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Magnetic skyrmions are spatially localized whirls of spin moments in two dimensions, featuring a
nontrivial topological charge and a well-defined topological charge density. We demonstrate that the
quantum dynamics of magnetic skyrmions is governed by a dipole conservation law associated with the
topological charge, akin to that in fracton theories of excitations with constrained mobility. The dipole
conservation law enables a natural definition of the collective coordinate to specify the skyrmion’s position,
which ultimately leads to a greatly simplified equation of motion in the form of the Thiele equation. In this
formulation, the skyrmion mass, whose existence is often debated, actually vanishes. As a result, an
isolated skyrmion is intrinsically pinned to be immobile and cannot move at a constant velocity. In a spin-
wave theory, we show that such dynamics corresponds to a precise cancellation between a highly nontrivial
motion of the quasiclassical skyrmion spin texture and a cloud of quantum fluctuations in the form of spin
waves. Given this quenched kinetic energy of quantum skyrmions, we identify close analogies to the
bosonic quantum Hall problem. In particular, the topological charge density is shown to obey the Girvin-
MacDonald-Platzman algebra that describes neutral modes of the lowest Landau level in the fractional
quantum Hall problem. Consequently, the conservation of the topological dipole suggests that magnetic
skyrmion materials offer a promising platform for exploring fractonic phenomena with close analogies to

fractional quantum Hall states.

DOI: 10.1103/sxgs-38c3

I. INTRODUCTION

Magnetic skyrmions are topological spin textures that
have been studied intensively over the past decade and that
allow for an unprecedented amount of individual control;
for reviews, see Refs. [1-8]. They can be created and
investigated in a controlled manner not only in specifically
designed magnetic heterostructures, but also in a variety of
bulk magnetic materials. The nontrivial topology endows
skyrmions with a topological protection against small
perturbations, which, alongside with their small size, drives
a number of proposals to exploit skyrmions as novel bits
in future information and data-storage technology [9].
Moreover, skyrmions can imprint their topology on the
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conduction electrons in itinerant magnets, resulting in an
emergent electric and magnetic field via a real-space Berry-
phase mechanism [10-12]. These emergent fields affect
transport properties, giving rise to a topological Hall effect
[13,14] as well as a topological Nernst effect [15,16]. Vice
versa, a current of electrons affects the dynamics of
skyrmions, yielding a skyrmion Hall effect [17]. In addi-
tion, magnetic skyrmions possess characteristic magnon
eigenmodes [18], and their nontrivial topology is also
reflected in magnon Chern bands of skyrmion crystals
[19,20]. Skyrmions are amenable to imaging techniques,
such as transmission electron microscopy, scanning tun-
neling microscopy, or scanning transmission x-ray micros-
copy, allowing one to determine the position of magnetic
skyrmions, their internal spin arrangement, and, if com-
bined with the proper time resolution, also the skyrmion
dynamics [8].

The nontrivial topology of magnetic skyrmions is
characterized by the topological charge

(1) = / dZprop (3. 1) (1)
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FIG. 1. Example of a topological skyrmion texture with charge
Oiop = —1. The arrows represent the field 71, and the brightness of
the background color indicates the magnitude of the associated
topological density piqp,. The density py, is finite only in regions
with spatially varying 7.

where the integral is over the two-dimensional plane with
area V and the topological density is defined by

L
Prop = En ’ (aln X 62n). (2)

The local magnetization is specified by a three-component
unit vector field 7i(X, r) as a function of the spatial position
X = (x;) with i = 1, 2 and time 7. For boundary conditions
where 7i(X, t)|,, is constant on the surface 0V of the two-
dimensional volume, the charge O, is a time-independent
integer number. An example of a magnetic skyrmion texture
with Qy,, = —1 is shown in Fig. 1. At the focus of the
present work is the first moment of topological charge,

D,(1) = / dxipn (. 1) (3)

i.e., the dipole moment of the topological charge distribution.
Assuming that the dynamics of the magnetization 7 is
governed by the Landau-Lifshitz equation, it was shown
in a seminal work by Papanicolaou and Tomaras [21] that the
dipole moment D; is related to the linear momentum of the
texture, P; = 4zxse; Dy, where s is the spin density and
€1 = —€5; = 1. For a system with translation invariance,
the conservation of linear momentum then implies, on a
classical level, that the topological dipole moment is con-
served, i.e., d,D; = 0.

For a texture with a nonzero Qy,, # 0, the dipole moment
can be invoked to introduce a collective variable R;(¢)
specifying the position of the texture:

Ri(t> = Di(t>/Qt0p' <4)

The conservation of linear momentum can then be
expressed in terms of the so-called Thiele equation in
the absence of Gilbert damping, a = 0 [17]:

-

0,P =4nstxd,D =G xd,R =0, (5)

where the gyrocoupling vector G = 475 QyopZ points in the
direction Z normal to the two-dimensional plane. Of course,
if the magnetization couples to additional degrees of
freedom, like phonons, and exchanges momentum with
another subsystem, Eq. (5) acquires corrections. In this

case, the time derivative of P is balanced by a force
describing the exchange of linear momentum that even-
tually induces also a finite Gilbert damping . The present
work, however, is concerned with the intrinsic properties of
a magnetic system that is decoupled from the environment.

The notion of linear momentum of a magnetic texture
has been discussed for many years [10,22,23], and it is still
intriguing the community [24-28]. Indeed, it is a pertinent
scientific question whether the Thiele equation (5) for the
collective coordinate (4) is robust or holds only on the
classical level for a rigid texture as thermal or quantum
fluctuations might induce corrections. A previous theoreti-
cal analysis on the influence of spin-wave excitations by
Psaroudaki ef al. [29] suggests that the equation of motion
is renormalized:

G x OR = —mgO}R + -+ -, (6)

and the skyrmion acquires, in particular, a finite mass m.-.
The ellipses represent further corrections like internal
damping and higher-order time derivatives [6,30].
Equation (6) is analogous to the dynamics of a classical

electron in an external magnetic field ~G and possesses

cyclotron solutions with finite frequency @, = |é| /Mgy
For the corresponding periodic cyclotron motion, the

velocity is finite, a,ie # 0, such that the conservation
law (5) for linear momentum appears to be violated.
This seemingly striking conflict between a finite sky-
rmion mass mg and the conservation of linear momentum
occurs only for the collective coordinate defined in terms of
the topological dipole moment (4). For completeness, we

note that other definitions for the collective coordinate R
have been proposed in the literature that are distinct from
Eq. (4) and are not related to the linear momentum of the
texture; see Refs. [31-34]. In this case, a finite mass mg

quite naturally arises, because the collective coordinate Ris
here not orthogonal to the gapped magnon excitations on
the level of linear spin-wave theory [35-37].

Being the linear momentum of the magnetic texture, the
topological dipole moment and its associated collective

coordinate R of Eq. (4) belong to the low-energy degrees of
freedom of the magnetic system. Consequently, the form of

the effective equation of motion for R is of fundamental
importance for the description of quantum skyrmions as
well as quantum phases of many-skyrmion systems. For
example, the analysis of a Bose-Einstein condensation of
quantum skyrmions carried out in Ref. [38] relies on the
assumption that the conservation law of Eq. (5) applies,
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and its conclusions would be invalidated in the presence
of a finite m.y. The presence of a finite mass mqy
substantially complicates the semiclassical quantization
of magnetic skyrmions as discussed in detail by Ochoa
and Tserkovnyak [39].

In the present work, we demonstrate that, instead, the
conservation law (5) remains valid, and the collective
coordinate defined in terms of the topological dipole
moment rigorously obeys an equation of motion, on both
the classical and the quantum level, with

Mmege = 0, (7)

even if one includes fluctuations. In fact, all the terms on
the right-hand side in Eq. (6) vanish identically for a spin
system that does not couple to other degrees of freedom
such as lattice vibrations; i.e., internal damping terms are
not fluctuation generated, either. We show that this is a
consequence of a local dipole conservation law obeyed by
the topological charge density

0iprop + 0i0;J;; =0, (8)

where the current tensor J;; is related to the stress tensor
of the problem [21]; see also Eq. (48) below. We establish
explicitly that Eq. (8) holds as an exact equation on the
operator level that is free from quantum anomalies, thus
generalizing the seminal results of Ref. [21] to the quantum
level. Hence, spin fluctuations that deform a rigid magnetic
texture do not generate inertia. This conclusion derives
from the fact that both the conservation of the linear
momentum and of the topological dipole moment continue
to be tied to each other; i.e., there is no anomaly in the
quantum field theory that would lead to the violation of the
dipole conservation law. Finally, we explain how our results
can be reconciled with the previous findings of Psaroudaki
et al. [29], who obtained results that seem to imply a finite
value for the mass of a skyrmion.

Despite the vanishing mass, the quantum dynamics of
skyrmions is highly nontrivial. In an explicit spin-wave
analysis, we illustrate that the vanishing mass is the
consequence of the cancellation of the movement of the
quasiclassical spin configuration and a cloud of quantum
fluctuations. We further show that the actual quantum
dynamics is identical to that of bosonic charges in the
lowest Landau level (LL), where the kinetic energy is also
quenched. In fact, such an analogy has a deeper root: For
the topological charge density of skyrmions, we show that
it is subject to the Girvin-MacDonald-Platzman algebra
[40] that governs neutral intra-LL excitations. Those are
particularly nontrivial for fractional quantum Hall states.
Hence, we expect analogies between the problem of
quantum skyrmions and fractional quantum Hall physics
that may allow for a classification of incompressible

skyrmion quantum liquids in analogy to the one achieved
for electrons in high magnetic fields.

The dipole conservation law of Eq. (8) further allows for
a close correspondence between the skyrmion dynamics
and the one discussed in fracton theories. Dipole conser-
vation laws have been discovered in specific quantum spin
models featuring both topological orders and quantum spin
liquid phases, where they have been associated with
emergent U(1) charges of so-called fracton quasiparticles
[41-46]. Various variants of fracton theories have been
proposed [47] that lead to a plethora of unusual phenom-
ena, e.g., the restricted mobility of quasiparticles and the
associated anomalous hydrodynamics [48—51], glassiness,
and nonergodic behaviors [52-54], as well as the emer-
gence of tensor gauge theories [55,56]; see Refs. [57-59]
for reviews. Microscopic realizations of these proposed
fracton theories and their experimental verifications in
materials are scarce, such as defects in elasticity theory
[60-62], vortices in superfluids [63], or electrons within the
lowest LL [64]. Here, we find that magnetic skyrmions
provide another realization of fractonic behavior. The
versatility and control of magnetic skyrmion materials
achieved over the past years turn them into a promising
platform for studying the unusual fractonic phenomena,
which have been proposed but so far remain largely
unexplored experimentally.

The article is organized as follows. In Sec. II, we present
an extended review of the conservation law of both linear
momentum and the topological dipole moment in the
framework of the classical continuum field theory.
Section III discusses the generalization of the results for
the quantum field theory. In particular, using a path-integral
formalism, a Ward-Takahashi identity associated with
translation invariance is derived, and the continuity equa-
tion for the topological density is generalized to the
operator level. From this, it follows that the topological
dipole moment remains conserved in the quantum field
theory. In Sec. IV, we confirm our findings with an explicit
calculation using linear spin-wave theory and elucidate the
relation to previous works. In Sec. V, we close with a
discussion of our findings on (a) the skyrmion mass
problem, (b) the correspondence with the lowest Landau
level, and (c) the skyrmion-fracton correspondence.

II. TOPOLOGICAL DIPOLE CONSERVATION
LAW IN CLASSICAL FIELD THEORY

The theory of quantum skyrmions ultimately requires a
quantum theory, which we develop in Sec. III. Before that,
we discuss here the corresponding quasiclassical theory,
an approach that will eventually be justified by our finding
that the theory is not affected by quantum anomalies. In
particular, we find simple and rather transparent arguments
that reveal the important role of the Girvin-MacDonald-
Platzman algebra that was initially developed to describe
neutral modes of the lowest Landau level in the fractional
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TABLE 1. Convention for indices in this paper. We use the
abbreviation x = (x,) = (X, ) and identify the zeroth component
of the spacetime coordinate x, with time, x, = t.

Spin vector indices a,pye{l,2,3}
Spatial indices i,j k1e{l,2}
Spacetime indices u,v,2€{0,1,2}

quantum Hall problem. Following Refs. [21,28,64], we first
review the notion of linear momentum for a classical field
theory whose dynamics is governed by the Landau-Lifshitz
equation. We introduce the field theory as well as the
Poisson bracket in Sec. Il A. In Sec. II B, we discuss the
conservation of linear momentum and present two deriva-
tions for the continuity equation associated with transla-
tional invariance, i.e., from the equation of motion and from
Noether’s theorem. In particular, we discuss how a man-
ifestly spin-gauge invariant energy-momentum tensor is
obtained with the help of an “improvement transforma-
tion.” Topological terms and anomalies are shortly
addressed in Sec. IIC before we discuss the continuity
equation for the topological charge density p;,, whose form
is intimately related to the property of p,,, as a generator of
area-preserving diffeomorphisms. This finally leads to the
conservation of the total topological dipole moment of the
spin texture. Table I summarizes the convention for indices
used throughout this work.

A. Classical field theory

In addition to the topological density of Eq. (2), the
topological current will be playing an important role in the
following:

jtop.i = 4_Z_ﬁ : (ajﬁ X atﬁ)’ (9)

with €, = —e¢,; = 1. The topological density and its
current obey the continuity equation:

arptop + aijtop.i =0. (10)

This equation has a purely geometric origin due to the
constraint 7(¥,#)> = 1 of the unit vector field. If this
constraint is locally violated by hedgehog defects in 2 4 1
spacetime, the right-hand side will not vanish but will be
given by the hedgehog density. Throughout this work, we
assume, however, that hedgehog defects are energetically
suppressed and not present.

The dynamics of the unit vector field 71(X, ) representing
the orientation of the magnetization is governed by the
Landau-Lifshitz equation of motion

oW

on’

(11)

I
on=-nx
s

that describes the precession of the magnetic moments.
Here, s = M, /y is a spin density with unit 7 per volume
and can be expressed in terms of the saturation magneti-
zation M, and the gyromagnetic ratio y = gug/h, where g
is the g factor, pp is the Bohr magneton, and 7 is the
reduced Planck constant. The energy functional

W= / dTH (7, 0,7) (12)
\%4

is assumed to be local with the density H. For this work, the
explicit form of H is not important, but we assume that the
theory is invariant with respect to spatial translations,
implying that H does not depend explicitly on the spatial
coordinate. For simplicity, we also assume that H depends
only on the field itself and its spatial derivative; however,
our results can be straightforwardly generalized to cases
where H also depends on higher-order derivatives.

The equation of motion (11) is generated by the Poisson
bracket 9,1 = {7, W} defined as follows:

{na(x. 1), np(X'. 1)} = —%eaﬁyny()'c', Né(xX=x'). (13)

A central role is played by the Poisson bracket of the
topological charge density and the field 7:

e 1 e
{Pop(X. 1), 7i(¥., 1)} = rmeijaja(x —X)oi(Z. 1), (14)

which identifies p,,, as a generator of area-preserving
diffeomorphisms [64], as we further explain in Sec. II D.
For the Poisson bracket of topological charge densities at
different spatial positions, we then immediately obtain

on(E.0) (P00} = e,0,0(F~T)prp(E.0). (15)
Remarkably, this corresponds to the Girvin-MacDonald-
Platzman algebra in the long-wavelength limit [40], which
suggests a close relationship with the physics of the lowest
Landau level [21,64]. From Eq. (15) follows the Poisson
bracket of the topological dipole moments (3):

O
{D;,D;} = 4;; €ji- (16)

Their Poisson bracket does not vanish in the presence of a
topological texture with a nonzero Q.

The action S = [ dr [, dXL of the classical field theory
is defined by the Lagrangian density [65]

L= sA(#)o,7i — H, (17)

where the first term represents the Berry phase with the
vector potential satisfying (d/0n) x A = ii. The choice of
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-

A is not unique; the equations of motions are invariant
with  respect to the spin-gauge transformation

A = A+ (3/0i)y(7i) with some smooth function y(ii).
Its Euler-Lagrange equations reproduce the Landau-
Lifshitz equations. When evaluating them, it is important
to impose the local constraint 77> = 1, e.g., with the help of
a Lagrange multiplier. This constraint requires that the
variation of the action is projected onto the subspace
perpendicular to 71. The effective Euler-Lagrange equations,
thus, read

e 0S e oLc oL
(1) 5 = (1) (5= 0, sas) =0, (1)
"

that is equivalent to Eq. (11).

B. Conservation law for linear momentum

The notion of linear momentum for a field 7, that precesses
according to the Landau-Lifshitz equation, has been
extensively discussed in the literature [10,21-23,25-28].
The linear momentum following from Noether’s theorem
is not manifestly spin-gauge independent, which prompted
many of the discussions. Circumventing this problem,
Papanicolaou and Tomaras [21] proposed a solution by
starting instead from the Landau-Lifshitz equation of motion
without any reference to the Lagrangian density of Eq. (17).
This derivation is reviewed in Sec. I B 1 for the convenience
of the reader. In Sec. II B 2, the same result is rederived
using Noether’s theorem. In particular, we demonstrate
explicitly how the spin-gauge-dependent energy-momentum
tensor can be “improved” by a transformation such that
the result of Papanicolaou and Tomaras for the linear
momentum is recovered.

1. Derivation from the Landau-Lifshit; equation

Multiplying the Landau-Lifshitz equation (11) first with
nx and afterward with 0;7, i.e., the generator of translations
0; applied to the field 7, we obtain

o e oo 1. .96
ain-(nxd,n):—fain-a—y_\,}, (19)
s i

where we have used the fact that the unit vector field obeys
(o;n)ni = 0. Because of translational invariance, the left-
hand side can be expressed in terms of a divergence
0;11(6W/én) = 0;0;, where

oH
T, 20
o 7" (20)

o

ji=0iH -

is the stress tensor associated with the static part of the
action. Identifying the right-hand side of Eq. (19) with the
topological current (9), we arrive at

4”S€kijtop,k = ajgji- (21)

This equation is intimately related to the translational
invariance of the theory and is associated with the con-
servation of linear momentum. In order to bring it into the
standard form of a continuity equation, we exploit the
identity

jtop,i = aj(xijtop.j) - xiajjtop,j (22)
= aj(xijlop,j) + xiazptopv (23)

where we used Eq. (10) in the second line. Plugging this
into Eq. (21), we obtain a continuity equation for the linear
momentum:

atpz + ajHjl

=0, (24)

where the linear momentum density and its current,
respectively, are given by

Pi = ATSEXProp (25)

[j; = —06j; + 4nS€i X1 jiop,j- (26)

Jl

The total linear momentum thus defined,

Pi = /d}pl = 477S€kkav (27)

is proportional to the topological dipole moment, and it is
indeed a generator of translations in the sense that its
Poisson bracket with the field 7 is given by

~{ii.P.}. (28)

In the next section, we revisit this derivation from the
perspective of Noether’s theorem.

2. Derivation from Noether’s theorem

In order to obtain the conservation law for linear
momentum using Noether’s theorem, we consider a local
infinitesimal translation in 2 4 1 space time by the amount
¢,(x) that leads to a change of the field configuration

B (x) = —&,(x)9,7(x). (29)

This change, in turn, results in a modification of the action

5= [ax(Lai+ aon) (0

[ (5B 0 (Lgar)). o
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The second term is only a surface term. The vanishing of 65
for all choices of &,(x), thus, requires that the first term
vanishes locally. With the identification for a translationally
invariant theory (6S/61)0,1 = —0,T,,, this amounts to the
conservation law

v

0,T,, =0, (32)

Ht v

with energy-momentum tensor

oL -
TMV = m . ayl’l - 5/,!1/[" (33)

U

The time component of Eq. (32) represents the continuity
equation for the energy density Ty, = H and its associated
energy current 7,y. The spatial component describes the
conservation of linear momentum, 9,7T,; = 0, where, in
particular,

TOi ES SA’ . ()iﬁ, T]l

=0 - 5j,-s;{ 0. (34)
The fact that T); depends on the spin-vector potential A and
is, thus, not manifestly spin-gauge invariant has caused
many discussions [10,21-23,25-27]. However, it is impor-
tant to notice that the spatial current 7'j; also depends on A.
Although T, is not spin-gauge invariant, the conservation
law is, in fact, manifestly invariant. Using

- -

0;(A - 0;11) — 0i(A - 0;i) =1 - (9,71 x 9;i),  (35)
we obtain

0[T0,- + ajle = 4ﬂS€ijj10p,j + djaj,

=0, (36)
that is equivalent to Eq. (21). The “improved” spin-gauge
invariant momentum (25) and its current (26) are formally
related to 7,; by the transformation [28]

pi=—Ty+0;Uy, (37)
Hji = —le' — O,Uﬁ + ekjakVi, (38)

where
U= sekje,»lxlgakﬁ, V,= se,-,x,;l'a,ﬁ. (39)

C. Topological terms and anomalies

Recently, the modifications of the conservation law for
linear momentum due to topological terms and anomalies
have been addressed by Seiberg [28]. An additional term in
the action of the form

‘Ctop = _47Tsekix2jt0p,i’ (40)

with some constants x?, does not modify the equations of
motion, and in this sense it is topological. It leads to an
additional contribution to the energy-momentum tensor

TIZP = 4”sgkix2jt0p,;u (41)
where the time component j, 0 = piop- This additional
contribution does not modify the conservation law
because aﬂT;"f = 475€; X0, jiop, = 0 vanishes due to
Eq. (10). Formally, it modifies, however, the momentum
density and its current, and we get, instead of Eqs. (25)
and (26),

Pi= 4ﬂseki(xk - xg)/)topv (42)
; = —0j; + 4mse(xp — XL) jiop.j- (43)

The constants x?, thus, specify the choice of the origin with
respect to which the topological dipole density and the
associated current are measured. The topological dipole
moment D; and the total linear momentum are, thus, not
uniquely defined for a nonzero Q,, but depend on the
choice of the coordinate system.

Moreover, it was pointed out that linear momentum is
not conserved for a finite system with periodic boundary
conditions [28]. Defining the spatial coordinate as
x; €10,L;) for a finite system with linear size L; along
the i axis, we get 0;x; = &;;[1 — L;6(x;)], where the
Einstein summation convention is not assumed here. In
the rest of this Sec. II C, we do not assume the Einstein
convention, but we return to the convention elsewhere.
Equation (23) is then modified into

jtop,i = Zaj(xijtop,j) + Li(s(xi)jtop,i + xiatptop' (44)
J

Consequently, the continuity equation acquires a source
term [see Eqgs. (46), (47), and (107) in Ref. [28]]

= 47[SZ€,’/5(xj)ijtop,jv (45)

o,pi + Zajnji

J J
that is finite only at the boundary of the system, x; = 0.
In the present work, we are rather interested in the bulk
of the material with open boundary condition where
such boundary terms drop out of Eq. (45), and we get
back Eq. (24).

D. Conservation law for the topological
charge density

Because of the form of its Poisson bracket (14), the
topological charge p, is a generator of area-preserving
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diffeomorphisms [64], i.e., local spatial transformations
that are area-preserving, 0;&; = 0:

4ms / ARA(F 1) {pop (. 1), (E. 1)}
le1:0,A(F, 1)]0:7(F, 1); (46)

ij¥j

cf. Eq. (29) with &;(X, 1) = €;;0;A(X, t). Similarly, applying

this generator to the energy functional VW gives

dzs / ARAE 1) {prop (7. 1), W)
—/df[eklal/l()?, t)]@,a,k (47)

Variation with respect to A and identifying 0,pip =
{piop» W} yields the conservation law for the topological
charge density:

1
0t,0t0p + Eé‘ikaiajﬂjk =0. (48)
It has the general form of the dipole conservation law
of Eq. (8) in the introduction where the tensor current

ij = [1/(4xs)]e;o i is related to the stress tensor. This
equation can also be obtained by combining Eq. (21) with
the continuity equation for the topological current Eq. (10).
Note, however, that Eq. (48) is not equivalent to the
conservation law of linear momentum Eq. (24), because
only the curl of Eq. (21) is required to arrive at Eq. (48),
reflecting the restriction to area-preserving transforma-
tions &;(x) = €;;0;4(x).

Equation (48) and its implications were first derived and
examined in Ref. [21]. The double-divergence form allows
one to express the time derivative of the topological charge
Qop as well as that of the first moment of the topological

charge (3) as surface integrals, for example,

1
0,0p = f dSK je4dro (49)

" dzs

1
0,D; = —
e drs F1%

dSN( X €010 + €0 ), (50)
where N is the unit vector normal to the boundary surface
0V. With an appropriate boundary condition where the
surface integrals vanish, the topological charge Q,,, and its
first moment D; become conserved quantities. The latter
can be identified with the total linear momentum of the
system; see Eq. (27).

With the help of Eq. (48), one finds that the time
derivative of the second moment fv d)?)_capmp can be also
expressed in terms of a surface integral provided that the
stress tensor ¢;; is symmetric. In this case, the theory is

invariant with respect to spatial rotations, and the second
moment is related to the net orbital angular momentum as
discussed in Ref. [21]. In the following, we focus, however,
mostly on the first moment, i.e., the topological dipole.

III. TOPOLOGICAL DIPOLE CONSERVATION
LAW IN QUANTUM FIELD THEORY

In the quantum field theory, conservation laws due to
symmetries, in general, manifest themselves in operator-
valued continuity equations. In this section, we formulate
a micromagnetic quantum theory using a path-integral
approach. We continue to assume no hedgehog defects
in 24 1 spacetime and derive a Ward-Takahashi identity
associated with translational invariance with a focus on
area-preserving diffeomorphisms. We show that there are
no anomalies, so the conservation of the topological charge
and its first moment also hold at the quantum level.

A. Quantum field theory

We define the quantum field theory by the partition
function expressed in terms of the path integral

_ / Dits (i — 1) exp (=Sgil]), (51)

where the delta function imposes the unit-norm constraint
for 7 and the Euclidean action is given by Sp=
[l dz [, dRLy, where L = —(s/h)Aid,7i + H with imagi-
nary time 7 =it/h in units of inverse energy and
d, = —ihd,, where h is the reduced Planck constant.
The path integral is restricted to paths that are periodic
in imaginary time, i.e., with boundary conditions
n(x,7)|,_o = n(X,B). As usual, an expectation value of
an observable A(x), here with x = (X, 7), is defined as

(AW) = 3 / Dig(i — 1) exp(=SelA)AR).  (52)

This coincides with the expectation value in the operator

formalism (A(x)) = (A(x)) for an operator .A. Evaluating
an expectation value of two observables at distinct points in
spacetime, one obtains a correlation function (A (x)B(x)).
This object is related to the time-ordered correlation
function in the operator formalism by (A(x)B(x')) =
(T{A(x)B(x')}), where T is the time-ordering operator.
For later reference, we note that the time derivative for
bosonic fields .A and B obeys

O(T{AF. D)B(F.7)})
(0. A5

T{0.A(F,7)B(F.7)}) + 8(z — o) ([A(%.7). B(¥.7)])

(53)

N

with the commutator [A, B] = AB-B A.
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B. Ward-Takahashi identity
for the topological charge density

The aim of this section is the derivation of a Ward-
Takahashi identity for the topological density pi,. The
derivation follows standard methods [66]. We start by
considering the generating functional

2] = / Dﬁé(ﬁz—l)exp<—55[ﬁ]+ / dxfzﬁ>, (54)
|

that is a functional of the field Z, and we introduced the
abbreviation [dx = [/ dz [, d¥. Following Sec. 11B2,
we consider the change of the field configuration:
i(x) - n(x) + &i(x), where

on(x) = =&i(x)0;ri(x). (55)

This transformation induces a change Z — Z + 62,
where we get up to first order in &;

0Ly

52[h] = / Dﬁ5(ﬁ2—1)exp<—sE[ﬁ]+ / dxﬁﬁ) / dx{cfiaiﬁ%—i—aﬂ <§ia,ﬁm> —cf,-fz(x)a,-ﬁ'(x)} (56)

The Jacobian of the transformation is unity to linear order in
&;, which is a standard result for the consideration of Ward-
Takahashi identities associated with translation symmetries
[67]. Moreover, as the change &7 is orthogonal to the field,
én - 1 = 0, the argument of the delta function in Z does not
change either at this order. The terms in the square bracket,
thus, derive only from the change of the exponent.

u

The final step is to consider a specific form for the
function &;(x). We require that it vanishes at the spacetime
boundary such that the second term in the brackets
of Eq. (56) does not contribute. In addition, we consider
an area-preserving transformation  &;(x) = €;;0;4(x).
Performing an integration by parts, we then obtain

52[h) = / Dﬁa(ﬁZ-l)exp<—sE[ﬁ]+ / dﬂiﬁ) / dxa(x) {—eilalaiﬁ%—l—€,»,6,[ﬁ(x)0,ﬁ(x)] ()

Following the arguments in Sec. II, we can identify

—€i10 <aiﬁ(x) o ()

-,

5SE > 477:5

on

10:Piop (X) + €10;0;0 . (x). (58)

As the transformation should leave Z[h] invariant, i.e., §Z[h] = 0 for any A(x), we finally obtain the Ward-Takahashi

identity

<exp ( / dx/ﬁ(x/)ﬁ(x/)> {@ 10:prop () + €400, 54 (x) + eil()l[ﬁ(x)aiﬁ(x)]]> =0, (59)

h

that is the central result of this section. Putting the field h to
zero, we arrive at the expectation value of the conservation
law (48) in the operator formalism:

drs . .
<710‘:ptop(-x> + Cikaiajﬂjk(x)> =0. (60)

Taking the functional derivative §/8h,(x") of Eq. (59),
putting h=0 afterward, and comparing with the general

relation (53), we can identify the time-ordered correlation
function in the operator formalism

4
<T{ (%iafﬁmp@) +e,-ka,~a,-6,-k(x>>ﬁa(x/>}> =0, (61)
provided that the commutator obeys

- . 1 > onaa (o
o (2.2), ()] =i €udid(F=5),(7). (62)
TS
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Compared with the classical Poisson bracket (14), this commutator indeed has the expected form with the identification

{A, B} - [1/(ih)] [.Ai BB] when going from classical fields to quantum operators. Taking further functional derivatives of
Eq. (59) and using the general rules of calculation involving Poisson brackets and commutators, we can show that

4rs . . . . .
(T (55 0:en0) + €038 e ()i, (0.0 (3) ) =0 (63)

also holds for n field insertions, which essentially implies
that the conservation law also holds on the operator level:

drs . . R
e [0:pop(X) + €40;0,6(x) = 0. (64)

We also find that Eq. (15) generalizes to the quantum level:

A = N A o o1 I -
[Piop (. 7). piop(X', 7)] = ih1— €j0iProp (X, 7)9;6(X — X,

(65)

which corresponds to the Girvin-MacDonald-Platzman
operator algebra [40] as already alluded to above.

C. Conservation of the topological dipole moment

We now discuss the implications for the conservation of
topological charge and its dipole moment. Performing a
spatial integration [}, dX... on Eq. (64), we obtain

s

7ia,Qmp(r)+ f dSN j€;;0,6,(x) = 0.  (66)
aV

If we restrict ourselves to a Hilbert space with states on
which the surface operator vanishes, we obtain the con-
servation of the total topological charge 9, Qmp(f) =0. The
conservation of the topological dipole moment can be
similarly obtained:

4 N N
%siafDi(T) +% dSN,, (Xi€zk515mk(x) - enzkaik(x)) =0.
ov

(67)

If the surface operators vanish, we obtain that the topo-
logical dipole moment is conserved on the operator level,
0,D,(t) = 0. Integration of Eq. (65) also yields the gen-
eralization of Eq. (16) to the quantum level:

D] = inler (68)

4zs !

We also get [D;, Oyp) = 0.

IV. TOPOLOGICAL DIPOLE CONSERVATION
LAW IN LINEAR SPIN-WAVE THEORY

In the last section, we generalized the conservation law
for the topological density (48) to the quantum level, from
which it follows that the total topological dipole moment
is conserved for appropriate boundary conditions. This
implies that Eq. (5) is robust with respect to fluctuations
and that, in particular, a skyrmion does not acquire a mass,
i.e., me = 0. It is instructive to confirm this result with an
explicit calculation taking into account fluctuations around
a spin texture in lowest order using linear spin-wave theory.

For this purpose, we consider a static topologically
nontrivial classical texture 7ig (¥ — Ry) with constant Ry
that fulfils the Landau-Lifshitz equation (11). The existence
of such a solution requires that the energy functional W
obeys certain properties, which we assume in the following.
Because of translation invariance, the energy of the texture
is independent of ﬁcl, which can be identified with a
classical collective coordinate specifying the position of
the classical texture. We assume that the texture at
spatial infinity is oriented along a common direction,
e.g., along the z axis, 7y (X) — Z for |X| - oo, and that
it possesses a nonzero topological charge Qipc =
Ik dXpyop 1 # 0 with the classical topological charge density
Propal = [1/(47)]71¢ (0,7 X 0y7i). The skyrmion texture
of Fig. 1 is an example with Qo = —1.

We assume that the constant I_écl has been chosen such
that the intrinsic topological dipole moment vanishes,
J dX(x; = Ry 1)piopa = 0, which can be always achieved
as Qipca #0. In this case, the classical topological
dipole moment

Dcl,i = /d-;éxiptop,cl = Rcl.iQtop,cl (69)

is proportional to ﬁcl. At this classical level, the dipole
moment of the texture is also independent of time,
6,5Cl = 0. In the following, we discuss the modifications
that arise in the presence of fluctuations around the classical
solution using linear spin-wave theory.

A. Holstein-Primakoff representation
in the presence of a texture

For the description of the spin-wave fluctuations, we use
the standard Holstein-Primakoff representation of the unit

041037-9



SORN, SCHMALIAN, and GARST

PHYS. REV. X 15, 041037 (2025)

vector field 7i(X, 7). For this purpose, we introduce the static
but spatially dependent orthonormal dreibein, é; x é, = &5
with é;é; = 6;;, where é3(X — Ry) = 7ig(¥ = Ry) coincides
with the classical texture. It is also convenient to introduce
the chiral vectors é, = (1/1/2)(é, + ié,). The Holstein-
Primakoff representation reads

fEn = (1= Ty ) /120y \/E(A toLy)
n(x,t)=eé — S — —(e_ e y),
s\ 1=y A A AR

(70)

where é; = é;(X — I_écl), w=y(xX- R, t) is a complex-
valued time-dependent field, and y* is its complex con-
jugate. Importantly, the choice of é; and é, is not unique,
as they are defined only up to a local rotation around é;.
Such a local rotation by an angle ¢ (X, ) can be absorbed
by a U(1) gauge transformation on the wave function y
such that Eq. (70) remains invariant:

é, — é e W — ye'?, vt = yte . (71)
Under such a transformation, the spin connection é;0;é,
transforms like a vector potential:

élaiéz - —l.é_aié+ g élaiéz - a,qb (72)

Its curl is related to the topological charge density via the
Mermin-Ho relation [68,69]

1
—e€

ir 7i0j(€10:€2) = piop.ei + Psing (73)

In general, it consists of a smooth part given by py,, ¢ as well
as of a singular part pg;,,, that arises from the nondifferenti-
ability of the unit vectors, [1/(47x)]e;;(¢10;0;é;) = pging- In
principle, the singular part pg,, can be absorbed by singular
gauge transformations. However, if we choose a dreibein
that becomes constant at spatial infinity, e.g., é; — X,
é, — ¥, and &3 — Z such that é,0;é, — 0 for |X| - oo, it
follows from Stokes theorem upon integrating Eq. (73):

0= Qtop,cl + /Vd)_é/)sing‘ (74)

In this case, there must exist singular charges that upon
integration just compensate the total topological charge. This
is consistent with the Poincaré-Hopf theorem that requires
singularities in the vector fields é;, in case that the map
X > é3 possesses a nonzero Oiop.el-

B. Linear spin-wave theory

With the help of the Holstein-Primakoff representation
(70) for 7, the partition function (51) can be expressed as

2= [Droyew Sy 03)

because the Jacobian of the transformation 7(y*, ) is a
constant. The linear spin-wave approximation is obtained
by expanding the action up to quadratic order in the

magnon fields. Using the spinor notation, g7 — (y,w*),
the result has the general form

@), / oLt 0w Lt g
Selywl= [ de | ax( ¥ F 4 HE ) (76)

where ¥ = W(¥',7) with ¥ =X— R, and the operator
matrix H depends on the specific model, ie., on W
of Eq. (11). Importantly, after introducing the integration
variable X', the theory (76) for V — oo becomes indepen-

dent of the constant ﬁcl. The operator H is not spatially
invariant but depends on the texture positioned at X' = 0.
The theory (76), thus, constitutes a scattering problem that
can be diagonalized using a bosonic Bogoliubov—de
Gennes transformation; for an example, see Ref. [70]. Its

stationary eigenmodes @, (X") can be orthogonalized with
respect to the scalar product

/ dX D! (X) 75D, () & Sy (77)

Here, 7° denotes the third Pauli matrix acting on the spinor.
As the energy of the texture does not depend on the
classical coordinate ﬁcl due to the translational invariance
of the system, the spin-wave problem possesses zero
modes, i.e., modes with zero eigenenergy. The correspond-
ing eigenfunctions can be derived using Eq. (70). The zero
modes in linear order shall be able to compensate a small

variation of 0R, i.e.,

h
—0;€36R; + \/;(é—l//* +é,y) =0. (78)

Considering small independent shifts él_écl in the x and y
directions, we can identify the corresponding unnormalized
eigenfunction of the zero modes:

é_0,,,é
= —-Ux/y€3
q)O,x/y — (é ~ > . (79)

Remarkably, the scalar products involving the zero modes
depend only on the topological charge and not on the
details of the classical texture:

/d}/q_))g’i‘[z&)(),j = i4”Qt0p,c1€ji' (80)
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As seen below, the zero modes play a central role in the
discussion of the topological dipole.

C. Topological charge density in the linear
spin-wave approximation

The Holstein-Primakoff representation (70) can now be
used to study the corrections to the classical topological
charge density induced by spin-wave fluctuations.
Expanding p,,, in the spin-wave amplitudes and after some
lengthy algebra, we obtain

noi A o
Prop = Prop.cl T \/;Eeijaj<l//€+aie3 ' 6_61-83)
nl

+eo (81)

where the dots represent corrections on the order
O[(n/s)¥?] that we neglect in the following. Remarkably,
the lowest-order corrections possess the form of a diver-
gence. Consequently, the total topological charge remains
unchanged, i.e., Q\op = Qiop,c1 in case that the expressions in
the parentheses in Eq. (81) vanish on the surface of the
spatial volume, which we assume in the following.

For the topological dipole moment, we obtain a correc-
tion to the classical limit D ; = QpR

e [h [ = o €
D;=Da;+" \/} /V XDy T + 1 Prag jo - (82)

where we made use of the zero modes (79) and we
introduced

h CH JEPRRIN
s = o /V AT (~iz0, + 6,0,6,)F.  (83)

P

Note that in the thermodynamic limit of an infinitely large
area, V — oo, the corrections in Eq. (82) do not depend
on ﬁcl, as this dependence can be absorbed by a change of
integration variables, X' = X — R, in both integrals.

The lowest-order correction to the dipole moment of the
order of 1/4/s in Eq. (82) is a projection of the magnon
wave function ¥ onto the subspace spanned by the
zero modes. This implies that, at this order, only the zero
modes modify the topological dipole moment. If we
consider a pure zero-mode ansatz for the wave function
w = \/s/hSR;6_0,é3, the correction to D;(7) is simply
given by _5Rcl,i(T>Qtop' It can be combined with the
classical term D;(7) = Qyop[Rc1; — R ;(7)]; i.e., the coor-
dinate effectively acquires a time dependence. The next-to-
leading-order correction involves P, ; defined in
Eq. (83). Note that the expression for P, ; is manifestly

mag,;
invariant with respect to the U(1) gauge transformation of

Eq. (71). ﬁmag receives contributions from both the zero
modes as well as the other modes. Comparing Eq. (82) with

Eq. (27), we can identify ﬁmag as the 1/s correction to the
total linear momentum. We can, thus, summarize for the
conservation of the total linear momentum at this order of
the spin-wave expansion:

07: (4”thop€ji [Rcl,j - 5Rcl,j(T)] + Pmag,i(r)) =0. (84)

D. Quantization of the classical collective coordinate

The classical coordinate ﬁcl plays a special role, as it is
related to the zero mode of the spin-wave problem. It is
customary to treat this mode nonperturbatively by promot-
ing it to a dynamical variable R, = Ry (7), which amounts
to a quantization of ﬁcl. The degrees of freedom ﬁcl can be
introduced in the path integral of Eq. (85) at the expense of
the zero modes of Eq. (79):

2= [ DRy [ DDy e (=Sl Ril). (69

where the prime on D'yw*D'y indicates that the path
integration excludes the zero modes. Technically, this
can be achieved using the Fadeev-Popov technique as
explained in the Appendix.

The linear spin-wave approximation of the action in the
presence of a time-dependent I_écl requires more care. The

dynamical Berry phase now generates an additional term,
and we get, instead of Eq. (76) [70,71],

S(Ez) [l//*7 v, ﬁcl]
@)y, * “ / i
= SE [W aW] + 0 dz |:27TSQtop€incl,j - Pmag,i:| %achl,iv
(86)

where I_%nag depends on the magnon wave function and it

has the same form as Eq. (83). The prime on ﬁ;nag is a
reminder that it does not include the magnon zero modes as
they are projected out by the path integral (85). Note that
neither the first term in Eq. (86) nor f’inag depends on f@cl
in the thermodynamic limit. Variation of the action (86)
with respect to the classical coordinate, thus, yields the
conservation law

0, (47Tthop€jiRcl,j(T) + P:nag.i(7)> =0. (87)

This just describes the conservation of total linear momen-
tum which should be compared to Eq. (84). Because of the
quantization of the collective coordinate, R ;(z) is now

fully dynamic at the expense of the second term Py, ;(7)
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that excludes the zero modes. Importantly, the dynamics of
R jand Py, ; are coupled in a nontrivial manner, because
the total linear momentum, i.e., the topological dipole

moment, is conserved.

E. Effective action for the collective coordinate

An effective action for the collective coordinate can be
derived by integrating out the magnon modes. The effective
action for the classical collective coordinate R ;(z) can be
derived only perturbatively, as this coordinate is interacting
with the magnon modes. Perturbatively integrating out the
magnon modes in lowest order, we obtain

SE,eff [I_écl]

s
’@A de”SQtopek/ Cl]ha Rclk

1
/ dedt W(P:nagz( )P;nag]( >>af’Rcl,i<T/)achl,j(T)’
(88)

where the expectation value in the third line is evaluated
with respect to the path integration over the magnon fields
in Eq. (85). For the specific model of a chiral magnet, it was
argued in Ref. [29] that this expectation value reduces in the
low-energy limit to an effective mass mgg:

<P;nagz( )P;nag]( )> ~ mefféijé(f - T/>? (89)

such that the classical coordinate acquires inertia.
Alternatively, we might exploit the conservation law of
Eq. (87) and perform a change of integration variables

1
Ri=Ra;+ 17— 4”5Qm SIJP:nag i’ (90)

where D; = R;Q,,, is the topological dipole moment
renormalized by fluctuations. We emphasize that Eq. (90)
is just the linear spin-wave representation of Eq. (4). The
partition function then becomes in the linear spin-wave
approximation:

= /Dﬁ / D'y D'y exp (—Sg) [w*, w, I_é]), (91)
where the action is obtained with the help of Eq. (86):

o B ;
Sg) [w*, w,R] = /) erﬂstpeijj%aTRk + S‘(E2) ]

1
/ drey o——— 8750y P;nagj 5 0 P ke

(92)

The magnon modes completely decouple from the topo-
logical dipole moment, and, as a result, the partition

function factorizes. Consequently, the effective action

for R is, at this linear order of spin-wave approximation,
exactly given by

Spet[R] = / dr275 QiR aRk (93)

h

Importantly, this action for R; = D;/Q,q, is consistent with

the commutator for the dipole operator D; of Eq. (68).

V. DISCUSSION

In this work, we demonstrated that the topological dipole
D; of a two-dimensional spin texture is a conserved
quantity and independent of time for a continuum quantum
field theory with translational invariance provided that
hedgehog defects in 2+ 1 spacetime are energetically
suppressed and absent. The underlying reason is that the
topological dipole moment D; is related to the linear
momentum P;, and P; remains conserved for appropriate
boundary conditions in the presence of thermal and
quantum fluctuations of the magnetization. This general-
izes the classical considerations of previous work by
Papanicolaou and Tomaras [21]. Our findings have various
implications that we discuss in the following.

A. Skyrmion mass problem for the topological
dipole coordinate

For a magnetic skyrmion texture with a nonzero topo-
logical charge Q, # 0, the dipole can be interpreted as a
collective coordinate R; = D;/Q,,, identifying the position
of the skyrmion. We demonstrated that this coordinate
obeys the undamped Thiele equation of Eq. (5); i.e., the
skyrmion does not move in the absence of external forces

6,]3 = 0. This implies that fluctuations of the magnetization
do not self-generate any corrections neither damping nor
inertia. In particular, the skyrmion mass for the topological
dipole coordinate vanishes. As will be clear in the next
subsections, this result not only simplifies the dynamical
description, it also yields a profound connection between
magnetic skyrmions, fractons, and the physics of the lowest
Landau level.

Our explicit treatment of spin-wave fluctuations in
Sec. IV transparently shows how this can be reconciled
with previous calculations of Psaroudaki er al. [29], who
found a finite skyrmion mass m.y # 0. It is important to
realize that the collective coordinate R; = R + Ry,
[see Eq. (90)] decomposes into a classical part R ;
representing the translational magnon zero mode and a
contribution attributed to the remaining magnon excita-
tions, Ry = [1/(475Q10p)€ijPrnag j» Where Py, ; is the
associated linear momentum. As the topological dipole
moment is conserved, the collective coordinate is indepen-
dent of time, 0,R; = 0. This implies that the magnon
excitations impose a nontrivial dynamics on the classical
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FIG. 2. Schematic illustration of the collective coordinate
R; = D;/Qyp of a topological spin texture with the topological
charge Q,,, # 0 and the topological dipole D;, that decomposes
into a classical and a magnon component, R; = R ; + Ry ;-
Whereas the dipole moment is conserved, d,R; = 0, the magnon
excitations impose a nontrivial dynamics on the classical coor-
dinate such that the time evolution of R, ; is counterbalanced by a
magnon cloud with coordinate Ry,g ;-

component, because O;R.; = —0,Rp,, ;. Consequently,
after integrating out the spin-wave excitations, the equation
of motion for R, ; is renormalized, and this renormalization
was calculated in Ref. [29]. This means that the coordinate
in Eq. (6) is distinct from the coordinate of Eq. (5), as the
former should be rather identified with R, ;. The finite mass
meg; allows a cyclotron motion for the classical component

R.; with frequency o, = |é| / Mg, Where |é| = 475|Qpl,
that revolves around a constant R;. This revolving motion
must be counterbalanced by the motion of a magnon cloud
represented by Ry, ;; see the illustration in Fig. 2.

Could this decomposition of the internal dynamics with
frequency w, be detected experimentally? One of our major
findings is that the topological dipole degree of freedom,
R;, factorizes in linear spin-wave theory, and, as a result, a
specific magnon-magnon interaction is generated; see the
last term in Eq. (92). The internal dynamics should be fully
encoded in the impact of this generated nonlinearity. Its
influence will, however, depend on the details of the
magnetic system. It could generate in the dynamical spin
structure factor either a well-defined magnon-magnon
bound state with frequency @, or rather an undetectable
overdamped feature. The study of this magnon-magnon
interaction in various magnetic systems is an interesting
avenue for future research.

B. Lowest Landau level correspondence

It was already pointed out in Ref. [21] that the algebra for
the topological dipole moment D; of a spin texture given by
the Poisson bracket (16) is related to that of the guiding
center of an electron in a magnetic field. The Poisson
bracket for D; also served as a starting point for the
canonical quantization of skyrmions discussed in Ref. [39].
Using the path-integral formalism in Sec. III, we confirmed

that it indeed generalizes to the quantum theory; see
Eq. (68). For a texture with a nonzero Q, <0, the
commutator for the quantized collective coordinate is
[Ri.Rj] = it%;;, where ¢ = \/[h/(4n5]Qp|)] is identi-
fied with the magnetic length of the corresponding electron
problem. This commutator is also consistent with the
effective action for the coordinate given in Eq. (93).
Quantum effects are expected to become important if the
length £ becomes appreciably large compared with intrin-
sic lengths of the magnetic system, e.g., the skyrmion
radius ¢, namely, £/, ~ 1.

Reference [39] discussed the consequences of noncom-
muting position operators R; for quantum skyrmions and its
relation to quantum Hall physics. Because of the nontrivial
commutator for the components of R;, the band structure of
quantum skyrmions will be topologically nontrivial with
bands possessing finite Chern numbers. This implies the
presence of chiral edge modes similar to the integer
quantum Hall effect. In the latter context, these chiral
edge modes can be semiclassically interpreted as skip-
ping orbits of electrons such that their guiding center is
propagating along the edge in a direction singled out by
the Lorentz force.

We found that there is an even closer correspondence
with the physics of the lowest Landau level. Similar to the
charge density projected to the lowest Landau level, the
topological density p,, as a generator of area-preserving
diffeomorphism satisfies the Girvin-MacDonald-Platzman
algebra [40] as pointed out previously in Ref. [64]. On the
classical level, this follows straightforwardly from the
definition of the Poisson bracket for the magnetization
field [see Eq. (15)], but we found that it also generalizes
to the quantum theory [see Eq. (65)]. The magnetic
system and the lowest Landau level, thus, share similar
properties that derive from this algebra. For example,
the Fourier transform of the static structure factor,
$(F) = (iop(PPiop(0)) = (piop)?. of a skyrmion liquid is
expected to vanish in the long-wavelength limit as

s(lz) ~ |I;|4 [40]. Moreover, the Goldstone mode of the

skyrmion crystal possesses a dispersion @ ~ k* for small
wave vectors [72,73] similar to the phonon of the Wigner
crystal at small electron filling fractions [64]. This analogy
suggests the exciting prospect that skyrmion liquids might
be classified in a similar manner as fractional quantum Hall
states, which deserves further investigations.

C. Skyrmion-fracton correspondence

A skyrmion with a finite charge Q, #0 cannot
move and stays immobile due to the conservation of
the topological dipole 9,D; = Q;,,0;R; = 0. In contrast,
a spin texture with vanishing net charge Q,, =0, e.g., a
topological charge dipole consisting of a skyrmion-anti-
skyrmion pair with individual charges £1, can roam
around. Indeed, solutions of the Landau-Lifshitz equation
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corresponding to mobile topological charge dipole struc-
tures have already been discussed in easy-axis chiral
magnets [74]. The conservation of the topological dipole
is rooted in the continuity equation (48) for the topological
charge density p,, where the topological current itself is
given by a divergence of a rank-two tensorial object;
see Eq. (21).

Strikingly, this is analogous to the dynamical properties
of fractons in scalar charge gauge theory [47,55]. In such a
theory, a U(1) charge and its first moment are conserved,
which manifests itself in a continuity equation of the form
asin Eq. (48). As aresult, fractons carrying a U(1) charge are
immobile whereas dipoles are able to move. This analogy
suggests that magnetic skyrmions are characterized by
fractonic behavior and provide a platform for studying the
associated exotic phenomena. These include, but are not
limited to, (i) anomalous hydrodynamics of a fracton fluid
which does not obey Fick’s law for a diffusion process but
instead exhibits a subdiffusive behavior [48-51], (ii) ergo-
dicity-breaking physics giving rise to interesting thermal-
ization processes [52-54,58], and (iii) an emergence of
high-rank tensor gauge fields which are compatible with the
conservation of higher moments [55,56,64].

In contrast to the original proposal where the conserved
fracton charge generates an internal U(1) transformation
[55,56], the topological charge density p;,, generates area-
preserving diffeomorphisms [see Eq. (40)], i.e., spatial
translational symmetry transformations. As elaborated on
in Ref. [64], this has consequence for the structure of the
emerging gauge theory. The corresponding gauge potential
in the present case will be related to the spatial metric, and
the associated gauge theory might be interpreted as a theory
of linearized gravity. This is again similar to the physics of
the lowest Landau level.

The relation between translation symmetry and the
fractonic properties of magnetic skyrmions will be advanta-
geous for its experimental exploration. There are many
accessible ways to fully or partially break the translational
symmetry, e.g., via a magnetic field gradient, an applied
current, an atomic lattice [38], or an engineered potential
[75,76]. This provides a promising freedom to tune the
magnetic skyrmion system into and out of the fractonic
regime and to explore the physics in various symmetry-
broken phases.
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APPENDIX: FADEEV-POPOV TECHNIQUE

In order to put the partition function into the form of
Eq. (85), we employed the Fadeev-Popov technique [77,78]
by inserting the following identity into the path integral:

0A,
det( ——)|[=1, (Al
() =1

cl,j

/ DRSA, (Ry1)]5[A2(Rq)]

with a suitable choice for the two functions A; with
i =1, 2; for example,

A(Ry) = / dRAE + R ) ia(@) X 0a(@)]. (A2)

& = / dx'o;n(x¥' + ﬁcl,r)[ﬁd(}é’) x 0iig(X')].  (A3)
ORCI, j \%4

The merit of this choice becomes apparent when evaluating
it in lowest order in the spin-wave approximation. Inserting
for n the Holstein-Primakoff representation (70) and
expanding A; up to linear order, we get

- fl - -
AR ()] m =iy | T / GV (F,1)eBy, (7). (Ad)
sJV

The function A; projects for each time z the spin-wave
function onto the zero modes of Eq. (79) such that the delta
functions in Eq. (Al) suppresses their amplitudes. The
matrix of the Jacobian can be also evaluated, and we get, in
zeroth order,

0A,
oR

N / d70,65(%)[75(%) x 9i63(%)] = 47, Quper.
cl,j

(AS)

Absorbing constant factors into the measure of the path
integral, we, thus, arrive at Eq. (85).
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