v-w-mix terms. We resolve this difficulty by
establishing a suitable modulation ansatz which allows to rely on the orbital stability result
from [96] for the co-periodic perturbation w(t).

Small initial perturbation Reference

L2
per(0, T ) [96] (2018)

L2(R) [46] (2022)

L2
per(0, T ) ⊕ L2(R) Chapter 5

Table 1.1.: A related question to the one in Chapter 5 is whether solutions of the cubic nonlinear
Schrödinger equation exist globally for initial data from L2

per(0, T ) ⊕ L2(R). This
problem is also referred to as tooth problem in the literature and the red lines in
the last row might be seen as ’knocked out teeth’. For a discussion on the tooth
problem, we refer to [24, 69].

The reader might wonder whether we can apply our scheme for the FitzHugh-Nagumo system
from Chapter 3 to establish a nonlinear stability result against fully nonlocalized perturbations
in the case of the Lugiato-Lefever equation. A first complication to this suggestion is that (A1)
is violated as shown in [14]. An alternative choice of spaces to guarantee that ei∂2

xt generates a
semigroup on a space of fully nonlocalized perturbations are the so-called modulation spaces.
We briefly discuss the possibility of such an extension in Chapter 5. In general, global existence
for Schrödinger-type equations with fully nonlocalized initial data is a widely open problem.

4We systematically introduce the spaces Hk
per(0, T ) ⊕Hl(R) at the end of Chapter 5.
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The Appendix A is devoted to a detached result on the Laplace transform: during the work
on [5], we were confronted with the validity of the complex inversion formula of the Laplace
transform applied to convolutions of C0-semigroups to generate high-frequency estimates,
see Chapter 3 and Section 1.5. This was the motivation for the preprint [3] (to appear in
Archiv der Mathematik). We show that for a vector-valued function the condition of Lipschitz
continuity in [6] can be relaxed to local Hölder continuity to obtain complex inversion of the
Laplace transform with locally uniform convergence. In particular, this result applies for
C0-semigroups on Favard spaces.

Notation.
• Let S be a set, and let A,B : S → R. Throughout the thesis, the expression ’A(x) ≲ B(x)

for x ∈ S’, means that there exists a constant C > 0, independent of x, such that A(x) ≤
CB(x) holds for all x ∈ S. We also write ’A(x) = O(B(x))’ instead of ’A(x) ≲ B(x)’.

• Let X be a normed space and let S be a set. Let A(t) : X → X for t ∈ S and B : S → R.
The expression ’A(t) = OX→X(B(t))’ means that that there exists a constant C > 0,
independent of x and t, such that ||A(t)||X ≤ CB(t)||x||X holds for all x ∈ X and t ∈ S.

Comment on notational consistency. The notation within each Chapter 3 to 5 is consistent
and can differ between the chapters. This means for example that the phase modulation
throughout Chapter 3 is called Ψ while we call it γ in the others. The reason is that the
Chapters 3 to 5 mainly consist of the corresponding preprints.

1.3. Abstract framework: existence and spectrum
The systems (1.6), (1.8) and the equation (1.10) (by splitting into real and imaginary parts)
can be written as a semilinear system which is of the form

∂tu = D∂2
xu+ f(u), (x, t) ∈ R × [0,∞), u(x, t) ∈ Rn (1.11)

with n ∈ N, smooth f : Rn → Rn and a matrix D ∈ Rn×n.

If D is semi-positive definite, then we call (1.11) a reaction-diffusion system. In this case,
(1.11) becomes parabolic if D is positive definite and we call it incomplete parabolic otherwise.

Existence. Let k0 ̸= 0, ω0 ∈ R and T > 0. We assume the existence of a T -periodic profile
ϕ0 : R → Rn such that the wave train

ϕ0(k0x− ω0t), (x, t) ∈ R × [0,∞),

is a solution of (1.11).

The comoving frame. The coordinate change ζ = k0x− ω0t transforms (1.11) into

∂tu = k2
0D∂2

ζu+ ω0∂ζu+ f(u), (ζ, t) ∈ R × [0,∞), u(ζ, t) ∈ Rn. (1.12)

The periodic profile ϕ0 is now a stationary solution of (1.12). Measuring the deviation
v(ζ, t) = u(ζ, t) − ϕ0(ζ) of a solution u of (1.12) from ϕ0, we arrive at the perturbation
equation

∂tv = L0v + R(v)
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where the linearization L0 of (1.12) about ϕ0 is given by

L0v = k2
0D∂2

ζ v + ω0∂ζv + f ′(ϕ0)v

and the nonlinear residual reads as

R(v) = f(v + ϕ0) − f(ϕ0) − f ′(ϕ0)v.

The linearization L0 is posed on Cub(R) with dom(L0) ⊂ Cub(R) resp. on L2(R) with
dom(L0) ⊂ L2(R).

Spectral preliminaries. We introduce the Bloch operators

L(ξ) = e−iξ·L0e
iξ·, ξ ∈

[
−π

T
,
π

T

)
,

posed on L2
per(0, T ) with dom(L(ξ)) ⊂ L2

per(0, T ). It holds that L(ξ) has compact resolvent
and its spectrum consists of isolated eigenvalues of finite algebraic multiplicity. Furthermore,
we have the identities

σ(L0) := σCub(L0) = σL2(L0) =
⋃

ξ∈[− π
T
, π

T )
σL2

per(0,T )(L(ξ)). (1.13)

We refer to [39, 83] and [29] for details. The spectrum of σCub(L0) and σL2(L0) qualitatively
differ: while σCub(L0) consists of a continuum of eigenvalues, σL2(L0) is purely essential.

We make the following assumptions on the spectrum which we refer to as diffusive spectral
stability:

(D1) It holds σ(L0) ⊂ {λ ∈ C : Re(λ) < 0} ∪ {0};
(D2) There exists θ > 0 such that for any ξ ∈ [− π

T ,
π
T ) we have Re σL2

per(0,T )(L(ξ)) ≤ −θξ2;
(D3) 0 is a simple eigenvalue of L(0).

Due to translational invariance of (1.12) and (D3), we have

kerL2
per(0,T )(L(0)) = span{ϕ′

0}, (1.14)

whenever ϕ0 is nonconstant.This gives rise to one critical spectral curve λc(ξ), ξ ∈ (−ξ0, ξ0), for
some ξ0 ∈ (0, πT ) touching the origin and which is confined to the left half plane, see Figure 1.5.
Due to the necessary eigenvalue in the origin of L(0), we note that the assumptions (D1)-(D3)
are the generically most stable configuration one can hope for in dissipative systems. We
informally summarize some consequences of (D1)-(D3) and refer to [29] for their justifications:

(P1) There exist a neighborhood U ⊂ R of k0 and functions ϕ : R × U → Rn and ω : U → R
with ϕ(·; k0) = ϕ0 and ω(k0) = ω0 such that

uk(x, t) = ϕ(kx− ω(k)t; k),

is a solution to (1.11) of period T for each wavenumber k ∈ U . We can arrange for
⟨Φ̃0, ϕ

′
0⟩L2

per(0,T ) = 1, where Φ̃0 is an eigenfunction to the eigenvalue 0 of the adjoint Bloch
operator L(0)∗.

(P2) There exist eigenfunctions Φξ with Φ0 = ϕ′
0 associated to the simple eigenvalue λc(ξ) of

L(ξ), i.e., L(ξ)Φξ = λc(ξ)Φξ for ξ ∈ (−ξ0, ξ0).
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(P3) There exist eigenfunctions Φ̃ξ associated to the simple eigenvalue λc(ξ) of the adjoint
operator L(ξ)∗, i.e., L(ξ)∗Φ̃ξ = λc(ξ)Φ̃ξ for ξ ∈ (−ξ0, ξ0).

(P4) The expansions∣∣∣λc(ξ) − iaξ + dξ2
∣∣∣ ≲ |ξ|3,

∥∥Φξ − ϕ′
0 − ik0ξ∂kϕ(·; k0)

∥∥
Hm(0,1) ≲ |ξ|2,

hold for ξ ∈ (−ξ0, ξ0) with coefficients a ∈ R and d > 0.

One can explicitly determine

a = ω0 − k0ω
′(k0), d = k2

0⟨Φ̃0, Dϕ
′
0 + 2k0D∂ζkϕ(·; k0)⟩L2

per(0,T )
.

We also introduce ν = −1
2k0ω

′′(k0) whose relevance becomes apparent later.

The coefficient a is referred to as group velocity of the wave train in the literature.

Remark 1.3.1. We have the symmetry property: if λ ∈ σ(L0), then λ̄ ∈ σ(L0). This is due
to the observation that L0 has real coefficients. In particular, λc(−ξ) = λc(ξ), ξ ∈ (−ξ0, ξ0).
In case that the system admits reflection symmetry and the periodic profile is even, i.e.,
ϕ(x) = ϕ(−x), we additionally have λc(−ξ) = λc(ξ) and therefore λc(ξ) ∈ R for x ∈ (−ξ0, ξ0).

We now embed the presented models into this abstract framework:

• The FitzHugh-Nagumo system is a reaction-diffusion system of incomplete parabolic

type where D =
(

1 0
0 0

)
. The existence of periodic traveling waves is established in [95]

by exploiting the slow-fast structure of the system. In [33], a spectral analysis of the
resulting linearization is performed in the case γ = 0 for which diffusive spectral stability
cannot hold due to the lack of damping in the second component. Another recent type of
periodic wave trains is shown to exist with justified spectral assumptions (D1)-(D3) in
[71]. This is to the author’s best knowledge the first result proving existence of periodic
wave trains which are diffusively spectrally stable for γ > 0.

• As example for parabolic reaction-diffusion systems, one considers the Brusselator
model

∂tu = d1∂
2
xu+ a− (β + 1)u+ u2v,

∂tv = d2∂
2
xv + βu− u2v,

(x, t) ∈ R × [0,∞), (u(x, t), v(x, t)) ∈ R2 (1.15)

with parameters d1, d2 > 0 and a, β ∈ R. For this system, it is known through [97] that
diffusively spectrally stable periodic wave trains exist in a certain paramater regime.

• The Lugiato-Lefever equation can be written in form (1.11) by switching to the

variables (Re(u), Im(u)). This gives rise to D = −β
(

0 −1
1 0

)
and a smooth reaction

term F : R2 → R2. The model (1.10) admits periodic standing waves and the associated
linearization obeys (D1)-(D3) as shown in [28] and [13] exploiting Lyapunov Schmidt-
reduction and bifurcation arguments. They are typically even due to the reflection
symmetry of the Lugiato-Lefever equation.
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Figure 1.5.: Qualitative illustration of spectra supported by (D1)-(D3) with the critical touch-
ing at the origin. Left: the spectrum of FitzHugh-Nagumo system behaves
asymptotically parallel to the imaginary axis with an asymptote −εγ. Middle:
image of the spectrum in parabolic reaction-diffusion system which in particular
lies in a sector. Right: due to the reflection symmetry of the Lugiato-Lefever
equation and the evenness of the standing wave, the critical curve is confined to
the real axis.

Remark 1.3.2 (The scalar case). It is crucial to work with systems of equations, i.e.,
n ≥ 2, as the condition ((D1)) never holds in scalar equations. This follows from Sturm-
Liouville theory [64] which tells us that the eigenfunction to the largest eigenvalue of L(0) is
necessarily zero-free. If ϕ0 is nonconstant, then the eigenfunction ϕ′

0 to the zero eigenvalue has
at least one zero and therefore there has to be an unstable eigenvalue. Through identity (1.13),
this leads to nonlinear instability of non-trivial periodic wave trains against perturbations from
L2(R) and Cub(R).

1.4. The modulational approach
We consider a solution u(t) of (1.12). By the touching of the spectrum of L0 at the origin,
we cannot expect decay of the semigroup eL0t from some Banach space X into itself by the
Hille-Yosida theorem. This obstructs an immediate argument through iterative estimates on
the Duhamel formula of the perturbation u(t) − ϕ0. The principal idea of the modulational
approach is to capture the critical touching of the spectrum at the origin on the linear and
nonlinear level. For this purpose, we introduce a phase modulation γ(t)5 and the inverse-
modulated perturbation of u(t) given by

w(ζ, t) = u(ζ − γ(ζ, t), t) − ϕ0(ζ), (ζ, t) ∈ R × [0,∞).

The inverse-modulated perturbation w satisfies a quasilinear system of the form

(∂t − L0)(w − ϕ′
0γ) = R̃(w, γζ , γt), (1.16)

5We use γ to denote the modulation function which should not be confused with the constant in the
FitzHugh-Nagumo system. In Chapter 3, we call the phase modulation ψ.
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where we emphasize that the nonlinear residual R̃ contains only derivatives of γ. We refer
to [8, 55] for the derivation of (1.16). To exploit the structure of (1.16), one splits the linear
evolution as

eL0t = Sr(t) + (ϕ′
0 + k0∂kϕ(·; k0)∂ζ)sp(t) (1.17)

by relying on (D1)-(D3). In Section 1.5, we discuss different approaches yielding the decom-
position (1.17) and decay rates on sp(t) and Sr(t). The requirement on such a decomposition
is that sp(t) captures the linear critical dynamics caused by the parabolic touching of the
critical spectral curve λc at the origin of the spectrum. Therefore, sp(t) qualitatively behaves
as the (convective) heat semigroup e(d∂2

ζ +a∂ζ)t with respect to decay and smoothing properties
while we expect higher-order decay of Sr(t).

We write u0 = u(0) and set w0 = u0 − ϕ0. Let 0 ≤ χ ≤ 1 be a smooth function such that
χ ≡ 0 on [0, 1] and χ ≡ 1 on [2,∞). To capture the most critical behavior of w(t), we define
the phase modulation function γ(t) by the Duhamel formula6

γ(t) = χ(t)sp(t)w0 +
∫ t

0
χ(t− s)sp(t− s)R̃(s) ds, (1.18)

where we abbreviate R̃ = R̃(w, γζ , γt). Furthermore, using (1.17), we introduce the variable

z(t) = w(t) − k0∂kϕ(·; k0)γζ(t) (1.19)

which satisfies the Duhamel formula

z(t) =Sr(t)w0 +
∫ t

0
Sr(t− s)R̃(s) ds+ remaining terms. (1.20)

This gives rise to the expectation that z(t) admits higher-order decay since Sr(t) decays
at higher-order, c.f. Section 1.5. We may also assume that the remaining terms decay at
higher-order. The genuinely most critical term that might occur in the nonlinearity R̃ is γ2

ζ

as R̃ contains only derivatives of γ and we may assume that z(t), γt(t) and higher derivatives
of γ(t) decay at higher-order. In summary, the most critical part of our stability analysis is
governed by a perturbed viscous Hamilton-Jacobi

∂tγ = d∂2
ζγ + a∂ζγ + ν(∂ζγ)2 + h.o.t (1.21)

with a ∈ R and d > 0 from the second order Taylor expansion of the critical spectral curve λc
in (P4). Furthermore, it is possible to show that ν ∈ R is precisely the value as defined in (P4),
c.f. [84]. The particularly interesting scenario is when ν ≠ 0 since the remaining nonlinear
terms in (1.21) are of higher-order. In this case, the nonlinearity ν(∂ζγ)2 can be removed via
the Cole-Hopf transform and we give a comprehensive discussion of this procedure in Section
2.3.

Regularity control. Due to the quasilinearity of (1.16), spatial derivatives of w appear in the
residual nonlinearity R̃ and a crucial challenge is to control these derivatives. This is usually
and also here achieved by nonlinear damping estimates on the forward-modulated perturbation
ů(ζ, t) = u(ζ, t) − ϕ0(ζ + γ(ζ, t), t) which satisfies again a semilinear system. Finally, one

6To guarantee that γ(0) = γ0 for a prescribed γ0, one needs to introduce an additional correction term. We
suppress this correction term here, as it does not affect our explanations and we refer to Chapter 4 for
details.
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relates ||∂kζw(t)||L∞ to ||∂kζ ů(t)||L∞ to control derivatives of the inverse-modulate perturbation
w(t), see also [105]. Analogously, one argues for z(t) and the modified forward-modulated
perturbation z̊(ζ, t) = u(ζ, t) − ϕ0(ζ + γ(ζ, t)(1 + ∂ζγ(ζ, t)); k0(1 + ∂ζγ(ζ, t))) which are used
in Chapters 3 and 4. These damping estimates contain pure L∞- norms. We derive them
by relying on uniformly local Sobolev norms which allow to define weighted energies for
which we can show suitable energy estimates.7 The regularity control via damping estimates
is a robust approach and allows us to extend the analysis from [84] on parabolic systems,
which solely relies on parabolic smoothing, to non-parabolic systems as done in Chapter 3 for
the FitzHugh-Nagumo system. We provide an illustration of the used technique along toy
examples in Section 2.2. Another possibility to control derivatives are the use of so-called
tame estimates which are exploited in [85] or [46]. We do not go into detail on this approach
here.

Similar as for the unmodulated perturbation, we note that the forward-modulated perturbation
ů is not suitable to close an iteration argument on its Duhamel formula. The reason is that
the linear evolution of the semilinear system satisfied by ů is again given through eL0t and
the structure on the left hand side of (1.17), which allows to isolate the critical contribution
sp(t), is not present anymore.

Closing a nonlinear iteration argument. The intuition why an iteration argument closes by
following the modulational approach is as follows. Considering the propagator sp(t), which
behaves similar to the heat semigroup, one has ∂ζsp(t) = OCub→Cub(t− 1

2 ) for t > 0. Since
only derivatives of γ appear in the nonlinearity R̃, we execute nonlinear iterative estimates
on ∂ζγ(t) by taking the derivative of (1.18) with respect to the spatial variable ζ. Using the
linear predictions for the decay rates ||∂ζγ(t)||L∞ = O((1 + t)− 1

2 ) and ||z(t)||L∞ = O((1 + t)−1)
and assuming that the term (∂ζγ(t))2 is removed, the most critical terms that might appear
in R̃(s) are for example (∂ζγ(s))3 and z(s)∂ζγ(s). Now, one estimates∫ t

0
(1 + t− s)− 1

2
(
||∂ζγ(s)||3L∞ + ||z(s)||L∞ ||∂ζγ(s)||L∞

)
ds

≲
∫ t

0
(1 + t− s)− 1

2 (1 + s)− 3
2 ds ≲ (1 + t)− 1

2 , t ≥ 0.

We conclude that we get back the predicted decay (1 + t)− 1
2 on ∂ζγ(t) for the nonlinear

contributions (∂ζγ(s))3 and z(s)∂ζγ(s).

We refer to Sections 2.1 and 2.3 for explicit examples on how such an argument works.

Controlling the umodulated perturbation. After closing a nonlinear iteration argument, we
arrive at ||∂jζγ(t)||L∞ ≲ (1 + t)− j

2 ||w0||L∞ , j = 0, 1, for sufficiently small ||w0||L∞ . Now, one
observes that ||w(t)||L∞ is controlled by the behavior of ||γζ(t)||L∞ through (1.19) and since
||z(t)||L∞ admits higher-order decay. By the relation of ů(t) and w(t), we also obtain the
control ||̊u(t)||L∞ ≲ (1 + t)− 1

2 ||w0||L∞ . With the help of the mean value theorem, we arrive at

||u(t) − ϕ0||L∞ ≤ ||̊u(t)|| + ||ϕ0 − ϕ0(· + γ(t))||L∞ ≲ ||w0||L∞

providing nonlinear L∞-stability.
7The uniformly local L2-space L2

ul(R) contains all L2
loc(R)-functions such that the uniformly local L2-norm

||u||L2
ul

:= supy∈R
∫
R

2
2+(x−y)2 u(x)2 dx is finite and ||u(· + y) − u(·)||L2

ul
→ 0 as y → ∞. Analogously, one

defines the spaces Hm
ul (R), m ∈ N. Furthermore, the embeddings Cm

ub ↪→ Hm
ul ↪→ Cm−1

ub hold, see [94].
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1.5. Approaches to linear decomposition and estimates
To the end of this chapter, we address the question of how we come from the spectral
assumptions (D1)-(D3) to linear estimates and the decomposition (1.17) of the semigroup eL0t.
We distinguish between three approaches, which can be converted partially into each other:
the Bloch transform, pointwise estimates on the Green’s function and the complex inversion
formula. Each approach has advantages and limits which we briefly discuss, in particular, in
view of nonlocalized data.

Bloch transform. Since L0 has T -periodic coefficients, one can rewrite the semigroup, see
e.g. [29], as

eL0tv(ζ) = 1
2π

∫ π
T

− π
T

eiξζeL(ξ)tv̌(ξ, ζ) dξ, v̌(ξ, ζ) =
∑
l∈Z

e
2πilζ

T v̂

(
ξ + 2πl

T

)
, v ∈ S(R), (1.22)

where v̂ denotes the Fourier transform of v and L(ξ) are the Bloch operators defined in Section
1.3. The function v̌ is called the Bloch transform of v.

The representation (1.22) allows us to partition the Bloch modes ξ into modes which are
close to zero (low frequencies) and uniformly away from zero (high frequencies); this type of
decomposition is referred to as what we call mode filtration. Now, we explain this in some
more detail and formally isolate the principal propagator sp(t) in (1.17).

Denote by Π(ξ) the spectral projection onto the eigenspace span{Φξ} and let 0 ≤ ρ ≤ 1 be a
smooth function with support in (−ξ0, ξ0) and ρ ≡ 1 on (− ξ0

2 ,
ξ0
2 ). One splits

Se(t)v(ζ) = 1
2π

∫ π
T

− π
T

(1 − ρ(ξ))eiξζeL(ξ)tv̌(ξ, ζ) dξ

+ 1
2π

∫ π
T

− π
T

ρ(ξ)eiξζeL(ξ)t(1 − Π(ξ))v̌(ξ, ζ) dξ
(1.23)

and

Sc(t)v(ζ) = eL0tv(ζ) − Se(t)v(ζ) = 1
2π

∫ π
T

− π
T

ρ(ξ)eiξζeL(ξ)tΠ(ξ)v̌(ξ, ζ) dξ.

First, we have the identity

eL(ξ)tΠ(ξ)v̌(ξ, ζ) = eλc(ξ)tΦξ(ζ)⟨Φ̃ξ, v̌(ξ, ·)⟩L2
per(0,T )

.

Furthermore, inserting the Bloch transform of v and rearranging terms, we obtain

⟨Φ̃ξ, v̌(ξ, ·)⟩L2
per(0,T )

=
∫
R
e−iξζ̄v(ζ̄)

∑
l∈Z

e− 2πilζ̄
T

1
T

∫ T

0
Φ̃∗
ξ(ζ)e

2πilζ
T dζ

 dζ̄
=
∫
R
e−iξζ̄Φ̃∗

ξ(ζ̄)v(ζ̄) dζ̄,

where we used the Fourier series of Φ̃∗
ξ . We summarize

Sc(t)v(ζ) = 1
2π

∫
R

∫ π
T

− π
T

ρ(ξ)eiξ(ζ−ζ̄)+λc(ξ)tΦξ(ζ)Φ̃∗
ξ(ζ̄) dξv(ζ̄) dζ̄. (1.24)
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The expressions (1.23) and (1.24) may be extended to L2-functions due to the density of the
Schwartz functions. The Bloch representation (1.22) has the advantage to trace back the
derivation of linear L2-estimates to L2

per-theory by the Hausdorff-Young inequality. This is
particularly reflected by using the Gearhart-Prüss theorem to derive exponential decay of
||Se(t)||L2→L2 in [45, 55–57].

In view of our Cub-theory, an important observation is that the low-frequency representation
(1.24) is defined for v ∈ Cub(R) and one is in the position to trade powers of Bloch modes
against time decay, see [84]. As rule of thumb, one trades powers of ξk to decay t− k

2 as t → ∞.
Therefore, invoking the expansion (P4), we arrive at

Sc(t) = (ϕ′
0 + k0ϕk(k0; ·)∂ζ)sp(t) +OCub→Cub((1 + t)−1) (1.25)

with

sp(t)v(ζ) = 1
2π

∫
R

∫ π
T

− π
T

ρ(ξ)eiξ(ζ−ζ̄)+λc(ξ)tΦ̃∗
ξ(ζ̄) dξv(ζ̄) dζ̄. (1.26)

Finally, with the help of (1.25), we formally arrive at Sr(t) = Se(t) +OCub→Cub((1 + t)−1) in
(1.17). In Remark 1.5.2, we briefly comment on the possibility to treat Se(t)v, given through
(1.23), as distribution for v ∈ Cub(R). As we explain below, we can derive estimates in Chapter
3 on eL0t − Sc(t) without the need for any distributional consideration.

Pointwise estimates on Green’s function. The idea is to establish pointwise estimates on
the Green’s function G of ∂tv = L0v where we represent

eL0tv(ζ) =
∫
R
G(ζ, ζ̄, t)v(ζ̄) dζ̄.

The main advantage of this approach is that it is possible to derive estimates on the Green’s
functions for equations with coefficients which are not necessarily constant or periodic.
Furthermore, the Green’s function approach allows to derive explicit decay rates on the linear
evolution between Lp-spaces. We refer to [104] as guiding literature in the context of shock
waves stability. In the context of periodic coefficient operators, Green’s functions approaches
are derived and exploited in [62] and [85]. We note that as soon as the linear operator L0 is
not sectorial, one cannot guarantee for an integrable Green’s function. This can already be
observed for the evolution equation ∂tv = ∂ζv where G is represented by a δ-distribution.

Complex inversion formula. Whenever a linear operator L0 : dom(L0) → X generates a
C0-semigroup with growth bound η0 ∈ R, we represent

eL0tv = lim
R→∞

1
2πi

∫ η+iR

η−iR
eλt(λ− L0)−1v dλ, v ∈ dom(L0), η > η0. (1.27)

This allows a representation of the semigroup eL0t which is not restricted to specific patterns
and to specific properties of the linear operators. On a formal level, we can solve the
resolvent problem v = (λ− L)fλ for λ ∈ ρ(L0), which gives rise to a spatial Green’s function
representation

fλ =
∫
R
Gλ(·, ζ̄)v(ζ̄) dζ̄.
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Inserting this into (1.27) and swapping the order of integration, one formally arrives at the
temporal Green’s function

G(ζ, ζ̄, t) = 1
2πi

∫ η+i∞

η−i∞
eλtGλ(ζ, ζ̄) dλ.

A main idea in Chapter 3 is to combine the approach through the complex inversion formula
with the low-frequency analysis of the Bloch representation. Instead of leveraging [104], see
also [8], which rely on well-selected spatio-temporal contours to deduce linear decay rates, we
show that the contour close to the origin (orange in Figure 1.6) is equal to the low-frequency
part (1.24) modulo exponentially decaying terms. This follows by investigating eλtGλ(ζ, ζ̄, t)
for |λ| ≪ 1, with the help of Floquet theory and the use of exponential dichotomies where the
non-degeneracy assumption a ≠ 0, see (H2), is crucial. The latter guarantees the pointwise
analyticity of Gλ for |λ| ≪ 1. The advantage is to apply previously derived estimates on
(1.24) from [84, 85], and in particular, we can isolate sp(t) in form of (1.26) and explicitly
relate sp(t) to the convective heat equation ∂tu = d∂2

ζu+ a∂ζu by expanding λc in the spirit
of (P4). As described in Section 1.4, this allows us to reduce the question on how to control
γ(t), as defined in (1.18), to the analysis of a perturbed viscous Hamilton-Jacobi equation
which can be performed as illustrated in Section 2.3. The contours uniformly bounded away
from the origin (green in Figure 1.6) give rise to exponentially decaying contributions. The
proof of these estimates can be traced back to the validity of the complex inversion formula
for convolutions of semigroups. This observation originates from a Neumann series expansion
of the resolvent (λ− L0)−1 for Im(λ) ≫ 1 where the critical terms appear as compositions
of simpler resolvents in the components, respectively. We refer to Chapter 3 for details. In
summary, we circumvent discussions on distributional interpretations in the context of a
potential Green’s function ansatz or in the treatment of Se(t) within the Bloch representation
while still relying on the representations (1.25) and (1.26).

Remark 1.5.1 (Possible extensions). For future research, it is interesting to adapt the
described procedure to other situations where the group velocity a can be zero or multiple
critical spectral curves appear. The latter then rather leads to a Whitham system, see [59], than
a viscous Hamilton-Jacobi equation for which one cannot immediately apply the Cole-Hopf
transform which makes the nonlinear stability analysis against nonlocalized perturbations more
difficult.

Since the analysis in Chapter 3 of the contributions from green contours in Figure 1.6 only
relies on the boundedness of ϕ0, our approach suggests that we can allow for extended classes
of perturbations for other patterns, such as pattern-forming fronts, whenever we can establish
identification procedures for the corresponding spectral situations.

Remark 1.5.2 (Distributional interpretation of Se(t) on Cub). For v ∈ Cub(R), one
can interpret (1.23) as tempered distribution to make sense out of it. A possibility is to define
the distribution

S(R) ∋ ϕ 7→ F (ϕ) :=
∫
R
v(ζ)Se(t)ϕ(ζ) dζ

for fixed v ∈ Cub(R) and t ≥ 0. As Sc(t) and eL0t are defined on Cub(R), one would aim to
evaluate

||eL0tv − Sc(t)v||L∞ = sup
ϕ∈S(R),||ϕ||L1 =1

|F (ϕ)|
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due to the fact that L∞(R) is the dual of of L1(R). Assuming such an identity, we expect
similar challenges to those already faced in the FitzHugh-Nagumo system, see Chapter 3 and
[8], when one tries to establish

sup
ϕ∈S(R),||ϕ||L1 =1

|F (ϕ)| ≤ e−Θt||v||L∞

for some Θ > 0. This is justified by the observation that the L2
per-theory on the Bloch operators,

as used in [56], is not applicable anymore.8

Figure 1.6.: Invoking Cauchy’s integral theorem for fixed R ≥ 1, one decomposes
∫ η+iR
η−iR eλt(λ−

L)−1v dλ by deforming the purple contour. The contributions of the gray contours
vanish as R → ∞. The orange contour close to the origin corresponds to the low
frequency part and the green ones to exponentially damped contributions.

8In virtue of the Hausdorff-Young inequality, we expect to require Lq((− π
T
, π

T
), Lp

per(0, T ))-estimates on the
Bloch transform of ϕ and Lp

per(0, T ) → Lp
per(0, T )-estimates on the Bloch operators to estimate Se(t)ϕ for

suitable q, p ̸= 2. We leave the details on this distributional approach for future work.





CHAPTER 2

Toy examples

We discuss various nonlinear variants of the heat equation as toy examples. In the first section,
we discuss different results on localized and nonlocalized perturbations for the equation of the
form ∂tu = ∂2

xu+ up. In the second section, we present the use of weighted energies to show
damping estimates only containing L∞-norms. This is again done along a scalar nonlinear
heat equation. Then, we study a perturbed viscous Hamilton-Jacobi equation and show how
the application of the Cole-Hopf transform allows us to control solutions. This represents a
key aspect of the analysis in Chapters 3 and 4.

2.1. Localized versus nonlocalized perturbations
Let p ∈ N, p > 1. As an introductory example to illustrate differences of nonlocalized
compared to localized perturbations, we consider the scalar nonlinear heat equation

∂tu = ∂2
xu+ up, (x, t) ∈ R × [0,∞), u(x, t) ∈ R (2.1)

with respect to the zero solution. The first observation is that the linear evolution equation
∂tu = ∂2

xu gives rise to the estimates

||e∂2
xt||L1→L∞ ≲ t−

1
2 , ||e∂2

xt||L∞→L∞ , ||e∂2
xt||L1→L1 ≲ 1, t > 0.

For a solution u(t) of the nonlinear problem (2.1), this indicates that we expect for ||u(t)||L∞

at best decay (1 + t)− 1
2 for initial data from u0 ∈ L1(R) ∩L∞(R) and no decay for initial data

from u0 ∈ L∞(R).

For the standard local well-posedness of (2.1) for initial data u0 ∈ Cub(R) and u0 ∈ Cub(R) ∩
L1(R), we refer to [73]. We establish the following results.

Proposition 2.1.1. The following statements are true.

(i) Let p ∈ N, p > 3. For all ε > 0 there exists u0 ∈ Cub(R) with ||u0||L∞ < ε and
0 < T < ∞ such that the unique classical solution

u ∈ C((0, T );C2
ub(R)) ∩ C1((0, T );Cub(R)) ∩ C([0, T );Cub(R))

of (2.1) with u(0) = u0 blows up as t ↑ T , i.e., lim sup
t↑T

||u(t)||L∞ = ∞.

(ii) Let p ∈ N, p > 3. There exist constants C, ε > 0 such that for all u0 ∈ Cub(R) with
||u0||L1∩L∞ < ε there exists a unique classical global solution

u ∈ C((0, T );C2
ub(R)) ∩ C1((0, T );Cub(R)) ∩ C([0, T );Cub(R)))

of (2.1) with u(0) = u0 satisfying

||u(t)||L∞ ≤ C(1 + t)− 1
2 ||u0||L1∩L∞ , t ≥ 0.
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(iii) Let p ∈ {2, 3}. For all non-negative, non-zero u0 ∈ Cub(R) ∩ L1(R) there exists
0 < T < ∞ such that the unique classical solution

u ∈ C((0, T );C2
ub(R)) ∩ C1((0, T );Cub(R)) ∩ C([0, T );Cub(R))

of (2.1) with u(0) = u0 blows up as t ↑ T .

Proof. For the proof of (i), we fix any α > 0. Then, we directly observe u(t) = ((p− 1)(α−
t))− 1

p−1 is a solution of (2.1) with initial datum u0 = (α(p− 1))− 1
p−1 which blows up as t ↑ α.

To show (ii), let u0 ∈ Cub(R) ∩ L1(R). There exist τmax > 0 and a unique maximally defined
solution

u ∈ C([0, τmax);Cub(R) ∩ L1(R))

satisfying the Duhamel formula

u(t) = e∂
2
xtu0 +

∫ t

0
e∂

2
x(t−s)u(s)p ds, t ∈ [0, τmax). (2.2)

We set

η(t) = sup
0≤s≤t

(
||u(s)||L1 + (1 + s)

1
2 ||u(s)||L∞

)
, 0 ≤ t < τmax,

where the weights in front of the norms are the decay rates predicted by the linear evolution.
We note that η is continuous and monotonically increasing. Fix t ∈ [0, τmax) such that η(t) ≤ 1

2
and let 0 ≤ s ≤ t. Using (2.2), we perform the iterative estimates

||u(s)||L∞ ≲ (1 + s)− 1
2 ||u0||L1∩L∞ +

∫ s

0
(s− τ)− 1

2 ||u(τ)||L1 ||u(τ)||p−1
L∞ dτ

≲ (1 + s)− 1
2 ||u0||L1∩L∞ + η(t)p

∫ s

0
(s− τ)− 1

2 (1 + τ)− p−1
2 dτ

≲ (1 + s)− 1
2 (||u0||L1∩L∞ + η(t)p)

and

||u(s)||L1 ≲ ||u0||L1 +
∫ s

0
||u(τ)||L1 ||u(τ)||p−1

L∞ dτ ≲ ||u0||L1 + η(t)p

where we used that p−1
2 > 1 and the monotonicity of η. We summarize

η(t) ≤ C(η(0) + η(t)2)

for some C > 0 and all t ∈ [0, τmax) with η(t) ≤ 1
2 . We invoke the following

Lemma 2.1.2. Let I = [0, a) with a > 0 and α ∈ (0, 1]. Let η : I → R be continuous and
monotonically increasing. If there exists a constant C ≥ 1 such that

η(t) ≤ C(η(0)α + η(t)2)

for all t ∈ I with η(t) ≤ 1
2 , then there exists an ε > 0 such that if η(0) < ε, then it follows

η(t) < 2Cη(0)α

for all t ∈ I.
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Proof. Suppose that η(0) < min
{

( 1
4C )

1
2−α , ( 1

4C ) 1
α

}
. Assume in contradiction to the claim that

there exists some t ∈ I such that η(t) > 2Cη(0)α. Then, by continuity and monotonicity of η,
there exists some t0 ∈ I with η(t0) = 2Cη(0)α ≤ 1

2 . By assumption, we find

η(t0) ≤ Cη(0)α + (2C)2η(0)2−αη(0)α < 2Cη(0)α.

This contradicts the choice of t0 and we deduce η(t) < 2Cη(0)α for all t ∈ I.

We deduce that there exists ε > 0 such that for ||u0||L1∩L∞ < ε, we have

η(t) ≤ 2C||u0||L1∩L∞

for all t ∈ [0, τmax). This implies τmax = ∞ and in particular

||u(t)||L∞ ≤ 4C(1 + t)− 1
2 ||u0||L1∩L∞ , t ≥ 0,

concluding (ii). For (iii), we refer to [36] (p = 2) and to [50] (p = 3). We also refer to [102]
for further considerations and higher dimensional variants of this proposition and to [26] for
fractional exponents.

Proposition 2.1.1 (i) and (iii) show the impossibility of nonlinear stability of the origin
in scalar heat equations of the form (2.1) against all Cub-perturbations. In the case of
localized perturbations, the proposition teaches that we need the nonlinearity to be strong
enough to obtain the nonlinear stability of the origin. This begs the question of whether
one can establish a general nonlinear stability theory of periodic wave trains at all, even
against localized perturbations, as the nonlinearity of the perturbation equations are genuinely
quadratic. Thinking of an uncoupled system with nonlinearities of the type up, Proposition
2.1.1 applies and the zero solution blows up against certain Cub-perturbations. In this situation,
(1.14) does not meet which illustrates that our analysis decisively hinges on the assumption
that the periodic profile is nonconstant. This rather leads to the viscous Hamilton-Jacobi
equation, see Section 2.3, as proper toy model to describe challenges from Chapters 3 and 4.

Remark 2.1.3 (Classification of nonlinearities). Following [17], we consider the general
nonlinear heat equation ∂tu = ∂2

xu + un1(∂xu)n2(∂2
xu)n3 and introduce the index dF = n1 +

2n2 + 3n3 − 3. Then, the nonlinearity is classified as irrelevant if dF > 0, marginal for dF = 0
and relevant otherwise. Along this classification, several results are shown in [17] for localized
data. We also refer to [86, 87] for results along this classification.

Remark 2.1.4 (Discussion of other cases). For marginal nonlinearities, the sign in front
of the nonlinearity can be decisive in question of nonlinear stability.

(i) Let u0 ∈ H1(R). Considering ∂tu = ∂2
xu− u3, one finds

1
2∂t||u||2L2 ≤ −||∂xu||2L2 − ||u||4L4 ≤ 0

and

1
2∂t||∂xu||2L2 ≤ −||∂xxu||2L2 − 3||u∂xu||2L2 ≤ 0
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by multiplying the equation with u and integrating and analogously for its derivative by
multiplying with ∂xu. This shows

∂t||u||2H1 ≤ 0

and Grönwall’s inequality and the embedding H1 ↪→ L∞ yield

||u(t)||L∞ ≤ C||u0||H1

for all t ≥ 0.
(ii) We discuss other situations which are not covered by Proposition 2.1.1. Let u be a

solution of ∂tu = ∂2
xu+u2 with u0 ≤ 0. Then, one immediately has ||u(t)||L∞ ≤ ||u0||L∞

by the comparison principle. Investigating ∂tu = ∂2
xu− u2, one observes that v = −u

satisfies ∂tv = ∂2
xv + v2 and Fujita’s result [36] applies whenever u0 ≤ 0 while the

previous consideration applies for u0 ≥ 0.

2.2. Nonlocalized energy estimates
We demonstrate the possibility to adapt the approach via energy estimates of Remark 2.1.4 (i)
to a pure L∞-situation. This prevents the use of the comparison principle which is in general
not applicable for systems. As illustrative example, we consider again the weakly damped
heat equation

∂tu = ∂2
xu− u3, (x, t) ∈ R × [0,∞), u(x, t) ∈ R. (2.3)

For the sake of readability, we also write ut = ∂tu, ux = ∂xu and so forth.

Let u0 ∈ Cub(R) and set E0 = ||u0||L∞ ≤ 1
2 .

Short time argument. There exist Tmax > 0 and a unique maximally defined solution
u ∈ C([0, Tmax);Cub(R)) satisfying

u(t) = e∂
2
xtu0 −

∫ t

0
e∂

2
x(t−s)u(s)3 ds. (2.4)

Due to continuity, there is some small 0 < t0 < Tmax such that sup0≤t≤t0 ||u(t)||L∞ ≤ 2E0.
Taking the spatial derivative of (2.4), we estimate

||∂xu(t0)||L∞ ≲ t
− 1

2
0 E0.

We conclude that there exists a constant C ≥ 1 such that

||u(t0)||W 1,∞ ≤ CE0 and sup
0≤t≤t0

||u(t)||L∞ ≤ 2E0.

We note that u is smooth on (0, Tmax) × R by standard parabolic theory, c.f. [73].
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Nonlinear damping. Setting ρ(x) = 2(2 + x2)−1, we observe that

|ρ′|, |ρ′′| ≤ ρ. (2.5)

Fix 0 < δ ≤ 1. We set Et0 = ||u(t0)||W 1,∞ and introduce the weighted energies

E(y, t) = 1
2

∫
R

(u(x, t)2 + ux(x, t)2)ρ(δ(x− y)) dx, y ∈ R,

and set

E(t) = sup
y∈R

E(y, t), t0 ≤ t < Tmax.

We have the following properties: there exist δ- and t-independent constants C1 ≥ 1 and
C2 > 0 such that ∫

R
ρ(δx) dx ≤ C1

δ
, (2.6)

E(t) ≤ C1
δ

||u(x, t)||2W 1,∞ , t0 ≤ t < Tmax, (2.7)

E(t) ≥ C2
δ

||u(x, t)||2L∞ , t0 ≤ t < Tmax, (2.8)

see [94]. We determine

∂tux = ∂2
xux − 3u2ux,

write v = ux and fix y ∈ R, t0 ≤ t < Tmax. Now, we show an energy estimate by splitting

∂tE(y, t) =
∫
R
u(x, t)ut(x, t)ρ(δ(x− y)) dx+

∫
R
v(x, t)vt(x, t)ρ(δ(x− y)) dx

=: E1(y, t) + E2(y, t).

We start to estimate E1(y, t), that is, we use integration by parts to obtain

E1(y, t) ≤ −
∫
R
u(x, t)4ρ(δ(x− y)) dx− δ

∫
R

1
2∂x(u(x, t)2)ρ′(δ(x− y)) dx

−
∫
R
v(x, t)2ρ(δ(x− y)) dx

≤ −
∫
R
u(x, t)4ρ(δ(x− y)) dx+ δ2

2

∫
R
u(x, t)2ρ′′(δ(x− y)) dx

−
∫
R
v(x, t)2ρ(δ(x− y)) dx.

Using (2.5) and (2.6), we estimate

E1(y, t) ≤
∫
R
u(x, t)2

(
δ2

2 − u(x, t)2
)
ρ(δ(x− y)) dx

−
∫
R
v(x, t)2ρ(δ(x− y)) dx

≤ δ4

2

∫
{u2≤δ2}

ρ(δ(x− y)) dx− δ2

2

∫
{u2≥δ2}

u(x, t)2ρ(δ(x− y)) dx

−
∫
R
v(x, t)2ρ(δ(x− y)) dx

≤ C1δ
3

2 − δ2

2

∫
R
u(x, t)2ρ(δ(x− y)) dx−

∫
R
v(x, t)2ρ(δ(x− y)) dx.

(2.9)
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Similarly, we estimate E2(y, t). Using integration by parts, we find

E2(y, t) ≤ −3
∫
R
u(x, t)2v(x, t)2ρ(δ(x− y)) dx+ δ2

2

∫
R
v(x, t)2ρ′′(δ(x− y)) dx

≤ δ2

2

∫
R
v(x, t)2ρ(δ(x− y)) dx.

(2.10)

Using that 0 < δ ≤ 1, we summarize

∂tE(y, t) ≤ −δ2

2 E(y, t) + C1δ
3

2 , t0 ≤ t < Tmax,

and invoking Grönwall’s inequality and taking the supremum in y ∈ R yield

E(t) ≤ e− δ2
2 tEt0 + C1δ

3
∫ t

t0
e− δ2

2 (t−s) ds

≤ e− δ2
2 tEt0 + 4C1δ, t0 ≤ t < Tmax.

Invoking (2.8), we arrive at

||u(t)||2L∞ ≤ 1
C2
e− δ2

2 tδEt0 + 4C1
C2

δ2, t0 ≤ t < Tmax. (2.11)

Setting δ = E0 and using (2.7), we conclude

||u(t)||L∞ ≤
(

8CC1
C2

) 1
2
E0, t0 ≤ t < Tmax.

In combination with the short-time estimate, we have shown

||u(t)||L∞ ≲ E0, t ≥ 0.

An important observation due to parabolicity is that the term

−
∫
R
v(x, t)2ρ(δ(x− y)) dx

in (2.9) absorbs the term
δ2

2

∫
R
v(x, t)2ρ(δ(x− y)) dx

in (2.10) for small δ.

We note that, we can now take the lim sup
t→∞

in (2.11) first and then let δ ↓ 0 which tells us that

||u(t)||L∞ → 0 as t → ∞.

Regularity control in non-parabolic situations. An important aspect for the presented
weighted energy argument is that one does not necessarily require parabolicity when the
damping in the principle part is sufficiently strong. We consider the example

∂tu = ∂xu− u+ u2 + (∂xu)f + f2. (2.12)

We aim to describe a procedure without relying on the special structure of (2.12) which means
that we avoid to solve ∂tu = ∂xu−u+ (∂xu)f by the method of characteristics. This equation
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is more representative to the situation of the FitzHugh-Nagumo system in the context of
Section 1.4 by interpreting f(t) as the spatial derivative of the phase modulation and u(t)
playing the role of the inverse-modulated perturbation. Indeed, when ignoring the nonlinear
term u2, (2.12) occurs in this form in the perturbation equations of the inverse modulated
perturbation in Chapter 3. The term ∂xu(t) also appears in the Duhamel formula of z(t) in
(1.20). For simplicity, we set f(t) = e∂

2
xtf0. We suppose that ||f0||L∞ ≤ M for some M > 0

and ||∂xf0||W 1,∞ is sufficiently small. When one tries to estimate ∂xu(t) through the Duhamel
formula associated to (2.12) and the linear evolution ∂tu = ∂2

xu− u, one necessarily obtains
the term ∂xxu(t) which we also do not control a priori. How to control derivatives in this
situation? One principle idea here is to control ||∂xu(t)||L∞ through f(t) and ||u(t)||L∞ . In
this situation, one can establish an estimate of the form

||∂xu(t)||2L∞ ≤ C

(
e−Θt||u0||2W 2,∞ +

∫ t

0
e−Θ(t−s)||∂ζf(s)||2W 1,∞ ds

)
, (2.13)

for suitable C = C(M) > 0 and Θ > 0 by a piori assuming that sup0≤s≤t ||∂xu(s)||L∞ is
bounded and sup0≤s≤t ||u(s)||L∞ ≤ 1

2 . This can again be shown using weighted energies as in
the previous example and by remarking that ||u(t)||L∞ is considered to be small such that the
term −u dominates u2. We refrain from executing the details. Such an estimate is referred
to as what we call regularity control since we are in the position to control derivatives by
variables which we control by iterative estimates on their Duhamel formulae.

2.3. L∞-stability in the viscous Hamilton-Jacobi equation
Let ν ∈ R \ {0}. We consider the perturbed viscous Hamilton-Jacobi equation

∂tu = ∂2
xu+ ν(∂xu)2 + (∂xu)3, (x, t) ∈ R × [0,∞), u(x, t) ∈ R (2.14)

and establish a result for (2.14) controlling ||∂ζu(t)||L∞ with possibly large initial data.
Subsequently, we give two interesting consequences of our analysis. The first one shows
that we can relate the solution of (2.14) to an explicit solution of the unperturbed viscous
Hamilton-Jacobi equation. As second consequence, we deduce nonlinear stability whenever
the initial datum is sufficiently small. We refrain from discussing the case ν = 0 since it
does not require the application of the Cole-Hopf transform and can be resolved with direct
iterative estimates on the Duhamel formula, see also Chapter 4 for details.

Assume ||u0||W 1,∞ ≤ M for some M ≥ 1. Considering the linear evolution equation ∂tu = ∂2
xu,

a key idea here is to estimate

||∂xe∂
2
xtu0||L∞ ≲

(
||∂xe∂

2
xt||W 1,∞→L∞ ||u0||W 1,∞

)1−2α(
||e∂2

xt||L∞→L∞ ||∂xu0||L∞

)2α

≲ (1 + t)− 1
2 +α||∂xu0||2αL∞ , t ≥ 0,

for α ∈ (0, 1
2). For small α, we can exploit the decay (1 + t)− 1

2 +α while still relying on the
smallness of ||∂xu0||2αL∞ .

Proposition 2.3.1. Fix any M > 0 and α ∈ [0, 1
6). Then, there exist C, ε > 0 such that for

all u0 ∈ C1
ub(R) with ||∂xu0||L∞ < ε and ||u0||L∞ ≤ M there exists a unique classical solution

u ∈ C1((0,∞), Cub(R)) ∩ C((0,∞), C2
ub(R)) ∩ C([0,∞), Cub(R))
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to (2.14) with u(0) = u0 satisfying

||∂xu(t)||L∞ ≤ C||∂xu0||2αL∞(1 + t)− 1
2 +α, ||u(t)||L∞ ≤ C (2.15)

for all t ≥ 0.

Proof. Let u0 ∈ C1
ub(R). Local well-posedness is again given through [73] and therefore there

exist Tmax > 0 and a unique maximally defined solution

u ∈ C([0, Tmax);C1
ub(R))

which is classical and satisfies (2.14) with u(0) = u0. We apply the Cole-Hopf transform to
u(t), i.e., we look at v(t) = eνu(t) which satisfies

∂tv = ∂2
xv + (∂xu)3(νv). (2.16)

Let α ∈ (0, 1
6). We set the template function to

η(t) = sup
0≤s≤t

(1 + s)
1
2 −α(||∂xv(s)||L∞ + ||∂xu(s)||L∞), 0 ≤ t < Tmax,

which is continuous and montonically increasing. Integrating (2.16), we obtain the Duhamel
formula

v(t) = e∂
2
xtv(0) + ν

∫ t

0
e∂

2
x(t−s)(∂xu(s))3v(s) ds, 0 ≤ t < Tmax. (2.17)

The maximum principle entails

inf
t≥0

e∂
2
xtv(0) ≥ e∂

2
xt
(
v(0) − e−|ν|M

)
+ e−|ν|M ≥ e−|ν|M =: d,

and we establish two a piori bounds assuming η(t) ≤ c
2 with

c = min


(

|ν|
∫ ∞

0

1
(1 + s) 3

2 − 3
α

ds+ 1
)−1

,
d

2e|ν|M

.
We will use that 3

2 − 3α > 1.

(I) We derive an a piori upper bound on v: for 0 ≤ s ≤ t, we find

||v(s)||L∞ ≤ ||v(0)||L∞ + sup
0≤τ≤t

(||v(τ)||L∞)η(t)3|ν|
∫ t

0

1
(1 + τ) 3

2 −3α
dτ

≤ e|ν|M + 1
2 sup

0≤τ≤t
||v(τ)||L∞ .

We conclude

sup
0≤s≤t

||v(s)||L∞ ≤ 2e|ν|M

for all 0 ≤ t < Tmax with η(t) ≤ c
2 .

(II) Using the upper bound, we show an a priori lower bound. We infer

inf
0≤s≤t

v(s) ≥ d− sup
0≤s≤t

||v(s)||L∞η(t)3|ν|
∫ t

0

1
(1 + s) 3

2 −3α
ds ≥ d

2

for all 0 ≤ t < Tmaxwith η(t) ≤ c
2 .
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Using (I), we now find

||∂xv(s)||L∞ ≲ (1 + s)− 1
2 +α||∂xv(0)||2αL∞ + η(t)3

∫ s

0
(s− τ)− 1

2 (1 + τ)− 3
2 +3α dτ

≲ (1 + s)− 1
2 +α(||∂xv(0)||2αL∞ + η(t)3),

(2.18)

for 0 ≤ s ≤ t < Tmax with η(t) ≤ c
2 . Next, we estimate1

sup
0≤s≤t

(1 + s)
1
2 −α||∂xu(s)||L∞ ≲ sup

0≤s≤t
(1 + s)

1
2 −α||∂xv(s)||L∞

1
inf0≤s≤t |v(s)|

≤ 2
d

sup
0≤s≤t

(1 + s)
1
2 −α||∂xv(s)||L∞

≲ ||∂xv(0)||2αL∞ + η(t)3,

(2.19)

thanks to (II) and (2.18). Finally, we have

||∂xv(0)||L∞ ≲ ||∂xu0||L∞ .

In summary, we have shown

η(t) ≲ ||∂xu0||2αL∞ + η(t)2,

for 0 ≤ t < Tmax with η(t) ≤ c
2 . Lemma 2.1.2 implies

η(t) ≲ ||∂xu0||2αL∞ , 0 ≤ t < Tmax,

for α ∈ (0, 1
6). Furthermore, using (I) and (II), we have

||u(t)||L∞ ≤ 2| log(2)| + 2|ν|M, 0 ≤ t < Tmax,

and therefore no blow-up in finite time is possible. This implies Tmax = ∞. We have shown
the result for α ∈ (0, 1

6). Using the just shown result with α = 1
12 for the nonlinearities in

(2.17), we obtain

||∂xv(t)||L∞ ≲
||v(0)||W 1,∞

(1 + t) 1
2

+ ||∂xu0||
1
2
L∞

∫ t

0
(t− s)− 1

2 (1 + s)− 3
2 + 1

4 ds

≲
1

(1 + t) 1
2
, t ≥ 0.

Proceeding as in (2.19), one also establishes the estimate on ||∂xu(t)||L∞ . This completes the
proof of the proposition.

We can explicitly relate the solution from Proposition 2.3.1 to a solution of the unperturbed
viscous Hamilton-Jacobi equation.

Corollary 2.3.2. Fix any M > 0 and β ∈ (0, 1). Then, there exist C, ε > 0 such that for all
u0 ∈ C1

ub(R) with ||∂xu0||L∞ < ε and ||u0||L∞ ≤ M there exists a unique classical solution

u ∈ C1((0,∞), Cub(R)) ∩ C((0,∞), C2
ub(R)) ∩ C([0,∞), Cub(R))

to (2.14) with u(0) = u0 satisfying∣∣∣∣∣∣∣∣∂jx(u(t) − 1
ν

log
(
e∂

2
xteνu0

))∣∣∣∣∣∣∣∣
L∞

≤ C||∂xu0||βL∞(1 + t)− j
2 , j = 0, 1, (2.20)

for all t ≥ 0.
1Note that we suppress the dependence by M and ν of the constants in all estimates.
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Proof. Let α ∈ (0, 1
6). Let v be as in the proof of Proposition 2.3.1. Set w(t) = e∂

2
xteνu0 and

note that w(t) is a solution of the heat equation with initial datum w(0) = eνu0 . Therefore,
using (2.17) and applying Proposition 2.3.1, we find

||∂jx(v(t) − w(t))||L∞ ≲ ||∂xu0||6αL∞

∫ t

0
(t− s)− j

2 (1 + s)− 3
2 +3α ds ≲ ||∂xu0||6αL∞(1 + t)− j

2 ,

for j = 0, 1 and all t ≥ 0. Noting that w(t) and v(t) are uniformly bounded away from zero,
the mean value inequality gives∣∣∣∣∣∣∣∣∂jx(u(t) − 1

ν
log
(
e∂

2
xteνu0

))∣∣∣∣∣∣∣∣
L∞

=
∣∣∣∣∣∣∣∣∂jx(1

ν
log(v(t)) − 1

ν
log(w(t))

)∣∣∣∣∣∣∣∣
L∞

≲ ||∂jx(v(t) − w(t))||L∞ ≲ ||∂xu0||6αL∞(1 + t)− j
2

for j = 0, 1 and all t ≥ 0.

Whenever we assume that ||u0||L∞ also is sufficiently small, we can apply Proposition 2.3.1 to
infer nonlinear L∞-stability.

Corollary 2.3.3. Let β ∈ (0, 1). Then, there exist C, ε > 0 such that for all u0 ∈ C1
ub(R)

with ||u0||W 1,∞ < ε, there exists a unique classical solution

u ∈ C1((0,∞), Cub(R)) ∩ C((0,∞), C2
ub(R)) ∩ C([0,∞), Cub(R))

to (2.14) with u(0) = u0 satisfying

||u(t)||L∞ ≤ C||u0||βW 1,∞ and ||∂xu(t)||L∞ ≤ C||u0||βW 1,∞(1 + t)− 1
2 (2.21)

for all t ≥ 0.

Proof. Let w = v − 1 with v from the proof of Proposition 2.3.1. Then w solves

∂tw = ∂2
xw + ν(∂xu)3(w + 1)

with initial datum w(0) = v(0) − 1. We first note that

||w(0)||L∞ ≲ ||u0||L∞ .

Let α ∈ (0, 1
6) and assume ||u0||W 1,∞ ≤ 1. Applying Proposition 2.3.1 to the Duhamel formula

of w(t), we find

||∂jxw(s)||L∞ ≲(1 + s)− 1
2 ||u0||W 1,∞

+ ||∂xu0||6αL∞

(
sup

0≤s≤t
w(s) + 1

)∫ t

0

1
(t− s)

j
2

1
(1 + s) 3

2 −3α
ds,

(2.22)

for every 0 ≤ s ≤ t and whenever ||∂xu0||L∞ is sufficiently small. Taking ||∂xu0||L∞ smaller if
necessary, (2.22) provides first

sup
0≤s≤t

||w(s)||L∞ ≲ ||u0||6αW 1,∞

and then
||∂xw(t)||L∞ ≲ ||u0||6αW 1,∞(1 + t)− 1

2
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for all t ≥ 0. Choosing ||u0||6αW 1,∞ so small that sup
t≥0

||w(t)||L∞ ≤ 1
2 , the mean value theorem

implies

||∂jxu(t)||L∞ =
∣∣∣∣∣∣∣∣1ν ∂jx(log(w(t) + 1))

∣∣∣∣∣∣∣∣
L∞

≲ ||∂jxw(t)||L∞ , j = 0, 1 t ≥ 0,

which shows the claim.

One can reach the exponent β = 1 in Corollary 2.3.3 by again closing a nonlinear iteration
argument. We refrain from doing so here.

Remark 2.3.4 (Localized data). In the spirit of Remark 2.1.3 and ignoring the higher
order term (∂xu)3, the equation (2.14) is of irrelevant type. Considering an initial datum u0
with ∂xu0 ∈ H1(R) ∩L1(R) and let u(t) be the corresponding solution of (2.14) with u(0) = u0,
we choose the template function

η(t) = sup
0≤s≤t

(1 + s)− 1
4 ||∂xu(s)||H1 .

We obtain the estimates

||∂xu(s)||H1 ≲ (1 + s)− 1
4 ||∂xu0||H1∩L1 + η(t)2

∫ s

0

1
(s− τ) 3

4

1
(1 + τ) 1

2
dτ

≲ (1 + s)− 1
4
(
||∂xu0||H1∩L1 + η(t)2

)
, 0 ≤ s ≤ t,

using Hölder’s inequality to bound ||(∂xu)2||L1 ≲ ||∂xu||2L2 and the embedding H1(R) ↪→ L∞(R)
to bound ||(∂xu)3||L1 ≲ ||∂xu||3H1. If ||∂xu0||H1∩L1 is sufficiently small, then an iteration
argument can be closed without exploiting the Cole-Hopf transform. This is the case in earlier
works such as [57] or [105] where the phase modulations are necessarily L∞-small.





CHAPTER 3

Nonlinear stability of periodic wave trains in the
FitzHugh-Nagumo system against fully
nonlocalized perturbations

This chapter is the content of the preprint [5] and is a joint work with Björn de Rijk.

Start of Paper

Abstract. Recently, a nonlinear stability theory has been developed for wave
trains in reaction-diffusion systems relying on pure L∞-estimates. In the absence
of localization of perturbations, it exploits diffusive decay caused by smoothing
together with spatio-temporal phase modulation. In this paper, we advance this
theory beyond the parabolic setting and propose a scheme designed for general
dissipative semilinear problems. We present our method in the context of the
FitzHugh-Nagumo system. The lack of parabolicity and localization complicates
mode filtration in L∞-spaces using the Floquet-Bloch transform. Instead, we
employ the inverse Laplace representation of the semigroup generated by the
linearization to uncover high-frequency damping, while leveraging a novel link to
the Floquet-Bloch representation for the smoothing low-frequency part. Another
challenge arises in controlling regularity in the quasilinear iteration scheme for the
modulated perturbation. We address this by extending the method of nonlinear
damping estimates to nonlocalized perturbations using uniformly local Sobolev
norms.

Keywords. Periodic waves; nonlinear stability; fully nonlocalized perturbations;
FitzHugh-Nagumo system; inverse Laplace transform; Floquet-Bloch analysis;
uniformly local Sobolev spaces; Cole-Hopf transform
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3.1. Introduction
We study the nonlinear stability of traveling periodic waves against bounded, fully nonlocalized
perturbations in the FitzHugh-Nagumo (FHN) system

∂tu = uxx + u(1 − u)(u− µ) − v,

∂tv = ε(u− γv − µ),
(3.1)

with x ∈ R, t ≥ 0 and parameters µ ∈ R and γ, ε > 0. The FHN system was originally
proposed as a simplification of the Hodgkin-Huxley model describing signal propagation in
nerve fibers [34, 77, 78]. Mathematically, system (3.1) is a coupling between a scalar bistable
reaction-diffusion equation and a linear ordinary differential equation and is thereby one of
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the simplest1 models, which can, and does, exhibit stable spatio-temporal patterns. In fact,
exploiting the slow-fast structure of system (3.1) arising for 0 < ε ≪ 1, a large variety of
(spectrally) stable patterns and nonlinear waves have been rigorously constructed using tools
from geometric singular perturbation theory, such as fast traveling pulses [49, 60, 61, 103],
pulses with oscillatory tails [19, 20], periodic wave trains [21, 33, 95] and pattern-forming
fronts [21] connecting such pulse trains to the homogeneous rest state (µ, 0).

Due to its remarkably rich dynamics, yet simple structure, the FHN system is widely recognized
as a paradigmatic model for far-from-equilibrium patterns in excitable and oscillatory media.
It has, in small variations, been employed across various scientific disciplines to explain
phenomena such as the onset of turbulence in fluids [11], oxidation processes on platinum
surfaces [9, 76], and heart arrhythmias [74].

The simplest and most fundamental spatio-temporal patterns exhibited by (3.1) are periodic
traveling waves, or wave trains. Writing (3.1) as a degenerate reaction-diffusion system

∂tu = Duxx + F (u), D =
(

1 0
0 0

)
, F (u) =

(
u(1 − u)(u− µ) − v

ε(u− γv − µ)

)
, (3.2)

in u = (u, v)⊤, wave trains are solutions to (3.2) of the form u0(x, t) = ϕ0(x − c0t) with
smooth periodic profile function ϕ0 : R → R2 and propagation speed c0 ∈ R. Upon switching
to the co-moving frame ζ = x− c0t, in which system (3.2) reads

∂tu = Duζζ + c0uζ + F (u), (3.3)

we find that ϕ0 is a stationary solution to (3.3).

Wave-train solutions to (3.2) have been constructed in the oscillatory regime with 0 < µ < 1
2

and 0 < ε ≪ γ ≪ 1, as well as in the excitable regime with µ < 0 and 0 < ε ≪ γ ≪
1, using geometric singular perturbation theory and blow-up techniques, see [21, 95] and
Remark 3.1.1. The associated profile functions consist of steep jumps interspersed with long
transient states, where the profile varies slowly. Accordingly, these wave trains correspond
to highly nonlinear far-from-equilibrium patterns. It has recently been argued theoretically
and demonstrated numerically [21] that some of these wave trains are selected by compactly
supported perturbations of the unstable rest state (µ, 0) in the oscillatory regime and, thus,
play a pivotal role in pattern formation away from onset.

In this paper, we focus on the dynamical, or nonlinear, stability of wave trains as solutions
to (3.2). The nonlinear stability theory for wave trains in spatially extended dissipative
problems such as (3.2) has been rapidly developing over the past decades. The general
approach is to first linearize the system about the wave train, obtain bounds on the C0-
semigroup generated by the linearization and then close a nonlinear argument by iterative
estimates on the associated Duhamel formulation. A standard issue is that the linearization is
a periodic differential operator acting on an unbounded domain, which possesses continuous
spectrum touching the imaginary axis at the origin due to translational invariance. The lack
of a spectral gap prevents, in contrast to the case of a finite domain with periodic boundary
conditions, exponential convergence of the perturbed solution towards a translate of the
original profile.

To overcome this issue a common strategy is to decompose the semigroup generated by
the linearization in a diffusively decaying low-frequency part and an exponentially damped

1We note that Sturm-Liouville theory implies that all periodic traveling waves in real scalar reaction-diffusion
equations are unstable.
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high-frequency part, cf. [55]. The critical diffusive behavior caused by translational invariance
can then be captured by introducing a spatio-temporal phase modulation, whose leading-order
behavior is given by a viscous Hamilton-Jacobi equation [29]. The modulated perturbation
obeys a quasilinear equation depending only on derivatives of the phase modulation, which
thus satisfy a perturbed Burgers’ equation. Observing that small, sufficiently localized initial
data in a (perturbed) viscous Burgers’ equation decay diffusively, cf. [100, Theorem 1] or [17,
Theorem 4], suggests that the critical dynamics in a nonlinear iteration scheme, tracking
the modulated perturbation variable and derivatives of the phase, can be controlled. This
observation has led to a series of nonlinear stability results of wave trains against localized
perturbations in general (nondegenerate) reaction-diffusion systems [55, 56, 62, 63, 89] relying
on renormalization group theory [89], pointwise estimates [62, 63] or L1-Hk-estimates [55,
56] to close the nonlinear iteration. We note that, since only derivatives of the phase enter
in the nonlinear iteration and thus need to be localized, one could allow for a nonlocalized
phase modulation, cf. [56, 63, 89]. With the aid of periodic-coefficient damping estimates
to obtain high-frequency resolvent bounds and control regularity in the quasilinear iteration
scheme, the method employing L1-Hk-estimates could be extended beyond the parabolic
setting to general dissipative semilinear problems (and some quasilinear problems) such as the
St. Venant equations [58, 88], the Lugiato-Lefever equation [46, 105] and the FHN system [8].

Recently, a novel approach was developed [51, 84] to establish nonlinear stability of wave
trains in (nondegenerate) reaction-diffusion systems, which employs pure L∞-estimates to
close the nonlinear iteration, thereby lifting all localization assumptions on perturbations. In
contrast to previous methods, diffusive decay cannot be realized by giving up localization,
but emanates from smoothing action of the analytic semigroup generated by the linearization
about the wave train. The Cole-Hopf transform is then applied to the equation for the phase
to eliminate the critical Burgers’-type nonlinearity, which cannot be readily controlled by
diffusive smoothing.

In this paper, we extend the approach developed in [51, 84] beyond the parabolic framework by
proving nonlinear stability of wave trains in the FHN system (3.2) against Cub-perturbations.
The incomplete parabolicity of (3.2) in combination with lack of localization of perturbations
presents novel challenges in our analysis. These challenges involve the decomposition of the
C0-semigroup and the control of regularity. We explain the main ideas on how to address
these challenges in §3.1.3 after we have stated our main result in §3.1.2.

Remark 3.1.1. Let µ < 0, γ ≥ 0 and ε > 0, so that we are in the excitable regime. Upon
rescaling time, space, the variables u and v, and the system parameters ε, µ and γ by setting

x̃ = (1 − µ)x, t̃ = (1 − µ)2t, ũ = u− µ

1 − µ
, ṽ = v

(1 − µ)3 ,

ε̃ = ε

(1 − µ)4 , γ̃ = (1 − µ)2γ, µ̃ = − µ

1 − µ
,

we arrive at the equivalent formulation

∂t̃ũ = ũx̃x̃ + ũ(1 − ũ)(ũ− µ̃) − ṽ,

∂t̃ṽ = ε̃(ũ− γ̃ṽ),
(3.4)

of the FHN system (3.1). Here, we have µ̃ ∈ (0, 1), γ̃ ≥ 0 and ε̃ > 0. We note that the
formulation (3.4) of the FHN system has been used in the existence and spectral stability
analysis of wave trains and traveling pulses in the excitable regime, cf. [19, 33, 60, 61, 95, 103].
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3.1.1. Assumptions on the wave train and its spectrum

Here, we formulate the hypotheses for our main result. The first hypothesis concerns the
existence of the wave train.

(H1) There exist a speed c0 ∈ R and a period T > 0 such that (3.2) admits a wave-train
solution u0(x, t) = ϕ0(x − c0t), where the profile function ϕ0 : R → R2 is nonconstant,
smooth and T -periodic.

We note that wave-train solutions have been shown to exist, i.e., (H1) has been verified, in the
excitable regime with µ < 0 ≤ γ ≪ 1 and 0 < ε ≪ 1, cf. [95], and in the oscillatory regime
with 0 < µ < 1

2 and 0 < ε ≪ γ ≪ 1, cf. [21].

Next, we specify our spectral assumptions on the wave train u0. Linearizing (3.3) about
its stationary solution ϕ0 yields the T -periodic differential operator L0 : D(L0) ⊂ Cub(R) →
Cub(R) given by

L0w = Dwζζ + c0wζ + F ′(ϕ0)w (3.5)

with domain D(L0) = C2
ub(R) × C1

ub(R), where Cmub(R) denotes for m ∈ N0 the space of
bounded and uniformly continuous functions, which are m times differentiable and whose m
derivatives are also bounded and uniformly continuous. We endow Cmub(R) with the standard
Wm,∞-norm, so that it is a Banach space.

The spectrum of L0 is determined by the family of Bloch operators

L(ξ)w = D(∂ζ + iξ)2w + c0(∂ζ + iξ)w + F ′(ϕ0)w, ξ ∈ C

posed on L2
per(0, T ) with domain D(L(ξ)) = H2

per(0, T ) ×H1
per(0, T ). Since L(ξ) has compact

resolvent, its spectrum consists of isolated eigenvalues of finite multiplicity. The spectrum of
L0 can then be characterized as

σ(L0) =
⋃

ξ∈[− π
T ,

π
T )
σ(L(ξ)), (3.6)

cf. [39]. We require that the following standard diffusive spectral stability assumptions, cf. [55,
84, 89, 92], are satisfied.

(D1) We have σ(L0) ⊂ {λ ∈ C : Re(λ) < 0} ∪ {0};
(D2) There exists a constant θ > 0 such that for any ξ ∈ [− π

T ,
π
T ) we have Re σ(L(ξ)) ≤ −θξ2;

(D3) 0 is a simple eigenvalue of L(0).

The main result of [7] establishes diffusive spectral stability of wave trains in (3.1) in the
oscillatory regime (3 −

√
5)/6 < µ < 1

2 and 0 < ε ≪ γ ≪ 1. On the other hand, a spectral
analysis of wave trains in the excitable regime with µ < 0, γ = 0 and 0 < ε ≪ 1 can be found
in [33].2

It is a consequence of translational invariance that 0 is an eigenvalue of the Bloch operator
L(0) with associated eigenfunction ϕ′

0. Assumption (D3) then states that the kernel of L(0)

2Although the spectral assumptions (D1) and (D3) are verified in [33], we emphasize that the fact that γ = 0
yields a lack of damping in the second component of (3.1), causing the spectrum of the linearization to
asymptote to iR at infinity. In particular, the spectrum is not bounded away from the imaginary axis away
from 0 and the assumption (D2) does not hold, prohibiting diffusive spectral stability.
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is spanned by ϕ′
0. In this case 0 is also a simple eigenvalue of the adjoint operator L(0)∗. We

denote by Φ̃0 ∈ H2
per(0, T ) ×H1

per(0, T ) the corresponding eigenfunction satisfying〈
Φ̃0, ϕ

′
0
〉
L2(0,T ) = 1.

An application of the implicit function theorem in combination with Assumption (D3) readily
yields that the wave train can be continued with respect to the wavenumber, cf. [29, Section 4.2].

Proposition 3.1.2. Assume (H1) and (D3). Then, there exists a constant r0 ∈ (0, 1) and
smooth functions ϕ : R × [1 − r0, 1 + r0] → R2 and ω : [1 − r0, 1 + r0] → R with ϕ(·; 1) = ϕ0
and ω(1) = c0 such that ϕ(·; k) is T -periodic and

uk(x, t) = ϕ(kx− ω(k)t; k)

is a solution to (3.2) for each wavenumber k ∈ [1 − r0, 1 + r0]. By shifting the wave train if
necessary, we can arrange for 〈

Φ̃0, ∂kϕ(·; 1)
〉
L2(0,T ) = 0.

The curve ω : [1 − r0, 1 + r0] → R from Proposition 3.1.2 describes the relationship between
the temporal frequency ω(k) and the wavenumber k of the T/k-periodic wave train uk and is
called the nonlinear dispersion relation.

Because the Bloch operators L(ξ) depend analytically on the Floquet exponent ξ and 0 is a
simple eigenvalue of L(0) by Hypothesis (D3), it follows by standard analytic perturbation
theory, see e.g. [66], that the 0-eigenvalue can be continued to a simple eigenvalue λc(ξ) of
L(ξ) for ξ close to 0. The curve λc(ξ) is analytic and necessarily touches the imaginary axis in
a quadratic tangency by Hypothesis (D2). Using Lyapunov-Schmidt reduction, the eigenvalue
λc(ξ), as well as the associated eigenfunction, can be expanded in ξ about ξ = 0, cf. [29,
Section 4.2] or [57, Section 2].3 We record these facts in the following result.

Proposition 3.1.3. Assume (H1) and (D1)-(D3). There exist a constant C > 0, open
balls V1, V2 ⊂ C centered at 0 and an analytic function λc : V1 → C such that the following
assertions hold.

(i) λc(ξ) is a simple eigenvalue of L(ξ) for each ξ ∈ V1. An associated eigenfunction Φξ of
L(ξ) lies in Hm

per(0, T ) for any m ∈ N0, is analytic in ξ, satisfies Φ0 = ϕ′
0 and fulfills〈

Φ̃0,Φξ

〉
L2(0,T ) = 1

for ξ ∈ V1.
(ii) It holds σ(L0) ∩ V2 = {λc(ξ) : ξ ∈ V1 ∩ R} ∩ V2.
(iii) The complex conjugate λc(ξ) is a simple eigenvalue of the adjoint L(ξ)∗ for any ξ ∈ V1.

An associated eigenfunction Φ̃ξ lies in Hm
per(0, T ) for any m ∈ N0, is smooth in ξ and

satisfies 〈
Φ̃ξ,Φξ

〉
L2(0,T ) = 1

for ξ ∈ V1.
3For the purpose of our current analysis, it suffices to expand the eigenvalue λc(ξ) up to second order and the

associated eigenvector up to first order. We refer to Remark 3.1.5 for further details.
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(iv) We have

λ′
c(ξ) = 2i

〈
Φ̃ξ, D(∂ζ + iξ)Φξ

〉
L2(0,T ) + ic0

and the expansions∣∣∣λc(ξ) + icgξ + dξ2
∣∣∣ ≤ C|ξ|3,

∥∥Φξ − ϕ′
0 − iξ∂kϕ(·; 1)

∥∥
Hm(0,T ) ≤ C|ξ|2, (3.7)

hold for ξ ∈ V1 with coefficients

cg = −2
〈
Φ̃0, Dϕ

′′
0
〉
L2(0,T ) − c0 = ω′(1) − c0 ∈ R,

d =
〈
Φ̃0, Dϕ

′
0 + 2D∂ζkϕ(·; 1)

〉
L2(0,T ) > 0.

(3.8)

The function λc in Proposition 3.1.3 is called the linear dispersion relation. The coefficient cg
in (3.7) is the group velocity of the wave train and provides the speed at which perturbations
are transported along the wave train (in the frame moving with the speed c0), cf. [29]. We
make the generic assumption that the wave train has nonzero group velocity. By reversing
space x → −x in (3.2) we may then without loss of generality assume that the group velocity
is negative.

(H2) Assuming, in accordance with Hypothesis (D3), that 0 is a simple eigenvalue of L(0), the
group velocity cg, defined in (3.8), is negative.

On the linear level, the interpretation of Assumptions (D1)-(D3) and (H2) is that perturbations
decay diffusively and are transported to the left along the wave train, i.e., there is an outgoing
diffusive mode at the origin, cf. [8, Section 2.1]. In [21], it was shown that the group velocity
of the wave trains is negative in the oscillatory regime with 0 < µ < 1

2 and 0 < ε ≪ γ ≪ 1.

Another important consequence of Assumption (H2) is that the linear dispersion relation λc is
invertible in the point ξ = 0. Hence, for |λ| sufficiently small, the periodic eigenvalue problem
(L0 − λ)w = 0 has a single Floquet exponent converging to 0 as λ → 0. In our stability
analysis we exploit this fact to relate the inverse Laplace representation of the low-frequency
part of the semigroup generated by L0 with the Floquet-Bloch representation, see §3.3.4.

3.1.2. Main result

We are now ready to present our main result, which establishes Lyapunov stability of diffusively
spectrally stable wave trains in the FHN system against Cub-perturbations. Furthermore,
it yields convergence of the perturbed solution towards a modulated wave train, where the
phase modulation can be approximated by a solution of a viscous Hamilton-Jacobi equation.

Theorem 3.1.4. Assume (H1), (H2) and (D1)-(D3). Fix a constant K > 0. Then, there
exist constants α, ϵ0,M > 0 such that, whenever w0 ∈ C3

ub(R) × C2
ub(R) satisfies

E0 := ∥w0∥L∞ < ϵ0, ∥w0∥C3
ub×C2

ub
< K,

there exist a smooth function ψ ∈ C∞([0,∞) × R,R
)

with ψ(0) = 0 and ψ(t) ∈ Cmub(R) for
each m ∈ N0 and t ≥ 0 and a unique classical global solution

u ∈ C
(
[0,∞), C3

ub(R) × C2
ub(R)

)
∩ C1([0,∞), C1

ub(R)
)

(3.9)
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to (3.3) with initial condition u(0) = ϕ0 + w0, which obey the estimates

∥u(t) − ϕ0∥L∞ ≤ ME0, (3.10)

∥u(t) − ϕ0(· + ψ(·, t))∥L∞ ≤ ME0√
1 + t

, (3.11)

∥u(t) − ϕ0(· + ψ(·, t)(1 + ψζ(·, t)); 1 + ψζ(·, t))∥L∞ ≤ ME0
log(2 + t)

1 + t
(3.12)

and

∥ψ(t)∥L∞ ≤ ME0, ∥ψζ(t)∥L∞ , ∥∂tψ(t)∥L∞ ≤ ME0√
1 + t

,

∥ψζζ(t)∥C4
ub
, ∥∂tψζ(t)∥C3

ub
≤ ME0

log(2 + t)
1 + t

(3.13)

for all t ≥ 0. Moreover, there exists a unique classical global solution ψ̆ ∈ C
(
[0,∞), C2

ub(R)
)

∩
C1([0,∞), Cub(R)

)
with initial condition ψ̆(0) = Φ̃∗

0w0 of the viscous Hamilton-Jacobi equation

∂tψ̆ = dψ̆ζζ − cgψ̆ζ + νψ̆2
ζ (3.14)

with coefficients (3.8) and

ν = −1
2ω

′′(1) =
〈
Φ̃0, D

(
ϕ′′

0 + 2∂ζkkϕ(·; 1)
)

+ 1
2F

′′(ϕ0)
(
∂kϕ(·; 1), ∂kϕ(·; 1)

)〉
L2(0,T )

− 2
〈
Φ̃0, Dϕ

′′
0
〉
L2(0,T )

〈
Φ̃0, ∂ζkϕ(·; 1)

〉
L2(0,T ),

(3.15)

satisfying

t
j
2

∥∥∥∂jζ(ψ(t) − ψ̆(t)
)∥∥∥

L∞
≤ ME0

(
Eα0 + log(2 + t)√

1 + t

)
(3.16)

for j = 0, 1 and t ≥ 0.

We compare Theorem 3.1.4 with earlier nonlinear stability results [51, 84] of wave trains in
nondegenerate reaction-diffusion systems against Cub-perturbations. First of all, we retrieve
the same diffusive decay rates as in the reaction-diffusion case. It is argued in [84, Section 6.1]
that these decay rates are sharp (up to possibly a logarithm). Second, we do require more
regular initial data than in [84], where initial conditions w0 in Cub(R) are considered. The
reason is as follows. The lack of parabolic smoothing naturally leads one to consider initial
data w0 from the domain C2

ub(R) × C1
ub(R) of the diffusion-advection operator L0, so that

the perturbed solution u(t) of the semilinear evolution problem (3.3) with initial condition
u(0) = ϕ0 + w0 is classical. Moreover, we lose one additional degree of regularity due to the
embedding of uniformly local Sobolev spaces in Cub-spaces, cf. [94, Section 8.3.1], which are
used to obtain a nonlinear damping estimate to control regularity in the scheme, see §3.1.3
below for more details. We emphasize that we only require our initial data to be bounded in
(C3

ub × C2
ub)-norm and, similar as in [84], to be small in L∞-norm. This contrasts with earlier

nonlinear stability results [46, 58, 88] of wave trains in semilinear (nonparabolic) problems
and is due to the use of Gagliardo-Nirenberg interpolation in the nonlinear damping estimate,
see Remark 3.4.10 for more details.

The approximation of the phase modulation ψ(t) by a solution to the viscous Hamilton-Jacobi
equation (3.14) was also found in the reaction-diffusion case in [84]. Thus, independent of the
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precise structure and smoothing properties of the underlying system, the viscous Hamilton-
Jacobi equation arises as governing equation for the phase modulation, whose coefficients
are fully determined by the first and second-order terms in the expansion of the linear and
nonlinear dispersion relations. We refer to [29] for further details. Important to note is that
once the diffusive spectral stability assumptions are violated, e.g. due to the presence of
additional conservation laws, the governing equation of the phase modulation can change,
cf. [59].

3.1.3. Strategy of proof and main challenges

We prove Theorem 3.1.4 by extending the L∞-theory, which was recently developed in [51,
84] and applied to establish nonlinear stability of wave trains in reaction-diffusion systems
against Cub-perturbations, beyond the parabolic setting. Here, we outline the strategy of
proof and explain how we address the novel challenges arising due to incomplete parabolicity.

To prove Theorem 3.1.4, we wish to control the perturbation w̃(t) = u(t) − ϕ0 over time,
which obeys the semilinear equation

(∂t − L0)w̃ = Ñ (w̃), (3.17)

where L0 is the linearization of (3.3) about ϕ0 given by (3.5) and Ñ (w̃) is the nonlinear
residual given by

Ñ (w̃) = F (ϕ0 + w̃) − F (ϕ0) − F ′(ϕ0)w̃.

We will establish that L0 generates a C0-semigroup eL0t, which, due to the fact that L0 has
spectrum up to the imaginary axis iR, does not exhibit decay as an operator on Cub(R), thus
obstructing a standard nonlinear stability argument.

In earlier works [55, 62, 89], considering the nonlinear stability of wave trains in reaction-
diffusion systems against localized perturbations, this issue was addressed by employing its
Floquet-Bloch representation to decompose the semigroup generated by the linearization and
introducing a spatio-temporal phase modulation to capture the critical diffusive behavior.
More precisely, one considers the inverse-modulated perturbation

w(ζ, t) = u(ζ − ψ(ζ, t), t) − ϕ0(ζ), (3.18)

where the spatio-temporal phase modulation ψ(ζ, t) is determined a posteriori. The inverse-
modulated perturbation satisfies a quasilinear equation of the form

(∂t − L0)
(
w + ϕ′

0ψ − ψζw
)

= N(w,wζ ,wζζ , ψζ , ∂tψ,ψζζ , ψζζζ), (3.19)

where N is nonlinear in its variables. One decomposes the semigroup eL0t into a principal
part of the form ϕ′

0Sp(t), where Sp(t) decays diffusively, and a residual part exhibiting higher
order temporal decay. Finally, one chooses the phase modulation ψ(t) in (3.18) in such a way
that it captures the most critical contributions in the Duhamel formulation of (3.19), allowing
one to close a nonlinear iteration argument in ψζ , ψt and w. The leading-order dynamics of
the phase modulation ψ is then given by a viscous Hamilton-Jacobi equation, cf. [29] and
Remark 3.1.5.

The above approach has successfully been extended to the nonlinear stability analysis of peri-
odic traveling waves against L2-localized perturbations in nonparabolic dissipative problems
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such as the St. Venant equations [58, 88] and the Lugiato-Lefever equation [46] using resolvent
estimates and the Gearhart-Prüss theorem to render exponential decay of the high-frequency
part of the C0-semigroup.

In the nonlinear stability analysis of wave trains in reaction-diffusion systems against Cub-
perturbations in [84], the decomposition was carried out on the level of the temporal Green’s
function, which is C2 and exponentially localized, thus circumventing an application of the
Floquet-Bloch transform to nonlocalized functions, which is only defined in the sense of
tempered distributions. This leads to an explicit representation of the low-frequency part of
the semigroup as in [55] and control on the high-frequency part by pointwise Green’s function
estimates established in [62].

For nonelliptic operators, such as L0, the temporal Green’s function is typically a distribution,
complicating a potential decomposition via the Floquet-Bloch transform. We address this
challenge by taking inspiration from [8] and employing its inverse Laplace representation,
given by the complex inversion formula

eL0tw = lim
R→∞

1
2πi

∫ η+iR

η−iR
eλt(λ− L0)−1w dλ (3.20)

with η, t > 0 and w ∈ D(L0), to decompose the semigroup. By partitioning and deforming the
integration contour in (3.20), we write the semigroup as the sum of a high- and low-frequency
part. Here, we associate the high-frequency part of the semigroup with pieces of the deformed
contour integral where | Im(λ)| ≫ 1, i.e., where eλt rapidly oscillates, and the low-frequency
part of the semigroup with pieces of the deformed contour integral where |λ| ≪ 1.

As the space of perturbations Cub(R) does not admit any Hilbert-space structure, we cannot
rely on the Gearhart-Prüss theorem (or leverage the sectoriality of the linearization) to establish
a spectral mapping property. Therefore, we instead use the expansion of the resolvent as a
Neumann series for λ ∈ C with | Im(λ)| ≫ 1, which was established in [8], to control the high-
frequency part of the semigroup. The leading-order terms in the Neumann series expansion of
resolvent are not absolutely integrable over the high-frequency parts of the contour in (3.20)
and, thus, the question of how to control these terms is not straightforward. Here, we cannot
resort to the arguments in [8] which rely on test functions, since these are not dense in Cub(R).
Instead, we identify the critical terms in the Neumann series expansion of (λ − L0)−1 as
products of resolvents of simple diffusion and advection operators. The corresponding terms in
the inverse Laplace formula then correspond to convolutions of the C0-semigroups generated
by these diffusion and advection operators. As far as the authors are aware, the observation
that the complex inversion formula holds for convolutions of C0-semigroups is novel and is
therefore of its own interest, cf. [43]. All in all, we obtain that the high-frequency part of the
semigroup is exponentially decaying on Cub(R).

To render decay of the low-frequency part of the semigroup one must rely on diffusive smoothing
in the case of nonlocalized perturbations. The diffusive decay rates of the low-frequency part
are not strong enough to control the critical nonlinear term ν(ψζ)2 in the perturbed viscous
Hamilton-Jacobi equation satisfied by ψ. In [84], this difficulty has been addressed by further
decomposing the low-frequency part of the semigroup via its Floquet-Bloch representation
and relating its principal part to the convective heat semigroup e(d∂2

ζ −cg∂ζ)t, which allows to
apply the Cole-Hopf transform to eliminate the critical (ψζ)2-term.

Here, we link the inverse Laplace representation of the low-frequency part with the Floquet-
Bloch representation from [84] modulo exponentially decaying terms, while exploiting the
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nonzero group velocity of the wave train, cf. Assumption (H2). This allows us to harness the
decomposition of and estimates on the low-frequency part of the semigroup from [84]. We
emphasize that, to the authors’ knowledge, such a link has not been established before and is
interesting in its own right.

After applying the Cole-Hopf transform to the equation of the phase modulation ψ to
eliminate the critical nonlinear term, the decay of all remaining linear and nonlinear terms
is strong enough to close a nonlinear iteration argument in ψζ , ψt and w. Yet, the equation
for the inverse-modulated perturbation is quasilinear and an apparent loss of derivatives
must be addressed to control regularity in the nonlinear argument. This is a standard issue
in the nonlinear stability of wave trains and it has been recognized that, as long as the
underlying equation is semilinear, such a loss of derivatives can be addressed by considering
the unmodulated perturbation or to the so-called forward-modulated perturbation

ẘ(ζ, t) = u(ζ, t) − ϕ0(ζ + ψ(ζ, t)), (3.21)

which measures the deviation from the modulated wave train, cf. [105]. Both the unmodulated
perturbation w̃(t) and the forward-modulated perturbation ẘ(t) obey a semilinear equation
in which no derivatives are lost, yet where decay is too slow to close an independent iteration
scheme. However, by relating w̃(t) (or ẘ(t)) to the inverse-modulated perturbation w(t)
regularity can be controlled in the nonlinear iteration scheme. Regularity control can then be
obtained by showing that w̃(t) (or ẘ(t)) obeys a so-called nonlinear damping estimate [59,
105], which is an energy estimate bounding the Hm-norm of the solution for some m ∈ N in
terms of the Hm-norm of its initial condition and the L2-norm of the solution. A nonlinear
damping estimate for the forward-modulated perturbation has been derived in the setting of
the FHN system in [8, Proposition 8.6].

A second option is to control regularity by deriving tame estimates on derivatives of w̃(t) (or
ẘ(t)) via its Duhamel formulation [46, 84, 85]. In the absence of parabolic smoothing, the
advantage of using nonlinear damping estimates is that they yield sharp bounds on derivatives
and typically require less regular initial data, as can for instance be seen by comparing [105,
Theorem 6.2] with [46, Theorem 1.3]. In the case of nonlocalized perturbations, one has
so far been compelled to the second approach using tame estimates, cf. [84, 85], since the
lack of localization prohibits the use of L2-energy estimates. Motivated by the possibility to
accommodate less regular initial data, we control regularity in this work by extending the
method of nonlinear damping estimates to uniformly local Sobolev norms, see [94, Section 8.3.1],
which allow for nonlocalized perturbations. On top of that, we work with a slightly modified
version of the forward-modulated perturbation given by

z̊(ζ, t) := u(ζ, t) − ϕ(ζ + ψ(ζ, t)(1 + ψζ(ζ, t)); 1 + ψζ(ζ, t))
= ẘ(ζ, t) + ϕ0(ζ + ψ(ζ, t)) − ϕ(ζ + ψ(ζ, t)(1 + ψζ(ζ, t)); 1 + ψζ(ζ, t))
= w̃(ζ, t) + ϕ0(ζ) − ϕ(ζ + ψ(ζ, t)(1 + ψζ(ζ, t)); 1 + ψζ(ζ, t)),

(3.22)

which again satisfies a semilinear equation in which no derivatives are lost and is well-defined
as long as ∥ψζ(t)∥L∞ is sufficiently small, cf. Proposition 3.1.2. The reason is that z̊(t) and its
derivatives exhibit stronger decay than ẘ(t), cf. [84, Corollary 1.4]. Having sharper bounds
on derivatives, it is no longer necessary to move derivatives in the Duhamel formulation from
the nonlinearity to the slowly decaying principal low-frequency part Sp(t) of the semigroup as
in [84]. This provides a significant simplification with respect to [84] as the computation and
estimation of commutators between the operators Sp(t) and ∂mζ ,m ∈ N, is no longer necessary.
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Thus, using uniformly local Sobolev norms4, we obtain a nonlinear damping estimate for the
modified forward-modulated perturbation z̊(t) and our nonlinear iteration scheme can also be
closed from the perspective of regularity. This then leads to the proof of Theorem 3.1.4.

Remark 3.1.5. It was already observed in [29] that the coefficients of the viscous Hamilton-
Jacobi equation (3.14), governing the leading-order phase dynamics, can be expressed in
terms of the coefficients of the second-order expansion of the linear and nonlinear dispersion
relations λc(ξ) and ω(k), cf. Propositions 3.1.2 and 3.1.3 and identity (3.15). In the current
setting of fully nonlocalized perturbations [84], it is important to identify the leading-order
Hamilton-Jacobi dynamics of the phase modulation as this allows for an application of the
Cole-Hopf transform to eliminate the most critical nonlinear term. In contrast, in the nonlinear
stability analyses [46, 55, 58, 62, 88] of wave trains against localized perturbations, it is not
necessary to determine the leading-order phase dynamics explicitly. The derivation of the
viscous Hamilton-Jacobi equation in the current setting can be found in §3.4.3 and exploits
the characterization of the first-order term in the expansion of the eigenfunction Φξ as the
derivative of the family of wave trains ϕ(·; k), established in Proposition 3.1.2, with respect to
the wavenumber k, cf. Proposition 3.1.3.

Remark 3.1.6. The nonlinear damping estimate, used in the proof of Theorem 3.1.4, leads
to estimates on derivatives of the (modulated) perturbation. Specifically, we can replace
the L∞-norms in estimates (3.10)-(3.12) by (C2

ub × C1
ub)-norms upon substituting E0 by its

fractional power E
1
5
0 .5

Here, the occurrence of the fractional power is a consequence of the use of Gagliardo-Nirenberg
interpolation in the nonlinear damping estimate, see Remark 3.4.10. In addition, we note
that, although our initial perturbation w0 lies in C3

ub(R) × C2
ub(R), we do not control the

associated norm in our nonlinear stability analysis, since we lose one degree of regularity
by embedding of uniformly local Sobolev spaces in Cub-spaces. Nevertheless, by considering
more regular initial data in Theorem 3.1.4, it is possible to track higher-order derivatives in
the nonlinear argument. More precisely, taking m ∈ N and w0 ∈ Cm+3

ub (R) × Cm+2
ub (R) with

∥w0∥Cm+3
ub ×Cm+2

ub
< K in Theorem 3.1.4, we find

u ∈ C
(
[0,∞), Cm+3

ub (R) × Cm+2
ub (R)

)
∩ C1([0,∞), Cm+1

ub (R)
)
.

and the estimates (3.10)-(3.13) can be upgraded to

∥u(t) − ϕ0∥Cm+2
ub ×Cm+1

ub
≤ MEαm

0 ,

∥u(t) − ϕ0(· + ψ(·, t))∥Cm+2
ub ×Cm+1

ub
≤ MEαm

0√
1 + t

,

∥u(t) − ϕ0(· + ψ(·, t)(1 + ψζ(·, t)); 1 + ψζ(·, t))∥Cm+2
ub ×Cm+1

ub
≤ MEαm

0
log(2 + t)

1 + t
,

where αm > 0 depends on m only, and

∥∂tψζ(t)∥C3+m
ub

≤ ME0√
1 + t

, ∥ψζζ(t)∥C4+m
ub

≤ ME0
log(2 + t)

1 + t

for all t ≥ 0. For the sake of clarity of exposition and in order to reduce the amount of
technicalities, we have chosen to only consider (C3

ub × C2
ub)-regular initial data only in our

nonlinear stability analysis.
4We note that uniformly local Sobolev norms have also been used in other works, e.g. [38], to make energy

estimate methods available in L∞-spaces.
5In fact, we can also take α = 1

5 in (3.16).
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3.1.4. Outline

This paper is organized as follows. In §3.2, we analyze the resolvent associated with the
linearization L0 of (3.3) about the wave train. In §3.3 we decompose the C0-semigroup
eL0t and derive associated estimates with the aid of the inverse Laplace representation and
establish a Floquet-Bloch representation for its critical low-frequency part. In §3.4, we set
up our nonlinear iteration scheme and derive a nonlinear damping estimate. We close the
nonlinear argument and prove our main result, Theorem 3.1.4, in §3.5. We conclude in §3.6 by
discussing the wider applicability of our method to achieve nonlinear stability of wave trains
against fully nonlocalized perturbations in semilinear dissipative problems. Appendix 3.A is
devoted to background material on the vector-valued Laplace transform. In particular, we
prove that its complex inversion formula holds for convolutions of C0-semigroups. Finally, we
relegate the derivation of the equation for the modified forward-modulated perturbation to
Appendix 3.B.

Notation. Let S be a set, and let A,B : S → R. Throughout the paper, the expression
“A(x) ≲ B(x) for x ∈ S”, means that there exists a constant C > 0, independent of x, such
that A(x) ≤ CB(x) holds for all x ∈ S.

Acknowledgments. This project is funded by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) – Project-ID 491897824.

3.2. Resolvent analysis
This section is devoted to the study of the resolvent and serves as preparation to derive pure
L∞-estimates on the high- and low-frequency components of the semigroup given by (3.20).
That is, we collect and prove properties of (λ− L0)−1 in the regimes | Im(λ)| ≫ 1 and |λ| ≪ 1.
Our refined low-frequency analysis of the resolvent is the starting point to link the inverse
Laplace representation to the Floquet-Bloch representation of the low-frequency part of the
semigroup.

3.2.1. Low-frequency resolvent analysis and decomposition

We consider the resolvent problem

(L0 − λ)w = g (3.23)

with w = (u, v)⊤ and g ∈ Cub(R) for λ in a small ball B(0, δ) ⊂ C of radius δ > 0 centered at
the origin. We proceed as in [8] and write (3.23) as a first-order system

ψ′ = A(ζ;λ)ψ +G (3.24)

in ψ = (u, uζ , v)⊤ with inhomogeneity G = (0,g)⊤ and coefficient matrix

A(ζ;λ) =

 0 1 0
λ− f ′(u0) −c0 1

− ε
c0

0 εγ+λ
c0

,
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where u0 is the first-component of the wave train ϕ0 = (u0, v0)⊤ and f(u) = u(1 − u)(u− µ)
is the cubic nonlinearity in the FHN system (3.1).

The coefficient matrix A(·;λ) is T -periodic for each λ ∈ C. Thus, we can apply Floquet theory,
cf. [64, Section 2.1.3], to establish a T -periodic change of coordinates, which is locally analytic
in λ, converting the homogeneous problem

ψ′ = A(ζ;λ)ψ (3.25)

into a constant-coefficient system.

Proposition 3.2.1. Assume (H1). For δ > 0 sufficiently small, there exist maps Q : R ×
B(0, δ) → C3×3 and M : B(0, δ) → C3×3 such that the evolution T (ζ, ζ̄;λ) of (3.25) can be
expressed as

T (ζ, ζ̄;λ) = Q(ζ;λ)−1eM(λ)(ζ−ζ̄)Q(ζ̄;λ).

Here, Q(·;λ) is smooth and T -periodic for each λ ∈ B(0, δ). Moreover, M and Q(ζ; ·) are
analytic for each ζ ∈ R.

An eigenvalue ν(λ) of the monodromy matrix M(λ) is called a spatial Floquet exponent. It
gives rise to a solution ψ(ζ;λ) = eν(λ)ζp(ζ;λ) of (3.25), where p(·;λ) is T -periodic. Thus,
translating back to the eigenvalue problem (L0 − λ)w = 0, one readily observes that for each
ξ ∈ C a point λ ∈ B(0, δ) is a (temporal) eigenvalue of the Bloch operator L(ξ) if and only
if iξ is an eigenvalue of M(λ). The spectral decomposition (3.6) then implies that a point
λ ∈ B(0, δ) lies in σ(L0) if and only if M(λ) has a purely imaginary eigenvalue.

Proposition 3.1.3 yields balls V1, V2 ⊂ C centered at 0 and a holomorphic map λc : V1 → C
such that L(ξ) has a simple eigenvalue λc(ξ) for each ξ ∈ V1 and it holds σ(L0) ∩V2 = {λc(ξ) :
ξ ∈ R ∩ V1} ∩ V2. Since we have λ′

c(0) = −icg ̸= 0 by Assumption (H2), the implicit function
theorem implies, provided δ > 0 is sufficiently small, that for each λ ∈ B(0, δ) the matrix
M(λ) possesses precisely one simple eigenvalue νc(λ) in V1. These observations readily lead
to the following proposition.

Proposition 3.2.2. Assume (H1), (H2) and (D1)-(D3). There exist constants C, δ > 0 and
a holomorphic map νc : B(0, δ) → C satisfying the following assertions.

(i) νc(λ) is a simple spatial Floquet exponent associated with the T -periodic first-order
problem (3.25) for each λ ∈ B(0, δ).

(ii) A point λ ∈ B(0, δ) lies in σ(L0) if and only if νc(λ) is purely imaginary.
(iii) We have νc(λc(ξ)) = iξ for each ξ ∈ V1 such that λc(ξ) ∈ B(0, δ).
(iv) The expansion ∣∣∣∣∣νc(λ) + 1

cg
λ

∣∣∣∣∣ ≤ C|λ|2

holds for all λ ∈ B(0, δ).
(v) For λ ∈ B(0, δ) to the right of σ(L0) we have Re(νc(λ)) > 0.
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Propositions 3.2.1 and 3.2.2 imply that for λ ∈ B(0, δ) system (3.25) has an exponential
dichotomy on R if and only if there are no purely imaginary Floquet exponents, which is the
case precisely if λ lies in the resolvent set ρ(L0). Hence, taking λ ∈ B(0, δ) ∩ ρ(L0) and letting
P s(λ) and P u(λ) be the spectral projections onto the stable and unstable subspaces of M(λ),
we can express the spatial Green’s function associated with (3.25) as

G(ζ, ζ̄;λ) = Q(ζ;λ)−1eM(λ)(ζ−ζ̄)
(
P s(λ)1(−∞,ζ](ζ̄) − P u(λ)1[ζ,∞)(ζ̄)

)
Q(ζ̄;λ)

where 1(−∞,ζ] and 1[ζ,∞) are indicator functions. Introducing the matrices

Π2 =
(

1 0 0
0 0 1

)
, Π3 =

0 0
1 0
0 c−1

0

.
to translate between the original formulation (3.23) and the first-order formulation (3.24) of
the resolvent problem, we find that the unique solution of (3.23) is now given by(

(L0 − λ)−1g
)
(ζ) = w(ζ;λ) =

∫
R

Π2G(ζ, ζ̄;λ)Π3g(ζ̄) dζ̄.

By Proposition 3.2.2 the spatial Floquet exponent νc(λ) is a simple eigenvalue of M(λ) and
all other spatial Floquet exponents are bounded away from iR for λ ∈ B(0, δ). Therefore,
the spectral projection P cu(λ) of M(λ) onto the eigenspace associated with νc(λ) is defined
for all λ ∈ B(0, δ). For λ ∈ B(0, δ) to the right of σ(L0) it holds Re(νc(λ)) > 0 and we can
decompose P u(λ) = P uu(λ) + P cu(λ). This then leads to the desired resolvent decomposition
for small λ.

Proposition 3.2.3. Assume (H1), (H2) and (D1)-(D3). There exist constants C, δ > 0 and a
holomorphic map S0

e : B(0, δ) → B
(
Cub(R)

)
such that for λ ∈ B(0, δ), g ∈ Cub(R) and ζ ∈ R

we have(
(L0 − λ)−1g

)
(ζ) = −

∫
R

Π2Q(ζ;λ)−1eνc(λ)(ζ−ζ̄)1[ζ,∞)(ζ̄)P cu(λ)Q(ζ̄;λ)Π3g(ζ̄) dζ̄

+
(
S0
e (λ)g

)
(ζ)

(3.26)

and it holds ∥∥∥S0
e (λ)g

∥∥∥
L∞

≤ C∥g∥L∞ .

In order to later relate the inverse Laplace representation of the low-frequency part of the
semigroup eL0t to its Floquet-Bloch representation, we prove the following technical lemma
showing that the expression Π2Q(ζ;λ)−1P cu(λ)Q(ζ̄;λ)Π3 in (3.26) can be written as a product
of solutions of the eigenvalue problem (L0 − λ)w = 0 and its adjoint (L0 − λ)∗w = 0.

Lemma 3.2.4. Assume (H1), (H2) and (D1)-(D3). There exist a constant δ > 0 and functions
Ψ, Ψ̃ : R ×B(0, δ) → C2 satisfying

Π2Q(ζ;λ)−1P cu(λ)Q(ζ̄;λ)Π3 = Ψ(ζ;λ)Ψ̃(ζ̄;λ)∗ (3.27)

for ζ, ζ̄ ∈ R and λ ∈ B(0, δ). Moreover, Ψ(·;λ) and Ψ̃(·;λ) are smooth and T -periodic for
each λ ∈ B(0, δ) and Ψ(ζ; ·)Ψ̃(ζ̄; ·)∗ is analytic for each ζ, ζ̄ ∈ R. Finally, we have

Ψ(·;λc(ξ)) = Φξ, λ′
c(ξ)Ψ̃(·;λc(ξ)) = iΦ̃ξ (3.28)

for ξ ∈ V1 such that λc(ξ) ∈ B(0, δ), where Φξ and Φ̃ξ are defined in Proposition 3.1.3.
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Proof. Let λ ∈ B(0, δ). By Propositions 3.2.1 and 3.2.2 the monodromy matrix M(λ) has
a simple eigenvalue νc(λ), provided δ > 0 is sufficiently small. Let w1(λ) be an associated
eigenvector. Moreover, let w̃1(λ) be an eigenvector associated with the simple eigenvalue νc(λ)
of the adjoint matrix M(λ)∗. The spectral projection P cu(λ) onto the eigenspace of M(λ)
associated with νc(λ) is now given by

P cu(λ) = w1(λ)w̃1(λ)∗

⟨w̃1(λ), w1(λ)⟩ .

Since νc(λ) is simple for each λ ∈ B(0, δ), the map P cu : B(0, δ) → C3×3 is holomorphic by
standard analytic perturbation theory [66, Section II.1.4].

We define Ψ, Ψ̃ : R ×B(0, δ) → C2 by

Ψ(ζ;λ) = Π2v1(ζ;λ), v1(ζ;λ) := Q(ζ;λ)−1w1(λ)
⟨Φ̃−iνc(λ),Π2Q(·;λ)−1w1(λ)⟩L2(0,T )

and

Ψ̃(ζ;λ) = Π∗
3v2(ζ;λ), v2(ζ;λ) := Q(ζ;λ)∗w̃1(λ)

⟨w1(λ), w̃1(λ)⟩⟨Π2Q(·;λ)−1w1(λ), Φ̃−iνc(λ)⟩L2(0,T ).

Then, Ψ(·;λ) and Ψ̃(·;λ) are smooth and T -periodic for each λ ∈ B(0, δ) by Proposition 3.2.1.
One readily observes that (3.27) holds for ζ, ζ̄ ∈ R and λ ∈ B(0, δ). Moreover, since Q(ζ; ·),
Q(ζ̄; ·) and P cu are analytic by Proposition 3.2.1, so is Ψ(ζ; ·)Ψ̃(ζ̄; ·)∗ for each ζ, ζ̄ ∈ R.

Next, we observe that the evolution Tad(ζ, ζ̄;λ) of the adjoint problem

ϑ′ = −A(ζ;λ)∗ϑ, (3.29)

of (3.25) is given by Tad(ζ, ζ̄;λ) = T (ζ̄, ζ;λ)∗, where T (ζ, ζ̄;λ) is the evolution of (3.25). So,
since νc(λ) is an eigenvalue of M(λ) with associated eigenvector w1(λ) and −νc(λ) is an
eigenvalue of −M(λ)∗ with associated eigenvector w̃1(λ), we obtain, by Proposition 3.2.1,
that ψ(ζ;λ) = eνc(λ)ζv1(ζ;λ) and ϑ(ζ;λ) = e−νc(λ)ζv2(ζ;λ) are solutions of (3.25) and (3.29),
respectively. Consequently, w(ζ;λ) = eνc(λ)ζΨ(ζ;λ) and w̃(ζ;λ) = e−νc(λ)ζΨ̃(ζ;λ) solve
the eigenvalue problems (L0 − λ)w = 0 and (L0 − λ)∗w̃ = 0, respectively. Therefore,
Ψ(·;λ), Ψ̃(·;λ) ∈ H2

per(0, T ) are nontrivial solutions of the eigenvalue problems (L(−iνc(λ)) −
λ)w = 0 and (L(−iνc(λ)) − λ)∗w̃ = 0, respectively. Now, let ξ ∈ V1 be such that λc(ξ) ∈
B(0, δ). Then, we find with the aid of Proposition 3.2.2 that Ψ(ζ;λc(ξ)) and Ψ̃(ζ;λc(ξ))
lie in ker(L(ξ) − λc(ξ)) and ker((L(ξ) − λc(ξ))∗), respectively, which are spanned by Φξ

and Φ̃ξ, respectively, by Proposition 3.1.3. Hence, on the one hand, the gauge condition
⟨Φ̃ξ,Ψ(ζ;λc(ξ))⟩L2(0,T ) = 1 = ⟨Φ̃ξ,Φξ⟩L2(0,T ), cf. Proposition 3.1.3, implies Φξ = Ψ(·;λc(ξ)).
On the other hand, there exists κξ ∈ C\{0} such that Ψ̃(·;λc(ξ)) = κξΦ̃ξ. So, all that remains
to show is that κξ = i/λ′

c(ξ).

First, using that ψ(ζ;λ) = eνc(λ)ζv1(ζ;λ) and ϑ(ζ;λ) = e−νc(λ)ζv2(ζ;λ) are solutions of (3.25)
and (3.29), respectively, and we have νc(λc(ξ)) = iξ by Proposition 3.2.2, we obtain

v1(ζ;λc(ξ)) =

 Φ1,ξ
iξΦ1,ξ + Φ′

1,ξ
Φ2,ξ

, v2(ζ;λc(ξ)) = κξ

(c0 − iξ)Φ̃1,ξ − Φ̃′
1,ξ

Φ̃1,ξ
c0Φ̃2,ξ

.
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Finally, evoking Proposition 3.1.3, integrating by parts and using 1 = ⟨Φ̃ξ,Φξ⟩L2(0,T ), we
arrive at

κ−1
ξ = κ−1

ξ

〈
v2(·;λ), v1(·;λ)

〉
L2(0,T )

=
〈
(c0 − iξ)Φ̃1,ξ − Φ̃′

1,ξ,Φ1,ξ
〉
L2(0,T ) +

〈
Φ̃1,ξ, iξΦ1,ξ + Φ′

1,ξ
〉
L2(0,T ) +

〈
c0Φ̃2,ξ,Φ2,ξ

〉
L2(0,T )

= c0 + 2
〈
Φ̃ξ, D(∂ζ + iξ)Φξ

〉
L2(0,T ) = −iλ′

c(ξ),

which concludes the proof.

3.2.2. High-frequency resolvent analysis

We consider the resolvent (λ− L0)−1 in the high-frequency regime. The spectrum of L0 away
from the origin is by Proposition 3.1.3 confined to the left-half plane with uniform distance
from the imaginary axis, which allows us to deform the high-frequency parts of the integration
contour in (3.20) into the left-half plane away from the imaginary axis and the spectrum.
Specifically, this leads us to consider the contours connecting b± iϖ0 with b± iR for some
b < 0 and R > ϖ0 > 0. Since these contours are unbounded as R → ∞, we require a more
refined understanding of the resolvent to secure exponential decay on the high-frequency
contributions of the corresponding contour integrals.6 The idea from [8] is to expand the
resolvent (λ − L0)−1 as a Neumann series in | Im(λ)|− 1

2 for | Im(λ)| ≫ 1. It turns out that
it suffices to explicitly identify the first three terms in this expansion, since a remainder
of order O(| Im(λ)|− 3

2 ) is integrable. These three leading-order terms can be expressed as
products of the resolvents of the simpler operators L1 : Cub(R) ⊂ C2

ub(R) → Cub(R) and
L2 : Cub(R) ⊂ C1

ub(R) → Cub(R) given by

L1 = ∂ζζ , L2 = c0∂ζ − εγ.

Before stating the outcome of the expansion procedure in [8], we provide the following
standard result showing that L1 and L2 generate C0-semigroups and providing bounds on
their resolvents.

Lemma 3.2.5. The operators L1 and L2 are closed, densely defined and generate C0-
semigroups on Cub(R). Morover, there exists a constant M > 0 such that for each t ≥ 0,
g ∈ Cub(R) and λ ∈ C \ {0} with | arg(λ)| ≤ 3π

4 we have λ ∈ ρ(L1) and

∥(λ− L1)−1g∥L∞ ≤ M

|λ|
∥g∥L∞ , ∥eL1tg∥L∞ ≤ M∥g∥L∞ .

Finally, for each t ≥ 0, g ∈ Cub(R) and λ ∈ C with Re(λ) > −εγ it holds λ ∈ ρ(L2) and

∥(λ− L2)−1g∥L∞ ≤ ∥g∥L∞

Re(λ) + εγ
, ∥eL2tg∥L∞ ≤ e−εγt∥g∥L∞ .

Proof. The operator ∂ζ generates the strongly continuous translational group on Cub(R)
by [32, Proposition II.2.10.1]. Since translation preserves the L∞-norm, e∂ζt is a group of
isometries. Therefore, each λ ∈ C with Re(λ) > 0 lies in ρ(∂ζ) and it holds ∥(λ−∂ζ)−1g∥L∞ ≤
Re(λ)−1∥g∥L∞ for g ∈ Cub(R) by [32, Corollary 3.7]. The bounds on (λ − L2)−1 and eL2t

now readily follow by rescaling space. Moreover, L1 generates a bounded analytic semigroup
eL1t by [32, Corollary II.4.9] being the square of the operator ∂ζ . The resolvent estimate on
(λ− L1)−1 is stated in the proof of [32, Corollary II.4.9].

6Indeed, the naive bound ∥(λ− L0)−1∥ ≲ 1
Re λ

, given by the Hille-Yosida theorem, is not strong enough.
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Now, we state the high-frequency expansion of the resolvent (λ− L0)−1 obtained in [8].

Proposition 3.2.6. Assume (H1), (H2) and (D1)-(D3). Let b0 > 0. Then, there exist
constants C,ϖ0 > 0 such that we have b+ iϖ ∈ ρ(L0) with

(b+ iϖ − L0)−1g = I1
b,ϖg + I2

b,ϖg + I3
b,ϖg + I4

b,ϖg,

for all g = (g1, g2)⊤ ∈ Cub(R) and b,ϖ ∈ R with −3
4εγ ≤ b ≤ b0 and |ϖ| ≥ ϖ0, where we

denote

I1
b,ϖg =

(
(iϖ − L1)−1g1

(b+ iϖ − L2)−1g2

)
, I2

b,ϖg =
(

(iϖ − L1)−1(b+ iϖ − L2)−1g2
−ε(b+ iϖ − L2)−1(iϖ − L1)−1g1

)

and

I3
b,ϖg =

(
0

−ε(b+ iϖ − L2)−1(iϖ − L1)−1(b+ iϖ − L2)−1g2

)
,

and the residual operator I4
b,ϖ : Cub(R) → Cub(R) obeys the estimate∥∥∥I4

b,ϖg
∥∥∥
L∞

≤ C|ϖ|−
3
2 ∥g∥L∞ .

Proof. This result was proved in [8, Lemma B.4] for g ∈ C∞(R), which immediately yields
the statement by density of C∞(R) in Cub(R).

3.3. Semigroup decomposition and linear estimates
In this section, we decompose the C0-semigroup generated by the linearization L0 of (3.3)
about the wave train ϕ0 and establish corresponding estimates. To this end, we employ the
complex inversion formula (3.20) of the C0-semigroup. We first deform and partition the
integration contour in (3.20). The high-frequency contribution of the deformed integration
contour lies fully in the open left-half plane. Thus, exponential decay of the associated part
of the C0-semigroup can be obtained with the aid of the high-frequency resolvent expansion
established in Proposition 3.2.6.

For low frequencies, we employ the resolvent decomposition obtained in Proposition 3.2.3
leading to a critical and residual low-frequency contribution of the contour integral. On
the one hand, we shift the contour fully into the open left-half plane to render exponential
decay of the residual low-frequency contribution. On the other hand, we relate the critical
low-frequency contribution to its Floquet-Bloch representation by shifting the integration
contour onto the critical spectral curve. This allows us to gather the relevant estimates on
this critical part of the semigroup from [84].

3.3.1. Inverse Laplace representation

We start by showing that L0 generates a C0-semigroup on Cub(R) and represent its action by
the complex inversion formula.
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Proposition 3.3.1. Assume (H1). Let k ∈ N0. The operator L0 : D(L0) ⊂ Ckub(R,C2) →
Ckub(R,C2) with domain D(L0) = Ck+2

ub (R,C) × Ck+1
ub (R,C) generates a strongly continuous

semigroup eL0t on Ckub(R,C2). Moreover, there exists η > 0 such that the integration contour
ΓR0 , which is depicted in Figure 3.1 and connects η − iR to η + iR, lies in the resolvent set
ρ(L0) and the inverse Laplace representation

eL0tg = lim
R→∞

1
2πi

∫
ΓR

0

eλt(λ− L0)−1g dλ (3.30)

holds for any g ∈ D(L0) and t > 0, where the limit in (3.30) is taken with respect to the
Ckub-norm.

Proof. The operator L0 is a bounded perturbation of the diagonal diffusion-advection operator
L0 = D∂ζζ + c0∂ζ on Ckub(R,C2) with dense domain D(L0) = Ck+2

ub (R,C) × Ck+1
ub (R,C). The

first component of L0 is sectorial by [73, Corollary 3.1.9] and thus generates an analytic
semigroup, which is strongly continuous by [73, p. 34]. On the other hand, the second
component of L0 generates the strongly continuous translational semigroup on Ckub(R) by [32,
Proposition II.2.10.1]. Since L0 is a bounded perturbation of L0, L0 also generates a C0-
semigroup by [32, Theorem III.1.3]. The inverse Laplace representation, given by the complex
inversion formula (3.30), follows from [6, Proposition 3.12.1].

We note that standard semigroup theory provides sufficient control on the short-time behavior
of the semigroup eL0t. To distinguish between short- and long-time behavior, we introduce a
smooth temporal cut-off function χ : [0,∞) → R satisfying χ(t) = 0 for t ∈ [0, 1] and χ(t) = 1
for t ∈ [2,∞) and obtain the following short-time bound.

Lemma 3.3.2. Assume (H1). Consider L0 as an operator on Cub(R). There exist constants
C,α > 0 such that

∥(1 − χ(t))eL0tg∥ ≤ Ce−αt

holds for g ∈ Cub(R) and t ≥ 0.

Proof. This follows immediately from [32, Proposition I.5.5], Proposition 3.3.1 and the fact
that 1 − χ vanishes on [2,∞).

Next, we deform the integration contour ΓR0 in (3.30) using Cauchy’s integral theorem and
analyticity of the resolvent λ 7→ (λ− L0)−1 on ρ(L0).

Proposition 3.3.3. Assume (H1) and (D1)-(D2). Consider L0 as an operator on Cub(R)
and let η > 0 be as in Proposition 3.3.1. For each ϖ0 > 0 sufficiently large the integration
contours ΓR1 and ΓR3 , which are depicted in Figure 3.1 and connect iϖ0 − 3

4εγ to iR − 3
4εγ

and −iR− 3
4εγ to −iϖ0 − 3

4εγ, respectively, as well as the rectangular integration contour Γ2,
which connects −iϖ0 − 3

4εγ via −iϖ0 + η
2 and iϖ0 + η

2 to iϖ0 − 3
4εγ, lie in the resolvent set

ρ(L0). Moreover, we have

eL0tg = χ(t)
2πi

∫
Γ2

eλt(λ− L0)−1g dλ+ lim
R→∞

χ(t)
2πi

∫
ΓR

1 ∪ΓR
3

eλt(λ− L0)−1g dλ

+ (1 − χ(t))eL0tg
(3.31)

for g ∈ D(L0) and t ≥ 0.
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Proof. Let g ∈ D(L0) and t > 0. Let R > ϖ0. Let ΓR0 be as in Proposition 3.3.1. Let ΓR4 and
ΓR5 be the integration contours depicted in Figure 3.1 connecting −iR+ η to −iR− 3

4εγ and
iR − 3

4εγ to iR + η, respectively. Let ΓR be the closed contour consisting of −ΓR0 , ΓR1 , Γ2,
ΓR3 , ΓR4 and ΓR5 , so that ΓR is oriented clockwise, cf. Figure 3.1. By Assumption (D1) and
Proposition 3.2.6 ΓR, as well as its interior, lies in ρ(L0), provided ϖ0 > 0 is large enough.
Moreover, the map ρ(L0) → Cub(R) given by λ 7→ eλt(λ−L0)−1g is analytic. Hence, Cauchy’s
integral theorem yields

0 =
∫

ΓR
eλt(λ− L0)−1g dλ. (3.32)

We express the contribution of the complex line integral over ΓR4 ∪ ΓR5 as∫
ΓR

4 ∪ΓR
5

eλt(λ− L0)−1g dλ =
∫

ΓR
4 ∪ΓR

5

eλt
λ

(
(λ− L0)−1L0g + g

)
dλ. (3.33)

Lemma 3.2.5 and Proposition 3.2.6 yield an R-independent constant C > 0 such that we have
the bound ∥(λ− L0)−1∥B(Cub(R)) ≤ C for λ ∈ ΓR4 ∪ ΓR5 . Since the length of ΓR4 ∪ ΓR5 can be
bounded by an R-independent constant M > 0, we find that (3.33) implies∥∥∥∥∥ lim

R→∞

∫
ΓR

4 ∪ΓR
5

eλt(λ− L0)−1g dλ
∥∥∥∥∥
L∞

≤ lim
R→∞

eηtMC∥L0g∥L∞ + ∥g∥L∞

R
= 0.

Combining the latter with Proposition 3.3.1 and identity (3.32), we arrive at (3.31), which
concludes the proof.

3.3.2. Estimates on the high-frequency part

We utilize the resolvent expansion obtained in Proposition 3.2.6 to establish exponential
decay of the high-frequency part of the semigroup eL0t, which corresponds to the complex
line integrals over the contours ΓR1 and ΓR3 in the inverse Laplace representation (3.31) of the
semigroup.

Proposition 3.3.4. Assume (H1) and (D1)-(D2). Consider L0 as an operator on Cub(R).
For each ϖ0 > 0 sufficiently large there exist constants C,α > 0 such that the operator
S1
e (t) : Cub(R) → Cub(R) given by

S1
e (t)g = χ(t) lim

R→∞

1
2πi

∫
ΓR

1 ∪ΓR
3

eλt(λ− L0)−1g dλ

for g ∈ D(L0) and t ≥ 0 obeys the estimate

∥S1
e (t)g∥L∞ ≤ Ce−αt∥g∥L∞ (3.34)

for g ∈ Cub(R) and t ≥ 0.

Proof. Let g = (g1, g2)⊤ ∈ D(L0) and t ≥ 0. We abbreviate b1 = −3
4εγ. Employing the

high-frequency resolvent expansion from Proposition 3.2.6, we arrive, provided ϖ0 > 0 is
sufficiently large, at the decomposition

S1
e (t)g = χ(t) lim

R→∞

1
2π

(∫ −ϖ0

−R
+
∫ R

ϖ0

)
eiϖt+b1t(b1 + iϖ − L0)−1g dϖ

= eb1t(S1(t)g + S2(t)g + S3(t)g + S4(t)g),
(3.35)
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Figure 3.1.: The spectrum of the linearization L0 of system (3.3) about the wave train
ϕ0 (depicted in blue and red) touches the origin in a quadratic tangency. It
asymptotes to the line Re(λ) = −εγ. The red part of the spectrum is the critical
curve {λc(ξ) : ξ ∈ R ∩ V1} established in Proposition 3.1.3. Left panel: the
original contour ΓR0 used in the inverse Laplace representation (3.30) of the C0-
semigroup eL0t, together with the deformed contour ΓR4 ∪ ΓR3 ∪ Γ2 ∪ ΓR1 ∪ ΓR5 . The
contributions of the inverse Laplace integral over ΓR4 and ΓR5 vanish as R → ∞,
cf. Proposition 3.3.3. Right panel: a zoom-in on the contour Γ2, as well as its
deformation Γ̃− ∪ Γδ ∪ Γ̃+ used in the proof of Proposition 3.3.6. The rectangular
contour Γδ lies in the ball B(0, δ), is reflection symmetric in the real axis and
connects points −iη2 − η1 to iη2 − η1 with η1,2 > 0.

where we denote

Sj(t)g = χ(t) lim
R→∞

1
2π

(∫ −ϖ0

−R
+
∫ R

ϖ0

)
eiϖtIjb1,ϖ

g dϖ, j = 1, . . . , 4.

The estimate on I4
b1,ϖ

g in Proposition 3.2.6 readily provides g- and t-independent constants
C1,2 > 0 such that

∥S4(t)g∥L∞ ≤ C1

∫ ∞

ϖ0
ϖ− 3

2 ∥g∥L∞ dϖ ≤ C2∥g∥L∞ . (3.36)

We relate the leading-order contributions S1(t), S2(t), S3(t) to (convolutions of) the C0-semi-
groups T1(t) := eL1t and T2(t) := e(L2−b1)t using [6, Proposition 3.12.1] and Corollary 3.A.2.
To this end, we define an R-independent contour Γ̌2, which connects −iϖ0 to iϖ0 and lies
in Σ := {λ ∈ C \ {0} : −1

4εγ < Re(λ) < 1
8εγ, | arg(λ)| < 3π

4 }. Moreover, let Γ̌R4 and Γ̌R5 be
the lines connecting −iR + 1

4εγ with −iR and connecting iR with iR + 1
4εγ, respectively.

Using that the maps Σ → Cub(R) given by λ 7→ (λ − L1)−1g and λ 7→ (λ + b1 − L2)−1 are
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holomorphic by Lemma 3.2.5, Cauchy’s integral theorem yields

χ(t)
2π

(∫ −ϖ0

−R
+
∫ R

ϖ0

)
eiϖtIjb1,ϖ

g dϖ = χ(t)
2πi

∫ 1
4 εγ+iR

1
4 εγ−iR

eλtIjb1,λ
g dλ

− χ(t)
2πi

∫
Γ̌2∪Γ̌R

4 ∪Γ̌R
5

eλtIjb1,λ
g dλ.

(3.37)

We note that the length of the contours Γ̌2, Γ̌R4 , Γ̌R5 ⊂ Σ ⊂ ρ(L1) ∩ ρ(L2 − b1) can be bounded
by an R-independent constant. So, using the resolvent estimates from Lemma 3.2.5, we
establish a t-, R- and g-independent constant C3 > 0 such that∥∥∥∥∥χ(t)

∫
Γ̌2∪Γ̌R

4 ∪Γ̌R
5

eλtIjb1,λ
g dλ

∥∥∥∥∥
L∞

≤ C3e
1
4 εγt∥g∥L∞ (3.38)

for j = 1, 2, 3.

Lemma 3.2.5 implies that g1 ∈ D(L1), g2 ∈ D(L2 − b1) and the semigroups T1(t) and T2(t)
are strongly continuous and exponentially bounded with growth bounds ϖ0(T1) ≤ 0 and
ϖ0(T2) ≤ −1

4εγ. Hence, an application of [6, Proposition 3.12.1] and Corollary 3.A.2 yields

χ(t)
2πi lim

R→∞

∫ 1
4 εγ+iR

1
4 εγ−iR

eλtI1
b1,λg dλ = χ(t)

(
T1(t)g1
T2(t)g2

)
,

χ(t)
2πi lim

R→∞

∫ 1
4 εγ+iR

1
4 εγ−iR

eλtI2
b1,λg dλ = χ(t)

(
(T1 ∗ T2)(t)g2

−ε(T2 ∗ T1)(t)g1

)
,

and

χ(t)
2πi lim

R→∞

∫ 1
4 εγ+iR

1
4 εγ−iR

eλtI3
b1,λg dλ = χ(t)

(
0

−ε(T2 ∗ T1 ∗ T2)(t)g2

)
.

By [32, Theorem C.17], the convolutions T1 ∗T2, T2 ∗T1 and T2 ∗T1 ∗T2 are strongly continuous
and exponentially bounded with growth bounds being at most max{ϖ0(T1), ϖ0(T2)} ≤ 0.
Therefore, we find a t- and g-independent constant C4 > 0 such that∥∥∥∥∥χ(t)

2πi lim
R→∞

∫ 1
4 εγ+iR

1
4 εγ−iR

eλtIjb1,λ
g dλ

∥∥∥∥∥ ≤ C4∥g∥L∞

for j = 1, 2, 3. Combining the latter with the decompositions (3.35) and (3.37) and the
estimates (3.36) and (3.38), we arrive at (3.34) with α = 1

2εγ > 0 by density of D(L0) in
Cub(R).

Remark 3.3.5. Comparing the proof of Proposition 3.3.4 with the high-frequency analysis of
the semigroup in [8, Appendix B.2], we find that the identification of the critical high-frequency
part of the semigroup as convolutions of the the heat and translation semigroups simplifies
the analysis significantly. In particular, it is no longer necessary to compute the inverse
Laplace transform of the leading-order terms of the Neumann-series expansion of the resolvent
explicitly for a test function g.
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3.3.3. Isolating the critical low-frequency part

We wish to employ the decomposition of the resolvent (λ − L0)−1 for |λ| sufficiently small
established in Proposition 3.2.3 to isolate the critical low-frequency part of the semigroup.
To this end, we deform the contour Γ2 in the inverse Laplace representation (3.31) of the
semigroup eL0t, so that its part in the right-half plane is contained in the ball B(0, δ), where
Proposition 3.2.3 applies, cf. Figure 3.1. The remainder of the deformed contour lies in the
open left-half plane, away from the spectrum of L0 and, thus, the associated complex line
integrals are exponentially decaying.

Proposition 3.3.6. Assume (H1) and (D1)-(D3). Consider L0 as an operator on Cub(R).
Let ϖ0 > 0. For each δ > 0 sufficiently small there exist constants C,α > 0, a linear operator
S2
e (t) : Cub(R) → Cub(R) and a rectangular contour Γδ, which is reflection symmetric in the

real axis, lies in B(0, δ) strictly to the right of σ(L0) and connects points −iη2 −η1 and iη2 −η1
with η1,2 > 0, such that we have the decomposition

χ(t)
2πi

∫
Γ2

eλt(λ− L0)−1g dλ = χ(t)
2πi

∫
Γδ

eλt(λ− L0)−1g dλ+ S2
e (t)g, (3.39)

for each g ∈ D(L0) and t ≥ 0 and the estimate

∥S2
e (t)g∥L∞ ≤ Ce−αt∥g∥L∞ (3.40)

holds for g ∈ Cub(R) and t ≥ 0.

Proof. Let g ∈ D(L0) and t ≥ 0. By Proposition 3.1.3, there exist constants a ∈ R and
b, δ0 > 0 such that the spectrum of L0 in the ball B(0, δ0) lies on or to the left of the parabola
{iaξ − bξ2 : ξ ∈ R}. Take δ ∈ (0, δ0). By Assumption (D1), there exists a constant ϱ > 0
such that the spectrum of L0 in the compact set K0 = {λ ∈ C : | Im(λ)| ≤ 2ϖ0, | Re(λ)| ≤
γ} \ B(0, δ) lies to the left of the line Re(λ) = −ϱ. Furthermore, the contour Γ2 lies in the
resolvent set of L0 by Proposition 3.3.3. We conclude that there exist points −η1 ± iη2 with
η1,2 > 0 lying in B(0, δ) strictly to the right of σ(L0), as well as contours Γ̃−, connecting the
lower end point −iϖ0 − 3

4εγ of Γ2 to the point −iη2 − η1, and Γ̃+, connecting iη2 − η1 to the
upper end point iϖ0 − 3

4εγ of Γ2, such that Γ̃− and Γ̃+ are both contained in the resolvent
set ρ(L0) and in the open left-half plane. Hence, there exists a rectangular contour Γδ, which
connects −iη2 − η1 to iη2 − η1, is reflection symmetric in the real axis and lies in B(0, δ),
strictly to the right of σ(L0). Since the map ρ(L0) → Cub(R) given by λ 7→ eλt(λ− L0)−1g is
analytic, Cauchy’s integral theorem yields (3.39) with

S2
e (t)g = χ(t)

2πi

(∫
Γ̃−

+
∫

Γ̃+

)
eλt(λ− L0)−1g dλ.

The analytic map ρ(L0) → Cub(R), λ 7→ (λ−L0)−1 is bounded on the compact sets Γ̃± ⊂ ρ(L0),
which lie in the open left-half plane. Thus, the estimate (3.40) follows by density of D(L0) in
Cub(R).

We can now identify the critical part of the remaining complex line integral in (3.39) by
employing the low-frequency decomposition of the resolvent obtained in Proposition 3.2.3 and
using the identity (3.27) derived in Lemma 3.2.4.
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Proposition 3.3.7. Assume (H1), (H2) and (D1)-(D3). Consider L0 as an operator on
Cub(R). For each δ > 0 sufficiently small there exist constants C,α > 0 and a linear operator
S3
e (t) : Cub(R) → Cub(R) such that for each g ∈ D(L0), ζ ∈ R and t ≥ 0 we have the

decomposition

χ(t)
2πi

∫
Γδ

eλt(λ− L0)−1g dλ[ζ] = χ(t)
2πi

∫ ∞

ζ

∫
Γδ

eλt+νc(λ)(ζ−ζ̄)Ψ(ζ, λ)Ψ̃(ζ̄, λ)∗ dλg(ζ̄) dζ̄

+
(
S3
e (t)g

)
[ζ].

(3.41)

Moreover, the estimate

∥S3
e (t)g∥L∞ ≤ Ce−αt∥g∥L∞ (3.42)

holds for g ∈ Cub(R) and t ≥ 0.

Proof. Provided δ > 0 is sufficiently small, identity (3.41) follows readily from Fubini’s
theorem, Proposition 3.2.3 and Lemma 3.2.4 by setting

S3
e (t)g = χ(t)

2πi

∫
Γδ

eλtS0
e (λ)g dλ

for t ≥ 0 and g ∈ D(L0), where S0
e : B(0, δ) → B(Cub(R)) is the analytic map from Proposi-

tion 3.2.3, obeying the estimate

∥S0
e (λ)g∥L∞ ≤ C0∥g∥L∞ (3.43)

for some g- and λ-independent constant C0 > 0. Now let Γ̃δ be the straight line connecting
the end points ±iη2 − η1 of Γδ. Then, Γ̃δ lies both in B(0, δ) and in the open left-half plane.
By Cauchy’s integral theorem and analyticity of S0

e , we infer

S3
e (t)g = χ(t)

2πi

∫
Γ̃δ

eλtS0
e (λ)g dλ

for g ∈ D(L0) and t ≥ 0. Taking norms in the latter, using that the compact contour Γ̃δ lies
in the open left-half plane and applying the bound (3.43) readily yields the estimate (3.42) by
density of D(L0) in Cub(R).

3.3.4. Floquet-Bloch representation of the critical low-frequency
part

Except for the integral appearing on the right-hand side of (3.41) representing its critical low-
frequency part, the semigroup eL0t is exponentially decaying by Propositions 3.3.3, 3.3.4, 3.3.6
and 3.3.7 and Lemma 3.3.2. The following result recovers, up to some exponentially decaying
terms, the same Floquet-Bloch representation for the critical low-frequency part of the
semigroup as in [84].

The main idea is to exploit that the integral∫
Γδ

eλt+νc(λ)(ζ−ζ̄)Ψ(ζ, λ)Ψ̃(ζ̄, λ)∗ dλ
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possesses an integrand, which is analytic in λ on B(0, δ) for each ζ, ζ̄ ∈ R and t ≥ 0,
cf. Proposition 3.1.3 and Lemma 3.2.4. This pointwise analyticity7 allows us to shift (part
of) the integration contour Γδ onto the critical spectral curve λc(ξ), see Figure 3.2. Via
the identities νc(λc(ξ)) = iξ and (3.28), obtained in Proposition 3.2.2 and Lemma 3.2.4,
respectively, we then arrive at the desired Floquet-Bloch representation from [84]. We show
that the remainder terms are exponentially decaying by using pointwise estimates obtained
through integration by parts, essentially following the same strategy as in [51, Lemma A.1].

Proposition 3.3.8. Assume (H1), (H2) and (D1)-(D3). For each δ > 0 sufficiently small
there exist constants ξ0, C, α > 0, a linear operator S4

e (t) : Cub(R) → Cub(R) and a smooth
cut-off function ρ : R → R such that for each g ∈ Cub(R), ζ ∈ R and t ≥ 0 we have

χ(t)
2πi

∫ ∞

ζ

∫
Γδ

eλt+νc(λ)(ζ−ζ̄)Ψ(ζ, λ)Ψ̃(ζ̄, λ)∗ dλg(ζ̄) dζ̄

= χ(t)
2π

∫
R

∫
R
ρ(ξ)eλc(ξ)t+iξ(ζ−ζ̄)Φξ(ζ)Φ̃ξ(ζ̄)∗ dξ g(ζ̄) dζ̄ +

(
S4
e (t)g

)
[ζ].

Moreover, ρ is supported on the interval (−ξ0, ξ0) ⊂ V1 ∩ R and satisfies ρ(ξ) = 1 for
ξ ∈ [−1

2ξ0,
1
2ξ0]. Finally, for each g ∈ Cub(R) and t ≥ 0 it holds

∥S4
e (t)g∥L∞ ≤ Ce−αt∥g∥L∞ .

Proof. First, we note that Propositions 3.1.3 and 3.2.2 imply ν ′
c(0) = −c−1

g ̸= 0 and λ′
c(0) =

−icg ̸= 0. So, using Proposition 3.1.3, we can take δ > 0 so small that Proposition 3.2.2 and
Lemma 3.2.4 apply, it holds ν ′

c(λ) ̸= 0 for all λ ∈ B(0, δ), and each point in σ(L0) ∩B(0, δ)
lies on the curve {λc(ξ) : ξ ∈ V1 ∩ R}. In addition, there exists, again by Proposition 3.1.3,
ξ0 > 0 such that we have [−ξ0, ξ0] ⊂ V1 ∩ R, it holds sgn(Im(λc(±ξ0))) = ±1, each point on
the curve λc([−ξ0, ξ0]) lies in the ball B(0, δ) and on the rightmost boundary {z ∈ σ(L0) :
z+w ∈ ρ(L0) for all w > 0} of the spectrum of L0, and λ′

c(ξ) is nonzero for each ξ ∈ [−ξ0, ξ0].
We let ρ : R → R be a smooth cut-off function, which is supported on (−ξ0, ξ0) and satisfies
ρ(ξ) = 1 for ξ ∈ [−1

2ξ0,
1
2ξ0].

Our approach is to deform the contour Γδ into a new contour consisting of a smooth curve
Γ− ⊂ B(0, δ) ∩ {z ∈ C : Re(λ) < 0} which connects the lower endpoint −η1 − iη2 of Γδ to
λc(−ξ0) and satisfies Γ− \ {λc(−ξ0)} ⊂ ρ(L0), the smooth curve Γc ⊂ B(0, δ) which connects
λc(−ξ0) to λc(ξ0) and is parameterized by λc, and a smooth curve Γ+ ⊂ B(0, δ) ∩ {z ∈ C :
Re(λ) < 0} which connects the point λc(ξ0) to the upper endpoint −η1 +iη2 of Γδ and satisfies
Γ+ \ {λc(ξ0)} ⊂ ρ(L0), see Figure 3.2. We note that the contours Γ± exist, because the
points −η1 ± iη2 lie in the open left-half plane strictly to the right of σ0(L0) ∩B(0, δ), it holds
sgn(Im(λc(±ξ0))) = ±1, and each point on the curve λc([−ξ0, ξ0]) lies in the ball B(0, δ) and
on the rightmost boundary {z ∈ σ(L0) : z + w ∈ ρ(L0) for all w > 0} of the spectrum of L0,
which lies in {z ∈ C : Re(z) < 0} ∪ {0} by assumption (D1).

We choose parameterizations λ± : [0, 1] → C of the curves Γ± satisfying λ′
±(ξ) ̸= 0 for ξ ∈ [0, 1].

Since νc and Ψ(ζ, ·)Ψ̃(ζ̄, ·)∗ are analytic and it holds

iΦξ(ζ)Φ̃ξ(ζ̄)∗ = Ψ(ζ, λc(ξ))Ψ̃(ζ̄, λc(ξ))∗λ′
c(ξ)

for each ζ, ζ̄ ∈ R and ξ ∈ (−ξ0, ξ0) by Proposition 3.2.2 and Lemma 3.2.4, Cauchy’s integral

7See [8, Section 5.1] for further discussion on pointwise and Lp-analyticity.



3.3. Semigroup decomposition and linear estimates 57

theorem implies∫
Γδ

eλt+νc(λ)(ζ−ζ̄)Ψ(ζ, λ)Ψ̃(ζ̄, λ)∗ dλ =
(∫

Γ−
+
∫

Γc

+
∫

Γ+

)
eλt+νc(λ)(ζ−ζ̄)Ψ(ζ, λ)Ψ̃(ζ̄, λ)∗ dλ

= i
∫
R
ρ(ξ)eλc(ξ)t+iξ(ζ−ζ̄)Φξ(ζ)Φ̃ξ(ζ̄)∗ dξ + I+ + I− + Ic

(3.44)

where we denote

I± =
∫

Γ±
eλt+νc(λ)(ζ−ζ̄)Ψ(ζ, λ)Ψ̃(ζ̄, λ)∗ dλ,

Ic = i
∫ ξ0

−ξ0
(1 − ρ(ξ))eλc(ξ)t+iξ(ζ−ζ̄)Φξ(ζ)Φ̃ξ(ζ̄)∗ dξ

for ζ, ζ̄ ∈ R and t ≥ 0. Using again iΦξ(ζ)Φ̃ξ(ζ̄)∗ = Ψ(ζ, λc(ξ))Ψ̃(ζ̄, λc(ξ))∗λ′
c(ξ), we infer

i
∫
R
ρ(ξ)eλc(ξ)t+iξ(ζ−ζ̄)Φξ(ζ)Φ̃ξ(ζ̄)∗ dξ = I0 − Ic, (3.45)

where we denote

I0 =
∫

Γc

eλt+ν(λ)(ζ−ζ̄)Ψ(ζ, λ)Ψ̃(ζ̄, λ)∗ dλ

for ζ, ζ̄ ∈ R and t ≥ 0. All in all, (3.44) and (3.45) yield the decomposition

i
∫
R
ρ(ξ)eλc(ξ)t+iξ(ζ−ζ̄)Φξ(ζ)Φ̃ξ(ζ̄)∗ dξ = 1[ζ,∞)(ζ̄)

∫
Γδ

eλt+ν(λ)(ζ−ζ̄)Ψ(ζ, λ)Ψ̃(ζ̄, λ)∗ dλ

− 1[ζ,∞)(ζ̄)(I+ + I− + Ic) + 1(−∞,ζ](ζ̄)(I0 − Ic)
(3.46)

for ζ, ζ̄ ∈ R and t ≥ 0. We will use integration by parts to establish pointwise approxi-
mations of I±, I0 and Ic, which yield integrability in space and exponential decay in time
of 1[ζ,∞)(ζ̄)(I+ + I− + Ic) and of 1(−∞,ζ](ζ̄)(I0 − Ic). This then readily leads to the desired
result.

Pointwise approximations of I± for ζ ≤ ζ̄. We wish to factor out the space-integrable
quotient (1 + (ζ − ζ̄)2)−1 by establishing pointwise approximations of I+ and (ζ − ζ̄)2I+.
Recalling ν ′

c(λ) ̸= 0 for all λ ∈ B(0, δ), abbreviating Ψ1(ζ, ζ̄, λ) = Ψ(ζ, λ)Ψ̃(ζ̄, λ)∗/ν ′
c(λ) and

using integration by parts and Proposition 3.2.2, we rewrite

(ζ − ζ̄)2I+ =
∫ 1

0
(ζ − ζ̄)eλ+(ξ)tΨ1(ζ, ζ̄, λ+(ξ))∂ξ

(
eν(λ+(ξ))(ζ−ζ̄)

)
dξ

=
[
(ζ − ζ̄)eλ+(ξ)t+ν(λ+(ξ))(ζ−ζ̄)Ψ1(ζ, ζ̄, λ+(ξ))

]1
ξ=0

−
∫ 1

0
∂ξ
(
(ζ − ζ̄)eλ+(ξ)tΨ1(ζ, ζ̄, λ+(ξ))

)
eν(λ+(ξ))(ζ−ζ̄) dξ

= (ζ − ζ̄)e(−η1+iη2)t+ν(−η1+iη2)(ζ−ζ̄)Ψ1(ζ, ζ̄,−η1 + iη2)

−
∫ 1

0
∂ξ
(
(ζ − ζ̄)eλ+(ξ)tΨ1(ζ, ζ̄, λ+(ξ))

)
eν(λ+(ξ))(ζ−ζ̄) dξ

− (ζ − ζ̄)eλc(ξ0)t+iξ0(ζ−ζ̄)Ψ1(ζ, ζ̄, λc(ξ0))

=: II+ + III+ − (ζ − ζ̄)eλc(ξ0)t+iξ0(ζ−ζ̄)Ψ1(ζ, ζ̄, λc(ξ0)).
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Abbreviating Ψ2(ζ, ζ̄, λ) = Ψ1(ζ, ζ̄, λ)/ν ′
c(λ) and Ψ3(ζ, ζ̄, λ) = ∂λΨ1(ζ, ζ̄, λ)/ν ′

c(λ) and inte-
grating by parts once again, we arrive at

III+ = −
∫ 1

0
eλ+(ξ)t

(
tΨ2(ζ, ζ̄, λ+(ξ)) + Ψ3(ζ, ζ̄, λ+(ξ))

)
∂ξ
(
eν(λ+(ξ))(ζ−ζ̄)

)
dξ

=
∫ 1

0
∂ξ
(
eλ+(ξ)t

(
tΨ2(ζ, ζ̄, λ+(ξ)) + Ψ3(ζ, ζ̄, λ+(ξ))

))
eν(λ+(ξ))(ζ−ζ̄) dξ

−
[
eλ+(ξ)t+ν(λ+(ξ))(ζ−ζ̄)

(
tΨ2(ζ, ζ̄, λ+(ξ)) + Ψ3(ζ, ζ̄, λ+(ξ))

)]1
ξ=0

=
∫

Γ+
eλt+ν(λ)(ζ−ζ̄)

(
t2Ψ2(ζ, ζ̄, λ) + t

(
∂λΨ2(ζ, ζ̄, λ) + Ψ3(ζ, ζ̄, λ)

)
+ ∂λΨ3(ζ, ζ̄, λ)

)
dλ

−
[
eλ+(ξ)t+ν(λ+(ξ))(ζ−ζ̄)

(
tΨ2(ζ, ζ̄, λ+(ξ)) + Ψ3(ζ, ζ̄, λ+(ξ))

)]1
ξ=0

.

We establish pointwise estimates on the contributions I+, II+ and III+. Here, we use the
following facts which follow with the aid of Proposition 3.2.2 and Lemma 3.2.4. First, since
the curves λ± lie in the open left-half plane and the points −η1 ± iη2 lie strictly to the right of
σ(L0), there exists a constant η0 > 0 such that Re(ν(−η1±iη2)) ≥ η0 and Re(λ±(ξ)) ≤ −η0 for
all ξ ∈ [0, 1]. Second, since the curves λ± lie to the right of σ(L0), it holds Re(ν(λ±(ξ))) ≥ 0
for all ξ ∈ [0, 1]. Third, the functions Ψi(ζ, ζ̄, λ) as well as their derivatives with respect to
λ are bounded on R × R ×B(0, δ) for i = 1, 2, 3. Thus, we establish the following pointwise
bounds

|II+| ≲ |ζ − ζ̄|e−η1t+η0(ζ−ζ̄), |I+|, |III+| ≲ (1 + t+ t2)e−η0t

for t ≥ 0 and ζ, ζ̄ ∈ R with ζ − ζ̄ ≤ 0. All in all, we conclude∣∣∣∣∣I+ + (ζ − ζ̄)eλc(ξ0)t+iξ0(ζ−ζ̄)

1 + (ζ − ζ̄)2 Ψ1(ζ, ζ̄, λc(ξ0))
∣∣∣∣∣ ≲ (1 + t+ t2)e−η0t + |ζ − ζ̄|e−η1t+η0(ζ−ζ̄)

1 +
(
ζ − ζ̄

)2

(3.47)

for t ≥ 0 and ζ, ζ̄ ∈ R with ζ − ζ̄ ≤ 0

Analogously, one finds∣∣∣∣∣I− − (ζ − ζ̄)eλc(−ξ0)t−iξ0(ζ−ζ̄)

1 + (ζ − ζ̄)2 Ψ1(ζ, ζ̄, λc(−ξ0))
∣∣∣∣∣ ≲ (1 + t+ t2)e−η0t + |ζ − ζ̄|e−η1t+η0(ζ−ζ̄)

1 +
(
ζ − ζ̄

)2 ,

(3.48)

for t ≥ 0 and ζ, ζ̄ ∈ R with ζ − ζ̄ ≤ 0.

Pointwise approximation of I0 for ζ ≥ ζ̄. Recalling that the integrand of I0 is analytic in
λ on B(0, δ), we can apply Cauchy’s integral theorem to deform the contour Γc to a line Γ̃c
connecting the point λc(−ξ0) to λc(ξ0). We parameterize the line by a curve λ0 : [0, 1] → C
satisfying λ′

0(ξ) ̸= 0 for all ξ ∈ [0, 1], see Figure 3.2. We proceed similarly as before and factor
out the quotient (1 + (ζ − ζ̄)2)−1, which is integrable in space. Thus, using integration by
parts and Proposition 3.2.2, we rewrite

(ζ − ζ̄)2I0 =
∫ 1

0
(ζ − ζ̄)eλ0(ξ)tΨ1(ζ, ζ̄, λ0(ξ))∂ξ

(
eν(λ0(ξ))(ζ−ζ̄)

)
dξ

= (ζ − ζ̄)eλc(ξ0)t+iξ0(ζ−ζ̄)Ψ1(ζ, ζ̄, λc(ξ0)) − (ζ − ζ̄)eλc(−ξ0)t−iξ0(ζ−ζ̄)Ψ1(ζ, ζ̄, λc(−ξ0))

−
∫ 1

0
∂ξ
(
(ζ − ζ̄)eλ0(ξ)tΨ1(ζ, ζ̄, λ0(ξ))

)
eν(λ0(ξ))(ζ−ζ̄) dξ.



3.3. Semigroup decomposition and linear estimates 59

Using integration by parts once again, we establish

II0 := −
∫ 1

0
∂ξ
(
(ζ − ζ̄)eλ0(ξ)tΨ1(ζ, ζ̄, λ0(ξ))

)
eν(λ0(ξ))(ζ−ζ̄) dξ

= −
∫ 1

0
eλ0(ξ)t

(
tΨ2(ζ, ζ̄, λ0(ξ)) + Ψ3(ζ, ζ̄, λ0(ξ))

)
∂ξ
(
eν(λ0(ξ))(ζ−ζ̄)

)
dξ

=
∫

Γ̃c

eλt+ν(λ)(ζ−ζ̄)
(
t2Ψ2(ζ, ζ̄, λ) + t

(
∂λΨ2(ζ, ζ̄, λ) + Ψ3(ζ, ζ̄, λ)

)
+ ∂λΨ3(ζ, ζ̄, λ)

)
dλ

−
[
eλ0(ξ)t+ν(λ0(ξ))(ζ−ζ̄)

(
tΨ2(ζ, ζ̄, λ0(ξ)) + Ψ3(ζ, ζ̄, λ0(ξ))

)]1
ξ=0

.

Since Γ̃c is a straight line in B(0, δ) lying to the left of σ(L0), it holds Re(λ0(ξ)) ≤
Re(λc(±ξ0)) ≤ −η0 and Re(ν(λ0(ξ))) ≤ 0 for all ξ ∈ [0, 1] by Proposition 3.2.2. Hence,
we obtain the following pointwise bounds

|I0|, |II0| ≲ (1 + t+ t2)e−η0t,

for t ≥ 0 and ζ, ζ̄ ∈ R with ζ − ζ̄ ≥ 0. We conclude that∣∣∣∣∣I0 − ζ − ζ̄

1 + (ζ − ζ̄)2

(
eλc(ξ0)t+iξ0(ζ−ζ̄)Ψ1(ζ, ζ̄, λc(ξ0)) − eλc(−ξ0)t−iξ0(ζ−ζ̄)Ψ1(ζ, ζ̄, λc(−ξ0))

)∣∣∣∣∣
≲

(1 + t+ t2)e−η0t

1 +
(
ζ − ζ̄

)2 ,

(3.49)

for t ≥ 0 and ζ, ζ̄ ∈ R with ζ − ζ̄ ≥ 0.

Pointwise approximation of Ic. Again our approach is to factor out the quotient (1 +
(ζ − ζ̄)2)−1. Recalling iΦξ(ζ)Φ̃ξ(ζ̄)∗ = Ψ(ζ, λc(ξ))Ψ̃(ζ̄, λc(ξ))∗λ′

c(ξ) for ξ ∈ [−ξ0, ξ0], using
integration by parts and applying Proposition 3.2.2, we rewrite

(ζ − ζ̄)2Ic =
∫ ξ0

−ξ0
(1 − ρ(ξ))(ζ − ζ̄)eλc(ξ)tΨ1(ζ, ζ̄, λc(ξ))∂ξ

(
eν(λc(ξ))(ζ−ζ̄)

)
dξ

= (ζ − ζ̄)eλc(ξ0)t+iξ0(ζ−ζ̄)Ψ1(ζ, ζ̄, λc(ξ0)) − (ζ − ζ̄)eλc(−ξ0)t−iξ0(ζ−ζ̄)Ψ1(ζ, ζ̄, λc(−ξ0))

−
∫ ξ0

−ξ0
∂ξ
(
(1 − ρ(ξ))(ζ − ζ̄)eλc(ξ)tΨ1(ζ, ζ̄, λc(ξ))

)
eiξ(ζ−ζ̄) dξ.

Abbreviating Ψ̃2(ζ, ζ̄, ξ) = (1 − ρ(ξ))Ψ1(ζ, ζ̄, λc(ξ)) and integrating by parts once again, we
establish

IIc := −
∫ ξ0

−ξ0
∂ξ
(
(ζ − ζ̄)eλc(ξ)tΨ̃2(ζ, ζ̄, ξ)

)
eiξ(ζ−ζ̄) dξ

= i
∫ ξ0

−ξ0
eλc(ξ)t

(
λ′
c(ξ)tΨ̃2(ζ, ζ̄, ξ) + ∂ξΨ̃2(ζ, ζ̄, ξ)

)
∂ξ
(
eiξ(ζ−ζ̄)

)
dξ

=
∫ ξ0

−ξ0

eλc(ξ)t+iξ(ζ−ζ̄)

i
(((

λ′
c(ξ)t

)2+ λ′′
c (ξ)t

)
Ψ̃2(ζ, ζ̄, ξ)

+ 2λ′
c(ξ)t∂ξΨ̃2(ζ, ζ̄, ξ) + ∂2

ξ Ψ̃2(ζ, ζ̄, ξ)
)
dξ

+ i
[
eλc(ξ)t+iξ(ζ−ζ̄)

(
λ′
c(ξ)tΨ̃2(ζ, ζ̄, ξ) + ∂ξΨ̃2(ζ, ζ̄, ξ)

)]ξ0

ξ=−ξ0
.
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In order to obtain pointwise estimates on Ic and IIc, we note that there exists ηc > 0 such
that Re(λc(±ξ)) ≤ −ηc for all ξ ∈ [1

2ξ0, ξ0] by Proposition 3.1.3. Therefore, recalling that
1 − ρ(ξ) vanishes on [−1

2ξ0,
1
2ξ0], we obtain

|Ic|, |IIc| ≲ (1 + t+ t2)e−ηct,

for t ≥ 0 and ζ, ζ̄ ∈ R. We conclude∣∣∣∣∣Ic − ζ − ζ̄

1 + (ζ − ζ̄)2

(
eλ0(ξ0)t+iξ0(ζ−ζ̄)Ψ1(ζ, ζ̄, λ0(ξ0)) − eλ0(−ξ0)t−iξ0(ζ−ζ̄)Ψ1(ζ, ζ̄, λ0(−ξ0))

)∣∣∣∣∣
≲

(1 + t+ t2)e−ηct

1 +
(
ζ − ζ̄

)2 ,

(3.50)

for t ≥ 0 and ζ, ζ̄ ∈ R.

Conclusion. Denote η̃ := min{η0/2, ηc/2, η1} > 0. Recalling the decomposition (3.46) and
applying the estimates (3.47), (3.48), (3.49) and (3.50), we find the desired bound∣∣∣i ∫

R

∫
R
ρ(ξ)eλc(ξ)t+iξ(ζ−ζ̄)Φξ(ζ)Φ̃ξ(ζ̄)∗ dξ g(ζ̄) dζ̄

−
∫ ∞

ζ

∫
Γδ

eλt+ν(λ)(ζ−ζ̄)Ψ(ζ, λ)Ψ̃(ζ̄, λ)∗ dλg(ζ̄) dζ̄
∣∣∣

≲ ∥g∥L∞

(∫
R

(1 + t+ t2)e−2η̃t

1 + ζ̄2 dζ̄ +
∫ 0

−∞

|ζ̄|eη0ζ̄−η1t

1 + ζ̄2 dζ̄
)

≲ ∥g∥L∞e−η̃t,

for g ∈ Cub(R), ζ ∈ R and t ≥ 0.

Figure 3.2.: In the proof of Proposition 3.3.8 we relate the Floquet-Bloch representation of the
critical part of the semigroup, corresponding to an inverse Laplace integral over
Γc, with the aid of Cauchy’s integral theorem to complex line integrals over Γδ,Γ−
and Γ+ for ζ ≤ ζ̄ (left panel) and over Γ̃c for ζ ≥ ζ̄ (right panel). Here, Γc lies on
the critical spectral curve {λc(ξ) : ξ ∈ R ∩ V1} established in Proposition 3.1.3.
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3.3.5. Linear estimates

By Propositions 3.3.3, 3.3.4, 3.3.6, 3.3.7 and 3.3.8, the semigroup eL0t decomposes for t ≥ 0 as

eL0t = Sc(t) + Se(t),

where the operator Sc(t) : Cub(R) → Cub(R) given by

(Sc(t)g)[ζ] = χ(t)
2π

∫
R

∫
R
ρ(ξ)eλc(ξ)t+iξ(ζ−ζ̄)Φξ(ζ)Φ̃ξ(ζ̄)∗ dξ g(ζ̄) dζ̄ (3.51)

corresponds to the critical low-frequency part of the semigroup and

Se(t) = (1 − χ(t))eL0t + S1
e (t) + S2

e (t) + S3
e (t) + S4

e (t) (3.52)

is the exponentially decaying residual. The Floquet-Bloch representation (3.51) of the critical
part of the semigroup is identical to the one obtained in the stability analysis [84] of wave trains
in reaction-diffusion systems against Cub-perturbations. Thus, the further decomposition of
Sc(t), as well as the proofs of the associated L∞-estimates, can be taken verbatim from [84].
On the other hand, estimates on the terms comprising Se(t) were obtained in Lemma 3.3.2
and Propositions 3.3.4, 3.3.6, 3.3.7 and 3.3.8. In the final result of this section, we collect
these results and state the decomposition of the semigroup and associated estimates needed
for our nonlinear stability analysis.

Theorem 3.3.9. Assume (H1), (H2) and (D1)-(D3). Let j, l ∈ N0. There exist constants
C,α > 0 such that the semigroup eL0t decomposes as

eL0t =
(
ϕ′

0 + ∂kϕ(·, 1)∂ζ
)
Sp(t) + Sr(t) + Se(t), (3.53)

where the operators Se(t), Sr(t) : Cub(R) → Cub(R) obey the estimates

∥Se(t)g∥L∞ ≤ Ce−αt∥g∥L∞ , ∥Sr(t)g∥L∞ ≤ C
∥g∥L∞

1 + t
(3.54)

for t ≥ 0 and g ∈ Cub(R). In addition, Sp(t) : Cub(R) → Cub(R) satisfies Sp(t) = 0 for
t ∈ [0, 1] and the map t 7→ Sp(t)g lies in Ci

(
[0,∞), Ckub(R)

)
for any i, k ∈ N0 with

∥∥(∂t + cg∂ζ)j∂lζSp(t)g
∥∥
L∞ ≤ C

∥g∥L∞

(1 + t)j+ l
2

(3.55)

for t ≥ 0 and g ∈ Cub(R). We have the further decomposition

∂mζ Sp(t)g = ∂mζ e
(
d∂2

ζ −cg∂ζ

)
t
(
Φ̃∗

0g
)

+ ∂mζ S̃r(t)g, (3.56)

where the operator ∂mζ S̃r(t) : Cub(R) → Cub(R) obeys the estimate∥∥∂mζ S̃r(t)g∥∥L∞ ≤ C(1 + t)− 1
2 t−

m
2 ∥g∥L∞ (3.57)

for m = 0, 1, t > 0 and g ∈ Cub(R).

Finally, there exist a bounded operator Ah : L2
per
(
(0, T ),R2) → C(R,R) such that it holds

e
(
d∂2

ζ −cg∂ζ

)
t
(
vΦ̃∗

0g
)

= e
(
d∂2

ζ −cg∂ζ

)
t
(
⟨Φ̃0,g⟩L2(0,T )v −Ah(g)∂ζv

)
+ ∂ζe

(
d∂2

ζ −cg∂ζ

)
t(Ah(g)v),

(3.58)

for g ∈ L2
per((0, T ),R2), v ∈ C1

ub(R,R) and t > 0.
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Proof. The decomposition eL0t = Sc(t)+Se(t), where Se(t) is given by (3.52) and Sc(t) is given
by (3.51), follows from Propositions 3.3.3, 3.3.4, 3.3.6, 3.3.7 and 3.3.8. The desired bound (3.54)
on Se(t) can be derived by combining Lemma 3.3.2 and Propositions 3.3.4, 3.3.6, 3.3.7
and 3.3.8. Moreover, it has been shown in [84, Section 3.3] that Sc(t) decomposes as
Sc(t) = (ϕ′

0 + ∂kϕ(·, 1)∂ζ)Sp(t) + Sr(t), where Sp(t), Sr(t) : Cub(R) → Cub(R) are operators
obeying the estimates (3.54) and (3.55). Moreover, Sp(t) satisfies Sp(t) = 0 for t ∈ [0, 1] and the
map t 7→ Sp(t)g lies in Ci

(
[0,∞), Ckub(R)

)
for any i, k ∈ N0. Finally, the decomposition (3.56),

the estimates (3.57) and the identity (3.58) can be found in [84, Section 3.5].

3.4. Nonlinear iteration scheme and nonlinear estimates
In this section, we set up the nonlinear iteration scheme and state associated nonlinear
estimates, which will be employed in the upcoming section to prove our nonlinear stability
result, Theorem 3.1.4. To this end, we consider a diffusively spectrally stable wave-train
solution u0(x, t) = ϕ0(x− c0t) to (3.2), i.e., we assume that Hypotheses (H1), (H2) and (D1)-
(D3) are satisfied, and an initial perturbation w0 ∈ C3

ub(R) × C2
ub(R). We wish to control

the perturbation w̃(t) = u(t) − ϕ0 over time, where u(t) is the solution to (3.3) with initial
condition u(0) = ϕ0 + w0. The perturbation w̃(t) satisfies equation (3.17). Theorem 3.3.9
shows that the bounds on full semigroup eL0t are too weak to close a nonlinear iteration
argument using the Duhamel formulation of (3.17).

As explained in §3.1.3, this leads us to consider the inverse-modulated perturbation w(t) given
by (3.18). We derive a quasilinear equation for w(t), establish L∞-bounds on the nonlinearity
and define a suitable phase modulation ψ(t) compensating for the most critical terms in the
Duhamel formulation of w(t). We then infer, as in [84], that ψ(t) satisfies a perturbed viscous
Hamilton-Jacobi equation, whose most critical nonlinear term cannot be controled through
L∞-estimates, but can be eliminated with the aid of the Cole-Hopf transform. We formulate
an equation for the Cole-Hopf variable and state L∞-bounds on the nonlinearity.

Lastly, we control regularity in the quasilinear iteration scheme by relying on forward-
modulated damping estimates. We obtain an equation for the modified forward-modulated
perturbation z̊(t) given by (3.22), establish norm equivalences between z̊(t) and the residual

z(t) = w(t) − ∂kϕ(·; 1)ψζ(t), (3.59)
and we derive a nonlinear damping estimate for z̊(t) using uniformly local Sobolev norms.

3.4.1. The unmodulated perturbation

The unmodulated perturbation w̃(t) satisfies the semilinear equation (3.17), whose nonlinearity
Ñ : C1

ub(R) → C1
ub(R) is readily seen to be continuously Fréchet differentiable. On the other

hand, regarding L0 as an operator on C1
ub(R) with dense domain C3

ub(R) × C2
ub(R), Propo-

sition 3.3.1 yields that L0 generates a C0-semigroup on C1
ub(R). Hence, local existence and

uniqueness of a classical solution to (3.17) follows by standard results, e.g. [79, Theorem 6.1.5],
from semigroup theory.

Proposition 3.4.1. Assume (H1). Let w0 ∈ C3
ub(R) ×C2

ub(R). Then, there exists a maximal
time Tmax ∈ (0,∞] such that (3.17) admits a unique classical solution

w̃ ∈ C
(
[0, Tmax), C3

ub(R) × C2
ub(R)

)
∩ C1([0, Tmax), C1

ub(R)
)
,
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with initial condition w̃(0) = w0. Moreover, if Tmax < ∞, then we have

lim sup
t↑Tmax

∥w̃(t)∥C1
ub

= ∞.

3.4.2. The inverse-modulated perturbation

Using that u(t) and ϕ0 solve (3.3), one finds that the inverse-modulated perturbation w(t),
given by (3.18), obeys the quasilinear equation

(∂t − L0)
[
w + ϕ′

0ψ
]

= N (w, ψ, ∂tψ) + (∂t − L0)[ψζw] (3.60)

with nonlinearity

N (w, ψ, ψt) = Q(w, ψ) + ∂ζR(w, ψ, ψt),

where

Q(w, ψ) =
(
F (ϕ0 + w) − F (ϕ0) − F ′(ϕ0)w

)
(1 − ψζ)

is quadratic in w and

R(w, ψ, ψt) = (c0ψζ − ψt)w +D

(
(wζ + ϕ′

0ψζ)ψζ
1 − ψζ

+ (wψζ)ζ
)
.

contains all linear terms in w. We refer to [8, Appendix E] for a detailed derivation of (3.60).

It is relatively straightforward to verify the relevant nonlinear bound.

Lemma 3.4.2. Assume (H1). Then, we have

∥N (w, ψ, ψt)∥L∞ ≲ ∥w∥2
L∞ + ∥(ψζ , ψt)∥C2

ub×C1
ub

(
∥w∥C2

ub×C1
ub

+ ∥ψζ∥L∞

)
for w = (u, v) ∈ C2

ub(R)×C1
ub(R) and (ψ,ψt) ∈ C3

ub(R)×C1
ub(R) satisfying ∥u∥L∞ , ∥ψζ∥L∞ ≤

1
2 .

Inspired by earlier works [55, 56], we implicitly define the phase modulation by the integral
equation

ψ(t) = Sp(t)w0 +
∫ t

0
Sp(t− s)N (w(s), ψ(s), ∂tψ(s)) ds. (3.61)

Recalling from Theorem 3.3.9 that Sp(0) = 0, we find that ψ(t) vanishes at t = 0. Thus,
integrating (3.60) yields the Duhamel formulation

w(t) + ϕ′
0ψ(t) = eL0tw0 +

∫ t

0
eL0(t−s)N (w(s), ψ(s), ∂tψ(s)) ds+ ψζ(t)w(t). (3.62)

Writing the left-hand side of (3.62) as w(t) + ϕ′
0ψ(t) = z(t) + (ϕ′

0 + ∂kϕ(·; 1)∂ζ)ψ(t), where
z(t) is given by (3.59), and recalling the semigroup decomposition (3.53), we observe that by
defining the phase modulation by (3.61), the term (ϕ′

0 + ∂kϕ(·; 1)∂ζ)ψ(t) compensates for the
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critical, slowest decaying, contributions on the right-hand side of (3.62). Indeed, we arrive at
the Duhamel formulation

z(t) = (Sr(t) + Se(t))w0 +
∫ t

0
(Sr(t− s) + Se(t− s))N (w(s), ψ(s), ∂tψ(s)) ds+ ψζ(t)w(t),

(3.63)

for the residual z(t), where Sr(t) + Se(t) exhibits stronger decay than eL0t, cf. Theorem 3.3.9.

Local existence of the phase modulation ψ(t) can be obtained by applying a standard contrac-
tion mapping argument to the integral equation (3.61), where one employs Proposition 3.4.1
and expresses the inverse-modulated perturbation as

w(ζ, t) = w̃(ζ − ψ(ζ, t), t) + ϕ0(ζ − ψ(ζ, t)) − ϕ0(ζ), (3.64)

to obtain a fixed point problem in ψ(t) and its derivatives. This leads to the following result,
whose proof is identical to [84, Proposition 4.4].

Proposition 3.4.3. Assume (H1). Let w0 ∈ C3
ub(R) × C2

ub(R). Fix j, l,m ∈ N0. For w̃
and Tmax as in Proposition 3.4.1, there exists a maximal time τmax ∈ (0, Tmax] such that
equation (3.61), with w given by (3.64), possesses a solution

ψ ∈ C
(
[0, τmax), C2+m

ub (R)
)

∩ C1+j([0, τmax), C lub(R)
)
,

satisfying ψ(t) = 0 for all t ∈ [0, τmax) with t ≤ 1.

Moreover, we have ∥(ψ(t), ∂tψ(t))∥C2
ub×Cub

< 1
2 for all t ∈ [0, τmax). Finally, if τmax < Tmax,

then

lim sup
t↑τmax

∥(ψ(t), ∂tψ(t))∥C2
ub×Cub

= 1
2 .

The existence and regularity of the inverse-modulated perturbation w(t) and the residual
z(t) now follow immediately from (3.64) and (3.59), respectively, upon applying Proposi-
tions 3.1.2, 3.4.1 and 3.4.3 and using the uniform continuity of functions in Cub(R).

Corollary 3.4.4. Assume (H1) and (D3). Let w0 ∈ C3
ub(R) × C2

ub(R). For w̃ as in Propo-
sition 3.4.1 and ψ and τmax as in Proposition 3.4.3, the inverse-modulated perturbation w,
defined by (3.18), and the residual z, defined by (3.59), obey

w, z ∈ C
(
[0, τmax), C3

ub(R) × C2
ub(R)

)
.

Moreover, their Duhamel formulations (3.62) and (3.63) hold for t ∈ [0, τmax).

3.4.3. Derivation of the perturbed viscous Hamilton-Jacobi equation

The estimates in Theorem 3.3.9, in combination with (3.61) and (3.63), show that, at least on
the linear level, the derivative ∂jζ∂ltψ(t) of the phase modulation decays at rate t−(j+l)/2 for
j, l ∈ N0, whereas the residual z(t) and

ψ̃(t) = ∂tψ(t) + cgψζ(t),
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decay at rate t−1. Therefore, after substituting

w(t) = z(t) + ∂kϕ(·; 1)ψζ(t), ∂tψ(t) = ψ̃(t) − cgψζ(t), (3.65)

in the nonlinearity N (w, ψ, ψt) one finds that the nonlinear terms exhibiting the slowest decay
are of Burgers’-type, i.e. of the form fψζ(t)2 with coefficient f ∈ L2

per(0, T ).

The decay rates of the principal part Sp(t) of the semigroup eL0t are not strong enough to
control these most critical nonlinear terms through iterative estimates on the equation (3.61)
for the phase modulation. As outlined in §3.1.3, we address this issue by proceeding as
in [84]. That is, we show that ψ(t) obeys a perturbed viscous Hamilton-Jacobi equation
and subsequently apply the Cole-Hopf transform to this equation to eliminate the critical
ψ2
ζ -contributions.

To derive a viscous Hamilton-Jacobi equation for ψ(t), we first isolate the ψ2
ζ -contributions in

the nonlinearity N (w, ψ, ψt) of (3.61). We do so by reexpressing w(t) and ∂tψ(t) through (3.65)
wherever necessary. Thus, recalling c0 + cg = ω′(1) from Proposition 3.1.3, we arrive at

N (w(s), ψ(s), ∂tψ(s)) = fpψζ(s)2 + Np(z(s),w(s), ψ(s), ψ̃(s)), (3.66)

with T -periodic coefficient

fp = 1
2F

′′(ϕ0)(∂kϕ(·; 1), ∂kϕ(·; 1)) + ω′(1)∂ζkϕ(·; 1) +D
(
ϕ′′

0 + 2∂ζζkϕ(·; 1)
)

and residual nonlinearity

Np(z,w, ψ, ψ̃) = Qp(z,w, ψ) + ∂ζRp(z,w, ψ, ψ̃),

where we denote

Qp(z,w, ψ) =
(
F (ϕ0 + w) − F (ϕ0) − F ′(ϕ0)w

)
ψζ + F (ϕ0 + w) − F (ϕ0) − F ′(ϕ0)w

− 1
2F

′′(ϕ0)(w,w) + 1
2F

′′(ϕ0)(z,w) + 1
2ψζF

′′(ϕ0)(z, ∂kϕ(·; 1))

+ 2ψζψζζ
(
ω′(1)∂kϕ(·; 1) +D

(
ϕ′

0 + 2∂ζkϕ(·; 1)
))
,

Rp(z,w, ψ, ψ̃) = −ψ̃w + ω′(1)ψζz

+D

(
(wζ + ϕ′

0ψζ)ψ2
ζ

1 − ψζ
+ 2zζψζ + wψζζ + 2∂kϕ(·; 1)ψζψζζ

)
.

We establish an L∞-estimate on the residual nonlinearity.

Lemma 3.4.5. Assume (H1) and (D3). Then, we have

∥Np(z,w, ψ, ψ̃)∥L∞ ≲
(
∥w∥L∞ + ∥ψζ∥C1

ub

)(
∥w∥2

L∞ + ∥z∥C2
ub

)
+
(
∥ψ̃∥C1

ub
+ ∥ψζζ∥C1

ub

)
∥w∥C1

ub

+
(
∥ψζζ∥C1

ub
+ ∥w∥C2

ub
∥ψζ∥L∞ + ∥ψζ∥2

L∞

)
∥ψζ∥C1

ub

for z,w ∈ C2
ub(R) and (ψ, ψ̃) ∈ C3

ub(R) × C1
ub(R) satisfying ∥w∥L∞ , ∥ψζ∥L∞ ≤ 1

2 .
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Next, we substitute the decompositions (3.56) of the propagtor Sp(t) and (3.66) of the
nonlinearity N (w(s), ψ(s), ∂tψ(s)) into (3.61) and use (3.58) to reexpress e

(
d∂2

ζ −cg∂ζ

)
t
(
Φ̃∗

0fpψ2
ζ

)
.

All in all, we arrive at

ψ(t) = r(t) + e
(
d∂2

ζ −cg∂ζ

)
t
(
Φ̃∗

0w0
)

+
∫ t

0
e
(
d∂2

ζ −cg∂ζ

)
(t−s)

(
νψζ(s)2 −Ah(fp)∂ζ

(
ψζ(s)2

))
ds

+
∫ t

0
e
(
d∂2

ζ −cg∂ζ

)
(t−s)

(
Φ̃∗

0Np(z(s),w(s), ψ(s), ψ̃(s))
)
ds,

(3.67)
where we denote

ν = ⟨Φ̃0, fp⟩L2(0,T )

and

r(t) = S̃r(t)w0 +
∫ t

0
S̃r(t− s)

(
fpψζ(s)2

)
ds+ ∂ζ

∫ t

0
e
(
d∂2

ζ −cg∂ζ

)
(t−s)

(
Ah(fp)ψζ(s)2

)
ds

+
∫ t

0
S̃r(t− s)Np(z(s),w(s), ψ(s), ψ̃(s)) ds.

(3.68)

Since ψ(0) vanishes identically by Proposition 3.4.3, setting t = 0 in (3.67) yields
r(0) = −Φ̃∗

0w0. (3.69)
Moreover, following the computations in [29, Section 4.2], one finds that the coefficient
ν in (3.67) equals −1

2ω
′′(1). Thus, with the aid of Proposition 3.1.3, we arrive at the

expression (3.15) for ν. Since S̃r(t) and ∂ζe
(
d∂2

ζ −cg∂ζ

)
t decay at rate t− 1

2 as operators on
Cub(R), we find that r(t) captures, at least on the linear level, the decaying contributions
in (3.67), cf. Theorem 3.3.9.

Finally, applying the convective heat operator ∂t − d∂2
ζ + cg∂ζ to (3.67), we arrive at the

perturbed viscous Hamilton-Jacobi equation(
∂t − d∂2

ζ + cg∂ζ
)
(ψ − r) = νψ2

ζ +G(z,w, ψ, ψ̃) (3.70)

with nonlinear residual
G(z,w, ψ, ψ̃) = Φ̃∗

0Np(z,w, ψ, ψ̃) −Ah(fp)∂ζ
(
ψ2
ζ

)
.

Indeed, modulo the higher-order terms r and G(w, z, ψ, ψ̃) equation (3.70) coincides with the
Hamilton-Jacobi equation (3.14). Regarding (3.70) as an inhomogeneous parabolic equation,
regularity properties of ψ(t) − r(t), and thus of r(t), can be readily deduced from standard
analytic semigroup theory.

Corollary 3.4.6. Assume (H1) and (D3). Let w0 ∈ C3
ub(R) × C2

ub(R). For ψ and τmax as in
Proposition 3.4.3 and for w and z as in Corollary 3.4.4, the residual r, given by (3.68), obeys

r ∈ C
(
[0, τmax), C2

ub(R)
)

∩ C1([0, τmax), Cub(R)
)
.

Proof. Moving r(t) to the left-hand side, we can regard (3.67) as the mild formulation
of the inhomogeneous problem (3.70) for ψ(t) − r(t) with inhomogeneity t 7→ νψζ(t)2 +
G(z(t),w(t), ψ(t), ψ̃(t)), which lies in C

(
[0, τmax), C1

ub(R)
)

by Proposition 3.4.3 and Corol-
lary 3.4.4. It is well-known that d∂2

ζ − cg∂ζ is a sectorial operator on Cub(R) with domain
C2

ub(R), cf. [73, Corollary 3.1.9]. Therefore, since the initial condition ψ(0) − r(0) = Φ̃∗
0w0

lies in the domain C2
ub(R) and C1

ub(R) is an intermediate space between Cub(R) and the
domain C2

ub(R), it follows from [73, Propositions 2.1.1 and 2.1.4 and Theorem 4.3.8] that
t 7→ ψ(t) − r(t) lies in C

(
[0, τmax), C2

ub(R)
)

∩C1([0, τmax), Cub(R)
)
. Invoking Proposition 3.4.3

then yields the result.
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3.4.4. Application of the Cole-Hopf transform

We apply the Cole-Hopf transform to remove the critical nonlinear term νψ2
ζ in (3.70). That

is, we introduce the new variable

y(t) = e
ν
d

(ψ(t)−r(t)) − 1, (3.71)

which satisfies

y ∈ C
(
[0, τmax), C2

ub(R)
)

∩ C1([0, τmax), Cub(R)
)

(3.72)

by Proposition 3.4.3 and Corollary 3.4.6. It is readily seen that y(t) is a solution of the
convective heat equation(

∂t − d∂2
ζ + cg∂ζ

)
y = 2νrζyζ + ν

d

(
νr2
ζ +G(z,w, ψ, ψ̃)

)
(y + 1) (3.73)

with initial condition

y(0) = e
ν
d

Φ̃∗
0(ψ(0)−r(0)) − 1 = e

ν
d

Φ̃∗
0w0 − 1, (3.74)

cf. Proposition 3.4.3 and (3.69).

Recalling that ψ(t) vanishes identically for t ∈ [0, 1] by Proposition 3.4.3, the Cole-Hopf
variable y(t) can be expressed in terms of the residual r(t) through

y(t) = e− ν
d
r(t) − 1 (3.75)

for t ∈ [0, τmax) with t ≤ 1. On the other hand, the Duhamel formulation of (3.73) reads

y(t) = e
(
d∂2

ζ −cg∂ζ

)
(t−1)

(
e

ν
d

Φ̃∗
0w0 − 1

)
+
∫ t

1
e
(
d∂2

ζ −cg∂ζ

)
(t−s)Nc(r(s), y(s), z(s),w(s), ψ(s), ψ̃(s)) ds

(3.76)

for t ∈ [0, τmax) with t ≥ 1, where the nonlinearity is given by

Nc(r, y, z,w, ψ, ψ̃) = 2νrζyζ + ν

d

(
νr2
ζ +G(z,w, ψ, ψ̃)

)
(y + 1).

We use (3.75) for short-time control on y(t) (rather than its Duhamel formulation) in the
upcoming nonlinear argument. The reason is that we use a temporal weight

√
s
√

1 + s on
rζ(s), so that the obtained bound on rζ(s)2 is nonintegrable and blows up as 1/s as s ↓ 0. We
refer to the proof of Theorem 3.1.4 and Remark 3.5.2 for further details.

With the aid of Lemma 3.4.5, we obtain the following nonlinear estimate.

Lemma 3.4.7. Assume (H1) and (D3). It holds

∥Nc(r, y,w, z, ψ, ψ̃)∥L∞ ≲ (∥rζ∥L∞ + ∥yζ∥L∞)∥rζ∥L∞

+
(
∥w∥L∞ + ∥ψζ∥C1

ub

)(
∥w∥2

L∞ + ∥z∥C2
ub

)
+
(
∥ψ̃∥C1

ub
+ ∥ψζζ∥C1

ub

)
∥w∥C1

ub

+
(
∥ψζζ∥C1

ub
+ ∥w∥C2

ub
∥ψζ∥L∞ + ∥ψζ∥2

L∞

)
∥ψζ∥C1

ub

for r, y ∈ C1
ub(R), z,w ∈ C2

ub(R), (ψ, ψ̃) ∈ C3
ub(R)×C1

ub(R) with ∥y∥L∞ , ∥w∥L∞ , ∥ψζ∥L∞ ≤ 1
2 .
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3.4.5. Forward-modulated damping

The modified forward-modulated perturbation z̊(t) is given by (3.22), where the T -periodic
continuation ϕ(·; k) of the wave train ϕ0 with respect to the wavenumber k is defined for
k in the neighborhood [1 − r0, 1 + r0] by Proposition 3.1.2. Combining the latter with
Propositions 3.4.1 and 3.4.3, we find that the forward-modulated perturbation z̊(t) is well-
defined as long as t ∈ [0, τmax) is such that ∥ψζ(t)∥L∞ < r0. Its regularity then follows readily
from Propositions 3.1.2, 3.4.1 and 3.4.3.

Corollary 3.4.8. Assume (H1) and (D3). Let w0 ∈ C3
ub(R) × C2

ub(R). For r0 > 0 as in
Proposition 3.1.2, w̃ as in Proposition 3.4.1, and ψ and τmax as in Proposition 3.4.3, we have

τ̃max = sup{t ∈ [0, τmax) : ∥ψζ(s)∥L∞ < r0 for all s ∈ [0, t]} > 0

and the modified forward-modulated perturbation z̊(t), given by (3.22), is well-defined for
t ∈ [0, τ̃max) and satisfies

z̊ ∈ C
(
[0, τ̃max), C3

ub(R) × C2
ub(R)

)
∩ C1([0, τ̃max), C1

ub(R)
)
.

Using that the wave train uk(x, t) = ϕ(kx−ω(k)t; k) is a solution to (3.1) and u(t) solves (3.3),
one obtains the equation

∂t̊z = Dz̊ζζ + c0̊zζ + F ′(0)̊z + Q̊(̊z, ψ) + R̊(ψ, ψ̃, ∂tψ) (3.77)

for the modified forward-modulated perturbation, where

Q̊(̊z, ψ) = F (̊z + ϕ(β(ψ))) − F (ϕ(β(ψ))) − F ′(0)̊z

=
((
ϕ1(β(ψ))(2 + 2µ− 3z̊1) − 3ϕ1(β(ψ))2 + (1 + µ− z̊1)̊z1

)̊
z1

0

)

is the nonlinearity in z̊ = (̊z1, z̊2),

R̊(ψ, ψ̃, ψt) = D
[
ϕyy(β(ψ))

(
(1 + ψζ(1 + ψζ) + ψψζζ)2 − (1 + ψζ)2

)
+ ϕkk(β(ψ))ψ2

ζζ

+ 2ϕyk(β(ψ))ψζζ(1 + ψζ(1 + ψζ) + ψψζζ)

+ ϕy(β(ψ))(ψζζ(1 + 3ψζ) + ψψζζζ) + ϕk(β(ψ))ψζζζ
]

+ ϕk(β(ψ))(c0ψζζ − ψζt)

+ ϕy(β(ψ))
(
c0 + ω′(1)ψζ − ω(1 + ψζ) − ψ̃

+ c0
(
ψ2
ζ + ψψζζ

)
− ψtψζ − ψψζt

)
is the z̊-independent residual and we used

β(ψ)(ζ, t) =
(
ζ + ψ(ζ, t)(1 + ψζ(ζ, t)); 1 + ψζ(ζ, t)

)
to abbreviate the argument of the profile function ϕ(y; k) = (ϕ1(y; k), ϕ2(y; k)) and its
derivatives. We refer to Appendix 3.B for further details on the derivation of (3.77).

We proceed with deriving a nonlinear damping estimate for the modified forward-modulated
perturbation z̊(t), which will be employed in the nonlinear stability argument to control
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regularity. A nonlinear damping estimate in H3(R) × H2(R) for the “classical” forward-
modulated perturbation ẘ(t), given by (3.21), was established in [8, Proposition 8.6]. Here,
we extend the method in [8] to nonlocalized perturbations by relying on the embedding of the
uniformly local Sobolev space H1

ul(R) in Cub(R), see [94, Lemma 8.3.11].

The equation (3.77) for z̊(t) has a similar structure as the one for ẘ(t) derived in [8]. That
is, the second derivative ∂ζζ z̊1 yields damping in the first component of (3.77) and the term
−εγz̊2 yields damping in the second component. Since (3.77) is semilinear, all other linear
and nonlinear terms can be controlled by these damping terms.

All in all, we arrive at the following result.

Proposition 3.4.9. Assume (H1) and (D3). Fix R > 0. Let w0 ∈ C3
ub(R) × C2

ub(R). Let
ψ(t) be as in Proposition 3.4.3 and let z̊(t) and τ̃max be as in Corollary 3.4.8. There exist w0-
and t-independent constants C,α > 0 such that the nonlinear damping estimate

∥∥̊z(t)
∥∥
C2

ub×C1
ub

≤ C

(∥∥∥̊z(t)
∥∥
L∞ +

∥∥̊z(t)
∥∥ 1

5
L∞

[
e−αt∥w0∥2

C3
ub×C2

ub
+
∫ t

0
e−α(t−s)

(∥∥z̊1(s)
∥∥2
L∞

+ ∥ψζζ(s)∥2
C4

ub
+ ∥∂sψζ(s)∥2

C3
ub

+
∥∥ψ̃(s)

∥∥2
C3

ub

+ ∥ψζ(s)∥2
L∞

(
∥ψζ(s)∥2

L∞ + ∥∂sψ(s)∥2
L∞

))
ds
] 2

5
)

(3.78)

holds for all t ∈ [0, τ̃max) with

sup
0≤s≤t

(∥∥z̊1(s)
∥∥
C1

ub
+ ∥ψ(s)∥C3

ub

)
≤ R. (3.79)

Proof. Fix a constant R > 0 and set

ϑ = 1
2 min

{
1, εγ

2|c0| + 1

}
.

We start by relating the (C2
ub × C1

ub)-norm of z̊(t) to a uniformly local Sobolev norm. First,
we define the window function ϱ : R → R given by

ϱ(ζ) = 2
2 + ζ2 ,

which is positive, smooth and L1-integrable, and satisfies

|ϱ′(ζ)| ≤ ϱ(ζ) ≤ 1 (3.80)

for all ζ ∈ R. Next, we apply the Gagliaro-Nirenberg interpolation inequality, while noting
that ϱ ∈ W k+1,1(R) ∩W k+1,∞(R) and ϱ(0) = 1, to infer∥∥∂kζ z∥∥L∞ = sup

y∈R

∥∥ϱ(ϑ(· + y))∂kζ z
∥∥
L∞ ≲ ∥z∥Ck−1

ub
+ sup

y∈R

∥∥∂kζ (ϱ(ϑ(· + y))z
)∥∥
L∞

≲ ∥z∥Ck−1
ub

+ sup
y∈R

∥∥∂k+1
ζ

(
ϱ(ϑ(· + y))z

)∥∥ 4
5
L2

∥∥ϱ(ϑ(· + y))z
∥∥ 1

5

L
1

2−k

≲ ∥z∥Ck−1
ub

+ ∥z∥
1
5
L∞ sup

y∈R

∥∥∂k+1
ζ

(
ϱ(ϑ(· + y))z

)∥∥ 4
5
L2

≲ ∥z∥Ck−1
ub

+ ∥z∥
4
5
Ck

ub
∥z∥

1
5
L∞ + ∥z∥

1
5
L∞ sup

y∈R

∥∥ϱ(ϑ(· + y))∂k+1
ζ z

∥∥ 4
5
L2
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for z ∈ Ck+1
ub (R) and k = 1, 2. Hence, interpolating between Ckub(R) and Cub(R), applying

Young’s inequality and rearranging terms, we arrive at

∥z∥Ck
ub

≲ ∥z∥L∞ + ∥z∥
1
5
L∞ sup

y∈R

∥∥ϱ(ϑ(· + y))∂k+1
ζ z

∥∥ 4
5
L2

for z ∈ Ck+1
ub (R) and k = 1, 2. Combining the latter with (3.80) and recalling Corollary 3.4.8,

yields ∥∥̊z(t)
∥∥
C2

ub×C1
ub

≲
∥∥̊z(t)

∥∥
L∞ +

∥∥̊z(t)
∥∥ 1

5
L∞ sup

y∈R
Ey(t)

2
5 (3.81)

for t ∈ [0, τ̃max), where we denote

Ey(t) =
∫
R
ϱ(ϑ(ζ + y))

(
υ
∣∣∣∂3
ζ z̊1(ζ, t)

∣∣∣2 +
∣∣∣∂2
ζ z̊2(ζ, t)

∣∣∣2) dζ, υ := εγ

4 > 0

for y ∈ R. The estimate (3.81) provides the desired relationship between the (C2
ub ×C1

ub)-norm
of z̊(t) and the family of energies Ey(t), which are associated with the norm on the uniformly
local Sobolev space H3

ul(R) ×H2
ul(R) with dilation parameter ϑ, cf. [94, Section 8.3.1].

Our next step is to derive an inequality for the energies Ey(t). In order to be able to
differentiate Ey(t) with respect to t, we restrict ourselves for the moment to initial conditions
w0 ∈ C5

ub(R)×C4
ub(R). With these two additional degrees of regularity one derives, analogously

as in Proposition 3.4.1, that w̃ ∈ C
(
[0, Tmax), C5

ub(R) × C4
ub(R)

)
∩ C1([0, Tmax), C3

ub(R)
)
.

Combining the latter with Propositions 3.1.2 and 3.4.3 yields z̊ ∈ C
(
[0, τ̃max), C5

ub(R) ×
C4

ub(R)
)

∩ C1([0, τ̃max), C3
ub(R)

)
.

Let y ∈ R and let t ∈ [0, τ̃max) be such that (3.79) holds. Using (3.77) and

F ′(0) =
(

−µ −1
ε −εγ

)
,

while noting that the second component of Q̊(̊z, ψ) vanishes, we compute

1
2∂sEy(s) = I + II + III + IV, (3.82)

where

I = υ

∫
R
ϱ(ϑ(ζ + y))

〈
∂3
ζ z̊1(ζ, s), ∂5

ζ z̊1(ζ, s) + c0∂
4
ζ z̊1(ζ, s) − ∂3

ζ z̊2(ζ, s) − µ∂3
ζ z̊1(ζ, s)

〉
dζ,

II = c0
2

∫
R
ϱ(ϑ(ζ + y))∂ζ

∣∣∣∂2
ζ z̊2(ζ, s)

∣∣∣2 dζ

+ ε

∫
R
ϱ(ϑ(ζ + y))

〈
∂2
ζ z̊2(ζ, s), ∂2

ζ z̊1(ζ, s) − γ∂2
ζ z̊2(ζ, s)

〉
dζ,

are the contributions from the linear terms, and

III = υ

∫
R
ϱ(ϑ(ζ + y))

〈(
∂3
ζ z̊1(ζ, s)

0

)
, ∂3
ζ

(
Q̊(̊z(ζ, s), ψ(ζ, s))

+ R̊(ψ(ζ, s), ψ̃(ζ, s), ∂sψ(ζ, s))
)〉

dζ,

IV =
∫
R
ϱ(ϑ(ζ + y))

〈(
0

∂2
ζ z̊2(ζ, s)

)
, ∂2
ζ R̊(ψ(ζ, s), ψ̃(ζ, s), ∂sψ(ζ, s))

〉
dζ
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are the nonlinear contributions for s ∈ [0, t]. Integrating by parts, we rewrite

I = −υ
∫
R
ϱ(ϑ(ζ + y))

(∣∣∣∂4
ζ z̊1(ζ, s)

∣∣∣2 + µ
∣∣∣∂3
ζ z̊1(ζ, s)

∣∣∣2 −
〈
∂4
ζ z̊1(ζ, s), ∂2

ζ z̊2(ζ, s)
〉)

dζ

− υϑ

∫
R
ϱ′(ϑ(ζ + y))

〈
∂3
ζ z̊1(ζ, s), ∂4

ζ z̊1(ζ, s) − ∂2
ζ z̊2(ζ, s)

〉
dζ

+ c0υ

∫
R
ϱ(ϑ(ζ + y))

〈
∂3
ζ z̊1(ζ, s), ∂4

ζ z̊1(ζ, s)
〉

dζ

and

II = −εγ
∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂2
ζ z̊2(ζ, s)

∣∣∣2 dζ − c0ϑ

2

∫
R
ϱ′(ϑ(ζ + y))

∣∣∣∂2
ζ z̊2(ζ, s)

∣∣∣2 dζ

+ ε

∫
R
ϱ(ϑ(ζ + y))

〈
∂2
ζ z̊2(ζ, s), ∂2

ζ z̊1(ζ, s)
〉

dζ

for s ∈ [0, t]. Applying Young’s inequality to the latter, while using (3.80) and 4|c0|ϑ ≤ εγ,
yields a t- and w0-independent constant C1 > 0 such that

I ≤ −υ

4

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂4
ζ z̊1(ζ, s)

∣∣∣2 dζ + υ

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂2
ζ z̊2(ζ, s)

∣∣∣2 dζ

+ C1

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂3
ζ z̊1(ζ, s)

∣∣∣2 dζ
(3.83)

and

II ≤ −3εγ
4

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂2
ζ z̊2(ζ, s)

∣∣∣2 dζ + C1

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂2
ζ z̊1(ζ, s)

∣∣∣2 dζ (3.84)

for s ∈ [0, t]. Similarly, employing Young’s inequality, while using that (3.79) holds and ρ is
L1-integrable, we establish a t- and w0-independent constant C2 > 0 such that

III ≤ C2

(∫
R
ϱ(ϑ(ζ + y))

(∣∣∣∂3
ζ z̊1(ζ, s)

∣∣∣2 +
∣∣∣∂2
ζ z̊1(ζ, s)

∣∣∣2 + |∂ζ z̊1(ζ, s)|2
)

dζ

+ ∥z̊1(s)∥2
L∞ + ∥ψζζ(s)∥2

C4
ub

+ ∥∂sψζ(s)∥2
C3

ub
+
∥∥ψ̃(s)

∥∥2
C3

ub

+ ∥ψζ(s)∥2
L∞

(
∥ψζ(s)∥2

L∞ + ∥∂sψ(s)∥2
L∞

)) (3.85)

and

IV ≤ εγ

4

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂2
ζ z̊2(ζ, s)

∣∣∣2dζ + C2

(
∥ψζζ(s)∥2

C3
ub

+ ∥∂sψζ(s)∥2
C2

ub
+
∥∥ψ̃(s)

∥∥2
C2

ub

+ ∥ψζ(s)∥2
L∞

(
∥ψζ(s)∥2

L∞ + ∥∂sψ(s)∥2
L∞

))
(3.86)

for s ∈ [0, t]. Applying the estimates (3.83), (3.84), (3.85) and (3.86) to (3.82) and using that
υ = εγ/4, we obtain a t- and w0-independent constant C3 > 0 such that

1
2∂sEy(s) ≤ −εγ

4 Ey(s) − υ

4

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂4
ζ z̊1(ζ, s)

∣∣∣2 dζ + C3
(
∥z̊1(s)∥2

L∞ + ∥ψζζ(s)∥2
C4

ub

+ ∥∂sψζ(s)∥2
C3

ub
+
∥∥ψ̃(s)

∥∥2
C3

ub
+ ∥ψζ(s)∥2

L∞

(
∥ψζ(s)∥2

L∞ + ∥∂sψ(s)∥2
L∞

)
+
∫
R
ϱ(ϑ(ζ + y))

(∣∣∣∂3
ζ z̊1(ζ, s)

∣∣∣2 +
∣∣∣∂2
ζ z̊1(ζ, s)

∣∣∣2 + |∂ζ z̊1(ζ, s)|2
)

dζ
)

(3.87)
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for s ∈ [0, t].

We control the term on the last line of (3.87) by deriving an interpolation inequality. To this
end, we take k ∈ N, η ∈ (0, 1

4) and a1, . . . , ak > 0. Integration by parts, Young’s inequality,
and the estimate (3.80) yield

k∑
j=1

aj

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂jζz(ζ)∣∣∣2 dζ

= −
k∑
j=1

aj

∫
R

(
ϱ(ϑ(ζ + y))

〈
∂j+1
ζ z(ζ), ∂j−1

ζ z(ζ)
〉

dζ + ϑϱ′(ϑ(ζ + y))
〈
∂jζz(ζ), ∂

j−1
ζ z(ζ)

〉)
dζ

≤
k∑
j=1

aj
2

∫
R
ϱ(ϑ(ζ + y))

(
η
∣∣∣∂j+1
ζ z(ζ)

∣∣∣2 + ϑ
∣∣∣∂jζz(ζ)∣∣∣2 +

(1
η

+ ϑ

)∣∣∣∂j−1
ζ z(ζ)

∣∣∣2)dζ

for z ∈ Ck+1
ub (R). Setting a0 = 0 = ak+1, using ϑ ≤ 1

2 and rearranging terms in the latter, we
arrive at the interpolation inequality

k∑
j=1

(3
4aj − η

2aj−1 − 1
2aj+1

(1
η

+ 1
2

))∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂jζz(ζ)∣∣∣2 dζ

≤ η

2ak
∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂k+1
ζ z(ζ)

∣∣∣2 dζ + 1
2a1

(1
η

+ 1
2

)∫
R
ϱ(ϑ(ζ + y))|z(ζ)|2 dζ

(3.88)

for z ∈ Ck+1
ub (R). Next, we fix k = 3 and solve the linear system

3
4aj − η

2aj−1 − 1
2aj+1

(1
η

+ 1
2

)
= 1, j = 1, 2, 3,

yielding the solution

a1 = 4
(
4 − 2η3 + 9η2 + 10η

)
3η2(1 − 4η) , a2 = 4

(
2 + 2η2 + 4η

)
η(1 − 4η) , a3 = 4

(
5 + 4η2 + 4η

)
3(1 − 4η) .

where we have a1, a2, a3 > 0 since η < 1
4 . Thus, taking these values for a1, a2, a3 in (3.88), we

find
3∑
j=1

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂jζz(ζ)∣∣∣2 dζ ≤ 2η
(
5 + 4η2 + 4η

)
3(1 − 4η)

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂4
ζ z(ζ)

∣∣∣2 dζ

+ (η + 2)
(
4 − 2η3 + 9η2 + 10η

)
3η3(1 − 4η)

∫
R
ϱ(ϑ(ζ + y))|z(ζ)|2dζ

for z ∈ C4
ub(R). So, taking η ∈ (0, 1

4) so small that

2η
(
5 + 4η2 + 4η

)
3(1 − 4η) ≤ υ

4C3
,

we establish a constant C4 > 0 such that

3∑
j=1

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂jζz(ζ)∣∣∣2 dζ ≤ υ

4C3

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂4
ζ z(ζ)

∣∣∣2 dζ + C4∥z∥2
L∞ (3.89)

for z ∈ C4
ub(R).
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We apply the interpolation identity (3.89) to (3.87) and deduce

∂sEy(s) ≤ −εγ

2 Ey(s) + C5

(∥∥z̊1(s)
∥∥2
L∞ + ∥ψζζ(s)∥2

C4
ub

+ ∥∂sψζ(s)∥2
C3

ub
+
∥∥ψ̃(s)

∥∥2
C3

ub

+ ∥ψζ(s)∥2
L∞

(
∥ψζ(s)∥2

L∞ + ∥∂sψ(s)∥2
L∞

))
for s ∈ [0, t], where C5 > 0 is a t- and w0-independent constant. Multiplying the latter
inequality with e

εγ
2 s and integrating, we acquire

Ey(t) ≤ e− εγ
2 tEy(0) + C5

∫ t

0
e− εγ

2 (t−s)
(∥∥z̊1(s)

∥∥2
L∞ + ∥ψζζ(s)∥2

C4
ub

+ ∥∂sψζ(s)∥2
C3

ub
+
∥∥ψ̃(s)

∥∥2
C3

ub

+ ∥ψζ(s)∥2
L∞

(
∥ψζ(s)∥2

L∞ + ∥∂sψ(s)∥2
L∞

))
ds.

Lastly, using that there exists a w0-independent constant C6 > 0 such that

Ey(0) ≤ C6∥w0∥2
C3

ub×C2
ub

and plugging the latter estimate into (3.81), we arrive at (3.78).

In order to extend our result to the general case w0 ∈ C3
ub(R)×C2

ub(R) we argue as in the proof
of [8, Proposition 8.6]. That is, we approximate the initial condition w0 in C3

ub(R) × C2
ub(R)

by a sequence (w0,n)n∈N in C5
ub(R) ×C4

ub(R). By continuity of solutions with respect to initial
data and the fact that (3.78) only depends on the (C3

ub ×C2
ub)-norm of z̊(t), the desired result

follows by approximation. We refer to [8] for further details.

Remark 3.4.10. In addition to the fact that we extend the proof of the nonlinear damping
estimate in [8, Proposition 8.6] to nonlocalized perturbations by employing an energy associated
with uniformly local Sobolev norms, our analysis deviates from the one in [8] in another
important way: rather than using the bound ∥∂kζw∥L∞ ≤ ∥∂kζw∥H1, we employ the Gagliardo-
Nirenberg interpolation inequality∥∥∂kζw∥∥L∞ ≤

∥∥∂k+1
ζ w

∥∥ 4
5
L2∥w∥

1
5

L
1

2−k
,

for w ∈ Hk+1(R) ∩ L1(R) and k = 1, 2. This leads to the additional factor ∥̊z(t)∥1/5
L∞ in the

nonlinear damping estimate (3.78), enabling us to only require that the L∞-norm of the initial
perturbation w0 is small (and its (C3

ub × C2
ub)-norm is bounded) in our nonlinear stability

result, Theorem 3.1.4. We expect that a similar approach can be adopted to relax the smallness
condition on initial data in [8].

It has been argued in [105, Corollary 5.3] that, as long as ∥ψζ(t)∥L∞ stays sufficiently small,
the Sobolev norms of the forward- and inverse-modulated perturbation ẘ(t) and w(t) are
equivalent modulo Sobolev norms of ψζ(t) and its derivatives. We extend this result by proving
norm equivalence of the modified forward-modulated perturbation z̊(t) and the residual z(t)
(up to controllable errors in ψζ(t) and its derivatives).

Lemma 3.4.11. Let ψ(t) be as in Proposition 3.4.3, let z(t) be as in Corollary 3.4.4 and let
z̊(t) and τ̃max be as in Corollary 3.4.8. Then, there exists a constant C > 0 such that

∥z(t)∥C2
ub×C1

ub
≤ C

(∥∥̊z(t)
∥∥
C2

ub×C1
ub

+ ∥ψζζ(t)∥C1
ub

+ ∥ψζ(t)∥2
L∞

)
, (3.90)
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and ∥∥̊z(t)
∥∥
L∞ ≤ C

(
∥z(t)∥L∞ + ∥ψζζ(t)∥L∞ + ∥ψζ(t)∥2

L∞

)
(3.91)

for any t ∈ [0, τ̃max).

Proof. Inserting w(ζ, t) = u(ζ − ψ(ζ, t), t) − ϕ0(ζ) into (3.59) and using (3.22) to reexpress
u(ζ − ψ(ζ, t), t), we arrive at

z(ζ, t) = z̊(a(ζ, t), t) − ϕ0(ζ) − ϕk(ζ; 1)ψζ(ζ, t) + ϕ(b(ζ, t); c(ζ, t)) (3.92)

for ζ ∈ R and t ∈ [0, τ̃max), where we abbreviate

a(ζ, t) = ζ − ψ(ζ, t), b(ζ, t) = ζ + ψ(ζ − ψ(ζ, t), t)(1 + ψζ(ζ − ψ(ζ, t), t)) − ψ(ζ, t)

and

c(ζ, t) = 1 + ψζ(ζ − ψ(ζ, t), t).

Differentiating the latter with respect to ζ yields

zζ(ζ, t) = z̊ζ(a(ζ, t), t)aζ(ζ, t) − ϕ′
0(ζ) − ϕkζ(ζ; 1)ψζ(ζ, t) − ϕk(ζ; 1)ψζζ(ζ, t)

+ ϕζ(b(ζ, t); c(ζ, t))bζ(ζ, t) + ϕk(b(ζ, t); c(ζ, t))cζ(ζ, t)
(3.93)

and

zζζ(ζ, t) = z̊ζζ(a(ζ, t), t)aζ(ζ, t)2 + z̊ζ(a(ζ, t), t)aζζ(ζ, t) − ϕ′′
0(ζ) − ϕkζζ(ζ; 1)ψζ(ζ, t)

− 2ϕkζ(ζ; 1)ψζζ(ζ, t) − ϕk(ζ; 1)ψζζζ(ζ, t) + ϕζζ(b(ζ, t); c(ζ, t))bζ(ζ, t)2

+ 2ϕkζ(b(ζ, t); c(ζ, t))bζ(ζ, t)cζ(ζ, t) + ϕkk(b(ζ, t); c(ζ, t))cζ(ζ, t)2

+ ϕζ(b(ζ, t); c(ζ, t))bζζ(ζ, t) + ϕk(b(ζ, t); c(ζ, t))cζζ(ζ, t)

(3.94)

for ζ ∈ R and t ∈ [0, τ̃max).

Next, we use Taylor’s theorem to bound

|b(ζ, t) − ζ| ≤ |ψ(ζ − ψ(ζ, t), t) − ψ(ζ, t) + ψζ(ζ, t)ψ(ζ, t)|
+ |ψζ(ζ − ψ(ζ, t), t)ψ(ζ − ψ(ζ, t), t) − ψζ(ζ, t)ψ(ζ, t)|

≲ ∥ψ(t)∥L∞

(
∥ψζζ(t)∥L∞∥ψ(t)∥L∞ + ∥ψζ(t)∥2

L∞

)
,

|c(ζ, t) − 1 − ψζ(ζ, t)| ≤ ∥ψ(t)∥L∞∥ψζζ(t)∥L∞ ,

(3.95)

and

|bζ(ζ, t) − 1| ≤ |ψζ(ζ − ψ(ζ, t), t)(1 − ψζ(ζ, t)) − ψζ(ζ, t)|

+
∣∣∣ψζζ(ζ − ψ(ζ, t), t)ψ(ζ − ψ(ζ, t), t) + ψζ(ζ − ψ(ζ, t), t)2

∣∣∣|1 − ψζ(ζ, t)|

≲
(
∥ψ(t)∥L∞∥ψζζ(t)∥L∞ + ∥ψζ(t)∥2

L∞

)
(1 + ∥ψζ(t)∥L∞)

(3.96)

for ζ ∈ R and t ∈ [0, τ̃max). Recall from Proposition 3.1.2 that ϕ : R × [1 − r0, 1 + r0] →
R2 is smooth. So, applying Taylor’s theorem and estimate (3.95), while recalling from
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Proposition 3.4.3 and Corollary 3.4.8 that ∥ψ(t)∥C2
ub
< 1

2 and ∥ψζ(t)∥L∞ < r0, we infer the
bounds∣∣∣(∂jζϕ)(b(ζ, t); c(ζ, t)) − (∂jζϕ)(ζ; c(ζ, t))

∣∣∣ ≤ |b(ζ, t) − ζ| sup
|k−1|≤r0

∥∥∥∂j+1
ζ ϕ(·; k)

∥∥∥
L∞

≲ ∥ψζζ(t)∥L∞ + ∥ψζ(t)∥2
L∞ ,∣∣∣(∂jζϕ)(ζ; c(ζ, t)) − (∂jζϕ)(ζ; 1 + ψζ(ζ, t))

∣∣∣ ≤ |c(ζ, t) − 1 − ψζ(ζ, t)|

· sup
|k−1|≤r0

∥∥∥∂jζϕk(·; k)
∥∥∥
L∞

≲ ∥ψζζ(t)∥L∞

(3.97)

and∣∣∣(∂jζϕ)(ζ; 1 + ψζ(ζ, t)) − ∂jζϕ0(ζ) − (∂jζϕk)(ζ; 1)ψζ(ζ, t)
∣∣∣ ≲ |ψζ(ζ, t)|2

∥∥∥∂jζϕkk(·; 1)
∥∥∥
L∞

≲ ∥ψζ(t)∥2
L∞

(3.98)

for ζ ∈ R, t ∈ [0, τ̃max) and j = 0, 1, 2. Using again ∥ψ(t)∥C2
ub
< 1

2 , we obtain

∥a(·, t)∥C2
ub

≲ 1, ∥cζ(·, t)∥C1
ub
, ∥bζζ(·, t)∥L∞ ≲ ∥ψζζ(t)∥C1

ub
(3.99)

for ζ ∈ R and t ∈ [0, τ̃max).

Finally, applying the bounds (3.96), (3.97), (3.98) and (3.99) to (3.92), (3.93) and (3.94),
while recalling that ϕ is smooth, one readily infers (3.90). Similarly, applying (3.97) and (3.98)
to (3.92), we establish∥∥̊z(a(·, t), t)

∥∥
L∞ ≲ ∥z(t)∥L∞ + ∥ψζζ(t)∥L∞ + ∥ψζ(t)∥2

L∞ (3.100)

for t ∈ [0, τ̃max). Since we have ∥ψζ(t)∥L∞ < 1
2 , it holds aζ(ζ, t) ≥ 1

2 for all ζ ∈ R
and the function a(·, t) : R → R is bijective for each t ∈ [0, τ̃max). Consequently, we
have

∥∥̊z(a(·, t), t)
∥∥
L∞ =

∥∥̊z(·, t)
∥∥
L∞ for each t ∈ [0, τ̃max), which yields (3.91) upon invok-

ing (3.100).

3.5. Nonlinear stability argument
We prove our nonlinear stability result, Theorem 3.1.4, by applying the linear bounds, obtained
in Theorem 3.3.9, and the nonlinear bounds, established in Lemmas 3.4.2, 3.4.5 and 3.4.7, to
iteratively estimate the phase modulation ψ(t), the residuals z(t) and r(t), and the Cole-Hopf
variable y(t) through their respective Duhamel formulations (3.61), (3.63), (3.68) and (3.76).
We control regularity in the scheme via the nonlinear damping estimate in Proposition 3.4.9.

Proof of Theorem 3.1.4. Take w0 ∈ C3
ub(R) × C2

ub(R) with ∥w0∥C3
ub×C2

ub
< K. Proposi-

tions 3.4.1 and 3.4.3, Corollaries 3.4.4 and 3.4.6, and identity (3.72) yield that the template
function η : [0, τmax) → R given by

η(t) = η1(t) + η2(t)5,

with

η1(t) = sup
0≤s≤t

[
∥ψ(s)∥L∞ + ∥y(s)∥L∞ +

√
s ∥yζ(s)∥L∞ +

√
1 + s

(
∥r(s)∥L∞ +

√
s ∥rζ(s)∥L∞

log(2 + s)

+ ∥ψζ(s)∥L∞

)
+ 1 + s

log(2 + s)

(
∥z(s)∥L∞ + ∥ψζζ(s)∥C4

ub
+
∥∥ψ̃(s)

∥∥
C4

ub

)]
,
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and

η2(t) = sup
0≤s≤t

∥∥w̃(t)
∥∥
C1

ub

is well-defined, positive, monotonically increasing and continuous, where we recall ψ̃(t) =
∂tψ(t) + cgψζ(t). In addition, if τmax < ∞, then we have

lim
t↑τmax

η(t) ≥ 1
2 . (3.101)

We refer to Remarks 3.5.1 and 3.5.2 for motivation for the choice of template function.

Approach. Let r0 > 0 be the constant from Proposition 3.1.2. As usual in nonlinear
iteration arguments, our goal is to prove a nonlinear inequality for the template function η(t).
Specifically, we show that there exists a constant C > 1 such that for all t ∈ [0, τmax) with
η(t) ≤ 1

2 min{1, r0} we have the key inequality

η(t) ≤ C
(
E0 + η(t)

6
5
)
, (3.102)

where we denote E0 := ∥w0∥L∞ . We note that by interpolation there exists an E0-independent
constant C0 > 0 such that it holds ∥w0∥C1

ub
≤ C0

√
E0 as long as E0 ≤ 1. So, recalling that

ψ(0) vanishes identically by Proposition 3.4.3 and using (3.69) and (3.74), we find an E0-
independent constant C∗ > 0 such that η(0) ≤ C∗E0 as long as E0 ≤ 1. Subsequently, we
set

M0 = 2 max{C,C∗} > 2, ϵ0 = min
{ 1
M6

0
,
min{1, r0}

2M0

}
< 1.

Assuming that (3.102) holds, we claim that, provided E0 ∈ (0, ϵ0), we have η(t) ≤ M0E0 for
all t ∈ [0, τmax). To prove the claim we, argue by contradiction and assume that there exists a
t ∈ [0, τmax) with η(t) > M0E0. Since η is continuous and η(0) ≤ C∗E0 < M0E0, there must
exist t0 ∈ (0, τmax) with η(t0) = M0E0 ≤ 1

2 min{1, r0}. Thus, applying (3.102) and using
E0 < ϵ0, we arrive at

η(t0) ≤ CE0

(
1 +M

6
5

0 E
1
5
0

)
< 2CE0 ≤ M0E0,

which contradicts η(t0) = M0E0. Therefore, it must hold η(t) ≤ M0E0 for all t ∈ [0, τmax).
Since M0 > 2, we have M0E0 <

1
2 , which implies τmax = ∞ by (3.101), i.e., u(t) = w̃(t) + ϕ0

is a global solution to (3.3) satisfying (3.9) by Proposition 3.4.1.

Our next step is thus to establish the key inequality (3.102). The estimates (3.10)-(3.13)
and (3.16) then follow readily by employing applying Lemma 3.4.11 and using that η(t) ≤ M0E0
holds for all t ≥ 0.

Bounds on w(t) and ∂tψ(t). Let t ∈ [0, τmax) with η(t) ≤ 1
2 min{1, r0}. We bound w(s) =

z(s) + ∂kϕ(·; 1)ψζ(s) and ∂tψ(s) = ψ̃(s) − cgψζ(s) as

∥w(s)∥L∞ ≲ ∥z(s)∥L∞ + ∥ψζ(s)∥L∞ ≲
η1(t)√
1 + s

,

∥∂tψ(s)∥L∞ ≲ ∥ψ̃(s)∥L∞ + ∥ψζ(s)∥L∞ ≲
η1(t)√
1 + s

(3.103)

for s ∈ [0, t].
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Application of nonlinear damping estimate. Take t ∈ [0, τmax) such that η(t) ≤ 1
2 min{1, r0}.

Then, we have t < τ̃max by Corollary 3.4.8. Moreover, using identity (3.22), η(t) ≤ 1
2 min{1, r0}

and the fact that ϕ : [1 − r0, 1 + r0] ×R → R2 is smooth by Proposition 3.1.2, we find a t- and
E0-independent constant R0 > 0 such that ∥̊z(τ)∥C1

ub
≤ R0 for τ ∈ [0, t]. On the other hand,

Lemma 3.4.11 implies ∥∥̊z(τ)
∥∥
L∞ ≲ η1(t) log(2 + τ)

1 + τ

for τ ∈ [0, t], where we use that η1(t) ≤ 1
2 . Hence, employing the nonlinear damping estimate

in Proposition 3.4.9, while using η1(t) ≤ 1
2 and ∥̊z(τ)∥C1

ub
≤ R0 for τ ∈ [0, t], we arrive at

∥∥̊z(s)
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C2

ub×C1
ub

≲ η1(t) log(2 + s)
1 + s

+
(
η1(t) log(2 + s)

1 + s

) 1
5
(

e−αs +
∫ s

0

log(2 + τ)2

eα(s−τ)(1 + τ)2 dτ
) 2

5

≲ η1(t)
1
5

log(2 + s)
1 + s

(3.104)

for s ∈ [0, t]. We combine the latter with Lemma 3.4.11 and use η1(t) ≤ 1
2 to obtain

∥∥z(s)
∥∥
C2

ub×C1
ub

≲ η1(t)
1
5

log(2 + s)
1 + s

(3.105)

for s ∈ [0, t]. Therefore, recalling w(s) = z(s) + ∂kϕ(·; 1)ψζ(s) and using η1(t) ≤ 1
2 , the latter

estimate yields

∥w(s)∥C2
ub×C1

ub
≲ ∥z(s)∥C2

ub×C1
ub

+ ∥ψζ(s)∥C2
ub

≲
η1(t) 1

5
√

1 + s
(3.106)

for s ∈ [0, t].

Bounds on z(t), ψζζ(t) and ψ̃(t). Let t ∈ [0, τmax) be such that η(t) ≤ 1
2 min{1, r0}. We

invoke the nonlinear bound in Lemma 3.4.2, employ the estimates (3.103) and (3.106), and
use η1(t) ≤ 1

2 to obtain

∥N (w(s), ψ(s), ∂tψ(s))∥L∞ ≲
η1(t) 6

5

1 + s
(3.107)

for s ∈ [0, t].

Subsequently, we apply the linear estimates in Theorem 3.3.9 and the nonlinear estimate (3.107)
to the Duhamel formulas (3.61) and (3.63) and establish

∥z(t)∥L∞ ≲
( 1

1 + t
+ e−αt

)
E0 +

∫ t

0

( 1
1 + t− s

+ e−α(t−s)
)
η1(t) 6

5

1 + s
ds+ η1(t)2

1 + t

≲
(
E0 + η1(t)

6
5
) log(2 + t)

1 + t

(3.108)

and∥∥∥(∂t + cg∂ζ)j∂lζψ(t)
∥∥∥
L∞

≲
E0

1 + t
+
∫ t

0

η1(t) 6
5

(1 + t− s)(1 + s) ds ≲
(
E0 + η1(t)

6
5
) log(2 + t)

1 + t
,

(3.109)

for all t ∈ [0, τmax) with η(t) ≤ 1
2 min{1, r0} and j, l ∈ N0 with 2 ≤ l + 2j ≤ 6, where we used

Sp(0) = 0 when taking the temporal derivative of (3.61).
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Bounds on r(t) and rζ(t). Let t ∈ [0, τmax) with η(t) ≤ 1
2 min{1, r0}. We employ the

nonlinear bound in Lemma 3.4.5 and estimates (3.103), (3.105) and (3.106) to establish

∥Np(z(s),w(s), ψ(s), ψ̃)∥L∞ ≲
log(2 + s)
(1 + s) 3

2
η1(t)

6
5 , (3.110)

for s ∈ [0, t], where we used η1(t) ≤ 1
2 .

We recall the well-known L∞-estimates on the convective heat semigroup:

∥∥∥∂mζ e(d∂2
ζ −cg∂ζ)τz

∥∥∥
L∞

≲ τ− m
2 ∥z∥L∞ ,

∥∥∥∂ζe(d∂2
ζ −cg∂ζ)τw

∥∥∥
L∞

≲
∥w∥C1

ub√
1 + τ

(3.111)

for m = 0, 1, τ > 0, z ∈ Cub(R) and w ∈ C1
ub(R), cf. [84, Proposition 3.6]. So, using that ∂ζ

commutes with e
(
d∂2

ζ −cg∂ζ

)
(t−s), we estimate∥∥∥∥∂2

ζ

∫ t

0
e
(
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)
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Ah(fp)ψζ(s)2

)
ds
∥∥∥∥
L∞

≲
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0
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η1(t)2
√
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ds ≲ η1(t)2 log(2 + t)
1 + t

,

(3.112)

for all t ∈ [0, τmax). Thus, applying the linear estimates in (3.111) and in Theorem 3.3.9 and
the nonlinear estimates (3.110) to (3.68), we obtain the bounds

∥r(t)∥L∞ ≲
E0√
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+
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(3.113)

and, using (3.112),
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E0√
t
√
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≲
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6
5
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t
√

1 + t

(3.114)

for all t ∈ [0, τmax) with η(t) ≤ 1
2 min{1, r0}.

Bounds on y(t) and yζ(t). Applying the estimates (3.113) and (3.114) to (3.75), we derive
the short-time bound

t
m
2 ∥∂mζ y(t)∥∞ ≲ t

m
2 ∥∂mζ r(t)∥∞ ≲ E0 + η1(t)

6
5 , (3.115)

for m = 0, 1 and all t ∈ [0, τmax) with t ≤ 1 and η(t) ≤ 1
2 min{1, r0}.

Next, take t ∈ [0, τmax) with t ≥ 1 and η(t) ≤ 1
2 min{1, r0}. Using the nonlinear bound in

Lemma 3.4.7 and the estimates (3.103), (3.105) and (3.106), we infer

∥Nc(r(s), y(s), z(s),w(s), ψ(s), ψ̃(s))∥L∞ ≲
η1(t) 6

5 log(2 + s)
(1 + s)

3
2

(3.116)

for s ∈ [1, t], where we use η1(t) ≤ 1
2 .
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We apply the linear estimates (3.111) and the nonlinear bound (3.116) to the Duhamel
formula (3.76) and use (3.115) to establish∥∥∥∂mζ y(t)

∥∥∥
L∞

≤
∥y(1)∥Cm

ub

(1 + t) m
2

+
∫ t

1

η1(t) 6
5 log(2 + s)

(t− s) m
2 (1 + s) 3

2
ds ≲ E0 + η1(t) 6

5

(1 + t) m
2

,

for m = 0, 1 and all t ∈ [0, τmax) with t ≥ 1 and η(t) ≤ 1
2 min{1, r0}. Combining the latter

with the short-time bound (3.115), we arrive at

t
m
2 ∥∂mζ y(t)∥L∞ ≲ E0 + η1(t)

6
5 , (3.117)

for m = 0, 1 and all t ∈ [0, τmax) with η(t) ≤ 1
2 min{1, r0}.

Bounds on ψ(t) and ψζ(t). We start by considering the case ν ≠ 0. Through (3.71) we can
express ψ(t) in terms of the residual r(t) and the Cole-Hopf variable y(t) as

ψ(t) = r(t) + d

ν
log(y(t) + 1),

with derivative

ψζ(t) = rζ(t) + dyζ(t)
ν(1 + y(t)) ,

for t ∈ (0, τmax). We emphasize that, as long as η1(t) ≤ 1
2 and ν ̸= 0, the above expressions

are well-defined. So, using ∥∂mζ ψ(t)∥L∞ ≲ ∥∂mζ r(t)∥L∞ + ∥∂mζ y(t)∥L∞ , employing the esti-
mates (3.113), (3.114) and (3.117) and recalling the fact that ψ(s) vanishes identically for
s ∈ [0, τmax) with s ≤ 1 by Proposition 3.4.3, we establish

∥∂mζ ψ(t)∥L∞ ≲
E0 + η1(t) 6

5

(1 + t) m
2

, (3.118)

for m = 0, 1 and t ∈ [0, τmax) with η(t) ≤ 1
2 min{1, r0}.

Next, we consider the case ν = 0. Recalling that ψ(s) vanishes for s ∈ [0, 1] by Proposition 3.4.3,
we apply the linear estimates in (3.111) and the nonlinear bounds (3.110), (3.113) and (3.114)
to (3.67), and deduce
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(
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for t ∈ [0, τmax) with η(t) ≤ 1
2 min{1, r0}. That is, (3.118) also holds for ν = 0.

Bounds on w̃(t) and ẘ(t). Using (3.22), applying the mean value theorem and recalling
that ϕ is smooth, we bound the forward-modulated perturbation ẘ(t), defined by (3.21), as∥∥ẘ(t)

∥∥
L∞ ≲
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∥∥
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(3.119)
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for all t ∈ [0, τmax) with η(t) ≤ 1
2 min{1, r0}, where we abbreviate a(ζ, t) = ζ + ψ(ζ, t).

Similarly, we establish∥∥∂jζw̃(t)
∥∥
L∞ ≲

∥∥∂jζ z̊(t)
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for j = 0, 1 and t ∈ [0, τmax) with η(t) ≤ 1
2 min{1, r0}. Hence, combining the latter with (3.104)

yields ∥∥w̃(t)
∥∥
L∞ ≤ η1(t),

∥∥w̃(t)
∥∥
C1

ub
≤ η1(t)

1
5 (3.120)

for t ∈ [0, τmax) with η(t) ≤ 1
2 min{1, r0}.

Proof of key inequality and estimates (3.10)-(3.13). Take t ∈ [0, τmax) such that η(t) ≤
1
2 min{1, r0}. By estimate (3.120) there exists a t- and E0-independent constant C2 > 0 such
that

η2(t) ≤ C2η1(t)
1
5 . (3.121)

Employing the estimates (3.108), (3.109), (3.113), (3.114), (3.117) and (3.118), we establish
a t- and E0-independent constant C1 > 0 such that

η1(t) ≤ C1
(
E0 + η1(t)

6
5
)
. (3.122)

Hence, combining (3.121) and (3.122) we acquire

η(t) = η1(t) + η2(t)5 ≤
(
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)
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)(
E0 + η1(t)

6
5
)

≤ C1
(
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E0 + η(t)

6
5
)
.

We conclude that there exists a t- and E0-independent constant such that the key inequal-
ity (3.102) holds for all t ∈ [0, τmax) with η(t) ≤ 1

2 min{1, r0}. As argued above, this implies,
provided E0 ∈ (0, ϵ0), that τmax = ∞ and we have η(t) ≤ M0E0 for all t ≥ 0. The esti-
mates (3.10), (3.11) and (3.12) now follow directly by combining η1(t) ≤ M0E0 with (3.119)
and (3.120), respectively. In addition, η1(t) ≤ M0E0 and (3.103) yield the estimate (3.13).

Approximation by the viscous Hamilton-Jacobi equation. All that remains is to establish
the approximation (3.16). We proceed as in [84] and distinguish between the cases ν = 0
and ν ̸= 0. We start with the case ν = 0. Then, (3.14) is a linear convective heat equation.
We consider the classical solution ψ̆ ∈ C

(
[0,∞), C2

ub(R)
)

∩ C1([0,∞), Cub(R)
)

of (3.14) with
initial condition ψ̆(0) = Φ̃∗

0w0 ∈ C2
ub(R) given by ψ̆(t) = e(d∂2

ζ −cg∂ζ)tΦ̃∗
0w0. Recalling that

ψ(t) vanishes identically for t ∈ [0, 1] by Proposition 3.4.3, we obtain by (3.111) a t- and
E0-independent constant M1 ≥ 1 such that

t
m
2

∥∥∥∂mζ (ψ(t) − ψ̆(t)
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L∞
= t

m
2

∥∥∥∂mζ ψ̆(t)
∥∥∥
L∞

≤ M1E0√
1 + t

, (3.123)

holds for t ∈ [0, 1] and m = 0, 1. For t ≥ 1, we apply the linear estimates in (3.111) and
the nonlinear bounds (3.110) and η1(t) ≤ M0E0 to (3.67) to establish t- and E0-independent
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constants M2,M3 ≥ 1 such that
∥∥∥∂mζ (ψ(t) − ψ̆(t)
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1 + t

)
,

(3.124)

holds for m = 0, 1. Estimate (3.16) now follows by combining (3.123) and (3.124) and using
η1(t) ≤ M0E0.

Next, we take ν ̸= 0. We consider the solution ψ̆ ∈ C
(
[0,∞), C2

ub(R)
)

∩ C1([0,∞), Cub(R)
)

of (3.14) with initial condition ψ̆(0) = Φ̃∗
0w0 given by

ψ̆(t) = d

ν
log(1 + y̆(t)) with y̆(t) = e(d∂2

ζ −cg∂ζ)t
(

e
ν
d

Φ̃∗
0w0 − 1

)
,

which arises through the Cole-Hopf transform and is well-defined as long as E0 = ∥w0∥L∞ is
sufficiently small. Employing Taylor’s theorem, Theorem 3.3.9, identities (3.68) and (3.75),
and estimates (3.110), (3.111) and η1(1) ≤ M0E0, while using that

0 = Sp(1)w0 = ed∂
2
ζ −cg∂ζ Φ̃∗

0w0 + S̃r(1)w0

holds by Theorem 3.3.9, we establish an E0-independent constant M4 > 0 such that
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(3.125)

Noting that y̆(t) = e(d∂2
ζ −cg∂ζ)(t−1)y̆(1), applying the mean value theorem to (3.71), employing

the estimates (3.111) and (3.116) to (3.76), and using (3.125) and η1(t) ≤ M0E0, we establish∥∥∥ψ(t) − ψ̆(t)
∥∥∥
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for t ≥ 1. So, using that η1(t) ≤ M0E0, affords a t- and E0-independent constant M5 > 0
such that ∥∥∥∂mζ (ψ(t) − ψ̆(t)

)∥∥∥
L∞

≤ M5
E0

(1 + t) m
2

(
E

1
5
0 + log(2 + t)√
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)
,

holds for all t ≥ 1. On the other hand, we establish (3.123) for t ∈ [0, 1] analogously to the
case ν = 0. Thus, we obtain (3.16) for ν ̸= 0.

Remark 3.5.1. Due to the use of forward-modulated damping in the proof of Theorem 3.1.4,
it is, in contrast to [84], not necessary to control derivatives of z(t) or w̃(t) through iterative
estimates on their Duhamel formulas. That is, we find that the template function η1(t) in
the proof of Theorem 3.1.4 coincides with the one from [84, Theorem 1.3], upon omitting all
derivatives of z(t) and w̃(t). Nevertheless, in order to apply the nonlinear damping estimate
in Proposition 3.4.9, the condition (3.79) needs to be fulfilled, which requires control on the
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first derivative of the (forward-modulated) perturbation. For that reason, we introduce the
second template function η2(t) yielding a priori control on the C1

ub-norm of w̃(t) and, thus,
via (3.22) of z̊(t). We can then a posteriori bound η2(t)5 with aid of the nonlinear damping
estimate in terms of η1(t). Since η1(t) obeys the nonlinear key inequality (3.122), the same
then follows for the full template function η(t) = η1(t) + η2(t)5.

Remark 3.5.2. The choice of temporal weights in the template function η(t) in the proof
of Theorem 3.1.4 coincides with the one from the proof of [84, Theorem 1.3] and reflects,
as explained in [84, Remark 5.1], the linear decay rates of z(t), ψ(t), y(t), w̃(t) and r(t),
cf. Theorem 3.3.9 and (3.111), up to a logarithmic correction.

3.6. Discussion and outlook
We discuss the wider applicability of our method to establish nonlinear stability of wave trains
against fully nonlocalized perturbations.

3.6.1. Applicability to general semilinear dissipative problems

Our analysis does not rely on the specific structure of the FHN system. As a matter of
fact, our approach only requires that the wave train is diffusively spectrally stable, it has
nonzero group velocity, the perturbation equation obeys a nonlinear damping estimate and the
linearization of the system about the wave train generates a C0-semigroup on Cub(R), whose
high-frequency component is exponentially damped. As long as these criteria are satisfied, we
expect our method to work for general semilinear dissipative problems.

It was already observed in [8] that the same linear terms in the FHN system (3.1), i.e. the
term uxx in the first component and the term −εγv in the second component, are key to
obtaining a nonlinear damping estimate, as well as high-frequency resolvent bounds leading
to exponentially damped behavior of the high-frequency part of the semigroup. It has been
pointed out in the context of the St. Venant equations in [88] that high-frequency resolvent
bounds are equivalent to linear damping estimates, which then yield a nonlinear damping
estimate as long as solutions stay small. Therefore, we expect that we can replace the
requirements that the high-frequency component of the semigroup is exponentially damped
and a nonlinear damping estimate can be derived by the condition that the linearization obeys
high-frequency resolvent bounds.

In addition, we expect that it is possible to drop the requirement that the wave train has
nonzero group velocity. In the case of zero group velocity the diffusive mode at the origin is
branched, cf. [8, Section 2.1], i.e., the linear dispersion relation λc(ξ) has a double root at ξ = 0.
The fact that the linear dispersion relation λc(ξ) is no longer locally invertible about ξ = 0
poses a technical hurdle in relating the inverse Laplace representation of the low-frequency
part of the semigroup to its Floquet-Bloch representation. We anticipate that this challenge
can be addressed by unfolding the double root at 0 by working with the spectral parameter
σ =

√
λ with branch cut along the negative real axis.
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3.6.2. Open problems

There are however several prominent examples of semilinear dissipative systems, where
nonlinear stability of wave trains against localized perturbations has been established, but
where one (or more) of the above requirements are not satisfied, thereby obstructing a
straightforward application of our method to extend to fully nonlocalized perturbations. Here,
we highlight two of these examples.

The first is the Lugiato-Lefever equation, a damped and forced nonlinear Schrödinger equation
arising in nonlinear optics, whose diffusively spectrally stable periodic waves are nonlinear
stable against localized perturbations [46]. Here, the principal part of the linearization about
the wave is the Schrödinger operator i∂2

x, which does not generate a C0-(semi)group on Cub(R),
cf. [14, Lemma 2.1]. Thus, an extension of our method to this setting necessitates reconsidering
the choice of space. Natural candidates are the modulation spaces Mk

∞,1(R) on which the
Schrödinger operator generates a C0-group, cf. [70, Proposition 3.8]. These spaces consist of
nonlocalized functions as can be seen from the embeddings Ck+2

ub (R) ↪→ Mk
∞,1(R) ↪→ Ckb(R)

for k ∈ N0, cf. [68, Theorem 5.7 and Lemma 5.9]. An application of our method would then
require to establish high-frequency damping in modulation spaces, which could be challenging.
We refer to [42] for further background on modulation spaces.

A second example are the St. Venant equations, which describe shallow water flow down an
inclined ramp and admit viscous roll waves. Nonlinear stability of these periodic traveling
waves against localized perturbations has been established in [58, 88]. The St. Venant system
is only viscous in one component and therefore, similar to the current analysis for the FHN
system, incomplete parabolicity must be addressed. Moreover, due to the presence of an
additional conservation law the spectrum of the linearization about the wave train possesses
an additional curve touching the imaginary axis at 0, thereby violating the spectral stability
assumption (D3). Thus, the leading-order dynamics of perturbations is no longer governed by
the scalar viscous Hamilton-Jacobi equation (3.14), but instead by an associated Whitham
system describing the interactions between critical modes, cf. [57]. It is an open question of
how to handle the most critical nonlinear terms that cannot be controlled through iterative
L∞-estimates on the Duhamel formula as the Cole-Hopf transform is no longer available.
However, motivated by the results in [51] on the dynamics of roll waves in the Ginzburg-Landau
equation coupled to a conservation law against Cub-perturbations, we do expect that our
method yields control of perturbations on exponentially long time scales in the setting of the
St. Venant equations and more general semilinear dissipative systems admitting conservation
laws.

3.A. Appendix: The Laplace transform and its complex
inversion formula

This section is devoted to background material on the vector-valued Laplace transforms. In
particular, we prove that the complex inversion formula holds for the Laplace transform of
convolutions of semigroups. For an extensive introduction into the topic, we refer to the
book [6] of Arendt, Batty, Hieber and Neubrander.

Let X,Y be complex Banach spaces. We denote by B(X) the space of bounded operators
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mapping from X into X. The growth bound ω0(G) of a map G : [0,∞) → Y is given by

ω0(G) = inf
{
ω ∈ R : sup

t≥0
e−ωt∥G(t)∥ < ∞

}
.

If ω0(G) < ∞, then we say that G is exponentially bounded.

For a continuous and exponentially bounded function F : [0,∞) → X, the Laplace transform
L(F ) : {λ ∈ C : Re(λ) > ω0(F )} → X is given by

L(F )(λ) =
∫ ∞

0
e−λsF (s) ds.

Strong continuity of an operator-valued map T : [0,∞) → B(X) entails that for each x ∈ X
the orbit map Tx : [0,∞) → X given by Tx(t) = T (t)x is continuous. For a strongly continuous
and exponentially bounded T : [0,∞) → B(X), the Laplace transform L(T ) : {λ ∈ C : Re(λ) >
ω0(T )} → B(X), given by

L(T )(λ) =
∫ ∞

0
e−λsT (s) ds,

is also well-defined by [6, Proposition 1.4.5]. For a C0-semigroup T : [0,∞) → B(X) with
infinitesimal generator A : D(A) ⊂ X → X, it is well-known, by [32, Proposition I.5.5 &
Theorem II.1.10], that T is exponentially bounded and its Laplace transform is given by the
resolvent L(T )(λ) = (λ−A)−1 for Re(λ) > ω0(T ).

Let S, T : [0,∞) → B(X) be strongly continuous and exponentially bounded. The convolution
S ∗ T : [0,∞) → B(X) of S and T is given by

(S ∗ T )(t) =
∫ t

0
S(s)T (t− s) ds.

The convolution theorem, cf. [32, Theorem C.17], now states that S ∗ T is also strongly
continuous and exponentially bounded with ω0(S ∗ T ) ≤ max{ω0(S), ω0(T )} and its Laplace
transform obeys

L(S ∗ T )(λ) = L(S)(λ)L(T )(λ), (3.126)

for λ ∈ C with Re(λ) > max{ω0(S), ω0(T )}.

The complex inversion formula of the Laplace transform holds for C0-semigroups. That is, if
T is a C0-semigroup with infinitesimal operator A, then we have

T (t)x = lim
R→∞

1
2πi

∫ ω+iR

ω−iR
eλtL(T )(λ)x dλ = lim

R→∞

1
2πi

∫ ω+iR

ω−iR
eλt(λ−A)−1x dλ

for all t > 0, ω > ω0(T ) and x ∈ D(A), cf. [6, Proposition 3.12.1].

In Section 3.3, we decompose the C0-semigroup generated by the linearization L0 by deforming
and partitioning the integration contour of the complex line integral in the inversion formula,
alongside decomposing the resolvent operator. It has been shown in [8] that for high frequencies
the resolvent can be expanded as a Neumann series, whose leading-order terms can be identified
as products of resolvents of simpler, well-understood operators. The formula (3.126) reveals
that such products can be recognized as the Laplace transform of a convolution of C0-
semigroups generated by those simpler operators. Indeed, if T and S are C0-semigroups with
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infinitesimal operators A : D(A) ⊂ X → X and B : D(B) ⊂ X → X, respectively, then (3.126)
and [32, Theorem II.1.10] yield

L(S ∗ T )(λ) = (λ−B)−1(λ−A)−1,

for λ ∈ C with Re(λ) > max{ω0(S), ω0(T )}. Thus, to bound the contour integrals arising
in the decomposition of the inverse Laplace transform of the C0-semigroup eL0t, we wish
to show that the inversion formula of the Laplace transform also holds for convolutions of
C0-semigroups. As far as we are aware, such a result is not readily stated in the current
literature. Therefore, we provide a proof in the upcoming. Our proof relies on the observation
that the inversion formula holds for F as long as it is Lipschitz continuous and F (0) = 0.

Proposition 3.A.1. Let X be a complex Banach space. Let F : [0,∞) → X be Lipschitz
continuous. Assume F (0) = 0. Then, the complex inversion formula

F (t) = lim
R→∞

1
2πi

∫ ω+iR

ω−iR
eλtL(F )(λ) dλ

holds for t > 0 and ω > 0.

Proof. Since F is Lipschitz continuous, it grows at most linearly and is therefore exponentially
bounded with growth bound ω0(F ) ≤ 0. Let t > 0 and ω > 0. By [6, Theorem 2.3.4], we have

F (t) = lim
R→∞

1
2πi

∫ ω+iR

ω−iR
eλt r(λ)

λ
dλ,

where the analytic function r : {λ ∈ C : Re(λ) > 0} → X given by

r(λ) =
∫ ∞

0
e−λs dF (s)

is the Laplace-Stieltjes transform of F , cf. [6, Theorem 1.10.6]. We integrate by parts, cf. [6,
Formula (1.20)], and arrive at

r(λ)
λ

= lim
t→∞

∫ t

0

e−λs

λ
dF (s) = lim

t→∞

1
λ

(
e−λtF (t) − F (0) −

∫ t

0
F (s) d

(
e−λs

))
=
∫ ∞

0
F (s)e−λs ds = L(F )(λ)

for λ ∈ C with Re(λ) > 0, which proves the claim.

The fact that the complex inversion formula of the Laplace transform holds for convolutions
of C0-semigroups is now a direct consequence of Proposition 3.A.1.

Corollary 3.A.2. Let X be a complex Banach space. Let T, S : [0,∞) → L(X) be C0-
semigroups with infinitesimal generators A : D(A) ⊂ X → X and B : D(B) : X → X, respec-
tively. Then, we have

(S ∗ T )(t)x = 1
2πi lim

R→∞

∫ ω+iR

ω−iR
eλt(λ−B)−1(λ−A)−1x dλ

for t > 0, x ∈ D(A) and ω > max{ω0(S), ω0(T )}.
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Proof. Let t > 0, x ∈ D(A) and ω > max{ω0(S), ω0(T )}. Take max{ω0(S), ω0(T )} < α < ω.
The rescaled semigroups T̃ (s) = e−αsT (s) and S̃(s) = e−αsS(s) are generated by A− α and
B − α, respectively. Moreover, S̃ and T̃ have negative growth bounds ω0(S̃) = ω0(S) − α and
ω0(T̃ ) = ω0(T ) − α and so has their convolution S̃ ∗ T̃ .

Since we have x ∈ D(A), the map F : [0,∞) → X given by F (s) = (S̃ ∗ T̃ )(s)x is differentiable
with

F ′(s) = (S̃ ∗ T̃ )(s)(Ax− αx) + S̃(s)x.

Thanks to the fact that S̃∗T̃ and S̃ have negative growth bound, there exists a constant M > 0
such that ∥F ′(s)∥ ≤ M(∥Ax∥ + ∥x∥) for all s ≥ 0. Hence, using the mean value theorem,
cf. [6, Proposition 1.2.3], we infer ∥F (s) − F (r)∥ ≤ M(∥Ax∥ + ∥x∥)|s− r|, showing that F is
Lipschitz continuous. Since we have in addition F (0) = 0, an application of Proposition 3.A.1
yields

(S̃ ∗ T̃ )(t)x = F (t) = lim
R→∞

1
2πi

∫ ω̃+iR

ω̃−iR
eλtL(F )(λ) dλ,

where we denote ω̃ = ω − α > 0. On the other hand, with the aid of [32, Theorems II.1.10
and C.17], we compute

L(F )(λ) =
∫ ∞

0
e−λs(S̃ ∗ T̃ )(s)x ds = L(S̃ ∗ T̃ )(λ)x = (λ+ α−B)−1(λ+ α−A)−1x

for λ ∈ C with Re(λ) > 0. Therefore, pulling out the exponential factors and scaling back, we
arrive at

(S ∗ T )(t)x = eαt(S̃ ∗ T̃ )(t)x = lim
R→∞

1
2πi

∫ ω−α+iR

ω−α−iR
e(λ+α)t(λ+ α−B)−1(λ+ α−A)−1x dλ

= lim
R→∞

1
2πi

∫ ω+iR

ω−iR
eλt(λ−B)−1(λ−A)−1x dλ,

which finishes the proof.

3.B. Appendix: Derivation of equation for z̊(t)
Assume (H1) and (D3). Let t ∈ [0, τ̃max). Recalling Proposition 3.1.2 and noting that
∥ψζ(t)∥L∞ < r0, we substitute k = 1+ψζ(ζ, t) and y = ζ+ψ(ζ; t)(1+ψζ(ζ; t)) in the equation

k2Dϕyy(y; k) + ω(k)ϕy(y; k) + F (ϕ(y; k)) = 0

for the profile function ϕ(y; k) and arrive at

(1 + ψζ(ζ; t))2Dϕyy(β(ζ, t)) + ω(1 + ψζ(ζ, t))ϕy(β(ζ, t)) + F (ϕ(β(ζ, t))) = 0 (3.127)

for ζ ∈ R, where we abbreviate β(ζ, t) =
(
ζ + ψ(ζ; t)(1 + ψζ(ζ; t)); 1 + ψζ(ζ, t)

)
. Using

Corollary 3.4.8 and the fact that u(ζ, t) solves (3.3), we compute the temporal derivative

z̊t = Duζζ + c0uζ + F (u) − (ϕy ◦ β)(ψt(1 + ψζ) + ψψζt) − (ϕk ◦ β)ψζt. (3.128)
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In an effort to reexpress the u-contributions in (3.128) in terms of z̊, we determining the
spatial derivatives of u(ζ, t) = z̊(ζ, t) + ϕ(β(ζ, t)) yielding

uζ = z̊ζ + (ϕy ◦ β)(1 + ψζ(1 + ψζ) + ψψζζ) + (ϕk ◦ β)ψζζ ,
uζζ = z̊ζζ + (ϕyy ◦ β)(1 + ψζ(1 + ψζ) + ψψζζ)2 + (ϕy ◦ β)(ψζζ(1 + 3ψζ) + ψψζζζ)

+ (ϕkk ◦ β)ψ2
ζζ + (ϕk ◦ β)ψζζζ + 2(ϕyk ◦ β)(1 + ψζ(1 + ψζ) + ψψζζ)ψζζ .

Thus, inserting u(ζ, t) = z̊(ζ, t) + ϕ(β(ζ, t)) into (3.128) and employing (3.127), we arrive at
the equation (3.77) for the modified forward-modulated perturbation.

End of Paper
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Nonlinear dynamics of reaction-diffusion wave
trains under large and fully nonlocalized
modulations

This chapter contains the preprint [4] and is a joint work with Björn de Rijk.

Start of Paper

Abstract. We study the dynamics of periodic wave trains in reaction-diffusion
systems on the real line under large, fully nonlocalized modulations. We prove
that solutions with nearby initial data converge, at an enhanced diffusive rate, to
a modulated wave train whose leading-order phase and wavenumber dynamics
are governed by an explicit solution to the viscous Hamilton-Jacobi equation.
This constitutes a global stability result: such initial data are generally not close
to the large-time modulated wave train. In contrast to previous modulational
stability results, our analysis does not require that the initial data approach
phase shifts of the wave train at spatial infinity. The central methodological
advance is a nontrivial extension of the recently developed L∞-stability theory
to accommodate large phase modulations. This framework, based entirely on
L∞-estimates, removes all localization requirements as imposed in the previous
literature, allowing us to treat the full range of bounded modulational initial data
under minimal regularity assumptions. The main technical contributions include:
the strategic use of interpolation inequalities to balance smallness and temporal
decay, and a detailed analysis of the linear dynamics under fully nonlocalized
modulational data.

Keywords. Reaction-diffusion systems; periodic waves; modulation; global
stability; nonlocalized perturbations
Mathematics Subject Classification (2020). 35B10; 35B35; 35B40; 35K57

4.1. Introduction
In this paper, we study the dynamics of modulated wave trains in the reaction-diffusion system

∂tu = Duxx + f(u), x ∈ R, t ≥ 0, u ∈ Rn, (4.1)

where n ∈ N, D ∈ Rn×n is a symmetric, positive-definite matrix, and f : Rn → Rn is a smooth
nonlinearity. Wave trains are solutions to (4.1) of the form uwt(x, t) = ϕ0(k0x − ω0t) with
wavenumber k0 ∈ R \ {0}, temporal frequency ω0 ∈ R, propagation speed c = ω0/k0, and 1-
periodic profile function ϕ0(ζ). These periodic traveling waves represent the most fundamental
patterns that arise at the onset of a Turing instability and as such play a fundamental role
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in pattern-forming processes in biology, chemistry, ecology and more; we refer to [30] for
further details and references. Under generic conditions, the wave train uwt(x, t) can be
continued in the wavenumber, giving rise to a family of wave trains uk(x, t) = ϕ(kx−ω(k)t; k),
with 1-periodic profile function ϕ(·; k) and temporal frequency ω(k), defined for k near k0
and satisfying ω(k0) = ω0 and ϕ(·; k0) = ϕ0. Here, the function ω(k), which expresses the
frequency in terms of the wavenumber, is referred to as the nonlinear dispersion relation;
see [29].

We are interested in the dynamics of solutions whose initial data are close to a modulated
wave train

umod(x) = ϕ0(k0x+ γ0(x)),

where γ0 : R → R denotes a phase modulation. Specifically, we consider initial data of the
form

u(x, 0) = ϕ0(k0x+ γ0(x)) + ẘ0(x), (4.2)

where ẘ0 : R → Rn is a small perturbation. A natural question is whether the solution u(x, t)
to (4.1) with initial condition (4.2) remains close to a modulated wave train for all t ≥ 0.
That is, under what conditions does there exist a modulation function γ : R × [0,∞) → R
such that the perturbation

ẘ(x, t) = u(x, t) − ϕ0(k0x− ω0t+ γ(x, t)) (4.3)

remains small for all time? In this paper, we establish such a modulational stability result
under standard spectral stability assumptions on the wave train, together with the requirement
that γ0 is bounded and both γ ′

0 and ẘ0 are uniformly continuous and small in L∞(R). In
particular, for any bounded function g0 : R → R with uniformly continuous derivative, there
exists δ > 0 such that the phase modulation γ0(x) = g0(δx) is admissible.

Our result advances the modulational stability theory for wave-train solutions to (4.1) in
two crucial ways. First, in contrast to all prior results [54, 56, 57, 63, 89], we do not
require γ ′

0 to be L1-localized and, in particular, do not assume the existence of asymptotic
phase limits γ± = limx→±∞ γ0(x); see Remark 4.1.1 and Figure 4.1. Second, we remove all
localization assumptions on both γ ′

0 and the initial perturbation ẘ0 that are present in the
previous literature; see Remark 4.1.2. This allows us to handle a significantly larger class of
modulational initial data of the form (4.2) than considered before.

Notably, we do not require γ0 to be small in L∞(R). To the best of our knowledge, the
only other work addressing large phase modulations of wave-train solutions to (4.1) (while
still assuming γ0 ∈ L1(R)) is [54]. In this context, we also highlight the recently developed
stability theory for periodic patterns in planar reaction-diffusion systems [75]. These patterns
are intrinsically planar in the sense that they are nontrivial in all spatial directions. Building
on techniques from [56, 57], the analysis in [75] still relies on decay induced by localization, yet
it allows for large, and even unbounded, phase modulations. The reason is that localization
leads to stronger temporal decay in higher spatial dimensions, permitting a relaxation of the
localization requirement on the initial phase modulation: instead of assuming γ ′

0 ∈ L1(R)
as in [56, 57], it suffices to require that ∆γ0 ∈ L1(R2). This condition imposes only that
γ0 has bounded mean oscillation (up to additive constants), allowing for unbounded γ0; see
also §4.7.3.
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Our result is an asymptotic modulational stability result in the sense that the perturbation
ẘ(t) in (4.3) decays over time at a diffusive rate t− 1

2 . Moreover, the modulation γ(t), which
governs the phase dynamics in (4.3), remains bounded with small derivative, which also decays
at rate t− 1

2 . As in [54, 57, 89], we show that γ(t) is well-approximated by the solution γ̆(t) to
the viscous Hamilton-Jacobi equation

∂tγ̆ = d

k2
0

γ̆xx + ω′(k0) γ̆x − 1
2ω

′′(k0) γ̆2
x, (4.4)

with initial condition γ̆(0) = γ0. Here, the coefficient d > 0 is an explicit Melnikov-type
integral; see (4.11).

The first rigorous justification of equation (4.4) as an effective description of the dynamics of
slowly modulated wave trains on long time intervals was provided in [29]. Our result, along
with those in [54, 57, 89], confirms that this description remains valid globally.

It is not difficult to show that the solution γ̆(t) to (4.4) does not, in general, remain close to its
initial condition γ0, and the same holds for γ(t) by approximation; see Remark 4.1.5. Thus,
our modulational stability result is global in the sense that it provides a complete description
of the dynamics of solutions u(t) with initial data of the form (4.2), even though u(t) typically
does not remain close to u(0) over time.

It was already observed in [29] that phase and wavenumber modulations are intimately
connected. For the modulated wave train described in (4.3), the local wavenumber, i.e. the
number of waves per unit interval near position x, is given by k0 + γx(x, t). This suggests
that incorporating a modulation of the wavenumber may yield a more accurate approximation
of the solution u(t). We show that the refined residual

ẙ(x, t) := u(x, t) − ϕ
(
k0x− ω0t+ γ(x, t)

(
1 + 1

k0
γx(x, t)

)
; k0 + γx(x, t)

)
(4.5)

indeed decays in L∞(R) at an enhanced rate t−1 log(1+t). This refined asymptotic description
of the dynamics of u(t), accounting for both phase and wavenumber modulation, was previously
established in [57], but only for small initial phase modulations γ0 and with weaker decay
rates in L∞(R); see Table 4.1. Here, we obtain it for the first time in the setting of large
initial phase modulations.

While previous modulational stability results rely on localization-induced decay, employing
renormalization group techniques [54, 89], iterative L1-Hk estimates [56, 57], or pointwise
Green’s function bounds [63], our analysis follows a different approach. We extend the
recently developed L∞-based stability theory of [84] to accommodate large modulational
initial data. This method eliminates the need for any localization assumptions by leveraging
decay generated by smoothing properties of the critical part of the semigroup to close the
nonlinear argument. Further details on the strategy underlying our nonlinear stability analysis
are provided in §4.1.2.

Remark 4.1.1. The assumption that γ0 ∈ C1(R) is bounded is equivalent to the condition

sup
R∈R

∣∣∣∣∣
∫ R

0
γ ′

0(x) dx
∣∣∣∣∣ < ∞. (4.6)

In this work, we thus extend previous modulational stability results [54, 56, 57, 63, 89], which
relied on the stronger assumption ∥γ0∥L1 =

∫
R |γ ′

0(x)| dx < ∞, to the weaker condition (4.6).
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However, this assumption still excludes initial data with nonzero asymptotic wavenumber
shifts. Whether modulational stability persists under such wavenumber offsets remains an
open question; see §4.7.3.

Remark 4.1.2. The modulational stability results [56, 57, 63, 89] consider initial data (4.2),
where γ ′

0 is small in L1(R). This readily implies that ∥γ0∥∞ is small and that the asymptotic
limits limx→±∞ γ0(x) = γ± exist. While [54] still requires γ ′

0 to be L1-localized, the smallness
assumption on ∥γ ′

0∥L1 is dropped, thereby allowing for large phase offsets γd = γ+ − γ−. See
Table 4.1 for further details.

γ0 and ẘ0 decay of γx(t) and ẘ(t) decay of ẙ(t)

[89]
∥∥ρ2ẘ0

∥∥
H2 +

∥∥ρ2γ′
0
∥∥

H2 ≪ 1 t−
1
2 +α

[56, 57] ∥ẘ0∥L1∩H3 + ∥γ′
0∥L1∩H3 ≪ 1 t−

1
2 t−

3
4 log(1 + t)

[63] ∥ẘ0∥H2 < ∞ and∥∥ρ 3
2 ẘ0

∥∥
∞ +

∥∥ρ 3
2 γ′

0
∥∥

W 1,∞ ≪ 1

(
1 + |x− at| +

√
t
)− 3

2

+ (1 + t)− 1
2 e− |x−at|2

Ct

[54]
∥∥ρ2ẘ0

∥∥
H2 +

∥∥ρ2γ′
0
∥∥

H2 < ∞ and
∥γ̂′

0(1 + | · |)∥L1 + ∥ẘ0∥H2 ≪ γd
t−

1
2 +α

Thm. 4.1.3 ∥γ0∥∞ < M and ∥ẘ0∥∞ + ∥γ′
0∥∞ ≪ 1 t−

1
2 t−1 log(1 + t)

Table 4.1.: This table compares previously established modulational stability results with our
main result, Theorem 4.1.3, for solutions u(t) to (4.1) with initial condition (4.2).
The second column presents the assumptions on the initial modulation γ0 and
perturbation ẘ0, where ρ is the algebraic weight ρ(x) =

√
1 + x2, ·̂ denotes the

Fourier transform, and M > 0 is an arbitrary constant fixed a priori. The third
column contains the pointwise decay rates obtained for γx(t) and ẘ(t) in (4.3).
Here, C > 0 and a ∈ R are constants, and α ∈ (0, 1

2) is an arbitrary parameter fixed
a priori. The final column presents the pointwise decay rates obtained for the refined
residual defined in (4.5). We note that the inequality ∥γ ′

0∥L1 ≤ ∥ρ− 3
2 ∥L1∥ρ

3
2 γ ′

0∥∞
and the continuous embedding H1(R) ↪→ L∞(R) imply that γ ′

0 ∈ L1(R) in [54, 56,
57, 63, 89].

Figure 4.1.: Example of an initial phase modulation γ0 ∈ C1
ub(R) with nonlocalized derivative.

4.1.1. Statement of main result

Before stating the main result, we formulate the necessary hypotheses, which concern the
existence and spectral stability of the underlying wave train. We emphasize that these assump-
tions are standard in the nonlinear stability literature of wave trains; see, for example, [54–57,
62, 63, 84, 89, 90, 92]. We begin with the existence hypothesis:
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(H1) There exist a wavenumber k0 ∈ R \ {0} and a temporal frequency ω0 ∈ R such that (4.1)
admits a wave-train solution uwt(x, t) = ϕ0(k0x−ω0t), where the profile function ϕ0 : R →
Rn is nonconstant, smooth and 1-periodic.

Thus, switching to the co-moving frame ζ = k0x−ω0t, we find that ϕ0 is a stationary solution
to

∂tu = k2
0Duζζ + ω0uζ + f(u). (4.7)

Next, we turn to the required spectral assumptions. To this end, we consider the linearization
of (4.7) about the wave train ϕ0:

L0u = k2
0Duζζ + ω0uζ + f ′(ϕ0(ζ)

)
u.

We view L0 as a 1-periodic differential operator acting on the space Cub(R), with dense
domain D(L0) = C2

ub(R). Here, Cmub(R), m ∈ N0, denotes the Banach space of bounded,
uniformly continuous functions that are m times differentiable, with all derivatives up to order
m also bounded and uniformly continuous. We equip Cmub(R) with the standard Wm,∞-norm.

Applying the Floquet-Bloch transform to L0 yields the family of Bloch operators

L(ξ)u = k2
0D(∂ζ + iξ)2u+ ω0(∂ζ + iξ)u+ f ′(ϕ0(ζ))u,

defined on L2
per(0, 1) with domain D(L(ξ)) = H2

per(0, 1), and parameterized by the Bloch
frequency ξ ∈ [−π, π). Due to translational invariance, the derivative ϕ′

0 of the wave train lies
in the kernel of L(0). As a result, the spectrum of L0, given by

σ(L0) =
⋃

ξ∈[−π,π)
σ(L(ξ)),

necessarily touches the origin. The most stable nondegenerate spectral configuration, known
as diffusive spectral stability, is then characterized by the following conditions:

(D1) It holds σ(L0) ⊂ {λ ∈ C : Re(λ) < 0} ∪ {0};
(D2) There exists θ > 0 such that for any ξ ∈ [−π, π) we have Re σ(L(ξ)) ≤ −θξ2;
(D3) 0 is a simple eigenvalue of L(0).

Examples of reaction-diffusion systems that support diffusively spectrally stable wave trains
include the complex Ginzburg-Landau equation [48], the Gierer-Meinhardt system [82], and
the Brusselator model [97]. We refer to [84] for further discussion and additional references.

It follows from Hypothesis (D3) that 0 is also a simple eigenvalue of the adjoint operator
L(0)∗. We denote by Φ̃0 ∈ H2

per(0, 1) the corresponding eigenfunction, normalized such that〈
Φ̃0, ϕ

′
0
〉
L2(0,1) = 1. (4.8)

Hypothesis (D3) also implies that the wave train ϕ0 can be continued in the wavenumber,
yielding a family of wave-train solutions to (4.1) of the form uk(x, t) = ϕ(kx − ω(k)t; k),
defined for k near k0, where the frequency ω(k) and the 1-periodic profile function ϕ(·; k) obey

ω(k0) = ω0, ϕ(·; k0) = ϕ0,
〈
Φ̃0, ∂kϕ(·, k0)

〉
L2(0,1) = 0, (4.9)

cf. Proposition 4.3.1.
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We now present our main result, which shows that solutions to (4.7) with initial data close to
a largely modulated wave train converge at an enhanced diffusive rate to a modulated wave
train, whose phase and wavenumber dynamics are governed by a solution γ̆(t) to the viscous
Hamilton-Jacobi equation

∂tγ̆ = dγ̆ζζ + aγ̆ζ + νγ̆2
ζ , (4.10)

with coefficients

a = ω0 − k0ω
′(k0), d =

〈
Φ̃0, Dϕ

′
0 + 2k0D∂ζkϕ(·; k0)

〉
L2(0,1), ν = −1

2k
2
0ω

′′(k0). (4.11)

Theorem 4.1.3. Assume (H1) and (D1)-(D3). Fix α ∈ [0, 1
6) and M > 0. Then, there exist

constants K, ε > 0 such that, whenever u0 ∈ Cub(R) and γ0 ∈ C1
ub(R) satisfy

∥γ0∥∞ ≤ M, E0 := ∥u0 − ϕ0(· + γ0(·))∥∞ + ∥γ′
0∥∞ < ε,

there exist a scalar function

γ ∈ C
(
[0,∞), C1

ub(R)
)

∩ Cj
(
(0,∞), C lub(R)

)
, j, l ∈ N0

with γ(0) = γ0 and a unique classical global solution

u ∈ X := C
(
[0,∞), Cub(R)

)
∩ C

(
(0,∞), C2

ub(R)
)

∩ C1((0,∞), Cub(R)
)

to (4.7) with u(·, 0) = u0, which obey the estimates

∥γ(t)∥∞ ≤ K, ∥u(t) − ϕ0(· + γ(·, t))∥∞, ∥γζ(t)∥∞ ≤ KEα0

(1 + t) 1
2 −α

,

∥∥u(t) − ϕ
(

· +γ(·, t)(1 + γζ(·, t)); k0(1 + γζ(·, t))
)∥∥

∞ ≤ KEα0
log(2 + t)

(1 + t)1−2α

(4.12)

for t ≥ 0, and

∥u(t) − ϕ0(· + γ(·, t))∥C1
ub

≤ KEα0
(1 + t)α√

t
,

∥∥u(t) − ϕ
(

· +γ(·, t)(1 + γζ(·, t)); k0(1 + γζ(·, t))
)∥∥
C1

ub
, ∥γζζ(t)∥C1

ub
≤ KEα0

log(2 + t)
√
t (1 + t) 1

2 −2α

(4.13)

for all t > 0. Moreover, there exists a unique classical global solution

γ̆ ∈ Y := C
(
[0,∞), C1

ub(R)
)

∩ C
(
(0,∞), C2

ub(R)
)

∩ C1((0,∞), Cub(R)
)

with initial condition γ̆(0) = γ0 to the viscous Hamilton-Jacobi equation (4.10) such that we
have the approximations

∥γ(t) − γ̆(t)∥∞ ≤ KE
2
3α
0 , ∥γζ(t) − γ̆ζ(t)∥∞ ≤ KEα0√

1 + t
(4.14)

for all t ≥ 0. In particular, it holds

∥u(t) − ϕ0(· + γ̆(·, t))∥∞ ≤ KE
2
3α
0 , t ≥ 0. (4.15)
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Remark 4.1.4. We observe that the temporal decay rates presented in Theorem 4.1.3
match those established in the sharp nonlinear stability result for wave trains under Cub-
perturbations in [84], confirming their optimality up to a possible logarithmic correction;
see [84, Section 6.1]. Since our primary objective was to establish a modulational stability
result with sharp temporal decay rates, we did not strive for optimal powers of the E0-terms
in the estimates (4.12), (4.13), (4.14), and (4.15) in Theorem 4.1.3. As the toy example in §4.2
suggests, we expect that these powers may be improved with further technical effort.

Remark 4.1.5. Let g0 ∈ C1
ub(R) be any function such that g′

0 ∈ L1(R) \ {0} has mean zero.
Set M = ∥g0∥∞ and fix α ∈ (0, 1

6). Let K, ε > 0 be as in Theorem 4.1.3. Clearly, there exists
δ > 0 such that the function γ0 ∈ C1

ub(R) given by γ0(ζ) = g0(δζ) satisfies ∥γ0∥∞ ≤ M and
∥γ′

0∥∞ < ε. Let γ̆ denote the solution to the viscous Hamilton-Jacobi equation (4.10) with
initial condition γ̆(0) = γ0. Then, k̆(t) := γ̆ζ(t) solves the viscous Burgers equation

∂tk̆ = d∂2
ζ k̆ + a∂ζ k̆ + ν∂ζ

(
k̆2).

Since γ′
0 ∈ L1(R) has mean zero, it follows from [35, Theorem 2 and Corollary 1] that k̆(t)

converges to zero in L1(R) ∩L∞(R) as t → ∞. This implies that γ̆(t) converges to a spatially
constant function γ̆∞ in C1

ub(R) as t → ∞. In particular, for large times, γ̆(t) is not close to
its initial condition γ0 in C1

ub(R). By the estimates (4.12) and (4.14), the same holds for γ(t)
and u(t), demonstrating that Theorem 4.1.3 provides a global stability result.

Remark 4.1.6. Although the reaction-diffusion system (4.7) admits mild solutions for initial
data in L∞(R) via standard analytic semigroup theory, the minimal condition ensuring that a
solution u(t) converges to its initial condition u0 in L∞(R) as t ↓ 0 is that u0 is uniformly
continuous; see [73, Theorems 3.1.7 and 7.1.2]. This right-continuity of u(t) at t = 0 is clearly
necessary for our main result to be meaningful, as is the requirement that the initial phase
modulation γ0 is bounded and differentiable, since we rely on the smallness of its derivative.
In this sense, the regularity assumptions imposed on the initial data in Theorem 4.1.3 are
minimal.

Remark 4.1.7. Estimate (4.15) provides a leading-order description of the solution u(t) that
is valid for all times. This estimate is fully explicit in terms of the underlying wave train ϕ0
and the solution γ̆(t) to the viscous Hamilton-Jacobi equation (4.10), with initial condition
γ̆(0) = γ0 ∈ C1

ub(R). In contrast, in the other work [54] addressing large phase modulations of
wave-train solutions to (4.1), the following estimate was established for fixed α > 0:

∥u(t) − ϕ0(· + Φ(·, t))∥∞ ≤ Kt−
1
2 +α, t ≥ 0, (4.16)

where Φ is a self-similar front solution to (4.10) and K > 0 is a time-independent constant.
While the estimate (4.16) does not capture the leading-order behavior of u(t) for short times,
it yields near-diffusive decay for large times. We argue that this large-time decay stems from
the stronger assumptions imposed on the initial phase modulation γ0 in [54].

Indeed, even with conditions that are less stringent than those in [54], we expect to recover
an estimate matching (4.16). To formulate these conditions, we fix asymptotic limits γ± ∈ R
and consider the associated self-similar front solution

Φ(ζ, t) =


γ− + γd erf

(
ζ + a(t+ 1)√

d(t+ 1)

)
, ν = 0,

γ− + d

ν
log
(

1 +
(
e

ν
d
γd − 1

)
erf
(
ζ + a(t+ 1)√

4d(t+ 1)

))
, ν ̸= 0,
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to (4.10), where γd := γ+ − γ− denotes its phase offset, and

erf(ζ) = 1√
4π

∫ ζ

−∞
e− ζ̄2

4 dζ̄

is the Gaussian error function. Thus, under the additional assumptions that γ0 is twice
continuously differentiable with γ′′

0 ∈ L2(R) and satisfies

∥γ0 − Φ∥L1∩L∞ ≤ M,

we expect estimate (4.15) in Theorem 4.1.3 to improve to

∥u(t) − ϕ0(· + Φ(t))∥∞ ≤ K
(log(2 + t))2

√
1 + t

, t ≥ 0. (4.17)

We note that estimate (4.17) is slightly stronger than (4.16) Since the proof of (4.17) requires
substantial additional effort, especially due to the need for tracking L2-norms in the nonlinear
iteration, we defer it to future work.

Remark 4.1.8. Converting to the original (x, t)-variables in Theorem 4.1.3, we obtain a
constant K̊ > 0 such that, for each ẘ0 ∈ Cub(R) and γ0 ∈ C1

ub(R) with ∥γ0∥∞ ≤ M and
E0 = ∥ẘ0∥∞ + 1

k0
∥γ ′

0∥∞ < ε, there exist a unique classical global solution u ∈ X to the
reaction-diffusion system (4.1) with initial condition (4.2) and a phase modulation function
γ ∈ Y with γ(0) = γ0 such that

∥γ(t)∥∞ ≤ K̊, ∥ẘ(t)∥, ∥γx(t)∥∞ ≤ K̊Eα0

(1 + t) 1
2 −α

, ∥ẙ(t)∥∞ ≤ K̊Eα0
log(2 + t)

(1 + t)1−2α

for all t ≥ 0, and

∥ẘ(t)∥C1
ub

≤ K̊Eα0
(1 + t)α√

t
, ∥ẙ(t)∥C1

ub
≤ K̊Eα0

log(2 + t)
√
t (1 + t) 1

2 −2α

for all t > 0, where ẘ(t) and ẙ(t) are the residuals given by (4.3) and (4.5), respectively.
Moreover, we have the approximations

∥γ(t) − γ̆(t)∥∞ ≤ K̊E
2
3α
0 , ∥γx(t) − γ̆x(t)∥∞ ≤ K̊Eα0√

1 + t

for t ≥ 0, where γ̆ ∈ Y is the classical solution to the viscous Hamilton-Jacobi equation (4.4)
with initial condition γ̆(0) = γ0.

4.1.2. Strategy of proof

Our proof builds on an extension of the recently developed stability theory in [84], which
is based on pure L∞-estimates and accommodates fully nonlocalized perturbations. A key
difference from the setting in [84] is that we cannot exploit smallness of ∥γ0∥∞, which presents
a significant challenge. In particular, a linear term of the form eL0t(ϕ′

0γ0) appears in the
Duhamel formulation of the inverse-modulated perturbation

v(ζ, t) = u(ζ − γ(ζ, t), t) − ϕ0(ζ), (4.18)
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where eL0t denotes the semigroup on Cub(R) generated by the linearization L0. The inverse-
modulated perturbation v(t) controls the dynamics of the difference

v̊(ζ, t) = u(ζ, t) − ϕ0(ζ + γ(ζ, t)) (4.19)

between the solution and the modulated wave train. It is typically used in nonlinear stability
analyses, since its evolution equation exhibits more favorable decay properties compared to
the one of the forward-modulated perturbation v̊(t); see [105]. A crucial observation is that
the lack of smallness in the Duhamel formulation of v(t) can be precisely quantified using the
identity

eL0t
(
ϕ′

0γ0
)

− ϕ′
0γ0 =

∫ t

0
eL0sL0

(
ϕ′

0γ0
)
ds

=
∫ t

0
eL0s

(
k2

0D
(
∂ζ
(
ϕ′

0γ
′
0
)

+ ϕ′′
0γ

′
0
)

+ ω0ϕ
′
0γ

′
0

)
ds,

(4.20)

which follows from standard semigroup theory [73, Proposition 2.1.4] and the fact that ϕ′
0 lies

in the kernel of L(0). Since the right-hand side of (4.20) depends only on the derivative γ′
0,

whose L∞-norm is assumed to be small, the lack of smallness in eL0t(ϕ′
0γ0) manifests solely in

the term ϕ′
0γ0.

Since the linear operator L0 has spectrum touching the imaginary axis, the semigroup eL0t

does not exhibit decay. To obtain sufficient decay to close a nonlinear argument, it is therefore
necessary to decompose eL0t into a principal part of the form ϕ′

0S
0
p(t), where S0

p(t) enjoys
the same bounds and smoothing properties as the heat semigroup e∂

2
ζ t, and a residual part

exhibiting faster temporal decay. Specifically, the phase modulation γ(t) is chosen in such a
way that, for large times, it captures the slowest-decaying contributions associated with S0

p(t)
in the Duhamel formulation of the inverse-modulated perturbation v(t); see §4.5.3. Since the
phase modulation enters only via its derivatives in this formulation, we may exploit improved
decay of ∂jζ∂ltS0

p(t) for j, l ∈ N0 with j + l ≥ 1 which arises due to diffusive smoothing.

It is thus essential to characterize the lack of smallness in S0
p(t)(ϕ′

0γ0), analogously to the
identity (4.20). Inspired by the Fourier-series arguments in [56], we perform a detailed linear
analysis, extending the L∞-techniques from [51] to the setting of large modulational initial
data. We find, similar to (4.20), that S0

p(t)(ϕ′
0γ0)−γ0 can be bounded in terms of γ′

0. Crucially,
this implies that the same holds for spatial and temporal derivatives of S0

p(t)(ϕ′
0γ0), allowing

us to recover smallness in the linear terms arising in the Duhamel representations of derivatives
of γ(t).

There is, however, a caveat: bounding S0
p(t)(ϕ′

0γ0) − γ0 and its derivatives in terms of γ′
0

yields only weak decay rates and, in some cases, even temporal growth. This is also reflected
in identity (4.20), where the time integral on the right-hand side naturally leads to bounds
exhibiting growth in t. We address this issue by interpolating between two types of bounds:
(i) classical bounds on eL0t(ϕ′

0γ0) and ∂jζ∂
l
tS

0
p(t)(ϕ′

0γ0), used in the stability argument in [84],
which provide sufficient decay but not smallness, and (ii) bounds on eL0t(ϕ′

0γ0) − ϕ′
0γ0 and

∂jζ∂
l
t(S0

p(t)(ϕ′
0γ0) − γ0) in terms of γ′

0, which provide smallness but not sufficient decay. In §4.2,
the core idea behind this interpolation strategy is illustrated by means of a representative toy
example.

By carefully balancing smallness and decay, we are able to derive sufficient bounds to close
the nonlinear iteration scheme. Heuristically, this is possible because the nonlinear estimates
in [84] leave some leeway, i.e., the decay bounds on the nonlinear terms are not critical and
can tolerate some weakening.
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An important distinction from the analysis in [84] lies in how we control regularity in
the nonlinear iteration. In [84], regularity is controlled via estimates on the perturbation
ṽ(t) = u(t) − ϕ0. However, Theorem 4.1.3 shows that in the current modulational setting, ṽ(t)
is no longer small, making it natural to instead consider to consider the forward-modulated
perturbation v̊(t). Unlike the inverse-modulated perturbation v(t), which obeys a quasilinear
equation (see §4.5.2), the forward-modulated perturbation satisfies a semilinear equation
that does not suffer from a loss of derivatives. However, the obtained decay rates of v̊(t) are
too weak to gain good enough large-time control on derivatives. Therefore, following the
approach in [5], we establish a nonlinear damping estimate for the modified forward-modulated
perturbation

z̊(ζ, t) = u(ζ, t) − ϕ(ζ + γ(ζ, t)(1 + γζ(ζ, t)); k0(1 + γζ(ζ, t))) (4.21)

in order to control regularity for large times. As indicated by the estimate (4.12), this variable
enjoys better decay properties than v̊(t). Due to the absence of L2-localization, we derive this
energy estimate in uniformly local Sobolev spaces; see [94] for background.

With the regularity control in hand, we are able to close a nonlinear iteration argument,
thereby proving Theorem 4.1.3. Further details of the nonlinear iteration scheme are provided
in §4.5.

4.1.3. Outline

In §4.2, we present the core idea behind handling large modulational data through interpolation
arguments in the context of a toy model. Section 4.3 reviews standard preliminary results
on wave trains. In §4.4, we recall the semigroup decomposition from [84] and summarize
the corresponding linear estimates established therein. We also carry out a detailed analysis
of the linear dynamics arising from large, fully nonlocalized modulational initial data and
derive associated estimates. In §4.5, we develop our nonlinear iteration scheme and establish
a nonlinear damping estimate to control regularity for large times. Section 4.6 is devoted
to the proof of our main result, Theorem 4.1.3. An outlook on future research directions is
provided in §4.7. Appendix 4.A contains technical low- and high-frequency estimates required
for the linear analysis of large modulational data. Finally, Appendix 4.B provides the proof of
the local existence result for the phase modulation.

Notation. Let S be a set, and let A,B : S → R. Throughout the paper, the expression
“A(x) ≲ B(x) for x ∈ S”, means that there exists a constant C > 0, independent of x, such
that A(x) ≤ CB(x) holds for all x ∈ S.
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German Research Foundation) – Project-ID 491897824 and Project-ID 258734477 - SFB 1173.

Data availability statement. Data sharing is not applicable to this article as no datasets
were generated or analyzed during the current study.
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4.2. Heuristic behind handling large modulational data
The goal of this section is to convey the core idea behind our L∞-based nonlinear iteration
argument designed to handle large phase modulations. Motivated by the fact that the leading-
order modulational dynamics is given by the viscous Hamilton-Jacobi equation (4.10), we
consider

∂tw = dwζζ + awζ + νw2
ζ + µw3

ζ (4.22)

with d > 0 and a, µ, ν ∈ R. Here, the cubic contribution w3
ζ plays the role of a higher-order

residual term. When ν ̸= 0, the quadratic term in (4.22) can be removed via the Cole-Hopf
transform

v(t) = e
ν
d
w(t),

which transforms the equation into

∂tv = dvζζ + avζ + µd2

ν2
v3
ζ

v2 .

This motivates restricting attention to the case ν = 0 in (4.22). Moreover, by transitioning to
a co-moving frame and rescaling space, we may assume without loss of generality that a = 0
and d = 1. The resulting simplified toy problem takes the form

∂tw = wζζ + µw3
ζ (4.23)

with µ ∈ R. We use this model to illustrate how our L∞-based scheme effectively manages
large phase modulations. Specifically, under the sole assumption that the initial condition
w0 ∈ C1

ub(R) has sufficiently small derivative, we establish global existence of the associated
solution w(t) to (4.23) and show that its derivative wζ(t) decays at a near-diffusive rate.

Take w0 ∈ C1
ub(R). Integrating (4.23), we obtain the Duhamel formula

w(t) = e∂
2
ζ tw0 + µ

∫ t

0
e∂

2
ζ (t−s)wζ(s)3ds. (4.24)

By standard local existence theory for semilinear parabolic equations [73], there exist T ∈ (0,∞]
and a unique maximal solution w ∈ C

(
[0, T ), C1

ub(R)
)

satisfying (4.24). If T < ∞, then it
holds

sup
t↑T

∥w(t)∥C1
ub

= ∞. (4.25)

The smoothing effect of the heat semigroup leads to the linear L∞-estimate∥∥∥∂jζe∂2
ζ tv
∥∥∥

∞
≲ t−

j
2 ∥v∥∞ (4.26)

for j = 0, 1, v ∈ Cub(R), and t > 0. On the other hand, we may commute the derivative with
the semigroup, which gives ∥∥∥∂ζe∂2

ζ tv
∥∥∥

∞
=
∥∥∥e∂2

ζ t∂ζv
∥∥∥

∞
≤ ∥∂ζv∥∞ (4.27)

for v ∈ C1
ub(R) and t ≥ 0. Estimates of the form (4.27), where derivatives are transferred

onto the initial data through the linear propagator, are crucial to exploit smallness in the
derivative of the (possibly large) initial data; see §4.4.1.
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If the initial condition w0 is small in C1
ub(R), then the linear behavior dominates, and the

solution w(t) to (4.24) remains bounded while its derivative decays diffusively at rate t− 1
2 ;

see [51, Section 2]. Here, we show that, by sacrificing a small amount of decay, we obtain
global-in-time control on solutions to (4.24) with large initial data. To that end, we fix M > 0
and a ∈ (0, 1

6), take w0 ∈ C1
ub(R) with ∥w0∥C1

ub
≤ M , and introduce the template function

η : [0, T ) → R defined by

η(t) = sup
0≤s≤t

(1 + s)
1
2 −a ∥∂ζw(s)∥∞.

Using the linear bound (4.26), we estimate the right-hand side of (4.24) as

∥w(t)∥∞ ≲ ∥w0∥∞ +
∫ t

0

η(t)3

(1 + s) 3
2 −3a

ds ≲ ∥w0∥∞ + η(t)3, (4.28)

for t ∈ [0, T ). For the spatial derivative of (4.24), we apply (4.27) for s ∈ [0, 1] and use the
interpolation inequality∥∥∥∂ζe∂2

ζ sw0
∥∥∥

∞
≤
∥∥∥∂ζe∂2

ζ sw0
∥∥∥1−2a

∞

∥∥∥e∂2
ζ sw′

0

∥∥∥2a

∞
≲ (1 + s)

1
2 −a∥w0∥1−2a

∞ ∥w′
0∥2a

∞,

for s ≥ 1, yielding the bound∥∥∥∂ζe∂2
ζ sw0

∥∥∥
∞

≲ (1 + s)
1
2 −a∥w0∥1−2a

C1
ub

∥w′
0∥2a

∞,

for all s ≥ 0. Altogether, we estimate the spatial derivative of (4.24) as

∥wζ(s)∥∞ ≲ (1 + s)
1
2 −a∥w0∥1−2a

C1
ub

∥w′
0∥2a

∞ +
∫ s

0

η(s)3
√
s− r (1 + r) 3

2 −3a
dr

≲ (1 + s)− 1
2 +a

(
M1−2a∥w′

0∥2a
∞ + η(s)3

)
,

for s ∈ [0, T ). Taking the supremum in the latter inequality over s, we find a constant C ≥ 1,
independent of t and w0, such that

η(t) ≤ C
(
∥w′

0∥2a
∞ + η(t)3

)
, (4.29)

for all t ∈ [0, T ). Now assume ∥w′
0∥4a

∞ < 1
8C2 . If there exists t ∈ (0, T ) with η(t) > 2C∥w′

0∥2a
∞,

then by continuity of η and the fact that η(0) = ∥w′
0∥∞ < 2C∥w′

0∥2a
∞, there must exist τ ∈ [0, t]

such that η(τ) = 2C∥w′
0∥2a

∞. Applying (4.29) and ∥w′
0∥4a

∞ < 1
8C3 , we obtain

η(τ) ≤ C
(
∥w′

0∥2a
∞ + η(τ)3

)
< 2C∥w′

0∥2a
∞,

yielding a contradiction. Hence, we must have η(t) ≤ 2C∥w′
0∥2a

∞ for all t ∈ [0, T ). Combining
this with (4.25) and (4.28), we conclude that T = ∞. So, the solution is global and enjoys
the bounds

∥w(t)∥∞ ≲ ∥w0∥∞ + ∥w′
0∥6a

∞, ∥wζ(t)∥∞ ≲
∥w′

0∥2a
∞

(1 + t) 1
2 −a

for t ≥ 0.

We emphasize that the nonlinear iteration argument above relies exclusively on L∞-estimates
and requires smallness solely in the derivative of the initial data. This is because the
nonlinearity in (4.23) involves only spatial derivatives of w. Analogously, the equations for the
inverse- and forward-modulated perturbations, used in the proof of Theorem 4.1.3, depend
only on derivatives of the phase modulation γ(t).
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4.3. Preliminaries
We recall some basic results on wave trains and their dispersion relations from [84]. For a
more comprehensive treatment, we refer the reader to [29, Section 4].

The first result asserts that, under the nondegeneracy condition (D3), the wave train can be
continued in the wavenumber.

Proposition 4.3.1. Assume (H1) and (D3). Then, there exist r0 ∈ (0, 1
2) and smooth

functions ϕ : R × (k0 − r0, k0 + r0) → R and ω : (k0 − r0, k0 + r0) → R, satisfying (4.9), such
that

uk(x, t) = ϕ(kx− ω(k)t; k)
is a wave-train solution to (4.1) for each wavenumber k ∈ (k0 − r0, k0 + r0). The profile
function ϕ(·; k) has period 1 for each k ∈ (k0 − r0, k0 + r0).

The next result provides an expansion of the critical spectral curve of the linearization L0 in
terms of the Bloch frequency parameter ξ. The curve, known as the linear dispersion relation,
touches the origin in a quadratic tangency. In addition, the result includes an expansion of
the associated Bloch eigenfunctions.

Proposition 4.3.2. Assume (H1) and (D2)-(D3). Then, there exist a constant ξ0 ∈ (0, π)
and an analytic curve λc : (−ξ0, ξ0) → C satisfying
(i) The complex number λc(ξ) is a simple eigenvalue of L(ξ) for any ξ ∈ (−ξ0, ξ0). An

associated eigenfunction Φξ of L(ξ) lies in Hm
per(0, 1) for each m ∈ N0, satisfies Φ0 = ϕ′

0,
is analytic in ξ and fulfills 〈

Φ̃0,Φξ

〉
L2(0,1) = 1.

(ii) The complex conjugate λc(ξ) is a simple eigenvalue of the adjoint L(ξ)∗ for any ξ ∈
(−ξ0, ξ0). An associated eigenfunction Φ̃ξ lies in Hm

per(0, 1) for each m ∈ N0, is smooth
in ξ and satisfies 〈

Φ̃ξ,Φξ

〉
L2(0,1) = 1.

(iii) The expansions∣∣∣λc(ξ) − iaξ + dξ2
∣∣∣ ≲ |ξ|3,

∥∥Φξ − ϕ′
0 − ik0ξ∂kϕ(·; k0)

∥∥
Hm(0,1) ≲ |ξ|2

hold for ξ ∈ (−ξ0, ξ0) with coefficients a ∈ R and d > 0 given by (4.11).

4.4. Semigroup decomposition and linear estimates
The linearization L0 of (4.7) about the wave train ϕ0 is a densely defined sectorial operator on
Cub(R), with domain D(L0) = C2

ub(R); see [73, Corollary 3.1.9]. In this section, we recall the
decomposition of the associated analytic semigroup eL0t carried out in [84], and summarize
the corresponding linear estimates established therein. In addition, we derive novel estimates
on modulational data, which are crucial for treating large phase modulations.

The first result from [84] expresses eL0t as the sum of an explicit principal part, exhibiting
the same L∞-bounds as the heat semigroup e∂

2
ζ t, and a remainder that decays algebraically

at rate t−1.
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Proposition 4.4.1 ([84, Propositions 3.2 and 3.4]). Assume (H1) and (D1)-(D3). Let
ϕ(·; k), ξ0, λc, a, and Φ̃ξ be as in Propositions 4.3.1 and 4.3.2. Fix j, l,m ∈ N0 and
ℓ0, ℓ1 ∈ {0, 1} with ℓ0 + ℓ1 ≤ 1. The semigroup eL0t decomposes as

eL0t =
(
ϕ′

0 + k0∂kϕ(·; k0)∂ζ
)
S0
p(t) + S̃(t) (4.30)

for t ≥ 0, where the principal part satisfies the commutator identities

∂ζS
0
p(t) − S0

p(t)∂ζ = S1
p(t), ∂2

ζS
0
p(t) − S0

p(t)∂2
ζ = 2∂ζS1

p(t) − S2
p(t) (4.31)

and is explicitly given by

Sip(t)v(ζ) = χ(t)
∫
R
Gip(ζ, ζ̄, t)v(ζ̄)dζ̄, Gip(ζ, ζ̄, t) = 1

2π

∫
R
ρ(ξ)eiξ(ζ−ζ̄)eλc(ξ)t∂i

ζ̄
Φ̃ξ(ζ̄)∗dξ

(4.32)

for i = 0, 1, 2, where ρ : R → [0, 1] and χ : [0,∞) → [0, 1] are smooth cut-off functions satisfying
ρ(ξ) = 1 for |ξ| < ξ0

2 , ρ(ξ) = 0 for |ξ| > ξ0, χ(t) = 0 for t ∈ [0, 1], and χ(t) = 1 for t ∈ [2,∞).
Moreover, the estimates ∥∥∥∂ℓ0ζ eL0t∂ℓ1ζ v

∥∥∥
∞

≲
(

1 + t−
ℓ0+ℓ1

2

)
∥v∥∞,∥∥∥S̃(t)∂ℓ1ζ v

∥∥∥
∞

≲ (1 + t)−1
(

1 + t−
ℓ1
2

)
∥v∥∞,∥∥∥(∂t − a∂ζ)j∂lζSip(t)∂mζ w

∥∥∥
∞

≲ (1 + t)− 2j+l
2 ∥w∥∞

hold for all v ∈ Cℓ1ub(R), w ∈ Cmub(R), t > 0, and i = 0, 1, 2.

The second result from [84] connects the principal component of the semigroup to the
convective heat equation ∂tu = duζζ + auζ , which arises from the quadratic truncation of the
low-frequency expansion of the linear dispersion relation in Proposition 4.3.2.

Proposition 4.4.2 ([84, Propositions 3.6 and 3.7]). Assume (H1) and (D1)-(D3). Let
l ∈ N0, m ∈ {0, 1}, and i ∈ {0, 1, 2}. There exists a bounded linear operator

Ah : L2
per
(
(0, 1),Rn

)
→ C(R,R)

such that the principal component Sip(t) decomposes as

Sip(t) = Sih(t) + S̃ir(t), (4.33)

where we denote

Sih(t)v = e
(
d∂2

ζ +a∂ζ

)
t
[(
∂iζΦ̃∗

0

)
v
]

for v ∈ Cub(R) and t ≥ 0. Moreover, we have

S0
h(t)(gv) = e

(
d∂2

ζ +a∂ζ

)
t
(
⟨Φ̃0, g⟩L2(0,1)v −Ah(g)∂ζv

)
+ ∂ζe

(
d∂2

ζ +a∂ζ

)
t(Ah(g)v) (4.34)
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for g ∈ L2
per((0, 1),Rn), v ∈ C1

ub(R,R), and t > 0. Finally, the estimates∥∥∥∂lζSih(t)v
∥∥∥

∞
≲ t−

l
2 ∥v∥∞,

∥∥∥∂mζ S̃ir(t)v∥∥∥∞
≲ (1 + t)− 1

2 t−
m
2 ∥v∥∞

and∥∥∥∥∂1+l
ζ e

(
d∂2

ζ +a∂ζ

)
tw

∥∥∥∥
∞

≲ t−
l
2 ∥w′∥∞,

∥∥∥∥(∂t − a∂ζ)∂lζe
(
d∂2

ζ +a∂ζ

)
tw

∥∥∥∥
∞

≲ t−
1+l

2 ∥w′∥∞,∥∥∥∥∂lζe(d∂2
ζ +a∂ζ

)
tv

∥∥∥∥
∞

≲ t−
l
2 ∥v∥∞

(4.35)

hold for v ∈ Cub(R), w ∈ C1
ub(R), and t > 0.

4.4.1. L∞-estimates on modulational data

Initial phase modulations γ0 of the wave train ϕ0 give rise to data of the form ϕ′
0γ0 in the

equation for the inverse-modulated perturbation; see §4.5.2. Such modulational data correspond
to the linearized approximation of the modulational perturbation ϕ0(ζ + γ0(ζ)) − ϕ0(ζ) ≈
ϕ′

0(ζ)γ0(ζ). Since we allow for large phase modulations γ0, the nonlinear argument can only
exploit smallness in the derivative γ′

0. Here, we establish bounds that are designed to estimate
the action of linear propagators on modulational data in terms of γ′

0.

Linear estimates on modulational data have also been obtained in [56, 63] under the additional
assumption that γ′

0 ∈ L1(R). The approach in [56, 63] involves a detailed analysis in Bloch
frequency domain, relying on the Hausdorff-Young inequality to control the action of the
propagator in terms of the L1-norm of γ′

0. Although one could potentially extend this
analysis to Cub-data by working with tempered distributions, we avoid such technicalities.
Instead, we derive bounds using abstract semigroup theory, a careful decomposition of the
principal component S0

p(t) of the semigroup, and an adaptation of the high- and low-frequency
L∞-bounds from [84, Appendix A] and [51, Appendix A] to the setting of modulational data.

We begin by estimating the action of the full semigroup on modulational data.

Proposition 4.4.3. Assume (H1) and (D1)-(D3). Then, the estimates∥∥∥eL0t
(
ϕ′

0v
)

− ϕ′
0v
∥∥∥

∞
≲
√
t(1 + t)

∥∥v′∥∥
∞,∥∥∥∥e(d∂2

ζ +a∂ζ

)
tv − v

∥∥∥∥
∞

≲
√
t(1 + t)

∥∥v′∥∥
∞,∥∥∥e−∂4

ζ tv − v
∥∥∥

∞
≲ t

1
4
∥∥v′∥∥

∞

hold for all t > 0 and v ∈ C1
ub(R,R).

Proof. We employ [73, Proposition 2.1.4] and use that ϕ′
0 lies in the kernel of L(0) to infer

eL0t
(
ϕ′

0v
)

− ϕ′
0v =

∫ t

0
eL0sL0

(
ϕ′

0v
)
ds =

∫ t

0
eL0s

(
k2

0D
(
∂ζ
(
ϕ′

0v
′)+ ϕ′′

0v
′)+ ω0ϕ

′
0v

′
)
ds,

e
(
d∂2

ζ +a∂ζ

)
tv − v =

∫ t

0
e
(
d∂2

ζ +a∂ζ

)
s(d∂ζ + a)v′ds, e−∂4

ζ tw − w =
∫ t

0
e−∂4

ζ s∂3
ζw

′ds
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for v ∈ C2
ub(R,R), w ∈ C4

ub(R), and t > 0. Applying the estimates from Propositions 4.4.1
and 4.4.2 and the bound

∥∂3
ζ e−∂4

ζ sz∥∞ ≲ s− 3
4 ∥z∥∞, z ∈ Cub(R), s > 0

to the right-hand sides of the latter, we arrive at∥∥∥eL0t
(
ϕ′

0v
)

− ϕ′
0v
∥∥∥

∞
,

∥∥∥∥e(d∂2
ζ +a∂ζ

)
tv − v

∥∥∥∥
∞

≲
∫ t

0

(
1 + 1√

s

)
∥v′∥∞ds ≲

√
t(1 + t)

∥∥v′∥∥
∞,∥∥∥e−∂4

ζ tw − w
∥∥∥

∞
≲
∫ t

0
s− 3

4
∥∥w′∥∥

∞ds ≲ t
1
4
∥∥w′∥∥

∞

for v ∈ C2
ub(R,R), w ∈ C4

ub(R), and t > 0. Thus, the result follows by density.

The remaining estimates concern the action of the principal component of the semigroup on
modulational data.

Proposition 4.4.4. Assume (H1) and (D1)-(D3). Let g ∈ L2
per(0, 1). Fix l,m ∈ N0 with

l ≥ 1. Then, the estimates ∥∥∥(∂t − a∂ζ)m∂lζS0
p(t)(gv)

∥∥∥
∞

≲ (1 + t)− 2m+l−1
2 ∥v′∥∞, (4.36)∥∥∥∥(∂t − a∂ζ)mS0

p(t)
(
ϕ′

0v
)

− (∂mt χ(t))e
(
d∂2

ζ +a∂ζ

)
tv

∥∥∥∥
∞

≲
∥∥v′∥∥

∞ (4.37)

hold for t ≥ 0 and v ∈ C1
ub(R,R).

Proof. We compute

(∂t − a∂ζ)m∂lζ
∫
R
G0
p(ζ, ζ̄, t)g(ζ̄)v(ζ̄)dζ̄

= il
2π

∫
R

∫
R

eλc(ξ)tξl+2mρ(ξ)
(
λc(ξ) − iaξ

ξ2

)m
Φ̃ξ(ζ̄)∗g(ζ̄)eiξ(ζ−ζ̄)v(ζ̄)dξdζ̄

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R). Using Proposition 4.3.2, we observe that we can apply

Lemma 4.A.1 with λ(ξ) = λc(ξ), m1 = l + 2m− 1 ≥ 0, m2 = 1, and

F (ξ, ζ, ζ̄, t) = ρ(ξ)
(
λc(ξ) − iaξ

ξ2

)m
Φ̃ξ(ζ̄)∗g(ζ̄).

This results in the bound (4.36) upon recalling the representation (4.32) of the principal
component of the semigroup and noting that χ′(t) is supported on [1, 2].

We proceed with proving the second estimate. First, applying the product rule to the
representation (4.32), we establish∥∥∥∥(∂t − a∂ζ)mS0

p(t)
(
ϕ′

0v
)

− (∂mt χ(t))e
(
d∂2

ζ +a∂ζ

)
tv

∥∥∥∥
∞

≲
∥∥∥∥∫

R
G0
p(·, ζ̄, t)ϕ′

0(ζ̄)v(ζ̄)dζ̄ − e
(
d∂2

ζ +a∂ζ

)
tv

∥∥∥∥
∞

+
m∑
ℓ=1

∥∥∥∥(∂t − a∂ζ)ℓ
∫
R
G0
p(·, ζ̄, t)ϕ′

0(ζ̄)v(ζ̄)dζ̄
∥∥∥∥

∞
=: J1 + J2

(4.38)
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for t ≥ 1 and v ∈ C1
ub(R,R). Analogous to the proof of estimate (4.36), we obtain the bound

|J2| ≲ ∥v′∥∞

for t ≥ 1 and v ∈ C1
ub(R,R). So, all that remains is to estimate J1. To that end, we set

λr(ξ) = λc(ξ) − iaξ + dξ2 and decompose∫
R
G0
p(ζ, ζ̄, t)ϕ′

0(ζ̄)v(ζ̄)dζ̄ − e
(
d∂2

ζ +a∂ζ

)
tv = I + II + III + IV (4.39)

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R), where we denote

I = 1
2π

∫
R

∫
R

eλc(ξ)tξρ(ξ)Φ̃ξ(ζ̄)∗ − Φ̃0(ζ̄)∗

ξ
ϕ′

0(ζ̄)eiξ(ζ−ζ̄)v(ζ̄)dξdζ̄,

II = 1
2π

∫
R

∫
R

e(iaξ− d
2 ξ

2)tξρ(ξ)e− d
2 ξ

2t eλr(ξ)t − 1
ξ

Φ̃0(ζ̄)∗ϕ′
0(ζ̄)eiξ(ζ−ζ̄)v(ζ̄)dξdζ̄,

III = 1
2π

∫
R

∫
R

e(iaξ−dξ2)tρ(ξ)
(
Φ̃0(ζ̄)∗ϕ′

0(ζ̄) − 1
)
eiξ(ζ−ζ̄)v(ζ̄)dξdζ̄,

IV = 1
2π

∫
R

∫
R

eiξ(ζ−ζ̄)+(iaξ−dξ2)t(ρ(ξ) − 1)v(ζ̄)dξdζ̄,

In the following, we subsequently bound the contributions I, II, III, and IV . First, we use
Proposition 4.3.2 and apply Lemma 4.A.1 to I with λ(ξ) = λc(ξ), m1 = 0, m2 = 1, and

F (ξ, ζ, ζ̄, t) = ρ(ξ)Φ̃ξ(ζ̄)∗ − Φ̃0(ζ̄)∗

ξ
ϕ′

0(ζ̄).

Thus, we arrive at the bound

|I| ≲ ∥v′∥∞

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R).

We proceed with bounding II. We note that, by Proposition 4.3.2, there exists a constant
C > 0 such that |λr(ξ)| ≤ C|ξ|3, |λ′

r(ξ)| ≤ C|ξ|2, and |λ′′
r(ξ)| ≤ C|ξ| for ξ ∈ (−ξ0, ξ0).

Combining this with the identity |ez − 1| ≤ e|z| − 1 ≤ |z|e|z| for z ∈ C, we establish∣∣∣∣∣e− d
2 ξ

2t eλr(ξ)t − 1
ξ

∣∣∣∣∣ ≲ ξ2te− d
4 ξ

2t ≲ 1,∣∣∣∣∣∂ξ
(

e− d
2 ξ

2t eλr(ξ)t − 1
ξ

)∣∣∣∣∣ ≲ |ξ|t
(
1 + ξ2t

)
e− d

4 ξ
2t ≲

√
t,

and ∣∣∣∣∣∂2
ξ

(
e− d

2 ξ
2t eλr(ξ)t − 1

ξ

)∣∣∣∣∣ ≲ t
(
1 + ξ2t+ ξ4t2

)
e− d

4 ξ
2t ≲ t

for ξ ∈ (−ξ0, ξ0) and t ≥ 1. Hence, applying Lemma 4.A.1 with λ(ξ) = aiξ − d
2ξ

2, m1 = 0,
m2 = 1, and

F (ξ, ζ, ζ̄, t) = ρ(ξ)e− d
2 ξ

2t eλr(ξ)t − 1
ξ

Φ̃0(ζ̄)∗ϕ′
0(ζ̄),
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we bound

|II| ≲ ∥v′∥∞.

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R).

To estimate the contribution III, we observe that we can apply Lemma 4.A.1 with λ(ξ) =
aiξ − dξ2, m1 = 0, m2 = 0, and

F (ξ, ζ, ζ̄, t) = ρ(ξ)
(
Φ̃0(ζ̄)∗ϕ′

0(ζ̄) − 1
)
,

because it holds
∫ 1

0 Φ̃0(ζ̄)∗ϕ′
0(ζ̄)dζ̄ = ⟨Φ̃0, ϕ

′
0⟩L2(0,1) = 1 by (4.8). Thus, we arrive at the

estimate

|III| ≲ ∥v′∥∞

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R).

Finally, we estimate the contribution IV . Integration by parts in ζ̄ yields

IV = i
2π

∫
R

∫
R

eiξ(ζ−ζ̄)+(iaξ−dξ2)t ρ(ξ) − 1
ξ

v′(ζ̄)dξdζ̄

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R). Hence, applying the high-frequency estimate from

Lemma 4.A.2 with F (ξ) = (ρ(ξ) − 1)ξ−1, we find a constant µ0 > 0 such that

|IV | ≲ e−µ0t∥v′∥∞

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R). Combining (4.38) with (4.39), and the estimates on J2,

I, II, III, and IV , we arrive at the bound (4.37), which concludes the proof.

4.5. Nonlinear iteration scheme
In this section, we introduce the nonlinear iteration scheme that will be employed in §4.6 to
prove our nonlinear stability result, Theorem 4.1.3. To this end, let uwt(x, t) = ϕ0(k0x− ω0t)
denote a diffusively spectrally stable wave-train solution of (4.1), satisfying assumptions (H1)
and (D1)-(D3). Take a perturbation v̊0 ∈ Cub(R) and a phase modulation γ0 ∈ C1

ub(R), and
consider the solution u(t) to (4.7) with initial condition u(0) = u0 ∈ Cub(R) given by

u0(ζ) = ϕ0(ζ + γ0(ζ)) + v̊0(ζ), ζ ∈ R. (4.40)

Assuming that v̊0 and γ′
0 are sufficiently small in Cub(R), our aim is to construct a spatiotem-

poral modulation function γ(t) with γ(0) = γ0 such that the solution u(t) to (4.7) can be
written in the form

u(ζ, t) = ϕ0(ζ + γ(ζ, t)) + v̊(ζ, t)

where both γζ(t) and the remainder v̊(t) stay small over time in Cub(R) and decay at diffusive
rates. In particular, this precludes finite-time blow-up and implies that the solution u(t) exists
globally in time.

A nonlinear iteration argument cannot be closed by directly estimating the forward-modulated
perturbation v̊(t), due to insufficient decay in the nonlinear terms of its evolution equation;
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see [105] for a detailed discussion. As outlined in §4.1.2, our approach instead relies on the
fact that the L∞-norm of v̊(t) is equivalent to that of the inverse-modulated perturbation v(t),
which is given by (4.18). Taking inspiration from [56], we then choose a phase modulation
γ(t), which captures the most critical terms in the Duhamel formula for the inverse-modulated
perturbation v(t) and satisfies γ(0) = γ0. As in [57, 84, 89], we find that γ(t) obeys a perturbed
viscous Hamilton-Jacobi equation. After eliminating its dominant nonlinear term via the
Cole-Hopf transformation, an L∞-based nonlinear iteration argument involving γ(t) and v(t)
can be closed.

However, due to the quasilinear nature of the evolution equation for the inverse-modulated
perturbation v(t), an apparent loss of regularity must be addressed. To control regularity, we
distinguish between short and long times. For short times, we estimate the forward-modulated
perturbation v̊(t) iteratively using its Duhamel representation, which is of semilinear nature
and does not suffer from a loss of derivatives. This allows us to control regularity of the
inverse-modulated perturbation v(t) by relating v̊(t) and v(t), including their derivatives,
through mean-value type estimates; see [105]. However, the obtained decay of v̊(t) and its
derivatives is too slow to provide effective control for large times. To overcome this, we
follow the approach in [5] and employ forward-modulated damping estimates. Specifically,
we derive a nonlinear damping estimate in uniformly local Sobolev spaces for the modified
forward-modulated perturbation (4.21), which also satisfies a semilinear equation without
derivative loss. This energy estimate provides control over the L∞-norms of derivatives of z̊(t)
in terms of the L∞-norm of z̊(t) itself. To close the nonlinear argument, we then relate z̊(t)
to the residual

z(t) = v(t) − k0∂kϕ(·; 1) γζ(t), (4.41)

along with their spatial derivatives, again via mean-value type arguments. As a result,
derivatives of v(t) are ultimately controlled by the L∞-norm of z̊(t) (and hence of z(t)). We
remark that short-time regularity control through the nonlinear damping estimate on z̊(t) is
not feasible due to the presence of the term γζt(t) in the nonlinearity of the evolution equation
for z̊(t); see §4.5.7. This term exhibits a non-integrable blow-up as t ↓ 0, with L∞-norm
scaling like t−1, thereby precluding control in the short-time regime.

The remainder of this section is organized as follows. We begin by establishing local existence
and uniqueness of the solution u(t) to (4.7). We then derive the equation satisfied by the
inverse-modulated perturbation v(t) and obtain L∞-bounds on its nonlinear terms. Next,
we introduce the phase modulation γ(t) and derive the perturbed viscous Hamilton-Jacobi
equation that governs its dynamics. Finally, we formulate the equations for the forward-
modulated perturbation v̊(t) and the modified forward-modulated perturbation z̊(t), which
are used for short- and long-time regularity control, respectively, and we establish a nonlinear
damping estimate on z̊(t).

4.5.1. Local existence and uniqueness of the solution

Since the advection-diffusion operator L0 = k2
0D∂ζζ + ω0∂ζ is sectorial on C lub(R) with dense

domain D(L0) = C l+2
ub (R) by [73, Corollary 3.1.9] and the nonlinear map u 7→ ∂juf(u) is

locally Lipschitz continuous on C lub(R) for any j, l ∈ N0, local existence and uniqueness of
the solution u(t) to the reaction-diffusion system (4.7) follows directly from standard analytic
semigroup theory; see [73, Theorem 7.1.5 and Propositions 7.1.8 and 7.1.10].
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Proposition 4.5.1. Assume (H1). Let u0 ∈ Cub(R). Then, there exists a maximal time
Tmax ∈ (0,∞] such that (4.7) admits a unique classical solution

u ∈ C
(
[0, Tmax), Cub(R)

)
∩ C

(
(0, Tmax), C2

ub(R)
)

∩ C1((0, Tmax), Cub(R)
)
,

with initial condition u(0) = u0. Moreover, the map [0, Tmax) → Cub(R), t 7→
√
t uζ(t) is

continuous and, if Tmax < ∞, then we have

lim sup
t↑Tmax

∥u(t)∥∞ = ∞. (4.42)

Finally, for any j, l ∈ N0 we have u ∈ Cj
(
(0, Tmax), C lub(R)

)
.

4.5.2. Inverse-modulated perturbation equation

Using that u(t) and ϕ0 are solutions to (4.7), one finds that the inverse-modulated perturbation,
given by (4.18), satisfies the quasilinear equation

(∂t − L0)
[
v + ϕ′

0γ − γζv
]

= N (v, γ, ∂tγ), (4.43)

where the nonlinearity N is given by

N (v, γ, γt) = Q(v, γ) + ∂ζR(v, γ, γt) + ∂2
ζS(v, γ) (4.44)

with

Q(v, γ) =
(
f(ϕ0 + v) − f(ϕ0) − f ′(ϕ0)v

)
(1 − γζ),

R(v, γ, γt) = −γtv + ω0γζv + k2
0

1 − γζ
D

(
γ2
ζϕ

′
0 − γζζv

1 − γζ

)
,

S(v, γ) = k2
0D

(
2γζv +

γ2
ζ v

1 − γζ

)
.

(4.45)

We refer to [55, Lemma 4.2] for a detailed derivation of (4.43).

The nonlinearities obey the following L∞-bounds.

Lemma 4.5.2. Assume (H1). Fix a constant C > 0. Then, we have

∥Q(v, γ)∥∞ ≲ ∥v∥2
∞,

∥R(v, γ, γt)∥∞ ≲ ∥v∥∞∥(γζ , γt)∥C1
ub×Cub

+ ∥γζ∥2
∞,

∥S(v, γ)∥∞ ≲ ∥v∥∞∥γζ∥∞,

∥∂ζS(w, γ)∥∞ ≲ ∥w∥C1
ub

∥γζ∥C1
ub

for v ∈ Cub(R), w ∈ C1
ub(R), and (γ, γt) ∈ C2

ub(R) × Cub(R) satisfying ∥v∥∞ ≤ C and
∥γζ∥∞ ≤ 1

2 .
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4.5.3. Choice of phase modulation

Assuming that γ(t) satisfies γ(0) = γ0, we arrive at the Duhamel formulation

v(t) + ϕ′
0γ(t) = eL0t

(
v0 + ϕ′

0γ0 − γ′
0v0
)

+
∫ t

0
eL0(t−s)N (v(s), γ(s), ∂tγ(s))ds+ γζ(t)v(t)

(4.46)

after integrating (4.43), where we denote

v0(ζ) = u0(ζ − γ0(ζ)) − ϕ0(ζ), ζ ∈ R. (4.47)

As in [56, 63], we make a judicious choice for the phase modulation γ(t) such that the linear
term ϕ′

0γ(t) on the left-hand side of (4.46) compensates for the slowest decaying nonlinear
contributions on the right-hand side of (4.46). This choice must be compatible with the initial
condition γ(0) = γ0 ∈ C1

ub(R). Moreover, to ensure sufficient regularity for the subsequent
nonlinear iteration scheme, we require that γ(t) is smooth for all t > 0. Thus, motivated by
the semigroup decomposition (4.30), we define γ(t) through the integral equation

γ(t) = S0
p(t)

(
v0 + ϕ′

0γ0 + γ′
0v0
)

+
∫ t

0
S0
p(t− s)N (v(s), γ(s), ∂tγ(s))ds

+ (1 − χ(t))e−∂4
ζ tγ0,

(4.48)

where χ(t) is the temporal cut-off function from Proposition 4.4.1.

Before establishing existence of a solution γ(t) to (4.48), we argue that our implicit choice for
γ(t) indeed possesses the required properties. To begin with, we have γ(0) = γ0, since S0

p(t)
vanishes on [0, 1]. Second, since the sectorial operator −∂4

ζ generates an analytic semigroup on
Cub(R), cf. [73, Proposition 2.4.4 and Corollary 3.1.9], and the propagator S0

p(t) is smoothing
by Proposition 4.4.1, it follows that γ(t) is smooth for all t > 0. The choice of the analytic
semigroup e−∂4

ζ t, rather than the standard heat semigroup e∂
2
ζ t, is motivated by the need to

control third-order spatial derivatives of γ(t) at short times within our nonlinear argument;
see Remark 4.5.3.

Substituting (4.30), (4.41), and (4.48) into (4.46), we obtain the Duhamel formulation

z(t) = S̃(t)
(
v0 + ϕ′

0γ0 + γ′
0v0
)

+
∫ t

0
S̃(t− s)N (v(s), γ(s), ∂tγ(s))ds+ γζ(t)v(t)

− (1 − χ(t))
(
ϕ′

0 + k0∂kϕ(·; k0)∂ζ
)
e−∂4

ζ tγ0

(4.49)

for the residual z(t). Recalling that the propagator S̃(t) decays at rate t−1 as t → ∞,
cf. Proposition 4.4.1, we confirm that our choice of γ(t) indeed eliminates the slowest decaying
contributions on the right-hand side of (4.46).

Remark 4.5.3. Our choice for the analytic semigroup e−∂4
ζ t in (4.48) is motivated by the

structure of the nonlinear terms in the perturbed viscous Hamilton-Jacobi equation, which
governs the leading-order dynamics of the phase modulation γ(t); see §4.5.4. In particular,
the nonlinearity involves a temporal derivative and up to three spatial derivatives of γ(t). To
control these terms in the associated Duhamel formulation, it is crucial that the C2

ub-norm
of γζ(t), as well as the L∞-norm of γt(t), exists for t > 0 and exhibits a singularity as t ↓ 0
that remains integrable in time. Since we merely assume γ0 ∈ C1

ub(R), this motivates the
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introduction of e−∂4
ζ tγ0. Indeed, for fixed j ∈ N0, standard analytic semigroup theory [73]

yields the estimates∥∥∥e−∂4
ζ tγ
∥∥∥

∞
≤ ∥γ∥∞,

∥∥∥∂t∂jζe−∂4
ζ tγ
∥∥∥

∞
≲ t−

3+j
4 ∥γ′∥∞,

∥∥∥∂1+j
ζ e−∂4

ζ tγ
∥∥∥

∞
≲ t−

j
4 ∥γ′∥∞

(4.50)

for t > 0 and γ ∈ C1
ub(R), which show that the temporal derivative and the first four spatial

derivatives of e−∂4
ζ tγ0 permit such integrable blow-up behavior as t ↓ 0. So, the term e−∂4

ζ tγ0
is tailored to the demands of our nonlinear argument. Alternatively, one could impose higher
regularity on the initial phase modulation γ0, which allows replacing e−∂4

ζ tγ0 with γ0 in (4.48),
as done in [56].

We conclude this subsection by establishing local existence of a solution γ(t) to the integral
equation (4.48). The contraction-mapping argument is adapted from [84, Proposition 4.4],
accommodating large initial data γ0 ∈ C1

ub(R), while still requiring that γζ(t) remains
sufficiently small to ensure that the nonlinearity in (4.44) is well-defined.

Proposition 4.5.4. Assume (H1) and (D3). Let r0 ∈ (0, 1
2) be as in Proposition 4.3.1.

Let v̊0 ∈ Cub(R) and γ0 ∈ C1
ub(R) with ∥γ′

0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (4.40)
and (4.47), respectively. For u and Tmax as in Proposition 4.5.1, there exists a maximal time
τmax ∈ [1,max{1, Tmax}] such that (4.48), with v given by (4.18), has a solution

γ ∈ C
(
[0, τmax), C1

ub(R)
)

∩ Cj
(
(0, τmax), C lub(R)

)
, j, l ∈ N0, (4.51)

satisfying γ(t) = e−∂4
ζ tγ0 for t ∈ [0, 1]. In addition, it holds ∥γζ(t)∥∞ < r0 for all t ∈ [0, τmax).

Finally, τmax < Tmax implies

lim sup
t↑τmax

∥γζ(t)∥∞ = r0 (4.52)

or

lim sup
t↑τmax

∥(γ(t), ∂tγ(t))∥C2
ub×Cub

= ∞. (4.53)

Proof. We delegate the proof to Appendix 4.B.

Local existence and regularity of the inverse-modulated perturbation v(t) and the residual
z(t) follow directly from Propositions 4.5.1 and 4.5.4.

Corollary 4.5.5. Assume (H1) and (D3). Let r0 ∈ (0, 1
2) be as in Proposition 4.3.1. Let

v̊0 ∈ Cub(R) and γ0 ∈ C1
ub(R) with ∥γ′

0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (4.40) and (4.47),
respectively. For u as in Proposition 4.5.1 and γ and τmax as in Proposition 4.5.4, the
inverse-modulated perturbation v, defined by (4.18), and the residual z, defined by (4.41),
satisfy

v, z ∈ C
(
[0, τmax), Cub(R)

)
∩ C

(
(0, τmax), C2

ub(R)
)

∩ C1((0, τmax), Cub(R)
)
.

Moreover, the map [0, τmax) → Cub(R), t 7→
√
t
(
vζ(t), zζ(t)

)
is continuous. Finally, the

Duhamel formulations (4.46) and (4.49) are valid for t ∈ [0, τmax).
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4.5.4. Derivation of viscous Hamilton-Jacobi equation

Proceeding along the lines of [84], we derive a perturbed viscous Hamilton-Jacobi equation
governing the dynamics of the phase modulation γ(t).

As a first step, we isolate all contributions involving γ2
ζ in the nonlinearity in (4.48). These

terms are critical, as they exhibit the slowest decay. As shown in [84, Section 4.3], the
nonlinearity (4.44) admits the decomposition

N (v(s), γ(s), ∂tγ(s)) = k2
0fpγζ(s)2 + Np(z(s), v(s), γ(s), γ̃(s)), (4.54)

where we denote

γ̃(t) := ∂tγ(t) − aγζ(t),

fp is the 1-periodic function

fp = 1
2f

′′(ϕ0)(∂kϕ(·; k0), ∂kϕ(·; k0)) + ω′(k0)∂ζkϕ(·; k0) +D
(
ϕ′′

0 + 2k0∂ζζkϕ(·; k0)
)
,

and the residual is given by

Np(z, v, γ, γ̃) = Qp(z, v, γ) + ∂ζRp(z, v, γ, γ̃) + ∂ζζSp(z, v, γ), (4.55)

with

Qp(z, v, γ)

=
(
f(ϕ0 + v) − f(ϕ0) − f ′(ϕ0)v

)
γζ + f(ϕ0 + v) − f(ϕ0) − f ′(ϕ0)v − 1

2f
′′(ϕ0)(v, v)

+ 1
2f

′′(ϕ0)(z, z) + k0γζf
′′(ϕ0)(z, ∂kϕ(·; k0)) + 2k2

0ω
′(k0)γζγζζ∂kϕ(·; k0)

+ 2k2
0D
(
γζγζζ

(
ϕ′

0 + 4k0∂ζkϕ(·; k0)
)

+ 2k0
(
γ2
ζζ + γζγζζζ

)
∂kϕ(·; k0)

)
,

Rp(z, v, γ, γ̃) = −vγ̃ + k0ω
′
0(k0)γζz + k2

0
1 − γζ

D

(
γ3
ζϕ

′
0 − γζζv

1 − γζ

)
,

Sp(z, v, γ) = k2
0D

(
2γζz +

γ2
ζ v

1 − γζ

)
.

Applying Taylor’s theorem, we obtain the following nonlinear estimate.

Lemma 4.5.6. Assume (H1) and (D3). Fix a constant C > 0. Then, we have

∥Qp(z, v, γ)∥∞ ≲ (∥v∥∞ + ∥γζ∥∞)∥v∥2
∞ + (∥z∥∞ + ∥γζ∥∞)∥z∥∞ + ∥γζ∥C1

ub
∥γζζ∥C1

ub
,

∥Rp(z, v, γ, γ̃)∥∞ ≲ ∥v∥∞(∥γ̃∥∞ + ∥γζζ∥∞) + ∥z∥∞∥γζ∥∞ + ∥γζ∥3
∞,

∥Sp(z, v, γ)∥∞ ≲ ∥v∥∞∥γζ∥2
∞ + ∥z∥∞∥γζ∥∞

for z ∈ Cub(R), v ∈ Cub(R), and (γ, γ̃) ∈ C3
ub(R) × Cub(R) satisfying ∥v∥∞ ≤ C and

∥γζ∥∞ ≤ 1
2 .

Next, we decompose the phase modulation γ(t) into a solution ỹ(t) solving a perturbed viscous
Hamilton-Jacobi equation and a remainder r(t) exhibiting higher-order decay. To this end, we
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use the commutator identities (4.31) and insert the decomposition (4.33) of the propagator
Sip(t) and the decomposition (4.54) of the nonlinearity into (4.48). Thus, after using (4.8)
and (4.34) to reexpress e

(
d∂2

ζ −cg∂ζ

)
t(Φ̃∗

0fpγ2
ζ ) and setting

ν = ⟨Φ̃0, fp⟩L2(0,1),

we arrive at the decomposition

γ(t) = ỹ(t) + r(t) (4.56)

with

ỹ(t) = S0
h(t)

(
v0 + γ′

0v0
)

+ e
(
d∂2

ζ +a∂ζ

)
t(γ0 −Ah(ϕ′

0)γ′
0
)

+
∫ t

0
e
(
d∂2

ζ +a∂ζ

)
(t−s)

(
νγζ(s)2 − k2

0Ah(fp)∂ζ
(
γζ(s)2

))
ds

+
∫ t

0
S0
h(t− s)Qp(z(s), v(s), γ(s))ds−

∫ t

0
S1
h(t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds

+
∫ t

0
S2
h(t− s)Sp(z(s), v(s), γ(s))ds,

(4.57)

and remainder

r(t) = S̃0
r (t)

(
v0 + ϕ′

0γ0 + γ′
0v0
)

+ ∂ζe
(
d∂2

ζ +a∂ζ

)
t(Ah(ϕ′

0)γ0
)

+ k2
0

∫ t

0
S̃0
r (t− s)

(
fpγζ(s)2

)
ds

+ k2
0∂ζ

∫ t

0
e
(
d∂2

ζ +a∂ζ

)
(t−s)

(
Ah(fp)γζ(s)2

)
+
∫ t

0
S̃0
r (t− s)Qp(z(s), v(s), γ(s))ds

−
∫ t

0
S̃1
r (t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds+

∫ t

0
S̃2
r (t− s)Sp(z(s), v(s), γ(s))ds

+ ∂ζ

∫ t

0
S0
p(t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds+ (1 − χ(t))e−∂4

ζ tγ0

+ ∂2
ζ

∫ t

0
S0
p(t− s)Sp(z(s), v(s), γ(s))ds− 2∂ζ

∫ t

0
S1
p(t− s)Sp(z(s), v(s), γ(s))ds.

(4.58)

Invoking the linear estimates from Propositions 4.4.1 and 4.4.2, we observe that r(t) accounts
for the contributions in (4.48) that decay on the linear level. On the other hand, applying the
convective heat operator ∂t − d∂2

ζ − a∂ζ to (4.57), we arrive at the viscous Hamilton-Jacobi
equation (

∂t − d∂2
ζ − a∂ζ

)
ỹ = νỹ2

ζ +G(r, ỹ, z, v, γ, γ̃) (4.59)

with perturbation

G(z, v, γ, γ̃) = 2νỹζrζ + νr2
ζ − k2

0Ah(fp)∂ζ(γ2
ζ ) + Φ̃∗

0Qp(z, v, γ) −
(
∂ζΦ̃∗

0

)
Rp(z, v, γ, γ̃)

+
(
∂2
ζ Φ̃∗

0

)
Sp(z, v, γ).

That is, ỹ(t) is a solution to (4.59) with initial condition

ỹ(0) = γ0 −Ah(ϕ′
0)γ′

0 + Φ̃∗
0
(
v0 + γ′

0v0
)

∈ Cub(R).
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By expressing the right-hand side of (4.59) as

F (z, v, γ, γ̃) =νγ2
ζ − k2

0Ah(fp)∂ζ(γ2
ζ ) + Φ̃∗

0Qp(z, v, γ)

−
(
∂ζΦ̃∗

0

)
Rp(z, v, γ, γ̃) +

(
∂2
ζ Φ̃∗

0

)
Sp(z, v, γ),

we can interpret equation (4.59) as an inhomogeneous linear parabolic problem. The inho-
mogeneity t 7→ F (z(t), v(t), γ(t), γ̃(t)) belongs to C

(
(0, τmax), C1

ub(R)
)

∩ L1((0, τmax), Cub(R)
)

by combining the estimates (4.35) with Proposition 4.5.4 and Corollary 4.5.5. Consequently,
regularity properties of ỹ(t) and r(t) = γ(t) − ỹ(t) follow from analytic semigroup theory,
cf. [73, Theorem 4.3.11].

Corollary 4.5.7. Assume (H1) and (D3). Let r0 ∈ (0, 1
2) be as in Proposition 4.3.1. Let

v̊0 ∈ Cub(R) and γ0 ∈ C1
ub(R) with ∥γ′

0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (4.40) and (4.47),
respectively. For γ and τmax as in Proposition 4.5.4 and and for v and z as in Corollary 4.5.5,
the Hamilton-Jacobi variable ỹ, given by (4.57) and the residual r, given by (4.58), obey

ỹ, r ∈ C
(
[0, τmax), Cub(R)

)
∩ C

(
(0, τmax), C2

ub(R)
)

∩ C1((0, τmax), Cub(R)
)
.

In addition, the map [0, τmax) → Cub(R) × Cub(R), t 7→
√
t
(
ỹζ(t), rζ(t)

)
is continuous.

Remark 4.5.8. The decomposition (4.56) generalizes the corresponding one in [84], where
the initial phase modulation was assumed to vanish identically. Indeed, setting γ0 = 0 in (4.57)
and (4.58) recovers the decomposition used in [84]. Alternatively, by assuming more regular
initial data v̊0 ∈ C2

ub(R), one could employ the simpler decomposition from [5], thereby avoiding
the commutator identities (4.31) needed to shift derivatives from the nonlinearity (4.55) onto
the propagators.

4.5.5. Application of the Cole-Hopf transform

In the forthcoming nonlinear analysis, we control the remainder r(t) by estimating the right-
hand side of (4.58). For short times, a similar approach allows us to bound ỹ(t) via (4.57).
However, for large times, this strategy fails due to the presence of the critical nonlinear term
νyζ(s)2 in (4.57), which decays at the nonintegrable rate (1 + s)−1 as s → ∞. To address this
issue, we proceed as in [5, 84] and eliminate the problematic nonlinear term νỹ2

ζ in (4.59) by
applying the Cole-Hopf transformation. To this end, we introduce the new variable

y(t) = e
ν
d
ỹ(t), (4.60)

which satisfies

y ∈ C
(
[0, τmax), Cub(R)

)
∩ C

(
(0, τmax), C2

ub(R)
)

∩ C1((0, τmax), Cub(R)
)

(4.61)

by Corollary 4.5.7. We obtain the convective heat equation(
∂t − d∂2

ζ − a∂ζ
)
y = 2νrζyζ + ν

d

(
νr2
ζ +G(z, v, γ, γ̃)

)
y (4.62)

in which critical y2
ζ -contributions are no longer present. Integrating (4.62), we arrive at the

Duhamel formulation

y(t) = e
(
d∂2

ζ +a∂ζ

)
(t−1)y(1) +

∫ t

1
e
(
d∂2

ζ +a∂ζ

)
(t−s)Nc(r(s), y(s), z(s), v(s), γ(s), γ̃(s))ds, (4.63)
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for t ∈ [0, τmax) with t ≥ 1, with nonlinearity

Nc(r, y, z, v, γ, γ̃) = 2νrζyζ + ν

d

(
νr2
ζ +G(z, v, γ, γ̃)

)
y.

Using Lemma 4.5.6, we readily obtain the following nonlinear estimate.

Lemma 4.5.9. Fix a constant C > 0. Then, we have

∥Nc(r, y, z, v, γ, γ̃)∥∞ ≲ ∥rζ∥∞∥yζ∥∞ + ∥y∥∞
(
∥rζ∥2

∞ + (∥v∥∞ + ∥γζ∥∞)∥v∥2
∞

+ ∥γζ∥C1
ub

∥γζζ∥C1
ub

+ ∥v∥∞
(
∥γ̃∥∞ + ∥γζζ∥∞ + ∥γζ∥2

∞

)
+ (∥z∥∞ + ∥γζ∥∞)∥z∥∞ + ∥γζ∥3

∞

)
,

for z ∈ Cub(R), v ∈ Cub(R), r, y ∈ C1
ub(R) and (γ, γ̃) ∈ C3

ub(R) ×Cub(R) with ∥v∥∞ ≤ C and
∥γζ∥∞ ≤ 1

2 .

4.5.6. Forward-modulated perturbation

Since the equation (4.43) for the inverse-modulated perturbation v(t) is quasilinear, it presents
an apparent loss of derivatives that must be addressed in the nonlinear argument. In order to
control regularity for short times, we iteratively estimate the forward-modulated perturbation
v̊(t) via its Duhamel representation, which is semilinear and does not suffer from a loss of
derivatives. As a first step, we note that the following existence and regularity properties of
v̊(t) follow directly from Propositions 4.5.1 and 4.5.4.

Corollary 4.5.10. Assume (H1) and (D3). Let r0 ∈ (0, 1
2) be as in Proposition 4.3.1. Let

v̊0 ∈ Cub(R) and γ0 ∈ C1
ub(R) with ∥γ′

0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (4.40) and (4.47),
respectively. For u as in Proposition 4.5.1, and γ and τmax as in Proposition 4.5.4, the
forward-modulated perturbation v̊(t), given by (4.19), is well-defined for t ∈ [0, τmax) and
satisfies

v̊ ∈ C
(
[0, τmax), Cub(R)

)
∩ Cj

(
(0, τmax), C lub(R)

)
for any j, l ∈ N0.

Differentiating v̊(t) with respect to time and using the facts that ϕ0 and u(t) solve (4.7) and
that γ(t) = e−∂4

ζ tγ0 for t ∈ [0, 1] by Proposition 4.5.4, we derive the semilinear equation

∂tv̊ = k2
0Dv̊ζζ + ω0v̊ζ +A[γ0 ]̊v + N̊ (̊v, γ, ∂tγ) (4.64)

valid for t ∈ [0, 1], with spatiotemporal coefficient

A[γ0](ζ, t) := f ′(ϕ0(ζ + Γ(ζ, t))), Γ(ζ, t) :=
(
e−∂4

ζ tγ0
)
[ζ]

and nonlinearity given by

N̊ (̊v, γ, γt) = f (̊v + ϕ0(κ(γ))) − f(ϕ0(κ(γ))) − f ′(ϕ0(κ))̊v + ϕ′
0(κ(γ))(ω0γζ − γt)

+ k2
0D
(
ϕ′

0(κ(γ))γζζ + ϕ′′
0(κ(γ))γζ(2 + γζ)

)
,
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with shorthand notation

κ(γ)(ζ, t) = ζ + γ(ζ, t).

Differentiating (4.64) with respect to space, we obtain an evolution equation for ẘ(t) := v̊ζ(t),
reading

∂tẘ = k2
0Dẘζζ + ω0ẘζ +A[γ0]ẘ + N̊1(̊v, γ, ∂tγ) (4.65)

valid for t ∈ [0, 1], with nonlinearity

N̊1(̊v, γ, γt) = (1 + γζ)f ′′(ϕ0(κ(γ)))
(
ϕ′

0(κ(γ)), v̊
)

+ ∂ζN̊ (̊v, γ, γt).

We now state short-time bounds on the temporal Green’s function associated with the
linearized equation

∂tv̊ = k2
0Dv̊ζζ + ω0v̊ζ +A[γ0 ]̊v. (4.66)

These bounds have been established in [104], using Levi’s parametrix method.

Proposition 4.5.11. Assume (H1). There exist constants C,M > 0 and t∗ ∈ (0, 1] such
that for each γ0 ∈ C1

ub(R) the temporal Green’s function G : R × (0, t∗] × R × (0, t∗] → Rn×n

associated with (4.66) is continuously differentiable in its second and fourth coordinate and
twice continuously differentiable in its first and third coordinate. The solution to the linearized
equation (4.66) with initial condition v̊(s) = v̊0 is given by

v(ζ, t) =
∫
R
G(ζ, t; ζ̄, s)̊v0(ζ̄)dζ̄

for all ζ ∈ R and any s, t ∈ [0, t∗] with 0 ≤ s < t. Moreover, the Green’s function enjoys the
pointwise bounds ∣∣∣∂jζG(ζ, t; ζ̄, s)

∣∣∣ ≤ C(t− s)− 1+j
2 e− (ζ−ζ̄)2

M(t−s) , j = 0, 1, 2

for all ζ, ζ̄ ∈ R and s, t ∈ (0, t∗] with 0 ≤ s < t.

Proof. We first observe that the coefficient A[γ0] in (4.66) is uniformly bounded on R × [0, 1],
with a bound that is independent of γ0. Since γ0 belongs to the interpolation space C1

ub(R)
of class J 1

4
between Cub(R) and the domain C4

ub(R) of the sectorial operator −∂4
ζ , it follows

from [73, Corollary 2.2.3 and Proposition 2.2.4] that the map [0, 1] → Cub(R), t 7→ A[γ0](·, t)
is Hölder continuous with exponent α ∈ (0, 1

4). Moreover, for each fixed t ∈ [0, 1], we have
A[γ0](·, t) ∈ C1

ub(R), so the map is also Hölder continuous in space with exponent 2α. Thus,
the claim follows directly from [104, Proposition 11.3].

Integrating (4.64) and (4.65) yields the Duhamel formulas

v̊(ζ, t) =
∫
R
G(ζ, t; ζ̄, 0)̊v0(ζ̄)dζ̄ +

∫ t

0

∫
R
G(ζ, t; ζ̄, s)N̊ (̊v(ζ, s), γ(ζ, s), ∂tγ(ζ, s))ds (4.67)

for ζ ∈ R and t ∈ (0, t∗], and

v̊ζ(ζ, t) =
∫
R
G
(
ζ, t; ζ̄, t∗2

)̊
vζ
(
ζ̄, t∗2

)
dζ̄ +

∫ t

t∗
2

∫
R
G(ζ, t; ζ̄, s)N̊1(̊v(ζ, s), γ(ζ, s), ∂tγ(ζ, s))ds

(4.68)
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for ζ ∈ R and t ∈ [ t∗2 , t∗], where we chose t = t∗
2 , rather than t = 0, as our left integration

boundary in (4.68), since v̊ζ(t) is only guaranteed to exist for t > 0; see Corollary 4.5.10. The
representations (4.67) and (4.68), combined with the pointwise Green’s function estimates
from Proposition 4.5.11 and the following nonlinear bounds, whose derivation follows directly
from Taylor’s theorem, yield the short-time regularity control needed for the forthcoming
nonlinear analysis; see also Remark 4.5.3.

Lemma 4.5.12. Assume (H1). Fix a constant C > 0. Then, we have∥∥∥N̊ (̊v, γ, γt)
∥∥∥

∞
≲ ∥̊v∥2

∞ + ∥γζ∥C1
ub

+ ∥γt∥∞,

for v̊ ∈ Cub(R) and (γ, γt) ∈ C2
ub(R) × Cub(R) satisfying ∥̊v∥∞, ∥γζ∥∞ ≤ C. Moreover, we

have ∥∥∥N̊1(̊v, γ, γt)
∥∥∥

∞
≲ ∥̊v∥C1

ub
+ ∥γζ∥C2

ub
+ ∥γt∥C1

ub

for v̊ ∈ C1
ub(R) and (γ, γt) ∈ C3

ub(R) × C1
ub(R) satisfying ∥̊v∥∞, ∥γζ∥∞ ≤ C.

4.5.7. Forward-modulated damping

In order to control regularity in the forthcoming nonlinear argument for large times, we
follow the strategy of [5] and establish a nonlinear damping estimate for the modified forward-
modulated perturbation z̊(t) given by (4.21). This damping estimate extends the one in [55]
to a pure L∞-setting. It exploits the dissipative structure of the underlying reaction-diffusion
system (4.7) and relies on the embedding of the uniformly local Sobolev space H1

ul(R) into
Cub(R); see [94, Lemma 8.3.11].

Before proving the nonlinear damping estimate, we first derive an evolution equation for z̊(t).
To this end, we recall that uk(x, t) = ϕ(kx−ω(k)t; k) is a solution to (4.1) for all wavenumbers
k ∈ (k0 − r0, k0 + r0) by Proposition 4.3.1. Thus, using that u(t) solves (4.7), we obtain

∂tz̊ = k2
0Dz̊ζζ + ω0z̊ζ + Q̊(̊z, γ) + R̊(γ, γ̃, ∂tγ), (4.69)

with

Q̊(̊z, γ) = f (̊z + ϕ(β(γ))) − f(ϕ(β(γ)))

and

R̊(γ, γ̃, γt)

= k2
0D
[
ϕyy(β(γ))

(
(1 + γζ(1 + γζ) + γγζζ)2 − (1 + γζ)2

)
+ k2

0ϕkk(β(γ))γ2
ζζ

+ 2k0ϕyk(β(γ))γζζ(1 + γζ(1 + γζ) + γγζζ) + ϕy(β(γ))(γζζ(1 + 3γζ) + γγζζζ)

+ k0ϕk(β(γ))γζζζ
]

+ k0ϕk(β(γ))(ω0γζζ − γζt)

+ ϕy(β(γ))
(
ω0 + k0ω

′(k0)γζ − ω
(
k0(1 + γζ)

)
− γ̃ + ω0

(
γ2
ζ + γγζζ

)
− γtγζ − γγζt

)
,

where we used

β(γ)(ζ, t) =
(
ζ + γ(ζ, t)(1 + γζ(ζ, t)); k0(1 + γζ(ζ, t))

)
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to abbreviate the argument of ϕ(y; k) and its derivatives. For more details on the derivation
of (4.69), we refer to [5, Appendix B].

Since the continuation ϕ(·; k) of the wave train ϕ0 with respect to the wavenumber k is
defined for all k ∈ (k0 − r0, k0 + r0) by Proposition 4.3.1, it follows from Propositions 4.5.1
and 4.5.4 that z̊(t) is well-defined for all t ∈ [0, τmax). Its regularity properties are also a
direct consequence of these propositions and are summarized in the following statement.

Corollary 4.5.13. Assume (H1) and (D3). Let r0 ∈ (0, 1
2) be as in Proposition 4.3.1. Let

v̊0 ∈ Cub(R) and γ0 ∈ C1
ub(R) with ∥γ′

0∥∞ < r0. Define u0, v0 ∈ Cub(R) by (4.40) and (4.47),
respectively. For u as in Proposition 4.5.1, and γ and τmax as in Proposition 4.5.4, the
modified forward-modulated perturbation z̊(t), given by (4.21), is well-defined for t ∈ [0, τmax)
and satisfies

z̊ ∈ C
(
[0, τmax), Cub(R)

)
∩ Cj

(
(0, τmax), C lub(R)

)
for any j, l ∈ N0.

We are now in position to establish the relevant nonlinear damping estimate. The proof
follows the strategy of [5, Proposition 4.9], but differs in that damping is induced by the
second derivative across all components, not just in the first component.

Proposition 4.5.14. Assume (H1) and (D3). Fix a constant R > 0. Let r0 ∈ (0, 1
2) be as in

Proposition 4.3.1. Let v̊0 ∈ Cub(R) and γ0 ∈ C1
ub(R) with ∥γ′

0∥∞ < r0. Define u0, v0 ∈ Cub(R)
by (4.40) and (4.47), respectively. Let γ(t) and τmax be as in Proposition 4.5.4, let t∗ be
as in Proposition 4.5.11, and let z̊(t) be as in Corollary 4.5.13. There exists a v̊0- and
γ0-independent constant C > 0 such that the nonlinear damping estimate

∥∥z̊(t)∥∥
C1

ub
≤ C

(∥∥z̊(t)∥∥∞ +
(

et∗−t∥∥z̊(t∗)
∥∥2
C2

ub
+
∫ t

t∗
es−t

(∥∥z̊(s)∥∥2
∞ + ∥γζζ(s)∥2

C3
ub

+ ∥∂sγζ(s)∥2
C2

ub
+
∥∥γ̃(s)

∥∥2
C2

ub
+ ∥γζ(s)∥2

∞

(
∥γζ(s)∥2

∞ + ∥∂sγ(s)∥2
∞

))
ds
) 1

2
)

(4.70)

holds for all t ∈ [0, τmax) with t ≥ t∗ and

sup
t∗≤s≤t

(∥∥z̊(s)∥∥
C1

ub
+ ∥γ(s)∥C2

ub

)
≤ R. (4.71)

Proof. Set ϑ = 1
2 . We begin by relating the C1

ub-norm of z̊(t) to a uniformly local Sobolev
norm. To this end, introduce the window function ϱ : R → R given by

ϱ(ζ) = 2
2 + ζ2 ,

which is positive, smooth, and L1-integrable. It satisfies the inequality

|ϱ′(ζ)| ≤ ϱ(ζ) ≤ 1 (4.72)
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for all ζ ∈ R. Applying the Gagliaro-Nirenberg interpolation inequality, we estimate

∥zζ∥∞ = sup
y∈R

∥ϱ(ϑ(· + y))zζ∥∞ ≲ ∥z∥∞ + sup
y∈R

∥∂ζ(ϱ(ϑ(· + y))z)∥∞

≲ ∥z∥∞ + sup
y∈R

∥ϱ(ϑ(· + y))z∥
1
3∞

∥∥∥∂2
ζ (ϱ(ϑ(· + y))z)

∥∥∥ 2
3

2

≲ ∥z∥∞ + ∥z∥
1
3∞

(
∥z∥

2
3
C1

ub
+ sup

y∈R
∥ϱ(ϑ(· + y))zζζ∥

2
3
2

)

for z ∈ C1
ub(R). Hence, employing Young’s inequality and rearranging terms, we obtain the

bound

∥z̊(t)∥C1
ub

≲ ∥z̊(t)∥∞ + sup
y∈R

Ey(t)
1
2 , (4.73)

valid for all t ∈ (0, τmax), where we define

Ey(t) =
∫
R
ϱ(ϑ(ζ + y))|̊zζζ(ζ, t)|2 dζ

for y ∈ R and t ∈ (0, τmax).

We now derive a differential inequality for the energy Ey(t). By Proposition 4.5.4 and
Corollary 4.5.13, the function t 7→ Ey(t) is differentiable on (0, τmax). Since the diffusion
matrix D is positive definite, there exists a constant d0 > 0 such that the coercivity estimate

⟨z,Dz⟩ ≥ d0|z|2 (4.74)

holds for all z ∈ Rn. Fix y ∈ R and t ∈ [0, τmax) with t > t∗ such that (4.71) holds.
Using (4.69), we compute

1
2∂sEy(s) = I + II (4.75)

for s ∈ [t∗, t], where we denote

I =
∫
R
ϱ(ϑ(ζ + y))

〈
∂2
ζ z̊(ζ, s), k2

0D∂
4
ζ z̊(ζ, s) + ω0∂

3
ζ z̊(ζ, s)

〉
dζ,

II =
∫
R
ϱ(ϑ(ζ + y))

〈
∂2
ζ z̊(ζ, s), ∂2

ζ

(
Q̊(̊z(ζ, s), γ(ζ, s)) + R̊(γ(ζ, s), γ̃(ζ, s), ∂sγ(ζ, s))

)〉
dζ.

Integrating by parts, we find

I = −k2
0

∫
R
ϱ(ϑ(ζ + y))

〈
∂3
ζ z̊(ζ, s), D∂3

ζ z̊(ζ, s)
〉

dζ

− k2
0ϑ

∫
R
ϱ′(ϑ(ζ + y))

〈
∂2
ζ z̊(ζ, s), D∂3

ζ z̊(ζ, s)
〉

dζ

+ ω0

∫
R
ϱ(ϑ(ζ + y))

〈
∂2
ζ z̊(ζ, s), ∂3

ζ z̊(ζ, s)
〉

dζ.

Applying Young’s inequality and the estimates (4.72) and (4.74), we obtain a constant C1 > 0,
independent of t, v̊0, and γ0, such that

I ≤ −d0k
2
0

2

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂3
ζ z̊(ζ, s)

∣∣∣2 dζ + C1

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂2
ζ z̊(ζ, s)

∣∣∣2 dζ (4.76)



4.5. Nonlinear iteration scheme 119

for s ∈ [t∗, t]. On the other hand, estimating II using Young’s inequality and assumption (4.71),
we find a t-, v̊0-, and γ0-independent constant C2 > 0 such that

II ≤ C2

(∫
R
ϱ(ϑ(ζ + y))

(∣∣∣∂2
ζ z̊(ζ, s)

∣∣∣2 + |∂ζ z̊(ζ, s)|2
)

dζ + ∥z̊(s)∥2
∞ + ∥γζζ(s)∥2

C3
ub

+ ∥∂sγζ(s)∥2
C2

ub
+
∥∥γ̃(s)

∥∥2
C2

ub
+ ∥γζ(s)∥2

∞

(
∥γζ(s)∥2

∞ + ∥∂sγ(s)∥2
∞

)) (4.77)

for s ∈ [t∗, t]. Inserting (4.76) and (4.77) into (4.75), we obtain a t-, v̊0-, and γ0-independent
constant C3 > 0 such that

1
2∂sEy(s) ≤ −1

2Ey(s) − d0k
2
0

2

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂3
ζ z̊(ζ, s)

∣∣∣2 dζ + C3

(
∥z̊(s)∥2

∞ + ∥γζζ(s)∥2
C3

ub

+ ∥∂sγζ(s)∥2
C2

ub
+
∥∥γ̃(s)

∥∥2
C2

ub
+ ∥γζ(s)∥2

∞

(
∥γζ(s)∥2

∞ + ∥∂sγ(s)∥2
∞

)
+
∫
R
ϱ(ϑ(ζ + y))

(∣∣∣∂2
ζ z̊(ζ, s)

∣∣∣2 + |∂ζ z̊(ζ, s)|2
)

dζ
)

(4.78)

for s ∈ [t∗, t].

To estimate the last line in (4.78), we use the interpolation inequality from [5, Estimate (4.30)],
choosing parameters

η ∈ (0, 1
4), k = 2, a0 = 0 = a3, a1 = 8(1 + 2η)

η(5 − 2η) , a2 = 4(3 + 2η)
5 − 2η ,

resulting in

2∑
j=1

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂jζz(ζ)∣∣∣2 dζ ≤ 2η(3 + 2η)
2η − 5

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂3
ζ z(ζ)

∣∣∣2 dζ

+ 2(2 + η)(1 + 2η)
η2(5 − 2η)

∫
R
ϱ(ϑ(ζ + y))|z(ζ)|2dζ.

Taking η ∈ (0, 1
4) small enough that

2η(3 + 2η)
2η − 5 ≤ d0k

2
0

2C3
,

we obtain a constant C4 > 0 such that

2∑
j=1

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂jζz(ζ)∣∣∣2 dζ ≤ d0k
2
0

2C3

∫
R
ϱ(ϑ(ζ + y))

∣∣∣∂3
ζ z(ζ)

∣∣∣2 dζ + C4∥z∥2
∞ (4.79)

for z ∈ C3
ub(R).

Applying the interpolation inequality (4.79) to (4.78), we conclude that

∂sEy(s) ≤ −Ey(s) + C5

(∥∥z̊(s)∥∥2
∞ + ∥γζζ(s)∥2

C3
ub

+ ∥∂sγζ(s)∥2
C2

ub
+
∥∥γ̃(s)

∥∥2
C2

ub

+ ∥γζ(s)∥2
∞

(
∥γζ(s)∥2

∞ + ∥∂sγ(s)∥2
∞

))
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for s ∈ [t∗, t], where C5 > 0 is independent of t, v̊0, and γ0. Multiplying both sides by es and
integrating over s ∈ [t∗, t], we arrive at

Ey(t) ≤ et∗−tEy(t∗) + C5

∫ t

t∗
es−t

(∥∥z̊(s)∥∥2
∞ + ∥γζζ(s)∥2

C3
ub

+ ∥∂sγζ(s)∥2
C2

ub
+
∥∥γ̃(s)

∥∥2
C2

ub

+ ∥γζ(s)∥2
∞

(
∥γζ(s)∥2

∞ + ∥∂sγ(s)∥2
∞

))
ds.

The damping estimate (4.70) now follows by plugging the latter bound into (4.73) and
using the fact that there exists a constant C6 > 0 (independent of γ0 and v̊0) such that
Ey(t∗) ≤ C6∥z̊(t∗)∥2

C2
ub

.

We conclude this section by recalling the results from [5, Lemma 4.11] and [105, Lemma 5.1],
which state that the Ckub-norms of the forward- and inverse-modulated perturbations v̊(t) and
v(t), as well as those of the modified forward-modulated perturbation z̊(t) and the residual
z(t), are equivalent, up to controllable errors depending on γζ(t) and its derivatives.

Lemma 4.5.15. Fix a constant R > 0. Let v̊0 ∈ Cub(R) and γ0 ∈ C1
ub(R) with ∥γ′

0∥∞ <
r0. Define u0, v0 ∈ Cub(R) by (4.40) and (4.47), respectively. Let γ(t) and τmax be as in
Proposition 4.5.4, let v(t) and z(t) be as in Corollary 4.5.5, let v̊(t) be as in Corollary 4.5.10,
and let z̊(t) be as in Corollary 4.5.13. Then, we have

∥v(t)∥∞ ≲
∥∥̊v(t)

∥∥
∞ + ∥γζ(t)∥∞,

∥∥̊v(t)
∥∥

∞ ≲ ∥v(t)∥∞ + ∥γζ(t)∥∞,

for any t ∈ [0, τmax) with

sup
0≤s≤t

∥γ(s)∥∞ ≤ R. (4.80)

Moreover, we have ∥∥z̊(t)∥∥∞ ≲ ∥z(t)∥∞ + ∥γζζ(t)∥∞ + ∥γζ(t)∥2
∞

∥z(t)∥C1
ub

≲
∥∥z̊(t)∥∥

C1
ub

+ ∥γζζ(t)∥C1
ub

+ ∥γζ(t)∥2
∞

for any t ∈ (0, τmax) satisfying (4.80).

Proof. The first two inequalities were proved in [105, Lemma 5.1]. The last two inequalities
follow directly from the estimates established in the proof of [5, Lemma 4.11].

4.6. Nonlinear stability argument
In this section, we prove our main result, Theorem 4.1.3, by completing a nonlinear sta-
bility argument based on a quasilinear iteration scheme built around the integral equa-
tions (4.48), (4.49), (4.58), and (4.63). Short-time regularity control is obtained via iterative
estimates applied to the Duhamel representations (4.67) and (4.68) for the forward-modulated
perturbation, while long-time regularity is ensured by the nonlinear damping estimate provided
in Proposition 4.5.14.
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Proof of Theorem 4.1.3. Let r0 ∈ (0, 1
2) be as in Proposition 4.3.1. Take v̊0 ∈ Cub(R) and

γ0 ∈ C1
ub(R) with

∥γ0∥∞ ≤ M, E0 := ∥̊v0∥∞ +
∥∥γ′

0
∥∥

∞ < r0.

Define u0, v0 ∈ Cub(R) by (4.40) and (4.47), respectively.

By Proposition 4.5.1, there exist a maximal time Tmax ∈ (0,∞] and a unique classical solution
u(t) to (4.7) with initial condition u(0) = u0 satisfying (4.51). If Tmax < ∞, then (4.42)
holds. Moreover, Proposition 4.5.4 yields a maximal time τmax ∈ [1,max{1, Tmax}] and a
solution γ(t) to (4.48) satisfying (4.51), γ(t) = e−∂4

ζ tγ0 for t ∈ [0, 1], and ∥γζ(t)∥∞ < r0 for all
t ∈ [0, τmax). Finally, if τmax < Tmax, then we have (4.52) or (4.53).

Our goal is to prove that τmax = Tmax = ∞ and that u(t) and γ(t) satisfy the decay
estimates (4.12), (4.13), (4.14), and (4.15), where γ̆(t) is the classical solution to the viscous
Hamilton-Jacobi equation (4.10) with initial condition γ̆(0) = γ0. To this end, we define
a template function, controlling the norms of the phase modulation γ(t), the residuals z(t)
and r(t), and the Cole-Hopf variable y(t), which are defined by (4.41), (4.58), and (4.60),
respectively. We first establish the result for α ∈ (0, 1

6). The case α = 0 then follows a
posteriori.

Template function. Let ϱ : [0,∞) → [0, 1] be a smooth temporal cutoff function which
vanishes on [0, t∗2 ] and satisfies ϱ(t) = 1 for all t ∈ [t∗,∞), where t∗ is as in Proposition 4.5.11.
In addition, set τ̃max = min{τmax, Tmax}. By Proposition 4.5.4, Corollaries 4.5.5 and 4.5.7,
and identities (4.50) and (4.61), the template function η : [0, τ̃max) → R given by

η(t) = sup
0≤s≤t

[
(1 + s)1−2α

log(2 + s)

(
∥z(s)∥L∞ + ϱ(s)

(
∥γζζζζ(s)∥C1

ub
+
∥∥γ̃ζ(s)∥∥C2

ub

))

+
√
s (1 + s) 1

2 −2α

log(2 + s) (∥rζ(s)∥∞ + ∥zζ(s)∥∞ + ∥γζζζ(s)∥∞)

+ s
3
4 (1 + s) 1

4 −2α

log(2 + s)
∥∥γ̃(s)

∥∥
∞ + s

1
4 (1 + s) 3

4 −2α

log(2 + s) ∥γζζ(s)∥∞

+
√
s (1 + s)−α∥yζ(s)∥∞ + (1 + s)

1
2 −α∥γζ(s)∥∞

]
,

is well-defined, continuous, non-negative, and monotonically increasing, where we recall
γ̃(t) = ∂tγ(t) − aγζ(t).

Approach. Fix α ∈ (0, 1
6). Our goal is to show that there exist constants C, η0 > 0 such that

the estimates

η(0) ≤ CEα0 , η(t) ≤ C
(
Eα0 + η(t)2

)
, ∥γ(t)∥∞ ≤ C (4.81)

hold for all t ∈ [0, τ̃max) with η(t) ≤ η0. Set

ε := min
{ 1

4C2 ,
η0
2C

} 1
α

.

Then, provided E0 ∈ (0, ε), we find that (4.81) implies that, for any t ∈ [0, τ̃max) such that
η(s) ≤ 2CEα0 for all s ∈ [0, t], we have η(t) ≤ η0 and

η(t) ≤ C
(
Eα0 + 4C2E2α

0

)
< 2CEα0 .



122 4. Large and nonlocalized phase modulations

Hence, by continuity of η and the initial bound η(0) ≤ CEα0 , it follows that if E0 ∈ (0, ε),
then η(t) ≤ 2CEα0 < η0 for all t ∈ [0, τ̃max). The latter, in combination with the last estimate
in (4.81), precludes the blow-up alternatives (4.42), (4.52), and (4.53), thereby implying
τmax = Tmax = ∞. We use the obtained global control of z(t) and γ(t) to subsequently prove
the estimates (4.12) and (4.13), where we make use of the norm equivalences established in
Lemma 4.5.15. Finally, we show the bounds (4.14) and (4.15) by proceeding along the lines
of [84].

In the following, we will establish the key inequalities (4.81) by bounding the terms in the
template function η(t) one by one. Since we consider initial data of minimal regularity,
cf. Remark 4.1.6, higher-order derivatives may suffer from nonintegrable temporal bounds. To
address this, we often distinguish between short-time bounds, which focus on reducing the
number of derivatives, and long-time bounds, which ensure sufficient temporal decay.

Bound on v0. Inserting (4.40) into (4.47), we express

v0(ζ) = v̊0(ζ − γ0(ζ)) + ϕ0(ζ − γ0(ζ) + γ0(ζ − γ0(ζ)) − ϕ0(ζ).

Using the mean-value theorem twice, we obtain the bound

∥v0∥∞ ≤ ∥̊v0∥∞ + ∥ϕ′
0∥∞∥γ0∥∞∥γ′

0∥∞ ≲ E0. (4.82)

Interpolation bounds. We establish bounds on the linear terms involving the initial phase
modulation γ0 in the Duhamel formulations of γ(t), z(t), r(t), ỹ(t), and their derivatives. Since
γ0 is bounded, the standard linear estimates from Propositions 4.4.1 and 4.4.2 provide sufficient
temporal decay. However, since γ0 is not necessarily small, they do not guarantee global-in-
time smallness. To address this, we turn to the modulational estimates in Propositions 4.4.3
and 4.4.4, which crucially exploit the smallness of the derivative γ′

0. By interpolating between
the standard and modulational linear estimates, we obtain both the required temporal decay
and global-in-time smallness. For a heuristic overview of this argument in a simplified setting,
we refer to §4.2.

We start by bounding the linear term

J1(t) := S̃(t)
(
ϕ′

0γ0
)

− (1 − χ(t))ϕ′
0e−∂4

ζ tγ0

in the Duhamel representation (4.49) of z(t). Proposition 4.4.1 and estimate (4.50) yield

∥J1(t)∥∞ ≲ (1 + t)−1 (4.83)

for t ≥ 0. Using (4.30), we express

J1(t)
= eL0t

(
ϕ′

0γ0
)

− ϕ′
0γ0 − k0∂kϕ(·; k0)∂ζS0

p(t)
(
ϕ′

0γ0
)

− ϕ′
0

(
e−∂4

ζ tγ0 − γ0 + S0
p(t)

(
ϕ′

0γ0
)

− χ(t)e
(
d∂2

ζ +a∂ζ

)
tγ0 + χ(t)

(
e
(
d∂2

ζ +a∂ζ

)
tγ0 − e−∂4

ζ tγ0

))
Hence, Propositions 4.4.3 and 4.4.4 afford the bound

∥J1(t)∥∞ ≲ (1 + t)E0 (4.84)
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for t ≥ 0. Interpolating between (4.83) and (4.84) and using 0 ≤ E0 ≤ 1 and 0 < α < 1
6 , we

arrive at

∥J1(t)∥∞ ≲ (1 + t)−1+2αEα0 (4.85)

for t ≥ 0.

We proceed with estimating the linear term

Ij,l(t) := (∂t − a∂ζ)j∂lζ
(
S0
p(t)(ϕ′

0γ0) + (1 − χ(t))e−∂4
ζ tγ0

)
in the Duhamel formulation (4.48) of (∂t − a∂ζ)j∂lζγ(t) for j = 0, 1 and l ∈ N0 with l ≤ 5.
Applying Proposition 4.4.1, we obtain∥∥∥(∂t − a∂ζ)j∂lζS0

p(t)
(
ϕ′

0γ0
)∥∥∥

∞
≲ (1 + t)− 2j+l

2 (4.86)

for t ≥ 0, j = 0, 1, and l ∈ N0 with l ≤ 5. On the other hand, the modulational estimates in
Propositions 4.4.3 and 4.4.4 yield∥∥∥(∂t − a∂ζ)j∂lζS0

p(t)
(
ϕ′

0γ0
)∥∥∥

∞
≲ (1 + t)− 2j+l−1

2 E0,∥∥∥∥(∂t − a∂ζ)S0
p(t)

(
ϕ′

0γ0
)

− χ′(t)e
(
d∂2

ζ +a∂ζ

)
tγ0

∥∥∥∥
∞

≲ E0,

χ′(t)
∥∥∥∥e−∂4

ζ tγ0 − e
(
d∂2

ζ +a∂ζ

)
tγ0

∥∥∥∥
∞

≲ E0

(4.87)

for t ≥ 0, j ∈ {0, 1}, and l ∈ N0 with 1 ≤ l ≤ 5. Furthermore, we note that

I1,0(t) = (∂t − a∂ζ)S0
p(t)(ϕ′

0γ0) − χ′(t)e
(
d∂2

ζ +a∂ζ

)
tγ0 + χ′(t)

(
e
(
d∂2

ζ +a∂ζ

)
tγ0 − e−∂4

ζ tγ0

)
+ (1 − χ(t))(∂t − a∂ζ)e−∂4

ζ tγ0

for t ≥ 0. Hence, interpolating between (4.86) and (4.87), using (4.50), and recalling 0 ≤
E0 ≤ 1 and 0 < α < 1

6 , we establish

∥Ij,l(t)∥∞ ≲ (1 + t)− 2j+l
2 +2αEα0 (4.88)

for t ≥ 1, j ∈ {0, 1}, and l ∈ N0 with 1 ≤ min{j, l} and l ≤ 5.

Finally, we bound the linear terms

J2(t) := ∂ζ

(
S̃0
r (t)

(
ϕ′

0γ0
)

+ ∂ζe
(
d∂2

ζ +a∂ζ

)
t(Ah(ϕ′

0)γ0
)

+ (1 − χ(t))e−∂4
ζ tγ0

)
,

J3(t) := ∂ζe
(
d∂2

ζ +a∂ζ

)
tγ0,

appearing in the formulas (4.58) and (4.57) for rζ(t) and ỹζ(t), respectively. By Proposi-
tions 4.4.1 and 4.4.2 we have

√
t ∥J2(t)∥∞ ≲ (1 + t)− 1

2 , ∥J3(t)∥∞ ≲ (1 + t)− 1
2 (4.89)

for t ≥ 0. We use (4.8), (4.32), and (4.34) to rewrite

J2(t) = ∂ζ

(
S0
p(t)

(
ϕ′

0γ0
)

− e
(
d∂2

ζ +a∂ζ

)
t(γ0 −Ah(ϕ′

0)γ′
0
)

+ (1 − χ(t))e−∂4
ζ tγ0

)
.
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Applying estimates (4.87) and (4.50) and Proposition 4.4.2 to the latter, we arrive at
√
t ∥J2(t)∥∞ ≲

√
1 + t E0, ∥J3(t)∥∞ ≲ E0, (4.90)

for t ≥ 0. Interpolating between (4.89) and (4.90) and using 0 ≤ E0 ≤ 1 and 0 < α < 1
6 , we

obtain
√
t ∥J2(t)∥∞ ≲ (1 + t)− 1

2 +2αEα0 , ∥J3(t)∥∞ ≲ (1 + t)− 1
2 +αEα0 (4.91)

for t ≥ 0.

Bounds on v(t), vζ(t) and ∂tγ(t). Let t ∈ [0, τ̃max) with η(t) ≤ 1
2 . We bound v(s) =

z(s) + ∂kϕ(·; k0)γζ(s) and ∂tγ(s) = γ̃(s) − aγζ(s) as

∥v(s)∥∞ ≲ ∥z(s)∥∞ + ∥γζ(s)∥∞ ≲ (1 + s)− 1
2 +αη(t),

√
s ∥vζ(s)∥∞ ≲

√
s
(
∥zζ(s)∥∞ + ∥γζ(s)∥C1

ub

)
≲ (1 + s)αη(t),

s
3
4 ∥∂tγ(s)∥∞ ≲ s

3
4 (∥γ̃(s)∥∞ + ∥γζ(s)∥∞) ≲ (1 + s)

1
4 +αη(t)

(4.92)

for s ∈ [0, t].

Bounds on r(t) and rζ(t). We start with bounding the nonlinear terms in the represen-
tation (4.58) for r(t) one by one. To this end, let t ∈ (0, τ̃max) with η(t) ≤ 1

2 . We employ
Lemma 4.5.6 and estimate (4.92) to establish the nonlinear bounds

∥Qp(z(s), v(s), γ(s))∥∞, ∥Rp(z(s), v(s), γ(s), ∂tγ(s))∥∞, ∥Sp(z(s), v(s), γ(s))∥∞

≲
η(s)2 log(2 + s)
s

3
4 (1 + s) 3

4 −3α
(4.93)

for s ∈ (0, t]. So, invoking Proposition 4.4.1 and using 0 < α < 1
6 , we obtain∥∥∥∥∂m+1

ζ

∫ t

0
S0
p(t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2 log(2 + s)
(1 + t− s) 1+m

2 s
3
4 (1 + s) 3

4 −3α
ds

≲
η(t)2

(1 + t) 1+m
2

(4.94)

and, analogously,∥∥∥∥∂m+2−i
ζ

∫ t

0
Sip(t− s)Sp(z(s), v(s), γ(s))ds

∥∥∥∥
∞

≲
η(t)2

(1 + t) 1+m
2

(4.95)

for all t ∈ [0, τ̃max) with η(t) ≤ 1
2 and i,m ∈ {0, 1}. Furthermore, Proposition 4.4.2 and

estimate (4.93) yield

t
m
2

∥∥∥∥∂mζ ∫ t

0
S̃0
r (t− s)Qp(z(s), v(s), γ(s))ds

∥∥∥∥
∞

≲
∫ t

0

t
m
2 η(s)2 log(2 + s)

(t− s) m
2

√
1 + t− s s

3
4 (1 + s) 3

4 −3α
ds

≲
η(t)2

√
1 + t

(4.96)
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and, analogously,

t
m
2

∥∥∥∥∂mζ ∫ t

0
S̃1
r (t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds

∥∥∥∥
∞

≲
η(t)2

√
1 + t

,

t
m
2

∥∥∥∥∂mζ ∫ t

0
S̃2
r (t− s)Sp(z(s), v(s), γ(s))ds

∥∥∥∥
∞

≲
η(t)2

√
1 + t

(4.97)

for m = 0, 1 and all t ∈ [0, τ̃max) with η(t) ≤ 1
2 . Moreover, Proposition 4.4.2 affords the bound∥∥∥∥∂mζ ∫ t

0
S̃0
r (t− s)

(
fpγζ(s)2

)
ds
∥∥∥∥

∞
≲
∫ t

0

η(s)2(1 + s)2α−1
√

1 + t− s(t− s) m
2

ds ≲ η(t)2(log(2 + t))m

(1 + t) 1+m
2 −2α (4.98)

for m = 0, 1 and all t ∈ [0, τ̃max). Using Proposition 4.4.2, we subsequently infer∥∥∥∥∂ζ ∫ t

0
e
(
d∂2

ζ +a∂ζ

)
(t−s)

(
Ah(fp)γζ(s)2

)
ds
∥∥∥∥

∞
≲
∫ t

0

η(s)2
√
t− s(1 + s)1−2αds ≲ η(t)2

(1 + t) 1
2 −2α (4.99)

for all t ∈ [0, τ̃max). Similarly, exploiting that ∂ζ commutes with e
(
d∂2

ζ +a∂ζ

)
(t−s), we obtain∥∥∥∥∂2

ζ

∫ t

0
e
(
d∂2

ζ +a∂ζ

)
(t−s)

(
Ah(fp)γζ(s)2

)
ds
∥∥∥∥

∞

≲
∫ max{0,t−1}

0

η(s)2

(t− s)(1 + s)1−2αds+
∫ t

max{0,t−1}

η(s)2
√
t− s(1 + s)1−2αds

≲
η(t)2 log(2 + t)

(1 + t)1−2α

(4.100)

for all t ∈ [0, τ̃max).

Next, we establish bounds on the linear term

J∗(t) := S̃0
r (t)

(
v0 + ϕ′

0γ0 + γ′
0v0
)

+ e
(
d∂2

ζ +a∂ζ

)
t∂ζ
(
Ah(ϕ′

0)γ0
)

+ (1 − χ(t))e−∂4
ζ tγ0

in (4.58). First, we note that

∂ζJ∗(t) = J2(t) + ∂ζ S̃
0
r (t)

(
v0 + γ′

0v0
)

for t ≥ 0. Hence, using Proposition 4.4.2, the estimates (4.50), (4.82), (4.90) and (4.91), and
the facts that 0 ≤ E0 ≤ 1 and 0 < α < 1

6 , we obtain

∥J∗(t)∥∞ ≲
1√

1 + t
,

√
t ∥∂ζJ∗(t)∥∞ ≲

√
1 + t E0,

√
t ∥∂ζJ∗(t)∥∞ ≲

Eα0

(1 + t) 1
2 −2α

(4.101)

for t ≥ 0.

Combining the nonlinear bounds (4.94), (4.95), (4.96), (4.97), (4.98), (4.99), and (4.100) with
the linear bounds (4.101), we estimate the right-hand side of (4.58) by

∥r(t)∥∞ ≲
1

(1 + t) 1
2 −2α

√
t ∥rζ(t)∥∞ ≲

(
Eα0 + η(t)2

) log(2 + t)
(1 + t) 1

2 −2α (4.102)

and obtain

∥r(t) − J∗(t)∥∞ ≲
η(t)2

(1 + t) 1
2 −2α (4.103)

for all t ∈ [0, τ̃max) with η(t) ≤ 1
2 .
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Short-time bounds on y(t) and yζ(t). Recalling that the cut-off function χ(t) and the
propagator S0

p(t) vanish on [0, 1], we find by (4.48), (4.56), and (4.60) that

y(t) = exp
(
ν

d

(
e−∂4

ζ tγ0 − r(t)
))

(4.104)

for t ∈ [0, 1]. Hence, (4.50) and (4.102) yield an E0-independent constant K∗ > 0 such that

y(ζ, t) ≤ K∗, 1 ≤ K∗y(ζ, t) (4.105)

and
√
t ∥yζ(t)∥∞ ≤ K∗

(
Eα0 + η(t)2

)
(4.106)

hold for all ζ ∈ R and t ∈ [0, τ̃max) with t ≤ 1 and η(t) ≤ 1
2 , where we used 0 ≤ E0 ≤ 1 and

0 < α < 1
6 .

Bounds on y(t) and yζ(t). First, we bound the linear term in (4.63). For this purpose, we
assume that 1 ∈ [0, τ̃max) and η(1) ≤ 1

2 and decompose (4.104) at t = 1 as

y(1) = y1 + y2

with

y1 = exp
(
ν

d

(
e−∂4

ζ 1γ0 − J∗(1)
))(

e
ν
d

(J∗(1)−r(1)) − 1
)
, y2 = exp

(
ν

d

(
e−∂4

ζ 1γ0 − J∗(1)
))
.

Applying the mean value theorem and the estimates (4.50), (4.101), and (4.103), we obtain

∥y1∥∞ ≲ η(1)2, ∥y2∥∞ ≲ 1,
∥∥y′

2
∥∥

∞ ≲ E0.

Thus, using the latter bounds and estimate (4.105), applying Proposition 4.4.2, and recalling
0 ≤ E0 ≤ 1 and 0 < α < 1

6 , we obtain∥∥∥∥e(d∂2
ζ +a∂ζ

)
(t−1)y(1)

∥∥∥∥
∞

≤ K∗,∥∥∥∥∂ζe(d∂2
ζ +a∂ζ

)
(t−1)y(1)

∥∥∥∥
∞

≲
∥y2∥1−2α

∞ ∥y′
2∥2α

∞ + ∥y1∥∞ + ∥y′
2∥∞

(1 + t) 1
2 −α

≲
Eα0 + η(t)2

(1 + t) 1
2 −α

(4.107)

for all t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 , where we used that η is monotonically increasing.

We proceed with bounding the nonlinear term in (4.63). Take t ∈ [0, τ̃max) with t ≥ 1 and
η(t) ≤ 1

2 . Define

Y (t) := sup
1≤s≤t

∥y(s)∥∞.

Lemma 4.5.9 and estimate (4.92) give rise to the nonlinear bound

∥Nc(r(s), y(s), z(s), v(s), γ(s), γ̃(s))∥∞ ≲ η(s)2(1 + Y (t)) log(2 + s)
(1 + s)

3
2 −3α
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for s ∈ [1, t], where we use η(t) ≤ 1
2 . Combining the latter with Proposition 4.4.2, we find a

constant R∗ > 0 such that∥∥∥∥∂mζ ∫ t

1
e
(
d∂2

ζ +a∂ζ

)
(t−s)Nc(r(s), y(s), z(s), v(s), γ(s), γ̃(s))ds

∥∥∥∥
∞

≲
∫ t

1

η(s)2(1 + Y (t)) log(2 + s)
(t− s) m

2 (1 + s) 3
2 −3α

ds ≤ R∗
η(t)2(1 + Y (t))

(1 + t) m
2

.

(4.108)

for m = 0, 1 and all t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 . Taking suprema with respect to t

in (4.63) and using the estimates (4.107) and (4.108), we find an E0-independent constant
C∗ > 0 such that

Y (t) ≤ C∗
(
1 + η(t)2(1 + Y (t))

)
for all t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1

2 . This implies

Y (t) ≤ 2C∗ (4.109)

for all t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 min{1, 1/

√
C∗}. Moreover, the lower bound

in (4.105) and the fact that e
(
d∂2

ζ +a∂ζ

)
t is a positive operator yield

0 ≤ e
(
d∂2

ζ +a∂ζ

)
t(K∗y(1) − 1) = K∗e

(
d∂2

ζ +a∂ζ

)
ty(1) − 1 (4.110)

for t ≥ 1. Finally, applying (4.107), (4.108), (4.109), and (4.110) to (4.63) and using the
short-time bounds (4.105) and (4.106), we obtain an E0-independent constant M∗ > 0 such
that

y(ζ, t) ≤ M∗, M∗y(ζ, t) ≥ 1,
√
t ∥yζ(t)∥∞ ≤ M∗

(
Eα0 + η(t)2

)
(1 + t)α (4.111)

for all ζ ∈ R and t ∈ [0, τ̃max) with

η(t) ≤ 1
2 min

{
1, 1√

C∗
,

1√
K∗R∗(1 + 2C∗)

}
=: η0.

Short-time bounds on γ(t) and its derivatives. We use that γ(t) = e−∂4
ζ tγ0 for t ∈ [0, τ̃max)

with t ≤ 1 by Proposition 4.5.4. Hence, (4.50) yields

∥γ(t)∥∞ ≲ 1, t
j
4

∥∥∥∂jζγζ(t)∥∥∥∞
≲ E0, t

3
4 ∥γ̃(t)∥∞ ≲ E0 (4.112)

for j = 0, 1, 2 and t ∈ [0, τ̃max) with t ≤ 1. In addition, it implies

∥γζζζζ(t)∥C1
ub

≲ E0, ∥γ̃ζ(t)∥C2
ub

≲ E0 (4.113)

for t ∈ [0, τ̃max) with t∗
2 ≤ t ≤ 1.

Bounds on γ(t) and γζ(t). We first consider the case ν ̸= 0. Recalling (4.56) and (4.60), we
take the spatial derivative of

γ(t) = r(t) + d

ν
log(y(t)),
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yielding

γζ(t) = rζ(t) + dyζ(t)
νy(t) .

We note that by (4.102) and (4.111) the above expressions are well-defined and we deduce

∥γ(t)∥∞ ≤ ∥r(t)∥∞ + d

ν
|log(M∗)| ≲ 1

and

∥γζ(t)∥∞ ≤ ∥rζ(t)∥∞ + dM∗
ν

∥yζ(t)∥∞ ≲
Eα0 + η(t)2

(1 + t) 1
2 −α

(4.114)

for t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ η0. Combining the latter with the short-time
bounds (4.112) yields

∥γ(t)∥∞ ≲ 1, ∥γζ(t)∥∞ ≲
Eα0 + η(t)2

(1 + t) 1
2 −α

, ∥γζ(0)∥∞ ≲ Eα0 (4.115)

for t ∈ [0, τ̃max) with η(t) ≤ η0, where we use 0 ≤ E0 ≤ 1 and 0 < α < 1
6 .

We proceed with the case ν = 0. Recalling (4.56), we establish bounds on ỹ(t). First, we
invoke Proposition 4.4.2 and estimates (4.82) and (4.91) to bound the linear term

I∗(t) := S0
h(t)

(
v0 + γ′

0v0
)

+ e
(
d∂2

ζ +a∂ζ

)
t(γ0 −Ah(ϕ′

0)γ′
0
)

in (4.57) by

∥I∗(t)∥∞ ≲ 1, ∥∂ζI∗(t)∥∞ ≲
Eα0

(1 + t) 1
2 −α

(4.116)

for t ∈ [0, τ̃max) with t ≥ 1, where we used 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Next, we bound the

nonlinear terms in (4.57). With the aid of Proposition 4.4.2 and estimate (4.93) we establish∥∥∥∥∂mζ ∫ t

0
S0
h(t− s)Qp(z(s), v(s), γ(s))ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2 log(2 + s)
(t− s) m

2 s
3
4 (1 + s) 3

4 −3α
ds ≲ η(t)2

(1 + t) m
2
,

(4.117)

and, analogously,∥∥∥∥∂mζ ∫ t

0
S1
h(t− s)Rp(z(s), v(s), γ(s), γ̃(s))ds

∥∥∥∥
∞
,

∥∥∥∥∂mζ ∫ t

0
S2
h(t− s)Sp(z(s), v(s), γ(s))ds

∥∥∥∥
∞
,∥∥∥∥∂mζ ∫ t

0
e
(
d∂2

ζ +a∂ζ

)
(t−s)

(
Ah(fp)∂ζ

(
γζ(s)2

))
ds
∥∥∥∥

∞
≲

η(t)2

(1 + t) m
2
,

(4.118)

for m = 0, 1 and t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 . Applying (4.116), (4.117), and (4.118)

to (4.57), we conclude

∥ỹ(t)∥∞ ≲ 1, ∥ỹζ(t)∥∞ ≲
Eα0 + η(t)2

(1 + t) 1
2 −α

for t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 . Combining the latter with the short-time

estimates (4.112) and the estimates (4.102) on r(t) for large times, we bound (4.56), arriving
at (4.115) for t ∈ [0, τ̃max) with η(t) ≤ 1

2 .
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Bounds on γ̃(t), γζζ(t), and their derivatives. First, we use Proposition 4.4.1 and the
estimates (4.82) and (4.88) to bound the linear term in (4.48) as∥∥∥(∂t − a∂ζ)j∂lζS0

p(t)
(
v0 + ϕ′

0γ0 + γ′
0v0
)∥∥∥

∞
≲ (1 + t)− 2j+l

2 +2αEα0 (4.119)

for t ≥ 1, j ∈ {0, 1}, and l ∈ N0 with 1 ≤ min{j, l} and l ≤ 5, where we used 0 ≤ E0 ≤ 1 and
0 < α < 1

6 .

Next, we bound the nonlinear terms in (4.48). To this end, let t ∈ (0, τ̃max) with η(t) ≤ 1
2 .

We invoke Lemma 4.5.2 and employ the estimate (4.92) to obtain

∥Q(v(s), γ(s))∥∞, ∥R(v(s), γ(s), γ̃(s))∥∞,
∥∥∥∂jζS(v(s), γ(s))

∥∥∥
∞

≲
η(t)2

s
3
4 (1 + s) 1

4 −2α (4.120)

for s ∈ (0, t] and j = 0, 1. So, using Proposition 4.4.1 and the facts that Sp(t) vanishes on
[0, 1] and we have 0 < α < 1

6 , we infer∥∥∥∥(∂t − a∂ζ)j∂lζ
∫ t

0
S0
p(t− s)N (v(s), γ(s), ∂tγ(s))ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2

(1 + t− s)s 3
4 (1 + s) 1

4 −2α
ds

≲
η(t)2 log(2 + t)

(1 + t)1−2α ,

(4.121)

for all t ∈ [0, τ̃max) with η(t) ≤ 1
2 and j, l ∈ N0 with 2 ≤ l + 2j ≤ 5. Thus, applying the linear

bound (4.119) and the nonlinear bound (4.121) to the right-hand side of (4.48), we obtain

∥(γζζ(t), γ̃(t))∥C3
ub×C3

ub
≲
(
Eα0 + η(t)2

) log(2 + t)
(1 + t)1−2α ,

for all t ∈ [0, τ̃max) with t ≥ 1 and η(t) ≤ 1
2 . Combining the latter with the short-time

bounds (4.112) and (4.113) and using that 0 ≤ E0 ≤ 1 and 0 < α < 1
6 , we arrive at

t
1
4 ∥γζζ(t)∥∞ ≲

(
Eα0 + η(t)2

) log(2 + t)
(1 + t) 3

4 −2α
,

√
t ∥γζζζ(t)∥∞ ≲

(
Eα0 + η(t)2

) log(2 + t)
(1 + t) 1

2 −2α
,

(4.122)

and

t
3
4 ∥γ̃(t)∥∞ ≲

(
Eα0 + η(t)2

) log(2 + t)
(1 + t) 1

4 −2α
,

ϱ(t)∥(γζζζζ(t), γ̃ζ(t))∥C1
ub×C2

ub
≲
(
Eα0 + η(t)2

) log(2 + t)
(1 + t)1−2α

(4.123)

for all t ∈ [0, τ̃max) with η(t) ≤ 1
2 .

Short-time bounds on v̊(t) and its derivatives. Let t ∈ (0, τ̃max) with t ≤ 1 and η(t) ≤ 1
2 .

Using Lemma 4.5.15 and estimates (4.92) and (4.112), we deduce

∥̊v(s)∥∞ ≲ ∥v(s)∥∞ + ∥γζ(s)∥∞ ≲
η(t)

(1 + s) 1
2 −α

(4.124)
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for s ∈ [0, t]. Thus, Lemma 4.5.12 and estimates (4.112) and (4.124) yield the nonlinear bound

∥∥∥N̊ (̊v(s), γ(s), ∂tγ(s))
∥∥∥

∞
≲
Eα0 + η(t)2

s
3
4

for s ∈ (0, t], where we used 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Hence, applying the latter estimate

and the Green’s functions bounds in Proposition 4.5.11 to the Duhamel formula (4.67), we
establish

t
j
2

∣∣∣∂jζ v̊(ζ, t)
∣∣∣ ≲ ∫

R

e− (ζ−ζ̄)2
Mt

√
t

E0 dζ̄ + t
j
2

∫ t

0

∫
R

e− (ζ−ζ̄)2
M(t−s)

(t− s)
1+j

2 s
3
4

(
Eα0 + η(t)2

)
dζ̄ds

≲ E0 +
∫ t

0

t
j
2
(
Eα0 + η(t)2)

(t− s)
j
2 s

3
4

ds ≲ Eα0 + η(t)2

(4.125)

for j = 0, 1, ζ ∈ R, and t ∈ [0, τ̃max) with t ≤ t∗ and η(t) ≤ 1
2 , where we used 0 ≤ E0 ≤ 1 and

0 < α < 1
6 .

To prepare for the application of the nonlinear damping estimate from Proposition 4.5.14,
we also derive a bound on the second derivative of v̊(t) at time t = t∗. For this purpose, we
assume t∗ ∈ [0, τ̃max) with η(t∗) ≤ 1

2 . Applying Lemma 4.5.12 once again, while using the
estimates (4.112), (4.113), and (4.125), we arrive at∥∥∥N̊1(̊v(s), γ(s), ∂tγ(s))

∥∥∥
∞

≲ Eα0 + η(t)2

for s ∈ [ t∗2 , t∗], where we used 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Combining the latter with

Proposition 4.5.11, we bound the spatial derivative of (4.68) as

|̊vζζ(ζ, t∗)| ≲
∫
R

e− 2(ζ−ζ̄)2
Mt∗

(
Eα0 + η(t∗)2

)
dζ̄ +

∫ t∗

t∗
2

∫
R

e− (ζ−ζ̄)2
M(t∗−s)

(t∗ − s)
(
Eα0 + η(t∗)2

)
dζ̄ds

≲ Eα0 + η(t∗)2

(4.126)

for ζ ∈ R.

Short-time bound on z(t). Estimates (4.112) and (4.125) and Lemma 4.5.15 yield

∥z(t)∥∞ ≲ ∥v(t)∥∞ + ∥γζ(t)∥∞ ≲ ∥̊v(t)∥∞ + ∥γζ(t)∥∞ ≲ Eα0 + η(t)2 (4.127)

for t ∈ [0, τ̃max) with t ≤ t∗ and η(t) ≤ 1
2 , where we used 0 ≤ E0 ≤ 1 and 0 < α < 1

6 .

Bounds on z(t). Using Proposition 4.4.1 and the estimates (4.50), (4.82), and (4.85), we
bound the linear term

J0(t) := S̃(t)
(
v0 + ϕ′

0γ0 + γ′
0v0
)

+ (1 − χ(t))
(
ϕ′

0 + k0∂kϕ(·; k0)∂ζ
)
e−∂4

ζ tγ0

in (4.49) as

∥J0(t)∥∞ ≲
Eα0

(1 + t)1−2α (4.128)
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for t ≥ 0, where we used 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . On the other hand, using Proposition 4.4.1

and estimates (4.92) and (4.120), we bound the nonlinear term in (4.49) as∥∥∥∥∫ t

0
S̃(t− s)N (v(s), γ(s), ∂tγ(s))ds+ γζ(t)v(t)

∥∥∥∥
∞

≲
η(t)2

(1 + t)1−2α +
∫ t

0

(
1 + 1√

t− s

)
η(t)2

(1 + t− s)s 3
4 (1 + s) 1

4 −2α
ds ≲ η(t)2 log(2 + t)

(1 + t)1−2α

(4.129)

for t ∈ [0, τ̃max) with t ≥ t∗ and η(t) ≤ 1
2 . Combining the short-time bound (4.127) with the

long-time estimates (4.128) and (4.129), we arrive at

∥z(t)∥∞ ≲
(
Eα0 + η(t)2

) log(2 + t)
(1 + t)1−2α , ∥z(0)∥∞ ≲ Eα0 (4.130)

for t ∈ [0, τ̃max) with η(t) ≤ 1
2 .

Short-time bounds on z̊(t), z̊ζ(t), and zζ(t). Recalling the identities (4.19) and (4.21) and
using that we have ∥γζ(t)∥∞ < r0 by Proposition 4.5.4, we find that the mean-value theorem
yields

t
j
2

∣∣∣∥z̊(t)∥Cj
ub

− ∥̊v(t)∥
Cj

ub

∣∣∣ ≲ t
j
2 ∥z̊(t) − v̊(t)∥

Cj
ub

≲ t
j
2

(
∥γζ(t)∥Cj

ub
+ ∥γζ(t)∥∞

(
∥γ(t)∥∞

∥∥ϕ′
0
∥∥
Cj

ub
+ sup
k∈[k0−r0,k0+r0]

∥∂kϕ(·; k)∥
Cj

ub

))
(4.131)

for j = 0, 1, 2 and t ∈ [0, τ̃max) with η(t) ≤ 1
2 . Applying the estimates (4.112), (4.125),

and (4.126) to (4.131) and using 0 ≤ E0 ≤ 1 and 0 < α < 1
6 , we establish

t
j
2 ∥z̊(t)∥

Cj
ub

≲ Eα0 + η(t)2 (4.132)

for j = 0, 1 and t ∈ [0, τ̃max) with t ≤ t∗ and η(t) ≤ 1
2 , and

∥z̊(t∗)∥C2
ub

≲ Eα0 + η(t∗)2 (4.133)

provided t∗ ∈ [0, τ̃max] with η(t∗) ≤ 1
2 .

Bounds on z̊(t), z̊ζ(t) and zζ(t). Lemma 4.5.15 and (4.115), (4.122), and (4.130) yield

∥z̊(t)∥∞ ≲
(
Eα0 + η(t)2

) log(2 + t)
(1 + t)1−2α (4.134)

for t ∈ [0, τ̃max) with η(t) ≤ η0. Combining (4.115), (4.122), (4.123), (4.133), and (4.134) with
the nonlinear damping estimate in Proposition 4.5.14, we deduce

∥∥z̊(t)∥∥
C1

ub
≲
∥∥z̊(t)∥∥∞ +

(
et∗−t

(
Eα0 + η(t∗)2

)2
+
∫ t

t∗

es−t
((
Eα0 + η(t)2) log(2 + s)

)2
(1 + s)2−4α ds

) 1
2

≲
(
Eα0 + η(t)2

) log(2 + t)
(1 + t)1−2α

(4.135)
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for t ∈ [0, τ̃max) with t ≥ t∗ and η(t) ≤ η0. Linking the short- and long-time estimates (4.132)
and (4.135), we thus obtain

√
t ∥z̊ζ(t)∥∞ ≲

(
Eα0 + η(t)2

) log(2 + t)
(1 + t) 1

2 −2α
(4.136)

for t ∈ [0, τ̃max) with η(t) ≤ η0. Finally, we apply Lemma 4.5.15 and use (4.115), (4.122),
and (4.136) to establish

√
t ∥zζ(t)∥∞ ≲

(
Eα0 + η(t)2

) log(2 + t)
(1 + t) 1

2 −2α
(4.137)

for t ∈ [0, τ̃max) with η(t) ≤ η0.

Bounds on v̊(t), v̊ζ(t). Combining (4.115), (4.122), (4.134), (4.131), and (4.136), we arrive
at

∥̊v(t)∥∞ ≲
Eα0 + η(t)
(1 + t) 1

2 −α
,

√
t ∥̊vζ(t)∥∞ ≲ (Eα0 + η(t))(1 + t)α (4.138)

for t ∈ [0, τ̃max) with η(t) ≤ η0.

Proof of key estimates. Combining (4.102), (4.111), (4.115), (4.122), (4.123), (4.130),
and (4.137), we conclude that there exists a constant C > 0, independent of E0, such
that the key estimates (4.81) hold for all t ∈ [0, τ̃max) with η(t) ≤ η0. Now take E0 ∈ (0, ε).
As previously argued, this implies

η(t) ≤ 2CEα0 < η0, ∥γ(s)∥∞ ≤ C (4.139)

for all t ∈ [0, τ̃max), thereby ruling out the blow-up scenarios (4.52) and (4.53), and hence
ensuring τ̃max = τmax = Tmax. So, (4.138) shows that u(t) remains uniformly bounded on
[0, Tmax), excluding the blow-up alternative (4.42) and establishing that τmax = Tmax = ∞.
Finally, the bounds (4.134), (4.136), (4.138), and (4.139) yield the estimates (4.12) and (4.13).

Optimal temporal decay rates. It remains to obtain the estimates (4.12) and (4.13) for the
case α = 0. Here, we make use of the fact that we have established

η(t) ≤ 2CEα̃0 , t ≥ 0, (4.140)

for a fixed α̃ ∈ (0, 1
6). First, we apply Proposition 4.4.2 and employ (4.105), (4.108), and (4.140)

to bound the right-hand side of (4.63) as

∥yζ(t)∥∞ ≲
1√

1 + t

for t ≥ 1. The latter, together with (4.114) and (4.140), yields

∥γζ(t)∥∞ ≲
1√

1 + t
(4.141)

for t ≥ 1. Therefore, Proposition 4.5.2 and estimates (4.92) and (4.140) result in the nonlinear
bounds

∥Q(v(s), γ(s))∥∞, ∥R(v(s), γ(s), γ̃(s))∥∞,
∥∥∥∂jζS(v(s), γ(s))

∥∥∥
∞

≲
1

s
3
4 (1 + s) 1

4
,

∥γζ(s)v(s)∥∞ ≲
1

1 + s
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for all s > 0 and j = 0, 1. This shows that the estimates (4.121) and (4.129) hold for α = 0
and t ≥ 1 (with η(t) replaced by 1). Applying the latter bounds, estimates (4.50) and (4.82),
and Proposition 4.4.1 to (4.48) and (4.49), we arrive at

∥z(t)∥∞, ∥(γζζ(t), γ̃(t))∥C3
ub×C3

ub
≲

log(2 + t)
1 + t

(4.142)

for t ≥ t∗. Next, we observe that Lemma 4.5.15 and the estimates (4.115), (4.141), and (4.142)
yield

∥z̊(t)∥∞ ≲
log(2 + t)

1 + t
(4.143)

for t ≥ t∗. Combining (4.115), (4.133), (4.141), (4.142), and (4.143) with Proposition 4.5.14,
we find that estimate (4.135) also holds for α = 0 and t ≥ t∗ (with η(t) replaced by 1). This
leads to the bound

∥z̊(t)∥C1
ub

≲
log(2 + t)

1 + t
(4.144)

for t ≥ t∗. Finally, (4.115), (4.131), (4.141), (4.142), and (4.144) yield

∥̊v(t)∥C1
ub

≲
1√

1 + t
(4.145)

for t ≥ t∗. It follows from (4.141), (4.142), (4.143), (4.144), and (4.145) that the esti-
mates (4.12) and (4.13) also hold for the case α = 0.

Approximation by the viscous Hamilton-Jacobi equation. We begin with establishing auxil-
iary bounds for short time. We use Propositions 4.4.3 and 4.4.4 to establish the modulational
bounds ∥∥∥∥S0

p(t)
(
ϕ′

0γ0
)

− χ(t)e
(
d∂2

ζ +a∂ζ

)
tγ0

∥∥∥∥
∞

≲ E0,

(1 − χ(t))
∥∥∥∥e−∂4

ζ tγ0 − e
(
d∂2

ζ +a∂ζ

)
tγ0

∥∥∥∥
∞

≲ E0

(4.146)

for t ≥ 0. On the other hand, given α ∈ (0, 1
6), Propositions 4.4.1 and 4.4.2 in combination

with the estimates (4.120) and (4.139) yield the nonlinear bounds∥∥∥∥∫ t

0
S0
p(t− s)N (v(s), γ(s), ∂tγ(s))ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2

s
3
4 (1 + s) 1

4 −2α
ds ≲ E2α

0 (1 + t)2α

∥∥∥∥∂mζ ∫ t

0
e
(
d∂2

ζ +a∂ζ

)
(t−s)γζ(s)2ds

∥∥∥∥
∞

≲
∫ t

0

η(s)2

(t− s) m
2 (1 + s)1−2α

ds ≲ E2α
0

(1 + t) m
2 −2α

(4.147)

for t ≥ 0 and m = 0, 1.

Having established the auxiliary bounds (4.146) and (4.147), we follow the approach of [84]
and distinguish between the cases ν = 0 and ν ̸= 0. We begin with the case ν ̸= 0. Since
e(d∂2

ζ +a∂ζ)t is a positive operator, we have the pointwise estimate

e− ν
d
M ≤ y̆(t) ≤ e

ν
d
M , y̆(t) := e(d∂2

ζ +a∂ζ)t
(
e

ν
d
γ0
)

(4.148)
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for all t ≥ 0. One readily verifies that the function γ̆ ∈ Y defined by

γ̆(t) = d

ν
log(y̆(t))

is a classical global solution to the viscous Hamilton-Jacobi equation (4.10) with initial
condition γ̆(0) = γ0 ∈ C1

ub(R). Hence, it satisfies the Duhamel formula

γ̆(t) = e(d∂2
ζ +a∂ζ)tγ0 + ν

∫ t

0
e(d∂2

ζ +a∂ζ)(t−s)
(
γ̆ζ(s)2

)
ds (4.149)

for t ≥ 0. Moreover, the pointwise bound (4.148) and Proposition 4.4.2 yield

∥γ̆(t)∥∞ ≤ M, ∥γ̆ζ(t)∥∞ ≲ E0, ∥γ̆ζ(t)∥∞ ≲
1√

1 + t
(4.150)

for all t ≥ 0. We observe that the bounds on γ(t) and γ̆(t) in (4.12) and (4.150) readily imply
the estimates (4.14) and (4.15) in case α = 0. Therefore, we focus on the case α ∈ (0, 1

6). By
Proposition 4.4.2 and the bound (4.150), we obtain∥∥∥∥∂mζ ∫ t

0
e
(
d∂2

ζ +a∂ζ

)
(t−s)

(
γ̆ζ(s)2

)
ds
∥∥∥∥

∞
≲
∫ t

0

E2α
0

(t− s) m
2 (1 + s)1−α

ds ≲ E2α
0

(1 + t) m
2 −α (4.151)

form = 0, 1 and t ≥ 0. Applying Proposition 4.4.1, employing estimates (4.82), (4.146), (4.147),
and (4.151), using 0 ≤ E0 ≤ 1 and 0 < α < 1

6 , and inserting the Duhamel formulas (4.48)
and (4.149), we arrive at the short-time bound

∥γ(t) − γ̆(t)∥∞ ≲ E2α
0 (1 + t)2α (4.152)

for all t ≥ 0. On the other hand, using Proposition 4.4.2, the identities (4.57) and (4.149),
and the estimates (4.82), (4.117), (4.118), (4.139), (4.147), and (4.151), we deduce∥∥∥∂mζ (ỹ(1) − γ̆(1))

∥∥∥
∞

≲ Eα0

for m = 0, 1, where we use 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Hence, using the mean-value theorem

and the bound (4.150), we obtain∥∥∥∂mζ (y(1) − y̆(1))
∥∥∥

∞
=
∥∥∥∂mζ (e

ν
d
ỹ(1) − e

ν
d
γ̆(1)

)∥∥∥
∞

≲ Eα0

for m = 0, 1. Combining this with the identities (4.63) and y̆(t) = e(d∂2
ζ +a∂ζ)(t−1)y̆(1),

Proposition 4.4.2, and the estimates (4.108) and (4.139), we infer∥∥∥∂mζ (y(t) − y̆(t))
∥∥∥

∞
≲

Eα0
(1 + t) m

2
(4.153)

for m = 0, 1 and t ≥ 0. Finally, applying the mean-value theorem, using the identities (4.60)
and (4.56), and the bounds (4.102), (4.111), (4.139), (4.148), and (4.153), we obtain

∥γ(t) − γ̆(t)∥∞ ≲ ∥r(t)∥∞ + ∥y(t) − y̆(t)∥∞ ≲ Eα0 + 1
(1 + t) 1

2 −2α
,

√
t ∥γζ(t) − γ̆ζ(t)∥∞ ≲

√
t
(
∥rζ(t)∥∞ + ∥yζ(t) − y̆ζ(t)∥∞

)
≲ Eα0

(4.154)

for all t ≥ 0, where we use 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Thus, using (4.152) for E

4
3
0 (1 + t)2 ≤ 1

and the first bound in (4.154) for (1 + t)−2 ≤ E
4
3
0 , we establish the first inequality in (4.14),



4.7. Discussion and outlook 135

where we use 0 < α < 1
6 . On the other hand, using (4.112) and (4.150) for short times

t ∈ [0, 1] and the lower bound in (4.154) for large times t ≥ 1, we obtain the second inequality
in (4.14). Finally, estimate (4.15) follows from (4.14) with the aid of the mean-value theorem.

We now consider the case ν = 0. Then, the function γ̆ ∈ Y defined by

γ̆(t) = e(d∂2
ζ +a∂ζ)tγ0

is a classical global solution to (4.10) with initial condition γ̆(0) = γ0 ∈ C1
ub(R). Again it

follows from Proposition 4.4.2 and the bounds (4.12) that the estimates (4.14) and (4.15) are
trivially satisfied in the case α = 0, allowing us to focus on the case α ∈ (0, 1

6). On the one hand,
Proposition 4.4.1, the estimates (4.82), (4.146), and (4.147), and the representation (4.48)
yield the short-time bound

∥γ(t) − γ̆(t)∥∞ ≲ E2α
0 (1 + t)2α (4.155)

for all t ≥ 0, where we used 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . On the other hand, invoking the

identities (4.56) and (4.57), applying Proposition 4.4.2, and using the bounds (4.82), (4.102),
(4.117), (4.118), and (4.139), we obtain

∥γ(t) − γ̆(t)∥∞ ≲ ∥rζ(t)∥∞ + ∥ỹ(t) − γ̆(t)∥∞ ≲ Eα0 + 1
(1 + t) 1

2 −2α
,

√
t ∥γζ(t) − γ̆ζ(t)∥∞ ≲ ∥rζ(t)∥∞ + ∥ỹζ(t) − γ̆ζ(t)∥∞ ≲ Eα0

for t ∈ [0, 1], where we again use 0 ≤ E0 ≤ 1 and 0 < α < 1
6 . Similarly as in the case

ν ̸= 0, we combine the latter with the short-time bounds (4.112), (4.155), and ∥γ̆ζ(t)∥∞ ≲ E0
(cf. Proposition 4.4.2). This results in the estimate (4.14), which once more implies (4.15) via
the mean-value theorem.

4.7. Discussion and outlook
We discuss the wider applicability of our method and outline potential directions for future
research.

4.7.1. Adaptations to other dissipative systems

We anticipate that the modulational stability framework developed in this paper extends
beyond the class of reaction-diffusion systems and applies to diffusively spectrally stable
wave trains in other dissipative problems, provided that the linearization about the wave
train generates a C0-semigroup on Cub(R) whose high-frequency component is damped. A
key observation is that the structure of the critical low-frequency component S0

p(t) of the
semigroup is determined by the diffusive spectral stability assumptions (D1)-(D3), rather
than the specific structure of the underlying equation. As a result, the linear estimates on
modulational data derived in §4.4.1 are expected to carry over to a broader class of systems.
This suggests that our method may even extend to certain dissipative quasilinear problems,
provided that one obtains sufficient regularity control within the nonlinear iteration scheme.
Such control may be established via nonlinear damping estimates, as in [88]. Alternatively, if
the quasilinear equation is parabolic, one may use pointwise Green’s function estimates [52,
104]; see [84, Section 6.6] for further discussion.
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An interesting and more delicate challenge arises when additional conservation laws are present,
as in the St. Venant equations for shallow water waves [58]. In such cases, the spectrum of
the linearization about the wave train possesses an additional critical mode at the origin,
thereby violating the spectral assumption (D3). This changes the nature of the leading-order
modulational dynamics: instead of being governed by the scalar viscous Hamilton-Jacobi
equation (4.10), it is described by a Whitham modulation system that captures interactions
among multiple critical modes; see [59]. This precludes a straightforward application of the
Cole-Hopf transform and poses a significant obstacle for extending the current analysis.

4.7.2. Extension to multiple spatial dimensions

We conjecture that our modulational stability results extend to roll waves in reaction-diffusion
systems in higher spatial dimensions. These roll waves arise by trivially extending a one-
dimensional wave train in the transverse directions. We believe that the core techniques
employed in our analysis, such as the Cole-Hopf transform and the detailed decomposition
of the linear semigroup, remain valid in this higher-dimensional setting. While we do not
expect fundamental differences in the modulational behavior of roll waves compared to the
one-dimensional case, we do not anticipate that our framework can be lightly adapted to study
fully nonlocalized modulations of the planar periodic patterns studied in [75], or their higher-
dimensional counterparts. The reason is that the leading-order dynamics of the modulations
of such periodic patterns, which are nontrivial in any spatial direction, are governed by
systems that differ qualitatively from the viscous Hamilton-Jacobi equation. These may
include hyperbolic-parabolic systems, models with cross-diffusion, or anisotropic systems
with dispersive effects; see [75] for more details. Developing an L∞-theory for such periodic
patterns therefore remains an open problem for future research.

4.7.3. Unbounded initial phase modulations and wavenumber offsets

We expect that it may be possible to allow initial data γ0 ∈ BMO(R) with γ′
0 ∈ Cub(R),

where BMO(R) denotes the space of functions of bounded mean oscillation. This expectation
is motivated by the estimate ∥∂ζet∂

2
ζ g∥∞ ≲ t−

1
2 ∥g∥BMO, which enables interpolation on the

critical linear terms in the Duhamel formulation. In particular, this suggests that the initial
data γ0 may be spatially unbounded. We note that, for the application of the Cole-Hopf
transform in case ν ≠ 0, it may be necessary to additionally assume that e ν

d
γ0 ∈ BMO(R).

This condition still permits γ0 to be spatially unbounded. Furthermore, restricting to ν = 0, we
expect to allow for algebraic growth of γ0 at rate |x|β as x → ±∞ by assuming Lp-localization
of the derivative γ′

0. Here, β > 0 is sufficiently small and 1
1−β < p < ∞.

A further open question is whether wavenumber offsets can be permitted in settings where
the phase modulation grows linearly at spatial infinity. For plane wave solutions in the real
Ginzburg-Landau equation, this question has been answered affirmatively in [16, 37]. We refer
to [84, Section 6.3] for further discussion.



4.A. Technical lemmas for linear estimates on modulational data 137

4.A. Appendix: Technical lemmas for linear estimates on
modulational data

This appendix is devoted to technical estimates underlying the L∞-bounds on modulational
data in §4.4.1. Our first result is a variant of the low-frequency estimate established in [84,
Lemma A.1], addressing the case of a spatially periodic integral kernel. Following the treatment
of modulational data in [56, 63], we make use of a Fourier series expansion of the periodic
kernel.

Lemma 4.A.1. Let m1 ∈ N0, m2 ∈ {0, 1}, and ξ0 ∈ (0, π]. Let λ ∈ C
(
(−ξ0, ξ0),C

)
and

F ∈ C
(
R3 × [1,∞),C

)
. Suppose that there exist constants C, µ > 0 such that

i) λ′(0) ∈ iR;
ii) Re λ(ξ) ≤ −µξ2 for all ξ ∈ (−ξ0, ξ0);
iii) supp(F (·, ζ, ζ̄, t)) ⊂ (−ξ0, ξ0) for all ζ, ζ̄ ∈ R and t ≥ 1;
iv) F is twice continuously differentiable in its first argument and 1-periodic in its third

argument such that
∥∥∂ℓξF (ξ, ζ, ·, t)

∥∥
L2(0,1) ≤ Ct

ℓ
2 for ξ ∈ (−ξ0, ξ0), ζ ∈ R, t ≥ 1, and

ℓ = 0, 1, 2;
v) if m2 = 0, then

∫ 1
0 F (ξ, ζ, ζ̄, t)dζ̄ = 0 for all ξ ∈ (−ξ0, ξ0), ζ ∈ R, and t ≥ 1.

Let a ∈ R be such that λ′(0) = ai. Then, the estimate∥∥∥∥∫
R

∫
R

etλ(ξ)ξm1+m2F (ξ, ·, ζ̄, t)eiξ(·−ζ̄)v(ζ̄)dξdζ̄
∥∥∥∥

∞
≲ t−

m1
2 ∥v′∥∞

holds for each t ≥ 1 and v ∈ C1
ub(R,R).

Proof. Expanding the 1-periodic function F (ξ, ζ, ·, t) as a Fourier series and subsequently
integrating by parts, we obtain∫

R

∫
R

etλ(ξ)ξm1+m2F (ξ, ζ, ζ̄, t)eiξ(ζ−ζ̄)v(ζ̄)dξdζ̄

=
∑
j∈Z

∫
R

∫
R

etλ(ξ)ξm1+m2
〈
F (ξ, ζ, ·, t), e2πij·〉

L2(0,1)e
iξζ+(2πj−ξ)iζ̄v(ζ̄)dξdζ̄

= i
∫
R

∫
R

etλ(ξ)
(
ξm1+m2h0(ξ, ζ, ζ̄, t) − ξm1h1(ξ, ζ, ζ̄, t)

)
eiξ(ζ−ζ̄)dξ v′(ζ̄)dζ̄

(4.156)

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R), where we denote

h0(ξ, ζ, ζ̄, t) :=
∑

j∈Z\{0}

〈
F (ξ, ζ, ·, t), e2πij·〉

L2(0,1)
2πj − ξ

e2πijζ̄

and where

h1(ξ, ζ, ζ̄, t) :=
〈
F (ξ, ζ, ·, t), 1

〉
L2(0,1) =

∫ 1

0
F (ξ, ζ, y, t)dy

vanishes identically in case m2 = 0, by hypothesis v). By Hypothesis iv), we have∥∥∥∂ℓξh1(ξ, ζ, ·, t)
∥∥∥

∞
≤
∥∥∥∂ℓξF (ξ, ζ, ·, t)

∥∥∥
L2(0,1)

≲ t
ℓ
2 (4.157)
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for ξ ∈ (−ξ0, ξ0), ζ ∈ R, t ≥ 1, and ℓ = 0, 1, 2. On the other hand, hypothesis iv) in
combination with an application of Hölder’s and Bessel’s inequality yields

∥h0(ξ, ζ, ·, t)∥∞ ≤
∑

j∈Z\{0}

∣∣∣∣∣∣
〈
F (ξ, ζ, ·, t), e2πij·〉

L2(0,1)
2πj − ξ

∣∣∣∣∣∣
≤ ∥F (ξ, ζ, ·, t)∥L2(0,1)

 ∑
j∈Z\{0}

1
(2πj − ξ)2

 1
2

≲ 1

(4.158)

for ξ ∈ (−ξ0, ξ0), ζ ∈ R, and t ≥ 1. Similarly, computing

∂ℓξ

( 1
2πj − ξ

)
= ℓ!

(2πj − ξ)ℓ+1

for j ∈ Z \ {0} and using hypothesis iv), we bound

∥∥∥∂ℓξh0(ξ, ζ, ·, t)
∥∥∥

∞
≲

ℓ∑
m=0

∥∥∥∂ℓ−mξ F (ξ, ζ, ·, t)
∥∥∥
L2(0,1)

 ∑
j∈Z\{0}

1
(2πj − ξ)2(m+1)

 1
2

≲ Ct
ℓ
2 (4.159)

for ξ ∈ (−ξ0, ξ0), ζ ∈ R, t ≥ 1, and ℓ = 1, 2.

Let m ∈ N0 and ℓ ∈ {0, 1}. Proceeding as in [84, Lemma A.1], we use integration by parts to
rewrite the integrand

I(ζ, ζ̄, t) :=
∫
R

etλ(ξ)ξmhℓ(ξ, ζ, ζ̄, t)eiξ(ζ−ζ̄)dξ

in (4.156) as

I(ζ, ζ̄, t) =
(

1 + (ζ − ζ̄ + at)2

t

)−1(
I(ζ, ζ̄, t) + I2(ζ, ζ̄, t)

)
(4.160)

for t ≥ 1 and ζ, ζ̄ ∈ R, where we denote

I2(ζ, ζ̄, t) = 1
t

∫
R
∂2
ξ

(
et(λ(ξ)−λ′(0)ξ)ξmhℓ(ξ, ζ, ζ̄, t)

)
eiξ(ζ−ζ̄+at)dξ.

To bound the first integral on the right-hand side of (4.160), we use hypotheses ii) and iii)
and estimates (4.157) and (4.158), yielding

∣∣∣I(ζ, ζ̄, t)
∣∣∣ ≲ ∫ ξ0

−ξ0

∣∣∣ξmetλ(ξ)
∣∣∣dξ ≲ ∫

R
|ξ|me−µξ2tdξ ≲ t−

m+1
2 (4.161)

for t ≥ 1 and ζ, ζ̄ ∈ R. To bound the second integral on the right-hand side of (4.160), we
first observe that, by hypotheses i) and ii), estimates (4.157), (4.158), and (4.159), and the
fact that λ ∈ C2((−ξ0, ξ0),C

)
, it holds∣∣∣∂2

ξ

(
et(λ(ξ)−λ′(0)ξ)ξmhℓ(ξ, ζ, ζ̄, t)

)∣∣∣
≲
(
|ξ|mt

(
1 + |ξ|

√
t+ ξ2t

)
+m|ξ|m−1√

t
(
1 + |ξ|

√
t
)

+m(m− 1)|ξ|m−2
)
e−µξ2t
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for ξ ∈ (−ξ0, ξ0), t ≥ 1 and ζ, ζ̄ ∈ R. Therefore, using hypotheses ii) and iii), we establish∣∣∣I2(ζ, ζ̄, t)
∣∣∣ ≲ ∫

R
e−µξ2t

(
|ξ|m

(
1 + |ξ|

√
t+ ξ2t

)
+ m√

t
|ξ|m−1

(
1 + |ξ|

√
t
)

+ m(m− 1)
t

|ξ|m−2
)

dξ ≲ t−
m+1

2

(4.162)

for ζ, ζ̄ ∈ R and t ≥ 1. Applying the estimates (4.161) and (4.162) to (4.160), we arrive at

∣∣∣I(ζ, ζ̄, t)
∣∣∣ ≤ t−

m+1
2

(
1 + (ζ − ζ̄ + at)2

t

)−1

for ζ, ζ̄ ∈ R and t ≥ 1. Finally, we use this pointwise bound to estimate the right-hand side
of (4.156), yielding∣∣∣∣∫

R

∫
R

etλ(ξ)ξm1+m2F (ξ, ζ, ζ̄, t)eiξ(ζ−ζ̄)v(ζ̄)dξdζ̄
∣∣∣∣ ≲ ∫

R
t−

m1+1
2

(
1 + (ζ − ζ̄ + at)2

t

)−1

∥v′∥∞dζ̄

≲ t−
m1

2 ∥v′∥∞

for ζ ∈ R, t ≥ 1, and v ∈ C1
ub(R,R), which concludes the proof.

The second technical estimate is a slight modification of the high-frequency bound established
in [51, Lemma A.2].

Lemma 4.A.2. Let ξ0, d > 0 and a ∈ R. Let F ∈ C2
ub(R,R) be supported on R \ [−ξ0, ξ0].

Then, there exists a constant µ0 > 0 such that we have∥∥∥∥∫
R

∫
R

eiξ(·−ζ̄)+(aiξ−dξ2)tF (ξ)dξ v(ζ̄)dζ̄
∥∥∥∥

∞
≲
(

1 + 1√
t

)
e−µ0t∥v∥∞

for v ∈ Cub(R,R) and t > 0.

Proof. We follow the strategy of the proof of [51, Lemma A.2] and use integration by parts to
rewrite the integrand

I(ζ, ζ̄, t) =
∫
R

eiξ(·−ζ̄)+(aiξ−dξ2)tF (ξ)dξ

as

I(ζ, ζ̄, t) = 1

1 +
(
ζ − ζ̄ + at

)2

(
I(ζ, ζ̄, t) +

∫
R
∂2
ξ

(
e−dξ2tF (ξ)

)
eiξ(ζ−ζ̄+at)dξ

)
(4.163)

for ζ, ζ̄ ∈ R and t > 0. We compute

∂2
ξ

(
e−dξ2tF (ξ)

)
= e−dtξ2(

F ′′(ξ) − 4dtξF ′(ξ) + 2dtF (ξ)
(
2dtξ2 − 1

))
for ξ ∈ R and t > 0. We estimate∣∣∣I(ζ, ζ̄, t)

∣∣∣ ≲ ∫
R\[−ξ0,ξ0]

e− d
2 ξ

2t− d
2 ξ

2
0t∥F∥∞ ≲

1√
t
e− d

2 ξ
2
0t∥F∥∞,∣∣∣∣∫

R
∂2
ξ

(
e−dξ2tF (ξ)

)
eiξ(ζ−ζ̄+at)dξ

∣∣∣∣ ≲ ∫
R\[−ξ0,ξ0]

e− d
2 ξ

2t− d
2 ξ

2
0t
(
1 + t+ |ξ|t+ ξ2t2

)
∥F∥C2

ub
dξ

≲
(√

t+ 1√
t

)
e− d

2 ξ
2
0t∥F∥C2

ub
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for ζ, ζ̄ ∈ R and t > 0. Applying these estimates to the identity (4.163), we arrive at
∣∣∣∣∫

R

∫
R
I(ζ, ζ̄, t)dξ v(ζ̄)dζ̄

∣∣∣∣ ≲ ∫
R

(√
t+ 1√

t

) e− d
2 ξ

2
0t∥v∥∞

1 +
(
ζ − ζ̄ + at

)2 dζ̄ ≲
(

1 + 1√
t

)
e− d

4 ξ
2
0t∥v∥∞

for ζ ∈ R, v ∈ Cub(R,R), and t > 0, which yields the desired bound with µ0 = d
4ξ

2
0 .

4.B. Appendix: Local existence of the phase modulation
We establish existence of a maximally defined solution γ(t) to the integral equation (4.48) by
employing a contraction-mapping argument.

Proof of Proposition 4.5.4. It follows from standard analytic semigroup theory [73] that the
orbit map Γ ∈ C

(
[0,∞), C1

ub(R)
)

given by Γ(t) = e−∂4
ζ tγ0 enjoys the regularity property

Γ ∈ Cj
(
(0,∞), C lub(R)

)
for all j, l ∈ N0 and it obeys the estimates (4.50) for all t > 0. In

particular, it holds ∥∂ζΓ(t)∥∞ = ∥e−∂4
ζ tγ′

0∥∞ ≤ ∥γ′
0∥∞ < r0 for t ≥ 0. Since the propagator

S0
p(t) vanishes on [0, 1], the function Γ(t) solves (4.48) for t ∈ [0, 1]. Hence, we have τmax ≥ 1.

Next, assume τmax ≤ Tmax. As τmax ≥ 1, we must have Tmax ≥ 1. Take t0 > 1
2 and

δ, η > 0 such that t0 + δ < Tmax and η < r0. Let γ̌ ∈ C
(
[0, t0], C1

ub(R)
)

∩ C
(
(0, t0], C2

ub(R)
)

∩
C1((0, t0], Cub(R)

)
be a solution to (4.48) with ∥γ̌ζ(t)∥∞ ≤ r0−η for all t ∈ [0, t0]. Let R ≥ 1 be

such that ∥(γ̌(t), ∂tγ̌(t))∥C2
ub×Cub

≤ R for all t ∈ [1
2 , t0]. We argue that γ̌ can be extended to a

solution γext ∈ C
(
[0, t0 + δ], C1

ub(R)
)

∩ C
(
(0, t0 + δ], C2

ub(R)
)

∩ C1((0, t0 + δ], Cub(R)
)

to (4.48)
which satisfies ∥∂ζγext(t)∥∞ ≤ r0−1

2η for all t ∈ [0, t0+δ] and ∥(γext(t), ∂tγext(t))∥C2
ub×Cub

≤ 2R
for all t ∈ [1

2 , t0 + δ]. To this end, we close a contraction mapping argument in the metric
space

M =
{

(γ, γt) ∈ C
(
[t0, t0 + δ], C2

ub(R) × Cub(R)
)

: ∥γζ(t)∥∞ ≤ r0 − 1
2η and

∥(γ(t), γt(t))∥C2
ub×Cub

≤ 2R for t ∈ [t0, t0 + δ]
}
,

endowed with the metric from the Banach space C
(
[t0, t0 + δ], C2

ub(R) × Cub(R)
)
.

Applying the mean-value theorem and Proposition 4.5.1, it follows that V : Cub(R) × [t0, t0 +
δ] → Cub(R) given by

V (γ, t)[ζ] = u(ζ − γ(ζ), t) − ϕ0(ζ)

is continuous in t and fulfills

∥V (γ, t) − V (γ̃, t)∥∞ ≤ ∥uζ(t)∥∞∥γ − γ̃∥∞

for γ, γ̃ ∈ Cub(R) and t ∈ [t0, t0 + δ]. Therefore, setting K = {(γ, γt) ∈ C2
ub(R) × Cub(R) :

∥γ′∥∞ ≤ r0 − 1
2η, ∥(γ, γt)∥C2

ub×Cub
≤ 2R} and recalling (4.45), the nonlinear maps K ×

[t0, t0 + δ] → Cub(R), (γ, γt, t) 7→ Q(V (γ, t), γ),R(V (γ, t), γ, γt),S(V (γ, t), γ) are bounded,
continuous in t, and Lipschitz continuous in (γ, γt).

Since the propagator S0
p(t) vanishes on [0, 1], it must hold γ̌(t) = Γ(t) for all t ∈ [0, 1].

We show that the action of the nonlinearities on Γ(t) is well-defined. Thus, applying the
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estimates (4.50), using that t 7→ ∥u(t)∥∞ is bounded on [0, 1], and noting that R(v, γ, γt) is
linear in γt and γζζ , we establish

∥Q(V (Γ(t), t),Γ(t))∥∞, ∥S(V (Γ(t), t),Γ(t))∥∞ ≲ 1, ∥R(V (Γ(t), t),Γ(t), ∂tΓ(t))∥∞ ≤ t−
3
4

for all t ∈ (0, 1]. Combining the latter with (4.44) and Proposition 4.4.1, we arrive at the
estimate ∫ 1

2

0
S0
p(t− s)N (V (Γ(s), s),Γ(s), ∂sΓ(s))ds ≲

∫ 1
2

0
s− 3

4 ds ≲ 1

for all t ≥ 0.

Finally, we observe that, by Proposition 4.4.1, the propagators ∂ℓtS0
p(t)∂iζ : Cub(R) → C lub(R)

are t-uniformly bounded and strongly continuous on [0,∞) for any i, l, ℓ ∈ N0. A standard
contraction mapping argument, cf. [79, Theorem 6.1.2], in the complete metric space M yields
a unique solution (γ, γt) ∈ M to the integral system

γ(t) = S0
p(t)

(
v0 + ϕ′

0γ0 + γ′
0v0
)

+ (1 − χ(t))Γ(t)

+
∫ 1

2

0
S0
p(t− s)N (V (Γ(s), s),Γ(s), ∂sΓ(s))ds

+
∫ t0

1
2

S0
p(t− s)N (V (γ̌(s), s), γ̌(s), ∂sγ̌(s))ds

+
∫ t0+δ

t0
S0
p(t− s)N (V (γ(s), s), γ(s), γt(s))ds,

γt(t) = ∂tS
0
p(t)

(
v0 + ϕ′

0γ0 + γ′
0v0
)

− χ′(t)Γ(t) + (1 − χ(t))∂tΓ(t)

+
∫ 1

2

0
∂tS

0
p(t− s)N (V (Γ(s), s),Γ(s), ∂sΓ(s))ds

+
∫ t0

1
2

∂tS
0
p(t− s)N (V (γ̌(s), s), γ̌(s), ∂sγ̌(s))ds

+
∫ t0+δ

t0
∂tS

0
p(t− s)N (V (γ(s), s), γ(s), γt(s))ds,

provided δ > 0 is sufficiently small.

By construction, we have γ ∈ C1([t0, t0 + δ], Cub(R)
)

with ∂tγ(t) = γt(t) for all t ∈ [t0, t0 + δ].
Consequently,

γext(t) =
{
γ̌(t), t ∈ [0, t0),
γ(t), t ∈ [t0, t0 + δ],

defines a solution to (4.48), which extends γ̌. It satisfies the estimate ∥∂ζγext(t)∥∞ < r0 for
all t ∈ [0, t0 + δ].

As shown in [22, Theorem 4.3.4] and [79, Theorem 6.1.4], this extension procedure yields the
existence of the desired maximal solution γ(t). Its regularity properties then follow by the
fact that the propagators ∂ℓtS0

p(t)∂iζ : Cub(R) → C lub(R) are t-uniformly bounded and it holds
Γ ∈ Ci

(
(0,∞), C lub(R)

)
for all i, l, ℓ ∈ N0.

End of Paper





CHAPTER 5

Nonlinear dynamics of periodic Lugiato-Lefever
waves against sums of co-periodic and localized
perturbations

With slight changes, this chapter is the content of the preprint [2]. We add an appendix where
we introduce the space L2

per(0, T ) ⊕ L2(R).

Start of Paper

Abstract. In recent years, essential progress has been made in the nonlinear sta-
bility analysis of periodic Lugiato-Lefever waves against co-periodic and localized
perturbations. Inspired by considerations from fiber optics, we introduce a novel
iteration scheme which allows to perturb against sums of co-periodic and localized
functions. This unifies previous stability theories in a natural manner.

Keywords. Nonlinear stability; Periodic waves; Lugiato-Lefever equation; Non-
linear Schrödinger equations; Nonlocalized perturbations; Tooth problem
Mathematics Subject Classification (2020). 35B10; 35B35; 35Q55

5.1. Introduction
We study the Lugiato-Lefever equation on the extended real line

∂tu = −βi∂2
xu− (1 + iα)u+ i|u|2u+ F, β ∈ {−1, 1}, α ∈ R, F > 0, (5.1)

for u : R× [0,∞) → C, which is a model from nonlinear optics [25]. An important observation
is that the principal part −βi∂2

xu is dispersive while the damping term −u causes energy
dissipation. The forcing term F again adds energy to the physical system and allows for
pattern formation as predicted by Lugiato and Lefever in [72]. The most fundamental patterns
such as pulses, small-amplitude or dnoidal periodic waves are found in [10, 12, 40, 101] and
in [28] and [44], respectively. Recently, in [13], the authors have obtained large-amplitude
periodic waves.

In this paper, we prove nonlinear L∞-stability of T -periodic standing waves against initial
perturbations from the space L2

per(0, T )⊕L2(R)1 under diffusive spectral stability assumptions.
These spectral assumptions are only established in [13] and [28].

We emphasize that sums of periodic and localized perturbations are not necessarily localized
or periodic and thus our result is a nontrivial unification of the theories [96] (co-periodic) and
[46] (localized). For the precise formulation of our main result, we refer to §5.2.5.

1The term ⊕ denotes the direct sum, that is for every u ∈ L2
per(0, T ) ⊕ L2(R), we find precisely one

w ∈ L2
per(0, T ) and v ∈ L2(R) such that u = w + v.
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In view of fully nonlocalized perturbations, the recently developed nonlinear stability theory
for dissipative semilinear systems [5] is not immediately applicable to all pattern-forming
semilinear systems such as the Lugiato-Lefever equation. From this perspective, the present
paper is the first to accommodate nonlocalized perturbations and to combine H l

per(0, T )-
and Hk-theory. On the other hand, considerations from fiber optics, see [67] and Remark
5.2.1, where combinations of localized and co-periodic effects naturally occur, motivate the
investigation of these types of perturbations. Interpretating the Lugiato-Lefever equation as
a variant of the cubic nonlinear Schrödinger equation, a related inspiration for this paper
comes from the so-called tooth problem asking whether solutions of the nonlinear Schrödinger
equation with not necessarily small initial data from L2

per(R) ⊕ L2(R) exist globally; we refer
to [69] and [24] for answers to the tooth problem and background information.

Our central challenge is to develop the right modulational ansatz to make a nonlinear iteration
argument close. Inspired by [47], we introduce both a temporal and a localized spatio-temporal
phase modulation to capture the critical dynamics of the perturbation induced by translational
invariance of (5.1). Moreover, we employ novel L2-L∞-estimates in the nonlinear iteration
argument to control the interaction between the periodic and localized components of the
perturbation. For more details on the strategy of the proof, we refer to §5.2.6. The outlook
section §5.6 is devoted to the robustness of our approach as well as its possible extension to
periodic wave trains in viscous conservation laws where the handling of fully nonlocalized
perturbations is similarly challenging as for the Lugiato-Lefever equation but for different
reasons. In case of the Lugiato-Lefever equation, a crucial difficulty towards extending to a
fully nonlocalized stability result is to choose a suitable class of perturbations which contains
all C∞-functions. The generic space of perturbations is given by

Cmub(R) = {f : R → C : f is m-times differentiable with uniformly continuous derivatives},

m ∈ N, whenever studying reaction-diffusion systems [5, 51, 84]. The solutions of (5.1) with
initial data in H1

per(R) ⊕H1(R) naturally lie in Cub(R) due to Sobolev embedding. However,
it is shown in [14] that t 7→ ||ei∂2

xtu0||L∞ blows up in finite times for certain u0 ∈ Cub(R) and
therefore it is convenient to study other spaces than Cub(R) to approach a fully nonlocalized
stability result for the Lugiato-Lefever equation (5.1). More suitable variants are given by the
so-called modulation spaces Mm

∞,1(R), m ∈ N0, which are introduced in [42]. We discuss such
an extension in §5.6.4.

5.2. Preparation and main result
We reformulate the Lugiato-Lefever equation as a semilinear system with a C-linear part by
splitting into real- and imaginary variables. Then, we construct perturbed solutions with
initial data in L2

per(0, T ) ⊕ L2(R) and derive the associated perturbation equations. At the
end of this section, we impose spectral properties and formulate our main result.

5.2.1. Reformulation as real system

As |u|2u is not differentiable with respect to u ∈ C, we introduce u := (ur,ui)T :=
(Re(u), Im(u))T : R → R2 which transforms (5.1) into the real system

ut = J
((

−β 0
0 −β

)
uxx +

(
−α 0
0 −α

)
u
)

− u + N (u) +
(
F
0

)
, (5.2)



5.2. Preparation and main result 145

where

J =
(

0 −1
1 0

)
, N (u) = |u|2Ju =

(
−u3

i − u2
rui

uru2
i + u3

r

)
.

5.2.2. The perturbed solution in L2
per(0, T ) ⊕ L2(R)

We assume the existence of a periodic standing wave.

(H1) There exists a smooth, nonconstant and T -periodic stationary solution ϕ0 : R → C of
(5.1).

We set ϕ := (ϕr, ϕi)T := (Re(ϕ0), Im(ϕ0))T : R → R2 and construct a solution of (5.2) with
initial datum ϕ + w0 + v0 in L2

per(0, T ) ⊕ L2(R) with w0 ∈ L2
per(0, T ) and v0 ∈ L2(R) by

following the strategy of [69]. We first solve

wt = J
((

−β 0
0 −β

)
wxx +

(
−α 0
0 −α

)
w
)

− w + N (w) +
(
F
0

)
w(0) = ϕ+ w0

(5.3)

in L2
per(0, T ). Then, we transfer from the solution w of (5.2) to a solution u of (5.2) with

initial datum ϕ+ w0 + v0 by solving the perturbed problem

vt = J
((

−β 0
0 −β

)
vxx −

(
−α 0
0 −α

)
v
)

− v + N (v + w) − N (w)

v(0) = v0.

(5.4)

In summary, if we solve (5.3) and (5.4), then u = w + v is a solution of (5.2) with u(0) =
ϕ+ w0 + v0.

Remark 5.2.1 (Interpretation from fiber optics). The cubic nonlinear Schrödinger
equation on L2

per(0, T ) ⊕ L2(R) can be understood as model from nonlinear fiber optics by
considering t ≥ 0 as point on a fiber and x ∈ R as time variable, cf. [67]. The stationary
periodic solution ϕ is then the signal at any point on the fiber if it is chosen as input signal.
Prescribing a signal at the initial point of the fiber by ϕ+ L2

per(0, T ), we ask how the signal
as function depending on the time x ∈ R looks at the place t ≥ 0 on the fiber. Adding an
L2(R)-perturbation corresponds to temporally limited changes of the input signal. In particular,
one may switch off the periodic signal for finitely many times as illustrated in Figure 5.1.
Global existence of the perturbed solutions then translates to the observation that the fiber has
infinite length while stability of ϕ is interpreted as that the signal stays close to ϕ at any point
t ≥ 0 on the fiber.

5.2.3. Unmodulated perturbation equations

Given a solution u(t) = w(t)+v(t) of (5.2), we derive the unmodulated perturbation equations
by splitting the perturbation as

ũ(t) = u(t) − ϕ = (w(t) − ϕ) + v(t) and setting w̃(t) = w(t) − ϕ.
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w0

Periodic initial perturbation

w0 + v0

Initial perturbation from L2
per(0, T )⊕ L2(R)

Figure 5.1.: For the sake of illustration, we reduce to the real part of an initial perturbation
w0 + v0 with w0 ∈ L2

per(0, T ) and v0 ∈ L2(R). This figure demonstrates that v0
can in particular be chosen such that v0 + w0 coincides with w0 except for finitely
many periods for which the signal vanishes, which explains the name tooth space
for L2

per(0, T ) ⊕ L2(R) ("knocked out teeth").

This gives the coupled perturbation system

w̃t = L0(ϕ)w̃ + R1(ϕ)(w̃)
w̃(0) = w0,

vt = L0(ϕ)v + R2(ϕ)(w̃,v)
v(0) = v0,

(5.5)

where L0(ϕ) is the linearization of (5.2) about ϕ, given by

L0(ϕ) = J
(

−β∂2
x − α+ 3ϕ2

r + ϕ2
i 2ϕrϕi

2ϕrϕi −β∂2
x − α+ ϕ2

r + 3ϕ2
i

)
− I, (5.6)

first residual nonlinearity is given by

R1(ϕ)(w̃) = N (w̃ + ϕ) − N (ϕ) − N ′(ϕ)w̃, (5.7)

and the second residual nonlinearity is defined by

R2(ϕ)(w̃,v) = R1(ϕ)(v + w̃) − R1(ϕ)(w̃) = R2,1(ϕ)(w̃,v) + R2,2(ϕ)(w̃,v), (5.8)

with

R2,1(ϕ)(w̃,v) = N (v + w̃ + ϕ) − N (w̃ + ϕ) − N ′(w̃ + ϕ)v,
R2,2(ϕ)(w̃,v) = N ′(w̃ + ϕ)v − N ′(ϕ)v.

Fix some constant K > 0. Then, there exists a constant C > 0 such that for v, w̃ ∈ C with
|v|, |w̃| ≤ K we have the nonlinear bounds

|R1(ϕ)(w̃)| ≤ C|w̃|2, |R2,1(ϕ)(w̃,v)| ≤ C|v|2, |R2,2(ϕ)(w̃,v)| ≤ C|v||w̃|. (5.9)

For the local wellposedness of (5.5), we refer to §5.4.1.

We also abbreviate L0 = L0(ϕ), R1 = R1(ϕ), R2 = R2(ϕ), R2,1 = R2,1(ϕ) and R2,2 = R2,2(ϕ)
whenever ϕ is the original periodic wave profile.
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5.2.4. Spectral assumptions on ϕ

Consider the Bloch operators L(ξ) = e−iξ·L0e
iξ·, ξ ∈ [− π

T ,
π
T ), posed on L2

per(0, T ) with
domain D(L(ξ)) = H2

per(0, T ). Since L(ξ) has compact resolvent, its spectrum consists of
isolated eigenvalues of finite algebraic multiplicity only.

We introduce the standard diffusive spectral stability assumptions, cf. [46, 47, 83, 96].

(D1) We have σL2(L0) ⊂ {λ ∈ C : Re(λ) < 0} ∪ {0};
(D2) There exists a constant θ > 0 such that for any ξ ∈ [− π

T ,
π
T ) we have Re σL2

per(0,T )(L(ξ)) ≤
−θξ2;

(D3) 0 is a simple eigenvalue of L(0).

The spectrum of L0 on L2(R) is the union of the spectra of the Bloch operators, i.e.,

σL2(L0) =
⋃

ξ∈[− π
T
, π

T
)
σL2

per(0,T )(L(ξ)). (5.10)

The spectrum σL2(L0) is purely essential, see e.g. [39, 64].

We emphasize that the periodic solutions of (5.1) established in [28] and [13] satisfy (H1) and
(D1)-(D3).

For the well-known consequences of the diffusive spectral stability assumptions, we refer to [46,
Lemma 2.1] and references therein. First, Assumption (D3) together with the translational
invariance of (5.1) imply that the kernel of L(0) is spanned by ϕ′. Therefore, 0 is also a simple
eigenvalue of the adjoint operator L(0)∗. By Φ̃0 ∈ H2

per(0, T ), we denote the corresponding
eigenfunction satisfying 〈

Φ̃0, ϕ
′〉
L2(0,T ) = 1.

The spectral projection onto span{ϕ′} is given by

Π(0)g = ϕ′⟨Φ̃0, g⟩L2(0,T ), g ∈ L2
per(0, T )

and we again refer to [46, Lemma 2.1] for properties of σL2(L0) and σL2
per(0,T )(L(ξ)).

Remark 5.2.2 (Spectrum on modulation space). The identity (5.10) holds on Cub(R)
and in contrast σCub(L0) consists entirely of continuous point spectrum, [39, 64]. Since

Cm+2
ub (R) ↪→ Mm

∞,1(R) ↪→ Cmub(R), (5.11)

for any m ∈ N0, one finds (5.10) on M∞,1(R) instead of L2(R) or Cub(R) by [32, 2.17
Proposition]. In particular, σM∞,1(L0) also consists entirely of continuous point spectrum.
This inspires a linear analysis through the complex inversion formula of the semigroup generated
by L0 on M∞,1. In particular, this allows the possibility to investigate the resolvent (λ− L0)−1

on the modulation space M∞,1 for λ ∈ C \ σM∞,1(L0).

We briefly explain (5.11): from [68], it is known that C2
b (R) ↪→ M∞,1(R) ↪→ Cb(R) and it

remains to show that M∞,1 ↪→ Cub(R). This holds due to the observation that C∞(R) lies
dense in M∞,1(R), ||f ||L∞ ≲ ||f ||M∞,1 and since the uniform limit of uniformly continuous
functions is uniformly continuous itself. Similarly, one argues for m ≥ 1.
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5.2.5. Formulation of main result

We are now in the position to state our main result.

Theorem 5.2.3. Assume (H1) and (D1)-(D3). There exist constants C, ε > 0 such that for
initial data w0 ∈ H6

per(0, T ) and v0 ∈ H3(R) with

E0 := ||w0 + v0||H6
per(0,T )⊕H3(R) < ε

there exist a unique solution

u(t) ∈ C([0,∞);C2
ub(R)) ∩ C1([0,∞);Cub(R)) (5.12)

of (5.2) with initial condition u(0) = ϕ+ w0 + v0, some smooth function γ ∈ C([0,∞), H5(R))
and a constant σ∗ ∈ R with the properties

||u(t) − ϕ||W 2,∞ ≤ CE0 (5.13)

and

||u(·, t) − ϕ0(· + σ∗ + γ(·, t))||L∞ ≤ C(1 + t)− 3
4E0, (5.14)

for all t ≥ 0.

We briefly discuss the regularity assumptions in Theorem 5.2.3. The assumption v0 ∈ H3(R)
is justified by the fact that the regularity control on v mainly proceeds along the lines of a
standard L1 ∩Hk-nonlinear stability analysis [46, 55] using the nonlinear damping estimate
established in [105]. The reason for the regularity assumption on w0 is that v is considered
as a perturbation of the periodic solution w, which yields expressions in the modulated
perturbation equations for v where w appears with two spatial derivatives. As we need to
control v in H3(R), this leads to three more derivatives on w. Therefore, we need to bound
the fifth derivative in L∞ which is covered by assuming w0 ∈ H6

per(0, T ). Since we estimate
the H1-norm of the residual in Section 5.5.2 in order to find an L∞-estimate (in the spirit
of the embedding H1(R) ↪→ L∞(R)), it suffices to demand w0 ∈ H5

per(0, T ) and v0 ∈ H2(R)
when one only aims to establish pure L2-estimates on v and henceforth obtain (5.14) in L∞(R)
with lower decay rate (1 + t)− 1

2 .

Comparing (5.14) to the associated estimate in [46], we loose an algebraic decay factor of 1
4

and one might ask whether we can compensate this lack of decay by taking the assumption
v0 ∈ L1(R) ∩H3(R). However, this assumption does not improve the decay rates due to the
coupling terms R2(w̃,v) in (5.5) which cannot be controlled in L1(R) but only in L2(R), cf.
Remark 5.4.8.

Another interesting contrast to the result in [46] is the constant phase shift arising in the
modulational estimate (5.14). The reason for this constant phase shift precisely originates
from the fact the we not only enclose localized- but also co-periodic perturbation. This is
reflected in designing the modulational approach to exploit the orbital stability result from
[96].

Remark 5.2.4 (Uniqueness of solutions). We also comment on the uniqueness of solutions
stated in Theorem 5.2.3. Concerning fully nonlocalized solutions of (5.1), local well-posedness
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of (5.1) with initial data from the modulation space Mm
∞,1(R), m ∈ N0, can be established by

precisely following the steps from [23, Section 4.2] as the principal linear part of the equation
(5.1) generates a C0-semigroup on M∞,1(R). That is, there exists a unique (mild) solution
as element from C([0, t),M∞,1(R)), t > 0, whenever u0 ∈ C2

ub(R) ↪→ M∞,1(R). In particular,
this shows that the solution u(t) of (5.2) with u(0) = w0 + v0 in Theorem 5.2.3 satisfying
(5.12) is unique.

5.2.6. Strategy of proof

The main task in the proof of Theorem 5.2.3 is to find a suitable way to modulate the
perturbations allowing to close a nonlinear argument through iterative estimates on their
Duhamel formulae. The construction of the perturbations ŵ(t) and v(t) shows that ŵ(t) is
independent of v(t). Therefore, we first modulate ŵ(t) by introducing a temporal modulation
function σ(t). Precisely, we choose ŵ(x, t) = w(x + σ(t), t) − ϕ(x). Then, we do not only
interpret v(t) as perturbation of w(t) but do the same for their modulated variants. This
leads to the following inverse-modulated perturbation

v̂(x, t) = û(x, t) − ŵ(x, t) := u(x− σ(t) − γ(t), t) − ŵ(x, t) − ϕ(x).

We arrive at a coupled system which allows to make an a-posteriori choice of the spatio-
temporal phase modulation γ : [0,∞) × R → R2. We are then in the position to exploit
the exponential decay of |σt(t)| and ||ŵ(t)||L∞ . We also introduce the forward-modulated
perturbation

v̊(x, t) = ů(x, t) − ŵ(x+ σ(t) + γ(x, t), t)
:= u(x, t) − ϕ(x+ σ(t) + γ(x, t), t) − ŵ(x+ σ(t) + γ(x, t), t)

which obeys a semilinear equation and can thus be used to control regularity in the nonlinear
iteration. We control regularity by deriving a nonlinear damping estimate on v̊(t) and
subsequently relating v̊(t) to v̂(t). Finally, we show the following stability estimates: for
suitable constants C, δ > 0 and small initial conditions

E0 = Ep + El with Ep = ||w0||H6
per

and El = ||v0||H3 ,

we find

|σt(t)|, ||ŵ(t)||H6
per(0,T ) ≤ Ce−δtEp, |σ| ≤ CEp, t ≥ 0, (5.15)

and

||γx(t)||H4 , ||γt(t)||H3 , ||̊v(t)||H3 ≤ C(1 + t)− 1
2El, ||γ(t)||H5 ≤ CEl, t ≥ 0. (5.16)

Using L∞-estimates on the propagators, we arrive at the refined L∞-estimate

||̊v(t)||L∞ ≤ C(1 + t)− 3
4El, t ≥ 0. (5.17)

Applying (5.15) and (5.17), Theorem 5.2.3 follows from the observations

||̊u(t)||L∞ ≤ ||ŵ(t)||L∞ + ||̊v(t)||L∞ , t ≥ 0,

and

||u(t) − ϕ||W 2,∞ ≤ C(||ŵ(t)||W 2,∞ + ||̊v(t)||W 2,∞ + |σ(t)| + +||γ(t)||W 2,∞), t ≥ 0,

and Sobolev embedding. The estimate (5.15) can be derived along the lines of the co-periodic
stability analysis in [96] and therefore the remaining task of this paper is to prove (5.16) and
(5.17).
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Notation. Let S be a set, and let A,B : S → R. Throughout the paper, the expression
“A(x) ≲ B(x) for x ∈ S”, means that there exists a constant C > 0, independent of x, such
that A(x) ≤ CB(x) holds for all x ∈ S.

Acknowledgments. The author is grateful to Björn de Rijk for valuable discussions and
support during all stages of this work. This project is funded by the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) – Project-ID 491897824 and Project-ID
258734477 – SFB 1173.

5.3. Linear estimates
We collect well-known facts about the semigroup generated by the linearization L0 on L2

per(0, T )
and on L2(R).

5.3.1. Semigroup decomposition and estimates on L2
per(0, T )

Let χ : [0,∞) → R be a smooth temporal cut-off function satisfying χ(t) = 0 for t ∈ [0, 1] and
χ(t) = 1 for t ∈ [2,∞). We write

S̃1(t) = (eL0t − χ(t)Π(0))g

and have the following linear estimate.

Proposition 5.3.1 ([96], [45]). Assume (H1) and (D1)-(D3). There exist constants δ0, C > 0
such that the estimate

||S̃1(t)g||H6
per(0,T ) ≤ Ce−δ0t||g||H6

per(0,T )

is valid for all g ∈ H6
per(0, T ).

5.3.2. Semigroup decomposition and estimates on L2(R)

Assume (H1) and (D1)-(D3). Like in [46], we decompose

eL0tg = S̃2(t)g + ϕ′sp(t)g,

with sp(t) = 0 for t ∈ [0, 1]. We have the following linear estimates.

Proposition 5.3.2. Assume (H1) and (D1)-(D3). Let l, j ∈ N0 and k ∈ {0, 1, 2}. Then there
exists a constant Cl,j > 0 such that

||∂lx∂
j
t sp(t)∂kxg||L2 ≤ Cl,j(1 + t)− l+j

2 ||g||L2 , g ∈ L2(R)

||∂lx∂
j
t sp(t)g||L2 ≤ Cl,j(1 + t)− 1

4 − l+j
2 ||g||L1 , g ∈ L2(R) ∩ L1(R),

for all t ≥ 0. Furthermore, there exists a constant C > 0 such that

||S̃2(t)g||L2 ≤ C(1 + t)− 3
4 ||g||L1∩L2 , g ∈ L2(R) ∩ L1(R)
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and

||S̃2(t)g||L2 ≤ C(1 + t)− 1
2 ||g||L2 , g ∈ L2(R),

for all t ≥ 0.

Proof. The first two estimates are precisely shown in [46, Lemma 3.1]. The third one is a
consequence of [46, Lemma 3.1 & Lemma 3.2]. Adapting the proof of the estimate S̃c(t) in
[46, Lemma 3.2], one immediately finds the last estimate.

Proposition 5.3.3 (L∞-estimates). Assume (H1) and (D1)-(D3). There exist constants
C, δ1 > 0 such that

||S̃2(t)g||L∞ ≤ C
(
e−δ1t||g||H1 + (1 + t)−1||g||L1∩L2

)
, g ∈ H1(R) ∩ L1(R),

||S̃2(t)g||L∞ ≤ C(1 + t)− 3
4 ||g||H1 , g ∈ H1(R),

and

||∂xsp(t)g||L∞ ≤ C(1 + t)− 3
4 ||g||L2 , g ∈ L2(R),

||∂xsp(t)g||L∞ ≤ C(1 + t)−1||g||L1 , g ∈ L1(R),

for all t ≥ 0.

Proof. These last two estimates are shown in [46, Lemma 3.2]. The first two estimates are
consequences of [46, Lemma 3.1] together with [55, Corollary 3.4] and [56, Proposition 3.1].

5.4. Nonlinear iteration scheme

5.4.1. Local existence of the solutions

Using standard semigroup theory, see e.g. [22] or [79], we establish

Proposition 5.4.1. Let w0 ∈ H6
per(0, T ). There exist a maximal time Tmax ∈ (0,∞] and a

unique solution w ∈ C([0, Tmax);H6
per(0, T )) ∩ C1([0, Tmax);H4

per(0, T )) of (5.3) with w(0) =
ϕ+ w0. If Tmax < ∞, then

lim sup
t↑Tmax

||w(t)||H4
per(0,T ) = ∞. (5.18)

Having the solution w at hand, the local existence of v follows.

Proposition 5.4.2. Let w and Tmax be as in Proposition 5.4.1. Let v0 ∈ H3(R). There exist a
maximal time τmax ≤ Tmax and a unique solution v ∈ C([0, τmax);H3(R))∩C1([0, τmax);H1(R))
of (5.4) with v(0) = v0. If τmax < Tmax, then

lim sup
t↑τmax

||v(t)||H1 = ∞. (5.19)
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Proof. Due to the embedding H1
per(0, T ) ↪→ L∞(R), we have that

v 7→ N (v + w) − N (w)

is locally Lipschitz-continuous as map from H1(R) to H1(R). Moreover,

J
((

−β 0
0 −β

)
∂2
x −

(
−α 0
0 −α

))
− I

generates a C0-semigroup on H1(R) with domain H3(R). Therefore, Proposition 5.4.2 follows
from [79, Theorem 1.4 of Section 6.1]

5.4.2. Inverse-modulated perturbations

We first modulate u(t), that is, we consider

u(x− σ(t), t) − ϕ(x) = (w(x− σ(t), t) − ϕ(x)) + v(x− σ(t), t)

for some σ : [0,∞) → R with σ(0) = 0 to be defined a-posteriori. Then, we set

ŵ(x, t) = w(x− σ(t), t) − ϕ(x). (5.20)

Motivated by the fact that v(t) is a perturbation of w(t) = w̃(t) + ϕ, we subsequently define

v̂(x, t) = u(x− σ(t) − γ(x, t), t) − ŵ(x, t) − ϕ(x) (5.21)

for some γ : R× [0,∞) → R with γ(·, 0) = 0 to be defined a-posteriori. We find the modulated
perturbation equations for ŵ(t),

(∂t − L0)(ŵ + ϕ′σ) = R1(ŵ) − σtŵx

ŵ(0) = w0 − ϕ.
(5.22)

and the one for v̂(t),

(∂t − L0)(v̂ + ϕ′γ − γxŵ − γxv̂) = R3(ŵ, v̂, γ) − σtv̂x + (1 − γx)R2,2(ŵ, v̂) + T (ŵ, γ)
v̂(0) = v0,

(5.23)
where

R3(ŵ, v̂, γ) = Q(ŵ, v̂, γ) + ∂xS(v̂, γ) + ∂2
xP(v̂, γ)

and

Q(ŵ, v̂, γ) = (1 − γx)R2,1(ŵ, v̂),

S(v̂, γ) = −γtv̂ + βJ
(

γxx
(1 − γx)2 v̂ − γ2

x

1 − γx
ϕ′
)
,

P(v̂, γ) = −βJ
(
γx + γx

1 − γx

)
v̂,

T (ŵ, γ) = −γxR1(ŵ) − ∂x

(
γtŵ − βJ

(
γxx

(1 − γx)2 ŵ
))

− ∂2
x

(
βJ

(
γx + γx

1 − γx

)
ŵ
)
.

We delegate the derivation of (5.23) to Appendix 5.A. The main observation is that in the
nonlinearities of (5.23) any ŵ- and σt-term is paired with a γx, v̂ or γt contribution suggesting
that we have sufficient control for an L2-iteration scheme since we expect exponential decay
for ||ŵ(t)||L∞ and |σt(t)| from [96] while we control γx(t), v̂(t) and γt(t) in Hk(R). To this
end, we establish the following nonlinear bounds.
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Lemma 5.4.3. Fix a constant c > 0 such that ||f ||L∞ ≤ 1
2 for all f ∈ H1(R) with ||f ||H1 ≤ c.

There exists a constant C > 0 such that

L1-bound: ||R3(ŵ, v̂, γ)||L1 ≤ C
(
||v̂||2L2 + ||(γx, γt)||H2×H1(||v̂||H2 + ||γx||L2)

)
,

L2-bound: ||R3(ŵ, v̂, γ)||L2 ≤ C
(
||v̂||2H1 + ||(γx, γt)||H2×H1(||v̂||H2 + ||γx||L2)

)
,

H1-bound: ||R3(ŵ, v̂, γ)||H1 ≤ C
(
||v̂||2H1 + ||(γx, γt)||H3×H2(||v̂||H3 + ||γx||H1)

)
,

and

L2-bounds: ||σtv̂x||L2 ≤ C|σt||v̂||H1 , ||(1 − γx)R2,2(ŵ, v̂)||L2 ≤ C||v̂||L2 ||ŵ||H1
per(0,T ),

||T (ŵ, γ)||L2 ≤ C||(γx, γt)||H2×H1 ||ŵ||H3
per(0,T ),

H1-bounds: ||σtv̂x||H1 ≤ C|σt||v̂||H2 , ||(1 − γx)R2,2(ŵ, v̂)||H1 ≤ C||v̂||H1 ||ŵ||H2
per(0,T ),

||T (ŵ, γ)||H1 ≤ C||(γx, γt)||H3×H2 ||ŵ||H4
per(0,T ),

hold for all v̂ ∈ H3(R), ŵ ∈ H4
per(0, T ), (γt, γx) ∈ H2(R) ×H3(R) and σt ∈ R provided

||ŵ||H4
per(0,T ), ||v̂||H1 , ||γx||H3 ≤ c.

5.4.3. Modulation in the purely co-periodic setting

The forward-modulated perturbation ẘ(x, t) = w(x, t) − ϕ(x + σ(t)) fulfills the semilinear
system

(∂t − L0)(ẘ(t) − ϕ′σ) = R4(ẘ(t), σ(t)) + (ϕ′(· + σ(t)) − ϕ′)σt(t)

with

R4(ẘ(t), σ(t)) = R1(ϕ(· + σ(t)))(ẘ(t)) − (N ′(ϕ) − N ′(ϕ(· + σ(t))))ẘ(t).

Introducing the temporal modulation function

σ(t) = χ(t)Π(0)w̃0 +
∫ t

0
χ(t− s)Π(0)

(
R4(ẘ(s), σ(s)) + (ϕ′(· + σ(s)) − ϕ′)σs(s)

)
ds (5.24)

gives rise to the Duhamel formula

ẘ(t) = S̃1(t)w̃0 +
∫ t

0
S̃1(t− s)

(
R4(ẘ(s), σ(s)) + (ϕ′(· + σ(s)) − ϕ′)σs(s)

)
ds. (5.25)

By a standard fixed point argument, we have local existence of σ.

Proposition 5.4.4. Let w and Tmax be as in Proposition 5.4.1. There exists a maximal time
tmax,σ ≤ Tmax such that (5.24) with ẘ(x, t) = w(x, t) − ϕ(x+ σ(t)) has a unique solution

σ ∈ C1([0, tmax,σ);R) with σ(0) = 0 and |(σ(t), σt(t))| <
1
2 , t ∈ [0, tmax,σ).

If tmax,σ < τmax, then lim supt↑tmax,σ
|(σ(t), σt(t))| ≥ 1

2 .
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Furthermore, the following nonlinear bound holds.

Lemma 5.4.5. Let K > 0. There exists a constant C > 0 such that

||R4(ẘ, σ)||H6
per(0,T ) ≤ C||ẘ||H6

per(0,T )
(
||ẘ||H6

per(0,T ) + |σ|
)
,

||(ϕ′(· + σ − ϕ′)σt||H6
per(0,T ) ≤ C|σ||σt|,

provided

|σ| + |σt| + ||ẘ||H6
per(0,T ) ≤ K.

5.4.4. Choice of the spatial-temporal phase modulation

We have the Duhamel formula for v̂(t),

v̂(t) = eL0tv0 − ϕ′γ(t) +
∫ t

0
eL0(t−s)

(
R3(ŵ(s), v̂(s), γ(s)) − σs(s)v̂x(s)

+ (1 − γx(s))R2,2(v̂(s), ŵ(s)) + T (ŵ(s), γ(s))
)
ds

+γx(t)ŵ(t) + γx(t)v̂(t),

under the condition that γ(0) = 0. We make the implicit choice

γ(t) = sp(t)v0 +
∫ t

0
sp(t− s)

(
R3(ŵ(s), v̂(s), γ(s)) − σs(s)v̂x(s)

+ (1 − γx(s))R2,2(v̂(s), ŵ(s))

+ T (ŵ(s), γ(s))
)
ds

(5.26)

which reduces the Duhamel formula for v̂(t) to

v̂(t) =S̃2(t)v0 + γx(t)ŵ(t) + γx(t)v̂(t)

+
∫ t

0
S̃2(t− s)

(
R3(ŵ(s), v̂(s), γ(s)) − σs(s)v̂x(s)

+ (1 − γx(s))R2,2(v̂(s), ŵ(s)) + T (ŵ(s), γ(s))
)
ds.

(5.27)

Setting t = 0 in (5.26) and using that sp(0) = 0, one indeed verifies that γ(0) = 0.

Proposition 5.4.6. Let w and Tmax as in Proposition 5.4.1, v, v0 and τmax as in Proposition
5.4.2 and σ and tmax,σ as in Proposition 5.4.4. Furthermore, let 0 < c < 1

2 be a constant
such that ||f ||L∞ ≤ 1

c ||f ||H1 for all f ∈ H1(R). There exists a maximal time tmax,γ ≤
min{τmax, tmax,σ} such that (5.26) with ŵ(t) = w(· − σ(t)) − ϕ and v̂(t) = u(· − σ(t) −
γ(·, t), t) − ŵ(t) − ϕ has a unique solution

γ ∈ C([0, tmax,γ);H5(R)) ∩ C1([0, tmax,γ);H3(R)) with γ(0) = 0

satisfying

||(γ(t), γt(t))||H5×H3 <
c

2 , t ∈ [0, tmax,γ). (5.28)

If tmax,γ < min{τmax, tmax,σ}, then

lim sup
t↑tmax,2

||γ(t), γt(t)||H5×H3 ≥ c

2 . (5.29)
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Proof. See Appendix 5.C.

Corollary 5.4.7. Let w and Tmax as in Proposition 5.4.1 and v, v0 and τmax as in Proposition
5.4.2. Let γ, σ and tmax,σ, tmax,γ as in Propositions 5.4.4 and 5.4.6. Then, the inverse-
modulated perturbation v̂ ∈ C([0, tmax,2), L2(R)) defined by (5.21) satisfies (5.27) with ŵ(t) =
w(· − σ(t)) − ϕ and v̂(t) ∈ H3(R) for all t ∈ [0, tmax,γ).

Proof. Let t ∈ [0, tmax,γ). We observe

v̂(x, t) = v(x− σ(t) − γ(x, t), t) + w(x− σ(t) − γ(x, t), t) − ŵ(x, t) − ϕ(x)
= v(x− σ(t) − γ(x, t), t) + w(x− σ(t) − γ(x, t), t) − w(x− σ(t), t)

yielding on the one hand, with w(t) ∈ H5
per(0, T ) ↪→ W 4,∞(R) and the mean value theorem,

||w(x− σ(t) − γ(x, t), t) − w(x− σ(t), t)||H3 ≲ ||γ(t)||H3 .

On the other hand, since γ(t) ∈ H4 ↪→ W 3,∞, sups∈[0,t] ||γx(s)||L∞ ≤ 1
2 and v(t) ∈ H3(R), we

conclude

v̂(t) ∈ H3(R)

with the help of the chain and substitution rule.

Remark 5.4.8. We can now provide some intuition where the decay (1 + t)− 1
2 for v and

γx in (5.16) originates from. For this purpose, assume that |σt| admits exponential decay
while ||v̂||L2 ≈ ||v̂x||L2 decays at rate (1 + t)−κ with κ ≥ 1

2 . Considering the term ||σtv̂x||L2 ≤
||v̂x||L2 |σt| in (5.26) and (5.27), this yields the integral∫ t

0
(1 + t− s)− 1

2 (1 + s)−κe−s ds ≲ (1 + t)− 1
2 .

By noting that σtv̂x cannot be estimated in any Lp-norm with 1 ≤ p < 2 due to the lack of
localization of v̂, we can only close an iterative argument with κ = 1

2 at best. This shows that
even with the additional assumption v0 ∈ L1(R), the decay rate on v̂ cannot be improved.

5.4.5. Forward-modulation of v and nonlinear damping estimates

We wish to control ||v̂||H3 in terms of ||v̂||L2 , γt, γx, σt and ŵ in the nonlinear iteration
argument in order to control regularity, cf. Lemma 5.4.3. For this purpose, we introduce the
forward-modulated perturbation v̊, that is,

v̊(x, t) = u(x, t) − ŵ(x+ σ(t) + γ(x, t), t) − ϕ(x+ σ(t) + γ(x, t))
= u(x, t) − w(x+ γ(x, t), t)
= v(x, t) + w(x, t) − w(x+ γ(x, t), t),

(5.30)

which satisfies the semilinear system, cf. Appendix 5.B,

(∂t − L0(ϕ̊))̊v(t) = R2(ϕ̊)(w̃(· + γ(·, t), t), v̊(t)) + R5(w̃(t), γ(t), γt(t)) (5.31)
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with

L0(ϕ̊) = J
(

−β∂2
x − α+ 3ϕ̊2

1 + ϕ̊2
2 2ϕ̊1ϕ̊2

2ϕ̊1ϕ̊2 −β∂2
x − α+ ϕ̊2

1 + 3ϕ̊2
2

)
− I, ϕ̊(x, t) = ϕ(x+ γ(x, t)),

and

R5(w̃(t), γ(t), γt(t))
= −w̃x(· + γ(·, t), t)γt(t) − ϕ′(· + γ(·, t))γt(t)

− βJ
(
w̃x(· + γ(·, t), t)γxx(t) + w̃xx(· + γ(·, t), t)(2γx(t) + γx(t)2)

+ ϕ′(· + γ(·, t))γxx(t) + ϕ′′(· + γ(·, t))(2γx(t) + γx(t)2)
)
.

Note that R2(ϕ̊) is as defined in (5.8) and w̃(t) = w(t) − ϕ is the umodulated perturbation of
w(t). We setup the local existence for the forward-modulated perturbation v̊(t).

Corollary 5.4.9. Let w and Tmax as in Proposition 5.4.1 and v, and τmax as in (5.4.2).
Let γ, σ and tmax,σ, tmax,γ as in Propositions 5.4.4 and 5.4.6. Then, the forward-modulated
perturbation v̊ ∈ C([0, tmax,γ), H3(R))∩C1([0, tmax,γ), H1(R)) defined by (5.30) satisfies (5.31)
with w̃(t) = w(t) − ϕ.

Lemma 5.4.10. Let j = 1, 2, 3. Fix K > 0. There exists some C > 0 such that for
t ∈ [0, tmax,γ), we obtain

||∂jxR5(w̃(t), γ(t), γt(t))||L2 ≤ C(||γx(t)||Hj+1 + ||γt(t)||Hj ),
||∂jxR2(ϕ̊)(w̃(· + γ(·, t), t), v̊(t))||L2 ≤ C||̊v(t)||Hj

provided

sup
0≤s≤t

(
||w̃(s)||H6

per(0,T ) + ||̊v(s)||H3 + ||(γx(s), γs(s))||H4×H3

)
≤ K.

Proof. We bound

||∂jx(βJ
(
w̃xx(· + γ(·, t), t)(2γx(t) + γx(t)2) + w̃x(· + γ(·, t), t)γxx(t)

)
+ w̃x(· + γ(·, t), t)γt(t))||L2

≲ ||w̃(t)||
Hj+3

per (0,T )||γx(t)||Hj+1 + ||w̃(t)||
Hj+2

per (0,T )||γt(t)||Hj ,

j = 1, 2, 3, where we used the Sobolev embedding Hk
per(0, T ) ↪→ W k−1,∞(R). Similarly, one

proceeds for terms involving ϕ instead of w̃. Also it is straightforward to check the bound for
R2.

Proceeding as in [46, 47, 105], we are now in the position to derive a nonlinear damping
estimate for v̊.

Proposition 5.4.11. Let γ, σ and tmax,σ, tmax,γ as in Propositions 5.4.4 and 5.4.6. Let w
and Tmax as in Proposition 5.4.1. Take v, v0 and τmax as in Proposition 5.4.2. Define v̊
through (5.30) and set w̃(t) = w(t) − ϕ. Fix K > 0. There exists a constant C > 0 such that

||̊v(t)||2H3 ≤ C
(
e−t||v0||2H3 + ||̊v(t)||2L2 +

∫ t

0
e−(t−s)

(
||̊v(s)||2L2 + ||γx(s)||2H4 + ||γt(s)||2H3

)
ds
)

(5.32)
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for all t ∈ [0, tmax,γ) provided

sup
0≤s≤t

(
||w̃(s)||H6

per(0,T ) + ||̊v(s)||H3 + ||(γx(s), γs(s))||H3×H2

)
≤ K. (5.33)

Proof. First we use that v0 ∈ H5(R) gives a solution

v ∈ C([0, τmax));H5(R)) ∩ C1([0, τmax);H3(R))

of (5.5) arguing analogously as in Proposition 5.4.2. Since H5(R) is dense in H3(R) an
approximation argument as in [22, Proposition 4.3.7] yields the result for v0 ∈ H3(R).

Fix K > 0. Let t ∈ [0, tmax,γ) such that (5.33) holds. The forward-modulated perturbation v̊
is designed such that the principal part in (5.31) is given by ∂t − L0(ϕ̊). This is the reason
why we choose the same energies as introduced in [46], [47] and [105], that is,

Ej(t) = ||∂jxv̊(t)||2L2 − 1
2β ⟨JM(ϕ̊)∂j−1

x v̊, ∂j−1
x v̊⟩, j = 1, 2, 3,

with

M(ϕ̊) = 2
(

−2ϕ̊rϕ̊i ϕ̊2
r − ϕ̊2

i

ϕ̊2
r − ϕ̊2

i 2ϕ̊rϕ̊i

)
.

We compute, see [105] and [47],

∂tEj(t) = −2Ej(t) +R1(t) +R2(t)

with

|R1(t)| ≤ 2
3Ej(t) + C1||̊v(t)||2L2

for some t-independent constant C1 > 0 and

R2(t) =2 Re ⟨∂jxR5(ŵ(t), γ(t), γt(t)), ∂jxv̊(t)⟩L2

− 1
β

Re ⟨JM(ϕ̊)∂j−1
x R5(ŵ(t), γ(t), γt(t)), ∂j−1

x v̊(t)⟩L2 .

By Lemma 5.4.10, using (5.33), interpolation and Young’s inequality, there exists a t-
independent constant C2 > 0 such that

|R2(t)| ≤ 1
3Ej(t) + C2

(
||̊v(t)||2L2 + ||γx(t)||2Hj+1 + ||γt(t)||2Hj

)
.

We conclude

∂tEj(t) ≤ −Ej(t) + C3
(
||̊v(t)||2L2 + ||γx(t)||2Hj+1 + ||γt(t)||2Hj

)
for some t-independent constant C3 > 0 and j = 1, 2, 3. Integrating the latter and using, for
some t-independent constant C4 > 0,

||∂xv̊(t)||2L2 ≤ E1(t) + C4||̊v(t)||2L2

and

||∂jxv̊(t)||2L2 ≤ 2Ej(t) + C4
(
||̊v(t)||2L2 + Ej−1(t)

)
,

j = 2, 3, which follow by interpolation and Young’s inequality, we arrive at (5.32).
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Lemma 5.4.12. Fix K > 0. Let the assumptions be as in the previous corollary. There exists
C > 0 such that for all t ∈ [0, tmax,γ) it holds

||̊v(t)||L2 ≤ C(||v̂(t)||L2 + ||γx(t)||L2), (5.34)

||v̂(t)||H3 ≤ C(||̊v(t)||H3 + ||γx(t)||H3) (5.35)

and

||̊v(t)||L∞ ≤ C(||v̂(t)||L∞ + ||γx(t)||L∞), (5.36)

provided

sup
0≤s≤t

(
||ŵ(s)||H5

per
+ ||γ(s)||H4 + |σ(s)|

)
≤ K and sup

0≤s≤t
||γx(s)||L∞ ≤ 1

2 .

Proof. Let t ∈ [0, tmax,γ). We write At(x) = x− γ(x, t) − σ(t) and Bt(x) = x+ γ(x, t) + σ(t) .
By the inverse function theorem and the fact that ||γx(t)||L∞ ≤ 1

2 , it is easy to check that At
is invertible with

x = At(A−1
t (x)) = A−1

t (x) − γ(A−1
t (x), t) − σ(t)

and therefore

A−1
t (x) −Bt(x) = γ(A−1

t (x), t) − γ(x, t).

We also compute

∂x(A−1
t (x)) = 1

1 − γx(A−1
t (x), t)

, ∂2
x(A−1

t (x)) = γxx(A−1
t (x), t)

(1 − γx(A−1
t (x), t))3 ,

∂3
x(A−1

t (x)) = γxxx(A−1
t (x), t)

(1 − γx(A−1
t (x), t))4 + 3γxx(A−1

t (x), t)2

(1 − γx(A−1
t (x), t))5 .

(5.37)

Using

γ(A−1
t (x), t) − γ(x, t) = (A−1

t (x) − x)
∫ 1

0
γx(x+ θ(A−1

t (x) − x), t) dθ, (5.38)

(5.37) and ||γx(t)||L∞ ≤ 1
2 , we can estimate

||A−1
t −Bt||L2 ≲ ||γx||L2 , ||A−1

t −Bt||Hl ≲ ||γx||Hl , (5.39)

for l = 1, 2, 3. This is shown in [59, Lemma 2.7] and [105, Corollary 5.3]. It additionally
follows

||v̂(A−1
t (·), t) − v̂(·, t)||H3 ≲ ||v̂(t)||H3 , ||̊v(At(·), t) − v̊(·, t)||L2 ≲ ||̊v(t)||L2

as for [47, (3.24) & (3.25)]. We observe

v̂(A−1
t (x), t) − v̊(x, t) = (ŵ(Bt(x), t) − ŵ(A−1

t (x), t)) + (ϕ(A−1
t (x)) − ϕ(Bt(x)))

and estimate with (5.39) and the mean value theorem,

||v̂(A−1
t (·), t) − v̊(·, t)||H3 ≲ ||A−1

t −Bt||H3 ≲ ||γx||H3 .
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On the other hand,

v̂(x, t) − v̊(At(x), t) = − ŵ(x, t) + ŵ(x+ γ(At(x), t) − γ(x, t), t)
+ (−ϕ(x) + ϕ(x+ γ(At(x), t) − γ(x, t)))

and by and the mean value theorem and with

||γ(At(·), t) − γ(·, t)||L2 ≲ ||γx(t)||L2 ,

which follows by (5.38), we obtain

||v̂(·, t) − v̊(At(·), t)||L2 ≲ ||γx(t)||L2 .

Putting everything together, we arrive at (5.34) and (5.35). The relation (5.36) follows
analogously.

5.5. Nonlinear stability analysis

5.5.1. The nonlinear iteration

We first establish nonlinear stability of w.

Theorem 5.5.1. Let w0 ∈ H6
per(0, T ). Let w, Tmax be as in Proposition 5.4.1 and let σ and

tmax,σ as in Proposition 5.4.4. There exist C, δ2, εp > 0 such that for

Ep := ||w0||H6
per(0,T ) < εp,

the functions w(t) and σ(t) exist globally, i.e. tmax,σ = Tmax = ∞, and

|σ(t)|, ||w(t) − ϕ||H6
per(0,T ) ≤ CEp, |σt(t)|, ||ŵ(t)||H6

per(0,T ), ||ẘ(t)||H6
per(0,T ) ≤ Ce−δ2tEp,

for all t ≥ 0.

Proof. The estimates on |σ(t)|, |σt(t)| and ||ẘ(t)||H6
per(0,T ) follow by a standard procedure, see

[64] and [96], taking Proposition 5.3.1 and Lemma 5.4.5 for (5.25) into account. We observe
that

||ŵ(t)||H6
per(0,T ) = ||ŵ(· + σ(t), t)||H6

per(0,T ) = ||ẘ(t)||H6
per(0,T )

for all t ≥ 0, to finish the proof.

Let w0 ∈ H6
per(0, T ) and εp as in Theorem 5.5.1. We set El = ||v0||H3 and choose 0 < c < 1

2
as in Proposition 5.4.6. Under the assumption Ep < εp, we consider the template function
η : [0, tmax,γ) → R given by

η(t) = sup
0≤s≤t

(
(1 + s)

1
2
(
||̊v(s)||H3(R) + ||(γx(s), γs(s))||H4×H3

)
+ ||γ(t)||L2

)
and show that there exists a constant C ≥ 1 independent of El and Ep such that

η(t) ≤ C(El + η(t)2 + η(t)Ep) (5.40)



160 5. Nonlinear stability in the Lugiato-Lefever equation

for every t ∈ [0, tmax,γ) with η(t) < c
2 . By Proposition 5.4.6, we have the property: if

tmax,γ < ∞, then

lim sup
t↑tmax,γ

η(t) ≥ c

2 . (5.41)

Furthermore, η is continuous by Proposition 5.4.6 and Corollaries 5.4.7 and 5.4.9 and mono-
tonically increasing.

Iteration argument. Suppose we have proven (5.40). First we take Ep < min{εp, 1
2C } which

gives

η(t) ≤ 2C(El + η(t)2). (5.42)

Now, choose 4C2El <
c
2 . Assuming there exists some t ∈ [0, tmax,γ) such that η(t) ≥ 4CEl,

the continuity of η provides a t0 with η(t0) = 4CEl < c
2 . Therefore, (5.42) and c ∈ (0, 1

2)
imply

η(t0) ≤ 2C
(
El + (16C2El)El

)
< 4CEl.

This is a contradiction and we arrive at

sup
t∈[0,tmax,γ)

η(t) ≤ 4CEl <
c

2 (5.43)

and hence (5.41) cannot hold. We conclude that (5.43) holds with tmax,γ = τmax = ∞. This
proves (5.16) and it suffices to justify (5.40). For this purpose, let t ∈ [0, tmax,γ) with η(t) < c

2 .

Bound on v̂. We first bound ||v̂(s)||H3 for which we use (5.35), that is,

||v̂(s)||H3 ≲ (1 + s)− 1
2 η(s), (5.44)

for s ∈ [0, t]. Together with the nonlinear bounds, Lemma 5.4.3, Proposition 5.3.2 and
Theorem 5.5.1, we arrive at

||v̂(s)||L2 ≲ (1 + s)− 1
2El + ||γx(s)||L2 ||ŵ(s)||L∞ + ||γx(s)||H1 ||v̂(s)||L2

+
∫ s

0
(1 + s− τ)− 3

4 ||R3(ŵ(τ), v̂(τ), γ(τ))||L1∩L2 dτ

+
∫ s

0
(1 + s− τ)− 1

2
(
||σt(τ)v̂x(τ)||L2 + ||T (ŵ(τ), γ(τ))||L2

+ ||(1 − γx(τ))R2,2(ŵ(τ), v̂(τ))||L2

)
dτ

≲ (1 + s)− 1
2El + (1 + s)− 1

2 η(t)2 + (1 + s)− 1
2 η(t)Ep

+ η(t)2
∫ s

0
(1 + s− τ)− 3

4 (1 + τ)−1d τ

+ η(t)Ep
∫ s

0
(1 + s− τ)− 1

2 (1 + τ)− 1
2 e−δ2τd τ

≲ (1 + s)− 1
2
(
El + η(t)2 + η(t)Ep

)
,

(5.45)

for s ∈ [0, t], where we used that η(t) ≤ 1
2 .
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Bounds on γ. With (5.44), Proposition 5.3.2, Lemma 5.4.3 and Theorem 5.5.1, we estimate

||∂ks ∂lxγ(s)||L2 ≤ ||∂ks ∂lxsp(s)||L2→L2 ||v0||L2

+
∫ s

0
||∂ks ∂lxsp(s− τ)||L1→L2 ||R3(ŵ(τ), v̂(τ), γ(τ))||L1 dτ

+
∫ s

0
||∂ks ∂lxsp(s− τ)||L2→L2

(
||σt(τ)v̂x(τ)||L2 + ||T (ŵ(τ), γ(τ))||L2

+ ||(1 − γx(τ))R2,2(ŵ(τ), v̂(τ))||L2

)
dτ

≲ (1 + s)− k+l
2 El + η(s)2

∫ s

0
(1 + s− τ)− 1

4 − k+l
2 (1 + τ)−1d τ

+ η(s)Ep
∫ s

0
(1 + s− τ)− k+l

2 (1 + τ)− 1
2 e−δ2τd τ

≲ (El + η(t)2 + η(t)Ep)


1, if l + k = 0
(1 + s)− 1

2 , if l + k = 1
(1 + s)−1, otherwise,

(5.46)

for every s ∈ [0, t].

Bounds on v̊. Invoking (5.45) and (5.46), (5.34) yields

||̊v(s)||L2 ≲ (1 + s)− 1
2
(
El + η(t)2 + η(t)Ep

)
for all 0 ≤ s ≤ t. Finally, with Proposition 5.4.11 and (5.46), we obtain

||̊v(s)||H3 ≲ (1 + s)− 1
2
(
El + η(t)2 + η(t)Ep

)
,

for all 0 ≤ s ≤ t, using η(t) ≤ 1
2 .

We have shown the key inequality (5.40).

Remark 5.5.2. The proof of (5.40) reveals that the nonlinear iteration argument closes as
long as |σt(t)| and ||ŵ(t)||H6

per(0,T ) decay of order (1 + t)−κ for some κ > 1
2 .

5.5.2. Refined L∞-estimates

By Proposition 5.3.3 and the nonlinear bounds in Lemma 5.4.3 and reinserting the L2-estimates
(5.16), we obtain

||γx(t)||L∞ ≤ ||∂xsp(t)||L2→L∞ ||v0||L2 +
∫ t

0
||∂xsp(t− s)||L1→L∞ ||R3(ŵ(s), v̂(s), γ(s))||L1 ds

+
∫ t

0
||∂xsp(t− s)||L2→L∞

(
||σt(s)v̂x(s)||L2 + ||T (ŵ(s), γ(s))||L2

+ ||(1 − γx(s))R2,2(ŵ(s), v̂(s))||L2

)
ds

≲ (1 + t)− 3
4El + El

(∫ t

0
(1 + t− s)−1(1 + s)−1 + (1 + t− s)− 3

4 (1 + s)− 1
2 e−δ2s ds

)
≲ (1 + t)− 3

4El,
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for all t ≥ 0. Furthermore, we have

||v̂(t)||L∞ ≲ (1 + t)− 3
4El +

∫ t

0
(1 + t− s)−1||R3(ŵ(s), v̂(s), γ(s))||L1∩L2 ds

+
∫ t

0
e−δ1(t−s)||R3(ŵ(s), v̂(s), γ(s))||H1 ds

+
∫ t

0
(1 + t− s)− 3

4
(
||σt(s)v̂x(s)||H1

+ ||(1 − γx(s))R2,2(ŵ(s), v̂(s))||H1 + ||T (ŵ(s), γ(s))||H1

)
ds

≲ (1 + t)− 3
4El + El

(∫ t

0
(1 + t− s)−1(1 + s)−1 + (1 + t− s)− 3

4 (1 + s)− 1
2 e−δ2s ds

)
≲ (1 + t)− 3

4El,

for all t ≥ 0. With the help of (5.36), we deduce

||̊v(t)||L∞ ≲ (1 + t)− 3
4El,

for all t ≥ 0. Finally, we observe that for σ∗ :=
∫∞

0 σs(s) ds, we have

|σ∗ − σ(t)| ≤
∫ ∞

t
|σs(s)| ds ≲ e−δ1tEp

and therefore

||ϕ(· + σ∗ + γ(·, t), t) − ϕ(· + σ(t) + γ(·, t), t)||L∞ ≲ e−δ1tEp,

for all t ≥ 0. As described in Section 5.2.6, Theorem 5.2.3 follows.

5.6. Discussion
5.6.1. Applicability of the scheme to viscous conservation laws

A satisfying L∞-stability theory considering Cub-perturbations is established in parabolic
reaction-diffusion systems [84] which can be extended beyond the parabolic setting as shown
in the context of the FitzHugh-Nagumo system [5]. On the other hand, there are crucial
obstacles in establishing pure L∞-stability results for viscous conservation laws as described
in [5, 51]. An interesting ingredient of the L2-analysis in [59] is that the authors introduce a
sum of spatio-temporal modulation functions to capture more than one critical mode arising
from the presence of the conservation laws. Therefore, a key difficulty lies in the fact that the
critical dynamics is governed by a coupled Whitham system for which one cannot immediately
apply the Cole-Hopf transform as done in the scalar case for which this Whitham system
reduces to the Burgers’ equation [5, 84]. This begs the question of whether we can apply our
L2

per(0, T ) ⊕ L2(R)-scheme to this setting, cf. [59] and [58]. In order to generate a result like
Theorem 5.2.3 in this setting, the question reduces to whether such a sum of spatio-temporal
modulation functions is compatibel with our approach. As the L2

per(0, T )-theory can be settled
by a standard procedure, we strongly expect that it is relatively straightforward to allow for
L2

per(0, T ) ⊕ L2(R)-perturbations by precisely following our nonlinear analysis, in particular
using the modified versions of inverse- and forward-modulated perturbations in §5.4.2 and
§5.4.5, and by respecting the semigroup decomposition and estimates established in [59, pp.
149] and the nonlinear damping estimate in [59, pp. 146].
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5.6.2. Uniformly subharmonic plus localized perturbations

Considering the uniformly subharmonic nonlinear stability result for the Lugiato-Lefever
equation in [47], the question arises whether we can show a nonlinear stability result involving
perturbations w0 +v0 with w0 ∈ H6

per(0, NT )∩L1
per(0, NT ), v0 ∈ H3(R) and which is uniform

in N ∈ N. We note that as in [47] the additional condition L1
per(0, NT ) is crucial in [47] to

guarantee the uniformity in N .

Suppose (H1) and (D1)-(D3). Now, given a solution u = w + v of (5.1) where w solves (5.3)
and v solves (5.4) with u(0) = w0 + v0, we broadly sketch a possible scheme for the claimed
stability estimate

||u(t)||L∞ ≲ (1 + t)− 3
4
(
||w0||H6

per(0,NT )∩L1
per(0,NT ) + ||v0||H3(R)

)
, t ≥ 0, (5.47)

uniformly in N ∈ N. Keeping the main lines of this paper, we might introduce the inverse-
modulated perturbations

ŵ(x, t) = w(x− σ(t) − γ1(x, t), t) − ϕ,

v̂(x, t) = u(x− σ(t) − γ1(x, t) − γ2(x, t), t) − ŵ(x, t) − ϕ(x)

and the forward-modulated perturbations

ẘ(x, t) = w(x, t) − ϕ(x+ σ(t) + γ1(x, t)),
v̊(x, t) = u(x, t) − ŵ(x+ σ(t) + γ1(x, t) + γ2(x, t), t) − ϕ(x+ σ(t) + γ1(x, t) + γ2(x, t)),

with modulation functions

σ : [0,∞) → R, γ1 : [0,∞) → L2
per(0, NT ) and γ2 : [0,∞) → L2(R).

To derive suitable perturbation equations for v̂ and v̊, we refer to Appendices 5.A and 5.B.
Finally, with the established decay rates [47, Theorem 1.4], that is,

||∂xγ1(t)||L2
per(0,NT ), |σt(t)|, ||ŵ(t)||L2

per(0,NT ) ∼ O((1 + t)− 3
4 )

uniformly in N , one may invoke Remark 5.5.2 and [47, Proposition 3.7]). It remains to prove
versions of Proposition 5.4.11 and Lemma 5.4.12 to deduce (5.47).

5.6.3. Nonlocalized phase modulations

An interesting feature of the modulational stability estimate (5.14) is that we capture the
most critical dynamics of the periodic wave by a phase modulation from R +H3(R). This
class of functions covers the simplest nontrivial nonlocalized phase perturbations one could
think of. Therefore, an interesting open question is whether we can allow for perturbations
from L2

per(0, T ) ⊕ L2(R) as well as (L∞-large) initial modulations γ0 − σ∗ such that ||γ′
0||H3

is small to conclude an estimate such as (5.14). We refer to [105] for a nonlinear stability
result against localized perturbations in this context, allowing for a nonlocalized initial phase
modulation.
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5.6.4. Fully nonlocalized perturbations

Local well-posedness results in nonlinear Schrödinger-type equations, possibly with (periodic)
potentials, have been established for initial data from the modulation space Mm

∞,1(R), see e.g.
[23, 65], [41, pages 245-252] and references therein. At the same time, global in time results
are widely open. Due to the additional dissipativity in (5.1) compared to the classical cubic
nonlinear Schrödinger equation, we expect the possibility to extend our result to perturbations
from Mm

∞,1(R) for sufficiently large m ∈ N. This might be achieved by conceptually following
the lines of [5] through the complex inversion formula of the semigroup, see also Remark 5.2.2.
Nevertheless, it turns out that high-frequency damping and regularity control are delicate
challenges and it seems that essentially new ideas have to be developed.

5.A. Appendix: Derivation of (5.23)
We write û(x, t) = u(x− σ(t) − γ(x, t), t) − ϕ(x), insert (5.22) and [47, (3.4)] to obtain

(∂t − L0)(v̂) = (∂t − L0)û − (∂t − L0)ŵ
= −(∂t − L0)(ϕ′γ) + (1 − γx)R1(û) − R1(ŵ) + σtŵx

+ ∂xS(û, γ, γt, σt) + ∂2
xP(û, γ) + (∂t − L0)(γxû),

where, recalling û = v̂ + ŵ,

S̃(û, γ, γt, σt) = −γtû − σtû + βJ
(

γxx
(1 − γx)2 û − γ2

x

1 − γx
ϕ′
)

= S̃(v̂, γ, γt, σt) − γtŵ − σtŵ + βJ
(

γxx
(1 − γx)2 ŵ

)
P(û, γ) = −βJ

(
γx + γx

1 − γx

)
û = P(v̂, γ) + P(ŵ, γ).

We emphasize that the critical terms σtŵ and (∂t − L0)(ϕ′σ) cancel out. We arrive at

(∂t − L0)(v̂ + ϕ′γ − γxŵ − γxv̂) =Q(ŵ, v̂, γ) + ∂xS(v̂, γ) + ∂2
xP(v̂, γ)

− σtv̂x + (1 − γx)R2,2(ŵ, v̂) + T (ŵ, γ)

with

Q(ŵ, v̂, γ) = (1 − γx)(R1(v̂ + ŵ) − R1(ŵ) − R2,2(ŵ, v̂)) = (1 − γx)R2,1(v̂, ŵ),

S(v̂, γ) = −γtv̂ + βJ
(

γxx
(1 − γx)2 v̂ − γ2

x

1 − γx
ϕ′
)
,

T (ŵ, γ) = −γxR1(ŵ) − ∂x

(
γtŵ − βJ

(
γxx

(1 − γx)2 ŵ
))

− ∂2
x

(
βJ

(
γx + γx

1 − γx

)
ŵ
)
.

5.B. Appendix: Derivation of (5.31)
We recall that

v̊(x, t) = u(x, t) − w(x+ γ(x, t), t),
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set ϕ̊(x) = ϕ(x+ γ(x, t)) and use the notions (5.6), (5.7) and (5.8). Furthermore, we write

D(u) = J
((

−β 0
0 −β

)
uxx +

(
−α 0
0 −α

)
u
)

− u.

Using that u and w are a solutions of (5.2), we derive

(∂t − L0(ϕ̊))̊v(t)
= (∂t − D)(u(t)) − (∂t − D)(w)(· + γ(·, t), t) − N ′(ϕ̊)̊v(t) + R5(w(t), γ(t), γt(t))
= N (̊v(t) + w̃(· + γ(·, t), t) + ϕ̊) − N (w̃(· + γ(·, t), t) + ϕ̊)

− N ′(ϕ̊)̊v(t) + R5(w(t), γ(t), γt(t))
= R2(ϕ̊)(w̃(· + γ(·, t), t), v̊(t)) + R5(w̃(t), γ(t), γt(t))

with

R5(w̃(t), γ(t), γt(t))
= −wx(· + γ(·, t), t)γt(t)

− βJ
(
wx(· + γ(·, t), t)(γxx(t)) + wxx(· + γ(·, t), t)(2γx(t) + γx(t)2)

)
= −w̃x(· + γ(·, t), t)γt(t) − ϕ′(· + γ(·, t), t)γt(t)

− βJ
(
w̃x(· + γ(·, t), t)(γxx(t)) + w̃xx(· + γ(·, t), t)(2γx(t) + γx(t)2)

+ ϕ′(· + γ(·, t), t)(γxx(t)) + ϕ′′(· + γ(·, t), t)(2γx(t) + γx(t)2)
)
.

Recall that w̃(t) = w(t) − ϕ denotes the unmodulated perturbation of w.

5.C. Appendix: Proof of Proposition 5.4.6
We recall the Duhamel formula (5.26) given by

γ(t) = sp(t)v0 +
∫ t

0
sp(t− s)

(
R3(ŵ(s), v̂(s), γ(s)) − σt(s)v̂x(s)

+ (1 − γx(s))R2,2(ŵ(s), v̂(s)) + T (ŵ(s), γ(s))
)
ds

whereas

v̂(x, t) = u(x− σ(t) − γ(x, t), t) − ŵ(x, t) − ϕ(x).

To prevent confusion, we write

v̂(t) = v̂(γ(t), t)

and for the sake of readability, we introduce

Ñ (t, σ(s), γ(s), s) = sp(t− s)
(
R3(ŵ(s), v̂(s), γ(s)) − σt(s)v̂x(s)

+ (1 − γx(s))R2,2(ŵ(s), v̂(s)) + T (ŵ(s), γ(s))
)
.

We do a contraction argument. For this purpose, we establish nonlinear bounds.
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Lemma 5.C.1. Fix 0 ≤ τ1 ≤ τ2 < min{τmax, tmax,σ}. Let j, k ∈ N0 and fix K > 0. Suppose
that

sup
t∈[0,τ2]

(||w(t)||W 1,∞ + |σt(t)| + ||v(t)||W 1,∞) ≤ K.

There exist constants C > 0 and Cj,k > 0 such that we have the bounds

sup
s∈[τ1,τ2]

||v̂(γ1(s), s) − v̂(γ2(s), s)||L2 ≤ C sup
s∈[τ1,τ2]

||γ1(s) − γ2(s)||L2 , (5.48)

and

sup
t∈[τ1,τ2]

sup
s∈[τ1,t]

||∂jt ∂kx(Ñ (t, σ(s), γ2(s), s) − Ñ (t, σ(s), γ2(s), s))||L2

≤ Cj,k sup
s∈[τ1,τ2]

(||γ1(s) − γ2(s)||H2 + ||∂tγ1(s) − ∂tγ2(s)||L2),
(5.49)

for any γ1, γ2 ∈ C([τ1, τ2];H5(R)) × C1([τ1, τ2];H3(R)) with

sup
t∈[τ1,τ2]

||∂xγ1(t)||L∞ , ||∂xγ1(t)||L∞ ≤ 1
2 .

Proof. Let t ∈ [τ1, τ2] and s ∈ [τ1, t]. We rewrite

v̂(x, γ1(s), s) − v̂(x, γ2(s), s) = v(x− σ(s) − γ1(x, s), s) − v(x− σ(s) − γ2(x, s), s)
+ w(x− σ(s) − γ2(x, s), s) − w(x− σ(s) − γ1(x, s), s)

and since w(x− σ(s) − γ(x, s), s) − ϕ(x) = ŵ(x− γ(x, s), s), this yields (5.48) by the mean
value theorem. Let j, k ∈ N0. Recalling the choice of R3 = Q + ∂xS + ∂2

xP and the estimates
on sp(t) from Proposition 5.3.2, we obtain

||∂jt ∂kxsp(t− s)(R3(ŵ(s), v̂(γ1(s), s), γ1(s)) − R3(ŵ(s), v̂(γ2(s), s), γ2(s)))||L2

≤ Cj,k(||γ1(s) − γ2(s)||H2 + ||∂tγ1(s) − ∂tγ2(s)||L2).

by taking derivatives on sp(t− s) and (5.48). Next, with the Cauchy-Schwarz inequality, we
find

||∂jt ∂kxsp(t− s)
(
(1 − ∂xγ1(s))R2,2(ŵ(s), v̂(γ1(s), s))

− (1 − ∂xγ2(s))R2,2(ŵ(s), v̂(γ2(s), s))
)
||L2 ≤ Cj,k||γ1(s) − γ2(s)||H1 .

Moreover, we have

||∂jt ∂kxsp(t− s)
(
σt(s)(v̂x(γ1(s), s) − v̂x(γ2(s), s))

)
||L2 ≤ Cj,k||γ1(s) − γ2(s)||L2 .

Together with

||∂jt ∂kxsp(t− s)
(
T (ŵ(s), γ1(s)) − T (ŵ(s), γ1(s))

)
||L2

≤ Cj,k(||γ1(s) − γ2(s)||H2 + ||∂tγ1(s) − ∂tγ2(s)||L2),

again taking derivatives on sp(t− s), we arrive at (5.49).
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By the choice of sp, we immediately have that γ(t) = 0 for t ∈ [0, 1]. We need to justify that
we can extend the modulation function γ to a maximal time such that the alternative (5.29)
holds.
Proof of Proposition 5.4.6. Let γ̃ be a solution of (5.26) on [0, t0] with some t0 > 0. Lemma
5.C.1 tells us that

γ 7→ sp(t)v0 +
∫ t

t0
sp(t− s)

(
R3(ŵ(s), v̂(s), γ(s)) − σt(s)v̂x(s)

+ (1 − γx(s))R2,2(ŵ(s), v̂(s)) + T (ŵ(s), γ(s))
)
ds

(5.50)

defines a contraction on

Xt0,τ0 =
{
γ ∈C([t0, t0 + τ0];H5(R)) ∩ C1([t0, t0 + τ0];H3(R)) :

sup
s∈[t0,t0+τ0]

||(γ(s), γs(s))||H5×H3 <
c

2
}

for sufficiently small τ0 > 0. By the Banach fixed point theorem, there exists a unique solution

γ ∈ C([t0, t0 + τ0];H5(R)) ∩ C1([t0, t0 + τ0];H3(R))

of

γ(t) = sp(t)v0 +
∫ t0

0
sp(t− s)

(
R3(ŵ(s), v̂(γ̃(s), s), γ̃(s)) − σt(s)v̂x(γ̃(s), s)

+ (1 − γx(s))R2,2(ŵ(s), v̂(γ̃(s), s)) + T (ŵ(s), γ̃(s))
)
ds

+
∫ t

t0
sp(t− s)

(
R3(ŵ(s), v̂(γ(s), s), γ(s)) − σt(s)v̂x(γ(s), s)

+ (1 − γx(s))R2,2(ŵ(s), v̂(γ(s), s)) + T (ŵ(s), γ(s))
)
ds

(5.51)

for t ∈ [t0, t0 + τ0].

Since (5.50) defines a contraction on Xt1,t2 for every t1 ∈ (0,min{τmax, tmax,σ}) and sufficiently
small t2 > 0, we conclude that

γ(t) =
{
γ̃(t), t ∈ [0, t0]
γ(t), t ∈ [t0, t0 + τ0]

(5.52)

is the unique solution of (5.26) on [0, t0 + τ0] such that γ ∈ Xt0,τ0 . Now, there exists a max-
imal time tmax,γ ∈ (0,min{τmax, tmax,σ}] such that (5.28) holds. Assume that tmax,γ <
min{τmax, tmax,σ}. If (5.29) fails, then there exists a unique solution γ̃ of (5.26) with
supt∈[0,tmax,γ) ||(γ̃(t), γ̃t(t))||H5×H3 < c

2 . This again allows to solve (5.51) on Xtmax,γ ,τ ′
0

for some
small τ ′

0 giving a solution of (5.26) via (5.52) on [0, tmax,γ + τ ′
0) with ||(γ(s), γs(s))||H5×H3 < c

2
for all t ∈ [0, tmax,γ+τ ′

0). This contradicts the maximality of tmax,γ and we conclude (5.29).

End of Paper
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5.D. Appendix: The spaces L2
per(0, T ) and L2

per(0, T ) ⊕ L2(R)
Let l, k ∈ N0 and T > 0. We define, see [94, Section 5.2.2],

H l
per(0, T ) = C∞

per(R) w.r.t. || · ||Hl([0,T ])

where ||u||Hl([0,T ]) := ∑l
i=0 ||∂ixu||L2([0,T ]) and

C∞
per(R)

= {u : [0, T ] → R2 : ∃ũ ∈ C∞(R;R2) s.t. u = ũ|[0,T ] and ũ(x+ T ) = u(x) for all x ∈ R}.

The next proposition in particular shows that we may naturally extend an H l
per(0, T )-function

to the extended real line.

Proposition 5.D.1. We have the following properties.

(i) We can characterize: u ∈ H l
per(0, T ) if and only if there exists a unique measurable

function ũ : R → R2 s.t. u = ũ[mT,mT+T ](· +mT ) and ũ[mT,mT+T ](· +mT ) ∈ H l
per(0, T )

for all m ∈ Z.
(ii) H l

per(0, T ) is a Hilbert space with scalar product ⟨u, v⟩Hl
per(0,T ) := ⟨u, v⟩Hl([0,T ]).

(iii) If u ∈ L2
per(0, T ), then u(x) = u(x+mT ) for all m ∈ Z and for almost all x ∈ R.

(iv) Let l ∈ N. We have H l
per(0, T ) ↪→ C l−1

ub (R).
(v) If u ∈ H1

per(0, T ), then there exists g ∈ L2
per(0, T ) s.t.

∫ T
0 φg dx = −

∫ T
0 u∂xφdx for all

φ ∈ C∞([0, T ]). We identify g = ∂xu.
(vi) We may use integration by parts, that is, for u, v ∈ H1

per, (0, T ), we find
∫ T

0 u∂xv dx =
−
∫ T

0 v∂xu dx.

(v) and (vi) analogously hold for Hm
per(0, T ) for all m ∈ N.

Proof. Let ũ as in (i). Then u = ũ|[0,T ] ∈ H l
per(0, T ). Assume now that u ∈ H l

per(0, T ) and set
ũ(x+mT ) = u(x) for all x ∈ [0, T ) and m ∈ Z. Let ũn ∈ C∞

per s.t. ũn|[0,T ] → u in H l([0, T ])
as n → ∞. Let m ∈ Z. It is straightforward to check that ũn|[0,T ] = ũn|[mT,mT+T ](· +mT ) →
ũ|[mT,mT+T ](· + mT ) in H l([0, T ]) as n → ∞. Therefore, ũ|[mT,mT+T ](· + mT ) ∈ H l

per(0, T )
and u = ũ|[mT,mT+T ](· +mT ). Similarly, The uniqueness is clear by identifying measurable
functions only differing on a nullset. The statement (iii) follows directly from (i). By Sobolev
embedding, see [15, Theorem 8.8], (iv) and (ii) is simple to check. (v) and (vi) follow directly
by density of C∞

per(R).

Lemma 5.D.2. If u ∈ L2
per(0, T ) ∩ L2(R), then u = 0.

Proof. Assume that u ∈ L2(R), that is |u|2 ∈ L1(R). By [94, Lemma 7.3.6], we find
u(x+mT ) → 0 as m → ∞ for almost all x ∈ R. If additionally u ∈ L2

per(0, T ), then together
with Proposition 5.D.1 we obtain u = 0 almost everywhere.

We introduce the vector space

H l
per(0, T ) ⊕Hk(R)
:= {u : R → R2 measurable : ∃w ∈ H l

per(0, T ),∃v ∈ Hk(R;R2) s.t. u = v + w}
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and equip it with the norm

||w + v||Hl
per(0,T )⊕Hk(R) := ||w||Hl

per(0,T ) + ||v||Hk(R). (5.53)

Proposition 5.D.3. We record the following statements.

(i) If u ∈ H l
per(0, T ) ⊕Hk(R), then there are unique w ∈ H l

per(0, T ) and one v ∈ Hk(R) s.t.
u = v + w. In particular, the norm (5.53) is well-defined.

(ii) H l
per(0, T ) ⊕Hk(R) is a Hilbert space with the scalar product

⟨v + v′, w + w′⟩Hl
per(0,T )⊕Hk(R) := ⟨v, v′⟩Hl

per(0,T ) + ⟨w,w′⟩Hk(R).

Proof. Supposing u = v + w = v′ + w′ with w,w′ ∈ H l
per(0, T ) and v′, v ∈ Hk(R), we have

(v′ − v) = −(w′ −w). It follows that v′ − v ∈ Hk(R) but also v′ − v ∈ H l
per(0, T ). By Lemma

5.D.2, −(w′ − w) = v′ − v = 0 which shows (i). The statement (ii) is an obvious consequence
of (i) and the fact that H l

per(0, T ) and Hk(R) are Hilbert spaces themselves.





APPENDIX A

Uniformity in the Fourier inversion formula with
applications to Laplace transforms

This chapter is the content of the preprint [3].

Start of Paper

Abstract. We systematically find conditions which yield locally uniform conver-
gence in the Fourier inversion formula in one and higher dimensions. We apply
the gained knowledge to the complex inversion formula of the Laplace transform
to extend known results for Banach space-valued functions and, specifically, for
C0-semigroups.

Keywords. Banach space-valued functions; Fourier transform; Laplace transform;
complex inversion formula; uniform convergence; local Hölder-continuity; strongly
continuous semigroups; Favard spaces
Mathematics Subject Classification (2020). 44A10; 47D06; 26A16

A.1. Introduction
We fix a Banach space X for the entire manuscript.

For an exponentially bounded function F : R+ := [0,∞) → X with exponential growth bound
ω0 ∈ R, i.e. there exists C > 0 such that ||F (t)|| ≤ Ceω0t for all t ∈ R+, the Laplace transform
is given by

L(F )(λ) :=
∫ ∞

0
e−λsF (s) ds, Re(λ) > ω0. (A.1)

For many decades, mathematicians have been interested in how we can formally and qualita-
tively invert (A.1). The importance of this question is not only raised by abstract curiosity.
Nowadays, the Laplace transform is a standard and important tool to analyze differential
equations: having properties of the transformed solution of a differential equation at hand,
the validity of a suitable inversion formula may give further information about the solution
itself. A prominent realization of this principle is the Hille-Yosida theorem in the context of
linear evolution equations.

Let ω > ω0. The complex inversion formula is defined by

lim
R→∞

1
2πi

∫ ω+iR

ω−iR
eλtL(F )(λ) dλ (A.2)
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for t ∈ R+. We are interested under which regularity or localization conditions on F , we can
guarantee

F (t) = lim
R→∞

1
2πi

∫ ω+iR

ω−iR
eλtL(F )(λ) dλ locally uniformly in t ∈ R+. (A.3)

In this paper, we consider general Banach space-valued functions and prove

Proposition A.1.1. If F ∈ Hloc(R+;X)1, with F (0) = 0, has exponential growth bound
ω0 ∈ R, then

F (t) = lim
R→∞

1
2πi

ω+iR∫
ω−iR

eλtL(s)(λ) dλ locally uniformly in t ∈ R+,

for any ω > ω0.

Before discussing the proof of Proposition A.1.1, we give a short overview of existing results
providing answers to (A.3) in the current literature. For strongly continuous functions, the
question under which conditions the complex inversion formula holds and in which sense
was posed more generally and was partially answered by Markus Haase in [43]. Haase
considers convolutions of a strongly continuous and a locally integrable scalar function and
obtains (A.3) with convergence in operator norm. Another recent result can be found in [5,
Appendix A]. The authors show the validity of Laplace inversion for convolutions of two
C0-semigroups as a direct consequence of the upcoming Proposition A.1.3. This observation
is then exploited to identify and control the leading-order terms in the Neumann series of
high-frequency components of a C0-semigroup. For merely continuous functions, we cite the
result [6, Theorem 4.2.21 b)] which requires introducing the (weaker) Cesàro limit:

C − lim
R→∞

ω+iR∫
ω−iR

eλtL(F )(λ) dλ := lim
R→∞

1
R

∫ R

0

ω+ir∫
ω−ir

eλtL(F )(λ) dλ dr, t ∈ R+.

Proposition A.1.2. For F ∈ C(R+;X), F (0) = 0, with exponential growth bound ω0, we
have

F (t) = C − 1
2πi lim

R→∞

ω+iR∫
ω−iR

eλtL(F )(λ) dλ locally uniformly in t ∈ R+,

for any ω > ω0.

The next result is, to the author’s knowledge, the most general result providing (A.3) in the
current literature.

Proposition A.1.3. If F ∈ Lip(R+;X), F (0) = 0, then

F (t) = lim
R→∞

1
2πi

w+iR∫
ω−iR

eλtL(s)(λ) dλ locally uniformly in t ∈ R+,

for any ω > 0.
1For the definitions of function spaces see Appendix A.A.
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The proof of Proposition A.1.3 in [6] relies on [6, Theorem 2.3.4], which is obtained through
the Riesz-Stieltjes Representation [6, Theorem 2.1.1]. This representation gives an abstract
characterization of {F ∈ Lip(X) : F (0) = 0}. The authors give a second proof of Proposition
A.1.3 in [6, page 260], based on the existence of the Cesàro limit, c.f. Proposition A.1.2,
together with the property∣∣∣∣∣∣∣
∣∣∣∣∣∣∣t 7→

ω+iR∫
ω−iR

eλtL(F (t))(λ) dλ−
ω+iS∫
ω−iS

eλtL(F (t))(λ) dλ

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
C([0,a],X)

→ 0 as S,R → ∞,
R

S
→ 1

(A.4)

for all a > 0, i.e. F is feebly oscillating. Justifying both properties is sufficient to conclude
(A.3) by the real Tauberian theorem [6, Theorem 4.2.5].

Remark A.1.4. An example which is covered by Proposition A.1.1 but not by Proposition
A.1.3, can be obtained by considering a Weierstrass function, for example G(t) = ∑∞

n=1
sin(n2t)
n2 ,

and setting F (t) = (1 − e−t)G(t).

Due to the observation, see Section A.3.1, that for exponentially bounded functions, Laplace
inversion in the sense of (A.2) can be traced back to Fourier inversion, we study the Fourier
transform first and provide sufficient conditions yielding locally uniform convergence of the
Fourier inversion formula in one and higher dimensions. The gained knowledge on the Fourier
inversion formula is then exploited to prove Proposition A.1.1. We conclude this paper with
an application of Proposition A.1.1 to C0-semigroups on Favard spaces where we follow the
literature and suppose ω0 < 0.

Acknowledgments. The author is grateful to the anonymous referee for his very helpful
suggestions, in particular, for the advice to study first the Fourier inversion formula and
then to apply the knowledge to the Laplace transform. He also would like to thank Anthony
Carbery for drawing his attention to [18] and a short discussion yielding Remark A.2.14.
This project is funded by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) – Project-ID 491897824.

A.2. Uniformity in the Fourier inversion formula

A.2.1. Preliminaries

We start with recalling classical results and formulae related to Fourier inversion for Banach
space-valued functions. Fix n ≥ 1 and let F : Rn → X be L1-integrable. Define the Fourier
transform

F(F )(k) := F̂ (s) :=
∫
Rn
e−ik·sF (s) ds, k ∈ Rn

and the inversion formula is given by

F−1(F̂ )(x) = lim
R→∞

SR(F )(x), x ∈ Rn
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with

SR(F )(x) = 1
(2π)n

∫
|k|≤R

eix·kF̂ (k) dk, , R ≥ 1, x ∈ Rn.

Analogously to the Laplace transform, we ask for regularity and localization assumptions such
that

SR(F )(x) → F (x) as R → ∞, locally uniformly in x ∈ Rn. (A.5)

If (A.5) holds, we shortly write: Fourier inversion holds locally uniformly. A central role in
the study of Fourier inversion plays the spherical mean of F at x ∈ Rn defined by the surface
integral

F̄x(r) = 1
ωn−1

∫
Sn−1

F (x+ rω) dω, r ≥ 0,

where Sn−1 is the unit sphere in Rn and ωn−1 is its surface measure. Following [80], we rewrite

SR(F )(x) =
∫
Rn
F (x+ z)DR

n (z) dz

= ωn−1

∫ ∞

0
rn−1DR

n (r)F̄x(r) dr
(A.6)

with the Dirichlet kernel DR
n (r) given by2

DR
n (z) = 1

(2π)n
∫

|ξ|≤R
e−iz·ξ dξ, R ≥ 1, z ∈ Rn.

Note that for a rotation matrix D ∈ Rn×n, it holds (Dz) · ξ = z · (DT ξ) and, since DT is
also a rotation matrix, the substitution rule first gives DR

n (z) = DR
n (|z|) and then the second

identity in (A.6) follows.

To that end, we record the following facts.

Proposition A.2.1 ([80]). (i) We have

DR
1 (r) = sin(Rr)

πr
, DR

2 (r) = RJ1(Rr)
2πr , RJ1(Rr) = − d

dr
J0(Rr),

for r > 0 and R ≥ 1, where J0 and J1 denote Bessel functions of first kind. In particular,
J0 and J1 are smooth and bounded.

(ii) For every δ > 0,∫ δ

−δ

sin(Rs)
s

ds → π,

∫ δ

0

sin(Rs)
s

ds → π

2 as R → ∞.

(iii) It holds

J0(0) = 1, J0(r) → 0 as r → ∞.

(iv) For n ∈ N≥3, we have the relation

DR
n (r) = −1

r

d

dr
DR
n−2(r), r > 0, R ≥ 1.

2Denote by D̃n
R the Dirichlet kernel given in [80]. Then, the relation DR

n (z) = (2π)−nD̃n
R((2π)−1z) holds.

This is due to slightly different choices of the Fourier transforms.
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(v) For each n ∈ N there exists some Cn > 0 such that

|DR
n (r)| ≤ CnR

n

(1 +Rr) n+1
2
, r > 0, R ≥ 1.

We distinguish between odd and even dimensions and study the cases n = 1 and n = 2
independently. The following formulae are a consequence of an iterative application of
Proposition A.2.1 (iv).

Lemma A.2.2. Let (ηR)R≥1 be a sequence of smooth cut-off functions with 0 ≤ ηR ≤ 1 being
one in the interval (0, R) and zero in (R+ 1,∞). We obtain the following identities.

(i) Let n = 2k + 1 with k ∈ N. Let B : Rn → X be L1-integrable and k-times continuously
differentiable. There exist universal constants C0,k(n), ..., Ck,k(n) ∈ R such that

∫ ∞

0
DR
n (r)B(r)rn−1 dr =

k∑
j=0

Cj,k(n)
∫ ∞

0
DR

1 (r)rj
(
d

dr

)j
(B(r)ηR(r)) dr

+
∫ ∞

0
DR
n (r)B(r)(1 − ηR(r))rn−1 dr.

(ii) Let n = 2k with k ∈ N. Let B : Rn → X be integrable and (k − 1)-times continuously
differentiable. There exist universal constants C0,k−1(n), ..., Ck−1,k−1(n) ∈ R such that

∫ ∞

0
DR
n (r)B(r)rn−1 dr =

k−1∑
j=0

Cj,k−1(n)
∫ ∞

0
DR

2 (r)rj+1
(
d

dr

)j
(B(r)ηR(r)) dr

+
∫ ∞

0
DR
n (r)B(r)(1 − ηR(r))rn−1 dr.

Proof. For (i), we refer to [80, pages 141-142]. We prove (ii) for the sake of convenience as we
did not find a proof for this formula. For this purpose, we show for every k ∈ N with n = 2k,
that it holds∫ ∞

0
DR
n (r)A(r)rn−1 dr =

k−1∑
j=0

Cj,k−1(n)
∫ ∞

0
DR

2 (r)rj+1
(
d

dr

)j
(A(r)) dr (A.7)

for all compactly supported and (k − 1)-times differentiable A : (0,∞) → X. For k = 1, this
is precisely formula (A.6) with n = 2. We do an induction argument and therefore suppose
that the assertion (A.7) is known for k − 1 with k ≥ 2. Let A : (0,∞) → X be any compactly
supported and (k − 1)-times differentiable function. There exist universal constants C1

j ∈ R
and C2

j ∈ R for j = 0, ..., k − 2 such that(
d

dr

)j(
r
d

dr
A(r)

)
= C1

j r

(
d

dr

)j+1
(A(r)) + C2

j

(
d

dr

)j
(A(r)). (A.8)

Integrating by parts once and using Proposition A.2.1, we find∫ ∞

0
DR
n (r)A(r)rn−1 dr =

∫ ∞

0

(
−1
r

d

dr

)k−1(
DR

2 (r)
)
A(r)rn−1 dr

=
∫ ∞

0

(
−1
r

d

dr

)k−2(
DR

2 (r)
)

︸ ︷︷ ︸
=DR

n−2(r)

(
r
d

dr
(A(r)) + (n− 2)A(r)

)
rn−3 dr.
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Applying the induction hypothesis (A.7) to A(r) and r ddr (A(r)) and using (A.8), it holds

∫ ∞

0
DR
n (r)A(r)rn−1 dr = (n− 2)

k−2∑
j=0

Cj,k−2(n− 2)
∫ ∞

0
DR

2 (r)rj+1
(
d

dr

)j
(A(r)) dr

+
k−2∑
j=0

C1
jCj,k−2(n− 2)

∫ ∞

0
DR

2 (r)rj+2
(
d

dr

)j+1
(A(r)) dr

+
k−2∑
j=0

C2
jCj,k−2(n− 2)

∫ ∞

0
DR

2 (r)rj+1
(
d

dr

)j
(A(r)) dr.

Since A was chosen arbitrarily, this gives the assertion (A.7) for n = 2k with determinable
constants C0,k−1(n), ..., Ck−1,k−1(n) ∈ R. Splitting∫ ∞

0
DR
n (r)B(r)rn−1 dr =

∫ ∞

0
DR
n (r)(B(r)ηR(r))rn−1 dr

+
∫ ∞

0
DR
n (r)B(r)(1 − ηR(r))rn−1 dr,

the claimed formula (ii) follows by choosing A(r) = B(r)ηR(r) in (A.7).

Finally, we isolate the part of the inversion formula which tends to zero uniformly for every
x ∈ Rn.

Lemma A.2.3. For every n ∈ N, there exists some constant Cn > 0 such that

sup
x∈Rn

∣∣∣∣∣∣∣∣∫ ∞

0
DR
n (r)F̄x(r)(1 − ηR(r))rn−1 dr

∣∣∣∣∣∣∣∣ ≤ Cn
R

||F ||L1

for every R ≥ 1 and F ∈ L1(R;X).

Proof. We invoke Proposition A.2.1 (v) to infer∣∣∣∣∣∣∣∣∫ ∞

0
DR
n (r)F̄x(r)(1 − ηR(r))rn−1 dr

∣∣∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣∣∫ ∞

R
DR
n (r)F̄x(r)rn−1 dr

∣∣∣∣∣∣∣∣ ≤ Cn
R

∫ ∞

R
rn−1|F̄x(r)| dr

≤ Cn
R

||F ||L1 ,

where we use that
∫∞

0 rn−1 ∫
Sn−1 |F (x+ rω)| dω dr = ||F ||L1 for every x ∈ Rn. We also refer

to [80, page 141].

We note that in one spatial dimension, i.e. for n = 1, it holds

F̄x(r) = 1
2(F (x+ r) + F (x− r)), ω0 = 2. (A.9)

Invoking [80, Theorem 2.3.4] and a vector-valued version of the Riemann-Lebesgue lemma,
see e.g. [53], one finds that the additional condition F ∈ Din(R;X) implies pointwise Fourier
inversion. Pinsky also mentions local Hölder-continuity as a sufficient condition for pointwise
Fourier inversion in [80, Corollary 2.3.5]. In the upcoming section, we lift this pointwise
convergence to locally uniform convergence.
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A.2.2. Compactness criteria and result on R

In this section, we consider n = 1. The following compactness criteria are sketched in [81,
Corollary 2]. For the sake of self-containment, we provide their proofs here.

Lemma A.2.4 (A uniform version of the Riemann-Lebesgue lemma). Let N be any
set. Let F : N × R → X. If

{s 7→ F (t, s) : t ∈ N}

is a compact subset of L1(R;X), then∫
R

sin(Rs)F (t, s) ds → 0 as R → ∞ uniformly in t ∈ N.

Proof. We rewrite∫
R
F (t, s) sin(Rs) ds = 1

2i

(∫
R
F (t, s)eisR ds−

∫
R
F (t, s)e−isR ds

)
. (A.10)

Applying the substitution s 7→ s+ π
R , we arrive at∫

R
F (t, s)eisR ds =

∫
R
F

(
t, s+ π

R

)
eisReiπ ds = −

∫
R
F

(
t, s+ π

R

)
eisR ds.

This shows

sup
t∈N

∣∣∣∣∣∣∣∣∫
R
F (t, s)eisR ds

∣∣∣∣∣∣∣∣ ≤ 1
2 sup
t∈N

∫
R

∣∣∣∣∣∣∣∣F (t, s) − F

(
t, s+ π

R

)∣∣∣∣∣∣∣∣ ds.
Similarly, one estimates the second integral in (A.10) after taking its complex conjugate. By
a Banach space-value version of the Kolmogorov compactness theorem (mimic the proof of [1,
2.32 Theorem]), we arrive at

sup
t∈N

∫
R

∣∣∣∣∣∣∣∣F (t, s) − F

(
t, s+ π

R

)∣∣∣∣∣∣∣∣ ds → 0 as R → ∞, (A.11)

which finishes the proof.

Lemma A.2.5. Let F : R → X be L1-integrable and a ≤ b. Fix δ > 0. Suppose that3{
s 7→

F (t+ s) − 1(−δ,δ)(s)F (t)
s

: t ∈ [a, b]
}

is a compact subset of L1(R). Then,

F (t) = lim
R→∞

1
2π

∫ R

−R
eitkF̂ (k) dk uniformly in t ∈ [a, b].

Proof. Let t ∈ [a, b]. Using (A.6), (A.9) and Proposition A.2.1 (i), we find

SR(F )(t) = 1
π

∫ ∞

0

sin(Rs)
s

(F (t+ s) + F (t− s)) ds = 1
π

∫ ∞

−∞

sin(Rs)
s

F (t+ s) ds.

Invoking Proposition A.2.1 (ii), we arrive at

lim
R→∞

1
2π

∫ R

−R
eistF̂ (s) ds− F (t) = lim

R→∞

1
π

∫ ∞

−∞

sin(Rs)
s

(F (t+ s) − 1(−δ,δ)(s)F (t)) ds

and the result follows from Lemma A.2.4.
3For I ⊂ R, we set 1I(s) = 1 for s ∈ I and 1I(s) = 0 for s /∈ I.
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We are now in the position to consider the special case of locally Hölder-continuous functions.
Additionally, a mild localization condition is required which serves to apply dominated
convergence. In the subsequent remark, we discuss further conditions and examples.

Proposition A.2.6. Let F ∈ Hloc(R;X) be L1-integrable. Furthermore, suppose that for
every a ≤ b there exist δ > 0 and g ∈ L1(R) such that

|s|−1 sup
t∈[a,b]

||F (t+ s)|| ≤ g(s) (A.12)

for all |s| ≥ δ. Then:

F (t) = lim
R→∞

1
2π

∫ R

−R
eistF̂ (s) ds locally uniformly in t ∈ R.

Proof. Let a ≤ b. Fix δ > 0. In virtue of Proposition A.2.5, it suffices to show that

M =
{
s 7→

F (t+ s) − 1(−δ,δ)(s)F (t)
s

: t ∈ [a, b]
}

is compact in L1(R). So, let (tn) ⊂ [a, b]. Clearly, by compactness of [a, b], there exists (tnk
)

and t0 ∈ [a, b] such that tnk
→ t0 as k → ∞. By the Hölder-continuity of F on [a− δ, b+ δ],

there exists some α ∈ (0, 1] and C > 0 such that∣∣∣∣∣
∣∣∣∣∣F (tnk

+ s) − 1(−δ,δ)(s)F (tnk
)

s

∣∣∣∣∣
∣∣∣∣∣ ≤ C

(
1(−δ,δ)(s)

1
|s|1−α + 1{|s|≥δ}(s) 1

|s|
sup
k∈N

||F (tnk
+ s)||

)
.

(A.13)

The function on the right hand side admits an integrable majorant thanks to (A.12). On the
other hand, for fixed s ∈ R \ {0},

F (tnk
+ s) − 1(−δ,δ)(s)F (tnk

)
s

→
F (t0 + s) − 1(−δ,δ)(s)F (t0)

s
as k → ∞

as consequence of continuity of F . By (A.13), the limit function lies also in L1(R;X).
Dominated convergence now implies(

s 7→
F (tnk

+ s) − 1(−δ,δ)(s)F (tnk
)

s

)
→
(
s 7→

F (t0 − s) − 1(−δ,δ)(s)F (t0)
s

)
in L1(R;X)

as k → ∞. This shows the compactness of M in L1(R;X).

Remark A.2.7. We briefly discuss the condition (A.12).
(i) If there exist C > 0 and α > 0 such that

||F (s)|| ≤ C(|s| + 1)−α, s ∈ R,

then (A.12) holds. Indeed, for a ≤ b, we find

|s|−1 sup
t∈[a,b]

||F (t+ s)|| ≤ C(a, b)(|s| + 1)−1 sup
t∈[a,b]

(|t− s| + 1)−α ≤ C(a, b)(|s| + 1)−1−α,

for all |s| ≥ δ with δ = max{|a|, |b|} + 1. Clearly, the right hand side is an integrable
function. As a non-trivial example to this condition, one considers a locally Hölder-
continuous and integrable function with values F (t) = 1

|k|
1
2

for t ∈
[
k − 1

2|k| , k + 1
2|k|

]
and k ∈ Z \ {0}. Such a function fulfills the decay assumption only with 0 < α ≤ 1

2 .
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(ii) An example violating the condition in (i) is the function F (t) = ∑∞
n=1

1
n2 e

−|t−en|2 , t ∈ R,
since F (en) ≥ 1

n2 for every n ∈ N. The function F is clearly Lipschitz-continuous and
integrable. Furthermore, since the sum converges locally uniformly, we observe for a ≤ b
and t ∈ [a, b] that

sup
t∈[a,b]

|F (t+ s)| ≤
∞∑
n=0

1
n2 sup

t∈[a,b]
e−|t+s−en|2 ≤ F (b+ s) + F (a+ s)

providing the condition (A.12). Therefore, by Proposition A.2.6, locally uniform Fourier
inversion follows. This shows that the decay assumption in (i) is not necessary.

(iii) The last example teaches that if ||F || is integrable and eventually monotone, i.e. there
exists some C > 0 such that ||F (s)|| is monotone for |s| ≥ C, then F satisfies (A.12).

(iv) It would be interesting to find a function that is Dini-continuous and not Hölder-
continuous for which locally uniform Fourier inversion fails.

(v) As one only needs (A.11) to guarantee uniform convergence, one may replace the
compactness condition by the slightly weaker assumption

sup
t∈[a,b]

∫
R

∣∣∣∣∣
∣∣∣∣∣F (t+ s) − 1(−δ,δ)(s)F (t)

s
−
F (t+ s− h) − 1(−δ,δ)(s+ h)F (t)

s+ h

∣∣∣∣∣
∣∣∣∣∣ ds → 0,

as h ↓ 0, in Proposition A.2.5.

A.2.3. Uniformity in Rn with odd n ≥ 3

In this section, let n = 2k + 1 with k ∈ N. Let x ∈ Rn and F : Rn → X be L1-integrable and
k-times continuously differentiable. With the aid of Lemma A.2.2, we decompose

SR(F ) = IR(F ) + IIR(F ) + IIIR(F ) with

IR(F )(x) = C0,k(n)
∫ ∞

0

sin(Rr)
πr

F̄x(r) dr,

IIR(F )(x) =
k∑
j=1

Cj,k(n)
∫ ∞

0

sin(Rr)
π

rj−1
(
d

dr

)j
F̄x(r) dr,

IIIR(F )(x) =
∫ ∞

0
DR
n (r)F̄x(r)(1 − ηR(r))rn−1 dr

−
k∑
j=0

Cj,k(n)
∫ ∞

0

sin(Rr)
π

rj−1
(
d

dr

)j
(F̄x(r)(1 − ηR(r))) dr.

Since, the constants Cj,k(n) are defined iteratively, they can be explicitly determined.

Remark A.2.8 (Determination of C0,k(n)). As described in [80], we use our knowledge on
pointwise inversion to show C0,k(n) = 2 for each k ∈ N. Considering the Schwartz function
F (x) = e−|x|2 (or any other non-trivial Schwartz function), it is known that pointwise Fourier
inversion holds since F is in particular Dini-continuous. That is, for every x ∈ R, it holds
SR(F )(x) → F (x) as R → ∞. On the other hand, r 7→ F̄x(r)−1(−δ,δ)(r)F̄x(0)

r is L1-integrable
and therefore by the Riemann-Lebesgue Lemma, we conclude

∫∞
0

sin(Rr)
πr F̄x(r) dr → 1

2 F̄x(0) =
1
2F (x). Furthermore, IIR(F )(x) → 0 as R → ∞ since r 7→ rj

(
d
dr

)j
F̄x(r) is L1-integrable for

j = 1, ..., k. Together with Lemma A.2.3, we also find IIIR(F )(x) → 0 as R → ∞. This
implies F (x) = 1

2C0,k(n)F (x) and hence C0,k(n) = 2 as F (x) > 0.
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We formulate the following compactness criterion.

Proposition A.2.9. Let K ⊂ Rn be compact. Let F : Rn → X be L1-integrable and k-times
continuously differentiable, and suppose that{

r 7→
F̄x(r) − 1(0,δ)(r)F (x)

r
: x ∈ K

}
,

{
r 7→ rj−1

(
d

dr

)l
F̄x(r) : x ∈ K, l = 0, ..., j

}
,

j = 1, ..., k, are compact subsets of L1((0,∞);X) for some δ > 0. Then, Fourier inversion
holds uniformly in K.

Proof. Using F̄x(0) = F (x), we first write

IR(F )(x) − F (x) = 2
π

∫ ∞

0

sin(Rr)
r

(
F̄x(r) − 1(0,δ)(r)F (x)

)
dr.

By Lemma A.2.4 (extend the functions trivially to R), it holds IR(F )(x) − F (x) → 0 as
R → ∞ uniformly in x ∈ K. Using again Lemma A.2.4, compactness implies IIR(x) → 0 as
R → uniformly in x ∈ K. Finally, by Lemma A.2.3, we find

sup
x∈K

|IIIR(F )(x)| ≤ C

 k∑
j=0

sup
x∈K

j∑
l=0

∫ ∞

R
rj−1

∣∣∣∣∣
∣∣∣∣∣
(
d

dr

)l
F̄x(r)

∣∣∣∣∣
∣∣∣∣∣ dr + 1

R
||F ||L1

 (A.14)

for a suitable constant C > 0. The right hand side now converges to 0 as R → ∞ due to
Kolmogorov’s compactness theorem.

Proposition A.2.10. Assume that F : Rn → X is L1-integrable and k-times continuously
differentiable. If for every compact K ⊂ Rn there exist g ∈ L1(Rn) and δ > 0 such that

sup
α∈Nn

0 ,|α|≤k
sup
x∈K

|y|−n+k||∇αF (x+ y)|| ≤ g(y), (A.15)

for all |y| ≥ δ. Then, Fourier inversion holds locally uniformly.

Proof. Note that, since F is continuously differentiable, it is locally Hölder-continuous. There-
fore, there exists a constant C > 0 such that

1(0,δ)(r)
∣∣∣∣∣
∣∣∣∣∣ F̄x(r) − F (x)

r

∣∣∣∣∣
∣∣∣∣∣ ≤ 1(0,δ)(r)

1
r

1
ωn−1

∫
Sn−1

||F (x+ rω) − F (x)|| dω ≤ 1(0,δ)(r)C

for every r ≥ 0 and x ∈ K. Furthermore, we estimate4, for r ≥ δ,∣∣∣∣∣∣∣∣1r F̄x(r)
∣∣∣∣∣∣∣∣ ≤ sup

x∈K

1
ωn−1

∫
Sn−1

1
r

||F (x+ rω)|| dω ≤ C(δ)
ωn−1

rn−1
∫
Sn−1

g(rω) dω (A.16)

where the right hand side is integrable in [δ,∞) by (A.15). By dominated convergence, argued
as in the proof of Proposition A.2.6, we conclude that{

r 7→
F̄x(r) − 1(−δ,δ)(r)F (x)

r

}
4We denote positive constants only depending on δ by C(δ).
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is compact in L1((0,∞);X). Similarly, one obtains the L1((0,∞);X)-compactness of{
r 7→ rj−1

(
d

dr

)l
F̄x(r) : x ∈ K, l = 0, ..., j

}
, j = 1, ..., k,

with the help of the observation that, for r ≥ 0,∣∣∣∣∣
∣∣∣∣∣rj−1

(
d

dr

)l
F̄x(r)

∣∣∣∣∣
∣∣∣∣∣ ≤ 1

ωn−1

∫
Sn−1

sup
α∈Nk

0 ,|α|≤l
rj−1||∇αF (x+ rω)|| dω

≤ C(δ)
(
1[δ,∞](r)

1
ωn−1

rn−1
∫
Sn−1

g(rω) dω

+ 1(0,δ)(r) sup
α∈Nn

0 ,|α|≤l
sup

x∈K,y∈Sn−1
||∇αF (x+ ry)||

)
,

for j = 1, ..., k and uniformly in l = 0, ..., j and x ∈ K, where we use the lemma about
parameter integrals to pull derivatives into the surface integral. Putting everything together,
the previous proposition yields locally uniform Fourier inversion.

Remark A.2.11 (Comparison of conditions). For n = 3, we compare the conditions
of Proposition A.2.10 with the ones from [81, Proposition 4] yielding convergence for fixed
x ∈ R3. The localization condition is that | · |−2∇F (x− ·) ∈ L1(R3). Instead of this pointwise
assumption, we need an integrable majorant on 1[δ,∞)(·)| · |−2(||F (x + ·)|| + ||∇F (x + ·)||)
uniformly for x ∈ K and for any compact K ⊂ R3. The only further regularity assumption
in [81, Proposition 4] is that x is a Lebesgue point of F which is covered by the property
F ∈ C1(R3).

Remark A.2.12. We consider exemplarily n = 3. To guarantee (A.16), it suffices to assume
an integrable majorant on 1[δ,∞)(·)| · |−3||F (x+ ·)|| uniformly in x ∈ K. On the other hand,
writing out (A.14) gives rise to the term

∫
R F̄x(r)

(
1−ηR(r)

r + η′
R(r)

)
dr for which we used the

stronger localization assumption (A.15). We do not see how to relax this assumption to the
weaker one required for (A.16).

A.2.4. Uniformity in Rn with even n ≥ 2

As motivation, we consider first the case n = 2. Fix x ∈ R2. Let F : R2 → X be such that
r 7→ F̄x(r) is integrable and differentiable with integrable derivative. Using Proposition A.2.1
(i), (iii), the fact that ω1 = 2π and integrating by parts, we obtain

SR(F )(x) =
∫ ∞

0
F̄x(r)RJ1(Rr) dr

= F̄x(0) +
∫ ∞

0

d

dr
(F̄x(r))J0(Rr) dr.

Let K ⊂ R2 be compact. Since J0(Rr) → 0 as R → ∞ for any r > 0 and F̄x(0) = F (x),
dominated convergence implies SR(F )(x) → F (x) uniformly in x ∈ K whenever there exists
some g ∈ L1((0,∞)) such that supx∈K || ddr F̄x(r)|| ≤ g(r). For general even dimensions, we
make the following statement.
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Proposition A.2.13. Let n = 2k with k ∈ N and K ⊂ Rn be compact. Assume F : Rn → X
is L1-integrable and k-times continuously differentiable. If there exist g ∈ L1(Rn) and δ > 0
such that

sup
α∈Nn

0 ,|α|≤k
sup
x∈K

|y|−n+k||∇αF (x+ y)|| ≤ g(y),

for all |y| ≥ δ, then Fourier inversion holds uniformly in K.

Proof. With the aid of Proposition A.2.1 (i) and Lemma A.2.2, we decompose

SR(F )(x) = IR(F )(x) + IIR(F )(x) + IIIR(F )(x)

with

IR(F )(x) = C0,k−1(n)
∫ ∞

0
RJ1(Rr)F̄x(r) dr,

IIR(F )(x) =
k−1∑
j=1

Cj,k−1(n)
∫ ∞

0
RJ1(Rr)rj

(
d

dr

)j
(F̄x(r)ηR(r)) dr,

IIIR(F )(x) = 1
2π

∫ ∞

0
DR
n (r)F̄x(r)(1 − ηR(r))rn−1 dr

− C0,k−1(n)
∫ ∞

0
RJ1(Rr)(F̄x(r)(1 − ηR(r)) dr

= III1
R(F )(x) + III2

R(F )(x),

for universal constants Cj,k−1(n), j = 0, ..., k − 1. As in Remark A.2.8, one argues that
C0,k−1(n) = 1. Furthermore, integrating by parts once more and Proposition A.2.1 (i) yields

IIR(F )(x) =
k−1∑
j=1

Cj,k−1(n)
(
j

∫ ∞

0
J0(Rr)rj−1

(
d

dr

)j
(F̄x(r)ηR(r)) dr

+
∫ ∞

0
J0(Rr)rj

(
d

dr

)j+1
(F̄x(r)ηR(r)) dr

)
.

Arguing as in Theorem A.2.9, one shows, for r ≥ 0,

sup
x∈K

∣∣∣∣∣
∣∣∣∣∣rj
(
d

dr

)l+1
(F̄x(r)ηR(r))

∣∣∣∣∣
∣∣∣∣∣ ≤ C(δ)

(
1[δ,∞](r)

1
ωn−1

rn−1
∫
Sn−1

g(rω) dω

+ 1(0,δ)(r) sup
α∈Nn

0 ,|α|≤l
sup

x∈K,y∈Sn−1
||∇αF (x+ ry)||

)
,

for l = 0, ..., j and j = 0, ..., k − 1, where the right-hand side is an integrable function on
(0,∞). The introductory considerations for n = 2 with j = 0 give IR(F )(x) → F (x) uniformly
in x ∈ K. On the other hand, recalling again that J0(Rr) → 0 as R → ∞ for any r > 0,
dominated convergence also implies IIR(F )(x) → 0 as R → ∞ uniformly in x ∈ K. Similarly,
it follows III2

R(F )(x) → 0 as R → ∞ uniformly in x ∈ K. Finally, by Lemma A.2.3, we find
III1

R(F )(x) → 0 as R → ∞ uniformly in x ∈ K.

Remark A.2.14 (Another uniformity result in higher dimensions). The result [18,
Theorem 4] provides Fourier inversion uniformly in Rn for n ≥ 2 whenever F : Rn → R and
its derivatives up to the order n−1

2 lie in the Lorentz space L
2n

n−1 ,1(Rn). The authors of [18]
emphasize that their result may be considered as a version of Dini’s test in Rn. On the other
hand, Propositions A.2.10 and A.2.13 are rather local analogues of Dini’s test in Rn.
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A.3. Applications to Laplace transforms
A.3.1. From Fourier to Laplace inversion

Lemma A.3.1. Let 0 ≤ a ≤ b and R ≥ 1. Let F : [0,∞) → X have exponential growth bound
ω0 ∈ R. Fix ω > ω0. Define the function F̃ : R → X by

F̃ (s) = e−ωs
{
F (s), if s ≥ 0
0 else.

Then,

F (t) = lim
R→∞

1
2πi

ω+iR∫
ω−iR

eλtL(F )(λ) dλ uniformly in t ∈ [a, b]

is equivalent to

F̃ (t) = lim
R→∞

1
2π

∫ R

−R
eitkF(F̃ )(k) dk uniformly in t ∈ [a, b].

Proof. Let t ∈ [a, b] and R ≥ 1. Rewriting

1
2πi

ω+iR∫
ω−iR

eλtL(F )(λ) dλ = 1
2πi

∫ iR

−iR
e(λ+ω)t

∫ ∞

0
e−(λ+ω)sF (s) ds dλ

= 1
2πe

ωt
∫ R

−R
eikt

∫ ∞

0
e−ikse−ωsF (s) ds dk

= eωt
1

2π

∫ R

−R
eitkF(F̃ )(k) dk

shows the claim.

As immediate consequence, we can translate Proposition A.2.6 in terms of the Laplace
transform and prove our main result:
Proof of Proposition A.1.1. Let ω > ω0 and F̃ as in Lemma A.3.1. Then ||F̃ (s)|| ≤ e(ω0−ω)s

for s > 0 and F̃ (s) = 0 for s ≤ 0 which show that F̃ satisfies (A.12). Furthermore, we have
F̃ ∈ Hloc(R+;X). This implies the assertion by Proposition A.2.6 and Lemma A.3.1.

A.3.2. Application to C0-semigroups

Let A : D(A) ⊂ X → X be the generator of a C0-semigroup S(t) with exponential growth
bound ω0 ∈ R. We recall the following well-known result on the complex inversion formula
which is a consequence of Proposition A.1.3, see also [32, 5.15 Corollary].

Corollary A.3.2. If ω > ω0 and x ∈ D(A), then

S(t)x = 1
2πi lim

R→∞

ω+iR∫
ω−iR

eλt(λ−A)−1x dλ locally uniformly in t ∈ (0,∞) (A.17)

in X-norm.
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Using now Proposition A.1.1, we may extend this result to Favard spaces. For this purpose,
let α ∈ (0, 1]. By following [32, Section 5 b], we impose the condition ω0 < 0 and subsequently
define the Favard space

Fα := {x ∈ X : ||x||Fα < ∞}, ||x||Fα := sup
t>0

1
tα

||S(t)x− x||X . (A.18)

Note that D(A) ⊂ Fα ⊂ Fα′ ↪→ X for any 0 < α′ ≤ α ≤ 1.5 The assumption ω0 < 0
guarantees the latter embedding. The abstract Hölder space is given by

Xα := {x ∈ Fα : lim
t↓0

||S(t)x− x||Fα = 0}.

With [32, 5.15 Theorem], we have following properties: both spaces Xα and Fα are Banach
spaces with respect to || · ||Fα . Furthermore, the restriction S|Fα

: [0,∞) → B(Fα) is a
semigroup of bounded operators and the restriction S|Xα : [0,∞) → B(Xα) is a C0-semigroup
with generator A|Xα

and domain D(A|Xα
) = Xα+1.

Corollary A.3.3. Let ω0 < 0. If ω > ω0 and x ∈ Fα, then

S(t)x− eω0tx = 1
2πi lim

R→∞

ω+iR∫
ω−iR

eλt
(

(λ−A)−1 − 1
λ− ω0

)
x dλ locally uniformly in t ∈ [0,∞)

(A.19)

and

S(t)x = 1
2πi lim

R→∞

ω+iR∫
ω−iR

eλt(λ−A)−1x dλ locally uniformly in t ∈ (0,∞) (A.20)

in X- and any Fα′-norm with α′ ∈ (0, α).

Proof. Set F (t) = S(t)x− eω0tx and note that F has growth bound ω0, F (0) = 0 and

L(F )(λ) = (λ−A)−1x− x

λ− ω0
.

Obviously, t 7→ eω0tx is locally Hölder-continuous and we consider G(t) = S(t)x. The function
G is Hölder-continuous from [0,∞) to X. In fact, for t2 > t1 ≥ 0, we find

||G(t1) −G(t2)||X ≤ ||S(t1)||X→X ||S(t2 − t1)x− x||X ≤ C1|t2 − t1|α||x||Fα

for some constant C1 > 0 independent of t2 and t1 and using that ω0 < 0. Now, let α′ ∈ (0, α)
and t2 > t1 ≥ 0. With ω0 < 0, we estimate

||G(t2) −G(t1)||Fα′

= sup
t>0

1
tα′ ||S(t1)(S(t)(S(t2 − t1)x− x) − (S(t2 − t1)x− x))||X

≤ C1|t2 − t1|α−α′ sup
t2−t1≥t>0

1
tα

||(S(t2 − t1)(S(t)x− x) − (S(t)x− x)||X

+ C1|t2 − t1|α−α′ sup
t≥t2−t1

1
(t2 − t1)α ||S(t)(S(t2 − t1)x− x) − (S(t2 − t1)x− x)||X

≤ C2|t2 − t1|α−α′ ||x||Fα ,

5If X is reflexive, then D(A) = F 1, c.f. [32, 5.21 Corollary].
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for some constants C1,2 > 0 independent of t2 and t1. Similarly, one estimates

||(eω0t2 − eω0t1)x||Fα′ ≤ C(a, b)(t2 − t1)α−α′ ||x||Fα ,

for every 0 ≤ a ≤ t1 ≤ t2 ≤ b. Therefore, (A.19) follows by Proposition A.1.1 for ω > ω0.
Since

1
2πi lim

R→∞

∫ ω+iR

ω−iR
eλt

x

λ− ω0
dλ = eω0tx, ω > ω0,

locally uniformly for t ∈ (0,∞), see e.g. [6], (A.20) follows from (A.19).

Assume that Fα ̸= Xα. Then, the restriction S|Fα
is not strongly continuous on Fα and, on

the other hand,

t 7→ 1
2πi

ω+iR∫
ω−iR

eλt
(

(λ−A)−1 − 1
λ− ω0

)
x dλ (A.21)

is a continuous mapping from [0,∞) to Fα for every R ≥ 1 and x ∈ Fα. Therefore, the
convergence in (A.19) cannot hold for every x ∈ Fα with respect to the Fα-norm.

We justify the continuity of (A.21). For this purpose, we fix x ∈ X and set y(λ) = (λ−A)−1x
which is in particular a continuous function in λ from ρ(A) to X. Let Re(λ) = ω > ω0. We
first estimate

||S(t)y(λ) − y(λ)||X = ||
∫ t

0
S(s)Ay(λ) ds||X ≤ C1t||Ay(λ)||X

for some constant C1 > 0. Furthermore, we use

Ay(λ) = λy(λ) − x = λ

∫ ∞

0
e−(λ−ω0)se−ω0sF (s) ds+

(
λ

λ− ω0
− 1

)
x

with F as in the proof of Corollary A.3.3 to estimate

||Ay(λ)||X ≤ C2

(
|λ| + |ω0|

|λ− ω0|

)
||x||X

for some ω-dependent constant C2 > 0. We conclude that there exists some ω-dependent
constant C3 > 0 such that

||y(λ)||Fα ≤ sup
t>0

(1
t
||S(t)y(λ) − y(λ)||X

)α
||S(t)y(λ) − y(λ)||1−α

X

≤ C3||y(λ)||1−α
X (1 + |λ|)α||x||αX .

This yields the integrability of λ 7→
(
(λ−A)−1 − 1

λ−ω0

)
x in Fα on every {ω+ik : k ∈ [−R,R]}

with R ≥ 1. Thereby, the continuity of (A.21) follows for every R ≥ 1 by the lemma about
parameter integrals. If S is a C0-group, then there exists x ∈ Fα such that (A.20) also fails
immediately by the same argument.
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Oulook. The considerations of this section beg the question of whether we get convergence
in Fα-norm for every x ∈ Xα. More generally, one may ask whether for every Banach space X,
C0-semigroup (or C0-group) S and exponential growth bound ω0 ∈ R, there exists a (largest)
non-empty Banach space Y ↪→ X such that for every x ∈ Y the convergence in (A.19) (or
(A.20)) holds in Y -norm. How does X or S have to be specified and how does Y look like?
We leave these questions open for future research. As an example of such a specification, we
mention: for every C0-semigroup and if X is a UMD-space, locally uniform convergence of
the complex inversion formula is positively answered choosing Y = X as shown in [31].

For another straightforward example, consider a C0-semigroup S with generator A such that
ker(A) ̸= ∅. By the Hille-Yosida theorem, S has necessarily growth bound ω0 ≥ 0 and one
chooses Y = ker(A) equipped with the norm || · ||X as non-trivial choice for the general
question.

A.A. Appendix: Function spaces
Let I ∈ {Rn,R+} with R+ = [0,∞) and n ∈ N. We introduce the following spaces

Lip(I;X) := {f : I → X is Lipschitz-continuous},
Hloc(I;X) := {f : I → X is locally Hölder-continuous},
Din(I;X) := {f : I → X is Dini-continuous},
C(I;X) := {f : I → X is continuous},

where we call F : I → X Dini-continuous at point t0 ∈ I if there exists some δ0 > 0 such that∫
(−δ0,δ0)n

||F (t0 + h) − F (t0)||
|h|

dh < ∞.

The function F is called Dini-continuous if it is Dini-continuous in every point. We call a
function F : I → X locally Hölder-continuous, if for every compact subset K of I there exist
an α0 = α0(K) ∈ (0, 1] and C = C(K) > 0 such that

||F (x) − F (y)|| ≤ C|x− y|α0 for all x, y ∈ K.

Obviously, we have the inclusions

Lip(I;X) ⊂ Hloc(I;X) ⊂ Din(I;X) ⊂ C(I;X).

End of Paper
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