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Abstract

Disperse two-phase flows (DTPFs), comprising particles such as bubbles or droplets suspended in a
continuous fluid phase, are central to numerous natural and industrial processes. Accurate, three-
dimensional (3D) measurement of these flows is essential for advancing theoretical understanding
and improving system efficiency and sustainability. However, conventional optical techniques often
fall short in optically constrained environments, where multi-camera setups are infeasible and
particle image (PI) overlap and low signal-to-noise ratios (SNR) pose significant challenges.

This thesis lays the groundwork for a novel framework enabling simultaneous 3D position and
size determination of both tracer and dispersed phase particles using only a single optical access.
Building on defocusing particle tracking velocimetry (DPTV) and interferometric particle imaging
(IPI), the method extends IPI to the backscatter regime, making it suitable for constrained setups,
and validates this extension experimentally. An inverse problem (IP) approach is developed to
jointly estimate particle positions and sizes, enhancing robustness against noise and PI overlap.
The method also enables the sizing of 3D-distributed bubbles or droplets and is experimentally
validated against benchmarked methods. Convolutional neural networks (CNNs) are employed
to distinguish between particle types, allowing two-phase measurements without additional hard-
ware, and are tested across six different datasets. Additionally, a statistical model of PI overlap is
introduced and validated through four experiments to guide experimental design and define opera-
tional limits. While each contribution addresses a distinct challenge in two-phase flow diagnostics,
they collectively establish the foundational components for future integration into a comprehensive

measurement framework.

The combined methodology aims to enable in-situ diagnostics of DTPFs in previously inaccessible
environments, using standard PIV imaging equipment. It supports higher seeding densities, im-
proved spatial resolution, and access to flow metrics such as slip velocities. The findings contribute
valuable insights to experimental fluid mechanics, offering a cost-effective and scalable approach
to complex flow diagnostics with potential benefits for both research and industrial applications.






Kurzfassung

Disperse Zweiphasenstromungen (DTPFs), bestehend aus Partikeln wie Blasen oder Tropfchen, die
in einer kontinuierlichen Fluidphase suspendiert sind, stehen im Zentrum zahlreicher natiirlicher
und industrieller Prozesse. Eine prézise, dreidimensionale (3D) Messung dieser Stromungen ist
entscheidend fiir das Vorantreiben theoretischer Erkenntnisse sowie zur Verbesserung der Effizienz
und Nachhaltigkeit von Systemen. Konventionelle optische Techniken stofen jedoch hiufig an ihre
Grenzen in optisch eingeschréinkten Umgebungen, in denen Mehrkamerasysteme nicht realisierbar
sind und Uberlagerungen von Partikelbildern (PI) sowie ein niedriges Signal-Rausch-Verhéltnis
(SNR) erhebliche Herausforderungen darstellen.

Diese Arbeit legt das Fundament fiir ein neuartiges Framework, das die gleichzeitige 3D-Positions-
und Groéfenbestimmung sowohl von Tracer- als auch von dispergierten Phasenpartikeln mit nur
einem einzigen optischen Zugang ermdoglicht. Aufbauend auf der Defocusing Particle Tracking
Velocimetry (DPTV) und der Interferometric Particle Imaging (IPT) Methode wird die IPT Methode
erweitert, um im Riickstreubereich einsetzbar zu sein. Dadurch wird IPT fiir optisch eingeschrénkte
Systeme geeignet, und die Erweiterung wird experimentell validiert. Ein auf inversen Proble-
men (IP) basierender Ansatz wird entwickelt, um Partikelpositionen und -grofen gemeinsam zu
bestimmen, was die Robustheit gegeniiber Rauschen und PI-Uberlagerung erhéht. Die Meth-
ode erméglicht zudem die Groflenbestimmung von 3D-verteilten Blasen oder Tropfchen und wird
auf experimentellen Daten mit etablierten Methoden verglichen. Convolutional Neural Networks
(CNNs) werden eingesetzt, um zwischen Partikeltypen zu unterscheiden, was Zweiphasenmessun-
gen ohne zusétzliche Hardware erlaubt. Die Methode wird an sechs verschiedenen Datensétzen
validiert. Zusitzlich wird ein statistisches Modell zur PI-Uberlagerung eingefiihrt und in vier Ex-
perimenten validiert, um die Versuchsplanung zu unterstiitzen und Betriebsgrenzen zu definieren.
Wiéhrend jeder Beitrag eine spezifische Herausforderung in der Zweiphasenstromungsdiagnostik
adressiert, bilden sie gemeinsam die grundlegenden Bausteine fiir eine zukiinftige Integration in
eine umfassende Messmethodik.

Die kombinierte Methodik zielt darauf ab, In-situ-Diagnostik von DTPFs in zuvor unzugénglichen
Umgebungen mit Standard-Particle-Image-Velocimetry-Bildgebungsausriistung zu ermdoglichen.
Sie unterstiitzt hohere Partikelkonzentration, verbesserte rdumliche Auflésung und den Zugang
zu Stromungskennwerten wie Schlupfgeschwindigkeiten. Die Ergebnisse leisten einen wertvollen
Beitrag zur experimentellen Fluidmechanik und erdffnen einen kosteneffizienten und skalierbaren
Ansatz fiir die komplexe Stromungsdiagnostik mit vielversprechendem Potenzial fiir Forschungs-
und Industrieanwendungen.
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1 Introduction

Multiphase flows are ubiquitous, ranging from vast scales such as interstellar clouds in the far
reaches of the Universe[192], through weather phenomena like rain and snowfall, to the sparkling
texture of beverages in our daily lives. A multiphase flow is any fluid flow comprising more than
one thermodynamic phase, separated at a scale well above the molecular level[21]. A special
category of multiphase flows is disperse two-phase flows (DTPF), which consist of finite particles
(the dispersed phase, e.g. bubbles or droplets) suspended in a continuous phase (the carrier phase,
e.g. water or air) forming a connected volume|[21].

DTPFs are of key interest in many research fields, including geology, physics, chemical and mechan-
ical engineering, and even the food industry. Geophysical phenomena such as volcanic eruptions
produce winds carrying particles like rocks or ash, which can lead to subsequent weather phe-
nomena. Weather events such as fog, rain, snowfall, and dust storms are of particular interest
to environmental research [11], especially in the context of climate change, where a better under-
standing of these processes is crucial. Such airflows, which contain particles such as ice and water
droplets, have critical implications for air travel. For example, they affect the icing of aerofoils,
which not only reduces the fuel efficiency of aircraft but can also pose a major safety concern for
thousands of people flying every day. However, aircraft must contend with DTPFs not only on
their wings but also within their engines. Most fossil-fuel-based modes of transport, from aircraft
to cars and ships, encounter DTPFs in combustion processes, such as fuel sprays in turbines and
piston engines [25]. In these areas of research, DTPFs influence combustion efficiency through
heat transfer and mixing behaviour, which in turn has a direct impact on fuel efficiency and en-
gine longevity. Fuel efficiency and longevity offer clear advantages for sustainability and provide
financial benefits for the industry. Progress in this area can therefore give vehicle and engine man-
ufacturers a competitive edge. DTPFs are also present in power plants, such as gas and steam
turbines, as well as in the oil and gas industry [219, 171]. For example, in offshore production,
oil is extracted from the seabed as a mixture of crude oil, seawater, sand, and gas, which can
pose hazards to expensive equipment [219]. Bringing oil up from the seabed or transporting other
fluids requires pumps, which can suffer damage and inefficiencies due to cavitation, once again, a
phenomenon involving DTPFs. When transporting fluids through pipelines, cavitation can lead
to pressure loss, increasing the energy required to move the fluid and potentially even damaging
pumps and pipelines. This can be a significant source of cost and energy waste in the oil and chem-
ical industries. The chemical industry is concerned with DTPFs not only because of fluid transport
in pipes, but perhaps more importantly due to their role in chemical reactions [219, 11|. Different
phases in DTPFs can be products of chemical reactions. DTPFs also influence heat transfer and
mixing behaviour, which in turn affect reaction dynamics. Understanding these phenomena can
lead to more efficient processes, impact scalability, or even enable new processes to realise specific
reactions. This is, without doubt, a highly desirable outcome in these fields. Another influence
of DTPFs in chemical processes can be found in fuel cells, where bubble flow affects performance
by reducing conductivity [183, 75]. Improving the efficiency of fuel cells can contribute to the
advancement of climate-neutral buses, cars, and trains, as well as sustainable power generation.
Another market that is heavily influenced by environmental changes is agriculture, where DTPFs
also appear in the form of sprays used to protect crops from disease and certain insects. Improved
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spraying methods help to reduce labour and the amount of wasted chemicals, thereby lowering
both the cost and environmental impact of crop protection [55]. DTPFs occur not only in food
production but also in food consumption. Bubbles in beverages affect both the texture and quality
of the drink [65, 45]. The stability of foam and the perceived texture caused by rising bubbles play
a crucial role in the quality of lemonades, soft drinks, beer, and sparkling wine. Strictly speaking,
even tap water is a three-phase flow consisting of water, air, and microscopic particles. When such
tap water is used to cook pasta, the boiling process creates a two-phase flow once again.

As phenomena involving DTPFs are ubiquitous, their study is of great interest—whether to help
save our planet, gain a competitive advantage in business, or simply enjoy a better drink with
friends. Understanding the underlying phenomena often requires experimental investigation. Nu-
merical models must be calibrated and validated against experimental data. Physical models and
theories need to be tested using real-world observations. Moreover, new phenomena can be dis-
covered and verified through experiments, thereby extending existing models and deepening the
general understanding of flow physics. It is therefore crucial to have experimental techniques capa-
ble of capturing such data. Among the various available methods, optical measurement techniques
offer the advantage of being non-intrusive.

In optical measurements of DTPFs, the flow field of each phase and the size of the particles of
the dispersed phase are often of primary interest. The particle size of the dispersed phase is a
primary quantity that can be measured directly. In contrast, flow field-related information can
only be determined indirectly from the positions of tracer particles in the flow over time. Since
both phases are of interest, the positions of both tracer particles in the continuous phase and
particles in the dispersed phase must be measured. Other primary quantities, such as pressure
and temperature, may also be observed but are beyond the scope of this work. Therefore, the
positions of tracer particles in the continuous phase, along with the positions and sizes of particles
in the dispersed phase, are of particular interest, as they form the basis for a variety of secondary
or derived quantities. Measuring the position of particles over time allows the derivation of flow
velocities and the flow topology of each phase. When the velocities of both phases are measured
simultaneously, slip velocities can be determined, which influence, for example, the lift forces acting
on particles [85] and heat transfer [41]. Particle positions can also be used to describe mixing
and sedimentation behaviour, which is crucial in many industrial, chemical, and environmental
processes. While the size of dispersed phase particles is often of direct interest, such as the size
distribution of droplets produced by a nozzle, other quantities can also be derived from particle
sizes. Knowing the size of nearly all particles in the fluid allows the void fraction to be estimated.
By measuring particle sizes over time, quantities such as bubble growth or droplet dispersion can
be determined. As many quantities are derived from the primary measurements of position and
size, it is important that these are determined with high accuracy initially, in order to minimise

error propagation into derived metrics.

1.1  Motivation

While there are other methods for measuring DTPFs [150], optical measurement techniques are
often more convenient and require less equipment. These techniques can be applied to DTPFs with
a transparent continuous phase and offer the advantage of being non-intrusive, thereby not affecting
the observed phenomena. However, the complexity of such measurements increases significantly
with the dimensionality of the measurement, the spatial resolution relative to the measurement
volume, restrictions on optical access, and the requirement to measure both phases simultaneously.
Optical methods such as laser Doppler velocimetry (LDV) [5] allow for one-dimensional (1D) point
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measurements. Techniques like particle imaging velocimetry (PIV) enable the measurement of
flow velocities in two-dimensional (2D) planes illuminated by a light sheet [156]. The measurement
becomes more complex when extended to 3D volumes. Techniques such as tomographic PTV
[143, 173, 174] address this challenge but require multiple viewing angles to reconstruct the 3D
positions of particles. PIV and PTV retrieve the fluid motion based on the displacement of tracer
particles

Even greater complexity arises when boundary conditions limit optical access, effectively ruling
out multi-camera techniques. Such constraints typically occur when measurements are taken in
confined spaces, such as industrial machinery, e.g. inside a compressor or turbine chamber, or
in environmental settings like small cavities or nooks. Some engineering applications do not per-
mit a second optical access, as components essential to the machine’s function would need to be
removed to make space for it. Techniques such as holographic PTV [24] can reconstruct a three-
component (3C) flow in 3D using only a single camera. However, holographic methods still require
a second optical access to introduce light into the measurement volume. For three-dimensional,
three-component (3D-3C) flow reconstruction with only a single optical access, the two commonly
used methods are astigmatism PTV (APTV) [87] and defocusing PTV (DPTV) [215, 57]. These
methods, however, face additional challenges due to intensity loss during defocusing, which results
in low signal-to-noise ratios (SNR), and particle image (PI) overlap, which causes information to
be incomplete or superimposed with other data and lower accuracy in the out-of-plane direction.

All of these methods are capable of measuring the movement of a single type of particle, i.e. single-
phase flows. If a second phase is to be measured simultaneously, a combination of methods is often
required, adding further complexity. To measure the flow field of both phases, both the tracer
particles in the carrier phase and the particles of the dispersed phase must not only be tracked but
also distinguished from one another. Particle separation is often achieved via the wavelength of the
light emitted by the particles [97, 29], but this again requires additional equipment such as RGB
cameras, wavelength filters, and multiple cameras. A measurement method for two-phase cases
should combine the ability of DPTV and APTV to determine particle positions using only a single
optical access with the capability to distinguish between different particle types. Additionally, such
methods should be able to cope with low SNR resulting from defocusing and with the effects of PI
overlap.

Another challenge is the sizing of dispersed phase particles. Techniques such as interferometric
particle imaging (IPI) [98, 64, 144], digital in-line holography [102], and imaging can be used
to size particles [53]. Among these techniques, IPI offers better size resolution relative to the
measurement volume compared to both holography and imaging. Holography, on the other hand,
can measure particles in 3D volumes, whereas IPI and imaging techniques are mostly restricted
to 2D planes. However, both IPI and in-line holography typically require a second optical access
to introduce light into the measurement volume, making them difficult to use in single optical
access scenarios. Imaging can be used with a single optical access, but it is limited to quasi-
2D measurement areas due to the restricted focal length of the imaging device, and it provides
poorer size resolution compared to IPI. Ideally, a measurement technique would combine the size
resolution of IPI with the single optical access capability of imaging and the ability of holography
to size particles distributed in 3D volumes.

The simultaneous measurement of both phases with 3D-3C information and sufficient spatial res-
olution, along with the concurrent sizing of dispersed phase particles within this 3D volume, al-
ready presents a considerable challenge. When the additional constraint of single optical access
is introduced, most existing measurement strategies fall short of meeting all these requirements.
Nevertheless, DTPFs are inherently three-dimensional and non-stationary, which necessitates the



1 Introduction

simultaneous measurement of both phases in 3D. This, in turn, imposes a range of stringent de-
mands on measurement strategies in order to obtain the comprehensive information required for

meaningful progress in the respective fields.

1.2 Research objective and outline of the study

This thesis investigates ways to extend DPTV and IPI by enhancing the underlying physical mod-
els and applying optimisation and deep learning methods for data processing. The goal is to derive
information on the 3D positions and sizes of different types of particles in scenarios with limited
optical access. Two-phase flows can exhibit a variety of flow regimes, not all of which can be
captured using a single measurement technique. The scope of the present work is therefore limited
to disperse two-phase flows with quasi-spherical particles, such as bubble flow and mist flow. The
necessity of a single optical access measurement approach, capable of determining the 3D positions
of both tracer particles and particles of the dispersed phase, while also sizing the dispersed phase
particles, was established in the previous section. The development of such an approach can be
broken down into smaller steps. First, a sizing method for the dispersed phase, namely IPI, which
is also suitable for the combination with 3D position determination, must be adapted for evalua-
tion in single optical access scenarios, i.e. in backscatter. The necessary changes in measurement
evaluation due to the backscatter regime must be identified. In the next step, a method must be
developed that can simultaneously determine particle size and 3D position. This approach must
overcome specific challenges, such as the dependence of diameter estimates on particle position
estimation, and issues arising from PI overlap. Initially, this is considered only for the particles of
the dispersed phase, since tracer particles do not require sizing. The subsequent step extends the
approach to include the tracer particles, enabling measurement of both phases within the DTPF.
Once a method fulfilling the aforementioned requirements is established, practical guidance must
be provided to the experimenter on how to set up an experiment in accordance with the limitations
of such an approach. Therefore, the following research questions are formulated:

Research questions:

RQ1 How can IPI be expanded from the front- to the side-scatter and backscatter regime to enable
single optical access IPI?

RQ2 How do uncertainties and limitations change when performing IPI in side- and backscatter
compared to the front-scatter regime?

RQ3 How can an inverse problem approach improve the determination of particle position and
size?

RQ4 Can neural networks be trained to reliably detect and differentiate tracer and dispersed phase
particles in DPTV images, enabling simultaneous two-phase measurement?

RQ5 How can the expected PI overlap in DPTV and IPI be quantified, as a function of experi-
mental settings?

Research Questions (RQ1) and (RQ2) focus on extending the physical model used for IPI in order
to exploit its high resolution compared to other techniques, while enabling single optical access
capability. IPI is primarily employed in front-scatter configurations, where the light source and

camera face each other with an angle, and in some cases, it is used in side-scatter arrangements.
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However, current evaluation strategies are not applicable in backscatter, which is essential for
single optical access scenarios. RQ1 addresses this limitation by developing a method to derive
transfer functions between the interference pattern and particle size, independent of the scattering
regime. Given that scattering properties differ in backscatter compared to front-scatter, RQ2
investigates the resulting effects on SNR, measurement accuracy, and other limitations that arise
when performing IPI in backscatter, as opposed to the well-studied front-scatter regime. Both RQ1
and RQ2 are explored in Chapter3. This chapter details how to evaluate IPI measurements in
backscatter, identifies additional factors that must be considered, and explains how measurement
uncertainties and limitations vary across front-, side-, and backscatter configurations. The content
of Chapter 3 is based on Sax et al. [SDK25].

Research Question three (RQ3) then shifts focus to data evaluation, aiming to extract information
about particle position and size. An optimisation method based on an inverse problem approach
is developed to determine particle position and size from IPI images. Particular attention is
given to overcoming the limitation that IPI is predominantly restricted to 2D planes, rather than
enabling full 3D measurement volumes. Additionally, the issue of PI overlap, which compromises
the accuracy of position and size determination in both IPI and DPTV, is addressed. Chapter 4
outlines the construction of a physical model and a mismatch functional for this inverse problem
approach. It then explores how particle position and size estimation can be enhanced by employing
the optimisation method, in contrast to state-of-the-art techniques currently used in IPT and DPTV.
Additional challenges, such as low signal-to-noise ratio (SNR) and information loss due to PI
overlap, are also addressed. The content of Chapter 4 is based on Sax et al. [SGK25].

With a method established to acquire data in backscatter and to evaluate particle positions and
sizes simultaneously for a single particle type, the next research question (RQ4) addresses how to
measure two phases simultaneously. Chapter 5 focuses on the detection and classification of two
types of particles in DPTV, namely tracers in the continuous phase and dispersed phase particles.
This classification can then be used either to track the phases directly using traditional approaches,
or to initialise an inverse problem approach as described in Chapter4. The content of Chapter5
is based on Sax and Kriegseis [SK25b].

The final research question (RQ5) bridges the gap between the theoretical limitations of data
evaluation and the practical acquisition of raw data. A statistical investigation of PI overlap of-
fers insights into its nature and the development of a statistical model on PI overlap provides
direct guidance to experimentalists on how to configure their experiments. This model establishes
a clear link between algorithmic limitations related to PI overlap and the corresponding experi-
mental settings. RQ5 is addressed in Chapter 6. The content of Chapter6 is based on Sax and
Kriegseis [SK25a]

While each research question targets a distinct technical challenge, they are unified by the over-
arching goal of enabling single-access, 3D, two-phase flow diagnostics. Rather than presenting a
fully integrated measurement system, this thesis establishes the essential building blocks, validated
independently, that enable such a system to be realized in future work.

The novelty of this thesis lies in setting the foundation for a single optical access measurement tech-
nique that combines IPT and DPTV for simultaneous 3D position and size determination of tracers
and bubbles or droplets in DTPFs. Unlike existing methods, this approach enables backscatter-
based measurements, integrates inverse problem optimisation for improved accuracy, and leverages
deep learning for phase differentiation, all within a constrained optical setup. Furthermore, a novel
statistical framework is introduced to quantify PI overlap as a function of experimental parameters,
offering practical guidance for experiment design and ensuring data quality that aligns with the
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limitations of post-processing in high-density flow conditions. By enabling accurate 3D measure-
ments of both tracer and dispersed phase particles in dense, optically constrained environments,
this work opens new possibilities for in-situ diagnostics of DTPFs in harder-to-access applications
across a variety of research fields. This expanded accessibility not only advances the scientific
understanding of multiphase flow dynamics but also supports the development of more efficient
and sustainable technologies.

Two distinct citation styles are employed in this thesis. An alphabetical style (e.g. [ABC12]) is used
to highlight publications authored by the candidate during the course of the PhD, distinguishing
them from external sources. A numerical style (e.g. [123]) is used for referencing all other literature.
Portions of this thesis have been published by the author or are currently under submission. These
sections are marked with quotation marks and a disclaimer at the beginning of the relevant chapter
or section to clearly indicate self-citations.



2 Fundamentals

This chapter aims to support the reader in understanding the following chapters by providing the
necessary fundamentals and concepts referenced in Chapters3, 4, 5, and 6. First, an introduc-
tion to multiphase flows is presented. In particular, dispersed two-phase flows, the focus of the
measurement strategies developed in this work, are contextualised within the broader category of
multiphase flows. A brief overview of measurement techniques for dispersed multiphase flows is
then provided. Second, the two primary measurement techniques, DPTV and IPI, are explained
in greater detail. These techniques form the foundation for the development of the measurement
strategies discussed in this thesis. Third, basic optical concepts relevant to the development of
these measurement strategies are introduced. This includes explanations of light propagation and
light scattering by particles of relevant size. Finally, an overview of specific machine learning
methods is given, as these are integral to the data evaluation methods developed in Chapter 5.

2.1 Two-Phase Flows

This section begins with an overview of multiphase flows, including their definitions and classifica~
tions. The second part focuses specifically on gas-liquid two-phase flows, such as air-water systems.
Finally, DTPFs, the primary subject of measurement in this thesis, are contextualised within the
broader spectrum of two-phase flow types.

2.1.1 Definitions and Classifications

A multiphase flow is defined as a flow consisting of two or more thermodynamic phases that are
distinct well above the molecular level [21]. The simplest example is a two-phase flow, which con-
stitutes the type of flow relevant to this treatise. However, more complex flows may involve three or
more phases. There are many different ways to categorise multiphase flows. This section provides
a brief overview of various types and classification methods. Perhaps the most straightforward
method of categorising multiphase flows is by the state of aggregation. Two-phase flows can be
divided into three categories: gas-liquid (e.g. bubbly flow), liquid-solid (e.g. sand particles in
water), and gas-solid (e.g. hail in air). Three-phase flows may then include combinations such as
gas-liquid-solid, and so on. It should be noted that a phase refers to a thermodynamic state such
as gas, liquid, or solid. Chemically distinct substances, referred to as components, are excluded
from this definition. For example, an oil-water mixture consists of two components but constitutes
only a single phase. Another important distinction is that of flow fields, which are topologically
distinct regions within a flow. For instance, an annular flow (see Section 2.1.2) features a water film
along the boundaries and water droplets in the centre. Thus, the same two-phase flow contains
two different flow fields [219]. It quickly becomes apparent that classification by state of aggre-
gation alone is not sufficiently exhausting. For example, bubbles in water behave fundamentally
differently from water droplets in air, despite both being liquid-gas flows. Additionally, different
flow fields can significantly alter the behaviour of the flow. Another classification is the distinction
between dispersed and separated flows [21]. Dispersed flows consist of finite particles (i.e. the
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dispersed phase) suspended within a continuous carrier phase (i.e. the continuous phase). A typi-
cal characteristic of dispersed multiphase flows is that the carrier phase comprises the majority of
the volume. Separated flows, on the other hand, contain two or more continuous streams divided
by an interface, the boundary between two phases. It should be noted that partially separated
flows also exist. For example, annular flow is both partially separated and partially dispersed
[21]. As such, there exists a degree of separation (global vs local), making these two categories a
spectrum rather than strictly distinct classes. Beyond the basic distinction between dispersed and
separated flows, further sub-classifications are often necessary to describe the internal structure of
the dispersed phase. For instance, within dispersed two-phase flows, one can distinguish between
homogeneous and inhomogeneous particle distributions [219]. This distinction refers to whether
the dispersed phase is uniformly distributed throughout the continuous phase or exhibits spatial
variations (e.g. vertical bubbly flow due to the effect of gravity), which can significantly influence
flow behaviour and measurement strategies. Another distinction is based on the presence of heat
transfer, classifying flows as either adiabatic or diabatic [219]. This differentiation is important, as
heat transfer has significant implications for phase changes such as vaporisation or condensation.
Further classifications consider the direction of flow of each phase. Two-phase flows can be either
co-current or counter-current, depending on whether the two phases flow in the same or opposite
directions, respectively [219]. While the previous classifications focus on the physical arrangement
and interaction of phases, another widely used approach categorises two-phase flows based on their
observable geometric configurations of the interfaces, also referred to as flow regimes [21, 219]. The
simplest examples involve quasi-one-dimensional pipe flows. For such flows, flow regime maps can
be constructed. These maps typically relate the mass or volume flow rate of each phase and are
generally valid only for a specific fluid pairing and pipe diameter [219]. In these cases, co-current
flows in either vertical or horizontal pipes are typically investigated, which are discussed in more
detail in the next section.

In summary, many different approaches exist to classify two-phase or even multiphase flows, and
the most appropriate method often depends on the objective of the investigation.

2.1.2 Flow Patterns and Flow Regimes of Two-Phase Flows

As mentioned in the previous section, pipe flows are commonly used to illustrate different types
of flow regimes. In such cases, flows are typically categorised as horizontal, vertical, or inclined.
This distinction is particularly important when gravitational effects are significant, which is usually
the case when there is a large density difference between the two phases (e.g. in air—water flows,
the density ratio is approximately 1000) [219]. It should be noted that flow regime maps are
generally not universal, and extrapolating results beyond a specific pipe diameter or fluid pairing
is challenging [21]. Accordingly, this thesis employs flow regimes solely to contextualise DTPFs
within the broader spectrum of flow types.

Flow Regimes in Vertical Pipe Flows

Flow regimes of co-current flows in vertical and inclined pipes typically include bubbly flow, slug
flow, churn flow, annular flow, and dispersed (or mist) flow [209]. An overview of these flow regimes
is given in Fig. 2.1. It should be noted that the boundaries between these regimes are not sharply
defined but rather represent gradual transitions, which can make it difficult to clearly identify the
prevailing flow regime in some cases. At low void fractions and low flow rates, bubble flow occurs.
In this regime, the liquid serves as the carrier phase and the gas as the dispersed phase. As the
flow rate increases, the gas bubbles become more disturbed and may break up into smaller, more
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uniformly distributed bubbles. This leads to what is often termed bubbly flow, characterised by a
homogeneous distribution of small gas bubbles within the liquid [219]. Some literature distinguishes
between bubble and bubbly flow based on the degree of dispersion, with bubbly flow representing
a more advanced stage of dispersion [219], whereas other sources refer to both simply as bubbly
flow. Slug flow appears at higher void fractions, where gas bubbles coalesce to form larger bubbles.
When these bubbles reach sizes comparable to the pipe diameter, they transition into plugs [219].
With further increases in flow velocity, slugs and plugs break down into an unstable regime known
as churn flow. This regime represents the transition between slug or plug flow and annular flow
[219]. In annular flow, the liquid forms a film along the pipe walls, while the gas flows through
a central core. The liquid film may contain bubbles, and the gas stream in the centre can carry
droplets [219]. Annular flow typically occurs at high gas volume fractions, with the gas phase
moving faster than the liquid film. A variation known as wispy-annular flow includes larger liquid
portions entrained in the central gas core. At very high gas volume fractions, the flow transitions
into a fully dispersed droplet regime, also referred to as mist flow. In this case, the gas becomes
the carrier phase, and the liquid exists as fine droplets. The gas core in annular flow can also be
considered a form of mist flow.
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Figure 2.1: Flow patterns in a vertical pipe. The flow patterns are also marked by whether they classify as a
disperse or partially disperse partially continuous two-phase flow. Figure based on [21].

Flow Regimes in Horizontal Pipe Flows

Two-phase flow in horizontal pipes differs from that in vertical pipes, as gravity tends to stratify
the flow [219]. Frequently used flow regime maps and classifications for horizontal pipe flows were
developed by Baker [10] and Weisman [210]. An overview of the flow regimes in horizontal pipe
flows is shown in Fig. 2.2. Bubbly flows in horizontal pipes are similar to those in vertical pipes,
characterised by dispersed bubbles and low void fractions. However, due to the lift force acting on
the bubbles, they are usually heterogeneously distributed across the pipe cross-section. Stratified
flows occur when the two phases are fully separated, with liquid at the bottom and gas at the
top. These flows can be either stratified smooth or stratified wavy, depending on the interface
behaviour [219]. Annular flows also occur in horizontal pipes. The main difference compared to
vertical pipes is that the liquid film is typically thicker at the bottom and thinner at the top due
to gravitational effects. Intermittent flows, such as plug and slug flow, also appear in horizontal
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configurations. In these regimes, gas bubbles are elongated and differ from the nearly spherical
bubbles observed in bubbly flow.
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Figure 2.2: Flow patterns in a horizontal pipe. The flow patterns are marked by whether they classify as a disperse,
partially disperse partially continuous or continuous two-phase flow. Figure based on [21].

2.2 Selected Measurement Techniques for the Investigation of
Disperse Two-Phase Flows

As demonstrated in the previous section, there are many different kinds of multiphase flows. Con-
sequently, a variety of measurement methods have been developed to characterise these different
types of flows. Different techniques pursue different objectives: some aim to identify the flow
regime, while others are specialised in deriving specific quantities for a given regime. This sec-
tion introduces the two main measurement techniques, employed throughout this thesis, for the
determination of the primary quantities particle position and size. The techniques and concepts
presented here are applied in Chapters 3, 4, 5, and 6.

2.2.1 Overview: Measurement Techniques for Flow Velocity and Particle
Size

In dispersed two-phase flows, several primary quantities are of interest. These include the velocities
of the phases, namely, the velocity field of the carrier phase and the motion of individual dispersed
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particles, as well as the sizes of the dispersed particles, and other quantities such as pressure and
temperature. As this thesis focuses on the velocities of both phases and the sizes of the dispersed
particles, only measurement methods relevant to these quantities are considered. Techniques for
measuring other parameters, such as pressure and temperature, do exist but fall outside the scope
of this treatise. Furthermore, only non-invasive methods are considered within the scope of this
work.

Determining Velocity

There are multiple techniques available to measure flow velocity, which can be applied to either
the continuous or dispersed phase, and in some cases, both. Electrical impedance tomography
(EIT) [54, 26] can be used to measure volumetrically averaged velocities. EIT detects changes
in impedance caused by the differing electrical properties of the phases in a two-phase flow. It
can also be used to determine quantities such as void fraction or to identify the flow regime [28].
However, EIT cannot resolve complex three-dimensional velocity fields [150]. X-ray radiography
can be employed to measure particle motion, particularly in high-density suspensions [138] or
when the continuous phase is opaque, rendering optical methods ineffective. A related technique,
neutron radiology, is suitable for measuring the position and movement of gas in liquid metals
[150]. Since radiological methods cannot resolve complex 3D structures, advanced techniques such
as X-ray tomography have been developed to retrieve 3D-3C information [123, 84]. However,
both X-ray and neutron-based methods are highly specialised and require expensive equipment
[150]. Magnetic resonance imaging (MRI) determines velocities by measuring phase shifts in a
magnetic field. It enables 3D-3C flow measurements [178, 193, 150] and is particularly useful
for flows with opaque continuous phases. However, MRI systems are highly specialised and very
expensive. Ultrasonic pulsed Doppler velocimetry (UPDV) [134, 20] measures the frequency shift
of moving particles caused by the Doppler effect to determine their velocity. As a line measurement
technique (line-integrated velocity profile), it requires movement of the measurement apparatus to
cover larger fields. Consequently, UPDV cannot be used to obtain instantaneous volumetric flow
fields. Laser Doppler velocimetry (LDV) [220] is a similar technique that uses laser light instead
of sound waves. It also relies on the Doppler effect to determine particle velocity [5]. In contrast
to UPDV, which provides line-integrated velocity profiles, LDV is a point measurement technique,
capturing velocity at a single spatial location where the laser beams intersect. It is therefore limited
to stationary or statistically steady flows, where scanning across the field over time does not distort
the measurement. An optical measurement technique capable of capturing a field of particles is
particle image velocimetry (PIV). PIV uses correlation to track changes in particle patterns between
two images, thereby determining the velocity field using an Eulerian approach. As standard PIV
can only retrieve a 2D-2C velocity field [4, 156], various developments have extended the method
to 3D-3C. Examples of such 3D-3C PIV techniques include tomographic PIV [52] and holographic
PIV [59, 32], both of which employ multiple cameras to reconstruct three-dimensional information.
For tracking individual particles using a Lagrangian approach, particle tracking velocimetry (PTV)
can be employed. In this method, individual particles are detected and their displacement between
two images is measured. One class of PTV approaches uses multiple cameras, such as tomographic
PTV [143, 126] and subsequent improvements like Shake-the-Box [173, 174]. Alternatively, single-
camera methods exploit optical effects, such as defocusing, astigmatism, or numerical refocusing
at different depth positions, to reconstruct the third dimension from 2D images. Examples include
APTV (33, 86], DPTV [215, 146], and holographic PTV methods [24].
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Determining Particle Size

A variety of techniques exist for sizing individual particles. Magnetic resonance imaging (MRI) can
be applied not only to determine particle velocities but also to measure particle sizes within three-
dimensional volumes [150]. Optical Coherence Tomography (OTC) is another useful technique
for measuring both the 3D position and sizes of bubbles [136]. It also offers the advantage of
being able to measure more complex bubble or droplet shapes. OTC operates by splitting a
broadband light source into a reference beam and a measurement beam, the latter of which is
reflected back from the sample. The interference between the reflected measurement beam and
the reference beam is then analysed to extract depth-resolved structural information based on
optical path length differences. Using this, volumes can be scanned to detect surfaces or interfaces.
However, the limited scanning speed of the technique prevents it from being used in large fields of
view, although recent improvements in scanning speed could change this in the future. Another
technique which can be utilised to measure both the position and size of particles is Light Detection
and Ranging (LIDAR) [101]. The method operates by emitting short pulses of laser light towards
a target and measuring the time taken for the light to be reflected back to the sensor. Employing
a scanning motion similar to that used in OCT, LIDAR is capable of generating three-dimensional
maps of particle surfaces, which may be used to reconstruct particle size from a single optical
access. However, for sizing small particles (on the order of a few microns), LIDAR relies on
indirect measurements based on scattering models, which typically constrain the technique to
estimating size distributions rather than resolving individual particles [202]. Imaging methods
such as high-speed imaging allow particle sizing within a two-dimensional light sheet. Focused
images of particles are captured, and their size is measured directly in pixels and converted using
the magnification of the optical system. Since only a thin slice of the flow is in focus, only particles
within this plane can be sized. Holography techniques [194, 198] overcome this two-dimensional
limitation. These methods, particularly digital holography [102], use digital refocusing at various
depth positions to reconstruct 3D volumes. Particle sizes are then extracted from each refocused
slice in a manner similar to in-focus imaging. However, both holography and in-focus imaging
are limited by camera resolution. Capturing large fields of view requires lower magnification,
often without an imaging lens in holography, reducing spatial resolution. This constraint makes it
difficult to size small particles in large volumes. Interferometric particle imaging (IPI) addresses
this limitation. Originally introduced as interferometric laser imaging for droplet sizing (ILIDS)
[98, 64], the method uses interference patterns of scattered light to determine particle diameter
from observed fringes. Higher size resolution can be achieved compared to in-focus imaging, but
the method is restricted to quasi-spherical particles, where surface tension dominates over volume
forces. IPI is generally performed in a two-dimensional light sheet, as the distance between the
observer and the particle must be known.

2.2.2 Defocusing Particle Tracking Velocimetry
Particle Tracking

Particle tracking methods can be directly applied to particles of the dispersed phase. However, to
obtain the flow field of the continuous phase, the motion of the fluid must first be made visible.
This is achieved by introducing tracer particles (or simply tracers) into the fluid - a process known
as seeding. This concept dates back to Ludwig Prandtl, who used micaceous iron ore particles in
water to visualise flow patterns [195]. A seeded continuous phase is, technically, also a two-phase
flow. However, since the tracers are solely used to infer the flow field of the carrier phase, they are
not considered an additional phase. It is essential to ensure that they accurately represent the fluid
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motion. The Stokes number is commonly used to characterise the response time of the tracers, tp,
relative to the response time of the fluid, ¢t [197]:

= I /e (2.1)

To ensure that tracers accurately follow the motion of the carrier phase (i.e. the response time of
the particles is sufficiently smaller than the response time of the fluid), a Stokes number smaller
than Stk < 0.1 is typically required [156]. The particle response time depends on the particle
diameter dp and density pp, as well as the fluid’s dynamic viscosity pp. The fluid response time
is defined by the characteristic length scale /. and characteristic velocity u. of the flow. Seeding is
essential for all techniques that rely on tracking particle motion, including Doppler-based methods
(UPDV and LDV), PIV, and PTV.

PTV captures images of either tracer particles or particles of the dispersed phase (e.g. droplets).
At least two images are recorded at a known time interval. The local velocity of a particle is then
directly derived from its displacement between the two images. Setups using more than two images
can also provide additional information, such as particle acceleration, which requires evaluating
the change in velocity over successive time intervals.

Defocusing Approach

In DPTV, the depth position of a particle is determined from the degree of defocus in its corre-
sponding PI. When a light source, such as light scattered by a particle, is imaged out of focus, it
appears as a blurry circle (depending on the aperture shape). This effect is commonly observed in
night scenes of films, where background lights appear as blurry disks. The extent of defocusing is
related to the distance between the object (i.e. the particle) and the focal plane of the observer
(i.e. the camera).

Willert and Gharib [215] first applied this principle to determine a particle’s distance from the
focal plane by measuring the diameter of its PI, enabling 3D-3C tracking. The relationship be-
tween the defocus diameter dp; of the PI and the particle’s distance from the focal plane zp was
mathematically described by Olsen and Adrian [146]:

2 2 2 242/ 42 MCQ;ZPQD(%
dPI = Mde + 5.95(MG + 1) A (f ) + R (2.2)
—— (So + Zp)
geom. image diffraction S———

defocusing

This equation consists of three terms: the first describes the geometrical image, defined by the
particle diameter dp and the system magnification Mg; the second accounts for diffraction, involv-
ing the light wavelength A and the focal number of the objective lens f#; and the third represents
the defocusing effect, which includes the aperture diameter D, and the distance from the imaging
optics to the focal plane sg. In a fixed measurement setup, all terms except zp remain constant,
making dpy a function of the particle’s distance from the focal plane: dp; = f(zp).

In many applications, the imaging optics are positioned much farther from the focal plane than
the particles, so that the condition sg > zp holds. Under this assumption, the denominator of the
defocusing term in Eq. (2.2) can be simplified as (sg + 2p)? ~ s3. The equation then becomes:

1
2

dpy ~ (const. + M(Q;Dizp2> . (2.3)
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Figure 2.3: Defocusing approach visualised. Shown are two particles, one closer to the focal plane (blue) resulting
in a small defocus circle and a particle further away from the focal plane (red) resulting in a larger
defocus circle. The image plane (i.e. the camera chip) and the (object side) focal plane are shown.
Additionally, is the image side focal plane shown, which is the plane at which the defocused particle
would be imaged in focus. A 3D close-up on how the defocused particle image changes between the
image side focal plane and the actual image plane is shown. Modified figure based on [113].

Eq. (2.2) becomes approximately linear in zp at sufficient distances from the focal plane zp. As
a result, Eq. (2.3) can be linearised to dpr ~ zp [57]. This relationship allows the out-of-plane
position (i.e. the z-direction) to be directly determined by measuring the PI diameter.

Calibration

In cases where the measurement volume is constrained by two walls, an in-situ calibration can
be employed for DPTV [116]. However, this condition is not always met. In such cases, a more
general approach using a calibration target can be applied [SDK25|. The relationship between the
PI diameter and the out-of-plane position can also be described using geometrical optics (GO)
[179]:

foc defoc

Zlop — %
dpy = DalnPTHP (2.4)
2P

The camera sensor is positioned at a distance zfg% from the principal plane, such that it captures a

focused image of objects located in the object-side focal plane at a distance zpog. This configuration
defines the nominal imaging geometry, compare the light green rays in Fig. 2.4. When an object
is located at a distance zp from this object-side focal plane, its image is no longer formed at the
camera sensor but instead at a different location, denoted as 2(5f°¢, compare the dark green rays
in Fig. 2.4. As a result, the image recorded on the sensor appears defocused. Eq. (2.4) shows
good agreement with the linear part of Eq. (2.2), as will be shown later (e.g. Fig. 4.4) [SGK25].
However, the position of the principal plane is typically unknown. Therefore, both zpop and zpaop

must first be determined. To this end, the thin lens equation

1 1 1

ZIfS% ZP2F flcns

(2.5)
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Figure 2.4: "Working Principle of DPTV visualised. As the particle moves away from the focal plane the particle
image visible on the image plane becomes defocused and the diameter of the PI increases."[SGK25|.
Figure from [SGK25]

and the magnification condition
foc
z
Mg = |215p (2.6)
ZP2F

can be utilised. While the focal length of the imaging lens is usually known, the magnification
can be determined from a calibration target. Once 215 is known, 2&°¢ can be obtained from
Eq. (2.4). Substituting z{s¢ into the thin lens equation allows the derivation of the distance
from the principal plane to the particle, i.e., zpor + zp. Knowing both this total distance and the
distance from the focal plane to the principal plane, (2par), the particle’s distance from the focal
plane, (zp), is simply the difference between the two. This procedure is employed in Chapter 3 and

Chapter 4.

Particle Image Density

When evaluating PTV methods, the number of particles Np in the image plays a crucial role. In
PIV and PTV, this is commonly referred to as the seeding density [3]. In PTV, the seeding density
is particularly important because it determines the spatial resolution of the flow field by setting
the number of velocity vectors in the image (see Fig.2.5). Specifically, the number of individual
velocity vectors per volume is directly influenced by the number of particles present within that

volume.

During image post-processing, individual particles must be detected and matched between images.
Both detection and tracking algorithms have limitations regarding the number of particles they
can handle before performance is impaired, leading to missed detections and/or incorrect matches.
These issues can result in ghost particles or erroneous velocity vectors, respectively. Therefore, the
seeding density of tracers in the continuous phase should be adjusted to balance spatial resolution
with algorithmic limitations. In DPTV, an additional factor must be considered: since Pls are
defocused, they appear as relatively large circles compared to the small points seen in in-focus
methods, compare Fig. 2.5. This can lead to particle image overlap, where the PIs of two or more
particles intersect, complicating particle detection. To address this, a more suitable metric for
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focus defocus focus defocus

Figure 2.5: Resolution of a flow field, based on the number of particles in the fluid visualised. A flow field of a
vortex is shown as an example. The left image contains Np = 20 particles and the right image contains
60 particles. The effect of defocusing and the seeding density on the particle image overlap is shown.

seeding density is required in DPTV. Kéhler et al. [105] proposed relating the total area of the Pls
to the full image area. The particle image density is defined as [12]:

N R
S = ! ZPAPLZ ~ Np API (27)
Aimage -1 Aimage

where Ajmage 1 the area of the full image, Apry is the area of the /-th PI, and Ap; is the mean area
of all PIs. The problem of PI overlap and seeding density is addressed in more detail in Chapter 6.

Post-Processing

To obtain particle velocities in DPTV, three main steps must be followed. First, the PI must
be detected (detection step), which involves determining the in-plane position (zp1, ypr) and the
diameter dpy of the PI. In the second step, the physical 3D position of the particle (zp,yp, zp)
is reconstructed from the PI. Once the physical position is known, the final step is to match the
particle between two images to determine its velocity (tracking step).

There are many different approaches to particle detection. A brief overview is provided below:
"One straight-forward approach used by Leister et al. [114, 115] is the Coherent Hough Transform
[...] [7,9,8]— a variation of the Hough Transform [79] — which is a gradient based voting algorithm.
Fuchs et al. [57] used an algorithm detecting the edges of the defocus rings by an adaptive threshold
applied on the intensity distribution. While the first two methods determine the defocus rings
diameter and center position directly from the particle image, Barnkob et al. [13, 12, 165] used
cross correlation to compare the measured particle images to reference ones from a calibration
stack, both for particle detection and z-position refinement." [SDLK23]. "With the rise of
machine learning in computer vision and neural networks in particular, new methods for particle
detection based on convolutional neural networks (CNN) [109, 111] emerged in the DPTV/APTV
community. Cierpka et al. [35] demonstrated the applicability of Faster R-CNN [164] for particle
detection in APTV. Franchini et al. [56] demonstrated an improved detection rate on overlapping
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particle images for a CNN-based model in APTV. Konig et al. [99] used a cascaded CNN on the
basis of Faster R-CNN on APTYV, which showed to have lower position uncertainties on particles
with astigmatisms and noise compared to conventional algorithms. Barnkob et al. [14] also used a
cascaded version of a CNN for particle detection in DPTV and APTV, which was composed of a
preliminary network (Faster R-CNN) for locating particles within the image and a second CNN to
refine the out-of-plane position. More recently, Dreisbach et al. [48] applied CNN-based multi-stage
(Faster R-CNN) and single-stage detectors (RetinaNet [119]) for DPTV, and furthermore analyzed
the effect of synthetic training data refinement by means of generative adversarial networks (GAN)
on the network performance for DPTV image processing."[SDLK23] Finally, Sax et al. [SDLK23|
proposed a hybrid method in which the initial detection by a neural network is refined using edge
detection, and a physical check criterion is applied to eliminate incorrect detections. Since these
initial efforts to incorporate machine learning into DPTV, CNNs have increasingly gained traction
within the DPTV community, see e.g. [223, 159].

The second step involves reconstructing the physical position of the particle from the PI. The
following relationships apply:

in-plane position  (zpr1,yp1) = (zp, yp)Mc (2.8)
out-of-plane position zp = f(dpr) .

The in-plane position is reconstructed directly from the centre coordinates of the PI, whereas the
out-of-plane position is derived from the PI diameter, as previously described.

Various approaches exist for 3D particle tracking. The simplest is the nearest neighbour method,
which matches particles between images based on proximity. This approach requires that particle
displacements between frames are smaller than the distance to neighbouring particles to ensure
unambiguous matching. More advanced methods use multiple images and incorporate velocity
vector direction to optimise matching in subsequent time steps. An example of such a method is
Shake-the-Box [173].

Limitations in DPTV

The post-processing of images in DPTV is subject to several key limitations, both optical and al-
gorithmic in nature. First, PI overlap can significantly impair detection performance. Overlapping
PIs reduce the number of correctly identified particles (i.e., lower recall) and increase the likelihood
of false positives (i.e., lower precision). An inherent trade-off exists: larger particles are generally
better spatially resolved and, in principle, allow for more accurate detection and size estimation;
however, they also elevate the risk of overlap, particularly at high particle image densities or under
increased defocusing. This issue is especially pronounced in setups with high defocus sensitivity
(i.e., a large change in PI size with respect to zp). Second, the signal-to-noise ratio (SNR) plays
a critical role in detection accuracy. As defocus increases, the light from a particle is distributed
over a larger area, reducing the peak intensity and rendering the PI less distinguishable from the
background. This degradation in contrast can hinder both reliable detection and accurate PI size
determination. These limitations must be carefully considered when applying DPTV, as they can
lead to detection errors and, consequently, inaccurate velocity vector fields.
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2.2.3 Interferometric Particle Imaging

The next technique, which is a central focus of Chapters3, 4 and 5, is IPI. IPI incorporates
several optical concepts, such as the scattering of light by transparent particles, which is discussed
in greater detail in Section 2.3, interference and diffraction. However, a brief overview is provided
here to offer the necessary background for understanding the working principle of IPI. IPI addresses
the limitation of size resolution in in-focus imaging techniques when applied to comparatively large
fields of view.

Originally introduced as ILIDS [98, 64, 139], the technique was developed specifically for droplet
sizing. It utilises the interference of coherent monochromatic light scattered by a quasi-spherical
transparent particle. When this particle is observed in an out-of-focus plane, a PI similar to those in
DPTYV can be seen. The key difference is that, under certain observation angles, the PI contains an
interference pattern. This pattern provides information about the particle size, analogous to how
fringes relate to slit spacing in a Young’s fringe experiment. The method has been widely used for
droplet characterisation. "Examples of the use of IPI on droplet flows include the characterization
of sprays [128, 70|, droplets analysis at nozzle outlets [132], droplets in combustion [58] and droplets
analysis in clouds and the atmosphere [50, 93, 154|"[SDK25]. The technique was later extended
from droplets to bubbles and renamed IPI [90, 144]. Since then, IPI has also been employed for
sizing small bubbles [144, 90, 106]. "Further developments include the consideration of higher-order
frequencies in the interference patterns to create redundancy [42] and therefore increased precision,
and the generalization of the IPI formula to arbitrary paraxial optical systems [179]."[SDK25].

Geometrical Optics Model for Light Scattering at a transparent Particle

In order to understand the working principle of IPI, two basic concepts must first be introduced:
light scattering at particles and the concept of glare points. Both are discussed in greater detail in
Section 2.3.1.

"First, only the scattering process at a bubble or droplet is regarded. Let’s consider a single
transparent, approximately spherical particle with a refractive index n; that is different from the
refractive index of the surrounding no. The ratio between the refractive indices is then described
by m = nj/ny (i.e. relative refractive index). The scattering of light at the particle is initially
described by the geometrical optics (GO) model. Light rays are either reflected or refracted at the
particle surface, compare Fig. 2.6. A light ray directly reflected at the particle surface is denoted as
order zero p = 0, while refracted light entering the particle is of order p > 1. The scattering order
of the refracted light describes the number of chords traveled inside the particle or p — 1 internal
reflections. The exit points of the light rays are called glare points and are perceived as bright spots
on the particle surface when viewed from a scattering angle 6 [200, 201], see Fig. 2.7."[SDK25]

A laser light beam, consisting of many parallel rays, will be scattered in all directions, resulting
in glare points that are visible from almost every angle. "Only light rays that exit the particle
in parallel with the angle 8 eventually reach the camera and thus all other rays can be discarded
for this model. Furthermore, refraction at the particle surface is governed by Snell’s law, which
leads to two fundamental implications for the scattering process: The positions of the glare points
depend on the scattering angle, see Fig. 2.6, and on the relative refractive index, compare Fig. 2.7.
This mechanism causes in particular a disparity between particles with m > 1 (droplets) and m < 1
(bubbles). Furthermore, the intensity of the glare points also depends on the scattering angle, due
to the angle-dependent transmission and reflection coefficients at the particle surface, as described
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Light Source
Particle

Scattering
o/ Angle
~  Particle as seen
by the Camera

Front-Scatter

Glare Points

Figure 2.6: Light scattering on a spherical particle as visualised by the geometrical optics model. The relationship
between glare points and the scattering angle 6 is illustrated. The scattering of the dominant light
rays is indicated on the blue spheres. The positions of the glare points, as they would appear to an
observer at the angle 6, can be seen on the black spheres. Figure adapted from [SDK25].

op=0 ep=] ep=2 p=3

/_

) s
Bubble (m<1) Droplet (m>1)

Figure 2.7: "A bubble m < 1 (left) and a droplet m > 1 (rigth) are shown. Depicted are the reflected ray p = 0 ()
and the first three orders of refracted rays p =1 (), p = 2 (o), and p = 3 (+). The position of the glare
point on the sphere’s surface is indicated by the w coordinate. Note that the light is monochromatic
and the colours encode the scattering order."[SDK25|. Figure adapted from [SDK25]

by Fresnel’s formulae. Therefore, different scattering angles are dominated by different scattering
orders (usually not more than one or two orders at a time)."[SDK25]

"In a plane scattering process, glare points are located on the equator of the sphere. In analogy
to the work of Van de Hulst et al.[200, 201], the position of a glare point on the particle surface is
denoted by the normalized w-coordinate, which represents the projection of the sphere’s equator
onto a straight line as seen by a camera, compare Fig.2.6. The position w; of a glare point of
order p;, can take values of [—1,1], with |w| = 0 representing the center and |w| = 1 the edges
of the sphere as seen by the camera. With the GO model, w; can be determined by geometrical
considerations, as is illustrated in Fig. 2.8a. Based on the commonly used convention [98, 90], the
angle between the light ray and the tangent of the particle surface is defined as 3. The angle of an

)

incident ray of order p; is denoted as Bi(p ) and the angle of the transmitted ray is denoted as Bt(p ),

In the case of the reflected (p = 0) light ray, £, is used for the incident ray. As the scattering angle
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two defocus rings one defocus ring

out-of-focus

(a) Angles with GO (b) Defocusing glare points

Figure 2.8: "(a) Light paths of the p = 0 and p = 1 rays through the particle using the GO model to determine the
position of the glare point, on the example of a droplet. The working principle of IPI is visualized in
(b). From the observation angle 0, two glare points are visible on the particle surface, when imaged in
focus. The images of the glare points begin to overlap and form an interference pattern as they move
away from the focal plane. They eventually collapse into a single circle at a sufficient distance from
the focal plane. In addition, the analogy of the glare point spacing (particle size) in IPI to a double
slit in Young’s fringe experiment [73] is visualized ((b) top). The intensity maxima are depicted as
dark stripes for better visibility (inverted intensity)."[SDK25|. Figure adapted from [SDK25].

0 is assumed to be known, Snell’s law together with the sum of the angles provides two equations
for the calculation of the two angles 3; and ;. The glare point position is then calculated from f;
and the particle diameter
. d d v
wglﬂys _ ?P w(Pz') _ 713 qcos (551’@)) 7 (2.9)
where wgf‘ys is the distance in physical units (e.g. pm), w®) is the normalized position, and a
factor ¢ = £1 indicates on which side of the sphere the glare point is located."[SDK25]

Transfer Functions in IPI

"When the particle is illuminated with coherent, monochromatic light, the light scattered off the
particle forms an interference pattern in the far field (distance from the particle > dg /A, with d,
being the particle size [121]). The underlying physical process is comparable to the one observed
at a double slit in Young’s fringe experiment, see Fig.2.8b. While the scattered light is visible
as glare points when imaged in-focus, the glare points become defocused rings when the observer
is not located on the focal plane. At a sufficient distance from the focal plane, the defocus rings
overlap to form the interference pattern, see Fig. 2.8b (bottom).

The particle’s diameter can then be reconstructed from the relationship between the number of
stripes Ng in the interference pattern and the distance between the glare points. To relate the glare
point spacing to the number of stripes, either the distance between the particle and the observer
or the opening angle of the aperture aaxp must be known. The relationship between the particle
diameter and the number of stripes can be described for droplets (m > 1) [167, 139] by

d, = 2ANs (cos 0/2) + msin (6/2) ) (2.10)

aap V/m2 —2mcos (0/2) + 1
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and for bubbles (m < 1) [144, 90] by"[SDK25|

) —1
d, = 220 <cos 0/2) — m sin (6/2) ) . (2.11)

QAP /m2 —2mecos (0/2) + 1

Egs. (2.10) and (2.11) are frequently employed to determine the diameter of a droplet or bubble
based on the number of fringes observed in the PI. An alternative to directly counting the fringes
in the PI involves deriving the fringe count indirectly from the fringe frequency, utilising fast
Fourier transforms (FFT) and techniques such as peak-fitting in the frequency domain. The latter
approaches have been demonstrated to offer greater precision than direct fringe counting [90, 144,
153].

However, Egs. (2.10) and (2.11) are applicable solely within the front-scatter regime, as discussed
in Chapter 3.

2.3 Relevant Concepts in Optics

This chapter introduces theoretical concepts in optics that are employed throughout this work.
First, the scattering of light waves by transparent particles such as droplets and bubbles is described
in Section 2.3.1. These concepts are used in the Chapters 3 and 4. Second, the ray transfer matrix
(RTM) model is introduced in Section 2.3.2. The RTM provides a geometrical description of light
propagation in paraxial optical systems, such as those encountered in DPTV and IPI systems.
Finally, Section2.3.3 presents fundamental concepts related to the propagation of light waves,
which are relevant to model DPTV and IPI measurements in Chapter 4.

2.3.1 Light Scattering at Droplets and Bubbles

This section reviews light scattering concepts relevant to bubbles and droplets of sizes relevant to
DTPFs (i.e. significantly larger than molecules). The content of this section is applied in Chapter 3
to develop a model for IPI in backscatter, and in Chapter4 to construct the forward model for
simulating particle images.

There are numerous scattering theories, each with its own range of validity. Scattering at molecules
is described by Raman scattering [157]. Scattering at particles smaller than approximately a tenth
of the wavelength of light can be described by Rayleigh scattering [160]. Particles with sizes
comparable to the wavelength of light can be described using Mie scattering [137, 200]. The
Lorenz-Mie theory has no upper limit to its validity and is therefore often used to describe the
scattering of light by small droplets and bubbles. However, computing the Mie solution for large
particles becomes computationally expensive [216], making it impractical for very large particles.
For such large particles, the geometrical optics approach can be employed to describe the scattering
process without significant approximation errors [201].

This section begins by introducing light scattering at spherical homogeneous spheres, using the
geometrical optics model. It then presents the Lorenz-Mie theory to describe the scattering process
in terms of wave optics. The third subsection introduces the Debye series expansion of the Mie
theory to investigate individual scattering orders. The final subsection discusses glare points in
the context of wave scattering at spherical bubbles or droplets.
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Geometrical Optics Approach for Light Scattering

The concept of describing light scattering at particles using the GO model was already introduced
in Section2.2.3. This chapter expands on the theory and introduces additional concepts used
throughout this thesis. Both the GO and wave optics models are employed in this work. The
GO scattering model is particularly useful, as it provides a more intuitive representation of certain
scattering phenomena than the wave optics model.

Using Snell’s law [19, 124], the transmission angle can be expressed in terms of the angle of incidence
and the relative refractive index:

B¢ = arccos (ﬂl1 cos(ﬁi)> (2.12)

Van de Hulst [201] introduced an equation for the incident angle of a light ray at a sphere in relation
to the scattering angle € and the total deflection angle 0;.¢:

1
Oror, = 2 (Bi(p) — parccos(— cos(ﬂi(p)))> =21k + qf (2.13)
m

where ¢ = +1 and k € N is a constant. This relationship allows the prediction of glare point
positions for different scattering orders p. Notably, Eq. (2.13) has more than one solution for
certain scattering orders and refractive indices, meaning that more than one glare point of the
same order can exist. A particularly interesting phenomenon occurs when multiple rays of the
same order collapse into a single glare point at specific scattering angles. These angles are referred
to as rainbow angles. Rainbow angles occur under the condition df/dw = 0 and are typically
observed for droplets and for p = 2,3 [201]. Glare points at rainbow angles are notable for their
significantly increased intensity and are the reason why rainbows can be seen in the sky [201].

So far, only rays being either reflected or refracted have been considered. However, at each in-
teraction of a ray with an interface, the ray is both partially reflected and transmitted. A ray
interacting with a sphere is shown in Fig. 2.9. When a plane wave encounters a boundary between
two homogeneous media, it splits into two components: a transmitted ray that continues into
the second medium, and a reflected ray that propagates back into the original medium [19]. The
amplitudes of the reflected and transmitted waves can be described by the reflection coefficient
R; > and the transmission coefficient T 2, where the subscript 1 denotes the transverse electric
(TE) mode (also called perpendicular polarisation), and 2 denotes the transverse magnetic (TM)
mode (also called parallel polarisation). The reflection and transmission coefficients are given by
the Fresnel equations [124, 19], which are stated below for non-magnetic media:

_ _ sin(Bi—B)
Rl T sin(Bit+B) (2 14)
Ry — _ tan(Bi—pB) ’
27 Ttan(Bith)

_ _2sin(Beos(B) _ | _
= s 1=k
_ 2 sin(fB¢) cos(Bi) — 1 —

o= — mB+h cos(Bopry — 1 — 12

(2.15)

where (; is the incident angle of the light and 3¢ is the angle of the transmitted light.
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Figure 2.9: A light ray (scattering order p = 1) interacting with a sphere of refractive index ni in a surrounding
of refractive index ng (left). At every interaction of the ray with the interface is a part of the ray
transmitted and a part reflected. The transmission and reflection coefficients at each interaction with
an interface are shown, with e.g. 712 denoting a transmission from medium one (n1) to medium two
(n2) and R'! denoting a reflection from medium one back to medium one. The different light intensity
that is observed based on the scattering angle is visualised in the second figure (right).

For parallel polarised light, there exists an incident angle at which the transmission coefficient
becomes one, To, = 1, and all light is transmitted. This angle is known as the Brewster angle.
Using Eq. (2.15) and Snell’s law, Brewster’s law is derived [124]:

Bi g = arctan (nQ) (2.16)
ny

where §; p is the Brewster angle, ny is the refractive index of the original medium (medium of

incidence), and ns is the refractive index of the medium into which the light is transmitted.

When a light ray from the surrounding medium hits the interface of the sphere, the transmission
coefficient from medium ns into n; (into the sphere) is denoted by T2'. Note that the superscript
does not indicate a power, but rather denotes the transition from medium two to medium one. A
part of the ray is reflected back into medium two with coefficient R?2, see the left side of Fig. 2.9.
The transmitted ray is refracted into the sphere and continues to travel until it interacts again
with the interface. A part T'? of the ray is then transmitted out of the sphere (from medium
one to two). This ray, upon exiting the sphere, has an intensity of 7272 relative to the original
incoming ray. The remaining part of the ray is internally reflected with coefficient R'' and has
an intensity of 72' R'" with respect to the original ray. The internally reflected ray continues to
propagate until it encounters the next interface, and the process continues. Since the reflection
and transmission coefficients are functions of the angle of incidence relative to the sphere’s surface,
the intensity of the emergent ray exhibits a strong dependence on the scattering angle 6 (see the
right panel of Fig. 2.9). Owing to partial transmission and reflection at each interface interaction,
the ray undergoes a progressive loss of intensity with every internal reflection. Consequently, rays
of higher scattering order, those undergoing multiple internal reflections, contribute progressively
less to the overall scattered intensity and very large scattering orders can eventually be considered
negligible.

The Lorenz-Mie Theory

The previous section introduced light scattering at spheres using the GO model. While the GO
model is valuable for determining the positions of glare points and for developing an intuitive
understanding of scattering phenomena, it does not fully account for all physical effects required
to accurately compute the intensity of scattered light. To address these limitations, this section
introduces light scattering at spheres from the perspective of wave optics. The Lorenz-Mie theory
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(LMT) provides a widely used exact solution for the scattering of plane electromagnetic waves by
homogeneous spheres. It is derived from Maxwell’s equations formulated in polar coordinates [200].
The LMT yields solutions for both the near-field and far-field scattering regimes. However, since
an observer relevant for IPI is usually located sufficiently far from the particle (i.e. at a distance
several orders of magnitude greater than the wavelength of light), only the solution for the far field
is considered here. The traditional LMT describes the integral light intensity over all scattering
orders.

"The LMT uses the previously introduced relative refractive index m, where R{m} = ny/ny and
S{m} describes the attenuation of the wave for partially opaque materials. In addition, a size
factor asi,e = mdp/(No/n2) is introduced for the dimensionless parametrization of the particle
radius."[SDK25| The size factor relates the particle diameter dp to the wavelength of the incident
wave in the surrounding medium, A\o/n2, where Ao denotes the wavelength in vacuum and ns
represents the refractive index of the medium surrounding the sphere. The complex amplitude of
the scattered light in the far field, |S| = I, was derived by van de Hulst [200] from the LMT. The
intensity I of the scattered light is composed of the contributions from the TE mode, denoted by
(S1) and the TM mode, denoted by (S3).

I=/S2(0) + S2(6). (2.17)

The solution of the LMT in the far field for a homogeneous sphere of size g, and relative refractive
index m looks as follows [200]:

_ Z:l ;g oy @el6) + bire(6) (2.18)
_ jj 1 (beTL,(6) + arme(0)) (2.19)

where ay; and by are the Mie coefficients which are functions of the relative refractive index m and
the size of the sphere xgj,.. In the LMT, the incident and the scattered wave are described by a
series of spherical wave functions (i.e. partial waves or multipole modes ¢). The functions IT;(0)
and 7y(0) are known as the Mie angular functions; they describe the dependence of the scattered
field on the scattering angle and characterise its angular distribution. Moreover, they represent the
angular structure associated with each multipole mode indexed by ¢. The Mie coefficients can be
interpreted as weighting factors that quantify the contribution of the /** Mie angular function for
a given m and 4,.. Physically, ay and b, represent the excitation amplitudes of the electric (TM)
and magnetic (TE) multipole modes, respectively. The Mie angular functions II,(6) and 7,(0) are
visualised for the orders ¢ = [2, 6] in Fig. 2.10.

The number of partial waves that should be considered to compute the Mie solution depends on
the size of the particle [217, 145, 18]:

lotop = Tsige + 4.05203 4+ 2 (2.20)
For particles relevant to IPI, the following assumptions can be made: First, the sphere is large
compared to the wavelength of the light (2,0 > 1), therefore, a large number of partial waves are
considered (¢ > 1). Second, the boundary cases 6 # {0,180} are excluded. Then, IT,(0) < 7¢(0)
applies, and therefore S; becomes associated with the TE-mode and Sy with the TM-mode [200]
(perpendicular and parallel polarisation, respectively). The full solution by the LMT for an air
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Figure 2.10: Mie angular functions II;(0) (top) and 74(f) (bottom) visualised for the partial waves of order ¢ =
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Figure 2.11: Logarithmic intensity of light scattered by an air bubble in water over the scattering angle 6, according
to the Mie solution. The depicted bubble has a diameter dp = 20 um, n; = 1, no = 1.333 and the
light has a wavelength of A = 532nm,(m = 1/1.333, @size = 314.9).

bubble in water, which is a weighted superposition of spherical functions like in Fig. 2.10 is show
in Fig. 2.11.

The Mie angular functions for a given order ¢ can be computed from the associated Legendre
functions of the first order and degree ¢ [200].

PW(cos(0))
I,0) = ¢ "7 2.21
(9) sin(6) (2.21)
d H)
Te(0) = @P (cos(6)) (2.22)
The associated Legendre polynomials can be expressed by Rodrigue’s formula|2]:
My L od oo e
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Using identity 8.5.2 from Abramowitz and Stegun [2|, an expression for the derivative of the
associated Legendre polynomial can also be written in terms of the zero and first order associated
Legendre polynomials:

dp(z) _ w(e+1)
dz (22 — 1)1/

z
PO (z) - ﬁpe(l)(z) (2.24)

More information on the associated Legendre functions can be found in Abramowitz and Stegun [2].

While the Mie angular functions describe the angular dependency of the scattering process, the Mie
coefficients encompass the dependence on the particle size and relative refractive index. The Mie
coefficients ay and by can be computed from the spherical Bessel functions and spherical Hankel
functions [133]:

ay = m2t7f(mmsize)[(Esizeﬂ(xsize)]l - ﬂ(xsize)[mxsize%(mxsize)]/ (225)

m2\7€(mxsize) [xsizeHél) (:Esize)]/ - Hél) (xsize) [m.’L‘ﬂ (mxsize)]/

T (mxsize) [xsize N/ (xsize)]/ — T (xsize) [mxsizexﬂ (mxsize)]/

; %(mmsize)[xsize}[él) (xsize)]/ - Hél) (xsize)[mxsizeJE(mzsize)]/

(2.26)

where Jy(z) is the spherical Bessel function of the first kind and order ¢, Hgl)(z) is the spherical
Hankel function of the first kind, and the prime denotes the derivative with respect to the argument
(i.e. Tgize OF Migize) of the Bessel function. The derivatives can be expressed as follows using a
characteristic property of the Bessel functions [133]:

[2Te(2)]' = 2Te-1(2) — £Te(2) (2.27)

and

HY (2)) = 21, (2) — 1D (2). (2.28)

The spherical Hankel function of the first kind is computed from the spherical Bessel functions of
the first and second kind, Vy(z), with H" (2) = Jo(z) + iV (2).

The Debye Series Expansion of the Lorenz-Mie-Theory

The LMT only describes the integral intensity over all scattering orders. In order to obtain infor-
mation on the individual scattering orders p, the Debye Series Expansion (DSE)[40] of the LMT
expands the Mie coefficients. The structure of the series expansion of the Mie coefficients follows
the idea from the transmission and reflection coefficients introduced in the GO model of scattering
at a sphere. The Mie coefficients in the DSE can be expressed in the following form [68, 80]:

[ a(g ] ; (1 — REo, — Z Fan(Ria )P T3 b) (2.29)

be

The transmission and reflection coefficients have the same physical interpretation as in the GO
model.

With T, = T}*T?*, the Mie coefficients for scattering order p can be written as

af ™" =301~ R

2.30
(- R2) (2:30)

D= N~

bépzo) —
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>0 - a
aff 0 = “YTPL(RE)PVIE, = AT (RE ) (2:31)
b7 = —ATARIY T = —3Tra(R) !

since every wave that is transmitted into the sphere must eventually also be transmitted out of
the sphere in order to reach the observer. The scattering intensity of light scattered at a bubble,
decomposed into the scattering orders p = [0, 1, 2] in TM-mode, is shown in Fig. 2.12.
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120° 60° 120° 60° 120° 60°
150° 30° 150° 30° 150° 30°
180° 0° 180° 0° 180° % 0°
210° 330° 210° 330° 210° 330°
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Figure 2.12: Logarithmic intensity of light scattered by an air bubble in water over the scattering angle . The
intensity of the first three scattering orders (p = 0,1,2) in TM-mode, according to the DSE of the
LMT are shown. All intensities are scaled identically to visualise the intensity loss of higher scattering
orders. The depicted bubble has a diameter dp = 20 um, n1 = 1, no = 1.333 and the light has a
wavelength of A = 532nm,(m = 1/1.333, zgie = 314.9).

The reflection coefficients R and transmission coefficients T' for incident waves can be calculated
from the Riccati-Bessel functions of the third kind I'y(z) and Y,(z) respectively, and their deriva-
tives with respect to the argument zg,e or masise, I'y(2) and Y} (z), as shown in Egs. (2.32) and
(2.33) [68]:

1
Ry, = D—b[AI‘Z(xSize)Fg(mxsize) — BT (2size ) T (MmTgize )] (2.32)
a

i

Tiay = 2i (2.33)

Da,b

The abbreviation D, can be introduced as shown in Equation 2.34.
Da,b = *Arz(msize)rﬁ(mxsize) + BTZ(zsize)Fé(mxsize) (234)
The following abbreviations are used for better readability:

A =m; B =1 for TM — wave ay

(2.35)
A =1; B = mfor TE — wave by
For out-going waves the calculation follows accordingly with Egs. 2.36 and 2.33 [68].
1
Rl}}z,b = Tb[ATZ(xsize)Té(mzsize) - BTé(xsize)TZ(mxsize)] (236)
T2, = 2i (2.37)

a,b
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The Riccati-Bessel functions of the third kind I'y(z) and Y,(z) can be computed from the spherical

Hankel functions|2]
Toz) ) _ zHé”(z)) .
(n@)) (z’Hf)(z) 2%

More information on the efficient computation of the Mie angular functions and Mie coefficients
for the DSE of the LMT using stable recursion can be found in Shen et al. [182] and Lentz[117]. By
using Eq. (2.29) for the Mie coefficients instead of Eq. (2.25) and (2.26) in Eq. (2.18) and (2.19),
the scattering intensity of individual scattering orders can be computed instead of the integral Mie
solution.

Glare Points in the Lorenz-Mie Theory

The concept of glare points was introduced in Section 2.2.3 using the GO model. The GO model
offers a simplified, yet often sufficient, framework for describing glare points. However, a more
comprehensive explanation of the glare point phenomenon is provided by the Lorenz-Mie Theory
(LMT).

Van de Hulst and Wang [201] proposed a method for computing both the position and intensity of
glare points using the Fourier optics approximation. In their formulation, a thin lens is assumed
to be positioned in the far-field of the scattered wave. The scattered light propagating along the
optical axis is then focused by this lens and projected onto an observation plane situated along the
same axis, behind the lens. The complex field Agp 1 2(w) of the scattered wave in this observation
plane is expressed as

Oo+A0

Acp2(w) = / S1,2(0)e s (o=0) g (2.39)

00—A0
where the indices 1 and 2 correspond to the TE and TM modes, respectively. The variable w
denotes the projection of the sphere in the observation plane, and the complex amplitude of the
scattered wave, Sy 2(6), is derived from the LMT. The angle Af represents the opening angle of
the imaging lens, which is determined by the aperture diameter and the distance between the lens
and the sphere. Peaks in the intensity of Agp12(w) correspond to the glare points previously
derived in the GO model.

2.3.2 Ray Transfer Matrix Model

The ray transfer matrix model (RTM), often referred to as the ABCD model, is a GO approach
used to describe the propagation of light rays in paraxial optical systems [22, 60]. The RTM
is commonly employed to summarise the behaviour of light in complex arrangements of optical
elements, such as those encountered in DPTV and IPI systems. This section first introduces the
general concept and definition of the RTM. It then describes RTMs for relevant optical elements,
and concludes by explaining how complex optical systems can be represented using RTMs.

The RTM provides a simple framework for describing a 2D optical system. In this model, the
z-axis defines the direction of the optical axis. A light ray at any point 2., along the optical axis
is characterised by two variables: its distance from the optical axis, Zyay, and its angle ¢,,y relative
to the optical axis. A light ray at position 2.y, is therefore defined by the pair (zyay, @ray)o-
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AX ¢m\,l

P v

X,
ray, |
Xr.l} 0 :

Figure 2.13: Notation for the ray transfer matrix system visualised. A ray is characterised by its distance and it’s
angle to the optical axis

To describe the transfer of a ray (Ziay, ¢ray)o from position 0 to position 1 along the optical axis, a
matrix Mo is introduced. This matrix represents the total (tot) optical system between the two

positions:
( Lray,1 ) _ Atot Biot ( Lray,0 > (240)
Qbray,l C1t0t Dtot ¢ray,0
| —
1= Mot

In Eq. (2.40), the matrix M. consists of four components: Ao, Biot, Ciot, and Dy, hence the
alternative name ABCD matriz. It should be noted that some literature uses the inverse notation
(drays Tray), which results in a different arrangement of the matrix elements.

Ray Transfer Matrices for Relevant Optical Elements

Paraxial optical systems typically contain elements such as lenses, interfaces, and mirrors, all of
which can be described using the RTM. In this section, only matrices for optical elements relevant
to the later chapters are introduced. An overview of matrices for different optical elements can be
found in Gerrard and Brunch [60]. The simplest case is the undisturbed propagation of a light ray
through free space. The matrix for this case is denoted M, (for propagation) and is given by

M, = [ L ] (2.41)

where 201 = Zray,1 — Zray,0 1S the distance between the two considered positions along the optical

axis.

The next relevant optical element is refraction at an interface, where n; is the refractive index of
the initial medium and nj is the refractive index of the medium beyond the interface. The radius
of curvature of the interface is denoted by R, where R; > 0 indicates a convex interface. The
refraction at the interface is described by

1 0
Misi= | ol o (2.42)
Rinj  ny

Later in this work, a notation will be used to indicate which media an interface separates. For
example, Miy,_,s denotes a transition from water to glass.
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In the case of a flat interface, where Ry — oo, the term (n; — nj)/(Rin;) — 0 approaches zero, and
the matrix simplifies to

1
My = 0 (2.43)

A thin lens is described by

(2.44)

1
Mlens = [

o flens
where fiens is the focal length of the lens. A thick lens can be modelled as a combination of two
curved interfaces and a propagation segment in between. There are many additional matrices for
elements such as curved mirrors and prisms; however, these are beyond the scope of this work.

The Ray Transfer Matrix for Full Optical Systems

With the matrices for individual elemental components, complete systems can be described as a
sequence of these elements. The total RTM of a system is given by

Moy = [ [ Me (2.45)
0

where the order of RTMs in the multiplication follows the path that the light travels. For example,
if light travels from point 0 to point 2 with a thin lens located at position 1, the corresponding
matrix is given by Mo = Mp 12MiensMp,01-

There is also a physical interpretation for the individual RTM entries. In a lens system, Aoy =

mray,Q/xray,O
represents the magnification of the optical system. The second entry, Bioy = Tray,2/Pray,0

eay.0=0 describes the height change of a ray travelling through the system and thus

Tray,0=0’
becomes zero when @,4y2 = 0. This condition corresponds to the focus condition, and therefore

Biot # 0 describes the amount of defocus in an optical system. Using Eq. (2.44), it can be seen
that the effective focal length of a system is given by —1/Cio. The entry Dyoy can be interpreted
as the angular magnification of the system.

Beyond ray tracing, the RTM also finds application in wave optics, where it can be used to
describe the propagation of waves through complex paraxial systems [142]. This is based on the
interpretation that a light ray is always perpendicular to the wavefront of a spherical wave. Since
the RTM models the propagation of any ray through an optical system, it can equivalently be used
to describe the evolution of the corresponding wavefront.

2.3.3 Propagation of Light waves

While the GO model provides a useful framework for describing the propagation of light through
an optical system, it does not fully account for diffraction and interference phenomena. Therefore,
this section outlines the fundamental principles required to describe the propagation, diffraction,
and interference of spherical waves within optical systems. Subsequently, the Rayleigh-Sommerfeld
diffraction theory is presented to describe the propagation of spherical waves between two planes,
such as the particle plane and the observer plane, capturing diffraction and interference effects, all
of which are relevant in IPI. The RTM system is then combined with the Rayleigh-Sommerfeld
diffraction theory to model wave propagation through complex paraxial optical systems, such as
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camera lenses. The content of this section establishes the theoretical basis for Chapter4, which
develops a forward model used to simulate particle images.

Helmholtz Equation

Before introducing a model for wave propagation between two planes, it is necessary to define the
type of waves under consideration and the underlying mathematical model. A wave in space and
time is generally described by the full wave equation. In many cases, particularly with simple
geometries and boundary conditions, this equation can be solved using the method of separation
of variables, yielding both temporal and spatial components of the solution [19]. However, in
optical measurement techniques employing standard camera sensors, light is integrated over a
finite time interval (i.e. the exposure time). This process is equivalent to temporal averaging,
which renders the temporal component of the wave negligible. Consequently, only the spatial
solution is of interest. When focusing solely on the spatial component, the Helmholtz equation
can be straightforwardly derived from the separation of variables approach by only considering the
spatial solution [19]. The homogeneous form of the Helmholtz equation is given by:

V32U (o) + K*U(0) =0 (2.46)

where U denotes the scalar field at the 3D position o = (z,y,2)", k = 27/ is the wave number,
and V2U = div(grad(U)) represents the Laplacian operator. The homogeneous Helmholtz equa-
tion arises from the full wave equation under the assumption of time-harmonic (single-frequency)
dependence, i.e. U(p,t) = R{u(o)e !} . It describes source-free propagation of monochromatic
waves, and is widely used in scenarios involving free-space propagation, diffraction, and interference

[19].

Wave Propagation between two Planes

To describe the propagation of a spherical wave from one plane to another, various models exist. A
widely used approach is the Rayleigh-Sommerfeld diffraction theory, which is particularly valuable
as it is valid in both the near and far field. It can describe the propagation, diffraction, and
interference of monochromatic spherical waves in homogeneous media [19]. The theory assumes the
field value G to be scalar and incorporates Huygens principle, wherein every point on a wavefront
acts as a point source emitting spherical waves, and the resulting field is the superposition of these
waves.

For a known field Gy in a source plane located at z = 0, the amplitude of the field G; at an
arbitrary position (x1,y1,21) in another plane at z = z; can be computed using:

z

o e*leldady (2.47)

1
Gi(z1,y1,21) = o // Go(r,y,z=0)

where ¢ denotes connecting vector between the points (z,y,z = 0) at the source plane and the
point (z1,y1,21) in the image plane, with the distance between points in the two planes being:

ol = /(@ —2)2 + (y — )2 + 22 (2.48)

The derivation of the Rayleigh-Sommerfeld theory is lengthy and complex, and is thus omitted
here. Further details can be found in Born and Wolf [19]. As solving the full Rayleigh-Sommerfeld
integral is computationally intensive, simplified versions have been developed.
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One such simplification is Fresnel’s approximation, which assumes that the separation between the
planes is large compared to their lateral extent in (z,y). Under this assumption, two simplifications
can be made. When z is large relative to the in-plane distances z—z1 and y—y;, the approximation
|91|2 = 1% can be applied to the prefactor in the integral. However, this simplification cannot be
applied to the exponential term, as even small variations in phase can significantly affect the result.

Instead, a Taylor expansion is used in Fresnel’s approximation:
, Yy p PP

o] ~ 21 <1+ ($x1)2+(yy1)2>. (2.49)

2
227

Substituting this approximation into the Rayleigh—Sommerfeld integral, the Huygens—Fresnel in-
tegral is obtained:

e +uf
ikzy piR
eFZ1e 2271

22 yz ki .
Gi(x1,y1,21) = / Golw,y, 2 = 0)e T ¢~ 5 (P14 gy, (2.50)

1)\21

Generalization to Paraxial Optical Systems

The Huygens-Fresnel integral can be used to model wave propagation between two planes through
free space. However, when modelling wave propagation through optical systems relevant to IPI
and DPTYV, optical elements such as lenses, interfaces, and aperture stops must be considered.
This is where the RTM, introduced in Section 2.3.2, becomes relevant. By incorporating the RTM
into the Huygens-Fresnel integral under the paraxial approximation, a generalised formulation can
be derived [15, 36]:

Go(l’;%z = 0)

Gi( )= £ exp (inzer) /
1(T1,Y1, 2 = Zeff ——F———— €XD (1K Zeqr
27TV BtotBtot

exp < ZBgot [Dtot‘r -2z + Afotx%])

exp (—i’;ﬁ[l)i’otyQ —2y1y + Ai’otyf]) dedy. (2.51)
Here, two distinct RTMs are considered: one for the (z,z) plane (Af,, BE,, D) and one for
the (y,z) plane (AY.,, Bi.,, D). This approach is particularly useful when dealing with optical
elements such as cylindrical lenses or interfaces that are curved in one plane but not the other (e.g.,
a cylindrical wall). The variable zeg = > PE7) /my¢ denotes the effective optical distance between the
two planes, accounting for refractive indices ny along the way.

Eq. (2.51) enables the modelling of light wave propagation through paraxial optical systems, in-
cluding lenses and other optical components. However, this formulation does not account for
aperture stops. A method to incorporate aperture stops was proposed by Yura and Hanson [221],
in which the wave is propagated from the initial plane to the aperture stop plane, where the field
is truncated. The field in subsequent planes is then computed from this truncated field.

32



2.4 Relevant Basics in Deep Learning for Particle Detection, Classification and Image Generation

2.4 Relevant Basics in Deep Learning for Particle Detection,
Classification and Image Generation

This section briefly introduces fundamentals of deep learning that form the theoretical foundation
for the methods used in Chapter5 to detect PIs and generate images for training. First, Sec-
tion 2.4.1 presents the concept of neural networks. Then, Section 2.4.2 outlines general concepts in
the training of neural networks and deep learning. Following that, Section 2.4.3 discusses convolu-
tional neural networks, the central type of neural networks relevant to this thesis. Subsequently,
Section 2.4.4 introduces selected neural networks for object detection, which are relevant to the
detection of PIs in optical measurements. Finally, Section 2.4.5 presents a type of neural network
relevant to image generation, as used in Chapter 5.

In deep learning, a transfer function is fitted to data through a training process to solve an ab-
stract task, without the need to explicitly formulate the transfer function or algorithm as in fixed
programmes. This approach enables machine learning algorithms to address complex tasks that
are too difficult for fixed programmes [66]. Such algorithms are widely applied in computer vision
[164, 120, 104], image generation [67, 96, 76|, speech recognition [77, 69], and natural language
processing [147, 196]. With the rise of machine learning driven by advancements in graphics pro-
cessing units, models have proliferated across various fields. Nevertheless, the field of deep learning
remains to be theoretically fully understood due to the high-dimensional and non-convex nature
of the optimisation process.

2.4.1 Neural Networks

Neural networks consist of a multitude of neurons that are interconnected in a graph. These
neurons are typically arranged in layers, which are stacked on top of each other. The resulting
graph represents a function capable of mapping an input to a more abstract output. The parameters
of this function (i.e. the graph) are updated during training in order to accomplish a specific task.
A typical structure of a neural network is illustrated in Fig. 2.14.

Input layer Hidden layer 1  Hidden layer 2 Output layer

Figure 2.14: Schematic structure of a fully connected feed forward neural network. There is an input layer x;, two
hidden layers h; and an output layer y;. Figure adapted from [172]

A neural network generally begins with an input layer of neurons into which the input is directly
fed. The size of the input layer depends on the nature of the input. For instance, a single number
as input would require only one input neuron, whereas an image of size ¢ X j with three colour
channels would necessitate an input layer of size i x j x 3.
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The input layer then passes the information to the hidden layers. These hidden layers enable the
network to fit complex non-linear mappings to the output. The size and configuration of the hidden
layers can vary, and the task of identifying suitable architectures for such network graphs remains
an active area of research. The hidden layers are responsible for transforming the input into the
desired output within the neural network.

Following the hidden layers, the output layer is located at the end of the network. Similar to the
input layer, the shape of the output layer corresponds to the specific task the network is designed
to perform. For example, a regression task aiming to predict a single integer would require only
one output neuron, whereas a classification task would need ¢ neurons for ¢ classes. If the task
involves generating an image, the output layer would be shaped accordingly to match the image
dimensions.

Neurons

The building blocks of a neural network are the individual neurons. The structure of a neuron is
illustrated in Fig. 2.15. A neuron comprises a linear function followed by a non-linear activation
function. The linear component of the neuron assigns a weight w; to each input x;, sums the
weighted inputs, and adds a bias term b:

z=b+ Z T;W; (2'52)

In a hidden layer, the inputs x; are the outputs of neurons from the previous layer. The weight w;
thus represents the strength of the connection between a neuron in the current hidden layer and a
neuron in the preceding layer. It can be interpreted as the degree to which a neuron responds to
the inputs from other neurons.

Bias
b
T
Output
(00
T2 ) W2 > " alz > Y
(w)—{% )

Activation function
Tn

Input Weights

Figure 2.15: Schematic structure of a neuron in a neural network. The neuron receives inputs x; which are weighted
by the trainable weights w;. Each input is weighted and then summed up and a bias b is added. The
results is then fed through an activation function a(z) to produce the final output of the neuron y.
Figure adapted from [172].

The weights w; and the bias b constitute the learnable parameters of a neural network and are
updated during the training process. These parameters are initially set at random and iteratively
refined throughout training.

In a fully connected network, each neuron in the current layer is connected to all neurons in
the previous layer. A fully connected network comprising an input layer, multiple hidden layers,
and an output layer is referred to as a multilayer perceptron (MLP). According to the universal
approximation theorem [38, 78], a foundational result in neural network theory, a feed-forward
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neural network with at least one hidden layer can approximate any continuous function to an
arbitrary degree of accuracy, provided it contains a sufficient number of neurons in the hidden
layer.

Activation Function

In order for a neural network to approximate complex functions, non-linearity must be introduced.
A combination of neurons composed solely of linear functions would result in an affine transforma-
tion. The activation function a(z) introduces non-linearity, thereby enabling the model’s capacity
to increase with the number of neurons and allowing it to fit more complex distributions.

The four most commonly used activation functions are the hyperbolic tangent (Eq. (2.53)), the
sigmoid function (Eq. (2.54)), the rectified linear unit (ReLU) (Eq. (2.55)), and leaky ReLU
(Eq. (2.56)). The hyperbolic tangent is typically used in hidden layers, as its output range of
[—1,1] helps to centre the output values. The sigmoid function is commonly used in the output
layer for binary classification problems, as it produces values in the range [0, 1], which can be used
as class probabilities.

e —e % 1
0 if2<0 cz if2<0

ReLU(z) = (2.55) leaky ReLU(z) = (2.56)
z ifz>0 z ifz>0

The ReLU activation function is frequently used in hidden layers and offers several advantages over
exponential activation functions. Firstly, ReLU enhances computational efficiency, as computing
max(z,0) is less intensive than evaluating exponential functions [140]. Secondly, ReLU promotes
sparsity in the network due to its zero output for negative inputs. Lastly, ReLU accelerates training
convergence, as it does not saturate for large values of z, unlike exponential activation functions
[140]. A major drawback of ReLU is that it outputs zero for any negative z value. This leads to a
zero gradient during back-propagation, preventing the weights of the neuron from being updated.
This issue, known as the dying ReLLU problem, is addressed by leaky ReLLU, which introduces a
small negative slope ¢ for negative z values [125].

2.4.2 Training of Neural Networks

There are three paradigms of machine learning: supervised learning, unsupervised learning, and
reinforcement learning. The first learning paradigm is supervised learning, in which the model
learns from labelled data, where the network’s prediction is compared to the ground truth (la-
bels). Supervised learning is often used for regression and classification models, such as in object
detection. It is a straightforward approach to implement, but typically requires large amounts of
labelled data. In unsupervised learning, the second learning paradigm, the network learns patterns
and structures from unlabelled data without specific guidance. This method is often used in image
generation models. Unsupervised learning bears the advantage of not requiring pre-labelled data,
but can be more complex to realise. The third learning paradigm is reinforcement learning, in
which the network learns from interactions with the environment, receiving rewards or penalties
based on its actions. Reinforcement learning is often used to train agents and decision-making
models [190].

Despite the existence of different approaches to machine learning, the common basis of all learning
paradigms is the gradient-based update of the weights. The process typically consists of three steps:
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the forward run, where the network outputs a prediction; the computation of the loss function;
and the update of the weights by back-propagation.

Learning lteration: Forward Run, Loss Computation and Backpropagation

In the first step, the forward run, the network makes a prediction based on the input and the net-
work’s current weights in the network graph. In supervised learning, the prediction y is compared
to the ground truth label g, and the deviation between the two is computed.

This deviation is quantified by a loss function L(y, %), which typically serves as the objective
function to be optimised during training. The goal of training is to minimise the loss function.
Typical loss functions include mean square error (Eq. (2.57)) and L2 loss, used for regression tasks,
and the cross-entropy loss (Eq. (2.58)), used for classification tasks.

N
Lyse(y, 9) = Z (2.57)
N
Leg(y Zye log(yie) + (1 — ye) log(1 — 4je)] (2:58)
Z 1

With the loss function computed, the weights are updated in a process called backpropagation
[168]. In backpropagation, the gradient of the loss function with respect to each weight in the
network is computed using the chain rule. The weights are then updated based on the gradient,
multiplied by a factor called the learning rate. The gradient provides the direction of change for
the weights, and the learning rate determines the magnitude of the update. A low learning rate
can cause unnecessarily slow convergence of the training process and may result in the optimiser
getting stuck in a local minimum. A high learning rate, on the other hand, can cause the network
to overshoot a minimum and lead to oscillations. The learning rate is one of the most crucial
hyperparameters to choose for training (hyperparameters are parameters that are not updated
during training).

The three steps, forward run, loss computation, and backpropagation, are then iterated until
the process converges. Since the gradient is computed with respect to the neurons weights, the
activation functions in the network must be continuously differentiable. Further details on the
training of neural networks can be found in [66] and [110].

Optimisers for Training

In order to find a minimum of the loss function, a high-dimensional non-convex optimisation
problem must be solved. To obtain a suitable solution in this high-dimensional weight space,
different optimisers are employed. The most straightforward approach is full gradient descent, in
which the model is applied to all data in the dataset and a gradient is computed for the entire
dataset. However, this approach quickly becomes unfeasible for large datasets. Instead, only a mini-
batch of the full dataset is selected at random, and the gradient for the optimisation is computed
based on the result for this mini-batch. This approach is called stochastic gradient descent (SGD).
SGD has the advantage of requiring significantly less computation for a weight update compared
to full gradient descent. However, the method assumes that the randomly sampled mini-batch is
representative of the entire dataset. This means that the mini-batch size must be adjusted based
on the diversity of the full dataset to ensure a high probability that the mini-batch sufficiently
represents the whole dataset. The dataset is split into a number of equally sized mini-batches, and
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at each optimisation step, one of these mini-batches is selected at random. Once all mini-batches
have been processed, one epoch is completed, and the process begins again with the training
dataset being split into new mini-batches. The mini-batch size is, therefore, another important
hyperparameter to select during training.

An improved method of SGD is SGD with momentum (SGDM) [152], which aims to help the
optimiser avoid getting stuck in local minima. In this approach, a fraction of the gradient from
the previous iteration is added to the current weight update to ‘keep the momentum’ of the
optimisation. The approach is inspired by the way a sphere would roll down a hill under the
influence of gravity and momentum conservation. The momentum can help to escape local minima
and dampen rapidly changing gradients. The strength of the momentum in SGDM relative to the
current gradient is also a hyperparameter.

One of the most widely adopted extensions of SDGM is the adaptive momentum estimation
(ADAM) [95]. This approach combines the advantages of both momentum and adaptive learn-
ing rates by maintaining exponentially decaying averages of past gradients (first moment) and
squared gradients (second moment). These estimates are then bias-corrected to account for their
initialization at zero. ADAM adapts the learning rate for each parameter individually, making it
particularly effective for problems with sparse gradients or noisy data.

Further Considerations on Training

There are two types of error in training neural networks that need to be considered: the opti-
misation error and the generalisation error. The optimisation error is the error that is directly
reduced during training. It reflects how well the network predicts the training data. As this is a
high-dimensional, non-convex problem, it is unlikely that the global minimum will be found dur-
ing training. Instead, the process typically converges to a local minimum, or becomes stuck at a
saddle point or plateau - i.e. an optimisation error remains. The optimisation error only captures
the network’s performance on the training dataset. The generalisation error, on the other hand,
measures the error of the neural network when applied to a new, previously unseen dataset. The
generalisation error is the relevant metric when the network is later used in inference. However, it
cannot be directly minimised. The generalisation capability of a network usually depends on how
well the training data represents real data and on the capacity of the model. The process by which
a model begins to memorise the training data instead of learning the underlying features is called
overfitting [66]. Overfitting occurs based on the relationship between the network’s capacity and
the diversity and size of the training set. Model capacity refers to the model’s ability to fit complex
distributions and generally increases with the size of the network. The size and diversity of the
training data determine how easily a network of a given capacity can overfit the dataset. When
overfitting occurs, the generalisation error typically increases, impairing the network’s performance
in real-world applications.

However, the opposite case can also occur when the model lacks the capacity to sufficiently fit the
training dataset. This is known as underfitting [66]. Therefore, a proper balance between model
capacity and training data must be achieved.

While the optimisation loss is directly measured by the loss function, the generalisation error can
be estimated using the validation loss. The validation loss is obtained as follows: the total dataset
is split into two parts, the training dataset (typically 80-90% of the total set), which is used during
training, and the validation set (typically 10-20% of the total set). The validation set is withheld
from the network during training. At regular intervals, the network is applied to the validation set,
and the same loss function used for the optimisation loss is used to compute the validation loss.
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The key difference is that the validation step does not influence backpropagation, as the network
should not be trained on the validation set. The validation loss thus provides an estimate of how
well the neural network generalises to new, unseen data. Since the computation of the validation
loss does not contribute to training, the validation interval should be chosen to be sufficiently large
to avoid unnecessary computation. The validation interval is another hyperparameter.

During training, both the optimisation loss and the generalisation loss should be minimised. This
is usually achieved through regularisation and by monitoring the validation loss. At the beginning
of training, both losses typically decrease as the network begins to learn the data representation.
However, at some point, the network may begin to overfit, and the validation loss will plateau or
even increase. A divergence between the training and validation loss is a typical sign of overfitting.
A method to prevent this is early stopping, where training is terminated as soon as the validation
loss increases. However, stopping training immediately when the validation loss increases may be
premature, as the validation loss can fluctuate due to noise or variance in the data. To address
this, a technique known as early stopping with patience is employed [148]. In this approach, the
model’s parameters are saved whenever a new lowest validation loss is achieved. Training continues,
and only terminates if the validation loss does not improve for a specified number of consecutive
evaluation steps (the patience parameter). At the end of training, the weights corresponding to
the lowest recorded validation loss are restored

Other methods to avoid overfitting include dropout regularisation [187] and L2 regularisation. In
dropout, a certain number of neurons are disregarded during the current iteration. This forces
the network to form new interconnections between different neurons. L2 regularisation sums the
weights of all neurons and penalises them for becoming too large. Other commonly used techniques
include batch normalisation [81] and learning rate decay.

2.4.3 Convolutional Neural Networks

As this work is centred around optical measurement techniques and the associated image process-
ing, this section focuses on neural networks specifically designed for image-related tasks.

Convolutional Neural Networks (CNN) [108, 112] are a widely adopted neural network architecture
for processing images, videos, and other data with a known grid-like structure [66]. Since the success
of AlexNet [103, 104] in the 2012 ImageNet competition [44, 169]|, deep CNNs have become the
state-of-the-art architecture in computer vision. With the advent of the transformer architecture
[203], vision transformers [47] have emerged as an alternative in the field of computer vision.
However, CNNs remain widely used, as transformers require significantly larger training datasets
and computational resources, and offer only limited advantages when contextual information is not
essential.

Convolutional Layers
The core concept of CNNs is the convolutional layer, which has the significant advantage of weight

sharing. This allows it to process images using far fewer weights than fully connected layers would
require. Convolutional layers perform spatial convolution as defined in Eq. (2.59).

ylu,v] =Y h[6 K] wfu— v — k] (2.59)

{=1 k=1
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A convolutional layer uses a kernel h[¢, k], also called a filter, which slides over the input x with
a predetermined stride. At each stride step, the kernel computes the convolution value based on
the current input region to produce the output y[u,v] of the layer. This operation is repeated for
every stride step, as illustrated in Fig. 2.16.

This process can be interpreted as pattern recognition: if the filter and the input patch are similar,
the filter will produce a high output value. Analogous to Fig. 2.15, a bias can be added to the filter
output, followed by the application of a non-linear activation function. When the CNN learns the
parameters of a kernel, the kernel effectively becomes a filter for a specific feature that the network
has learned.

Figure 2.16: Spatial convolution visualised: A 3 X 3 kernel (gray cells) is moved over a 5 X 5 input (green cells)
with padding (white cells). The kernel moves with a stride of one producing a 5 X 5 output (blue
cells). Figure adapted from [49].

A convolutional layer has the advantage that its parameters are confined to the kernel, and these
parameters are reused across the entire input. A convolutional layer can contain multiple kernels,
each corresponding to a different feature, such as edges, shapes, or textures. Each kernel produces
a separate output layer, known as a feature map. These maps indicate how strongly a particular
feature (i.e., the activation of the corresponding kernel) is present at each position in the input.
The number of kernels in a convolutional layer, hence the number of feature maps it produces, is
defined by a hyperparameter of the network architecture.

Pooling Layers

The other fundamental building block in CNNs is the spatial pooling layer. Its primary purpose
is to reduce the size of the output feature map and decrease the number of parameters in the
CNN, thereby lowering computational requirements and potentially reducing the risk of overfitting.
Spatial pooling operates in a manner similar to convolutional layers, using a fixed-size kernel that
slides across the input based on a defined stride. However, instead of performing a convolution
operation, pooling layers apply different functions, such as taking the maximum value within the
considered region (max pooling) or computing the average value (average pooling).

"Max pooling outputs the maximum value in the considered neighbourhood, highlighting the most
prominent features of the input at the cost of loosing information on less strong ones. Average
pooling computes the average value of the considered input patch, smoothing the input but at
the cost of loosing information on strong features."[172]. Among the various pooling operations,
max pooling has emerged as the most commonly used, as it provides the best performance in
practice [175]. In contrast to convolutional layers, the parameters of pooling layers are fixed and
non-learnable.
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Architecture of a simple CNN

A simple CNN consists of multiple sequential blocks of convolutional and pooling layers. In many
CNNs, the spatial dimensions of the convolutional layers decrease in height and width, while their
depth increases as the information propagates deeper into the network, compare the boxes repre-
senting feature maps in Fig. 2.17. As the depth increases, the features become more semantically
rich and abstract. Understanding exactly what features CNNs learn remains an open research
question. Various approaches in explainable AI, such as Score-CAM [207], aim to visualise these
learned features. This part of the CNN can be regarded as the feature extraction stage.

At the end of the sequential convolutional and pooling layers, the resulting feature maps are
typically flattened into a single long array that contains all the abstract features extracted by the
convolutional layers. This feature vector is then passed into a fully connected layer, which acts as
the transfer function for the desired task, such as classification or regression, similar to a MLP.
The structure of a simple CNN is illustrated in Fig. 2.17.

— CAR
— TRUCK
— VAN

h D‘ — BICYCLE

FULLY
INPUT CONVOLUTION + RELU POOLING CONVOLUTION + RELU  POOLING FLATIEN T p SOFTMAX
FEATURE LEARNING CLASSIFICATION

Figure 2.17: Simple architecture of a CNN classifier. An input image is processed using a convolutional layer with
multiple filters. The network used multiple convolutional layers, decreasing in size but increasing
in depth, increasing the level of abstraction of features. The final feature vector is flattened and
processed by a two fully connected layers to perform the classification taks. Figure adapted from
[130]

Residual Neural Networks

The performance of CNNs can be enhanced by incorporating more complex architectural structures.
Such structures help to address challenges like vanishing and exploding gradients during training,
which are central issues in deeper networks. Deeper CNNs have been shown to yield improved
accuracy on image processing tasks [184, 191].

One widely adopted method is the inclusion of residual blocks, which contain skip connections
[72], as illustrated in Fig. 2.18. These skip connections introduce cross-layer dependencies and help
mitigate the vanishing gradient problem by allowing gradients to flow more directly through the
network. This enables CNNs to be significantly deeper without suffering from training degradation.
Popular architectures that employ this approach include ResNet50 and ResNet101 [72].

2.4.4 Object Detection Networks

CNNs are the basis for many object detection networks, which are specialised networks typically
used to perform the detection and classification of multiple objects in an image. These kinds
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Figure 2.18: Residual block: The output form a previous layer is added to the output of the current layer. Figure
adapted from [72]

of networks are especially helpful for the tasks of particle detection in methods such as DPTV
[SDLK23, 48, 99, 35]. Object detection networks often have specialised architectures that allow
them to perform the detection and classification tasks simultaneously. However, most of them have
in common that they employ a CNN-based feature extraction backbone (e.g. ResNet50) at the
beginning of the network, to feed the rest of the network.

In object detection, there are typically two kinds of tasks: localisation and classification:

e Localization (where question): The localisation task typically involves placing a bounding
box (BB) over an object to characterise the object’s position and size (width and height). The
localisation task can be formulated as a regression task of four parameters, e.g. BB centre po-
sition (rpp, ygp) and the BB height and width wgg, kg, i.e. BB = (BB, ¥BB, wBB, hBB)T €
R*.

e Classification (what question): The classification task involves predicting the semantic class of
detected objects, i.e. a discrete categorisation problem. This is typically done by outputting
a probability vector pc = (p1, pa2, ..,pn) € RVC, with |pc| = 1, which contains a probability
for all N¢ classes, for the present object to be in the class Cp, £ = 1,..., No. Usually, the
outputted class is the entry in pc with the highest probability.

Object detection networks are typically distinguished into two architecture-specific implementa-

tions:

e Two-stage detectors (e.g. Faster R-CNN [164]): Two-step detectors usually first generate
region proposals for an object. This involves a binary classification (object/background) and
a coarse regression of the region of interest (RoI). Only in the second step is the object in
the Rol then localised (refined regression) and classified (multi-class classification).

e Single-stage detectors (e.g. YOLO [163]): A simultaneous multi-class classification and BB

regression is performed in one forward pass using a unified framework.

Single-stage detectors are usually used for tasks such as the real-time detection of objects, where the
speed during inference is of the essence. Multi-stage detectors are usually optimised for accuracy
rather than speed.

In the following, two popular object detectors, Faster R-CNN [164] and YOLO [163], are introduced,
as these two architectures are used in Chapter 5.
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Region Based Convolutional Neural Networks

One of the most used two-stage detectors is Faster R-CNN [164]. It is the successor of Fast R-CNN
[62], which in turn was developed from Region-based CNN (R-CNN) [63].

R-CNN introduced the concept of combining region proposals with CNNs for object detection.
The approach operates in three stages: First, a conventional algorithm such as selective search
[199] generates approximately 2,000 region proposals per image. Each region proposal is then
individually processed by a CNN to extract features and classify the object. Finally, features are
fed into a fully connected layer to perform the BB regression task.

To enable training of an object detection network like R-CNN, labelled ground truth BBs are
required, specifying the actual position and class of each object in the image. In the R-CNN
framework, the regressor learns to map region proposals to these ground truth BBs. During
training, each predicted BB is matched with the closest ground truth BB based on their intersection
over union (IoU), which quantifies the overlap between the two. More detail on the IoU is provided
in Chapter 6.

R-CNN suffers from computational inefficiency, as each region proposal is fed through the CNN
separately, resulting in redundant feature computation. Fast R-CNN addresses this issue by sharing
the convolutional computation in the CNN. The entire input image is passed through the CNN
to generate a feature map. Selective search is applied on the original input image, and the region
proposals are projected onto the feature map outputted by the CNN. These Rols usually have
variable size and shape. As the following fully connected layers require fixed-size inputs, Rol
pooling is applied to convert the variable-sized Rols into a standard size that can be processed by
the rest of the network. The sequence of fully connected layers bifurcates into two output layers:
one for BB regression and one for classification.

Fast R-CNN employs a multi-task loss combining a classification loss L¢, typically cross-entropy,
with a BB regression loss Lpp, which is a smooth L1 loss [62].

Lmultitask = LC + CLBB (260)

The importance of the class loss versus the BB loss is regulated using a hyperparameter c. The
smooth L1 loss smooths out the sharp edge of L1 at |y — g| = 0.

05y —g> ifly—g <1
smoothLl(y,z}):{ lv =91 it ly =] (2.61)

ly — 9| — 0.5 otherwise

While Fast R-CNN improved the computational efficiency of R-CNN, it still relies on external
algorithms such as selective search for region proposals. Faster R-CNN addressed this bottleneck
by introducing a Region Proposal Network (RPN), achieving a fully end-to-end trainable object
detection system. In Faster R-CNN, a large CNN backbone (e.g. ResNet50) processes the full
image to extract a feature map, see Fig.2.19. The RPN then takes this feature map as input.
It uses anchor boxes, which are uniformly distributed over the feature map. The idea behind
anchor boxes is that the network does not need to predict BBs from scratch, but instead refines
standard-sized anchor boxes of various sizes and aspect ratios. The RPN slides over the image
and processes these anchor boxes. For each anchor, a BB regression is performed along with a
classification (object/background). Non-maximum suppression is applied to remove overlapping
proposals and avoid duplicate detections.
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Figure 2.19: Structure of Faster R-CNN: The backbone, the RPN and the detection head are marked, as well as
their tasks are pointed out. Modified figure from [30].

The proposals with the highest objectness scores (i.e. the probability of an object being present)
are then passed to the second stage, the detection head. The detection head uses the output feature
maps from the backbone and focuses only on the proposals. The detection head again uses a series
of fully connected layers, which bifurcate into a multi-class classification layer and a BB regression
layer. It determines the class of the RPN proposals and further refines the BBs.

You Only Look Once

One of the most popular examples of a single-stage detector is You Only Look Once (YOLO)
[163]. YOLOV1 represents a different approach compared to Faster R-CNN. Unlike two-stage
methods that rely on region proposals, YOLOv1 processes the entire image in one forward pass
of a CNN. In this forward pass, BBs and class probabilities are predicted simultaneously. This
unified architecture allows for shorter inference times, making the network particularly interesting
for real-time applications.

The algorithm divides the input image into an N x N grid. Each grid cell is responsible for detecting
objects within its boundaries. For each grid cell, a fixed number of BBs is predicted, each with
a confidence score. The confidence score reflects the probability that the BB contains an object
and how well the BB fits the object, as measured by the IoU. Additionally, class probabilities are
predicted for each grid cell. For each BB, the final class-specific confidence score is computed as
the product of the confidence score and the class probability. This score reflects both the likelihood
that a BB contains an object and the likelihood of the object’s class. BBs with low confidence
scores are discarded, and non-maximum suppression is used to eliminate overlapping BBs referring
to the same object.

During training, YOLOv1 learns to predict BB coordinates, objectness scores, and class prob-
abilities by minimising a combined loss. This loss includes a localisation loss, which penalises
BB placement errors, a confidence loss for incorrect objectness scores, and a classification loss.
YOLOvV1 employs 24 convolutional layers followed by two fully connected layers. The convolu-
tional layers serve the purpose of feature extraction, and the fully connected layers perform the
final regression of BB coordinates and class probabilities. By processing the full image at once,
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YOLO helps reduce the number of false positives in the background and allows the network to
learn more generalisable features, as objects are seen in context. However, as each grid cell predicts
only one set of class probabilities, YOLOv1 struggles to detect small or closely spaced objects that
fall within the same cell. Additionally, the coarse grid-based localisation can lead to less precise
BB predictions compared to region-based approaches.

YOLOv2 (also known as YOLO9000) [161] introduced the concept of anchor boxes to YOLO.
Unlike YOLOvV1, where BBs were predicted from arbitrary shapes, which could lead to instability
in training due to large differences to the ground truth, YOLOv2 predicts offsets from the predefined
anchor boxes. In training, a preprocessing step groups together the ground truth BBs into similar
shapes by k-means clustering, and the five most common shapes are selected as anchor boxes.
The predicted offset of BBs from the anchor boxes is constrained to stabilise training and guide
adaptation to object shapes. To support this change, the two fully connected layers were replaced
with convolutional layers that directly output BB coordinates and class probabilities. Additionally,
a pass-through layer was introduced that concatenates higher-resolution feature maps from earlier
layers with deeper semantic features from later layers. This helps the network to detect small
objects more efficiently by preserving higher spatial resolution.

YOLOv3 [162] improved the detection of differently sized objects. In a CNN; the spatial resolution
usually gets reduced with every layer, which can cause problems resolving small objects. Inspired
by the concept of feature pyramid networks (FPN) [119], YOLOv3 performs detections on three
different feature maps. The last and coarsest feature map is used to detect large objects. This
feature map is then upsampled and added to a feature map from earlier layers, allowing detection
on a finer scale. This process is repeated to produce three detection scales, enabling the network
to detect small, medium, and large objects using feature maps of different resolutions. Objects
are detected on each of these feature maps, and nine different anchor boxes, three per feature
map, are used. Additionally to these changes, YOLOv3 introduces a larger backbone, Darknet-53
[162], compared to the Darknet-19 used by YOLOv2 [161]. Darknet-53 is a CNN consisting of 53
convolutional layers with alternating 3 x 3 and 1 x 1 convolutions, as well as residual connections,
similar to ResNet.

YOLOv4 [17] introduced two major improvements on YOLOv3. First, a new backbone CSP-
Darknet-53 [17] was introduced, which is based on Darknet-53 and adds cross stage partial (CSP)
connections [206]. CSP splits a feature into two parts, one of which processes further through the
layers while the other bypasses these layers. The two feature parts are then merged before being
processed further. By not processing the entire feature map, computational cost is reduced, which
allows for deeper networks without a proportional increase in computational cost. The bypassing
of information helps to improve the gradient flow, which can help to prevent exploding or vanishing
gradients. The merging of processed and unprocessed feature maps forces the network to learn
complementary feature representations, improving generalisation capability.

Another architectural change in YOLOv4 is the inclusion of a path aggregation network (PANet)
[122] in its architecture. Unlike traditional FPNs, which only pass information top-down, PANet
adds a bottom-up path. Top-down-only FPNs may not effectively propagate low-level spatial
details, which are crucial for detecting small objects. PANet uses lateral connections to merge
features from different levels in the CNN. The lower spatial resolution but more semantically rich
feature maps are upsampled and merged with the high-resolution ones, to obtain high-resolution
and semantically rich feature maps.

The last important change in the YOLOv4 architecture is the inclusion of spatial pyramid pooling
(SPP) [71]. SPP is applied to the final feature map, after the feature extraction backbone and
PANet, to capture features at multiple spatial scales and improve the detection of objects of various
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sizes. It performs pooling operations with various kernel sizes (e.g. 1x 1, 5x5, 9% 9, and 13x13) on
the final feature map, which allows the network to gather both fine-grained (1 x 1) and contextual
information (13 x 13) from the feature map. The pooled features are then concatenated in the
channel dimension to increase the receptive field.

Further versions of YOLO, specialised for specific tasks, have been developed [83], however,
YOLOvV4 remains a widely used detector for a broad range of applications.

2.4.5 Generative Adversarial Networks

Neural networks can be used not only to detect objects in images but also to generate images. A
widely used framework for image generation is the generative adversarial network (GAN) [67]. One
of the key advantages of GANs is that they can be trained in an unsupervised manner, making
them suitable for scenarios with limited labelled data.

A GAN consists of two networks, a generator and a discriminator, trained in an adversarial setup.
The generator learns to produce synthetic images that resemble those in the training dataset,
while the discriminator attempts to distinguish between real images and those generated by the
generator. During training, the generator’s objective is to fool the discriminator by generating
images that are indistinguishable from real ones. Through this adversarial process, both networks
improve over time. GANs are used in Chapter5 to generate images to train object detectors.

Generator

The generator network learns a function that maps a random noise vector, sampled from a latent
space — a compressed, abstract representation of data where hidden features and patterns are
encoded — to an image that resembles images from the training data. This noise vector encodes
abstract features such as shapes and textures. The generator upsamples the noise vector into a
full-sized image using a series of transposed convolutional layers. Variations in the input noise
vector lead to a variety of generated output images.

Transposed convolutional layers perform the inverse operation of standard convolutional layers.
While a convolutional layer slides a kernel over the input to sum up the weighted values, a trans-
posed convolution spreads out each input over a larger area and adds overlapping contributions
together. Like standard convolutions, transposed convolutions use learnable kernels that are up-
dated during training.

Discriminator

The discriminator is a CNN that functions as a binary classifier, predicting whether an input
image is real or generated. During training, the discriminator learns features that characterise real
images. As the generator’s images become more realistic, the discriminator must learn increasingly
refined features to distinguish fake samples from real ones, and this adversarial process continues
iteratively.
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Training of Generative Adversarial Networks

During training, both the generator and the discriminator are initialised with random weights.
The training process consists of two alternating steps: training the discriminator and training the
generator.

Discriminator Training: In the first step, the generator produces a batch of fake images, G(Znoise),
from random noise Zpeise, While another set of real images, Z eal, is sampled from the training
dataset. These two sets are combined, labelled accordingly (real or fake), and passed to the dis-
criminator. The discriminator then predicts the probability that each image is real. The discrimi-
nator’s outputs on real data, D(2,ea1), and on generated data, D(G(Znoise)), are used to compute
the discriminator loss, following the cross-entropy loss:

Lp = —[log(D(2rea1)) +10g(1 — D(G(Tnoise)))]- (2.62)

This loss is then used to update the discriminator’s parameters via backpropagation.

Generator Training: In the second step, the generator is trained. A new batch of images, G(Znoise),
is generated from fresh noise vectors. These images are passed to the discriminator, which predicts
whether the images are real or fake, D(G(Znoisc)). The generator loss [67]

LG = - log(D(g(xnoise))) (263)

is then computed as a measure of the generator’s ability to fool the discriminator. The gener-
ator’s parameters are subsequently updated using backpropagation of the gradient through the
discriminator, while the discriminator’s weights remain fixed.

These two steps are repeated over many iterations, ideally converging to a Nash equilibrium [141],
where the discriminator can no longer distinguish fake from real images [67]. At this point, the
discriminator outputs a probability close to 0.5 for both real and generated images, indicating that
it is effectively guessing.

Training GANs is formulated as a min-max optimisation problem, as originally proposed by Good-
fellow et al. [67]. This optimisation framework, however, can result in unstable training dynamics.
One common issue arises when the discriminator overpowers the generator and easily identifies
fake images. In this case, the generator receives vanishing gradients, meaning the feedback it ob-
tains is too weak to guide learning effectively. As a result, the generator struggles to improve [6].
Another common issue is mode collapse, where the generator learns to produce only a limited set
of outputs that consistently fool the discriminator. While these outputs may appear realistic, they
lack diversity and fail to represent the full distribution of the training data [186]. This limits the
generator’s ability to generalise and reduces the quality of the generated data.

Building upon the foundational GAN framework, numerous architectural advancements have been
proposed to improve training stability and image quality, such as Deep Convolutional GAN (DC-
GAN) [155] and the Style-based GAN (StyleGAN) [89].
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3 Interferometric Particle Imaging for Particle
Sizing in Front-, Side- and Backscatter

This chapter addresses RQ1, which explores the extension of IPI from the front-scatter to the
backscatter regime. It presents a rigorous framework for conducting IPI across all scattering
regimes, including backscatter, beginning with the theoretical foundation and its adaptation to
the backscatter configuration. The second part of the chapter examines RQ2, focusing on how un-
certainties and limitations in IPI are influenced when applied in side- or backscatter configurations,

in comparison to frontscatter.

The results discussed in this chapter build upon the article Interferometric Particle Imaging for
Particle Sizing in the Front-, Side-, and Backscatter Region — Towards Single Optical Access IPI
by Sax et al. [SDK25].

3.1 An alternative Transfer Function for Interferometric
Particle Imaging

IPI is a powerful technique for sizing small transparent particles within comparatively large fields
of view. "In the literature on IPI, the front-scatter region with scattering angles of 66° for water
droplets in air [98, 64, 139] and 45° for air bubbles in water [90, 144], is used predominantly due to
its superior scattering efficiency and higher signal-to-noise ratio (SNR). More recently, scattering
angles of 90 — 110° have also been used [222, 170, 42]. However, there is still a lack of research on
the use of IPI in the backscatter region. This is probably due to the lower SNR in the backscatter
region, which makes the front-scatter region easier to deal with."[SDK25|

To determine particle size in IPI, Egs. (2.10) and (2.11) serve as the standard transfer functions
relating the number of fringes in the PI to the particle size. "The problem with Egs. (2.10) and
(2.11) is that they are Taylor series expansions [176] limited to the forward scattering region (i.e.
small #) and to the scattering orders p = 0 and p = 1 that dominate this region. Eq.(2.10)
is restricted to # < 2arccos(1/m), which represents the total reflection of the p = 1 ray at
the surface preventing the light from entering the sphere (ﬁi(l) > 0). Eq.(2.11) is limited to
0 < 2arccos (m) because the p = 0 and p = 1 glare point collapse into a single point. Consequently,
Eq. (2.10) and (2.11) cannot be used in the side- or backscatter regime (i.e. large 6), since the angle
relations don’t hold true for this range and other scattering orders can dominate these regions."
[SDK25] Alternatively, the relationship solely between the glare point positions wgf‘ys and the
fringe frequency F' of the interference pattern, see Chapter2.2.3, may be considered, in order
to derive an alternative transfer function between the fringe pattern and the particle diameter.
"This relationship is independent of the scattering angle and therefore, avoids the first problem of
Egs. (2.10) and (2.11). This is done by introducing the glare point distance between two glare points
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Ag}gs = |w§?ys — w;’;‘yﬂ, compare Eq.(2.9). With the formulae from Young’s fringe experiment,
the glare point distance can be determined from [19]

Xods /2

1/F =202 (3.1)
AGE

where ds is the distance between the particle and the observer (i.e. the camera chip), and Ag is the
wavelength of the light in vacuum." [SDK25]

The relationship between the glare point distance and the resulting fringe pattern is illustrated
in Fig. 3.1. The analogy to Young’s double-slit experiment becomes apparent, particularly in the
similarity between glare point spacing and slit separation; see also Fig. 2.8b.

in-focus

Figure 3.1: The relationship between glare point distance and the resulting interference patterns is visualised. As
the glare point distance increases, the fringe frequency correspondingly increases. While the angular
frequency remains constant along the z-axis, the interference pattern progressively spreads out with
increasing distance from the focal plane.

"Eq. (3.1) is constrained to the propagation of light waves in open space. However, to change
the direction of light and/or separate different fluids, most measurement scenarios involve optical
elements such as e.g. lenses and/or windows, and therefore, a generalization to arbitrary paraxial
systems is needed. Such systems can be comprehensively described by ray transfer matrices (also
known as ABCD matrices)[22, 60]. |...]

The defocusing parameter Byt replaces the expression ds/ne, for which it can be interpreted as
the equivalent distance for propagation through free space representing the propagation through
the optical system (with an imaging lens etc.). [...] Shen et al.[179] incorporated this approach into
Eq. (3.1) to formulate

Ao Btot
Al

1/F = (3.2)

Whilst this equation solves the issue of the scattering-angle dependence, a formulation of the
relationship between the glare point distance and the particle diameter still needs to be found, in
order to perform IPI. As described above, the glare point position and visible glare point orders do
change with the scattering angle and the refractive index. For this reason, a general formulation
is introduced as

Athlg/s(pi,pj)( ) |wphys(9) _ wphys(0)| _ dP

i j (pi,p5)
b ) (8) —w®)(0)] = —- AGHT(0),  (3.3)

2

which describes the glare point separation as a function of the particle diameter and the position
of any two glare points (p;, pj). The glare point spacing introduces information from the scattering
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model into the interference model. Eq. (3.3) can be introduced into Eq. (3.2) to formulate a general
relationship between the fringe frequency F' and the particle size dp via

)\Btot

dp =2 |———
A" (0)

(3.4)

Unlike Egs. (2.10) and (2.11), Eq. (3.4) can be applied to any scattering angle 6§ = [0,180°], but
requires prior knowledge of the relative glare point spacing Agf{p j)(ﬂ). The GO model provides
information on the position of the glare points but not on their intensity. The intensity I of the
glare points plays a crucial role in determining which glare points form the interference pattern
since the intensity of individual glare points p; might vary by several orders of magnitude with
the scattering angle. Consequently, the interference pattern is not always the result of the same
scattering orders, and some scattering angles do not give rise to visible interference patterns at
all. A further model is, therefore, required to determine the glare point spacing that produces the

interference pattern." [SDK25]|

3.2 Theoretical Model for IPI in Front- Side- and Backscatter

"This section presents a comprehensive method to choose a scattering angle in any scattering regime
(front-, side- and backscatter) for IPI. Two main questions are addressed: (i) Which scattering
orders form visible interference patterns at which angles and (ii) what is the underlying spacing of
the respective glare points that form the interference pattern?"[SDK25]

3.2.1 Visibility of Interference Patterns

"The intensity of the glare point of each scattering order depends on the scattering angle and the
refractive index. As a result, interference patterns are not as clearly visible from all angles, if
they are visible at all. Therefore, the first step is to identify scattering angles that produce visible
interference patterns. In analogy to Young’s fringe experiment, where the slits can be considered
as point emitters of light, the glare points are modeled as point emitters, compare Fig. 2.8b. Thus
it can be postulated that the scattering process at a particle leads to a visible interference pattern
in the far field, if the glare points act similar to a double slit, as formulated in Theorem 1.

Theorem 1 A transparent, approximately spherical particle with refractive index m, which is il-
luminated with monochromatic and coherent light, produces a visible interference pattern at a scat-
tering angle 0, if two glare points of order p; and p; have approzimately the same light intensity
I®) () ~ IPi)(9) (Condition 1) and the two glare points p; and p; comprise the majority of the
light intensity summed over all glare points 1P (0), I®)(9) > IPr+i3)(9) (Condition 2).

Condition 1 ensures that the destructive interference of the two respective waves leads to intensity
values close to zero and consequently results in good contrast between minima and maxima of
the resulting fringe pattern. This condition has already been formulated in the literature[42, 222].
However, Condition 1 is necessary but not sufficient, so Condition 2 takes into account all other
glare points and ensures that the interference pattern is not eclipsed by light emitted by a third
even brighter glare point, see Fig. 3.2. When measuring in the front scatter region, no other glare
points then p = (0,1) dominate and the sufficient condition is fulfilled automatically. For the side-
and backscatter regime, however, Condition 2 is needed.
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Figure 3.2: "The concept of visibility and the two conditions are visualized in an example at a single scattering
angle. Shown is the intensity over the projected particle surface as determined by the LMT (middle)
and the decomposition into individual scattering orders with the Debye-Series expansion (left, right).
The glare points are the peaks of intensity."[SDK25]. Figure from [SDK25].

Theorem 1 provides the theoretical basis but needs to be formulated explicitly to be of practical
use. Therefore, the intensity of the glare points needs to be quantified. A generally accepted model
for the intensity of light scattered by particles in the size range relevant to IPI is the Lorentz-Mie-
Theory (LMT)[200]. [...] Van de Hulst [200] derived the complex amplitude of the scattered light
in the far-field [...] from the LMT. The intensity is then calculated from the transverse electric
(TE) S; and transverse magnetic (TM) Sy modes of the wave via

1(0) = V151(0) > + [S2(0) . (3.5)

The LMT also considers the polarization of the light, which is a crucial feature for the contrast
and intensity of interference patterns, as will be shown later. [...] The problem with the LMT,
however, is that it only provides the integral intensity over all glare point orders, whereas for
IPI the intensity of individual glare points is of interest. Starting from the LMT, the integral
intensity can be decomposed into individual scattering orders with the Debye-Series expansion
of the LMT [40]. The calculation of S;(f) and S3(f) by means of the Debye-Series expansion is
complex and computationally intensive. An efficient and straightforward calculation of S;(6) and
S5(#) is possible by means of publicly available research software such as e.g. MiePlot[107], which
has been chosen in the present work; see Fig. 3.3.

Suitable scattering angles for IPI can be identified qualitatively from consideration of Fig.3.3 in
combination with Theorem 1 as shown in Figs. 3.3a and 3.3b. For a quantitative evaluation of the

visibility, however, an explicit formulation of Theorem 1 is needed.

Condition 1 ensures that the two glare points forming the interference pattern have the same
intensity 1(P1)(0)/1(:)(9) ~ 1 and poses the necessary condition. Taking into account the phase
difference between the two glare points Condition 1 can be quantified as follows[42, 222].

o 2¢/1®:)(9)1(rs)(0)
VR (g) = ( ©) <1 (3.6)

o I®)(9) + 1) (6)

Condition 2 ensures that the glare points p; and p; that satisfy Condition 1 are not eclipsed by
other brighter glare points py, and thus states the sufficient criterion. In accordance with Eq. (3.6),
Eq. (3.7) is formulated to approach one when I(9)(g) and IPi)(6) comprise all the intensity of
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Figure 3.3: "The complex amplitude Sg of each scattering order is plotted over all scattering angles. Depicted are
the Debye plots for (a) a water droplet in air (m = 1.333 +i1.82E — 09, A = 532um, dp, = 250 pm,
= Tsize = 1476.3) and (b) an air bubble in water (m = 1/1.333 +1i, A = 532pm, dp = 250 pm,
= Tsize = 1967.9). The visibility criteria are visualized: Scattering angles satisfying both criteria are
marked green (e), whereas angles only matching the first condition but not the second one are marked
red (¢)."[SDK25|. Figure from [SDK25|

the scattered light. Therefore the intensity of the considered glare point pair is compared to the
integral intensity over all scattering orders.

ymon) (g) = 2¢/I®)(0)I®)(0)  2+/I®(0)I®5)(0)
2 XL IIe) Inie(0)

~1 (3.7)

Since the Debye series expansion approaches the Mie solution for the sum over all scattering orders
k — oo, the simplification Y p-, I®%) () = Iyie(f) can be used. This allows for the exact and
faster computation of Condition 2. Both Egs. (3.6) and (3.7) are formulated in order to approach
one when the underlying condition is satisfied, with V' (#) € [0, 1]. Therefore, to give a quantitative
description of Theorem 1, the two expressions can be multiplied to give

41 (9)1®5) ()

(pi,pj) _ 1/(pipy) (pips) B
1% (0) = Ve, OV, (0) = (1% (0) + 1P (8)) Iysie(6)

~1 (3.8)

while V(0) € [0,1] is preserved. The visibility of an interference pattern V; or V, for a TE or
TM wave can be computed directly from the complex amplitudes S; or So (Figs.3.3a and 3.3b)
to obtain Fig.3.4. This allows the visibility to be quantified and the underlying scattering orders
to be identified, solving the first problem mentioned in the introduction to this section. Eq. (3.8)
is valid for any transparent sphere with a homogeneous refractive index. As outlined above, two
cases need to be distinguished for droplets (m > 1) and bubbles (m < 1). The most common
examples in IPI are water droplets in air (m = 1.333) and air bubbles in water (m = 1/1.333),
which will therefore be used as examples in this treatise. For other refractive indices, the values
presented in this work may change, but the outlined general effects remain the same for m > 1 or
m < 1."[SDK25]

3.2.2 Visibility Plots and Examples
"In this subsection, the visibility of interference patterns at different angles is discussed and the

involved phenomena are elaborated. Fig. 3.4 shows the visibility plot for water droplets in air and
air bubbles in water with a diameter of d, = 250 pm and light with A = 532nm. High values
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of Vi 5 correspond to better visibility. High visibility ultimately leads to better SNR (allowing
for a better distinction between minima and maxima) and, consequently, to more reliable signal
processing. However, the SNR also depends on the intensity of the scattered light itself, which is

not considered in the visibility.

As expected, Fig.3.4 predicts good visibility in the front-scatter regime at the angle of 66° for
water droplets in TE-mode and at 45° for bubbles in water in TE-mode. It can also be seen
that the orders p = (0,1) form the interference pattern, which is in agreement with the literature
[98, 64, 139, 144, 90]. Fig.3.4 shows that these angles are only preferable in the TE-mode, but
in the TM-mode, 84.5° for droplets and 41.6° for bubbles are preferable, while the p = (0, 1) pair
remains the dominant one. This demonstrates the importance of the polarization of the light used
for IPI. However, for the scope of this work, the less explored side- and backscatter regions are of

greater interest.
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(c) Debye Plot - Bubble - TE (d) Debye Plot - Bubble - TM

Figure 3.4: "Visibility over the scattering angle for a water droplet in air (m = 1.333 4+ i1.82- 107, A = 532 m,
dp = 250 pm, = Tgjze = 1476.3) in (a) TE- (V1) and (b) TM-mode (V2), and for an air bubble in water
(m = 1/1.333 +1i, A = 532pm, dp = 250 pm, = Zgize = 1967.9) in (c¢) TE- (V1) and (d) TM-mode
(V2). A sufficient scattering angle for IPI is given whenever the visibility plot has a value close to one.
The glare points parings (0,1), (0,2), (0,3) and (1,2) are shown. In addition, the rainbow angles of the
p = 2 and p = 3 scattering orders and Alexander’s dark band (ADB) are marked in (a) and (b). The
Brewster angle is marked in (d)."[SDK25]. Figure from [SDK25|

For water droplets and TE-mode, see Fig.3.4a, high visibility is achieved at scattering angles
of 111°-129° with p = (0,3) and 137.5°-165° with p = (0,2). Both regions are separated by
Alexander’s dark band (ADB) [92], a region in which the intensity of the p = 2 and p = 3 glare
points plummet. ADB is encased by the rainbow angles, a phenomenon in which glare points of
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the same order collapse into a single glare point, increasing the intensity [201]. Both regions show
a large variability of the visibility. This is undesirable because as a particle moves through the
field of view, the effective scattering angle varies slightly (up to a few degrees) and consequently
interference patterns will be visible at some positions in the image but not at others. Water
droplets in TM-mode, see Fig.3.4b, achieve similarly high visibility at scattering angles of 111°-
129° with p = (0,3) and for angles larger than 137° with p = (0,2), again separated by ADB. A
major advantage of the TM-mode is the lower variability of the visibility — especially in the range
of 111°-129°, which renders TM a more reliable and robust choice.

For bubbles in TE-mode, see Fig. 3.4c, the front-scatter region is the only region to yield a visibility
of = 100%. The p = (0, 2) pair dominates most of the side- and backscatter regions but, with lower
visibility. The p = (0, 3) pair reaches up to 86% visibility at 173°-179° but is again subject to strong
fluctuations. Bubbles in TM-mode achieve high visibility at 96°-101° and 114°-179° with p = (0, 2),
see Fig.3.4d. The two regions are separated by the Brewster angle, a region where the p = 0 ray
hits the surface at an angle at which the transmission coefficient is one and the reflection coefficient
is zero. Consequently, no light is reflected at this point, compare Fig. 3.3b at 106°. Visibility drops
sharply as the intensity ratio at this point is very uneven. The two regions of high visibility show
almost no fluctuations. Furthermore, the visibility in the range of 114°-179° is almost constant,
making it ideal for use in IPI. Around 179.8°, the p = (0, 3) pairing reaches up to 85% visibility
but is subject to strong fluctuations.

The above elaboration demonstrates that the TM-mode is favorable for the side- and backscatter
regimes, for both droplets and bubbles. This is remarkable information, since for the forward-
scatter for droplets, usually the TE-mode is used, while for bubbles both modes work in the
forward-scattering region. Other effects such as ADB and the Brewster angles lead to regions of
the scattering angle in which no interference pattern is visible and IPI cannot be performed. It
is important to note that high visibility is necessary for IPI, but for practical use, other effects
such as SNR and uncertainties need to be taken into account too, which will be discussed in the
following sections."[SDK25]

3.2.3 Determination of the Glare Point Spacing

"The visibility plots contain the information about appropriate scattering angles 6 and the glare
point paring (p;,p;) that forms the interference pattern. From this information, the value of the
glare point spacing Agf,’pj)(ﬂ) = |w®)(0) — wPi) ()| can be determined as required for Eq. (3.4).
This section presents two ways to compute the glare point position w(?) (#), which are interrelated
but have different advantages. Additional effects not considered in the visibility considerations are
discussed.

The first way to compute the glare point positions is the derivation of the intensity over the particle
surface from the complex amplitude S."[SDK25] Eq. (2.39), introduced in Chapter 2.3.1, can be
employed to determine the intensities Agp1(w) and Agp2(w), corresponding to the scattering
amplitudes S; and Ss, respectively, over the projected particle surface w. "Note that while the
position w of the glare points do not change with the polarization, the intensities Agp1(w) and
Agp 2(w) of the glare points differ, as contrasted in Figs.3.5 and 3.6 for droplets and bubbles,
respectively.

Eq. (2.39) effectively describes the propagation of the wave through a lens and shows how a camera
would see the glare points in focus. The angular range A0 = tan(aap) follows directly from
geometrical considerations and is defined by the opening angle of the camera aap set by the
aperture, which is the same angle as used in Egs. (2.11) and (2.10). The opening angle is calculated
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from the triangle formed by the effective optical distance of the particle from the lens zp jens/n2 and
the aperture diameter D, with tan(aap) = Dana/(22p jens). While Van de Hulst [201] introduced
Eq. (2.39) for the integral intensity of all glare points (LMT), the complex amplitude S®)(f)
from the Debye-Series expansion of the LMT can be inserted instead of Sy to decompose the
intensity into the individual scattering orders, compare Fig.3.2. The result is shown in Figs. 3.5
and 3.6 for droplets and bubbles, respectively, and hereafter referred to as glare point plots. The
glare point position of scattering order p; is then simply determined by finding the peak position of
A(c%) (w). As Eq. (2.39) is a short space Fourier transform, the uncertainty relation AGAw = 1/%gj5e
applies[201]. This means that for smaller particles the peaks become less distinct, to the point
where the glare point model collapses, i.e. when the particle approaches the size of the wavelength
of light. For demonstration purposes, a large particle diameter has been arbitrarily chosen to make

the discussed effects more salient.

The glare point plots allow the intensity of the glare points to be assessed in a straightforward
manner in addition to finding the glare point spacing, as shown in Fig. 3.5a. This allows to judge
the corresponding visibility intuitively. However, the disadvantage of this method is that each plot
shows only a single scatter angle. Fig.3.5 shows a range of scattering angles with high visibility
and other interesting effects. The first effect that can be seen, is the influence of polarization on
the intensity of the glare points, as can be identified from the comparison of Fig. 3.5a and Fig. 3.5b

at 0 =66°.

o 66° 84.5° - 66° 84.5°
— ™
ey ey ‘
E'é' Agi,l) g‘ 2xIntensity
E y 5 ,
E N LA J
o 116° - 116° 129°
= same order < )
= split up = Rainbow
g / g e
Hd 2
5 L ) LA (- )
- 137.9° - 137.9° 160°
= Intensity 1 oy same order
= 2 = § split u;
h=1 B Rainbow- P P
% Rainboﬁ\ % \
=1 )
= N ! A= A J\Kl A

-1 0 1-1 -1 0 1-1 0 1

w w w
(a) Droplet - perpendicular (TE) (b) Droplet - parallel (TM)

Figure 3.5: "Intensity over the particle surface (the glare points are the peaks): The scattering intensity Agp(w)
is plotted over the particle surface w for a water droplet in air (dp = 250 pm, A = 532nm, = Tgjze =
1476.3 and m = 1.333 +i1.82 - 10~9). The scattering uncertainty Af = 3.7° was chosen based on the
optical system used for the validation experiment. The scattering angle 6y around which Agp(w) was
calculated is shown at the top of each plot. The intensities of the scattering orders p =0 (o), p = 1
(o), p=2 (o) and p =3 (), as well as the integral intensity of all scattering orders (Mie-intensity) (e)
are shown. Unless indicated all plots are on the same intensity scale."[SDK25]. Figure from [SDK25]

One effect that is not considered in the visibility considerations is that the same scattering order
can produce more than one glare point, as discussed by Van de Hulst [201], compare Fig.3.5b
0 =160°. The intra-order split-up of glare points, can cause a significant loss in intensity of the
glare point as the light intensity is distributed over more than one glare point, compare Fig. 3.5a
0 =116° and 6 =129°. This reveals a shortcoming of the visibility consideration, as it only considers
the integral intensity of the scattering order at one scattering angle. If a single order splits into
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multiple glare points, then this integral intensity is also split between the two glare points of the
same order, which cannot be captured by Condition 1. Such cases can nonetheless still be used
for IPI and even have the advantage of introducing multiple frequencies due to the three glare
point spacings, see Fig.3.5a 6 =160°. Dehaek et al.[42], for instance, used a third glare point
of a third order in sidescatter to create redundancy due to multiple frequencies being present in
the interference pattern. This idea might also be extended to the use of intra-order split-ups to
obtain multiple frequencies from only two orders. Combined with the reasonably high intensity
in backscatter for droplets, scattering angles around 160° can, therefore, be attractive for IPI.
Note that the intra-order split-up for p = 3 at § =116° occurs only for the TE-mode but not in
the TM-mode, again highlighting the importance of polarization for IPI. At certain angles — the
so-called rainbow angles [201] — the two glare points of the same order collapse into a single glare
point. The brightness of this rainbow glare point is substantially higher, since all light intensity of
that order is comprised of a single glare point, compare Fig. 3.5a 6 =129° and 137.9°. If two glare
points of the same order are undesirable, measuring at the rainbow angles [201] can get around this
problem. However, measurement at the rainbow angles is not preferable due to the uncertainty
characteristics as will be elaborated further in the following sections.
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Figure 3.6: "Intensity over the particle surface (the glare points are the peaks): The scattering intensity (Agp(w))
is plotted over the particle surface w for an air bubble in water (dp = 250 pm, A = 532nm, = Zgj,e =
1967.9 and m = 1.333 4+ i1.82 - 10~?). The scattering uncertainty Af = 3.7 was chosen based on the
optical system used for the validation experiment. The scattering angle 6y around which Agp(w) was
calculated is shown at the top of each plot. The intensities of the scattering orders p =0 (o), p =1
(o), p=2 (o) and p = 3 (), as well as the integral intensity of all scattering orders (Mie-intensity) (e)
are shown. Unless indicated all plots are on the same intensity scale."[SDK25|. Figure from [SDK25]

Bubbles show less complex phenomena, see Fig.3.6. The TM polarization shows more uniform
intensities between the glare points in side and backscatter, compare Fig. 3.6b. However, the TE
mode has the advantage of higher intensities, compare Fig.3.6a § =99-154°, which potentially
compensates for the lower visibility (due to uneven intensity) with higher intensity-based SNR.
For the TE-mode, bubbles also show a third p = 3 glare point in the side- and backscatter region,
see Fig.3.6a 0 =99-154°, and a third p = 2 glare point at 45°. Again, this third glare point
could be used for multi-frequency IPI as suggested by Dehaek et al. [42]. Unlike droplets, the side-
and backscatter regimes have significantly lower intensities compared to the frontscatter regime,
potentially resulting in lower SNR."[SDK25]
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Figure 3.7: "Glare point maps: Glare point position w over the scattering angle visualized for the reflected and
first three orders of refracted light rays for a droplet (a) and and a bubble (b). For the droplet in (a),
the rainbow angles and ADB are marked. For the bubble in (b) it is shown how to measure the glare
point spacing from the plots."[SDK25]|. Figure from [SDK25|

The second method for deriving the glare point spacing is based on the GO model, as illustrated
in Fig. 2.7 and 2.8b. This approach employs Eq. (2.13) [201] to determine the angle of the ray
relative to the surface tangent. For clarity and ease of reference, Eq. (2.13) is restated below:

0 =2 (ﬁi(p) - parccos(% cos(ﬁi(p)))) =27k + ¢b. (3.9)

"The two unknown constants ¢ + 1 and k € N are needed in order to formulate Eq. (2.13) without
loss of generality for m < 1 and arbitrary p. Solving this equation for Bi(p )7 then allows to compute
the glare point position from w® = ¢ cos(ﬂi(p )). However, Eq. (2.13) is not easy to solve analytically
and it is necessary to find values for ¢ and k for which the equation has a real solution within
,Bi(p) € [0,90°]. Therefore, an algorithm (Alg. 1) for the indirect solution of Eq.(2.13) and the
determination of the values of ¢ and k is proposed and provided in Appendix A.2. Furthermore,
Tab. A.1 lists values of g and k for m < 1 and p € [0, 3] (see also Appendix A.2). With the solution
of Eq. (2.13), the glare point position can be plotted over the scattering angle, see Figs. 3.7a and
3.7b, hereafter referred to as glare point maps. The glare point separation is determined by the
horizontal distance between the two lines of the desired order, see Fig.3.7b. Unlike the first
approach, no intensity information can be derived and therefore shortcomings of the visibility
method cannot be identified with this approach. Accordingly, this also means that polarization
effects cannot be assessed. However, the glare point separation between a range of scatter angles
can be easily compared using these glare point maps. This allows to investigate the change of glare
point spacing with the scattering angle. This is a crucial tool for deciding, which scattering angle
to choose since the GP spacing has a major influence on the uncertainty and limitations of IPI
(see next sections). Furthermore, the rainbow angles can be easily identified from this approach
(condition: df/dw = 0; i.e. local min. or max.[201]).

The relationship between the two approaches can be understood as the three-dimensional inter-
relation of intensity, scattering angle, and glare point position, which is accordingly visualized in
Fig. 3.8. Both intensity and polarization, as well as the change in the glare point spacing over
scattering angles, are crucial quantities to consider for IPI. It is therefore advisable to consider
both glare point plots (Figs. 3.5 and 3.6) and glare point maps (Fig. 3.7) when choosing a scattering
angle to take all effects into account."[SDK25]
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Figure 3.8: "Interrelationship between intensity, scattering angle 6 and glare point position w. Glare point plots
represent vertical slices placed on the glare point maps (horizontal slice)."[SDK25]. Figure from
[SDK25]

3.3 Experimental Validation of Backscatter IPI

"In this section, the methodology derived above is validated experimentally. Eq. (3.1) is the formu-
lation for a double slit in Young’s fringe experiment and has been well validated in physics. Also
Eq. (3.2) introduced by Shen et al.[179] has been validated by e.g. Zhang et al.[222] by measuring
the same bubble size distribution of air bubbles in oil at scattering angles of 45° and 90°. Eq. (3.4)
is a rearrangement of Eq. (3.2) with a model for the glare point position added in Ag}gs. To test
the methodology outlined in this"[SDK25] thesis, "a bubble generator with nominally constant
bubble size distribution is chosen and characterized with TPI. Given the distribution function of
the generated bubble sizes, i.e. its probability density function (PDF), can be considered constant
and, consequently, the measured bubble size distributions should always be the same — regardless
of the applied scattering angle. The test of the above working hypothesis is as follows: If IPT mea-
surements based on the methodology outlined above all result in the same PDF, and interference
patterns are visible at the predicted scattering angles, then the suggested method is valid. Based
on Fig. 3.4c, six different scattering angles were chosen, i.e. 45, 99, 116, 122, 135, and 154° inside
the water at the bubble. To validate Eq. (3.2)[179] the results at an angle of 45° are additionally
compared with Eq. (2.11)[144, 90]."[SDK25]

3.3.1 Experimental Procedure

"In order to conduct the outlined testification approach, an experimental setup as shown in Fig. 3.9
was constructed that was able to generate a constant distribution of bubbles. The setup allowed
the scattering angle to be varied without changing the optical path since even small changes in the
optical path can affect the result, see Fig. 3.9a. To achieve a bubble generation with a constant size
distribution, a generator based on electrolysis was constructed. The bubble generator consisted
of two stainless steel rods sheathed in black rubber for electrical insulation except at the ends.
Both steal rods were connected to a power source, which provided a constant current and voltage
throughout the measurements. A sheathed silver wire was connected to the end of the cathode
(via a borehole). The wire was bent into a hook shape and only the last 0.5 mm of the wire was
left unsheathed, compare Fig. 3.9¢, right. In this way, bubbles were generated only at the tip of the
hook (known location). The field of view was placed directly on the top of the hook to ensure that
the measured bubbles were at a known distance from the camera chip. The medium surrounding
the bubbles was distilled water with NaCl added to ensure conductivity. The generated hydrogen
bubbles had a relative refractive index of m = 1/1.333. The point of bubble generation was placed
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in a water tank (glass n = 1.52, 20 x 20 x 20 cm®, 4mm wall thickness) and fixed at a submersion
depth of 4.1 cm.

(a) Schematic sketch

movable Laser

Camera - ——¢f
: Bubble

Zim Za Z Zy (c) Optical system
n, n,
\ /
image plane focal plane Cathode

Figure 3.9: "The optical system of the validation experiment is shown. Depicted are a schematic principle of the
experimental setup (a) and an image of the real experimental setup (b). A schematic close-up of the
bubble generator (cathode) and the field of view (FOV) relative to the tip of the cathode-hook are
shown (c). The physical model for the optical path from the bubble to the camera is shown up in a
close-up (c)"[SDK25]. Modified figure from [SDK25|

A camera (PCO Pixelfly: CCD chip, 14 bit, 1392 x 1040 px, pixel size 6.45 x 6.45 uym? equipped
with a Nikon Micro-Nikkor imaging lens: effective focal length 105 mm, aperture number fy = 4)
was positioned on an arm outside of the tank at a fixed distance from the glass. A laser (Quantel
Evergreen Nd:YAG A = 532nm, 200 mJ/pulse) was positioned on a rotating arm to allow for
different scattering angles without a change in the optical path from the bubble to the camera,
compare Fig. 3.9b. Note that the laser head was oriented such that measurements took advantage of
the favorable TE-mode with correspondingly higher intensity of the scattered light (at the expense
of lower visibility), see Fig.3.6. The laser and camera were synchronized in a single pulse single
exposure setup. The optical system is shown in Fig. 3.9c. The distance from the bubble to the inner

glass wall was z,, = 125.5mm and the thickness of the glass wall was z, = 4mm (ng = 1.52). The

defoc

$¢¢ = 11.71 mm and the image distance

principal plane was located at the defocused position of z
from the principal plane to the camera chip was z;, = 21.81 mm. Since a multi-lens camera lens
was used, the position of the principal plane was unknown, so z;, and z, were calculated from

imaging a calibration target at the position of the bubble generator. The thin lens equation

1/Z§gj + 1/Zﬁfr-1f - 1/flcns =0 (310)
with zfﬂ = z;/n; for the effective distances in combination with the magnification condition provide
two equations to calculate zj, and z°°¢."[SDK25] The effective object side distance is zgfbfj =

Za/Na+2g /g + 2w /Nw. "When moving the camera out of focus by Az,, the value zdefoc — Hlocy Az,
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can be calculated (see Appendix A.1 for more detail). The resulting defocusing parameter from the
ray-transfer matrix, describing the optical system, was Bios = -7.57 mm, see Eq. (A.4)."[SDK25]
This kind of calibration method is described in Chapter 2.2.2.

3.3.2 Data Processing

"A total of 1200 images was recorded per angle and the laser brightness was adjusted at each angle
to obtain sufficient intensity. Example results are shown in Figure 3.10 for all investigated scattering
angles. The images were pre-processed using mean image subtraction to subtract the background
with only little loss of SNR. Morphological closing (dilation and erosion) was applied to the mean-
subtracted images followed by a Hough transform to identify the circular particle images (PI). The
detections from the Hough transform were transferred into a bounding box around the particle
(kernel). This was done for all angles except 154° since the Hough transform had a large detection
missrate due to the lower SNR and the bounding boxes had to be drawn manually. The underlying
problem for this seeming shortcoming is that the light scattered by larger particles is brighter and
therefore larger particles have higher SNRs. As the smaller particles accordingly have lower SNRs,
the detection algorithm is unable to detect them and a sampling bias towards larger particles is
introduced, thus falsifying the estimated PDF. This limitation necessitated manual labeling of the
154° images to avoid the sampling bias. At the other angles, the PIs were sufficiently distinct from
the background for the detection algorithm to operate without bias.

The validation experiment shows that interference patterns are visible for all angles predicted with
Fig. 3.4d, as can be seen in Fig. 3.10a. This shows that the visibility criterion formulated in Eq. (3.8)
can be used for real experiments to identify applicable scattering angles for IPI. Furthermore,
Fig. 3.6a predicts a third glare point at 45° for the TE mode. The effect of a third glare point can
also be observed in the experiments, see Fig. 3.10a 45°, as the maxima from the primary glare point
pairing also have stripes from a secondary frequency, which is the effect of a third glare point.

A Laplacian filter was applied to the kernel to enhance the edges while preserving their position.
The kernel was then averaged along the stripes to increase the SNR. The signal was low-pass
filtered using an FFT with a frequency cut-off to further reduce noise. The fringe frequency
was then determined in two steps: A peak-finding algorithm was applied to the filtered signal to
determine a frequency prior to the peak-to-peak distance. This step was necessary to avoid the
subsequent fitting algorithm to fit the envelope frequency (the rectangle function resulting from
the defocused circle).

A first-order Fourier function was then fitted on the raw signal (average along the stripes, cp.
also Fig.3.11a alongside uncertainty discussion of Section3.4.1), starting from the frequency
prior. To check the measured distributions for statistical significance, the statistical measure
sz\is o(dy,..,dn)/p(dy,..,dy) (standard deviation normalized by mean) was examined starting
from 7 = 3 sampled bubbles (3 as the minimum for the standard deviation) and gradually increas-
ing the considered sample size up the amount of measured bubbles N. Statistical convergence
was observed around Npyupbles &~ 800 bubbles. The measurements include at least twice as many
particles, except for the 154° evaluation, which was limited to 1000 particles due to manual labeling.

Fig. 3.10b shows that the measured PDFs of the bubble diameter collapse, and according to the
testing hypothesis this consequently means that the method works for IPI in any scattering regime.
The same size distribution was measured at each scattering angle, which demonstrates that the
shift in glare point spacing Aglé’l()g)) for Eq. (3.4) was correctly compensated when using Fig. 3.6 and
3.7. Small variations in the PDFs were within the measurement uncertainty, which is quantified in

the next section. A closer look at Fig. 3.10a shows that although interference patterns are clearly
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Figure 3.10: "Experimental results of the validation experiment. Raw images from the validation experiment are
shown in (a). For the image at 45°, a secondary frequency can be observed, which is the result of a third
glare point (p = 2) in the TE-mode. It can be seen that the particles visually become less distinct from
the background and the intensity decreases in the backscatter region. The determined distribution
functions for all investigated scattering angles 45°,99°,116°,122°,135° and 154° (angle in water at the
bubble) are plotted in (b). The number of particles in each PDF is shown above the graph. The
scattering angle of 45° the PDF was evaluated with Egs. (2.11) (45°S) and (3.4) (45°). The smallest
measurable bubble diameter for § = 45° was reached and is marked with dﬁ?iir The PI brightness
in the raw images (a) is lower at higher scattering angles, as the overall intensity of the interference
pattern is reduced. This can be observed by comparing the intensity in Fig.,3.12."[SDK25|. Modified
figure from [SDK25|

visible, PIs in the backscatter region are significantly less distinct from the background than Pls
in the frontscatter region. This shows that although the visibility provides the theoretical basis for
finding interference patterns, other aspects such as the SNR need to be considered additionally in
real experiments. The reduced signal quality in the backscatter regime and the different values of
Agl’;,’fé)) affect the uncertainties and boundaries of the experiment as will be elaborated further in
Section 3.4."[SDK25]

3.4 Uncertainties and Limitations of IPI

"This section provides an overview of the main sources of uncertainty in the first section and a
further discussion of the influencing factors in the second section."[SDK25]

3.4.1 Sources of Uncertainty

"In the calculation of the particle diameter by means of Eq. (3.4), three terms in the equation are
subject to uncertainty: Bio.s which describes the distance from the focal plane, the glare point
spacing Ag{;p I )(9), and the fringe frequency F' (assuming A is well known, which holds true for
typical lasers). For the present case the out-of-focus location of the bubbles was quasi-constant,
and accordingly considered known and fixed. This means that Bio; can be obtained from the
calibration of the measurement. The camera was moved on a precision traverse to focus on a
calibration target so as to obtain the unknowns z;, and z, as described in the Section3.3. The
precision of this calibration step is limited by the depth of field of the mounted lens, which was
experimentally determined to be less than 10 um. This uncertainty can be incorporated into the
thin lens equation and the magnification condition to investigate the effect on the calculation of
Zim and z,, and the subsequent effect on Bioi. For the given depth of field and optical system
the resulting uncertainty of AB;o;=0.005% can be considered negligible. Note, however, that in a
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3.4 Uncertainties and Limitations of IPI

scenario where the distance from the particle to the camera is not fixed, Byot becomes a function of
the distance and its uncertainty is likely to be significantly larger."[SDK25|. This issue is discussed
in more detail in Chapter 4.

"The uncertainty Agl’é’p I )(9) of the second term in Eq.(3.4) stems from the uncertainty in the

scattering angle. This uncertainty can arise either from the measurement setup (positioning of laser
and camera) or from the motion of the particles perpendicular to the stripes of their interference
pattern (here left and right in the image 0 = 6y £ Af). In both cases, this is a deterministic
error. As shown in Fig. 3.7 even such small changes in 6 can change the glare point spacing. This
relationship is highly non-linear and depends on the scattering angle. A further discussion and
quantification of this uncertainty is given in Section 3.4.2. For the present validation experiment,
a conservative upper limit of Af of 1° was chosen. The resulting new glare point spacing A(E}rg can
be read directly from Fig. 3.7. For the scattering angles used, the resulting uncertainties are given
in Tab3.1. A different glare point spacing changes the frequency of the interference pattern, thus
mimicking a change in particle diameter and corresponding changes in the interference pattern
(both change the glare point spacing). This, in turn, also explains the variation of observed fringe
frequencies for similar particles at different scattering angles.

Table 3.1: "Uncertainty as a systematic error introduced by an angle uncertainty of 1°"[SDK25]. Table from
[SDK25]

0 45° 99° 116° 122° 135° 154°

AGB—Acp
|=SE—=SE | (%] 3.40 1.07 1.42 1.63 2.17 3.78
Agp

The last term to consider is the fringe frequency, which is subject to measurement uncertainty
and occurring stochastic error. The frequency measurement is affected by a variety of factors such
as SNR, optical aberrations, and the performance of the algorithm used to extract the frequency,
all of which render a theoretical quantification difficult. Therefore, an experimental approach
was used to estimate an upper bound for the uncertainty. The algorithm to extract the fringe
frequency was applied four times to the same interference pattern, each time using a different
kernel, see Fig.3.11a (upper part). Each kernel was averaged along the stripes to obtain a signal,
which would result in slightly different frequencies (compare Fig. 3.11a, lower part). The absolute
spread of the frequencies determined would then give an estimate of the frequency uncertainty.
For further investigation, the peak-to-peak distance in the fringe signal D,, = 1/F is used as
the complement metric of F' for more intuitive handling. This measure describes the distance of
two maxima in the interference pattern, see Fig.3.11a (lower part). The algorithm used showed
a spread between 0.1-0.9px in Dy, for the same particle and is, therefore, sub-pixel accurate in
the frequency determination. However, a conservative upper limit of AD,, = 1px was chosen for
further investigation.

This metric then allows to quantify some fundamental properties of the frequency measurement.
The lowest frequency that can be measured (i.e. the smallest particle) corresponds to just one
wavelength present in the PI, i.e. Dy, = dp1, where dpy is the PI diameter. The upper limit is
given by the Nyquist criterion, for which the distance between peaks is Dy, = 2px, which is the
minimum distance between two maxima to be distinguishable without aliasing effects (giving the
largest measurable particle). The relationship between particle diameter and peak-to-peak distance
is non-linear D, ~ 1/dp (since F' ~ dp), see Fig. 3.11b. For small particles, the frequency is highly
resolved (here 130 px per signal wavelength), whereas for larger particles the frequency is less well
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Figure 3.11: "Figure (a) shows the different kernels used to average the signal along the maxima of the interfer-
ence patterns and the resulting signal across the PI. The intensity in (a)(top) is inverted for better
visibility. The peak-to-peak distance between the maxima of the interference pattern over the radius
(0 = 45°) is shown in (b). Figure (c) shows the relative error (for an uncertainty of 1px) in the
measurement of the peak-to-peak distance over the particle diameter for different scattering angles
(for the setup used in the validation experiment). In addition, the upper and lower limits of the
measurable particle diameters at each scattering angle can be determined from the respective ends
of the error lines."[SDK25|. Figure from [SDK25]|

resolved. This is directly related to the measurement uncertainty of the diameter. As shown in
Fig.3.11b, Adp depends on the gradient |dD,,/ddp| and is approximated as

dDpp  ADp,
~ . 11
ddp Adp (3:11)
Eq. (3.11) can be inserted in Eq. (3.2) to obtain
ABiot AD
Adp(dp,0) < |——P2 | d} 3.12
P( P, )— ‘ AGP(e) P ( )

which depends on the particle diameter and the scattering angle due to the glare point spacing.
This relation can be used to investigate the relative error over the particle diameter, for different
scattering angles, see Fig.3.11c. Note that Eq. (3.12) gives an estimate for the upper limit, but
doesn’t quantify the uncertainty exactly. It can be seen from Fig.3.11c that the scattering angle
changes the uncertainty of the frequency determination for a constant particle size. This means
that the upper and lower limits of measurable particle sizes are also dependent on the scattering
angle. The corresponding uncertainty is, therefore, shifted in the same way. For bubbles, the
largest diameter may be measured in frontscatter, while the smallest bubbles may be measured in
sidescatter, with the backscatter regime approaching the uncertainty of the frontscatter regime.
This is a crucial insight, as an experimentalist might then choose a scattering angle based on
the expected particle size distribution. This also shows that a scattering angle should be chosen
to measure close to the lower limit, as the uncertainties are significantly lower. The frequency
uncertainty approaches 50% at the Nyquist diameter and is therefore the dominant uncertainty
for large particles."[SDK25]

3.4.2 Main Influences on the Uncertainty

"The last section discussed the quantities that are subject to uncertainty, this section focuses on
the main sources of these uncertainties. While Figure 3.11c would suggest very similar properties
between the front- and backscatter regime for bubbles, this is not the case due to the significantly
lower SNR in backscatter. The SNR is a result of the PI intensity compared to the background
noise on the camera chip. The performance of the algorithm to measure AD,, is dependent on the
SNR. While this relationship depends on the algorithm, it can be generally assumed that better
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performance (i.e. lower AD,,},) is obtained with higher SNR. The SNR depends on several factors,
mainly the particle diameter, the scattering angle, and the amount of defocusing zp. Consequently,
Eq. (3.12) must be modified to

ABiot (2p) ADpp (SNR(0, 2p, d,))
Acp(0)

Adp(dy,, 0, 2p) < d? (3.13)
which accounts for the fact that AD,, is not constant. One important factor is the particle
size, since larger particles result in brighter interference patterns, as can be proven by the LMT
[200]. This suggests that AD,, becomes smaller with larger particles, counteracting Adp ~ d3.
Furthermore, this means that Eq. (3.12) overestimates the uncertainty for large particles and un-
derestimates it for smaller ones. This is advantageous, as it indicates that large particles can be
measured with smaller uncertainties than Eq. (3.12) suggests."[SDK25]

The intensity increases with the particle diameter, suggesting better SNR for large particles. "A
second influence on the SNR is the distance of the particle from the focal plane zp, which is also
taken into account in Byi.. The intensity of the PI decreases with the distance from the focal
plane, resulting in a lower SNR. As the diameter of the PI increases approx. linearly with the
distance from the focal plane [57], the area of the PI increases by the power of 2. As the light
intensity is distributed over a larger PI area, the intensity of the PI becomes accordingly weaker
and the SNR decreases. At the same time, however, a more defocused particle results in larger Pls
[179, 57| as indicated in Fig.2.8b, which in turn results in better interference pattern resolution
and lower AD,,;,. Consequently, there are two counteracting effects on AD,, when zp is changed:
The increase in the resolution of the interfering pattern is countered by the decrease in the SNR
of the pattern. The increase in fringe frequency resolution is linear with sufficient distance from
the focal plane[146], while the intensity loss decreases with the power of 2. The linear increase of
resolution coupled with the quadratic decrease of SNR indicates that there is an optimal amount
of defocusing for the PI, which is in agreement with earlier PI-characterization studies [116].

Finally, the intensity of the glare points depends on the scattering angle, so the SNR is also a
function of 8. The relationship between scatter angle and intensity is highly non-linear. To assess
the SNR of the interference pattern, the intensity of its maxima can be examined. These can
be calculated from the combined intensity of the two glare points forming the pattern Ippmax =
‘S(p'i) + S(pf)|, see Fig.3.12. This quantity provides a brightness measure for the maxima of the
interference patterns (i.e. its distinction from the background - SNR), while the intensity difference
between minima and maxima of the pattern is evaluated on the grounds of the visibility. Conse-
quently, both should be taken into account, as both influence the signal quality. For droplets in
TE- and TM-mode a strong decrease of intensity from the front- to the side scatter can be seen,
compare Fig.3.12a and 3.12b. From the sidescatter regime towards the p = (0,3) rainbow angle
the intensity increases with the scattering angle, while from the p = (0,2) rainbow angle the in-
tensity decreases towards even larger scattering angles. As observed for the visibility, the intensity
is also low in the ADB, making this angle range unfavorable for IPI. In general, the backscatter
regime for droplets shows higher intensities, making it more favorable than the side scatter regime.
However, large fluctuations in intensity, see e.g. Fig.3.12b, cause large variations in SNR for even
small changes in angle, as might occur for particles moving through the field of view.

For bubbles also a strong decline of intensity is observed when moving beyond the frontscatter
regime, compare Fig.3.12c¢ and 3.12d. For bubbles in TE-mode the intensity — and therefore the
SNR — decreases with increasing scattering angles, which makes experimentation with these angle
ranges difficult. Notably, there is a strong increase of intensity for scattering angles close to 180°,
while the visibility in this region is also sufficient. For the TM-mode, the intensity decreases
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Figure 3.12: "Peak intensity of the interference pattern for a water droplet in air (m = 1.333 4 i1.82 - 1079,
A = 532pm, dp = 250 pm, = Zgize = 1476.3) in (a) TE- and (b) TM-mode, and an air bubble in
water (m = 1/1.333 410, A = 532pm, dp = 250 pm, = Zgize = 1967.9) in (c¢) TE- and (d) TM-
mode."[SDK25]|. Figure from [SDK25|

towards the Brewster angle, but increases afterwards again, compare Fig.3.12d. This is valuable
information as it indicates an increasing SNR in backscatter with increasing scattering angles.
This means that larger scattering angles are potentially favorable for backscatter in TM-mode.
The comparison of Figs.3.12c and 3.12d furthermore reveals that the TE-mode has in general
higher intensities in the side- and backscatter regimes. Similar to the TE-mode, the TM-mode
shows a sudden increase in intensity for scattering angles close to 180°. However, this higher
intensity is within a very narrow angular range, which again causes problems for particles moving
through the field of view. Scattering angles approaching 180° present an additional challenge, as
coherent backscatter in this range can distort the fringe pattern and must be taken into account.
However, since such extreme angles are primarily relevant to microscopic imaging, they are not
considered further in this study.

Comparison of Figs. 3.4 and 3.12, in contrast, outlines the complex relationship between visibility
and SNR, but also indicates both trade-off and synergetic angle margins, with synergistic angles

being preferred.

To test the theoretical approach to SNR issues based on the intensities calculated from the LMT,
the PIs from the validation experiment were investigated for their SNR, see Fig.3.10. While it
is difficult to determine the exact SNR, the overall ratio of PI intensity to background intensity
Ip1/Ipc can be used as a measure of SNR. The PI intensity is defined here as the average value of
the 50 brightest pixels within the bounding box that encloses the PI. The background intensity is
defined as the average intensity of a 200 x 200 px patch in the image that does not contain a PI. A
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set of example images as used to compute the SNR is shown in Fig. 3.10a. It is important to note in
this context that the brightness of the light source was increased during the validation experiments
in backscatter orientation to combat lower overall intensities. Since this in turn likewise increased
the background intensity the above-defined SNR estimation provides reasonable information on
the relative PI brightness despite varying absolute intensity, as shown in Fig. 3.13. Nevertheless,
the experimental data of Fig.3.13 show a good agreement with the theoretical considerations of
Fig. 3.12c, where the intensity decreases strongly from scattering angles of 45° compared to angles
in the range of 99-122°. The decrease from 122° to 154° is then much smaller compared to the
decrease from the front- to the sidescatter regime. The same trend can be seen in the SNR of the
experimental data as indicated in Fig. 3.13. This suggests that the combined intensity of two glare
points provides a good qualitative guide to the SNR as a function of the scattering angle. However,
it becomes clear from both theoretical considerations and experimental data that backscatter IPI
requires methods to deal with the significantly lower SNR, such as more robust fringe frequency
extraction algorithms. The lower intensities in turn also require better detection algorithms, as
smaller particles generate dimmer PIs, which can fall below a given detection threshold upon data
processing and accordingly bias any subsequent evaluation of particle-size distribution evaluations.
In this context, machine-learning based approaches for flow evaluation and particularly for par-
ticle detection have considerably matured in recent years [46, 14] and seem promising for this
unavoidable image-processing challenge.

10

I Particle / I Background

45° 99° 116° 122° 135° 154°

Figure 3.13: "The signal strength (mean intensity of the maxima in every PI) over the background intensity for the
images used in the validation experiment. The values correspond to the images shown in Fig. 3.10a.
It can be seen that the particles gradually become less distinct from the background and the intensity
decreases from the front- over the side- into the backscatter region."[SDK25]. Figure from [SDK25]

Finally, the glare point spacing also plays an important role in Eq. (3.13) as it is the only de-
nominator and depends on the scattering angle. As described earlier, a change in the scattering
angle also introduces a change in the fringe frequency for the same particle size, which must be
taken into account. Note however that the actual influence on the fringe-pattern changes also
depends on the scattering angle itself. The glare point spacing can be obtained from Fig. 3.7,
which is plotted over the scattering angle in Fig. 3.14 to emphasize this interplay. There are two
factors to consider with respect to the scattering angle — the spacing Agp itself and its gradient
dAgp/df upon changes of the scattering angle 6. The former directly scales with the frequency
and shifts the uncertainty as well as the lower and upper limits of IPI, as shown in Fig. 3.11c. The
latter describes the sensitivity of the glare point spacing to angular changes, which is described
by Se = |dAgp/d#|. This sensitivity is an important quantity for typical IPI measurements in a
field of view (FOV), because particles likely move through the FOV and accordingly experience
different scattering angles in consecutive frames. This means that the glare point spacing changes
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— independent from any physical particle-diameter changes — and so does also the uncertainty. It
appears, therefore, also beneficial to furthermore quantify the influence of this change in scattering
angle for the given experimental setup in order to evaluate the influence of the range of covered
scattering angles within the FOV under investigation.
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Figure 3.14: "Glare point spacing Agp(g) over the scattering angle for droplets (m = 1.333) (a) and bubbles
(m = 1/1.333) (b). The lines are colour coded to indicate the glare point spacing. Only the glare
point spacing of the glare point paring dominant at the scattering angle is shown."[SDK25]. Figure
from [SDK25|

For droplets, Fig. 3.14a reveals two important phenomena in the diagrams: around € = 55° there is
a plateau where the sensitivity Se is zero, which indicates that the influence of the scattering angle
on the glare point spacing essentially vanishes. The opposite can be observed for the rainbow
angles, where the gradient Se approaches infinity. In these two small indicated angular ranges
the sensitivity becomes large and even small location changes inside the FOV or likewise small
uncertainties in the experimental setup of the angle will inevitably cause large differences in the
frequency of the PI for the same particle diameter (i.e. large uncertainties). This illustrates why
rainbow angles, despite their favorable high intensity, are not well suited to IPI. In the range of
the intra-order split-ups of p = 2 and p = 3, where three glare points contribute to the interference
pattern, several different gradients and therefore different uncertainties have to be considered at
the same time. This shows that a three glare point IPI as proposed by Dehaeck & Beeck[42]
provides greater reliability due to redundancy, but also requires a more considerate estimation of
uncertainty.

The glare point spacing for bubbles is shown in Fig.3.14b. Unlike the distinct droplet character-
istics, in case of bubbles a similar trend in the Agp-slope can be identified for both the front-
and the backscatter regime. Particularly for the backscatter region at § > 90° the diagram has
a near-constant slope, which indicates a constant sensitivity Se. This information is encouraging
news for any IPI application in back scatter as it demonstrates that the overall low SNR for such
applications does not encounter additional uncertainty estimation issues from angle sensitivities
within a chosen FOV."[SDK25|

3.5 Concluding Remarks

In the course of this chapter "it has been shown that IPI can be performed in the backscatter
regime. In contrast to the frontscatter regime, interference patterns in the side- and backscatter
regimes are formed by different scattering orders and glare point (GP) spacings, which requires
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a different transfer function between fringe frequency and particle diameter to account for these
changes."[SDK25]

The visibility plots presented in this chapter "can be used to identify suitable scattering angles for
IPI as well as to identify the scattering orders that form the interference pattern. The visibility
plots have been shown to predict the visibility of patterns from experimental images appropriately.
With the GP paring identified, GP-maps and GP-plots can be used to determine the respective GP
spacing, as required for the transfer function between fringe pattern and particle diameter. GP-
maps have the advantage of giving an overview of the GP spacing at any scattering angle, while
GP-plots give more insight into the intensity distribution of the GP and can uncover shortcomings
of the visibility approach, e.g. caused by intra-order split-ups.

The study of visibility, intensity, and GP spacing provides several insights that should be considered
when selecting a scattering angle. Generally, a high SNR is desirable for a good measurement. For
IPI, the SNR depends on both the visibility of the pattern (i.e., the ability to distinguish between
minima and maxima in the pattern) and the intensity of the scattered light (i.e., the ability to
distinguish the PI from the background). Both factors must be considered together to achieve
sufficient SNR, especially in the backscatter regime. In particular, large variations in visibility or
intensity can cause difficulties, since measurements with large FOVs include a range of effective
scattering angles, which in turn might lead to unfavorable angles for the PIs in certain regions of the
recorded image. Consequently, the measurement uncertainty can change with the in-plane position
of the particle for scattering angles with strong fluctuations. To manage such intensity fluctuations,
a reliable background subtraction, achieved, e.g. through recorded background images or adaptive
filtering, becomes crucial for evaluating Pls despite changing SNR. Furthermore, the sensitive
change of the GP position for even small angle changes (especially in backscatter) moreover means
that the transfer function between frequency and particle diameter effectively becomes a function
of the in-plane position of the particle as well.

For droplets, the TE-mode is best suited for measurements in the frontscatter region, but for
the side- and backscatter region the polarization should be changed to TM-mode to avoid strong
intensity fluctuations and obtain more equal GP intensities. While droplets have the advantage
of high intensities in the backscatter regimes compared to bubbles, measurements with droplets in
side- and backscatter present several other challenges. The ADB introduces a range of scattering
angles at which IPI cannot be performed due to the lack of visible GPs. Furthermore, outside of
ADB, the GPs of p = 2 and p = 3 face an intra-order split, which can be useful for redundancy due
to the presence of three frequencies in the interference pattern. However, this effect also requires
consideration of three different uncertainties and sensitivities to angle changes, thus rendering
uncertainty quantification cumbersome. At the rainbow angles the intra-order split can be avoided,
but the sensitivity of the GP spacing becomes large and, moreover, small changes in the in-plane
position of the particle might lead to drastic changes in the interference pattern for the same
particle size. Therefore, the transfer function becomes highly dependent on the in-plane position
of the particle, adding another challenge to the measurement.

Bubbles behave significantly different in the side- and backscatter regimes. For bubbles, both TE-
and TM-modes are usable in the side and backscatter regime, with the former giving higher inten-
sities and the latter resulting in better visibility. Interestingly, a region in the side scatter cannot
be used for IPI due to the effect of the Brewster angle. Moreover, the fluctuations in intensity
and visibility are much smaller for bubbles than for droplets, which renders experimentation with
larger FOVs possible without the aforementioned additional uncertainty introduced by the in-plane
position. Also, the angle sensitivity of the transfer function is comparable between front and back
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scatter. For large scattering angles close to 180°, bubbles allow measurements with high visibility
and intensity, but coherent backscatter can disturb the interference pattern.

Three main sources of uncertainty have been identified in the application of IPI. The out-of-plane
position of the particle affects the defocusing parameter. This relationship is typically linear, so
that uncertainties in the out-of-plane position linearly affect the size measurement. For quasi-2D
measurements with known out-of-plane positions of the particles, this error is usually negligible.
The second source of uncertainty comes from the GP spacing, which defines the transfer function
between the interference pattern and the particle size. The spacing changes the corresponding
frequency of the pattern for a given particle size. Consequently, the lower and upper limits of
measurable particle sizes can be manipulated with the scattering angle. Since this also affects
the resolution per stripe, the accuracy of the frequency determination can also be manipulated by
changing the scattering angle.

Finally, the GP spacing affects the aforementioned sensitivity of the transfer function to angular
changes, i.e. the in-plane position of the particle. The last influencing factor is the uncertainty of
the frequency determination itself, which is mainly determined by the resolution of the fringes and
their SNR. The SNR is influenced by the particle size (larger particles have a higher scattering
efficiency) and the amount of defocusing (intensity loss due to defocusing), in addition to the
visibility and intensity dictated by the scattering angle. The resolution of the PI is determined by
the amount of defocusing and the GP spacing, and thus by the particle size and scattering angle.
These interrelationships lead to the following two main trade-offs: First, for a given particle size, the
scattering angle changes the fringe frequency, which vice versa can be used to calibrate the desired
number of fringes for the the investigated particle size distributions far away from the Nyquist
criterion. This adjustment, inevitably also affects both the visibility and intensity and therefore
the SNR of the PI will also change. As such the trade-off is found between a good fringe detection
accuracy and a good SNR. Second, more defocused PIs have better spatial resolution of the PI,
but at the cost of lower SNR due to intensity loss. Therefore, there is both an optimal particle size
and an optimal amount of defocus to minimize the uncertainty in the frequency determination,
both of which immediately rely on the given experimental situation and corresponding equipment.

Despite the lower signal quality and more complex handling of uncertainty, the backscatter regime
remains of interest for IPI due to the ability to measure with a single optical access. The use of a
single optical access makes IPI much more flexible and opens up the possibility of measurements
closer to the actual application rather than laboratory models. In this context, the present work
contributes towards a more straightforward and robust applicability of IPI for applications with
limited optical access. Complementary to the presented approach, the development of advanced
data evaluation methods that are more robust to low SNR appears promising for achieving further
progress in IPI as a single optical access application. Here, the primary objectives might be the
detection of particles that are less distinguishable from the background, and more robust and
accurate algorithms for the fringe frequency extraction."[SDK25]
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4 Inverse Problem Approach for the
Determination of Particle Location and Size

This chapter addresses RQ3, on how an inverse problem approach can enhance the determination
of particle position and size. The proposed methodology integrates two established techniques:
DPTYV and IPI. Specifically, it combines the 3D position determination capabilities of DPTV with
the particle sizing functionality of IPI. The results presented in this chapter build upon the article
Particle Localization with DPTV and Sizing with IPI using a Forward Model and Optimization by
Sax et al. [SGK25].

4.1 Combination of Defocusing Particle Tracking and
Interferometric Particle Imaging

While promising, the combination of DPTV and IPI introduces several technical challenges that
must be addressed to enable accurate volumetric measurements. In IPI, the distance between the
particle and the observer directly influences the observed fringe pattern, as encoded in Byt (zp)
(see Eq. (3.4)). This uncertainty is discussed in Chapter 3, and is estimated in Eq. (3.13). For most
optically homogeneous media, Byt (zp) varies linearly with the z-position. Consequently, any error
in z propagates linearly into the particle diameter estimation, dp ~ Biot, compare Eq. (3.4). This
error propagation into the diameter estimation effectively diminishes the advantage of IPI over
other imaging techniques. Due to this sensitivity, IPI is typically restricted to two-dimensional
planes where the z-position is known a priori (e.g., via a thin laser sheet). Although recent ad-
vances have extended IPI to 3D using APTV [181, 212], the fundamental issue of error propagation
from z-position uncertainty remains unresolved. The accuracy of both DPTV and IPI is further
compromised by PI overlap. Overlapping Pls can obscure fringe patterns, making it difficult to
extract reliable frequency information. This not only affects sizing but also introduces additional
uncertainty in z-position estimation. While optical compression techniques [127] can reduce over-
lap, they are limited to fixed z-planes and are, therefore, unsuitable for volumetric applications.
Additionally, the z-position uncertainty in DPTV is further exacerbated by PI overlap, which
further complicates PI size estimation, due to even larger uncertainties in Biot(zp).

Volumetric implementations of IPI and DPTV face additional constraints related to the usable
defocus range. At large defocus distances, the PI diameter grows, causing the light intensity to
spread over a larger area. This leads to a reduction in SNR and increases the likelihood of PI
overlap, both of which degrade measurement accuracy of both zp and dp, and limit the maximum
measurable z-position. Conversely, there is also a minimum defocus distance required to avoid
aliasing in the fringe pattern. When particles are too close to the focal plane—or when imaging
large particles—the fringe spacing becomes too fine to resolve, making both fringe counting and
frequency-based sizing unreliable. This minimum defocus distance is not fixed; it depends on the
particle size, as the number of observable fringes scales with the particle diameter (dp). As a
result, the effective defocus range for accurate IPI and DPTV measurements is bounded on both
ends, posing another challenge for volumetric applications.
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Despite these limitations, alternative imaging techniques, such as digital in-line holography, have
demonstrated that inverse problem (IP) approaches can overcome similar constraints [61, 185, 129].
Building on these advances, this chapter investigates how such an IP approach can be applied to the
combined DPTV-IPI system to enhance both localization and sizing accuracy in three-dimensional
particle fields.

"In this type of approach, a forward model (FM) simulates the PIs according to certain particle
parameters and the resulting synthetic image is being compared to the observed image. The match
between simulated and observed image is quantified by a mismatch functional, which is minimized
in the process of finding the unknown particle parameters. [...] The IP approach to DPTV and IPI
addresses the following main issues: First, the lower out-of-plane accuracy of DPTV is addressed.
Decoupling of the size and z-position estimation prevent error propagation and allows for IPI to
be expanded to 3D volumes without loss of sizing accuracy. The issue of PI overlap common to
DPTYV and IPI is addressed, as the FM can account for superpositions of interference patterns and
PIs. Lastly, the aliasing issue is addressed, as the FM can also account for aliasing, in contrast to
conventional evaluation methods in IPL." [SGK25]

4.2 The Forward Model - Direct Problem

"To perform IPI with an IP approach, the first step is to build a FM that is sufficiently accurate to
the extent that the model error is significantly less than the measurement error. A spherical parti-
cle producing a PI has four parameters of interest described by the vector 1p = (xp,yp, zp,dp)T,
which are the three-dimensional coordinates of the position and diameter of the particle. The FM
should produce a simulated PI based on the particle parameters ¥p and additional hyperparame-
ters H unrelated to the particle (i.e., wavelength of light A, focal length of the imaging lens fiens,
parameters describing the optical system Mo, etc.). In the following, the FM consists of two
cascaded sub-models: A first model for the light scattering at the particle, and a second subse-
quent model for the wave propagation from the particle to the camera chip through the optical

system."[SGK25]

4.2.1 Scattering Model

"The scattering process at the particle is influenced by the particle diameter dp and the two
hyperparameters § and m. For a large field of view, the scattering angle can furthermore become
a function of the particle position. Assuming that the scattering plane is in the z-z plane, the
scattering angle becomes 6(zp, zp) = 0y + tan(ap/(zpar + 2p)), which is a function of the particle
position with 6y being the scattering angle of a particle on the optical axis (xp = 0). For the
propagation model, three important details about the GPs must be provided by the scattering
model: The position of the GPs in the object plane, the intensity of the light at each GP and the
phase difference between the two GPs. The scattering process is best described by the LMT, a
solution of the Maxwell equations for a homogeneous sphere [200]. However, as determining the GP
position with the LMT is computationally expensive, the GP positions and their phase differences
is determined using the GO model. The LMT will then just be used to identify the intensity
I = |Sgp| of the light at these GPs, with Sgp being the complex amplitude of the light wave
emitted from the GP."[SDK25] A model for determining the position w(®) of a glare point (GP) of
scattering order p is provided by Eq. (2.13), in conjunction with the expression w® = gcos (ﬁi(p)>.
To compute the GP position, the parameters k and ¢ in Eq.(2.13), as well as the angle of the
ray to the surface tangent Bi(p ), must be identified. "A fast algorithm for this calculation has
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been proposed by Sax et al. [SDK25]. This algorithm is used in the present work to compute the
positions of the GPs w; of each order p = j with respect to the centre of the particle projection,
see Fig. 4.1.

scattering angle | Go(x,y)
A

—\(2\ object/source —___|Go(X.y)
‘l

out plane

1®

coord :

point emitter
scattering model in

propagation model

incominé light

Figure 4.1: "Scattering model (left) and its integration into the propagation model (right) visualised. Incident
light is scattered at the particle. The scattering orders p = 0 and p = 2 and the position of the GPs
wo and wz are shown. The distance travelled from the incident plane to the object plane is in the
surrounding medium lout or inside the particle l¢oorq. The GPs are then modelled as point emitters in
the source plane. The length lout allows both GPs to be modelled in the same plane."[SGK25|. Figure
from [SGK25].

The second quantity to be provided by the scattering model is the phase difference of the wave
between the GPs. For the propagation model, the GPs of a particle are assumed to be in the same
z-y plane. Therefore, to obtain the phase difference, the different paths of the light rays from
the incoming plane to the object plane can be used, taking into account the refractive index of
the respective medium. Knowing the angles 5; and f;, the travelled distance of the light can be
calculated again from optical considerations for p = 0 via

1— 2
lo = dpY—"0 = 9/©)

Na out

(4.1)

and the refracted orders p > 0 via"[SGK25]

\/1—102 — cos
= ap [V p 2L (4.2

[, =
P 2711

In addition, the 180 degree phase change of a reflection on a medium of higher optical density must
be considered. "For a reflection on the outside of the sphere, as in the case of p = 0, the phase
kick-back function Apexternal 1S

T, m>1
A<;chtcrnal = ’ . (43)
0, otherwise.
In case of an internal reflection as for scattering orders p > 0 the function is
T, m<1
A(Pintcrnad = ’ . (44)
0, otherwise.
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4 Inverse Problem Approach for the Determination of Particle Location and Size

The total phase difference is then computed from

lo

A(PO =27 \ + A<pexternal for p=0, (45)
I
Apy = 27TX for p =1 and (4.6)
l
Ap, = 27TXP + (p— 1)A@internal~ for p > 1. (4.7)

This model provides the phase difference between the GPs. However, it should be noted that this
GO model neglects the effect of surface waves and the resulting effect on the phase of the GPs.
Therefore, the GO-based phase model is a slight oversimplification and the FM will accordingly
have some minor deviations from reality. The phase of the wave affects the position of the stripes of
the interference pattern in the PI. However, the frequency of the interference pattern, in contrast,
is not affected by the phase. Therefore, in the following, only this frequency is considered as the
main feature to determine the particle diameter dp. For a more accurate phase model, the position
of the stripes could also be used to fine tune dp.

Finally, the intensity of each GP depends on the size of the particle, the scattering angle and the
refractive index. The GP intensity must be known, because it influences the magnitude of the
constructive interference maxima and the destructive interference minima in the PI. The intensity
of each GP Sqgp is calculated from the Debye series expansion (DSE) of the LMT [40, 68]. This can
be done efficiently by expressing the derivatives of the Bessel function through recurrence formulae.
To compute the GP intensity a custom MATLAB implementation is used for the computation of
the Mie coefficients that follows the stable downward recurrence method of Shen et al. [182] in
combination with Lentz’s continued fraction method [117], and the Mie angular functions are
computed using the functions proposed by Maetzler [133]. The implementation has been validated
against MiePlot [107] on bubbles (m = 1/1.333) and droplets (m = 1.333) in the range of dp =
[10,300] pm and A = 532 nm."[SGK25]

4.2.2 Wave Propagation Model

"The wave propagation model uses the position (zgp,ycp,2p), intensity Sgp and phase ¢ of
each GP to model the propagation of light waves through the optical system to the camera chip.
Since interference and diffraction must be taken into account, a wave model is used. The model
chosen for wave propagation is the Huygens-Fresnel integral, which is an approximation of the
Rayleigh-Sommerfeld diffraction theory assuming that the source (object) plane and image plane
are much further apart than their respective sizes. The Huygens-Fresnel integral calculates the
field G2(x2,y2, 22) in a plane (z,y) (here the camera chip) at a distance zz from the source plane
(i.e. the position of the particle) based on the field Go(z,y,z = 0) in the source plane at z = 0,
see G2 and Gy in Fig. 4.2. The propagation model calculates the waves based on the position of
the source plane zp, i.e. the positions of the glare points. Therefore, the particle"[SGK25] radius
"is added to zp to obtain the true position of the particles centre (zp 4+ dp/2), compare the right
side of Fig. 4.1. While the Huygens-Fresnel integral only describes the propagation of spherical
waves in free space, the introduction of a RTM allows the integral to be generalised to arbitrary
optical systems [36]."[SGK25] Optical systems that differ in the z—z plane and the y—z plane can
be described by the generalized Huygens—Fresnel integral [36, 15|, as given in Eq.(2.51), where
Zeff = Ze ze/ne denotes the effective distance from the source plane to the image plane. The
individual distances z; are divided by the refractive index n, of their respective medium to account
for the differing optical properties along each segment of the path. "The in-plane coordinates are
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(z,y) in the source plane (referring to zp and yp) and (z2,y2) in the image plane (referring to zp;
and ypr). The components AL, B, DE. describe the optical system in the z-z plane and the
components AY ., B, DY . describe the optical system in the y-z-plane. Eq. (2.51) allows the field
G5 to be obtained even when optical elements such as lenses and glass walls are placed between
the source and the image plane. For most optical systems, however, a limiting aperture must be
taken into account. A solution to this problem was presented by Wen et al. [213, 214], where the
problem is solved in two steps: Propagation from the source plane to the principal plane (location
of the aperture) and propagation from the principal plane to the image plane, see the notations
Go,G1,G1T,Gy in Fig. 4.2. Starting with the field in the source plane Go(z,y,z = 0), the field
at the aperture G1(§,7, 2 = Zaperture) 18 calculated according to Eq. (2.51). The field Gy is then
cropped by the aperture, which is modelled by multiplying G; with a transmission function 7'(§,7)
in the aperture plane. This transmission function is close to one within the aperture radius and
zero elsewhere. A model for such an aperture function as a superposition of Gaussian functions
was proposed by Wen et al.[213, 214] as

N
T(n) = 3 Br exp(~ 2 (€ + ) (1)
=1 @

with the complex coefficients Ey and @y which can be found in [213, 214] and the aperture diameter
D,. The field at the image plane Ga(x2, Y2, 2 = zeg) is then calculated again with Eq. (2.51) based
on the cropped field G1(£,1,2 = Zzaperture)T'(§,m). For this, the RTM Mt((ft’y) is split into two
subsystems describing the optical system from the source plane to the principal plane Ml(x’y) and

from the principal plane to the image plane ]V[z(m’y).

) Zeff source planes (1) field of view (source plane)

particle g J_ e S
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2 M p, (@Y) (2) camera image (image plane)
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Figure 4.2: "Propagation model and the incorporation of the scattering model visualised. Two particles (double
emitters) are shown in a simple optical system consisting of a single lens with an aperture. The GPs
of each particle are located in their respective source plane, which has a distance of zp from the focal
plane of the optical system. The field in the source plane is Gp. The lens and aperture are located
in the principal plane. The field G; in the principal plane is clipped by the aperture function 7. The
cropped field G1T then propagates to the image plane to form the field G2 which is the final image
seen by the camera Gimage = |G2|. Also shown are the coordinates of a particle in the source plane
(zp,yp) and its counterpart (xpy,yp1) of the particle image in the image plane."[SGK25]. Modified
figure from [SGK25]|.

The majority of the light on the particle surface (seen from the scattering angle ) is caused by the
GPs. Following Shen et al.[179] a GP can be approximated as a point source of light at a known
position, intensity and phase (i.e., the output of the scattering model). The source field for a single
GP is then Go(z,y,z = 0) = Sgpd(x — zap,y — yap) with the complex amplitude of the emitted
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wave Sgp, which includes the intensity and phase of the GP, and the Dirac function . The peak
of the Dirac function is placed at the coordinates

T Tp + wyd
ap o\ _ P «ap (4.9)

yap yp + wydp
based on the relative position of the GP on the particle surface w, , provided by the scattering
model, see the particle close up in Fig. 4.2. For most IPI applications, a scattering plane in either
the -z or z-y plane is chosen so that the wy, component outside the plane is zero. The Dirac

function greatly simplifies the solution of the integral, and an analytical solution for G5 can be
given directly from the source field Gy for a single GP [179]:

D”z_i_ 27/2 N

exp(iZF zesr) exp(if | E,m )
- - Z & Sap exp(fe + ip) (4.10)
(i\2+/BI BB} BY L iyt

with the following abbreviations

GQ(x%yQ; Zcff)

T A% T AY CEN CH
= — — 4.11
Be )\ Be —Lagp + 1)\ By yop — Ty Ay (4.11)
4Q¢ .m (DT | AS
Yo, b = D2 - IX <Bac + BY (4.12)
4Qg LT Dy Ay
Tt = Tpe Ty ( + ﬁ (4.13)
o, — 2T (*er | T2 (4.14)
TN \BY  BS '
27 (ycp | Y2
= = 4.1

Eq. (4.10) gives the field in the image plane for a single GP. Particles such as opaque tracer particles
in DPTV can be modelled as single emitters and Eq. (4.10) adequately models such a single emitter
particle. For particles such as bubbles and droplets in IPI, the particle is modelled as a double
(or triple) emitter from its GPs (z;qp,yjcp) with j =1,2,..., Ngp, where Ngp is the number of
GPs of a particle (usually Ngp = 2). The final field of a particle image G2 p is then modelled as
a superposition of the complex fields (GPIs) produced by its individual GPs G2 cp,;

Ngp
Gao,p(22,Y2, 2 = Zet) = Z Ga,ap,j (T2, Y22 = Zeff) ; (4.16)
=1

see the upper part of Fig. 4.3. To obtain the full image G2 image of multiple particles, the complex
fields G5 p ¢ of individual particles ¢ are superimposed and the absolute value of the result gives

Np

Gimage(72,42) = | > G2 pu(T2,y2,2 = 20.c8t) (4.17)
=1

with Np number of particles, compare the lower part of Fig. 4.3.
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Figure 4.3: "The superposition principle for the construction of a PI from the individual GPIs is visualised (top).
The construction of a full camera image with multiple PIs is shown in the lower half (bottom)."[SGK25].
Figure from [SGK25]

If IPI is to be performed in a volume, each particle £ might be located at a different z-position.
Therefore, does this model contain a separate source plane for each particle £, but only one common
image plane (i.e., the location of the camera chip). Accordingly, also the RTM M, (i.e. source
plane to principal plane) might be different for each particle ¢ as it is a function of the z-position
of the particle zp ;.

The RTM M, (describing the propagation from the principal plane to the image plane) is the same
for all particles."[SGK25]

4.2.3 Validation of the Forward Model

"The sub-models used for the scattering model have already been validated in the literature [201,
179] and the GO model is commonly used to model the scattering process in IPI [98, 90]. Therefore,
only the full FM needs to be validated for the accuracy of the PI diameter as a function of the
particle’s z-position and for the correct representation of the PI’s interference pattern for a given

particle size.

To validate the PI diameter dpy of the model, a simple single lens system is modelled, similar to the
one shown in Fig. 2.4. The system consists of a single lens of focal length fio,s = 105 mm and finite
aperture (aperture number 4 corresponding to the aperture diameter D, = fiens/4) and an image
plane located at ziop = 200mm. The corresponding focal plane is at zpop = 221.1 mm. The values
for fiens, Da where chosen from the validation experiment in order to have realistic parameters. A
single emitter particle is simulated at different distances from the focal plane. The resulting gray
value intensities across the PI are plotted in Fig. 4.4. The FM shows a good agreement of the PI
diameter with the Olsen-Adrian model [146] and with the GO model [179]. It can also be seen in
Fig. 4.4 that the loss of intensity with increasing defocus is captured by the model. This means
that the intensity of the PI can be used as an additional feature for the IP.

Eq. (4.10) has been validated to accurately represent the interference pattern for droplets [179].
Therefore, the FM is validated here on an experiment with bubbles (m = 1/1.333). The images
used to validate the model are images from the experiment described in [SDK25].
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Figure 4.4: "Gray value intensity distribution of the imaged P1I field for different distances zp from the focal plane
as computed with the forward model. For comparison, the theoretical PI diameter according to the
Olsen-Adrian model [146] (o) and the GO model from Eq. (2.4) (o) are converted to pixels and added
to the diagram."[SGK25|. Figure from [SGK25]
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Figure 4.5: "Optical system of the experiment used to obtain the experimental PIs of the bubbles. The bubbles are
located at a distance zp from the focal plane. The focal plane is located in a water tank behind a glass
wall. The imaging system is a single lens with an aperture in the principal plane. The camera chip is
located in the image plane. The refractive indices of each part of the optical system are given."[SGK25].
Figure from [SGK25]

The optical setup is shown in Fig. 4.5. The bubbles are located at a distance zp from the focal
plane, in a water tank with ny = ny, = 1.333. The focal plane is located in the water with a
distance of z,, = 208.3 mm from the glass wall (thickness z, = 4mm). The glass wall is located at
a distance of z, = 117.1 mm from the principal plane. At the principal plane an imaging lens with a
limiting aperture is located (Nikon Micro-Nikkor fiens = 105 mm, D, = fiens/4). Finally the image
plane (camera chip) has a distance of zj,, = 211.8 mm from the principal plane. The camera used
in the experiment was a PCO Pixelfly (pixel size 6.45 um) and the bubbles were illuminated with
a Quantel Evergreen Nd:YAG laser (A = 532nm) at a scattering angle of § = 99°. The scattering
angle of 99°, was chosen as the measurement uncertainty is the lowest at this scattering angle for
the given particle sizes [SDK25]. Further information on the experiment can be found in [SDK25].
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The imaging lens is modelled as a thin lens in the principal plane. The effective optical path length
of the system is zeg = (Zim + 2a)/Na + 25 /Mg + (2w + 2P ) /Nw, Where z are distances and n refractive
indices. The corresponding RTM from lens to camera chip is

1 im
MEY = : (4.18)
0 1
and the RTM from particle to lens is
MY = Miens My a Mi,g—sa M g M1 w6 Mpy v My P (1) (4.19)

where M, ; represents propagation through free space, My, n, represents a flat interface from
medium nq to medium no and Mens describes a thin lens. The indices a, w, g represent air, water
and glass respectively.

In the validation experiment, the z-position of the bubbles was measured by fitting the PI diameter
with a circular Hough transform. The determination of the PI diameter by this method is at least
pixel accurate [SDLK23]. For the given optical system an error of Adp; = 1px results in an
uncertainty of Azp = 81.4 um according to Eqs. (2.4) and (2.5). A widely spread method to
interpret the interference pattern in IPI is the extraction of the fringe frequency by applying a
Fourier transformation to the fringe pattern and fitting the frequency peak in frequency space
[16, 42, 51]. This method is, therefore, used as the benchmark in the present work. To determine
the size of the bubble, the PI was averaged along the stripes of the interference pattern and the
resulting signal, as plotted in Fig. 4.6, was processed by an FFT. The signal was zero-padded by a
factor of 10. Analogous to [SDK25], the PI was split up into four different segments perpendicular
to the stripes (upper-kernel, middle-kernel, lower-kernel and full-kernel). The four image kernels
where then processed individually to obtain the experimental variance of the FFT processing. The
particle size was determined using Eq. (3.4).

Experiment Simulation Experiment Simulation Experiment Simulation
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Figure 4.6: "Experimental (left) and simulated (right) particle images for three different bubble sizes (top). In the
bottom row the signal from averaging the PI along the stripes of the pattern is shown. Below each
graph the used z-position and size of each bubble is displayed. The uncertainty of the size estimation
with the FFT approach is also displayed. The size of the particle was only varied within a tenth of the
uncertainty of the FFT approach to obtain the simulated image."[SGK25|. Figure from [SGK25|

To obtain the diameter uncertainty of the method, the kernel with the largest frequency was paired
with zp + Azp and the kernel with the smallest frequency was paired with zp — Azp. This gives the
maximum spread of possible diameters. The determined z-position and diameter were then used in

7



4 Inverse Problem Approach for the Determination of Particle Location and Size

the FM to simulate the PIs, which are shown in Fig. 4.6. Since the FFT approach has an estimation
uncertainty, the bubble diameter for the FM was varied, starting from the mean diameter of the
FFT approach, to best fit the experimental PI. The bubble size was varied only within a tenth
of the uncertainty interval of the FF'T approach. It can be seen that for different bubble sizes a
great agreement between the simulated PIs and the real experimental PIs was achieved within the
measurement uncertainty of the FFT approach. In the experiment a heptagonal aperture was used
which the model fails to capture as the aperture function 7" assumes a circular aperture. However,
the match of PI diameter and the intensity distribution of the fringes match closely as can be seen
in Fig. 4.6. Due to the heptagonal shape of the aperture, the outer most stripes of the averaged
signal differ slightly. This is, however, an artefact of averaging along the stripes, where the shape
of the aperture affects the height of the averaged maxima. Another discrepancy between the FM
and the experiment is the location of the Newton-rings (i.e., diffraction at the aperture) within the
PI. As the FM model uses the paraxial approximation, the Newton-rings are always centred in the
PIs, unlike in reality where the centre of the Newton-rings depends on the in-plane position of the
PI. Over all, the FM represents reality sufficiently and can be used for the IP approach."[SGK25]

4.3 Inverse Problem for a Single Particle

"In this section the IP for a single double-emitter particle is considered. The simulation of multiple
particles follows in Section4.4. A single double emitter (bubble or droplet) is characterised by the
parameter vector p = (zp,yp, 2p,dp)’. To optimise this vector, an interior-point algorithm [88]
with numerical gradients by means of central differences is applied. This work uses MATLAB’s
implementation of the fmincon, which uses a trust-region interior point algorithm|[27], to minimise
a mismatch functional P(ip) that assesses the similarity between the simulated and the real
(observed) image Gops. Note that the same methodology can also be applied to a DPTV only
approach locating tracer particles. In this case, a particle is modelled as a single emitter and the
optimization vector is shortened to ¥ = (xp,yp, zp)T."[SGK25]

4.3.1 Mismatch Functionals for the Optimization

"The IP approach requires suitable mismatch functionals for the optimization. For the position of
the particle (zp,yp,2p)? the Structure Similarity Index SSIM [208] was identified to be a robust
choice. The particle is modelled as a double emitter, which leads to the optimization vector
VP pos = (xp,yp, zp,dp)T. An IPI particle is modelled as a double emitter due to the double-
circular nature of the PIs and the influence of the particles diameter on the PI shape, see Fig. 4.7.
While the global minimum of the SSIM mismatch functional is in the correct position, it appears to
be non-smooth and has many local minima. This is due to the stripes of the interference pattern in
the PI. To mitigate this problem, the particle image is simulated without stripes. In order to avoid
the stripes due to interference, the two glare point images (GPI) G gpj are not superimposed until
after the absolute value of the field has been taken, i.e.

Gp pos = |Ga,ap1| + |G2,ap2]|. (4.20)

In this way, the complex amplitude is omitted and no interference appears. The resulting PI
obtains only the shape of the PI but not the interference pattern, as indicated in Fig. 4.7. The
mismatch functional for the particle position therefore goes as

PP,pos (wP,pos) = _SSIM(GP,pos (wP,pos)7 Gobs) (421)

78



4.3 Inverse Problem for a Single Particle

with a negative sign as the SSIM approaches a positive maximum (Pp pos = 1) for a perfect match.
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Figure 4.7: "Particle images for different particle diameters and distances from the focal plane. Larger particles
require greater distances from the focal plane to be sufficiently defocused (i.e., the PI resembles a single
circle). PIs without interference, as created with Eq. (4.20), are shown, to visualise the double circle
nature of double emitter PIs (cp. also the blue circles). The images without interference are used to
calculate Pp 0s. The influence of the particle diameter in combination with the z-position on the PI
shape becomes obvious, when omitting the interference. Also the effect of aliasing as a function of
diameter and z-position can be observed as marked by the red circle. Recall that aliasing can occur
in two ways, where either the particle becomes larger with accordingly increasing number of fringes or
the PI becomes smaller, such that the remaining Pl-intersection for the fringes diminishes."[SGK25|.
Figure from [SGK25]

To formulate a mismatch functional for the diameter Pp gi, the fringe frequency should be consid-
ered as the main feature. Simply comparing both Gimage With the observed (i.e. recorded) image
Gons for different particle diameters dp leads to the same problem of a non-smooth objective func-
tional with many local minima, due to the stripes in the PI. Varying the particle diameter changes
the fringe frequency, and whenever stripes of the simulated and observed images overlap, there is a
local minimum, even if the fringe frequency of the pattern is not the same. In addition, the phase
difference between the GPs causes the stripes to move perpendicular to the stripe orientation as
the particle diameter increases, creating even more local minima between the fringe frequency mul-
tiples. Both of these effects render a simple comparison of the simulated image with the observed
image infeasible for a local search and would require an expensive global search. Therefore, the
Fourier-transformed images are compared instead. This eliminates the phase-induced shift of the
stripes and multiples of the fringe frequency are clearly distinguishable. Since noise in the observed
image introduces additional frequencies, the normalised cross-correlation of the two Fourier trans-
formed images is chosen as the mismatch functional. The mismatch functional for the diameter
is

PP,dia = _(FQ{Gimage} *]:2{Gobs})a (422)

where F5 denotes a two-dimensional FFT and the *x symbol denotes a normalised cross-correlation.
For better accuracy, the simulated and observed images can be zero-padded similar to the FFT
approach. However, this increases the size of the processed image in pixel space, so a factor of
two zero padding was used in this work to limit the computational cost. This mismatch func-

tional has a global minimum for a matching diameter, but is only monotone and smooth near the

79



4 Inverse Problem Approach for the Determination of Particle Location and Size

global minimum. Other local minima exist further away from the minimum, making the diameter
determination the most challenging part.

Since both mismatch functionals are in the same range, Pp pos € [—1,0] and Pp qia € [—1,0] they
can be combined to formulate the combined mismatch function Pp = Pp pos + Pp.dia- In this way,
the characteristic of the PI shape changing with particle size can be taken into account in addition
to the fringe frequency."[SGK25|

4.3.2 Optimization Strategy for a Single Particle

"Optimizing over all four particle parameters by means of a local search likely means a termination
in a local minimum rather than the global one, due to the non-convex nature of the optimization
function. However, for a reliable parameter estimation, a minimum as close as possible to the global
minimum must be found. As discussed in the last section, the mismatch function for particle size is
only quasi-smooth near the global minimum. Therefore, initialisation close to the global minimum
is required to ensure reliable convergence of the algorithm. Recent advances in PI detection [48,
SDLK23, 35, 56] for DPTV approaches allow for at least pixel accurate placement of bounding
boxes (BB) around the PI. The placement of a BB provides values on the PI (zpr, ypr, dpr). Initial
values for the in-plane position of the particle (xp,yp) can be derived directly from the PI position
(zp1,yp1) considering the magnification of the system, similar to conventional PTV approaches.
An initial guess for the z-position of the particle can be derived from the PI diameter dpy, e.g., via
Egs. (2.4) and (2.5).

The BB values can then be used to initialise the optimization close to the global minimum. The
local search is then constrained to an interval based on the uncertainty of the detection method
used. In this work, two BB accuracies are considered: 4+1px and a more conservative version
of +5px. The optimization is constrained to the BB uncertainty to ensure an actual refinement
of the initial detection. However, a BB around the PI does not provide information about the
particle diameter. Therefore, to obtain an initial estimate of the particle diameter, a global search
is performed over the specified diameter interval with a resolution of 50 steps, while keeping the
position parameters fixed. In this work the interval of possible diameters dp = [20, 300] pm is used,
where the lower end corresponds to the lower limit of particle diameters measurable with for the
given setup (i.e., the minimum diameter for which a full wavelength of the stripe pattern is still in
the PI [SDK25]). A global search over the expected range of diameters provides a starting value
for the diameter.

As the optimization in high dimensions is difficult, the problem is separated into two sub-problems
to reduce the dimensionality of the search: first, only the position (xp,yp,zp) is optimized with
dp as a free parameter, so that the shape of the simulated PI is closer to the observed PI, compare
the double circle nature of the PI shown in Fig. 4.7. In this step, only Pp ;s is used, so that
changes in dp only affect the double circular shape of the PI and stripes are omitted. This bears
the advantage of smoothing the mismatch functional, consequently increasing the chances to find

a better local minimum.

In the second step, the particle diameter based on the global search is used to initialise dp as well,
using Pp dia- The optimization then runs over (zp,dp) with Pp pos + Pp dia to refine the z-position
and diameter by changing the size, shape and interference pattern of the PI. The in-plane position
is kept fixed as it only affects the position of the PI, not the shape and pattern. The particle
parameters (zp,dp) are optimized together as the double circular shape and interference pattern
of the PI depend on both the z-position (size of the circular GPIs and fringe spacing) and on
the diameter (distance of the circular GPIs and the fringe spacing). The combined optimization
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4.3 Inverse Problem for a Single Particle

further reduces the dependence of the diameter determination on the out-of-plane determination,
as the two effects that zp and dp have on the Pls are not easily separable. While in standard IPI
approach, an error in the z-position directly propagates into the diameter estimation without the
chance of correction, the combined optimization allows to correct zp errors while estimating dp,
thus avoiding this issue.

An overview over the full method — from the recording of the raw images to the reconstructed
particle field — is shown in Fig. 4.8. First, images are recorded and processed, e.g. by a convolutional
neural network (CNN) to obtain BBs of the PIs, compare the work of [48, SDLK23, 56]. The BBs
are then used to initialise the parameter vector. The parameter vector ¥p is then fed into the FM
and the resulting image into the mismatch functional. The parameter vector is then optimized to
minimize the mismatch functional, e.g. with a trust-region interior-point [27] algorithm. Once the
optimization terminates, ¥p can be used to obtain the particle field. The process works analogue
for single or multiple particles."[SGK25]
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Figure 4.8: "Scheme of the IP approach in the context of a measurement. First images are recorded and a detection
algorithm (e.g. a CNN) is used to generate BBs. The BBs are used to initialise 1)p and the IP. In the
IP ¢p is fed into the FM to produce a simulated image. The simulated image is then compared to
the observed image by the mismatch functional, which quantifies the mismatch by a single value. This
value is then minimized (e.g. by a trust-region interior-point algorithm) until a convergence criterion
is reached. The particle field is then reconstructed from the final iteration of ¢p. The IP is analogue
for a single or for multiple particles."[SGK25]. Modified figure from [SGK25|

4.3.3 Test on a Single Synthetic Particle Image

"To test the IP approach first synthetic PIs, as generated by the FM, are considered (added
Gaussian noise - mean 0.1 and variance 0.1), as the ground truth particle parameters d;p are known
without uncertainty for synthetic PIs. This also allows for particle parameters to be deliberately
modified. For all synthetic tests, the optical system to mimic the bubble sizing experiment is used
for the FM.

First, only one particle parameter is optimized, while the other three are kept"[SGK25] fixed "(at
ground truth) to investigate the potential limit of the IP approach. To investigate the diameter
accuracy, the diameter is initiated with the global search and then fitted with the local search. An

81



4 Inverse Problem Approach for the Determination of Particle Location and Size

FFT algorithm, as used to size the particles in Fig. 4.6 is also applied on the images to act as a
bench mark (also with ground truth z-position). Since the IP approach uses the same FM as used
for the generation of the (synthetic) observed image, the IP approach has a natural advantage over
the FFT approach on synthetic images, that will not appear on images from real experiments.
However, the effect of different PIs on the IP and FFT approaches can be assessed independent
from this effect. The results are shown in Fig. 4.9a.

Since the particle diameter and its z-position are connected, two cases are tested: First, the particle
diameter is kept constant (dp = 100 um) and the PIs are generated at different z-positions. This
way the effect of insufficient defocusing can be investigated (i.e., when the GPIs are not sufficiently
overlapping, see Fig. 4.7 thus leading to the aforementioned aliasing effect). The aliasing effect
in the interference pattern appears when the distance between the stripes becomes to small to be
resolved by the pixel size (i.e., the Nyquist frequency is reached). As indicated in Fig. 4.7, aliasing
can occur through two different ways: (i) the particle becomes too large and too many fringes are
squeezed into the PI or (ii) the distance to the focal plane decreases and the PI shrinks so that the
same amount of fringes becomes squeezed together in a smaller area.

Both the FFT and the IP approach achieve sub-micrometer accuracy. It can be seen that the IP
approach determines the diameter at least to the same level of accuracy as the FFT approach.
The main difference between the FFT and the IP approach, is that the IP approach fits the whole
spectrum of frequencies in Fourier space, whereas the FF'T approach only fits one dominant peak.
This renders the IP approach potentially more robust to overlaps and other imperfections of the
PI. While the optimization on synthetic images reaches errors as low as sub-nanometer levels, this
degree of accuracy is unrealistic as the FM is unlikely to represent reality to this degree. Errors
smaller than a tenth of a micrometer can be accredited to the IP approach using the same FM
model as the observed images.

A major advantage of the IP approach over the FFT becoming visible in Fig. 4.9a (red marking),
which is the robustness against aliasing in the interference pattern. It can be seen that the FFT
approach fails to function properly when the particle is to close to the focal plane and aliasing
occurs, as seen by the sudden increase of error for small z-positions. This sharp increase does not
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Figure 4.9: "IP approach and FFT for the diameter measurement with known particle position (zp, yp, 2zp). Both
approaches were given the ground truth particle position and only the particle diameter was determined.
For the simulated observed image, in (a) the particle z-position was varied with a fixed diameter, and
in (b) the particle diameter at fixed z-position was varied. The red dashed line (---) represents the
micro-meter accuracy for the present optical system. The red dot (e) shows where the two test series
intersect in parameter space."[SGK25|. Figure from [SGK25|
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4.3 Inverse Problem for a Single Particle

occur for the IP approach, since the FM can correctly account for the aliasing (due to the known
pixel size in the FM and the according discretization of the field G3). As the FM accounts for
aliasing, the TP can deal with this effect accordingly. This has an important implication: Since
aliasing occurs for insufficiently defocused particles (i.e., particles to close to the focal plane for
their size), this allows the IP approach for the measurement of particles closer to the focal plane.

Next, the effect of the particle size on the diameter estimation was tested, see Fig. 4.9b. In this test
series the z-position of the particle was kept constant and the diameter was varied. The z-position
zp = T7Tmm was chosen to ensure sufficient defocusing for all particle diameters. It can be seen
that the FFT approach performs better for larger particles (i.e., more fringes in the PI), while the
particle size seems to have no visible effect on the IP approach.

The same two tests (with the same PIs) were conducted with the in-plane position (zp,yp) and
the diameter dp kept fixed at known ground truth values and only the z-position was optimized.
For this test a BB placement uncertainty of xpy,ypr, zp1 = +1px was assumed. Most machine
learning methods used for particle detection in DPTV achieve pixel accurate results [48, SDLK23,
56, 135]. However, the higher uncertainty was chosen for conservative testing and to account for
any placement errors of detection algorithms. The results are shown in Fig. 4.10. Overall, it can

be seen that the IP approach achieves sub-pixel accuracy for the z-position in the case of good
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Figure 4.10: "Optimization of the particle z-position with the ground truth of the other particle parameters
(zp,yp,dp) for a varying z-position and fixed diameter (a) and for a varying diameter with fixed
z-position (b). The black dashed line (---) represents the pixel accuracy. The red dot (e) shows
where the two test series intersect in parameter space."[SGK25|. Figure from [SGK25]

The diameter of the particle, and therefore, the shape of the PI, compare Fig. 4.7, does not seem
to have an observable influence on the z-position uncertainty.

Next the IP approach is considered for a search over the full optimization vector vp, without any
ground truth information. The position initialized from the BB placement with a £1 px and a +5 px
error in a random direction to simulate the BB placement uncertainty of a detection approach.
For this test, 200 PIs were generated with random particle parameters 1p in zp,yp € [—1,1] mm,
zp € [1,8]mm and dp € [20,300] um. The distribution of the resulting estimation errors are
shown in Fig. 4.11 and the median errors are shown in Tab. 4.1. The in-plane accuracy of the
IP approach is sub-pixel accurate and poses a clear improvement from the pixel accurate BB
placement. For single Pls the accuracy of the x and y positions differs, which is a result of
the directionality of the fringes in the PI. The directionality causes the objective functional to
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4 Inverse Problem Approach for the Determination of Particle Location and Size

have a different topology in the x and y dimensions. This effect was, however, not observed
when optimizing over multiple particles, see Section4.4.2 and is seems to become irrelevant in
case of higher dimensional spaces. The in-plane accuracy of the IP approach is comparable to
current bench marks in DPTV such as the cross correlation approach [166] and the circular Hough
transform [8]. A poor initialization has only little effect on the in-plane position estimation, due
to the smoothness of the mismatch functional for a single PI in x and y direction. For the z-
position accuracy, a significant improvement over pixel accuracy is achieved, with the error being
in the same-order of magnitude as the in-plane error. The effect is less pronounced for a poor
initialization but still significantly better than pixel accuracy. However, this effect might not hold
for the application on real images due to differences in the aperture shape between simulation and
real experiment.

median error in pm median Error in pixel
Method (zp,yp) [nm] zp [pm| dp [pm] | (zp,yp) [px] zp |px]
FFT + BB (1px) (6.45,6.45) 81.4 47.2 (1,1) 1
IP (1px) (2.43,0.38) 3.13 0.16 | (0.38,0.06)  0.04
IP (5px) (3.65,0.47) 42.4 0.85 | (0.57,0.07)  0.52
improvement factor IP (1px)| (2.6, 17.0) 26.0 295 - -
improvement factor IP (5px)| (1.8, 13.7) 1.9 55.5 - -

Table 4.1: "Median Error for 200 synthetic PIs with random particle parameters ¢p. The particles have diameters
in the range of dp = [20,300] um and a random distance from the focal plane in the range of zp =
[1,8] mm. For the FFT approach a random error within an uncertainty of Azpr, Aypr, Adpr = 1 px was
added to the ground truth parameters ¥p. The FFT was then performed on the initialised value. For
the IP approach a random placement error for the BB Axpr, Aypr, Adpr = 1 px and 5 px was used to
initialise the starting values of the optimization. The factor of improvement for the IP based on the
chosen FFT-+BB (with 1 px error) approach is given in the last two lines of the table. The improvement
factor of the IP with 5 px initialization error relates to an improvement over the FFT+BB with 1 px
error."[SGK25]. Table from [SGK25]
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Figure 4.11: "Probability density function (PDF) of the errors of the IP approach (1 px initialisation error) for 200
single particle images with randomly distributed positions and sizes. The particles have diameters
in the range of dp = [20,300] um and a random distance from the focal plane in the range of zp =
[1,8] mm. The in-plane position was randomly generated for the PI to be still fully within the image.
The pixel accuracy is shown as the black dashed line, and the micro-meter accuracy (for the present
optical system) as a red dashed line."[SGK25|. Modified figure from [SGK25|

The biggest improvement of the IP approach is in the estimation of particle diameter dp. As
the FFT approach is reliant on a known z-position, even small errors in the z position cause
large deviations in the diameter estimation as the error propagates linearly onto the diameter
estimation, compare Eq. (3.4). This is not the case for the IP approach and even for a poor
initialization (45 px) sub-micrometer accuracy is achieved. The correlation between the z-position
and diameter errors is 0.06. Even for a less accurate z position (42.4 ym), as is the case for the
poor initialisation, remains the diameter estimation largely unaffected (0.86 um). The uncorrelated
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diameter estimation poses an improvement of the diameter estimation of more than two orders of
magnitude for single PIs."[SGK25]

4.3.4 Transferability to Real Particle Images and Robustness of IP
Approach

"For synthetic PIs the IP approach shows some improvement of accuracy over the FFT approach.
However, the IP approach takes advantage from using the same FM as the synthetic observed
images. Therefore, the transferability of these results to real images needs to be investigated.

"SGK25|

"To test this the same PIs used for the validation of the FM, see Fig. 4.6, are used. The IP
approach is applied to the real images, using an initialization from BBs with a placement accuracy
of A:CPI, Aypl, Adpl =41 pX.

The result of the optimization can be seen in Fig. 4.12. For all three particles the IP approach
returns a result within the measurement uncertainty of the FFT + BB (1 px uncertainty) approach.
The amount of improvement of estimation accuracy, can however not be quantified, since the ground
truth bubble position and diameter is subject of the uncertainty of the conventional measurement
method (FFT + BB) and therefore not known with higher accuracy. With the IP approach,
a distinct minimum for ¥p is found within the uncertainty of the FFT + BB approach. This
means that the IP approach is at least as accurate on real data as the FFT + BB approach. The
higher accuracy on synthetic data (see Sec. 4.3.3) and the distinction of the minimum within the
uncertainty of the FF'T + BB approach suggest, that the IP approach is considerably more accurate
than the FFT + BB approach. Due to the unknown ground truth, however, this improvement
is difficult to quantify. The IP approach also achieves sub-micrometer accuracy (for the given
optical system) for the diameter even in the case of an unknown z-position, and sub-pixel accuracy
of the z-position despite the mismatch of the heptagonal aperture with the assumed circular one
in the FM. It is likely that a heptagonal aperture function would further increase the z-position
accuracy of the IP approach, but would render the approach less flexible to optical systems with
other apertures.

A common issue in IPI is low signal-to-noise ratio (SNR) as occurs for large defocus distances,
compare Fig. 4.4, small particles and measurement at certain scattering angles [SDK25]. To test
the IP approach for the robustness against low SNR, the same images as used in Figs. 4.6 and 4.12
are used, with white Gaussian noise added to decrease the SNR post-measurement. The original
images all had an SNR larger than 30 and noise was systematically added until the SNR was
lowered to 2.6, compare Fig. 4.13. The SNR was defined as the average intensity of the peaks in
the fringe pattern (i.e. stripes) compared to the variance of the background. Variance is commonly
used to quantify noise power independently of shifts in background intensity, particularly under
the assumption of Gaussian-distributed noise, which is a standard model for image noise. Since the
ground truth of the bubbles in the real experimental images is only known with the uncertainty
of the FFT + BB approach, the error with increasing noise is quantified by the consistency of the
IP approach returning the same result for ¥p despite the added presence of noise. The accuracy
reference (2p, yp, 2p, dAp) is therefore the result returned by the IP approach for the original image
(without added noise, SNR>30). The error stemming from added noise is then defined as the
difference of the returned values of the IP on images with noise (zp,yp, zp, dp) from the values of
the IP on the original images.

85



4 Inverse Problem Approach for the Determination of Particle Location and Size

Experiment Reconstructed Overlay
\ \
/ I\
dp =42.2640.80pm  dp =42.51pm jdp — dp| =0.254m
% =7.74+0.04mm  2» =7.76mm |4> — zp| =18.83um
Experiment Reconstructed Overlay

I

JALILLEN

——

dp =108.4142.24ym  dp =108.20um |dp — dp| =0.21pm
% =7.54+0.04mm  2p =T.50mm  |2p — zp| =38.02um
Experiment Reconstructed Overlay

|
|

4
-
’
|
7
§
*
L3
¥
b

dp =139.2042.52um  dp =139.30um |dp — dp| =0.09:m
% =8.04+0.04mm  2p =8.0lmm %> — zp| =23.18um

Figure 4.12: "Real PlIs from the bubble experiment [SDK25| (left), the PI from the IP result (middle) and the
image overlay (right) (observed - blue channel; IP - red channel). Given are the ground truth values
Zp, dp (i-e., measurement with conventional approach) with the measurement uncertainty (left), the
values obtained from the IP approach zp, dp (middle) and the discrepancy of the two methods (right).
The same images as in Fig. 4.6 for the validation of the FM were used. Similar to Fig. 4.6, the blue line
on the right represents the experiment and the orange line, the reconstruction by the IP."[SGK25].
Figure from [SGK25|

The results are shown in Fig. 4.13, which outlines that all dimensions of optimization behave very
similar in the presence of noise. For higher SNR levels almost no influence of noise is observed
for the 3D localization, while for extremely low SNR levels of close to 2.6, the returned result
starts to vary more significantly. A closer look at the topology of the mismatch-functional reveals
that the smoothness of the optimization landscape is barely affected by the noise, but the global
minimum experiences a small shift due to the noise. This reveals that the influence of noise on
the IP is an issue affecting the mismatch functional and is, therefore, not an FM or solver-related
issue. The increased variance of ¥p in the presence of noise can therefore, be explained by noise
introduced shifts of the global minimum. However, despite very low SNR, the returned result
stays sub-pixel accurate for the position and sub-micrometer accurate for the particle diameter
determination." [SGK25]
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Figure 4.13: "Consistency of the IP approach for images with increased noise levels. Images from the bubble
experiment were used and Gaussian noise was added to decrease the SNR (top). The change of the
optimization result of the IP approach for different noise levels is shown for the z-position (left), the

z-position (middle) and the diameter (right). The values (2p, Zp,dp) refer to the results of the IP
approach without added noise, see Fig. 4.12. The error is the deviation from the 'noise free’ results.
The same images as in Fig. 4.6 for the validation of the FM were used."[SGK25| Figure from [SGK25]

4.4 Inverse Problem for Multiple Particles

"The last section demonstrated the feasibility of the IP approach for single particles and sug-
gests improvements in measurement accuracy and noise resistance compared to current bench-
mark approaches. Almost all measurement scenarios, however, involve multiple particles. In such
multi-particle systems, the PIs must be considered together, as the PI overlap in turn leads to su-
perimposed patterns. These overlap regions of the Pls, affected by the superposition, can become
complex as multiple fringe frequencies and orientation of the fringes can occur. To accurately
fit a PI onto another PI, the other PI’s parameter must be known beforehand. Therefore, the
IP approach for multiple particles optimizes all particles in the same image at once. Similar to
the single particle approach, machine learning techniques for object detection can again be used
to place BBs around every PI to provide starting points for the z,y, z positions of each particle.

"SGK25]

4.4.1 Mismatch Functionals and Optimization
"To fit all particles in the image at once, the particle parameter vector is extended to

T
Y1 = (xp,1,yp,1,2p,1,dp,1, TP 2, YP,2, 2P,2,dP 2, .., PN, YP N, ZP,N, dp N) (4.23)

particle 1 particle 2 particle N

with the length 4N for N particles in the image (¢; = (1/1%171, 1/1372, ey 1/);1:,@, ey w;N)T). The image
Gimage 1s then computed from the complex fields G ¢ of the individual particles ¢ using Eq. (4.17).
The number N of particles in the image is assumed to be known and can be retrieved from a
particle detection algorithm (i.e., number of BBs in the image), compare the initialisation scheme
in Fig.4.8. While, there is a lot of research (e.g. [56, 35, 135]) published on the position accuracy
of neural networks, only few papers discuss the detection rate [48, 159, 223, SDLK23]. However,
recent approaches for particle detection algorithms have shown to have sufficiently low miss rates
to initialise an IP approach. To deal with the many local minima in this high dimensional space,
again the initialization based on the BBs (zpr, ypre, dpre) of each PI, is used to obtain good
starting values for the optimization.
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4 Inverse Problem Approach for the Determination of Particle Location and Size

The optimization routine remains identical to the single particle optimization: first the positions
are optimized and in the second step the z-positions and the diameters are refined. In the first step
the full vector v is fitted in order to identify the individual particle positions and the diameter is
again kept as a free parameter in order to adapt the PI shapes. To suppress interference in this
step the image is computed from

Np NP
Gimage,pos = Z GP,pos,Z = Z |G2,€,GP1| + |G2,€,GP2| (424)
=1 =1

for Np particles. The mismatch functional P s is then computed identical to the single particle
approach (Pp pos), compare Eq. (4.21). To compute the mismatch functional for the diameter, the
PIs are Fourier-transformed individually. For this, an image snippet of each particle £ is used for
the mismatch functional. The image snippet is computed from a BB, of which the centre is derived
from zp ¢, yp ¢ and the BB diameter is derived from zp , and Eq. (2.4). The mismatch functional

P1,dia is then computed from the individual Fourier-transformed image snippets and takes the form
of

N
1
Pr,dia = N ;(}'2{@191,4} * Fo{Gprrers}), (4.25)
which is an expansion of Eq. (4.22). To initialize the diameters, again a global search is run over
the individual PIs using Eq. (4.22). In the second step the local search again only optimizes the

z-positions and diameters so that the optimization vector in the second step takes the form of

T
Y12a = (2p,1,dp 1, 2P 2,dp 2, ..., 2P N, dp N) (4.26)
—— ——
particle 1 particle 2 particle N

and has the size of 2IN. Since the z-positions and diameters of the particles are optimized together,
the objective functional of the second step takes again the form of Pr = Piqia + Prpos, similar
to the single particle approach. The approach for multiple particles is essentially identical to the
single particle approach, but the generated images contain multiple Pls.

The multi-particle IP approach has the following advantages: The shape of overlapping PIs and the
super-positioned fringe pattern can be accurately represented by the FM. The LMT-DSE model
in the FM intrinsically models changes in intensity with varying particle size and scattering angle
(i.e., x, y position of particle). Also the intensity change with the z-position is accounted for, which
is indicated by the intensity loss in Fig. 4.4. The increased intensity and varied interference pattern
in overlapped parts between Pls is also accounted for by the FM as the complex fields of the PIs
are superimposed. These characteristics let the approach use the relative intensity between Pls as
an additional feature, which other approaches do not take advantage of."[SGK25]

4.4.2 Tests on Synthetic Data

"To test the multi-particle IP approach, again synthetic images are generated with the FM to have
a ground truth for the analysis. Similar to the single particle tests, noise is added to the observed
images and the optimization is initialized from BBs with 4+1 px and 45 px placement uncertainty
(random derivations for each BB Axpr, Aypr, Adpr € [-5,5] or [—1,1]). For comparison, also the
FFT + BB (+1 px uncertainty) approach is applied to the images. The random initialization for
the FFT + BB approach and for the IP approach where exactly the same (for the IP approach
multiplied by 5 in case of the &5 px initialization) to cancel out the influence of "lucky’ placements
of BBs. Ten different images containing 20 particles each were generated for testing.
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4.4 Inverse Problem for Multiple Particles

The results of the test are shown in Fig. 4.14. It can be seen that the multi-particle IP approach
remains sub-pixel accurate in the in-plane position for a good initialization, but not for a poor
initialization (£5px), see the improvement factors in Tab. 4.2. This is due to the non-smooth
landscape of the optimization function, where the optimization gets stuck in a local minimum,
if not initialized properly. In the case of a poor initialization (£5px) the in-plane error is still
reduced from the BB error of 32.25 um to 10.5 pm, which poses an improvement by the factor of
3.
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Error |zp — 2p| [pm] Error |zp — Zp| [pm]

(a) In-plane error (b) Out-of-plane error (c) Diameter error

Figure 4.14: "Probability density functions for the in plane x and y errors (a), the out-of-plane errors (b) and
the diameter estimation error (c). For the diameter error also the FFT approach is plotted as
comparison. Similarly to the FFT, the IP approach was initialised with 1 px uncertainty. Ten images
with 20 particles each where generated with random particle parameters in dp € [20,300] pm and
zp € [1,8] mm. The pixel accuracy is shown as the black dashed line, and the micro-meter accuracy
as a red dashed line. The yellow dashed line in (¢) marks the threshold beyond which outliers are

defined."[SGK25]. Figure from [SGK25|

median Error number of outliers

Method (xp,yp) [um]  zp [um] dp [pm] | (|dp — dp| > 10 um)
FFT + BB (+1px) | (6.45,6.45) 81.4 34.4 25
IP (+1px) (1.68,1.77) 3.15 0.72 5
IP (45 px) (10.5,14,4) 61.8 2.81 10

improvement factor TP

(initialization +1 px) (3.8,3.6) 25.8 47.7 5
(initialization +£5px) | (0.61,0.44) 1.3 12.2 2.5

Table 4.2: "Median errors of the FFT + BB (1 px uncertainty) and the IP approach (initialisation with 1px and
5 px uncertainty). The factor of improvement of the result using the IP approach is given below. The
number of outlier is stated, with an outlier, arbitrarily being defined as an error in diameter of more
than 10 pm. The outlier threshold of 10 pm was chosen based on the PDFs in Fig. 4.14c, where two
ranges of high probability are separated: one in the order of magnitude of 1 pm and the other in the
order of magnitude of 100 pm. The improvement factor of the IP with 5 px initialization error relates
to an improvement over the FFT-+BB with 1 px error."[SGK25|. Figure from [SGK25]

The z-position error remains almost identical for the multi-particle approach (3.13 vs. 3.15 ym
error for the good initialization and 42.4 vs. 61.8 um for the poor initialization). The landscape
of the mismatch-functional is mostly convex in the z dimension for single particles and is also
smoother than in the =,y dimensions for multi-particle systems. The IP approach improves the
particle parameter compared to its initialization significantly even for a poor initialization. For
the diameter estimation also similar results to the single particle approach are achieved. The IP
approach achieves significantly better results in the diameter estimation due to the uncorrelated
diameter and z position determination. The investigation of the diameter error shows that the
error probability density function (pdf) is split into two parts. An arbitrary threshold of a diameter
error of the order of magnitude of 10 um and above is defined to mark outliers in the estimation,
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4 Inverse Problem Approach for the Determination of Particle Location and Size

based on the separation of the two pdfs, compare Fig. 4.14c. The number of outliers is significantly
reduced with the IP approach compared to the FFT+BB approach (25 to 5). "[SGK25]

4.4.3 Particle Image Overlap

"As the IP approach achieves very similar results for multiple particles compared to single particles,
the effect of PI overlaps on the result is investigated in more detail. To investigate the influence of
PT overlaps in images with multiple particles, the cumulated intersection over area (IoA) of each
PI is defined. The IoA describes the amount of overlap between two objects in relation to the area
of the considered PI. It therefore shows the fraction of an individual PIs area that is covered by
another particle. The IoA is introduced as

ApiiNA
ToA, ;= Pl,j4 PL¢
PLj

(4.27)
with Apy ; being the area of the PI. The cumulated IoA for a particle j sums up the IoA of the PI
j with every other PI £ in the image

cumulated IoA; = Z IoA; (4.28)
¢

and, therefore, provides a measure for the total amount of area in the PI that is covered up by
overlap. Fig. 4.15a shows the z-error for each PI in relation to the cumulated IoA. From Fig. 4.15a,
it can directly be seen that the z-error is unaffected by the overlap. The same goes for the diameter
error as can be seen in Fig. 4.15b. The comparison between the FFT and the IP approach, both
for +£1 px BB placement accuracy, reveals that the IP approach produces significantly less outliers
and achieves consistently lower errors in the presence of strong overlaps.
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Figure 4.15: "The z-position (a) and diameter (b) errors over the cumulated Intersection over area (IoA) of the
PIs. The IoA is the intersection area of a PI divided by its area. The accumulated oA is the summed
TIoA of a PI with all other PI overlaps and shows the amount of the PI area that is overlapped. In
(a) the dashed black line represents the pixel accuracy. In (b) the thresholds of a 1um diameter
error (red line) and for the outlier definition of an error of 10um (yellow line) are visualised. The
errors are shown for the IP approach and for the FFT approach both with a 1px BB accuracy for
initialisation. The FFT approach and the IP approach are initialised from a +1 px BB placement
accuracy."[SGK25]. Figure from [SGK25]

To visualise the performance of the FFT+BB approach compared to the IP approach, Fig. 4.16
shows two of the test images with the respective error category (< 1, [1,10] and > 10 um error).
It can be seen that the FFT approach (fitting a single peak in frequency space) works well for
non-overlapping PIs but creates a significant amount of outliers in the presence of even small PI
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overlaps. The FFT approach results in large errors even for small amounts of overlap. This is
due to the presence of other significant peaks in the Fourier space due to the superposition of
frequencies. Consequently, any of the frequencies might be detected and it is difficult to identify
the correct one. For the IP approach on the other side, most particles could be reconstructed
despite larger PI overlaps. The number of outliers in the presence of overlaps is reduced from
25 (FFT) to 5 with the IP approach. However, the IP approach still produces some outliers.
These outlier PIs were all significantly less bright than the other PIs surrounding them, indicating
that the intensity of PIs does have an important role on the reconstruction. This is likely due
to brighter PIs influencing the mismatch functional more than dimmer ones. Pls less bright than
their surrounding PIs stem either from smaller particles or more defocused particles. This means

that these two types of particles are most likely to be wrongly reconstructed.

FFT + BBox IP

image 1

image 2

Figure 4.16: "The estimation results of two of the 10 synthetic test images visualized for the FFT + BB (1px
placement uncertainty) and the IP approach. A colored dot is added on each PI to show the error of
the diameter determination: For an error < 1pum a green dot is placed (e), for an error in [1,10] pm
a blue dot (e) and for outlier particles (error > 10 um) a red dot is placed (e)."[SGK25|. Figure from
[SGK25]

Considering the many outliers caused by PI overlaps when using the FFT approach, the IP ap-
proach yields a promising alternative for the improvement of median and mean accuracy in diam-
eter estimation. However, the IP approach also returns larger errors on Pls, which are isolated
from other PIs without any overlap. This stems from the challenging topology of the mismatch-
functional."[SGK25]

4.4.4 Particle Reconstruction from the IP Approach

"Finally, the IP approach is used to reconstruct a full three dimensional particle field, from the

(synthetic) observed image. For the visualization of the application, one of the ten test images from
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Figure 4.17: "Synthetic observed image and the reconstruction by the IP approach visualized. The reconstructed
particles are compared to the ground truth used to generate the observed image. In the present
example, one particle was reconstructed with a false diameter but correct position, and is marked by
the red circle."[SGK25|. Figure from [SGK25|
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Figure 4.18: "Example of the use of the IP approach on real experimental data. The observed image is from the
bubble experiment. The observed image is fitted by minimizing the mismatch functional P. The FM
is used to generate an image with the optimal particle parameter set ¢;. This image can be used as
a reference to qualitatively check the result of the IP approach. The particle positions and diameters
are then directly obtained from 1."[SGK25]. Figure from [SGK25|

Section4.4.2 is chosen. Fig. 4.17 shows the ground truth particle field with the three dimensional
positions and diameters, that was used to generate the observed image with the FM. The recon-
structed particle field is shown next to the ground truth. It can be seen that all but one particle
were reconstructed with sufficient accuracy. The position of this one particle was still reconstructed
correctly and only the diameter was estimated wrongly. Finally, Fig. 4.18 shows the application
of the IP approach on a real image from the bubble experiment [SDK25|, which was also used to
validate the FM in Fig. 4.6, with multiple particles. The IP approach finds the particle parameters
11 that result in a good agreement of the observed image with the reconstructed image according
the mismatch functional P. For a qualitative check of the reconstruction, the reconstructed image,
based on the determined p, can be generated using the FM. A visual comparison shows great
agreement between the experimental image and the reconstructed image. The particle field is then
directly obtained from the particle parameter vector 1r."[SGK25]

4.5 Discussion and Conclusions

"There are several challenges in DPTV and IPI that the proposed IP approach aims to address.
The first is the out-of-plane accuracy in DPTV, which is usually an order of magnitude lower than
the estimation of the in-plane position. PI overlaps furthermore present a limit to the number of
particles that can be evaluated, the maximum defocus length and defocus sensitivity, as well as
the spatial resolution of fringes in IPI. Moreover, the coupling of the z-position with the diameter
estimation present an issue in IPI for the sizing of 3D distributed particles. Lastly, aliasing presents
a lower limit on defocusing and upper limit on the particle size in IPI.
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The inclusion of a FM in the IPI measurement offers several advantages: It allows an approach
to use the relative intensity of Pls as an additional feature to extract information. Effects such
as changing intensity due to particle size, z-position and scattering angle (x, y-position) [SDK25]
are taken into account by the FM, which would otherwise have to be considered manually. This is
particularly important for IPI in side- and backscatter where large intensity variations can occur.

The IP approach showed to have a z-position accuracy in the same order of magnitude as the in-
plane position on synthetic data. A similar trend was observed on real data, however the exacted
uncertainty on real data is difficult to quantify. The IP approach, therefore poses a promising
counteraction to large out-of-plane uncertainties in the 3D position determination with a single
camera by means of defocusing.

Aliasing effects of the fringe pattern can also be taken into account. There are two ways aliasing
can occur, by either large particles or by particles close to the focal plane, see Fig.4.7. According
to Eq.(3.4) and By being linearly depended on zp, is the Pareto front of occurring aliasing
linear. Therefore, an increase in dp must be compensated by a linear increase in zp to avoid
aliasing. While conventional FFT based approaches are limited by aliasing, the IP approach can
operate beyond the point of aliasing (decreased zp for a given particle size dp). As a result, the
focal plane can be moved closer to the particles in the measurement, resulting in less overlap and
higher intensities (i.e., higher SNR). This is a significant advantage over non-FM approaches as the
quality of the raw data can be improved by imaging closer to the focal plane. This is particularly
important for measurements in the side- and backscatter regions, which generally suffer from low
SNR [SDK25|. The approach presented, therefore, addresses one of the most important issues in
backscatter IPI. In addition, the IP approach shows great resilience to the presence of noise, to the
point where most particle detection methods fail. The ability of the IP approach to deal with low
SNR levels (e.g., from particles further away from the focal plane) and aliasing (e.g., from particles
closer to the focal plane) allows the measurement volume in the z dimension to be extended in
both directions. Consequently, potentially deeper volumes can be measured with the IP approach
compared to other methods. Alternatively, this characteristic of the IP approach can also be used
to allow for the use of optical systems with higher defocusing sensitivity (larger change in dpy with
zp) to further increase the z-position accuracy.

Comparisons with the FFT+BB approach show that the IP approach is at least as accurate as the
current benchmark on real data with sub-micron accuracy in diameter measurement for the optical
setup in this work. The IP approach has another significant advantage over the FFT approach in
that the z position and the diameter estimation are decoupled. This results in significantly higher
diameter accuracy for three dimensionally distributed particles, as the error in the z-position
estimation doesn’t propagate into the diameter estimation. This feature makes the IP approach
more accurate than sequential approaches that first determine the z-position of a particle and then
use this estimate to calculate the diameter. The IP approach presented in this work introduces a
competitive approach for the simultaneous position and size determination of three-dimensionally
distributed particles, alongside currently existing approaches such as IPI+APTV approaches [180,
181, 212] and IP in holography [185, 61]. The presented IP approach can be applied to systems with
optical elements such as lenses, apertures and glass walls, which are challenging for holographic
approaches. The approach can also be used to size both droplets and bubbles, as the scattering
model takes into account the different scattering process for any real-valued relative refractive

index.

The IP approach can be extended to measure multiple particles simultaneously. The main problem
in multi-particle systems is PI overlap, which causes approaches that rely solely on frequency
extraction (either by FFT or counting fringes) to produce erroneous estimations due to the presence
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of other frequencies caused by the superposition of PIs. The IP approach, however, is largely
unaffected by PI overlap. The approach, therefore, addresses the PI overlap problem in both
DPTV and three-dimensional IPI. The IP approach, therefore, relaxes the trade-off between the
need for larger PIs to improve fringe resolution (and avoid aliasing) and the need for smaller PIs
to reduce PI overlap [127]. Another factor affecting this trade-off is the need for high SNR, which
again makes small PIs advantageous. With a high noise resistance and intensity as an additional
feature in the FM, can the IP approach also deal with larger defocused PI with lower SNR, and,
therefore, partially mitigates this part of the trade-off as well.

While the IP approach offers advances in many of the key challenges in DPTV and IPI, the accuracy
of the approach is mainly limited by the accuracy of the used FM and the used optimization scheme.
As the mismatch-functional is non-convex and the dimensionality of the problem is too high for a
global optimization, a local search faces the challenge of terminating in a local minimum. These
minima are often sufficiently close to the global minimum, so that the particle parameters are
approximated with great accuracy, as shown in the present work. With an increased number of
particles in the measurement volume, the higher dimensionality introduces more local minima.
This is a crucial insight, as the accuracy at which a PI is reconstructed does not depend of the PI
overlap, but is rather subject to which local minimum the solver terminates in. This also shows
the importance of good initialization. For a different initialization, therefore, a slightly different
result is expected. This can be used to run an ensemble method (multiple optimization runs with
random perturbations in initialization) on the same image to provide a measure of uncertainty for
real experimental approaches.

The presented IP approach poses a promising method to refine detections from machine learning
methods as conceptualized in the hybrid approaches [SDLK23|. While the IP approach results in
larger computational cost compared to FFT approaches for sizing or a Hough transform for the
position determination, the method may be used for off-line measurements to improve accuracy,
where the time to results is not of the essence. The next development step for the IP approach
would be to use the approach for two-phase flows, as different kinds of particles such as single
emitters (e.g., tracers) and double emitters (bubbles/droplets) can easily be represented within
the present approach (i.e., by omitting the diameter parameter for tracers). The capability of the
IP approach to deal with low SNRs and tolerate aliasing when imaging particles closer to the focal
plane to obtain better SNR, can improve the evaluation of data with poor quality. In consequence,
this presents a promising step towards IPI in backscatter, which is suffering from poor data quality.
Future steps could also include more complex particles such as multi-emitters like those arising
from rough particles [23] or non-circular bubbles and droplets [188, 189]."[SGK25]
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Defocusing Particle Tracking Velocimetry

This chapter addresses research question RQ4, on the challenge of enabling simultaneous two-
phase measurements in DPTV, by exploring whether CNNs can be trained to detect PIs and
classify them by phase. Building on prior work in neural network-based PI detection for single-
phase DPTV [35, 56, 99, 14, 48, SDLK23, 223, 159], the focus in this chapter is on distinguishing
between tracer particles in the continuous phase and dispersed-phase particles such as droplets or
bubbles. This capability is essential for extending DPTV to DTPFs, where phase-specific tracking
or IP approaches require reliable phase distinction. The content of this chapter is based on the
manuscript Pattern-Based Phase-Separation of Tracer and Dispersed Phase Particles in Two-Phase
Defocusing Particle Tracking Velocimetry by Sax and Kriegseis [SK25b].

5.1 Introduction

"Several methods have been developed to measure both phases simultaneously, often by combining
different techniques."[SK25b] This chapter, however, focuses on measuring both phases using only
the DPTV method. Before selecting a specific approach for phase distinction, it is useful to first
consider how similar challenges have been addressed in PIV and PTV, where the extension to
two-phase flows has been extensively studied; see, for example, [29, 97, 94, 31, 82]. A central
concept in these extensions is the reliable differentiation between particle types, typically tracers
and dispersed-phase particles such as bubbles or droplets. In essence, two main strategies are
employed to achieve this distinction:

"The first approach employs wavelength-based techniques to distinguish between particle types.
Dual-camera setups utilize wavelength filters to differentiate between particles with or without
fluorescence or with fluorescence at different wavelengths [29, 100]. Alternative methods exploit
the separate color channels of a single RGB camera for phase distinction [97]. Other techniques
apply laser-induced fluorescence (LIF) to identify, for example, bubbles by detecting the absence
of tracers in the carrier fluid. Wavelength-based techniques are advantageous due to their reliable
phase distinction. However, multi-camera systems are complex and challenging to calibrate, and
RGB cameras offer only lower sensor resolution.

The second category of approaches distinguishes the phases solely during data post-processing.
These methods include exploiting size differences between particle types [94, 31, 82, 91], combining
differences in particle size and the intensity of scattered light [91], and applying ensemble correlation
of particle motion [43, 177] to separate the phases. Post-processing-based distinction generally
permits the use of standard equipment, but depends on the classification accuracy of the underlying
method. Ensemble-based techniques require a sufficient number of particles within the image, and
size-based distinction is only feasible when the two particle types differ significantly in size.
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Since DTPFs are inherently three-dimensional, their investigation should ideally be based on vol-
umetric measurement techniques. While conventional two-phase PIV is typically limited to pla-
nar measurements, the same phase separation strategies can, in principle, be extended to three-
dimensional PTV methods such as tomographic PTV [143, 126, 173, 174], enabling full 3D-3C
(three dimensional - three components) Lagrangian velocity measurements. In applications with
limited optical access, single-camera techniques such as defocusing PTV (DPTV) [215, 146] and
astigmatism PTV (APTV) [33, 86] offer volumetric measurement capabilities. These methods de-
termine the out-of-plane position of particles based on the degree of defocus in the particle image
(PI). The present work focuses on the phase distinction in DPTV. However, the phase distinction in
DPTYV is less trivial: Although phase separation by wavelength is feasible in APTV and DPTV, it
undermines the principal advantage of these methods being single-camera systems. Moreover, the
use of RGB cameras can be problematic due to their lower sensor resolution, which reduces the ac-
curacy of PI diameter estimation. Post-processing-based phase separation presents an alternative,
however, distinguishing particles by size is particularly challenging in defocused images, as PI size
is primarily governed by the degree of defocus rather than the actual particle size. Ensemble-based
methods are likewise unsuitable for DPTV, as they require high seeding densities, which are often
unfeasible due to the method’s inherent limitation to lower seeding levels caused by PI overlap.

The present work proposes a post-processing approach for two-phase DPTV that employs neural
networks to classify PIs based on their visual patterns. The method enables 3D position deter-
mination of both tracers and bubbles or droplets, using a single camera by exploiting differences
in the appearance of defocused Pls, which result from distinct scattering behaviors. By relying
on scattering characteristics rather than particle size, the approach permits tracer and dispersed
phase particles to be of identical size and eliminates the need for specialized equipment such as
RGB cameras, which may impose other limitations. As with any post-processing method, the
effectiveness of the approach depends on the classification accuracy and the algorithm’s ability to
generalize across different particle types.

For the task of pattern-based phase distinction, the present approach employs convolutional neu-
ral networks (CNNs) [109, 111], which are increasingly adopted within the DPTV and APTV
communities and have demonstrated enhanced performance in PI detection [35, 56, 99, 14, 48,
SDLK23, 223, 159]. Modern object detection networks, such as Faster R-CNN [164] and YOLO
[163, 161, 162], are capable not only of detecting but also classifying objects, rendering them a
natural choice for distinguishing between different PI types. This work utilities object detection
networks to detect and classify different PI types based on their visual patterns. While this dis-
tinction is theoretically applicable to various particle types, the present study focuses exclusively
on differentiating between tracer particles and droplets or bubbles. Consequently, the use cases
addressed pertain specifically to gas-liquid DTPFs.

Nevertheless, the application of CNNs for pattern-based phase distinction in this context intro-
duces several non-trivial challenges. While CNNs are effective for PI detection in DPTV, their
performance is typically highest when the test data closely resembles the training data. However,
variations in optical setups can significantly alter the appearance of Pls, thereby challenging the
network’s ability to generalize across different conditions and potentially reducing both detection
and classification accuracy. To enhance generalization, the training dataset should be large and
diverse, incorporating images from a variety of optical configurations. However, object detection
networks typically require labeled data to be trained. The acquisition of such labeled data remains
one of the principal barriers to the broader adoption of CNNs in DPTV. Alternatively, training
data tailored to a specific experiment can be used to train a CNN on case-specific data, thereby
reducing the need for generalization. However, this approach necessitates a method for acquir-
ing and labeling experiment-specific training data. To address the problem of acquiring labeled
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training data for CNNs in DPTV, the present work proposes a framework for generating large
volumes of auto-labeled training data using generative adversarial networks (GANs) [67]. To eval-
uate the feasibility of CNN-based phase separation in dispersed two-phase DPTV, Faster R-CNN
and YOLOv4 [17] are employed. These networks are assessed based on their ability to detect and
classify PIs under both familiar and previously unseen imaging conditions."[SK25b]

In summary, the present chapter "introduces a method for the pattern-based distinction of tracers
from bubbles or droplets using CNNs in two-phase DPTV, while concurrently addressing the prin-
cipal challenge of acquiring suitable training data for these networks. This approach may also be
extended by integrating interferometric particle imaging (IPI) [98, 64, 144], enabling simultaneous
determination of the particle size of the dispersed phase from fringe patterns in the PIs."[SK25b|

5.2 Theoretical Concept of Pattern based Phase Distinction in
Defocused Images

"The present two-phase approach for DPTV utilities the pattern of a PI to differentiate between
tracers and bubbles or droplets. While defocused Pls of tracers and those of bubbles or droplets
are fundamentally similar, the key distinction lies in the presence of unidirectional interference
fringes in the latter, as typically observed in IPI. In contrast, PIs from opaque tracer particles, as
used in DPTV, generally do not exhibit such fringe patterns. It should be noted, however, that
certain transparent tracers may also produce fringe patterns, this issue is addressed later in the
present work. These differing PI patterns arise from the distinct scattering characteristics of the
particles. These characteristics, in turn, result from differences in particle surface properties and
transparency, as illustrated in Fig. 5.1. Fig. 5.1 illustrates the three types of PI patterns along with
their respective scattering characteristics.

For example, an opaque tracer may possess either a smooth or a rough surface, each influencing the
scattering behavior differently. In the case of a smooth opaque tracer, light is reflected towards the
camera at only a single point (glare point), resulting in a PI that exhibits no interference pattern,
referred to as an empty pattern; see the left column of Fig.5.1. Similarly, smooth, transparent
tracers also exhibit only a single glare point under specific illumination angles. An example of such
tracers is Di-Ethyl-Hexyl Sebacat (DEHS), which typically produces empty pattern Pls.

For tracers with a rough surface, light is scattered at multiple points across the surface, producing
glare points without a geometrical order. These rough particles exhibit a speckle pattern [39],
which appears as a random, non-directional pattern (irregular pattern); see the right column of
Fig.5.1. Polyamid tracers are an example of particles that produce such speckle patterns.

In contrast, bubbles or droplets, which are transparent particles with smooth interfaces, reflect and
refract light at multiple points. This results in more than one glare point on the particle surface
[201]. Notably, these glare points lie along a single line defined by the scattering plane, producing
unidirectional interference fringes in the PI (regular pattern); see the middle column of Fig.5.1.
Thus, PIs of bubbles or droplets can be identified by their regular, unidirectional fringe patterns.

It should be noted that certain transparent tracers (e.g. DEHS tracers) may also possess smooth
surfaces and can therefore exhibit unidirectional interference patterns, making them difficult to
distinguish from bubbles or droplets. In such cases, alternative tracer materials should be selected.
Occasionally, a smooth transparent tracer with a refractive index different from that of the bubbles
or droplets may still produce an empty pattern PI. This occurs under specific scattering angles
where only a single glare point is formed, while other particles of different refractive index may
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Particle Type smooth opague smooth transparent rough opaque
smooth transparent®

Scattering
Characteristic

Simulated
Particle Image

(n=1 glare point) (n=2 glare points) (n=12 glare points)

Real
Particle Image

Di-Ethyl-Hexyl Sebacat water droplet Polyamid tracer
(DEHS) tracer

Figure 5.1: "Three different types of PIs: PIs with an empty pattern (left), PIs with a regular unidirectional
pattern (middle) and PIs with a irregular speckle pattern (right). The particle type, the scattering
characteristic and simulated and real examples are shown. The simulated examples where created
using the forward model from Sax et al. [SGK25| and the glare point based scattering characteristic.
For the rough opaque particle a number of glare points significantly larger than two (here 12) where
chosen to model multiple randomly distributed glare points. The real examples show a DEHS tracer
from Exp.G2 (left), a water droplet from Exp.T4 (middle) and a Polyamid tracer from Exp.G1
(right)."[SK25b|. Figure from [SK25b].

exhibit two. However, this scenario is complex and requires careful consideration of the scattering
characteristics of transparent particles.

Within the scope of this work, only gas-liquid DTPFs, such as bubbly flow, are considered. Conse-
quently, neural networks were trained to distinguish between bubbles or droplets, characterized by
regular, unidirectional fringe patterns, and tracers, which exhibit either empty or irregular speckle
patterns. Accordingly, PIs with empty and speckle patterns were grouped into a single class (trac-
ers), while PIs from bubbles and droplets were assigned to the other class (dispersed phase). The
approach may also be applicable to other flow types, however, these lie beyond the scope of the
present work and remain a subject for future investigation."[SK25b]

5.3 Auto-labeling Approach and Training of Networks for
Particle Detection and Classification

"To employ CNNs for the detection and classification of different types of Pls, training data
must first be acquired and labeled. In the context of DPTV, at least three distinct approaches
have been reported in the literature for obtaining such training data: Images can be taken from
calibration measurements to train the CNN [35]. However, labeling experimental data is time-
consuming, since there is no known ground truth and typically results in suboptimal dataset
sizes. An alternative is training on synthetic (model based) data [56, SDLK23|. Using physical
models to generate synthetic images with known ground truth allows for automatic labeling and
the creation of sufficiently large training datasets. However, synthetic images do not necessarily
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represent real images with sufficient fidelity and often lack diversity in features, which may result
in poor generalization capability of the network. Additionally, large dataset sizes are only partially
beneficial if the variety in features is limited and the images become repetitive. A compromise
between the two approaches is the use of image-generating deep learning methods, such as GANS,
to generate synthetic (data based) images that more closely resemble real Pls [48].

An approach based on GAN-generated training data is proposed for object detection in two-phase
flow experiments. An overview of the methodology is provided in Fig. 5.2. The objective is
to train a CNN on data that closely replicates the conditions of the actual experiment. First,
two data collection experiments are conducted using the same experimental setup as the target
experiment (right side of Fig. 5.2). Each experiment captures only a single phase, either tracers or
the dispersed phase. Pls are extracted from the resulting image sets using conventional algorithms.
These extracted Pls are then used to train two GANSs, each corresponding to a specific PI type
(e.g., tracer or bubble). These GANs are then employed to generate synthetic images containing
both PI types (upper part of Fig. 5.2). The synthetic mixed-phase images are used to train the
object detection CNN. Once trained, the CNN is applied to the actual two-phase experimental
data to detect and distinguish between different PI types (lower part of Fig. 5.2).
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Figure 5.2: "Auto-labeling approach and PI detection. Two data acquisition experiments are conducted, each
involving a single phase. Pls are extracted from the resulting image sets using conventional algorithms.
These extracted Pls are then used to train GANs, to generate mixed-phase image sets. The mixed-
phase sets are subsequently used to train an object detection CNN. Finally, the trained CNN is applied
to the actual two-phase experimental data."[SK25b|. Figure from [SK25b|

This approach enables the generation of training data tailored to a specific experimental setup,
as illustrated in Fig. 5.2. Alternatively, multiple data collection experiments can be performed
to produce more diverse training data, thereby facilitating the development of object detectors
capable of generalizing across various experimental configurations.

The approach can be divided into two steps: the first part involves the acquisition of raw images
and the training of the GANs for the auto-labeling approach (upper part of Fig.5.2), which is

99



5 Simultaneous Measurement of two Phases in Defocusing Particle Tracking Velocimetry

presented in Section 5.3.2. The second part concerns the training of the actual object detection
network used for phase distinction (lower part of Fig.5.2), which is described in Section 5.3.3.

However, before the training and data acquisition procedures are discussed, the method for gener-
ating training data using GANs is elaborated in more detail in Section 5.3.1 (auto-label approach
- right upper part of Fig. 5.2)."[SK25b]

5.3.1 Conceptual Approach for the Generation of Auto-labeled Training
Data

"This section provides more detail on the auto-labeling approach using GANs, shown in Fig.5.3.
The auto-labeling approach employs two GANs trained on PIs of either tracers or bubbles, obtained
from dedicated data acquisition experiments. The method operates by using a GAN for each phase
to generate a PI, which is then inserted into a full image. Two GANSs, one per PI type, are used
so that the class of each generated PI is always known. This also offers the advantage that each
GAN only needs to specialize in the features of a single PI type, avoiding the risk of feature mixing
between classes.

( )

final training image

BBox: {1x29 cell}
Class: {1x29 cell}
— |ClassString: {1x29 cell}
ImName: ,A00001.png"
Imsize: [600 600]

generation of place bounding box randomly place & resizing the save box location, size
particle images around the particle image particle images & bouding boxes and class labels

N

Figure 5.3: "Generation of automatically labeled training data for object detection networks. Two GANs - one
for tracer particles and one for the dispersed phase - independently generate small image snippets,
each containing a single PI. For each snippet, a BB is placed over the PI. The image snippets and
corresponding BBs are then randomly resized and inserted into an empty image."[SK25b]. Figure from
[SK25b].

To train the GANs, single-phase data acquisition experiments are conducted to collect a large
number of images containing only one PI type. These experiments must be single-phase so that
the class of the PI in each image is known, and classification can be avoided. A conventional
algorithm, such as the circular Hough transform [9, 7, 8|, is then used to extract individual PIs from
the images, see the Hough transform example in Fig. 5.2. The Hough transform also determines
the size of the Pls, allowing them to be rescaled to a standard size, usable by the GAN. It should
be noted that the data acquisition experiments should be conducted at low seeding densities to
ensure reliable PI detection by the Hough transform, minimising false positives and avoiding PI
overlap. PI overlap is further mitigated by calculating the intersection over union (IoU) for each
detection and removing overlapping Pls from the dataset. In this way, a large number of individual
PI examples can be collected for each PI type. While approach requires the recording of typically
100 to 1000 images per class, it eliminates the need for manual labeling.
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Using these two PI sets, one for tracers and one for bubbles or droplets, the GANs can be trained
to generate images containing PIs that resemble those in the recorded datasets. Once trained, the
GANSs generate image snippets, each containing a single PI of the corresponding type. This is
achieved by also providing the GANs only with image snippets of individual PIs in training. For
each GAN-generated image, the Hough transform is applied again to place a bounding box (BB)
around the PI. The class label is automatically assigned based on the GAN that generated the
image (i.e. tracer-GAN or bubble-GAN); see the BB placement step in Fig. 5.3.

The labeled PIs are then randomly resized using linear interpolation (up and down sampling) and
placed at random positions within the image; see the red arrows in Fig. 5.3. The position and size
of the PI BB are updated during the placement and resizing process to reflect their location in
the full image. In this way, the BB position is known in the final image. Before inserting the PI
into the image, a circular mask is applied to the GAN-generated image snippet outside the BB to
subtract the background. This step reduces artifacts caused by pasting the snippet into the image
and prevents the network from learning these artifacts as cues for PI detection. However, there
remains a risk that the network may learn the mask itself as an unintended feature.

Using this method with two GANs, a random number of PIs per phase is placed into each im-
age, with every PI assigned a BB and class label. This process can be repeated across multiple
images to generate large training datasets that resemble those obtained from the data acquisition
experiments. The advantage of using GANs over directly employing unlabeled Pls from the ex-
periment lies in their ability to produce a greater number of images than the original dataset used
for training. In this way, the GANs act as a multiplicative factor, effectively increasing the size of
the dataset."[SK25b]

5.3.2 Training the Generative Adversarial Networks for Image Generation

"To realize this approach, raw images must be collected from data acquisition experiments to train
the GAN networks. This section outlines the data acquisition procedures employed in this work,
as well as the subsequent training of the GANs. While the proposed method can be used to tailor
training data to a specific experimental setup, the resulting insights on the performance would be
highly case-specific. Instead, a second strategy is adopted: generating a larger and more diverse
training dataset by incorporating PIs from multiple experiments. This enables the CNNs to be
trained for applicability across different experimental conditions and allows their generalization
capability to be evaluated. As a result, the findings presented in this work are more transferable
and relevant to a broader range of use cases."[SK25b|

Training Data Acquisition

"In this work, training images were collected from four different experiments: two containing
only tracers (Exp. Gl and G2) and two containing only bubbles (G3 and G4). To create a large
dataset with a diverse representation of PIs, only the visual appearance of the Pls is relevant. The
underlying experimental conditions and hardware used in the individual acquisition experiments
are not critical to this approach. However, a brief overview of the acquisition experiments is
provided below:

1. Experiment G1 (Tracer Particles): Polyamid tracers (particle size dp = 20pm, PI size
dpr = [19,273] px) in a rotating flow within a glass cylinder. A total of 22,804 PIs, like the
ones shown in Fig. 5.4a, were sampled. The experimental setup of the experiment is described
in Lange et al. [LSBK24].
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2. Experiment G2 (Tracer Particles): DEHS tracers (PI size dp; = [15,22] px) in an airflow
behind a plasma actuator. A total of 11,649 PIs, like the ones shown in Fig.5.4b, were
sampled. The images were sourced from the experiment described by Pasch et al. [149].

3. Experiment G3 (Bubbles): Bubble column in a rectangular glass tank (bubble size dp =
[20,250] pm, PI size dp; = [110,122]px) . A total of 11,875 PIs, like the ones shown in
Fig. 5.4c, were sampled. The images were sourced from the experiment described in Sax et
al. [SDK25].

4. Experiment G4 (Bubbles): The same setup as Exp. G1 was used, but bubbles (particle size
dp = [20,300] pm, PI size dp; = [19,273] px) were recorded instead of tracers. A total of
6,721 PIs, like the ones shown in Fig. 5.4d, were sampled.

Further details on the experiments can be found in the referenced literature [149, SDK25, LSBK24].

(c) Exp.G3: Bubbles (d) Exp.G4: Bubbles

Figure 5.4: "PIs sampled from the Exp.G1[LSBK24| (a), Exp.G2[149] (b), Exp.G3[SDK25] (c¢) and
Exp. G4|[LSBK24| (d). These PIs were used to train the GANs for tracer particles (a)&(b) and for
particles of the dispersed phase (¢)&(d)."[SK25b|. Figure from [SK25b].

The two training datasets (Exp.G1 and G2) contained a total of 34,453 examples of tracer PIs
used to train the tracer GAN, while 18,596 examples of bubble Pls from Exp.G3 and G4 were
used to train the dispersed phase GAN."[SK25b]

Training of the Generative Adversarial Networks
"The GANSs for tracers and dispersed phase particles share the same architecture and differ only in

the training datasets used. MATLAB’s framework and GAN architecture were employed for this
purpose [131]. Details of the generator and discriminator architectures are provided in Tab. B.1
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in Appendix B. Both GANs were trained for 50 epochs. The training specifications are listed
in Tab.B.2, and the generator and discriminator scores during training are shown in Fig. B.1 in
Appendix B.

The GAN for the dispersed phase, which was trained on the smaller of the two datasets, exhibited
a divergence between the generator and discriminator scores beyond the 29th epoch, as shown in
Fig. B.1. This behaviour, indicative of degradation, led to the selection of the checkpoint from the
29th epoch for further use. Notably, the discriminator score approached 0.5 during training, indi-
cating that the discriminator became increasingly uncertain in distinguishing real from generated
data—an expected sign that the generator was producing more realistic outputs. The resulting
PIs generated by both GANs are shown as examples in Fig.5.5a for tracers and in Fig.5.5b for
dispersed phase PIs."[SK25b]

(a) GAN Tracers (b) GAN Dispersed Phase

Figure 5.5: "GAN-generated images of PIs of tracer particles (a) and particles of the dispersed phase (b). All
images have dimensions of 64 x 64 px."[SK25b|. Figure from [SK25b].

5.3.3 Training of Object Detection Networks

"Using the outlined approach to generate auto-labeled training data, 20,000 images containing half
a million PlIs were created. These images were augmented through random vertical and horizontal
flipping, resulting in a dataset of approximately 2 million PI examples, equally distributed between
the two classes."[SK25b]

Selection of Object Detection Networks

"Two different object detection architectures were evaluated to assess the feasibility of two-phase
DPTYV using CNNs. However, these architectures serve as representative examples, and other
models may be used as well. Faster R-CNN [164] and YOLOv4 [17] were selected to include
both a two-stage and a single-stage object detector, respectively. These two networks were cho-
sen, as both have previously been employed for single phase DPTV [35, 99, 48, SDLK23]. The
Faster R-CNN network, using a ResNet50 backbone [72] (42 million parameters), was trained with
the TensorFlow framework [1]. This architecture has demonstrated strong performance in both
DPTV and APTV applications [35, 48, SDLK23]. While YOLOv3 [162] has shown inferior results
compared to Faster R-CNN in DPTV tasks [48], YOLOv4 [17] incorporates architectural improve-
ments that makes it a promising candidate. YOLOv4 introduces spatial pyramid pooling (SPP)
[71], which enhances the network’s ability to detect objects at multiple scales, particularly smaller
ones. Additionally, YOLOv4 replaces the multi-scale detection approach of YOLOv3 with a more
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advanced path aggregation network (PANet) [122], improving feature fusion across scales. These
enhancements result in finer-resolved feature maps with higher semantic information, which were
hypothesized to improve PI detection in DPTV [48]. YOLOv4 also employs cross stage partial
(CSP) connections [206], which improves generalization capability. To investigate whether large
backbones are necessary for DPTV, two versions of YOLOv4 were trained. The first used a large
CSP-DarkNet-53 backbone, a combination of DarkNet-53 [162] and CSP-Net [206], with 63.9 mil-
lion parameters. The second used a significantly smaller CSP-DarkNet-19-tiny backbone with 5.9
million parameters for comparison."[SK25b]

Configuration and Training Process

"The training was initialized from weights pre-trained on MS-COCO 2018 [118] for both networks,
to leverage generic features. In this transfer learning approach [37], the networks only need to
learn domain-specific features for detecting PIs in each phase of DPTV, which typically results
in shorter training times. The training parameters are detailed in Tab.B.3 in the Appendix B.
The training dataset was split (prior to augmentation) into 90% for training and 10% withheld for
the evaluation of the validation loss. Hyperparameters were selected based on the recommended
settings used during pre-training on MS-COCO.

Faster R-CNN was configured to train for 20,000 iterations without early stopping, based on insights
from previous work using this architecture for DPTV [SDLK23|. Both YOLOv4 variants were set
up with a maximum of 20,000 training iterations. However, since tiny YOLOv4 is expected to
converge faster than the full YOLOv4 network, early stopping with a patience of 50 validation
steps was incorporated to prevent overfitting. During training, the validation loss was evaluated
every 50 iterations, and training was automatically terminated if no improvement in validation loss
was observed for 50 consecutive evaluations. As a result, training of tiny YOLOv4 was terminated
early at 10,850 iterations, with the final model selected based on the checkpoint with the lowest
validation loss. The divergence between training and validation loss suggested overfitting. As a
cross check, a second version of tiny YOLOv4 was trained from the 10,850-iteration checkpoint
to the full 20,000 iterations. This version performed worse on all test datasets, confirming the
suspicion of overfitting, and is therefore not further considered. The larger YOLOv4 model was
also trained with the same early stopping strategy but completed the full 20,000 iterations without

triggering early termination.

The training losses of all three networks are shown in Fig. B.2 in the Appendix B. For both YOLOv4
and Faster R-CNN, the total loss did not decrease significantly after 15,000 iterations, suggesting
that training had converged."[SK25b]

5.4 Detection and Separation of Different Particle Image Types

"To evaluate the performance of the object detection networks, images from various experiments
were sampled and manually labeled."[SK25b]

5.4.1 Test Dataset

"Similar to the training dataset, two datasets containing only tracers and two datasets containing
only bubbles or droplets were used. For tracers, the test dataset T1 (see Fig.5.6a) contains tracer
PIs similar to those in G1, while the image set T2 (see Fig.5.6b) differs significantly from the
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training data. For dispersed phase Pls, the test dataset T3 (see Fig.5.6¢c) contains bubble Pls
similar to those in G3, while the image set T4 (see Fig.5.6d) contains droplet Pls that differ
significantly from the training data. This was done to test on both familiar and unfamiliar data.

The advantage of using images containing only a single phase is that the ground truth class of
each PI is known with absolute certainty. This would not be the case in real images with two
types of PIs, where human error in manual labeling could distort the evaluation. Since the object
detector was not informed that only one type of PI was present in each image, the classification
performance remains valid. The detector processes each instance independently, without relying
on the overall image composition, so the absence of a second class does not affect the validity of
the results.

The object detectors were also tested on synthetic (Exp. T5, see Fig.5.6e) and real experimental
images (Exp.T6, see Fig. 5.6f) containing two types of PIs. For the synthetic images, the ground
truth class labels are known, allowing classification performance to be evaluated. In contrast, in
the real mixed-phase dataset (T6), BBs could be drawn; however, the manual class labeling of PIs
proved unreliable. To avoid drawing conclusions based on potentially flawed ground truth, only
the detection but not the classification performance was assessed for this dataset.

(d) Exp. T4 Droplets (e) Exp.T5 two phase (f) Exp.T6 two phase real

Figure 5.6: "Exemplary images from the six test datasets: T1[LSBK24] (a) and T2[115] (b) show tracer particles
in a single phase flow. T3[SDK25| (c¢) and T4[151] (d) show only bubbles and droplets but no tracers.
T5 (e) shows a synthetic image of a two phase flow of bubbles and tracers and T6[{LSBK24] (f) show
a real image of bubbles and tracers."[SK25b]. Figure from [SK25b].

Images for the test dataset were drawn from the following experiments and synthetic data gener-
ation:

1. Experiment T1 (Tracer Particles): This experiment used the same setup as Exp.G1, but
the images were withheld from GAN training. A total of 773 PIs was manually labeled. An
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example image is shown in Fig.5.6a. The experimental setup of the experiment is described
in Lange et al. [LSBK24].

2. Experiment T2 (Tracer Particles): Tracers (particle size dp = 9.84pum, PI size dp; =
[15,31] px) in an open wet clutch. More details can be found in Leister et al. [115]. A total
of 394 PIs was manually labeled. An example image is shown in Fig. 5.6b.

3. Experiment T3 (Bubbles): This experiment used the same setup as Exp. G3, but the images
were withheld from GAN training. More details can be found in Sax et al. [SDK25|. A total
of 202 PIs was manually labeled. An example image is shown in Fig. 5.6¢c.

4. Experiment T4 (Droplets): Water droplets (particle size dp = [20,60] pm, PI size dp; =
[16, 30] px) in a spray downstream of a nozzle. The images were sourced from the experiment
described in Poppe [151]. A total of 554 PIs was manually labeled. An example image is
shown in Fig. 5.6d.

5. Experiment T5 (Two-phase - synthetic): Synthetic image of bubbles (simulated particle size
dp = [20,250] pm, PT size dpr = [43,112] px) and tracers (PI size dp; = [43,112] px). The
forward model described in Sax et al. [SGK25] was used with the experimental settings from
Exp. G3 (see [SDK25]) to generate the images. A total of 3,000 PIs was labeled. An example
image is shown in Fig. 5.6e.

6. Experiment T6 (Two-phase - real): Tracers and bubbles in the same experimental setups
as Exp. Gl and G4 (same tracer and bubble sizes, same PI sizes). A total of 304 PIs was
manually labeled. An example image is shown in Fig. 5.6f. No class labels were taken from
this dataset.

The classification performance was rigorously evaluated on synthetic and real single-phase datasets,
where class labels are known with absolute certainty. The synthetic dataset consists of idealized
PIs that differ only in the presence or absence of fringe patterns, making it particularly well-suited
to assess whether the networks have learned this key distinguishing feature. Importantly, the
object detector was also tested on the real mixed-phase dataset to evaluate detection performance,
ensuring that its ability to generalize to realistic conditions was assessed."[SK25Db]

5.4.2 Evaluation Metrics

"The evaluation of the neural networks for two-phase DPTV is divided into two parts, assessing
detection and classification performance separately. This separation enables a clearer understand-
ing of the network’s ability to distinguish between phases in two-phase DPTV, independent from
the influence of PI detection.

The detection performance is evaluated in a class-agnostic manner. A detection is counted as a
true positive (TPp) if the predicted BB has an IoU greater than 0.5 with a ground truth (GT) BB,
regardless of the predicted class (class-agnostic). This IoU threshold is chosen for comparability
with previous work [48, SDLK23|. A class-agnostic confusion matrix is computed: detections
without a corresponding GT BB are counted as false positives (FPp), and missed GT BBs are
counted as false negatives (FNp). Detection performance is typically evaluated using precision P

TPp

Pr—— D
' TPp + FPp’

(5.1)
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which represents the probability that a prediction is correct, and recall R

TPp

_ 2
R = TPy 1 Py (5:2)

which is the fraction of detected PIs. However, both precision and recall depend on the chosen
confidence score threshold, which reflects the network’s confidence in a given prediction. To elim-
inate this dependency, the average precision (AP) is computed from precision and recall values
across confidence thresholds ranging from 0.001 to 0.999, using the trapezoidal rule:

AP = / Pr(R)dR (5.3)
0

The class-agnostic AP provides a comprehensive, threshold-independent metric for evaluating de-
tection performance. However, AP penalizes the network if it fails to achieve high recall, even
when precision is high. Since a detector can still be reliable within lower recall ranges and some
missed detections may be acceptable, the truncated AP (TAP) is also computed and normalized

by the max recall:

1 max(R)
norm TAP = ————— / Pr(R)dR, (5.4)
(R) Jo

max

which measures class-agnostic detection performance up to the maximum achieved recall. As
TAP depends on the maximum recall reached, both TAP and the maximum recall are considered
together.

To investigate the classification performance independently from detection, a class confusion matrix
is computed based on all TPp detections. No confusion matrix is computed for FP detections, as
there is no GT class; for FN detections, since no class was predicted; or for true negatives (TN),
as neither GT class nor predictions exist.

The detector’s ability to classify a detection correctly is then evaluated using the classification

accuracy
TP¢ + TNc

~ Yotal number of TPp '

(5.5)

This represents the fraction of correctly classified detections among all TP detections and can be
interpreted as the probability that a TP detection is also classified correctly by the detector. Since
the classification accuracy also depends on the confidence score threshold, it is evaluated at the
threshold corresponding to the maximum F1-score

Prx R
Pr+R

Fl-score = 2 (5.6)
which identifies the point at which precision and recall are optimally balanced. The classification
accuracy only provides insight into the classification of TP detections, but a detector may also
produce FP detections. Since there is no GT class to evaluate the classification of FP predictions,
the class bias is computed for FPp predictions instead of the accuracy via

FPD,Classl - FPD,CIaSSQ

Class Bias =
FPD,total

(5.7)
The class bias takes a value of +1 if all FP detections are predicted as tracers, and -1 if all are
predicted as dispersed phase, and is zero if the FPs are equally balanced between classes. This
provides insight into whether the detector is biased toward predicting one class over the other.
Class bias is also evaluated at the threshold corresponding to the maximum F1-score.
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Since the localization accuracy of neural network detectors for DPTV and APTV has been exten-
sively studied in previous works (see, e.g., [35, 99, 14, 48, SDLK23, 159]), and the primary focus
of this"[SK25b| chapter "is the distinction between tracers and bubbles or droplets, no further
evaluation of localization performance is conducted in this work."[SK25b]

5.4.3 Detection Results

"The results of the networks detection performance is given in Tab. 5.1. The networks achieve high
average precision across all test sets. Particularly strong performance is observed on images that
closely resemble the training data (Exp.,T1 and T3). As expected, average precision is lower on
the test sets (T2 and T4) that diverge more substantially from the training images. This highlights
the effect of domain shift between familiar and unfamiliar types of images on the CNN detection
performance, and emphasizes the need for the networks to generalize more effectively. When
generalizing to unfamiliar images, the primary limiting factor is the truncation of the maximum
achievable recall, while precision remains high. This becomes evident from the norm TAP values,
which are close to 1 in most test cases, indicating reliable detection performance within the recall
limitations of the network, even on images requiring generalization. This high precision in images
visually different from the training data, is an important insight, as high precision helps prevent
false positives and, consequently, ghost particles in the tracking step, which could lead to erroneous
velocity vectors. Preventing such ghost particles (i.e., achieving high precision) is typically more
critical than achieving high recall.

Table 5.1: "Class agnostic PI detection performance for all six test sets. Shown are the average precision, the max
recall and the normalized truncated average precision. The best score for each metric and each test set
is highlighted in bold print."[SK25b]. Table from [SK25b].
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Test Set Metric Faster R-CNN | tiny YOLOv4 | YOLOv4

Exp.T1 Average precision 0.885 0.864 0.856

Tracers only max Recall 0.885 0.864 0.892

norm TAP 1 1 0.960

Exp. T2 Average precision 0.667 0.713 0.729

Tracers only max Recall 0.667 0.714 0.729
norm TAP 1 0.984 1

Exp. T3 Average precision 0.952 0.989 0.957

Bubbles only max Recall 0.952 0.989 0.957
norm TAP 1 1 1

Exp. T4 Average precision 0.765 0.819 0.850

Droplets only max Recall 0.862 0.819 0.850
norm TAP 0.888 1 1

Exp.T5 Average precision 0.997 0.993 0.993

Tracers € Bubbles Syn max Recall 0.997 0.993 0.993
norm TAP 1 1 1

Exp.T6 Average precision 0.891 0.736 0.826

Tracers € Bubbles Real max Recall 0.891 0.900 0.916

norm TAP 1 0.818 0.903




5.4 Detection and Separation of Different Particle Image Types

Following the detection, the next important step is the phase separation. The results for the
PI classification are given in Tab.5.2. Generally, high classification accuracy is observed, with
values typically ranging between 95-100%. The exception is the performance of Faster R-CNN
on Exp.T4 and YOLOv4 on Exps. T4 and T5, both of which are test sets that require greater
generalization. Tiny YOLOv4, however, showed consistent classification performance across all
test images, regardless of the similarity of their visual appearance to the training data.

Exp. T5 provides a particularly interesting case, as the images are nearly noise-free and the PIs are
represented with idealized features, free from aberrations or other effects that the network might
otherwise use as cues. At the same time, the visually distinct appearance of synthetic images to
the training data, requires the network to generalize. The strong classification performance (class
accuracy of 99.2% for Faster R-CNN and 95.5% for tiny YOLOv4) indicates that the networks have
learned physically meaningful features, specifically, the ability to distinguish PIs from different
phases based on the presence of fringes in the PI.

Table 5.2: "Classification results on the six different test datasets. The class accuracy for true positive detections
and the class bias of false positives is given. The bias becomes +1 if all FP are predicted to be tracers
and -1 if predicted as dispersed phase. The best score for each metric and each test set are highlighted
in bold print."[SK25b]. Table from [SK25b].

Test Set Metric ‘ Faster R-CNN | tiny YOLOv4 | YOLOv4
Exp.T1 Class Accuracy (TP) 0.971 0.961 0.970
Tracers only FP Class Bias +0.653 +0.868 +0.639
Exp. T2 Class Accuracy (TP) 0.983 0.998 1
Tracers only FP Class Bias +0.365 +0.994 +0.915
Exp. T3 Class Accuracy (TP) 1 0.994 1
Bubbles only FP Class Bias -0.640 -0.468 -0.658
Exp. T4 Class Accuracy (TP) 0.754 0.966 0.814
Droplets only FP Class Bias -0.136 -0.509 -0.163
Exp.T5 Class Accuracy (TP) 0.992 0.955 0.824
Tracers € Bubbles Syn FP Class Bias -0.622 -0.307 -0.264
Exp. T6 Class Accuracy (TP) - - -
Tracers € Bubbles Real FP Class Bias -0.357 -0.229 -0.410

The previous results suggest a low number of false positive (FP) detections, indicated by the norm
TAP values close to 1, at reasonable recall levels and reliable phase separation for true positive
(TP) detections. However, the networks still exhibit class bias when making FP detections. It
is important to investigate FP class bias, as false positives introduce non-existent particles into
the tracking process, which can influence the accuracy of the determined phase-specific velocity
vectors. In the single-phase images (Exp.T1 to T4), the FP class bias tends toward the class
present in the image. This is primarily a result of duplicate detections within PI clusters in images
where the class distribution is imbalanced. In contrast, Exps. T5 and T6 contain both classes in
balanced proportions. In these mixed-case scenarios, the network tends to show an FP bias toward
the dispersed phase, which increases with the confidence threshold (see Fig. B.3 in Appendix B).
Since the training data was class-balanced, a likely explanation is that PIs of bubbles and droplets
are more visually distinct than Pls from tracers, leading the network to be more confident in
predicting this class.
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The generalization capability to visually different data can be assessed based on the results of
Exps. T2, T4, T5 and T6. It shows that Faster R-CNN generalized better to the synthetic data,
indicating that it learned meaningful physical features, whereas YOLOv4 generalized more effec-
tively to different real datasets, both in detection and classification."[SK25b]

5.5 Concluding Remarks

This chapter "demonstrates that pattern-based phase distinction using CNNs is a reliable and
effective method for dispersed two-phase DPTV. By leveraging the distinct visual appearance
of defocused PIs, the approach enables accurate classification of tracer particles versus bubbles
or droplets, achieving 95-100% accuracy across diverse datasets. When combined with double-
or multi-frame setups, this method allows for simultaneous and distinct 3D-3C tracking of both
phases using only a single camera. Furthermore, the approach may be extended by incorporating
IPI to enable sizing of bubbles or droplets present in the image.

A key finding is that the CNNs appear to have learned physically meaningful features to distin-
guish tracers from bubbles or droplets, rather than relying on superficial correlations. A major
advantage of the proposed method is that, since the phase distinction is performed entirely in
post-processing, it does not require any additional equipment, unlike wavelength-based separation
techniques. Furthermore, being a single-camera approach, it enables 3D-3C two-phase tracking
with only one optical access, making it particularly attractive for applications with limited optical
accessibility.

Beyond its core effectiveness, the method offers several practical advantages. It is particularly
well-suited to scenarios where specialized equipment or additional cameras are unavailable or im-
practical, thereby excluding the use of wavelength-based phase distinction. Unlike size-based sep-
aration techniques, the proposed method remains effective even when the size distributions of
dispersed and tracer particles overlap. Furthermore, the pattern-based approach does not rely
on large velocity differences or high seeding densities, which are typically required for ensemble
correlation-based phase separation. However, as a post-processing-based approach, the method
depends on the accuracy of the employed CNNs and may be less reliable in phase distinction com-
pared to wavelength-based alternatives. Additionally, the approach entails increased computational
demands relative to other post-processing-based phase separation methods.

A central challenge in applying CNN-based phase distinction in two-phase DPTV lies in the avail-
ability of sufficiently large and representative training datasets. To address this, the present
work introduces a GAN-based auto-labeling framework that enables the generation of realistic,
experiment-specific training data from raw, unlabeled images. This approach significantly reduces
the manual effort typically required for data annotation and enhances the applicability of CNNs
in experimental fluid mechanics. The method involves conducting single-phase calibration exper-
iments using the same optical setup as the target measurement. The resulting raw images are
then used to train a generative model capable of producing large volumes of labeled data that
closely resemble the target application. This tailored dataset reduces the domain gap between
training and deployment, thereby improving the detection and classification performance of the
CNNs. Moreover, the framework can be extended to incorporate data from multiple experimental
setups, facilitating the creation of more diverse training datasets. Such diversity enhances the
generalization capability of the trained networks, making them more robust across varying experi-
mental setups and reducing the need for retraining. The results presented in this work demonstrate
that both Faster R-CNN and YOLOv4 exhibit improved performance on familiar data. While the
auto-labeling approach introduces additional computational cost, requiring the training of both
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a generative model and a detection network, it eliminates one of the primary bottlenecks in the
adoption of CNNs for DPTV: the need for extensive manual labeling. Furthermore, the method
is also applicable to single-phase DPTV, where only one GAN is required, further broadening
its utility. In summary, the proposed auto-labeling framework constitutes a critical step toward
scalable and adaptable CNN-based DPTV.

To improve the approach of pattern based phase distinction in two-phase DPTV, the following
considerations should be made: First, while the CNNs demonstrated very high TAP with, this
performance was achieved only within limited maximum recall ranges. Generalization to visually
unfamiliar images had little impact on precision but significantly constrained recall. Although high
precision is generally more critical in DPTV to avoid ghost particles and the resulting erroneous
velocity vectors, higher recall remains desirable. Improved recall would increase the density of
velocity vectors and reduce the risk of missing substantial portions of the numbers of particles,
which could otherwise lead to incomplete flow characterization. Moreover, achieving recall values
close to 100% for the dispersed phase, in combination with particle sizing via IPI, would enable
void fraction estimation. Therefore, future efforts should prioritize increasing recall. This could
be achieved either by minimizing the required generalization, through training data that more
closely represents the target experiment, or by constructing larger and more diverse datasets to
improve the network’s generalization capability. Notably, YOLOv4 exhibited better generalization
to real data and may be a promising candidate for future development. Second, attention should
be given to mitigating the FP class bias observed in the CNNs, which tended to favor bubbles
or droplets. Although the high precision achieved by the networks resulted in very few FPs,
this bias could become significant when operating at higher recall levels. The presence of this
bias, despite a class-balanced training dataset, suggests that additional measures are necessary.
One potential strategy is to introduce a slight class imbalance in favor of tracer particles during
training, thereby increasing the network’s exposure to the class it is less confident in distinguishing.
Finally, incorporating synthetic examples of PIs alongside real ones in the training data may prove
beneficial. Exposure to idealized features during training could help the networks learn more
physically meaningful representations and reduce reliance on context-based cues. These directions
collectively aim to improve the robustness, generalization, and quantitative reliability of CNN-
based phase distinction in two-phase DPTV."[SK25b]

In summary, this chapter "confirms that pattern-based phase distinction using CNNs is a viable and
practical solution for two-phase DPTV, with promising avenues for further improvement through
targeted training data and network design."[SK25b|
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6 On the Particle Image Overlap in Single
Camera Defocusing Approaches without
Astigmatism

This chapter concerns the research question RQ5 on how PI overlap is affected by experimental
settings such as the number of PIs in and image or the degree on defocusing. The content of this
chapter builds upon the manuscript On the Particle Image Overlap in Single Camera Defocusing
Approaches by Sax and Kriegseis [SK25a].

6.1 Introduction

"A major concern in both DPTV [215, 146 and IPI [98, 64] is particle image (PI) overlap. In DPTV,
this PI overlap makes identifying individual PIs more difficult, as their boundaries are partially
covered by other PIs, compare the left example in Fig.6.1. This impairs the detection capability
of detection algorithms [57, 14, 48, SDLK23|. PI overlap complicates the measurement of the
defocused particle image diameter, dp;. As a result, fewer particles can be imaged simultaneously
to avoid overlap, which in turn reduces the spatial resolution of the reconstructed flow field. As
the PI boundary is partially covered in PI overlap, the covered part of the boundary must be
assumed based on the curvature of the uncovered part. This leads to an estimation of dp; rather
than a measurement of dp; for some PlIs (see middle part of Fig.6.1), which in turn increases the
uncertainty of the reconstructed z-position of the particle. Other approaches simply ignore Pls
with overlap to avoid this issue [57]. Not being able to estimate the PI’s boundaries can also
affect the determination of the PI’s center coordinates (zpr,ypr), which can additionally impair
subsequent in-plane velocity estimations, from a time series of images. The same effects, i.e.
limited number of detectable particles and limited z-position accuracy, influence the evaluation of
particles in IPI. However, in IPI, an additional factor comes into effect. As part of the PI area is
covered, only a portion of the interference pattern can be used to size the underlying particle (dp),
compare the right example in Fig.6.1. Consequently, multiple characteristics are of interest: In
DPTYV, the number of overlaps a PI experiences is of interest, as this provides an estimate of how
much of the PI boundary will be covered. Simultaneously, the number of PIs in an image that do
not experience PI overlap is also of interest, as it offers an estimate of how many particles might
be reconstructed with greater accuracy or be used at all. Additionally, the maximum amount
of overlap a PI experiences is of interest, as it provides information on the size of the boundary
segments that are covered, which influences the determination of dp;. For IPI, the primary metric
of interest is the fraction of the PI area that is covered, or its complement, the remaining free PI
area. The remaining assessable PI area is the portion of the PI that can still be used to determine
the particle diameter dp without the influence of PI overlap. These metrics are of interest, as
evaluation and detection algorithms can be tested for the amount of overlap they can tolerate
[14, 48, SDLK23|.

However, these algorithmic limitations only provide indirect qualitative guidance for an experiment.
They do not offer precise recommendations on how much defocusing can be tolerated or how big
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PI detection PI size estimation undisturbed area

Figure 6.1: "Three issues caused by PI overlap: The detection of covered Pls is more difficult (left). The PI
size measurement becomes more challenging and the PI size might be only estimated due to the PI
boundaries being covered (middle). The free remaining area (FRA) that can be used in IPI becomes
small due to PI overlap (right)."[SK25a]. Figure from [SK25a].

the aperture diameter can be chosen (i.e. increase of dpy), or how many particles Np can be used in
an experiment, to remain within the limits that the post-processing algorithms can handle reliably.
It is of interest to use larger aperture diameters, as this allows more light to reach the camera chip
and consequently, improves the signal-to-noise ratio. More importantly, larger aperture diameters
increase the proportionality factor between the particle distance to the focal plane and the PI
diameter, effectively enhancing the defocus sensitivity and thereby improving the depth position
accuracy. Furthermore, greater defocusing can be advantageous for extending the measurement
volume in the z-direction. However, both effects increase the PI diameter and, therefore, the
likelihood of PI overlap.

Therefore, the objective of the present study is to provide guidance on the extent to which the PI
size (i.e. the amount of defocusing and aperture diameter) and the number of PIs can be increased
before PI overlap becomes problematic. Furthermore, the trade-off between PI size and source
density for constant PI overlap is discussed. A statistical analysis of PI overlap as a function of PI
size dp; and the number of particles Np is conducted. This analysis allows for the translation of
algorithmic limitations into practical experimental settings. The theoretical investigation assumes
circular PIs, neglecting the influence of astigmatism, and considers uniformly sized PIs. However,
testing the model on four different experiments, including cases with non-uniformly sized Pls
diameters and slight astigmatism, reveals that the model remains valid despite these simplifying
assumptions."[SK25a]

6.2 Datasets for the Empirical Investigation

6.2.1 Generation of a Dataset for an Empirical Investigation

"To conduct a statistical investigation of PI overlap, a dataset of images containing PIs is required
first. However, experimental images cannot be used for this purpose due to the previously discussed
limitations of detecting PIs with high degrees of overlap. Instead, synthetic images are generated
in which PIs are randomly distributed, allowing full control over and access to the ground truth
positions and sizes of all Pls.

The positions of the PIs in the images were generated under the assumption of a uniform distribu-
tion of PI center coordinates, analogous to the commonly assumed uniform particle distribution in
Particle Image Velocimetry (PIV). However, this assumption does not hold under all experimental
conditions. In certain cases, such as sprays or bubble columns, the spatial distribution of PIs is
influenced by the underlying flow structures and is, therefore, non-random. For the purposes of
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the present study, the uniform distribution serves as a practical and simplifying approximation.
Given the wide variety of possible flow topologies, assuming a uniform distribution, simplifies the
analysis while still capturing the essential statistical behavior. As will be demonstrated later, the
uniform distribution provides a sufficiently accurate approximation for the intended analysis.

To ensure realistic PI sizes relative to the field of view, the optical parameters from the bubble
sizing experiment in Sax et al. [SDK25| were used to determine the PI diameters. This experiment
involves a column of air bubbles ranging from 20-200 pm in diameter, generated by electrolysis and
imaged out-of-focus within a 7 x 7mm field of view in a rectangular water tank. Further details
can be found in Sax et al. [SDK25]. However, all dimensional quantities were converted into a
dimensionless form, making the results applicable to any optical setup. Both the size and number
of PIs were varied in the synthetic images. To reduce the dimensionality of the parameter space
and simplify the evaluation, uniformly sized PIs were assumed. This represents scenarios in which
particles are located at a single z-position, such as in light sheet-based measurements. In cases
involving non-uniformly sized PI diameters, the mean PI diameter can be used as a representative
value for computing overlap metrics. Although the broader size distribution is expected to increase
the variance of these overlap metrics, it is not expected to significantly affect their mean values.

z,=1.5mm Z,=3mm Z,=6mm Z,=8mm

7 il

Figure 6.2: "Overview over the dataset for the empirical investigation of the PI overlap visualized. Six different
number of particles per image Np = [10, 20, 30,40, 50, 60] and ten different defocus lengths (i.e. PI
sizes) zp = [1,1.5,2,3,4,5,6,7,8,9] mm were investigated, resulting in 6 x 10 sets of 400 images each.
The images were generated using the physical model from Sax et al. [SGK25] with parameters from the
experiment described in [SDK25]."[SK25a]. Modified figure from [SK25a].

Six different numbers of PIs per image are considered: Np = {10, 20, 30,40, 50,60}. The PI
diameter is influenced by both the aperture diameter and the defocus length. While the aperture
diameter affects the proportionality factor between defocus and PI diameter, defocusing itself shifts
all PIs toward larger diameters. However, since both the aperture diameter and the z-position
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(when sufficiently far from the focal plane) have a linear effect on PI size, only the z-position
was varied in this study to control the PI diameter. In total, ten different defocus lengths are
investigated: zp = {1,1.5,2,3,4,5,6,7,8,9} mm. The total parameter space thus spans 10 x 6
subsets. The PI size corresponding to each defocus distance was calculated using the formula from
Shen et al.[179], which relies on the linear defocus relationship valid under sufficient defocusing
conditions [57]. Consequently, image generation was reduced to placing a fixed number of circular
PIs, each with a computed defocus diameter, at random positions within the image. The structure
of the test dataset is illustrated in Fig. 6.2. Each of the 10 x 6 subsets contains 400 images to ensure
statistical convergence of the evaluated parameters. Convergence validation is shown in Fig. C.1
in the Appendix C."[SK25a]

6.2.2 Experimental Datasets for Validation

"Tn the synthetic dataset, two key assumptions were made: (1) PIs are uniformly distributed across
the image domain, and (2) all PIs within a given image possess an identical diameter. Although
these assumptions may not strictly hold under real experimental conditions, they provide suffi-
ciently accurate approximations, as will be demonstrated through comparison of the theoretical
model with the validation experiments. To evaluate whether the empirical model from the syn-
thetic dataset generalizes to real-world scenarios, four validation image sets were used. These sets
originate from four distinct experiments, each involving different flow topologies and optical setups.
Representative images from each dataset are shown in Fig. 6.3.

(c) Exp.3: Bubble Column (d) Exp.4: Spray

Figure 6.3: "Exemplary images from the four different experiments used to validate the PI overlap model. ,
Exp. 1[115] shows tracers in a gap flow (a), Exp. 2[LSBK24| shows tracers and bubbles in a vortex like
rotating flow (b) and Exp. 3[SDK25| shows shows a bubble column in a resting fluid (c), Exp. 4[151]
shows droplets in a spray behind a nozzle (d)."[SK25a]. Figure from [SK25a].
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The first experiment shows tracer particles in an open wet clutch, which is a gap flow between a
rotating disk and a stationary wall. A total of 30 images, like the one in Fig. 6.3a, containing 772 Pls
were manually labeled (tracer size dp = 9.84 nm, PI diameter dp; = [15, 31] px). More details on the
experiment can be found in Leister et al. [115]. The second experiment shows the PIs of both tracers
(tracer size dp = 20 pm, PI diameter dpy = [19, 273] px) and bubbles (bubble size dp = [20, 250] pm,
PI diameter dp; = [19,273] px) in a glass cylinder (outer diameter 105 mm, wall thickness 5.8 mm).
The presence of the glass cylinder introduced mild astigmatism in the captured images, with the
maximum observed aspect ratio (width/height) reaching 1.66. A magnetic stirrer was used to
create a vortex-like, rotating flow. A total of six images, like the one in Fig.6.3b, containing
303 PIs were labeled manually. Further information on the experiment can be found in Lange et
al. [LSBK24]. The third experiment shows a column of air bubbles (bubble size dp = [20, 250] pm,
PI diameter dpy = [110, 122] px) in an otherwise stationary fluid (water). A total of 40 images, like
the one in Fig. 6.3c, containing 201 PIs were labeled manually. More details on the experiment
can be found in Sax et al. [SDK25]. The fourth experiment involves spraying droplets (droplet size
dp = [20,60] pm, PI diameter dp = [16,30I] px) from a nozzle outlet. A total of five images, similar
to Fig. 6.3d, with a total of 451 PIs, were labeled manually. Details on the experiment can be found
in Poppe [151]. These four experiments represent markedly different flow scenarios: Experiments 1
and 2 involve shear and rotating flows with uniformly distributed PIs, whereas Experiments 3 and
4 feature bubble columns and sprays, which exhibit non-uniform PI distributions. By analyzing all
four cases, it becomes possible to assess the validity of the uniform distribution assumption across
a range of flow conditions.

For each experiment, the images were manually labeled by drawing bounding boxes (BBs) around
each PI. The circular representation of each PI was then derived from the center coordinates and
the width and height of the corresponding BB. In the case of Exp. 2, the images exhibit slight
astigmatism, and the PIs were approximated as ellipses with principal axes defined by the BB
dimensions. This mild astigmatism in Exp. 2 also provides an opportunity to assess the influence
of weak optical distortion on the validity of the results." [SK25a]

6.3 Definition of Overlap Metrics

"To gain insights into the nature of PI overlap from the test dataset, robust measures, inde-
pendent of used experimental parameters (i.e. non-dimensional), must be defined first for the
evaluation." [SK25a]

6.3.1 Metrics for the Number of Overlaps

"To define the number of overlaps a PI j has with other PIs ¢ in an image, PI overlap must first
be detected. To do this, the intersection-over-union (IoU) measure can be used, compare Fig. 6.4.
The IoU for the two PIs

Aprj N Apry

5J 5

can be computed directly from the two circular areas Ap;. An overlap between PI j and PI /¢
is then detected if the condition IoU(PI,, PI;) > 0 is met. This check is performed for every PI
pairing in the image to construct an IoU matrix. The number of overlaps of PI; with other Pls is
given by the cardinality of the set

NOL,j = |{PI¢ | IOU(PI@,PI]') > O}l (62)
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of PlIs that have an IoU>0 with PI;. The number of overlaps per PI Noy, ; indicates the degree of
PI overlap that a given PI j experiences. The degree of the PI overlap, characterizing a cluster of
overlapping PI is, therefore, described by Noy, j, with a first degree overlap describing the overlap
of two PIs, a second degree corresponds to a triplet overlap cluster and so on. Finally, the fraction
of PIs without any overlap, relative to the total number of PIs, Ny,,01./Np, is also of interest. The
number of PIs that do not overlap with any other PIs is defined by the set

Nuoor, = [{P1; | IoU(PI,, PI;) = 0}. (6.3)

"[SK25a]

6.3.2 Metrics for the Amount of Overlaps
Metrics for First Degree Overlaps

"There are many measures to quantify the amount of PI overlap. Dreisbach et al. [48] used the IoU
to characterize the amount of overlap between two PIs. The IoU is a good measure to describe
a first degree overlap, when the overlap in relation to the whole first degree cluster is of interest.
However, the IoU has the disadvantage of referencing the intersection area (i.e. the overlapped
region) to the union area of the two PIs. This means that for the same intersection area, different
ToU values can result depending on the size of the other PI, as illustrated in Fig. 6.4. This renders
the ToU a non-robust measure when the focus is on the covered area of a specific PI. Moreover,
the ToU does not provide direct information about the amount of area overlapped on PI j; it only
reflects the union area, which also varies with the distance between the PI centres.

&
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Figure 6.4: "Different measures to describe first degree PI overlaps: IoU (left), IoM (middle) and IoA (right). The
issues with the IoU and the IoM are visualized."[SK25a|. Modified figure from [SK25a].
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An alternative measure is the Intersection over Minimum (IoM):

Apr; N Apry
min(Apr ;, A1)

IoM(PI,, PI;) = (6.4)
also known as the Szymkiewicz—Simpson Coefficient [204]. This measure was used by Sax et
al. [SDLK23] to characterize PI overlap. The IoM has the advantage over the IoU of referencing
the overlapped area to the area of only one PI, making it more focused on the extent of coverage.
However, when two overlapping Pls j and ¢ are considered, the reference area changes depending
on which PI is smaller, rather than consistently referring to PI 7, which renders the measure prob-
lematic for the use in higher degree overlaps. This effect is illustrated in Fig.6.4. To address this
issue, the IoM is slightly modified. Instead of referencing the minimum area when evaluating the
overlap of PI j with other PIs, the area Apy ; of PI j is always used as the reference"[SK25al. This
leads to the IoA, previously introduced in Eq. (4.27) in Chapter 4. For improved readability and
completeness, the definition is restated here.

IoA(PI,, PL;) = Ay O Apre (6.5)

Aprj

"The ToA has the advantage of consistently referring to the same PI in an PI overlap. The IoA is
equivalent to the IoM for uniformly sized PIs. The intersection area of two circles of radii rpr; and
rpe (i.e. dpr/2) with the Euclidean distance dc ¢ between the circle centers can be derived from
geometrical considerations [211]:

2 2 2 2 2 2
2 A ;e+Tp1; —Th1e 2 dg et —TPyy
T j AICCOS (7 + 1§, arccos |~ _PU

2dc jerp1j 2dc, jerpie
Ap1 jNApre = —3v/(=dc je + rey; + rew)(de je + ey — Tp1e)
\/(dc,je —rp1j + rpwe)(deje + re1j + TP10), if rp1; 4+ rpwe > dc je
0, if rpr; + rpre < dcje

(6.6)

More recently, Xu et al. [218] introduced an alternative measure to characterize PI overlap. They
defined the overlap ratio (OLR) of a PI j as:

rp1,j + TP, — dc,je
OLR = - .
2 mln(’/‘pLj, TPLZ)

(6.7)

This measure quantifies the difference between the touching distance of the two Pls, given by
Tp1,; + rp1,¢, and their actual centre-to-centre distance, normalized by the diameter of the smaller
PI. The OLR (with reference to the smaller PI) and the IoA are consistent in the sense that,
for different combinations of PI sizes and distances yielding the same IoA, the OLR also remains
constant. However, the two measures are not equivalent, i.e., IoA # OLR. While the OLR
emphasizes the spatial separation between Pls, the IoA directly quantifies the overlapped area.
A limitation of the OLR, similar to that of the IoM, is that it always normalizes with respect to
the smaller PI, and thus does not consistently refer to the same PI across comparisons. For these
reasons, the IoA is adopted in the present work."[SK25a]

Metrics for Higher Degree Overlaps
"The IoA can be used to characterize first degree PI overlaps, i.e. the overlap between two Pls.

Higher degree overlaps are visualized in Fig.6.5. To investigate such higher degree PI overlaps,
i.e. between PI j and other PIs £ = 1,2, .., Noi,, further metrics must be defined. The IoA,.x =
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max(IoA(PIy, PI;), .., JIoA(PIn,, ,PI;)) provides a measure for the largest first degree PI overlap,
that the PI j experiences in a higher degree cluster, compare middle part of Fig. 6.5.

max first order

total covered

area (TCA)

overlap

free remaining

area (FRA)
1 degree overlap 4" degree overlap

Figure 6.5: "First and higher degree PI overlaps visualized (left). Metrics for higher degree PI overlaps are visu-
alized (right). The FRA and TCA are shown on the example of a PI in IP1."[SK25a]|. Modified figure
from [SK25a).

For IPI, the total fraction of the PI that is covered, or its complement, the remaining free area, is
often of interest, as it provides insight into how much of the interference pattern can be used for
undisturbed evaluation (see the right example of Fig.6.5).

However, simply summing every IoA of PI j with any other PI ¢ = 1,2, .., Nop, overestimates the
covered PI area as areas repeatedly overlapped are also counted multiple times, compare Fig. 6.6.
To determine the free remaining area (FRA), multiple times overlapped areas of the PI should
only be considered once.

over estimation

Figure 6.6: "A higher degree PI overlap visualized. The gray area is the PI for which the PI overlap is regarded.
The red area is the intersection area, and the blue area shows the twice overlapped area of the PI.
The summed oA overestimated the TCA of the PI by the blue area."[SK25a]. Modified figure from
[SK25a).

A robust measure for this case is the total covered area (TCA) and its complement the FRA of PI
j. The total covered area is defined by the union area of all first degree intersection areas that PI
J has with other PIs ¢. Instead of using the absolute value of the covered area, the fraction of the
covered area over the area of PI j is used

U (Apr; N Aprye)

LF#j
TCA, = 6.8
J AF‘I,j ( )
as it places the TCA; € [0,1]. The complement FRA can then be simply defined as
FRA; =1—-TCA; (6.9)

the remaining area fraction. The TCA and FRA are visualized in Fig.6.5.
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6.3 Definition of Overlap Metrics

To compute the TCA, the union of the intersection areas mus be known. This can be computed
from the IoA in principle using the inclusion-exclusion principle of Poincaré and Sylvester [74].
However, the computation requires the intersection areas between all combinations of PIs from
the first to the highest degree overlap. Since this is computationally unfeasible, a quadrature-like
approach is used to compute the TCA in the following."[SK25a]

6.3.3 Direct Computation of Overlapped Particle Image Fraction

"The TCA is computed using a quadrature-like approach, in which the circle area is discretized
into pixels on a Cartesian grid (see Fig.6.7). The circle areas are approximated by pixel counting,
analogous to a Riemann sum. The grid consists of pixels (u,v) € Z?. In this method, each PI is
defined by its in-plane position (xpr,ypr) and diameter dpy, and is represented as a binary circle
mask

1, if (u—opr)? + (v —yp1)? < (%)2

(6.10)
0, otherwise

Mcircle(u7 U) = {

where the mask takes the value 1 for pixels inside the circle and 0 elsewhere. By summing these
binary masks over a zero-initialized image, a combined mask is formed in which each pixel value
indicates the number of overlapping circles. The TCA for a given PI j is approximated by counting
the number of pixels within its own circle mask that have a value greater than one, and dividing
this by the total number of pixels in that mask.

Res 100x100 Res 200x200 Res 300x300 Res 400x400

g

Figure 6.7: "Deterministic pixel counting approach by simulating discretized circles. A circle consists of pixels
with a value of one (marked as gray). The overlap areas of each circle are obtained from the number

of pixels with a value of larger than one (marked as red). Different grid resolutions of the simulation
are shown from 100 px to 400 px."[SK25a|. Figure from [SK25a].

*.

The set of pixels belonging to PI j is defined as:

(u— xPI)Q + (v — yPI)2 < (dPI)2} . (6.11)

QPI = {(’LL,’U) S ZQ B

The TCA is then approximated by

> 1(Meomb(u,v) > 1)

JWESQPL;
TCA, ~ 2S00 (6.12)
[P
where 1 is the indicator function, equal to 1 if the condition is true and 0 otherwise, and
Np
Mcomb(u; U) = Z Mcircle,f(ua U) (613)
=1
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is the combined mask of all Np PlIs.

This circle mask method enables direct approximation of the TCA and FRA. However, since the
circle areas are discretized onto a pixel grid, the method inherently introduces a discretization error.
As it follows a quadrature-like approach, increasing the grid resolution improves the accuracy of the
approximation, and the error asymptotically vanishes with finer discretization. To ensure that the
chosen grid resolution was sufficiently fine, the method was executed four times using different grid
sizes (u,v) € {1,..., Npx} x {1,..., Npx}, with N = {100, 200, 300, 400}; see Fig.6.7. Figure 6.8
shows the TCA computed for Np = 60 Pls as a function of the summed PI area relative to the
image area. A slight difference is observed between the 200 px and 300 px resolutions, while almost
no difference is observed between 300 px and 400 px; see Fig. 6.8. This indicates that a resolution
of Npx =400 is likely sufficient to obtain a reliable approximation of the TCA."[SK25a]

1
0.8
S 06
g
304} ]
g Npx = 200
0.2 Npx = 300 -
—o— Npx = 400
0 ‘ ‘ I I
0 0.5 1 1.5 2

Seeding Density » | Apr/Aimage

Figure 6.8: "The approximation of the TCA by the quadrature-like method for Np = 60. The discretized simu-
lations are shown for different grid resolutions Npx = {200, 300,400}. It can be seen that almost no
difference between the Npx = 300 and Npx = 400 resolution can be observed."[SK25a]. Figure from
[SK25a).

6.3.4 Definition of a Scaling Metric

"Before evaluating the overlap metrics as a function of the number of Pls and PI size, a scaling
metric that consolidates both Np and zp into a single value is introduced. Cierpka et al.[34]
introduced a modified definition of seeding density S, as a ratio of the total PI area Ap; to the
total image area Ajmage. This definition

Np
5= 7 (6.14)

is also employed in the present work to summarize both the number and size of PIs. The seeding
density defined in Eq. (6.14) relates the PI area to the image area, which is determined by the
region of interest (Rol) of the respective experiment. Since the Rol is generally unknown, it is
here defined as the smallest enclosing rectangle (reflecting the typical rectangular shape of camera
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6.4 Scaling Model for Particle Image Overlap

sensors) that contains all PlIs ¢ across all images, i.e., across all time steps ¢. The reference area is
thus defined as:

A ._ dp1et . dp1e
image ‘= |Max | Tp1yet + — ) min ( Tpy et — —

d d
[max (ym,e,t + P;“) — min (ym,e,t - 1’;“)} (6.15)

The seeding density S depends
S ~ Npd}; ~ Np23 (6.16)

linearly on the number of PIs, Np, and quadratically on the PI diameter, dp;. Given the linear
relationship between the distance of the PI to the focal plane, zp, and dp; under sufficient defocusing
[57, 146], S is therefore also quadratically dependent on zp. The same quadratic dependence applies
to the aperture diameter, i.e., S ~ D2.

Consequently, S substitutes the two dimensional parameter space spanned by Np and zp to a
one-dimensional parameter that is independent of physical units. From Eq. (6.16), it follows that
various combinations of Np and zp can yield the same seeding density. For instance, an increased
number of PIs in the image requires a reduction in defocus by the square root to maintain the same
seeding density. Conversely, increased defocus must be compensated by a quadratic reduction in
the number of PIs. For an arbitrary scaling ¢ € R, this relationship between Np and zp can be
expressed as Npz3 = cNp(zp/y/c)?. By computing the defined metrics over S, the experimentalist
can select an appropriate combination of Np and zp for a given seeding density."[SK25a]

6.4 Scaling Model for Particle Image Overlap

"The means of all previously introduced measures, Not. j, NnooL, I0Amax, TCA, and FRA, are
computed for the 10 x 6 parameter space of the test dataset. This way the influence of PI size and
number of PIs on the PI overlap can be investigated. Additionally, are the measures computed for
the validation image sets.

An exemplary plot of the number of overlaps per PI, Nop,, as a function of Np and zp is shown
in Figs. 6.9a and 6.9b, respectively. It can be seen that the number of overlaps scales linearly with
Np and quadratically with zp. However, the proportional scaling of Nop, with respect to Np varies
depending on the z-position, and vice versa. While this allows for an assessment of the general
behavior of this overlap measure in relation to the experimental parameters, it does not provide a
universal scaling law. In contrast, Fig. 6.10a presents the number of overlaps per PI plotted against
the seeding density S, which combines both parameters Np and zp into a single metric. It becomes
immediately apparent that, when scaled by S, the individual curves collapse onto a single master
curve. As illustrated in Figs. 6.10 and 6.11, this behavior is consistent across all previously defined
measures. This observation suggests that S acts as a robust scaling parameter for PI overlap,
indicating a scaling law that is independent of the specific measurement setup.

The second observation that can be drawn is that, the four experiments show a good alignment
with the theoretical model, as the data points follow the metric curves closely, compare Figs.6.10
and 6.11. This shows that despite all four image sets stemming from experiments with different
flow topology, the assumption of uniform distribution describes the distribution of PIs in the image
sufficiently well. It also shows that despite using equally sized PIs, the results can be extended to
the PI of various sizes from the four experiments.
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Figure 6.9: "The mean number of overlaps per PI over the number of PIs for different defocus distances (a) and
over the defocus distance for different number of PIs (b)."[SK25a|. Figure from [SK25a].

The third observation that can be drawn is that the scaling laws also capture the PI overlap
behavior observed in Exp. 3, which exhibits a small amount of astigmatism. It can therefore be
assumed that the results also hold for weak astigmatism (aspect ratio < 1.66) in the PIs. However,

no definitive statement for stronger astigmatism can be made. "[SK25a]

Number Overlaps

"Fig. 6.10a shows the mean number of overlaps per PI j (i.e. the degree of PI overlap) in an image
as a function of the seeding density, S. It can be observed that the expected number of overlaps
per PI, Noty, ;, increases linearly with §. The trend follows a straight line with a slope of four,
indicating that at a critical seeding density of S = 0.25, an average of one overlap per PI can be
expected. In other words: the average PI cluster contains two Pls, or the average PI overlap is of

degree one.
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Figure 6.10: "The mean number of overlaps per PI over the seeding density S ~ NPZIQD for different number of Pls
in the image (a). The mean fraction of PIs without overlap in an image over the seeding density S
and for different number of Pls in the image (b). Shown are also the fits to the curves (dashed line -
--), which are specified in Tab.6.1. The values obtained from the validation experiments are provided
by the markers (A, 4,0, >). Images from the validation experiments are shown in Fig. 6.3."[SK25a].
Figure from [SK25a).
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6.4 Scaling Model for Particle Image Overlap

Fig.6.10b shows the mean fraction of PIs in the image that experience no overlap. This measure
is particularly interesting, as it provides insight into the proportion of PIs that can be processed
more reliably. The number of overlap-free PIs N,,01, decreases rapidly for small values of S,
with the slope gradually leveling off. This is a significant finding, as it demonstrates that even
slight defocusing near the focal plane has a substantial impact on PI overlap, whereas increas-
ing the seeding density beyond & = 0.75 has minimal effect on the number of overlap-free Pls.
Additionally, Fig.6.10b shows that the decline of the fraction of overlap-free PIs follows a Pareto
function."[SK25a|

First Degree Overlaps Characteristics

"Most detection algorithms are capable of distinguishing PIs involved in multiple small first-degree
overlaps, but typically struggle with larger first-degree overlaps. The total overlapped PI area
within a cluster does not indicate whether the area is covered by several small or a few large
first-degree overlaps. Most studies focusing on PI detection define overlap metrics exclusively for
first-degree PI overlaps [48, SDLK23, 218, 158]. Therefore, when PI edges are of interest, such as
in PI detection for DPTV, it is useful to consider first-degree PI overlap metrics in conjunction
with higher-degree metrics. The maximum IoA is a particularly insightful metric, as it reflects the
strongest first-degree overlap within a cluster. When combined with the TCA, it provides insight
into how individual PI overlaps contribute to the total covered area, i.e., whether a PI is primarily
covered by a single large overlap or by multiple smaller ones.

Fig.6.11a shows the change of the mean IoA,,.x per PI with S. For low seeding densities a steep
incline of the max IoA can be observed, which gradually becomes less steep with increasing S.
It can be seen that the increase in max IoA is approximately linear for S < 0.25 with a slope of
approx one."[SK25a]
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Figure 6.11: "The max IoA per PI over the seeding density S ~ sz% for different number of Pls in the image
(a). The mean TCA with Npx = 400 over the seeding density S for different number of Pls in the
image (b). Shown is also the fit to the curves (dashed line ---), which is specified in Tab.6.1. The
values obtained from the validation experiments are provided by the markers (A, <, (,>). Images
from the validation experiments are shown in Fig. 6.3."[SK25a|. Figure from [SK25a].
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6 On the Particle Image Overlap in Single Camera Defocusing Approaches without Astigmatism

Free Particle Area in Higher Degree Pl Overlaps

"The extent of overlap in higher-degree PI interactions is described by the TCA and FRA, and
constitutes a particularly important measure for IPI, where the PI area is used rather than the
edges. Fig.6.11b shows how the TCA scales with the seeding density S. The TCA increases steeply
at low seeding densities and asymptotically approaches one. Most practical applications will not
involve seeding densities greater than & = 1, and thus will not encounter mean TCAs exceeding
approximately 70%. In fact, in many cases, PI overlap should be minimized as much as possible.
Therefore, if an average TCA of e.g. 10% is considered acceptable, the seeding density should be
kept below S = 0.09."[SK254]

The goal of this chapter "is to provide practical guidance for experimenters on selecting the
number of particles and defocus lengths, to ensure that specific limits on PI overlap are main-
tained. The fit functions for all evaluated measures—obtained via least squares regression—are
presented in Tab.6.1. These functions enable the creation of simple plots for each measure,
so that experimenters can use the PI overlap model without the need to repeat the empirical
investigation."[SK25a)]

Table 6.1: "The different metrics to describe overlap and their respective models are shown. The model type as well
as the fit function and the parameters are given. The goodness of fit is measured by R-squared."[SK25a].
Table from [SK25a].

Metric ‘ Model ‘ Model-function ‘ Parameters | R-squared
mean(Nyoor/Np)| Pareto (PDF) mean(Nyoor/Np) = c1 = 0.193 | 99.999%
L1 4By ¢y = 0.156
c3 = —0.307
mean(Not) | linear | mean(Nop) = 18 | 1 =4.063 | 99.840%
mean(IoA,.x) |rational function mean(loAax) = 1_?0‘25 c; = 1.245 | 99.999%
Co = 1.460
mean(TCA) ‘rational function‘ mean(TCA) = f—qus ‘ ¢ =1.324 ‘ 99.956%

6.5 Concluding Remarks on Particle Image Overlap

"PI overlap presents a major challenge in DPTV, where incomplete PI boundary information
increases detection miss rates and uncertainty in z-position estimation. In IPI, it, furthermore,
reduces the usable PI area for fringe pattern analysis, which is essential for accurately determining
the particle diameter (dp). The developed model, which describes PI overlap independently of
the optical setup, particle number, or PI size, is based on the assumption of a uniform spatial
distribution of PIs with uniform sizes. Despite these simplifying assumptions, a comparison with
experimental data, featuring non-uniform particle distributions and multiple PI sizes, shows that
the model captures the observed behavior with sufficient accuracy. The model also performs well
under conditions of mild astigmatism (i.e. aspect ratios of 1.66 or smaller). However, its validity
under stronger astigmatic distortions remains uncertain and may require further investigation. The
empirical study of PI overlap demonstrates that the seeding density S ~ Np2z2 serves as a powerful
scaling parameter for describing PI overlap independently of the optical system. It was further
observed that the PI overlap remains constant for any combination of Np and zp that results in a
constant seeding density. This implies that, for example, the number of particles can be increased
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linearly while the amount of defocusing is reduced by the square root, without altering the mean
PI overlap.

The number of overlaps experienced by a PI, scales linearly with the seeding density, with a
critical threshold at & = 0.25, where an average of one overlap per PI can be expected. This
means that if the PIs cover 25% of the recorded image, the average overlap cluster degree is one.
Small variations in defocus length near the focal plane have a significant impact on the fraction of
overlap-free PIs, particularly because S ~ z3. At approximately S ~ 0.16, only about half of the
PIs can be expected to remain overlap-free. As the seeding density increases further, its effect on
the number of overlap-free PIs begins to saturate. Finally, the scaling of the TCA and FRA can be
approximated using a quadrature-like method. The relation of the TCA and FRA to the seeding
density S, provides crucial information on the expected fraction of a PI area which is not under
influence of overlap and can be used in IPI, without restrictions. Knowledge of expected values for
key metrics, such as the average degree of an overlap cluster, the number of overlap-free PIs and
the TCA, enables experimenters to design their setups (i.e. number of particles, defocus length,
and aperture diameter) in a way that maintains PI overlap within acceptable limits on average.
The derived scaling laws for each overlap metric serve as a look up table to design experiments.
With the established scaling laws, critical seeding densities can be identified. These critical values
enable the selection of appropriate combinations of PI sizes and particle numbers tailored to the
specific requirements of a given experiment. This approach helps to ensure that experimental data
with appropriate PI overlap can be acquired in a quantitative manner instead of relying on an
experimenters estimation from experience."[SK25a]

127






7 Conclusions and Outlook

Gas-liquid DTPFs are central to numerous natural and industrial processes, including weather
systems, combustion, and chemical reactors. The accurate measurement of these flows is essential
for advancing theoretical understanding and improving safety, efficiency, and sustainability. Yet,
capturing such gas-liquid DTPFs, especially in three dimensions and under optically constrained
conditions, remains a significant challenge. Conventional optical techniques often fall short due to
limitations in spatial resolution, simultaneous tracking of both phases, and accurate particle sizing.
Alternative methods, such as MRI, may offer solutions but typically require specialised equipment
that is not always readily accessible.

This thesis explored how the DPTV and IPI techniques can be utilised and extended to enable si-
multaneous 3D position determination of tracers and dispersed phase particles, along with accurate
sizing of the dispersed phase.

DPTYV and IPI were selected as the foundational techniques, as they require only standard PIV
imaging setups. DPTV enables 3D position determination with only a single optical access, while
IPI offers high sizing accuracy for particles in large fields of view. First, IPI was extended to
the backscatter regime using the DSE of the LMT, and the theoretical model was experimen-
tally validated. Second, DPTV and IPI were combined to achieve simultaneous 3D position and
size determination of dispersed bubbles or droplets. This was realised through an IP approach,
which was validated on both synthetic and experimental data, and benchmarked against existing
methods. Third, DPTV was adapted for two-phase measurements without additional equipment
by employing CNNs to distinguish between tracers and bubbles or droplets. This approach was
validated across five experiments and one synthetic dataset. Finally, the challenge of PI overlap
was addressed. Although the IP approach is robust to overlap, it requires a reliable detection al-
gorithm for initialisation. A statistical model was therefore developed to estimate the extent of PI
overlap under varying experimental conditions, helping to identify the operational limits beyond
which overlap may compromise data quality. The model and its assumptions were validated on
four separate experiments.

Summary of Key Findings and Reflection on the Research Questions

The central research objective was divided into five smaller research questions, each of which is
addressed in a dedicated chapter of this thesis. As each chapter concludes with its own findings,
only the main insights are summarised here. The overarching conclusions are discussed in the next
section.

RQ1 examined how IPI can be extended to the backscatter regime for single optical access. Using
the DSE of the LMT and introducing the generalised visibility criterion, suitable scattering angles
can be identified for both bubbles and droplets. A transfer function for IPI at any scattering angle
can be derived from finding the dominant scattering orders (visibility criterion) and using the glare
point maps to determine the glare point spacing. For bubbles the p = [0, 2] paring and for droplet
first the p = [0,3] and further in backscatter the p = [0, 2] pairing dominate in the backscatter
regime. It was shown that the polarisation has a significant impact on the visibility of fringes. A
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validation experiment confirmed the feasibility of backscatter IPI. The method can be used for any
real valued refractive index.

RQ2 addressed how uncertainties and limitations shift in side- and backscatter compared to front-
scatter. Variations in the scattering angle and the resulting changes in glare point spacing affect
fringe frequency, thereby altering the measurable size range and associated uncertainty. The abil-
ity to control this size range via the scattering angle is a key insight with implications beyond
backscatter measurements. The fringe intensity also varies with the scattering angle, influencing
the SNR. Small changes in the scattering angle can cause intensity fluctuations, introducing an in-
plane position dependence in measurement uncertainty, which typically not occurs in front-scatter.
The generally lower SNR in backscatter necessitates more advanced post-processing techniques
and a carefully considered experimental design. The selection of an appropriate scattering angle
is particularly challenging in the case of droplets, as it requires accounting for visibility, intensity,
polarisation, and additional phenomena such as rainbow angles. In contrast, bubbles involve less
complex optical phenomena, and thus the choice of scattering angle demands comparatively less
meticulous consideration.

RQ3 explored how an inverse problem approach improves particle position and size estimation.
Notably, it decouples the diameter from the depth estimation, enabling accurate sizing in 3D
volumes. The method combines IPI and DPTV, thereby allowing for simultaneous 3D position
and size determination in a unified approach. The IP approach performs at least as good as current
benchmarks on real data, and results on synthetic data suggest a considerable increase in both
position and size estimation accuracy. The method has also shown robustness against aliasing and
noise. Another major improvement is its resistance to PI overlap, a key limitation in conventional
IPI and DPTV methods. The approach can also be applied to position determination alone for
tracers by omitting the size parameter. Its primary limitations include a high computational
cost, which currently precludes real-time applications, and a strong dependence on near-complete
initialisation for optimal performance. Additionally, deviations in the aperture shape can introduce
inaccuracies in depth estimation. For full images containing multiple particles, the approach also
showed reduced accuracy under poor initialisation. However, even poor initial guesses were still
improved by the method.

RQ4 investigated whether CNNs can reliably distinguish between tracer particles and bubbles or
droplets in two-phase DPTV for DTPFs. The proposed method uses a pattern based distinction
of defocused PIs. The two networks tested achieved high accuracy (95-100%) in phase distinction,
which remained consistent generalising across different datasets. While maximum recall varied
more significantly (67-100%), precision remained high, resulting in few or no ghost particles. These
results demonstrate that CNNs can reliably distinguish phases, enabling two-phase DPTV using
post-processing alone, without the need for additional equipment. Although phase distinction
using CNNs is highly reliable, wavelength-based separation may offer even greater accuracy but
requires extra equipment. The CNN-based method also demands more computational resources.
Notably, the networks exhibited a false positive class bias towards the dispersed phase, indicating
that training data and loss functions must be carefully adjusted.

A method was also introduced to generate experiment-specific training data from unlabelled images,
reducing the need for manual labelling. This enables the creation of larger, more suitable datasets
for high-capacity models, in the context of DPTV and IPI. However, the approach requires a larger

initial setup effort and expertise in machine learning.

RQ5 focused on quantifying expected PI overlap in DPTV and IPI based on experimental param-
eters. Robust measures were developed for both first- and higher-degree overlaps, with the seeding
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density S (defined as the ratio of total PI area to image area) confirmed as a reliable scaling pa-
rameter. A statistical model was introduced to estimate key overlap characteristics, including the
fraction of non-overlapping PIs, the expected degree of overlap clusters, and the non-overlapped
PI area. The derived scaling laws are non-dimensional and thus applicable to any experimental
setup. This model helps define operational limits for reliable data acquisition. While the model
holds for polydisperse particle sizes and weak astigmatism, its applicability to strong astigmatism

remains uncertain.

With the main research objective divided into five subsidiary research questions, Fig. 7.1 illustrates
how these questions are interconnected. Chapter 3 introduced a method to render IPI in backscat-
ter configurations viable, akin to DPTV. This enables the combined use of DPTV and IPI for
simultaneous three-dimensional position and size determination. However, due to the inherently
lower SNR in backscatter, IPI requires more advanced evaluation techniques. This challenge is
addressed in Chapter 4, where the developed IP approach demonstrates strong resistance to noise,
even when applied to experimental images presented in Chapter 3.
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Figure 7.1: Overview of the measurement framework for DTPFs in optically constrained environments. A CNN
is used for the initial detection and phase separation. The BBs outputted by the CNN are used to
initialise the IP approach. Once the IP approach converges, the final particle positions and sizes are
derived from the updated input vector. The contributions of each chapter are indicated in grey within
the schematic. Modified figure adapted from [SGK25].

When combining IPI and DPTV in backscatter, several issues must be resolved: the sizing of three-
dimensionally distributed particles, simultaneous position determination, and PI overlap. The IP
approach offers improvements in all these areas. The primary limitation of backscatter measure-
ments lies in the low SNR. The IP method mitigates this constraint, as its resistance to aliasing
permits measurements closer to the focal plane, thereby allowing to significantly enhance the SNR,
of the raw data. Nevertheless, the IP approach requires initialisation, which can be provided by
CNNs, as employed in Chapter 5 and in previous studies [48, SDLK23, 223, 159]. Although the
CNNs in Chapter 5 did not achieve the recall rates necessary for the near-complete initialisation
demanded by the IP method, other studies have demonstrated that such high recall values are
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attainable [48, SDLK23|, particularly when CNNs are trained for a specific experimental setup.
However, obtaining training data tailored to a specific experiment is often challenging, typically
requiring extensive manual labelling or synthetic data that may lack sufficient specificity. Chap-
ter 5 addresses this issue by introducing the auto-labelling method. The IP approach described
in Chapter 4 can be extended to two types of particles: tracers and bubbles or droplets. To en-
able this, the input vector must be expanded, as shown in Fig. 7.1. This expanded input vector
necessitates not only position initialisation but also prior classification, which is addressed by the
two-phase DPTV approach using CNNs in Chapter 5. Finally, CNNs used to initialise the TP
approach operate effectively only within certain ranges of PI overlap [14, 48, SDLK23]. To ensure
these limits are not exceeded, the scaling laws for PI overlap derived in Chapter 6 can be applied.

Practical Implications and Broader Impact

Combined, this thesis provides the foundational building blocks necessary to enable simultaneous
3D position determination of tracers and dispersed phase particles, along with sizing of the dis-
persed phase, in optically restricted environments. Deriving these metrics concurrently allows for
the measurement of instationary flows and yields more holistic data compared to separate measure-
ments. The ability to obtain such data despite optical limitations facilitates in-situ measurements
in real industrial applications. Moreover, it enables the extraction of information, such as slip ve-
locities, that would otherwise be difficult to access. As these techniques build upon standard PIV
imaging equipment, they are broadly applicable in most laboratories and do not require specialised
or costly apparatus, thus making advanced flow investigations more accessible on a limited budget.

While the combined approach opens new avenues for broader applications, the insights from in-
dividual chapters also have wider relevance. The finding that the measurable size range and
uncertainties in IPI can be actively controlled by adjusting the scattering angle broadens the scope
of potential applications. This enables the measurement of smaller particles and the tuning of
uncertainties based on physical constraints - particularly useful for studying satellite droplets in
breakup processes or minute bubbles near nucleation. The IP approach permits higher seeding
densities in both IPI and DPTV, enhancing the spatial resolution of velocity vectors in DPTV.
This qualification for higher seeding densities addresses one of the main drawbacks of the DPTV
method. Increased seeding density in IPI enables the study of denser particle swarms, previously
inaccessible to IPI. This is particularly valuable for investigating sprays or dense bubble swarms.
Performing IPT in 3D also allows for more comprehensive size distribution measurements compared
to planar techniques, which do not capture out-of-plane phenomena. While the IP approach can
increase the seeding density in IPI, this is only feasible to a certain extent. As the seeding density
rises, multi-particle scattering emerges as a new limitation, one not previously encountered, as PI
overlap would have prevented seeding densities susceptible to this effect. Finally, the development
of scaling laws for PI overlap provides practical guidance for any defocusing-based technique. This
approach bridges the gap between algorithmic limitations and experimental design, enabling seed-
ing densities to be increased up to known algorithmic thresholds without reliance on guesswork.
It facilitates the targeted use of higher source densities, thereby maximising the achievable spa-
tial resolution of velocity vectors in DPTV. It also helps determine the maximum usable PI sizes,
which enhances the accuracy of depth position estimation by enabling the identification of optimal
defocus sensitivities, and it improves the reliability of particle size evaluation in IPI. Overall, this
enables the potential of the evaluation algorithms to be more fully utilised.
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Outlook and Direction of Future Work

Building upon the methods developed and insights derived in this thesis, future research can
progress in several directions. A logical and technically feasible next step involves the integration
of CNNs for two-phase DPTV with the IP approach. This integration would enable the realisation
of the conceptual framework proposed in this work. The combination is straightforward, as the BBs
generated by the CNNs can be directly utilised as input for the IP method. The only requirement is
that the input vector distinguishes between tracers (zp,yp, zp) and dispersed phase particles such
as bubbles or droplets (zp,yp, zp,dp), as illustrated in Fig.7.1. This combined approach could
be validated analogously to the methodology presented in Chapter4. However, it is essential to
ensure that the intensity of tracers is approximately equal to that of the dispersed phase particles
to avoid detection bias. Furthermore, the optimisation vector within the IP framework may be
skewed towards brighter particles. To mitigate this, careful selection of scattering angles and tracer
types is required, guided by intensity plots as demonstrated in Chapter 3.

Given that backscatter IPI is predominantly constrained by low SNR, future research should pri-
oritise the development of noise-resilient PI detection and evaluation techniques. Although the IP
approach exhibits robustness to noise, it remains dependent on accurate PI detection. The most
straight forward approach to improve the PI detection and evaluation is improved background sub-
traction. One potential solution involves the application of neural networks for image denoising,
which could be employed to generate initial region proposals for PI detection. Such networks may
be trained end-to-end on unlabelled data by synthetically introducing various types of noise (e.g.,
Gaussian noise, salt-and-pepper noise) into raw experimental images. Promising architectures for
this task include denoising auto encoders [205], CNNs, and GANs. Furthermore, enhancing im-
age quality prior to the PI evaluation should include background subtraction using pre-recorded
background images, as well as the application of adaptive filtering techniques.

The scaling laws for PI overlap derived in this thesis are currently valid only for low degrees of
astigmatism. Extending these models to accommodate stronger astigmatism represents a valuable
direction for future work. Within the existing framework, astigmatism can be incorporated by
simulating ellipses rather than circles. Due to the optical characteristics of cylindrical lenses, only
the ratio of the principal axes, rather than their orientation, would constitute an additional degree
of freedom. This theoretical extension is relatively straightforward, and computational cost is
not a limiting factor at a resolution of Ny = 400. Nevertheless, the increased complexity would
necessitate a significantly larger volume of labelled experimental data for validation. Successfully
extending the scaling laws to include astigmatism would substantially broaden their applicability,
particularly in the context of APTV measurements.

Further development of two-phase DPTV using CNNs also presents a promising research direction.
Recent studies [14, 48, SDLK23, 159, 223| have demonstrated the efficacy of CNNs in PI detection
and their capacity to achieve high recall rates. The auto-labelling approach introduced in Chap-
ter 5 could be leveraged to generate larger, experiment-specific datasets. This would facilitate the
use of more complex CNN architectures, potentially enhancing both detection and classification
performance. To support this advancement, it may be beneficial to develop and disseminate the
auto-labelling code, thereby enabling broader adoption.

Another advancement would be for authors to share their labelled experimental data, enabling
the DPTV and APTV community to build large and diverse training sets. Such datasets would
further advance PI detection but would require a coordinated effort. While this would involve an
initial investment of effort, it would benefit the community in the long term, as the acquisition of
training data remains one of the primary hurdles limiting the broader use of CNNs in this field.
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In summary, this thesis lays the foundation for a framework enabling in-situ diagnostics of DTPFs
in environments where conventional measurement techniques are inadequate. Several novel con-
cepts have been introduced to address key trade-offs typically encountered in complex measurement
scenarios. These developments support the acquisition of more accurate data and open access to
measurements that were previously unattainable due to equipment limitations. The methodologies
presented herein facilitate more detailed experimental investigations of DTPFs, thereby contribut-
ing to a deeper theoretical understanding of the underlying physical processes and supporting the
advancement of more efficient and sustainable technologies.
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DSE
DTPF
EIT
FC
FFT
FM
FN
FOV
FP

One-Dimensional

Two-Dimensional

Two-Dimensional Two-Components
Three components

Three-Dimensional

Three-Dimensional Three-Components
Adaptive Moment estimation
Alexander’s Dark Band

Average Precision

Astigmatism Particle Tracking Velocimetry

Bounding Box

Class Accuracy

Charge-Coupled Device
Convolutional Neural Network
Cross Stage Partial
Di-Ethyl-Hexyl Sebacat
Defocusing Particle Tracking Velocimetry
Debye Series Expansion
Dispersed Two-Phase Flow
Electrical Impedance Tomography
Fully Connected

Fast Fourier Transform

Forward Model

False Negative

Field of View

False Positive
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Acronyms and symbols

FPN Feature Pyramid Network

FRA Free Remaining Area

GAN Generative Adversarial Network
GO Geometrical Optics

GP Glare Point

GPI Glare Point Image

GT Ground Truth

ILIDS Interferometric Laser Imaging for Droplet Sizing
IP Inverse Problem

IPI Interferometric Particle Imaging
loA Intersection over Area

loM Intersection over Minimum

loU Intersection Over Union

LDV Laser Doppler Velocimetry
LIDAR Light Detection and Ranging
LIF Laser-Induced Fluorescence
LMT Lorenz-Mie Theory

MLP Multi-Layer Perceptron

MRI Magnetic Resonance Imaging

MS-COCO  Microsoft Common Objects in Context (dataset)

MSE Mean Squared Error

OoCT Optical Coherence Tomography
OLR Overlap Ratio

PANet Path Aggregation Network
PDF Probability Density Function
Pl Particle Image

PIV Particle Image Velocimetry
PTV Particle Tracking Velocimetry
pX Pixels

R-CNN Region Based Convolutional Neural Network
RelLU Rectified Linear unit

RGB Red Green Blue

Rol Region of Interest
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Acronyms and symbols

RPN
RQ
RTM
SGD
SGDM
SNR
SPP
SSIM
Stk
TAP
TCA
TE
™
TN
TP
UPDV
YOLO

Region Proposal Network

Research Question

Ray Transfer Matrix

Stochastic Gradient Descent

Stochastic Gradient Descent with momentum
Signal-to-Noise Ratio

Spatial Pyramid Pooling

Structural Similarity Index

Stokes number

Truncated Average Precision

Total Covered Area

Transverse Electric (perpendicular polarisation)
Transverse Magnetic (parallel polarisation)
True Negative

True Positive

Ultrasonic Pulsed Doppler Velocimetry

You Only Look Once

Latin letter -Upper case

A
ATV
Acp
Apr
Aimage
Atot
B
BV
Btot
oo
o
Cy
Ctot
DY

first upper entry of the RTM M"Y from the particle to the principal plane
first upper entry of the RTM M"Y from the principal plane to the image plane
complex amplitude of of a wave along the particles projection

particle image area

image area

first upper entry in the RTM

second upper entry of the RTM M"Y from the particle to the principal plane
second entry of the RTM M"Y from the principal plane to the image plane
second upper entry in the RTM

first lower entry of the RTM M;"" from the particle to the principal plane

first lower entry of the RTM M"Y from the principal plane to the image plane
01 class

first lower entry in the RTM

second lower entry of the RTM M"Y from the particle to the principal plane
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Acronyms and symbols

D3Y
Dy
D,
DPP
Dtot
K,
F

Go
G
Go
Ga,gp
Gp
GP pos

Gobs

7(®)

Isc
Inie
Ip;
Lgp
L¢
Leg
Lp
Lg
Lyse

Lmultitask

L1
M,y
M,
Mg

M i
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second lower entry of the RTM M"Y from the principal plane to the image plane
used as abbreviation term for the Riccati-Bessel function
aperture diameter

peak to peak distance

second lower entry in the RTM

complex coefficient

fringe frequency

complex field of a wave in a plane

complex field of a wave in the source plane

complex field of a wave in the principal plane

complex field of a wave in the image plane

complex field of a glare point in the image plane
complex field of a particle image

complex field of a particle image with suppressed interference
observed field in the image plane, i.e. the recorded image
Hyperparameters

absolute intensity

absolute intensity of scattering order p

background intensity

absolute intensity computed by the LMT

intensity of the particle image

bounding box loss

class loss

cross entropy loss

discriminator loss

generator loss

mean squared error loss

multi-task loss

L1 loss

ray transfer matrix from particle to the principal plane
ray transfer matrix from the principal plane to the image plane
magnification

ray transfer matrix for an interface with the direction of travel from medium i to j



Acronyms and symbols

Miens ray transfer matrix for a lens

M, ray transfer matrix for propagation in medium i

Mot ray transfer matrix

N number

N¢ number of classes

NuooL number of particle images without overlap

Not, number of particle image overlaps

Np number of particles

Ng number of stripes

Npx number of pixels

Qr complex coefficient

RU reflection coefficient from medium one back to medium one

R?? reflection coefficient from medium two back to medium two

Rio reflection coefficient with the index one denoting the TE and index two the TM
mode

Ry radius of a curved interface

S1 complex amplitude of the scattered wave in TE mode

So complex amplitude of the scattered wave in TM mode

Sap complex amplitude of a glare point

T(&,n) transmission function of the aperture

T2 transmission coefficient from medium one into medium two

72! transmission coefficient from medium two into medium one

T12 transmission coefficient with the index one denoting the TE and index two the TM
mode

U scalar field of a wave

1% visibility

Ve first condition of the visibility

Voo second condition of the visibility

{X,Y,Z} coordinate system

D discriminator

g generator

Mircle circle mask

Momb combined circle mask
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Acronyms and symbols

Se

mismatch functional
recall

seeding density
precision

sensitivity of the glare point spacing

Latin letter - Lower case

(u,v)
(1‘2, Y2, 2’2)

(&n)

dc
dp1

dp

ni
UP)

Na

160

pixel coordinates

point in the image plane

coordinates in the principal plane

activation function of a neuron

Mie coefficients

bias term of a neuron

constant

distance between circle centres

particle image diameter

particle diameter

distance from the slit to the screen in z-direction in Young’s fringe experiment
Euler number

generic function

aperture f-number (focal length divided by the aperture diameter)
focal length of a lens

hidden layer block, hidden filter kernel for a convolutional layer
imaginary number (i = v/—1)

used as index

effective optical length a wave travels at a particle
characteristic length scale

relative refractive index

refractive index

refractive index of the inside of a particle

refractive index of the surrounding medium

refractive index of air

refractive index of glass



Acronyms and symbols

Nw

bc

TP1

S0

tr
tp

Uc

rap
Tp
ITP1
Tnoise
Tray
Treal
Tsize
yap
yp

Ypr1

eff

defoc
2T2P

foc
212P

<P

refractive index of water

scattering order

probability of a class

constant

particle image radius

distance imaging optics to focal plane
time

response time fluid

response time particle

characteristic velocity of fluid

relative coordinate of glare point on the sphere projection

relative coordinate of glare point of order p on the sphere projection

absolute coordinate of glare point in meter

absolute position of a glare point of order p in meter
relative x-coordinate of glare point on the sphere projection
relative y-coordinate of glare point on the sphere projection
x-position of a glare point in the image

x-position of a particle

z-position of a particle image

latent noise vector

distance of a ray to the optical axis

set of real data

dimensionless size parameter of sphere

y-position of a glare point in the image

y-position of a particle

y-position of a particle image

generic argument

effective optical distance (distance divided by the refractive index)

distance from the focused image plane to the principal plane for a particle outside

of the object side focal plane

distance from the focused image plane to the principal plane for a particle in the

object side focal plane

particles distance to the focal plane in z-direction
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Acronyms and symbols

ZpoF distance from the principal plane to the focal plane

ZP Jens distance from the particle to the lens / principal plane along the z axis
Za length in air

Zaperture z position of the aperture from the particle

Zg length in glass

Zim distance from the lens to the camera chip

Zobj object side distance from the lens to the particle

Zray z-position of a ray along the optical axis

Zw length in water

l used as an index

Lstop stopping index for the order of partial waves in the LMT

Greek letters - Upper case

Agp relative glare point distance in w coordinates

AEm erroneous relative glare point distance in w coordinates
A%}gs absolute glare point distance in meter

Qpy set of pixels belonging to a particle image

Greek letters - Lower case

(& m) coordinate system in the principal plane
QAP opening angle of the aperture

Bi angle of incidence

Bi.B angle of incidence at the Brewster condition
B reflected angle

Bt angle of transmission

K wave number

A wavelength of light

Ao wavelength of light in vacuum

1 mean

P absolute viscosity of fluid

Dray angle of a ray to the optical axis

Y1 parameter vector for multiple particles in an image
Pp parameter vector of a single particle
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Acronyms and symbols

PP

o

0tot

physical density of a particle
standard deviation

scattering angle

scattering angle at the middle of the particle (w = 0)

total deflection angle
phase of a wave
3D vector

weight of a neuron

Mathematical operators

a(...)
R{...}
d(...)

derivative w.r.t. the argument
transposed vector

index used in sums or products
average

intersection

union

difference

ground truth

imaginary part

Fourier transform

2D Fourier transform

Laplace operator

partial derivative

real part

differential element

normalised cross-correlation

Special functions

indicator function

Dirac function

Riccati-Bessel functions of third kind and order ¢

Hankel function of order ¢

spherical Bessel function of first kind and order /

163



Acronyms and symbols

Ve(2) spherical Bessel function of second kind and order ¢
Pe(j ) associated Legendre polynomial of order j and degree ¢
Iy, ¢ Mie angular functions
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Flow patterns in a vertical pipe. The flow patterns are also marked by whether

they classify as a disperse or partially disperse partially continuous two-phase flow.

Figure based on [21]. . . . . . . . . L 9
Flow patterns in a horizontal pipe. The flow patterns are marked by whether they

classify as a disperse, partially disperse partially continuous or continuous

two-phase flow. Figure based on [21]. . . . . . . . . ... .o o oL 10
Defocusing approach visualised. Shown are two particles, one closer to the focal

plane (blue) resulting in a small defocus circle and a particle further away from the

focal plane (red) resulting in a larger defocus circle. The image plane (i.e. the

camera chip) and the (object side) focal plane are shown. Additionally, is the

image side focal plane shown, which is the plane at which the defocused particle

would be imaged in focus. A 3D close-up on how the defocused particle image

changes between the image side focal plane and the actual image plane is shown.

Modified figure based on [113]. . . . . . . . . . ... 14
"Working Principle of DPTV visualised. As the particle moves away from the focal

plane the particle image visible on the image plane becomes defocused and the

diameter of the PI increases."[SGK25]|. Figure from [SGK25] . . . ... ... ... .. 15
Resolution of a flow field, based on the number of particles in the fluid visualised.

A flow field of a vortex is shown as an example. The left image contains Np = 20

particles and the right image contains 60 particles. The effect of defocusing and

the seeding density on the particle image overlap is shown. . . . . . . . ... ... .. 16
Light scattering on a spherical particle as visualised by the geometrical optics

model. The relationship between glare points and the scattering angle 6 is

illustrated. The scattering of the dominant light rays is indicated on the blue

spheres. The positions of the glare points, as they would appear to an observer at

the angle 0, can be seen on the black spheres. Figure adapted from [SDK25]. . . . . . 19
"A bubble m < 1 (left) and a droplet m > 1 (rigth) are shown. Depicted are the

reflected ray p = 0 (o) and the first three orders of refracted rays p =1 (o), p = 2

(e), and p = 3 (+). The position of the glare point on the sphere’s surface is

indicated by the w coordinate. Note that the light is monochromatic and the

colours encode the scattering order."[SDK25|. Figure adapted from [SDK25] . . . . . 19
"(a) Light paths of the p = 0 and p = 1 rays through the particle using the GO

model to determine the position of the glare point, on the example of a droplet.

The working principle of IPI is visualized in (b). From the observation angle 0, two

glare points are visible on the particle surface, when imaged in focus. The images

of the glare points begin to overlap and form an interference pattern as they move

away from the focal plane. They eventually collapse into a single circle at a

sufficient distance from the focal plane. In addition, the analogy of the glare point

spacing (particle size) in IPI to a double slit in Young’s fringe experiment [73] is

visualized ((b) top). The intensity maxima are depicted as dark stripes for better

visibility (inverted intensity)."[SDK25]. Figure adapted from [SDK25].. . . . . . . .. 20
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2.9
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2.11
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2.13

2.14

2.15

2.16

2.17

2.18
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3.1

3.2
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A light ray (scattering order p = 1) interacting with a sphere of refractive index n;

in a surrounding of refractive index ny (left). At every interaction of the ray with

the interface is a part of the ray transmitted and a part reflected. The

transmission and reflection coefficients at each interaction with an interface are
shown, with e.g. T'? denoting a transmission from medium one (n;) to medium

two (n2) and R'! denoting a reflection from medium one back to medium one. The
different light intensity that is observed based on the scattering angle is visualised

in the second figure (right). . . . . . . . . ...
Mie angular functions II,;(0) (top) and 7,(0) (bottom) visualised for the partial

waves of order £ =2,..,6. . . . . . . . e
Logarithmic intensity of light scattered by an air bubble in water over the

scattering angle 6, according to the Mie solution. The depicted bubble has a
diameter dp = 20 um, ny = 1, ny = 1.333 and the light has a wavelength of
A=532nm,(m = 1/1.333, Zgize =314.9). . . . . .
Logarithmic intensity of light scattered by an air bubble in water over the

scattering angle 6. The intensity of the first three scattering orders (p = 0,1,2) in
TM-mode, according to the DSE of the LMT are shown. All intensities are scaled
identically to visualise the intensity loss of higher scattering orders. The depicted
bubble has a diameter dp = 20 um, n; = 1, no = 1.333 and the light has a

wavelength of A = 532nm,(m = 1/1.333, Zgipe =314.9). . . . . ... .o
Notation for the ray transfer matrix system visualised. A ray is characterised by

its distance and it’s angle to the optical axis . . . . . . . . . ... ... ...
Schematic structure of a fully connected feed forward neural network. There is an
input layer x;, two hidden layers h; and an output layer y;. Figure adapted from [172]
Schematic structure of a neuron in a neural network. The neuron receives inputs x;
which are weighted by the trainable weights w;. Each input is weighted and then
summed up and a bias b is added. The results is then fed through an activation
function a(z) to produce the final output of the neuron y. Figure adapted from [172].
Spatial convolution visualised: A 3 x 3 kernel (gray cells) is moved over a 5 x 5

input (green cells) with padding (white cells). The kernel moves with a stride of

one producing a 5 x 5 output (blue cells). Figure adapted from [49]. . . . . . . . . ..
Simple architecture of a CNN classifier. An input image is processed using a
convolutional layer with multiple filters. The network used multiple convolutional
layers, decreasing in size but increasing in depth, increasing the level of abstraction

of features. The final feature vector is flattened and processed by a two fully
connected layers to perform the classification taks. Figure adapted from [130] . . . . .
Residual block: The output form a previous layer is added to the output of the
current layer. Figure adapted from [72] . . . . .. ... ..o o L.
Structure of Faster R-CNN: The backbone, the RPN and the detection head are
marked, as well as their tasks are pointed out. Modified figure from [30]. . . . . . ..

The relationship between glare point distance and the resulting interference

patterns is visualised. As the glare point distance increases, the fringe frequency
correspondingly increases. While the angular frequency remains constant along the
z-axis, the interference pattern progressively spreads out with increasing distance
from the focal plane. . . . . . . . . .
"The concept of visibility and the two conditions are visualized in an example at a
single scattering angle. Shown is the intensity over the projected particle surface as
determined by the LMT (middle) and the decomposition into individual scattering
orders with the Debye-Series expansion (left, right). The glare points are the peaks

of intensity."[SDK25|. Figure from [SDK25]. . . . . .. ... ... ... ... ... ...
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3.3

3.4

3.5

3.6

3.7

3.8

3.9

"The complex amplitude S5 of each scattering order is plotted over all scattering
angles. Depicted are the Debye plots for (a) a water droplet in air

(m =1.3334+1i1.82E — 09, A = 532 pm, d, = 250 pm, = Zgj,e = 1476.3) and (b) an
air bubble in water (m = 1/1.333 +1, A = 532 pm, d, = 250 pm, = T4, = 1967.9).
The visibility criteria are visualized: Scattering angles satisfying both criteria are
marked green (e), whereas angles only matching the first condition but not the

second one are marked red (e)."[SDK25]. Figure from [SDK25] . . . .. ... ... ..

"Visibility over the scattering angle for a water droplet in air

(m =1.333+11.82-107%, A =532 pm, d;, = 250 pm, = Tgj,e = 1476.3) in (a) TE-
(V1) and (b) TM-mode (V3), and for an air bubble in water (m = 1/1.333 +1i,

A =532pum, dp, = 250 pm, = zg,e = 1967.9) in (¢) TE- (V1) and (d) TM-mode
(Va). A sufficient scattering angle for IPI is given whenever the visibility plot has a
value close to one. The glare points parings (0,1), (0,2), (0,3) and (1,2) are shown.
In addition, the rainbow angles of the p = 2 and p = 3 scattering orders and
Alexander’s dark band (ADB) are marked in (a) and (b). The Brewster angle is

marked in (d)."[SDK25]. Figure from [SDK25] . . . . . ... ... ... ... ... ..

"Intensity over the particle surface (the glare points are the peaks): The scattering
intensity Agp(w) is plotted over the particle surface w for a water droplet in air
(dp = 250 pm, A = 532nm, = Zg,e = 1476.3 and m = 1.333 +i1.82 - 10_9). The
scattering uncertainty Af = 3.7° was chosen based on the optical system used for
the validation experiment. The scattering angle 6y around which Agp(w) was
calculated is shown at the top of each plot. The intensities of the scattering orders
p=0(e),p=1(e),p=2(e) and p=3 (), as well as the integral intensity of all
scattering orders (Mie-intensity) (e) are shown. Unless indicated all plots are on

the same intensity scale."[SDK25|. Figure from [SDK25] . . ... .. ... ... ...

"Intensity over the particle surface (the glare points are the peaks): The scattering
intensity (Agp(w)) is plotted over the particle surface w for an air bubble in water
(dp = 250 pm, A = 532nm, = Tg,e = 1967.9 and m = 1.333 +i1.82 - 107?). The
scattering uncertainty Af = 3.7 was chosen based on the optical system used for
the validation experiment. The scattering angle 6, around which Agp(w) was
calculated is shown at the top of each plot. The intensities of the scattering orders
p=0(e),p=1(e),p=2 (o) and p=3 (-), as well as the integral intensity of all
scattering orders (Mie-intensity) (e) are shown. Unless indicated all plots are on

the same intensity scale."[SDK25]. Figure from [SDK25] . . ... ... ... ... ..

"Glare point maps: Glare point position w over the scattering angle visualized for
the reflected and first three orders of refracted light rays for a droplet (a) and and
a bubble (b). For the droplet in (a), the rainbow angles and ADB are marked. For
the bubble in (b) it is shown how to measure the glare point spacing from the

plots."[SDK25]. Figure from [SDK25] . . . . . . . . .. .. ...

"Interrelationship between intensity, scattering angle 6 and glare point position w.
Glare point plots represent vertical slices placed on the glare point maps

(horizontal slice)."[SDK25|. Figure from [SDK25] . .. .. ... ... ... ......

"The optical system of the validation experiment is shown. Depicted are a
schematic principle of the experimental setup (a) and an image of the real
experimental setup (b). A schematic close-up of the bubble generator (cathode)
and the field of view (FOV) relative to the tip of the cathode-hook are shown (c).
The physical model for the optical path from the bubble to the camera is shown up

in a close-up (c)"[SDK25]. Modified figure from [SDK25] . . . .. .. ... ... ...
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3.10
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3.12

3.13

3.14

4.1

168

"Experimental results of the validation experiment. Raw images from the

validation experiment are shown in (a). For the image at 45°, a secondary

frequency can be observed, which is the result of a third glare point (p = 2) in the
TE-mode. It can be seen that the particles visually become less distinct from the
background and the intensity decreases in the backscatter region. The determined
distribution functions for all investigated scattering angles 45°,99°,116°,122°,135°

and 154° (angle in water at the bubble) are plotted in (b). The number of particles

in each PDF is shown above the graph. The scattering angle of 45° the PDF was

evaluated with Eqs. (2.11) (45°S) and (3.4) (45°). The smallest measurable bubble
diameter for § = 45° was reached and is marked with d2%, . The PI brightness in

the raw images (a) is lower at higher scattering angles, as the overall intensity of

the interference pattern is reduced. This can be observed by comparing the

intensity in Fig.,3.12."[SDK25]. Modified figure from [SDK25] . . ... ... ... .. 60
"Figure (a) shows the different kernels used to average the signal along the maxima

of the interference patterns and the resulting signal across the PI. The intensity in

(a)(top) is inverted for better visibility. The peak-to-peak distance between the

maxima of the interference pattern over the radius (0 = 45°) is shown in (b).

Figure (c¢) shows the relative error (for an uncertainty of 1px) in the measurement

of the peak-to-peak distance over the particle diameter for different scattering

angles (for the setup used in the validation experiment). In addition, the upper and

lower limits of the measurable particle diameters at each scattering angle can be
determined from the respective ends of the error lines."[SDK25|. Figure from [SDK25] 62
"Peak intensity of the interference pattern for a water droplet in air

(m =1.333+1i1.82-107%, A =532 m, d,, = 250 pm, = Zgj,e = 1476.3) in (a) TE-

and (b) TM-mode, and an air bubble in water (m = 1/1.333 410, A = 532 pm,

dp =250 pm, = Tgjze = 1967.9) in (c) TE- and (d) TM-mode."[SDK25]. Figure

from [SDK25] . . . . . . 64
"The signal strength (mean intensity of the maxima in every PI) over the

background intensity for the images used in the validation experiment. The values
correspond to the images shown in Fig.3.10a. It can be seen that the particles

gradually become less distinct from the background and the intensity decreases

from the front- over the side- into the backscatter region."[SDK25|. Figure from [SDK25| 65
"Glare point spacing Agp(g) over the scattering angle for droplets (m = 1.333) (a)

and bubbles (m = 1/1.333) (b). The lines are colour coded to indicate the glare

point spacing. Only the glare point spacing of the glare point paring dominant at

the scattering angle is shown."[SDK25]. Figure from [SDK25] . . ... ... ... .. 66

"Scattering model (left) and its integration into the propagation model (right)

visualised. Incident light is scattered at the particle. The scattering orders p = 0

and p = 2 and the position of the GPs wy and wsy are shown. The distance

travelled from the incident plane to the object plane is in the surrounding medium

lous Or inside the particle lcoorq. The GPs are then modelled as point emitters in

the source plane. The length [, allows both GPs to be modelled in the same
plane."[SGK25]. Figure from [SGK25]. . . . . .. ... ... ... ... ... 71
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"Propagation model and the incorporation of the scattering model visualised. Two

particles (double emitters) are shown in a simple optical system consisting of a

single lens with an aperture. The GPs of each particle are located in their

respective source plane, which has a distance of zp from the focal plane of the

optical system. The field in the source plane is Gy. The lens and aperture are

located in the principal plane. The field G; in the principal plane is clipped by the
aperture function 7. The cropped field G;T then propagates to the image plane to

form the field G2 which is the final image seen by the camera Gimage = |G2|. Also

shown are the coordinates of a particle in the source plane (zp,yp) and its

counterpart (xpr, ypr) of the particle image in the image plane."[SGK25|. Modified

figure from [SGK25]. . . . . . . .. 73
"The superposition principle for the construction of a PI from the individual GPIs

is visualised (top). The construction of a full camera image with multiple Pls is

shown in the lower half (bottom)."[SGK25]. Figure from [SGK25| . .. ... ... .. 75
"Gray value intensity distribution of the imaged PI field for different distances zp

from the focal plane as computed with the forward model. For comparison, the

theoretical PI diameter according to the Olsen-Adrian model [146] (o) and the GO

model from Eq. (2.4) (e) are converted to pixels and added to the

diagram."[SGK25|. Figure from [SGK25] . . . . . ... ... ... ... .. ... .. 76
"Optical system of the experiment used to obtain the experimental PIs of the

bubbles. The bubbles are located at a distance zp from the focal plane. The focal

plane is located in a water tank behind a glass wall. The imaging system is a single

lens with an aperture in the principal plane. The camera chip is located in the

image plane. The refractive indices of each part of the optical system are

given."[SGK25|. Figure from [SGK25]. . . . . .. ... ... ... ... ... ... 76
"Experimental (left) and simulated (right) particle images for three different

bubble sizes (top). In the bottom row the signal from averaging the PI along the

stripes of the pattern is shown. Below each graph the used z-position and size of

each bubble is displayed. The uncertainty of the size estimation with the FFT

approach is also displayed. The size of the particle was only varied within a tenth

of the uncertainty of the FFT approach to obtain the simulated image."[SGK25].

Figure from [SGK25] . . . . . . . . ... 7
"Particle images for different particle diameters and distances from the focal plane.

Larger particles require greater distances from the focal plane to be sufficiently

defocused (i.e., the PI resembles a single circle). PIs without interference, as

created with Eq. (4.20), are shown, to visualise the double circle nature of double

emitter PIs (cp. also the blue circles). The images without interference are used to
calculate Pp os. The influence of the particle diameter in combination with the

z-position on the PI shape becomes obvious, when omitting the interference. Also

the effect of aliasing as a function of diameter and z-position can be observed as

marked by the red circle. Recall that aliasing can occur in two ways, where either

the particle becomes larger with accordingly increasing number of fringes or the PI
becomes smaller, such that the remaining Pl-intersection for the fringes
diminishes."[SGK25|. Figure from [SGK25] . . . . . .. ... ... ... ... .... 79
"Scheme of the IP approach in the context of a measurement. First images are

recorded and a detection algorithm (e.g. a CNN) is used to generate BBs. The

BBs are used to initialise ¥p and the IP. In the IP p is fed into the FM to

produce a simulated image. The simulated image is then compared to the observed

image by the mismatch functional, which quantifies the mismatch by a single

value. This value is then minimized (e.g. by a trust-region interior-point

algorithm) until a convergence criterion is reached. The particle field is then

reconstructed from the final iteration of 1)p. The IP is analogue for a single or for

multiple particles."[SGK25]. Modified figure from [SGK25] . . . ... ... ... ... 81
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4.9 "IP approach and FFT for the diameter measurement with known particle position
(zp,yp, zp). Both approaches were given the ground truth particle position and
only the particle diameter was determined. For the simulated observed image, in
(a) the particle z-position was varied with a fixed diameter, and in (b) the particle
diameter at fixed z-position was varied. The red dashed line (---) represents the
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the two test series intersect in parameter space."[SGK25|. Figure from [SGK25]

4.10 "Optimization of the particle z-position with the ground truth of the other particle
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image. The pixel accuracy is shown as the black dashed line, and the micro-meter
accuracy (for the present optical system) as a red dashed line."[SGK25]. Modified
figure from [SGK25] . . . . . . .

4.12 "Real PIs from the bubble experiment [SDK25| (left), the PI from the IP result
(middle) and the image overlay (right) (observed - blue channel; IP - red channel).
Given are the ground truth values 2p, dp (i.e., measurement with conventional
approach) with the measurement uncertainty (left), the values obtained from the
IP approach zp,dp (middle) and the discrepancy of the two methods (right). The
same images as in Fig. 4.6 for the validation of the FM were used. Similar to
Fig. 4.6, the blue line on the right represents the experiment and the orange line,
the reconstruction by the IP."[SGK25]|. Figure from [SGK25] . . . . . ... ... ...

4.13 "Consistency of the IP approach for images with increased noise levels. Images
from the bubble experiment were used and Gaussian noise was added to decrease
the SNR (top). The change of the optimization result of the IP approach for
different noise levels is shown for the z-position (left), the z-position (middle) and
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used."[SGK25] Figure from [SGK25] . . . .. ... ... ... .

4.14 "Probability density functions for the in plane  and y errors (a), the out-of-plane
errors (b) and the diameter estimation error (c¢). For the diameter error also the
FFT approach is plotted as comparison. Similarly to the FFT, the IP approach
was initialised with 1 px uncertainty. Ten images with 20 particles each where
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zp € [1,8 mm. The pixel accuracy is shown as the black dashed line, and the
micro-meter accuracy as a red dashed line. The yellow dashed line in (c) marks the
threshold beyond which outliers are defined."[SGK25]. Figure from [SGK25] . . . ..

4.15 "The z-position (a) and diameter (b) errors over the cumulated Intersection over
area (IoA) of the PIs. The IoA is the intersection area of a PI divided by its area.
The accumulated IoA is the summed IoA of a PI with all other PI overlaps and
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examples show a DEHS tracer from Exp. G2 (left), a water droplet from Exp. T4

(middle) and a Polyamid tracer from Exp. G1 (right)."[SK25b]. Figure from [SK25b]. 98
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applied to the actual two-phase experimental data."[SK25b|. Figure from [SK25b] . . 99
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Two GANSs - one for tracer particles and one for the dispersed phase -
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snippet, a BB is placed over the PI. The image snippets and corresponding BBs are
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from [SK25b|. . . . . o 102
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"Exemplary images from the six test datasets: T1[LSBK24] (a) and T2[115] (b)
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bubbles and tracers."[SK25b|. Figure from [SK25b]. . . . . . ... .. ... ... ... 105
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"Three issues caused by PI overlap: The detection of covered Pls is more difficult

(left). The PI size measurement becomes more challenging and the PI size might

be only estimated due to the PI boundaries being covered (middle). The free

remaining area (FRA) that can be used in IPI becomes small due to PI overlap
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PI in IPL."[SK25a]. Modified figure from [SK25a]. . . . . . . ... .. ... ... ... 120
"A higher degree PI overlap visualized. The gray area is the PI for which the PI
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"Deterministic pixel counting approach by simulating discretized circles. A circle

consists of pixels with a value of one (marked as gray). The overlap areas of each
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A Appendix: Interferometric Particle Imaging in
Front-, Side- and Backscatter

The content of this appendix is based on the article Interferometric Particle Imaging for Particle
Sizing in the Front-, Side-, and Backscatter Region - Towards Single Optical Access IPI by Sax et
al. [SDK25].

A.1 Further Information on the Optical System of the
Validation Experiment

"Eq. (3.4) requires a description of the optical system (Biot, - defocusing component) to calculate
the particle diameter. This section provides more details on the computation of the value of By
in the validation experiment. Three different kinds of matrices were used. The first one is a matrix
for the propagation through free space of length z;.

1 z

M, ; = ’ (A1)
0 1

The next matrix describes the refraction at an interface like a glass wall. The initial refractive

index is n1 and the index after the interface is ny. For a curved wall the radius R > 0 is used to

describe the curvature. For a flat interface R — oo is used.

1 0
MII*}2 = [ ni—no n1 ] (A2)
Ring no

The third required matrix describes a thin lens with focal length fiens.

Miens = [ 11 0 1 (AS)

a flen:;

The optical system comprises of propagation through free space from the bubble to the glass wall
(Mp,w), the interface between the water and the glass (M w—_,), the propagation through the
glass (M, ), the interface between glass and air (M7 g_.a), propagation from the glass wall to the
imaging lens (Mp, »), the changing of the light path at the imaging lens (Miens) and finally the
propagation from the lens onto the camera chip (M, ;m), see Fig.3.9c. The total system is then
computed from

Miot, = My jun Mions Moy 0 Mi g0 Mp g Mi g My . (A4)

"SDK25]
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A Appendix: Interferometric Particle Imaging in Front-, Side- and Backscatter

A.2 Algorithm for the Calculation of Glare Point Maps

"The calculation of the glare point maps (GP-maps) as conducted alongside Eq. (2.13) is based on

0 =2(8% — pp")) = 21k + ¢b (A.5)
and Snell’s law. As mentioned before, ¢ is +1 and k € N is an integer. The values of ¢ and k
remain to be determined, where only one combination of ¢ and k satisfies the equation for a given
refractive index m and scattering order p. A method to determine ¢ and k while computing w(0)
is demonstrated in Algorithm 1, which is based on a selective trial and error approach.

Algorithm 1 work as follows: For a given scattering order p and refractive index m, Eq.(2.13)
is solved indirectly, by inserting values of Bi(p ) — [0,7/2] into the equation and calculating the
resulting values of 6. This is done for every value of ¢ = {—1,1}, k = [0,1,2,..,kn] (for low
scattering orders ky = 5 is sufficient) in a trial and error approach. This results in Nyyjes = 2kn
different arrays for 6 <Bi(p )). The correct values of ¢ and k can be determined by constraints on 6.
The constraints for correct solutions of the equation are R{6} € [0, 7] and I{0} = 0, which is only
satisfied for one pair of values of ¢ and k.

Also, not all values of ﬁi(p) = [0,7/2] result in R{O} € [0,7] and {0} = 0, since the required
conditions for a ﬁi(p )_determination are not given for the full range [0,7/2]. The correct entries
of the Bi(p ) array can be identified by the entries that satisfy the constraints on 6. The truncated
arrays Ooutput and Bousput are defined as the set of values in # and § that satisfy the constraints on

0. The glare point position w of order p is then computed by inserting the values of Boutput and ¢
into Eq. (2.9).

Algorithm 1 returns the two arrays of foutput and wp, and the used values of ¢ and k. The values

of ¢ and k for m > 1 and m < 1 are given for the first four scattering orders p = [0,3] in
Tab A.1."[SDK25]

Table A.1: k and ¢ values for the calculation of ng) and B,Em in Eq.2.13. Table from [SDK25|

p kfor (m >1) g for (m>1) kfor (m<1) ¢ for (m < 1)

0 0 1 0 1
1 0 -1 0 1
2 0 -1 0 -1
3 -1 1 1 1
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A.2 Algorithm for the Calculation of Glare Point Maps

Algorithm 1 Calculation of a line with scattering order p in a GP-map. Algorithm from [SDK25]

Input: p =p; # defines the scattering order
q= [717 1]
k=1[0,1,.., kn] # ky is the number of tries for k&
Bi = linspace(0...7/2, Ngetps) # Nietps defines the resolution of the GP-map
for i in g do

for jin k do
L | 0(.i,5) = a(i)/2- (Bi(:) — p- arccos(1/mcos(Bi(:)) — mk(3))

lig(:),iq, ji] = ind(R{O(:,4,7)} > 0 & R{O(:,4,7)} <7 & I{0(:,4,7)} =0)
# get entries in f;, k and ¢ arrays
Joutput = q(lq) # get correct ¢
koutput = k(]k) # get correct k
Ooutpus (1) = 0(i5(2), g, Jk) # get scattering angles that match w,
wp(:) = q(iq) - cos(Bi(is(:))) # get glare point positions

return qoutput» koutputa 90utput7 wp
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B Appendix: Neural Networks and Training for
Two-Phase DPTV

The content of this appendix is based on the article Pattern-Based Phase-Separation of Tracer
and Dispersed Phase Particles in Two-Phase Defocusing Particle Tracking Velocimetry by Sax et
al. [SK25b].

B.1 GAN Training Configuration and Training Scores

"This section provides further details on the GAN architecture (Tab. B.1) and the GAN training
process (Tab. B.2 and Fig. B.1). The generator network consists of a project and reshape layer that
transforms the latent noise vector, followed by three blocks of transposed convolutional layers, each
with batch normalization and ReLU activation. The final layer is a transposed convolution with
a tanh activation function. The discriminator network begins with a dropout layer at the input,
followed by four convolutional layers with batch normalization and ReLU activation. The final
layer is a convolutional layer with a sigmoid activation function. The generator and discriminator
architectures used in the present work follow the example provided by MATLAB [131]."[SK25D]

Table B.1: "Specifications of the generator (a) and discriminator (b) network in the GAN, used for both the tracer
GAN and the GAN for the dispersed phase. For more information see [131]."[SK25b|. Table from

[SK25b].
Network Project and Reshape Network Dropout
Architecture 3x (Transposed Conv. Architecture Convolution
Batch Normalization ReLu
ReLU) 2x (Convolution
Transposed Conv. Batch Normalization
tanh ReLU)
Convolution
Sigmoid
Dim Latent Input 100 Input Size [64,64,1]
Output Size [64,64,1] Output probability
Filter Size (Conv) 5 Dropout Probability 0.5
Num Filters (Conv) 64 nNmFilters (Conv) 64
Stride (Conv) 2 FilterSize (Conv)
Stride (Conv)
Scale (Leaky ReLu) 0.2
(a) generator (b) discriminator

"The training parameters for the GANs are provided in Tab. B.2 for both the tracer GAN and the
dispersed phase GAN. The GANs were trained using the ADAM optimizer [95]. The generator
and discriminator scores during training are shown in Fig. B.1."[SK25b]
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B Appendix: Neural Networks and Training for Two-Phase DPTV

Table B.2: "Training Specifications for the GAN network. For more information see [131]."[SK25b|. Table from

[SK25b]
Network ‘ GAN (Tracer) ‘ GAN (Dispersed Phase)
solver ADAM ADAM
miniBatchSize 128 128
learnRate 2.0000e-04 2.0000e-04
gradientDecayFactor 0.5000 0.5000
squaredGradientDecayFactor 0.9990 0.9990
labels flipProb 0.3500 0.3500
max Epoch 50 50
Output Epoch 50 28
Output Iteration 11150 6756
data augmentation horizontal flip horizontal flip
vertical flip vertical flip
1 ‘ 1 ‘
——G-Score ——G-Score
0.8 ——D-Score| | 0.8 ——D-Score
J06 “M,m,m evcadoiamtates, 0 w
— —
2,0 ) I
EO 0.4 r HO 0.4 L
0.2 0.2
0 : : 0 : :
0 5000 10000 0 5000 10000
Iteration Iteration
(a) GAN Tracers (b) GAN Tracers

Figure B.1: "Generator score (G-score) and discriminator score (D-score) during the training of the two GANs.
Two GANs were trained: One for the generation of Pls representing tracers (a) and another to
represent particles of the dispersed phase (b). In both cases the D-Score converged to values close to
0.5 indicating that the generator successfully fools the discriminator."[SK25b|. Figure from [SK25b].

B.2 Training Losses and Configuration for the Object
Detection Networks

"The training configuration and the hyperparameters used to train Faster R-CNN and YOLOv4
are presented in Tab. B.3. Both networks were trained using stochastic gradient descent with
momentum. Pre-trained weights from MS-COCO 2018 were used to initialize the training. The
corresponding training losses are shown in Fig. B.2."[SK25b|
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B.3 False Positive Class Bias

Table B.3: "Training settings for Faster R-CNN (ResNet50), Tiny YOLOv4 and YOLOv4 (DarkNet)"[SK25b].
Table from [SK25b].

IoU > 0.5 Faster R-CNN YOLOv4 YOLOv4
ResNet50 CSPDarkNet53-Tiny CSPDarkNet53

parameters (millions) 42 5.8 63.9
optimizer SGDM SGDM SGDM
training iterations 20,000 20,000 20,000
patience (validation checks) none 50 50
validation frequency 50 50 50
output iteration 20,000 10,850 20,000
minibatch size 4 4 4
learning rate « 0.0003 0.001 0.001
learning rate decay none none none
momentum f3 0.9 0.9 0.9
La-regularization none 0.0005 0.0005
data augmentation horizontal flip horizontal flip horizontal flip
vertical flip vertical flip vertical flip
pre-trained MS-COCO2018 MS-COCO2018  MS-COCO2018
102 ‘ ‘ ‘ . 10t : : :
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Figure B.2: "Total training loss of Faster R-CNN (a) and YOLOv4 and tiny YOLOv4 (b)."[SK25b]. Figure from
[SK25b].

B.3 False Positive Class Bias

"For the three object detection networks, Faster R-CNN, YOLOv4, and Tiny YOLOv4, the false
positive class bias was computed and is presented in Fig. B.3. It can be observed that in Exps. 3,
4, 5, and 6, the class bias starts near zero for confidence scores of 0.0001 and approaches -1 as the
confidence score increases to 0.999. This indicates that the networks exhibit increasing confidence
in the dispersed phase and are biased toward this class. In the single-phase experiments containing
only tracers (Exps. 1 and 2), a class bias toward the tracer class is observed."[SK25b]
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Figure B.3: "False positive class biases for Exps. T'1, T2, T3, T4, T5, T6 over the applied confidence score thresh-
old. The black dashed line indicates zero bias. The bias becomes +1 if all FP are predicted to be
tracers and -1 if predicted as dispersed phase."[SK25b|. Figure from [SK25b].
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C Appendix: Particle Image Overlap in Single
Camera Defocusing Approaches without
Astigmatism

The content of this chapter is based on the article On the Particle Image Overlap in Single Camera
Defocusing Approaches by Sax et al. [SK25a].

"The test for statistical convergence of the overlap fraction is shown in Fig. C.1. The mean normal-
ized by the standard deviation of the total covered area (TCA) is plotted for increased dataset size.
It can be seen that a dataset size of 400 images with Np = {10, 20, 30, 40, 50,60} PIs per image is
sufficiently large to observe no changes in the TCA with further increasing dataset size."[SK25a]
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Figure C.1: "Test for statistical convergence by investigating the mean over the standard deviation of the overlap
fraction for increasing dataset size. The z-axis is showing the number of PIs in the dataset. The de-
picted overlap fraction was computed by the discretized direct computation with an image of resolution
400 px. The test were conducted for Np = 10, 20, 30, 40, 50, 60 particles per image (a),(b),(c),(d),(e)
and (f) respectively, and for ten different PI sizes." [SK25a]. Figure from [SK25a).
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