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A B S T R A C T

The paper discusses the coupling of detailed surface chemistry to the Lattice-Boltzmann Method and shows an 
approach on how the geometrical catalytic surface can be preserved.

Results from calculations with the 2D LBM code MATRICS for formaldehyde conversion in a channel show 
good agreement compared to measurements under diffusion-controlled conditions, but not for a kinetically 
controlled system. Results fit for both modes of operation with results from a Finite-Volume code.

Modeling of systems with surface chemistry requires the consideration of the exact geometrical surface. 
However, basis of LBM is a staircase approximation for interfaces between fluid and solid. Based on theoretical 
derivations, it was shown that the asymptotic discretization error for circles is 27%. The error of skew lines is 
maximal for an angle of α = 45◦ and shows the value of 41%. The discretization error for curvilinear interfaces 
cannot be diminished by grid refinement.

An approach was developed, which allows the use of the exact geometric surface for calculation of surface 
chemistry. It consists of two steps: 1. Implementation of the species fluxes at surfaces as volumetric sources in 
wall bounded fluid cells. 2. Segmentation of the original geometrical surface and assignment of line segments to 
reactive wall cells located nearby.

The validation of the approach by calculation of flows around circles and rotated squares shows the dis
cretization errors predicted by theory and allows to suppress the errors due to the incorporation of the exact size 
of curvilinear or skew geometrical interfaces in the calculation.

1. Introduction

1.1. Lattice Boltzmann method

Lattice Boltzmann methods can be interpreted as discrete solution 
procedures of the Boltzmann equation or its approximation, the BGK 
(Bhatnagar Gross Krook) model. The methods are based on an equally 
discretized space (lattices) under the assumption of near-continuum 
flow with Knudsen number = lfree/L « 1, where the mean free path 
length lfree is replaced by the spatial step size δx, and L is a typical 
macroscopic length of the problem under consideration. It can be shown 
that the standard LBM is a second-order accurate solver for the weakly 
compressible Navier-Stokes equation. The weak compressibility refers to 
errors that become relevant as Ma→1 (Krüger et al., 2017).

The LBM is a relatively young method and is still evolving at a rapid 
pace, meaning that the range of problems to which it can be effectively 
applied is still increasing (e.g. turbulence, multi-phase systems, multi- 
component fluids, micro scale flows, flows through porous media, 
quantum mechanics, etc.). A field of application which is addressed only 
sparsely so far is the calculation of flows in combination with detailed 
homogeneous chemistry or heterogeneous surface chemistry at fluid
–solid interfaces. Calculating flows with reactions usually implies that 
the density is variable. This is a challenge for developing new models for 
LBM, as classical LBM models are based on the presumption of constant 
density. However, there are also many applications that involve chem
istry where the density remains constant as a first approximation.
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1.2. LBM and chemistry

The article by Hosseini (Hosseini et al., 2024) gives an overview of 
LBM for combustion applications. However, in the following, we will 
primarily concentrate on works related to heterogeneous chemistry.

Khang (Kang et al., 2014) developed a multi-component thermal 
model for catalytic systems. For every species a different grid is needed. 
To overcome this issue, the authors propose setting the grid size to that 
needed for the lightest species in the system, and for other species to use 
interpolation in order to reconstruct distribution functions on the grid. 
Results of D2Q9 calculations of a channel with reactive walls for a one- 
step global reaction show good agreement with results from a Finite- 
Volume Method (FVM) solver.

Further development of the model resulted in the work of Khatoo
nabadi (Khatoonabadi et al., 2024). Three-dimensional Lattice Boltz
mann (LB) simulations were carried out to investigate the mass transport 
and reaction inside and around catalytic porous particles used in fluid
ized beds for the synthesis of methane from biogas, based on a one-step 
reaction. The 3D internal porous structure of a real particle with a size 
~200 μm was available. Pore-resolved calculations reveal the influence 
of different diffusion coefficients for species on the overall conversion. 
The important question of how the real internal surface is reproduced by 
the lattice grid is not addressed.

The modeling of flow and catalytic reaction in resolved washcoats 
can be found in the paper by Belot (Belot et al., 2021). Sections of 
catalyzed filter walls, with varying amounts of washcoat and different 
levels of uniformity, were digitally reconstructed from tomography data. 
The calculations were performed in 3D. Constant density was assumed, 
as the concentrations were small. Based on solution of flow field, the 
catalytic conversion (one step chemistry) and mass transport of a hy
pothetical dilute species was solved. The problem of how the surface of 
each lattice is handled is not discussed. However, it is mentioned that 
the voxelized surface is too large. Therefore, a correction parameter of 
1.5 has been introduced.

Sawant et al. (Sawant et al., 2021; Sawant et al., 2022) propose a 
LBM for compressible reacting multi-species flows recovering the Ste
fan–Maxwell diffusion closure. The model uses Nsp + 1 LB equations: a 
population for the mixture-averaged mass and momentum balance, a 
population for the mixture-averaged energy balance and Nsp − 1 pop
ulations for Nsp species. This model, in combination with compressible 
LBM for momentum and energy balance equations, has been successfully 
used for a variety of cases involving combustion applications with 
detailed chemistry (e. g. periodic ignition and extinction in a channel, 
circular expanding premixed flame). The D3Q27 lattice code is coupled 
to the open source code chemical kinetics solver Cantera (Goodwin 
et al., 2024).

Filippova (Filippova and Hänel, 2000) discusses an extended Lattice 
Boltzmann model for the simulation of low Mach number flows with 
significant density changes. For applications to reactive flows, this 
model was coupled with a finite-difference scheme for solving the 
transport equations of energy and species. The model was applied to 
calculate the flow of a hot oxidizer around a cylinder. Through the 
surface, cold fuel is injected into the flow and reacts via a one-step global 
reaction. The boundary condition used is discussed later in this section.

In the work from Arcidiacono (Arcidiacono et al., 2008) a multi
component LB model is discussed. The equilibrium distribution func
tions were obtained by maximizing the entropy function. The quasi- 
equilibrium distribution functions were deduced by assuming that, in 
the multicomponent mixture, particular moments approach equilibrium 
slower than others. Results of calculations of a straight channel based on 
D2Q9 lattice including a four-component mixture and a global catalytic 
methane oxidation are in excellent agreement with a FVM solver in 
terms of both the flow field and species concentrations.

Succi (Succi et al., 2002) calculated a quasi-incompressible, 
isothermal flow with species transport and catalytic chemical re
actions. The flow field is solved by a Lattice Boltzmann method, while 

the multi-species transport and chemical reactions are handled with a 
variant of the Lax–Wendroff method. Small obstacles were placed in a 
microchannel and due to influence on the flow field, led to an increase in 
overall conversion of pollutants based on a one-step chemistry. The re
action takes place on flat channel walls.

From Lee (Li et al., 2013) is a work where the catalytic reaction in 
resolved porous media was calculated. Fractal theory was applied to 
create two dimensional square shaped structures (no curvilinear or in
clined surfaces). A D2Q9 lattice BGK model was used to solve for the 
flow, temperature and concentration fields. Chemistry was a one-step 
dehydrogenation of isopropanol. The influence of temperature on ve
locity was neglected. The effect of the chemical reaction on the velocity 
field was considered by adding a velocity component normal to reactive 
surfaces, combined with the change of the mixture density.

1.3. Boundary conditions for surface chemistry

In classical CFD (Computational Fluid Dynamics) approaches such as 
FVM (Finite Volume Method) or FEM (Finite Element Method) often the 
mean-field approach is the method of choice for the modelling of surface 
chemistry. Therein, the local state of the surface is described by its 
coverage with adsorbed species, averaged on a microscopic scale. It is 
assumed that models exist that can compute the local heterogeneous 
reaction rate as a function of the local conditions such as temperature 
and species concentration in the gas-phase and of the local and temporal 
state of the surfaces. Chemical source terms of the gaseous species taking 
part in surface chemistry are delivered in the unit [kmol/m2/s]. To 
incorporate the chemical source terms in the species transport equations 
these have to be multiplied by the geometrical surface of a catalyst. 
Therefore, it is essential that the size of geometrical surface is conserved 
in the model.

When applying FVM or FEM, a variety of cell shapes exist for the 
definition of the computational grid. Any geometrical surfaces or in
terfaces between fluid and solid can be discretized with body fitted el
ements. Doing so, the deviation between real and discretized surface is 
in general small for practicable grid resolutions. An important feature is, 
that this deviation decreases with grid resolution. The boundary treat
ment itself is trivial.

Boundary conditions in Lattice-Boltzmann models are fundamentally 
different from their equivalents for more traditional computational fluid 
dynamics methods. The populations entering the domain have to be 
defined, even if the boundary is an inert solid wall. In general, the 
number of macroscopic conditions on the boundary is insufficient to 
calculate all incoming populations. Additionally, great care has to be 
taken in the development of boundary conditions in order to obtain 
stable simulations (Ginzburg and d’Humières, 2003).

In LBM all cells have the same size and a square shape. A cell as a 
whole can belong either only to fluid or to solid domain. The surfaces of 
the cells, and therefore, also the interfaces between fluid and solid, are 
oriented straight horizontally or vertically. This means, that curvilinear 
or skew geometrical boundaries are commonly replaced by staircase- 
shaped boundaries. In LBM codes the usage of staircase-shaped in
terfaces is standard because this is the easiest way and leads to satis
factory results for many applications. One method of discretizing curved 
boundaries with the staircase-shaped interfaces is the Simple Bounce 
Back (SBB) method (Krüger et al., 2017). An intrinsic characteristic is, 
that the deviation between staircase-shaped interface and real interface 
does not decrease with resolution, as will be proven later. With respect 
to boundary treatment there are special procedures available to account 
for complex geometrical shapes. In the end, all of these procedures lead 
to interpolation and extrapolation of populations.

With respect to the actual work, fluid–solid interfaces are stationary 
and do not move or deform in time which simplifies the problem. There 
exists a wide range of boundary conditions for curved interfaces for LB 
simulations (Krüger et al., 2017), some of which are reviewed below.

The Interpolated Bounce Back (IBB) method is a common extension 
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of the simple bounce back (SBB) (Bouzidi et al., 2001). It is assumed that 
any population fi moves a distance of one cell size δx during propagation. 
If the population hits a wall which is modelled by the halfway bounce- 
back, fi first travels a distance δx/2 from the original boundary node 
to the wall and, after bounce-back, the same distance back to the 
boundary node. As curvilinear walls are not located halfway between 
lattice nodes, fi cannot reach another lattice node. Therefore, the origin 
of the population is chosen such that fi exactly reaches a lattice node. 
This requires interpolation to find the post-collision values of fi.

Central part of the family of Partially Saturated Methods (PSM) is a 
modified BGK equation (Noble and Torczynski, 1998). A lattice node can 
be a pure fluid, a pure solid or a mixed (partially saturated) node. Based 
on the solid fraction ε of each node a weighting parameter, B, is defined 
which is used to modify the standard BGK collision operator. In reality, 
curved boundaries in the PSM are nothing more than a sophisticated 
staircase. In the PSM, there is no information about the distance between 
lattice nodes and boundaries; instead, the local solid fraction ε is 
considered. It is easy to imagine that many different boundary config
urations can lead to the same filling fraction. Therefore, the PSM 
sometimes fails to capture the correct shape of the boundary (Krüger 
et al., 2017).

Another class of approaches are the so-called ghost methods. The 
original formulation was proposed by Filippova (Filippova and Hänel, 
1998). It allows the description of Dirichlet boundary conditions for 
velocity on arbitrary curvilinear surfaces lying between the nodes of a 
Cartesian grid. The distribution functions in the cells next to the wall are 
modified by the prescribed flux. The method was used to model species 
fluxes coming out of a porous wall. This requires extrapolation of the 
wall flux to the cell next to the wall. Both the BGK equation and the 
equilibrium populations f eq

i are modified. An adjustment parameter 
must be introduced to guarantee the stability of the system.

Falcucci (Falcucci, 2020) shows in his very interesting work the 
application of isothermal LBM to catalytic reactors as well as to micro
bial fuel cells. The one-step oxidation of methanol to methyl formate in a 
porous ingot with gold nanoparticles as catalyst was investigated. The 
random nano-porous substrate was virtually constructed. The ingot was 
placed perpendicular to a flow field. The 2D results indicate that the 
catalyst layer on the ingot side facing the gas stream shows a high 
conversion efficiency, in contrast to the rear face of the ingot. The 
overall conversion efficiency gets dramatically reduced if the ingot is 
oriented parallel to flow. Additional 3D calculations were performed for 
one-step NO reduction in a channel of a monolith. Both the channel and 
the washcoat were resolved. For the implementation of single-step sur
face chemistry a special (coast-line sputtering) boundary was developed 
which also accessed ghost nodes. The results deliver accurate and reliable 
predictions. The question about size of catalytic surface was not 
discussed.

Approaches which are well known in FVM CFD can be transferred 
into the LBM framework. One method is the Level Set Method applied in 
the work by Yoshida (Yoshida and Nagaoka, 2010). He proposes a LBM 
for the convection–diffusion equation, which is able to cover the 
anisotropic diffusion-coefficient tensor. The approach was tested for a 
2D flow around a sphere, where the boundary line was given by a 
mathematical function and shows agreement to FVM results.

Another approach is the Volume-of-Fluid Method used in the paper 
by Verhaege (Verhaeghe et al., 2006). It works with a volume fraction of 
solid in every boundary cell. From this, a virtual dimensionless distance 
to the interface can be constructed, and via ghost nodes and interpola
tion, the flux normal to surface can be reconstructed. However, the 
geometrical interface is not known or cannot be exactly conserved.

Nearly all the methods mentioned for handling curved surfaces are 
developed for the calculation of the flow field near walls and improve 
the prediction of forces and wall shear stresses. All these methods lack 
the explicit use of the exact surface of geometries including skew or 
curvilinear walls. Also, to the best knowledge of the authors, no work 

exists that discusses the combination of detailed surface chemistry and 
curvilinear surfaces, where the surface size is exactly conserved.

The nature and the error in using staircase-shaped interfaces will be 
shown both for circles and inclined walls. An approach is developed to 
incorporate the exact geometrical surface in the calculations. In the 
following, this approach will be labeled as ESC (Exact Surface Conser
vation) method.

2. Methods

In this section the computational methods used for the present study 
are introduced, including an introduction to the Mean-field-approach.

2.1. CFD and heterogeneous microkinetics

2.1.1. Mean-Field approach
The description of surface reactions is analogous to that of gas-phase 

reactions. However, since there exist almost innumerable numbers of 
different surface structures, only little is known about the exact reaction 
paths. Instead of looking at interactions between single adsorbed spe
cies, the mean-field approximation is a common choice for modeling 
(Kee et al., 2003; Deutschmann, 2011).

Within the framework of the mean-field approximation the calcula
tion of the total molar production rate ṡa of a gaseous species or an 
adsorbed surface species a (in [kmol/m2/s]) is calculated as a product of 
rate coefficients and concentrations ca determined by: 

ṡa =
∑Ks

k=1
vakkk

∏Ng+Ns+Nb

a=1
Cνak

a
(
a = 1,⋯., Ng +Ns +Nb

)
. (1) 

Here, Ks is the number of surface reactions (including adsorption and 
desorption) among Ng gas-phase, Ns surface and Nb bulk species (species 
for which no conservation equation is solved). νak are the stoichiometric 
coefficients, Ca are the concentrations of the species, and kk are the 
forward rate coefficients described by an Arrhenius expression.

Most catalysts exhibit a certain structure, for instance, they may 
occur as dispersed particles on a flat (Fig. 1 left) or in a porous (Fig. 1
right) substrate. Examples are thin catalytically coated walls in honey
comb structures, foams, disks, plates, and well-defined porous media (e. 
g. particles). An example is a washcoat, which is a thin layer of sup
porting material where small particles of the catalytic active material (e. 
g. precious metals) is embedded in a supporting material. The numerical 
grid resolves only the flow region bounded by the geometrical structure 
of the catalyst (green outlines in Fig. 2). The simplest way to account for 
the active catalytic surface area consists in calculating the flux Ṙa (in 
[kmol/s]) of a specie a at the interface between fluid) in the following 
form: 

Ṙa = Ainterface • Fcat/geo • ṡa (2) 

Here, ṡa is the molar net production rate of gas phase species a, given in 
[kmol/m2/s]. The area Ainterface refers to the actual catalytically active 
surface area (red outlines in Fig. 1). The parameter Fcat/geo represents the 
amount of catalytically active surface area in relation to the geometric 
surface area (green outlines in Fig. 1) of the fluid–solid interphase. 
Depending on porosity of the support and the dispersion (e.g. of particles 
of precious metals) this factor can range from one up to the order of 
hundred. The catalytically active surface area is the surface area of the 
catalytic active particles exposed to the ambient gas (fluid) phase. This 
area can be determined experimentally. The catalytically active surface 
area should not be confused with the BET (Brunauer-Emmett-Teller) 
surface area representing the total inner surface area of a porous structure 
(blue outline in Fig. 1 right) (see also (Hettel et al., 2018).

The effectiveness factor ηi represents the ratio of the reaction rate to 
the rate which would occur without internal diffusion limitations inside 
porous solids (washcoats, particles). This factor includes the following 
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parameters: concentration of the species at the boundary between fluid 
and washcoat, washcoat thickness and effective diffusion coefficient in a 
porous substrate (Deutschmann, 2011). The product (Fcat/geo • ηi) is used 
in the actual work to simultaneously account for active catalytic surface 
area and internal diffusion limitation and is represented by the term only 
Fcat/geo in subsequent sections.

2.1.2. Microkinetic model for oxidation of formaldehyde
The global reaction scheme for the catalytic oxidation of CH2O 

(formaldehyde) over Pt is given as 

CH2O+O2 ̅̅→
Pt(s) H2O+CO2 (3) 

In this work a thermodynamically consistent multi-step surface reaction 
mechanism is used (Torkashvand et al., 2019). The mechanism contains 
6 gas-phase species (N2, O2, H2, H2O, CO, CO2, CH2O), 10 surface species 
(Pt(s), H(s), O(s), H2O(s), CO2(s), CO(s), CH2O(s), OH(s), C(s), HCO(s)) 
and 30 elementary steps. With respect to reaction path CH2O from the 
gas-phase is first adsorbed on the empty platinum site as HCHO(s), and 
dehydrogenated to HCO(s) and further to CO(s) by O(s) or Pt(s), and 
finally oxidized to CO2(s).

Since no gas-phase reactions can be detected under the conditions in 
this study, no gas-phase reaction mechanism is included.

2.1.3. Generic simple reaction model
To keep things simple the calculations for the investigation of the 

approach to use the exact geometrical surface a generic kinetic model 
was used. Species A is converted to species B via the reaction scheme: 

A+Pt(s) ̅̅→
Pt(s) B+Pt(s) (4) 

Pt(s) is a free surface place of the actice catalyst material platinum. The 
rate coefficient was chosen to be r = 1⋅10− 4 [1/s].

2.2. 3D FVM code DUO

For the validation of the results from the code MATRICS, we used the 
tool DUO, which stands for the coupling of the two computer codes 
DETCHEM Und (German for ‘and’) OpenFOAM and is a synonym for the 
joint utilization of these two programs.

OpenFOAM OpenFOAM-The Open Source CFD Toolbox is an open 
source CFD tool, which enables the calculation of multiple combined 
three-dimensional fluid and solid regions. It is based on the Finite- 
Volume Method (FVM). By being open-source, OpenFOAM offers users 
complete freedom to customize and extend its existing functionality. 
However, the consideration of surface reactions is not possible.

Therefore, the DETCHEM™ code was combined to OpenFOAM. 
DETCHEMTM (Deutschmann et al., 2014) is a commercially available 
package of tools specifically designed for the modeling and simulation of 
reacting flows based on elementary step mechanisms, particularly for 
heterogeneous systems such as catalysis, materials synthesis and fuel 
cells. The basic idea is to combine the advantages of the two programs. 
The simulation tool DUO is the gateway between the two codes (Hettel 
et al., 2015; Hettel et al., 2018).

A precompiled shared library (programmed in Fortran 90), which 
was made out of several parts of the DETCHEM toolbox, is coupled via 
an interface with OpenFOAM (programmed in C++). For each cell, the 
variables pressure, gas temperature, wall temperature and concentra
tions of the gas phase species must be provided to the DETCHEM library 
by the CFD-code. Based on these values, the source terms of the gas- 
phase kinetics and of the surface reactions for the wall cells of cata
lytic coated surfaces are calculated using the library. These source terms 
are sent back to the CFD-code. The shared library also provides the 
properties heat conductivity, dynamic viscosity and the mixture- 
averaged diffusion coefficients of the gas phase species for every fluid 
cell to the CFD code. Additional details on the implementation of the 
mean-field approximation in DUO can be found in (Benzinger et al., 
2019).

2.3. The Lattice-Boltzmann-method (LBM)

LBM is a numerical discretization scheme for Partial Differential 
Equations (PDEs) like the incompressible Navier-Stokes equation, which 
is based on mesoscopic models and described by kinetic equations, 
which are in turn linked to the targeted PDE (Krause, 2010). Further, the 

Fig. 1. Top: Definition of surface areas for a non-porous catalyst. Bottom: 
Definition of surface areas for porous catalysts (or porous layers such 
as washcoats).

Fig. 2. The D2Q9 lattice with velocities |ci| = 1 and 
̅̅̅
2

√
are shown in black and 

blue, respectively. Rest velocity is c0 = 0. The square has an edge length of 2δx.
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fluid is regarded as a moving ensemble of particles (molecules) that are 
colliding and streaming. LBM can be viewed as coarse-graining of the 
molecular dynamics simulation where the fluid is literally presented by 
moving particles following Newtonian laws.

The fundamental variable in kinetic theory is the particle distribu
tion function f(x, ξ, t). It represents the density of particles with velocity 

ξ =
(

ξx, ξy, ξz

)
at position x and time t. However, the number of mole

cules is not constant in every direction. The spatial and temporal 
probability of movement of the fluid molecules into a direction i is 
described by the discrete distribution function fi(ξ) which is often called 
the particle population. This indicates the probability of finding a 
certain number of molecules which move into direction i.

Based on the quasi-Cartesian lattice, it is assumed that molecules 
starting from a node of a lattice can move only into a fixed number of 
Cartesian and diagonal directions to neighboring nodes. Along these 
directions the distribution functions fi are streamed or moved, respec
tively. The lattice type chosen determines the count of directions. A 
velocity set for the LB algorithm is fully defined by two sets of quantities: 
the lattice velocities ci and the corresponding weights wi. In the code 
MATRICS the D2Q9 lattice is used (Fig. 2), where D is the dimension 
number, and Q is number of the nine discrete lattice directions i. Ve
locities and respective weights wi are given in explicit form in Table 1.

The Boltzmann equation is a partial differential equation which de
scribes the evolution of the populations in time (here written without 
any forces): 

∂f
∂t

+ ξβ •
∂f

∂xβ
= Ω(f)α, β ∈ {x, y} . (5) 

This can be seen as a kind of advection equation: the first two terms 
represent the distribution function being advected with the velocity ξ of 
its particles. The source term on the right-hand side is the collision 
operator Ω(f), which represents the local redistribution of f due to col
lisions. By discretizing the Boltzmann equation in velocity, space and 
time the discretized Lattice Boltzmann equation can be derived: 

fi(x+ ciδt, t+ δt) − fi(x, t) = Ω(f) =
1
τ •
(
f eq
i (x, t) − fi(x, t)

)
(6) 

Again, the left hand side of this equation presents the convection 
(streaming) of the particle distributions, and the right hand side the 
collision term. As in most LBM codes in MATRICS the BGK (Bhatnagar 
Gross Krook) collision operator (Bhatnagar et al., 1954) is used.

When a gas has been left alone for sufficiently long time, one may 
assume that the distribution function fi(x, ξ, t) will reach an equilibrium 
distribution f eq

i (x, ξ, t). The discretized equilibrium distribution function 
derived from the Maxwell-Boltzmann equilibrium distribution is: 

feq
i (x, ξ, t) = wi • ρ •

(

1+
ci•uα

c2
s

+
(ciαciβ − c2

s δαβ)•uαuβ

2c4
s

)

, (7) 

with uαβ as the local velocity components of the fluid (bulk motion). The 
relaxation time τ, from which the kinematic fluid viscosity υ can be 
derived, describes the time between two collisions of particles. In the 
BGK model the two parameters are connected according to 

υ =

(

τ − 1
2

)

• c2
s (8) 

The speed of sound which is cs = 1/
̅̅̅
3

√
in lattice units can be derived 

from the D2Q9 velocity set. The solution algorithm of the LBM consists 
of only two steps: collision and streaming. In the first step the equilib
rium and non-equilibrium distributions are calculated. These distribu
tions are shifted to the neighbor cells in the streaming step.

2.3.1. The 2D LBM code MATRICS
The LBM code MATRICS (MATthias + ERIC + Surface chemistry) 

works with the D2Q9 lattice. It allows the calculation of arbitrary shaped 
2D regions implying detailed surface chemistry. The calculation of the 
chemical source terms is handled by connecting the toolbox DETCH
EMTM (Deutschmann et al., 2014) to the program MATRICS.

MATRICS offers features as solving an arbitrary number of species 
equations, importing and automatically meshing of files in PGM format 
for geometry description, restart capability, output in different formats 
(Paraview, Tecplot). The code is written in C++.

Up to now the density is constant, therefore only isothermal reactive 
flows with no change in mole numbers due to reactions can be calcu
lated. However, the second constraint is fulfilled as a first approximation 
if temperature is constant and concentrations are small, which is the 
case in the actual work.

2.3.2. Implementation of species transport
The transport equation for a species a without any source term due to 

chemical reaction is 

∂Ca

∂t
+ u⋅∇Ca − ∇(ρ • Da • ∇Ca) = 0, (9) 

with Ca as the concentration (in [kmol/m3]) and Da as diffusion coef
ficient. In the framework of LB for every species a, a new discrete Lattice- 
Boltzmann equation based on populations ga,i is introduced: 

ga,i(x+ δx, t+ δt) − ga,i(x, t) =
1
τa

•
(

geq
a,i(x, t) − ga,i(x, t)

)
(10) 

ga has the same unit as the concentration Ca (kmol/m3). So far, this 
equation includes only streaming and collision. For the implementation 
of a chemical source term see section 2.3.2. The species equilibrium is 
defined with: 

geq
a,i(x, ξ, t) = wi • Ca •

(

1+
ci•uα

c2
s

+
(ciαciβ − c2

s δαβ)•uαuβ

2c4
s

)

. (11) 

The relaxation time τa for each species is connected to the diffusion 
coefficient via the following relation: 

Da =
υ

Sca
=

(

τa −
1
2

)

• c2
s (12) 

with Sca as the Schmid number for each species. This model is a mass 
averaged version of the multicomponent LBM model for heterogeneous 
reactions from Sawant (Sawant and Karlin, 2025).

2.3.3. Implementation of chemical source terms
As described above the chemical source terms are calculated via a 

precompiled shared library. For each lattice touching a reactive wall the 
concentrations of the gas phase species and the temperature are send to 
the library and the source terms for all species are delivered back. As 
described above the source terms are defined in the unit of [mol/m2/s)]. 
In principle, there are two possibilities to implement the source terms. 
Applying the sources as molar fluxes at the lattice interface to the wall or 
to reformulate the fluxes in analogy to homogeneous reactions as 
volumetric sources. Both approaches have been implemented and are 
described below.

Table 1 
D2Q9 velocity set in explicit form.

Directions i Velocities directions ci Lengths |ci| Weights wi

0 (0,0) 0 4/9
1, 2, 3, 4 (±1, 0), (0, ±1) 1 1/9
5, 6, 7, 8 (±1, ±1), (±1, ±1) √2 1/36
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2.4. Applying sources as wall fluxes (surface sources)

For explanation, it is asumed that the interface is aligned with the x- 
axis and that the transport domain is on the upper-hand side of the wall 
as shown in Fig. 3. In the example, the distribution functions g4, g7 and g8 
are streamed into the solid cells (in grey). After the collision step g2, g5 
and g6 come back from solid cells into fluid domain.

The method used for streaming back the populations is based on a 
mirror image scheme in which the boundary is seen as a mirror inside 
which all the cells in the domain see their images (Zhang et al., 2002). 
Hence, the missing populations for a boundary where a flux is imposed 
are deduced as: 

ga,2(t + δt) = g*
a,4(t) +

4
6
Ca,source,

ga,5(t + δt) = g*
a,8(t) +

1
6
Ca,source,

ga,6(t + δt) = g*
a,7(t) +

1
6
Ca, source,

(13) 

where g*
a,i are the post-collision populations. The mole flux Ṙa,surface of a 

species a per surface can be written as follows, where the effectiveness 
factor ηi is included in Fcat/geo (compare Eq. (2)): 

Ṙa,surface = Fcat/geo • ṡain
[

kmol
m2 • s

]

(14) 

As the populations of the species gi have the same unit as the concen
trations Ca, the fluxes have to be converted into changes of concentra
tions. For this, we have to multiply by the physical interface area of the 
lattice Ainterface = Δx2, divide by the lattice volume Vlattice = Δx3 and to 
multiply with the time step Δt. For the source in lattice units we get 
finally: 

Ca,source = Ṙa,surface • Δx2 •
Δt

Δx3 •
CT

CL • CM
in
[
kmol
m3

]

(15) 

CL,CT,CM are the conversion factors for length, time and molar density 
(in [kmol/m3]), respectively.

2.5. Applying sources as volumetric sources (volume sources)

As shown later, the usage of surface sources works very well in the 

case of straight surfaces which are either along x- or along y-direction. 
For these cases the geometrical surface is same as the surface of a lattice. 
However, if the geometrical interface is curved or skew and runs 
through a lattice, the change of single populations gi is not straightfor
ward. It is not clear how the fluxes should be distributed to the incoming 
populations. Therefore, it is nore sophisticated to incorporate the species 
fluxes at the interface as volumetric sources in the cell next to the 
interface. According this approach the source terms Ca,source are directly 
implemented into the Boltzmann-Equation for the species and can be 
interpreted as additional force terms: 

ga,i(x+ δx, t+ δt) − ga,i(x, t) =
1
τa

•
(

geq
a,i(x, t) − ga,i(x, t)

)
+wi•Ca,source

(16) 

This approach is accordingly to the one used from Sawant (Sawant and 
Karlin, 2025).

Typically, the total molar production rate (s ̇_i) is obtained by solving 
the series of parallel Ordinary Differential Equations (ODE’s) that 
describe the reaction rates (Eq. (1)). Solving the chemical source term in 
this way is also called direct integration and performed from the code 
DETCHEM (Deutschmann et al., 2014) which is coupled to MATRICS. 
The integration is done up to a certain physical time. For steady state 
calculations, like those shown in the present work, the end time for 
integration is set to 10 s. This means the chemistry is in quasi-steady 
equilibrium and we do not achieve an exact time dependent solution 
of the system. In such cases we can additionally strongly accelerate the 
calculation if we do not solve for reaction rates at every time step (e.g., 
here we solve reaction rates at only every 100th timestep). For time 
dependent solutions, however, we must set the integration time for 
chemistry to be the same size as the physical timestep and reaction rates 
must be solved at every timestep. In all scenarios, surface coverages 
must be stored after every calculation of reaction rates so that these 
values are available the next time reaction rates are evaluated.

3. Surface chemistry over a flat plate

The background of the experimental work is that CH2O (formalde
hyde) is formed as an intermediate species in the oxidation of methane 
and is thus present in the exhaust gas of lean-burned operating gas en
gines. In particular, high air–fuel ratios favor the formation of formal
dehyde (Corrêa and Arbilla, 2005; Karavalakis et al., 2016; Lemel et al., 
2005; Mitchell and Olsen, 1999; Yoon et al., 2014). Strict regulations for 
CH2O emission with exhaust gas have been implemented. Therefore, 
there is a need to investigate conversion of CH2O experimentally and 
through simulations.

3.1. Experimental methodology

Fig. 4 shows the calculation domain depicting the central part of the 
whole reactor system. The parallel wall channel has a height of 2 mm 
and a depth of 18 mm. An additional rectangular indentation is cut at the 
center of the bottom wall of the channel for placing the catalyst plate 
(length = 18 mm × width = 18 mm). The upper surface of the catalytic 
plate is positioned 400 µm lower than the ceramic bottom wall. The 
catalytic surface starts at x  = 0 mm, and is located at y = -0.4 mm.

In the experiments (Wan et al., 2020), two-dimensional distributions 
of CH2O (Formaldehyde) were measured with the PLIF (Planar Laser- 
Induced Fluorescence) technique. PLIF is a non-invasive laser-based 

Fig. 3. Schematic illustration of the method for applying species fluxes at a 
wall. Lattices in grey belong to solid region. Fig. 4. Calculation domain.

M. Hettel et al.                                                                                                                                                                                                                                  Chemical Engineering Science 321 (2026) 122797 

6 



technique which allows the visualization of the gas-phase species dis
tributions at high spatial and – in case of using a single laser-shot – 
temporal resolution without disturbing the flow field. The top and side 
walls of the reactor are equipped with glass windows. The results are 
obtained for a slice in xy-plane which is positioned in the center of the 
reactor with respect to the z-axis (z = 9 mm).

Two different catalytic plates have been prepared which are coated 
with a catalyst-water slurry where the active component was platinum 
(Pt). To investigate the impact of catalyst loading, the slurry has been 
diluted by different dilution factors. The ratio of the catalytic surface 
area to geometric area Fcat/geo (including the effectiveness factor ηi) was 
estimated to be 1 and 4, respectively. In (Wan et al., 2020) the mea
surement uncertainty of the concentration of CH2O caused by the in
tensity deviation from single shots and the concentration fluctuation of 
the reference gas is within ± 20%.

3.2. Numerical setup

The same computational grid with rectangular cells was used in all 
cases and for both codes compared later. The number of grid points over 
the 18 mm long catalytic plate (red line in Fig. 4) was 360 in the 
streamwise direction, and includes a domain of 7 mm before and after 
the reaction zone, both discretized with 140 cells in axial direction. The 
height of the channel of 2 mm was discretized with 40 cells, the vertical 
distance between catalyst surface and channel bottom (40 µm) with 8 
cells. In sum the equidistant grid consists of ca. 56,000 cells with a cell 
size of 50 µm.

The grid independency has been proven in preliminary simulations. 
All walls (black) are modeled as non-slip wall boundaries with the same 
wall-temperature as that measured in the experiments. The inlet (left) 
gas temperature is the same as the wall temperature for each case. The 
mass flow velocity at the inlet is determined according to the experi
mental conditions. Pressure outlet (right) into the atmosphere is 
employed as the outlet boundary.

In the validations, same operational conditions as in the experiments 
were used. A preheated gas mixture of 100–105 ppm CH2O, 1.5 vol% 
H2O, 5 vol% O2, balanced with N2, was fed into the reactor. Inlet tem
perature and the walls were set on same temperature of 373 K and 673 K, 
respectively (isothermal conditions).

3.3. Comparison of experiment and calculation

Fig. 5 shows the comparison of the measured (top) and calculated 
(bottom) mole fraction of CH2O in the midplane slice of the channel.

The measured mole fractions in the midplane are shown on the top. 

The catalytic plate is marked in red. Due to restrictions in the experi
mental system not the whole cross section could be captured by the ICCD 
camera. The experiment shows that CH2O is converted on the catalytic 
plate. The mole fraction decreases from 105 ppm at inlet to ca. 50 ppm at 
the outlet. There is a distinct gradient into vertical direction which 
proves that the system is controlled by mass transfer rather than by 
chemical kinetics.

The result of the calculation in the lower picture shows a good 
qualitative agreement with experimental data. The detailed comparison 
is shown in Fig. 6, where the mole fractions of CH2O are compared on a 
line perpendicular to the catalytic plate at axial position of 12 mm (see 
red dashed line in Fig. 5). Two volume fluxes V̇ of 0.5 and 1[ml/min] are 
compared.

The experiments reveal that the conversion increases with 
decreasing flowrate, as the velocity is smaller and, therefore, the resi
dence time is longer. For both flowrates the system is under control of 
diffusion because the mole fraction of CH2O is zero at the surface. The 
reaction is so fast that all CH2O which is transported by diffusion to 
surface is converted.

The influence of the catalytic surface area Fcat/geo at values 1 and 4 is 

Fig. 5. Comparison of measured and calculated mole fractions of CH2O in the midplane of the channel. Inlet conditions: volume flux at normal conditions V̇ =

1[ml/min], temperature T = 673 K, Fcat/geo=4, mole fraction inlet XCH2O = 1.05⋅10-4 (105 ppm). Flow is from left to right. The red dashed line marks the position for 
the slices shown in Figs. 6–8.

Fig. 6. Comparison of measured and calculated mole fractions of CH2O 
perpendicular to catalytic plate at x  = 12 mm from start of plate. Inlet con
centrations and temperature are same as in Fig. 5 but now for two flowrates 
V̇ = 0.5/1[ml/min].
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depicted in Fig. 7 for the temperature of T = 373 K and a volume flux of 
V̇ = 1[ml/min]. With respect to the calculations, the system is under 
kinetic control, at least for the smaller catalytic surface area ofFcat/geo =

1. Here, the reaction is too slow to convert all CH2O which reaches the 
surface. Compared to the experimental data, it is evident that the con
version is overpredicted by the reaction mechanism for kinetically 
controlled conditions. It can be expected that the measured mole frac
tions on the catalytic surface at y = − 0.4 mm are larger than those 
predicted by calculations.

As the focus of the paper is not to validate the reaction mechanism, 
further calculations have not been made. It should be noted that to 
validate the reaction mechanism experimental data are required at po
sitions very close to the catalytic surface. But due to optical restrictions 
this was not the case in the experiments. The main conclusions drawn in 
this section would not change if not any experimental data would have 
been used for comparison. The main finding of these results is that the 
LBM code shows the same results as a finite volume approach.

The calculation with the codes MATRICS and DUO fit very well, 
which shows the capability of MATRICS for calculations of real systems 
with detailed surface chemistry.

The influence of the implementation approach for the chemical 
source terms as surface fluxes or volumetric sources (see section 2.3.2) is 
depicted in Fig. 8. It can be seen that the results for both approaches fit 
very well. In all following calculations, the volumetric source approach 
was used.

4. How to keep the exact geometrical surface

In the Mean-Field approach, the source terms for the species involved 
in surface chemistry are given in the unit [kmol/m2/s1]. The related area 
is defined as the geometrical area of the surface (Fig. 1). Therefore, it is 
essential that the geometrical surface used in calculation is the same as 
in reality.

For LBM grids, the surfaces of the cells, and therefore, also the in
terfaces between fluid and solid, are straight horizontal and vertical 
lines. The total surface of the staircase-shaped interface differs 
compared to the real surface and is in general wrong.

The code MATRICS is a 2D code. One of the topics objectives of this 
work is to help answer the question of how the exact geometrical surface 
of a body in a flow field can conserved to finally yield the exact species 
fluxes on the reactive surface of this body.

Firstly, the difference between the real geometric surface and the 
surface based on staircase-shaped interfaces will be quantified. Sec
ondly, an approach will be shown where the exact surface in the cal
culations can be conserved if the geometry of the surface is known as a 
mathematical function. These two steps will be performed for both 
cylinders (circles) and prisms (squares).

For all calculation shown in this chapter, the simple generic kinetic 
mechanism for conversion of from species A to species B was used (see 
section 2.1.3).

4.1. Flow around circle with reactive surface

If we look at the flow around a cylinder in two dimensions, x and y, 
with infinite length in the z-direction, we identify the interface between 
cylinder and fluid as a circle. To keep things more intuitive, we analyze 
the length of this circle line (in 2D) rather than the surface of the cyl
inder (in 3D). Therefore, from now on, we refer to flow around a circle 
and not around a cylinder. The same holds for flow around squares and 
not around prisms with infinite length in the z-direction, which will be 
discussed later.

In the following, the discretization error of geometrical interface is 
quantified, and it is investigated whether the discretization error can be 
reduced with a finer resolution. We can examine the dependence on 
resolution in two different ways. On the one hand, we could hold the 
radius of the circle constant and increase the resolution of the grid 
(smaller cells). On the other hand, we can keep the lattice size constant 
and increase the radius of the circle. Here, the second approach will be 
used because the lattice size will be constantly kept equal to one and 
errors are only calculated as in normalized form.

4.1.1. Discretization error
The first question is how a circle, with a defined diameter, is dis

cretized and how large is the deviation of the discretized staircase- 
shaped circumferential compared to the real circumferential. The ratio 
between the two values represents the error E incurred when using the 
staircase-shaped interface for calculation of species sources as opposed 
to the original interface.

Fig. 9 shows a lattice mesh. The lines represent the interfaces be
tween the lattices. The center of each lattice is in the center of each 
square. The lattice size is Llattice = 1.

The approach to discretize a circle is as follows. The circle center is 

Fig. 7. Comparison of measured and calculated mole fractions of CH2O 
perpendicular to catalytic plate at x  = 12 mm. Inlet conditions: volume flux at 
normal conditions V̇ = 1[ml/min], temperature T = 373 K, Fcatgeo = 1 or 4, mole 
fraction inlet XCH2O = 1.0⋅10-4 (100 ppm). Compared are experiments with 
results from the codes MATRICS and DUO.

Fig. 8. Comparison of the two approaches for implementing the chemical V̇ =

1[ml/min]
Source terms into LBM (using surface fluxes or applying volumetric sources). 
Conditions are the same as for Fig. 6 ().
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positioned in the center of a lattice cell. Then, all lattices whose cell 
centers have a distance to the circle center which is smaller or equal to 
the radius R of the circle are removed from the calculation domain and 
assigned to the solid domain.

First, we concentrate only on the blue circles. The corresponding 
solid or dead cells are marked in light blue in Fig. 9. For a circle with the 
diameter of Dcircle = 8 we obtain the solid area as shown in Fig. 9A. The 
centers of the four outermost cell centers (black dots) lie directly on the 
circle and the related cells are therefore also removed. If we count the 
dead cells into x direction, we find that the dead region has the size of 
exactly Ddiscrete = 9 cells in both directions.

For a circle with a diameter of Dcircle = 9 the solid area shown in 
Fig. 9B results. The dead region has again the maximum size of Ddiscrete 
= 9 cells into x- and y-direction. However more dead cells can be found.

For a circle with diameter Dcircle = 10 minus a very small distance ε 
the resulting solid area is shown in Fig. 9C. It is the same as in Fig. 9B.

From now on, we assume that ε is very small. Meaning, we investi
gate circles with diameter from Dcircle = 8 to Dcircle≈10. All circles with 
diameter between 8 and 10 are discretized with a solid region with the 
size Ddiscrete = 9.

If we sum up the staircase-shaped circumferential of each dead re
gion (A, B or C) we get, in all three cases, the interface length of Ldiscrete 
= 36. Fig. 10 serves as the explanation of this finding. In this figure the 
first two dead regions shown (A and B) are the same as shown in Fig. 9. 
Region D is a square with Ddiscrete = 9. Additionally, a dead region E with 
equal extent in the x- and y-direction of Ddiscrete = 9 is shown. All dead 
regions (A, B, D or E) show the same circumferential length of Ldiscrete =

36.
For explanation we concentrate now on region E. Four cell corners 

with numbers from 1 to 4 are drawn which lie on a circle (not shown 
here). From each cell corner with a distinct number the cell corner with 
the following number can be reached by adding dead cells (in blue). 
However, “adding” of new blue cells must be done monotonically. That 
means, each following cell has to be one step nearer to the cell with next 

number either in the x- or y-direction. For the resolution chosen in this 
example, we have to step four cells into positive or negative x-direction 
and four cells into positive or negative y-direction from one of the cor
ners to the next. The order of this stepping is not important. Finally, we 
always get nine cell surface lines between each pair of numbers sum
ming up to Ldiscrete = 4⋅9 = 36 for the whole solid region.

Now we calculate the error E we make if we discretize the blue circles 
in Fig. 9 with staircase-shaped interfaces. As stated before, the length of 
the discretized interface for circles with Dcircle = 8 / 9 / 10 is equal to 
Ldiscrete = 36. The error E in length is the ratio of discretized interface 
length Ldiscrete over the real circle length: 

E =
Ldiscrete

Dcircle • π. (17) 

For the three blue circles with Dcircle = 8 / 9 / 10 (blue cases A, B, C in 
Fig. 9) we get the values: 

Eblue,A =
36

8 • π = 1.43;Eblue,B =
36

9 • π = 1.27;Eblue,C =
36

10 • π = 1.14.

(18) 

This means that the discretization error E of interface length is between 
14% and 43% depending on how large the circle diameter is in the range 
of Dcircle = 8 to 10. So far, this result is only valid for the cases where we 
have circle with diameters leading to a dead domain with diameter of 
Ddiscrete = 9.

Now, we perform the same analysis for the three red circles (red 
cases A, B, C,) in Fig. 9 with diameters Dcircle = 2/3/4. The size of dead 
domain is Ddiscrete = 3 and we get the following values for errors: 

Ered,A =
12

2 • π = 1.9;Eblue,B =
12

3 • π = 1.27;Eblue,C =
12

4 • π = 0.95. (19) 

This means that the discretization error varies between an interface 
which is 90% too large or which is 5% too small depending on how large 

Fig. 9. Discretization of circles with different diameters. Red circles A/B/C with diameters Dcircle = 2/3/4 have same discretized length of Ldiscrete = 12. Blue circles 
A/B/C with diameters Dcircle = 8/9/10 have same discretized length of Ldiscrete = 36.

Fig. 10. Figures A/B/D/E with same discretized diameter Ddiscrete = 9 have same interface lengths of Ldiscrete = 36.
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the circle diameter is in the range of Dcircle = 2–4.
The next question to answer is, if the discretization error can be 

reduced with a finer resolution.
Therefore, we examine more circles. Fig. 11 shows ten circles where 

the diameter Dcircle increases always by two cells. This is done for the 
conditions of circles of case B in Fig. 9. This means, that the extent of 
dead region is exactly the same as the circle diameter: Dcircle = Ddiscrete. 
We start from the smallest circle (in grey) where the diameter is only 
discretized with one cell (in black). For this, the dead region shows 4 
interface sides. The next circle with diameter of 3 cells has 4 + 8 = 12 
surface sides. For every increase of diameter by two additional lattices 
we get 8 new interface sides of the dead region. Ddiscrete is labelled with a 
number for each circle shown. For example, the dead region for the light 
green circle (Ddiscrete = 7) has Ldiscrete = 28 interface sides, the brown one 
(Ddiscrete = 9) has Ldiscrete = 36 interface sides. It was shown above that a 
square has the same interface line length as the discretized dead region. 
Hence, the interface length is always: 

Ldiscrete = 4 • Ddiscrete (20) 

As we increase the discretization for every circle by 2 to get an uneven 
number of lattices per circle diameter, the number of additional inter
face sides is 8 = 4⋅2.

Above we performed the calculation of the error in interface lengths 
for cases A, B and C for distinct circle diameters from 2 to 4 (red circles) 
and from 8 to 10 (blue circles) (see Fig. 9). We seek now for formulas 
which describe the error E for arbitrary discretization Ddiscrete. The 
functions for the error E for each of the cases A/B/C are: 

EA =
4 + i • 8

2i • π ;EB =
4 + i • 8

(2i + 1) • π; EC =
4 + i • 8

(2i + 2) • π. (21) 

The index i goes from i = 1 to infinity. The resolution of a circle is 
Ddiscrete = 2 • i + 1. We can see that for i = 1 we get Ddiscrete = 3 and the 
results shown above for red circles in Eq. (19). For i = 4 we get Ddiscrete 
= 9 and the results shown above for blue circle in Eq. (18). The plot of 
the three functions for Ddiscrete up to 1000 is shown in Fig. 12.

We can see that for case B the error is independent from resolution E 
= 1.27. This is the ratio of the interface length of a square and a circle 
with same size and diameter: 

E =
Linterface,square

Linterface,circle
=

4 • Ddiscrete

Ddiscrete • π =
4
π = 1.27. (22) 

For coarse discretization, the error is larger for cases A and smaller for 
cases C compared to cases B. This is because circles with slightly 
different diameter (in the range of two cell lengths) are discretized with 
same number of lattice cells. This is equal to the discretization error of 
the diameter itself. This also means that for increasing resolution the 
range of diameters of circles which are discretized with same cell count 
gets smaller because the discretization error of diemeter, which is two 
cells, decreases relative to cell diameter itself.

The error in interface length tends for both cases A and C towards the 
asymptotic value E = 1.27. This can also be deduced from the functions 
Eq. (21). The limiting value of the functions for i→∞ is in every case 
equal to 1.27. 

lim
i→∞

EA (i) =
4 + i • 8

2i • π ≈
i • 8
2i • π =

4
π = 1.27;

lim
i→∞

EB (i) =
4 + i • 8

(2i + 1) • π =
4 + i • 8

π + 2i • π ≈
i • 8
2i • π =

4
π = 1.27;

lim
i→∞

EC (i) =
4 + i • 8

(2i + 2) • π =
4 + i • 8

2π + 2i • π ≈
i • 8
2i • π =

4
π = 1.27.

(23) 

This means, that if any circle is discretized with a not too coarse LBM 
grid, the staircase-shaped interface is 27% longer than the length of the 
circumferential of the original circle. Same holds for surface of an 
infinite cylinder in 3D.

The knowledge of this value offers users of codes where no surface 
correction is implied the possibility to correct the calculated conversion 
rates by factor 1.27 in case of flow around cylinders.

4.1.2. Approach to use the exact geometrical surface
The final approach of the reconstruction of the real surface length in 

the calculation is explained based on Fig. 13. For this approach we speak 
about segmentation of the staircase-shaped geometrical interface or using 
the ESC (Exact Surface Conservation) approach in the following.

We see a quarter of a circle and the resulting solid or dead domain as 
blue cells. All fluid cells which have an interface to the solid domain and 
where reaction takes place are marked in grey. The circle line crosses 
grey cells (fluid) and blue cells (solid). For calculation of the conversion 
rate in grey cells the length of the sections of the original circle in each of 
these cells are used as geometrical surface to calculate the local volu
metric rate.

However, parts of the circle line lie within solid cells. Hence, these do 
not belong to any reactive cell. In the sketch, these sections are colored 
in red, purple and green. The line segments which belong to these cells Fig. 11. Discretisation of circles with increasing resolution.

Fig. 12. Error of interface length for cases A/B/C of circle discretization.
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are distributed into neighboring cells where reaction takes place (grey 
cells). The distribution of the line segments in dead cells to surrounding 
reactive fluid cells is done depending on the configuration of the cells in 
the neighborhood. If a dead cell is surrounded by two fluid corner cells 
the corresponding circle section is distributed equally to both corner 
cells (red line sections). If a dead cell with a line segment is surrounded 
from one corner cell and one normal wall cell, the line segment is added 
to the normal wall cell (purple line sections). If a dead cell is surround by 
only normal wall cells, the line segment is transferred to the normal wall 
cell (green line sections). By doing so, the exact length of the original 
circle and hence the exact surface is used in the calculation of the con
version rate.

The calculation and assignment of the line sections to reactive cells is 
done only once in the preprocessing step from the grid generator. The 
surface of each reactive cell is stored in a list which is read at start of 
calculation. For every cell where a surface rate is calculated, the surface 
source provided by DETCHEM is multiplied by the exact surface size 
stored. This single multiplication is negligible with respect to overall 
calculation time. The ESC approach is computationally very cheap and 
requires, compared to other methods, no interpolations of any field 
values. It can also be easily used for introducing heat fluxes at curvi
linear walls or adapted to 3D codes.

The approach is fully compatible to handle simultaneously gas-phase 
chemistry. For these, the inclusion for reaction rates is also done via 
volumetric soucre terms. If we would find both surface chemistry and 
gas phase chemistry in wall cells this would only need the use of the sum 
of both volumetric sources to be applied for each gas phase species.

It was shown that the theoretical error in applying staircase-shaped 
surfaces does not depend on grid resolution. However, in the ESC 
approach another uncertainty comes into play. It can be seen in Fig. 13
that surface sections can be dedicated to neighboring wall cells in the 
fluid domain. This means that parts of the surface receive the reaction 
source term based on conditions in a cell which is next to the actual cell 
where the surface source is applied. As a result, the rate is calculated 
with gas-phase concentrations which are located not directly perpen
dicular to the surface section of interest. Errors of this type come into 
play for all methods where physical values are interpolated onto sur
faces (e.g. immersed boundary method). This interpolation error is 
much smaller than the surface error itself and will indeed decrease with 
increasing resolution.

Presently we cannot handle arbitrary complex irregular shapes with 
the ESC algorithm, such as tomographic scans of porous bodies. For 

theses surfaces there is no mathematical description of the interface line 
available. The handling of irregular surfaces will be part of a future 
paper.

Techniques like immersed boundary method could in principle also 
be adapted to diminish the error in surface calculation because they also 
account for the physical surface and not the stair-case shaped surface. 
However, the nature of these methods is different. Namely, the aim of 
such methods is to interpolate flow variables onto the surface for the 
calculation of forces. Additionally, these techniques are more compli
cated to implement and are computationally more costly as they cannot 
be performed in a preprocessing step.

4.1.3. Results
The approach for using the exact geometrical surface is validated in 

the following. System is the flow in a channel around a circle (cylinder). 
The height of the channel is 0.08 m and the length is 0.12 m (see Fig. 14). 
Flow is from left to right. Reynolds number is 150, inlet velocity is 0.12 
m/s m/s. As the Reynolds number is small and the calculation domain is 
relatively short there was no evidence for the occurrence of instabilities 
(Karman-Vortex-Street).

All the results in this chapter are shown for same resolution. The 
discretization of the inlet is 100. As axial length of channel is 1.5 times 
inlet height the total cell count is 100*150 = 15000. The circle has a 
diameter of 0.02 m (one quarter of the inlet size) and is therefore dis
cretized with 25 lattices. Finer as well as coarser resolutions have been 
tested with the same exact results. The single step surface reaction 
(conversion of species A to B) was used in these cases because it was 
faster than using the detailed mechanism for lots of calculations which 
were performed. However, this does not restrict the findings discussed in 
the following in any direction.

Fig. 14 shows an isoplot of axial velocity ux together with some 
streaklines. The flow is accelerated above and below of the obstacle and 
reaches values of approximately 0.23 m/s. The region which is confined 
by the white line is the recirculation zone (negative axial velocity). It 
ends at approximately x = 0.075 m.

By means of Fig. 15 the influence of surface segmentation for the 
calculations of source terms of the species equations is analyzed. The 
absolute sources in the reactive cells depend on the approach used to 
determine the interface lengths. The calculated mole fractions of species 
B (product species) using either the discretized interface are shown left 
or using the segmented interface (ESC approach) are shown right. The 
region shown is only a part of the whole calculation domain (compare 
Fig. 14). Additionally, the colors in the plots are not interpolated as 

Fig. 13. Approach for segmentation of the geometrical interface.

Fig. 14. Isoplot of axial velocity ux together with some streaklines. The white 
line is the isoline of zero velocity and locates the recirculation zone. Resolution 
of circle is 25 lattices.
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usually done (e. g. in Fig. 14). For each lattice cell we see a distinct color. 
This gives a direct impression of the resolution.

It can be clearly indicated that the mass for species B in the flow field 
is larger in the case of staircase-shaped interface (left) compared to the 
case using the segmented interface (right). As the surface is too large for 
the first case, the global conversion is too large. The rate in the first case 
is 1.43⋅10-7 [kmol/s], in the second case 1.13⋅10-7 [kmol/s]. The ratio of 
both values is 1.27 which is exactly the value predicted from theory (see 
Eq. (23)).

4.2. Flow around square with reactive surface

4.2.1. Discretisation error
For a flow around a prism with two equal side lengths in dimensions 

x and y with infinite length in the z-direction, we observe the interface 
between prism and fluid as a square. As in the case of circles we analyze 
perimeter of the square (in 2D) and not the surface area of the prism (in 
3D).

A square consists of four skew perimeter lines. To quantify the dis
cretization error for skew lines we start with a quarter of a circle with 
radius R = 1 in a xy-coordinate system (see Fig. 16). Center position of 
circle and starting position of any line is at origin. In the sketch, three 
example lines for three different angles α are shown. The end position of 
any line is on the circumference.

The length of each of these lines is R. Now, we investigate the dis
cretized lines. We assume that all cell centers that are below and to the 
right of a line belong to solid material and all cell centers which are 
above and to the left or exactly on the line to the fluid material. Hence, 
the interface between the two phases is a staircase-shaped line.

Now we have a look closer look at the red line with the angle α = 20◦. 
For the staircase holds: 

- all horizontal cell sides sum up to the length Δx = cos(α)
- all vertical cell sides sum up to the length Δy = sin(α)

This holds for lines with an arbitrary angle. Finally, the length of the 
staircase-shaped intersection line (Fig. 16 left) is dependent on radius R 
and angle α and can be written as: 

Ldiscretized = R • (cos(α)+ sin(α) ). (24) 

The error of the discretization E as the ratio of the lengths of discretized 
line Ldiscretized and real line Lreal = R is then: 

E =
Ldiscretized

Lreal
=

R • (cos(α) + sin(α) )
R

= cos(α)+ sin(α) (25) 

Fig. 17 shows the error E as a function from angle α in the cases of lines 

Fig. 15. Isoplot of molefraction of species B together with some streaklines. 
Top: calculation with staircase-shaped surface. Bottom: calculation with 
segmented interface. Resolution of circle is 25 lattices.

Fig. 16. Discretization of skew lines. Top: Interface is discretized with stair
cases. Bottom: beveled interface, line in cells with staircases is diagonal of cell.
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which are fully discretized with staircases. We can see that for horizontal 
and vertical lines the value E is equal to one, which implies that the 
discretized line has the same length as the real line. This is trivial 
because there are no staircases for the asymptotic cases of horizontal or 
vertical line. The angle α = 45◦ yields the maximum value of 
Emax,staircases =

̅̅̅
2

√
= 1.41, as the original length is that of the diagonal 

line.
In Fig. 17 additional results are shown if each staircase is discretized 

with the cell diagonal (see dashed lines in Fig. 16 right). It means for all 
staircases where the original interface length is 2 we reduce this length 
to 

̅̅̅
2

√
. For this beveled interface line we can write: 

E =
Ldiscretized

Lreal
= cos(α)+ sin(α)+min

(
cos(α), sin(α) •

( ̅̅̅
2

√
− 2
))

.

(26) 

The blue line in Fig. 17 reveals that the maximum error for beveled lines 
Emax,beveled = 1.08 is for the angles α = 22.5◦ and 67.5◦ (see dashed lines 
in Fig. 17).

The consequences for an LBM code are as follows. A brute force 
approach to reduce the error in interface lengths for arbitrary geome
tries including curved or skew interfaces or where the real geometrical 
interface is not known as a mathematical function would be to replace 
the interface length of 2 lattice sides for any corner cells by the value of 
̅̅̅
2

√
(diagonal through lattice). By doing so, the global error in deducing 

the global surface of any geometry would be overpredicted by maximal 
8.2% (if all interface lines are inclined by α = 22.5◦). The most simple 
implementation could be to multiply all rates in corner cells by the factor 
1/1.082 = 0.93.

Again, the knowledge of these values offer users of codes where no 
surface correction is implied, the possibility to correct the calculated 
conversion rates. As long as the angles of any inclined surfaces are 
known it is possible to multiply conversion rates for this surface by a 
factor which can be calculated from Eq. (25).

4.2.2. Approach to use the correct surface
The approach for reconstructing the real line length for arbitrary 

skewed lines is the same as previously shown for the circle case. All the 
rules for distributing the geometrical surface into reactive cells can be 
applied to other geometrical shapes as long as a mathematical function 
of the shape is available.

4.2.3. Results
Fig. 18 shows an isoplot of axial velocity ux together with some 

streaklines for a flow around a square with size of 0.02 m which is 

rotated by 45◦ versus the x-axis. The center of the square is positioned at 
x  = 0.04 m and y = 0.04 m, respectively. As the obstruction of the 
channel is a bit larger compared to the circle the maximum velocity is a 
bit larger and reaches now approximately 0.25 m/s. The recirculation 
zone (confined by the white line) is also larger in both directions. It ends 
axially at ca. x = 0.1 m.

Fig. 17. Error for discretisation of skew lines depending on line angle. Red line: 
staircase-shaped interface. Blue line: beveled interface. Fig. 18. Square with rotation angle of 45◦. Isoplot of axial velocity ux together 

with some streaklines. The white line is the isoline of zero velocity and locates 
the recirculation zone. Resolution of square is 25 lattices.

Fig. 19. Square with rotation angle of 45◦. Isoplot of mole fraction of species B 
together with some streaklines. Top: calculation with staircase-shaped inter
face. Bottom: calculation with segmented interface. Resolution of square is 
25 lattices.
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In Fig. 19 we compare again the mole fraction of species B for the two 
approaches to handle the surface. The square consists of four skew lines 
which are inclined by 45◦ to the horizontal axis for which an error in line 
length/surface (and therefore also in global rate) of E = 1.41 is predicted 
(Eq. (25)).

As for the circle case, it can be seen that the mass for species B in the 
flow field is larger in the case of staircase-shaped interface (left) 
compared to the case using the segmented interface (right). The overall 
rate in the first case sums up to 1.95⋅10-7 [kmol/s], in the second case it 
is 1.46⋅10-7 [kmol/s]. The error E as ratio of both values is 1.38 which is 
slightly below the predicted value of 1.41. The reason is that the corners 
are not discretized with one cell only but with a plateau of 2 cells from 
the grid generation algorithm. Naturally, using a single spike cell is not 
possible. However, increasing resolution (diminishing influence of the 
corners) yields also the value of 1.41.

Finally, Fig. 20 shows an isoplot of axial velocity ux together with 
some streaklines for a flow around a square with size of 0.02 m which is 
rotated by 22.5◦. For this case the flow field is asymmetric and leads also 
to an asymmetric recirculation zone (confined by the white line) which 
ends axially at ca. x = 0.09 m.

On basis of Fig. 21 again the influence of the surface segmentation on 
the field of mole fraction of species B is analyzed. As expected also for 
this square the usage of staircase-shaped interface leads to too large 
mole fractions.

The actual square is defined by two boundary lines with angle of 
22.5◦ and two lines with angle − 67.5◦ (same skewness as a line with +
67.5◦) with respect to x-coordinate. The error in surface for the lines 
with these two angles is the same and equals Esquare = 1.31 (see dashed 
lines in Fig. 17). The calculated overall conversion rate in case of 
staircase-shaped interface (left) sums up to 1.83⋅10-7 [kmol/s] 
compared to 1.42⋅10-7 [kmol/s] for the case using the segmented 
interface (right). The error E as ratio of both values is 1.29 which is 
nearly the same as the theoretical value of 1.305.

It can be stated that the values for the error in surface for lines with 
angles + 22.5◦, –22.5◦, +67.5◦ and 67.5◦ are the same. This is because 
the value of E over angle is symmetrical to the angle of 45◦ and the 
function for E repeats for the other three quadrants of a Cartesian co
ordinate system.

Based on these findings we can conclude that the global error for the 
whole surface of a rotated square or a rectangle is the same than the 
error for any of the single lines of the body. This holds also for any other 
body which is confined only by straight lines which are orthogonal to 
each other.

5. Conclusions

This paper addresses the calculation of flow combined with detailed 
surface chemistry in 2D using the LBM code MATRICS. So far, the code is 
based on constant density. Species transport and detailed surface 
chemistry was added to the LBM framework.

Firstly, calculations of a reactor for catalytic conversion of formal
dehyde were performed and the results compared with experimental 
data and results from the Finite-Volume-Method (FVM) code DUO. The 
results show good agreement with experimental data for operation 
conditions where the system is controlled by diffusion. However, it 
seems that the chemical mechanism used tends to overpredict the con
version for small temperatures or small catalytic activity (kinetically 
controlled system). However, the LBM results fit with the ones achieved 
from FVM code for all conditions.

As LBM works with Cartesian grids, the discretized interface between 
a solid body and the surrounding fluid is in general wrong. However, the 
exact geometrical surface of any catalyst must be considered in simu
lations including surface chemistry. The discretization error with respect 
to interface was quantified by means of theoretical considerations for 2D 
discretization of circles (infinite long cylinders in z-direction) as well as 
for skew lines (infinite long prims in z-direction).

The asymptotic error E for discretization of circles with increasing 
resolution is E = π/4 = 1.27. The discretization error of skew lines is 
dependent on angle α of the circumferential line to the x-axis. The error 
can be calculated using a simple formula and is maximal for an angle of 
α = 45◦ (E =

̅̅̅
2

√
= 1.41). The knowledge of these values offers users of 

a code where no surface correction is implied the possibility to correct 
Fig. 20. Square with rotation angle of 22.5◦. Isoplot of axial velocity ux 
together with some streaklines. The white line is the isoline of zero velocity and 
locates the recirculation zone. Resolution of square is 25 lattices.

Fig. 21. Square with rotation angle of 22.5◦. Isoplot of mole fraction of species 
B together with some streaklines. Top: calculation with staircase-shaped 
interface. Bottom: calculation with segmented interface. Resolution of square 
is 25 lattices.
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the conversion rates for spherical or inclined surfaces.
Moreover, it can be stated, that the global discretization error for 

rotated squares, rectangles or any other bodies consisting of orthogonal 
boundary lines is the same as the error of any of the single inclined 
boundary lines of the body.

For inclined lines it was shown that the overall error is maximal 8% if 
the interface lengths of corner cells is set to the value of 

̅̅̅
2

√
(instead 

using the original length of two lattice sides). It was proven that the 
discretization error for curvilinear interfaces cannot be diminished by 
grid refinement.

An ESC (Exact Surface Conservation) approach was developed, 
which allows the use of exact geometric interface needed for considering 
surface reaction. In other methods the surface size is either not explicitly 
available or not exact. The approach consists of two steps. 

(1) Implementation of the chemical conversion rates as sources into 
the LB equation. This is essential for a straightforward imple
mentation of ESC approach. It was shown that the implementa
tion of the chemical source terms as volumetric sources and not, 
as commonly done, as wall fluxes leads to same results

(2) Segmentation of the geometrical surface. In this step, the 
geometrical surface is distributed into reactive wall cells based on 
simple rules. This has to be done only once in a preprocessing step

The method was validated by calculation of flow around circles 
(cylinders) and squares (prisms) with different angles of rotation, all 
while considering a simple surface chemistry. The global conversion 
rates were compared between cases where the staircase-shaped surfaces 
were used compared to the cases where the segmented geometrical 
surfaces were used. The errors showed similar values to the ones pre
dicted from theory.

This ESC approach is computationally very inexpensive and needs, 
compared to other methods, not any interpolations or extrapolations of 
field values. It does not influence stability and can also be used for heat 
flux calculation at curvilinear walls.

So far, the method is only developed and applied for 2D geometry. 
However, the principal approach can also be transformed and applied in 
3D. This would need the segmentation of the geometrical surface into 
triangles like the algorithms used in the immersed boundary method (e. 
g. Marco Alacid et al., 2018). We would expect a negligible impact on 
overall calculation time also for a 3D code as the segmentation needs 
only to be done once during a preprocessing step.
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Romi Klöfer for fruitful discussions.

Data availability

Data will be made available on request.

References

T.K. Krüger, Halim Kuzmin, Alexandr Shardt, Orest , G. Silva, E.M. Viggen, The Lattice 
Boltzmann Method Principles and Practice, 1st 2017. ed.2017. doi: 10.1007/978-3- 
319-44649-3.
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