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Abstract: Inmultivariate extreme value analysis, the estimation of the dependence structure
in extremes is demanding, especially in the context of high-dimensional data. Therefore, a
common approach is to reduce the model dimension by considering only the directions in
which extreme values occur. In this paper, we use the concept of sparse regular variation
recently introduced by Meyer and Wintenberger [28] to derive information criteria for
the number of directions in which extreme events occur, such as a Bayesian information
criterion (BIC), a mean-squared error-based information criterion (MSEIC), and a quasi-
Akaike information criterion (QAIC) based on the Gaussian likelihood function. As is
typical in extreme value analysis, a challenging task is the choice of the number &, of
observations used for the estimation. Therefore, for all information criteria, we present a
two-step procedure to estimate both the number of directions of extremes and an optimal
choice of k,. We prove that the AIC of Meyer and Wintenberger [29] and the MSEIC
are inconsistent information criteria for the number of extreme directions whereas the BIC
and the QAIC are consistent information criteria. Finally, the performance of the different
information criteria is compared in a simulation study and applied on wind speed data.
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1. Introduction

Multivariate extreme value statistics analyses the probabilities of joint extreme events in
multivariate data with a wide range of applications, such as finance, insurance, meteorology,
hydrology and, more generally, environmental risks due to the influence of climate change.
This is a challenging task, especially for high-dimensional data, where modern research
combines knowledge from extreme value theory with multivariate statistics and machine
learning.

Multivariate regular variation is a classical concept for modeling multivariate extremes (Falk
[19], Resnick [32, 33]). Suppose X € Rf is a d-dimensional random vector and there exists
an index a > O (tail index) and a measure S on the unit sphere S¢~! == {x e R : ||x|| = 1}
(spectral measure) such that

X X
p(IXl_, X A’ I1X|| > z) S rOS(A), 1 — oo, (1.1)

> r,
t X1

for all » > 0 and all Borel sets A ¢ S¢~! with S(GA) = 0, then X is called multivariate
regularly varying of index a. The spectral measure S contains the information about the
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dependence structure in the extremes of X and therefore a particular goal is the determina-
tion of S. However, in high-dimensional data sets where d is large, this can be challenging
and computationally intensive because the dependence structure in the extremes is usually
complex. In the case of high dimensions, the spectral measure is often sparse and has support
in a lower-dimensional subspace. Therefore, a standard approach from multivariate statis-
tics is to first apply a dimension reduction method to find the support of S and then to
estimate S, which drastically reduces the computational time and the quality of the estima-
tion.

The literature on dimension reduction methods for multivariate extremes using statistical
learning methods has grown rapidly in recent years. Starting with Chautru [8] who first
applies a principal component analysis (PCA) and then a cluster analysis with spherical k-
means to the spectral measure of a multivariate regularly varying random vector to find a
group of variables that are jointly extreme. The reconstruction error of PCA is then analyzed
in Drees and Sabourin [13] and recently, Clémencon, Huet and Sabourin [10] extend the
PCA approach to Hibert-valued regularly varying random objects, whereas Avella-Medina,
Davis and Samorodnitsky [2] use with kernel PCA a nonlinear generalization of PCA. In
addition, Cooley and Thibaud [11], Rohrbeck and Cooley [34] apply a PCA to the tail pairwise
dependence matrix. The unsupervised learning approach of using spherical k-means, a variant
of k-means, for cluster analysis in extreme observations was taken up in Avella Medina,
Davis and Samorodnitsky [1], Bernard et al. [3], Fomichov and Ivanovs [20], Janf3en and
Wan [26]. The topic of this paper is support identification of the spectral measure, and the
related literature is Goix, Sabourin and Clémengon [23], Jalalzai and Leluc [25], Meyer
and Wintenberger [29], Simpson, Wadsworth and Tawn [36]. A completely different line of
research to represent the sparsity structure in multivariate models are graphical models as,
e.g., Engelke and Hitz [15], Engelke and Volgushev [17], Engelke et al. [18], Gissibl and
Kliippelberg [21], Gissibl, Kliippelberg and Lauritzen [22], to name only a few. A very nice
overview of recent advances in probabilistic and statistical aspects of sparse structures in
extremes is given in Engelke and Ivanovs [16].

The support of S can be identified by the disjoint partition of the unit sphere S¢~! into sets
of the form

Cp=fxesSit:x;>0foriepx;=0forigpcst!, pc{l,....d}. (12)

Knowing S(Cp) for all B C {1, ..., d} allows us to draw conclusions about the support of S
and the directions of the extremes. Of course, S(Cg) > 0 implies that the components in the
set 3 are jointly extreme, we have an extreme event in the direction 8. However, the disjoint
partition of S¢~! consists of 2¢ — 1 sets so it is huge for large values of d, and estimating S( Cp)
is non-trivial. On the one hand, Cg = dCp and therefore the interior of Cg is the empty set. Asa
consequence, if S(Cg) > 0 then the convergence in (1.1) for A = Cg does not necessarily hold.
On the other hand, if X has a continuous distribution there are empirically no observations in
the set Cg. Therefore, the empirical estimator for S(Cg) based on (1.1) is not consistent and
useful anymore. To avoid this problem, the support detection algorithm DAMEX (Detecting
Anomalies among Multivariate EXtremes) of Goix, Sabourin and Clémencon [23] works with
truncated e-cones to generate continuity sets that approximate the sets in (1.2), and Simpson,
Wadsworth and Tawn [36] use the concept of hidden regular variation on a collection of
nonstandard subcones of [0, co]4\{0}.
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A completely different approach to mitigate this problem is proposed in Meyer and Win-
tenberger [28, 29] by introducing the concept of sparse regular variation, which is equiv-
alent to regular variation under some mild assumptions (see Section 2 for a definition).
The main difference between regular variation and sparse regular variation is that the self-
normalization X /|| X|| in (1.1) is replaced by the Euclidean projection 7 (X /t) of X/t for large
t > 0, where the Euclidean projection 7 : R¢ — $4-! is defined as in Duchi et al. [14] as
n(v) = argmin,, R =1 [lw — v||§. The advantage of this approach is that 7(X/t) usually
has more zero entries than X /|| X|| and therefore, is more sparsely populated and advantageous
when only a few components are extreme together, as in a high-dimensional setting. Since
their empirical estimator for the number of extreme directions in the sparse regularly varying
model is biased, indeed overestimates the true number of directions, they develop an Akaike
Information Criterion (AIC) consisting of two steps. In the first step, they estimate the number
of extreme directions by the AIC for bias selection, but as usual, in extreme value theory, the
estimation depends on the chosen threshold that goes into the estimation; the observations
above this threshold determine the extreme observations. Therefore, they extend the AIC
for bias selection to an AIC for threshold selection, where the threshold is also estimated.
What is really special is that they were able to develop a method to estimate the number of
extreme directions and the threshold at the same time, both of which are very challenging
tasks on their own. But as we prove in Theorem 3.1, the AIC for bias selection is not a weakly
consistent information criterion, as is often the case for Akaike’s information criteria, and so
we develop alternatives. Consistency is examined only for bias selection and not for threshold
selection, because there is no “true” threshold. Here, we have the well-known bias-variance
tradeoff: If the threshold is chosen too high, there are not enough extreme observations lead-
ing to a high variance, and if it is too low, non-extreme observations lead to a bias in the
estimation.

In this paper we use the approach of Meyer and Wintenberger [29] of sparse regular
variation and propose three different information criteria to estimate the number of extreme
directions and the choice of the threshold, the BIC, QAIC and MSEIC for bias selection and
threshold selection, which are particularly suitable for high dimensional data with a sparsity
structure in the extreme behavior. Thus, we develop procedures to estimate the number of
extreme directions and the optimal choice of the threshold at the same time. The application
of these information criteria is very simple in practice and not computationally intensive.
Besides the AIC, the Bayesian Information Criterion (BIC), which goes back to Schwarz
[35], is the most popular in practice and tries to select the model with the highest posterior
probability. The statistical model behind our BIC is the same as that of the AIC in [29], where
we fit a multinomial model to the number of extreme observations in the subspaces Cg and
derive an asymptotic upper bound on the posterior likelihood, which then defines the BIC.
In contrast, the QAIC for Quasi-Akaike Information Criterion approximates the Kullback-
Leibler divergence of the true model and a Gaussian model, rather than a multinomial model as
used in the AIC and BIC, respectively. The advantage of BIC and QAIC over AIC is that they
are consistent information criteria for bias selection. Finally, the third method, MSEIC, stands
for mean-squared error information criteria, because we approximate the mean-squared error
(MSE) of the relative number of extreme observations and the true probabilities of extremes
in the different subspaces Cg. Although MSEIC is not consistent for bias selection, it performs
extremely well in all simulations.
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Structure of the paper

The paper is organized as follows. In Section 2 we properly define extreme directions based
on the concept of sparse regular variation and introduce consistent and asymptotically nor-
mally distributed estimators for the probabilities of the extreme directions as in Meyer and
Wintenberger [29]. We also present statistical models for some of our information criteria.
The main results of the paper are derived in Sections 3 to 5. In Section 3, we first introduce
the QAIC for bias selection and threshold selection following the framework of Akaike infor-
mation criteria, which aims to minimize the expected Kullback-Leibler (KL) divergence, here
applied to a Gaussian likelihood function. We prove that, unlike the AIC proposed by Meyer
and Wintenberger [29], the QAIC for bias selection is a consistent information criterion. In
Section 4, we develop the MSEIC and finally, in Section 5, the BIC for both bias selection and
threshold selection. In addition, we demonstrate in these sections that the BIC is a consistent
information criterion for bias selection, whereas the MSEIC is not consistent. Moreover, we
compare all information criteria in a simulation study in Section 6 and apply them to extreme
wind data from the Republic of Ireland in Section 7. Finally, we draw some conclusions in
Section 8. The main proofs of the paper are moved to the appendix, while the proofs of some
auxiliary results can be found in the Supplementary Material A [5].

Notation

In this paper, we use the following notation. For a vector x = (xq,...,x4)" € R and a set
I c{l,...,d} we write x; € Rl for (x;)je; and diag(x) € R?*“ for a diagonal matrix
with the components of x on the diagonal. Furthermore, I; € R?*¢ is the identity matrix,
0;:=(0,...,0)T € R? is the zero vector and 14 := (1,...,1)T € R? is the vector containing
only 1. Moreover, ||x|| := ||x]|; is the L;-norm and ||x]|» is the Euclidean norm for x € R<.
The unit sphere S¢~! = {x € [0, )4 Xy + -+ +x4 = 1} is defined with respect to the
Li-norm. For a € R, x,y € R? operations as x¢, vx and x - y are meant component-wise.
The gradient of a function f : R — RX is written as Vf(x) € R4 for x € R and the
partial derivative with respect to the i-the component x; of x = (x1,...,x4)" is (')ixi f(x). By
|a| we denote the absolute value of a real number a and by |A| the cardinality of a set A,
but the meaning should be clear from the context. In addition, $; is the power set of the set

{1,...,d} and P} == P4 \ 0. Finally, 2, is the notation for convergence in distribution and

P, . : .
— is the notation for convergence in probability.

2. Preliminaries

This section addresses the main concepts of the paper which are based on Meyer and Win-
tenberger [28, 29]. We start with an introduction into sparse regular variation and then derive
a proper definition of extreme direction in Section 2.1. The challenging task in the statistical
inference of extreme directions is the detection of the bias directions which are rigorously
defined and motivated in Section 2.2. Then, in Section 2.3, we give an overview on the sta-
tistical inference of the empirical estimator of the probabilities of extreme directions and the
assumptions of the present paper. Finally, in Section 2.4, we present statistical models on
which the information criteria are based.
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2.1. Sparse regular variation and extreme directions

First, we introduce the concept of sparse regular variation with the Euclidean projection
n: RY — 91 defined as w(v) = arg min,, gy ,=1 W = vl3.

Definition 2.1. An R%-valued random vector X is called sparse regular varying, if a S¢~'-
valued random vector Z and a non degenerate random variable R exist such that

X X
P(”t—”>r,7r(7) €A

for all r > 0 and all Borel sets A ¢ $¢~! with P(Z € A) = 0.
Remark 2.2.

| X]| >t) —>P(R>r,ZcA), t— oo,

(a) Note that R is Pareto(«)-distributed for an @ > 0 and models the radial part, whereas
the S¢~!-valued random vector Z corresponds to the angular part. Therefore, we write
briefly X € SRV(«, Z).

(b) The concept of sparse regular variation introduced by Meyer and Wintenberger [28] is
currently limited to random vectors in the positive orthant. A corresponding theory for
R<-valued random vectors has not yet been developed. Consequently, in this paper, we
also restrict our analysis to random vectors in the positive orthant, which aligns with
ours and many other applications.

A proper definition of extreme direction is now the following, where we use the notation
that #4 is the power set of the set {1,...,d} and P} = Py \ 0.

Definition 2.3. A direction § € P is an extreme direction, if P(Z € Cpg) > 0. The set of all
extreme directions is denoted as

S(Z) ={BeP,:P(ZecCp) >0} with s :=|S(Z)|
Remark 2 .4.

(a) The use of the L;-projection leads to a sparse representation, in the sense that under
7 more components are projected to zero compared to the normalization v — v/||v||.
Therefore, it is not surprising that according to Meyer and Wintenberger [28, Theorem 2],
S(Cp) > 0 implies P(Z € Cpg) > 0 for g € #},. Thus, an extreme direction under regular
variation is as well an extreme direction under sparse regular variation but the opposite
does not necessarily hold. However, the maximal directions under regular variation and
sparse regular variation are equivalent, such that we do not lose much information on
the support of S under sparse regular variation. Note that a direction g € #; is called
a maximal direction of the regularly varying random vector X if P(® € Cg) > 0 and
P(® € Cg) =0forall g c g’ € ;. In the case of sparse regular variation, the definition
of a maximal direction is analogous, except that the random vector @ is replaced by Z.

(b) Since the preimages ﬂ_l(Cﬁ) are sets with positive Lebesgue measure, the sets Cg are
continuity sets of P(Z € -). Finally, from Meyer and Wintenberger [28, Proposition 2] we
know that

P(r(X/t) e Ca|l|X|| >t) — P(Z € Cg), ast— oo,
so that P(Z € Cg) can be estimated empirically in contrast to S(Cg).

The aim of the paper is to estimate s*, the number of extreme directions under sparse
regular variation, through the use of information criteria.
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2.2. Bias directions

A major challenge for the estimation of the extreme directions is that the empirical estimators
of the probabilities P(Z € Cg), B € P}, detect more extremal directions than there are true
extremal directions, which we call bias directions. To understand the idea of bias directions
better we require some further notation. Suppose || X (1 )|l = -+ > [|X(4,n)]l is the order
statistic of || X1]|, ..., ||X.|| and the number of extreme observations used for the estimations
is denoted by k,, € N, whereas we assume that k,, — co as n — co. Suppose that there exists
a sequence of high thresholds u,, > 0 for n € N such that k,,/n ~ P(|| X|| > u,) and u,, — oo
as n — oo. Due to Meyer and Wintenberger [29, Proposition 1] the empirical estimator

T,,(Cg, ky) 1 <&
S e = U {r (X X et 1) € CplIX > I X et I
n kn &
of the probability
p(Cp) =P(Z € Cg) = lim P(x(Xuy) € Cg| 1 XI| > uy) @1

is a consistent estimator, so that the empirical observed set of extreme directions is
Si(Z) ={B P, :T,(Cg,kn) > 0}.

To be able to relate the true set of extreme directions S(Z) with the empirically estimated set
of extreme directions, we define the set

R:={BeP,: lim k,p,(Cg) = oo} and r=1R]|,

where R depends on the chosen sequence (k,),cn, Which we neglect for the ease of notation,
and

pn(Cp) =P(n(X/un) € Cg| [ X]| > un).

Of course, B € S(Z) implies k,p,(Cg) — oo such that trivially, S(Z) € R and s* < r.
Under the Assumption HRYV, a shorthand for hidden regular variation, we can say more about
the relations of these sets.

Assumption HRV. For every 8 € P, we define the cone

Cp = x=(x1,...,xd)TERff:Z(xj—r_naxxi) >0p CRY
jeB

and suppose that the random vector X is multivariate regular varying on R4 \ Cp with tail
index a(f) and exponent measure ug satisfying

d . :
Up ({x =(x1,...,xq) €RS: r}le%xx,- < l,l;ggclxi > 1}) > 0.
A conclusion from Meyer and Wintenberger [29, Proposition 2] is then that under Assump-
tion HRV even

lim P(S(2) SR ¢ S.(Z2) =1 2.2)
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holds. Thus, the empirical estimator tends to overestimate the set of extreme directions (but
does not underestimate it asymptotically). On the one hand, for n large and g € %, with
T, (Cg, kn) = 0 this means that § is not an extreme direction. But on the other hand, for n
large there might be a g € P with T,,(Cg, k,,) > 0 which is not an extreme direction; a
mathematical more rigorous interpretation is given in Meyer and Wintenberger [29]. Such
a direction is referred to as a bias direction. The main challenge is to identify these bias
directions.

Remark 2.5. There exists as well a stronger statement than (2.2). Suppose additionally that
limy, 0 kppn(B) = 0 for all g € £\ R. A conclusion of Meyer and Wintenberger [29,
Lemma 1] is then that lim,, e P(7,,(Cg, k,,) = 0) = 1 for all 8 € P} \ R and hence,

lim P(S(Z) CR =S,(Z)) = 1.
n—-oo
In particular, this means that 7,, := |S,(Z)| i rasn— oo.

2.3. Statistical inference for the probabilities of extreme directions

The general assumptions of the present paper are motivated by the statistical inference of the
probabilities of extreme directions as derived in Meyer and Wintenberger [29]. To understand
the statistical inference and hence, the assumptions, we have to enumerate the 8 € 502 in the
following way with p(Cpg) as defined in (2.1):

B1 = argmax p(Cg),
BeP;
B> = argmax p(Cp),
BeP\{B1}
Bse = arg max p(Cg),

BeP B .Bs -1}

where the remaining Bs++1, .. ., Bra_y With p(Cpg;) =0, j =s"+1,..., 24 — 1, are ordered

in an arbitrary but fixed order such that §; € R for j = s* +1,...,r. We write briefly for
j=1,...,29-1,
pj = p(Cp)). Puj = Pu(Cp) = B(x(X [un) € Cp, | 1X]] > up),
Tn.j = Tu(Cg;), T, j(kn) =Tu(Cg,;, kn),
where
Ta(Cp) 1 <

Jj=

Finally, we define the associated vectors

p = (pl7-~'7pr)T9 Pn = (pn,l’-"apn,r)-r7
T = Tnts s Tur) ' Tp(kn) = (Tu1(kn)s - s Ty (kn)) T

In the next theorem, we summarize the asymptotic behavior of these estimators as derived
in Meyer and Wintenberger [29, Theorem 1 and Proposition 3].
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Proposition 2.6. Suppose Assumg\tion HRYV holds and the sequence (ky)nen in N with k,, —
oo and k,/n — 0 satisfies R = S,,(Z) almost surely for all n large enough. Furthermore,
assume that for some v > Q0andany j =1,...,r asn — oo,

kn

sup :
re[ﬁ,l#r] Pn.j

n .
k—IP’(X/un €{x eR¢ :rlxll > 1,7(rx) € Cg,}) - r@Bip, il — 0.

n

(a) Then, as n — oo,

andiag(pn)‘l/z(% - pn) 25 N0, 1,).

(b) If additionally Vky(pn,j — pj) = 0asn —ocoand j=1,...,r, thenasn — ,

Vendiag(p,) ™2 (Tnsz") P ) = (I = VB V)N 0 1),

Motivated by this result we define for any n € N

Pn=(Pntis s Pns s Pns-- -’pn)T eR" with p, = * Z Pn.j
-

and suppose the following assumption throughout the paper.
Assumption A.

(Al) Suppose (ky)nen is a sequence in N with k, — oo and k,/n — 0. Furthermore
R = §n(Z) almost surely for all n large enough, which implies r = |R| = |§n(Z)| > s
almost surely for all n large enough.

(A2) Ty.1(kp) = Tyo(kn) = -+ > Ty (kn) almost surely for all n large enough.

(A3) Suppose that as n — oo,

Vkndiag(p;) "2 (%") - p:;) 2 (1= VP VBT )N (0 1),

(A4) Suppose that as n — oo,

. *\ — Tn * D
Vikndiag(p:)~'/? (k— - pn) — N (0,,1,).

Remark 2.7.

(a) A justification of Assumption (A1) is given in Remark 2.5, where a sufficient criterion for
lim,, e P(R = S, (Z)) = lisstated. Assumption (A1) is particularly useful for modelling
purposes, as can be seen in the derivation of the AIC in Meyer and Wintenberger [29], and
from other statements in that paper such as Proposition 2.6 above. If Assumption (A1) is
not made, then the consistency results in this paper can be obtained by replacing r with

7n =18, (Z)] and assuming 'k, 0, (7, — r) 0 (cf. Remark 3.2 and Remark 3.9).
(b) Assumption (A2) is motivated by the fact that we have T, (k,)/k;, i) p and thus, for

n sufficiently large T, (k,) is ordered by size with probability close to 1 because p is
ordered by size.
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(c) The assumptions (A3) and (A4) are not strong, in the case p, s+1 = ... = Pur = Pns
Proposition 2.6 gives a sufficient criteria for (A3) or (A4) to hold.

The following lemma is a direct consequence of Assumption A.
Lemma 2.8. Suppose Assumption A holds. Then the following statements are valid.

(a) pn — 0and p,k, — o0 asn — .
(b) Forj=1,...,s" andn — oo,

T, i(k Tn. i
—"’J( n) 21 and ni Ly,
knpn,j knpn,]
(c) Forj=s*+1,...,randn — oo,
Ljlhn) 2000y Tnilke) 2
knpn ky
and similarly,
T T i
o i) 1 and o & 0
knpon kn

2.4. Statistical models

A challenging task in extreme value theory is the optimal choice of k,, the number of
extreme observations used for the estimation procedure. Therefore, we follow a two-step
procedure as motivated in Meyer and Wintenberger [29]. In the first step, we fix k, and
estimate the relevant extreme directions g € S(Z) and separate them from the so-called
bias directions 8 € S, (Z) \ S(Z) using some information criteria. Therefore this step is
called bias selection. In the second step, we estimate the threshold k,,, this step is therefore
named threshold selection. In the following subsections, we present some statistical models
for the bias selection in Section 2.4.1 and the statistical models for the threshold selection in
Section 2.4.2.

2.4.1. The local model for the bias selection

Due to Assumption (A1) with r = |§n(Z)| the random vector T, (k,,) is multinomial dis-
tributed with k, repetitions and unknown r-dimensional probability vector p, , ~which
converges as n — oo to p. To detect the bias directions and hence, to estimate s*, the idea is

now to fitforany s € {1, ..., r} amultinomial distribution from the class {Mult(k,, A;(p*)) :
p’ € O;} where A, : R® — R” is defined as
~ ~¢\ T
=25 p; =25 pj

Ay(P°) =P}, D
r—s r—s

and the parameter space ®; is defined as

|, = ﬁsz(ﬁ?,...,ﬁi)e(o,l)sz13“12...2132, 13';_<1 ,
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which reflects that there are r — s bias directions. Finally, we define
1- ﬁs
5 = 7’1 €(0,1) for p* €0,

r—=s

We summarize this in the following model.

MODEL M; :  The family of multinomial distributions {Mult(k,, As(p*)) : p° € Oy}
with likelihood functlon

kn! ro
Ly (P N Th(ky)) = —H(pJ)Tn,(kn) H(ps)rn,j(k,,)

= nJ(kn)' Jj=s+1

and log-likelihood function

log LM,‘zn (ﬁs | Tn(kn)) = log(kn!) - Z log(Tn,j(kn)!) + Z Tn,j(kn) log(ﬁ?)

+log(p") Z Ty, (kn) 2.3)
j=s+1
is called Model M .
Now, an information criterion aims to find the Model M} from s € {1,...,r} which best

fits the distribution of T, (k,,) and results in an estimator s, for s*. Then, for a given estimator
5, of s* we estimate the probability vector p by
5 ~5,,
5 P P.5 T
p,jg::( ol e ,o,...,o) , (2.4)
%

b b
Sn —~Sn Sn —~Sn
J=1 Z.izl

where

5 )T = (Tn,l(kn) Tn,s(kn))T 2.5)

=5 ._ (=S
D, (Pn,p---’l’ U Tk

is the maximum likelihood estimator (MLE) of the multinomial model M; ~(see Meyer and
Wintenberger [29], Section 4.1). Finally, we define

1 (1 zs: —~ ) _ ;':s+1 Tn,J(kn)
s = Pnj) = (r —s)k,

.
p —
Ty
i —
as estimator for p°.

2.4.2. The global model for the threshold k,

Next, we extend the previous model and assume that k,, € N is not fixed anymore, it has
additionally to be estimated. For this task, we use all observations X1, ..., X, and not only
the k;, largest observations. We consider an artificial random vector T, = (T ,, ..., I, D7

. d . . .
in R? which includes extreme and non-extreme observations, where the 2¢ — 1 components

T’ [ T’ .., count the number of extreme observations in the subsets Cg,,...,Cg , .
n, n,2 1 2d 1
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The 2¢-th component T” .24 counts the number of non-extreme values and is Bin(n, 1 — ¢,)-
distributed for some ¢, € (0, 1). To be more precise we assume that T, ~ Mult(n, p;,)
with

p1=(an;J,n-’an;qusl'_Qn)

and the conditional distribution given T,; ,a =1 — kp satisfies

ey T’ T’
n,1 n,2d -1 )| n,2d

=k = P(T, 1 (k)T (k) (2.6)

n,

The idea of this assumption is that if we have k, extreme observations (and hence, n — k,
non-extreme observations), then the distribution of the extreme directions (T’ LT 2 )
in the global model is the same as that of the local model (T,,1(kn), ..., T, pd_ 1(kn)) with
threshold k,,.

Now, the approach to detect the bias directions and the threshold k,, is similar to the previous
section. We fit a multinomial distribution from the class {Mult(n, A’ (p )) 7€ .} to
the artificial random vector 77, where A/, : RS*! — R is defined as

~ ~

, » ., 1-3%,p/ 1-25,p°
A;(ﬁs)=(q’spf,---,61Spss,q's¢,..-,q’s#,O,...,O,l—q’s)T
r—s r—s ——
2d _p—1
r—s

and the parameter space @y is
S
O, =107 = (P, g € (O, 1)t pii = 2 5, Y < 1p=0,x(0,1).
Finally, we define

=555}

r—s

=S ._

for p”* € O.

This ends in the following model.

MODEL M,*:  The family of multinomial distributions {Mult(n, AL(p"*)) : p’* € @}
with log-likelihood function

2d
o Ly 517, =1t - YT, 9+ 317, a7
Jj=
2d _1
31 | 10g (@) + T log(1 - ) .7

Jj=s+1

is called Model M,}.

To link the global model with the local model we require further assumptions.
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Assumption B.

(B1) Suppose Tr: sd and T, are independent, and for j = 1,...,r we have as n — oo,
E _t T .|T’ E ! T, i (ky) | +op(1)
. = _— P o .
n— Tr,l,zd n,jl"n,2d kn n,j\*n P
(B2) Suppose for j =1,...,r we have as n — oo,

1
E|——— (T, )T +op(1).
[(n_Tn,zd)z n.j’ 1"n,2d

-E [ki%m,j(kn»z

(B3) There exist constants K1, K, € (0, o) such that

K < liminf% < lim sup dn < K>.

n—eo n n—oo n

Due to the Assumptions (B1) and (B2) the first and second moment of the relative number
of extreme observations in the global model and the local model behave similarly. The last
Assumption (B3) gives a connection between the asymptotic behavior of ¢, and k,. In
particular, it implies k,, = O(ng,) as n — oo.

3. Quasi-Akaike information criterion

In the following, we propose an information criterion inspired by the Akaike information
criterion and therefore, we refer to as quasi-Akaike information criterion (QAIC). Unlike the
approach of Meyer and Wintenberger [29], which is based on the likelihood function of a
multinomial distribution, our method employs the Gaussian distribution. More specifically, the
Akaike information criterion (AIC) introduced by Meyer and Wintenberger [29] for selecting
the number of extreme directions is motivated by minimizing the expected Kullback-Leibler
(KL) divergence between the true distribution of T',,(k;) and the multinomial distribution
Mult(k,,, p}) where p} is the MLE given in (2.5). The AIC is defined as

AICy, (s) == —log Lszn (P, | Tu(kn))+s, s=1,...,r, (3.1
for fixed k,. The number s* of extreme directions is then estimated via

sn = argmin AICy, (s).

s=1,..., r

However, a limitation of the AIC is that it is not a weakly consistent information criterion
which is typically expected in a fixed-dimensional setting as n — oo and d € N (see Burnham
and Anderson [4], Claeskens [9]).

Theorem 3.1. Suppose Assumption A holds. Then

<1 fors>s",

lim P(AICk, (s) > AICk, (s%))
n—co =1 fors<s".
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A key conclusion of Theorem 3.1 is that the AIC has asymptotically a non-vanishing
probability of overestimating s* and hence, it is not a weakly consistent information criterion.
The proof of Theorem 3.1, along with all proofs of this section, is relegated to Appendix A.1.

Remark 3.2. Suppose Assumption (A1) is replaced by the condition vk, 0, (7, — r) 2, 0
and that the AIC is defined using 7,, instead of r. Then

n.j (kn
VEnpon Z ( J( )—1)=0P(1)

j=r+l

and hence, if we follow the proof of Theorem 3.1, we see that the consistency result remains
true for this modified AIC, which is finally used in practice.

In contrast, the main advantage of the QAIC, which we introduce next, is that it is a weakly
consistent information criterion.

3.1. Quasi Akaike information criterion for the number of directions s

The reason behind employing the likelihood function of a Gaussian distribution for the QAIC
is that due to Assumption A the asymptotic behavior as n — oo,

) o Tn .\ D
Vkndiag(p) '/ (k— - pn) — Ny (0,.1,)

holds, i.e. the asymptotic distribution of 77, is similar to the distribution of a r-variate normal
distribution with mean k,, p}, and covariance matrix k,diag( p;, ). Therefore, the idea s to calcu-
late the expected Kullback-Leibler divergence of the true distribution Py, of 7, with density f
and the normal distribution N (k,A (p*), kndiag(A,(P*))),p° = (P}, ..., 3, p%) € R§H,
where A : R§*! — R7 is defined as

T
Ag(z) = (Zla L 'aZSaZS+l’ L] ~7ZS+1) .

The likelihood function of N’(knés(zs), kndiag(és(zs))) is denoted by Ly, (f_’is|7'n)- For
p* we use the estimator

P (T0) = (B (T, oy (T), B3 (To)) T € RS with

~ s 1 & T (3.2)
: i=1,...,s, S (T )= ’
o =l Pn(Tn)= — Z .

j=s+1 n

where 7, is an i.i.d. copy of 7.
Remark 3.3. It might happen that Z] | pn J (7' )+ (r— s)pn(‘f ) # 1. In this case, we have

that AS(En(Tn)) is in general not a probability vector and (;_)n 1(‘7",,), . ,Qn,s(’fn)) ¢ 0.
But due to Assumption (A4) it holds as n — oo that,

5T : BT
=——— —1 an - 1,
Pn.j 75 Djms+1 Pj

such that limy—eo P((5% (7). ... P, (T0)) € ©y) = 1.
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In summary, we calculate
E |KL(Py,,, N, (k, A (P*), kpdiag(p*))) 555 (,7-”)]

= B [log £.(73)] ~ E log (L, (B (T)I 7)) | (3.3)

Remark 3.4. The AIC is based on the multinomial distribution whereas the QAIC is based
on the multivariate normal distribution. Although it seems at first view that both approaches
are different they are related due to local limit theorems for the multinomial distribution as
given in Ouimet [30].

Next, we derive an auxiliary result that helps to approximate the second term in (3.3) for
s> 5"

Proposition 3.5. Suppose Assumption A holds and s > s*. Furthermore, let T, n be an

independent and identically distributed copy of T, and let ﬁi(%n) be the estimator in (3.2)

and similarly we define EZ(T”)' Then there exists a random variable Y with E[Y] = 0 such
that as n — oo,

~s = 1 1
log L, (B (72) | T) + 5 log(2m) + 57 log(kx)

r+s+1 o
—

Y.
2

1< 1 R
+ ; log (7, (7)) + 5(r = ) log(75,(72)) +

Therefore, for s > s* we approximate the second term in (3.3) by

-E [log Ly, (Ei(:fn) | Tn)]

rlog(2m) +rlog(kn) + > 1og(7, ;(T2) + (r = ) log(F},(Ta) 47+ 5+ 1

1
~ —E
2 =

and neglect the expectation. The first term E [log f.(773)] in (3.3) and the +1 do not influence
the choice of the model, therefore we skip them. This leads to the following definition of the
theoretic quasi-information criterion for s > s*,

QAIC;, (s) = rlog(2r) +rlog(kn) + D | 10g(P}, (T2)) + (r = ) log(F5(T7)) +7 + 5.
j=1

If s < s* this information criterion works as well since

> 1og(By ;(T) + (r = ) log(55,(T7))
j=1

r—=s

P oo Py +1Pj
N Z log(p;) + (r —s) log (L) > —00
j=1

and for s > s* we have

> og(B, (T)) + (r — ) 10g(B(Ta)) — —co.
Jj=1
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Therefore, the information criterion does not select s < s*.
Moreover, since

log(75, () + (r = 5) log(75,(T7))
1

J:
3 10g(F ;(Tu(kn))) + ~(r = ) 10g(B3 (T (kn))) — 0
j=1

the choice between estimator EZ(T,,) or py = py(Tu(ky)) € Oy with p5 = p3 (T, (ky))
does not significantly change the outcome, so either can be used. Since in applications u,, and
hence, Ei (7) is unknown, we finally define the information criterion based on the estimators
p, and pj,.

Definition 3.6. For the number of extreme directions s with fixed k,, the quasi Akaike infor-
mation criterion (QAIC) is defined as

N
QAICy, () = rlog(27) +rlog(kn) + ) log(p} ;) + (r = 5)log(p}) + 7+
j=1
for s = 1,...,r and an estimator for s* is s, := argmin; . QAIC, (s).
Remark 3.7.

(a) During the derivation of the QAIC we assumed that r is constant and hence, it should
not influence the optimal value of the QAIC. However, the simulation study shows that
in applications r has a significant impact on the performance of the QAIC because in
practice r depends on k,.

(b) The derivation of a QAIC with an estimator based on the likelihood function of the normal
distribution Ly, is possible with similar results but leads to a more elaborate and longer
calculation. In this case, the estimator is given by

-1 1 T j(ky)?
2kn  \ 4k2 k2

_ -1 1 1 < T (kn)?
p,?=—+ _2+ Z n,](zn) )
2k, 4kz r—s k=

J=s+1

~G .
Pnj= , J=1,...s,

The performance of both approaches is similar and therefore only QAIC is included in
the simulation study.

Theorem 3.8. Suppose Assumption A holds. Then
lim P(QAIC;, (s) — QAIC, (s) >0) =1 fors #s".
n—oo
Compared to the AIC, the QAIC has the advantage that it is weakly consistent for fixed &,

in contrast to the AIC.

Remark 3.9. Suppose Assumption (A1) is replaced by the condition 7, LR r and that the
QAIC is defined using 7, instead of r. Then the consistency result remains true for this
modified QAIC. Note that here a weaker condition is used as for the AIC in Remark 3.2,

where we required k0, (7, — 1) N 0.
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3.2. Quasi Akaike information criterion for the threshold k,

For the QAIC for the threshold k,, we follow the definition of the global model for the AIC in
Meyer and Wintenberger [29] which is defined as

AICk, (s)  kn
—_— + —_—

AICn,s(kn) = k n

with AICk, (s) as in (3.1). However, since we consider two times the negative likelihood
instead of just the negative likelihood we include additionally the factor 1/2 and obtain the
following information criterion.

Definition 3.10. For the number of exceedances k, the quasi-Akaike information criterion
(QAIC) for the threshold k,, for the Model M,’ is defined as

QAICL,(5) Ky

QAIC, (k) =

2k, n
~ rlog(2n) + rlog(kn) + X5 log(p;, ;) + (r = s) log(ﬁfl’j) trEs g,
B 2ky, n
for k, = 1,...,n with estimator ’lg,, = argminknek{minlsssr QAICn’S(kn)} for K C
{1,...,n}.

Remark 3.11. An interpretation of this information criterion is as follows. The division by
k, can be seen as a weight, which is assigned to a pair (s, k,,). Therefore, when k,, is large,
the weight of the corresponding model gets smaller. Also, k,/n corresponds to the relative
proportion of extreme observations and acts as a penalty for increasing k.

4. Mean squared error information criterion

Next, we explore an information criterion based on the mean squared error (MSE) for both
the number of directions s in Section 4.1 as well as for the threshold &,, in Section 4.2, which
performs in particular well for a small number of observations. The proofs of this section are
moved to Appendix A.2.

4.1. Mean squared error information criterion for the number of extreme directions s

The basic idea of the AIC is to minimize the Kullback-Leibler distance of the true distribution
and a parametric family of distributions. This minimum is approximated by the expected
Kullback-Leibler distance of the true distribution and the estimated distribution as is done
in (3.3). In the following, we use the same ideas but instead of using the Kullback Leibler
distance we use the normalized mean-squared error (MSE) of the parameter estimator and
find an approximation of

MSEy, (s) = | (5 (Ta (k) IT) | @.1)

instead of E [log Ly, (E; (‘7’,) | Tn(kn))] as is done in (3.3), where T, (k) is an independent
and identically distributed copy of T',,(k,) and
2

£ (5T (k) = H\/Ediag(és(ijs))‘”z (# —As(i_is))

2
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2 r 2
_ n,j(kyn) ~ kn Tn,j(kn) —~s
Z ( IZJ') T Z ( Kk, P

= J=s+l

for p p = (p' pl, ces ps , p %) € R$*!. Note, if in Assumption (A3) not only the weak convergence
but also the componentwise L convergence holds, then

nllllng [52((pn,1, « oo Pn,s*s pn)|Tn(k”))] =r-1

which motivates this approach. First, we derive an auxiliary result that helps to approximate

C (P (Ta(kn)) T (kn)).

Theorem 4.1. Suppose Assumption A holds and s > s*. Furthermore, let T, (kn) be an
independent and identically distributed copy of T, (ky, ) and let p (T (kn)) be the estimator

in (3.2). Similarly, we define p r, *(T,(ky)). Thenthere exists a random variableY withE[Y] =0
such that as n — oo,

S ) — (P25 - e >>)2 s 2y
g, \Enifn n\fn n(T (kn))J ] k,, Fn\t ni%n .
Therefore, for s > s* we approximate (4.1) by
r 2
MSEj, (5) ~ B[ (T"’f (kn) 5 (T, (k ))) +2s
kn ~ =T (1 \\ — 7 — Pn\4nlKp .
,[_)n(Tn(kn)) j=s+1 kn -

Analogously to Section 3, we neglect the expectation, which leads to the following infor-
mation criterion.

Definition 4.2. For the number of extreme directions s with fixed k,, the mean squared error
information criterion (MSEIC) is defined as

n kn n,i kn
MSEICy, () = s n,(k> Z( ) Z k(r(—s))) +2s,

I=s+1 &, (r—s) J=s+1

for s = 1,...,r — 1 with MSEICy, (r) := 2r. An estimator for s* is defined by s, =
arg min, ., MSEICy,, (s).

Theorem 4.3. Suppose Assumption A holds. Then

. e | <1 fors>s*,
lim P(MSEICy,, (s) > MSEICy,, (s7))
n—oo =1 fors<s".

In particular, for s < s* this information criterion is consistent, but unfortunately not for
s > s*. However, this is not surprising because the basic ideas are related to the AIC which is
also not a consistent information criterion. However, the simulation study in Section 6 shows
that MSEIC performs extremely good in practice.
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4.2. Mean squared error information criterion for the threshold k,,

Now, we extend the information criterion MSEIC to choose the optimal threshold k,,. There-
fore, we use not only our knowledge about the extreme observations but also our knowledge
of the non-extreme observations, similarly to the global model M;*, only that there is no
distributional assumption. As before we assume here that 7’ L} pertains the information
about the observed extreme directions and 7’ .d the non-extreme observations, where 7’ o
is assumed to be binomially distributed. The MSE information criterion for the threshold kn
is then defined as weighted MSE

’ 2
1S . ’ v . n-1/2 Tn,{l ..... r} o
MSE,’ =E |¢'E n-T 2ddlag(p) ——=——p
’ n_Tn’2d ) P,_Pn( n(kn)) ,:Ian
T 2
+E|[(1-¢")E||[Va(g'(1-¢')" 1/2( "n (1—q)) , 4.2)
2|l =T

with weight g’ for the estimation of the probabilities of extreme directions and weight (1 —g”)
for the estimation of the probability of non-extremes. Since we want to make statements
about the optimal choice of k,, which models the number of extreme directions, the weight
in the estimation of the probabilities of the extreme directions is chosen higher. A connection
between the MSE information criterion for the threshold k,, and the MSE information criterion
for the number of extreme directions s exists through the following theorem.

Theorem 4.4. Suppose Assumptions (Bl), (B2) and k(1 — %)2 — 0asn — oo. Then

1
MSE}} = g,, IMSEy,, (s) + — + no ( )) .
kn ngn
Since g, is not influenced by k, and o((ng,)~') is of a smaller order than 1/k, by
Assumption (B3), we neglect ¢, and the last term. Consequently, we define the following
information criterion.

Definition 4.5. For the number of exceedances k,, the mean squared error information crite-
rion (MSEIC) for the threshold k, for the Model M,* is defined as

MSEIC, , (k,) := MSEICy, (s) + ki kn=1,....n,

n

with estimator 76\,, = argming g {minlgssr MSEICn,S(k,,)} forK c {1,...,n}.

Remark 4.6. The general structure of this threshold information criterion differs from the
other derived information criteria for the threshold selection as

AIC k AIC, (s) &k
AIC, s (ky) = AlCk () L kn o QAIC,, (k) = QAICK, (5) | kn.
’ kn n ’ 2k, n
Therefore, we performed a simulation study with the criterion MSEICy, (s)/k,+k, /n, defined
analog to AIC,, (k). The simulation study confirms that this choice of information criteria is
not the suitable choice. The result is not surprising, since MSEIC is not based on a likelihood-

based approach.
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5. Bayesian information criterion

In addition to the AIC, the Bayesian information criterion (BIC) introduced in Schwarz [35]
is the most popular one. The basic idea of the BIC is to find the model with the highest
posterior probability given the data. First, we derive a BIC for s in Section 5.1 and then for
k;, in Section 5.2. The proofs of this section can be found in Appendix A.3.

5.1. Bayesian information criterion for the number of extreme directions s

In the following, we derive a BIC for s by bounding the posterior probability as in Ca-
vanaugh and Neath [7]. Therefore, we assume throughout this section Model M; and
use the following notation. Let Q be a discrete prior distribution over the set of models
{MA s =11} g(- | M} ) be the prior density over the parameter space O given
Model M; L M ( | T (ky)) be the likelihood function of Model M; if we observe T, (kn)
and f be the (unknown) marginal probability of T, (k,). Given the data T, (k,) the goal
is to determine the Model M} with the highest posterior probability P(M} |T (ky)) for
s =1,...,r. Therefore, note that Bayes Theorem yields for the posterior den51ty for M7 and
ﬁs

Lasy (B° | Ta(ka))g(B°| M} ) Q(M; )

J(Tn(kn))

WM 5°) | Ta(ky)) =
Hence, the posterior probability for M lin is

M) fo Ly (B° | Tulka))g (5 | M) 4
(T (k)

Consequently maximizing the posterior probability is equivalent to minimizing

-2 logP(MIiann(kn)) =2log f(Ty(kn)) — 2log Q(M]in)

~210g( [ Lugg, (7 I T ks 5 1M3,) 0F°). 5D

P(M]in T (kn)) =

For the derivation of the BIC, we require further assumptions.
Assumption C. Forany s € {1,...,r} we assume the following:

(CI) There exist constants 0 < b < B < oo such that the prior density g(- | M} ) on O
satisfies

b<g(P'I|M;)<B forallp® e ;.
(C2) The prior distribution Q is a uniform distribution on {Mlin cs=1,...,r}ie Q(Mlin) —

1fors— 1,...,r
(C3) knpy> — o0 and knp* — 0.
Remark 5.1.

(a) Both Assumptions (C1) and (C2) are assumptions on prior distributions, and they reflect
that we have no prior information in advance. The lower bound of Assumption (C1) can
be relaxed since we require only a lower bound in the neighborhood of p},. However, it
has been omitted in this paper for the sake of brevity.
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(b) The assumption on the uniform distribution on the set of all possible models in (C2) is
an uninformative prior distribution where all models have the same probability. Thus, the
term —2 log Q(M Iin) =2logr in (5.1) is independent of s and has, from a theoretical point
of view, no influence on the information criterion. Of course, it is possible to use a prior
distribution depending on s but then the BIC receives an additional penalty term.

(c) The assumption knp,sq/ 3 . ooin (C3) ensures that p,, does not converge to zero too
quickly.

The next theorem gives an upper bound for
~210g By, [Luny, (7°| Tu(ka)] = -210g [ L (5| Tulkn)) (5" | M) 05"
n @A n

whereby E, denotes the conditional expectation regarding the prior density g(- | M} ) on Q.
This results then in an upper bound for the negative log posterior probability of the s- th Model
M; given T, (ky).

Theorem 5.2. Suppose Assumptions A, (C3) and (C1) hold. Then the inequality
~2log By, [Lag (P° | Tn(kn))]

<—2log Lagy (B3 Tn(kn)) — slog(27) +2slog (kn1 /L) ~2logh +op(1)
n r—s
as n — oo holds.
Plugging in Assumption (C2) and the upper bound in Theorem 5.2 in (5.1) results in
-2 IOg P(M]in (kn) |Tn(kn))
=2log f(Tn(kn)) +2logr — 210gEg [Lasy (P* | Tn(kn))]

_ r
< -2log LMiin (P | Ty(ky)) — slog(2r) + 25 log (kn )

r—s
+2log f(T,(kyn)) —2logb +2logr +op(1).

This motivates the definition of the following information criterion, where we neglect the

terms 2log f (T, (k,)) —2log b + 2log r as they are not influenced by s.

Definition 5.3. For the number of extreme directions s with fixed &, the Bayesian information
criterion concerning the upper bound (BICU) is defined as

~ r
BICUy, (s) = —2log Lass (P | Ty(ky)) +2slog (k) + slog (m) ,

fors =1,...,r — 1 and an estimator for s* is 5, := argmin, _;_,_; BICUg (s).
Motivated by the BICU, which is based on the largest eigenvalue A, ; from Lemma A.8,

we define a BIC based on a lower bound for the posterior distribution by using the smallest
eigenvalue A, 2 = k,/T,.1(k,) from Lemma A.S8.

Definition 5.4. For the number of extreme directions s with fixed k,, the Bayesian information
criterion concerning the lower bound (BICL) for Model M Ii,, is defined as

I
—_
>

—~ k
BICLy, (s) == -2log LMin (P> | Ty(ky)) + slog (k) + slog (TT(/()) , S
n, n

and an estimator for s* is 5, := argmin; ., BICL, (s).
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Theorem 5.5. Suppose Assumption A holds. Then

(a) lim P(BICUy, (s) > BICUy, (s*)) =1 fors #s",
(b) lim P(BICLg, (s) > BICLg, (s*)) =1 fors #s".

Thus, in contrast to the AIC criterion, both information criteria are weakly consistent and
select asymptotically with probability 1 the true Model M; " This is also a typical property
of Bayesian information criteria (see Burnham and Anderson [4], Claeskens [9]).

5.2. Bayesian information criterion for the threshold k,

In the following, we determine an upper bound for the posterior probability of the global
Model M,’ analog to the previous Section 5.1 using the following assumptions.

Assumption D. Suppose the following statements hold.

(D1) There exist constants 0 < b’ < B’ < co such that the prior density g’ (- | M,’) on O
satisfies

b <g(p”°|M?) < B forallp” €@

s*

(D2) The prior distribution Q' is a uniform distribution on {M,* : s = 1,...,r}, ie.
QM) = 1fors =1,...,r
(D3) lim ng)* = o and lim ng? = 0.

n—>oo

(D4) ForE/l[LMs . (1T, 0 r})df)s the following
" n,2d

.....

upper bound

.....

E[—2logE,1[LM;‘7T, @7, r})]]
n,Z‘l

.....

+ ZSE[log ((n ~ T )y /rrj) ] ~ slog(27) + o(1)

SE[E[—ZlogLMZ_T, BT,
n,2d

holds.
Remark 5.6.

(a) Assumptions (D1) and (D2) in the global model correspond to the Assumptions (C1)
and (C2) in the local model. Assumption (D3) is the counterpart to Assumption (C3)
for the binomial part of the likelihood function in the global model.

(b) Assumption (D3) ensures a suitable convergence rate of ¢, and implies ng, — oco. For
example g, = n~'1/?0 fulfills the conditions of Assumption (D3).

(c) Assumption (C3) for the local model is required for the proof of Theorem 5.2. Assump-
tion (D4) for the global model is motivated from Theorem 5.2 and (2.6). Because we
then obtain directly

r})]| n2d = kn

.....

—21ogEa [LM; (P |7,
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SE[—ZlogLM;_T/ BT,

----- }) |Trl {1,...,r T,/l’zcl = kn]

+2sE[log((n 2c,),/ )|T’2d—k]—slog(2ﬂ)+0(l)

for k,, satisfying the assumptions of the previous sectionand 77 , 277, > ... > T, ,.
Assumption (D4) for the global model is only a slightly stronger assumption than
Assumption (C3) for the local model.

In analogy to Section 5.1, the goal is to derive asymptotic bounds for —2log P(M,*|T7,)
which we obtain through upper bounds for

—2log By [Lagy (p”IT})] = —2log {/ L (" | T) -g'(ﬁ'slM;“)dﬁ's}, (52

where E; denotes the conditional expectation with respect to the prior density g’( - |M;*) on
©) given Model M,".

Theorem 5.7. Under Assumptions (B1), (B3) and D the asymptotic upper bound as n — oo,
—2E[log Eg; [Lags (" | T)]]

E[log Lyss (P, | Thn(kn))] 21
< ngn| -2 b TN 02 tog [k r ), 2leem | o
kn ngn 271'(}”—.5‘) ngn

holds, where C > 0 is a constant independent of s and n.

Compared to Theorem 5.2 in the previous section, we take additionally the expectation in
Theorem 5.7 to achieve a connection between the global model and the local model.

Theorem 5.7 motivates the definition of the following information criterion, where the
expectation is omitted, the inequality is divided by ng,, and the term 2log(b")/(ng,) as well
as C are neglected as they are either constant concerning s or converge to zero uniformly.

Definition 5.8. For the number of exceedances k,, the Bayesian information criterion con-
cerning the upper bound (BICU) for the threshold k,, for Model M,? is defined as

~2log Lugy (B | Tu(kn)) + 25 log (ky) + s log (

r ) | 5
2n(r—s
) | log(n?)

BICU,, (k) =
n,s( n) kn kn
_ BICUg, (s) N log(n?)
B ky k, °
for k, = 1,...,n, with estimator En = argminknek{minlsssr BICUn,S(kn)} for K c
{1,...,n} for k,,.

Similarly to Definition 5.4 we also define the Bayesian information criterion based on the
lower bound for the threshold %,,.

Definition 5.9. For the number of exceedances k, the Bayesian information criterion con-
cerning the lower bound (BICL) for the threshold k,, for Model M,? is defined as

BICL;,, (s) .\ log(n?)

BICL,, s(kn) = ,
k) = = .

k,=1,...,n,

with estimator k,, := arg min, g {min| <y<, BICL, (k,)} for K c {1,...,n}.
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6. Simulation study

In this section, we compare the performance of the different information criteria through a
simulation study. Therefore, we simulate n times a multivariate regularly varying random
vector X of dimension d. For the distribution of X, we distinguish two cases: Either X
exhibits asymptotic independence (Section 6.2) or asymptotic dependence (Section 6.3);
these examples can be found in Meyer and Wintenberger [29] as well. In both examples,
we estimate the parameter s* based on the n observations with the different information
criteria: AIC, BICU, BICL, MSEIC and QAIC, and then estimate the probability vector p =
(P1,--->Ps,0,...,0)T by p,", given in (2.4). For comparison, we run simulations for the
local model with k, = 0.05 - n and for the global model with an estimated k,,. Since r is not
known we use the estimator

Pu = 1S0(Z)| = {B € P : Tu(Cp, kn) > O}

at this point. In total, we conducted 500 repetitions with sample sizes n = 1000, 5000, 10000,
20000. The code for the following simulation study is available in the Supplementary Material
B [6] and athttps://gitlab.kit.edu/projects/164856.

6.1. Error measures

To quantify the discrepancy between the true distribution p and the estimated distribution
’p\,i"* in (2.4) we use different measures. We start with the Hellinger distance, which is for
discrete probability measures P and Q with probabilities py, ..., pnand g1, ..., g, form € N
givenby H(P, Q) = %Hp —qll> where p = (p1,...,pm) " and g = (g1, ...,qm)". Since our
primary goal is the identification of the relevant directions s*, we employ alternative measures.
These measures evaluate the validity of a detected direction, without considering the weight
assigned to it.

To be more precise, the confusion matrix visualizes the performance of an information
criterion. Suppose an information criterion gives s as an estimator for the number s* of true
directions of 2¢ — 1 possible directions. Then we define the confusion matrix for the different
information criteria (IC)

Theoretic direction | No theoretic direction | #Directions
IC detects direction True positive (TP) False positive (FP) s
IC detects no direction | False negative (FN) | True negative (TN) 24 _1-%
#Directions s* 24 _ 1 —g* 24 _

and as error measures

TP + TN FP + FN
Accuracy Error :=1 — = ,
TP+TN+FP+FN 24 -1
2TP 2TP
FiErmor=1- ——=1- ——,
2TP + FP + FN s*+s

which reflects the errors. If we take 1 — Accuracy Error and 1 — F Error, respectively, we
obtain the original definition in Powers [31] such that our error measures are negatively
oriented and a lower value is better. The Accuracy Error measures the relative number of false
classified directions, whereas the F; Error is the harmonic mean based on the precision and
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the recall. Note, that the precision error is the relative amount of actual theoretical directions
to the number of detected directions whereas the recall gives the proportion of theoretical
directions.

6.2. Asymptotic tail independent model

In the first example, we consider d-dimensional i.i.d. random vectors whose spectral measure
only concentrates on the axis. To define their distribution, we assume that H = (h;;)1<i j<a €
R4 with h;; "~ U((0, 1)) and

. -1/2 -1/2 . -1/2 -1/2
X = diag(hy) %, .. b - HT - H - diag(h]) %, 0.

Note that X;; = 1,i = 1,...,d and X;; < 1,i # j. Suppose now ¥ = (Yy,...,Yy) ~
Na(04, X) under the condition of X whose components have, by construction, as marginal
distribution the standard normal distribution ®. It is well known that the multivariate nor-
mal distribution with correlations smaller than 1 exhibits pairwise asymptotic independence
(Resnick [32], Corollary 5.28). Now, let Y',...,Y" be an i.i.d. sequence of random vec-

tors with distribution ¥ and define the i.i.d. random vectors X’ = (XI,...,X))T € RY,
i=1,...,n,as
i 1 -
XL = —, 1<j<d,
I T ()

which are regularly varying with tail index @ = 1 and exhibit pairwise asymptotic indepen-
dence so that the extreme directions are the s* = d axes. For our simulation study, we assume
now that d = s* = 40; the results are presented in Figure 1, on the left hand side for the
local model with &k, = 0.05 - n and on the right hand side for the global model. In the local
model we see that for small values of n, as n = 5000 and n = 10000, the AIC and MSEIC
perform better than the other information criteria, while for n = 10000 the QAIC performs
only slightly worse than the AIC and the MSEIC. But this changes for n = 20000: When
evaluating the Accuracy Error and the Fj Error the BIC and the QAIC outperform the AIC
and MSEIC. It even seems that the Accuracy Error and F; Error of the AIC and MSEIC
increase, suggesting a tendency toward overfitting, which is in agreement with the theoretical
results that the AIC and MSEIC are overfitting with a positive probability (Theorem 3.1 and
Theorem 4.3), whereas the QAIC and BIC are consistent (Theorem 3.8 and Theorem 5.5). If
we compare the simulation results for the local model (left part of Figure 1) with the results
for the global model (right part of Figure 1), we realize that for n = 5000 and 10000 the global
model of the AIC and BIC performs better than their corresponding local models, whereas
the global model of the QAIC is, on average, better than its local version, it has many outliers
with the tendency to overfit.

6.3. Asymptotic dependent model

Next, we present an additional simulation study for a model with asymptotic dependence
which can also be found in Meyer and Wintenberger [27]. Consequently not only directions
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(a) Local model with &, /n = 0.05 (b) Global model

Fig 1. Simulations for asymprotically independent data with s* = d = 40 directions of extremes: In the top row we
use as error measure the Hellinger distance, in the middle row the Accuracy Error and in the bottom row the F|
Error, which are plotted against the sample size n on the x-axis.

with | 8] = 1 are relevant. Let X be an R? valued random vector and d, d», d3 € N U {0},
such that

d > d| +2d, +3ds.

The parameters dy, da, d3 specify the number of one, two, and three-dimensional directions.
The marginal distributions of X are defined by

X; ~ Pareto(1), j=1,...,d1,
(Xj, Xj41) ~ (Pareto(1), X; + Pareto(2)), j=dy +1,d1 +3,...,d1+2-dy - 1,
(Xj, Xj+1,Xj12) ~ (Pareto(1), X; + Pareto(2), X; + Pareto(2)),
j=di+2 -dy+1,d1+2-dy+4,...,d1+2-dry+3-d; -2,
X; ~ Pareto(2), j=di+2-dy+3-ds,...,d.

The random vector Z in Definition 2.1 puts mass on the sets

C{l}, e ey C{dl}’

C{d1+l,d1+2}’ LR C{d1+2~d2—1,d1+2-d2}’

C{d]+2~d2+l,d1+2~d2+2,d1+2~d2+3}’ ceey C{d]+2~d2+3~d3—2,d1+2~d2+3~d3—l,d1+2~d2+3~d3} .
In total, there are d; + d» + d3 directions with probability mass, and the goal is again to identify
these directions. For the simulation study in Figure 2 we chose d; = 10,d, = d3 = 5 and

d = 50 resulting in s* = 20 extreme directions. The plots show similar features as for the
asymptotic independent case in Section 6.2 (cf. Figure 1).
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Fig 2. Simulations for asymptotic dependent data with s* = 20 directions of extremes and d = 50: In the top row
we use as an error measure the Hellinger distance, in the middle row the Accuracy Error and in the bottom row
the F Error, which are plotted on the y-axis against the sample size n on the x-axis.

7. Application to real-world data

In this section, we examine the dependence structure of extreme wind speeds using the same
example as Meyer and Wintenberger [29]. For this purpose, the daily average wind speed
at 12 synoptic meteorological stations in the Republic of Ireland from 1961 until 1978 with
n = 6574 observations are considered. The data was subject to Haslett and Raftery [24] and
taken from StatLib - Datasets Archive [37]. To what extent dependencies exist, that are not due
to the geographical proximity, will be analyzed in the following. The locations of the stations
are shown in Figure 4 and consist of: Belmullet (BEL), Birr (BIR), Claremorris (CLA), Clones
(CLO), Dublin (DUB), Kilkenny (KIL), Malin Head (MAL), Mullingar (MUL), Roche’s Pt.
(RPT), Rosslare (ROS), Shannon (SHA) and Valentia (VAL). For the preprocessing, we use
the same Hill estimator @ = 10.7 as Meyer and Wintenberger [29]. We considered values of
k,, between 33 and 1183.
The values of the estimators for k,,, k,,/n, and s* are presented in Table 1.

Table 1
Estimators for the wind speed data set based on the different information criteria

IC k k/n s

AIC 460 0.07 11
BICU 1118 0.17 12
BICL 1118 0.17 13
MSEIC 230 003 9
QAIC 592 0.09 11
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The number of extreme observations &, varies between 230 and 1118, which corresponds
to 3% to 17% of the data. Howeyver, the information criteria reported between 9 and 13 number
of extreme directions, which is not a large range compared to the choice of k,,. On the left-hand
side of Figure 3, the values of the information criteria are plotted against the threshold &,
while on the right-hand side, the number of estimated directions is mapped as well against
k5. The vertical lines indicate the minimum of the information criteria. It appears that for the
number s of extremal directions, there is a more distinct plateau around the optimal value ’IQ,L
for BICU, MSEIC and QAIC compared to AIC and BICL.

IC: AIC IC:AlIC

IC: BICU IC: BICU

300 600 900 1200 0 300 60 900

IC: BICL IC: BICL

Value of IC
s
|
|

600

IC: MSEIC IC: MSEIC

J 600

IC: QAIC IC: QAIC

Fig 3. On the left-hand side in the figure the value of the information criteria (IC) and on the right-hand side, the
number s of extremal directions is plotted against ky,. The values of the IC are scaled, such that they start at 1.
The vertical lines indicate the minimum value of the information criteria.

A graphic of the Republic of Ireland is given in Figure 4, where the black dots highlight the
different locations of the stations. Colored diamonds close to a station are markers for estimated
extreme wind speeds at that station based on an information criterion. All information criteria
only identify stations on the coast as extreme, all inland stations have non-extreme wind speeds.
AIC missed one station on the coast, which is Valentia located more than 130 km away from
the other stations. MSEIC, QAIC, BICU and BICL recovered the same maximal clusters and
missed the coastal stations Shannon and Dublin. The first station, Shannon, is connected to
the ocean but nearly 40 kilometers away from the open sea. The second station, Dublin,
is oriented towards the Irish Sea, rather than the Atlantic Ocean. All information criteria
identified Belmullet, Mullingar, Rosslare and Roche’s Pt., and four out of five information
criteria also recognized Valentia.
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Fig 4. Maximal subsets recovered by the information criteria of the daily average wind speed.
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8. Conclusion

In this paper, we developed three different information criteria for both the number of extreme
directions s* as well as for the choice of the optimal threshold k,. Where the BIC is based on a
Bayesian approach for a multinomial model in analogy to the AIC of Meyer and Wintenberger
[29], the QAIC uses the ideas of an Akaike information criterion, but it is based on a
Gaussian likelihood function in comparison to the AIC. In contrast, for MSEIC no likelihood
assumption is necessary; it uses the MSE. The advantage of BICU, BICL and QAIC is
that they are weakly consistent information criteria for the number of extreme directions s*,
where AIC and MSEIC tend to overestimate s* for large sample sizes, which we slightly see
in the simulation study of the local models for large n but for small n the MSEIC performs
extraordinarily well. All information criteria performed quite well, none is particularly superior
in all situations. Finally, the information criteria were successfully applied to a real-world data
set, where MSEIC, QAIC, BICU and BICL detected the same extreme clusters. In practice,
we estimate, of course, r by 7, = |§n(Z)| and plug this estimate in the information criteria.
In this setup, all the consistency results in the paper remain true if we additionally assume

—~ P . ..
that 'k, 0,(r, —r) — 0 as n — oo. However, the motivation for the definitions of the

information criteria is much clearer when it is assumed that r = |S,,(Z)| is deterministic and
independent of 7.
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Appendix A: Proofs
A.l. Proofs of Section 3
A.l1.1. Proof of Theorem 3.1

Proof of Theorem 3.1.
Step 1: Suppose s > s*. By the definition of the AIC and the log-likelihood function in (2.3)
it follows that

AICy, (s) — AICk, (s™)
~log Lagy (P | Ta(kn)) +5+10g Ly (B | T(kn)) = °

S ( Ik ”))—log(ris > ) $ gk

J=s*+1 Jj=s+1 n i=s+1

+log 1* Z ’”(k") Z Ti(kn) + (s — 5%, (A.1)
Jj=s*+1 n

i=s*+1
where we used that s > s*. Inserting the alternative representation
Tn,j(kn) = knpn + knpnYn,j

where
Tn,j (kn)

nvn

Yo = knpn( —1), j=s"+1,...,r,

gives that

AICy, (s) — AICy, (s%)

S
1
=_ Z (knpn + VknpnYn,j)log (1 + —Yn,j)
knpn

J=s*+1

—log|1+ P Z Z (knpn + knPnYn l)

J=s+1 npn i=s+1

-
Z (knpn"' knpnYn,i)

+ log l+
/;l—l \ npn i=s*+1

+ (s —s). (A.2)

For the asymptotic behavior we apply Assumption (A3) which results in

D
(Yn,s*+le cees Yn,r) — Y1, V) =Y ~ N (0,—5, I _g+), n — o0, (A.3)

and thus,

Y,i=0p(l) for i=s"+1,...,r.
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This and the Taylor expansion of the logarithm

log(1+x) =x— %xz +0(x%), x—0,
we insert in (A.2) such that

AICy, (s) — AICk, (s™)

S
1 1 1
== ) (knpn+Nknpn¥nj) | —==Ynj = 57—

j;l-l o e knpn " anp” )

(5 S sl 2 )
r—s, npn 2 r_sj=s+1 knpn "

: Zrl (knpn"' knpnYn,i)

i=s+1

(r_s Z \/n_pn 2(r—s Z \/,,_pn"]))

J=s*+1 J=s*+1

: Z (knon + VknponYn,i)

i=s*+1

+ (5= ") +Op((knpn)™'?).

Since k,p, — oo (Lemma 2.8(a)) we receive

1 < 1 a ’
AICy, (5) — AIC, (") = - 5 Yf’j—z(r_ ) Z Yo
J=s*+1 § j=s+1
2
2(r—s) ;HYnJ + (s —s") +op(1).

Due to (A.3) and the continuous mapping theorem we finally obtain as n — oo,

r 2
2(r —) ( Z Yj)

AICy, (s) — AICk, (5%) = — = Z

jS+1 j=s+1
1 r 2
+— Yi| +(s—s%).
2<r—s*>(.Z ’) =)
J=s*+1
Obviously,
r Y 2 r Y 2
1 S ( Jj=s+1 f) ( Jj=s*+1 f)
P|-= Y? - -s*<0|>o0.
(ZJ,ZYZ*+1 J 2(r —s) * 2(r — s*) R

Step 2: Suppose s < s*. We obtain analog to (A.1) that

AICy, (5) — AICy, (s¥)

(A.4)
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= S Tl o ( B n))—log L s S st

J=s+1 j=s+1 i=s+1
1 k
+log . Z ’”( n) Z Tpi(kn) + (s = 5*). (A.5)
r—s* ks,
J=s*+1 i=s*+1
A direct consequence of T, ;(k,)/k, LN 0 for j = s*+1,...,r (Lemma 2.8(c)) and

limy 0 xlog(x) = 0 is that

1 2 Tn,j(kn) 2 Tn,i(kn) i}o

r—s* kn

j=s*+1 "

i=s*+1
Furthermore, Lemma 2.8(b) yields T}, j(k,)/kn =, pj > 0for j =1,...,s" and thus, as
n— oo,

r

n z(kn) n, l(kn) 1 - Tn,j(kn) Tn,i(kn)
( ) r—s Z kn Z kn

i:s+1 Jj=s+1 i=s+1
o Z pi|log (pi) - log| —— Z pill- (A6)
i=s+1 "= _] =s+1

while we used p; = 0 for s* < i < r. Next, we apply the log sum inequality (Cover [12],
Theorem 2.7.1) to the limit of (A.6) and receive

ipi log (pi) —log| — Z pj Z pilog

r— s
i=s+1 ] =s+1 i=s+1 (r s Z] s+1 p])

(S ol (5t

s*—s |8 .
i=s+1 r—s Zj:s+1 Pj i=s+1

since r > s*. Dividing (A.5) by k,, and using (A.6) and (A.7) gives

) >0, (A7)

—AI Al i1 i) —1 ,
(AIC, (s) ckn<s>>—>Zp og (pi) ogr ij >0

i=s+1 J =s+1

and thus, the assertion follows. O

A.1.2. Proof of Proposition 3.5

Before we are able to present the proof of Proposition 3.5 we require some auxiliary lem-
mata whose proofs are moved to Section 1 of the Supplementary Material A [5]. In the
following, we work with the r-dimensional multivariate normal distribution N, (knés(zs),

kndiag(A,(P*))), P° € R$*!, which has a negative log-likelihood function

~2log Ly, (p* | T) =rlog(2r) + rlog(ky) + Y log(F}) + (r = 5) log(7")
j=1
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s 7:1 — 4 7;1 ~s
+kn(;lz~i§( b —13]-)2+ 2 %( o E )2)

Jj=s+1 =

Lemma A.1. Suppose the assumptions of Proposition 3.5 hold and EZ(Tn) is defined analog
i0p’ (T7) in (3.2). Then as n — o,

7;L S+ -~
| (B -ET)

Yn ::andiag(pn,l, <5 Pn,s» %,pn, . ’pn)_

(e - 7207
2’ r+1 (0r+17 Z) s

where

Z : lr*S ll—fs

_ 2154, 0s><(r—s)
0(r—s)><(s+l) Ir—s - — ‘

Lemma A.2. Suppose the assumptions of Proposition 3.5 hold and E;(Tn) is defined analog
0p’ (T,) in (3.2).
(a) Then as n — oo,
Viog L, (B (T) | To) (B (Ta) = B (T2) — 0.
(b) Suppose p,, = (Pn.1s--->Pn.s>Pn) € RSH satisfies
1P, = B (Tl < 1P (T2) = B (To)ll, neN,
Then as n — oo,
(B2 () = BT (V10 L, (B | Ta) + kin(diag (Pt s P ol (r = 5) 7))
(BT - B () — 0.
Proof of Proposition 3.5. Using a Taylor expansion of log L y;, (Ei(%n) | 7,,) around EZ(T”)
yields the existence of a random vector p,, = (Pn.1s---» Pn.s»On) ' With
1By~ B (Tl < IIB°(T) = B° (T2l
such that
log Ly, (P° (T2) | T2)
=log Ly, (B2 (Ta) | T) + Viog Ly, (B2 (T) | T) (B2 (T2) = P (T)
+ 5B (T~ B2(70) VP log L, (b, | T2) (B%.(To) ~ B5(T2).
Applying Lemma A.2 (b) gives
log L, (P° (T2) | T)
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=log L, (7 (T:) | T2)
- %(’g‘j;(?n) = P(T2) " kndiag(pu,ts -, puss pn/ (r = )71 (B2 (T2) = B2 (T2))
+op(1).
Inserting the definition of log L o, (EZ(‘Tn) | 7,,) and ]:9\;’].(7",,) = %, j=1,...,s,yield

log L, (P° (T2) | T)

= —%rlog(Zﬂkn) Zlog(ﬁf, 1(7' ) — —(” — ) 10g( 2 (Th)

r

1 L (T, 2
“2h 2, ﬁz<7n>(k -7
1

J=s+1 =

( (T ) - AS (T )) k dlag(pn Ise-- apn,s’pn/(r - S))_I(E;(%n) - E;(Tn))

+0]p>(1).

. . - P
Next, we move some terms on the right-hand side and use p,/p5,(7,) — 1 (cf. Lemma 2.8
(c) and the assumption s > s*) and Y, as defined in Lemma A.1, which result in

e~ 1 1< s
logL, (B (T0) | 72) + 5rlog(2mka) + 5 3 log(7, ;(Ta) + 5 (r — 5)log (B} (7T2))

j=1
1 ~ 1 (T 2
I _kn . oS N

J=s+1

(BT~ BT) - kadiag(Puto- P ol (r = 5)) 7 (B2 (To) — B(T50)

+ OP(I)

2ny+@u)

D 1
--Y'Y
H 2

by Lemma A.1, where Y ~ N;41 (0,41, ). Since

1 1 1 r+s+1
E[-=Y'Y] =-=E Y'Y)]=-= )= —
[ > ] > [trace( )] 2trace( ) >

the assertion follows. m]

A.1.3. Proof of Theorem 3.8

Proof of Theorem 3.8.
Step 1: Suppose s < s*. We have p®
have as n — oo,

nj = pn J for j=1,...,s and due to Lemma 2.8(b,c) we

* *

P
ﬁl’j—>pj>0, j=1,...,5,
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P o+ P
and similarly p§, — —— Z ,pj > 0aswellas p5 — 0. Thus,

] S+
s* P s* 1
= ) 108y ) + (=) log(F) — = ) log(p))+ (r=s)log (=— 3" p)]
J=s+1 J=s+1 j=s+1
and log(p®") 2, o Therefore, we have as n — oo,

QAIC, (s) — QAICk (s*)

=—Zlog<pn])+(r—s)log< 2 = (r=s)log(5y) + (s = 5°)
j=s+1

P
— 00,

Step 2: Suppose s > s*. In this case, we have by Lemma 2.8(b,c) that

=S

pn,j P . %
— 1, j=s"4+1,...,s,

Pn

—~ P o~ ¥ P . . .
and similarly p3,/p, — 1 as well as p), /p, — 1. Hence, with the continuous mapping

theorem we receive log([)\fl,j/pn) LR 0for j = s*+1,...,s log(p% /pn) LN 0 and

— P
log(p}/pn) — 0asn — oo. Thus, as n — oo,

QAIC, (s) - QAICy, (s7)

= 2 log(pp )+(r—s)log(ﬁy)—(r—s)log(’;s*)+(s—s)

J=s*+1 n n

— s—5">0,
which gives the statement. m|
A.2. Proofs of Section 4
A.2.1. Proof of Theorem 4.1

The proof of Theorem 4.1 is similar to the proof of Proposition 3.5. In the first step, we start
to calculate the Jacobian vector of 52(ES|Tn(kn)) for Es = (jjf .. jjﬁ &55) € R3*!, which is

=5\2 _ Tn,l(zkn)2 ( S‘)Z ns(kn) r ( ?)2 nj(k )
71 k;
vV (p® | Ty (ky) SR ,
2 ) =k (P})? (13?)2 ].;H (P )2

and the Hessian matrix is

2 2 r . 2
V(P | Th(kn)) =2diag(Tn’l(kn) Lo (k) > T ) )

W T3 A K

Analog to Lemma A.1 and Lemma A.2 we get the following results.
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Lemma A.3. Suppose Assumption A holds, s > s* and Ei (T, (ky)) is defined analogously
to p (T (ky)) in (3.2). Then as n — oo,

-1/2

Un = ‘/Ediag(pn,la -++sPn,s» ﬁ) (EZ(Tn(kn)) - EZ(Tn(kn)))

2(1 — ™ 0
2, /Vs+1(03+1,((s VP, s}\/I’{l ..... 1) 2s))

S

Lemma A.4. Suppose Assumption A holds, s > s* and p r (T, (ky)) is defined analogously
op (T (kn)) in (3.2).

(a) Then as n — oo,
VE (B! (L)) | Tn (k) (B2 (T (k) = B (Ta(kn))) —
(b) Suppose B,y = (Pn.1s- .+ Pn.s» pn) € BRI satisfies
190 = B (TaCka)l < 7" Talkn) = B (Tuka)l, 7 €N,
Then as n — oo,

(Ei(in(kn))_EZ(Tn(kn)))T
-1
AV (P | Tulkn)) — 2Ky diag plpﬁ) )

(BE @alka)) = B* (Talkn))) — 0.
Proof of Theorem 4.1. Using a Taylor expansion of fz('pzjl (T (kn)) | Tn(ky)) at E:,(T"(k"))
yields the existence of a random vector p,, = (Pn.1s---» Pn.s» On) ' With
120~ B° (Tulk)) | < 15> (Ta(kn)) — B° (Tukn))
such that
(P (T (kn)) | Tu(kn))

=C (P (T (k) | Tr(kn)) + VE (B (T (k) | T (k) (B (T (kn)) = P (T (k)

+ %(2‘;(7,,(/«”)) =P (Ta(kn)) V2 (B | T (k) (B (T (k) = B (T (kn))).

Applying Lemma A.4 gives
(P’ (T (kn)) | Tu(kn))
= C (P (Tn(kn)) | T (kn)) + (B2 (T (kn)) = P (T (kn))) "
kndiag (Pt s Pos puf (r = )7 (B2 (Tu(kn)) = B (Tu(kn))) + 02(1)
T, j(kn) v 2

=ky len(T (kn))( k, = Pp(Tn(kn)) | + (P’ (Tu(kn)) = P (T (kn)))

j=s+

: kndlag(pn,l’ -5 Pn,s» on/(r = S))_l (Ei(in(kn)) - EZ(Tn(kn))) +op(1).
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Next, we move some terms on the right-hand side and use Lemma A.3, which result in

2 /=S o - 1 Tn,j(kn) ~s 2
CP Takn) | Ta(kn)) = kn Y —n( o~ B(Talkn))

J=s+1

(2 (Ta(kn)) = B (T (kn))  kndiag(pa,is - Pass pu/ (r =)~
(P2 (Tr(kn)) = P° (Tu(kn))) + 0p(1)

= U,U,+op(1)
2, y,

as n — oo, where UTU ~ 2y2. Since E[UT U] = 2s the assertion follows. m|

A.2.2. Proof of Theorem 4.3

Proof of Theorem 4.3.
Step 1: Suppose s < s*. An application of Lemma 2.8(b,c) gives on the one hand,

1 n,j(kn) n,i(kn)
Tn,1 (kn) Z( y Zk(r—s))

Zl s+l &k, (r—s) J=s+1 s+1

S

* * 2
P 1 Z Zs Pi
_) — . —
Z;;s+l - (pJ r=s ’

r—s j=s+l i=s+1

where we already applied that p; = 0 for j = s, ..., r. Moreover,

s

S * *
; st =5 r—s
Ps+1 — Pi Z Ps+l — Ps+1 = Ps+1 > 0.
. r—s r—=s - S
i=s+1
Hence,
kn n, l(kn) Ty, z(kn) P
T, 1(kn) Z ( Z k (r — s) — (AS)
2l=st kn(r—s) J=s+l

On the other hand, define

T, (s k
Vi= anpn ( (GRS r}( Vl) - lr—s*) and V ~ N,y (Or—s*v Ir—s*)-

Pnkn

By Assumption (A3) we have V, 2, V. Furthermore, since T, ;(ky)/(knpn) =, 1 for
[=s"+1,...,r by Lemma 2.8(c), it follows that

pn n n (kn) Tnl(k)
VNN ViR

Z nl(kn) n
I=s*+1 k,(r—s*) J=s*+1

i=s*+1
P 1 1
—n V;(Ir—s* - —*lr—s*l;l:_s*)-r(lr—s* - —lr—s*l;l:_s*)vn
3 Tt (kn) r—s r—s*
I=s*+1 ky(r—s*)
[ —
P _g/\ff s*-1

—1



Information criteria for extreme directions 5731

D
— x? . = 0p(1). (A.9)
Combining (A.8) and (A.9) yields
MSEICy, (s) — MSEICy,, (s™)
kn n j(kn) n, z(kn)
= 2s—s§)p—0u 1
(s S)+Zl Tt (k) Zl( Zk(r—s)
s+l &, (r—s) J=5+
kn 2 ( nj(kn) Z nl(kn) )
.1 (kn o
Z[g+1 kn(lr(é*))]s+l ls+lk(r S)
P
e o0,
Step 2: Suppose s > s*. An application of (A.9) and Lemma 2.8(c) yield
kn 2 ( nj(kn) Z nt(kn) )
n.1 (kn —5*
le+1k(lr(v)) J=s"+1 H+1k (r=s%)
ka ( Ty (kn) Z To.i (kn) )
pnjs+1 ls+1k(r_s)
_ Pn _1 _n Z n](kn)_ Z nl(kn)
le+1k"lr(k§) L ot lek(r_s)
n(r=s*)
£ 22 . by (A9)
=op(1). (A.10)
Since s > s* the analog holds when s* is replaced by s. Using V,, = (V, 541, )|
defined as above, we have the representation T"I;fl (p]i") = \/k;_an, j + 1. Thus, when inserting
the definition of MSEIC we get with (A.10) that
MSEICy, (s) — MSEICy,, (s™)
s kn n ](kn) n, l(kn)
=2(s — -n
(s—s")+ Z( Zk(r—s)
n j=s+1
(k) k) |
__n (n] n_anl(ni)_'_OP(l)
Pn j=s*+1 “+1 (r—s7)
2
d T, i(k Vkn k
=2(s—s") + Z knpn( milkn) ) Pn Z ( Tnilkn) _ )
j=s+l knpn (r - S) npn

2
( n](kn) )_ npn Z ( n:l(pknn) )} +op(1)

_Z{ n,on lS+1

J=s*+1

:2(8—s*)+2{‘/n] ( —S)Z nl}

J=s+1 i=s+1
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r r 2
- Z {V”’j_(r——ls*),z Vn,i} +op(1)

J=s*+1 i=s*+1

2 2
R - 1 < \ X
2>2(S—S)+ Z {Vj—m.z Vi} - Z {Vj_ (I’—S*) Z Vl} .

Jj=s+1 i=s+1 Jj=s*+1 i=s*+1

Similar to the proof of Theorem 3.1, there exists a positive probability that the right-hand
side is positive. Hence, the assertion follows. |

A.2.3. Proof of Theorem 4.4

Before we are able to present the proof of Theorem 4.4 we require some auxiliary lemmata
whose proofs are moved to Section 2 in the Supplementary Material A [5].

Lemma A.5. Suppose assumptions (B1) and (B2) hold. Then for p’ € R’ the asymptotic
behavior

E

, . n-1/2 T:‘L,{l ..... r} ’
N Tn’zddlag(p ) o P
n,

= Nqn (%E[KZ(P'ITn(kn))] +o (%))

n

as n — oo holds.

Lemma A.6. For g’ € (0, 1) the equality

E

T’ 2 ’ 2
"= a2 22 _ n( (1-gn) (q' —qn) )
Vu(q'(1-q")) (n ( q))2 "\ —a)  aa (=)

holds.

Proof of Theorem 4.4. For g’ € (0,1) and p’ € R, we have as a consequence of Lemmas A.5
and A.6, that

T/ 2
q'B ||[Jn =T, jdiag(p) " | Lt p
n,2 N7 -
n,2 2

T 2

! 4 N — 2d ,

+ (1= ¢B ||Vt (1 - ) 1/2("T—<1_q))

2

n

7 , 7 1

= 4 (Z_E[gz(,, [T (k)1 + 0 ("—)) +nqn( + 1
nqn
Therefore, it follows that

2

TI

— . n-1/2 n{1,..., r} -

Jn =T ,qdiag(p’) (7”‘@1 p) 2

E|¢'E

=1 T k /—
p'=p, (1onl) 4 —%"]
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k
61’=7"]

2

’

T d
B|(1-q)B wﬁ(q’(l—q'))-”z(”T’z—u—q'))

2
q q ’
= E| | —E[¢ T, (k + _
ngn (kn [ (p I n( n))] 0 (nqn)) p/:i;n(Tnk(:n)) q'= kn]
(1 _Qn) (q/_CIn)z
+nant ( g g |q'=k—"

kn 2
= ng, (%MSEkn(s) + Sl ) + G — ) +o0 (n_l)).

kn Qn%

Due to the asymptotic behavior as n — oo,

(% —qn)’ ‘o (n_l) k(l———n)2+0 (n—l) =o((ng,) H+o (n‘l) =o((ngx)™"),

dn k,:l nqn
where we used the additional assumption k,, (1 — "kﬂ)2 — 0 as n — oo, we can conclude the
statement. |

A.3. Proofs of Section 5
A.3.1. Proof of Theorem 5.2

In the next two lemmata, we derive auxiliary results used for the derivation of an upper bound
of the posterior probability P(M; T, (ky)). First, in Lemma A.7, we give a Taylor approx-
imation of the log-likelihood functlon log(L Mg (-|Tn(ky))) of Model M? e and second, in
Lemma A.8, we present boundaries for the elgenvalues of the Hessian of the log-likelihood
function; the proofs of these auxiliary results are included in Section 3.1 of the Supplementary
Material A [5]. Finally, for the proof of the upper bound of the log-posterior distribution in
Theorem 5.2 we combine these two results.

Lemma A.7. Let the assumptions of Theorem 5.2 hold. Define the ball

Ue,,(Pn) ={P" €05 : IP* = Pull2 < &ny}
with radius €,y = (pn)? /2 for y > 4/3 around p,,. Then the following statement holds

sup log LMZn (ﬁs | Tn(kn)) - log LM,‘:n (ﬁfz | Tn(kn))
P’ €Ucy ., (P7)

~ 3B = BTV log Ly (B3I Ta(ka) (5 - B3| = 02(1).

Lemma A.8. Let the assumptions of Theorem 5.2 hold. Define A, = ky/T,1(k,) and
An1 =kn/Ty s(ky) + sk /ZJ w11 In,j- For p* € ©5 we have on the one hand,

n2(p _pn) (p _pn)<(p _pn)T Vz]OgLMV( |T (kn))(p _pn) P-a.s.

and on the other hand,

A1 (P =P (P =Py = (P° —pn)T VlegLMs (P3| Tn(kn))(P* - p,) P-as.
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Proof of Theorem 5.2. In the following let y = 4/3 and &, == &, 4/3 = (pn)*3 /2. An appli-
cation of Lemma A.7, Lemma A.8 and Assumption (C1) give

~210gEg, [Lasy (P* | Tn(kn))]
< - 2log/ Ly; (p° [ Tu(kyn))dp® —2logh
Ueu®@r) "

_210g/ exp{_ ~(p
Ue, B7) 2

—2logb + op(1)
< =2log Ly (P | Tn(kn)) = slog(27) + slog(kpdn,1) — 2log b

knnd "7 (1P =BT D)~
-2lo / ( = "’) ex n n b dpt +op(1). (A11)
® Juo o\ 2 L R VT P+ ox(l)

The integrand is a s-dimensional Gaussian density with expectation vector p;, and covari-
ance matrix (k,,/ln,l)‘lls. Furthermore, due to the definition of 4, 1, Assumption (C3) and
Lemma 2.8, the asymptotic behavior

5/3
kn(pn) knpn rsknPn o (A.12)
4 Tn,s(kn) Zj=s+1 Tn,j

)T VZIOgLM‘ ( |Tn(kn))(;7'€_’ﬁfz)}dﬁY

0 < kpdp162 =

—00
Lemma 2.8

R
{s=s*}T r—max(s,s¥)

holds in probability. Let N ~ N (0, I). Since | N ||% ~ x? the Markov inequality yields

/ (kn/ln,l)S/2 {_1 (P _pn) (P _ﬁfl)} ~s
Xp dp
Uey B3) \ 270

2 1/(kn/ln,1)
=P (ﬁz + ;
V(kn/ln,l)
=1- P(HNII% > knﬂn,lsiITn(kn))

21 Lﬁla
k/l]gn

as n — oo almost surely, where we used in the last step (A.12). Thus,
kndna \*2 (1B =P)TP P .~
—210/ ("") ex X = dp®=op(l).  (A13)
/TS WV Bl S VI I p=oxt)
Inserting (A.13) into (A.11) gives then
—2logBg, [Lagy (P° | Tn(kn))]
< =2log Ly (P | Tu(kn)) = slog(27) + slog(kndn,1) = 2logb + op(1).

NeU,, (p))

s

Since T, j(k,) > 1 for j = 1,...,s, we receive the upper bound

kn Skn N r
An,1 = k 1 = kn s
o ( ns(kn) J =s+1 n](kn)) ( +V—S) r—=s
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and finally,

~2logBy, [Lagy (B° | Tu(kn))]

< —2log Ly (P, | Ty(ky)) — slog(2r) + 2s log (kn1 ,rrTs) —2logb + op(1),

which is the statement. O

A.3.2. Proof of Theorem 5.5

Proof of Theorem 5.5.
(a) Note that

BICUy, (s) = 2 AICk, (s) — 25 + 2slog (k) + s log [ ———| .
2n(r —s)
We consider now the different cases s > s* and s < s* separately.

Step 1: Suppose s > s*. We receive with (A.4) that

BICUkn (S) - BICUkn (S*)
=2 AICy (s) — 25 + 2slog (kn) + s log [ ————
n 2 (r —s)

-2 AICy, (s¥) + 25" — 25 log (k,,) — 5™ log (ﬁ)
a(r —s*

=2(s — s") log(k,) + Op (1) .
Dividing the last equation by log(k,,) results in

BICUy,, (s) — BICUg, (s*) P N
— 2(s—s%) >0,
log(ky)

where we used log(k,) — oo.
Step 2: Suppose s < s*. Here we have as in the proof of Theorem 3.1 and due to log(k,,) /k, —
0 that

BICUy, (s) — BICUy,, (s%)
kn

_ HAICK, () — AIC, (5) —2s +2slog (kn) + slog (m)

- kn kn

25* — 25" log (kn) — 5™ log (
kn

s* s*
D 1
—2 § Pi(log(}?i)—log (: § Pj)) >0,

i=s+1 Jj=s+l1

’
27 (r—s*) )

+

and thus, the assertion follows.
(b) Again, note that

BICLy,, (s) = 2 AICy,, (s) — 25 + slog (k,,) + s log (T"(k)) )
TTlip 1\Kn
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By a calculation analog to part (a), the BICL is also consistent since s log (

k—” i
27Tn,1 (kn)
1

slog(zﬂpl)>0asn—>oo. O

A.3.3. Proof of Theorem 5.7

First, we derive some auxiliary results before we prove Theorem 5.7. Therefore, note that due
(2.7) (cf. Equation (1.23) in the Supplementary Material of Meyer and Wintenberger [29])

d o : .
and 2321‘1 T, =n— T’;’2 - the likelihood function of Model M, can be written as

Laag BU\T3) = Lagy_, (B 1T ) Lain, (1 =0T, 00, (A1)
2

n,

for p”* = (p°,q) € O®, = O; x (0, 1), where

o || (=@ g (A.15)

n,24

Lgin, (1 =417, 1) = (( ! )

is the likelihood function of the binomial model. Next, we define the following expectations
with respect to the Lebesgue measure A. Let

..........

Bl (1T = Ji Luy,. (1T

n, n,

(A.16)
Ea[Lpin, (1= G| T/ )] = /(0 ! Lgin, (1 -¢q1T, ,.)dq.

Then taking the expectation and logarithm in (A.14) results under Assumption (D1) in
—21ogEg; [Lags (p” | T)]

<-2togt 200 { [ Ly 51T e, (1= T, 4. D)
Osx(0,1) " 0a e ’

.....

:—210gb’—210g{/ Lys . (P°IT, ,})dﬁs-/ Lan(l—ZiIT,de)dii}
0, "o (0.1) ’

s

.....

= —2logh’ - 2logEalLuss , (B*| T} (. )] - 210gEalLpin, (1 - 7|7/ ,0)]-
n,Zd
(A.17)

In the following two auxiliary lemmata, we determine upper bounds for the expectation of
both summands.

Proposition A.9. Under Assumptions (Bl), (B3) and (D4) the asymptotic upper bound as

n — oo,

—ZE[logE/l[LM;_T, @ IT, .. D
od

n,

< —2E[log ((n = T, ,,)!) = (1= T} ,,) (log(n =T, L) = 1} |

ngn
-2
k

Bllog Ly, (B3 (T (kn) | T (kn))] +25log (K +Clog(ng,),

o)

n

for a constant C > 0 independent of s and n, holds.



Information criteria for extreme directions 5737

Proposition A.10. Suppose Assumptions (D3) and (B3) hold. The expectation of the binomial
likelihood satisfies as n — oo the inequality

~2B[log Ea[Lein, (1 = 7| T/ ,)1] < — 2log(n!) + 2E[log((n ~ T/ ,))] + 2E[log(T! ,,!)]
—2nqgylog(k,/n) +2log(n) + Cnqy,,
for a constant C > 0 independent of s and n.

Proof of Theorem 5.7. For the ease of notation we define x log x as zero if x = 0. Inserting
the bounds derived in Proposition A.9 with constant C; and Proposition A.10 with constant
(> into (A.17) gives for sufficiently large # that

—2E[log Eg [Lags (p™ | T)]] +21og b’
< -2E[logEa[Lums_, i(ﬁs | T, (1)) = 2E[log Ex[Lgin, (1 - g1 T ,a)]]
n,2¢

< ~28[log ((n =T ,)) = (n =T ) (log(n =77, = 1)]

nqn =5 :

—2log(n!) +2E[log((n — TYIL,Zd)!)] + 2E[log(Tr'L,2d D]
— 2ngnlog(kn/n) +2log(n) + (Cy + C2)ngy

{—2 log(n!) +2E[(n ~ T, ,,) (1og(n T ) - 1) [+2E[log(T! . !)]}

ngn s [T
+ { - Zk—nE[IOg LM,fn (pn | T, (kn))] +2s log (kn 2n(r — s))

= 2ng, log(kn/n) +210g(m)} + (C1 + Co)ngn

= In,l + In’z + (C] + Cz)nqn. (A.18)

Next, we simplify /,, ;. Therefore, we use the following calculation. Let B be a positive random
variable with finite positive variance. For u > 0 and x > 0 we the inequality log(x/u) < x/u—1
holds, which is equivalent to x log(x) < x/u + xlog(u) — x. Then we have

E[B?]
u

E[Blog(B)] < + E[B] log(u) — E[B],

and in particular for u = E[B*]/E[B] we receive
E[Blog(B)] < E[B] log(E[B*]/E[B]).
Since E[T ,,1{T" ,, > 0}] =E[T ,,] =n(1 - g,) and E[szd]l{T’;’zd >0}] =E[T"%,] =

o0 > O =5IT, o n.2d
ngn(1 — g,) the previous inequality gives

E[T,,lyzd log(T;l’Qd)]l{T;l’zd > 0}]

201 _ . \2 _
< n(1 - gy)log n*(1 = gn)* +nga(1 qn))

n(l _Qn)
=n(l - g,) log (n(1 = gqn) +qn)
= n(l - QH) 10g (”(1 - qn)) +n(1 — qn) ]()g (w)
n(1 _Qn)
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< n(l—gn)log (n(l-gn)) +C3 (A.19)
for a constant C3 > 0 independent of s and n. Furthermore, we use the inequality
nlogn —n <log(n!) <nlogn—n+logn+1 (A.20)

to derive a bound for E[log(T’ zd')] Hence, using the upper bound (A.20), (A.19) and
applying Jensen inequality we receive that

E[ log(T/ ,,!)]
= E[log(T, ) {T/ 5, > 0}]
< BIT! 5 10g(T! ) U{T ,a > 0}] ~ E[T 1, 1{T/ 5, > O}] + E[log(T} ,, 1{T} 54 > O})]
< n(1 = g2) Tog (n(1 = g)) = n(1 = g,) +log (n(1 = g,)) + Cy

for a constant C4 > 0 independent of s and n. Additionally to the last inequality, we obtain by
(A.20) and (A.19) (for n — T’ ~d instead of T ~d and g, instead of 1 — g, respectively) that

I = ~2log(n!) + 2E[(n = T/ ,.) (log(n ~T! ) - 1) |+2E[log (7! ,a!)]
< —2nlog(n) +2n + 2nq, log(ng,) — 2nq, +2n(1 — g,) log(n(1 — g,,))
= 2n(1 = gn) +2log(n(1 = gn)) + Cs
= [-2nlog(n) + 2ng, log(n) + 2n(1 - gn) log(n(1 - gn))]
+ [ann log(Qn) + 210g(n(1 - Qn)) + CS]
< 2nq, log(q,) + 2log(n) + Cs (A.21)
for some constant C5 > 0 independent of s and n holds, where we used that the bracket in the
second last equation is negative.
Combining (A.18) and (A.21) ends up with
—2E[log Eg; [Lazs (p™ | T})]]
<Ini+ 1,2 -2logh’ + Cong,

nqn o~ r
<-2 E[log Lpss T,(k, 2slog | kyy | ———
= kn [Og Mkn(pnl ( ))]+ s Og( 27‘((}”—5‘))

21
+nqy (2 log (nkqn) + _og(n)) +

n nqgn, /7 =l
Ellog Lasg (P | Tn(kn))] ]
=2nq, |- by 70 TR + Llog(kn ! )+ og(n) + Cngp,
kn nqn 2n(r —s) nqn
for a constant C > 0 independent of s and n. |

Supplementary Material

Supplementary Material A: Proofs of auxiliary results
(doi: 10.1214/25-EJS2469A; .pdf). This supplementary material contains proofs of some
auxiliary results of this paper, as well as an additional simulation study.

Supplementary Material B: R-codes
(doi: 10.1214/25-EJS2469B; .zip). The zip archive contains all R-codes used in this paper.


https://doi.org/10.1214/25-EJS2469A
https://doi.org/10.1214/25-EJS2469B
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