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 a b s t r a c t

Smoothed Particle Hydrodynamics (SPH) is a particle method frequently employed for the pre-
diction of multi-phase flows in technical applications. The development of accurate and efficient 
multi-resolution SPH is considered a so-called Grand Challenge by the SPH community, and sig-
nificant efforts have been made to address this issue. Unfortunately, especially for multi-phase 
flows, available approaches are scarce. This is due to another challenging aspect, the transport of 
a discontinuity inherent to this kind of flow: the phase interface. Up to now, no multi-resolution 
approach is available that is capable to transport and preserve this discontinuity across different 
resolution levels. To this end, a novel framework was developed that incorporates a domain-
decomposition approach, a state-of-the-art particle generation and deletion algorithm, as well as 
a reconstruction of the phase interface at the internal boundary. The framework is applicable and 
tailored to multi-phase flows since it allows surface tension effects to be accounted for across 
different resolution levels. Its capabilities are evaluated by several benchmarks, proving good 
agreement to the reference results. Finally, the multi-resolution framework is demonstrated in an 
application-relevant atomizer case.

1.  Introduction

In recent decades, Lagrangian methods such as Smoothed Particle Hydrodynamics (SPH) have gained popularity for the prediction 
of multi-phase problems [1–3]. Multi-phase SPH models are typically used when two fluids with a large density ratio interact, such 
as air entrapments in water, droplets in a gas flow, phase change and various other dynamically demanding multi-phase problems 
[4–8]. In this context, a SPH model was developed by the authors to conduct large-scale multi-phase atomization simulations [9–14]. 
State-of-the-art multi-phase simulations of air-assisted atomizers require up to billions of particles. This is due to the fact that the 
dimensions of the injector geometry are in the order of several centimeters, whereas the smallest liquid fragments are in the order 
of micrometers [15]. Up to now, this spatial range had been resolved with a uniform particle size. Spray characteristics are usually 
extracted in the close vicinity of the atomizing edge, where the liquid film is fragmented into smaller droplets. A multi-resolution 
SPH scheme, which allows for the finest spatial resolution close to the atomizing edge and a coarse resolution elsewhere is favorable 
in such cases. Such a scheme must also be capable of simultaneously handling two immiscible phases, accurately resolving the phase 
interface and maintaining numerical stability in the presence of high density ratios.
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\begin {equation}\left \langle \frac {\mathrm {d} {\rho } }{ \mathrm {d}t} \right \rangle _{i} = {\rho }_{i} \sum _{j}^{} (\mathbf {u}_i - \mathbf {u}_j) \cdot \nabla W_{ij} V_j + \delta \, c_{\chi } \sum _{j \epsilon \chi } (\rho _i - \rho _j) \left ( \frac {\mathbf {r}_{ij}}{\norm {\mathbf {r}_{ij}}} \cdot \nabla W_{ij} \right ) V_j, \label {eq:density}\end {equation}
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\begin {equation}\left \langle \frac {\mathrm {d} \mathbf {u} }{ \mathrm {d}t} \right \rangle _i = - \sum _{j}^{} \frac {p_j \pm p_i}{\rho _j \rho _i} \nabla W_{ij} m_j + \mathbf {a}_{visc,i} + \mathbf {a}_{surf,i}, \label {eq:Momentum}\end {equation}
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\begin {equation}p_i = \frac {\rho _{0,\chi } c^{2}_{\chi }}{\gamma _\chi } \left [ \left ( \frac {\rho _i}{\rho _{0,\chi }} \right )^{\gamma _\chi } - 1 \right ], \label {eq:State}\end {equation}
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\begin {equation}\mathbf {u}_t = \mathbf {u} + \mathbf {u}_s, \qquad \mathbf {x}^{n+1} = \mathbf {x}^{n} + \int _{n}^{n+1} \mathbf {u}_t \, \mathrm {d} \tau . \label {eq:uxdt}\end {equation}
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$\mathbf {u}$


\begin {align}\mathbf {u}_{s,i} &= - \xi _{\mathrm {Shift}} \left ( \frac {h}{\delta t} \right )^2 \sum _{j} V_j (1 + f_{ij}) \nabla W_{ij} \; \delta t, \label {eq:RegularShifting} \\ f_{ij} &= \xi _{\mathrm {Rep}} \left ( \frac {W_{ij}}{W(dx)} \right )^{n}. \label {eq:RepulsiveForces}\end {align}
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\begin {equation}\mathbf {u}_{s,i} = - \underbrace {\xi _{\mathrm {Shift}} \left ( \frac {h}{\delta t} \right )^2}_{\substack {\mathrm {Kinematic} \\ \mathrm {pseudo-pressure}}} \Biggl ( \underbrace { \sum _{j} V_j (1 + f_{ij}) \nabla W_{ij}}_{\mathrm {Regular}} + \underbrace { \xi _{\mathrm {RIF}} \alpha _i \sum _{j \not \in \chi } V_j \nabla W_{ij}}_{\mathrm {RIF}} \Biggr ) \, \delta t. \label {eq:RIF}\end {equation}
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\begin {equation}\left \langle \phi \right \rangle _i = \frac {\sum _{j \in \Omega } V_j \phi _j W_{ij}}{\sum _{k \in \Omega } V_k W_{ik}}, \label {eq:Shepard}\end {equation}
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\begin {align}\phi ^{n+1/2}_{i} &= \phi ^{n,constr}_{i} + \left \langle \frac {\mathrm {d} \phi }{\mathrm {d} t} \right \rangle ^{n}_{i} \, \frac {\delta t}{2}, \\ \phi ^{n+1}_{i} &= \phi ^{n,constr}_{i} + \left \langle \frac {\mathrm {d} \phi }{\mathrm {d} t} \right \rangle ^{n+1/2}_{i} \, \delta t, \label {Xeqn8-10}\end {align}
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\begin {equation}\delta m^{*}_{p} = \underbrace {-\delta \mathbf {r} \cdot \mathbf {n}_m}_{\delta r_{\perp }} \, A_{ref} \, \rho _p, \label {Xeqn9-11}\end {equation}
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\begin {equation}\delta m_{m} = - \mathbf {u}_m \cdot \mathbf {n}_m \, A_{ref} \, \rho _m \, \delta t. \label {Xeqn10-12}\end {equation}
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\begin {equation}\delta m^{**}_{p} = \delta m_m - \delta m^{*}_{p}. \label {Xeqn11-13}\end {equation}
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\begin {equation}m^{n+1}_{p} = m^{n}_{p} + \underbrace {\delta m^{*}_{p} + \delta m^{**}_{p}}_{\delta m_{p}}. \label {Xeqn13-16}\end {equation}
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\begin {equation}\delta \mathbf {r}^{**}_{\perp } = \mathbf {n}_m \left ( \underbrace {\mathbf {r}_{pm} \cdot \mathbf {n}_{m}}_{r_{pm,\perp }} - \underbrace {\frac { m^{n+1}_{p} }{ 2 \, \rho _p \, A_{ref} }}_{b} \right ). \label {eq:PosUpdate}\end {equation}
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\begin {equation}\mathbf {u}_{s,i,IntRec} = - \xi _{\mathrm {Shift}} \; \xi _{\mathrm {IntRec}} \; (1-\alpha _i) \, \left ( \frac {h}{\delta t} \right )^2 \sum _{j \epsilon \Theta } V_j \nabla W_{ij} \; \delta t, \label {eq:AdapRIF}\end {equation}
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\begin {equation}\mathbf {u}_{s,i} = \underbrace {\frac {\delta r^{**}_i}{\delta t}}_{\substack {\mathrm {mass} \\ \mathrm {incremen-} \\ \mathrm {tation}}} - \xi _{\mathrm {Shift}} \left ( \frac {h}{\delta t} \right )^2 \Biggl ( \underbrace { \sum _{j} V_j (1 + f_{ij}) \nabla W_{ij}}_{\mathrm {Regular}} + \underbrace {\xi _{\mathrm {RIF}} \, \alpha _i \sum _{j \not \in \chi } V_j \nabla W_{ij}}_{\mathrm {RIF}} + \underbrace { \xi _{\mathrm {IntRec}} \, (1 -\alpha _i) \sum _{j \in \Theta } V_j \nabla W_{ij}}_{\mathrm {Interface} \; \mathrm {reconstruction}} \Biggr ) \; \delta t. \label {eq:TotalShiftingScheme}\end {equation}
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\begin {equation}\nabla c_{m} = \sum _{j \in \Theta } \nabla W_{mj} V_j \label {eq:nablaFT}\end {equation}
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\begin {equation}\mathbf {p} = \widehat {\mathbf {n}}_c - \mathbf {n}_m \left ( \mathbf {n}_m \cdot \widehat {\mathbf {n}}_c \right ). \label {eq:nablaFT_p}\end {equation}
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\begin {equation}m^{n+1}_{p} = m^{n}_{p} + \underbrace {\delta m^{*}_{p} + \delta m^{**}_{p} + \delta m^{***}_{p,CGMI}}_{\delta m_{p}}. \label {Xeqn20-24}\end {equation}


$m^{n+1}_{p}$


$_\textrm {r}$


$1$


$\mathrm {m}$


$\rho _0$


$1$


$\mathrm {kg}\,\mathrm {m}^{-3}$


$\mu $


$1$


$\mathrm {kg}\,\mathrm {m}^{-1}\,\mathrm {s}^{-1}$


$c$


$10$


$\mathrm {m}\,\mathrm {s}^{-1}$


$u_0$


$1$


$\mathrm {m}\,\mathrm {s}^{-1}$


$t_{+} = 100$


$_{+}$


$0.5$


$_{+}$


$0.5$


$_{+}$


$_{+}$


$0.5$


$t_{+} = tc_0/L = 100$


$0.7$


$\,$


$Re=100$


$\in $


$^2$


$1$


$\mathrm {m}$


$t = 0$


$t = 0$


$b = - 8 \pi $


$U_0$


$1$


$\mathrm {m}\,\mathrm {s}^{-1}$


$\rho $


$c$


$10$


$\mathrm {m}\,\mathrm {s}^{-1}$


$_\textrm {bottom}$


$_\mathrm {bottom}$


$\in $


$^2$


$_\textrm {center}$


$_\mathrm {center}$


$\in $


$^2$


$_\textrm {top}$


$_\mathrm {top}$


$\in $


$^2$


$E_{\mathrm {kin},+}$


$E_{\mathrm {kin}}$


$E_{\mathrm {kin},0}$


$7$


$\mathrm {s}$


$2$


$\mathrm {s}$


$_\textrm {x}$


$_\textrm {x}$


$\xi _{\mathrm {Rep}}=0$


$_\textrm {x}$


$1$


$\mathrm {m}$


$_\textrm {y}$


$2$


$\mathrm {m}$


$_\textrm {r,1}$


$1.18$


$\mathrm {m}$


$_\textrm {r,2}$


$1.82$


$\mathrm {m}$


$_\textrm {r,3}$


$0.27$


$\mathrm {m}$


$_\textrm {r,4}$


$0.73$


$\mathrm {m}$


$_\textrm {r,3}$


$0.18$


$\mathrm {m}$


$_\textrm {r,4}$


$0.82$


$\mathrm {m}$


$y_1$


$0.50$


$\mathrm {m}$


$y_2$


$1.50$


$\mathrm {m}$


$_\textrm {x,coarse}$


$_\textrm {x,medium}$


$_\textrm {x,fine}$


$_\textrm {x}$


$1$


$\mathrm {kg}\,\mathrm {m}^{-3}$


$2\times 10^{-5}$


$\mathrm {Pa}\,\mathrm {s}$


$20$


$\mathrm {m}\,\mathrm {s}^{-1}$


$\Updelta u$


$u_0$


$2$


$\mathrm {m}\,\mathrm {s}^{-1}$


$10^{5}$


\begin {align}U_x &= U_0 \left [ \tanh \left ( \frac {y - y_1}{0.05} \right ) - \tanh \left ( \frac {y - y_2}{0.05} \right ) - 1 \right ], \nonumber \\ U_y &= U_I \sin (2 \pi x) \left [ \exp \left ( - \frac {(y - y_1)^2}{0.04} \right ) + \exp \left ( - \frac {(y - y_2)^2}{0.04} \right ) \right ], \label {Xeqn22-26}\end {align}
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\begin {equation}\tau = 2 \pi \sqrt {\frac {R^3 \rho }{(n^3 - n) \sigma }}. \label {Xeqn24-29}\end {equation}
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\begin {equation}W(q) = \frac {3}{1024 \pi h^2} \begin {cases} (2-q)^6 \, (35 q^2 + 36 q + 12) & q \leq 2, \\ 0 & q > 2, \\ \end {cases} \label {Xeqn25-A.1}\end {equation}


\begin {equation}W(q) = \frac {7}{478 \pi h^2} \begin {cases} (3-q)^5 - 6 (2-q)^5 + 15 (1-q)^5 & q \leq 1, \\ (3-q)^5 - 6 (2-q)^5 & 1 < q \leq 2, \\ (3-q)^5 & 1 \le q \leq 2, \\ 0 & q > 3, \\ \end {cases} \label {Xeqn26-A.2}\end {equation}


$q = r_{ij} / h$
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Research regarding particle refinement in SPH has been conducted for many years. However, the application of multi-resolution 
SPH schemes to technical flows is still considered as one of the Grand Challenges (GC3) by the SPH community [16]. In the context 
of astrophysics, the variable-h method was proposed by Hernquist and Katz[17] to address the compressibility in the formation of 
stars and galaxies and allowing to automatically adjust the particle resolution in regions of higher density. For weakly compressible 
or incompressible flow physics, splitting and merging particles as a means to increase and decrease particle resolution emerged [18], 
adding the well known set of disadvantages caused by the erroneous kernel estimates at the resolution interface. Many approaches 
have been proposed to reduce these errors [19–22].

To address the limitations of splitting and merging approaches while maintaining the flexibility to choose different resolution ratios 
and preserve flow features like arbitrary-shaped phase interfaces, a natural approach is to handle different resolution levels by separate 
subdomains. Mass and momentum exchange between these subdomains would then have to be conducted by assessing the fluxes into 
or out of these subdomains. Many popular approaches have been proposed in this regard, introducing overlapping subdomains 
and transitioning between different refinement levels by means of interpolation [23,24]. These methods aim to circumvent the 
Adaptivity Grand Challenge by adding interior boundaries into the computational domain and essentially coupling multiple otherwise 
independent domains. Unfortunately, boundary conditions (GC2) as well as the coupling to other solvers (GC4) are also considered as 
Grand Challenges and are not easily accessible. Recently, this kind of overlapping procedure has been gaining popularity, with [25] 
predicting the von Kármán vortex street resulting from fixed and moving cylinders for various Reynolds numbers involving multiple 
layers of increasing resolutions in 2D and 3D [26]. The aforementioned works have demonstrated the potential of overlapping methods 
for single-phase and free-surface flows.

Beyond single-phase formulations, first efforts have been made to extend multi-resolution approaches to multi-phase problems. 
Initially developed by Chiron et al. [24] for single-phase flows, the Adaptive Particle Refinement (APR) was later extended by Sun 
et al. [27] to encompass multi-phase flows. In order to achieve this, it was necessary to alter the fluid type of particles which lost 
their connection to other particles of the same fluid type but different resolution. Doing so, reliable interpolation based on particles 
of the same phase was ensured. In the resulting multi-phase flow generated by the extended APR scheme, the phase interface appears 
to be preserved. And while this can be considered as a last resort to avoid crashing of the simulation, it should not be the main 
reconstruction algorithm, since it can result in a severe transfer of mass from one phase into another, especially for delicate shapes 
of the interface. However, using this method, Sun et al. [27] were able to successfully predict macroscale phenomena such as a 
multi-phase dambreak. While this approach works on the macroscale, it should be noted, that locally conserving mass, especially 
in the vicinity of a phase interface is of utmost importance when considering sensitive liquid fragments such as droplets. In order 
to be employed in a liquid atomization context, approaches involving overlapping subdomains need further research in order to 
ensure the preservation of the phase interface. At approximately the same time, Yang and Kong[28] developed another adaptive 
spatial resolution method for multi-phase SPH. Their approach involves concepts of the variable-h method, refining particles in a 
confined distance to the phase interface. It was demonstrated in scenarios incorporating two fluids of different phases, such as a 
dambreak and a drop impact. Recently, Cheng et al. [29] utilized the APR method to simulate viscous rising bubbles, also confining 
the resolution limit in a fixed distance to the interface. Their findings demonstrated good agreement with uniform predictions. The 
mentioned methods by Yang and Kong[28] as well as Cheng et al. [29] have their own advantages and drawbacks and would indeed 
be suitable for adaptively refining the phase interface. However, their main use is when refinement is applied in a constant distance 
to the phase interface, and hence, when the refinement levels move with the evolving phase interface. Typically, the phase interface 
where a density ratio of up to one order of magnitude is present is often the cause of problems in numerical schemes. Of course, it 
is very advantageous if a method is able to avoid this problem at a constant distance. The mentioned methods generally omit the 
ability to transport this interface across resolution limits. However, the spray in fuel atomization can be very dense. It consists of 
thousands of liquid fragments of various sizes, extending over the whole domain. In this scenario, adaptive particle refinement can 
lead to an extensive refinement of the whole computational domain up to the outlet (cf. Fig. 1). In that case, a static refinement with 
interface reconstruction is likely beneficial and able to confine the zones with higher resolution to just the area of interest while also 
preserving the interface at the resolution limit. This is a feature, which an adaptive particle refinement in a confined distance to the 
interface is not meant to. Ideally, of course, a combination of the two refinement strategies would be employed. However, to the 
authors knowledge, presently no static refinement approach exists which has these capabilities in order to be used for the simulation 
of liquid atomization.

In this work we present a multi-resolution framework suitable for multi-phase flows, incorporating many of the above discussed 
features. The multi-phase SPH scheme is presented in Section 2. The multi-resolution method introduced in this work comprises 
an overlapping technique, which was designed for multi-phase flows. This method will be introduced in Section 3. In Section 4, 
the functionality is demonstrated by considering a cavity flow, Taylor–Green flow, a Kelvin–Helmholtz instability and an oscillating 
droplet moving through the resolutional transition zone. A highlight will be a demonstration of a planar atomization case at the end 
of this section. Finally, in Section 5, important findings are summarized.

2.  Methodology

In Section 2.1, the set of equations used to model multi-phase flows is presented. The transport equations are valid far away from 
the resolution transition zone. SPH particles for which these transport equations are solved will be called regular particles. Later in 
Section 2.2, the particle redistribution scheme as applied in this work will be discussed.
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Fig. 1. Different refinement strategies for shear-flow driven liquid atomization. Left: Moving resolution limit in confined distance to the phase 
interface. Right: Static refinement with interface reconstruction. The generic atomizer geometry is based on the work of Braun et al. [10].

2.1.  Governing equations

The density 𝜌 is obtained by a variant of the continuity equation [30]. Following the δ-SPH model of Antuono et al. [31], a diffusion 
term is added:

⟨

d𝜌
d𝑡

⟩

𝑖
= 𝜌𝑖

∑

𝑗
(𝐮𝑖 − 𝐮𝑗 ) ⋅ ∇𝑊𝑖𝑗𝑉𝑗 + 𝛿 𝑐𝜒

∑

𝑗𝜖𝜒
(𝜌𝑖 − 𝜌𝑗 )

( 𝐫𝑖𝑗
‖𝐫𝑖𝑗‖

⋅ ∇𝑊𝑖𝑗

)

𝑉𝑗 , (1)

with 𝐮 denoting the velocity, 𝐫𝑖𝑗 = 𝐫𝑖 − 𝐫𝑗 the distance vector, ∇𝑊𝑖𝑗 the kernel gradient between particles 𝑖 and 𝑗, 𝑉  the particle 
volume and 𝑐𝜒  the speed of sound of fluid type 𝜒 . The 𝛿-SPH model was originally proposed by Antuono et al. [31] to reduce density 
fluctuations caused by the 0th order approximations in SPH. Throughout this study the scaling factor 𝛿 is set to 0.1. If not mentioned 
otherwise, the particle sums ∑𝑗 are always conducted using the particles 𝑗 of the same resolution. However, the density is only diffused 
between particles of the same fluid type 𝜒 , in order to avoid the unphysical flux across the density jump of the phase interface.

A formulation of the momentum equation is chosen, which is capable to handle interfacial flows with high density ratios [32]:
⟨d𝐮
d𝑡

⟩

𝑖
= −

∑

𝑗

𝑝𝑗 ± 𝑝𝑖
𝜌𝑗𝜌𝑖

∇𝑊𝑖𝑗𝑚𝑗 + 𝐚𝑣𝑖𝑠𝑐,𝑖 + 𝐚𝑠𝑢𝑟𝑓 ,𝑖, (2)

with the pressure 𝑝, particle mass 𝑚 and the accelerations originating from the viscosity term 𝐚𝑣𝑖𝑠𝑐 and the surface tension term 
𝐚𝑠𝑢𝑟𝑓 . The viscosity 𝐚𝑣𝑖𝑠𝑐 and surface tension 𝐚𝑠𝑢𝑟𝑓  terms are modeled according to the works of Szewc[33] and Adami et al. [34], 
respectively. Tensile instability control (TIC) is performed by means of the pressure gradient formulation [35]. It should be noted 
that when using the minus-form of the pressure gradient, TIC does not conserve linear and angular momentum for truncated kernel 
supports. In free-surface flows, a detection algorithm must therefore be employed to prevent such unphysical behavior. We employ 
a weakly-compressible equation of state, the barotropic Tait equation [36]:

𝑝𝑖 =
𝜌0,𝜒 𝑐2𝜒
𝛾𝜒

[(

𝜌𝑖
𝜌0,𝜒

)𝛾𝜒
− 1

]

, (3)

with the reference density 𝜌0.
The time integration is conducted by a modified Velocity-Verlet scheme [37]. In this work we utilize the pairing-stable Wendland 

C4 kernel, allowing for a larger number of neighbors [38], unless specified otherwise. The default ratio of ℎ∕𝑑𝑥 is set to 2.0. This kernel 
choice is motivated by the need to accurately resolve vortex dynamics in atomization [14,39,40] and is likewise widely adopted in 
domain-decomposition approaches [24,25]. The compressibility of the fluids will be modeled with 𝛾 = 1 and 𝛾 = 7 for gases and 
liquids, respectively, following previous studies of interfacial flows [32]. For 𝛾 = 1, the equation of state simplifies to the popular 
linearized equation of state [27,35,41,42], physically representing an isothermal ideal gas.

2.2.  Particle redistribution

It is well known that convergence, consistency and stability (GC1) in SPH are strongly affected by the regularity of the particle 
distribution [16]. Especially in vicinity of an internal boundary as it is common with multi-resolution approaches, the spatial particle 
distribution may be strongly irregular. This is expected to undermine the consistency of the interpolation used for domain coupling 
[24,25]. In earlier SPH codes, redistribution is conducted by simply adding a background pressure [43], a strategy which is judged 
as critical today, since it may cause excessive numerical dissipation [44] and dispersion [43]. This is due to the artificial pressure 
gradient based on particle anisotropy, which induces unphysical velocity fluctuations which in turn mitigate the original anisotropy. 
By contrast, a particle regularization scheme that reorders particles after the momentum equation has been solved [45] can reorder 
particles without introducing extra numerical fluctuations. Many so-called shifting methods have been developed to counteract irreg-
ular particle distributions [45–47]. However, applying these schemes, the spatial particle distribution is regularized, but the resulting 
additional displacements are not accounted for in the mass and momentum equations. Neglecting these contributions to the mass and 
momentum equations and simply using shifting schemes as a means of restoring particle order is still a popular choice nowadays, 
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Fig. 2. Correction of shifting vectors at the phase interface due to similar approaches. Left: Decomposition into components. Right: Repulsive 
interface force.

even for multi-resolution approaches [24]. In contrast to regular shifting approaches, in ALE and transport-velocity schemes the fluxes 
induced by the displacement of the particles can be accounted for [44,48].

For the following considerations, we adopt the approach of Adami et al. [44] as a starting point, since its transport-velocity 
formulations involve only a minimal set of flux terms. This simplification is justified when the advection velocity is significantly 
larger than the shifting velocity [48]. Moreover, in well-resolved simulations the amount of shifting is naturally reduced, which in 
turn diminishes the relevance of shifting-induced fluxes [27,41]. A potential drawback of neglecting these fluxes is the occurrence of 
volume drift in confined domains [27]. We emphasize, however, that in cases where such drift becomes substantial, incorporating 
the fluxes would indeed be advisable. Furthermore, it has been shown that incorporating these fluxes can improve the scheme’s 
performance in turbulent flows [49], although some of the inherent limitations of traditional SPH remain [50]. Still, the inclusion of 
these fluxes is not a fundamental requirement of the proposed multi-resolution framework herein.

Following Adami et al. [44], the transport-velocity 𝐮𝑡 is decomposed into the fluid-velocity 𝐮 as obtained by the momentum 
equation and the shift-velocity 𝐮𝑠. In the context of transport-velocity and ALE schemes, the fluid-velocity 𝐮 is also commonly referred 
to as the Lagrangian velocity. The transport-velocity is then used for updating the particle position 𝐱:

𝐮𝑡 = 𝐮 + 𝐮𝑠, 𝐱𝑛+1 = 𝐱𝑛 + ∫

𝑛+1

𝑛
𝐮𝑡 d𝜏. (4)

It should be noted here, that this decomposition enables in the limiting case the Eulerian treatment of the particles, as the fluid-velocity 
can be completely counteracted by the shift-velocity. However, for SPH simulations with moving phase interfaces, a Lagrangian 
particle motion is preferred. Therefore, the shift-velocity has to be significantly smaller than the actual fluid-velocity ‖𝐮𝑠‖ ≪ ‖𝐮‖. 
Furthermore, phase interfaces need to be well-resolved. Hence, from the empirical knowledge summarized above, we neglect these 
ALE fluxes and assume the shifting displacements far away from the resolutional transition zone to be very small. In this context, the 
scheme simply enables the access to the unadulterated fluid-velocity or Lagrangian velocity 𝐮, while still redistributing the particles. 
The unadulterated fluid-velocity is the part of the velocity field, which is not affected by the small scale noise that would otherwise 
result from a particle redistribution scheme such as the background pressure. Furthermore, an accurate representation of the fluid 
velocity must be used for the interpolation of the flow fields between coupled subdomains, since the shifting velocity can be in the 
order of the fluid velocity in vicinity of an internal boundary. On top of this, shift velocities of two adjacent subdomains are generally 
uncorrelated.

For the shifting scheme, it is necessary to distinguish between SPH particles which are located far away from any phase interface 
and internal boundary, and those that are not. For the former particles, the regular shifting scheme proposed by Lind et al. [45] is 
applied:

𝐮𝑠,𝑖 = −𝜉Shif t
( ℎ
𝛿𝑡

)2 ∑

𝑗
𝑉𝑗 (1 + 𝑓𝑖𝑗 )∇𝑊𝑖𝑗 𝛿𝑡, (5)

𝑓𝑖𝑗 = 𝜉Rep

( 𝑊𝑖𝑗

𝑊 (𝑑𝑥)

)𝑛

. (6)

with the time step width 𝛿𝑡 and tuning parameters 𝜉Shif t , 𝜉Rep and 𝑛. The term 𝑓𝑖𝑗 introduces additional repulsive shift velocities. 
Hence, particles are more evenly distributed. Typical choices for these parameters are 𝜉Shif t = 0.5, 𝜉Rep = 0.1 and 𝑛 = 2. This scheme 
was originally designed for single-phase and free-surface flows. For multi-phase flows, the treatment of the interface has to be tuned. 
The goal is to minimize particles being stripped off from the interface, in order to prevent the interface to become interrupted and 
noisy. It is common practice to apply some kind of interface detection to identify particles in contact with the free-surface. Free-
surface detection algorithms are available in the literature, ranging from simple to more advanced approaches [45,51]. Typically the 
shifting of these particles in the direction normal to the interface is suppressed by removing the corresponding normal component 
[45,52]. In this work, however, we eliminate the component in normal direction by counter-balancing it with a repulsive interface 
force (RIF). As illustrated in Fig. 2, both approaches are similar concerning the outcome. In Fig. 2 (Left), only the parallel shift vector 
𝐮𝑠,∥ is accounted for. A similar resulting shifting velocity 𝐮𝑠,𝑟𝑒𝑠 can be obtained by counter-balancing the normal component by 𝐮𝑠,𝑅𝐼𝐹
(cf. Fig. 2 Right). In case of free-surface flows, only the correction by decomposition is possible.
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As stated previously, this work is focussed on multi-phase flows not on free-surface flows. The goal is to avoid mixing of particles 
of different fluids. In order to avoid the potentially costly free-surface detection, we simply add a Grenier-style repulsive interface 
force (RIF) [53]:

𝐮𝑠,𝑖 = − 𝜉Shif t
( ℎ
𝛿𝑡

)2

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
Kinematic

pseudo−pressure

(

∑

𝑗
𝑉𝑗 (1 + 𝑓𝑖𝑗 )∇𝑊𝑖𝑗

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Regular

+ 𝜉RIF𝛼𝑖
∑

𝑗∉𝜒
𝑉𝑗∇𝑊𝑖𝑗

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
RIF

)

𝛿𝑡. (7)

Both, the regular shifting as well as the RIF scale with the same kinematic pseudo-pressure. However, the RIF accounts only for 
particles of a different fluid 𝜒 . Hence it separates the fluids at the phase interface strictly within a mean particle distance. As will 
be shown in Section 3.4.1, this RIF also facilitates smooth blending with one of the interface reconstruction algorithms applied 
at the resolution boundary. It should be emphasized that the purpose of the RIF is simply to counteract the non-physical, small-
scale deformation of the interface caused by particle shifting. Consequently, a limit 𝜉RIF ≪ 1 is necessary. Preliminary tests yielded 
𝜉RIF = 0.05 as maximum value. Hence, we restrict 𝜉RIF to 0.01. Doing so, the movement of the phase interface is still anticipated to 
be dictated by the momentum equation.

3.  Multi-resolution approach

The present approach includes many state-of-the-art techniques used by the SPH community. Some of which never have been used 
before in the context of particle refinement. Our framework represents a synthesis of both established methods and novel approaches. 
The most important features of our multi-resolution approach for multi-phase flows are as follows:

• Transport-velocity approach
• Multi-resolution coupling via domain decomposition
• Continuous particle generation and deletion
• Reconstruction of the phase interface

Except for the first item, these operations are exclusively carried out at the internal boundary. The last one is only necessary for 
multi-phase flows. The transport-velocity approach was already introduced in Section 2.2. Its necessity is manifested by the need 
of the unadulterated fluid-velocity for interpolation of the flow state between the subdomains at different spatial resolution. The 
remaining features will be discussed below.

3.1.  Aspects of novelty

The novelty of this work lies in the extension of popular domain decomposition approaches used for multi-resolution SPH to 
multi-phase flows with focus on surface tension driven phenomena. Both, the employed continuous particle generation and deletion 
as well as the reconstruction of the phase interface have previously not been applied in multi-resolution SPH. The new framework 
should enable us to conduct simulations where the interface moves freely and undisturbed between resolution levels, as opposed to 
other approaches where the refinement is conducted in a safe distance to the phase interface.

3.2.  Multi-resolution coupling via domain decomposition

In our framework, we follow the terminologies of Bian et al. [23] and Chiron et al. [24]. Similar to the approach of Chiron et al. [24], 
mediating particles are employed, the so-called guard particles. These initially inactive particles are used to conduct certain operations 
on them until they are eventually switched to active particles. It is a popular concept, newly created guard particles are kept inactive 
until their position allows them to be switched to active particles or in this framework: to regular particles (cf. Fig. 3). Doing so, 
ideal conditions can be ensured before the particles are activated. Until then, their flow state is determined by the other resolution 
via interpolation. A popular choice is to spatially redistribute the guard particles, and hence, ensure an optimal particle distribution 
the instant that they are converted to active particles. This strategy increases the quality of the predictions of such multi-resolutional 
approaches. The guard particle concept is applicable independent of how the particles are created and deleted at the internal boundary. 
Chiron et al. [24] applied splitting, whereas Bian et al. [23] used a boundary condition approach similar to the one presented in this 
work.

The main principle of the applied multi-resolution coupling is based on the works of Bian et al. [23] and Chiron et al. [24]. Our 
framework extends these approaches to multi-phase flows. Refinement levels are treated as separate bounded subdomains (cf. Fig. 4). 
The transition of the flow states between subdomains at different refinement levels is performed by interpolation. The refinement 
ratio used in this work is 𝑚i,coarse∕𝑚i,fine = 4, if not mentioned otherwise. For the interpolation between the different resolution levels, 
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Fig. 3. Resolution transition by means of guard particles. Adapted from Chiron et al. [24].

Fig. 4. Two separate subdomains, partly occupying the same space, coupled via interpolation.

the Shepard-Interpolation [54] of quantity 𝜙 is used1:

⟨𝜙⟩𝑖 =
∑

𝑗∈Ω 𝑉𝑗𝜙𝑗𝑊𝑖𝑗
∑

𝑘∈Ω 𝑉𝑘𝑊𝑖𝑘
, (8)

with Ω the set of particles of the domain at different resolution and same phase as particle 𝑖.
We subdivide the mediating particle class into not only guards, but additionally boundary particles and constraints. Boundary 

particles are guard particles in contact with the internal boundary and are either gaining or losing mass, depending on the flow 
direction. Constraint particles are an intermediate particle between guard and regular particle, as introduced by Bian et al. [23]. The 
constraints allow for blending between the guards and regular particles. As consequence, more aggressive operations can be conducted 
on the guard particles. These operations are then attenuated and applied to constraint particles and finally smoothly blended into the 
operations conducted on regular particles.

The detailed operating principle is depicted in Fig. 5. In order to improve the visibility, the two subdomains are shifted apart in 
vertical direction. In the real configuration, particles of different resolution co-exist at the same location, but only influence each 
other indirectly through interpolation. A fluid mass element, transitioning between domains of different resolutions is initially part 
of particle A. Once it is transferred from one resolution level to the other, it is represented by particle B. During this procedure the 
coarse particle A will traverse the following spatial regions:

1. Interpolation region, where the particle A serves as a data point for interpolation onto the guard and constraint zone of the 
corresponding other resolution.

2. Overlap region, where it is still treated as a regular particle
3. Constraint zone, an intermediate step between regular zone and guard zone. The flow state of particle A is partly determined by 
the transport equations like a regular particle, and partly determined by the fine resolution like a guard particle. A constraint 
particle is subject to interface reconstruction in case of multi-phase flows.

4. Guard zone, where the particle flow state is determined solely by the corresponding other resolution. In addition, the guard zone 
is bounded by static ghost particles, to avoid guards being shifted out of the domain. Guard particles are also subject to interface 
reconstruction.

1 It should be noted that, since transport-velocity approaches are advantageous in turbulent flows, applying the multi-resolution framework in this 
context may seem natural. However, initial tests showed that Shepard-Interpolation may not adequately capture small-scale turbulent fluctuations on 
the order of the kernel support. Significantly increasing the resolution is one option, while moving-least-squares (MLS) interpolation also appeared 
to improve interpolation accuracy, consistent with Ricci et al. [25].
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Fig. 5. Principles of the flow state interpolation at the internal boundary.

5. Boundary layer, where the particle A is in contact with the boundary comprised of markers. A particle in this layer switches its 
type to boundary particle for further identification. In case of outflow, particle A will be deleted. A more detailed explanation of 
this process will be given in Section 3.3.

If particle A is moving through these regions, it will be changing its type from regular to constraint and subsequently to guard 
and boundary particle before it is finally deleted. The boundary particle is a sub-class of guard particles, with the distinction that the 
mass of the boundary particle increases or decreases at the internal boundary.

As soon as particle A enters the interpolation region and exhibits an velocity directed outside of its subdomain, in the illustration 
to the right (cf. Fig. 5), an increase of the mass is imposed in the corresponding other subdomain. There, the newly created boundary 
particle B will pass through the same regions, but in reversed order. Finally, particle B is now the only particle representing the fluid 
mass inside of the fine resolution level. The operations conducted inside of these different regions and a more detailed discussion of 
the particle treatment will be presented in the following subsections.

3.2.1.  Interpolation region
Particles inside the interpolation region serve as data points for the flow state interpolation of the corresponding other resolution 

level. The interpolation region is completely filled with regular particles. An outward flow inside the interpolation region directed 
towards the internal boundary of one subdomain is causing a mass increase on the other resolution level. The interpolation is con-
ducted for the markers, boundary particles, guards and constraint particles. In this study, Shepard-Interpolation [54] is used in this 
regard. In addition, to avoid constraint particles being present inside the kernel support during interpolation the overlap region is 
required.

3.2.2.  Overlap region
Particles inside the overlap region are regular particles. Solutions from both resolution levels coexist in this region. This region 

ensures that particles from the adjacent constraint zone are not used as data points for interpolation. Bian et al. [23] observed an 
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Fig. 6. Sudden mass increase and perturbation of the already existing particles in vicinity to a boundary segment during inflow. Particle distribution 
before (left) and after (right) insertion.

increase in accuracy with greater overlap. Using an overlap of at least the size of the kernel radius, ensures the kernel support to be 
filled only with regular particles during interpolation.

3.2.3.  Constraint zone
Particles in this zone receive an initial constraint in terms of interpolated velocities and pressures by means of Shepard-

Interpolation at the beginning of the time step. Subsequently, during the course of a time integration step, the density and momentum 
of the constraint particles are adjusted in the same way like regular particles according to Eqs.  (1)–(3).

Consequently, for constraint particles, the time integration of the quantity 𝜙 during the predictor and corrector step follows the 
equations:

𝜙𝑛+1∕2
𝑖 = 𝜙𝑛,𝑐𝑜𝑛𝑠𝑡𝑟

𝑖 +
⟨

d𝜙
d𝑡

⟩𝑛

𝑖

𝛿𝑡
2
, (9)

𝜙𝑛+1
𝑖 = 𝜙𝑛,𝑐𝑜𝑛𝑠𝑡𝑟

𝑖 +
⟨

d𝜙
d𝑡

⟩𝑛+1∕2

𝑖
𝛿𝑡, (10)

where the first term on the RHS 𝜙𝑛,𝑐𝑜𝑛𝑠𝑡𝑟
𝑖  is the constraint obtained from the interpolation over the corresponding other resolution 

(cf. Eq. (8)). In case of 𝜙 = 𝐮, the accelerations 𝐚 = ⟨d𝜙∕d𝑡⟩ are obtained by the momentum equation. Additionally, the pressure is 
interpolated and the density 𝜌𝑛,𝑐𝑜𝑛𝑠𝑡𝑟𝑖  is then estimated according to Eq. (3). Subsequently, the density update follows the same pattern. 
The positions of the constraint particles are subject to regular shifting and interface reconstruction.

3.2.4.  Guard zone
Guard particles obtain their flow state solely by interpolation. Both, the velocity and the pressure are interpolated using the regular 

particles inside of the interpolation region of the corresponding other resolution. The density is then estimated according to Eq.  (3). 
The positions of the guard particles are subject to regular shifting and interface reconstruction.

3.2.5.  Boundary zone
Unlike the regions discussed before, this region is rather a layer of particles which are in contact with the segments of the internal 

boundary. Affected are particles whose volumes protrude over the subdomain boundary. A guard that moves towards its internal 
boundary and subsequently sticks to one segment of that boundary will switch its type to boundary particle, to further ease its 
identification in the following mass deletion. Likewise, a growing boundary particle that has reached the reference mass is released 
as a guard particle and no longer sticks to the boundary. A continuous generation and deletion of particle mass is performed at 
the internal boundary by an algorithm proposed by Werdelmann et al. [55]. The boundary segments are represented by markers, a 
special particle type that does not directly interact with any other particle. Instead, a marker evaluates the flow state at its associated 
boundary segment. The operating principle will be explained in detail in Section 3.3.

3.3.  Continuous particle generation and deletion

To avoid pertubations of the flow as they occur when the mass in a subdomain is suddenly increased or decreased by a whole 
particles reference mass (cf. Fig. 6), a smooth incrementation of the mass must be conducted. This is a well-known challenge when 
treating boundary conditions in SPH [56]. The quality of the imposed flow states in vicinity of the internal boundary strongly depend 
on the local particle disorder. Hence, the particle regularization (Section 2.2) and particle mass incrementation algorithm in this 
section are strongly connected and care must be taken in the implementation of the mass incrementation.

To avoid a sudden increase or decrease of mass in one subdomain, we pursue an approach, in which particles are continuously 
growing and shrinking. We assume that the mass m𝑛

𝑝 of particle 𝑝 at time instant 𝑛 is the manifestation of the part of its spatial extent 
that protrudes into a subdomain (cf. Fig. 7). The further ingress or egress of the particle into the area is realized by an increase or 
decrease of the particle mass. The shrinking or growing boundary particle is sticking to the boundary segment until it is deleted or 
has reached the reference mass m𝑟𝑒𝑓  = 𝜌0𝑉0, depending on the flow direction. When it reaches the reference mass, the particle is 
released.

In this work, a continuous mass insertion and deletion algorithm as originally proposed by Werdelmann et al. [55] is applied to 
the particles extending into or out of the computational domain. In the original publication many special cases are discussed. In the 
following, we will only explain the basic operating principle. A subdomain is bounded by a series of segments. On these segments 
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Fig. 7. A particle is protruding into a subdomain.

Fig. 8. Mass incrementation algorithm at a single boundary segment under inflow conditions. (a) Position of the boundary particle after time 
integration. (b) Compute intermediate particle mass increment. (c) Compute marker mass increment. (d) Distribute marker mass imbalance. (e) 
Apply mass increments. (f) Correct particle position.

markers are placed. A marker is a special type of particle that does not directly interact with the particles. The state of the marker 
is also updated by Shepard-Interpolation. The operating principle of the algorithm for particle generation and deletion is illustrated 
in Fig. 8. The mass incrementation of the mass of particle p from 𝑚𝑛

𝑝 to 𝑚𝑛+1
𝑝  is depicted. The boundary segment is represented by 

a line, with the corresponding marker located at the center. The face normal of that segment is pointing towards the outside of the 
domain. A particle is shown that moves further into the subdomain and subsequently its mass is increasing. To aid visualization, we 
assume constant density. This allows for the mass and its increase to be represented by volumes, and more specifically areas in 2D. 
The center of the particle is depicted by a circle, its spatial extent is represented by the gray shaded rectangular area. This spatial 
extent is equal to its mass. Mass increments 𝛿𝑚, which are added on top of the particle mass at the end of the process are indicated 
as hatched areas.

The mass variation associated with a mass flux into or out of the domain is achieved by the following steps. The enumeration 
points correspond to that of Fig. 8(a)–(f):

(a) After the positional updates of the boundary particles, they are no longer in contact with their corresponding boundary segment.
(b) Compute an intermediate mass increment for existing boundary particles. This mass increment is based on the movement relative 

to the boundary 𝛿𝑟⟂.
(c) Compute mass increments at the marker positions based on it’s density and fluid velocity. This increment is partly covered by the 

intermediate increment. Then evaluate the imbalances between these increments.
(d) Distribute the marker mass imbalance to the closest boundary particles. Evaluate residual imbalances and create new particles if 

no boundary particles are in contact.
(e) Apply the mass increments to the boundary particles. The particle position is no longer coinciding with its barycenter.
(f) Correct particle position in order to center the particle position in the new mass element.

These steps will now be explained in detail. First, after the update of the particles position, the particle is no longer in contact 
with its corresponding boundary segment, as it is depicted in Fig. 8(a). Hence, the intermediary mass increment is calculated based 
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on the perpendicular distance of the particles spatial extent to the internal boundary 𝛿𝑟⟂ (cf. Fig. 8(b)):
𝛿𝑚∗

𝑝 = −𝛿𝐫 ⋅ 𝐧𝑚
⏟⏞⏟⏞⏟

𝛿𝑟⟂

𝐴𝑟𝑒𝑓 𝜌𝑝, (11)

with the reference area of the particle 𝐴𝑟𝑒𝑓 = 𝑑𝑥𝑑𝑖𝑚−1. This mass increment 𝛿𝑚∗
𝑝 is not necessarily identical to the increment that will 

be calculated at the boundary segment represented by the marker 𝛿𝑚𝑚 (cf. Fig. 8(c)). In order to cope with this imbalance, at first, a 
mass increment to the marker is to be calculated:

𝛿𝑚𝑚 = −𝐮𝑚 ⋅ 𝐧𝑚 𝐴𝑟𝑒𝑓 𝜌𝑚 𝛿𝑡. (12)

The velocity 𝐮𝑚 and density 𝜌𝑚 of the marker is interpolated by means of Eq. (8). In general, multiple particles can be in contact with 
a single boundary segment, as well as a boundary particle reference area can overlap with multiple boundary segments. Imbalances 
have to be evaluated for all the segments and particles in contact. In this description, we focus on the simplest case. Additional details 
can be found in Werdelmann et al. [55]. The imbalance for a single particle reference area in contact with a single boundary segment 
is calculated by:

𝛿𝑚∗∗
𝑝 = 𝛿𝑚𝑚 − 𝛿𝑚∗

𝑝 . (13)

This mass increment is then distributed over all boundary particles which are in contact with the boundary segment. In the present 
case it is just the particle 𝑝, as illustrated in Fig. 8(d). If after the update, the mass 𝑚𝑛+1

𝑝1  of particle 𝑝1 would exceed the particle 
reference mass due to the marker imbalance 𝛿𝑚∗∗

𝑝 , another boundary particle 𝑝2 is created at the marker position with the residual 
mass increment:

𝑚𝑛+1
𝑝1 = 𝑚𝑛

𝑝1 + 𝛿𝑚∗
𝑝1 + 𝛿𝑚∗∗

𝑝1 = 𝑚𝑟𝑒𝑓 , (14)

𝑚𝑛+1
𝑝2 = 𝛿𝑚∗∗

𝑝2 , with 𝛿𝑚∗∗
𝑝2 = 𝛿𝑚∗∗

𝑝 − 𝛿𝑚∗∗
𝑝1 . (15)

The newly created particle 𝑝2 obtains its velocity and density from the nearest marker. Thereafter, the mass increments are applied 
and the particle mass is updated. The updated particle mass is then given by

𝑚𝑛+1
𝑝 = 𝑚𝑛

𝑝 + 𝛿𝑚∗
𝑝 + 𝛿𝑚∗∗

𝑝
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

𝛿𝑚𝑝

. (16)

The mass increments 𝛿𝑚∗
𝑝 and 𝛿𝑚∗∗

𝑝  are added to the boundary segment. Hence, the mass represented by these increments should 
extend inwards from the boundary segment and still be in contact with the boundary. Thus, adding the increments to the particle 
will move its barycenter as indicated by a cross in Fig. 8(e). For the particle barycenter to coincide with its position again, a shift 𝛿𝑟∗∗⟂
in direction of 𝐧𝑚 (cf. Fig. 8(f)) is necessary. This concluding shift vector is obtained by subtracting the new particles spatial extent 
b from its normal distance to the marker 𝑟𝑝𝑚,⟂:

𝛿𝐫∗∗⟂ = 𝐧𝑚

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝐫𝑝𝑚 ⋅ 𝐧𝑚
⏟⏟⏟

𝑟𝑝𝑚,⟂

−
𝑚𝑛+1
𝑝

2 𝜌𝑝 𝐴𝑟𝑒𝑓
⏟⏞⏞⏟⏞⏞⏟

𝑏

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (17)

Until the reference mass is reached, the growing particle 𝑝 is always in contact with the boundary segment. After that, it switches 
its type to guard. In case of outflow, if the updated particle mass is zero, the particle is deleted. If adding the mass increment 𝛿𝑚∗∗

𝑝
is not possible due to the particle reaching negative mass, the particle mass is reduced to zero and the particle deleted. The residual 
mass increment is kept and applied to the next particle during the next timestep.

3.4.  Reconstruction of the phase interface at the internal boundary

Creating SPH particles at the phase interface is an erratic process. In order to preserve the phase interface, further measures are 
required. This necessity is illustrated in Fig. 9. A time instant is shown where a liquid fragment is transitioning from the fine to the 
coarse domain. At the fine spatial resolution, the interface is predicted (cf. Fig. 9(a), blue line). The coarse particles are generated 
at the internal boundary. At the coarse resolution, the interface is the result of the erratic particle creation process. Without any 
additional reconstruction mechanisms, the phase interface of the coarse resolution is distorted and gas inclusions as well as liquid 
particles in the gaseous phase may be generated (cf. Fig. 9(b)). As surface tension effects strongly depend on the local curvature of the 
interface, it is essential to preserve the interface when crossing from one to the other resolution level. For the selected overlapping 
approach, there is always at least one subdomain, in which the location of the phase interface can be derived from first principles 
(momentum equation). We intend to exploit this behaviour to transfer the shape and position of the phase interface to the subdomain 
at the different spatial resolution level.

Two mechanisms are used in order to achieve this. The first part consists of a kernel scale reconstruction of the phase interface by 
redistributing particles with the goal to preserve the real phase interface. This is achieved by adding an inter-resolutional repulsive 
interface force to the particle redistribution scheme. The goal of the second reconstruction mechanism is to avoid sub-kernel gas 
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Fig. 9. Comparison of the predicted fine interface and the evolving coarse interface generated without any additional reconstruction mechanisms.

Fig. 10. Inter-resolutional RIF for kernel scale interface reconstruction.

inclusions and liquid particles in the gaseous phase. In order to achieve this, the mass of boundary particles which are not inside their 
the assigned phase is passed parallel to the internal boundary back into the correct phase. In preparation for this, a mass increment 
referred to as the color-gradient mass increment (CGMI) is computed. To determine whether particles and boundary segments are 
covered by their respective phase, a simple kernel sum over particles of the same phase proves sufficient. While more sophisticated 
interface detection methods could potentially enhance the results, they seem not strictly required in this context.

3.4.1.  Inter-resolutional repulsive interface force
In Fig. 10 the operating principle of the kernel scale interface reconstruction is illustrated. In the finer resolution domain, the 

phase interface is derived from the momentum equation. The shape of the interface is then transferred to the coarse resolution by 
additional terms in the shifting algorithm in Eq. (7). The arrows indicate the direction of these correcting velocities. In order to obtain 
these, an additional repulsive interface force is imposed acting from the finer gas particles (light blue) on the coarser liquid particles 
(dark blue) and from the finer liquid particles acting on the coarser gas particles.

The inter-resolutional RIF for interface reconstruction reads:

𝐮𝑠,𝑖,𝐼𝑛𝑡𝑅𝑒𝑐 = −𝜉Shif t 𝜉IntRec (1 − 𝛼𝑖)
( ℎ
𝛿𝑡

)2 ∑

𝑗𝜖Θ
𝑉𝑗∇𝑊𝑖𝑗 𝛿𝑡, (18)

with Θ representing the set of particles of different resolution and different fluid type as 𝑖. For 𝜉IntRec, a similar argument applies as 
for 𝜉RIF in Eq. (7). Hence, 𝜉IntRec is set to 0.02. 𝛼𝑖 is a scalar used to define on which particles this operation is conducted. As the 
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Fig. 11. Blending function 𝛼 across the perpendicular distance to the internal boundary 𝑟⟂.

interface reconstruction is conducted only for guards and constraints, 𝛼𝑖 is 1 for every other particle type. For constraint particles, 𝛼𝑖
is used as a linear blending function to ensure a gradual transition from interface reconstruction to regular interface prediction via 
surface tension forces (cf. Eq. (2)) along the distance to the internal boundary. This linear blending function is illustrated in Fig. 11.

The particle shifting scheme (cf. Eq. (7)) with all contributions can then be updated to:

𝐮𝑠,𝑖 =
𝛿𝑟∗∗𝑖
𝛿𝑡

⏟⏟⏟
mass

incremen−
tation

−𝜉Shif t
( ℎ
𝛿𝑡

)2
(

∑

𝑗
𝑉𝑗 (1 + 𝑓𝑖𝑗 )∇𝑊𝑖𝑗

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Regular

+ 𝜉RIF 𝛼𝑖
∑

𝑗∉𝜒
𝑉𝑗∇𝑊𝑖𝑗

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
RIF

+ 𝜉IntRec (1 − 𝛼𝑖)
∑

𝑗∈Θ
𝑉𝑗∇𝑊𝑖𝑗

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Interface reconstruction

)

𝛿𝑡. (19)

It should be noted here, that these artificial shifting velocities do not impact the Lagrangian velocity. The overall momentum is 
not directly affected.

3.4.2.  Color-gradient mass increment
In the following, we will address how phase encapsulations develop and how to avoid it. The kernel support R𝑘 which serves for 

the interpolation of particle and marker velocities is used for the evaluation of fluxes at the internal boundary. It covers multiple 
particle distances. The phase interface, however, is a sub-kernel scale discontinuity. Hence, applying only kernel scale reconstruction 
mechanisms will not be sufficient to preserve the phase interface. Furthermore, releasing boundary particles which did not reach 
their final volume is not advisable as very different particle volumes may cause instabilities of the particle distribution. To avoid 
this, particle masses and volumes should be as close as possible to the reference value. For this reason, instead of releasing a particle 
prematurely, its mass is shifted away from the opposite fluid.

Consider the gaseous boundary particles p1 and p2 which are located in vicinity to the phase interface, as depicted in Fig. 12(a). 
These particles are generated at their assigned gaseous markers m1 and m2. To facilitate the illustration, only the gaseous markers 
and boundary particles are shown which could subsequently cause gas inclusions. The particles of the fine spatial resolution are not 
visible. Only the predicted phase interface is shown. Due to the gaseous inflow before the time instance t0, particle p1 is close to 
the reference mass. As illustrated in Fig. 12(a), at the time instance t0, the gaseous marker m1 is isolated, as it is partly covered by 
the predicted liquid phase and does not increase or decrease gaseous mass at its position. At this point, if the mass of p1 is between 
0.95m𝑟𝑒𝑓 ≤ m𝑝1 ≤ m𝑟𝑒𝑓  and the marker m1 is covered by the other phase, p1 is prematurely released as a guard particle. In some cases 
however, the mass of particle p1 will be significantly lower than reference mass meaning that it cannot be released. Furthermore, 
the mass of p1 may continue to increase after the particle is encapsulated by the liquid, since it is in contact with the marker m2 as 
well (cf. Fig. 12(b)). Unlike m1, m2 is not yet separated from the gaseous phase and only partly covered by liquid. Up to the moment 
when the marker m2 is covered by liquid, it will continue to distribute mass to particle p1 according to the contact area Acontact,𝑚2,𝑝1. 
In that case, particle p1 must not be released in order to avoid encapsulations and distortions of the interface. Particle p1 may even 
continue to accumulate mass beyond the reference mass. However, not releasing the particle and keeping it at the internal boundary 
until the liquid fragment has passed is violating the local mass conservation. For this reason, a mass increment will be computed for 
p1. This mass increment is then moved parallel to the boundary and distributed to the particle p2 where it can be manifested in a 
gaseous particle that subsequently may be released as a guard particle and not cause any encapsulations.

It should be noted, that the inter-resolutional RIF would be sufficient to address phase encapsulations (cf. Fig. 12(b), orange 
trajectory), provided that the overlap of the subdomains is sufficiently wide and these encapsulations are at most one kernel radius 
away from the interface. However, to minimize guard and constraint zone sizes in order to reduce the computational overhead, an 
additional correction mechanism has to be applied. The approach is to determine a mass increment on basis of the gradient of a color 
function (cf. Fig. 12(b) green normalized vector 𝐧𝑐), the color-gradient mass increment (CGMI). This increment serves to transfer 
mass parallel to the boundary (vector 𝐩) into the correct phase. Hence, mass is taken from particle 𝑝1 by marker 𝑚1 and subsequently 
passed to 𝑚2 which distributes the mass to particle 𝑝2. From particle 𝑝2 onwards, it may be passed further up, depending on the local 
gradient of the color function. This procedure is explained in the following.

The gradient of the color function is calculated at the marker position 𝑚:

∇𝑐𝑚 =
∑

𝑗∈Θ
∇𝑊𝑚𝑗𝑉𝑗 (20)

similar to the computation of the inter-resolutional RIF, this calculation is conducted using Θ which is the set of particles of different 
resolution and different fluid type as 𝑚. Subsequently, a normal vector ̂𝐧𝑐 = ∇𝑐𝑚 ∕ ∣ ∇𝑐𝑚 ∣ is computed.
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Fig. 12. Mass incrementation of coarse gaseous boundary particles near the fine-resolution predicted phase interface due to the CGMI.

In Fig. 12(b), this normal vector was calculated for the gaseous marker m1, pointing away from the liquid fragment, and hence, 
into the gaseous phase. With the face normal of the boundary segment, or marker, 𝐧𝑚, a boundary-parallel vector is calculated:

𝐩 = 𝐧𝑐 − 𝐧𝑚
(

𝐧𝑚 ⋅ 𝐧𝑐
)

. (21)

Subsequently, the color-gradient mass increment (CGMI) is calculated at the marker 𝑚1 of the phase 𝜒 in vicinity of the phase interface 
and passed along the boundary in the direction of 𝐩 to 𝑚2, belonging to the same phase 𝜒 : 

𝛿𝑚𝑚1,𝐶𝐺𝑀𝐼 = −‖𝐩‖𝑚𝑝1 𝜉𝐶𝐺𝑀𝐼 = −𝛿𝑚𝑚2,𝐶𝐺𝑀𝐼 . (22)

This mass increment scales with the length of 𝐩 and the mass of the particle 𝑝1 that would otherwise cause a phase encapsulation in 
the opposite phase if it was released. 𝜉𝐶𝐺𝑀𝐼  is chosen to be 0.1, so that at maximum 10% of a boundary particles mass is moved per 
timestep. The marker mass increment is then distributed over only the closest associated particle. In this description, in case of the 
markers 𝑚1 and 𝑚2, just the particles 𝑝1 and 𝑝2, respectively:

𝛿𝑚∗∗∗
𝑝1,𝐶𝐺𝑀𝐼 = 𝛿𝑚𝑚1,𝐶𝐺𝑀𝐼 , (23)

𝛿𝑚∗∗∗
𝑝2,𝐶𝐺𝑀𝐼 = 𝛿𝑚𝑚2,𝐶𝐺𝑀𝐼 = −𝛿𝑚∗∗∗

𝑝1,𝐶𝐺𝑀𝐼 , (24)

and the update of the masses of particles in contact with the boundary is then:
𝑚𝑛+1
𝑝 = 𝑚𝑛

𝑝 + 𝛿𝑚∗
𝑝 + 𝛿𝑚∗∗

𝑝 + 𝛿𝑚∗∗∗
𝑝,𝐶𝐺𝑀𝐼

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝛿𝑚𝑝

. (25)

The particles position is then corrected using the updated particle mass 𝑚𝑛+1
𝑝  in Eq. (17).

As this computation is conducted for all markers in vicinity to the phase interface, a gaseous mass increment calculated inside 
of a liquid fragment is passed parallel to the boundary into the other fluid, where it is manifested as a gaseous particle instead of a 
gas inclusion. The procedure is in an analogous way conducted for liquid boundary particles in the surrounding gas. At the end, the 
phases at the interface are more clearly separated. As mass increments are shifted along the boundary, the total mass of a subdomain 
remains unchanged.

4.  Validation

In this Section, various test scenarios are discussed in order to demonstrate the capability of the framework for multi-phase flows. 
The first single-phase test case is that of a lid-driven cavity to be presented in Section 4.1. This configuration imposes simultaneously 
an entry and an exit of flow within the refinement zone, fostering dynamic evaluations. The next test case is that of a Taylor–Green 
flow (cf. Section 4.2), which, due to the absence of external forcing, is well suited for studying long-term effects. This is followed by 
a Kelvin–Helmholtz instability (cf. Section 4.3). Many multi-phase flows are driven by instabilities, and so is atomization. A multi-
resolution approach needs to be capable to predict these instabilities without triggering any further disturbances of the phase interface. 
Although two materials are involved, they share the same material properties. In the test case, a fluid type or phase identifier is used 
to distinct between the two materials. This configuration is therefore often referred to as a “single-phase” Kelvin–Helmholtz instability 
and convergence can be achieved with a lower computational effort, compared to a real two-phase scenario. The last canonical test 
case in Section 4.4 is focussed on a real multi-phase flow. An oscillating droplet is passing through regions of different resolution 
levels. The goal is to demonstrate the capability of our approach to capture a multi-phase flow with realistic material properties. 
Further, it is shown that the influence of the transition to another resolution level does not cause inaccuracies. Finally, as a highlight, 
this section concludes with a demonstration of the multi-resolution approach in an application-relevant generic atomization case (cf. 
Section 4.5).
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Fig. 13. Sketch of the Lid-Driven Cavity with streamlines extracted from Ghia et al. [57]. The refinement region is located at the upper part of the 
domain.

Table 1 
Uniform and multi-resolution (MR) simulation cases.
 Case  L/dxmin  L/dxmax  Number of particles
 L50  L/50  = 0.02m  –  3,400
 L100/50 MR  L/100 = 0.01m  L/50  = 0.02m  9,500
 L100  L/100 = 0.01m  –  12,000
 L200/100 MR  L/200 = 0.005m  L/100 = 0.01m  31,500
 L200  L/200 = 0.005m  –  43,000

4.1.  Lid-driven cavity

The lid-driven cavity is a popular test case for single-phase flow analysis. This benchmark case including a prominent vortex 
formation is depicted in Fig. 13. The objective of this benchmark is to validate the ability of our approach to predict single-phase 
flows. The distinct flow structure enables an in-depth assessment of the internal boundaries, as the streamlines cross the interface 
of the different spatial resolution regions at varying angles from perpendicular to parallel. This methods ability to handle a non-
perpendicular flow across the interface between coarse and fine resolution and the potential use in an arbitrarily shaped refinement 
zone is demonstrated. Five simulations are performed, comprising three uniform cases (L200, L100, L50) and two multi-resolution 
cases (L200/100 MR and L100/50 MR). For the multi-resolution simulations, the mean particle distances are different in the top and 
bottom half of the computational domain. This is indicated by the gray shading. As outlined previously, our method always requires 
an overlap, where the two solutions coexist. In the sketch, the overlap region is indicated by the dashed lines. The refinement region 
starts roughly at Hr = 0.5L and extends by half the overlap-size to the bottom. There are two evaluation lines at the middle of the 
length or height of the domain, which divide the computational domain into 4 quadrants. Reference results from Ghia et al. [57] will 
be used to evaluate the accuracy of the predictions.

The cavity consists of a square with a side length L of 1m. It is filled with a single fluid of reference density 𝜌0 = 1 kgm−3, viscosity 
𝜇 = 1 kgm−1 s−1 and speed of sound 𝑐 = 10m s−1. The lid moves with 𝑢0 = 1m s−1 to the right, the Reynolds number and the artificial 
Mach number amount to 100 and 0.1, respectively. The mean particle spacings of the simulations are summarized in Table 1. The 
multi-resolution simulations contain two particle spacings.

In Fig. 14 contour plots of the velocity field are presented. At the center the multi-resolution simulation is shown. On the left the 
uniform L200, and on the right the uniform L100 resolution are shown. Additionally, the contour plots of the uniform resolutions 
contain white contour lines taken from the multi-resolution prediction to enhance comparability. Furthermore, the red evaluation 
lines at y+ = y/L = 0.5 and x+ = x/L = 0.5 dividing the domain into 4 quadrants are depicted. For the multi-resolution simulation, 
also the overlap region is illustrated.

From the top right corner, the fluid is moving downwards and then redirected by the bottom right and then bottom left corner. 
A vortex is formed which is centered in the upper right quadrant, with minimal velocity magnitudes at its center. It is extending 
downwards, causing a parallel flow at the intersection of the evaluation lines (y+ = x+ = 0.5). Closer to the left and right walls, 
the fluid is crossing the internal boundary in a perpendicular direction. In this scenario, the transition zone has to cope with the full 
range of possible flow angles.

Comparing the black and white contour lines of the left plot, it is evident that the agreement with the uniform L200 simulation 
in the top quadrants is nearly perfect. There is only a slight deterioation below the overlap in the bottom quadrants. However, the 
solution in the bottom two quadrants of the multi-resolution simulation was predicted using particles corresponding to the L100 
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Fig. 14. Contour plots of the stationary velocity magnitude at 𝑡+ = 100. Predictions with uniform fine (left), multi-resolution (center) and uniform 
coarse (right) resolutions are shown. White contour lines correspond to the multi-resolution result.

Fig. 15. Comparison of horizontal (left column) and vertical (right column) velocity profiles with reference results of Ghia et al. [57]. The top row 
shows the fine-resolution comparison (L200 vs. L200/100 MR vs. L100), while the bottom row presents the coarse-resolution comparison (L100 vs. 
L100/50 MR vs. L50).

resolution. As expected, comparing those quadrants with the uniform L100 simulation again yields a good agreement. Hence, the 
multi-resolutional results are in visual agreement with both reference simulations.

In Fig. 15 the stationary velocity profiles at 𝑡+ = 𝑡𝑐0∕𝐿 = 100 along the evaluation lines are depicted. Reference results are taken 
from Finite-Difference predictions of Ghia et al. [57], computed on a mesh with uniform cell sizes. It is evident, that the overall 
agreement of the uniform simulations L200, L100 and L50, as well as the corresponding multi-resolution simulations L200/100 MR 
and L100/50 MR is good. We conclude, that the multi-resolution approach is reproducing this single-phase flow.
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Fig. 16. Evolution of the mass for the multi-resolution simulation.

Fig. 17. Time history of the total momentum and the deviation from the uniform fine simulation.

The quality of the numerical results produced by a domain-coupling approach strongly depends on its capability to conserve mass 
and momentum. Hence, in the following, different evaluations will be carried out to assess the quality of the methodology with 
regard to its conservation characteristics. The total mass loss over time is depicted in Fig. 16. An almost linear reduction of the mass 
is evident. The total loss amounts to 0.7 ‰  at the end of the simulations. A mass loss like this is to be expected and remains well 
within or below the values reported in other documented works [25,55].

In Fig. 17(a) the total momentum evolution over time is depicted. It is evident, that the overall agreement of the uniform simula-
tions L200, L100 and L50, as well as the corresponding multi-resolution is again good. Differences become apparent when evaluating 
the relative momentum error with respect to the uniform L200 simulation (cf. Fig. 17(b)). In this comparison, the deviations of the 
multi-resolution simulations follow the qualitative trend of their respective uniform counterparts, while their quantitative error levels 
consistently fall between the two corresponding uniform resolutions, as expected for their effective resolution.

4.2.  Taylor–Green flow

As second benchmark, the laminar Taylor–Green vortex at Reynolds number 𝑅𝑒 = 100 is investigated. The absence of external 
forcing avoids a possible compensation of errors and instead, it supports the accumulation of errors, making the test case particularly 
sensitive to adverse effects of the multi-resolution scheme. This allows a clear assessment of the capabilities of the multi-resolution 
scheme to capture the essential flow features and controlling numerical errors. The dimensions of this case are given by (x,y) ∈ [0,L]2, 
with L = 1m. All external boundaries are periodic. Inside the square computational domain quadratic refinement zones with edge 
length of 0.4 L are applied. Two uniform resolutions are considered, L/dx = 200 and L/dx = 100, along with the multi-resolution 
variant L200/100 MR, corresponding to 40,000, 10,000, and 18,100 particles, respectively. The multi-resolution case is examined in 
three configurations: located in the top right corner, in the center, and in the bottom left corner. In Fig. 18, only the refinement zone 
in the top right corner depicted. The flow is initialized as

𝑈𝑥 = −𝑈0 exp (𝑏𝑡) cos (2𝜋𝑥) sin (2𝜋𝑦),

𝑈𝑦 = 𝑈0 exp (𝑏𝑡) sin (2𝜋𝑥) cos (2𝜋𝑦), (26)

with 𝑡 = 0, the decay rate 𝑏 = −8𝜋Re and the initial velocity 𝑈0 = 1m s−1. The density 𝜌 set to 1, and the speed of sound 𝑐 = 10m s−1. 
The individual refinement regions are defined by: (xbottom, ybottom) ∈ [0.05 L, 0.45 L]2, (xcenter, ycenter) ∈ [0.30 L, 0.70 L]2 and (xtop, 
ytop) ∈ [0.55 L, 0.95 L]2.

In Fig. 19 the decay of the normalized total kinetic energy 𝐸kin,+ = 𝐸kin/𝐸kin,0 and its deviation from theory is depicted. To enhance 
visual clarity and avoid overcrowding of the decay plot (cf. Fig. 19(a)), only the multi-resolution simulation with the largest (yet 
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Fig. 18. Sketch of the Taylor–Green Flow with a vorticity contour plot depicting the vortices including a single quadratic refinement zone in the 
top right corner for time instance 𝑡 = 0.

Fig. 19. Time history of the total kinetic energy and its deviation from the theoretical solution.

still minor) deviation is presented alongside the two reference solutions. The multi-resolution simulation shows excellent agreement 
with the kinetic energy decay of the uniform simulations as well as the theoretical decay. The evaluation of the Taylor–Green flow 
is carried out up to t = 7 s. Since numerical errors tend to accumulate over time, maintaining agreement with reference data over 
such a long time span is a particularly strong indicator of numerical accuracy and robustness. Also the deviation from the theoretical 
energy decay depicted in Fig. 19(b)) is well within limits of the uniform fine and coarse simulations, essentially showing very similar 
qualitative and quantitative behavior.

Finally, contour plots of the vorticity (left column) and normalized pressure (right column) are depicted in Fig. 20. For the coarser 
resolution L100, the vorticity and pressure fields are strongly influenced by small-scale noise, which is particularly visible at the 
contour boundaries. This is significantly improved in the uniform fine resolution L200. To accurately capture the spatial distribution 
of the vorticity field, particular attention must be paid during post-processing. Classical SPH-based approximations tend to suppress 
small-scale velocity fluctuations [58]. To mitigate this effect, we interpolated the velocity field onto a Cartesian grid and computed 
the vorticity using second-order central finite differences, thereby preserving most of the small-scale noise in the post-processed data. 
This small-scale noise remains visible at the highest resolution, albeit at lower levels compared to coarser resolutions. Notably, the 
noise level within the refinement zone of the L200/100 MR configuration is also reduced – for instance, at x/L = y/L = 0.25, where 
a sign change produces a cross pattern that is more accurately captured with the L200 resolution than with L100. This demonstrates 
the effectiveness of the refinement approach.

4.3.  Kelvin–Helmholtz instability

Until now, only single-phase benchmarks have been examined. The primary strength of the proposed framework, however, lies 
in its ability to accurately predict multi-phase flows. Among the limited number of multi-phase test cases that exhibit convergence 
using SPH, the Kelvin–Helmholtz instability is a suitable case for this work. This phenomenon is also of particular relevance to shear-
driven atomization processes. As such instabilities are very sensitive to factors like resolution, initial particle distribution and many 
more, errors caused by the refinement zone are expected to trigger additional perturbations of the phase interface. Hence, the goal 
of this test case is to determine the effect of a refinement zone on triggering or amplifying instabilities. This benchmark is based on 
the studies of Lecoanet et al. [59] and Tricco[60]. The findings from the SPH simulations conducted by Tricco[60] are summarized 
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Fig. 20. Comparison of vorticity (left) and normalized pressure contours (right) at t = 2 s for the uniform simulations L200 (top) and L100 (bottom), 
and for the multi-resolution variant L200/100 MR (center).

below, culminating in our numerical setup for this case (cf. Fig. 21). For this benchmark, two fluids with identical material properties 
are considered, and hence, a convergent result is to be expected for resolutions at more than Nx = 1024 particles along the shorter 
edge of the domain. However, major parts of the instability can already be reproduced with Nx = 128 particles. In order to reduce 
the noise within the winding phase interfaces, a greater kernel support has proven to be beneficial [60]. Hence, we apply the pairing-
stable Wendland C4 kernel for this benchmark. The radius of the kernel support is taken as 4.8 times the mean particle distance. The 
application of tensile instability control is particularly beneficial in the low-pressure regions that form inside the vortex cores, where 
it contributes to preserving well-defined interfaces. For interfacial flows, repulsive contributions to the regular particle shifting are 
deactivated (cf. Eqs. (5) and (6), 𝜉Rep = 0).

The dimensions of this test case are Lx = 1m and Ly = 2m. Two configurations of the refinement region are investigated, one with 
the internal boundaries parallel to the upper interface (Fig. 21(a)) and one with the additional internal boundaries perpendicular 
to the lower interface (Fig. 21(b)). The parallel refinement region is between yr,1 = 1.18m and yr,2 = 1.82m. Dimensions of the 
lower refinement are given by xr,3 = 0.27m, xr,4 = 0.73m, yr,3 = 0.18m and yr,4 = 0.82m. The bottom phase interface is at 𝑦1 = 
0.50m and the top interface at 𝑦2 = 1.50m. The resolutions for this benchmark vary between Nx,coarse= 128, Nx,medium= 256 and 
Nx,fine= 512 particles along Lx (cf. Table 2). In case of the perpendicular configuration, the regular refinement ratio of 4 is used. The 
positioning of the internal boundary in case of the parallel configuration allows for the more optimistic refinement ratio of 16. Hence, 
the multi-resolution simulation applies either the N128 and N512 or N256 and N512 resolutions, depending on the configuration. 
The density, viscosity, and speed of sound used in this test case are 1 kgm−3, 2 × 10−5 Pa s and 20m s−1, respectively. Based on the 
relative velocity ∆𝑢 = 2 𝑢0 = 2m s−1, the Reynolds number amounts to 105 and the Mach number to 0.1. Smooth velocity profiles 
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Fig. 21. Sketch of the Kelvin–Helmholtz instability. The dominant instability is seeded at the phase interface through vertical velocity perturbation. 
Two configurations for the refinement are shown.

Table 2 
Uniform and multi-resolution (MR) simulations.
 Case  Nx,max  Nx,min  Number of particles  Resolution levels  Configuration
 N128  128  –  32,800  1  –
 N256  256  –  131,000  1  –
 N512/128 MR  512  128  211,200  2  Parallel
 N512/256 MR  512  256  216,700  2  Perpendicular
 N512  512  –  524,300  1  –

are imposed:

𝑈𝑥 = 𝑈0

[

tanh
( 𝑦 − 𝑦1

0.05

)

− tanh
( 𝑦 − 𝑦2

0.05

)

− 1
]

,

𝑈𝑦 = 𝑈𝐼 sin(2𝜋𝑥)
[

exp
(

−
(𝑦 − 𝑦1)2

0.04

)

+ exp
(

−
(𝑦 − 𝑦2)2

0.04

)]

, (27)

with a perturbation velocity 𝑈𝐼  = 0.01m s−1.
In Fig. 22(a)–(d) the evolving fluid interfaces are shown for multiple time instants. For all time instants, in the two left quadrants, 

the simulation with two resolution levels is depicted. The upper quadrant illustrates the finer resolution near the interface, transition-
ing to coarser particles at greater distances. The dashed lines encompass the region of higher resolution. Since in the multi-resolution 
simulation, the upper interface is resolved by particles of the mean particle distance Lx / 512, the reference solution to this is the 
uniform N512 simulation depicted in the upper right quadrant of each time instant. The bottom two quadrants yield the interface 
resolved by particles of the sizes Lx / 128, with the uniform N128 simulation on the right.

It is evident, that the multi-resolution simulation is capable to reproduce the reference result in the refined as well as the derefined 
region. This remains true even for the latest of the depicted time instant in Fig. 22(d), with only marginal differences to the reference 
result. At t = 4.0 s, even at the highest resolution presented (N512), the thinnest filaments appear disrupted, as they are only a few 
particles thick and therefore cannot be reliably resolved. Rounded, bubbly structures emerge. This effect is even more pronounced at 
the coarsest resolution presented (N128), where no fine, continuous filaments form, and only thick, rounded filament ends remain. 
The effect diminishes as the structures grow larger relative to the kernel support–underscoring the need for even higher resolutions 
than N512 to faithfully capture the Kelvin–Helmholtz instability with SPH [60].

In Fig. 23 characteristic metrics of this instability are compared. The multi-resolution model again shows excellent agreement 
with the reference results for both, amplitude growth rate and density-specific kinetic energy. The linear growth phase (0.5 s to 1.5 s) 
is perfectly predicted, matching the expected slope of exp(𝜋 𝑡).

In the configuration discussed previously, the refinement zone was optimally positioned: the resolution was increased near the 
interface, while the internal boundary was placed farther away in regions with weaker gradients, thereby avoiding any potential 
adverse effects on the simulation. This reflects the ideal use of multiple refinement levels in multi-phase flows. It particularly improves 
the computation of the Kelvin–Helmholtz instability and resulted in a speed-up by a factor of 2 compared to a uniform fine resolution 
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Fig. 22. Comparison of the evolving interfaces for the multi-resolution case N512/128, the uniform case N512 and the uniform N128 prediction. 
For all time instants, the multi-resolution simulation N512/128 MR is depicted in the left two quadrants. The uniform N512 prediction is in the top 
right quadrant and the uniform N128 prediction in the bottom right quadrant.

(N512U in Fig. 24). The multi-resolution configuration (N512MR) corresponds to an effective particle number equivalent to a uniform 
discretization with Nx= 325 (N325U), which represents the theoretical upper limit of possible relative speed-up – accounting only for 
the amount of particles and neglecting algorithmic overhead. Hence, this estimate does not account for additional costs associated with 
maintaining multiple interaction lists, interpolating guards and other additional particle types or any other implementation-specific 
complexities.

In contrast, the following configuration deliberately places the refinement zone in the most detrimental way. As a result, the 
interface must repeatedly traverse the internal boundary, allowing for a detailed investigation of any adverse effects associated with 
this process. This corresponds to the perpendicular configuration of the refinement zone in Fig. 21(b). The internal boundaries are 
expected to introduce microscopic perturbations. To compensate for this and ensure that the physical instability remains dominant, 
the velocity perturbation 𝑈𝐼  is increased to 0.05m s−1, which effectively corresponds to observing the simulation at a later stage. 
Therefore, time instances t∗ of the simulation results are shifted, such that the linear growth regime coincides with that of the 
previously investigated configurations (cf. Fig. 23, perpendicular configuration). Restricting Shepard interpolation to the same fluid 
(cf. Eq. (8)) would result in a partially filled kernel support at the interface. Therefore, cross-fluid interpolation is permitted in this 
case. However, this approach is generally discouraged - particularly when different material properties are involved. Comparable 
accuracy could instead be achieved by employing higher-order interpolation schemes.

The snapshots of the phase interfaces are given by Fig. 25. As indicated earlier, the unrefined interface region, located far from the 
refinement zone, remains unaffected and is therefore omitted. Only the relevant lower interface is shown. The left column displays 
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Fig. 23. Comparison of characteristic metrics of the Kelvin–Helmholtz benchmark. Left: Mode amplitude. Right: Density-specific kinetic energy.

Fig. 24. Comparison of relative performance. Values represent the inverse wall time normalized by the uniform fine simulation.

Table 3 
Uniform and multi-resolution (MR) simulations used to show resolution behavior.
 Case  Nx,max  Nx,min  Number of particles  Resolution levels  Configuration
 N256/128 MR  256  128  57,700  2  Perpendicular
 N512/256 MR  512  256  216,700  2  Perpendicular
 N1024/512/256 MR  1024  256  626,900  3  Parallel & perpendicular
 N1024  1024  –  2,097,200  1  –
 N1024 VoF  1024  –  2,097,200 cells  1  –

results for the uniform medium resolution of Nx,medium = 256. The central columns show the multi-resolution simulations, one with 
reconstruction algorithms activated (center left), and one with reconstruction deactivated (center right). The right column corresponds 
to the uniform fine simulation of Nx,fine = 512.

It is evident, that activating the reconstruction algorithms distinctly improves the shape of the interface. When omitting the 
reconstruction, the interface resembles the reference only during the initial two time instances. At later times, the interface becomes 
strongly diffused, and the original vortex structure is unrecognizable. In contrast, activating the reconstruction algorithms preserves 
the expected shapes throughout the simulation. A comparison of the final time instance between the uniform medium resolution and 
the multi-resolution simulation with reconstruction (leftmost two columns) reveals improved preservation of fine-scale structures in 
the multi-resolution case. These structures tend to degrade into circular patterns at lower resolution, but are better resolved by the 
multi-resolution scheme. Based on these findings, it is safe to conclude, that the internal boundaries will not affect the phase interface 
and no additional instabilities will be triggered, if the reconstruction schemes are applied.

For the final test for this benchmark, we increase the resolutions applied to up to 1024 particles along the shorter edge. To reduce 
total computation time, the velocity perturbation 𝑈𝐼  is increased to 0.10m s−1. Time instances are again shifted and denoted with t∗∗. 
In total, we extend the simulation design space to include the following simulations reported in Table 3. The finest multi-resolution 
simulation considered, N1024/512/256 MR, employs a special configuration that combines parallel and perpendicular refinement 
levels (cf. Fig. 21) to achieve a substantial reduction in computational cost. Starting from a base resolution of N256, the resolution 
is first doubled to N512 within the region 𝑦N512 ∈ [0.06L, 0.94L]. A further refinement to N1024 is then applied in the confined area 
𝑥N1024 ∈ [0.25L, 0.75L] and 𝑦N1024 ∈ [0.16L, 0.84L].

The resulting inner vortex of the lower interface at t∗∗ = 2.0 s for the different resolutions is shown in Fig. 26. Multi-resolution 
predictions with increasing resolution are represented by progressively darker shades of blue. The uniform N1024 result is shown as 
a solid black line, while a reference prediction obtained with the Volume of Fluid (VoF) method is depicted by the dashed line, using 
the interIsoFoam solver of the OpenFOAM package.

As is evident, the highest-resolved simulations – the uniform SPH prediction (N1024) and the VoF reference (N1024 VoF) – show 
very good agreement at this resolution. Even the coarsest multi-resolution case, N256/128 MR, is able to capture the inner vortex 
shape reasonably well, although initial interface disturbances are still visible and affect the agreement with finer resolutions. These 
discrepancies gradually diminish, and convergence toward the reference results becomes evident with increasing resolution of the 
multi-resolution cases.
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Fig. 25. Comparison of the evolving interfaces for a refinement zone with internal boundaries perpendicular to the phase interface. Left column 
corresponds to uniform medium resolution, center columns to multi-resolution with and without reconstruction, right column to uniform fine 
resolution.

4.4.  Oscillating droplet

The capability of the framework to handle interfacial flows with realistic material properties is investigated. A suitable test case is 
an oscillating droplet moving across regions of different resolution levels. This benchmark case is usually conducted to demonstrate 
the validity of the surface tension model. Since multi-phase flows are often driven by surface tension effects, the modeling of surface 
tension is of great importance. In this work, the benchmark is used to demonstrate that the effect of the transition to another resolution 
level on surface tension driven phenomena is negligible. Further, it will be shown, that the characteristics of a moving droplet is not 
compromised.

The numerical domain of this case is depicted in Fig. 27. In this test case a high density ratio of 100 is considered, which corresponds 
to compressed air and water. The material parameters are chosen to reflect realistic material behaviour in technical applications for 
two-phase flows such as atomization. The reference density of the gas is set to 9.95 kgm−3 and that of the liquid to 1000 kgm−3. 
The viscosities are 0.034mPa s−1 and 2.93mPa s−1 for the gas and liquid, respectively. The surface tension between gas and liquid 
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Fig. 26. Fluid interfaces with increasing resolution for time instance t** = 2.0 s.

Table 4 
Simulation Cases with resolution and number of particles (total / droplet).
 Case  dxmin  dxmax  Number of particles  Number of liquid particles (t = 0)
 10.0 10.0 µm  –  14,000  158
 5.0/10.0 MR 5.0 µm 10.0 µm  34,500  628
 5.0/7.5 MR 5.0 µm 7.5 µm  42,700  628
 5.0 5.0 µm  –  53,000  628
 2.5/5.0 MR 2.5 µm 5.0 µm  128,700  2501
 2.5 2.5 µm  –  206,000  2501

Fig. 27. Sketch of an oscillating droplet transitioning from fine to coarse. The area of interest (AOI) is where the droplet moves through the transition 
region.

amounts to 𝜎 = 0.07Nm−1. The artificial speed of sound is set to 150m s−1 for the gas, and for the liquid to 15m s−1. For an accurate 
reconstruction of the local shape of the interface a smaller kernel can be of advantage. Therefore, the quintic spline kernel is used for 
these calculations, enabling the ratio of ℎ/𝑑𝑥 = 1 in both resolution levels.

The droplet and its surrounding gas flow are initialized with a mean axial velocity of 2.5m s−1. In order to trigger the second mode 
of oscillation [61], we add a relative velocity onto the droplet [34]:

𝑈𝑥 = 𝑈0
𝑥
𝑅

(

1 −
𝑦2

𝑅𝑟

)

exp
(

− 𝑟
𝑅

)

, (28)

𝑈𝑦 = −𝑈0
𝑦
𝑅

(

1 − 𝑥2

𝑅𝑟

)

exp
(

− 𝑟
𝑅

)

, (29)

with a velocity amplitude 𝑈0 of 2.5m s−1. The oscillating droplet is then convected through a channel of height H = 0.5mm and length 
L = 2.5mm. At the beginning of the simulation, the droplets center is located at Ld = 0.5mm. In the multi-resolution simulations, at 
Lr,1 = 0.2mm the minimum resolution of dxmin commences, and ends at Lr,1 = 1.0mm. Everywhere else, the maximum resolution 
dxmax is utilized. All simulated cases are listed in Table 4. Another special case, the 5.0/7.5 MR setup, represents a second deviation 
from the default refinement ratio of 4. Here, the ratio corresponds to 2.25.
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Fig. 28. Passing of oscillating droplet through transition zone at the area of interest (AOI). Only regular particles are visible.

The movement through the transition region is depicted in Fig. 28 by three snapshots taken at different time instances. At 0.175ms
the droplet is past its maximum extension in y-direction and starts to contract. At this time instance, the droplet volume is represented 
by both, the refined as well as the coarse particles. It is evident, that the transition process does not cause any deformation of the droplet 
interface during the oscillation. After successfully passing the transition zone, the droplet continues with its expected oscillation, cf. 
at 0.225ms in Fig. 28.

In Fig. 29, the displacement amplitude of the droplet is plotted. The metric chosen is the displacement of the barycenter of only 
the upper half of the droplet. The time instance when the droplet passes through the transition zone is highlighted by the hatched 
area. For this comparison, the overlap region was extended to entirely cover the droplet. This is necessary to ease the extraction of a 
continuous displacement curve, as justified in Appendix B. Therefore, the time instance of the droplet leaving the transition zone is 
different compared to that of the previous discussion. However, the oscillation period is not affected. In general, an overlap of this 
size is not necessary as was shown previously (cf. Fig. 28). For comparison, the solutions predicted with uniform particle sizes are 
given. The predicted droplet oscillations are almost identical for all three finer predictions (cf. Fig. 29 Left). Only small deviations 
which are significantly smaller then the minimal resolution of dxf ine = 2.5 µm are visible. For the coarser resolutions (cf. Fig. 29 
Right), a stronger dependence on resolution becomes evident. The uniform prediction with dxcoarse = 10.0 µm fails to capture the 
reduction of oscillation amplitude over time, which is also partly visible in the 5.0/10.0 MR case. At this resolution, however, the 
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Fig. 29. Comparison of droplet oscillations at different resolutions. The amplitude is the displacement of the barycenter of the top half of the 
droplet. Left: Finer resolutions. Right: Coarser resolutions.

Fig. 30. Comparison of oscillation periods obtained for uniform and multi-resolution simulations.

droplet consist of only 158 particles, corresponding to roughly 15 particles across its diameter. In the 5.0/7.5 MR case, this improves, 
with the droplet comprising 277 particles in the coarse stage. It is evident that the phase interface remains intact after the transition 
and the droplet continues its oscillation, regardless of the resolution. The capability of restricting the refinement zone to the area of 
focus and still obtain data from liquid fragments downstream of the refinement zone is clearly demonstrated.

The predictions presented previously are now repeated to prove the reliability of the model over a wide range of surface tension 
values. By theory, in 2D the oscillation period of the nth mode is given by Rayleigh[62]:

𝜏 = 2𝜋

√

𝑅3𝜌
(𝑛3 − 𝑛)𝜎

. (30)

The variations of the oscillating periods by modifying the surface tension for a single resolution model and the multi-resolution 
model are depicted in Fig. 30, along with the theoretical duration. Overall, all resolutions are capable of predicting the oscillation 
behavior. In order to counteract the change of oscillation mode and to avoid breakup of the droplet that occurs due to an excessive 
initial oscillation amplitude with decreasing surface tension, in cases of 𝜎 = 0.035Nm−1, the value for 𝑈0 was reduced to 1.25m s−1. 
Negligible deviations are evident. Due to the fixed position of the derefinement zone, the constant mean velocity of the gas and droplet 
and the different oscillation periods, the droplet moves across regions of different resolution levels between different phases of its 
oscillation. Contracting in y-direction for 𝜎 = 0.07Nm−1 (cf. Fig. 28) or expanding in x-direction for another value of 𝜎. However, 
the shape of the droplet and direction of the droplets movement does not have an effect on the result.

4.5.  Planar atomization

As a final highlight, the framework is applied to a scenario close to practical use. The multi-resolution framework was originally 
developed to support the prediction of airblast atomization. In this process, fuel is typically introduced onto a so-called prefilmer, 
where it is subjected to a much faster air stream. The resulting interaction leads to the breakup of the liquid film into fragments and 
droplets. To facilitate experimental investigations of airblast atomization, a simplified generic atomizer was developed and studied 
by Gepperth et al. [63,64,65], commonly referred to as the Gepperth prefilmer. This setup has also been investigated numerically by 
Braun et al. [10], Warncke et al. [66], Wetherell and Garmory[67]. A sketch of the geometry of the atomizer is shown in Fig. 31.

At this stage, comparability with uniform-resolution simulations remains important for a proper assessment of the multi-resolution 
framework. Therefore, the computational domain is restricted to the vicinity of the atomizing edge, located at the downstream end 
of the prefilmer. This is a standard approach for simulations of primary breakup [10,66] and also enables the generation of reference 
results with uniform resolutions. The total domain length is 𝑙domain = 10mm, of which the prefilmer extends 𝑙p = 4mm. Both inlets 
have a height of ℎinlet = 4mm. The prefilmer thickness at the atomizing edge is ℎa = 230 µm with a trailing-edge angle of 𝛼 = 4.29◦. 
The liquid fuel film enters the domain via a block profile of height ℎf  = 100 µm and velocity 𝑈𝑙 = 0.5m s−1. The free-stream gas 
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Fig. 31. Sketch of the Gepperth prefilmer (left) and the computational domain (right).

Fig. 32. Velocity profiles at different horizontal positions.

velocity is 𝑈𝑔 = 50m s−1. Boundary layers on the upper and lower sides of the prefilmer are 𝛿top = 1.6mm and 𝛿bottom = 0.8mm, 
respectively, consistent with the boundary-layer growth caused by liquid–gas interaction [67]. Gas inflow profiles follow a 1/7th 
power law.

The material parameters are: gas density 𝜌𝑔 = 1.19 kgm−3, liquid density 𝜌𝑙 = 770 kgm−3, viscosities 𝜇𝑔 = 0.018mPa s−1 and 
𝜇𝑙 = 1.56mPa s−1, and surface tension 𝜎 = 0.0275Nm−1. Artificial sound speeds are set to 𝑐𝑔 = 250m s−1 for the gas and 𝑐𝑙 = 25m s−1

for the liquid.
Three simulations are conducted: two uniform predictions with resolutions of 10 µm and 5 µm, and one multi-resolution case with 

refinement from 20 µm to 10 µm and 5 µm. The positioning of the zones of higher resolution is given by 𝑥10𝜇𝑚 ∈ [-∞, 4.5mm] and 
𝑦10𝜇𝑚 ∈ [−2.25mm, 2.25mm]. A further refinement to 5 µm is then applied in the confined area 𝑥5𝜇𝑚 ∈ [−1.0mm, 2.75mm] and 
𝑦5𝜇𝑚 ∈ [−1.75mm, 1.75mm]. The total simulated physical time amounts to 50ms.

In Fig. 32, averaged velocity profiles across the vertical position for multiple axial positions are depicted. The overall agreement 
is very good. Marginal differences are visible in the wake of the prefilming edge, where the gas flow is dominated by the primary 
breakup, the resulting spray cone width or the size of the liquid fragments. It is clear, that 10 µm is sufficient for the prediction of the 
gas flow.

In Fig. 33, breakup sequences at three different resolutions are shown. The breakup corresponds to the 2D analogue of a bubble 
breakup in 3D. Initially, a ligament is stretched beyond the atomizing edge (t0), where it interacts with the lower air channel. The 
airflow penetrates into the emerging cavity and inflates the liquid ligament (t1). During this stage, the ligament continues to elongate 
and thin (t2). Eventually, when the resolution can no longer resolve the ongoing elongation and thinning, the bubble ruptures (t3). 
As a result, the coarsest resolution of 10 µm exhibits the smallest gain in spatial extent from t1 to t3. The sudden upward or downward 
movement of the ligament during the elongation stage, caused by interaction with the gas flow, is referred to as flapping. This flapping 
motion is also suppressed in the 10 µm case due to the premature breakup.

The sequences are taken from different time instants and are therefore uncorrelated. Given the highly chaotic nature of atomization, 
driven by multiple instabilities and turbulent interactions with the liquid film, a perfect one-to-one correspondence between such 
sequences should not be expected, and direct comparisons must be made with caution. Over the total simulation time of 50ms, only 
one breakup event of this kind was observed in the 10 µm case, emphasizing the need for higher resolution to reliably capture the 
breakup process, even though the resolution appeared sufficient for predicting the gas flow. By contrast, the uniform 5 µm simulation 
shows good agreement with the multi-resolution variant, both in ligament shape and size as well as in the gain of spatial extent.

In Fig. 34, the diameter–velocity clouds are shown for the three resolutions. Droplet characteristics are evaluated within a mea-
surement volume located 1.0mm downstream of the atomizing edge. Equivalent droplet diameters 𝐷 are defined as the diameter 
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Fig. 33. Breakup sequences for three resolutions: uniform 10 µm, uniform 5 µm, and the multi-resolution variant 20/10/5 µm. The process represents 
the 2D analogue of a bubble breakup in 3D. Since the depicted breakup events are taken from different time instants, they are uncorrelated.

Fig. 34. Bivariate distribution of equivalent droplet diameters and velocities. The orange curve corresponds to the least-square fit.

of a spherical droplet with the same volume, allowing ligaments and fragments of arbitrary shape to be treated as droplets. Liquid 
clusters containing fewer than four particles were considered underresolved and discarded. As the resolution increases, the fraction of 
underresolved liquid volume generally decreases. Each simulation yielded between 350 and 450 droplets, with the fewest occurring 
in the 10 µm case. The bivariate distributions also include a least-squares fit of the averaged correlation [14].

The same trends are observed across all three resolutions: larger droplets tend to move more slowly, and the spread in possible 
velocities decreases accordingly. In the coarsest 10 µm case, the flapping motion is noticeably suppressed, leading to a reduced velocity 
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spread (cf. Fig. 34(a)). In the uniform 5 µm simulation (cf. Fig. 34(b)), a few outliers with larger diameters (𝐷 ≥ 100 µm) and unusually 
high velocities slightly raise the averaged correlation fit. Longer simulation times and a larger number of droplets would be required 
to confirm this statistically. Nevertheless, the overall trends remain consistent across resolutions.

The multi-resolution simulation 20/10/5 µm MR comprises 0.93 million particles, compared to 3.28 million in the uniform 5 µm
case and 0.83 million in the uniform 10 µm case. Using the multi-resolution approach, a speed-up of 3.15 was achieved relative to 
the finest uniform simulation, reducing the computational cost from 41,000 CPUh to 13,000 CPUh. This demonstrates that the multi-
resolution framework is applicable to realistic atomizer scenarios, while effectively reducing computational cost and allowing larger 
portions of the geometry to be simulated.

5.  Conclusion

Currently, multi-resolution SPH schemes for multi-phase flows are considered a Grand Challenge. In this work, we developed a 
new multi-resolution framework for multi-phase flow, based on a domain-decomposition strategy and by additionally incorporating 
techniques known from the treatment of boundary conditions. Our framework involves continuous mass insertion and deletion at the 
resolution interface and employs a state-of-the-art transport-velocity scheme and additional interface reconstruction for particles in 
the inter-resolution transition zone.

We validated the multi-resolution model by different benchmarks: a lid-driven cavity, a laminar Taylor–Green flow, a Kelvin–
Helmholtz instability and an oscillating droplet. Finally, the model was demonstrated in an application near atomizer scenario. The 
model successfully replicated the reference results obtained with uniform resolutions and demonstrated its ability to handle single- and 
multi-phase flows. The model is capable of advecting the phase interface from one resolution level to the next. The ability to restrict the 
finest resolution only to the region of interest without influencing the phase interface is evident and will give significant advantages 
concerning computing effort. Using the multi-resolution framework, numerical results of the same quality can be obtained at lower 
computational costs. Multi-phase flows exist that exhibit physical phenomena both similar to and different from those demonstrated 
in this study. In future work, this framework will be extended to other realistic multi-phase flow scenarios, as well as to industrial 
applications such as 3D fuel nozzles.

CRediT authorship contribution statement

Niklas Bürkle: Writing – original draft, Visualization, Validation, Software, Methodology, Investigation, Formal analysis, Data 
curation; Markus Wicker: Writing – review & editing, Software, Methodology; Max Okraschevski: Writing – review & editing, 
Software; Rainer Koch: Writing – review & editing, Supervision, Resources, Project administration, Funding acquisition, Conceptu-
alization; Hans-Jörg Bauer: Supervision, Resources, Project administration, Funding acquisition, Conceptualization.

Data availability

Data will be made available on request.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
influence the work reported in this paper. 

Acknowledgment

The authors acknowledge funding by the German Federal Ministry for Economic Affairs and Energy (BMWI) and Rolls-Royce 
Deutschland Ltd. & Co. KG within the framework of research program Luftfahrtforschungsprogramm 5 (Project no. 20T1702). We 
acknowledge support by the KIT-Publication Fund of the Karlsruhe Institute of Technology. The authors acknowledge support by the 
state of Baden-Württemberg through bwHPC. 

Appendix A.  Kernels

For the previously discussed 2D simulations, the Wendland C4 kernel

𝑊 (𝑞) = 3
1024𝜋ℎ2

{

(2 − 𝑞)6 (35𝑞2 + 36𝑞 + 12) 𝑞 ≤ 2,
0 𝑞 > 2,

(A.1)

as well as the quintic spline kernel

𝑊 (𝑞) = 7
478𝜋ℎ2

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(3 − 𝑞)5 − 6(2 − 𝑞)5 + 15(1 − 𝑞)5 𝑞 ≤ 1,
(3 − 𝑞)5 − 6(2 − 𝑞)5 1 < 𝑞 ≤ 2,
(3 − 𝑞)5 1 ≤ 𝑞 ≤ 2,
0 𝑞 > 3,

(A.2)

have been applied, using 𝑞 = 𝑟𝑖𝑗∕ℎ.
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Appendix B.  Overlap extension

The barycenter of the top half of a spherical, non-oscillating object undergoes a displacement when the object moves through 
a transition zone. This is illustrated in Fig. B.35. In order to avoid this effect, the overlap is extended until the droplet fits into 
the overlap. The oscillation amplitudes for each resolution level are evaluated independently. Subsequently the trajectories of the 
oscillation amplitudes are connected.

Fig. B.35. Displacement of the barycenter of a solid hemisphere due to the partial transition.
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