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We explore a model of free fermions in one dimension, subject to frustrated (noncommuting) local
measurements across adjacent sites, which resolves the fermions into nonorthogonal orbitals, misaligned
from the underlying lattice. For maximal misalignment, superdiffusive behavior emerges from the
vanishing of the measurement-induced quasiparticle decay rate at one point in the Brillouin zone, which
generates fractal-scaling entanglement entropy S ∝ l1=3 for a subsystem of length l. We derive an effective
nonlinear sigma model with long-range couplings responsible for Lévy flights in entanglement
propagation, which we confirm with large-scale numerical simulations. When the misalignment is
reduced, the entanglement exhibits, with increasing l, consecutive regimes of superdiffusive, S ∝ l1=3,
diffusive, S ∝ lnl, and localized, S ¼ const, behavior. Our findings show how intricate fractal-scaling
entanglement can be produced for local Hamiltonians and measurements.

DOI: 10.1103/tx71-1cd9

Introduction—Quantum dynamics in many-body sys-
tems subjected to measurements has attracted much
attention. It was, in particular, shown that quantum mea-
surements may induce transitions between phases with the
different scaling of entanglement entropy S as a function of
subsystem size l [1–7] (see also reviews on monitored
quantum circuits [8,9]). A special role in this context is
played by systems of free complex fermions with local
density measurements preserving the Gaussian character of
the state [4,10–20]. It was shown that in one-dimensional
(1D) geometry, SðlÞ saturates as l → ∞ (area law) [15,20]
(cf. Refs. [4,12]). For small measurement rate γ, it is
preceded by an intermediate range of l with the scaling
S ∼ γ−1 lnl. In d > 1 dimensions, a measurement-induced
transition between an area-law phase and a phase with
ld−1 lnl scaling of S is found [16,17]. There is a
remarkable relation between the physics of monitored
systems in d dimensions and Anderson localization in
disordered systems in dþ 1 dimensions, with the area
law for SðlÞ corresponding to the localized phase and
the S ∝ ld−1 lnl behavior to the diffusive phase (or
diffusive regime for d ¼ 1). This relation can be inferred

from the comparison of the respective field theories—
nonlinear sigma models (NLSMs)—for the two problems
[15–17,19–25].
Importantly, local measurements on free fermions pre-

vent establishing a volume-law phase (S ∝ ld) [26], which
is a typical phase in generic weakly monitored quantum
circuits. The appearance of the volume-law phase for
fermions requires interactions between particles [23,24],
which breaks down the Gaussianity of the many-body
states. Even more tricky is to obtain a fractal subextensive
scaling of entanglement (S ∝ lζ with d − 1 < ζ < d) in
monitored systems, although it was reported for, e.g.,
space-time dual quantum circuits [27], long-range interact-
ing Hamiltonians or unitary gates [28–30], or “long-range
dissipation and monitoring” [31,32]. In this context, non-
commutativity (“frustration”) of measurement operators
(among themselves or with respect to the unitary dynamics
of the system [7,18,22,30,33–35]) is expected to be of
crucial importance for the phase diagrams. Another inter-
esting class of models is based on the measurement-only
dynamics [35–37], where the quasilocal, possibly non-
commuting measurements give rise to both generation and
suppression of entanglement.
In this Letter, we explore a 1D model of monitored free

fermions, with the measurement operator being a particle
number in a state residing on two adjacent sites (rather than
on a single site), Fig. 1. This extension affects neither the
U(1) symmetry (particle-number onservation) nor the local
character of the measurement operator, nor the Gaussianity
of the states. In view of the universality of diffusion and
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localization for given symmetry class and spatial dimen-
sions, one could thus expect that the model belongs to the
same “universality class” as previously studied 1D fer-
mionic models [15]. Remarkably, this is not always the
case. We discover the emergence of the physics of super-
diffusion (Lévy flights) of quantum information, with a
fractal power-law scaling SðlÞ ∝ l1=3, which persists into
the measurement-only limit. We emphasize that, at variance
with previous works, such behavior is observed in an
intrinsically short-ranged free-fermion model.
Model—We consider a model of monitored free fermions

with noncommuting measurements and U(1) particle-num-
ber symmetry, on a periodic chain of L sites [Fig. 1(a)]. The
monitored dynamics is characterized by the stochastic
Schrödinger equation [4,38],

djψ tþdti ¼
h
−idtH −

γdt
2

X
i

ðMi − hMiiÞ2

þ
X
i

dξtiðMi − hMiiÞ
i
jψ ti; ð1Þ

where γ is the measurement strength, and dξti is the Itô
increment with variance γdt. The Hamiltonian includes
fermion hopping, H ¼ J

P
i c

†
iþ1ci þ H:c:; where J is the

hopping strength. This stochastic evolution describes con-
tinuous monitoring of Mi [38], which we define to be the
following two-site operator:

Mi ¼ d†i di; di ¼ ci cos
θ

4
þ ciþ1 sin

θ

4
; ð2Þ

where parameter θ can be interpreted as a misalignment of
the measurement apparatus that causes a superposition of

two adjacent sites to be measured. When this misalignment
is nonzero, the measurement operators on adjacent bonds
do not commute, leading to frustration in the chain, with the
maximal frustration happening for θ ¼ π.
This continuous monitoring can be realized through

weak interaction of every pair of adjacent sites with its
ancilla [39–41]; the latter is then projectively measured
with a period dt. Note that the specific sequence of
measurements within the time interval dt becomes imma-
terial in the continuous-time limit dt → 0. Since this
evolution preserves the Gaussianity of the state, it is
computationally simulable in polynomial time, and any
state properties can be calculated from the corresponding
single-particle correlation matrix Gij ¼ hc†i cji. In detail, we
use the algorithm of Refs. [4,10,14,42], where the state is
represented as an N × L matrix (N ¼ L=2 being the
number of particles), and the evolution involves multipli-
cation by L × L matrices corresponding to H and Mi, see
Supplemental Material (SM) [43].
Judging from the previous analytical description of

monitored free fermions with the U(1) symmetry [15],
one would be tempted to conclude that at a large enough
spatial scale, this model should exhibit localization (i.e.,
area-law entanglement), with an intermediate logarithmic
regime at small γ. However, a numerical analysis of the
entanglement entropy at θ ¼ π in Fig. 1(c) (where
l ¼ L=2) indicates the absence of localization, even at
large measurement strengths. Furthermore, the data sur-
prisingly reveal an entanglement growth that is faster than
logarithmic. As we demonstrate analytically later, and
support by a thorough numerical analysis, the entropy
grows as S ∝ l1=3, which corresponds to a superdiffusive
transport in 1þ 1 (space-time) dimensions.
Note that measurement operators similar to Eq. (2) were

employed in a model of monitored Majorana fermions
[21,22,35,48,49], which violates the U(1) symmetry: there,
a superposition of Majorana operators at adjacent sites was
considered. The physics in these works is related to
logarithmic antilocalization quantum corrections in sym-
metry classes D and DIII. This is very different from Lévy-
flight-induced superdiffusion of quantum information lead-
ing to the power-law fractal scaling of entanglement
entropy studied here.
Effective field theory—Our analytical description of the

problem is based on the replicated Keldysh NLSM approach,
developed in Refs. [15,16,24] and extended to weak mea-
surements in Ref. [17], see SM [43] for details. We introduce
theKeldysh fermionic path-integral representation defined on
R → 1 replicas of the Keldysh contour. Averaging over the
white noise ξðtÞ present in Eq. (1) leads to the quartic fermi-
onic term in the action. This term is decoupledbymeans of the
Hubbard-Stratonovich matrix-valued field Q̂ðx; tÞ, which is
interpreted as the local equal-time Green’s function of
d fermions, Qαβðx; tÞ ∼ 2hdαðx; tÞd�βðx; tÞi. Here, indices
include the structure in the Keldysh and replica spaces,

(a) (c)

(b)

FIG. 1. (a) Model: free-fermion chain of size L continuously
monitored via frustrated measurements with a misalignment θ.
(b) “Phase diagram” of this system showing superdiffusion at
θ ¼ π, with characteristic regimes of the entanglement scaling
indicated by different colors. (c) Half-chain entanglement en-
tropy S as a function of L for different values of the measure-
ment strength γ at fixed θ ¼ π. The dashed line shows the
extensive (“ballistic”) behavior S ∼ L, while the dotted line shows
the fractal scaling S ∼ L1=3 corresponding to superdiffusion in
1þ 1-dimensional space-time.
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α; β∈ fþ;−gK ⊗ f1;…; RgR, and the spatial coordinate x is
a continuous version of the lattice index i. The Goldstone
manifold consists of a replica-symmetric sector, the two-
dimensional sphere S2, which describes the Lindbladian
dynamics, and a replicon sector, the special unitary group
Û∈SUðRÞ, which describes the dynamics of observables
that are nonlinear in the density matrix.
The crucial observation, which is responsible for the

superdiffusive spreading of the quantum information in the
system, is that the measurement-induced quasiparticle
decay rate has the following momentum-dependent form:

γk ¼ γ

�
1þ sin

θ

2
cos k

�
; ð3Þ

and vanishes at k¼�π for a special point θ ¼ π. It happens
because, for θ ¼ π, the operator di ¼ ðci þ ciþ1Þ=

ffiffiffi
2

p
(and

hence Mi) exactly nullifies the state with k ¼ �π. Thus,
such states are completely unaffected by measurements.
Interestingly, this does not affect the diffusive behavior of
the Lindbladian dynamics observed earlier [15] in the
conventional density monitoring case θ ¼ 0. The spatial
diffusion coefficient consists of two contributions attrib-
uted to the unitary dynamics and noncommutativity of
measurements,

D ¼
Z

π

−π

ðdkÞ
γk

��
∂ξk
∂k

�
2

þ 1

4

�
∂γk
∂k

�
2
�

¼ 4J2

γ

1

1þ
��� cos θ2

���þ
γ

4

�
1 −

���� cos θ2
����
�
; ð4Þ

and remains finite at θ ¼ π, since both the group velocity
ξ0k ¼ −2J sin k and the derivative γ0k vanish at k ¼ �π
similar to γk.
We now focus on the replicon sector, which describes

observables of our interest. To see the emergence of
superdiffusion, we inspect the quadratic form of the action
(see SM [43] for the full action of NLSM) in 1þ 1
dimensions. In the spatial direction, it has a conventional
diffusive form characterized by the diffusion coefficient D,
Eq. (4). On the other hand, vanishing of γk leads to
nonlocality of the temporal term in the action characterized
by the diffusion kernel Bðt1 − t2Þ, with the Fourier trans-
form given by

BðωÞ ¼
Z

π

−π

ðdkÞ
γk − iω

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðγ − iωÞ2 − γ2sin2 θ

2

q

≈
ω→0

8<
:

�
γ
��� cos θ2

���	−1
; θ ≠ π;

½−2iγðωþ i0Þ�−1=2; θ ¼ π:
ð5Þ

The emergence of superdiffusive Lévy flights with expo-
nent α ¼ 3=2—resulting in a heavy-tailed distribution of

quantum-information spreading—in our theory at θ ¼ π is
manifest in the last line of Eq. (5). The physics behind
superdiffusion at θ ¼ π is as follows. The states with k
close to �π are nearly eigenstates of measurement oper-
ators Mi and thus propagate ballistically for long times
∼1=γk [see Eq. (3)] before they get substantially affected by
measurements that limit quantum correlations.
The superdiffusive character of the field theory leads to

the fractal scaling of observables. We focus below on the
entanglement entropy (for a subsystem A of length l)
SA ¼ −Trðρ̂A ln ρ̂AÞ and the charge correlation function

Cðx − x0Þ ¼ hn̂ðxÞn̂ðx0Þi − hn̂ðxÞihn̂ðx0Þi; ð6Þ

where the overbar denotes averaging over quantum tra-
jectories. Let us emphasize that Cðx − x0Þ is a fundamental
characteristic of the system, which governs the scaling of
various key observables. In particular, it determines the

second cumulant of charge Cð2ÞA ,

Cð2ÞA ¼ hN̂2
Ai − hN̂Ai2 ¼

Z
l

0

dxdx0Cðx − x0Þ; ð7Þ

which, in view of the Gaussian character of the state, is
related to the entropy via

SA ≈ ðπ2=3ÞCð2ÞA : ð8Þ

The exact relation [50] also contains terms proportional to
higher cumulants. However, they do not affect the scaling
and amount to a small correction only, as was found for
conventional density monitoring [15]; we have also verified
this for the present model [43]. Both the entropy and the
charge-cumulant generating function can be expressed via
the NLSM partition function with appropriate boundary
conditions [24,43].
Fractality of correlations and entanglement—We first

consider the problem within the quasiclassical approxima-
tion with the Gaussian action. For δ ¼ θ − π ≪ 1, the
Fourier transform of Eq. (6) reads

CðqÞ ≈

8><
>:

ð2jδjÞ−1=2jql0j; ql0 ≪ jδj3=2;
ð2−2=33−1=2Þjql0j2=3; jδj3=2 ≪ ql0 ≪ 1;

const; 1≲ ql0;

ð9Þ

where l0 ¼
ffiffiffiffiffiffiffiffiffi
D=γ

p
≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2J=γÞ2 þ 1=4

p
is the mean free

path. Thus, δ ¼ 0 (θ ¼ π) is a critical point, where CðqÞ ∝
q2=3 for ql0 → 0, and the system exhibits a fractal (super-
diffusive) scaling of the charge cumulant and entropy,

SA ∼ Cð2ÞA ∼ l0ðL=l0Þ1=3 for l ¼ L=2 ≫ l0; ð10Þ

explaining the surprising numerical results from Fig. 1. At
small measurement strength γ, the entropy for small system
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sizes scales extensively with the system size S ∼ L, which
then experiences a ballistic-to-superdiffusion crossover,
corresponding to the crossover between the second and
third lines of Eq. (9), as one increases L or γ. This change in
the entanglement behavior can be seen in Fig. 2(a), where
we observe a nearly perfect data collapse of S=l0 vs L=l0

in a broad range of γ, from 0.1 to 4.0. Analytically, this
universality of the crossover function is, strictly speaking,
derived for γ ≪ 1, in view of numerical corrections to the
prefactor of L1=3 scaling at γ ≳ 1, which come from spatial
scales of the order of the lattice spacing and are not
included in the NLSM analysis. We see, however, from
Fig. 2(a) that the universality holds excellently up to a large
measurement rate, γ ¼ 4. This universality shows that
quantum corrections are essentially irrelevant even for
rather large γ. A similar theory, with diffusive transport
along one axis and superdiffusive along the other axis, was
derived for transport in graphene with anisotropic disorder
[51]. It was found there that quantum localization amounts
to a finite correction only, without inducing strong locali-
zation or a localization transition. The ballistic-to-
superdiffusion crossover is further demonstrated in
Fig. 2(b), where the logarithmic derivative d ln S=d lnL
is shown to approach the 1=3 asymptotic value in the large-
L limit, L=l0 → ∞. Our conclusions are additionally
supported by an analysis of finite-size corrections to the
superdiffusive scaling in SM [43].
Remarkably, the superdiffusive behavior and the absence

of localization also hold in the measurement-only case,
γ ¼ ∞, see inset of Fig. 2(a), in agreement with the
analytical results. At the same time, the γ ¼ ∞ data slightly
deviate (bend down) from the universal scaling curve. This
has two reasons. First, for γ ¼ ∞, quantum corrections to
the prefactor of the L1=3 scaling mentioned in the preceding

paragraph are particularly pronounced. Second, the γ ¼ ∞
model belongs to a different symmetry class, as we are
going to explain. A free-fermion system with particle-
number conservation belongs to the BDI symmetry class
when the Hamiltonian exhibits a particle-hole symmetry
H ¼ −HT and, in the same basis, the measurement
operators are real M ¼ M�; otherwise, it belongs to the
AIII class [20,24]. For any finite γ, our model is therefore in
the AIII class, while, for γ ¼ ∞, the Hamiltonian is absent
in the stochastic Schrödinger equation and the measure-
ment-only point has a larger BDI symmetry. The difference
between the NLSM field theories of these two classes is
minimal and does not affect the qualitative behavior. The
one-loop weak-localization correction in class BDI is
negative and twice larger than that for class AIII. In our
model, this is expected to lead to a numerical reduction of
the prefactor s of S ¼ sL1=3 scaling in the γ ¼ ∞ case (BDI
class). This is what is observed in our simulations [inset of
Fig. 2(a)]: sðLÞ slowly interpolates between two finite
values, as expected from the weak-localization correction,
see SM [43].
For a nonzero (but small) δ, the system exhibits a

crossover from superdiffusive regime CðqÞ ∝ q2=3 to dif-
fusive regime CðqÞ ∝ q at momentum ql0 ∼ jδj3=2, which
corresponds to a length scale l� ∼ l0jδj−3=2. Ultimately, at
large system sizes, the system then crosses over into
localization, CðqÞ=q → 0. We confirm this behavior using
finite-size numerics in Fig. 3(a), where we plot the ratio
CðqÞ=q. The three distinct regimes are clearly observed:
superdiffusion (dashed line), diffusion (approximate satu-
ration, with a slow decrease towards small q due to weak-
localization correction), and localization [vanishing
CðqÞ=q ∝ q at q → 0]. Translating to the real space, this
implies that, as the system size is increased, one will first
see the fractal (superdiffusive) entropy scaling S ∝ L1=3,
then the logarithmic (diffusive) law S ∝ lnL, and finally the
area law (localization) S ≃ const, see Fig. 1(b).
In the diffusive regime, one can calculate the effective

coupling constant (discarding localization effects),

g ¼ CðqÞ
q

����
ql�≪1

≃
l0ffiffiffi
2

p jδj−1=2: ð11Þ

This allows us to estimate the localization length, which
scales at jδj ≪ 1 as

lloc ∼ l� expð4πgÞ ≃ l0jδj−3=2 exp
2

ffiffiffi
2

p
πl0ffiffiffiffiffijδjp : ð12Þ

The localization length llocðδÞ thus diverges exponentially
at the critical point δ ¼ 0. If one fits Eq. (12) to a power-law
form lloc ∼ jδj−ν in a restricted range of δ, one will get an
“effective exponent” ν that increases from 3=2 towards
infinity when one approaches the singular point δ ¼ 0.
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FIG. 2. (a) Collapse of S=l0, where S is half-chain entangle-
ment entropy, as a function of L=l0 for θ ¼ π and measurement
rates from γ ¼ 0 to γ ¼ 4. The inset shows results for γ ¼ ∞,
which are of the form S ¼ sðLÞL1=3, where sðLÞ exhibits a slow
crossover from a finite value at L ∼ 30l0 to a slightly smaller
finite value at L → ∞ due to quantum corrections, see SM [43].
(b) d ln S=d lnL as a function of the system size. Legend in
(a) applies in (b). The dashed lines show the ballistic behavior
S ∼ L, while the dotted lines show superdiffusion S ∼ L1=3 in the
thermodynamic limit.
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To probe the localization in real space numeri-
cally, we use the particle-number covariance, GAB ¼
hNAihNBi − hNANBi, where NA and NB are particle-
number operators of antipodal regions A and B, each of
size L=4. This observable yields an effective conductance
at scale ∼L=4 and scales in the area-law phase asymptoti-
cally as GAB ∼ expð−L=4llocÞ. Numerical results for
GABðLÞ shown in Fig. 3(b) confirm that localization sets
in when θ ≠ π. By fittingGABðLÞ to the exponential law for
L ≥ 128 (dashed lines), we obtain estimates for the
localization length llocðδÞ shown in the inset. The results
clearly support the analytically predicted divergence of lloc
at δ → 0. Accurately verifying Eq. (12) in this way is
hardly possible since lloc quickly becomes very large at
small δ, where this formula holds. Instead, we show in the
inset a power-law fit lloc ∼ jδj−ν, which yields effective
exponent ν ≈ 2.33ð3Þ, which is larger than 3=2 in agree-
ment with a discussion below Eq. (12). Note that this
effective exponent is not too far from 3=2, which reflects
the difficulty in numerical verification of the exponential

dependence in Eq. (12): when the exponential decay of
GABðLÞ is observed for realistic system sizes, the locali-
zation length is only a few times larger than l� ∼ l0jδj−3=2.
Discussion and outlook—Summarizing, the free-fermion

model with two-site monitoring operators (2) is charac-
terized, at θ ¼ π, by a superdiffusive NLSM, which leads to
the fractal scaling of the entanglement entropy, S ∝ L1=3,
and charge correlations, CðqÞ ∝ q2=3. When θ deviates
from the critical point π, the superdiffusive scaling is
transient, giving rise to diffusion and, eventually, locali-
zation at longer length scales (smaller q). The super-
diffusive behavior originates from the vanishing of the
measurement-induced quasiparticle decay rate γk at one
point in the Brillouin zone and should also hold for other
models of monitoring having this property (also for other
symmetry classes). An example is a model with measure-
ment of conventional site density c†i ci but on even sites
only. A related mechanism of Lévy flights was found to be
operative in nonmonitored models with “nodal” disorder
[51,52], dephasing [53], and interactions [54]. Our discov-
ery of measurement-induced Lévy flights opens up avenues
for the study of exotic entangled phases and novel
quantum-information transport mechanisms, including tai-
loring the entanglement growth in free-fermion monitored
systems.
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