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Magnetic skyrmions are spatially localized whirls of spin moments in two dimensions, featuring a
nontrivial topological charge and a well-defined topological charge density. We demonstrate that the
quantum dynamics of magnetic skyrmions is governed by a dipole conservation law associated with the
topological charge, akin to that in fracton theories of excitations with constrained mobility. The dipole
conservation law enables a natural definition of the collective coordinate to specify the skyrmion’s position,
which ultimately leads to a greatly simplified equation of motion in the form of the Thiele equation. In this
formulation, the skyrmion mass, whose existence is often debated, actually vanishes. As a result, an
isolated skyrmion is intrinsically pinned to be immobile and cannot move at a constant velocity. In a spin-
wave theory, we show that such dynamics corresponds to a precise cancellation between a highly nontrivial
motion of the quasiclassical skyrmion spin texture and a cloud of quantum fluctuations in the form of spin
waves. Given this quenched kinetic energy of quantum skyrmions, we identify close analogies to the
bosonic quantum Hall problem. In particular, the topological charge density is shown to obey the Girvin-
MacDonald-Platzman algebra that describes neutral modes of the lowest Landau level in the fractional
quantum Hall problem. Consequently, the conservation of the topological dipole suggests that magnetic
skyrmion materials offer a promising platform for exploring fractonic phenomena with close analogies to
fractional quantum Hall states.
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I. INTRODUCTION

Magnetic skyrmions are topological spin textures that
have been studied intensively over the past decade and that
allow for an unprecedented amount of individual control;
for reviews, see Refs. [1–8]. They can be created and
investigated in a controlled manner not only in specifically
designed magnetic heterostructures, but also in a variety of
bulk magnetic materials. The nontrivial topology endows
skyrmions with a topological protection against small
perturbations, which, alongside with their small size, drives
a number of proposals to exploit skyrmions as novel bits
in future information and data-storage technology [9].
Moreover, skyrmions can imprint their topology on the

conduction electrons in itinerant magnets, resulting in an
emergent electric and magnetic field via a real-space Berry-
phase mechanism [10–12]. These emergent fields affect
transport properties, giving rise to a topological Hall effect
[13,14] as well as a topological Nernst effect [15,16]. Vice
versa, a current of electrons affects the dynamics of
skyrmions, yielding a skyrmion Hall effect [17]. In addi-
tion, magnetic skyrmions possess characteristic magnon
eigenmodes [18], and their nontrivial topology is also
reflected in magnon Chern bands of skyrmion crystals
[19,20]. Skyrmions are amenable to imaging techniques,
such as transmission electron microscopy, scanning tun-
neling microscopy, or scanning transmission x-ray micros-
copy, allowing one to determine the position of magnetic
skyrmions, their internal spin arrangement, and, if com-
bined with the proper time resolution, also the skyrmion
dynamics [8].
The nontrivial topology of magnetic skyrmions is

characterized by the topological charge

QtopðtÞ ¼
Z
V
dx⃗ρtopðx⃗; tÞ; ð1Þ
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where the integral is over the two-dimensional plane with
area V and the topological density is defined by

ρtop ¼
1

4π
n⃗ · ð∂1n⃗ × ∂2n⃗Þ: ð2Þ

The local magnetization is specified by a three-component
unit vector field n⃗ðx⃗; tÞ as a function of the spatial position
x⃗ ¼ ðxiÞ with i ¼ 1, 2 and time t. For boundary conditions
where n⃗ðx⃗; tÞj

∂V is constant on the surface ∂V of the two-
dimensional volume, the charge Qtop is a time-independent
integer number. An example of a magnetic skyrmion texture
with Qtop ¼ −1 is shown in Fig. 1. At the focus of the
present work is the first moment of topological charge,

DiðtÞ ¼
Z
V
dx⃗xiρtopðx⃗; tÞ; ð3Þ

i.e., the dipole moment of the topological charge distribution.
Assuming that the dynamics of the magnetization n⃗ is
governed by the Landau-Lifshitz equation, it was shown
in a seminal work by Papanicolaou and Tomaras [21] that the
dipole moment Di is related to the linear momentum of the
texture, Pi ¼ 4πsϵkiDk, where s is the spin density and
ϵ12 ¼ −ϵ21 ¼ 1. For a system with translation invariance,
the conservation of linear momentum then implies, on a
classical level, that the topological dipole moment is con-
served, i.e., ∂tDi ¼ 0.
For a texture with a nonzeroQtop ≠ 0, the dipole moment

can be invoked to introduce a collective variable RiðtÞ
specifying the position of the texture:

RiðtÞ ¼ DiðtÞ=Qtop: ð4Þ

The conservation of linear momentum can then be
expressed in terms of the so-called Thiele equation in
the absence of Gilbert damping, α ¼ 0 [17]:

∂tP⃗ ¼ 4πsẑ × ∂tD⃗ ¼ G⃗ × ∂tR⃗ ¼ 0; ð5Þ

where the gyrocoupling vector G⃗ ¼ 4πsQtopẑ points in the
direction ẑ normal to the two-dimensional plane. Of course,
if the magnetization couples to additional degrees of
freedom, like phonons, and exchanges momentum with
another subsystem, Eq. (5) acquires corrections. In this
case, the time derivative of P⃗ is balanced by a force
describing the exchange of linear momentum that even-
tually induces also a finite Gilbert damping α. The present
work, however, is concerned with the intrinsic properties of
a magnetic system that is decoupled from the environment.
The notion of linear momentum of a magnetic texture

has been discussed for many years [10,22,23], and it is still
intriguing the community [24–28]. Indeed, it is a pertinent
scientific question whether the Thiele equation (5) for the
collective coordinate (4) is robust or holds only on the
classical level for a rigid texture as thermal or quantum
fluctuations might induce corrections. A previous theoreti-
cal analysis on the influence of spin-wave excitations by
Psaroudaki et al. [29] suggests that the equation of motion
is renormalized:

G⃗ × ∂tR⃗ ¼ −meff∂
2
t R⃗þ � � � ; ð6Þ

and the skyrmion acquires, in particular, a finite mass meff .
The ellipses represent further corrections like internal
damping and higher-order time derivatives [6,30].
Equation (6) is analogous to the dynamics of a classical
electron in an external magnetic field ∼G⃗ and possesses
cyclotron solutions with finite frequency ωc ¼ jG⃗j=meff.
For the corresponding periodic cyclotron motion, the
velocity is finite, ∂tR⃗ ≠ 0, such that the conservation
law (5) for linear momentum appears to be violated.
This seemingly striking conflict between a finite sky-

rmion mass meff and the conservation of linear momentum
occurs only for the collective coordinate defined in terms of
the topological dipole moment (4). For completeness, we
note that other definitions for the collective coordinate R⃗
have been proposed in the literature that are distinct from
Eq. (4) and are not related to the linear momentum of the
texture; see Refs. [31–34]. In this case, a finite mass meff

quite naturally arises, because the collective coordinate R⃗ is
here not orthogonal to the gapped magnon excitations on
the level of linear spin-wave theory [35–37].
Being the linear momentum of the magnetic texture, the

topological dipole moment and its associated collective
coordinate R⃗ of Eq. (4) belong to the low-energy degrees of
freedom of the magnetic system. Consequently, the form of
the effective equation of motion for R⃗ is of fundamental
importance for the description of quantum skyrmions as
well as quantum phases of many-skyrmion systems. For
example, the analysis of a Bose-Einstein condensation of
quantum skyrmions carried out in Ref. [38] relies on the
assumption that the conservation law of Eq. (5) applies,

FIG. 1. Example of a topological skyrmion texture with charge
Qtop ¼ −1. The arrows represent the field n⃗, and the brightness of
the background color indicates the magnitude of the associated
topological density ρtop. The density ρtop is finite only in regions
with spatially varying n⃗.
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and its conclusions would be invalidated in the presence
of a finite meff . The presence of a finite mass meff
substantially complicates the semiclassical quantization
of magnetic skyrmions as discussed in detail by Ochoa
and Tserkovnyak [39].
In the present work, we demonstrate that, instead, the

conservation law (5) remains valid, and the collective
coordinate defined in terms of the topological dipole
moment rigorously obeys an equation of motion, on both
the classical and the quantum level, with

meff ¼ 0; ð7Þ

even if one includes fluctuations. In fact, all the terms on
the right-hand side in Eq. (6) vanish identically for a spin
system that does not couple to other degrees of freedom
such as lattice vibrations; i.e., internal damping terms are
not fluctuation generated, either. We show that this is a
consequence of a local dipole conservation law obeyed by
the topological charge density

∂tρtop þ ∂i∂jJij ¼ 0; ð8Þ

where the current tensor Jij is related to the stress tensor
of the problem [21]; see also Eq. (48) below. We establish
explicitly that Eq. (8) holds as an exact equation on the
operator level that is free from quantum anomalies, thus
generalizing the seminal results of Ref. [21] to the quantum
level. Hence, spin fluctuations that deform a rigid magnetic
texture do not generate inertia. This conclusion derives
from the fact that both the conservation of the linear
momentum and of the topological dipole moment continue
to be tied to each other; i.e., there is no anomaly in the
quantum field theory that would lead to the violation of the
dipole conservation law. Finally, we explain how our results
can be reconciled with the previous findings of Psaroudaki
et al. [29], who obtained results that seem to imply a finite
value for the mass of a skyrmion.
Despite the vanishing mass, the quantum dynamics of

skyrmions is highly nontrivial. In an explicit spin-wave
analysis, we illustrate that the vanishing mass is the
consequence of the cancellation of the movement of the
quasiclassical spin configuration and a cloud of quantum
fluctuations. We further show that the actual quantum
dynamics is identical to that of bosonic charges in the
lowest Landau level (LL), where the kinetic energy is also
quenched. In fact, such an analogy has a deeper root: For
the topological charge density of skyrmions, we show that
it is subject to the Girvin-MacDonald-Platzman algebra
[40] that governs neutral intra-LL excitations. Those are
particularly nontrivial for fractional quantum Hall states.
Hence, we expect analogies between the problem of
quantum skyrmions and fractional quantum Hall physics
that may allow for a classification of incompressible

skyrmion quantum liquids in analogy to the one achieved
for electrons in high magnetic fields.
The dipole conservation law of Eq. (8) further allows for

a close correspondence between the skyrmion dynamics
and the one discussed in fracton theories. Dipole conser-
vation laws have been discovered in specific quantum spin
models featuring both topological orders and quantum spin
liquid phases, where they have been associated with
emergent U(1) charges of so-called fracton quasiparticles
[41–46]. Various variants of fracton theories have been
proposed [47] that lead to a plethora of unusual phenom-
ena, e.g., the restricted mobility of quasiparticles and the
associated anomalous hydrodynamics [48–51], glassiness,
and nonergodic behaviors [52–54], as well as the emer-
gence of tensor gauge theories [55,56]; see Refs. [57–59]
for reviews. Microscopic realizations of these proposed
fracton theories and their experimental verifications in
materials are scarce, such as defects in elasticity theory
[60–62], vortices in superfluids [63], or electrons within the
lowest LL [64]. Here, we find that magnetic skyrmions
provide another realization of fractonic behavior. The
versatility and control of magnetic skyrmion materials
achieved over the past years turn them into a promising
platform for studying the unusual fractonic phenomena,
which have been proposed but so far remain largely
unexplored experimentally.
The article is organized as follows. In Sec. II, we present

an extended review of the conservation law of both linear
momentum and the topological dipole moment in the
framework of the classical continuum field theory.
Section III discusses the generalization of the results for
the quantum field theory. In particular, using a path-integral
formalism, a Ward-Takahashi identity associated with
translation invariance is derived, and the continuity equa-
tion for the topological density is generalized to the
operator level. From this, it follows that the topological
dipole moment remains conserved in the quantum field
theory. In Sec. IV, we confirm our findings with an explicit
calculation using linear spin-wave theory and elucidate the
relation to previous works. In Sec. V, we close with a
discussion of our findings on (a) the skyrmion mass
problem, (b) the correspondence with the lowest Landau
level, and (c) the skyrmion-fracton correspondence.

II. TOPOLOGICAL DIPOLE CONSERVATION
LAW IN CLASSICAL FIELD THEORY

The theory of quantum skyrmions ultimately requires a
quantum theory, which we develop in Sec. III. Before that,
we discuss here the corresponding quasiclassical theory,
an approach that will eventually be justified by our finding
that the theory is not affected by quantum anomalies. In
particular, we find simple and rather transparent arguments
that reveal the important role of the Girvin-MacDonald-
Platzman algebra that was initially developed to describe
neutral modes of the lowest Landau level in the fractional
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quantumHall problem. Following Refs. [21,28,64], we first
review the notion of linear momentum for a classical field
theory whose dynamics is governed by the Landau-Lifshitz
equation. We introduce the field theory as well as the
Poisson bracket in Sec. II A. In Sec. II B, we discuss the
conservation of linear momentum and present two deriva-
tions for the continuity equation associated with transla-
tional invariance, i.e., from the equation of motion and from
Noether’s theorem. In particular, we discuss how a man-
ifestly spin-gauge invariant energy-momentum tensor is
obtained with the help of an “improvement transforma-
tion.” Topological terms and anomalies are shortly
addressed in Sec. II C before we discuss the continuity
equation for the topological charge density ρtop whose form
is intimately related to the property of ρtop as a generator of
area-preserving diffeomorphisms. This finally leads to the
conservation of the total topological dipole moment of the
spin texture. Table I summarizes the convention for indices
used throughout this work.

A. Classical field theory

In addition to the topological density of Eq. (2), the
topological current will be playing an important role in the
following:

jtop;i ¼
ϵij
4π

n⃗ · ð∂jn⃗ × ∂tn⃗Þ; ð9Þ

with ϵ12 ¼ −ϵ21 ¼ 1. The topological density and its
current obey the continuity equation:

∂tρtop þ ∂ijtop;i ¼ 0: ð10Þ

This equation has a purely geometric origin due to the
constraint n⃗ðx⃗; tÞ2 ¼ 1 of the unit vector field. If this
constraint is locally violated by hedgehog defects in 2þ 1
spacetime, the right-hand side will not vanish but will be
given by the hedgehog density. Throughout this work, we
assume, however, that hedgehog defects are energetically
suppressed and not present.
The dynamics of the unit vector field n⃗ðx⃗; tÞ representing

the orientation of the magnetization is governed by the
Landau-Lifshitz equation of motion

∂tn⃗ ¼ 1

s
n⃗ ×

δW
δn⃗

; ð11Þ

that describes the precession of the magnetic moments.
Here, s ¼ Ms=γ is a spin density with unit ℏ per volume
and can be expressed in terms of the saturation magneti-
zation Ms and the gyromagnetic ratio γ ¼ gμB=ℏ, where g
is the g factor, μB is the Bohr magneton, and ℏ is the
reduced Planck constant. The energy functional

W ¼
Z
V
dx⃗Hðn⃗; ∂in⃗Þ ð12Þ

is assumed to be local with the densityH. For this work, the
explicit form of H is not important, but we assume that the
theory is invariant with respect to spatial translations,
implying that H does not depend explicitly on the spatial
coordinate. For simplicity, we also assume that H depends
only on the field itself and its spatial derivative; however,
our results can be straightforwardly generalized to cases
where H also depends on higher-order derivatives.
The equation of motion (11) is generated by the Poisson

bracket ∂tn⃗ ¼ fn⃗;Wg defined as follows:

fnαðx⃗; tÞ; nβðx⃗0; tÞg ¼ −
1

s
ϵαβγnγðx⃗; tÞδðx⃗ − x⃗0Þ: ð13Þ

A central role is played by the Poisson bracket of the
topological charge density and the field n⃗:

fρtopðx⃗; tÞ; n⃗ðx⃗0; tÞg ¼ 1

4πs
ϵij∂jδðx⃗ − x⃗0Þ∂in⃗ðx⃗; tÞ; ð14Þ

which identifies ρtop as a generator of area-preserving
diffeomorphisms [64], as we further explain in Sec. II D.
For the Poisson bracket of topological charge densities at
different spatial positions, we then immediately obtain

fρtopðx⃗;tÞ;ρtopðx⃗0;tÞg¼
1

4πs
ϵij∂jδðx⃗− x⃗0Þ∂iρtopðx⃗;tÞ: ð15Þ

Remarkably, this corresponds to the Girvin-MacDonald-
Platzman algebra in the long-wavelength limit [40], which
suggests a close relationship with the physics of the lowest
Landau level [21,64]. From Eq. (15) follows the Poisson
bracket of the topological dipole moments (3):

fDi;Djg ¼ Qtop

4πs
ϵji: ð16Þ

Their Poisson bracket does not vanish in the presence of a
topological texture with a nonzero Qtop.
The action S ¼ R dt RV dx⃗L of the classical field theory

is defined by the Lagrangian density [65]

L ¼ sA⃗ðn⃗Þ∂tn⃗ −H; ð17Þ

where the first term represents the Berry phase with the
vector potential satisfying ð∂=∂n⃗Þ × A⃗ ¼ n⃗. The choice of

TABLE I. Convention for indices in this paper. We use the
abbreviation x ¼ ðxμÞ ¼ ðx⃗; tÞ and identify the zeroth component
of the spacetime coordinate xμ with time, x0 ¼ t.

Spin vector indices α; β; γ ∈ f1; 2; 3g
Spatial indices i; j; k; l∈ f1; 2g
Spacetime indices μ; ν; λ∈ f0; 1; 2g
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A⃗ is not unique; the equations of motions are invariant
with respect to the spin-gauge transformation
A⃗ → A⃗þ ð∂=∂n⃗Þχðn⃗Þ with some smooth function χðn⃗Þ.
Its Euler-Lagrange equations reproduce the Landau-
Lifshitz equations. When evaluating them, it is important
to impose the local constraint n⃗2 ¼ 1, e.g., with the help of
a Lagrange multiplier. This constraint requires that the
variation of the action is projected onto the subspace
perpendicular to n⃗. The effective Euler-Lagrange equations,
thus, read

ð1 − n⃗n⃗TÞ δS
δn⃗

¼ ð1 − n⃗n⃗TÞ
�
∂L
∂n⃗

− ∂μ
∂L
∂∂μn⃗

�
¼ 0; ð18Þ

that is equivalent to Eq. (11).

B. Conservation law for linear momentum

The notion of linearmomentum for a field n⃗, that precesses
according to the Landau-Lifshitz equation, has been
extensively discussed in the literature [10,21–23,25–28].
The linear momentum following from Noether’s theorem
is not manifestly spin-gauge independent, which prompted
many of the discussions. Circumventing this problem,
Papanicolaou and Tomaras [21] proposed a solution by
starting instead from the Landau-Lifshitz equation of motion
without any reference to the Lagrangian density of Eq. (17).
This derivation is reviewed in Sec. II B 1 for the convenience
of the reader. In Sec. II B 2, the same result is rederived
using Noether’s theorem. In particular, we demonstrate
explicitly how the spin-gauge-dependent energy-momentum
tensor can be “improved” by a transformation such that
the result of Papanicolaou and Tomaras for the linear
momentum is recovered.

1. Derivation from the Landau-Lifshitz equation

Multiplying the Landau-Lifshitz equation (11) first with
n⃗× and afterward with ∂in⃗, i.e., the generator of translations
∂i applied to the field n⃗, we obtain

∂in⃗ · ðn⃗ × ∂tn⃗Þ ¼ −
1

s
∂in⃗ ·

δW
δn⃗

; ð19Þ

where we have used the fact that the unit vector field obeys
ð∂in⃗Þn⃗ ¼ 0. Because of translational invariance, the left-
hand side can be expressed in terms of a divergence
∂in⃗ðδW=δn⃗Þ ¼ ∂jσji, where

σji ¼ δjiH −
∂H
∂∂jn⃗

· ∂in⃗ ð20Þ

is the stress tensor associated with the static part of the
action. Identifying the right-hand side of Eq. (19) with the
topological current (9), we arrive at

4πsϵkijtop;k ¼ ∂jσji: ð21Þ

This equation is intimately related to the translational
invariance of the theory and is associated with the con-
servation of linear momentum. In order to bring it into the
standard form of a continuity equation, we exploit the
identity

jtop;i ¼ ∂jðxijtop;jÞ − xi∂jjtop;j ð22Þ

¼ ∂jðxijtop;jÞ þ xi∂tρtop; ð23Þ

where we used Eq. (10) in the second line. Plugging this
into Eq. (21), we obtain a continuity equation for the linear
momentum:

∂tpi þ ∂jΠji ¼ 0; ð24Þ

where the linear momentum density and its current,
respectively, are given by

pi ¼ 4πsϵkixkρtop; ð25Þ

Πji ¼ −σji þ 4πsϵkixkjtop;j: ð26Þ

The total linear momentum thus defined,

Pi ¼
Z

dx⃗pi ¼ 4πsϵkiDk; ð27Þ

is proportional to the topological dipole moment, and it is
indeed a generator of translations in the sense that its
Poisson bracket with the field n⃗ is given by

∂in⃗ ¼ −fn⃗; Pig: ð28Þ

In the next section, we revisit this derivation from the
perspective of Noether’s theorem.

2. Derivation from Noether’s theorem

In order to obtain the conservation law for linear
momentum using Noether’s theorem, we consider a local
infinitesimal translation in 2þ 1 space time by the amount
ξμðxÞ that leads to a change of the field configuration

δn⃗ðxÞ ¼ −ξμðxÞ∂μn⃗ðxÞ: ð29Þ

This change, in turn, results in a modification of the action

δS ¼ −
Z

dx

�
∂L
∂n⃗

ξμ∂μn⃗þ ∂L
∂∂νn⃗

∂νðξμ∂μn⃗Þ
�

ð30Þ

¼ −
Z

dx

�
ξμ

δS
δn⃗

∂μn⃗þ ∂ν

�
∂L
∂∂νn⃗

ξμ∂μn⃗

��
: ð31Þ
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The second term is only a surface term. The vanishing of δS
for all choices of ξμðxÞ, thus, requires that the first term
vanishes locally. With the identification for a translationally
invariant theory ðδS=δn⃗Þ∂μn⃗ ¼ −∂νTνμ, this amounts to the
conservation law

∂μTμν ¼ 0; ð32Þ

with energy-momentum tensor

Tμν ¼
∂L
∂∂μn⃗

· ∂νn⃗ − δμνL: ð33Þ

The time component of Eq. (32) represents the continuity
equation for the energy density T00 ¼ H and its associated
energy current Ti0. The spatial component describes the
conservation of linear momentum, ∂μTμi ¼ 0, where, in
particular,

T0i ¼ sA⃗ · ∂in⃗; Tji ¼ σji − δjisA⃗ · ∂tn⃗: ð34Þ

The fact that T0i depends on the spin-vector potential A⃗ and
is, thus, not manifestly spin-gauge invariant has caused
many discussions [10,21–23,25–27]. However, it is impor-
tant to notice that the spatial current Tji also depends on A⃗.
Although Tμν is not spin-gauge invariant, the conservation
law is, in fact, manifestly invariant. Using

∂tðA⃗ · ∂in⃗Þ − ∂iðA⃗ · ∂tn⃗Þ ¼ n⃗ · ð∂tn⃗ × ∂in⃗Þ; ð35Þ

we obtain

∂tT0i þ ∂jTji ¼ 4πsϵijjtop;j þ ∂jσji ¼ 0; ð36Þ

that is equivalent to Eq. (21). The “improved” spin-gauge
invariant momentum (25) and its current (26) are formally
related to Tμi by the transformation [28]

pi ¼ −T0i þ ∂jUji; ð37Þ

Πji ¼ −Tji − ∂tUji þ ϵkj∂kVi; ð38Þ

where

Uji ¼ sϵkjϵilxlA⃗∂kn⃗; Vi ¼ sϵilxlA⃗∂tn⃗: ð39Þ

C. Topological terms and anomalies

Recently, the modifications of the conservation law for
linear momentum due to topological terms and anomalies
have been addressed by Seiberg [28]. An additional term in
the action of the form

Ltop ¼ −4πsϵkix0kjtop;i; ð40Þ

with some constants x0k, does not modify the equations of
motion, and in this sense it is topological. It leads to an
additional contribution to the energy-momentum tensor

T top
μi ¼ 4πsϵkix0kjtop;μ; ð41Þ

where the time component jtop;0 ¼ ρtop. This additional
contribution does not modify the conservation law
because ∂μT

top
μi ¼ 4πsϵkix0k∂μjtop;μ ¼ 0 vanishes due to

Eq. (10). Formally, it modifies, however, the momentum
density and its current, and we get, instead of Eqs. (25)
and (26),

pi ¼ 4πsϵkiðxk − x0kÞρtop; ð42Þ

Πji ¼ −σji þ 4πsϵkiðxk − x0kÞjtop;j: ð43Þ

The constants x0i , thus, specify the choice of the origin with
respect to which the topological dipole density and the
associated current are measured. The topological dipole
moment Di and the total linear momentum are, thus, not
uniquely defined for a nonzero Qtop but depend on the
choice of the coordinate system.
Moreover, it was pointed out that linear momentum is

not conserved for a finite system with periodic boundary
conditions [28]. Defining the spatial coordinate as
xi ∈ ½0; LiÞ for a finite system with linear size Li along
the i axis, we get ∂jxi ¼ δij½1 − LjδðxjÞ�, where the
Einstein summation convention is not assumed here. In
the rest of this Sec. II C, we do not assume the Einstein
convention, but we return to the convention elsewhere.
Equation (23) is then modified into

jtop;i ¼
X
j

∂jðxijtop;jÞ þ LiδðxiÞjtop;i þ xi∂tρtop: ð44Þ

Consequently, the continuity equation acquires a source
term [see Eqs. (46), (47), and (107) in Ref. [28]]

∂tpi þ
X
j

∂jΠji ¼ 4πs
X
j

ϵijδðxjÞLjjtop;j; ð45Þ

that is finite only at the boundary of the system, xj ¼ 0.
In the present work, we are rather interested in the bulk
of the material with open boundary condition where
such boundary terms drop out of Eq. (45), and we get
back Eq. (24).

D. Conservation law for the topological
charge density

Because of the form of its Poisson bracket (14), the
topological charge ρtop is a generator of area-preserving
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diffeomorphisms [64], i.e., local spatial transformations
that are area-preserving, ∂iξi ¼ 0:

4πs
Z

dx⃗0λðx⃗0; tÞfρtopðx⃗0; tÞ; n⃗ðx⃗; tÞg

¼ −½ϵij∂jλðx⃗; tÞ�∂in⃗ðx⃗; tÞ; ð46Þ

cf. Eq. (29) with ξiðx⃗; tÞ ¼ ϵij∂jλðx⃗; tÞ. Similarly, applying
this generator to the energy functional W gives

4πs
Z

dx⃗0λðx⃗0; tÞfρtopðx⃗0; tÞ;Wg

¼ −
Z

dx⃗½ϵki∂iλðx⃗; tÞ�∂jσjk: ð47Þ

Variation with respect to λ and identifying ∂tρtop ¼
fρtop;Wg yields the conservation law for the topological
charge density:

∂tρtop þ
1

4πs
ϵik∂i∂jσjk ¼ 0: ð48Þ

It has the general form of the dipole conservation law
of Eq. (8) in the introduction where the tensor current
Jij ¼ ½1=ð4πsÞ�ϵikσjk is related to the stress tensor. This
equation can also be obtained by combining Eq. (21) with
the continuity equation for the topological current Eq. (10).
Note, however, that Eq. (48) is not equivalent to the
conservation law of linear momentum Eq. (24), because
only the curl of Eq. (21) is required to arrive at Eq. (48),
reflecting the restriction to area-preserving transforma-
tions ξiðxÞ ¼ ϵij∂jλðxÞ.
Equation (48) and its implications were first derived and

examined in Ref. [21]. The double-divergence form allows
one to express the time derivative of the topological charge
Qtop as well as that of the first moment of the topological
charge (3) as surface integrals, for example,

∂tQtop ¼ −
1

4πs

I
∂V

dSN̂jϵik∂iσjk; ð49Þ

∂tDi ¼
1

4πs

I
∂V

dSN̂jð−xiϵlk∂lσjk þ ϵjkσikÞ; ð50Þ

where N̂ is the unit vector normal to the boundary surface
∂V. With an appropriate boundary condition where the
surface integrals vanish, the topological charge Qtop and its
first moment Di become conserved quantities. The latter
can be identified with the total linear momentum of the
system; see Eq. (27).
With the help of Eq. (48), one finds that the time

derivative of the second moment
R
V dx⃗x⃗

2ρtop can be also
expressed in terms of a surface integral provided that the
stress tensor σji is symmetric. In this case, the theory is

invariant with respect to spatial rotations, and the second
moment is related to the net orbital angular momentum as
discussed in Ref. [21]. In the following, we focus, however,
mostly on the first moment, i.e., the topological dipole.

III. TOPOLOGICAL DIPOLE CONSERVATION
LAW IN QUANTUM FIELD THEORY

In the quantum field theory, conservation laws due to
symmetries, in general, manifest themselves in operator-
valued continuity equations. In this section, we formulate
a micromagnetic quantum theory using a path-integral
approach. We continue to assume no hedgehog defects
in 2þ 1 spacetime and derive a Ward-Takahashi identity
associated with translational invariance with a focus on
area-preserving diffeomorphisms. We show that there are
no anomalies, so the conservation of the topological charge
and its first moment also hold at the quantum level.

A. Quantum field theory

We define the quantum field theory by the partition
function expressed in terms of the path integral

Z ¼
Z

Dn⃗δðn⃗2 − 1Þ exp ð−SE½n⃗�Þ; ð51Þ

where the delta function imposes the unit-norm constraint
for n⃗ and the Euclidean action is given by SE ¼R β
0 dτ

R
V dx⃗LE, whereLE ¼ −ðs=ℏÞA⃗i∂τn⃗þHwith imagi-

nary time τ ¼ it=ℏ in units of inverse energy and
∂τ ¼ −iℏ∂t, where ℏ is the reduced Planck constant.
The path integral is restricted to paths that are periodic
in imaginary time, i.e., with boundary conditions
n⃗ðx⃗; τÞjτ¼0 ¼ n⃗ðx⃗; βÞ. As usual, an expectation value of
an observable AðxÞ, here with x ¼ ðx⃗; τÞ, is defined as

hAðxÞi ¼ 1

Z

Z
Dn⃗δðn⃗2 − 1Þ expð−SE½n⃗�ÞAðxÞ: ð52Þ

This coincides with the expectation value in the operator
formalism hAðxÞi ¼ hÂðxÞi for an operator Â. Evaluating
an expectation value of two observables at distinct points in
spacetime, one obtains a correlation function hAðxÞBðx0Þi.
This object is related to the time-ordered correlation
function in the operator formalism by hAðxÞBðx0Þi ¼
hTfÂðxÞB̂ðx0Þgi, where T is the time-ordering operator.
For later reference, we note that the time derivative for
bosonic fields A and B obeys

∂τhTfÂðx⃗; τÞB̂ðx⃗0; τ0Þgi
¼ hTf∂τÂðx⃗; τÞB̂ðx⃗0; τ0Þgiþ δðτ− τ0Þh½Âðx⃗; τÞ; B̂ðx⃗0; τÞ�i

ð53Þ

with the commutator ½Â; B̂� ¼ Â B̂−B̂ Â.
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B. Ward-Takahashi identity
for the topological charge density

The aim of this section is the derivation of a Ward-
Takahashi identity for the topological density ρtop. The
derivation follows standard methods [66]. We start by
considering the generating functional

Z½h⃗� ¼
Z

Dn⃗δðn⃗2 − 1Þ exp
�
−SE½n⃗� þ

Z
dxh⃗ n⃗

�
; ð54Þ

that is a functional of the field h⃗, and we introduced the
abbreviation

R
dx ¼ R β0 dτ

R
V dx⃗. Following Sec. II B 2,

we consider the change of the field configuration:
n⃗ðxÞ → n⃗ðxÞ þ δn⃗ðxÞ, where

δn⃗ðxÞ ¼ −ξiðxÞ∂in⃗ðxÞ: ð55Þ

This transformation induces a change Z → Z þ δZ,
where we get up to first order in ξi

δZ½h⃗� ¼
Z

Dn⃗δðn⃗2 − 1Þ exp
�
−SE½n⃗� þ

Z
dxh⃗ n⃗

�Z
dx

�
ξi∂in⃗

δSE
δn⃗

þ ∂μ

�
ξi∂in⃗

∂LE

∂∂μn⃗

�
− ξih⃗ðxÞ∂in⃗ðxÞ

�
: ð56Þ

The Jacobian of the transformation is unity to linear order in
ξi, which is a standard result for the consideration of Ward-
Takahashi identities associated with translation symmetries
[67]. Moreover, as the change δn⃗ is orthogonal to the field,
δn⃗ · n⃗ ¼ 0, the argument of the delta function in Z does not
change either at this order. The terms in the square bracket,
thus, derive only from the change of the exponent.

The final step is to consider a specific form for the
function ξiðxÞ. We require that it vanishes at the spacetime
boundary such that the second term in the brackets
of Eq. (56) does not contribute. In addition, we consider
an area-preserving transformation ξiðxÞ ¼ ϵil∂lλðxÞ.
Performing an integration by parts, we then obtain

δZ½h⃗� ¼
Z

Dn⃗δðn⃗2 − 1Þ exp
�
−SE½n⃗� þ

Z
dxh⃗ n⃗

�Z
dxλðxÞ

�
−ϵil∂l∂in⃗

δSE
δn⃗

þ ϵil∂l½h⃗ðxÞ∂in⃗ðxÞ�
�
: ð57Þ

Following the arguments in Sec. II, we can identify

−ϵil∂l
�
∂in⃗ðxÞ

δSE
∂n⃗ðxÞ

�
¼ 4πs

ℏ
i∂τρtopðxÞ þ ϵik∂i∂jσjkðxÞ: ð58Þ

As the transformation should leave Z½h⃗� invariant, i.e., δZ½h⃗� ¼ 0 for any λðxÞ, we finally obtain the Ward-Takahashi
identity

�
exp

�Z
dx0h⃗ðx0Þn⃗ðx0Þ

��
4πs
ℏ

i∂τρtopðxÞ þ ϵik∂i∂jσjkðxÞ þ ϵil∂l½h⃗ðxÞ∂in⃗ðxÞ�
��

¼ 0; ð59Þ

that is the central result of this section. Putting the field h⃗ to
zero, we arrive at the expectation value of the conservation
law (48) in the operator formalism:

�
4πs
ℏ

i∂τρ̂topðxÞ þ ϵik∂i∂jσ̂jkðxÞ
�

¼ 0: ð60Þ

Taking the functional derivative δ=δhαðx0Þ of Eq. (59),
putting h⃗ ¼ 0 afterward, and comparing with the general

relation (53), we can identify the time-ordered correlation
function in the operator formalism

�
T

��
4πs
ℏ

i∂τρ̂topðxÞþϵik∂i∂jσ̂jkðxÞ
�
n̂αðx0Þ

	�
¼0; ð61Þ

provided that the commutator obeys

½ρ̂topðx⃗;τÞ;n̂αðx⃗ 0;τÞ�¼ iℏ
1

4πs
ϵil∂lδðx⃗− x⃗ 0Þ∂in̂αðx⃗;τÞ: ð62Þ
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Compared with the classical Poisson bracket (14), this commutator indeed has the expected form with the identification
fA;Bg → ½1=ðiℏÞ�½Â; B̂� when going from classical fields to quantum operators. Taking further functional derivatives of
Eq. (59) and using the general rules of calculation involving Poisson brackets and commutators, we can show that

�
T

��
4πs
ℏ

i∂τρ̂topðxÞ þ ϵik∂i∂jσ̂jkðxÞ
�
n̂α1ðx01Þn̂α2ðx02Þ…n̂αnðx0nÞ

	�
¼ 0 ð63Þ

also holds for n field insertions, which essentially implies
that the conservation law also holds on the operator level:

4πs
ℏ

i∂τρ̂topðxÞ þ ϵik∂i∂jσ̂jkðxÞ ¼ 0: ð64Þ

We also find that Eq. (15) generalizes to the quantum level:

½ρ̂topðx⃗; τÞ; ρ̂topðx⃗0; τÞ� ¼ iℏ
1

4πs
ϵij∂iρ̂topðx⃗; τÞ∂jδðx⃗ − x⃗0Þ;

ð65Þ

which corresponds to the Girvin-MacDonald-Platzman
operator algebra [40] as already alluded to above.

C. Conservation of the topological dipole moment

We now discuss the implications for the conservation of
topological charge and its dipole moment. Performing a
spatial integration

R
V dx⃗… on Eq. (64), we obtain

4πs
ℏ

i∂τQ̂topðτÞ þ
I
∂V

dSN̂jϵik∂iσ̂jkðxÞ ¼ 0: ð66Þ

If we restrict ourselves to a Hilbert space with states on
which the surface operator vanishes, we obtain the con-
servation of the total topological charge ∂τQ̂topðτÞ ¼ 0. The
conservation of the topological dipole moment can be
similarly obtained:

4πs
ℏ

i∂τD̂iðτÞþ
I
∂V
dSN̂m



xiϵlk∂lσ̂mkðxÞ−ϵmkσ̂ikðxÞ

�
¼0:

ð67Þ

If the surface operators vanish, we obtain that the topo-
logical dipole moment is conserved on the operator level,
∂τD̂iðτÞ ¼ 0. Integration of Eq. (65) also yields the gen-
eralization of Eq. (16) to the quantum level:

h
D̂i; D̂j

i
¼ iℏ

Q̂top

4πs
ϵji: ð68Þ

We also get ½D̂i; Q̂top� ¼ 0.

IV. TOPOLOGICAL DIPOLE CONSERVATION
LAW IN LINEAR SPIN-WAVE THEORY

In the last section, we generalized the conservation law
for the topological density (48) to the quantum level, from
which it follows that the total topological dipole moment
is conserved for appropriate boundary conditions. This
implies that Eq. (5) is robust with respect to fluctuations
and that, in particular, a skyrmion does not acquire a mass,
i.e., meff ¼ 0. It is instructive to confirm this result with an
explicit calculation taking into account fluctuations around
a spin texture in lowest order using linear spin-wave theory.
For this purpose, we consider a static topologically

nontrivial classical texture n⃗clðx⃗ − R⃗clÞ with constant R⃗cl
that fulfils the Landau-Lifshitz equation (11). The existence
of such a solution requires that the energy functional W
obeys certain properties, which we assume in the following.
Because of translation invariance, the energy of the texture
is independent of R⃗cl, which can be identified with a
classical collective coordinate specifying the position of
the classical texture. We assume that the texture at
spatial infinity is oriented along a common direction,
e.g., along the z axis, n⃗clðx⃗Þ → ẑ for jx⃗j → ∞, and that
it possesses a nonzero topological charge Qtop;cl ¼R
dx⃗ρtop;cl ≠ 0 with the classical topological charge density

ρtop;cl ¼ ½1=ð4πÞ�n⃗clð∂xn⃗cl × ∂yn⃗clÞ. The skyrmion texture
of Fig. 1 is an example with Qtop;cl ¼ −1.
We assume that the constant R⃗cl has been chosen such

that the intrinsic topological dipole moment vanishes,R
dx⃗ðxi − Rcl;iÞρtop;cl ¼ 0, which can be always achieved

as Qtop;cl ≠ 0. In this case, the classical topological
dipole moment

Dcl;i ¼
Z

dx⃗xiρtop;cl ¼ Rcl;iQtop;cl ð69Þ

is proportional to R⃗cl. At this classical level, the dipole
moment of the texture is also independent of time,
∂tD⃗cl ¼ 0. In the following, we discuss the modifications
that arise in the presence of fluctuations around the classical
solution using linear spin-wave theory.

A. Holstein-Primakoff representation
in the presence of a texture

For the description of the spin-wave fluctuations, we use
the standard Holstein-Primakoff representation of the unit
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vector field n⃗ðx⃗; tÞ. For this purpose, we introduce the static
but spatially dependent orthonormal dreibein, ê1 × ê2 ¼ ê3
with êiêj ¼ δij, where ê3ðx⃗ − R⃗clÞ ¼ n⃗clðx⃗ − R⃗clÞ coincides
with the classical texture. It is also convenient to introduce
the chiral vectors ê� ¼ ð1= ffiffiffi

2
p Þðê1 � iê2Þ. The Holstein-

Primakoff representation reads

n⃗ðx⃗;tÞ¼ ê3

�
1−

ℏ
s
ψ�ψ

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

1

2

ℏ
s
ψ�ψ

r ffiffiffi
ℏ
s

r
ðê−ψ�þ êþψÞ;

ð70Þ

where êi ¼ êiðx⃗ − R⃗clÞ, ψ ¼ ψðx⃗ − R⃗cl; tÞ is a complex-
valued time-dependent field, and ψ� is its complex con-
jugate. Importantly, the choice of ê1 and ê2 is not unique,
as they are defined only up to a local rotation around ê3.
Such a local rotation by an angle ϕðx⃗; tÞ can be absorbed
by a U(1) gauge transformation on the wave function ψ
such that Eq. (70) remains invariant:

ê� → ê�e∓iϕ; ψ → ψeiϕ; ψ� → ψ�e−iϕ: ð71Þ

Under such a transformation, the spin connection ê1∂iê2
transforms like a vector potential:

ê1∂iê2 ¼ −iê−∂iêþ → ê1∂iê2 − ∂iϕ: ð72Þ

Its curl is related to the topological charge density via the
Mermin-Ho relation [68,69]

1

4π
ϵji∂jðê1∂iê2Þ ¼ ρtop;cl þ ρsing: ð73Þ

In general, it consists of a smooth part given by ρtop;cl as well
as of a singular part ρsing, that arises from the nondifferenti-
ability of the unit vectors, ½1=ð4πÞ�ϵjiðê1∂j∂iê2Þ ¼ ρsing. In
principle, the singular part ρsing can be absorbed by singular
gauge transformations. However, if we choose a dreibein
that becomes constant at spatial infinity, e.g., ê1 → x̂,
ê2 → ŷ, and ê3 → ẑ such that ê1∂iê2 → 0 for jx⃗j → ∞, it
follows from Stokes theorem upon integrating Eq. (73):

0 ¼ Qtop;cl þ
Z
V
dx⃗ρsing: ð74Þ

In this case, there must exist singular charges that upon
integration just compensate the total topological charge. This
is consistent with the Poincaré-Hopf theorem that requires
singularities in the vector fields ê1;2 in case that the map
x⃗ ↦ ê3 possesses a nonzero Qtop;cl.

B. Linear spin-wave theory

With the help of the Holstein-Primakoff representation
(70) for n⃗, the partition function (51) can be expressed as

Z ¼
Z

Dψ�Dψ exp ð−SE½ψ�;ψ �Þ; ð75Þ

because the Jacobian of the transformation n⃗ðψ�;ψÞ is a
constant. The linear spin-wave approximation is obtained
by expanding the action up to quadratic order in the

magnon fields. Using the spinor notation, Ψ⃗T ¼ ðψ ;ψ�Þ,
the result has the general form

Sð2ÞE ½ψ�;ψ �¼
Z

β

0

dτ
Z
V
dx⃗

�
1

2
Ψ⃗†τz∂τΨ⃗þ1

2
Ψ⃗†HΨ⃗

�
; ð76Þ

where Ψ⃗ ¼ Ψ⃗ðx⃗0; τÞ with x⃗0 ¼ x⃗ − R⃗cl and the operator
matrix H depends on the specific model, i.e., on W
of Eq. (11). Importantly, after introducing the integration
variable x⃗0, the theory (76) for V → ∞ becomes indepen-
dent of the constant R⃗cl. The operator H is not spatially
invariant but depends on the texture positioned at x⃗0 ¼ 0.
The theory (76), thus, constitutes a scattering problem that
can be diagonalized using a bosonic Bogoliubov–de
Gennes transformation; for an example, see Ref. [70]. Its
stationary eigenmodes Φ⃗nðx⃗0Þ can be orthogonalized with
respect to the scalar product

Z
dx⃗0Φ⃗†

nðx⃗0ÞτzΦ⃗mðx⃗0Þ ∝ δnm: ð77Þ

Here, τz denotes the third Pauli matrix acting on the spinor.
As the energy of the texture does not depend on the
classical coordinate R⃗cl due to the translational invariance
of the system, the spin-wave problem possesses zero
modes, i.e., modes with zero eigenenergy. The correspond-
ing eigenfunctions can be derived using Eq. (70). The zero
modes in linear order shall be able to compensate a small
variation of δR⃗cl, i.e.,

−∂iê3δRcl;i þ
ffiffiffi
ℏ
s

r
ðê−ψ� þ êþψÞ ¼ 0: ð78Þ

Considering small independent shifts δR⃗cl in the x and y
directions, we can identify the corresponding unnormalized
eigenfunction of the zero modes:

Φ⃗0;x=y ¼
 
ê−∂x=yê3
êþ∂x=yê3

!
: ð79Þ

Remarkably, the scalar products involving the zero modes
depend only on the topological charge and not on the
details of the classical texture:

Z
dx⃗0Φ⃗†

0;iτ
zΦ⃗0;j ¼ i4πQtop;clϵji: ð80Þ
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As seen below, the zero modes play a central role in the
discussion of the topological dipole.

C. Topological charge density in the linear
spin-wave approximation

The Holstein-Primakoff representation (70) can now be
used to study the corrections to the classical topological
charge density induced by spin-wave fluctuations.
Expanding ρtop in the spin-wave amplitudes and after some
lengthy algebra, we obtain

ρtop ¼ ρtop;cl þ
ffiffiffi
ℏ
s

r
i
4π

ϵij∂jðψ êþ∂iê3 − ψ�ê−∂iê3Þ

þ ℏ
s
1

8π
ϵij∂j



−iψ�

∂iψ þ iψ∂iψ� þ 2ðê1∂iê2Þψ�ψ
�

þ � � � ; ð81Þ

where the dots represent corrections on the order
O½ðℏ=sÞ3=2� that we neglect in the following. Remarkably,
the lowest-order corrections possess the form of a diver-
gence. Consequently, the total topological charge remains
unchanged, i.e.,Qtop ¼ Qtop;cl in case that the expressions in
the parentheses in Eq. (81) vanish on the surface of the
spatial volume, which we assume in the following.
For the topological dipole moment, we obtain a correc-

tion to the classical limit Dcl;i ¼ QtopRcl;i:

Di ¼ Dcl;i þ
iϵij
4π

ffiffiffi
ℏ
s

r Z
V
dx⃗Φ⃗†

0;jτ
zΨ⃗þ ϵij

4πs
Pmag;j; ð82Þ

where we made use of the zero modes (79) and we
introduced

Pmag;j ¼
ℏ
2

Z
V
dx⃗Ψ⃗†ð−iτz∂j þ ê1∂jê2ÞΨ⃗: ð83Þ

Note that in the thermodynamic limit of an infinitely large
area, V → ∞, the corrections in Eq. (82) do not depend
on R⃗cl, as this dependence can be absorbed by a change of
integration variables, x⃗0 ¼ x⃗ − R⃗cl, in both integrals.
The lowest-order correction to the dipole moment of the

order of 1=
ffiffiffi
s

p
in Eq. (82) is a projection of the magnon

wave function Ψ⃗ onto the subspace spanned by the
zero modes. This implies that, at this order, only the zero
modes modify the topological dipole moment. If we
consider a pure zero-mode ansatz for the wave function
ψ ¼ ffiffiffiffiffiffiffiffi

s=ℏ
p

δRcl;iê−∂iê3, the correction to DiðτÞ is simply
given by −δRcl;iðτÞQtop. It can be combined with the
classical term DiðτÞ ¼ Qtop½Rcl;i − δRcl;iðτÞ�; i.e., the coor-
dinate effectively acquires a time dependence. The next-to-
leading-order correction involves Pmag;j defined in
Eq. (83). Note that the expression for Pmag;j is manifestly
invariant with respect to the U(1) gauge transformation of

Eq. (71). P⃗mag receives contributions from both the zero
modes as well as the other modes. Comparing Eq. (82) with
Eq. (27), we can identify P⃗mag as the 1=s correction to the
total linear momentum. We can, thus, summarize for the
conservation of the total linear momentum at this order of
the spin-wave expansion:

∂τ



4πsQtopϵji½Rcl;j − δRcl;jðτÞ� þ Pmag;iðτÞ

�
¼ 0: ð84Þ

D. Quantization of the classical collective coordinate

The classical coordinate R⃗cl plays a special role, as it is
related to the zero mode of the spin-wave problem. It is
customary to treat this mode nonperturbatively by promot-
ing it to a dynamical variable R⃗cl ¼ R⃗clðτÞ, which amounts
to a quantization of R⃗cl. The degrees of freedom R⃗cl can be
introduced in the path integral of Eq. (85) at the expense of
the zero modes of Eq. (79):

Z ¼
Z

DR⃗cl

Z
D0ψ�D0ψ exp



−SE½ψ�;ψ ; R⃗cl�

�
; ð85Þ

where the prime on D0ψ�D0ψ indicates that the path
integration excludes the zero modes. Technically, this
can be achieved using the Fadeev-Popov technique as
explained in the Appendix.
The linear spin-wave approximation of the action in the

presence of a time-dependent R⃗cl requires more care. The
dynamical Berry phase now generates an additional term,
and we get, instead of Eq. (76) [70,71],

Sð2ÞE ½ψ�;ψ ; R⃗cl�

¼ Sð2ÞE ½ψ�;ψ �þ
Z

β

0

dτ
h
2πsQtopϵijRcl;j−P0

mag;i

i i
ℏ
∂τRcl;i;

ð86Þ

where P⃗0
mag depends on the magnon wave function and it

has the same form as Eq. (83). The prime on P⃗0
mag is a

reminder that it does not include the magnon zero modes as
they are projected out by the path integral (85). Note that
neither the first term in Eq. (86) nor P⃗0

mag depends on R⃗cl

in the thermodynamic limit. Variation of the action (86)
with respect to the classical coordinate, thus, yields the
conservation law

∂τ



4πsQtopϵjiRcl;jðτÞ þ P0

mag;iðτÞ
�
¼ 0: ð87Þ

This just describes the conservation of total linear momen-
tum which should be compared to Eq. (84). Because of the
quantization of the collective coordinate, Rcl;jðτÞ is now
fully dynamic at the expense of the second term P0

mag;iðτÞ
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that excludes the zero modes. Importantly, the dynamics of
Rcl;j and P0

mag;i are coupled in a nontrivial manner, because
the total linear momentum, i.e., the topological dipole
moment, is conserved.

E. Effective action for the collective coordinate

An effective action for the collective coordinate can be
derived by integrating out the magnon modes. The effective
action for the classical collective coordinate Rcl;jðτÞ can be
derived only perturbatively, as this coordinate is interacting
with the magnon modes. Perturbatively integrating out the
magnon modes in lowest order, we obtain

SE;eff ½R⃗cl�

≈
Z

β

0

dτ2πsQtopϵkjRcl;j
i
ℏ
∂τRcl;k

þ
Z

β

0

dτdτ0
1

2ℏ2
hP0

mag;iðτ0ÞP0
mag;jðτÞi∂τ0Rcl;iðτ0Þ∂τRcl;jðτÞ;

ð88Þ
where the expectation value in the third line is evaluated
with respect to the path integration over the magnon fields
in Eq. (85). For the specific model of a chiral magnet, it was
argued in Ref. [29] that this expectation value reduces in the
low-energy limit to an effective mass meff :

hP0
mag;iðτ0ÞP0

mag;jðτÞi ≈ meffδijδðτ − τ0Þ; ð89Þ

such that the classical coordinate acquires inertia.
Alternatively, we might exploit the conservation law of

Eq. (87) and perform a change of integration variables

Ri ¼ Rcl;i þ
1

4πsQtop
ϵijP0

mag;j; ð90Þ

where Di ¼ RiQtop is the topological dipole moment
renormalized by fluctuations. We emphasize that Eq. (90)
is just the linear spin-wave representation of Eq. (4). The
partition function then becomes in the linear spin-wave
approximation:

Zð2Þ ¼
Z

DR⃗
Z

D0ψ�D0ψ exp


−Sð2ÞE ½ψ�;ψ ; R⃗�

�
; ð91Þ

where the action is obtained with the help of Eq. (86):

Sð2ÞE ½ψ�;ψ ; R⃗� ¼
Z

β

0

dτ2πsQtopϵkjRj
i
ℏ
∂τRk þ Sð2ÞE ½ψ�;ψ �

þ
Z

β

0

dτϵkj
1

8πsQtop
P0
mag;j

i
ℏ
∂τP0

mag;k:

ð92Þ

The magnon modes completely decouple from the topo-
logical dipole moment, and, as a result, the partition

function factorizes. Consequently, the effective action
for R⃗ is, at this linear order of spin-wave approximation,
exactly given by

SE;eff ½R⃗� ¼
Z

β

0

dτ2πsQtopϵkjRj
i
ℏ
∂τRk: ð93Þ

Importantly, this action for Ri ¼ Di=Qtop is consistent with
the commutator for the dipole operator D̂i of Eq. (68).

V. DISCUSSION

In this work, we demonstrated that the topological dipole
Di of a two-dimensional spin texture is a conserved
quantity and independent of time for a continuum quantum
field theory with translational invariance provided that
hedgehog defects in 2þ 1 spacetime are energetically
suppressed and absent. The underlying reason is that the
topological dipole moment Di is related to the linear
momentum Pi, and Pi remains conserved for appropriate
boundary conditions in the presence of thermal and
quantum fluctuations of the magnetization. This general-
izes the classical considerations of previous work by
Papanicolaou and Tomaras [21]. Our findings have various
implications that we discuss in the following.

A. Skyrmion mass problem for the topological
dipole coordinate

For a magnetic skyrmion texture with a nonzero topo-
logical charge Qtop ≠ 0, the dipole can be interpreted as a
collective coordinate Ri ¼ Di=Qtop identifying the position
of the skyrmion. We demonstrated that this coordinate
obeys the undamped Thiele equation of Eq. (5); i.e., the
skyrmion does not move in the absence of external forces
∂tR⃗ ¼ 0. This implies that fluctuations of the magnetization
do not self-generate any corrections neither damping nor
inertia. In particular, the skyrmion mass for the topological
dipole coordinate vanishes. As will be clear in the next
subsections, this result not only simplifies the dynamical
description, it also yields a profound connection between
magnetic skyrmions, fractons, and the physics of the lowest
Landau level.
Our explicit treatment of spin-wave fluctuations in

Sec. IV transparently shows how this can be reconciled
with previous calculations of Psaroudaki et al. [29], who
found a finite skyrmion mass meff ≠ 0. It is important to
realize that the collective coordinate Ri ¼ Rcl;i þ Rmag;i

[see Eq. (90)] decomposes into a classical part Rcl;i

representing the translational magnon zero mode and a
contribution attributed to the remaining magnon excita-
tions, Rmag;i ¼ ½1=ð4πsQtopÞ�ϵijP0

mag;j, where P0
mag;j is the

associated linear momentum. As the topological dipole
moment is conserved, the collective coordinate is indepen-
dent of time, ∂tRi ¼ 0. This implies that the magnon
excitations impose a nontrivial dynamics on the classical
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component, because ∂tRcl;i ¼ −∂tRmag;i. Consequently,
after integrating out the spin-wave excitations, the equation
of motion for Rcl;i is renormalized, and this renormalization
was calculated in Ref. [29]. This means that the coordinate
in Eq. (6) is distinct from the coordinate of Eq. (5), as the
former should be rather identified with Rcl;i. The finite mass
meff allows a cyclotron motion for the classical component
Rcl;i with frequency ωc ¼ jG⃗j=meff, where jG⃗j ¼ 4πsjQtopj,
that revolves around a constant Ri. This revolving motion
must be counterbalanced by the motion of a magnon cloud
represented by Rmag;i; see the illustration in Fig. 2.
Could this decomposition of the internal dynamics with

frequency ωc be detected experimentally? One of our major
findings is that the topological dipole degree of freedom,
Ri, factorizes in linear spin-wave theory, and, as a result, a
specific magnon-magnon interaction is generated; see the
last term in Eq. (92). The internal dynamics should be fully
encoded in the impact of this generated nonlinearity. Its
influence will, however, depend on the details of the
magnetic system. It could generate in the dynamical spin
structure factor either a well-defined magnon-magnon
bound state with frequency ωc or rather an undetectable
overdamped feature. The study of this magnon-magnon
interaction in various magnetic systems is an interesting
avenue for future research.

B. Lowest Landau level correspondence

It was already pointed out in Ref. [21] that the algebra for
the topological dipole momentDi of a spin texture given by
the Poisson bracket (16) is related to that of the guiding
center of an electron in a magnetic field. The Poisson
bracket for Di also served as a starting point for the
canonical quantization of skyrmions discussed in Ref. [39].
Using the path-integral formalism in Sec. III, we confirmed

that it indeed generalizes to the quantum theory; see
Eq. (68). For a texture with a nonzero Qtop < 0, the
commutator for the quantized collective coordinate is
½R̂i; R̂j� ¼ il2ϵij, where l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ℏ=ð4πsjQtopjÞ�

p
is identi-

fied with the magnetic length of the corresponding electron
problem. This commutator is also consistent with the
effective action for the coordinate given in Eq. (93).
Quantum effects are expected to become important if the
length l becomes appreciably large compared with intrin-
sic lengths of the magnetic system, e.g., the skyrmion
radius ls, namely, l=ls ∼ 1.
Reference [39] discussed the consequences of noncom-

muting position operators R̂i for quantum skyrmions and its
relation to quantum Hall physics. Because of the nontrivial
commutator for the components of R̂i, the band structure of
quantum skyrmions will be topologically nontrivial with
bands possessing finite Chern numbers. This implies the
presence of chiral edge modes similar to the integer
quantum Hall effect. In the latter context, these chiral
edge modes can be semiclassically interpreted as skip-
ping orbits of electrons such that their guiding center is
propagating along the edge in a direction singled out by
the Lorentz force.
We found that there is an even closer correspondence

with the physics of the lowest Landau level. Similar to the
charge density projected to the lowest Landau level, the
topological density ρtop as a generator of area-preserving
diffeomorphism satisfies the Girvin-MacDonald-Platzman
algebra [40] as pointed out previously in Ref. [64]. On the
classical level, this follows straightforwardly from the
definition of the Poisson bracket for the magnetization
field [see Eq. (15)], but we found that it also generalizes
to the quantum theory [see Eq. (65)]. The magnetic
system and the lowest Landau level, thus, share similar
properties that derive from this algebra. For example,
the Fourier transform of the static structure factor,
sðr⃗Þ ¼ hρtopðr⃗Þρtopð0Þi − hρtopi2, of a skyrmion liquid is
expected to vanish in the long-wavelength limit as
sðk⃗Þ ∼ jk⃗j4 [40]. Moreover, the Goldstone mode of the
skyrmion crystal possesses a dispersion ω ∼ k⃗2 for small
wave vectors [72,73] similar to the phonon of the Wigner
crystal at small electron filling fractions [64]. This analogy
suggests the exciting prospect that skyrmion liquids might
be classified in a similar manner as fractional quantum Hall
states, which deserves further investigations.

C. Skyrmion-fracton correspondence

A skyrmion with a finite charge Qtop ≠ 0 cannot
move and stays immobile due to the conservation of
the topological dipole ∂tDi ¼ Qtop∂tRi ¼ 0. In contrast,
a spin texture with vanishing net charge Qtop ¼ 0, e.g., a
topological charge dipole consisting of a skyrmion-anti-
skyrmion pair with individual charges �1, can roam
around. Indeed, solutions of the Landau-Lifshitz equation

FIG. 2. Schematic illustration of the collective coordinate
Ri ¼ Di=Qtop of a topological spin texture with the topological
charge Qtop ≠ 0 and the topological dipole Di, that decomposes
into a classical and a magnon component, Ri ¼ Rcl;i þ Rmag;i.
Whereas the dipole moment is conserved, ∂tRi ¼ 0, the magnon
excitations impose a nontrivial dynamics on the classical coor-
dinate such that the time evolution of Rcl;i is counterbalanced by a
magnon cloud with coordinate Rmag;i.
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corresponding to mobile topological charge dipole struc-
tures have already been discussed in easy-axis chiral
magnets [74]. The conservation of the topological dipole
is rooted in the continuity equation (48) for the topological
charge density ρtop where the topological current itself is
given by a divergence of a rank-two tensorial object;
see Eq. (21).
Strikingly, this is analogous to the dynamical properties

of fractons in scalar charge gauge theory [47,55]. In such a
theory, a U(1) charge and its first moment are conserved,
which manifests itself in a continuity equation of the form
as in Eq. (48). As a result, fractons carrying a U(1) charge are
immobile whereas dipoles are able to move. This analogy
suggests that magnetic skyrmions are characterized by
fractonic behavior and provide a platform for studying the
associated exotic phenomena. These include, but are not
limited to, (i) anomalous hydrodynamics of a fracton fluid
which does not obey Fick’s law for a diffusion process but
instead exhibits a subdiffusive behavior [48–51], (ii) ergo-
dicity-breaking physics giving rise to interesting thermal-
ization processes [52–54,58], and (iii) an emergence of
high-rank tensor gauge fields which are compatible with the
conservation of higher moments [55,56,64].
In contrast to the original proposal where the conserved

fracton charge generates an internal U(1) transformation
[55,56], the topological charge density ρtop generates area-
preserving diffeomorphisms [see Eq. (46)], i.e., spatial
translational symmetry transformations. As elaborated on
in Ref. [64], this has consequence for the structure of the
emerging gauge theory. The corresponding gauge potential
in the present case will be related to the spatial metric, and
the associated gauge theory might be interpreted as a theory
of linearized gravity. This is again similar to the physics of
the lowest Landau level.
The relation between translation symmetry and the

fractonic properties of magnetic skyrmions will be advanta-
geous for its experimental exploration. There are many
accessible ways to fully or partially break the translational
symmetry, e.g., via a magnetic field gradient, an applied
current, an atomic lattice [38], or an engineered potential
[75,76]. This provides a promising freedom to tune the
magnetic skyrmion system into and out of the fractonic
regime and to explore the physics in various symmetry-
broken phases.
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APPENDIX: FADEEV-POPOV TECHNIQUE

In order to put the partition function into the form of
Eq. (85), we employed the Fadeev-Popov technique [77,78]
by inserting the following identity into the path integral:

Z
DR⃗clδ½Δ1ðR⃗clÞ�δ½Δ2ðR⃗clÞ�





 det
�

∂Δi

∂Rcl;j

�



 ¼ 1; ðA1Þ

with a suitable choice for the two functions Δi with
i ¼ 1, 2; for example,

ΔiðR⃗clÞ ¼
Z
V
dx⃗0n⃗ðx⃗0 þ R⃗cl; τÞ½n⃗clðx⃗0Þ × ∂in⃗clðx⃗0Þ�; ðA2Þ

∂Δi

∂R⃗cl;j

¼
Z
V
dx⃗0∂jn⃗ðx⃗0 þ R⃗cl; τÞ½n⃗clðx⃗0Þ × ∂in⃗clðx⃗0Þ�: ðA3Þ

The merit of this choice becomes apparent when evaluating
it in lowest order in the spin-wave approximation. Inserting
for n⃗ the Holstein-Primakoff representation (70) and
expanding Δi up to linear order, we get

Δi½R⃗clðτÞ� ≈ −i

ffiffiffiffiffiffiffi
γℏ
Ms

s Z
V
dx⃗0Ψ⃗†ðx⃗0; τÞτzΦ⃗0;iðx⃗0Þ: ðA4Þ

The function Δi projects for each time τ the spin-wave
function onto the zero modes of Eq. (79) such that the delta
functions in Eq. (A1) suppresses their amplitudes. The
matrix of the Jacobian can be also evaluated, and we get, in
zeroth order,

∂Δi

∂R⃗cl;j

≈
Z
V
dx⃗0∂jê3ðx⃗0Þ½e⃗3ðx⃗0Þ × ∂iê3ðx⃗0Þ� ¼ 4πϵijQtop;cl:

ðA5Þ

Absorbing constant factors into the measure of the path
integral, we, thus, arrive at Eq. (85).
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