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The accurate measurement of quantum two-level objects (qubits) is crucial for developing quantum
computers. Over the last decade, the measure of choice for benchmarking readout routines for super-
conducting qubits has been assignment fidelity; however, this method only focuses on the preparation
of computational basis states and therefore does not provide a complete characterization of the readout.
Here, we expand the focus to the use of detector tomography to fully characterize multiqubit readout of
superconducting transmon qubits. The impact of different readout parameters on the rate of information
extraction is studied using quantum-state reconstruction infidelity as a proxy. The results are then com-
pared with assignment fidelities, showing good agreement for separable two-qubit states. We therefore
propose the rate of infidelity convergence as a validation tool for assignment fidelity and a more compre-
hensive benchmark for single- and multiqubit readout optimization. To make the best use of experimental
resources, we investigate the most efficient distribution of a limited shot budget between detector tomog-
raphy and state reconstruction within the context of single- and two-qubit experiments. To address the
growing interest in three-qubit gates and test the scalability of the validation tool, we perform three-qubit
quantum-state tomography that goes beyond conventional readout-error-mitigation methods and find a
factor-of-30 reduction in quantum infidelity. Our results demonstrate that qubit readout correlations are
not induced by a significantly reduced state distinguishability. Consequently, correlation coefficients can
serve as a valuable tool in qubit readout optimization.

DOI: 10.1103/dpft-1xtx

I. INTRODUCTION

State-of-the-art quantum computing experiments have
started pushing the boundary to fault tolerance [1,2].
Although gate-error-mitigation approaches such as Pauli
twirling or zero-noise extrapolation [3,4] remain important
for most experiments, these methods have been shown to
be of limited use to extract noiseless expectation values
[5]. Significant research effort has gone into optimizing
single- and multiqubit gate fidelities [6-9]; however, it
is becoming increasingly clear that readout errors also
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pose an important obstacle to general-purpose quantum
computing [10]. On the analog quantum simulation side,
precise readout is just as important to prevent biasing
of reconstructed observables. Therefore, recent research
has focused on understanding [11,12] and improving the
multiplexed dispersive readout for superconducting qubits
[13,14]. In this work, we aim to contribute to understand-
ing and mitigating readout errors with the help of quan-
tum detector tomography [15—18]. This approach assumes
that state preparation in the quantum system is accurate,
and it seeks to mitigate readout errors by reconstructing
the experimental measurement operator instead of assum-
ing that the readout is accurately modeled by projective
computational basis measurements.

In particular, correlated readout errors have recently
been observed in superconducting qubit systems. Refer-
ences [19,20] consider correlated bitflip errors and energy
relaxation, respectively. Both discuss physical mechanisms

Published by the American Physical Society
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that may occur during readout, effectively manifesting
as correlated readout, which would be captured by read-
out correlation coefficients. A further example could be
fluctuations in the mutual electric ground. Numerical sim-
ulations of correlated readout errors from experiments and
noise models have been reported in Ref. [21]. Furthermore,
Ref. [22] discusses methods to decrease electromagnetic
crosstalk enabled readout correlations in superconducting
flux qubits. Reference [14] provides experimental evidence
for qubit dephasing due to correlated readout errors.

We apply a comprehensive readout-error-mitigation
protocol, introduced in Ref. [23], to a multiqubit quantum-
state tomography experiment. The protocol mitigates both
coherent and correlated readout errors, going beyond tradi-
tional techniques that address only classical readout errors
[17,24,25] and enables very precise state reconstruction.
Our experiments are implemented on a superconducting
qubit chip with four transmons, which we manipulate
and read out using frequency-division multiplexing [26].
This architectural choice simplifies wiring, but it can be
prone to significant readout crosstalk, and it is hence an
ideal testbed for multiqubit readout-error mitigation. By
employing a traveling-wave parametric amplifier (TWPA)
[27], we can perform single-shot readout of the qubits. We
introduce a readout quality metric that uses the number of
shots necessary to reach a specified state reconstruction
infidelity, quantifying the efficiency of extracting infor-
mation from the system. The proposed metric takes into
account coherent errors, also referred to as quantum errors,
which we compare with assignment fidelities, defined as
the probabilities of correctly assigning labels 0 or 1 to the
prepared computational basis states.

Given the substantial number of repetitive measure-
ments required for detector tomography, it is important
to avoid spending time on overly precise calibration
of the reconstructed positive operator-valued measures
(POVMs). Therefore, we also investigate different distri-
butions of a fixed shot budget between quantum detector
tomography (QDT) and quantum-state tomography (QST)
to determine which results in the lowest achievable infi-
delity. Furthermore, we demonstrate two- and three-qubit
density matrix reconstruction that takes into account coher-
ent and correlated readout noise [23], which opens the way
to reducing readout errors in complete benchmarking of
two- and three-qubit gates. This is motivated by renewed
interest in multiqubit entangling gates in the community
[28-30].

An advantage of detector tomography is that it explicitly
reconstructs the POVM corresponding to the multiqubit
readout process. This enables extraction of multiqubit
readout correlation coefficients of the system, regardless of
their origin, which could include off-resonant drive of the
resonator, mechanical vibrations [19], or ionizing radiation
[31]. In multiplexed readout, a perfect measurement of a
qubit should not depend on the state of its neighbors, which

makes readout correlation a suitable indicator of readout
quality [22].

The readout correlation coefficients should be indepen-
dent of the state distinguishability in the readout plane. By
lowering the readout pulse amplitude, effectively lower-
ing state distinguishability, we experimentally demonstrate
that readout correlation coefficients satisfy this property.

II. PRELIMINARIES

A. Generalized measurements
To characterize a noisy detector, it is essential to adopt
a framework that goes beyond projective measurement.
This approach can be formulated by a set of operators
possessing the following properties:

Mf:Mi, M; >0, and ZMizﬂ, (1

where M = {M;} is the POVM with elements M;. When
taking the expectation values of the measurement opera-
tors, one can retrieve the probabilities of obtaining different
outcomes 7 in a measurement process,

pi = Tr(pM;). (2)

B. Detector tomography

Characterization of the noisy measurement device is
achieved by performing detector tomography [15]. The
goal of detector tomography is to reconstruct the gener-
alized measurement operators M = {M;} that satisfy the
constraints in Eq. (1) through experimentally measured
outcome probabilities
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where N is the total number of measurements and #»;, is
the number of outcomes i observed from calibration state
ps. To enable full detector tomography, the set of cali-
bration states must be informationally complete. In our
experiment, we chose the symmetric and informationally
complete tetrahedron states
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With the full set of measurement probabilities in Eq. (3),
one can estimate the most likely set of operators through
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a maximum-likelihood estimator, as outlined, for example,
in Ref. [32].

C. Readout-error-mitigated quantum-state
tomography

With a reconstruction of a noisy, experimentally mea-
sured POVM, it is possible to use the POVM to construct
a readout-error-mitigated density matrix. The approach we
use is described in Ref. [23] and is based on directly inte-
grating the full set of estimated measurement operators
into a density matrix estimator. The protocol is specifically
based on estimating the density matrix using the adapted
likelihood function,

AN
ﬁMestm(,O) [0'¢ HiTr(pMieStm)ni = <Hi(pi)pi> 5 (5)

with either a maximum-likelihood estimator [33] or a
Bayesian-mean estimator [34].

This approach allows for beyond-classical readout-error
mitigation as it naturally accommodates coherent errors,
and it does not require any channel inversion or numeri-
cal optimization while still guaranteeing physical density
matrix reconstruction.

D. Multiplexed qubit readout

Multiplexed readout [26] is a central architectural choice
for superconducting quantum processors. By coupling
multiple resonators to a single transmission line, one can
save circuit footprint on the chip. In conventional transmon
processors, transmission lines account for a significant
chip surface area. As resonators now share their transmis-
sion line, their readout pulses are sent through the cryostat
on the same microwave line, and they are also amplified
and mixed simultaneously after reading out the qubit state.
This architectural choice needs fewer amplifiers and other
microwave equipment; however, it has a significant draw-
back: resonators on a single transmission line cannot be too
close in frequency, otherwise they will be measured with
crosstalk. A readout pulse synthesized for one resonator
will also drive a neighboring one, leading to a bias in the
derived qubit state. Recently, deep-learning methods have
been explored to increase single-shot assignment fidelity
in multiplexed readout operations [35].

E. Quantifying correlated readout errors

A major challenge in scaling up quantum hardware is
induced correlations and crosstalk, e.g., due to multiplexed
qubit readout. A useful tool for characterizing readout cor-
relations was introduced in Refs. [12,18], where, by using
reconstructed two-qubit POVMs, asymmetric correlation
coefficients c;_,; could be extracted. These coefficients
quantify how much the measurement results from qubit i

are affected by the state of qubit j. For a more detailed dis-
cussion of the definition of the correlation coefficients, see
Appendix A.

Since the correlation coefficients are asymmetric, we
also define a symmetric version, ci,; = (¢j—; + ¢im;)/2.
The coefficients can be modified to measure only the
classical correlations, represented as cic(_)j, which are
determined exclusively by the diagonal elements in the
measurement operators. The full correlation coefficients
contain the effect of both the diagonal and off-diagonal
elements, which we call quantum correlation coefficients,

represented by &2

i<j*

F. Infidelity

To quantify the quality of a reconstructed density matrix,
we use the quantum infidelity, /(p, o), as a figure of merit.
In the case of pure target states o, the infidelity with respect
to the estimated state p is given by

I(p,0) =1 ="Tr(po). (6

III. EXPERIMENTAL REALIZATION

A. Experimental setup

We investigate a device with four transmon qubits [36],
each coupled individually to a resonator for readout. The
device is measured below 15 mK in a dry dilution cryostat.
The frequencies of the qubits and resonators, as well as
typical coherence times can be found in Appendix B. We
define System A as the two-qubit subsystem comprising q0
and ql, System B as the subsystem comprising ql and q2,
and finally System C as the subsystem comprising q2 and
g3, as shown in Fig. 1. A description of the readout chain
in the context of readout errors is found in Appendix C.

B. Experimental protocol

To reconstruct the POVM that describes the measure-
ment process, we perform detector tomography. We pre-
pare calibration states on the qubits using single-qubit
gates. The calibration states are explicitly given in Sec.
IIB. For the phase offset between the state-preparation
and readout control pulses, we use virtual Z gates. The
calibration states are measured in a set of different bases
corresponding to the projectors onto the eigenbasis of the
three Pauli operators X, Y, and Z. The POVM is then
reconstructed in postprocessing according to Ref. [23].

Once the detector tomography has been completed, we
prepare different quantum states to which we can apply
quantum readout-error mitigation. The prepared states are
randomly selected from the set of product states. Each
single-qubit state is generated by uniformly sampling from
the surface of the corresponding Bloch sphere, referred to
as Haar random states. Haar random states are created by
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FIG. 1. Resonator spectroscopy of the four-qubit system. At

sufficiently low readout powers, each qubit couples coherently
to its resonator, enabling dispersive readout. Systems A, B, and
C are two-qubit systems of neighboring resonator-qubit sys-
tems. An important feature is the closeness of resonators in
System C, symbolized by the orange color. From left to right,
the corresponding qubits are q0, q1, g2, and q3.

applying a random unitary matrix U, drawn at random from
the unitary group U(2"abits) | to the ground state |0) [37].

C. Inducing readout noise

To study the effect of readout noise on detector tomog-
raphy and its expectation values, we induce noise that does
not affect state preparation and takes effect only after the
quantum state of interest has been prepared. The domi-
nant noise sources we investigate stem from suboptimal
(i.e., weaker or stronger than ideal) readout power of the
resonators and insufficient amplification in the readout
chain.

The amplitude of the readout pulses can be adjusted
individually or simultaneously for multiple qubits. Gener-
ally, if the readout amplitude is too low, the measurement
may not be fully projective, and reliable state distinguisha-
bility is not possible. In the case of very high readout
amplitude, we excite states outside the qubit manifold,
biasing the data [13].

We sweep the frequency and amplitude of the continu-
ous pump tone of the parametric amplifier. This results in
varying amplification and therefore modifies the overlap
of basis states in the IQ (in phase and quadrature signal)
plane.

IV. READOUT-ERROR-MITIGATED
MULTIQUBIT STATE TOMOGRAPHY

We apply multiqubit readout-error mitigation to the sys-
tem described in the previous section. We use a generaliza-
tion of the experimental protocol depicted in Fig. 1 of Ref.
[23] to multiqubit systems. We study the rate of informa-
tion extraction from readout-error-mitigated quantum-state

tomography experiments. The rate of information extrac-
tion serves a proxy for the total readout noise in the system,
which includes both correlated and coherent errors. We
use this quantity as a quality metric for the readout, which
we compare to assignment fidelity. Assignment fidelity is
the standard readout quality metric, but it captures only
readout errors in the computational basis. In particular,
we measure the number of experimental shots required to
reach a given reconstruction infidelity threshold in Sec.
IV B. We then discuss the optimal distribution of a fixed
shot budget between the different stages of the scheme in
Sec. IV C. Finally, we apply the protocol to full three-qubit
state tomography to assess the scalability of the approach
(Sec. IVB1).

A. Extracting infidelity threshold crossings from
Bayesian-mean estimated state tomography

We quantify the rate of information extraction by how
many shots are required to reach a certain infidelity thresh-
old in a state reconstruction experiment. To motivate the
use of readout-error mitigation instead of unmitigated
quantum-state tomography, we investigate the infidelity
curves of both cases in our two-qubit experiment. Figure 2
shows four mean infidelity curves, two quantum readout-
error mitigated (QREM, blue) and two unmitigated (std.
QST, red), as functions of the number of shots used for
state tomography. Each curve is averaged over 16 prod-
ucts of single-qubit Haar random states [38]. The crossing
points of these curves with a given constant infidelity
(0.20, 0.15, or 0.10) are extracted using a Bayesian-mean
estimator [23]. This allows one to identify the exact num-
ber of shots at which the infidelity curve crosses a specified
infidelity threshold value. We note that the unmitigated
curves saturate at high infidelity values. In fact, at high
levels of noise, they do not even cross these thresholds
(green horizontal lines). This makes them inappropri-
ate for precisely benchmarking readout quality. If one
uses the readout-error-mitigated infidelity curves (depicted
in blue) instead, the infidelity thresholds are crossed in
the steady exponential regime (specifically, in the lin-
ear segment of the log-log plot) of the curves, making
them suitable for benchmarking. Furthermore, infidelity
curves are most accurately obtained when employing a
Bayesian-mean estimator, highlighting an advantage over
maximum-likelihood estimators in the reconstruction pro-
cess. Bayesian-mean estimators can be efficiently com-
puted for two qubits, after which, maximum-likelihood
estimators gain an additional advantage in speed.

B. Readout noise affecting information-extraction rate

To investigate how the rate of quantum information
extraction is influenced by readout noise, we perform
readout-error-mitigated two-qubit quantum-state tomogra-
phy experiments on System A (see Fig. 1) with induced
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FIG. 2. Mean infidelity curves crossing different threshold
values (corresponding to infidelity values of 0.10, 0.15, and
0.20). Two different readout parameters are examined, where
blue curves are with and red curves are without quantum
readout-error mitigation (QREM). The curves are created using
a Bayesian-mean estimator of the reconstructed quantum states.
Only readout-error-mitigated infidelities reliably cross the given
thresholds, where the lowest threshold was only crossed by the
QREM curves. Each curve is averaged over 16 Haar random
initial states, and the shaded area indicates the interquartile range.

readout noise. We compare the results with a correspond-
ing analysis using assignment fidelity as a readout quality
metric. Since assignment fidelity depends exclusively on
computational basis states and does not fully benchmark
readout fidelity, our analysis aims to confirm the suitability
of using assignment fidelity as a measurement standard.

1. Varying readout power

We vary the readout power for both resonators simulta-
neously, so that they are equal at all times. This leads to
the possible existence of multiple optima for information
extraction. The upper figure in Fig. 3 illustrates the number
of shots necessary to achieve the infidelity thresholds. The
plot shows one optimum for information-extraction rates
at 0.48 (arb. units) readout amplitude, illustrated by a red
dashed line. This is in agreement with both the product
and the sum of single-qubit assignment fidelities (see the
bottom panel in Fig. 3). The optimum obtained for infi-
delity thresholding is statistically significant, whereas the
measured assignment fidelities are also consistent with a
plateau between readout amplitudes of 0.35 and 0.48. This
is due to the relatively large error bars, limited by the num-
ber of computational basis states measured. It is expected
that repeating the experiments with more shots would also
highlight one clear optimum at 0.48 (arb. units) readout
power. The general features of the readout parameter land-
scape are explained by low state distinguishability at low

=
o
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0.6 4 —#— Mean of fidelities
—$— Product of fidelities

Two-qubit assignment fidelities

0.2 0.3 0.4 0.5 0.6 0.7
Readout amplitude (arb. units)

FIG. 3. Comparison of quantum-state-tomography-based
readout benchmark with assignment fidelities for varying
readout amplitudes. The vertical dashed red line indicates
optimal readout amplitude. Top: number of two-qubit state
tomography shots required to reach infidelity thresholds of 0.10,
0.15, and 0.20 for various readout amplitudes. The error bars are
bootstrapped standard deviations. For very low readout powers,
the distinguishability of the basis states is significantly reduced.
For very high readout amplitudes, the measurement process
excites higher states in the system, which the state classifier
cannot correctly take into account. Each point uses 558 000
shots. Bottom: mean and product of single-shot assignment
fidelities. Each point uses 2000 shots.

readout powers and state leakage at higher readout pow-
ers, as also observed, for example, in Ref. [13]. Both the
assignment fidelity and infidelity convergence landscapes
are similar and well explained by the above reasoning. The
fraction of leaked states at higher readout power is plotted
in Appendix D. In summary, the experiment demonstrates
that the more comprehensive infidelity thresholding aligns
with assignment fidelities at the optimal readout power for
two-qubit multiplexed readout. Given the higher cost asso-
ciated with infidelity thresholding without a corresponding
increase in accuracy, assignment fidelity is preferred in this
setup.

044043-5



ANDRAS DI GIOVANNI et al.

PHYS. REV. APPLIED 24, 044043 (2025)

2. Parametric amplification

The resonators of System A are detuned by about 115
MHz from each other; therefore, it is expected that they
could have different optimal operating parameters on the
shared TWPA. This is due to the nontrivial frequency
dependence of the gain, as measured in Ref. [27]. Thus,
it is not sufficient to test the TWPA on a single qubit.
Performing state tomography on this system (see Fig. 4),
we see that information extraction is fastest at around
6.0 dBm pump power. This is in good accordance with
the maximum of both the sum and product of single-shot
assignment fidelities. Once the TWPA is oversaturated in
pump power, a significant slowing of information extrac-
tion by about a factor of 6 compared to the optimum
is observed (for a more detailed measurement of this
saturation, see Appendix E). At low pump powers, the
information-extraction rate is slowed because of insuffi-
cient distinguishability of the computational basis states at
readout, which can also be observed in the corresponding
assignment fidelities.

Similar to varying the readout power, both infidelity
thresholding and assignment fidelity agree on the optimal
pump power.

C. Optimal shot budget distribution

Experiments often have to be limited in run time. This
can be due to experimental drift or simply resource shar-
ing. This raises the question of how one should optimally
allocate a fixed measurement budget between detector
tomography and state tomography to minimize the result-
ing infidelity in the reconstruction of a quantum state. We
define the shot ratio as

QDT shots
r= ,
QDT shots + QST shots

0

i.e., the ratio of the shots used for detector tomography to
the total number of shots performed in the reconstruction
of a single state.

To find the optimal ratio for our experiment, we per-
formed single- and two-qubit tomography with a fixed
number of total shots for different values of ». For a
representative convergence of the state reconstruction, an
average of the same 40 Haar random states was used for
each value of r for single-qubit reconstruction. For two-
qubit shot budgeting, ten products of single-qubit Haar
random states were used.

The results of the experiments can be seen in Fig. 5. For
both single- and two-qubit readout-error-mitigated state
tomography, spending half the shot budget on calibration
(QDT) is a reasonable choice. In the case of very few shots
being spent on calibration, the resulting infidelity is lim-
ited by sample fluctuations in the estimated measurement
operator. On the upper end, if too few shots remain for

4 |
10 3 0.10

0.15
—4— 0.20

103 ]

Shots to reach infidelity thres.

0.9+

0.8 1

0.6 1 —$— Mean of fidelities
—$— Product of fidelities

Two-qubit assignment fidelities

3 4 5 6
TWAP pump power (dBm)

FIG. 4. Comparison of quantum-state-tomography-based
readout benchmark with assignment fidelities for varying
amplification. The vertical dashed red line indicates optimal
pump power. Top: number of shots in state tomography needed
to reach 0.10, 0.15, and 0.20 reconstruction infidelity. The error
bars show bootstrapped standard deviations. Each point uses
558 000 shots. Bottom: sum and product of assignment fidelities
for the performed experiments. State separation increases with
pump power up to approximately 6.5 dBm, after which it drops
sharply. The error bars show propagated standard deviations
from the assignment fidelity. Each point uses 2000 shots.

state tomography, the experiment will not reach the low-
est infidelities. The ideal shot ratio ranges are highlighted
in green in Fig. 5. From these plots, we can estimate the
optimal value of 7, as defined in Eq. (7), to be

rr=04+£02
for a single qubit and

rn=0.6=£03
for two-qubit experiments. In Appendix F, we consider
a simple theoretical model based on the number of inde-

pendent parameters to be estimated. Our predicted optima
are at larger values than the observed ones, indicating that
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FIG. 5. Reachable infidelities for different distributions of a
given shot budget in readout-error-mitigated state reconstruction.
The plotted infidelities refer to the final infidelity at the end of
quantum-state reconstruction. The blue triangles correspond to
the mean infidelities, while the spread in each case is shown
with teal circles. The red horizontal line indicates the mean
final infidelity at which the full budget was used for standard
state tomography. The identified optimal shot ratio is marked in
green. Top: single qubit, shot budget of 10000, averaged over
40 Haar random states. Bottom: two-qubit reconstruction with a

shot budget of 40 000, averaged over ten Haar random states.

there is a significant amount of structure, which likely
simplifies the statistical estimation task.

D. Three-qubit state tomography

In light of the renewed interest in three-qubit gates,
noted for their potentially higher fidelity, shorter duration,
and ability to replace multiple two-qubit gates [28,29,39],
we perform three-qubit quantum-state tomography with
and without readout-error mitigation. This examination
aims to evaluate the scalability of the protocol introduced
in Ref. [23] to more qubits. The experiment was repeated
on the same prepared state with an increasing number of
shots per basis measurement in both detector tomogra-
phy and state tomography. The results are plotted in Fig.
6. Infidelities below 0.01 were reached, with an outlier
data point at 12000 shots per basis measurement likely

— . >——o—o
-1

> 10
=
=)
=
<

—$— QREM

1072 —§— std. QST
104 10°
Total shots used for QST

FIG. 6. Reconstruction of a three-qubit density matrix with

and without quantum readout-error mitigation (QREM) as a
function of the total number of shots used for QST. The error bars
indicate the standard deviation of the estimator obtained from
1000 bootstrap resamplings.

attributable to measurement drift, which we investigate
further in Appendix G. A comparison of the theoretically
expected density matrix to the reconstructed one with and
without readout-error mitigation can be found in Appendix
H Fig. 12. We observe an infidelity improvement of around
a factor of 30 when comparing state tomography with
and without readout-error mitigation. Therefore, we con-
clude that the method introduced in Ref. [23] is scalable to
three superconducting qubits and is capable of significantly
reducing readout errors. This provides a way to bench-
mark and understand three-qubit gates, even in the pres-
ence of coherent readout errors in the system. Complete
state reconstruction is intrinsically not a scalable method;
however, with the established applicability to three-qubit
benchmarking, the technique can be applied to characterize
few-qubit subsystems within larger qubit systems, which
is typically sufficient for mitigation of correlated errors
[12,21,25].

V. TWO-QUBIT CORRELATIONS FROM
DETECTOR TOMOGRAPHY

As multiplexed readout has become widespread in
superconducting qubit devices of growing size, it is impor-
tant to reliably quantify potential readout correlations that
exist due to limited resonance frequency spacing. In this
section, we use correlation coefficients extracted from
detector tomography to investigate our qubit system. In
addition, we analyze the dependence of these correlation
coefficients on the amplitude of the readout pulse.

A. Correlation measurements for two-qubit
subsystems

To investigate the effect of resonator frequency spac-
ing, we performed detector tomography on Systems A

044043-7
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FIG. 7. Correlation coefficients plotted as a function the total

number of detector tomography shots used for reconstructing the
measurement operators. The silver and gold shaded areas repre-
sent the standard deviations of quantum and classical correlation
coefficients, respectively, derived from numerical simulations of
measurements without correlation. Curves that fall within these
regions indicate compatibility with uncorrelated readout. Top: in
System A, the readout correlations do not exhibit any readout
correlations within the bounds of the experimental constraints.
Bottom: System C displays nonzero asymmetric correlations,
which suggests that readouts are indeed correlated within the sys-
tem; however, no coherent correlations were observed within the
limitations of the experiment.

and C (see Sec. IITA) and extracted both quantum and
classical correlation coefficients as functions of detector
tomography shots. The results are plotted in Fig. 7. At
low numbers of shots, the correlation coefficients are com-
patible with uncorrelated POVMs (shaded silver and gold
areas), indicating that the coefficients are dominated by
sample fluctuations. System A is always compatible with
uncorrelated readout, while System C shows strong asym-
metric readout correlations. At high numbers of shots for
System A, the 0 — 1 correlation coefficients move out-
side the standard deviation of uncorrelated POVMSs, but
due to low statistics, we consider this to be consistent

0.1

0.25
— 0.6
— 1

10—1-

c
Cie2

10—2.

C?HZ

102 103 10*
Detector tomography shots

FIG. 8. Correlation coefficients in System A as a function of
the number of detector tomography shots for lowered relative
readout amplitudes. The silver and gold shaded areas repre-
sent the standard deviations of quantum and classical correlation
coefficients, respectively, derived from numerical simulations
of measurements without correlation. Top: classical correla-
tions decrease independently of the relative readout amplitude,
remaining consistent with uncorrelated readout. Bottom: quan-
tum correlations have larger values but are always consistent
with uncorrelated readout.

with uncorrelated POVMSs. These observation are consis-
tent with the observed frequency spacing of resonators in
the two systems: §p = 100 MHz vs §¢ = 8 MHz. Nei-
ther system exhibits significant correlated coherent readout
errors. In System C, the correlation coefficients are of the
order of 0.1, comparable to those reported for the Rigetti
Aspen-M-3 in Ref. [12]. Reference [21] presents numerical
simulations of noisy readout using both experimental and
synthetic systems. Fitting the probabilistic iSWAP channel
EM;) = (1 — K)M; + kUswapM;Ulgy ap to the observed
correlation coefficients in System C is consistent with a
noise strength of £ ~ 0.1.

We therefore conclude that the correlation coefficients
can be used as a precise tool to test whether resonators are
sufficiently far from each other both spatially on the chip
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and in the frequency domain. As correlations are depen-
dent on in situ readout variables such as readout power, it is
possible to optimize these parameters to maximize the rate
of information extraction while simultaneously minimiz-
ing the correlations between different qubit readouts. Our
results therefore open the way for a more comprehensive
optimization of multiqubit readout.

B. Two-qubit correlation dependence on readout noise
strength

To better understand how the correlation coefficients
behave under additional noise sources, we investigated
how the coefficients change when lowering the distin-
guishability of computational basis states using readout
pulses with varying amplitudes. Lowered state distin-
guishability can be modeled as depolarizing-type noise on
each qubit, which is not expected to impact the correlation
coefficients; see Appendix J for more details.

We define the relative readout amplitude as the ratio
between the used amplitude of the readout tone and its
ideal amplitude. To avoid leakage to higher levels, we
restrict ourselves to decreased readout amplitudes, corre-
sponding to relative readout amplitudes not larger than 1.
Ad extremum, the single-shot assignment fidelity measured
with a relative readout amplitude of 0.1 is only about 55%
compared to around 95% at a readout ratio of 1.

The results of the experiments can be seen in Fig. 8.
Within the bounds of the experiment, both quantum and
classical correlations are independent of the strength of the
readout noise, even at very high levels of noise, confirming
our theoretical expectations.

VI. CONCLUSIONS AND OUTLOOK

We investigated a generalized method for readout-error
mitigation based on detector tomography and explored
its utility as a benchmarking tool for superconducting
qubits. The protocol was applied to various two- and three-
qubit state reconstruction experiments with superconduct-
ing transmon qubits. We introduced a benchmark for
qubit readout quality that goes beyond conventional tech-
niques focused on the fidelity of computational basis state
assignments, which primarily detect classical errors. Our
approach uses quantum infidelities between prepared states
and readout-error-mitigated reconstructed states as a proxy
for the information-extraction rate. Using reconstruction
infidelity characterizes both coherent and correlated read-
out errors, making it a more comprehensive benchmark
than assignment fidelity. We thus propose using the rate
of infidelity threshold crossings as a validation tool for
assignment fidelity and as a suitable comprehensive figure
of merit for certifying single- and multiqubit readout pro-
cesses. In particular, when optimizing the readout chain,
assignment fidelity fails to properly capture correlated

readout errors, while infidelity-thresholding-based bench-
marking is able to quantify the correlations present in
the measurement process. Therefore, if assignment fidelity
falls short, this new figure of merit can be used to find
optimal operating parameters for readout chains, such as
fine-tuning amplifiers for ideal readout performance. We
studied the impact of different readout parameters on the
rate of information extraction. In particular, the depen-
dence on the pump power of the parametric amplifier
and the amplitude of the readout resonator drive tone
were investigated. The assignment fidelity- and infidelity-
convergence-based methods produced very similar results
in the investigated parameter range, validating the use of
assignment fidelity in the investigated system.

We investigated how the budgeting of shots between
detector tomography and state tomography influenced the
state reconstruction infidelity and thus identified the opti-
mal distribution of shots. To address the increasing interest
in two- and three-qubit gates for superconducting qubits,
we demonstrated that beyond-classical readout-error miti-
gation is suitable for these system sizes.

By performing readout correlation measurements, we
showed that readout correlations are significant in the
weakly detuned system. We observed no correlated coher-
ent readout errors in this system. By adjusting the readout
amplitude of the resonators, we showed that even high
noise levels do not induce readout correlations, validating
correlation coefficients as an additional useful benchmark
for the multiplexed readout of superconducting qubits. Our
comprehensive benchmark for quantifying qubit readout
precision can be applied to test innovative qubit architec-
tures [40] and readout methods [41]. The optimization of
readout parameters should not only focus on improving the
performance of individual qubits, but also on keeping read-
out correlations in multiplexed readout to a minimum. It
would be interesting to perform optimization experiments
on weakly detuned resonator systems to test this limit
of qubit readout optimization. Importantly, we encourage
the convergence of reconstruction infidelity to be used in
upcoming superconducting qubit experiments that aim to
push the boundaries of readout accuracy. Furthermore, it
would be interesting to compare the infidelity-thresholding
approach to a similar approach that uses QREM that only
mitigates correlated classical errors, as these approaches
require fewer shots for calibration and could be a more
economical solution if coherent errors can be neglected.
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APPENDIX A: DETAILS OF CORRELATION
COEFFICIENTS

References [12,18] introduced a metric for quantifying
how the state of one qubit impacts the state of another.
This is based on efficiently measuring and reconstructing
all possible two-qubit POVMs with detector overlapping
tomography [18,43]. A readout correlation measure can be
obtained as follows. For each two-qubit POVM, trace out
half of the POVM conditioned on a state being measured
in the traced-out subsystem. Optimize over all possible
states present on the traced-out subsystems and select the
largest distance between two traced-out POVMs. These
correlation coefficients can be written explicitly as

1,pi 1,07
Cj—i = Sup ||(MQ ! _M() 1)“2,

pj 9j

(AT)

where M;IUJ = ij Tr; (MZ.X]. (1; ® 6;)), x; and x; label the
outcomes on the two-qubit system, and ||4]||, refers to
the spectral norm (i.e., the largest singular value of A4).
This corresponds to the correlation coefficients employed
in Ref. [12] using the “worst-case” distance, with the dif-
ference that in that work, the norm applied is the infinity
operator norm, ||4||oc = mMaxi<x<q 27:1 |au|, where d =
dim(4). The coefficients quantify the impact of the state
of qubit j on the effective POVM measured on qubit
i. Due to the asymmetry of these coefficients, it is use-
ful to define the symmetric correlation coefficient ¢;.,; =
(¢jsit+cisg)/2.

If the optimization in Eq. (Al) is restricted to only
the computational basis states, i.e., products of eigenstates
of the o. operator {|0),|1)}®V, the coefficients are called
classical correlation coefficients cC. If the optimization is
performed over all pure states [12], the resulting coeffi-
cients are called quantum correlation coefficients ¢¢. The
quantum correlation coefficients cannot be smaller than the
classical ones and are only equal if there are no coher-
ent errors present in the readout process (up to statistical
fluctuations).

TABLE I. Qubit names and resonator and qubit frequencies of
the quantum device. The qubits are named in order from left
to right on the physical chip, starting from q0. Qubit and res-
onator frequencies typically varied up to a few MHz between
cooldowns.

Qubit wres (GHZ) wo1 (GHz)
q0 8.716 4.455
ql 8.831 5.409
q2 8.931 4.127
q3 8.939 4.926

APPENDIX B: QUBIT AND RESONATOR
PARAMETERS

Qubit and resonator parameters varied slightly between
different cooldowns. Some representative values are listed
in Tables I and II.

APPENDIX C: READOUT CHAIN

To understand the origin of readout errors, we pro-
vide a brief review of the readout chain used for typical
dispersive-shift measurements of superconducting qubits.
After reaching the transmission line on the chip, the read-
out signals couple into the resonators that match their
frequency. The frequency of the resonator depends on the
collapsed qubit state through the dispersive shift [44]. This
signal is amplified first on the mixing chamber stage with a
Josephson traveling-wave parametric amplifier JTWPA),
driven by a continuous microwave pump tone, which is
also channeled into the remaining chain. Some signal
amplitude is lost before and after the JTWPA due to non-
superconducting cabling and connectors. The resulting sig-
nal enters two high-electron-mobility transistor (HEMT)
amplifiers, which add noise photons to the signal. Exter-
nal mixers leak sidebands into the signal before it reaches
the digitizer and integration module, finally yielding a
measured value of 0 or 1.

TABLE II. Typical coherence times and single-shot readout
fidelities of the individual qubits. The assignment-fidelity values
show the best possible single-qubit readout assignment fidelity.
Multiqubit assignment fidelities were observed to be lower in
some experiments.

Qubit Assignment fidelity (%) T1 (ns) T, (1s)
q0 96 118 67
ql 93 22 30
q2 92 27 56
q3 80 23 ca. 15
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APPENDIX D: LEAKAGE AND ASSIGNMENT
FIDELITY

In this section, we discuss the comparison of infidelity
thresholding and assignment fidelity for varying readout
powers in more detail (see Sec. [IVB 1).

We treat the transmons as three-level quantum systems
(qutrits) and distinguish three regions in the IQ plane, cor-
responding to the ground and excited states and the third
(leaked) state. We prepare an equal number of |0) and
|1) states and apply readout pulses with growing ampli-
tudes to each qubit. The resulting distributions in the 1Q
plane are grouped into three clusters (ground, excited, and
leaked), and a linear sum assignment is performed to rela-
bel the clusters in maximum accordance with the known
(but sometimes incorrect) labels 0 or 1. Note that the low-
est readout power at which we can reliably perform the
leakage estimate in this way is 1.5x the optimal read-
out power. This is because at lower readout powers, it is
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more difficult to reliably estimate the leakage ratio, as the
dataset becomes very unbalanced, leading to misinterpreta-
tion (overfitting). This is a known problem for N-clustering
algorithms. The results are shown in Fig. 9. Although ql
is more prone to leakage, its assignment fidelity is less
sensitive to this effect at high readout powers. This effect
can be attributed to the position of states in the IQ (in
phase-quadrature) plane.

APPENDIX E: TWPA POWER SATURATION

Pumping the parametric amplifier with increasing
amplitude saturates the amplification, and the signal qual-
ity drops off sharply at around 7.3 dBm pump power (see
Fig. 10). This measurement was conducted with a differ-
ent set of microwave cables; therefore, there is a constant
offset in power compared to Fig. 4.
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Comparison of readout-error-mitigated quantum-state-tomography-based readout benchmark with assignment fidelities. The

vertical dashed red line indicates the optimal readout amplitude identified in Fig. 3. (a) Number of two-qubit state tomography shots
required to reach infidelity thresholds of 0.10, 0.15, and 0.20 for various readout amplitudes. The error bars are bootstrapped standard
deviations. For very low readout powers, the distinguishability of the basis states is significantly lowered. For very high readout
amplitudes, the measurement process excites higher states in the system, which the state classifier cannot correctly take into account.
(b) Single-shot assignment fidelities during the experiments; each point uses 2000 shots. The error bars show one standard deviation.
(c) Mean and product of single-shot assignment fidelities from Fig. 3. (d) Probability of measuring a leaked state as a function of

readout amplitude.
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FIG. 10. Sum and product of single-qubit assignment fideli-
ties in System A. A sharp drop in both variables occurs at
approximately 7.3 dBm pump power.

APPENDIX F: THEORETICAL SHOT
BUDGETING

In a standard setup of detector tomography followed
by state tomography, the distribution of shots should be
dictated by the number of parameters to estimate in each
part. If there is no knowledge of the quantum states to
be estimated, then there are 4" — 1 parameters for each
normalized n-qubit state. An m-outcome POVM has (m —
1)4" parameters that need to be estimated. If the POVM is
informationally complete (IC), m = 4”. Inserting this into

Eq. (7),

(m — 14" c 4
(m— 14" £ N(4n — 1) 4" +N,’

ry =

(F1)

where N, is the number of states to be estimated with
the same reconstructed POVM. Compared with the exper-
iment in Sec. IV C, setting Ny = 1, we get r; = 0.80 and
ry = 0.94, significantly higher.

The discrepancy between these two results may arise
from the fact that not all the parameters are free and
independent in a physical setting. For example, if the
reconstructed states are close to pure, there are effectively
2(2" — 1) parameters in the state (since most parameters
are close to zero). In addition, the POVM implemented in
the experiment is not an IC POVM but a set of projective
measurements on the eigenstates of the Pauli operators,
each individually normalized.

If the errors at readout are close to classical (i.e., only
redistributing the eigenvalues of the POVM elements), the
number of parameters in the POVM is (4”7 — 1)2". If we

As both QDT and QST scale exponentially in run time
with the number of qubits, the experiment has to run
self-consistently over a prolonged period. One limitation
placed on the length of experiments is the temporal drift of
the operational parameters. To quantitatively estimate the
timescales and effects of these drifts on our POVMs, we
repeatedly perform two-qubit detector tomography over
11 h while tracking the temperature and humidity of the
laboratory. Specifically, we reconstruct the measurement
operators corresponding to ZZ- and XX -basis-multiplexed
readout of System A and plot their coherent errors in
Fig. 11. We define coherent errors in Appendix 1. While
the coherent errors in the ZZ basis are small and can
be explained by statistical errors, the XX basis contains
significant coherent errors. This can be explained by the
additional rotation gates used, which are not present in ZZ-
basis readout. Under stable laboratory conditions, errors
are observed to be temporally constant for both. Introduc-
ing rapid temperature and humidity changes by turning the
laboratory air conditioning off, the amount of coherence in
the reconstructed measurement operator of the XX basis
drifts significantly. As the ZZ-basis coherences are stable,
we identify the likely source of coherence drift as originat-
ing from the manipulation of the qubit used for XX -basis
measurements.

APPENDIX H: THREE-QUBIT QUANTUM-STATE
TOMOGRAPHY WITH READOUT-ERROR
MITIGATION

The three-qubit density matrix obtained with readout-
error mitigation has around an order-of-magnitude smaller
error in the worst entry of the unmitigated density matrix
(see Fig. 12). The nonvanishing matrix entries have the
largest errors both with and without readout-error mitiga-
tion. The infidelity of reconstruction was calculated from
these density matrices.

APPENDIX I: COHERENT ERRORS

One way to quantify the degree of nonclassicality of
readout errors is to measure the distance between the
reconstructed POVM and the nearest POVM subject to
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Stability of coherent readout errors with varied laboratory temperature and humidity. Top left: coherent errors [defined

in Eq. (I4)] in the reconstructed measurement operators for ZZ- and XX -basis readout under stable laboratory conditions. Top right:
temperature and humidity values during the corresponding measurement. The rapid oscillations come from the feedback mechanism
of the air conditioning. Bottom left: coherent errors in the reconstructed measurement operators for ZZ- and XX -basis readout under
unstable laboratory conditions induced by turning the air conditioning off, then on. Bottom right: temperature and humidity values

during the corresponding measurements.

only classical errors. Classical errors are captured by a
confusion matrix [17], which involves a statistical redis-
tribution of the probabilities of measurement outcomes in
the computational basis. Specifically, it can be described
by a matrix C, which gives the relation between an ideal
measurement probability p; of outcome i and the measured
frequencies p; = n;/N,

pi = Cyp;. (I1)
Equation (I1) can be rephrased in terms of a noisy POVM
M and an ideal projective measurement P

M; = C; P, (12)

If coherent errors are present, then Eq. (I2) gets an addi-
tional term A;,

M; = CyP; + A, (13)

Since every projective measurement operator P; contains
only diagonal entries, we can quantify coherent errors by

computing the distance between the reconstructed POVM
M and the same POVM with only diagonal entries [17],

€coh = diSt(M, gdep (M))a (14)

where dist(-,-) is a suitable POVM distance and
Edep (M;) = diag(]r/[i) is the maximally dephasing channel.
For coherent errors, we use the average-case distance for
POVMs, which is defined as [45]

1

dazwM,N) = —
av(M,N) 2d

S VIM: = Nillss + Tr(M; — Ny,
i=1
(15)

where 7 is the number of outcomes for the POVMs M and
N, d is the dimension of the measurement operators, and

[4llus = v/ Tr(4%).

APPENDIX J: EFFECT OF DEPOLARIZING
NOISE ON CORRELATION COEFFICIENTS

Many common sources of experimental errors, such
as reduced computational-state distinguishability, can be
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Error in experiment

Error in mitigated experiment

Re(p)
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FIG. 12. Comparison of theoretical density matrix of a three-qubit state and its reconstruction with and without readout-error mit-
igation. The top row shows the real part of the complex eight-dimensional matrices, and the bottom row shows the imaginary part.
The quantum states reconstructed with and without readout-error mitigation have infidelities of 0.030 and 0.447, respectively. The
different scales for the real and imaginary parts are due to the chosen quantum state. The errors in the imaginary and real parts of the

error-mitigated experiments are of the same order of magnitude.

modeled as a depolarizing channel on individual qubits.
The single-qubit depolarizing channel can be written as
[46]

3k k
—) M;+ 7 (XM:X + YM;Y + ZM;Z),

gdepol(]\/[i) = (1 - 4
QY

where k£ denotes the strength of depolarization and X, 7Y,
and Z are the Pauli matrices.

In the experiment discussed in Sec. VB, the distin-
guishability of the two-qubit computational basis affects
each qubit independently. We therefore expect the noise to
be separable:

5§ep01(Mi) = (gdepol &® gdepol)(]‘/[i)- (J2)

Applying the separable depolarizing channel to the two-
qubit measurement operators in the definition of the corre-
lation coefficients, we find that

M;;Téepol = Z Tr(ggepol(M)ij )(1 ® O_]))
Xj

=) TrMJ, (1 ® Eaepoi(0))))
Xj

— M;Z.Edepol (Uj ) ] (13)

The correlation coefficients in Eq. (A1) can therefore be
written

)

1,Edepol (0j i,Edepol (07)
Cii = sup ||[(My " — M), (J4)

Pj 50

The depolarizing channel acts on the optimization states
p; and o; and effectively reduces the search space for the
optimization. Consequently, the correlation coefficients are
nonincreasing under single-qubit depolarizing noise.
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