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Abstract

Topology optimization for mass and heat transfer has been implemented in three dimensional domains or on two dimen-
sional planes with the lack of extension to 2-manifolds representing the curved surfaces locally similar to two-dimensional
Euclidean spaces. In order to enlarge the design space and increase the design freedom, this paper develops topology
optimization on variable 2-manifolds for mass and heat transfer in volume flow, where the volume flow is the fluid flow
in a three dimensional domain. In the developed topology optimization method, thin-wall patterns are defined on variable
curved surfaces represented as implicit 2-manifolds within the three-dimensional domain, where the thin-wall patterns are
the structural patterns in the mid-planes of wall-shaped structures with ignorable thickness. The implicit 2-manifolds are
homeomorphously defined on preset base manifolds. Fiber bundles is used to describe a thin-wall pattern together with the
implicit 2-manifold as an ensemble defined on the base manifold. The topology optimization method on variable 2-mani-
folds is developed to optimize the fiber bundles for mass and heat transfer in volume flow. It is implemented by using
a mixed interfacial condition that combines no-jump and no-slip types. The mixed form is achieved by the interpolation
between these two types of interfacial conditions, where the interpolation depends on the material density representing the
thin-wall patterns. Two design variables are defined for the thin-wall patterns and the implicit 2-manifolds, respectively.
They are regularized by two surface-PDE filters. Variation of the implicit 2-manifolds is controlled by introducing the
variable magnitude to the surface-PDE filter. The topology optimization problems are analyzed by using the continuous
adjoint method to derive the gradient information of the design objectives and constraints. They are then solved by using
the gradient based iterative procedures numerically implemented based on the finite element method. In order to use linear
finite elements and reduce the computational cost, the variational formulations of the governing equations are stabilized by
using the Brezzi-Pitkdranta, Petrov-Galerkin and general least squares techniques. These methods are applied in the three-
dimensional domains, which are deformed according to the implicit 2-manifolds and described by Laplace’s equation.
The adjoint equations are derived for the stabilized variational formulations of the governing equations. In the numerical
results, the effect of variable amplitude of the implicit 2-manifolds and that of the Reynolds number, Péclet number and
pressure drop are investigated to demonstrate the increased design freedom and extended design space.

Keywords Topology optimization - 2-Manifold - Fiber bundle - Volume flow - Mixed interfacial condition - Mass and
heat transfer

1 Introduction

Topology optimization is a robust method used to deter-
mine the structural configuration, which corresponds to the
>4 Yongbo Deng material distribution in a structure [1]. In contrast to design-
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the full-parameter space to design a structure based on the
' Institute of Microstructure Technology (IMT), Karlsruhe user-desired performance, and it is more flexible and robust,
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optimization procedure. Therefore, topology optimization
is a more powerful tool to optimize structures with material
distribution represented by design variables.

Optimization of structural topology was investigated as
early as 1904 for trusses [2]. Topology optimization was
originated from the structural optimization problem in
elasticity and compliance mechanisms [3-7]. It was then
extended to multiple physical problems, such as acoustics,
electromagnetics, fluidics, optics and thermal dynamics
[8—14]. Several approaches, such as the evolutionary tech-
niques [15], the evolutionary structural optimization method
[16, 17], the homogenization method [3, 18], the material
distribution or variable density method [19, 20], the level set
method [21-25], the method of moving morphable compo-
nents [26, 27], the feature driven method [28] and the phase
field method [29], have been developed to implement topol-
ogy optimization. The material distribution method is used
to implement the research in this paper.

Topology optimization for fluid problems was pioneered
by using the evolutionary techniques [15]. The attempt of
material distribution method based topology optimization
for the Stokes flow was performed in 2003, where an arti-
ficial friction force proportional to the fluid velocity was
added to the Stokes equations in order to implement topol-
ogy optimization based on the porous medium model [8].
This method was further investigated for the Stokes flow
[30, 31] and the Darcy-Stokes flow [32, 33]. The porous
medium model was then extended to the Navier—Stokes flow
with low and moderate Reynolds numbers [34-36], and the
non-Newtonian flow [37]. Topology optimization for fluid
problems primarily focused on the steady flow without body
forces [1, 8, 31, 33, 35-39]. However, unsteady flow exists
widespread. Topology optimization was extended to the
unsteady Navier—Stokes flow to reveal the related dynamic
effects on the optimal topology [40, 41]. External body
forces that relate with the fluid inertia, such as the gravity,
centrifugal force and Coriolis force, usually exist in volume
flow. Topology optimization of the steady and unsteady
Navier-Stokes flow with body forces was implemented
by penalizing the body force based an interpolation func-
tion of the design variable and using the level set method,
respectively [42, 43]. Transport of fluids at high velocity,
which leads to turbulence, is common in industry. Topology
optimization for turbulent flow with high Reynolds number
was developed based on the finite volume discretized Reyn-
olds-averaged Navier—Stokes equations coupled with either
one- or two-equation turbulence closure models [44], the
Spalart-Allmaras models [45, 46] and the data-driven model
[47], respectively. Based on the development of topology
optimization for steady and unsteady flow, topology opti-
mization of microfluidic devices including micromixers,
microvalves and micropumps has been performed [48—52].
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Mass and heat transfer are two important phenomena in
volume flow. Because of the scaling effect, microflow is
usually in the region of laminar flow where the convection
is weak and the diffusion dominates the mass and heat trans-
fer processes. This causes the relatively low efficiency of
mass and heat transfer. Therefore, enhancing the efficiency
of mass and heat transfer in microflow becomes one of the
eternal topics in the development of microfluidic devices
[53-55]. Topology optimization is one of the most popular
approaches used to enhance the efficiency of mass and heat
transfer in microflow, where microfluidic structures have
been optimized to strengthen the convection [56-58]. With
regards to mass transfer, topology optimization has been
implemented for micromixers and microreactors [48, 49,
59-63]; with regards to heat transfer, topology optimization
has been implemented for heat sinks and heat exchangers
[64-77], coolant channels [78] and transpiration cooling
[79]. Those researches were implemented in three-dimen-
sional (3D) domains or on the reduced two-dimensional
(2D) planes. With the manufacturability permitted by the
currently developed additive manufacturing or 3D-printing
technologies, thin walls with patterns defined on 2-mani-
folds can be immersed into the 3D domains occupied by the
volume flow to enhancing the efficiency of mass and heat
transfer by strengthening convection. Topology optimiza-
tion on variable 2-manifolds can hence bring new design
space and increase the design freedom by optimizing the
matchings between the thin-wall patterns and the 2-mani-
folds on which the thin-wall patterns are defined. There-
fore, this paper develops topology optimization on variable
2-manifolds for mass and heat transfer in volume flow.

To topologically optimize structural patterns, researches
were implemented for stiffness and multi-material struc-
tures [80—86], layouts of shell structures [8§7-93], electrode
patterns of electroosmosis [94], fluid—structure and fluid-
particle interaction [95-97], energy absorption [98], cohe-
sion [99], actuation [100] and wettability control [101-103],
etc.; topology optimization implemented on 2-manifolds
was developed with the applications in elasticity, wettability
control, heat transfer and electromagnetics [104—106]; and
topology optimization on variable 2-manifolds was devel-
oped for wettability control at fluid/solid interfaces [103].
Recently, topology optimization on variable 2-manifolds
for surface flow was developed to match the patterns of the
surface flow and the implicit 2-manifolds on which the pat-
terns are defined, where fiber bundle is used to express the
ensemble of a pattern of the surface flow and the implicit
2-manifold together with the base manifold used to define
the implicit 2-manifold [107]. Fiber bundle is a concept
of differential geometry [108]. It is composed of the base
manifold and the fiber defined on the base manifold. The
thin-wall pattern together with its definition domain can
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correspond to the fiber of the fiber bundle. If there exists a
2-manifold homeomorphous to the fiber, it can be set as the
base manifold of the fiber bundle. In computation, the base
manifold can be ensured by presetting a fixed geometrical
surface, then the fiber can be found on the preset base mani-
fold. This means that the definition domain of the pattern is
an implicit 2-manifold defined on the preset base manifold.
Therefore, this paper uses fiber bundle to describe the topol-
ogy of a thin-wall pattern defined on a variable 2-manifold.
The task of topology optimization on variable 2-manifolds
for mass and heat transfer in volume flow is to optimize the
fiber bundles, i.e. the matchings between the thin-wall pat-
terns and the implicit 2-manifolds defined on the preset base
manifolds.

In topology optimization on variable 2-manifolds for
mass and heat transfer in volume flow, the material den-
sity derived from the design variable is used to interpo-
late the no-jump and no-slip interfacial conditions and
determine the patterns of thin walls immersed in the vol-
ume flow, where the two types of interfacial conditions
are defined on the implicit 2-manifolds. Then, two design
variables are required to be defined for the thin-wall pat-
terns and the implicit 2-manifolds, respectively. To inter-
polate two different types of boundary conditions, a mixed
boundary condition interpolated by the material density has
been developed for electroosmotic flow [94]. It was then
extended to implement topology optimization on 2-mani-
folds, where the mixed boundary conditions are constructed
and defined on fixed 2-manifolds [106]. The mixed bound-
ary conditions can degenerate into two different boundary
conditions when the material density is iteratively evolved
into approximated binary distribution. The mixed form of
the no-jump and no-slip interfacial conditions defined on
the implicit 2-manifolds can then be inspired and introduced
for the Navier-Stokes equations used to describe the volume
flow. Therefore, this paper uses the mixed interfacial condi-
tion interpolated by the material density to implement topol-
ogy optimization on variable 2-manifolds for mass and heat
transfer in volume flow.

The remained sections of this paper are organized as fol-
lows. In Sect. 2, the methodology of topology optimization
on variable 2-manifolds for mass and heat transfer in volume
flow is presented by introducing the design variables, topol-
ogy optimization problems, adjoint analysis and numerical
implementation. In Sect. 3, numerical results and discussion
are provided to demonstrate the developed topology optimi-
zation on variable 2-manifolds. In Sects. 4, 5 and 6, conclu-
sions, acknowledgments and appendix are provided. In this
paper, the incompressible Newtonian fluid is considered; all
the mathematical descriptions are implemented in the Carte-
sian systems; the column form is defaulted for a vector; and

the convention that the gradient of a vector function has the
gradient of the components as column vectors is used.

2 Methodology

When the thickness of thin walls is much less than the
chracteristic size of the 3D domain occupied by the vol-
ume flow, the thin walls can be approximated as curved
surfaces imposed with no-slip conditions with zero veloc-
ity. Topology optimization on variable 2-manifolds can be
implemented to find the optimized matchings between the
thin-wall patterns and the curved surfaces for mass and
heat transfer in volume flow, where the curved surfaces are
expressed as implicit 2-manifolds defined on the presetting
and fixed base manifolds.

2.1 Design variables

Because an implicit 2-manifold is defined on the base mani-
fold and a thin-wall pattern is defined on the implicit 2-man-
ifold, two design variables are required to be sequentially
defined for the implicit 2-manifold and the thin-wall pattern.

2.1.1 Design variable of implicit 2-manifold

To describe the implicit 2-manifold, the design variable that
takes continuous values in [0, 1] is defined on the base mani-
fold. This design variable is used to describe the distribution
of the relative displacement between the implicit 2-mani-
fold and the base manifold. The relative displacement is in
the normal direction of the base manifold and the implicit
2-manifold is defined based on this normal displacement.
To ensure the smoothness of the implicit 2-manifold and
the well-posedness of the solution, a surface-PDE filter is
imposed on the design variable of the implicit 2-manifold
[106]:

1
{ —divy (7‘72nVde) +df = Ay (dm — 5) , Vxp € X (1)

Nry, - ngf =0, Vxg € o))

where d,,, = d,,, (xx) is the design variable of the implicit
2-manifold; dy = dy (xyx) is the filtered design variable and
it is the normal displacement used to describe the implicit
2-manifold; r,, is the filter radius, and it is constant; >
is the base manifold used to define the implicit 2-mani-
fold; d,, and dy are defined on X; x5, denotes a point on
3; Vy and divy are the tangential gradient operator and
tangential divergence operator defined on X, respectively;
n,,, = by X Ty sketched in Fig. | is the unit outer conor-
mal vector normal to 0% and tangent to X at 9%, with ny,
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Fig. 1 Sketch for the unit tangential vectors 7r at OI" and T at 0%,
the unit normal vectors nr on I" and ny on X, the unit conormal vec-
tors nr. at OI" and nr, at 0%, and the tangential gradient Vsdy

and Ty representing the unit normal vector on ¥ and the
unit tangential vector at 93, respectively; A is the variable
amplitude of the implicit 2-manifold, i.e. the parameter used
to control the amplitude of the normal displacement, and it
is nonnegative (A4 > 0). Because d,;, is valued in [0, 1], d
is valued in [—A4/2, Aq/2] and its magnitude is less than
Ag/2. The design variable of the implicit 2-manifold and its
filtered counterpart are sketched in Fig. 2.

After the filter operation, the implicit 2-manifold can be
described by the filtered design variable:

F:{XF|XF:delE + X3, VXEEZ} 2)

Fig. 2 Sketches for the design variable
dm and the filtered design variable dy of
the implicit 2-manifold I" defined on the
base manifold X
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where T is the implicit 2-manifold and xr denotes a point
on I'. From Eq. 2, a differentiable homeomorphism can be
determined corresponding to the bijection dy : ¥ — I' with
xr = dfny + X5, at Vxy, € 3. Therefore, H (I') is homeo-
morphous to H (X). The Jacobian matrix of the homeomor-
phism in Eq. 2 for the implicit 2-manifold in the curvilinear
coordinate system of the base manifold can be transformed
into
0x

L —VydmE+d;Vsny +1, Vxp €S (3)
8XZ

with |Tr| representing its determinant, where I is the unit
tensor.

2.1.2 Design variable of thin-wall pattern

The thin-wall pattern is represented by the material den-
sity defined on the implicit 2-manifold. The material
density is obtained by sequentially implementing the sur-
face-PDE filter and the threshold projection on the design
variable defined on the implicit 2-manifold, as sketched in
Fig. 3. This design variable is also valued continuously in
[0, 1]. Here, the combination of the surface-PDE filter and
the threshold projection can remove the gray regions and
control the minimum length scale in the derived pattern.
The surface-PDE filter for the design variable of the thin-
wall pattern is implemented by solving the following sur-
face PDE [106]:
{—divr (T?V["‘/f) +yr =7, Vxr el 4
.- Vryr =0, Vxp € 0T

where v is the design variable; 7, is the filtered design
variable; ry is the filter radius, and it is constant; Vr and
divp are the tangential gradient operator and tangential
divergence operator defined on the implicit 2-manifold T,
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Fig.4 Sketch for the implicit
2-manifold induced deformation
of the original domain, where =
is the deformed domain, 2 is the
original domain and xo € €2 and
xz € = are sketched by the points
not localized on ¥ and "

respectively; n,. = nr x 7 sketched in Fig. 1 is the unit
outer conormal vector normal to OT" and tangent to I" at 0T,
with nr and 71 representing the unit normal vector on I'" and
the unit tangential vector at 0T, respectively. The threshold
projection of the filtered design variable is implemented as
[109, 110]

- tanh (8€) 4 tanh (3 (v — €))
P “tanh (8€) + tanh (3 (1 — €))

, Vxp €T (5)

where  and & are the parameters of the threshold projec-
tion, with values chosen based on numerical experiments
[109].

2.2 Description of deformed 3D domain

The implicit 2-manifold used to define the thin-wall pattern
can be defined on the preset base manifold imbedded in the
3D domain. The implicit 2-manifold induces the deforma-
tion of the 3D domain. The governing equations of the mass

and heat transfer processes are defined in the deformed 3D
domain.

Based on the homeomorphism relation in Eq. 2 and the
design variable of the implicit 2-manifold with its surface-
PDE filter in Sect. 2.1.1, the deformed 3D domain sketched
in Fig. 4 can be described by extending the map from X
to I' defined in Eq. 2 into the 3D domain occupied by the
volume flow:

Xz =X +8, Vxq €

1 [

- xz =xp, Vxp € T’ 6
=TNE XQ = X3, VXs € 2 (6)

Xr = Xy +dfn27 Vxs € X

where ) is the 3D domain and it is open; s is the displace-
ment in {2 caused by d; defined on ¥; Z is the deformed
counterpart of {2, with deformation corresponding to the
distribution of the displacement s; xq is the Cartesian coor-
dinate in 2; and xz= is the harmonic coordinate in =. The dis-
placement s in Eq. 6 can be described by Laplace’s equation:
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divy, (Vi,8) =0, Vxq € Q
s=0, Vxq € EU@ U 2379

s = dfng, Vxo € X

npQO - VXQS =0, Vxq € EvO,Q

(7

where Vy,, and divy,, are the gradient and divergence oper-
ators in (2, respectively; npq is the unit outer normal vec-
tor at 082 Xy, q, 2,0 and Xy o are boundary parts of 952
corresponding to the inlet, wall and outlet of the deformed
domain =, respectively. Then, the Jacobian matrix for the
deformed domain can be derived as

Te = == = Vy,s+1, Vxq € Q (8)

with | Tz| representing its determinant.
2.3 Coupling of design variables

The design variable introduced in Sect. 2.1.2 for the thin-wall
pattern is defined on the implicit 2-manifold introduced in
Sect. 2.1.1. Their coupling relation can be derived by trans-
forming the tangential gradient operator Vr, the tangential
divergence operator divr and the unit normal nr into the
forms defined on the base manifold ¥ and transforming the
gradient operator V_ and the divergence operator divy_ in
the deformed domain = and the unit outer normal ng= at 0=
into the forms defined in the 3D domain 2. The tangential
gradient operator V can be transformed into

Vr =T:'Vs — [or - (Tr'Vs)] nr. )
The unit normal vector on I" can be transformed into

(dy) _ By — Vsdy
S 10

U s - Vadsl 1o
where |[|-||, is the 2-norm of a vector. The details for the
transformation in Egs. 9 and 10 are provided in Sect. 5.1 of
the appendix. In Eq. 10, the transformed unit normal vector
is distinguished from the original form by using the filtered
design variable d as the superscript, and this identification
method is adopted in the following for the related trans-
formed operators and variables.

Sequentially, the tangential gradient operator Vr is fur-
ther transformed into

V?”gzqmﬂvzgf[nfﬂ-mgdvzw}nfﬂ,vge4u2). (11)

Based on the transformed tangential gradient operator, the
tangential divergence operator divr can be transformed into
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div%df)g =tr (V%df)g)

=tr (TEIVgg — [n%df) . (T;1Vgg)] n;df)) ,
Vg € (H (%))

(12)

where tr is the operator used to extract the trace of a tensor.

In the deformed domain, the gradient operator Vy_, the
divergence operator divy_ and the unit outer normal nyz at
OZ can be defined in the coordinate system of x=. Based on
Egs. 6 and 8, the gradient operator in the deformed domain
= can be transformed into

V) =TV, (13)

where V_ is the gradient operator in the deformed domain

= and Vf(si) is the transformed counterpart of Vy_. Based on
the transformed gradient operator, the divergence operator
in the deformed domain can be transformed into

div,((sz) g =tr (V)((SE) g)
=tr (TEIVXQ g) ,
Vg € (H (2))°

(14)

where divy_ is the divergence operator in the deformed

S

domain = and div(g is the transformed counterpart of

X;

divy.. The unit outer normal vector at the boundary of the
deformed domain can be transformed into

L6 _ _Doo — {s- Vaanaa — [naa - (s - Vaanae)| naa}
92 ||IIBQ — {S . Vagngg — [IlaQ . (S . V@QII@Q)] Il@Q}”2 ’

(15)

The details for the transformation in Eq. 15 are provided in
Sect. 5.1 of the appendix.

In Egs. 13, 14 and 15, the transformed counterparts of
the gradient operator, divergence operator and unit outer
normal vector are distinguished from the original forms by
using s as the superscript. This identification method is used
in the following for the related transformed operators and
variables.

2.3.1 Fiber bundle of thin-wall pattern

The fiber bundle is composed of the base manifold together
with the implicit 2-manifold and the thin-wall pattern,
where ¥ is the base manifold and T x [0, 1] is the fiber,
respectively. It can be expressed as

(2 x (T' x [0,1]), %, proji, T x [0, 1]) (16)
where proji is the natural projection
proji : B x (I' x [0,1]) = X; 1 is the homeomorphous
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map @1 : X — I' x [0,1]; ¢ is the homeomorphous map
w2 :I'x [0,1] = X x (" x [0,1]); and proji, ¢1 and @9
satisfy

proji (Xs, (Xr,7p))

= proji (xx, (df (x5) ;7))

= Xy, Vxs € 2

¢1 (x2) = (Xr,7p) (17)
= (df (x5),7), Vxx € X

P2 (X1, 7p) = (X5, (X1, 7))

= (x5, (dy (xs),%)), ¥ (xr,7) € T x [0,1]

The diagram of the fiber bundle in Eq. 16 is shown in Fig. 5.
2.4 Mass transfer in volume flow

Mass transfer process in volume flow can be described by
the Navier-Stokes equations and the convection-diffusion
equation.

2.4.1 Navier-Stokes equations for volume flow

Based on the conservation laws of momentum and mass in
the deformed 3D domain described by Eq. 6, the Navier—
Stokes equations used to describe the volume flow can be
derived as

pu - Viu — divieg [1 (Vagu + VXEuT)] + Viep =0
—divyou =0

} Vxz € B2 (18)

where u is the fluid velocity; p is the fluid pressure; p is the
fluid density; and 7 is the dynamic viscosity. The material
interpolation is implemented between the no-jump part and
the no-slip part of the implicit 2-manifold, i.e. the no-jump
and no-slip interfacial conditions are interpolated on the
implicit 2-manifold with the derivation of the mixed interfa-
cial condition expressed as

I x [0,1] =23 5 x (I x [0,1))

¥1 .
proji

~

Dy

Fig.5 Diagram for the fiber bundle composed of the base manifold, the
implicit 2-manifold and the thin-wall pattern

[ (Vxeu+ VXEuT) —plngz] + a () u=0, Vxr €T (19)

where ngg is the unit outer normal vector at 9= and « is
the material interpolation. Because a linear interpolation
function would impose a too severe penalty, the following
convex and g-parameterized interpolation function is cho-
sen for « [8]:

1—
a(y) = amaqu, with amax > 1 and ¢ € (—o0, 1] (20)
q+p

where apax and g are the maximal value of o and the
parameter used to tune the convexity, respectively.

The boundary conditions of the Navier—Stokes equations
in Eq. 18 include the Dirichlet boundary conditions with
known fluid velocity at the inlet, no-slip boundary condition
with zero velocity at the walls and the Neumann boundary
condition with zero stress at the outlet:

u=ur, ., Vxz €', = (Inlet boundary condition)
u=0, Vxz €'y =
[17 (Vxeu+ VxEuT) + p]I] no=

=0, Vx= € F&E

(Wall boundary condition)

21

(Outlet boundary condition)

where I'y =, I'y, =, and I'; = are the inlet, wall and outlet
boundaries, respectively, and they correspond to the bound-
ary parts of 3, o, ¥y,.0, and 3, o included in 0€2, respec-
tively; ur, - is the known velocity at the inlet and uy, , is
its counterpart defined on X, .

2.4.2 Convection-diffusion equation for volume flow

Based on the conservation law of mass transfer, the mass
transfer process in the volume flow can be described by
the convection-diffusion equation defined in the deformed
domain:

u-Vyoc+ Vi - (DVyoc) =0, Vxg € E (22)

where c is the mass concentration in the volume flow and D
is the diffusion coefficient. The boundary conditions for the
convection-diffusion equation in Eq. 22 include the Dirich-
let boundary condition at the inlet with know distribution of
concentration and the Neumann boundary condition at the
walls and outlet with insulation:

{C =cp, Vxg €'y = 23)

np= - VXEC =0, Vxg € Fvo,E U FS,E

where ¢y 1s the known distribution of the concentration.
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2.4.3 Design objective and constraint of pressure drop

For the mass transfer problem in volume flow, the desired
performance of the fluid structure can be set to achieve
the anticipated distribution of the concentration at the out-
let, and it can be measured by the deviation between the
obtained and anticipated distribution of the concentration.
Therefore, the design objective is considered as the mixing
efficiency:

s |
r

where c is the anticipated distribution of the concentration
at the outlet and it is linearly mapped onto the inlet for the
reference value of the concentration deviation.

A constraint of the pressure drop between the inlet and
outlet is imposed to ensure the patency of the fluid structure
for mass transfer in the volume flow:

(c— &) dlos / / (co— 37 dTo=  (24)
Ty=

5,2

pigg J7 T 0.1]
Pl : 2 [0,1]

to minimize

constrained by
—divy,u=0, Vxg € E

1=
q+p
U Vioc+ Vi - (DVioe) =0, Vxz € E
{ — divp (TJ%VI"Yf) +vf =, Vxp €'
Nrp - VFVf =0, Vxp € OI'
| _ tanh (56) +tanh (5.3 = )
P tanh (B€) + tanh (8 (1 — €))

1
— divy (Tanz;df) + df = Ay (dm — 2) , Vx5 € X

« (717) = O'max{

{Il-,-z -Vzdf =0, Vxy € ox
divy,, (Vx,8) =0, Vxq € Q
s=0, Vxq € Ey’g @] ES_’Q
S = dfnz, Vxq € 2
npQ - VXQS =0, Vxq € ZUO’Q
=xq +8, Vxq € N
=xr, Vxp € I’
X0 =Xy, VXz € X2

X

[ m

X

== X=

Xr =Xy + dfnz)

o ith U, :/ (c—¢)? dFaz//
Jeo T,z Ty =

|AP/APy —1| <1x 107, with AP :/ pdlaz —/
Ty = T

|AP/APy—1] <1x 1077 (25)

where AP, is the specified reference value of the pressure
drop and AP is the pressure drop between the inlet and

outlet:
pdla=z — /
r

ap= [
r

2.4.4 Topology optimization problem

pdlaz.

5,2

(26)

v, 2

Based on the above introduction, the topology optimization
problem for mass transfer in volume flow can be constructed
to optimize the fiber bundle in Eq. 16 for the thin-wall pat-
tern defined on the implicit 2-manifold:

for (3 x (I x [0, 1)), 3, projr, T x [0, 1)),

(C() — 6)2 dF357

pu - Vot — divyg [17 (VXEu + VXEuT)] +Vip =0, Vxz € E

[[[77 (VXEu + VXEuT) - p]I] nag]] +a(yp)u=0, Vxp el

27

pdla=

5,2
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where J. g is the reference value of the design objective cor-
responding to the initial distribution of the design variables.

The coupling relations among the variables, functions,
and differential operators in Eq. 27 are illustrated by the
arrow chart described as

After the derivation of the adjoint sensitivities in Egs. 28
and 29, the design variables ~ and d,,, can be evolved itera-
tively to determine the fiber bundle for mass transfer in vol-
ume flow.

AL LN dy oo T& 13 4 Vi, divae, noz}
lEq 11 Egs. 22 & 18
{Vr,divr,nr} {u, p, c} Eas 20 &30 (., AP}
Eq. 4 Eq. 19
Eq. 4 Eq. 5
e Vf — Tp

where the design variables d,,, and 7, marked in blue, are
the inputs; the design objective J,, the pressure drop AP
and the material density -y, marked in red, are the outputs.

2.4.5 Adjoint analysis

To solve the topology optimization problem in Eq. 27,
adjoint analysis is implemented for the design objective
and constraint of the pressure drop to derive the adjoint
sensitivities. Details for the adjoint analysis are provided in
Sects. 5.8, 5.9, 5.10 and 5.11 of the appendix.

Based on the transformed design objective in Eq. 73
and transformed pressure drop in Eq. 74 in Sect. 5.7 of the
appendix, the adjoint analysis of the topology optimiza-
tion problem can be implemented on the functional spaces
defined on the original domain (2. Based on the continuous
adjoint method [111], the adjoint sensitivity of the design
objective J. is derived as

5, = / A AMY) = Agdgod 45,V (5,d) € (£2(2)° (28)
P

where vy, and dy, are the adjoint variables of the filtered
design variables vy and d, respectively. The adjoint vari-
ables in Eq. 28 can be derived by sequentially solving the
adjoint equations in variational formulations provided in
Sect. 5.8 of the appendix.

For the constraint of the pressure drop, the adjoint sensi-
tivity of the pressure drop AP is derived as

SAP = / 1AM — Agdgadn dS, Y (3,d) € (£2(2))" (29)
P
where the adjoint variables ¢, and dy, are derived by

sequentially solving the variational formulations of the
adjoint equations provided in Sect. 5.10 of the appendix.

2.5 Heat transfer in volume flow

Heat transfer process in volume flow can be described by
the Navier-Stokes equations and the convective heat-trans-
fer equation, where the governing equations for the motion
of the fluid and the material interpolation on the implicit
2-manifold are the same as that introduced in Sect. 2.4.1.
The difference is on the choice of the stabilization term
in the variational formulation of the Navier—Stokes equa-
tions to numerically solve the fluid velocity and pressure
by using linear finite elements (Sect. 5.12 of the appendix).
The material interpolation in Eq. 19 is implemented on the
no-jump and no-slip parts of the implicit 2-manifold.

2.5.1 Convective heat-transfer equation for volume flow

The heat transfer process in volume flow can be described
by the convective heat-transfer equation defined on the
deformed domain. Based on the conservation law of energy,
the convective heat-transfer equation can be derived to
describe the heat transfer in volume flow:

pCpu - Vi T — divy, (V. T) = Q, Vxz € E (30)

where T is the temperature; C, is the specific heat capacity;
k is the coefficient of heat conductivity; and Q is the power
of the heat source. For the convective heat-transfer equa-
tion, the inlet boundary is the heat sink, i.e. the temperature
is known at I',, =; and the remained part of the boundary

curve is insulative:

T:To, VXEEF,U’E 31
VXET -ng= =0, Vx=z € Fvo,E U FS,E G

where Ty is the known distribution of the temperature.
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2.5.2 Design objective and constraint of pressure drop

For the heat transfer problem in volume flow, the desired
performance of the fluid structure can be set to minimize the
thermal compliance. The thermal compliance can be mea-
sured by the integration of the square of the temperature gra-
dient in the design domain. Therefore, the design objective
for heat transfer is considered as the thermal compliance:

Jr = / fiazhVe T -V, T dE (32)

where fiq= = fia,= (x=) is the indicator function used to
specify the computational domain of the design objective,

pigg J7 T 10.1]
BN 2 [0,1]

T,0
constrained by

—divy,u=0, Vxg € E

pCpu - Vi T — divy, (V. T) =Q, Vxz € E
11—
q+p
{ —divp (r}Vrys) 5 =7, Vxr €T
Ny, - Vryr =0, Vxp € 0T
 tanh (8€) + tanh (3 (37 — ©))
7= “fanh (B€) + tanh (8 (1 — €))

« (vp) = Omax{

2
{n.,.): 'Vzdf =0, Vxy € 0%
divyg, (Vxa8) =0, Vxq € Q
s=0, Vxq € X, oUX 0
s =dsny, Vxq € X
nyq - VXQS =0, Vxq € vag
Xz =X +8, Vxq € Q
Xz =xp, Vxp € I’
1= XQ =Xy, VX5 € X
Xr =Xy + dfnz

|AP/APy —1| <1x107%, with AP = /
Tu=

to minimize j—T with Jp = / fiagkVxT - Vi T dE,

1
— divy (TZ@VEdf) + df = Ay (dm — > , Vxs € 3

i.e. fiq= is valued as 1 in the computational domain of the
design objective, or else it is valued as 0.

The thermal compliance is constrained by the speci-
fied pressure drop, which is the same as that described by
Egs. 25 and 26 in Sect. 2.4.3 and Eq. 74 in Sect. 5.7 of the
appendix.

2.5.3 Topology optimization problem

Based on the above introduction, the topology optimization
problem for heat transfer in volume flow can be constructed
to optimize the fiber bundle in Eq. 16 for the thin-wall pat-
tern defined on the implicit 2-manifold:

for (¥ x (' x [0,1]),%,proji,T x [0,1]),

pu - Vi u — divyy [n (VXEu + VXEuT)} + Viep =0, Vxg € 2

[Hn (szu + VXEuT) —p]I] nag]] +a(y)u=0, Vxrel

(33)

deGE*/ pdla=
I's=

S,
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Table 1 Pseudocodes of the algorithm used to solve the topology optimization problem defined onvariable 2-manifolds for mass transfer in
volume flow.

Algorithm 3: iterative solution of Eq. 27

Set ur, ., p, 1, D, co, ¢, Ag and APy;

Set { v 1 { ry=1/10 { Nmax < 230 { £+ 05 { Cmax — 10°
Ay +1/2 7 L rpy=1/4 7 | ny <1 "L B+1 " lge1x10"2"

loop
Solve d¢ from Eq. 1;
Solve v from Eq. 4;
Project s to derive -, based on Eq. 5;
Solve s and Ag from Eq. 7;
Solve u, p and A from Eq. 61, and evaluate AP,, from Eq. 26;
Solve ¢ from Eq. 68, and evaluate J. ,,/Je 0 from Eq. 24;
Solve ¢, from Eq. 75;
Solve u,, p, and A\, from Eq. 76;
Solve s, and Ag, from Eq. 78;
Solve vy, from Eq. 82;
Solve d¢, from Eq. 83;
Evaluate 6J. ,,, from Eq. 28;
Solve u,, p, and A\, from Eq. 95;
Solve s, and Ag, from Eq. 96;
Solve vy, from Eq. 97;
Solve dy, from Eq. 98;
Evaluate 6AP,, from Eq. 29;
Update v and d,, based on 6.J. ,, and Cp,,,6AP,, by using MMA;
if (n; ==30) V ((n; > 30) A (mod (n; — 30,20) == 0))

B 20;
end if
5 N 210
if (77,1 == nmax) V % an:O ’Jc,ni—m — Jc,n,ﬂ,f(m+1)‘ /JC,O <1x 10—3
|AP,, /APy — 1| <1x1073
break;

end if

end loop

where Jp g is the reference value of the design objective cor- where the design variables d,,, and -, marked in blue, are

responding to the initial distribution of the design variables.  the inputs; the design objective Jr, the pressure drop AP,
The coupling relations among the variables, functions,  and the material density -, marked in red, are the outputs.

and differential operators in Eq. 33 are illustrated by the

arrow chart described as

dpm 24 L dy Eas T B, (s Ve, divee, noz}
lEq. 11 lEqs. 18 & 30
{Vr,divr,nr} {u, p, T} Las 32826, (Jr, AP}
Eq. 4 TEq. 19
yoms e, »
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Table 2 Pseudocodes of the algorithm used to solve the topology optimization problem defined onvariable 2-manifolds for heat transfer in vol-
ume flow.

Algorithm 4: iterative solution of Eq. 33
Set wy, 5, p, 1, To, Aq and APy;

Set{wel {rle/lo {m<—1 {nupd<—20 {§<—0.5
dmel/Q’ormzl/él’ ngio <0 7 L mygp <10 7 L f«1 7
AT PR
"V ge1x10"2

Q+ 1x10°
while 3 < 210
Solve d; from Eq. 1, and solve vy from Eq. 4;

if (n; > nupd + nase) A (mod (7 — Nupd — Nist, Nupd) == 1)
Compute v, from ¢ based on Eq. 5;
if B<2°

ngs <+ 0; B/ «+ 2;
Compute v, from ¢ based on Eq. 5 with v, and 3 replaced to be v, and §;
while H’yz’, — 'ypHoo >1x107!
B (B +B) /2
Compute 7, from ¢ based on Eq. 5 with 7, and 3 replaced to be v, and 3';
end while
B« B
else
if Nos —= 1
B« 20;
elseif nys == 0
B 25 ngs — 1;
end if
end if
if B ==210
Ngto — Noto + 1;
end if

if ((8==219)A (00 |[Trmm = Jram—men)| [Jr0 <1 107%)
A(|@n, /o — 1] <1 X1073) A (Isn,/s0 — 1] <1 x 1072) ) V (no10 == nypa)
break;

end if

end if

Project 5 to derive v, based on Eq. 5;

Solve s and Ag from Eq. 7;

Solve u, p and X from Eq. 109, and evaluate AP, from Eq. 74;
Solve T from Eq. 114, and evaluate Jp ,,,/Jr o from Eq. 32;
Solve T, from Eq. 120, and solve u,, p, and A\, from Eq. 121;
Solve s, and Ag, from Eq. 123;

Solve 7vfq from Eq. 125, and solve d¢, from Eq. 126;

Evaluate 6 Jr,,, from Eq. 34;

Solve ug, p, and A\, from Eq. 138;

Solve s, and Ag, from Eq. 139;

Solve 7¢q from Eq. 140, and solve d¢, from Eq. 141;

Evaluate §AP,, from Eq. 35;

Update v and d,, based on §Jr,, and Cp,,,0AP,, by using MMA;

n; < n; +1;
end while
2.5.4 Adjoint analysis sensitivities. Details for the adjoint analysis are provided in
Sects. 5.15, 5.16, 5.17 and 5.18 of the appendix.
To solve the topology optimization problem in Eq. 33, Based on the transformed design objective in Eq. 119 in

adjoint analysis is implemented for the design objective  Sect. 5.14 of the appendix and transformed pressure drop
and constraint of the pressure drop to derive the adjoint  in Eq. 74 in Sect. 5.7 of the appendix, the adjoint analysis
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® Nodes of a quadrangular element

Fig. 6 Sketch for the meshes of the quadrangular-element based dis-
cretization of the base manifold ¥ and the mapped meshes on the
implicit 2-manifold I'

Fig.7 Sketch for the hexahedral elements of the meshes for the original
domain and the mapping elements of the deformed domain, together
with the quadrangular-element based discretization of the base mani-
fold 3 and the mapped meshes on the implicit 2-manifold I", where xq
and xz are sketched by the points not localized on ¥ and I"

of the topology optimization problem can be implemented
in the functional spaces defined on the original domain ).
Based on the continuous adjoint method [111], the adjoint
sensitivity of the design objective Jr is derived as

Sy = / A AM) = Adgadin dS, ¥ (3,dn) € (£2()° (34)
J

where the adjoint variables can be derived by sequentially
solving the adjoint equations in variational formulations
provided in Sect. 5.15 of the appendix. For the constraint of
the pressure drop, the adjoint sensitivity of the pressure drop
AP is derived as

S0P = [ A~ Ayl 0S¥ (Gdn) € (2 (9)” (35)
z

Fig.8 Sketch for the design domains of topology optimization on vari-
able 2-manifolds for mass and heat transfer in volume flow, where
Y, at z =(n+1)/2 with n valued in {1,2,--- N} is the cross-
section of the straight channel; the design domain is the union of the
cross sections; the inlet and outlet are the terminal faces at x = 0 and
x = (N + 3) /2, respectively; and the remained outer faces are no-
slip walls

where the adjoint variables can be derived by sequentially
solving the variational formulations for the adjoint equa-
tions provided in Sect. 5.17 of the appendix.

After the derivation of the adjoint sensitivities in Eqs. 34
and 35, the design variables v and d,,, can be evolved itera-
tively to determine the fiber bundle for heat transfer in vol-
ume flow.

2.6 Numerical implementation

Topology optimization problems in Egs. 27 and 33 can be
solved by using the iterative algorithms described in Tables
1 and 2, where the design variables are updated by using the
method of moving asymptotes (MMA) [112]. The finite ele-
ment method is utilized to solve the variational formulations
of the relevant PDEs and adjoint equations. On the details
for the finite element solution, one can refer to Ref. [113].
Especially, the surface finite element method is used to
solve the surface-PDE filters [114]. To avoid the numerical
singularity caused by the null value, the 2-norm of a vector
function f as the factor of the denominator are approxi-

mated as (f2 + eeps)l/Q

in Eq. 10 and the 2-norm of fluid velocity u in Eqgs. 112
and 117 of the appendix are numerically approximated as

1
{(HZ - VZ;df)Q + eeps]
tively, where €., is the value of the floating point precision.

, e.g. the 2-norm of ny — Vxd;

and  (u? + €cps) 1 %, respec-

Linear quadrangular elements are used to interpolate
the design variables of the thin-wall pattern and that of
the implicit 2-manifold, and solve the variational formula-
tions of the related PDEs defined on the implicit 2-mani-
fold and the base manifold; linear hexahedral elements are
used to solve the variational formulations of the governing
equations and their adjoint equations. The meshes of the
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quadrangular-element based discretization of the base mani-
fold and the mapped meshes on the implicit 2-manifold are
sketched in Fig. 6. The meshes of the hexahedral-element
based discretization of the original domain and the mapped
meshes of the deformed domain are sketched in Fig. 7.

The computational domain of the fluid channel with nor-
malized size is discretized by using regular hexahedral ele-
ments with the element size of 1/20. The filter radii in the
surface-PDE filters for the design variables of the implicit
2-manifold and the thin-wall pattern defined on the implicit
2-manifold are set to be r,, = 1/4 and r; = 1/10, respec-
tively. The filter radius for the design variable of the implicit
2-manifold is thereby much larger than the finite element
size, and this ensures the smoothness of the implicit 2-mani-
fold and the monotonicity of the convergent processes of
the iterative procedures. The radius for the design variable
of the thin-wall pattern is set to be 2 times of the finite ele-
ment size to avoid the appearance of the tiny features in the
obtained topology. The initial values of the parameters in
the threshold projection are set as £ = 0.5 and 8 = 1, based
on the numerical experiments in Refs. [109, 110]. The ini-
tial value of the design variable of the thin-wall pattern is
set to be 1 to ensure the patency of the fluid channel at the
beginning of the iterative procedures. The initial value of
the design variable of the implicit 2-manifold is set to be 1/2
to evolve it from the averaged value of —A;/2 and A;/2.
The initial value of the iteration number n; is 1 in the itera-
tive procedures.

In the algorithm for the iterative solution of the topology
optimization problem in Eq. 27, the projection parameter
B with the initial value of 1 is doubled after the beginning
30 iterations and then doubled after every 20 iterations
(nupa = 20); the loops of the algorithms are stopped when
the maximal iteration numbers are reached, or if 3 reaching
210 the averaged variations of the design objectives in con-
tinuous 5 iterations and the residuals of the constraints are
simultaneously satisfied. In the algorithm for the iterative
solution of the topology optimization problem in Eq. 33, the
doubling operation of the projection parameter 5 before it
reaching 2° can cause significant oscillations of the values
of the pressure drop. Therefore, the constraint of the pres-
sure drop can not be well satisfied in the iterative proce-
dure. A bisection method is used to update 5 and control the
amplitude variations of the material density, when f is less
than 2°. The doubling operation is enabled again, when 3
reaches 2°. The parameter setting of 7,4 = 20 can simul-
taneously ensure sufficient evolution of the design variables
and save the computation time. On the convergence criteria,
the value of 3 reaching 2'° can ensure clear geometrical
boundaries of the obtained structural topology; the averaged
variations of the design objectives in continuous 5 iterations
can ensure uniform convergence of the objective values.

@ Springer

On the choice of the parameters in the material inter-
polation (Eq. 20), aunq, should be infinite, theoretically;
however, numerically, it should be valued to be finite and
large enough to simultaneously approximate the infinity and
ensure the numerical stability. Therefore, a4, is set to be
10° which is much larger than 1. The convexity parameter
g should be set to be no more than 1 to avoid over-penalty
which can result in the oscillation of objective values and
unsatisfication of the constraints in the iterative procedures.
Based on numerical experiments, it is set as 1 x 1072 in
this paper.

In the algorithms, the constraint of the pressure drop in
the (n;)-th iteration is equivalently set as

Cpn, |AP,, /APy — 1| <1 x 1073Cp,p, (36)

to scale the adjoint sensitivity of the constraint as
Cpn, 0AP,,, where Cp,y,, is the scaling factor. The equiva-
lent operation in Eq. 36 can ensure the robust satisfication
of the constraints in the iterative procedures, by keeping
the adjoint sensitivities of the constraints possess the same
magnitude as that of the design objectives. The scaling fac-
tor in the (n;)-th iteration is set as

AP, AJM AAP,,

Crm, = - /H : (37)
c,0 2

or
AP, AJ . AAP,,.

Crani =5 o /H : (38)
T,0 2

where {AJCM/ AT, AAPW/ AT} and

{AJrn,/ AY,AAP,,/AY} are the discretized
counterparts  of  {8Jen, /67, 0AP,,/6y}  and
{(SJT,M/(S% JAPM/ 67}.

3 Results and discussion

In the numerical results, the fluid density and dynamic
viscosity are considered as unitary. The design domain
is sketched in Fig. 8, including a series of equally spaced
square cross-sections of a straight channel, i.e.

N
=J = (39)

n=1

where N is the total number of the cross-sections included in
the design domain; and ¥,, with n valued from {1,2,--- N}
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Fig. 9 Distribution of the filtered design variables for the implicit
2-manifolds and the material density of the thin-wall patterns
obtained by solving the topology optimization problems for mass
transfer in the design domains sketched in Fig. 8 with N valued in
{1,3,5,7,9,11, 13}, respectively, where the first column is the distri-

bution of the filtered design variables for the implicit 2-manifolds, the
central column is the material density of the thin-wall patterns, and the
third column is the deformed thin-wall patterns on the cross-sections
including the concentration distribution at the inlet and outlet

@ Springer



Engineering with Computers

0.2 0.7
-
‘ 0.0 ‘ O& 0.4
0.2

) N =1, Jr = 0.5627

W e

) N =3, Jpr =0.7827

M | !@‘VW

) N =25, Jr =1.0913

0.7
0.4

01

v

n°°

\ N

()2 0.1

) N =17, Jr =1.4219

(g) N =13, Jp = 2.4384

@ Springer



Engineering with Computers

4 Fig. 10 Distribution of the filtered design variables for the implicit
2-manifolds and the material density of the thin-wall patterns
obtained by solving the topology optimization problems for heat
transfer in the design domains sketched in Fig. 8 with N valued in
{1,3,5,7,9,11, 13}, where the first column is the distribution of the
filtered design variables for the implicit 2-manifolds, the central col-
umn is the material density of the thin-wall patterns, and the third col-
umn is the deformed thin-wall patterns on the cross-sections including
the thermal compliance distribution on the central cross-section

is a cross-section of the straight channel. The straight chan-
nel is localized in the Cartesian system of O-xyz with the
coordinate origin at O. The n-th cross-section is localized at
x = (n+ 1) /2. The inlet and outlet are the terminal faces
of the straight channel with x =0 and « = (N + 3) /2,
respectively. The remained outer surfaces are wall boundar-
ies with zero velocity. The edge length of the square cross-
sections is 1 and the spacing distance of the cross-sections
is 1/2.

In topology optimization on variable 2-mani-
folds for mass and heat transfer in volume flow, the
inlet velocity is set as the parabolic distribution with
ur, , = (2*y (1 —y)2(1—2),0,0), corresponding to
the Reynolds number of Re =1 x 10%; the coefficient
of mass diffusion and the coefficient of heat conductivity
are set as D =5x 1073 and k =5 x 10~3 correspond-
ing to the Péclet number of Pe = 2 x 102, respectively;
the optimization parameters are set as Qupax = 1 X 10°
and ¢=1x10"2; and the pressure drop is set as
APy = (N — 2) /3 x 102. For mass transfer, the concentra-
tion distribution at the inlet is set by using the step function
with the mid-value at y = 1/2 on the inlet boundary and the
minimal and maximal values of 0 and 2, respectively; corre-
spondingly, the anticipation distribution of the concentration
at the outlet is ¢ = 1 for Vxz € I', =. For heat transfer, the
known temperature at the inlet boundary is set with 7, = 0
for Vxz € I'y, = and the power of the heat source in the
computational domain is set as Q = 1 x 10" for Vxz € =.
By setting the variable magnitude of the implicit 2-mani-
folds as 0.5, the topology optimization problems in Egs. 27
and 33 are solved in the computational domain sketched in
Fig. 8. The distribution of the filtered design variable for the
implicit 2-manifolds and the material density for the thin-
wall patterns are obtained as shown in Figs. 9 and 10 for
the cases with N valued from {1,3,5,7,9,11, 13}, where
the specified reference value of the pressure drop linearly
increases along with the increase of the length of the com-
putational domain. The coupling relations of the filtered
design variables for the implicit 2-manifolds and the mate-
rial density of the thin-wall patterns in Figs. 9 and 10 are

demonstrated in Fig. 11. For mass transfer, complete mixing
is achieved in Fig. 9g. In Fig. 9, the implicit 2-manifolds are
prone to coincide with the base manifolds and the deforma-
tion variable approaches to zero, when the number of the
cross-sections included in the design domain and the length
of the computational domain are large enough. The thin-
wall patterns on the cross-sections are hence the primary to
achieve complete mixing and the implicit 2-manifolds are
the supplemental, when the mixing length is large enough.
For heat transfer, the thin-wall patterns on the cross-sections
have the shapes of disc and ring as shown in Fig. 10 and the
obtained thin walls are localized at the center of the cross-
sections. Such thin walls enhance the convection of the flow
and strengthen the efficiency of heat transfer to minimize
the thermal compliance. Topology optimization on variable
2-manifolds for mass and heat transfer in volume flow is
further investigated as follows for the cases with NV = 7.

For the results in Figs. 9d and 10d, the detail views of
the fiber bundles for the topologically optimized thin-wall
patterns are presented in Figs. 12a and 13a; and the detail
views of the deformed meshes together and their top views
are presented in Figs. 12b, c and 13b, ¢, where the mesh
deformation is implicitly described by Laplace’s equation in
Eq. 7 and it is caused by the relative displacement between
the base manifold and the implicit 2-manifold. Convergent
histories of the design objectives and constraints of the pres-
sure drop are plotted in Fig. 14, including snapshots for the
evolution of the fiber bundles during the iterative solutions
of the optimization problems. From the monotonicity of
the objective values and satisfication of the constraints, the
robustness of the iterative solutions can be confirmed for
both the mass and heat transfer problems. Distribution of
the concentration, thermal compliance and velocity together
with streamlines in the straight channel are provided in
Fig. 15, where the obtained thin-wall patterns induce the
secondary flow to enlarge the mixing length and strengthen
the convection to enhance the heat transfer. The mass and
heat transfer efficiencies are thereby improved.

The effects of the variable magnitude, Reynolds number,
Péclet number and pressure drop are further investigated
for the topology optimization problems of mass and heat
transfer in volume flow. As shown in Fig. 16, the mass and
heat transfer performance achieved by the optimized match-
ings between the thin-wall patterns and the implicit 2-mani-
folds can be improved by enlarging the variable magnitude,
because larger variable magnitude enlarges the design
space. The necessity of topology optimization on variable
2-manifolds is also demonstrated by the results in Fig. 16.
As shown in Figs. 17 and 18, the optimized matchings

@ Springer



Engineering with Computers

(b) Coupling relation in Fig. 10d

Fig. 11 Coupling relations of the filtered design variables for the implicit 2-manifolds and the material density of the thin-wall patterns in Figs. 9d
and 10d
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Fig. 12 Deformed meshes in the obtained fiber bundle for mass transfer in volume flow, where the design domain is sketched in Fig. § with N = 7.
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Fig. 14 Convergent histories of the 2
design objectives and constraints of
the pressure drop in topology opti-
mization on variable 2-manifolds
for mass and heat transfer in the
design domain sketched in Fig. 8
with N = 7, where snapshots for
the evolution of the fiber bundles
during the iterative solutions are
included
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corresponding the lower Reynolds number and lower Péclet
number can achieve more efficient mass and heat transfer,
this is because of the higher diffusion efficiency. As shown
in Fig. 19, the increase of the pressure drop can enhance the
convection of the flow and thereby improve the mass and
heat transfer performance of the obtained fiber bundles.

To confirm the optimality, the results in Fig. 18 are
cross-compared by computing the objective values for the
obtained fiber bundles at different Péclet numbers, where
the Reynolds number is remained as 1 x 10°. The computed
objective values are listed in Table 3. From the comparison
of the objective values in every row of Table 3, the opti-
mized performance of the obtained fiber bundles can be
confirmed.

In order to show the actual benefits of expanding design
freedom brought by the variable 2-manifolds, the refer-
ence cases are computed on the fixed 2-manifolds with

Re=1x10° and Pe=2x 10? in the computational
domain sketched in Fig. 8 with N = 7. The obtained results
are listed in Table 4 for topology optimization on variable
2-manifolds and fixed 2-manifolds. From the comparisons to
the results on the variable 2-manifolds in Figs. 9d and 10d,
it can be confirmed that topology optimization on variable
2-manifolds improves the mixing efficiency from 0.1320 to
0.1241 and decreases the thermal compliance from 1.4751
to 1.4219, respectively.

It is noted that the results obtained from topology optimi-
zation for heat transfer resemble hanging objects within the
fluid channels, rather than the forms connected on the inter-
nal surfaces of the fluid channels. The overhang constraint
in additive manufacturing can be used in the future research
to solve this problem on hanging objects in the obtained
results [115-118].
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(b)

Fig. 15 Field distribution in the obtained fiber bundles for mass and
heat transfer in the design domain sketched in Fig. 8 with N = 7. a
Distribution of the concentration; b velocity of the secondary flow
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Fig. 16 Objective values and the obtained fiber bundles for the variable
magnitudes of Ag = {0.0,0.1,0.2,0.3,0.4,0.5} and the obtained
fiber bundles in the design domain sketched in Fig. 8 with N =7,
where the Reynolds number is Re = 1 x 10° and the Péclet number
is Pe = 2 x 107
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together with the streamlines in the straight channel; ¢ distribution of
the thermal compliance; d flow velocity together with the streamlines

4 Conclusions

Topology optimization for mass and heat transfer in volume
flow has been developed to optimize the matchings between
the thin-wall patterns and the implicit 2-manifolds on which
the thin-wall patterns are defined. It can be regarded as
topology optimization for mass and heat transfer in volume
flow implemented on the variable design domains. Topol-
ogy optimization for mass and heat transfer in volume
flow is thereby extended onto 2-manifolds with increased
design freedom by including the design domains into the
design space. Two sets of design variables are defined for
the thin-wall patterns and the implicit 2-manifolds, which
are defined and evolved on the base manifolds by using
differentiable homeomorphisms. Two surface-PDE filters
are used to regularize the design variables. The tangential
gradient operator and the unit normal vector on an implicit
2-manifold are transformed based on the filtered design
variable of the implicit 2-manifold. Transformed forms are
derived for the variational formulations of the surface-PDE
filter of the implicit 2-manifold and the governing equa-
tions for mass and heat transfer in volume flow. Laplace’s
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Fig. 17 Objective values and
the obtained fiber bundles
for the Reynolds numbers of

Re = {107",107"/2,10°,10"/%, 10" } 0.08
and the obtained fiber bundles in

0.1F

101/2

the design domain sketched in ’\Q
Fig. 8 with N = 7, where the vari- 0.06 -
able magnitude is Ag = 0.5 and
the Péclet number is Pe = 2 x 102
0.04 !
"q
-1
10
098 -
0.97
&~
)\
0.96
095
|

equation is used to describe the deformation of the three
dimensional domains of the volume flow, where the defor-
mation is caused by the differentiable homeomorphism
between the implicit 2-manifold and the base manifold. In
the numerical implementation, scaling factor based equiva-
lent transformation of the constraints is developed to scale
the corresponding adjoint sensitivities to ensure the robust
satisfication in the gradient based iterative procedures, by
keeping the adjoint sensitivities of the constraints possess
the same magnitude as that of the design objectives.

The mixed interfacial condition of the Navier—Stokes
equations is used to implement topology optimization on
variable 2-manifolds, where the no-jump and no-slip types
of the interfacial conditions are interpolated by the material
density used to represent the thin-wall patterns. Numeri-
cal examples implemented on a series of cross-sections of

101/2

(b)

straight channels have been presented. The desired perfor-
mance of thin walls is set to achieve the anticipated distri-
bution of the concentration at the outlet of the fluid channel
and minimize the thermal compliance in the volume flow
for mass and heat transfer processes, respectively. The
obtained fiber bundles strengthen the secondary flow, which
effectively improves the mass and heat transfer efficiency.
Topology optimization on variable 2-manifolds can
degenerate into the form for mass and heat transfer on fixed
2-manifolds by setting the variable magnitude as zero.
Although increasing the value of the variable amplitude
can enlarge the design space of the thin-wall patterns, the
developed topology optimization is limited by the variable
amplitude of the implicit 2-manifolds. The variable ampli-
tude should be set reasonably to avoid its excessive value
caused problems on numerical accuracy and divergence of
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5x10

2,
B~
~ 15F
1,

3 4 510

Fig. 18 Objective values and the obtained fiber bundles for the Péclet humbers of Pe = {1 x 10%,2 x 10%,3 x 10%,4 x 10%,5 x 102} and
the obtained fiber bundles in the design domain sketched in Fig. 8 with N = 7, where the variable magnitude is A4 = 0.5 and the Reynolds

number is Re = 1 x 10°

the related finite element solution, because the non-zero
value of it gives rise to the distortion of the mapped meshes
and decrease of the mesh quality on the implicit 2-mani-
folds and that in the deformed three dimensional domains.
In the future, this limitation can be possibly solved by using
the adaptive techniques to improve the mesh quality in the
finite element solution. Another limitation is that the results
obtained in topology optimization for heat transfer resemble

@ Springer

hanging objects within the fluid channels, rather than the
forms connected on the internal surfaces of the fluid chan-
nels. This can be solved by considering the overhang con-
straint in additive manufacturing in the future. Additionally,
the volume flow in this paper is considered in the laminar
region and it can be extended into the turbulent region in
the future.
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Fig. 19 Objective values and the
obtained fiber bundles for differ-
ent pressure drop in the design
domain sketched in Fig. 8 with

N = 7, where the Reynolds num-
beris Re = 1 x 10° and the Péclet
number is Pe = 2 x 102
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Table 3 Objective values for the obtained fiber bundles in Fig. 18 at different Péclet numbers, where the Reynolds number is remained as 1 x 10°

W el

: 1&&*

will I

ot

ol

Pe =1 x 10? Pe =2 x 10? Pe =3 x 10? Pe =4 x 10? Pe =5 x 102
(@)
Pe =1 % 102 0.0159 0.0192 0.0195 0.0201 0.0243
Pe — 2 x 102 0.1040 0.1018 0.1218 0.1159 0.1266
Pe = 3 x 102 0.2430 0.2513 0.2310 0.2458 0.2552
Pe — 4 % 102 0.2970 0.2984 0.3197 0.2901 0.3030
Pe =5 x 102 0.3675 0.3689 0.3886 0.3705 0.3633
o N S R W
a) Q0 QoY Qi st
o' e W Wov Wb
Pe =1 x 10? Pe =2 x 102 Pe =3 x 10? Pe =4 x 102 Pe =5 x 10?
(b)
Pe =1 x 102 1.0359 1.0409 1.0637 1.0891 1.1244
Pe =9 % 102 1.4514 1.4219 1.4296 1.4363 1.4655
Pe =3 x 102 1.8390 1.7712 1.7443 1.7532 1.7624
Pe = 4 x 102 2.1612 2.0609 2.0148 1.9961 2.0065
Pe =5 x 102 2.4251 2.2994 2.2389 22159 2.2088

The optimized entries have been noted in bold
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Table 4 Comparisons of the results derived by topology optimization on variable 2-manifolds and fixed 2-manifolds, respectively

On fixed 2-manifolds

On variable 2-manifolds

(@
Mixing efficiency 0.1320 0.1241
i d ol
J"'\)i*JA “ [
On ﬁxed 2-manifolds On Vériable 2-manifolds
(b)

Thermal compliance 1.4751

1.4219

Appendix

This section provides the transformations of the tangential
gradient operator and unit normal vectors, the first order
variational of the related variables and transformed opera-
tors, the variational formulations of the related PDEs, the
transformation of the related expressions, and the details for
the adjoint analysis of the topology optimization problems.

Transformations of tangential gradient operator
V r, unit normal vector on I' and unit outer normal
vectoron 9=

The tangential gradient operator defined on a 2-manifold is
the tangential component of the gradient operator defined in
the 3D space in which the 2-manifold imbedded. Therefore,
Vr can be transformed into

Vr =PV,
=Vyz — (nr - Vi) nr
=T:'Vy, — [nr - (Tr'Vi,) ] 0r
=Tr' (Ve + V) = {or - [T5" (Vs + Vg)] } or
={Tr'Vx — [or - (T5' V)] or}
+{Tx'Vs — [or - (Tr'Vg)] nr}

(40)

where P =P (xr) =1 —nrn} is the normal projector
in the tangential space of I' at xp; Vx. and Vi, are the
gradient operators in the 3D Euclidean domains = and 2
imbedded with I' and ¥ in the extended Cartesian systems
of xr and xx, respectively, and they satisfy V., = T 1VXQ
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at xp € I' with Vxy, € X V% is the normal component of
Vs on X. Because the variables on ¥ are defined intrin-
sically, V4 is nonexistent. Therefore, the tangential gradi-
ent operator in Eq. 40 can be transformed into Eq. 9. By
implementing the dot product with nr at the both sides of
Eq. 9, nr - Vr = 0 can be retained for a differentiable func-
tion defined on I'. Therefore, the transformed form of Vr in
Eq. 9 is self-consistent.

From the relation in Eq. 2, the following geometrical
relation among the unit normal vectors on ¥ and I' and the
gradient of dy can be derived as sketched in Fig. 1:

nr || (ng - ngf), Vxy € X 41

where - || - represents the parallel relation of two vectors.
Therefore, the unit normal vector on I' can be derived by
normalizing (nx, — Vsdy) at Vx5 € %, i.e. the unit normal
vector on I' can be derived as Eq. 10.

The unit outer normal vector on the boundary of the
deformed domain can be transformed based on the follow-
ing parallel relation:

noz || [noq — Vaa (s - naq) (42)
where V s is the tangential gradient operator at 9€2. Because

of s=0 at Vxq € 21179 U 2879 and ngq - VXQS =0 at
Vxo € Xy, the right side of Eq. 42 satisfies
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npo — Vaa (s non)

=150 — {Vx, (- noa) — [Daq - Vx, (s no0)] noa}
=npo — {s- Voo — [naq - (s - Vxonon)| naa }
=npn — {s- Vaansa — [naq - (s - Voonan) naa} .

(43)

Therefore, ng= can be transformed into Eq. 15. From Eq. 43,
Np= = Npg is always satisfied at 3, o U X, o, and it is sat-
isfied at £, o when X, o is locally or piecewisely flat.

First order variational of n{**’, V{**) and div{**) to
dy

The first order variational of the 2-norm of a vector function
can be derived as

8 (Ill,)* = 2Ifll, 8 I£], = 6° = 2f - 8 = & ||, = of (44

L
lI£ll
where f represents a vector function. Based on Eq. 44, the

first order variational of nlgdf Jtod + can be derived as

- 5 (dy) d N
(dgsdy) Vsdy np ' Vedy nl(ndf), Vdy € H(X). (45)

ot = —
r [lns — Vsdsll,

[ns — Vsdsll,

Because the tangential gradient operator V- depends on d ¢,
its first-order variational to dy can be derived as

(45:d;) _ (OTF' = OTF'
Ve 9= a0, Y o,

B |:nrdf2df) . (TEIVZQ)} n;df)

J oT:t . oTg! . a (46)
{5 5 el
B [n<rdf) ) (Tglvzg)} ngdf§df)7

Vg € H () and Vd; € H (X).

. Vzd~f> Vzg

Similarly, the first-order variational of divr to d can be
derived as
oTpt

. ({lf;(if) o R 6T;1 ~
dive e = e, Y T avsa;
_ {nrdfidf) . (TEIVzg)} nl(“df)
d T - OTf! 5 d 47
—{n; £) . K 8de df+7av;df -Vzdf> Vzg}}n§f> 47)
_ dyid
~ [ (75 Vg n” ’)>7

Vg e (H (D) and Vd; € H (D).

Vz}Jf) Vzg

Because dy is a differentiable homeomorphism, it can
induce the Riemannian metric for I". Then, the differential
on the base manifold and implicit 2-manifold satisfies

ap ||
dI‘:|’H‘p\HTFnF H2 s "

dlor = [lrrll, | T5 e, dos

where dlsr and dlgy are the differential of the boundary
curves of I' and 3, respectively. In Eq. 48, the unit tangen-
tial vector 71 at O sketched in Fig. 1 satisfies

nry || (nx x Vsdy)
nr || (Ilz} - Vzdf)

Ny =10r X 7Tr

= Tr H [(ng X def) X (ng — def)]. (49)

TS H ngf

Therefore, the second equation in Eq. 48 can be transformed
into

dlap = ||(Il2 X def) X (IIE — def)”z

_ 50
HT;I [(HZ} X Vzdf) X (nz — ngf)]HQ ! dlpy. (50)

In the following parts of this paper, M(%) and L(4s) are
defined as follows for Egs. 48 and 50, i.e.
-1
Mds) = Ty HTFnl(ﬂdf)H
2
L) = |(ns x ngf) X (ny — ngf)H2 (51)
_ —1
| Tr! [(nx x Vsdy) x (ng — Vsdy)]||,

Because the transformed gradient operator V_ depends on
s, its first-order variational to s can be derived as

. oT:!
v g — g
xz 9 <avxgs

: szﬁ) Viad> Vg € H(Q) and V5 € (H (Q))*; (52)

similarly, the first-order variational of divy_. to s can be
derived as

(%) oT='
divx. ‘g =tr (<8Vms : VXQS> Vgg> , 53)
vg € (1 (Q)* and V5 € (% (Q))?

and the first-order variational of ngsa) to s can be derived as

a6 _ § - Voanga — [naa - (8- Vaanga)| noo
o= [Inoe — {s - Vaanaa — maa - (s - Vaanaa) naa}ll,
052 - {8 Voanog — [noq - (5 - Voanoa)] non} L® (54)
[noe — {5 Voanan — [noq - (s Voanoa)]naaltll, °=
V5 e (H(Q)°.

Because s is a differentiable homeomorphism, it can induce a
Riemannian metric. Then, the differentials on the deformed
domain and the original domain satisfy
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d= = |Tz|dQ

(55)

—1
dlpz = |Tz] , d¥aq

‘TEDE;%

where d=, dI"g= and dX g are the differentials of =, 9= and
99, respectively. K®) and M®) are used to represent the
Riemannian metric in Eq. 55, i.e.

K® = |Tz|

N 56
M® = [Tz| || Tznf )
—12

Based on the above relations, the related variables and oper-
ators are coupled as illustrated by the arrow chart described
as

dm 222 dy a7, s
Eq. 11 Egs. 8, 13 & 14
{divp, Vr,nr} {T=,divxz, V= }
Eq. 4 lEqA 56
vy Ea 4, vf {K(S>,M(S)} .

Variational formulations of surface-PDE filters

The variational formulation of the surface-PDE filter in
Eq. 1 is considered in the first order Sobolev space defined
on X. It can be derived based on the Galerkin method:

such that / 12 Vsdy - Vsds +dpdy — Ag (dm - %) dpdz =0
Py

Find dj € H (%) for d,, € £2(¥) and Vd; € H (%),
{ (57)

where d 7 is the test function of d¢; #H (X) represents the first
order Sobolev space defined on X; and £2 (X) represents
the second order Lebesque space defined on X..

The variational formulation of the surface-PDE filter in
Eq. 4 is considered in the first order Sobolev space defined
on I'. It can be derived based on the Galerkin method:

{Find vp € H(T) for v € £2 (') and V4, € H(T),
(58)

such that / TJ%VFW Vs +v¥r — vy dl =0
r
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where 77 is the test function of v¢; H (I") represents the first
order Sobolev space defined on I'; and £2 (') represents the
second order Lebesque space defined on I'.

Based on the transformed tangential gradient operator in
Eq. 11 and the homeomorphism between #H (I') and H (X)
described in Eq. 2, the coupling relation between the two
sets of design variables can be derived by instituting Eq. 11
into Eq. 58:

Find vy € H () for vy € £2(2) and Vi; € H(T),
{ (59)

such that / (r?Vifif)'yf . Vixdf)’yf + v — W:yf) M4y =0
Js

where the tangential gradient operator V on I is replaced

by its transformed form V(Fdf ) in Eq. 11; and # (¥) and
L? (X)) defined on X p are the homeomorphous counterparts
of # (T) and £2 (T'), respectively.

Variational formulations of Laplace’s equation in
Eq.7

The variational formulation of Laplace’s equation in Eq. 7
can be derived as

s € (H ()
Find ) 3
e (ni )
with s =0 at Vxo € ¥, 0 U X0,
{vg € (H()? (60)
for

- ) 3, such that
VA, € (;er (2))

/—vxﬂs:vxngdszju/ (s —dsms) - A+ A -5dE =0
Q z

where § is the test function of s; the Lagrangian multiplier is
used to impose the Dirichlet boundary condition of the dis-
placement on 3, and A, is the Lagrangian multiplier with A
representing its test function; # (£2) is the first order Sobo-
lev space defined on €2; He (X) is the trace space defined on

3; and H~2 () is the dual space of Hz ().

Variational formulation of Navier-Stokes equations

Based on the Galerkin method, the variational formulation
of the Navier-Stokes equations in Eq. 18 is considered in the
first order Sobolev space defined on the deformed domain

.
—.
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(=1 it u=ur,_ at Vxz € [z
Flnd ue ( (‘—‘)) wi u= 0 at VXE S FUO-,E
peH(E)
. =13
o 4 VI E(H(E) . such that
Vp € H(Z)

—pdiveeud= - >
E=€&=

J.

TBP,EVxeD - Vi DAE + /

pu-Vi)u-i+ g (Via+ Vit 1 (Vi i+ Vi

(61)

au-udl’'=0

where H (E) is the first order Sobolev space defined on =;
the Brezzi-Pitkéranta stabilization term

>

Ezeé=

/ TBP,EVxeP * VxzDdE (62)

is imposed on the variational formulation, in order to use
linear finite elements to solve both the fluid velocity and
pressure [119]; €= is an elementization of =; and E= is an
element of the elementization £=. The stabilization param-
eter is chosen as [119]

ha,.
127

TBPE = (63)
where hp_ is the size of the element E=. Because the
element F= and the elementization £= for the deformed
domain = are implicitly defined on €2, they are derived from
the design variable for the implicit 2-manifold I" and the
explicit elementization £q of Q. Based on Eqs. 6 and 8, h2 .
in 7pp,= can be approximated based on the volume of E=.
Then, it can be transformed into

/ 1d=

b=

= / K®dQ
Eq

~hy, [ K®do / / 1dQ
EQ ESZ

=h K¢

o Eq

~
~

h3

(64)

where h g, is the size of the element E, representing an ele-

ment of the explicit elementization Eq of €; K S()Z

age value of K () in the element FEq; and the volume of Eq
can be approximated as h, , i.e. [, 1dQ ~ h}, . Because

is the aver-

the elementization satisfies 3, < || with || representing

the volume of 2, KSS)Z can be well approximated by the

value of K®) atVxq € Fq, i.e.

K ~ KO vxq € E (65)
Eq ~ ) Q Q-

Therefore, the stabilization parameter Tgp = in Eq. 63 can
be transformed into

(K@)% .

Because of s = 0at 3, o U5 0,y =, I's =, up, - and np=
on I, = U = coincide with X, o, 35 q, us, , and npg on
Y0 U X q, respectively. Then, based on the relations in
Sects. 2.1 and 2.2, the variational formulation in Eq. 61 can
be transformed into the form defined on €2:

2
&) _ N

TBp= = 121 (66)

u=ur,, at Vxq € ¥, o
0 3 ith v,Q 5
Find {u € (H(®))" with {u =0at Vxq € Xy 0
peEH(Q)

e Q)?
Vp e H(Q)

Lo (a5) s

" g (Vgu " VguT) : (V@ﬁ + V)(csa)ﬁT) — pdiv¥i

, such that

(67)

~ pdividu] K aQ

Th=Vp - VOBK® dQ

+/au-ﬁM<df>dz:o.
]

Variational formulation of convection-diffusion
equation

Based on the Galerkin method, the variational formulation
of the convection-diffusion equation is considered in the
first order Sobolev space defined on the deformed domain

—
—.
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Find ¢ € H (E) with ¢ = ¢y at Vxg € ', =, for Vé € H (2),

such that [ (u-Vyoc)é+ DVy_c- Vi ed=

(68)
+ Z / Tpaz (U Vyoe) (u- Vi 6)dE =
Beegz ' E=
where the Petrov-Galerkin stabilization term
/ TPG,= (u . VXE C) (u . sz 5) d= (69)

E=c&= E=

with 7pg = representing the stabilization parameter is
imposed on the variational formulation, in order to use lin-
ear finite elements to solve the distribution of the concentra-
tion [119]. The stabilization parameter is chosen as [119]

1
4 2 ||ully
= = —_—= . 70
TPG,= (hQEED + hEE ( )

Based on Eqs. 64 and 65, Tpg,= can be transformed into

-1

s 4 2

re== | el )
hEsz (K(S)> °D hEQ (K(S)) ’

Based on the coupling relations in Sect. 2.3, the variational
formulation in Eq. 68 can be transformed into the form
defined on 2

Find ¢ € H () with ¢ = ¢g at Vxq € 5, q, for Vé € H (Q),
such that / [(u . Vf:;a) ¢+ DViSE)(: . foz)(] K®dQ
Q

>

Eqeéq ’ Fa

(72)
bz (w0 vee) (v vEe) K do = o.

Transformation of design objective in Eq. 24 and
pressure drop in Eq. 26

Because of s =0 at X, o U X, 0, I', = and I's = coincide
with ¥, o and X, q, respectively. Therefore, the design
objective in Eq. 24 can be transformed into

J® = / (c— &) M® dxyq / / (co — &) M®) dSyq
Y. J Yy
:/ (c— 5)2 dzag// (Co — 5)2 dYsa.
Y pINNSY

Based on Egs. 55 and 56, the pressure drop in Eq. 26 can be
transformed into

(73)

AP®) = / PM® dS 0 — / pM® dSoq
Yy, s,

(74)
:/ pdEaQ*/ pd¥sq.
Yy, s,
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Variational formulations of adjoint equations for
design objective in Eq. 24

The variational formulation for the adjoint equation of the
convection-diffusion equation is derived as

Find ¢, € H () with ¢, =0 at Vxq € X, o, for V&, € H (Q2)

such that / 2(c—¢)é, dZag/ / (co — 6)2 dXsa
. JEy .0

a0

+ /Q [(u . V§25u> ca+DVYE, - V)(;SE)Ca] KO 40 (75)

£ 3 [ rfhe (nva) (v Vi) KO a0 <o

Eqcgq B

The variational formulation for the adjoint equations of the
Naiver-Stokes equations is derived as

Find 4 e €(H (Q))?’ with u, =0 at Vxq € ¥y, 0 U Xy 0
Da € H ()

o {vaa € (H(Q)?
Vpa € H ()

JAZCR I

+p(u-V§fE>> g - Uq

, such that

+ 7 (V. + vidal)
(Vua + VET)

— Padiviu, — pedivida, (76)
+ (7 - Ve) o] K a0

+ 5 [ [-rbha2a. Vi,
Eqefq ' Fo

+ T}(:Gﬁ; (u . VSE)C) (u . V)((SE)C(,)
+ TSAE (ﬁa : V,((SE)C) (u : V)((Ss)ca)

iz (0 9) (- Vi)

K®d0 +/ afly - ua M4 ds =0
p

where TI(DS(;; “E) is the first-order variational of TI(D%E to u, and

it is expressed as

)
) i 2l
=T )i ) o
2u- 1,

, Vi, € (H(Q))°

hEQ (K(S)) K HuH2

The variational formulation for the adjoint equation of
Laplace’s equation for s is derived as
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sa € (H ()

Aw € (7—[‘5 (z))3
Vi, € (H(Q))*

Find

(s) 5)

S
Xz

+/§a.>\sa+5\5a.sad2:0
>

with s, = 0 at Vxq € Z%Q U 2879

Eq€&a

(si8a

- TBP,EvSfa)p : V}(fs)pa - T](;P,EV)(ts)p VS, + TpG,=E

b

+ 7 (Ve u+ V) ¢ (VEu, + Vi)

+ g (V)(fg)u + V,((SE)uT> : (V,((Sf“)ua + V)((Sf“)uz) - pdiv)((sg;g“)ua

— padivgfa’g“)u

+ (u szfa)c) Ca

+D (Ve Videy + Ve Ve, ) [KO + [p (- V) u-u

+ g (VXSE)u + V(s)uT> : (V)(fg)ua + V,(fg)uaT) — pdiviu,

- padiv,(fg)u + (u . V,(fE) c) Ca

+ DVe- Voo |[KO%) = V50t Vagsad 4 Y /E ) |~ 552V Vi, 78)

(u . V,((SE)C) (u . V,((Sa)ca)

+ TS%;’E (u . V)((Sf“)c) (u . V)((Ss)ca) + TI(:’S)G,E (u . V)((Sg)c> (u . V)((SES“)C@) ]K(S)

M [ B T’(;I)Jﬂviss)p ViZpa + TI(DSG,E (u ’ V)((SE)C> (u ’ fos)ca) }K(SSQ) da

where s, and Ag, are the adjoint variables of s and A,
respectively; §, and 5\50, are the test functions of s, and Ay,
respectively; K (5%4) is the first-order variational of K ) to s
derived based on Eq. 44 in the appendix, and it is expressed
as

7',(3S Pé‘lE) and 7'1(355“5) are the first-order variationals of T](BS},’E
(s)

and 7p, = to s, respectively, and they are expressed as

S8 h2 -3 ;S S
ToRd = Ton (K®) 7K, ¥, € Q)" (80)
and
—2
2 ||‘1H2

s 0|Tz] . 3
K(s,sa): V.84 " 0 :
s £ Va6 € (1 (@) 79)
SiSa 4
TJ(DG,E):
s 2l

3h%,, (K©)¥ D

K(®=), w8, € (H ()’

hZEQ (K(S))% D hEﬂ (K(S))%

(81)
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The variational formulations for the adjoint equations of the
surface-PDE filters for v and d,,, are derived as

Find ¢, € H (X) for Vis, € H(X), such that
da 0, - N -
/Z ( SPuugda + 13V T Vg + “/fm’fa> (82)

a’Yp B'Yf
MUY =0

and

Find dy, € H (X) for Vdy, € H (), such that

dyidga dyidga
R R I eI P
A o
+ (T}V(r g -V 0 + Vg0 = Viga + 001 ua) M (dridsa)

+ 72 Vsdsa - Vsdsa + dfadfe — 15 - Asadfa A = 0.

Adjoint analysis for design objective in Eq. 27

Based on the transformed design objective in Eq. 73, the
variational formulations of Laplace’s equation in Eq. 60, the
surface-PDE filters in Eqs. 57 and 58 and the Navier—Stokes
equations in Eq. 67 and the convection-diffusion equation in
Eq. 72, the augmented Lagrangian of the design objective in
Eq. 27 can be derived as

where the adjoint variables satisfy

u, € (H(Q)°

Pa € H(Q)

o EH(Q)

sa € (H(Q)°

A € (H-% (2))3

Vfa € H(X)
dfa eH (Z)

o =0 at ¥xg € Sy - (8))

u, =0 at Vxg € Xy 0 UX, 0
with
Sq = 0 at Vxq € YuaUXsn

The first order variational of the augmented Lagrangian in
Eq. 84 can be derived as

jC:/ (C—E>2 dZaQ// (CQ—E)2 dzag—i-/ l:p (u.v)((sg))u-ua
ES,Q Z'U,Q Q

n
2

+3 (V)(f’g)u + V,(fE)uT) : (V)(fg)ua + VE(SE)UE) - pdivff’a)ua — Padiv® u} K®d0

+ > /E ~Ti5p =V VOp, K® dQ + / au - u, M) 48
Q

Eq€&n =

+ / [(u . V)((SE)C) ca+DVilc- V)(fa)ca} K®do + Z / 7'1(35();,5 (u . VS(SE)C)
Q Eqc&q ” Eo

(u : vgfgca) K® a0+ i —VioS : VigSa dQ + /E (s — dsns) - Asq
+As 5, dE + /E (T?V(rdf)w VD Y e — Wfa) M) dx

1
+/ 12 Vsds - Vsda +dpdse — Ag <dm - 2) dfq d%
=

(84)
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5fc :/ 2 (C — E) 56(12357// (C() - 5)2 dYsa
S0 S0
+ ou - V)(f_) u-u,
JRGERS)

+p(u'Vﬁ(s;‘ss))u~ua+p(u~V,(fE))5u-ua

+ g (V,((Sa)éu + Vﬁ(sE)BuT) : (V)(fs)ua

+ VSE)UGT> + g(vg“s)u + Vg‘ss)uT) : (Vﬁfg)ua + V)(fg)ug)
+3 (Vu+vuT)

: <V§ffs)ua + V,(:Z‘gs)u3> —p div,(i)u

_ pdlv(s (Ss)

— Pa le(S ) padivisa)éu]
K(S>+{ (u V<s)>u U, + = (V(b)u+v(s)u )

(VB +V(S_)uT d1v(bu
(v 0=

— padiv® ]K<*5*>dﬂ+ 3 /

Eq€€q
(s;és_)v<s) ,V(s> WK© — 78 _vg(s_;és)p
v(s)p K® _ V(%p v(s) K
TS}:EV(XQP : Vﬁf;‘;“)p K® - (S) .Eviss)p
Oa Oy

VP K &%) dQ + Pu - u, Mgy

87}7 vf
+ adu - ua]\/ﬂdf) + au-u,
Md5:9ds) g5 +/
Q
+u- VE:'E) (50) Ca+ D (Vg‘h)c . V}(:'E) Ca

[ ((5u . V)(fa)c +u- V&“E?‘ss}c

+V&6e- Ve, + Ve vg‘*)ca)] K®

n [(u . V(sgc) ca+ DVSe- v@ca]

K% 40 + Z / (S 65) u V(°> ) (u . V)((Sa)ca) K®

Eq€fq
+ T}(fg’ua) (u . V,(f‘s)c)

(u V(”ca> K® 475 (5u v c)

(0 98es) KO 473, = (- )

(u-Vig )Kuﬂ(;) (u,vg&)

(u-V)(;) ) (S)Jr‘r ( -VS(SE)C)

(511 : V(b ) K® 4 7' (u . V)((SE)C) (u . V)((SE;JS)CO K®

+ %z (u- V&)
w- Ve, ) KO dQ+/ V05t Vigsa dQ+/ (85 — ddyns) - A
02 S0t {T? <V<rd'“5d“ VD 0+ VD Sy T 0+ T
.v<rdf;6df>wa> + 0V Y0 — 577@} M)
+ (r]zcv(rd”’Yf : Vl(fm’Yfa +YYfa (86)

— 'Y'Yfa) ]\/[(df;ad/) + Tin(sdf

. Vzdfa + 5dfdfa — AdrSdmdfa dX
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with the satisfication of the constraints in Eq. 85 and

due (H(Q)°
op € H(Q)
dceH ()

ds € (H ()
A e( %(2))3
5’7f€7‘[(2)
5df€7'[(2)

dc =0 at Vxq € Ev,g . (87)

du=0at Vxq € X, 0U Xy .0
with
0s =0 at Vxq € Ev‘rﬂ @] ES,Q

According to the Karush-Kuhn-Tucker conditions of the
PDE constrained optimization problem, the first order vari-
ational of the augmented Lagrangian to ¢ can be set to be
Zero as

/ 2(c—¢)dc dEaQ// (co — 6)2 dXsa
36,0 pINS

+ /Q Ku . V@&c) Ca + DVEsc- Vﬁ;;)cu] KO 40 (59)
+ /E vse) (u- Ve, ) KO do =0,
Eq€&q v e

/ {p (u-V(S?5S)> w4 ! <v<s;ss>u+v<s;5s>uT) (v(s>u VD) T) L
X= a 2 X= X= N Xz a X= a
Q

(V)(CSE)U-FV)((SE)UT) : (V(sfs)ua V(g i5s) T) ple(S 98)y

the first order variational of the augmented Lagrangian to u
and p can be set to be zero as

/[p 6u-V§fE)>u~ua+p(u-V§fE>)6u-ua

+7 (Vou+vEsuT) : (VEu, + Vul)

—(5pd1vXE u, — padIV Su] K®dQ
+ > / ~T5p=Vp V& p K®dQ
Eq€€q
} . 1(ds)
+/Ea§u u,M'\4d% (89)

+/§'2 (5u - v<5_>c) c K®dQ

. Z / (sau) u v ) (u-VﬁfQQ) K®

Eqe€q
+7ie (du- vie)

(u-VxEc,,,) K<S)+T() (u v )(5u v c{,) K®dQ =0,

the first order variational of the augmented Lagrangian to s
and )\ can be set to be zero as

2
padiv}(ffs)u} K®)

+ [p (u \Y% 5)) u-u, + 5 5 (V E)u+V(5)u ) : (V,((Sg)ua +V)(fi)uaT) ple(S)

—padlva) } K9 40 +

Eqcéq
. V)((S WK — V(S) . v)((SE;tsS)paK(S) —

/ V. Ep,
Eq

V(Sp ve)

) - 71(35237Ev£c26s)p

o K 5%) 40

+/ { (u . v)({s_;é%) ot D (v<s;6s>c . V<s>ca L v<s)c 09 ) }K@
a = X= X= X= X= a

+ [ (0 VEe) co + DVEe- ey | KEH an + > / B (w- vie)

Eq€€q
(u . ngg)ca> K® + 7'1(3% (u . V,((st)c> (u . V,((Sa)ca) K® + 71(3%5 (u . V)((SE)C)
(u . V)((SE;‘SS)CG) K®) 4+ 7'1(3%75 (u . Vi?c) (u . Vf(sa)ca) K99 40 ©0)

+/ —Vxnc?szvxnsadﬁ—l—/5S-Asa+6x\s-sadE:O,
Q b))
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the first order variational of the augmented Lagrangian to 7
can be set to be zero as

/ (%%u.ua(gw
= \ 9 07¢ (91)

—i—r?V%df)‘s'Yf . Vi"df)’yfa + 6%[%%) MEDID = 0,

and the first order variational of the augmented Lagrangian
to d ¢ can be set to be zero as

dy;6d d d dy;od
/ r} <V(r 104y Vg + Ty VY f)Vfa) M)
p

d d dyiddy
(o w4 73V Vg 4 g — ) MOS0 (O2)

+ T‘;znVZéd/' . Vzdfa + 5dfd/a — 1y - )\sutsdf d¥ =0.

The constraints in Eqs. 85 and 87 are imposed to Egs. 88,
89, 90, 91 and 92. Then, the adjoint sensitivity of J. is
derived as

5. = / 1Y M ) — Aydsobd,, dS. 93)
>

Without losing the arbitrariness of du, dp, dc, ds, 6 g, 675,
ddy, 6y and dd,,, one can set

b

3 . _
Find {ua € (H ()" with uy, =0 at Vxq € 3y, 0 U3y, .0

. Viig € (H (Q))°
;a - 5; VP € H ()
EZ s Ve, € H(Q)
b W, € (H(Q))°
~ 1 3

Asa = 0As b with { VA, € (HE (E)) ©4)
~ 0= 5
Ut B J Ve € H(X)
“fa = 001 Vdgo € H(2)
Y =0y ~ 2
4. = d, vy €Lt (x)

Yd,, € L*(X)

for Eqgs. 88, 89, 90, 91 and 92 to derive the adjoint system
composed of Egs. 75, 76, 78, 82 and §83.

Variational formulations of adjoint equations for
pressure drop in Eq. 26

In Eq. 29, the adjoint variables vy, and dy, are derived
by sequentially solving the variational formulation for the
adjoint equations of the Navier—Stokes equations

Do € H(Q)
. 3
or Vi, € (7 (9)) , such that
Vpa € H(Q)
Do dX00 — Da dXoq + / [p (ﬁa . fog) u-ug +p (u . V)(;)) Uy Uy
X0 s, Q
+ g (vgﬁa + Vv ﬁaT) : (Vgua + Vguf) — Padivu, — pudiv,@ﬁa] K©® do (95)

+ > / ~ b=V - VEpa K dQ + / ot -1 M) d% = 0

the variational formulation for the adjoint equation of
Laplace’s equation
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for )3 , such that

VAsa € (7—[% ()

sq € (H(€))® with s, = 0 at Vxq € B0 U e q

/[ (u V(sq“))u Ug + = (V(”“)u—i—v(sq‘l) T) : <V§f3)ua+v}((2u;r)
Q

+ g (V(s u+V&u T) : (V)(f;“ Ug + szga)u:f) — pdiviF*u, — padiviZ® }K(S) ;
+ [ ( V(S)) u-u, + = (V(s)u+v() T) : (V,((Sa)ua —l—V}(fE)u;F) —pdiv)(fE)ua
— padiv ) }K(s Sa) _ VS : VigSa dQ + / [ T(BS;‘I)V(S) .V)((SE)pa
Eqeéq ¥ Fo
S ;8 s S s s;S s S s (96)
VG T8l — T V| KO 152V
V) po K5 dQ + / Sa* Asa + Asq 5, AT =0
b
and the variational formulations of the adjoint equations of Ab= Lm pdoa - ,/Zm pdaa
the surface-PDE filters N /Q {p (u ) Viﬁ) - g (Vﬁfg ut v uT)
Find 4, € H (X) for Vs, € H (X), such that : (v@u“ N V,(f)uT> pdiv®u, 7p(LdiV,((S_)u} K 40
/ O a'yp WA i i ) B
v, ay afa 97 + ) / N v/O)
()5 oldr) Mgy — Pt
FFVE A VE e+ W”f“) =0 Vp. K dQ +/ au-u, M@ s ©9)
—Via8: Viesa dQ+ [ (s —dsng)
and / /E
N qa + >\s Sa dz
Find dy, € H (X) for Vdy, € H (), such that + / (T%v;df oy vi—‘dj),\/fa VY fa — VW/fa) M) gn
/ 2 <v£d/¢‘ffa) yp -V )y (e )Wa> M@ -
= i (98) +/ r2Vsds - Vedpe +dsdse — Ag (d - 5) dfodX
+ (T?V(rd’)"rf VY0 + V0 = Vg0 + 0 uu) M (dridse) =
-2 1 . 1 —d ny - Ag, = U. o« . . .
T Ve Vadge § dpadz = djans s 3 =0 where the adjoint variables satisfy
Adjoint analysis for constraint of pressure drop in u, € (H(2)°
Eq. 27 Pa € H(Q) .
c (H (Q)) with {ua =0at Vxq € 3,0 U3y .0 (100)
1 3 = :
Based on the transformed pressure drop in Eq. 74, the varia- A, € (7—[*5 (z)) =0at ¥xq € Xy o UXs0
tional formulations of Laplace’s equation in Eq. 60, the sur- Yo € H (D)
face-PDE filters in Egs. 57 and 58 and the Navier—Stokes die €H(X)

equations in Eq. 67, the augmented Lagrangian of the pres-
sure drop in Eq. 27 can be derived as
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SAP = / Spd¥pn — / 5pdZaq
o0 s

+/§ {p <5u - VS:E)) u-ug+p <u . VS(SE?‘;S)) u
2
“Ug +p (u . VQ) ou-u, + g (Vgas)u + Vg‘ss)uT)

: (Vﬁfa)ua + V)(fs)u:f)

+ 4 (V2ou+ vQou") : (Vu,
+VQul) + 2 (Viu+ vuT)

(Va9

—dop divf(sg)ua — pdiv®®)y, — pudivffﬁ)u

- padivffg)(m} K® ¢ [,o (1-98) -,

+ 7 (Viu+ v@uT)

: (V)((S'E)ua + Vibs)u:f) — pdiv,((sg)ua
— padivffg)u] K®9%) ¥ §s: Vs, dQ
+ % [ e vk
Eqegq ” o
- Tg},zvgds)p ‘ Vfa)paK(s) - 7'1(3’5;9,5
VE&op - VEp K — 75} -V &p - VESp, K
— =V Vi,
Oa Oy
= 0 O

+ adu - ug M) 4 au - u M0
+ (0s — ddsny) - Asq + 0As - Sq

ds;0d d d
+ {7"?‘ (V(r Py VE a + VI by

K699 40 + u- uaM<df)(57f

dy d dy;dd
Ty, s f)m)

+ 0V Ve — mfa} M) (101)
i (T;V(Fdf)w ) V(Fdf)wa VY a — V“Yfa) Af(dsiddy)
+72,Vsdds - Vsdga + ddsdse — Aaddmd e S
with the satisfication of the constraints in Eq. 100 and
due (H(Q)?
5p e H(Q)
s € (H(Q)° -

1 o\ with {611 0 at Vxo € Xy 0 UXy,0 (102)

S € ('HE (E)) 0s =0 at Vxq € Yoo UXs0
oy EH(Y)
5df eH (E)

According to the Karush-Kuhn-Tucker conditions of the
PDE constrained optimization problem, the first order varia-
tional of the augmented Lagrangian to u and p can be set to
be zero as

[ wdso- [ opdzon
S0 Xs,0
+/ {p(du-vg)u-ua—kp(u-vg)5u-ua
Q

+ 5 (VEou+ vEeu™) : (Viu, + Vul)
, (103)
— opdiviu, — pedividdu] K dQ

b Y [ vt v a0
Eqeéq ’ Be

+/ adu - ug M) dx = 0,
b

the first order variational of the augmented Lagrangian to s
and )\ can be set to be zero as

/ [p (u - Vg‘ss)) u-u, + g (Vg’ss)u + V,((SE:JS)uT)
Ja
 (VQua+ VuT) +
X= Xz “a 9
(V)(fs)u + V)(f'E)uT) : (V,((z‘ss)ua + Vg‘ss)u:f) - pdiv)(f;ss)ua

7 padiv(s"ss)u] K®) d0

+ -/Q {/) (u . Vg) u-u, + g (V,(fa)u + V,((SE)uT)
: (Vﬁfz)ua + V)(fz)uaT) - pdiv)(fi)ua

fpadivffa)u}K(S?’ss)dQJr 3 / ey
Eq

Eq€fa
Vpa K = 75V
VP K 75}, Vp - VP p, K
— 7=V p- VP K 40

(104)

+ / —Vi08 1 Vio5, A2+ / 05+ Asa + 0Ag -8, dX =0,
Ja Js

the first order variational of the augmented Lagrangian to v
can be set to be zero as

/(aa%u.u 5
s\ay oy

(105)
13V 8y - VI g+ 07p750) MU S =0,

and the first order variational of the augmented Lagrangian
to ds can be set to be zero as

' dg;dd d d dg;dd y
/ 7,; (V( £ f),/f VA f)wa vt f),yf L ylds f),l,a> Mdr)

d d 15,
+ (7‘_2}V(p Dy VY g0+ Vg0 = Vg0 + o0 uu) M riods)

+ 12 Vsdds - Vsdga + 6dsdse — ddsny - Asq dZ = 0.

The constraints in Egs. 100 and 102 are imposed to
Egs. 103, 104, 105 and 106. Then, the adjoint sensitivity of
J 1s derived as
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SAP = / a0y M) — Aydyabd,, S, (107)
b

Without losing the arbitrariness of du, dp, Js, 0 s, 0y, ddy,
6~ and dd,,,, one can set

) Vi, € (H(Q))°
i, = ou Via € H(Q)
ﬁa = 5]7 {9(1 3
S = 08 V5, € (H(Q))
~ 3
Asa = 5>‘< A\ . %
Sy ¢ with YAsa € ( (E)) (108)
~fa d Vira € H(X)
dfa = 0dy Vdse € H(D)
5/ = 6’}/ v T [:2

vd,, € £*(X)

for Egs. 103, 104, 105 and 106 to derive the adjoint system
composed of Egs. 95, 96, 97 and 98.

Variational formulation of Navier-Stokes equations

For the heat transfer problem, the variational formulation
for the Navier-Stokes equations can be derived as

u=ur,. at Vxz €'y =

v, 2

ue (H(2))? with {

Find u=0atVxz €'y =
pEH(E)
~ - 3
for v? % _(:)) , such that
Vp e H(E)

E=zcé=

where the general least square stabilization term is imposed
as

_ Z / Trsu,z (pu - Vigu + Viep) - (pu- Vio G+ Vi D)
Ez€t=

(110)

+ T1sp,= (pdivyeu) (dive @) d=

with 7rsu= and 7Trgp= representing the stabilization
parameters. The stabilization parameters are set as [119]

. hg.  hb.
TLSu,Z = Min
b 2p|fully” 127

1 i 111
shilully, u? < by (b

1
—hp
2 E=>

TLSp,E =

9 1
u® > 662173

Based on Egs. 55, 64 and 65, the stabilization parameters in
Eq. 111 can be transformed into

1 2 2
Ezsg‘u = = min hig (K<S>) ’ , ", (K(S>> :
2p|ull, 127

1 9)? 3 o112
o] gt Il (K9) L ut < b (112)
7—LSp“ = 1

Sh, (K(S))% 2>l

(Vx_u + Viu ) : (VXEﬁ + VXEﬁT

— pdivy ud= — Z / TLsu,z (PU - VxaU 4+ Viop) - (pu - Vil

) —pdivy T
(109)

+ VD) + Trsp.s (pdivesu) (divyo 1) d= + / ou-adl'=0
r
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Based on the coupling relations in Sect. 2.3, the variational
formulation in Eq. 109 can be transformed into the form
defined on the original domain €:

. = t Vxq € 3,
we (H(Q)® with {“ UZoq 80 VXD & S0.0

Find u=0 at Vxq € ZUQ,Q
pEH(Q)
. 3
or va € (H(9Q) , such that
Vp € H(Q)

~ pdivilu| K a0 -
Eq€&a

(
. (pu \Y% =) + V(S)p) JrTLSp = (ple E) ) (div’(‘si)ﬁ)}

CK® dQ+/ au - M) ay = 0.
>

Z / 572 (pCpu - Vi T — Q) (pCpu - Vi T) d=

Ezeé=

(115)

/[ (u V(S))u i+ = (v<5u+v(s> T) : (V,((Ss)ﬁ+v)((sg)1~lT) ple)((E)
Q

/ {TLSU = (pu- Vgcsg)u + VSE)P)

(113)

Variational formulation of convective heat-transfer
equation

Based on the Galerkin method, the variational formulation
of the convective heat-transfer equation is considered in the
first order Sobolev space defined on the deformed domain

—_
—

Find T € H (E) with T =Ty at Vxz € T, =, for VT € H (2),

such that / (pCou -V T — Q)T + kV . T - Vo T d=
! (114)

+ Z / 57,2 (pCpu - Vi T — Q) (pCpu - Vi T) dE =0

Ezcé=

where the general least square stabilization term

with 7797 = representing the stabilization parameter is
imposed on the variational formulation, in order to use lin-
ear finite elements to solve the distribution of the tempera-
ture [119]. The stabilization parameter is expressed as [119]

T = = min 7}1& h%"
Bors 20C,, [[ull,” 12k

(116)

Based on Egs. 55, 64 and 65, 17,57 = can be transformed
into

1 2 2
(s) . hEq 7 Mg )3
LsT.E T MR <2pcpu2 ()", 12k (x9)7). am

Based on the coupling relations in Sect. 2.3, the variational
formulation in Eq. 114 can be transformed into the form
defined on the original domain €:
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Find ¢ € H (Q) with ¢ = ¢ at Vxq € X, o, for Vé € H (Q),
such that / [(pCou- VT - Q) T+ kVET - VIT| K aq

+ Z / TLST pCpu : V;((SE)T - Q) (Pcpu : V)(SE)T) K® 40 =o0.

Eqcéa

(118)

Transformation of design objective in Eq. 32

Based on the coupling relations in Sect. 2.3, the design
objective in Eq. 32 can be transformed into the following
form:

= [ fre T TR a0 19

where f = defined on € is the homeomorphism of the indi-

cator functlon fia,= defined on =.

Variational formulations of adjoint equations for
design objective in Eq. 32

The variational formulation for the adjoint equation of the
convective heat-transfer equation is derived as

Find T, € H (Q) with T, = 0 at Vxq € ¥,.q, for VI, € H (), such that
/ 215k VT, - VT + (pCpu- VAT, ) T, + kYT, - VOT,| K& do

£ 5 [ Az (o0 VL) (0 92

Eqeq ” Bo

)K<S> a0 = 0.

(120)
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The variational formulation for the adjoint equations of the
Naiver-Stokes equations is derived as

Find u, € (7‘[ (Q))S with u, = 0 at Vxq € EU’Q U ZUOVQ
Pa €EH (Q)
~ 3
f Vi, € (7 (9)) , such that
Vpa € H(Q)

[ (e 92) w5 (o v,g) o+ 0 (Ve + v a))
: (V)(fg)ua + V)((Sa)uaT> Pa le( s) (pC’pﬁa .

> [ [ (o v,g;u + V) - (on- V& + Vp,)
Eq

— Da le(b) >(<5) ) G}K(S) dQ

Eq€€a
+ Téss)u = (pﬁa V(°)u + pu - V(S)ﬁa + V,((S:)ﬁa) . <pu . V)(fz)ua + V)(fg)pa)
iz (o VR V) - (e Vi) + 2 (o) (diviue)
+T£ngp = pdivisa)ﬁa) (div)((sa)ua) TI(?SL; (pC u- V)((E) Q) (pC'pu . VS’E)T,I)
5 N 121
- TégT pCply - V)((SE)T) (pCpu . V)((SE)TQ) - TLST (pC u- V(S)T - Q) (121)
(pCptia - VT, ) | K a0+ / o, - 1, M) Ay = 0
py
(s;lia) (s;lia) (s3lia) ~ ol hpou- U, H hEi, < 3
where 7 ¢ 'z, 7/, = and TLST~ are the first-order varia _ - <K<s)> STl (K(~>)
s 2p [|ull: 2o
tionals of Tégu = T,g;p and TLST = to u, respectively, and B2 P ’
il =) <t (o)’
they are expressed as ’ 12y
hEﬂ (s) % h%sz (s) %
7 2p|ully (K ) — 12 (K )
hEqU-Tg (13 o 1
) _ ) T2l CORESES
o= L (122)
0, u® > egps

_ hExu'ﬁ(; <K(s)>
2pCyp [[ull;
(s3lla) _ th 3
T = _Eo (s)
LSTET) < 1oy (K )
}LEQ
) K®)
20Cy [ull, ( )
Vi, € (H ()%,

1
3

ol

" 2pCy [Jull,

hEQ

(o)’

who

}’Eq
12k

()

The variational formulation for the adjoint equation of
Laplace’s equation for s is derived as
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sa € (H(€2))® with s, =0 at Vxq € By 0 U S, q
1 3
Aa€ (D)
Vi, € (H(Q))*

Find

for )3 , such that

Ve € (H% (%)
[ 1529 QT - VT 25 kv T VT
n

+p (u . V)((Sf“)) u-u, + 5 (V,((Sf“)u + V)(ff“)uT> : (V)(fi)ua + foa)uaT>

+ 2 (V&u+ VT ¢ (VE W, + VET) — pdiviEu, — podiviEu
+ (pc,,u : v;fa>T) T, + kVEDT VO, + kVEOT - fof“)Ta] K®

+ [£SeRV T IOT + p (w0 V) u-u, + g (V&u+ viuT)

: (V,(fg)ua + V,(fg)uaT) — pdivSE)ua — padiv,(fi)u + (pC’pu . V,((SE)T - Q) T,
+EVET nga} K680 _ W, 5,1 Vi, 80 dQ

_ EQZGSQ /EQ [Téssglf)E (pu . V)(fg)u + V,(fs)p) ) (pu ) V)((sa)ua n Vgcsg)pa)

+ TS;HE (pu . V,(ff“)u + V)(ff“)p) . (pu . V,((Sg)ua + V)(fa)pa>

+ 7z (o VR V) - (pu- VESIu, + VEEp, )

+ Téssépa)z (pdivi?u) (div,((ss)ua> + T[(Jsgp’a (pdiv)((sf“)u) (divfcsa)ua>
+ Tﬁ%p’g (pdivXSE)u) (div)((ss;g“')ua) — Tl(;séé;,)g (pcpu . V,((SE)T — Q)
(pC’pu . Vf(SE)Ta) - T}JSS)VT’E (pCpu . V,((Sf“)T) (pC’pu . Vf(sE)Ta)

— = (pCpu VOT - Q) (pCypu - VT, ) | K

+ [rfhuz (pu VEu+ VEp) - (pu- Viu, + Vp,)

j S 123
+ T&)vpﬁ (pdiv)((sg)u) (divﬁfa)ua> - TS%T,E (pCpu . V)((SET _ Q) (123)
(pCPu : VSE)TO‘> ]K(s;ga) dQ + / ga ! >\sa + S‘S(J, " Sa d¥=0
3
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(s58q)
and TLST=

(s)

(sia) _(si8a)
where 7162, T g, =
(s)

(s)

are the first-order varia-

Adjoint analysis for design objective in Eq. 33

tionals of 75, =, 715,z and 7 g7,z t0 s, respectively, and Based on the transformed design objective in Eq. 119, the
they are expressed as variational formulations of Laplace’s equation in Eq. 60, the
surface-PDE filters in Eqs. 57 and 58 and the Navier—Stokes
1 2 2
% (S§§a)7 hE“ (K(b)) ‘13 < hEQ (K(s)) :25
(550 ) Gpllully (K©)? 2p [[ull, 121
TLSu,E = 12 L L s
by e, e (o) s e (g
187 (K)3 2p|lull 12
1 (s) _% (s;8aq) i
| gl Il (KO) 7 KO, 02 <
TLSp.E 1 2 ) ) 7
ghEn (K(b)) K(b’sa)7 u2 > Egps
1 2 2
hsg _ K(s50) hiq ( K(S)) 5 heq ( K(s)) 5
5 ) 60Cy [l (K©))* 2pCy |lull, 12k (124)
TLsTE = 2 h L )
_""Ba  g-(sia) Eq (K(S)) 3 Eq (K(S)) £
1 il
18k (K))3 20Cy [|ull, 12k

Vi € (H(Q))°.

The variational formulations for the adjoint equations of the
surface-PDE filters for y and d,,, are derived as

Find s, € H (X) for V¥, € H (X), such that

/ <(‘3oz Op (dy)
b

~ 2 (df) 5
a. U - UgYfa +r \Y% Yfa * \Y
a,yp 5’)’; f fvr f

+ afavfa> M) d% =0

equations in Eq. 113 and the convective heat-transfer equa-
tion in Eq. 118, the augmented Lagrangian of the design
objective in Eq. 33 can be derived as

(125)

a. r Yfa
and

Find df, € H(Z) for Vds, € H(X), such that

dyidga ] dyidya
/‘ 2 (vl(" sidy )’Yf.v;df)ﬂ/fa_'_v%df),yf'vl(ﬂ sids )'Yfa> M)
= . . ] (126)
+ (P I 0+ 70— Y150+ au g ) M)

+ ";vaEJfa . Vz]dfn + szadfll —ny - Asa(zfa d¥ =0.
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Jp = / FOVEOT . VOTK®
Q

+ {p(u-v)(fg))wua

+ g (V}(fg)u + V,((SE)uT> : (V,((Sa)ua
+ V)(fg)uz — pdiv)((sg) U — padiv,(fg) u} K®d
= [ [z (e v

Eqefq ' Po

+9p) - (pu- 9 u, + Vipa) + 7, -

—I—/ ozu-uaM(df)dZ
p)

N / [(pCou- VLT = Q) T, + VLT - VT,
Q

EocEq  Ea
(pCpu- VAT = Q) (pCpu- VIT,)

K®d0 - / VS : VigSa dQ
Q

—|—/ (s—dsms) - Asa + As -84 dE
N

) (diviu,) [ K a0

(127)

d d
+/Z(Tffv(rf)Vf'V(rf)waerwa—Wm)M(df)dE

1
+/ 12 Vsds - Vsdp, +dpds, — Ag (dm - 2) dfe dS
P

where the adjoint variables satisfy

ug € (H (Q))3

Pa €H (Q)

To € H(Q)

sa € (H(Q))°
A € (H’% (2))

Yfa € H(E)
dio € H(E)

T, =0 at Vxq € Xy.0

s, = 0 at Vxq € E“‘Q @] ESQ

U, = 0 at VXQ S Zvﬁgz U E'Uo,ﬂ
with
3
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The first order variational of the augmented Lagrangian in
Eq. 127 can be derived as
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S = / FEPRVET - VOTK® 1 2f5_kvEoT
VOTKS + 275 kv Q6T - VOTK® + [V AT - VOTKS™ + [p (su- V) u-u
RGO v ) T (g ®sul) : (v &)y T
+p<u Vi )u ua+p(u VXE>6u U, + 5 (VXEéu +VZéu ) : (VXEuaJrVXEua)
+2 (V@;Ss)u + V(S;‘Ss)uT) : (V(s)u + V(S)uT>
2 X= X= Xz @ Xz a
L (Vu s VT) (Vg + VT spantu,
2 = = = = =
— pdivl® 5S)u — Da le(S B padiv,(;)éu] K® + [ (u v s)) u-u, + - (V(S u+ Ve s) T)

: (V,(fg)ua +V§2u3) pdlv(”ua pediv E) ]K<s555) dQ

- S (0L (o 920 +98) - (- Ve + 9 20)
+ T s <p5u VU4 pu- VES U+ pu - VEsu + VESp 4+ V) 6p)
(pu V&u, +Vv¥p ) + 7 (pu VEu+ Vgsjp)
(pou- VQua + pu- VE™u, + VEp, ) + (il + L) (pdividu) (dividu, )
7%z (paiviE™ ) (diviu, ) + 73, 2 (pdivieu) (diviug) + 72, = (pdivin) (diviEu, ) | K¢
+ [Tﬁ;u = (- VQu+ v+ au) - (pu- VQu, + VEp, ) + 72, = (pdivin) (aividu, ) | K dq
da 0,
2 0 Oy
+pCu - v<iaT) T, + kVEDIT . VOT, + kv 6T - VOT, + kVET . V)T, ]K(‘ [(pcpu VT - Q) T

+RVET - VOT,| K a0+ Y- / (rEis + L) (pCou- VET = Q) (pCyu- VT, ) K

M5y, + adu - u, M) 4 au - u, ME@ri9ds) 45 / [ (pC’péu . V(S)T + pCpu - V(S s

Eqeo
+ TéSST (pC Su- VT + pCyu - VESIT + pCu - V)@éT) (pCpu . V)((SE)TG) K® + TES;T -
(pcpu VT - Q> <p0p5u VT, + pChu (129)

L VET, )K(S> s (pCpu VT - Q) (pC 0 VOT, ) K% 40
_ . _ . . 2 (dy;ody) . (dy)
VXnés : VigSa dQ + (6s 0dsny) - Asa + 0As - 5o dX + re| Vi i Vi g
>
d d dg;od d dys
V( Doys -V ypq + V( Dryp . w94y ) + 0V YV fa — 5’7’Yfa] M) 4 (T?V(r Dy V0 + 9550

- wfa)MWfﬁdf) AT + [ 12, Vsddy - Vsds, + 6dpds, — Agddydse dS
z
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with the satisfication of the constraints in Eq. 128 and the first order variational of the augmented Lagrangian to s

and g can be set to be zero as

su e (H(Q)*

pEH(Q)

0T € H( ) 3 ou=0 at Vxq € EU,Q U EUO,Q

ds € (H(Q)) with { 67 = 0 at Vxq € Sy.0 . (130)
A, € ( % (E)) 0s =0 at Vxq € YooUXs

ovr € H (D)

5df €EH (Z)

According to the Karush-Kuhn-Tucker conditions of the
PDE constrained optimization problem, the first order vari-
ational of the augmented Lagrangian to T can be set to be
Zero as

/ [2 FE VST - VOT + (pCpu : V;SE)&T) T, + kVE)ST - nga} K® do

+ Y / rz (pCyu- VT (pCypu- VAT, ) K& a0 = o, (131)
Eq€q

the first order variational of the augmented Lagrangian to u
and p can be set to be zero as

/Q[p (5u-V§fE))u~ua+p(u v*>) Su-ug + 2 (v(*>5u+v<g>5u

)
)

: (v%a + v@uf) — opdiviu, — padiviou + (pC Su-vOT) T, }K@) a0
=S /E [ (- VQu + v;;)p) (- VQu, + V.

Eq€&q

o i) (o )5 i) ()
o () (a90) < (s 07 ) (s 7

- TLST (pC ou-V 5) ) (pC’pu ) vg(SE)T“) - TJS?T (pCpu ) V)((SE)T - Q)

+ Tébsu = (p5u V(S u+ pu- V(S)5u + V o) ) . (pu . V)((S:)ua + V}(ng)pa)

. <p0p5u . V)((SE)TG) }K(S) dQ + / adu - ug M) 4y = 0,
b
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[ [ 9r v 0T
Ja ’ - B
+ 2fi<s,)5kv)(fg;5°')T . V)((SE)T +p (u . V)((SE;‘;S)> u-ug,
+ (Va4 VET) (T, + VT )
+ g (Vgu + Vﬁ;‘guT)
: (V)(f;‘s%a + fofs)u;r) ple(; 198y,
— Pa le(; B+ </)C'pu . V,((SE"‘SS)T) T,
+KVENT - VOT, + kVOT - VEWT, | KO
+ {fi(;,)zkv:(css)T : VD((SE)T
+p (u : Vi?) u-ug + g(vfﬁu
+ V)((SE)uT> : (V)(fg)ua + Vﬁ:'g)u;r)
—p divgfg Ug
— padiv®u+ (pcpu VT - Q) T,

FEVOT . vS;Ta] K59 40

— Z / [T(béb) (pu V<S 11+V(‘) )
Eq

Eq€éa
: (PU -V, + vﬁ:z)pa)
7%z (- VEu+ D) - (pu- Vu, + Vi)
+ TLbu = (/’u Vidu+ Vﬁf-)])) : (/’u SVESy, + VES)p, )
i) (pdw(“)u) (div)(;)ua)
i (pAvE ) (diviu, )
7%z (pdivin) (divi™u,)
5 (s 7 - )
(pCou- VIT,) = 7fdr
(pCpu- EWT) (pCyu- VT,
7%= (o VOT — Q) (pCpu - VL) | K
+[f3= (- V2u+ Vp) - (pu- V2w, + V0.
7%= (pdivin) (dividu,) = 7z (pCpu- VT - Q)
(pCpu- VO, ) | K& a0
- /ﬂ Vi85 Viggsa dQ2
+/Er5s'>\sa+6>\s~sad2:o,

(133)

the first order variational of the augmented Lagrangian to ¢
can be set to be zero as

Oa 0,
——u u,d

(134)
_anv(df)é,y V( f)’Yfa +5’Yf’Yfa) MGy = 0,

and the first order variational of the augmented Lagrangian
to dy can be set to be zero as

/ TJZC (V;:l" VW/)A/ V(d/ Yta+ VU (dy) S VA (dy; 5(1/) )]\1({1_{)
z

+ ( fv(df>

+ T,,,lVE()df . ngf(, + (5dfdf,1 - [5dfng - Age dX = 0.

V% + Y1 = 50 + 001 ua> Mtasan  (135)

The constraints in Egs. 128 and 130 are imposed to Egs. 131,
132, 133, 134 and 135. Then, the adjoint sensitivity of Jr
is derived as

5 = / 1By MYO — Agdyobd,, dS. (136)
3

Without losing the arbitrariness of du, dp, 0T, s, d A, 07y,
ddy, 6y and dd,,, one can set

) Vi, € (H(Q))°
a = 0u Vo € H(Q)
ﬁa = 5]7 v}%a Q0
Ta - 5T @ < H( ) 3
5, = 0s V8, € (H(Q2))
< . ) 3
Asa = 0Xs p with { VA, € (Ha (2)) (137)
a — ]
o =00 Yia € H(5)
dfa = 0d; Vdsa € H ()
7 =0y e
Jm - 5dm vrz < E (E)
Vd,, € L2 (2)

for Egs. 131, 132, 133, 134 and 135 to derive the adjoint
system composed of Egs. 120, 121, 123, 125 and 126.

Variational formulations of adjoint equations for
pressure drop in Eq. 26

In Eq. 35, the adjoint variables vy, and dy, are derived

by sequentially solving the variational formulation for the
adjoint equations of the Navier—Stokes equations
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3. B
Find{ o € (H(92))” with u, =0 at Vxq € ¥, o U Xy, .0

Pa € H ()
for VI}“ (H () , such that
Vpa € H( )
/ Da d¥00 — ﬁadEaQ-F/ [p (ﬁmv,(fg))wua—kp(u-vg) g - Ug
3,0 Y0 Q
+ g (vg;a + Vi T) : (V,ﬁ;)ua + V&) = p, diviu, — padiv,(fs)ﬁa] K® 40

)
= 5 [ [ (e V204 92) - (- Va4 V)

Eq€e&q
730z (P V&u+ pu- Vi + V5,) - (pu- Vdua + Vi2p,) (138)
e (0 V2u+ V) - (i TQu,) + 7552 (pdiviu) (diviu,)
+78) 2 (pdiv,(;)aa) (divffgua) ]K(s) dQ + / afig - 1, M) dY = 0,
>

the variational formulation for the adjoint equation of  and the variational formulations for the adjoint equations of
Laplace’s equation the surface-PDE filters

Sq € (H())® with s, = 0 at Vxq € By0 U Saq
Find

1

Ay € (7—[*? (2))3
V3, € (H (Q))°

for¢ _ N 3, such that
Vs € (Hf (2))

/Q [ (0 V& Y u g + 2 (VEu+ VENT) ¢ (VEu, + V)
+ g (V)(fg)u—i- V(i)uT) : (V)(ff“ ug + szfa)u3> ple( sia)y

— padiviZ®u| KO + [ (V&u+ vEuT) - (v;2u+v;~2uT)

+p (u V(S)) u-u, + = (V(S)u—l— V(S ) : (V)(fg)ua + V,((Ss)uaT)

- pdiv)(fg)ua — padiv)((sa)u] K(8a) _ Via8a : Vxg8q dQ

= 3 [ (o vu V) (o Vs + V) + 7Y, 2
Eq

Eq€éa
(pu . V)(ff“)u + V}(ff“)p) . (pu . V,((i)ua + V)(fa)pa) + Tég’u = (pu V(S)u + V(s) )
. (pu : Vgg“)ua + V,((Sf“)pa) + Tési;‘l (pdlv(s) ) (div,(i)ua> + Tﬁ%p = (pdiv,(ff“)u)
(divgua) +7) (pdiv)(f:)u) (divxi%sa)ua) } KO 4 [ ®) (pu V& + vgss)p)
, = 139
. (pu . V)(fi)ua V(b)pa) + T[(A;Z) = (ple(S) ) (divgua> ]K(S’S“) dQ (139)

+/§a'Asa+xsa'SadZ:O7
b
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Find s, € H (X) for V¥;, € H (X), such that

da Oy d -
/ AU UaTpa TfV Fta VY 0+ FAparta ) MED S =0 (140)
871) Oy
and where the adjoint variables satisfy
Find dg, € H (2) for Vds, € H(Z), such that u, € (1 ()
73 (T g 0 0D, ) aatan (14 e fi(f??w
doeds € ’ 70at VXQGEUQUE(GQ
+ (rﬁ-vfdj)w VS f)"/f(i+ e = a0 ua) M (dridsa) N (7—[*5 (2))3 with { —0at Vo € Sp0US.g ¢ (143)
+ 7*3,1ngfa . Vzdfa + dfadfa — dfan; s Asa dX = 0. )
Ve € H(X)
dfa €H ()

Adjoint analysis for constraint of pressure drop in
Eq.33

Based on the transformed pressure drop in Eq. 74, the varia-
tional formulations of Laplace’s equation in Eq. 60, the sur-
face-PDE filters in Egs. 57 and 58 and the Navier—Stokes
equations in Eq. 113, the augmented Lagrangian of the dis-
sipation power in Eq. 33 can be derived as

K1\3:/ pdEaQ*/ pdEaQJr/ [P(
PINRS 3s0 Q

u-ve

X=

The first order variational of the augmented Lagrangian in
Eq. 142 can be derived as

)u-ua

+ g (V)(fa)u + V,((SE)uT) : (V)((Sg)ua + V)(:E)UGT) — pdiv)((sa)ua — padiv}((sg)u} K®) dQ
- / [Tﬁ%u = (pu -V E)u + V(S) ) : (pu : V)((Sg)ua + V)(fg)pa)
Eqegq Y Fo
+ Tésgpi (pdivisa)u) (div,(fa)ua> ]K(S) dQ2 + / ou - u, M40 dy
b
+/ —VixgS : VxgSq dQ + / (s —dsns) - Asqg + As - 84 dE
? > (142)
+/ (r Ve Vb0 + 15750 — ’Wf“) M dz
b
1
+/ 12 Vsds - Vsdp, +dpdse — Ag (dm - 2) dye dS
b
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55}3:1/ 6pd23g
S0

- /E dpdEaq

+/Q [p<§u~v)((ss)>u~ua+p<u,v)((sz;és)>u u
p(n- V) bu-u,

3 (e T (st

+9T) + 1 (V6u+ Vo)

(V2w + V2ul ) + 7 (VRu+ viu”)

(Viu, + VET)

— dpdiviu, — pdivE™hy

— padiv®u — padlvxg(su} K®

+ [3(VQu+ VuT) 5 (Viu

+VuT) +au? +p (u- V) u-u,

+ 1 (VQu+ V) : (Vu, + V)

_ pdiv)((sg)ua — padiv)(;)u] K689 40
6 5
-2 / [ (TLSSL\S L+t )
Eqecéq ¥ Ba

(pu v u+v(”)p) (pu Vi, + V¢ )

= (pou- Y+ pu- v

+pu- Vo + VEMp 4 VD p)

: (Pu -V, + V(”pa) + T s

(pu- V&u+VEp) - (pou- V&u, + pu

VB, + VEp, ) + (i

i) (pdividu) (diviu, ) + (3,2

(paiviz®u) (aividua) + 72, 2

(paiviou) (dividu,) + {2, = (pdividn)

(div)(ffs)ua> }K@) + [Tﬁs): (pu Vidu

+Vp) - (pu- Vu, + Vpa)

+T<;p = (pdivin) (diviu,) | KE ao
da o,

E%/p
+ adu-u,M df) + au - ug M@ g2

+/ —Viq08 1 Vs, dQ2
Q

u ug M) 0y

+ /E (85 — 8dms) - Aq + 6Aq - 5, AT
N

p
VD sy 0yl v;df:&tnm)
+ 0V Vfa = MWJ
At 4 (T?V(rd’)w R Y j,n> Arsdn) gs
+/ 12, Vsdds - Vsdga + ddsdye — Aqddpmd s S

P

(144)
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with the satisfication of the constraints in Eq. 143 and

Sue (H(Q)?
dp € H(Q)

Js € (H ()
e (@)
oyr € H(D)
5d/ E’H(E)

ou=20 at V Yoo UXy,
with{u AT € SveUBne sy

0s =0 at Vxq € Yoo UXs0

According to the Karush-Kuhn-Tucker conditions of the
PDE constrained optimization problem, the first order varia-
tional of the augmented Lagrangian to u and p can be set to
be zero as

/ opdEsn — / opdXan + / {p <5u . VQ) u-u
o0 o0 Q
p (u . Vg) ou-u,
+2 (vgau +V&ouT) : (Vu, + ViuT)

—dp dlv(“) — Pa dlv(q)éu} K®) a0

= 5 [ [ (pu v+ V)
Eq

Eq€€q
: (ﬂu - Vidu, + Vﬁfﬁpa) (146)
+ 7%z (p0u- Vu+ pu- V6u
+v§5=>5p) : (pu VO, + foz)pa)
T s <pu VO + v@p) ~ <p5u . v,@ua)
+ L (paiviu) (dividu, )
+78) <pdw<5>5u> <div§2ua) ]K<S> a0

+/ adu - u, M) ds = 0,
=

the first order variational of the augmented Lagrangian to s
and )\ can be set to be zero as
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n
2
+ g (V)(fa)u + V,((SE)UT) : (VD((E

+ [g (V)((sg)u + V)((SE)UT) : <V,((Sa)u + V)((SE)UT) +au® +p (u

2
— Vi,08 : Vg, 84 dQ2

v(b ds) ) ple(S 65)

+ 2 (VQu+ V") ¢ (Vu, + VT — pdiviu,

(V(S 99y 4 V) T) : (fo_)ua + V,(f_)ug)

— Da le(s 0s) :|K(5)
. V,(;)) u-u,

— d1v_) } K (5:9)

-y / [ (- VQu+ V) - (on- Vu + V2,
Eq

Eq€é&q

+T£S§u,5(pu'V>(<SE;6S)U+V>(<SE;BS ) (pu v(s)u _|_V(<) )

+T£SS)uﬂ(pu V(bu—kvb)) (pu V(“Sbu +V555)p>

+T£bsis) (pdivi?u) (div Sy ) —|—T£Sp

(pdlv(5 i95) ) (divgua>

+ Tégp = (pdlv E) ) (divxs_j s ua> }K(S) + [Téss)u,a (pu . Vgu + V,((Sg)p)
, ; s s (s S5 147
: (pu . V,(fs)ua + V,(f ) + 7'( ) (pdlv( ) ) (dlv,((s)ua) }K(b’&) dQ (147
+/ 08 Asq +0Ag - 8,dX =0,
by
the first order variational of the augmented Lagrangian to 7
can be set to be zero as
8—a%u Wadys + 12V Gy - VD + by M) dy =0
97, Oy a9 f fvr fVr Vfa fYfa ) (148)
- 3
and the first order variational of the augmented Lagrangian = §u VINI“ € (H (%)
to d¢ can be set to be zero as Ba = Op Via € H ()
@ - 3
2 (oldsiddy) (dy) (dy) (dg:5dy) () Sq = 05 ¥ € (H (1))
Vf;f,\'vf " Vf 'Vf;f o M s - 5
o (0 g g ) Moo= | VAL e (H%(E))
+ (7*§V(pd'>7f VY g0+ 4V = g0+ o ua) massy) (149 Ffa = 05 with (151)
412 V38d; - Vsdga + 6dsdsa — ddsus - A dS = 0. Qv — 6d Vifa € H(X)
o0 Vds, € H (%)
y =0y 5
The constraints in Egs. 143 and 145 are imposed to Eqs. 146, dy, = 0d,, VY € LX)
147, 148 and 149. Then, the adjoint sensitivity of AP is vd,, € L* (%)

derived as

SAP = / a6y M) — Aydsabdy, A (150)
>

Without losing the arbitrariness of du, dp, ds, 0 s, 0y, ddy,
6~ and dd,,, one can set

for Egs. 146, 147, 148 and 149 to derive the adjoint system
composed of Egs. 138, 139, 140 and 141.
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