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Abstract

Optimization has played a central role in the planning and operation of power systems
since the inception of electric energy. Nowadays, the ongoing transition towards renew-
able energy introduces significant challenges for current power system operations. The
unpredictable nature of renewable sources, combined with existing market regulations,
has led to declining system stability and operational inefficiencies. This thesis develops
optimization-based control frameworks specifically designed to address these emerging
challenges in both present and future power systems. The contributions span from
formal theoretical advancements to practical implementations. On one hand, the thesis
presents fundamental contributions to optimization algorithms, employing passivity
theory to establish local design criteria for optimality and convergence in distributed
optimization. On the other hand, it proposes two distinct control frameworks tailored
to future power systems. The first framework envisions a regulated power system,
where individual agents do not pursue profit-driven objectives. The second framework
introduces the novel concept of passivity-based economic ports, enabling a liberalized
power system. These frameworks are compared, and their respective strengths and
weaknesses in various scenarios are discussed. All control frameworks and theoretical
results presented in this dissertation leverage passivity theory. The integration of passiv-
ity theory and optimization, which forms the core of this work, provides a pathway
toward efficient and stable control of future power systems.





Kurzfassung

Optimierung ist seit Beginn der Verbreitung elektrischer Energie ein zentrales Werkzeug
für die Planung und den Betrieb von Energiesystemen. Der aktuell stattfindende Über-
gang zu erneuerbaren Energien, motiviert durch den Wunsch nach Klimaneutralität,
stellt jedoch erhebliche Herausforderungen für den Betrieb von Energiesystemen dar.
Die Volatilität erneuerbarer Energien führt zusammen mit den bestehenden Marktreg-
ulierungen, die auf vorhersehbare Einspeisungen ausgelegt sind, zu immer größer
werdenden Stabilitätsproblemen und einer ineffizienten Betriebsweise. Diese Disser-
tation zielt darauf ab, optimierungsbasierte Regelungskonzepte zu entwickeln, die
speziell darauf ausgelegt sind, die Herausforderungen zukünftiger Energiesysteme zu
bewältigen. Die Beiträge dieser Dissertation reichen von formalen theoretischen Meth-
oden bis hin zu deren Anwendung in elektrischen Energiesystemen. Zum einen werden
grundlegende Beiträge zu Optimierungstheorie präsentiert, in denen lokale Designan-
forderungen für Optimalität und Konvergenz in der verteilten Optimierung entwickelt
werden. Zum anderen werden zwei konkrete Regelungskonzepte für Stromnetze
vorgeschlagen, die die Herausforderungen zukünftiger Energiesysteme adressieren.
Diese Regelungskonzepte unterscheiden sich konzeptuell: Das erste Regelungskonzept
führt zu einem vollständig regulierten Energiesystem, in dem einzelne Akteure keine
eigenen Ziele verfolgen. Das zweite Regelungskonzept führt das im Rahmen dieser
Dissertation entwickelte, neuartige Konzept der passivitätsbasierten ökonomischen
(engl. economic) Ports ein und resultiert in einem liberalisierten Energiesystem. Diese
beiden Regelungskonzepte werden verglichen und ihre Vorteile und Nachteile werden
in verschiedenen Szenarien diskutiert. Alle entwickelten theoretischen Methoden und
praktischen Regelungskonzepte dieser Dissertation nutzen die Passivitätstheorie. Die
Kombination von Passivitätstheorie und Optimierung, die im Kern dieser Disserta-
tion verankert ist, liefert einen Beitrag hin zu einer effizienten und stabilen Regelung
zukünftiger Energiesysteme.





Resumen

La optimización ha sido una herramienta fundamental en la planificación y operación de
la red eléctrica desde el comienzo de la proliferación de la energía eléctrica. Sin embargo,
la actual transición hacia las energías renovables presenta desafíos significativos para la
operación de la red eléctrica. La naturaleza impredecible de las energías renovables junto
con las regulaciones existentes del mercado eléctrico actual, concebidas para organizar
generación planificable, crean problemas de estabilidad y una operación ineficiente. Esta
tesis tiene como objetivo desarrollar nuevos conceptos de control para la red eléctrica
basados en la optimización, diseñados específicamente para operar una gran cantidad
de generación renovable. Las contribuciones de esta tesis abarcan tanto el desarrollo de
métodos matemáticos teóricos como su aplicación práctica en conceptos de control. Por
un lado, esta tesis presenta contribuciones fundamentales en el área de optimización,
utilizando la teoría de pasividad para establecer por primera vez requisitos de los
algoritmos para garantizar optimalidad y convergencia en la optimización distribuida.
Por otro lado, esta tesis propone dos conceptos de control para la red eléctrica del
futuro. El primer concepto de control resulta en un sistema eléctrico regulado, donde
cada agente implementa un controlador predefinido en lugar de perseguir objetivos
propios. En contraste, el segundo concepto de control introduce la noción de puertos
económicos basados en la pasividad, desarrollada en esta tésis, creando un sistema
eléctrico liberalizado. Todos los conceptos de control desarrollados en esta tésis, así
como los resultados teóricos, utilizan la teoría de pasividad. La combinación de la teoría
de pasividad y la optimización, que forma la base de esta tesis, pretende allanar el
camino hacia un control eficiente y estable de los sistemas eléctricos del futuro.
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1 Introduction

Optimization lies at the very core of power systems. Since the deployment of inter-
connected power systems in the first half of the last century, practitioners have asked
themselves how to properly allocate the load economically among the available generat-
ing units [Hap77]. Prior to the 1930s, heuristic methods were used, such as the base load
method, where units are successively loaded up to maximum capacity starting from the
most efficient unit [Sta30]. A similar heuristic method is called best point loading, where
the units are successively loaded only up to their most efficient operating point, again
starting from the most efficient unit [Sta31; Hap77]. Thereafter, simplified versions of
the economic dispatch optimization problem were proposed [Hah31; SS+43], culmin-
ating years later in the precise formulation of the optimal power flow (OPF) problem
by Carpentier in 1962 [Car62]. The main novelty was considering constraints on the
node voltages and transmission line capacities by employing the Karush-Kuhn-Tucker
(KKT) conditions, which had first been published a few years before, to characterize the
optimal solution. Nowadays, the OPF problem forms the basis for the planning and
safe operation of power systems all around the globe [COC+12].

After the shift from regulated to liberalized power systems in the 1980s, new profit-driven
actors and energy markets emerged. Despite this fundamental change of the power
system structure, optimization has remained the core principle behind power system
operation. The bidding and offering mechanism employed in energy markets is aimed
at ensuring that all generators operate at marginal cost,1 thus serving the loads by
minimizing the generation costs [KS04; Tay15; Pin23; PZP10]. It can be shown that all
operating points resulting from an appropriate energy market can be traced back to
solving an optimization problem to minimize the generation costs under the constraint
of serving the loads in a power system.2 Both the importance and scale of this kind
of optimization becomes apparent when taking into account that the electrical energy
generated each year in the EU is around 2800 TWh [Eur24]. Lowering the electric
power generation by just 1% using a suitable optimization would thus reduce the cost
of energy generation by 13 billion euros each year based on the electricity prices in
2022 [Eur23; Age23], or the tons of CO2 emissions by 7 million.

The last example shows that optimizing electric power generation also plays a role in
reducing CO2 emissions, a task that is becoming increasingly important for humanity.
After decades of using fossil fuels to satisfy our energy requirements, it has become

1 This means that the generators maximize their own profit, see [KS04, p. 28].
2 Such an operating point is often called Pareto efficient in the literature primarily focusing on an economic

perspective. It is a well-known result of microeconomic theory that market equilibria are Pareto efficient,
which results from the first and second fundamental theorems of social welfare [KS04; MCWG+95; Var92].
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clear that the resulting human-induced climate change is one of the major threats to
humanity. To provide remedy, governments around the globe have set up agendas for
a transition to a sustainable energy supply [EC16; HZZ20; Con22; Nor17; Int20]. One
example is the European Climate Law [Cou21], which obliges all EU member states to
reduce their net greenhouse gas emissions to zero by 20503 and is informally known
as the European Green Deal. This ambitious goal brings along major technological
disruptions:

• A shift from conventional, fossil fuel-driven large power plants towards distrib-
uted generation units (DGUs), based on renewable energy sources like wind
power, biomass, photovoltaic or green hydrogen is observed. The majority of
these DGUs are strongly weather-dependent and have to be placed where fa-
vorable local conditions are expected, i.e., potentially far from industrial load
centers. This volatility severely complicates the fundamental task of ensuring that
the power generation meets the demand at all times and locations.

• The majority of the DGUs are interfaced via power electronics to the main grid.
This creates a physical separation of the inertia, e.g., the rotating masses in wind
power plants or other generators, from the main grid. The reduction of grid inertia
inevitably leads to a power system with smaller time constants, more prone to large
state deviations and instability when disturbances occur [Mil+18].

• The large number of DGUs in future power systems together with their intrinsic
volatility implies that power systems experience frequent changing network con-
figurations and power flows. Typical examples are disconnections of DGUs due
to lack of power, or of battery storages, such as electric vehicles, due to user
preferences.

As a direct consequence of these developments, many adverse phenomena have been re-
ported. For example, a significant increase of deterministic frequency deviations closely
linked to the volatile injection of renewable energy sources [KSW21; WRL18; Eur20;
HMDB21], resonance problems between converter controls and power lines [Buc+15;
Aeb+12], or new types of instabilities due to converter control interactions at small time
scales [Mar+21; KCRC24]. All these stability issues are due to power electronics and
have not been observed in traditional, synchronous generator-dominated systems.

From a system theoretical perspective, the large number of small DGUs required to
meet the energy demands of modern societies transforms the power grid into a large-
scale, multi-agent dynamic system.4 Furthermore, the networked dynamic system has
to cope with increasingly frequent variations in its system dynamics due to network
changes as outlined above, which further challenges a stable system operation. Since the

3 Germany committed to further reducing emissions and impose climate neutrality for the year 2045 after a
sentence from the Federal Constitutional Court in 2021 [Deu19; Deu21].

4 Assuming an average capacity of 1 MW for renewable energy sources (only wind or solar photovoltaic),
compared to 1 GW for a conventional synchronous generator, there are currently approximately 3,000
renewable units per conventional generator in the grid – a ratio that continues to rise [Umw25].
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mathematical analysis of large-scale power systems is prohibitive due to the problem
size and due to the combinatorial explosion of network configurations to analyze, local
stability certificates for assessing stability of the networked power system turn out to
be crucial for future power systems. Furthermore, distributed operation strategies are
imperative in such a networked system with a large number of actuators pertaining to
different, competitive entities. In particular, distributed coordination and optimization
algorithms, where the optimizing agents can leave or rejoin the optimization, are
necessary for the vital task of power system optimization.

The consequences of the transition to a sustainable power system are, however, not only
affecting the technical side of power systems. The current regulations and structure
of the optimization in power systems, comprising energy market and normative inter-
ventions originally set up in order to ensure a secure operation, are not designed for
such a volatile power system. Rather, the current optimization structure and regulations
are designed for a system with predictable loads and controllable generation reliably
participating in the energy market. Due to the already ongoing increasing penetration
of volatile, renewable energy sources, the cost of normative interventions in the energy
market solution has grown from 0.5 billion euros in 2013 to 4.5 billion euros in 2022 in
Germany [Bun20; Bun24b]. These normative interventions lead to increasingly strong
deviations from the optimal, Pareto-efficient solution resulting from the energy market,
making it ineffective. Nevertheless, experts agree that an effective optimization is an
essential part of a sustainable power system [SNG20; PFV16; BZ11; Tay15], calling
urgently for new approaches tailored to the novel challenges arising in future power
systems.

The fundamental problems that are behind the challenges in future power systems
as described above are, and have been, widely studied in automatic control theory
from a theoretical perspective, in particular in the areas of networked control systems
and distributed optimization [Mol+17; Yan+19; Lun19]. Thus, contributions from
automatic control are expected to play a central role in the development of operation
and control strategies for future power systems. Bridging this gap, the thesis at hand is
devoted to designing optimization-based control frameworks that are tailored to the
novel challenges of future power systems. This dissertation develops and explores
different optimization-based control frameworks; one considering the principles of a
liberalized market with competitive agents, and another considering a fully regulated
system in which the agents cooperatively solve a network-wide optimization problem in
a distributed manner. Throughout the work, local stability and optimality certificates play
an important role. Motivated by the specific needs of future power systems, this thesis
also presents original contributions to automatic control theory in the field of distributed
optimization. Thus, the thesis at hand aims to bridge the gap between automatic control
theory and the challenges arising in current and future power systems. The overall
objective of this work can be summarized as follows:
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Objective of the Thesis
Design distributed control frameworks allowing for an optimal operation of fu-
ture, large-scale and networked power systems that are volatile, undergo frequent
changing network configurations and have fast and nonlinear dynamics.

1.1 Structure of the Thesis

A visual overview of the structure of the thesis is shown in Figure 1.1. The thesis is
structured as follows: Chapter 2 gives an overview of the existing methods address-
ing the Objective of the Thesis. At the end of the chapter, the research gaps in the
existing literature are identified and the contributions of this dissertation are stated.
Chapter 3 introduces the necessary theoretical background to develop the novel theory
in Chapters 4 – 6, which constitute the main part of this work. Chapter 4 presents a
centralized control framework for optimal control of networked power systems based
on Model Predictive Control (MPC). Chapter 5 presents a novel distributed optimization
algorithm suited for solving the global MPC problem arising in the previous chapter
(Chapter 4) in a distributed manner. Chapter 6 presents a novel control framework
based on a control theory-inspired price-forming mechanism, which is especially suited
for volatile and highly dynamic power systems. Lastly, Chapter 7 compares the con-
trol frameworks presented in Chapter 4 (using the distributed optimization method
presented in Chapter 5) and Chapter 6 via simulations. Chapter 8 closes this thesis with
a conclusion.

1.2 Notation

The set of natural numbers is denoted by N, the set of real numbers by R, and the
set of positive real numbers by R≥0. The set of n-dimensional real-valued vectors is
denoted by Rn and the set of n × n real-valued matrices by Rn×n. The set of k times
continuously differentiable functions is denoted by Ck. All other sets are described
by calligraphic letters A. The interior and boundary of a set A is denoted by int{A}
and bnd{A}, respectively. The cardinality of a set A is denoted by |A|. Consider some
xmin < xmax. The set {x ∈ R | xmin ≤ x ≤ xmax} is denoted in shorthand notation as
[xmin, xmax].

The transpose of a vector x ∈ Rn is written as x⊤. The vector x = col{xi} and matrix
X = diag{xi} are the n× 1 column vector and n×n diagonal matrix of the elements xi,
i = 1, . . . , n, respectively. The operator col{·} describes also the vertical concatenation
of vectors, i.e., x = col{xi} ∈ RnN with xi ∈ RN , i = 1, . . . , n. Let In denote the n× n
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Figure 1.1: Outline and structure of this thesis.

identity matrix, and 1n ∈ Rn a vector of ones. The n × l matrix of zeros is denoted
by 0n×l. A vector of zeros is denoted by 0, and 1

k
n denotes a vector of zeros of length

n with a 1 in the k-th entry. When clear from the context, the subscripts indicating
the dimension of the vectors and matrices 0 and 1 are omitted. The maximum and
minimum eigenvalues ofX are denoted as eigmax{X} and eigmin{X}. The maximum
and minimum entry of a matrix is denoted as max{X} and min{X}, respectively.

The euclidean norm of a vector x is denoted by ∥x∥. The P -weighted norm of a vector
x is ∥x∥P := x⊤Px, where P is a positive definite matrix. The Kronecker product of
x and y is denoted by x ⊗ y. The Kronecker product of a matrix A with the identity
matrix In is denoted in shorthand notation byA◦. The Hadamard product of vectors x
and y is denoted by x ◦ y.

The gradient∇xf : Rn → Rn of a scalar, multivariable function f : Rn → R is defined



6 1 Introduction

as the column vector. The subscript indicates with respect to which variables the partial
derivative is taken, if the function has multiple variables. The time derivative of a
function V (t) is denoted by V̇ := dV

dt .

Graphs are described with the calligraphic letter G. A directed graph is denoted by
G(A, E), where A is the set of agents and E ⊂ A × A the set of edges. The incidence
matrix E ∈ R|A|×|E| is defined as E = (mij) with mij = −1 if edge ej ∈ E leaves node
vi ∈ A, mij = 1 if edge ej ∈ E enters node vi ∈ A, and mij = 0 otherwise.

Consider a time-dependent variable x(t). An equilibrium point (or steady state) of this
variable is denoted by x̄, and x̃(t) := x(t) − x̄. The time dependence of variables is
omitted when clear from the context.



2 Literature Review and Research Gaps

In this chapter, a detailed review of the existing work considering optimization and
control tailored to future power systems is presented. Building upon the existing work,
the contributions of this dissertation are stated after identifying research gaps in the
current literature. AC and DC systems are considered throughout the chapter, since the
focus of this thesis lies rather in the conceptual control framework design and structure
than in the type of power system studied.

This chapter is structured as follows. Section 2.1 reviews the control and optimization
used in current power systems to provide the basis for the subsequent literature review
and for the contributions of this dissertation. In Section 2.2, a classification of control
methods for power systems is proposed and important terms within this work are
introduced. In Sections 2.3-2.5, a detailed review of the current research considering
optimization-based control tailored to future power systems is presented and five
major research gaps are identified. Section 2.6 concludes the chapter with the main
contributions of this dissertation in the light of the research gaps identified in the
preceding sections.

2.1 Current Power Systems Optimization and Control

In this section, the hierarchical control structure and optimization in current power
systems is reviewed in Section 2.1.1 and Section 2.1.2, respectively. In particular, the
focus lies on how control and optimization are interconnected and what implications the
current trend to renewables entails for the existing control and optimization structure.
Section 2.1.3 concludes the section with a discussion of the findings from a control-
theoretic perspective.

2.1.1 Hierarchical Control of Power Systems

In power systems, two important variables are controlled, the frequency and the
voltage [Mac+20; GECC18]. In the following, the control hierarchy for both control loops
is reviewed. At a power system level, the transmission system operator is responsible
for maintaining both of these variables in an admissible range. Considering a small
resistance to reactance ratio in transmission lines,5 the frequency is strongly related

5 Note that this is not a valid assumption for medium and low voltage lines and cannot be neglected when
many controllable devices are installed at those voltage levels.
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to the active power and the voltage to the reactive power. Therefore, both control
loops are assumed ’virtually decoupled’ [GECC18], and are organized in a hierarchical
structure.

The goal of the voltage control is to maintain admissible voltage magnitudes during
operation. The voltage magnitudes have to be adjusted such that the required reactive
power flow is achieved in order to serve the loads requiring reactive power, e.g., induc-
tion motors, under-excited synchronous machines, transformers, etc [GECC18]. In order
to avoid large voltage drops and to control the power system efficiently, reactive power
should be handled locally to the possible extent [GECC18]. The main possibilities practi-
tioners have are the excitation of the synchronous generators, tap changing transformers,
and flexible AC transmission systems (known as FACTSs) [GECC18; Mac+20]. Typically,
the voltage control structure has two layers. The primary control is responsible for
maintaining a constant voltage at some nodes of the system, typically at the generator
nodes using the excitation system. The secondary control is then responsible for the
proper selection of these reference values at the controller nodes in order to achieve a
certain voltage amplitude level on predefined ’pilot nodes’ [GECC18]. All in all, the
voltage control is an exclusive responsibility of the transmission system operator and is
not directly connected to any market, but handled completely with regulations. The
goal of each transmission system operator is to fulfill the requirements of maintaining
safe voltage levels and stability throughout the transmission system in a cost-efficient
manner.

The goal of the frequency control is to ensure that the frequency is kept in an admissible
range despite varying loads or volatile generation. For that, the active power generation
is changed according to the frequency variations. This is done in a hierarchical structure
comprising three layers, viz. primary, secondary and tertiary control. The primary
control is also called frequency containment reserve in the grid codes [Eur16; Dö+19].
It defines a static, linear relation between the frequency deviation and the change in
power generation, which is inspired by the dynamics of a grid-connected synchronous
generator. It acts instantaneously and has to feed in the increased power generation
defined by the droop6 curve after a maximum of 30 s [Eur16, Table 5]. The secondary
control, also called automatic frequency restoration reserve, is described in Articles
143-145 in the Commission Regulation (EU) 2017/1485 [Eur17a]. The control target of
the secondary control is to ’regulate the frequency control error towards zero within the
time to restore frequency’ [Eur17a, Article 143, §1 (a)]. The time to restore frequency is
set to 15min in the Central Europe area of ENTSO-E, and it must ’have a proportional-
integral behavior’ and an anti-windup [Eur17a, Article 145, §4 (b)-(c)].7 Further, it is
specified that the frequency error is the control input, and the setpoint for the droop

6 The droop curve defines a linear relation between frequency deviation and increased power generation,
and is standard in power systems [Mac+20, p. 32].

7 Note that more advanced control strategies are not allowed within the current European operational
regulation framework. Similarly, more advanced automation technologies, e.g., to consider various
measurements and divide an averaged control error over various controllers as very popular in current
research [Oli+14; SP+15], are not envisaged in the regulations.
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controllers the output. The tertiary control, also called manual frequency restoration
reserve, has a similar goal as the secondary control, i.e., to regulate the frequency
deviation to zero. However, this is done manually by the transmission system operator
depending on the actual load situation to achieve other goals such as to minimize costs
or maintain the scheduled power imports or exports. Also, both the activation time
and the maximal duration of the control action, i.e., the additional power generation,
may vary with respect to the secondary control. Every transmission system operator is
obliged to implement such a strongly regulated hierarchical control structure, but has
the freedom to decide how much capacity is allocated in each layer. This has to be done
in order to comply with the frequency quality requirements based on a probabilistic
methodology [Eur17a, Article 128, 157 (c)].

All in all, the frequency control is a strongly regulated control architecture, with regula-
tions on both economic and operational aspects. This considerably limits the possibilities
for more advanced control methods to be applied. However, the frequency control has
also a tight connection to optimization over the European electricity balancing market
as detailed in [Eur17b, Title II]. This is further explored in the next section.

2.1.2 Optimization in Power Systems

The optimization in current power systems is achieved through the energy market [Eur19]
and the energy balancing market [Eur17b]. In the energy market, producers can offer
a certain power generation for imbalance settlement periods of 15min. Consumers
submit bids for every time period and a corresponding maximal price, which they are
willing to pay. All offers and bids are submitted 24 h in advance. The energy market
computes then the intersection of the price curves resulting from the aggregated offers
and bids, respectively, and a price is set for the market clearing. This has been shown to,
theoretically, represent a Cournot competition model, and thus result in Pareto-efficient
market equilibria [KS04; Tay15], [Koe22, p. 52ff.], provided that no producer is large
enough to exercise market power and the trading structure fulfills the requirements of a
perfect market with perfect competition (see [Koe22, Definition A.24]).

A major challenge with this approach is that both the load and a significant portion of
the generation, i.e. renewable generation, are considered in the energy market based
on forecasts for each imbalance settlement period. As a result, discrepancies between
predicted and actual values are common, especially in systems with a high share of
renewable energy resources. These imbalances are covered with balancing energy
traded at the balancing market. Concretely, the balancing services are traded in two
separate market schemes, the balancing capacity and the balancing energy markets.
Procuring balancing capacity means that the availability of a certain balancing power
over a certain time period is secured. The balancing energy market decides which of
the available balancing capacity is actually used. The transmission system operators
are responsible for the procurement of sufficient balancing capacity in advance using
merit-order, similar as with the energy market. This balancing capacity is activated
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by following a new merit-order list [Eur17b, Article 29 §7], possibly including offers
corresponding to unforeseen, low-cost, short-term power generation capacities, e.g.,
pumped-storage power plants after unforeseen rainfalls. This scheme is designed to
improve the overall efficiency by including less predictable balancing capacities, but at
the same remunerating the market participants that reserved balancing capacity. The
result of the balancing market is again a Pareto-efficient allocation of the balancing
capacity. The balancing power control structure can be understood as a Pareto-efficient
correction for the energy market.

2.1.3 Discussion

In this subsection, the overall structure of control and optimization in current power
systems as outlined in the two past sections is discussed from a control-theoretical point
of view. This allows illustrating the limitations of the current optimization and control
structure, especially when considering a large share of renewable generation, which
emphasizes the need for novel methods tackling these shortcomings.

The connection between optimization and control in power systems relies on the bal-
ancing market.8 The different balancing capacity offers correspond to the primary,
secondary and tertiary control, depending on their ’mode of activation’ [Eur17b, Art-
icle 2 §34], i.e., closed-loop or manual, and other requirements specific to each control
layer.9 The balancing market can thus be understood as a market for the different
control actions, resulting in a Pareto-efficient allocation of control actions.

From a control-theoretical perspective, the energy market together with the balancing
market represents a combination of a feedback and a feedforward structure (see Fig-
ure 2.1). The power generations scheduled in the energy market based on predictions
(i.e., the optimization) bring the system near to an admissible steady state and can be
seen as the feedforward part. The balancing energy is activated when deviations are
measured via a frequency deviation, which corresponds to feedback control. Such a
combined feedforward and feedback control is a well-known structure in control theory.
The effectiveness of such a structure strongly relies on the quality of the feedforward con-
trol [Lun13], which is nowadays compromised by the volatile and weather-dependent
generation of renewable energy resources. This raises the question whether a feedfor-
ward structure, which proved to be effective for power systems with low uncertainty
during the last century, is still an efficient method for the optimization of power systems
with a high share of renewable energies.

In addition, the increase of renewable generation is compromising the efficiency of the
feedforward structure itself, i.e., the energy market. For every generation schedule
8 Both balancing markets (capacity and energy), since one determines the commitment of holding balancing

power ready and the other the activation, together representing the control action. From here on, we refer
to both as the balancing market.

9 For example, the maximum activation time or the maximum and minimum duration of the delivery
period [Eur17b, Article 25].



2.1 Current Power Systems Optimization and Control 11

Energy Market
offers

bids

Pgen Power System
(generators, lines, ...)

∆f , v

Load

Balancing Market,
Redispatch

Pbal

Figure 2.1: Schematic representation of the control and optimization structure in current power systems. The
optimization is done in the energy market as a feedforward control.

resulting from the energy market, the transmission system operators have to verify that
the technical feasibility constraints, i.e., the maximum and minimum voltage limits or
transmission line capacities, are respected. If the safety constraints are not met, a so-
called redispatch is invoked. The redispatch is a normative intervention commanding
some generators to deviate from the energy market result.10 This mechanism is necessary
because in the energy market, no information of the network characteristics (such as
power flow constraints, voltage levels, etc) is considered for computing the generation
schedule, i.e., the feedforward control.11 The volume of the redispatch has increased
considerably in the last years: from 14.5 TWh on average in 2016-2019 [Bun20, p. 9], to
34.3 TWh in 2023 [Bun24a, p. 7]. This corresponds to costs of 293 million euro in average
for 2016-2019, and 3086 million euro in 2023, as specified in the reports of the Federal
Network Regulatory Agency [Bun20; Bun24a].12

To put it in a nutshell, optimization and control in power systems are largely de-
coupled by using a feedforward control structure. However, the recent developments
are strongly deteriorating the efficiency of the optimization, i.e., the feedforward control
structure. Furthermore, this phenomenon is expected to worsen, since the predictable
generators based on fossil fuels are scheduled to be disconnected from the grid in
the next few years [Com; Deu19]. Thus, the need for a more efficient optimization
arises. In particular, the small time constants and volatility in future power system call

10 In 2021, a new Redispatch 2.0 was introduced in Germany, which allows transmission system operators to
control also small generators from the distribution system operators.

11 This is also known as the copper plate assumption.
12 Notably, the annual report of the Federal Network Regulatory Agency includes a color-coded map of the

German transmission system, where five colors indicate the duration of redispatch interventions in hours.
In 2017, the highest category was ’≥ 500’ h; by 2023, this had increased to ’≥ 3000’ h, clearly illustrating
the growing extent of redispatch.
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for an optimization in feedback with the system, reacting better to changes and in-
tegrating optimization and control in a more efficient way. However, a closed-loop
optimization in power systems implies a completely new conception of the control
structure, since the optimization in the energy market has always been a feedforward
structure (see Figure 2.1).

Before reviewing the existing work in Sections 2.3-2.5, a classification of control methods
for power systems along with some important terms for this work are introduced in the
next section. The literature review is then structured according to those terms and the
proposed classification.

2.2 Introduction of Important Terminology

This section is devoted to defining important terminology for this dissertation. It is
composed of two subsections. Section 2.2.1 introduces a classification of power system
control philosophies and the necessary terms. Section 2.2.2 introduces the terminology
regarding distributed systems used in the rest of the dissertation.

2.2.1 Classification of Power System Control Philosophies

In the following, the meaning of the terms regulated and liberalized are defined in the
context of this dissertation. Furthermore, the term grid as used in this work is introduced.
In this work, the terms regulated and liberalized power system are employed from a multi-
agent systems or control-theoretical perspective. The terms are used to compare the
freedom that the agents in a power system have in comparison with an unbundled13

power system as nowadays. It is mainly distinguished if the individual agents that
are part of a power system may freely take rational actions that are distinct of those
of other agents, or if the agents are obliged to utilize a given, specific calculation rule
for determining their own controllable variables or system inputs. It is important to
mention that the terms regulated and liberalized, even if there are evident connections,
should not be understood from a purely economic perspective; the scope of this work
is not to provide the legal and economic framing for these methods to be successfully
implemented.

With the word agents in the following definitions, the entities which are not responsible
for the power system operation are denoted. In the current power systems, these agents
are, e.g., the producers and consumers that participate in the energy market.

Term 2.1 (technically regulated power system)

13 Key aspects are the legal, operational and informational unbundling in power systems, see [Bru+14] for
details.



2.2 Introduction of Important Terminology 13

A power system is called technically regulated, if the individual agents have to
choose their controllable variables, e.g., typically the generated or consumed power,
using a specific calculation formula given by a superior or supervising authority,
instead of choosing their variables in order to pursue own interests.

Term 2.2 (liberalized power system)
A power system is called liberalized, if the individual agents can freely implement
control strategies to pursue own objectives, i.e., to maximize their revenue. In
particular, no superior authority may determine the controllable variables of the
agents.

Next, the term grids is introduced.

Term 2.3 (grid)
An electrical system is called a grid when it fulfills the following conditions:

1. It is a connected subset of an electric power system.

2. It gathers a group of controllable DGUs and uncontrollable loads or generators.

3. It can be operated either electrically connected to the remaining power system
(connected mode) or as an independent grid (islanded mode).

4. In connected mode, it exchanges some kind of information with the other
grids forming the power system to achieve global optimality.14

5. In islanded mode, it does not exchange information with other grids and
optimizes itself.

While a grid is a single entity, a group of interconnected grids is denoted as a power
system in this work. Similar concepts for describing a decentralized power system
structure have been proposed in literature. The web-of-cells concept divides the power
system into cells and independent cell coordinators, with the goal of eliminating any su-
perordinate instance gathering information and coordinating the cells [Mar+17; LHK19].
The virtual power plant concept groups several DGUs of different nature as a single,
large, dispatchable generator [Hä+23; He+24]. Finally, the microgrid concept originally

14 The type of information strongly depends on the concrete control approach and especially on the type of
power system, regulated or liberalized as in Term 2.1 and 2.2.
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proposed in [Las02] has received much attention in the literature. It was originally
defined as a small grid in remote areas with a single point of connection to the main
grid [Hat+07]. However, alternative definitions describe it as an active distribution
network comprising flexibilities [Sch+16; Dan19, Definition 3.1]. A power system is
then often described as a network of microgrids [Che+20; WL20; IYA21; ACG18]. Albeit
proposing a similar concept in this thesis, the term grid as in Term 2.3 is used to avoid
confusion.

2.2.2 Important Terminology of Distributed Systems

In the following, the terms decentralized, distributed and centralized control are introduced.
Since these terms are sometimes used with different meanings across literature, they are
defined here for avoiding confusion.

S1

S2

C1

C2

(a) decentralized

S1

S2

C1

C2

(b) distributed

S1

S2

C

(c) centralized

Figure 2.2: Decentralized (a), distributed (b) and centralized (c) control structures.

A schematic representation of decentralized, distributed and centralized control is
provided in Figure 2.2 for an example with two subsystems S1 and S2. A physical
interconnection is represented by black lines, and communication is represented by red
dotted lines. In decentralized control, each subsystem S1 and S2 has an independent
controller. The controllers C1 and C2 control their subsystem without any commu-
nication or information exchange. They rely only on their physical connection (e.g.,
measurements, control input, etc.) to the subsystem for the control. In distributed
control, the independent controllers C1 and C2 can additionally exchange information to
coordinate their control actions (see red dotted line). In centralized control, only one
controller gathering all the information and computing all control actions exists.

In this work, distributed controllers are designed. The subsystems represent the physical
grids with all their components. The coordination of the controllers is then designed
such that optimality is achieved in order to contribute towards the objective of this
thesis stated in Chapter 1.
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In the following, the literature review is presented. It is organized as follows. First,
in Section 2.3, the control methods for technically regulated power systems are reviewed.
Afterwards, since the main limitations of the approaches in the literature arise from
the distributed optimization algorithm employed, the existing distributed optimization
algorithms are reviewed in Section 2.4. The literature review ends with the control
methods for liberalized power systems in Section 2.5.

2.3 Control Methods for Regulated Power Systems

In this section, control approaches in which the producers and consumers have to
adopt a given control strategy determining their controllable variables are considered.
The vast majority of the control approaches for future power systems proposed in the
last years fall into this category. The approaches can be categorized in droop-based,
passivity-based, steady-state optimal control approaches, and approaches based on
MPC.

Droop-based Approaches

The first category of approaches is droop-based approaches [Gue+10; ZW10; SPDB13;
SPDB17; Teg+16; Sch+14]. Droop is an approach widely used in large hydro or steam
generators and automatic generation control in traditional AC systems [Mac+20]. It is a
proportional controller which provides a fast response in terms of power generation
when frequency deviations occur. It is decentralized by nature and establishes a linear
relation between the deviation of a desired quantity (frequency or voltage) and the
injected power (active or reactive, respectively), called droop slope. Due to the lack
of an integral part, droop controllers show a steady-state frequency error, which is
compensated via the secondary control. Advantages are a fast response and a flex-
ibly configurable power-sharing capabilities through simple modification of the droop
coefficients. Inspired by these ideas, droop control has been transferred to the control
of AC and DC power electronics [SPDB13; SPDB17; Teg+16; Sch+14; Oli+14]. Several
improvements such as nonlinear [SPDB17], adaptive or dead-band droop have also been
proposed to achieve better control performance (see review in [Gao+19]). In [SPDB12;
SPDB13], it is shown that a radial lossless power system with droop-controlled inverters
and the assumption of constant voltage amplitudes at all nodes and static lines are
coupled Kuramoto oscillators. Furthermore, conditions for synchronization, i.e., asymp-
totic stability of the phase angle variations, are given. In [Sch+14], the assumptions of
constant voltage amplitudes and radial networks are relaxed and analytic conditions for
the stability are derived by means of Lyapunov theory instead of relying on analogies
to the Kuramoto oscillators.

In order to compensate the steady-state deviations from droop control and to achieve
a desired power sharing or economic dispatch, various approaches to build on top of
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the droop controllers have been proposed [SPDB13; SP+15; DSPB16; SGV14; Kha+20;
ZD15]. The work in [SPDB13] proposes a coordination for power setpoints via a
consensus algorithm. The authors in [DSPB16] propose a coordination to achieve
economic dispatch for AC systems. However, these works rely on assumptions like a
radial network, static lines, and static voltages without dynamics. Furthermore, only
static power loads are considered, instead of the typical combination of power, current
and impedance. The results were extended also to DC systems with voltage droop
in [ZD15] employing similar assumptions. In [SGV14], the effectiveness of a secondary
control approach for frequency restoration and reactive power sharing is practically
demonstrated making use of hardware-in-the-loop. However, stability is only analyzed
via simulations. Note that all these methods, built on top of droop-controllers, form a
regulated power system as in Term 2.1, since all generators have to implement the given
control method rather than being allowed to design a control method for pursuing own
objectives.

Remark 2.1. Note that in current power systems, droop control is also used and is traded in the
balancing market. However, the current power system is liberalized. The current power system
is liberalized because the setpoints of the generating units arise in the energy market, where
every agent takes only into account their own objectives. In the droop-based approaches reviewed
above, there exists no energy market, but a (centrally organized) coordination to achieve power
sharing or economic dispatch. Clearly, these approaches correspond to a regulated system as
in Term 2.1.

Passivity-based Approaches

Passivity theory (see [SJK12; SP18]) is a powerful approach to the stability analysis
of large-scale networked systems. Since power systems are evolving towards large-
scale networked, multi-agent systems, passivity theory is finding fruitful applications
in the context of power systems, in particular for the stabilization of systems com-
posed of power electronics [Lai+23; Nah+20; Str+21; Wat+21], the coordination of
energy sources [Gui+18b; Mal+23; MS20], price-based control [SDPS16b; Köl+21b], or
MPC [KA17; Lon+23]. In this subsection, the methods for stabilization and coordination
are reviewed. For price-based control (using passivity theory) there is a dedicated
section, since it falls into the category of liberalized control methods.

The passivity-based stabilization of power electronics-based DGUs networked with
power lines is a mature research topic [Har+16]. The works [Tuc+16; TRFT17] explore
separable Lyapunov functions for DC grids, the latter providing conditions that are
independent of line parameters. With a separable Lyapunov function the authors are
implicitly using the essence of passivity and separable storage functions. However, the
controller design requires solving a linear matrix inequality (LMI) every time when a
change occurs, e.g., in the load. In [TFT20], the authors extend their methods to AC grids,
and in [Nah+20], it is embedded into a formalized passivity-based framework. At the
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same time, in [Str+20], similar results are achieved making use of the port Hamiltonian
formalism, also for AC grids [Str+19; Str+21]. At the same time, the works in [Lai+21;
Wat+19; Wat+21] were proposed by another research group achieving decentralized
voltage stabilization also using passivity theory.

Although passivity-based approaches are powerful methods for the stabilization of net-
worked systems, these methods provide no means for the coordination of the individual
DGUs. For that, setpoints from a higher level control are typically required. These set-
points are often provided by receding horizon optimization-based controllers [Nah+21;
Gie+23; JS+25b], or by passivity-based coordination algorithms [Gui+18b; Mal+23].
In [Gui+18b], the voltage modulated direct power control from [Gui+18a], which is a
controller for achieving maximum point power tracking,15 is cast as a port Hamilto-
nian controller. They show that each controlled renewable energy source connected
to the grid via an inductance is passive w.r.t. the voltage modulated inputs [Gui+18b,
Eq. (7)] and the active and reactive power as output. Furthermore, due to the max-
imum power point tracking, it can be argued that an optimal operation w.r.t. power
generation is achieved. Further, the authors show that such a scheme has improved
performance when connecting and disconnecting renewable energy resources such as a
wind power plant and a photovoltaic plant, but a rigorous consideration of the stability
of the networked system (including the battery storage and power lines) is not provided.
In [CKS19], current-sharing is achieved based on consensus-like algorithm in grids with
constant current loads. In [Mal+23], power sharing is achieved considering a similar
scenario but more general constant impedance Z, constant current I, constant power
P (ZIP) loads. However, all DGUs use the averaged voltage error, which may lead
to voltage configurations with large deviations, when some node voltages with large
negative and positive errors compensate each other. In [MS20], a passivity-based power-
voltage droop controller is proposed, achieving power sharing. However, only constant
impedance loads are considered, and the power-sharing performance is strongly de-
pendent on the load configuration, which hampers an efficient coordination.

All in all, these methods provide powerful tools for stabilization of networked systems.
However, the methods for achieving an efficient coordination for the DGUs are limited.
In particular, optimization-based approaches have not been proposed so far.

Remark 2.2. One could argue that passivity-based approaches allow for a liberalized power
system, as any controller fulfilling the passivity conditions may be used, and the agents have
the freedom to choose their own controller complying with the requirements. However, when it
comes to controlling the power injections, all existing methods, as shown above, propose centrally
designed power sharing or distributed averaging approaches, giving each agent a specific setpoint
to follow, which complies again with technically regulated power systems as in Term 2.1.

15 Maximum point power tracking, often called MPPT, is a very popular control method with the goal of
operating the renewable energy source always at the operating point with maximum power injection, i.e.,
the most efficient in terms of power generation.
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Steady-state Optimal Control Approaches

In another line of research, authors design controllers steering the power system to
steady-state optimal equilibria. In [Hau+16], a feedback optimization constrained to
the power flow manifold is first proposed. Instead of periodically computing new
OPF solutions and applying the optimal setpoints to the generators, the feedback
optimization measures the current state and computes, in real-time using gradient
descent, new variables that are closer to the optimizer, eventually converging to an
optimal steady state. Such a scheme has two main advantages. Firstly, it can react in real-
time to load disturbances. Secondly, it avoids unfeasible states in the transition between
two OPF solutions that may arise due to the unconnected and discontinuous nature of
the solution set of the nonlinear OPF problem. However, the power system is modeled
with the static power flow equations, and the stability of the system including the
feedback optimization is not analyzed. This is extended in [Hau+21], with an analysis
based on timescale separation, which may not be valid with the trend of smaller time
constants in power system dynamics. A survey can be found in [Hau+24].

In [LSM21], the authors propose a system-theoretical framework that recovers various
steady-state optimal controllers proposed in the literature as a special case. Similar to
the approaches described above, the optimization is a dynamic system in feedback with
the plant. This approach derives the controller via an optimality model [LSM21, Defini-
tion 3.1]. It is shown that the droop-based approaches [SPDB13; DSPB16] described in
Section 2.3, and others like [DG17; ZMD15], are special cases of the proposed method.
However, as stated with the droop-based methods, the network model is restricted to
simple oscillators connected via lossless power lines, which is insufficient16 to capture
the dynamics occurring in future power systems based on power electronic devices.

There exist other steady-state optimal controllers which correspond, however, to technic-
ally liberalized power systems as in Term 2.2 and are thus covered in Section 2.5. They
correspond to liberalized power systems because, in contrast to the methods described
above, they build a framework consisting of different agents with diverging interests in
power systems, such as network operators, market participants, or retail consumers.

Model Predictive Control Approaches

MPC has been extensively studied in the context of power systems, see the surveys
[Sul+17; Hu+21]. The objectives are typically to maximize economic welfare or to
minimize losses. The constraints ensure power balance through the static power flow
equations or even through a simpler power balance equation [Vel+19a; Vel+19b; Ana+20;
AOM21]. This procedure assumes an energy system with negligible, stable and non-
varying dynamics, such that a simple power balance equation describes the network

16 An example of issues in a real case is described [Buc+15], where undamped oscillations set equipment on
fire in an offshore wind farm.
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adequately. Those assumptions, albeit standard in traditional power system analysis
with large-scale thermal generators, are questionable for power systems based on power
electronics.

To provide remedy, MPC schemes have been proposed considering the dynamics of
the underlying power system. The approaches in [Lou+17; Vu+15] consider a droop-
controlled microgrid and replace the typical proportional-integral controller necessary
to circumvent steady-state deviations with MPC strategies. While in [Vu+15] a central
MPC architecture is designed and is thus not suitable for large-scale systems, in [Lou+17]
a distributed scheme is proposed. However, both use strongly simplified grid dynamics,
including an independent design of the voltage and frequency restoration control. The
voltage-frequency decoupling is an assumption valid only for small voltage angles, and
only in the case of lossless power lines [Mac+20, p. 8]. Other approaches attempt to
directly control the converter voltage without an underlying primary controller [NTG18].
However, the filter dynamics necessitate a sampling time in the range of microseconds,
which makes an online solution of the MPC optimization problem feasible only for
small grids and short optimization horizons.

To avoid that all agents have to share their private information (such as their objective
function) and to alleviate the computational burden in large-scale systems, distributed
MPC approaches tailored to power systems have been proposed. One of the first
approaches is [Ven+08], which is based on the distributed MPC framework proposed
in [VRW05] for regulating a given setpoint of a linear system. Thus, in [Ven+08], a
linearized model of the power system describing the frequency deviations depending
on the load and generation, also called automatic generation control, is used. The
authors show stability of the closed-loop system using the distributed MPC framework
with an arbitrary number of iterations larger than one. At convergence, they show to
recover the same solution as a centralized MPC. However, the individual agents require
information about the system dynamics and objective function of all other agents. The
method represents thus merely a mathematical parallelization. Other approaches have
been presented in [Par+17; XXM19; Raz+20], however all considering only a static
power balance equation describing the power system instead of voltage or frequency
dynamics. With such simplified dynamics, the focus of the approaches is the distributed
or parallel solution of the optimization problem.

Economic MPC schemes have also been proposed in connection to power systems, see
the recent review in [Hu+24]. Economic MPC has the intrinsic advantage that no steady
state has to be computed in advance, in contrast to the traditional setpoint-tracking MPC
framework [FGM+18; Jia+20] (see Figure 3.2 in Section 3.2). In [Jia+19b], a distributed
economic MPC is designed for the combined economic dispatch and load frequency con-
trol of interconnected power systems is proposed. The distributed computation is based
on the Jacobi iteration [BT97, p. 131], which is merely a mathematical parallelization and
assumes that all agents have full information about the other agents. In particular, all
agents need full information about the objective functions of other agents. The authors
show that the distributed scheme has a comparable performance to the central economic
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MPC. However, no stability considerations are provided. In [Jia+20], the results are
extended. Detailed algorithms, which the agents have to follow, are provided as well
as a stability proof. However, for that the authors assume that the system at hand is
dissipative w.r.t. a special supply rate, which automatically provides stability, without
showing or arguing why the assumption is valid. In [Jia+19a], a dual-mode economic
MPC is designed for a microgrid with a wind power plant, a photovoltaic generator, and
a battery storage system. In this method, a fallback stabilizing control action is assumed
to be known in advance and applied whenever the system leaves a predefined region.
Although the optimization may be computed in a distributed manner, it becomes clear
that to check if the system leaves a predefined set around (the whole) network state,
information from the whole system is required. This makes the approach not well suited
for large-scale systems.

All in all, there exist plenty of methods for the optimization-based control of power
systems via MPC. All the approaches allowing a distributed operation — both setpoint-
tracking or economic — rely on distributed optimization algorithms to solve the central
optimization in a distributed manner. The information the individual agents have to
share thus depends on the particular distributed optimization algorithm. As these
algorithms are an essential part of these approaches, Section 2.4 reviews the current
state of research on these distributed optimization algorithms in more detail.

2.3.1 Summary and Research Gap

There exist plenty of methods for distributed control of regulated power systems. The
coordination is achieved through consensus strategies or distributed optimization. All
optimization-based approaches in the categories droop, steady-state optimal or MPC
consider either very simplified dynamics or rely on centralized computation. The
passivity-based methods consider accurate system models, i.e., dynamic models for the
lines and power electronic devices allowing for considering varying voltage amplitudes.
However, there exist only few passivity-based approaches achieving a coordination
between producers, and these approaches can neither consider objective functions for
the producers or consumers, nor any state or input constraints, vital for safety-critical
systems like power systems. Thus, the following research gap exists:
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Research Gap 1
There exist no optimization-based distributed control methods for regulated power
systems that simultaneously account for detailed nonlinear models, enforce state and
input constraints, and ensure asymptotic stability based on individual subsystem
requirements.17

2.4 Distributed Optimization Algorithms

As has been shown in Section 2.3, distributed optimization algorithms are widely used in
the current research concerning control of future power systems. These algorithms form
the basis of, e.g., distributed MPC algorithms, steady-state optimization or consensus-
like algorithms (see Section 2.3). The distributed optimization algorithm defines how
and which information the individual agents have to exchange, which is central within
this thesis. Hence, distributed optimization algorithms are reviewed in this section.

Distributed optimization considers the problem of solving distributed optimization
problems with particular structures in a distributed manner. This means that various
agents solve parts of the optimization problem and communicate the result in an
iterative process, with the goal of cooperatively finding the global minimizer. The
approaches can be divided in two categories: methods based on Lagrangian relaxation,
i.e., dual decomposition [Con+06], and methods based on multi-agent systems, typically
borrowing methods from control theory [Yan+19].

Lagrangian Decomposition Algorithms

The first approaches for distributed optimization are due to Dantzig, Wolfe and Bend-
ers [DW60; Ben62] in the 1960s and are known by dual decomposition.18 It considers
optimization problems with a separable structure, e.g., for two agents

min
x1,x2

J1(x1) + J2(x2) (2.1a)

s.t. A1x1 +A2x2 = b, (2.1b)

17 Individual subsytem requirements are requirements that have not to be coordinated with the other agents
or with some central authority. These are also called local conditions in this dissertation.

18 The name is due to duality in convex optimization [BV04], which these methods are exploiting. The
methods originated from distributed allocation of production capacity in economics.
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with objective function J1 : Rn1 → R and J2 : Rn2 → R, and matrices A1 ∈ RnEQ×n1 ,
A2 ∈ RnEQ×n2 , b ∈ RnEQ for the nEQ ∈ N equality constraints.19 Optimization prob-
lem (2.1) has a separable structure, because the objective function is composed of a sum
of the objective functions of the individual agents. The constraint in (2.1b) couples the
optimization problems and prevents a separated computation of the minimizer by each
agent. The Lagrange function for (2.1) is

L(x1,x2,λ) = J1(x1) + J2(x2) + λ
⊤(A1x1 +A2x2 − b), (2.2)

which can be rearranged by separating the terms corresponding to the individual agents
to obtain

L(x1,x2,λ) = L1(x1,λ) + L2(x2,λ) (2.3)

with L1(x1,λ) = J1(x1)+λ
⊤(A1x1− 1

2b) and L1(x1,λ) = J2(x2)+λ
⊤(A2x2− 1

2b). In
the dual decomposition algorithm, each agent minimizes a subproblem corresponding
to its part of the Lagrange function separately with respect to its own variables, and
then the central dual ascent step follows. Concretely, at time step k, it reads

x∗
1 = argmin

x1

L1(x1,λ(k)) (2.4a)

x∗
2 = argmin

x2

L2(x2,λ(k)) (2.4b)

λ(k + 1) = λ(k) + α(A1x
∗
1 +A2x

∗
2 − b). (2.4c)

This procedure is repeated, and is shown to converge to the global optimizer for
k →∞ [BNO03, Ch. 8].20 This is established by standard duality theory, since min-
imizing the Lagrange function (2.2) centrally or in a decentralized manner as in (2.4)
does not alter the result. The disadvantages of the dual decomposition are the need
of a central coordination (2.4c) and that each agent has to solve a convex optimization
problem (2.4a) every iteration, which may time consuming.

Today, the dual decomposition lays the foundation for many more advanced techniques,
such as augmented Lagrangian methods, optimality condition decomposition, or al-
ternating direction method of multipliers (ADMM), see the standard textbooks [Ber99,
Ch. 6], [LY16, Ch. 14], [Con+06, Ch. 5]. The augmented Lagrangian methods improve
convergence by introducing an additional quadratic term penalizing the constraint er-
ror [Con+06, Ch. 5.4]. It confers the optimization better convergence properties because
the Lagrange function has better convexity properties [Con+06, Fig. 5.7]. However,
it comes at the cost of nonseparable quadratic terms in the augmented Lagrangian
function, which have to be considered in both agents. ADMM also utilizes an augmen-
ted Lagrange function, but the optimization is sequential in its classical form [Boy+11;

19 Convex constraints only involving variables from a specific agent can be considered without loss of
generality, but are neglected in this presentation for simplicity. See [Con+06, Ch. 5] for a more general
presentation.

20 This result also holds for nondifferentiable objective functions using subgradients under minor conditions
on the step size [BNO03, Prop. 8.2.4].
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Han22; Yan+22]. There exist variants for solving nonconvex problems, or for avoiding
the centralized dual ascent step (2.4c), see the surveys [Yan+22; Han22]. Most not-
ably, the authors in [Fal+20] propose using distributed averaging in order to avoid
the centralized dual ascent and guarantee convergence in the convex case. Optim-
ality condition decomposition is similar to the dual decomposition, but assigns all
constraints to a single agent. It can thus be seen as a ’particular implementation’ of
the dual decomposition [CNP02]. The dual ascent step is performed then by the agent
in charge of the particular constraint instead of a central coordinator, for which he
needs to receive the optimization variables of the other agents which are affected by
the constraint. Such a scheme is particularly useful when the coupling constraints are
sparse. Otherwise, all agents having a constraint have to exchange variables with almost
all other agents, which may be less efficient than having a central coordinator. Sparse
constraint structures are common in power systems, since the physical network is typic-
ally described with a sparse graph.21 Therefore, optimality condition decomposition
has been widely applied to power systems [NPC03; AKA07; CNP02], coupled power
and gas systems [Arn+10], and coupled power and district heating systems [Mau+22].
The main disadvantage particular to optimality condition decomposition is that the
convergence to the optimizer is only shown formally in an open neighborhood of
the optimizer [CNP02, Theorem 2], without the possibility of analytically computing
this neighborhood. However, optimality condition decomposition is shown to have
adequate convergence properties in practice [CNP02, Table 2-4].

All in all, Lagrangian relaxation methods are mature and well-studied algorithms for
distributed optimization. The original algorithms required a central coordinator, but
there exist a wide range of advanced methods with a fully distributed communication.
The main disadvantage that remains throughout all methods is the necessity of solving
a convex optimization problem every iteration (e.g., (2.4a)), which is inefficient. To
provide remedy in this regard, a wide range of methods based on multi-agent systems
and control theory have been proposed recently and are reviewed in the next section.

Multi-Agent Distributed Optimization

The combination of distributed optimization with multi-agent systems and graph theory
originated with the incremental strategy [Ber97; NB01; BHG07; Li+10; Say14]. In this
method, a cyclic path is first defined such that it covers all agents in the network in
succession, one after another. Then, in every optimization iteration k, each agent i
performs sequentially a gradient descent step with its own objective function Ji, always
using the variable it receives from its predecessor xi−1(k) to obtain its own optimizer
xi(k), i.e.,

xi(k) = xi−1(k)− α∇Ji(xi−1(k)), (2.5)

21 An exception are networks described by a single power balance equation, since then a single equation
couples all variables in the optimization problem.
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according to the cyclic path previously defined. Thus, at every optimization iteration
k, the optimizer is passed through all the agents, which sequentially perform (2.5).
When the cyclic path is completed, a new optimization iteration k + 1 begins. In this
method, each agent must only know its own objective function and the optimizer from
the previous agent according to the cyclic path. This scheme is shown to converge to the
global optimizer for various problem classes, e.g., nondifferentiable objective functions
or using constant step sizes (see the surveys in [Say14] or [Ber99, p. 107ff.]).

However, incremental methods also have considerable disadvantages. First, they are
very sensitive to agent or link failures, since then the information flow along the cyclic
path is interrupted. In addition, the computation of a cyclic path covering all agents is
an NP-hard problem [Kar72] and requires network-wide information, which hampers a
true distributed optimization. Furthermore, the cooperation among agents is limited to
having a single predecessor and a single successor. Also, the computation (2.5) of the
agents is sequential, leading to long, inefficient waiting times for the agents, especially
in large networks, since the agents need to wait for each cycle to complete.

To circumvent these issues, in particular to allow receiving and passing information to
more than a single agent, and to avoid sequential computation, consensus or diffusion
strategies have been developed [NO09; CS13; CS12a; CS12b; Say14]. In these methods,
each agent performs a consensus step followed by a gradient descent with their own
objective function, i.e., for agent i

xi(k + 1) =
∑
j∈Ni

aijxj(k)︸ ︷︷ ︸
consensus step

−α ∇Ji(xi(k))︸ ︷︷ ︸
decentralized

gradient descent

, (2.6)

where Ni is the set of neighbors of agent i. Such algorithms are widely known as
distributed gradient descent (DGD). There exist several variations of the DGD algorithm.
The variations differ on when the weighted average is done, before or after the gradient
descent step, or both times [Say14]. The DGD algorithm circumvents both disadvantages
of the incremental methods: it relies on communication over a network rather than
over a cyclic path covering all agents, and the gradient steps can be performed by
the agents in parallel. However, the main limitation of this method is that it does not
converge to the global optimum, but only to a neighborhood of it [NO09, Prop. 3], [CS13;
MB11]. This is because in (2.6), at steady state, a trade-off between the consensus and
the decentralized gradient descent results, neither reaching consensus nor optimality.
The size of the neighborhood is proportional to the step size, thus smaller step sizes lead
to smaller errors. For achieving convergence with DGD algorithms, diminishing step
sizes have to be used, e.g., α(k) = 1

k , which then leads to slow convergence [Yan+22;
NO09].

To provide remedy, concepts from control theory have been applied. The first control-
theoretic approach to distributed optimization has been proposed in [WE10]. It consists
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in combining a simple gradient descent algorithm (2.7a) with distributed consensus-
based algorithms inducing a distributed proportional-integral action (2.7b),

ẋi = −α∇Ji(xi) +
∑
j∈Ni

aij (zj − zi) (2.7a)

żi =
∑
j∈Ni

aij (xj − xi) , (2.7b)

where aij > 0 are scalar communication weights according to some connected graph.
This algorithm was later named distributed PI algorithm [Yan+19]. In the original
version [WE10], the agents communicate the two variables xi and zi over an undirected
graph. Compared to the first-order DGD algorithm in (2.6), the distributed PI algorithm
achieves consensus at steady state due to the integral part in (2.7b) and optimality due
to (2.7a), instead of a trade-off between consensus and optimality.

Since then, several extensions of this algorithm have been proposed. The authors
in [GC13] show that an immediate extension to directed communication topologies is
not possible and propose a variant capable of handling a directed graph as communic-
ation network and non-differentiable objective functions. In [Hat+18], the algorithm
is analyzed with passivity theory in order to extend the framework to communication
delays and constraints. In [LCF16], the algorithm is cast in a discrete-time setting and
extended to handle compact, convex constraints. The authors in [KCM15] propose a
modification such that the agents exchange only a single variable in order to achieve
coordination, in contrast to the previous works. To achieve that, a global initialization
condition for all agents has to be imposed. Furthermore, they develop a framework
based on Lyapunov theory in order to allow discrete-time communication. Extensions
to the method in [KCM15] have been proposed, transferring it to a discrete-time set-
ting in [Yao+18], or analyzing convergence with passivity theory and time-varying
parameters [LCH20; LSL20].

Parallel to that line of research, other distributed optimization algorithms without an
evident control-theoretical interpretation have been developed. The exact first-order
algorithm (EXTRA) algorithm presented in [Shi+15] is shown to converge with a linear
rate22 when the objective functions of the agents are strongly convex. Furthermore, it
is shown in [Yao+18], that the discrete-time version of the distributed PI algorithm is
a special case of the EXTRA algorithm when the mixing matrices are properly chosen,
bringing back again the control perspective. The convergence of the EXTRA algorithm
is ensured independently of the network topology and the agents only need to exchange
a single variable. However, as in the case of the distributed PI, a global initialization
step is necessary. Another algorithm is the distributed gradient tracking (DiGing), pro-
posed in [NOS17; QL17], which tracks the average gradient by using dynamic average
consensus. The algorithm only requires a special local initialization, but, similarly

22 In control theory, convergence with a linear rate is known by the name of ’converges exponentially’. With
linear rate it is meant in mathematics that the distance to the optimizer is reduced with the same rate at
every iteration [NW99], which is an exponential behavior in the time domain.
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to the original version of the distributed PI in [WE10], the agents need to exchange
two variables. Recently, a control-theoretical interpretation for the DiGing algorithm
has been presented [Not+23]. The authors construct the DiGing algorithm by adding
a distributed servomechanism to compensate the steady-state error of decentralized
gradient descent. Exploiting the control-theoretical perspective, exponential stability
is proven by means of Lyapunov theory. Nevertheless, the global initialization or the
necessity of exchanging two variables still remains.

Another class of distributed optimization algorithms exploits second-order derivat-
ives and solves an approximate Newton-Raphson algorithm in a distributed manner
by means of average consensus [Var+15; Zan+11; Bof+18; MK22]. First proposed
in [Zan+11; Var+15], it introduces the idea of tracking the gradient of the global cost
function, serving as precedent of the DiGing algorithms described before. It is extended
to lossy communication networks in [Bof+18], and modified in [MK22] in order to
achieve a comparable convergence rate to the centralized Newton-Raphson algorithm
while using less communication and memory compared to existing methods. Although
powerful, these methods require exchanging multiple additional variables and, in some
cases, a special global initialization. Thus, these methods are well suited for solving
an optimization problem in a parallel manner, but not for the multi-agent systems
setting, where privacy of the objective functions of the agents is crucial and flexibility
for continuously leaving or (re)joining the network optimization problem is required.

2.4.1 Summary and Research Gaps

In recent years, very powerful algorithms for distributed optimization have been pro-
posed both from the mathematical and control perspective. Lagrangian methods require
the agents to solve a general convex optimization problem at every iteration, which
is inefficient, and are thus not further considered in this thesis. With respect to the
multi-agent methods, all existing algorithms require either a global initialization step or
the communication of multiple variables in order to achieve convergence and optimality.
Thus, the following research gap exists:

Research Gap 2
There exist no multi-agent distributed optimization algorithms without global initial-
ization which guarantee convergence to the global optimizer while communicating
a single variable.

However, this is not the only shortcoming of the existing methods. Despite the high
research attention distributed optimization has experienced, the exiting algorithms
are still on an early research phase and suffer from fundamental drawbacks. Most
notably, up to now, there exist no requirements that enable the constructive design of
such algorithms and ensure their interoperability. All the existing works only propose
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specific algorithms and, provided that all agents follow their specific algorithm, derive
conditions on the tuning parameters for achieving global optimality and convergence.
Thus, with the existing methods, agents cannot leave or (re)join the networked optimiz-
ation without jeopardizing convergence to the correct23 global optimizer. Hence, with
the existing methods, no plug-and-play of agents is possible. Furthermore, the lack of
design requirements does not allow agents to use different optimization dynamics. With
local design requirements, each agent may individually design their own algorithm
such that global optimality and convergence are achieved, even when agents leave or
(re)join the networked optimization. The preceding line of arguments is summarized in
the following research gap.

Research Gap 3
There exist no local design requirements for the individual agents for ensuring
optimality and convergence in distributed optimization algorithms.

In power system applications, addressing Research Gap 2 and 3 regarding distributed
optimization algorithms is especially important. Due to the large scale of power systems,
it is desirable that the individual agents may use different optimization algorithms as
long as complying with local conditions that guarantee convergence to a global op-
timum. Likewise, it is desirable that the agents communicate as few information as
possible for privacy reasons. In addition, the possibility for an agent to leave or rejoin
the optimization is fundamental in power systems. Examples for leaving or (re)joining
the optimization are when a battery storage runs empty or again has enough energy
to feed in power, when an electric vehicle disconnects from the grid, or when a DGU
cannot inject power due to changing weather conditions.

2.5 Control Methods for Liberalized Power Systems

So far, methods in which all generators or consumers in a power system apply a pre-
defined computation rule or controller, e.g., in droop-based or distributed MPC-based
approaches, have been reviewed. In this section, approaches in which the individual
agents act such that they minimize their own (and freely chosen) objective function are
considered. For this, most approaches introduce a price variable, and use it to close the
gap between a stable system operation and optimization.

It is important to note that there exist game-theoretical approaches dealing exclusively
with the economic optimization of power systems (see the surveys in [Nav+20; CY19]),
which are not covered in this work. These approaches neglect the network dynamics,

23 By correct it is meant the new global optimizer considering also the objective function of the agent that
joined the networked optimization.
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implicitly adopting the copper plate assumption, which leads to the issues described
in Section 2.1.

Among the methods considering the system dynamics, many approaches achieve
important theoretical results by considering a simplified system model. In [Ste+19]
and [Che+21], a Bertrand competition scheme for frequency control in networks of
synchronous generators is proposed. In [Che+21], a real-time market for frequency reg-
ulation is proposed. The generators implement a continuous-time bidding scheme, and
get in return the power generation level, also in continuous time. To satisfy constraints,
the theory of projected dynamic systems is used. The authors establish important
theoretical results, such as the existence and uniqueness of Nash equilibria and asymp-
totic stability. In [Ste+19; Ste+18], the authors propose a hybrid system combining the
discrete nature of iterative bidding with the continuous nature of frequency dynam-
ics in power systems. Asymptotic stability is shown by first establishing the robust
input-to-state stability of the power system, and regarding the time-triggered bidding
as an approximation of continuous-time dynamics, interpreting the mismatch as a
disturbance. Although providing important theoretical results, the analysis relies on
simplified system models, such as constant voltage amplitudes, radial networks, and
omits power line and synchronous generator dynamics.

Another class of approaches proposes a price-forming mechanism that arises from
the active power imbalance [SDPS16b; SDPS16a; Köl+20b; Köl+20a]. The network is
composed of synchronous generators interconnected by power lines. In [SDPS16b;
SDPS16a], the network is assumed to be lossless. The price is the Lagrange multiplier
corresponding to the power balance constraint, and its continuous-time dynamics are
determined by the dual ascent in primal-dual dynamics for finding the optimizer of an
optimization problem of economic dispatch. Using passivity theory, asymptotic stability
is established by showing that the power system and the primal-dual optimization
dynamics, comprising the price and the producers responding to that price, form a
skew-symmetric interconnection as in Figure 2.3. In [Köl+20b; Köl+20a], this scheme is
extended to lossy networks. In [Köl+21b], it is extended proposing zonal prices and a
congestion management to avoid normative interventions, e.g., redispatch, after market
clearing. Furthermore, it is shown that the solution converges to the same solution as
if the individual producers or consumers maximize their own revenue, showing that
the approach is compatible with a liberalized power system as in Term 2.2. Asymp-
totic stability is proven also by showing that the closed-loop system can be posed as a
skew-symmetric interconnection as in Figure 2.3. Albeit achieving important theoretical
results, the network is reduced to an interconnection of idealized synchronous generat-
ors with static power lines, which does not hold for systems with a large penetration of
renewable energy sources connected via power electronics.

Furthermore, although all approaches described can be implemented in a distributed
manner, they rely on a centralized analysis as is suggested by Figure 2.3. The aggregated
controllers in Figure 2.3 are composed of all individual controllers and the communica-
tion between these. The controllers are the primal-dual dynamics comprising the price
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aggregated
power system

ẋp = (Jp −Rp)∇Hp +Gpup

aggregated controllers

ẋc = (J c −Rc)∇Hc +Gcuc

Figure 2.3: Schematic representation of the method proposed in [SDPS16b; SDPS16a; Köl+20b; Köl+20a;
Köl+21b].

dynamics and the dynamics of the producers responding to that price. In addition,
the communication between the individual controllers couples all individual systems
forming the aggregated controllers. To analyze the passivity of the aggregated control-
lers, the dynamics of all producers must be known. In all proposed approaches it is
thus assumed that all producers react in a certain manner — described by a certain
dynamic system — to the price. The producers can merely adjust a parameter of the
given dynamics. Using different (i.e., unknown) controllers would impede the passivity
analysis of the aggregated controller system, which may compromise the operation of
the liberalized power system in more realistic scenarios.

2.5.1 Summary and Research Gaps

As presented above, the existing methods fall short in several aspects. Firstly, all
existing approaches require the network to be composed of interconnected synchronous
generators with static power lines, in some cases with the additional assumption of
constant amplitude voltages or radial networks. Thus, the following research gap
exists:

Research Gap 4
There exists no control method for liberalized power systems as in Term 2.2 compat-
ible for future power systems based on power electronics instead of synchronous
generators.

Furthermore, all the existing methods use the frequency deviation as a proxy for the
active power imbalance, which is the key in the price-forming mechanism. For future
power systems based on power electronics, where the swing equation may not describe
the frequency dynamics adequately or even parts of the system may be DC networks,
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the frequency deviation may not be a suitable price-forming mechanism. Therefore,
novel price-forming mechanisms are necessary, and the following research gap exists:

Research Gap 5
There exists no price-forming mechanism appropriate for achieving stability and
optimality in future power systems based on power electronics.

Lastly, the aforementioned problem of a centralized stability analysis arises from the
choice of the system boundaries and the ports as shown in Figure 2.3. The aggregated
controllers comprise different producers corresponding to different areas. The passivity
analysis requires information about all controller dynamics, which is impractical. Thus,
the following research gap exists:

Research Gap 6
There exists no control framework providing stability guarantees with local condi-
tions compatible with liberalized power systems as in Term 2.2.

In this work, we refrain from a control structure as in Figure 2.3 and define novel ports
at grid level leading to local conditions allowing for an optimal operation.

2.6 Summary and Statement of Contributions

To overcome the limitations of the existing methods, this thesis is devoted to designing
optimization-based control structures for future power systems based on power elec-
tronics. Throughout the thesis, passivity theory plays a central role to guarantee stability
and optimality with local conditions on the subsystems. Passivity theory is applied to
MPC and to distributed optimization algorithms. Likewise, passivity theory is used
to propose a control framework for liberalized power systems. The structure of the
contributions, illustrated within the concepts of Terms 2.1 and 2.2, is given in Figure 2.4
and outlined in the following.

Complying with regulated power systems as in Term 2.1, a distributed MPC framework
with stability guarantees which are independent of the network topology is developed.
The first step is to design the MPC problem such that the stability conditions are local
conditions. This is summarized in the following contribution, which addresses Research
Gap 1.
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Figure 2.4: Structure and organization of the contributions in this thesis.

Contribution 1
This dissertation develops a MPC framework for future power systems taking into
account detailed, nonlinear system dynamics, and where asymptotic stability and
optimality is certified only with local conditions on the subsystems.

The MPC problem of Contribution 1 is thus designed such that the stability conditions
only affect local variables of each subsystem that can be checked individually by each
subsystem. However, from the computation perspective, Contribution 1 results in a
centralized MPC problem despite the local stability conditions. For solving the cent-
ralized MPC problem in a distributed manner, a distributed optimization algorithm is
necessary. For optimization in large-scale systems such as power systems, it is important
that privacy is preserved, that communication requirements are low, and that different
optimization dynamics as well as plug-and-play of agents is possible. Thus, in this
dissertation, a distributed optimization algorithm is proposed exploiting passivity and
addressing Research Gaps 2 and 3. This is summarized in the following contribution.

Contribution 2
This dissertation develops a novel passivity-based distributed optimization al-
gorithm capable of handling different optimization dynamics, requiring less com-
munication than existing methods and offering plug-and-play capabilities.

Implementing the methods for regulated power systems implies abolishing the current
competitive, liberalized power system. Since this may not be the path chosen by the poli-
cymakers, approaches intending to maintain the separation of the roles of a liberalized
power system are also explored. In particular, a control framework for liberalized power
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systems (see the right-hand side of Figure 2.4) is developed. Novel passivity-based
ports at grid level are introduced for the optimal operation of networked grids comply-
ing with the roles and information barriers in liberalized power systems. These novel
ports allow refraining from the control structure in Figure 2.3, which requires global
information to assess passivity. With the following contribution, Research Gaps 4 and 6
are addressed.

Contribution 3
This dissertation develops a distributed control framework for liberalized, future
power systems based on power electronics, where asymptotic stability is certified
with local conditions and without assumptions on producer behavior.

An essential part of this control framework is a novel control theory-inspired price-
forming mechanism. In future power systems with low inertia, the frequency deviation
is not expected to be mainly linked to a power shortage [Mil+18] and may thus not be
an appropriate price signal as suggested in literature. Instead of relying on frequency
deviations, it modifies the price according to the control effort of a set of stabilizing
DGUs to maintain stable system variables. Hence, it is compatible with future power
systems based on power electronics, possibly also involving DC grids. Since the mech-
anism is based on control theory principles, it is applicable to other energy domains and
networked multi-energy systems. With the following contribution, Research Gap 5 is
addressed.

Contribution 4
This dissertation introduces a control theory-inspired price-forming mechanism tak-
ing into account the volatile nature of power systems with a high share of renewable
energy sources connected via power electronics.

All the contributions of this dissertation are developed exemplary for networked DC
grids. An extension of the proposed methodology to AC systems is straightforward
modelling the system in the dq reference frame [SB09; Bai+17], which is standard for
modelling and control of power electronics. An AC grid model is then mathematically
identical to a DC grid model, but with two variables for each voltage and current, i.e.,
the d and q components. However, all controllers can be designed in a mathematically
identical way, for each dq component independently. This connection between DC
and AC system modelling has already been noted and exploited in the past. Typically,
approaches have been first developed for DC systems and have been later transferred
to AC systems, using the same theory. Prominent examples for this procedure are the
methods in [Nah+20] for DC and [NFT19] for AC, or [Str+20] for DC and [Str+19] for
AC. Thus, in this dissertation, the novel, conceptual approaches are developed for DC
systems. In the context of this dissertation, one of the proposed approaches has also
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been successfully applied for AC grids using the described procedure [JSDH23].





3 Fundamentals

This chapter provides the relevant mathematical and system-theoretical fundament-
als which are essential for understanding and developing the main contributions in
Chapters 4-6.

Section 3.1 provides key concepts of networked systems and passivity theory. The relev-
ant matrices for graph representations, along with their properties, are presented. In
addition, passivity theory including relevant supply rates and properties are introduced.
These concepts are used throughout all remaining chapters.

Section 3.2 provides the basic theory of MPC, which is used in Chapter 4 for developing
local stability conditions. Section 3.3 provides basic concepts of convex optimization
which form the basis for developing the novel distributed optimization algorithm
in Chapter 5. Lastly, in Section 3.4, the power system component models employed
throughout this work are presented.

3.1 Networked Systems and Passivity Theory

Throughout the work, networked systems in different forms are considered, e.g., in
power systems or agents cooperating for a distributed optimization. All these networked
systems are described with dynamic systems networked as defined by a graph. After
giving a formal definition of a graph, the term networked system is introduced.

Definition 3.1 (directed graph)
A directed graph is a pair G(B, E) composed of a set of nodes B = {v1, . . . , v|B|} and
a set of ordered pairs of nodes called edges E ⊆ B × B, with E = {e1, . . . , e|E|}. An
edge ej = (vi, vl) ∈ E starts from vi and ends in vl.

A graph is undirected if (vi, vl) ∈ E implies (vl, vi) ∈ E . If a graph has weights at each
edge it is a weighted graph and is described additionally with an adjacency matrix
AG ∈ R|B|×|B|, where for the elements ail ofAG holds ail ̸= 0 if (vi, vl) ∈ E and ail = 0

otherwise. If the graph is undirected, the adjacency matrix is symmetric. A graph
without self-loops can also be associated with an incidence matrix E ∈ R|B|×|E| relating
the individual edges and nodes. The column of the incidence matrix corresponding to
edge ej = (vi, vl) has an entry 1 in row i and an entry −1 in row l, and all other entries
are zero. For an undirected graph, an incidence matrix can be defined by arbitrarily
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choosing an orientation for each edge. The next lemma is essential for Chapter 5 and is
adapted from [BH12, Ch. 1.3.7] and [GR01, Ch. 8].

Lemma 3.1 (properties of the incidence matrix)
The incidence matrix E of a graph has the following properties:

• All column sums equal to zero, i.e.

E⊤1|B| = 0|E|. (3.1)

• The rank of E is equal to the number of nodes minus the number of connected
components ncc, i.e.

rank{E} = |B| − ncc. (3.2)

• For connected graphs (i.e., ncc = 1), the kernel of the transpose is spanned by
the 1|B|, i.e.,

ker{E⊤} = {θ1|B| | θ ∈ R}. (3.3)

Next, using the definitions of a graph and the incidence matrix, the definition and struc-
ture of a networked system as used throughout this work is introduced.

Term 3.1 (networked system)
An autonomous, networked system is a system which can be described with two
sets of (dynamic) systems, the node systems Σi with i ∈ B and the edge systems Πj

with j ∈ E , together with a graph G(B, E) describing the interconnection between
the node and edge systems. Each node system i ∈ B has a dynamic system of the
form

Σi :
ẋi = f i(xi,ui)

yi = ci(xi,ui),
(3.4)

and to edge system j ∈ E

Πk :
ẋj = f j(xj ,uj)

yj = cj(xj ,uj),
(3.5)

with f i : Rni × Rmi → Rni , f j : Rnj × Rmj → Rnj , ci : Rni × Rmi → Rni and
cj : Rni × Rmi → Rnj Lipschitz continuous, and xi ∈ Rni , ui ∈ Rmi , yi ∈ Rni ,
xj ∈ Rnj , uj ∈ Rmj , yj ∈ Rnj . These systems are interconnected according to the
graph G with incidence matrix E, with the interconnection structure[

uΣ

uΠ

]
=

[
0 −E
E⊤ 0

]
⊗ In

[
yΣ

yΠ

]
, (3.6)
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where uΣ = col{ui}, uΠ = col{uj}, and yΣ, yΠ, respectively.

The structure of a networked system is shown in Figure 3.1. In such a structure, the
edge systems Πk always receive the difference of two outputs of the node systems Σi, as
the incidence matrix E computes the difference of two outputs of the node systems. In
turn, again by definition of the incidence matrixE, the output of the edge systems Πk is
given positive and negative to the input of the node systems which the edge system
interconnects, according to a predefined flow direction. In power systems, for example,
this relates to Kirchhoff’s current conservation law, since the edge systems typically
represent the power lines with the line current as output [HWL23; Str24].

Σ1

Σ2

. . .
Σ|B|

Π1

Π2

. . .
Π|E|

E E⊤

−

yΠ

yΣ

uΠ

uΣ

Figure 3.1: Structure of a networked system with node systems Σi, edge systems Πj and a graph described
by the incidence matrix E.

In Chapters 4 and 6, a networked system with structure as in Figure 3.1 is used for
describing networked power systems. In Chapter 5, the same structure is used to
propose a novel class of distributed optimization algorithms that exploit the skew-
symmetric interconnection (3.6) using passivity theory. In the next section, passivity
theory is introduced, which is the basis for the stability results in most contributions of
this work.

3.1.1 Passivity Theory

Passivity theory is a mature framework for studying the stability properties of nonlinear
systems [Wil72; Kha02; SJK12]. It combines the notion of an energy function, also used
in Lyapunov theory, with the inputs and outputs of a system via a supply rate. Passivity
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is a property of an individual state-space system24

ẋ = f(x,u) (3.7a)

y = c(x,u), (3.7b)

with x ∈ X ⊆ Rn, u ∈ U ⊆ Rm, y ∈ Y ⊆ Rn, f : X × U → Rn and c : X × U → Rn.
Passivity theory provides useful means for assessing stability of the resulting system
when (3.7) is interconnected with other systems. Passivity plays an important role in
this work, since it allows providing local stability certificates and therefore enables a
flexible, plug-and-play operation while ensuring stability.

In standard passivity theory, it is assumed without loss of generality, that all systems
have an equilibrium at zero, and thus (asymptotic) stability of the global equilibrium
x̄ = 0n can be certified. This is, in general, not restrictive for studying any nonzero
equilibrium x̄ ̸= 0, since a simple coordinate shift leads to the set-up with an equilibrium
at zero. However, in such a set-up, it is not possible to study multiple equilibria, or
even the set of all equilibria. In many applications, such as power systems [NI23] or
internet congestion [WA04], the equilibrium may vary during system operation due to
disturbances in a system or due to a system disconnecting from the network. In power
systems, for example, a load variation in a single system may induce a completely new
equilibrium in the networked power system, e.g., when many generators compensate
the load variation. Likewise, the disconnection of a single generator may induce a new
equilibrium in the entire network. The formal analysis of such a scenario requires to
examine the passivity properties of the subsystems for any feasible equilibria. This
motivated the development of equilibrium-independent passivity (EIP), first introduced
in [HAP11] and further developed in [AMP16; SP18]. In the following, the formal
definition of equilibrium-independent dissipativity is given first in order to introduce
later the definition of EIP. The definitions are adopted from [SP18; HAP11].

Definition 3.2 (equilibrium-independent dissipativity)
Let the pair (x̄, ū) denote an equilibrium of (3.7) and X̄ the set of all equilibrium
states. The system (3.7) is called equilibrium-independent dissipative w.r.t. supply
rate w : U × Y → R, if there exists a storage function V : X × X̄ → R≥0 such that
V (x̄, x̄) = 0 and

V̇ ≤ w(u− ū,y − ȳ) (3.8)

holds for all t ≥ 0.

For convenience, define the error variables x̃ = x− x̄, ũ = u− ū and ỹ = y − ȳ. The
following definition introduces EIP along with some common variants, which are used
in this work.
24 This is a main difference with Lyapunov stability, which is not a system property including input and

output, but a property of a differential equation (or autonomous system) describing the behavior of the
solutions around a specific equilibrium point.
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Definition 3.3 (EIP and its variants)
If system (3.7) is equilibrium-independent dissipative w.r.t. supply rate

w(ũ, ỹ, x̃) = ũ⊤ỹ − ρỹ⊤ỹ − νũ⊤ũ−Ψ(x̃) (3.9)

it is called

• EIP, if ρ, ν ≥ 0 and the function Ψ : Rn → R is positive semidefinite

• strictly EIP, if Ψ is positive definite and ρ, ν ≥ 0

• output feedback EIP (OFEIP) with index ρ ∈ R, if ν,Ψ ≡ 0

• input feedforward EIP (IFEIP) with index ν ∈ R, if ρ,Ψ ≡ 0

• input feedforward-output feedback EIP (IF-OFEIP) with indices ν, ρ ∈ R, if
Ψ ≡ 0

• state-input-output EIP (SIOEIP) with indices ν, ρ ∈ R, if Ψ positive definite

In short, it is said a system is OFEIP(ρ) or IFEIP(ν) in the remainder of this dissertation.
If ν, ρ > 0, the system has an excess of passivity25. If the indices are negative, the system
has a lack of passivity.

Remark 3.1. Strictly speaking, a system can only be EIP w.r.t. a specific input-output pair,
i.e., (u,y) for system (3.7). However, if a system has a single (possibly vector-valued) input and
output, we say in short that the system is EIP, meaning that it is EIP with respect to the only
available input-output pair.

The next definition introduces an important property of nonlinear systems for certi-
fying stability using EIP theorems. The property is called equilibrium-independent
observability (EIO) and is a generalization of the classic zero-state observability and
zero-state detectability in nonlinear system theory (see, e.g., [vdS17]) to the equilibrium-
independent setting. It was first introduced in [SP18].

Definition 3.4 (EIO)
System (3.7) is called EIO, if for all equilibria (x̄, ȳ, ū) no trajectory exists that can
remain in the set {x ∈ X | c(x, ū = ȳ)} other than x(t) = x̄.

Next, an original condition for computing the SIOEIP properties of a nonlinear input
affine system is presented, which is important for the analysis in Chapter 6. It is inspired
by the analysis of nonlinear systems by casting it as a linear parameter variant system
as in [SW00, Ch. 9.4.1], but transferred to an EIP analysis.

25 Technically, the system has an excess of EIP. However, the term excess of passivity is more common in the
literature, [LCH20; SJK12].
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Proposition 3.2 (EIP conditions of an input affine system)
Consider the nonlinear input affine system shifted to an equilibrium (x̄, ū) ∈ X̄× Ū

˙̃x = f(x̃, x̄) +Bũ (3.10)

ỹ = Cx̃+Dũ (3.11)

where f : Rn × Rn → Rn, B ∈ Rn×m, C ∈ Rm×n and D ∈ Rm×m. Let f(x̃, x̄) =
A(x̃, x̄)x̃ with A : Rn × Rn → Rn×n hold. Consider the storage function V (x̃) =
1
2 x̃

⊤Sx̃, the function Ψ(x̃) = ϱx̃⊤x̃ and scalars ρ, ϱ, ν ∈ R. System (3.10) is EIP w.r.t.
input-output port (ũ, ỹ) if there exist scalars ρ, ϱ, ν and a matrix S such that the
LMIs

S > 0 (3.12a)[
SA(x̃, x̄) +A(x̃, x̄)⊤S + 2ρC⊤C + 2ϱIn SB −C⊤ + 2ρC⊤D

B⊤S −C + 2ρD⊤C 2(νIn + ρD⊤D)−D −D⊤

]
≤ 0 (3.12b)

ϱ ≥ 0 (3.12c)

holds for all x̃ ∈ X̃ and x̄ ∈ X̄, where X̃ is the set of allowed deviations.

Proof. The EIP condition as in (3.8) with supply rate (3.9) is

Ṡ =
1

2
(x̃⊤S ˙̃x+ ˙̃x⊤Sx̃) ≤ ũ⊤ỹ − ρỹ⊤ỹ − νũ⊤ũ− ϱx̃⊤x̃. (3.13)

Substituting the system equations (3.10) in both sides of (3.13) and rewriting the term
in vector matrix notation by extracting (x̃⊤ũ⊤)⊤ in both sides yields the set of LMIs
in (3.12).

Remark 3.2. Note that Proposition 3.2 allows not only for checking if a system as in (3.10) is
EIP, but also all its variants in Definition 3.3 by just modifying the scalar constraints (3.12c).

Remark 3.3. Condition (3.12) can be efficiently solved via semidefinite programming, if A :

Rn × Rn → Rn×n is, element-wise, linear in x̃ and X is a polytopic set. Then, using the
continuity of the eigenvalues w.r.t. to the matrix entries [HJ12, p. 387], only the vertices of the
polytopic set have to be taken into account, see [Boy+94, Ch. 5] or [SW00, Ch. 9.2].

Remark 3.4. Note that there may be different ways to split the system dynamics f(x̃, x̄) =
A(x̃, x̄)x̃. Hence, the feasibility of the LMI depends on the choice ofA(x̃, x̄).

Regarding the stability analysis of networked EIP systems, there exist plenty of theorems
forming the backbone of a mature theory. In the textbook [AMP16], a stability theorem
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is given, assuming that an equilibrium of the networked system exists. In [Str24],
it is extended for asymptotic stability using Lasalle’s Invariance Principle. Further-
more, the paper [SP18] forms the backbone for the EIP theory. Important terms like
equilibrium-independent observability, the analog equilibrium-independent counter-
part of zero-state detectability, are defined, conditions for the asymptotic, incremental
and absolute stability of EIP systems are given, the equilibrium-independent circle cri-
terion is presented, and conditions for the existence of equilibria in networked systems
are given, both in continuous and discrete-time versions. These results are not presented
here explicitly and are cited when necessary.

After introducing the basic concepts regarding networked systems in this work, in
the next section the fundamental concepts from MPC theory are described. The MPC
concept represents a link between control theory and optimization.

3.2 MPC Theory

Optimal control problems have attracted great attention in control theory since the sem-
inal publication by Kalman [Kal+60], in which he first established the stability condition
he termed as controllability. This dissertation also deals with optimal control problems,
but with the focus on distributed, optimal operation of future power systems.

Since computing optimal feedback laws is not feasible when considering nonlinear
systems or systems with any kind of state or input constraints, MPC was proposed as a
solution. In MPC, the infinite horizon is replaced by a finite horizon and the optimization
problem (and/or the system) is discretized. That way the dynamic optimization problem
of the optimal control formulation is converted to a static open-loop optimization
problem. The loop is closed by repeatedly solving the open-loop static optimization
problem with a receding horizon. MPC theory then studies under which conditions
such a control scheme, where the loop is closed implicitly by repeatedly solving an open
loop optimization problem instead of a classical feedback law, results in asymptotic
stability.

In this work, the MPC formulation is exploited to enable a distributed control. The MPC
formulation, intrinsically, converts the dynamic optimization problem into a static op-
timization problem.26 Then, by applying distributed optimization algorithms [Yan+22],
it is possible to solve a static optimization problem in a distributed manner, which is not
possible when dealing directly with dynamic optimization problems. This path is taken
in this work, and contributions to the stability of the closed-loop system are provided
in Chapter 4 and to distributed optimization algorithms in Chapter 5.

In MPC, the controller computes the next control action by solving, at every time step t,
an open-loop control problem of the form

26 A static optimization problem is also called sometimes a parameter optimization problem.
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MPC(t) :=



min

∫ t+T

t

l(x(τ),u(τ))dτ + VT (x(T ))

s. t. ẋ = f(x(τ),u(τ)),

x(τ) ∈ X
x(T ) ∈ XT

u(τ) ∈ U
τ ∈ [t, t+ T ] ,

(3.14)

where l : Rn × Rm → R and VT : Rn → R are the stage cost and terminal cost, and
X ⊂ Rnx , XT ⊂ Rnx and U ⊂ Rnu the constraints of the state x ∈ Rnx and the input
u ∈ Rnu . Time T is the optimization horizon. The control law is obtained by applying
the optimal input for the time period τ ∈ [t, t + µ] with µ << T , i.e., u(t) = u∗(τ),
where u∗(τ) is the optimizer of (3.14), to the system and repeating that procedure after
the time period µ. The stability of the closed-loop system is well studied in literature for
nonlinear systems with state and input constraints in a discrete and continuous-time
setting [May+00; RMD17; CA98]. It is generally necessary to assume that X, XT and
U are compact sets which contain the optimal steady state. Conditions for stability
heavily depend on the form of the objective function, which determines the type of
MPC problem. In the following, the two most common types of MPC, setpoint-tracking
and economic MPC, are presented. Additionally, an introduction to distributed MPC is
given.

3.2.1 Setpoint-tracking MPC

The classical way to operate an MPC is by means of a control hierarchy as in Figure 3.2
(left). A steady-state optimization computes economically optimal setpoints which are
passed as a reference for the setpoint-tracking MPC27 [Eng07; RMD17]. The setpoint is
then regulated by the MPC with a stage cost of the form28

l(x(t),u(t)) = ∥x(t)− xopt∥2Q + ∥u(t)− uopt∥2R. (3.15)

The objective function (3.15) penalizes the state and input deviations weighted by the
positive definite matricesQ ∈ Rn×n andR ∈ Rm×m. Stability of the setpoint-tracking
MPC is typically assessed by using the value function29 V ∗(x(t)) as a Lyapunov function
candidate for the closed-loop system. Standard results in MPC theory state that the
value function is a Lyapunov function for the closed-loop receding horizon operation, if

27 Time-varying setpoints which change much slower than the system dynamics are assumed, such that
piecewise-constant setpoints are tracked. It is shown later that this assumption is typically fulfilled in
power systems.

28 Alternatively, a reference may be given only for the output y. In that case, a stabilizability assumption
(related to observability) for the system is necessary for ensuring stability [RMD17].

29 The value function describes the minimal cost of (3.14) at state x(t) and is a standard definition in optimal
control theory. See, e.g., [RMD17, Sec. 2.2].
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(i) the terminal constraint set XT is positively invariant for the system with a stabilizing
control law κ(x(t)), (ii) the terminal costs VT are chosen as a Lyapunov function for the
system in the terminal constraint set XT , together with the assumptions of closed and
compact constraint sets [May+00].

Remark 3.5. The setpoint-tracking MPC considers thus the typical regulation problem with
picewise-constant setpoints. In particular, a time-varying trajectory-tracking problem is not
part of the setpoint-tracking MPC and is not considered in this work.

Note that the objective function form (3.15) is the key for the value function to fulfill
the Lyapunov conditions, since it decreases with the (weighted) distance to the op-
timal setpoint. Furthermore, this optimal setpoint is the unique minimizer (due to the
definiteness ofQ andR) and lies inside the state and input constraints.

3.2.2 Economic MPC

In economic MPC, general cost functions for the stage cost l(·) and the terminal cost
VT (·) can be used. Convexity is not required, and in general, the minimum of the
objective function (if it exists) is neither a steady state of the system nor does it lie inside
the state and input constraints. In particular, an admissible steady state

(
xopt,uopt

)
is

not part of the objective function and must not be given in advance. In fact, it must not
even exist [Raw+08]. In Figure 3.2, setpoint-tracking and economic MPC are compared
from a procedural perspective. The steady-state optimization in setpoint-tracking MPC
corresponds to the economic optimization. It can be observed, that economic MPC
avoids computing a steady state in advance and uses instead the economic objective
function in the MPC. This is a great advantage when considering networked systems,
where computing the steady state requires network-wide information.

Remark 3.6. The term ’economic’ in economic MPC should not be understood literally. It just
denotes that the objective function is a general, possibly nonconvex function. The most important
difference with setpoint-tracking MPC, is that the minimizer of the objective function does not
need to be the optimal steady state (cf. (3.15)). The name stems from utilizing an economic
objective function (e.g., depending on a time-varying price, possibly nonconvex) in chemical
processes [RMD17, p. 153], but is not limited to it [FGM+18; ARA11; AAR11; DAR10]. Any
MPC formulation with an objective function where the minimizer is not the optimal steady state
is called economic MPC.

Since in economic MPC the minimum of the objective function does not need to be
a steady state, it becomes clear that the value function of (3.14) cannot serve as a
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Figure 3.2: Comparison of setpoint-tracking and economic MPCs from a procedural perspective.

Lyapunov function,30 and the classic MPC stability conditions do not hold [RMD17,
p. 153],[FGM+18].

In the next section, the requirements for distributed MPC — which are independent of
the type of objective function — are presented.

3.2.3 Distributed MPC

In distributed MPC, problem (3.14) is solved in a distributed manner by a set of agents
A = {1, . . . , |A|}. Each agent m ∈ A is responsible for a subset of the state and input
variables xm and um, where x = col{xm} and u = col{um} are the system states and
inputs. Thus, each agent is responsible for a part of the system dynamics. The system is
partitioned into a set of interconnected dynamic systems

ẋm = fm(xm,um) +
∑
j∈A
j ̸=m

fmj(xj ,uj) (3.16a)

ym = cm(xm,um). (3.16b)

The second term in (3.16a) describes the influence of other systems to the system
dynamics of agent m ∈ A. Note that by combining all systems m ∈ A, the system
dynamics of the whole system as in (3.14) are obtained. Each agent m ∈ A solves then

30 This is because the positive definite condition for the Lyapunov function [Kha02, Chapter 4], i.e., that the
value of the function is zero at the desired equilibrium and greater zero elsewhere, is not fulfilled. The
positive definite condition is only fulfilled when the objective function is chosen to be the distance to a
desired setpoint, as in setpoint-tracking MPC.
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the optimization problem

MPCm(t) :=



min

∫ T

t

lm(xm(τ),um(τ))dτ + VT (x(T ))

s. t. ẋm = fm(xm,um) +
∑

j∈A
j ̸=m

fmj(xj ,uj),

xm(τ) ∈ Xm

xm(T ) ∈ Xm
T

um(τ) ∈ Um

τ ∈ [t, T ] ,

(3.17)

where Xm, Xm
T and U are the input and state constraints of agent m ∈ A. Note that

the individual optimization problems m ∈ A are coupled. The terms that induce such
a coupling are highlighted in purple and blue. The purple terms require information
about the dynamics of the other agents m ∈ A. The information is necessary to compute
a global Lyapunov function VT and terminal constraints Xm

T (see explanation below).
The blue terms require communication of the states xm of the other agents m ∈ A. This
is summarized in the following two main challenges to solve within distributed MPC:

• A Lyapunov function is necessary: as pointed out in Section 3.2.1, the current
MPC stability theory builds upon a Lyapunov function. This Lyapunov function
is used in the terminal cost VT , and the positive invariant set corresponding to that
Lyapunov function in the terminal constraint Xm

T . In general, for constructing such
a global (i.e., system-wide) Lyapunov function, information of the whole system is
necessary. This hampers the distributed implementation, especially when systems
are disconnecting or rejoining, since every time a new global Lyapunov function
has to be computed.

• A distributed optimization algorithm: it becomes clear from (3.17), that agent
m needs to receive, at every time step, the coupling states xj and inputs uj to
calculate its optimizer. The MPC problems (3.17) form, for all m ∈ A, a distributed
optimization problem.

Solving these two challenges forms the basis of distributed MPC. In Figure 3.3, the
requirements for distributed MPC are illustrated graphically.

Some distributed MPC methods, consider only one of both aspects. For example, one of
the first distributed MPC approaches with guaranteed stability exploits only the aspect
of a distributed computation [VRW05]. It formulates a mathematical parallelization in
which all agents perform computations and there is no central computation unit, but all
the agents need to have full knowledge about the dynamics, constraints and objectives
of all other agents.

More recent methods propose algorithms for the synthesis of terminal costs and con-
straints, i.e., a Lyapunov function, using only local information and communication with
neighbors [Con+16; DEL20; HLJ14; Zei+13; Con+12]. That way, the need of sharing the
system dynamics among all agents m ∈ A is reduced to few neighbors. A focus is also
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Figure 3.3: Requirements for distributed MPC

the structure of the Lyapunov function itself. The goal is to have a separable31 Lyapunov
function, i.e., VT (x) =

∑|A|
i=1 V

m
T (xm) and XT is polytopic. Then, the communication of

state variables for evaluating the terminal costs VT in (3.17) is reduced, and each agent
m ∈ A can evaluate its terminal costs and constraints without further communication.
This is, however, not always possible [Con+16]. In this thesis, passivity is exploited in
order to obtain a Lyapunov function with such a suitable structure in Chapter 4.

3.3 Convex Optimization

In this section, the fundamental concepts about convex optimization are presented. All
these fundamental concepts are essential for the derivation of the novel distributed
optimization framework presented in Chapter 5. First, in Section 3.3.1, the relevant
basic definitions and characterizations of convexity and convex functions are stated.
In Section 3.3.2, the classical optimality conditions characterizing an optimizer of an
unconstrained or constrained network optimization problem are presented.

3.3.1 Basic Definitions

The following definitions of convex sets and functions are taken from [BV04, p. 23]
and [BV04, p. 67], respectively.

Definition 3.5 (convex set)
A set S is convex if for any x,y ∈ S and any scalar θ with 0 ≤ θ ≤ 1

θx+ (1− θ)y ∈ S (3.18)

31 See Section A.1 for a concise definition.



3.3 Convex Optimization 47

holds. Graphically, all points on the line connecting any two points in S must also
lie in S.

Definition 3.6 (convex function)
A function f : S ⊆ Rn → R with a convex set S as domain which satisfies

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y)

− 1

2
Mconvθ(1− θ)(y − x)⊤(y − x) (3.19)

for all θ ∈ [0, 1] and all x, y ∈ Rn is called

a) convex, if Mconv = 0.

b) strictly convex, if Mconv = 0 and the inequality holds strictly.

c) Mconv-strongly convex, if Mconv > 0.

For a differentiable function, a first order condition for convexity exists [BV04, Sec. 3.1.3].
A differentiable function f : Rn → R which satisfies

(∇f(y)−∇f(x))⊤ (y − x) ≥Mconv(y − x)⊤(y − x) (3.20)

for all x, y ∈ Rn is called

a) convex, if Mconv = 0.

b) strictly convex, if Mconv = 0 and the inequality holds strictly.

c) Mconv-strongly convex, if Mconv > 0.

Furthermore, for any convex function f , the inequalities [Hat+18]

f(x1)− f(x2) ≤ ∇f(x1)
⊤(x1 − x2)

f(x1)− f(x2) ≥ ∇f(x2)
⊤(x1 − x2)

(3.21)

hold for any x1, x2 ∈ Rn.

Lastly, an important inequality for a Lipschitz continuous function is introduced [BC17,
Def. 1.47]. For a Lipschitz continuous function f : Rn → R, there exists a MLip, ∈ R>0

such that
∥f(x)− f(y)∥ ≤MLip,∥x− y∥ (3.22)

holds.
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3.3.2 Optimality Conditions in Convex Optimization

In the following, the classical optimality conditions for a network optimization problem
as defined below are presented. The optimality conditions are taken from [BV04].

Consider a set of agents A = {1, . . . , nA}, nA ∈ N. Define the network optimization
problem

min
∑
i∈A

fi(y) (3.23a)

s.t. gil(y) ≤ 0, ∀l ∈ Cin,i, ∀i ∈ A (3.23b)

hij(y) = 0, ∀j ∈ Ceq,i, ∀i ∈ A (3.23c)

with y ∈ Rn. The objective function fi : Rn → R and the constraints gil : Rn → R and
hij : Rn → R belong to agent i ∈ A. The variable y ∈ Rn is a global variable of the
agents. The sets Cin,i = {1, . . . , nIC,i} and Ceq,i = {1, . . . , nEQ,i} are the sets of inequality
and equality constraints of agent i ∈ A. The functions gil : Rn → R are assumed to be
convex, the functions hij : Rn → R to be affine, i.e., hij(y) = a⊤

ijy + cij . The network
optimization problem (3.23) describes the sum of objective functions of all agents, i.e.,
its solution is a Pareto optimum [Lei74, p. 8].

In the unconstrained case, i.e., hij , gil ≡ 0, it holds the following optimality condi-
tion [BV04, p. 140].

Proposition 3.3 (unconstrained optimization)
Assume the optimization problem (3.23) is convex and there are no constraints.
Then, y∗ is an optimizer if and only if∑

i∈A
∇fi(y∗) = 0 (3.24)

holds. If (3.23) is strictly convex, y∗ is unique.

In the constrained case, the optimality conditions are known as the KKT conditions.
Since Slater’s condition32 is assumed to hold, the KKT conditions are necessary and
sufficient [BV04, p. 244]. Further, the Lagrange function of agent i ∈ A is defined as

Li = fi(y) +
∑

l∈Cin,i

λilgil(y) +
∑

j∈Ceq,i

µijhij(y), (3.25)

32 Slater’s Condition says that the constraints (3.23b) are such that there exist a feasible interior, i.e., a y ∈ Rn

such that all inequality constraints are strictly satisfied [BV04, p. 226].
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with λil, µij ∈ R, and the global Lagrange function of optimization problem (3.23) as
L =

∑
i∈A Li. For convenience, denote λi = col{λil} ∈ RnIC,i as the multipliers of agent

i, and analogously for µi ∈ RnEQ,i . The following proposition can be found in [BV04,
p. 243].

Proposition 3.4 (KKT conditions)
Assume the optimization problem (3.23) is convex and let Slater’s condition hold.
Then, y∗ is an optimizer if and only if there exist multipliers λ∗

i ,µ
∗
i such that the

conditions ∑
i∈A
∇y Li(y

∗, λ∗i , µ
∗
i ) = 0 (3.26a)

gil(y
∗) ≤ 0 (3.26b)

hij(y
∗) = 0 (3.26c)

λ∗il ≥ 0 (3.26d)

λ∗il gil(y
∗) = 0 (3.26e)

are fulfilled for all i ∈ A, j ∈ Cin,i and l ∈ Ceq,i. If problem (3.23) is strictly convex,
the optimizer y∗ is unique.

3.4 Power System Component Models

In the following, the models of the power system components used in Chapters 4 and 6
are presented. Throughout this work, a set of gridsm ∈M = {1, . . . , nmg} is considered,
each comprising a set Bm of nmB = |Bm| electrical buses or nodes33 connected via a set
Em of nmE = |Em| electrical lines. In the next subsections, models of the components of
the DC grid are derived, i.e., electrical buses, power lines and loads. These component
models are used in Chapter 4 and 6 for forming appropriate power system models in
each chapter. The models derived here are not new; they are widely used for modelling
meshed DC systems, see the references reviewed in Chapter 2.

The grid index m (always displayed as superscript) is omitted for simplicity in the
remainder of this section, since only the individual components are described. Further-
more, all grids m ∈ M are composed of the same components (although grids may
have different sizes, topologies and parameters).

33 The terms buses and nodes are both used in the literature. The term buses is more common in the power
systems literature, and nodes in the control theory literature. Both terms are used equivalently in this
dissertation.
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Figure 3.4: Electric scheme of a bus including a DGU and a load.

3.4.1 Distributed Generation Units

DGUs are located on the buses i ∈ BDGU, which are a subset of the buses of a grid, i.e.,
BDGU ⊆ B. A graphical representation of a bus including a DGU is shown in Figure 3.4. It
is composed of a buck converter supplying a voltage vt,i ∈ R≥0, a load with current iL,i ∈
R, and a filter with the resistance Rf,i ∈ R>0, inductance Lf,i ∈ R>0 and capacitance
Cf,i ∈ R>0. The buck converter is idealized by considering the widely used averaging
model [MC76]. The dynamics for every bus with DGU i ∈ BDGU are described with the
states vi ∈ R≥0 and if,i ∈ R, which describe the node voltage and filter current, by

Cf,iv̇i = if,i − iL,i(vi)− iext,i (3.27a)

Lf,ii̇f,i = vt,i −Rf,iif,i − vi, (3.27b)

where iext,i ∈ R is the cumulative current injected by interconnecting lines. The DGUs at
the nodes are equipped with a passivity-based primary voltage controller as in [Nah+20],
which regulates vi to a reference voltage vref,i ∈ R≥0. Similar controllers, e.g., based on a
port Hamiltonian system representation, have been presented in [Str+20; Str+21]. In this
work, however, the controller in [Nah+20] is chosen because it is a full state-feedback
(see (3.28)), and it is thus a more general approach compared to a port-Hamiltonian
approach34 and allows more degrees of freedom for the control design. Such a controller
is often called grid-forming, since it tries to maintain a constant node voltage regardless
the load or power system state. The controller adds a state ei ∈ R to the system for
obtaining an integral action, and employs a state feedback

vt,i = k
⊤
i [vi, if,i, ei]

⊤ (3.28)

with ki ∈ R3. The node dynamics with the passivity-based voltage controller are

Cf,iv̇i = if,i − iL,i(vi)− iext,i (3.29a)

i̇f,i = αivi + βiif,i + γiei (3.29b)

ėi = vref,i − vi, (3.29c)

where

αi =
k1,i − 1

Lf,i
, βi =

k2,i −Rf,i

Lf,i
, γi =

k3,i
Lf,i

. (3.30)

34 This is because not all controllers can be described as a port Hamiltonian system.
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are controller parameters. In this work, a time-varying, nonlinear ZIP load is assumed,
i.e.,

iL,i(vi) = Yi(t)vi +
PL,i(t)

vi
+ Ii(t), (3.31)

where Yi ∈ R>0 is the load admittance, PL,i ∈ R the power load, and Ii ∈ R the load
current. Such a load modelling is standard in power system analysis [KM22]. Here,
it is assumed that the load parameters Yi, Pi and Ii are piecewise constant. In the
following, an important result from [Nah+20] which will prove instrumental for the
MPC stability analysis in Chapter 4 is presented. It states that choosing the control
parameters according to [Nah+20, Th. 2], the node dynamics are EIP w.r.t. the input-
output pair (−iext,i,vi). This allows to interconnect arbitrarily many nodes by (passive)
lines while guaranteeing stability for a constant voltage references vref,i.

Proposition 3.5 (EIP properties of a DGU)
Let [v̄i, īf,i, ēi] be an equilibrium point of (3.29) and define the error variables ṽi =
vi − v̄i, ĩf,i = if,i − īf,i and ẽi = ei − ēi. Let the constant power load Pi be zero.
System (3.29) is EIP w.r.t. the input-output pair (−ĩext,i, ṽi) for any vref,i > 0 with the
storage function Si : R3 → R≥0

Si(ṽi, ĩf,i, ẽi) =

 ṽiĩf,i
ẽi

⊤ Cf,i 0 0

0 βi

ωi

γi

ωi

0 γi

ωi

αiγi

ωi

 ṽiĩf,i
ẽi

 , (3.32)

with S(0, 0, 0) = 0, if ωi < 0 and the control parameters are chosen such that

k1,i < 1 (3.33)

k2,i < Rf,i (3.34)

0 < k3,i <
1

Lf,i
(k1,i − 1)(k2,i −Rf,i). (3.35)

Proof. The proof can be found in [Nah+20].

Remark 3.7. It is further proven in [Nah+20], that a DGU is locally EIP for a nonzero power
load Pi, provided that

PL,i(t) < Yi(t)vref,i (3.36)

holds. The DGU is then EIP in the subset of the state space

Di = {vi ≥
PL,i

Yivref,i
− vref,i, if,i ∈ R, ei ∈ R}. (3.37)
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A positively invariant set for any constant vref,i system (3.29) is then the largest sublevel set of
Si which lies inside Di.

Remark 3.8. By observing the proof of Proposition 3.5 in [Nah+20], it can be concluded that
system (3.29) is not only EIP but also OFEIP(ρi) w.r.t. the supply rate

s(−iext,i, vi) = −i⊤ext,ivi − ρiv2i , (3.38)

with 0 < ρi ≤ Yivref,i − PL,i. This plays a key role for the determination of asymptotic stability
of networked grids in Chapter 4.

Remark 3.9. Optionally, a node can contain only a load, without a DGU. Then, the system is
again EIP if condition (3.36) is fulfilled. This is proven in the next section.

3.4.2 Load Node

A load node is modeled as a DGU node without the filter and buck converter. The
dynamics are governed by the nonlinear dynamic equation

CL,iv̇i = −iL,i(vi)− iext,i, (3.39)

where iL,i(vi) is the load as in (3.31), and CL,i ∈ R is capacitance of that node. This
capacitance depends on the power line capacitance as explained in Section 3.4.3, and on
any other element connected to that node. The following proposition establishes EIP
properties of a load node.

Proposition 3.6 (EIP properties of load node)
Let v̄i, īext be an equilibrium of (3.39). Then, system (3.39) is EIP w.r.t. the port
(ṽi,−ĩext) and storage function Si(ṽi) =

CL,i
2 ṽ2i , if the load iL,i(vi) is a monotone

function.

Proof. First, the shifted dynamics of system (3.39) are derived. For that, subtract an
equilibrium of (3.39) from the dynamics (3.39) to obtain

CL,i ˙̃vi = −iL,i(vi)− iext,i + iL,i(v̄i) + īext,i (3.40)

= −(iL,i(vi)− iL,i(v̄i))− ĩext,i. (3.41)

The time derivative of the storage function is

Ṡi = ṽi(−(iL,i(vi)− iL,i(v̄i))− ĩext,i) (3.42)

= −ṽi(iL,i(vi)− iL,i(v̄i))− ṽiĩext,i. (3.43)
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Figure 3.5: Graphical representation of a line in the pi equivalent circuit.

Inserting vi = v̄i+ṽi in the first term in (3.43) yields ṽi(iL,i(v̄i+ṽi)−iL,i(v̄i)). If condition

ṽi(iL,i(v̄i + ṽi)− iL,i(v̄i)) ≥ 0 (3.44)

holds, then Ṡi ≤ −ṽiĩext,i directly follows from (3.43), which implies EIP w.r.t. the
port (ṽi,−ĩext). Furthermore, observe that (3.44) is a monotonicity condition (see [BC17,
Def. 20.1] or [RW98, Def. 12.1]) for the nonlinear load function iL,i, which is stated in
the proposition.

Remark 3.10. Note that if the load iL,i(vi) is a strictly monotone function of vi, it follows
directly from (3.43) that the node dynamics (3.39) are OFEIP(ρ) where ρ is the lower bound of
the derivative of iL,vi .

Remark 3.11. For a ZIP load (3.31), the monotonicity condition is (3.36). Thus, the EIP
conditions for a DGU or a load node are identical when ZIP loads are used.

3.4.3 Power Line

The power lines are modeled with the π equivalent circuit [Mac+20], which is shown
in Figure 3.5. This power line model is seen as adequate to analyze stability in power
systems based on power electronics [KCRC24]. The model is composed of a series
inductance Lπ,j ∈ R>0 and resistance Rπ,j ∈ R>0, and two parallel capacitances
Cπ,j

2 ∈ R>0. Note that the line capacitance is connected in parallel to the bus capacitance
of the buses to which the line connects. Hence, only one capacitor with a capacitance
that equals to the sum of both can be considered. Furthermore, since the capacitance of
typical filter capacitors [Tuc+16; Nah+20] are higher than line capacitances of medium
voltage power lines [Rud+06] by several orders of magnitude, the line capacitances can
be neglected if the line connects to a node with a DGU. The dynamics for line j ∈ E
interconnecting nodes k, l ∈ B are thus described by a current iπ,j ∈ R with

Lπ,j i̇π,j = −Rπ,jiπ,j + v∆j , (3.45)

where v∆j = vl − vk is the input and vk, vl are the bus voltages and k, l ∈ B. The
next proposition serves as an important building block towards an overall Lyapunov
function in Subsection 4.1.



54 3 Fundamentals

Proposition 3.7 (power line EIP)
Let īπ,j , v̄∆,j be an equilibrium point of (3.45) and define ĩπ,j = iπ,j − īπ,j , ṽ∆,j =

v∆j − v̄∆,j . System (3.45) is strictly EIP w.r.t. the input-output pair (̃iπ,j , ṽ∆,j) with
the storage function Sj : R→ R≥0

Sj (̃iπ,j) =
1

2
Lπ,j ĩ

2
π,j . (3.46)

Proof. The proof is standard and follows directly from taking the derivative of the
storage function and inserting the shifted dynamics (3.45). The derivative of the storage
function is

Ṡj = Lπ,j ĩπ,j
˙̃iπ,j , (3.47)

and inserting the shifted dynamics (3.45) yields

Ṡj = Lπ,j ĩπ,j

(
−Rπ,j

Lπ,j
ĩπ,j +

1

Lπ,j
ṽ∆,j

)
(3.48)

= −Rπ,j ĩ
2
π,j + ĩπ,j ṽ∆,j , (3.49)

which proofs the strict EIP w.r.t. the input-output pair (̃iπ,j , ṽ∆,j) taking into account
that the only state of the line dynamics (3.45) is the inductance current iπ,j .



4 Model Predictive Control for Optimal
Operation of Regulated Power Systems

In this chapter, the first optimization-based method of this dissertation tailored to future
power systems is presented.35 The method builds upon the classical MPC theory, ex-
tending this theory in order to allow the application of MPC to large-scale future power
systems by exploiting passivity-based underlying controllers. The proposed methodo-
logy results in a regulated power system. This method corresponds to Contribution 1
in Figure 2.4.

The methodology presented in this chapter tackles the first requirement in distributed
MPC (see Figure 3.3 in Section 3.2.3). In particular, a modular global Lyapunov function
is designed in order to ensure stability without the necessity of exchanging further
information. Hence, local conditions for the agents to construct a modular, global
Lyapunov function are the main result of this chapter. The power system is then stable
if every grid uses the proposed distributed MPC, without the necessity of sharing
the individual system dynamics. The second requirement regarding a distributed
optimization algorithm is addressed in Chapter 5. This is illustrated in Figure 4.1.

global
Lyapunov
function

This chapter

distributed
optimization

algorithm

Chapter 5

distributed MPC

Figure 4.1: Organization of the presented method tackling the requirements for distributed MPC

In Section 4.1, the general setup and system model are presented. In Section 4.1.1, the
network participants are described. In Section 4.1.2, the system model of a grid based on
the basic components introduced in Section 3.4 is presented and its EIP properties are
established. The result of this section is a nonlinear system describing the grid dynamics
and its EIP properties w.r.t. an electric port.

35 Preliminary results leading to the content of this chapter have been presented in the book chapter
and [JS+25b] and in the conference proceedings [JS+23c; JSPH22].
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In Section 4.2, a model reduction is presented. The model reduction neglects the fast
line dynamics, obtaining then a reduced system suitable for the online optimization in
MPC. Furthermore, the EIP of every grid established in the past section is exploited for
deriving a separable36 Lyapunov function. This is later used for the terminal cost and
constraints in the MPC control design (see the first requirement in Figure 4.1).

In Section 4.3, two MPC controllers are derived, a setpoint-tracking and an economic
MPC. A stability proof is given for the setpoint-tracking MPC. The economic MPC is
verified in simulations. Further, it is highlighted that the stability conditions are local,
i.e., only depend on variables of the individual grid, which is the main contribution of
this chapter. However, it is also shown that for solving the MPC problem in a distributed
manner, a distributed optimization algorithms is necessary (see the second requirement
in Figure 4.1).

In Section 4.4, an illustrative example is given, where setpoint-tracking and economic
MPC are compared. It is shown that economic MPC outperforms setpoint-tracking
MPC. To conclude this chapter, a discussion of the proposed method, which results in a
regulated power system, is provided.

4.1 Network Participants and Power System Model

In this subsection, the grid model employed in this chapter is presented. For that,
the power system components presented in Section 3.4 are used. Before deriving
the differential equations describing the system, the network participants and their
interactions are introduced.

4.1.1 Network Participants

The approach proposed in this chapter corresponds to a fully technically regulated
power system as in Term 2.1. Thus, there is no separation of roles between rational
decision-makers pursuing own goals and system operators ensuring an efficient and
stable operation. Consequently, there is only one type of agent, and these agents do not
pursue own economic goals but carry out predefined computations to jointly achieve
global optimality as well as stability.

The only agent considered in this approach is the grid operator. He is responsible for
the DGUs i ∈ BmDGU in its respective grid m ∈ M, where M is the set of grids. All
the DGUs are controlled by the grid-forming controllers as presented in Section 3.4.
The grid operator has full knowledge over its own grid, but no knowledge about any
parameters of other grids. The stability conditions resulting from the method in this
chapter are local conditions. The conditions hence depend, for every grid, only on

36 See Section A.1 for a concise definition.
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own parameters or variables. However, the method proposed in this chapter requires
each grid operator to perform predefined computations and to periodically exchange
information, in order to contribute towards solving the global optimization problem.

4.1.2 Power System Model

In this section, the differential equations describing a grid m ∈ M are derived. A
grid comprises a set of nodes B of nmB = |Bm| electrical buses connected via a set Em of
nmE = |Em| electrical lines. The set of nodes is divided into a set of nodes with a DGU
BmDGU and nodes with only a load BmL , i.e., Bm = BmDGU ∪ BmL . There are nmDGU = |BmDGU|
nodes with a DGU, and nmB − nmDGU nodes with only a load. Since the model of a single
grid is considered in the following, the grid index m is omitted until further notice.

A group of nB = |B| independent load and DGU buses is described by

Cfv̇ = I fif − iL(v)− iext (4.1a)

i̇f = αI
⊤
f v + βif + γe (4.1b)

ė = vref − v (4.1c)

where α = diag{αi} ∈ RnDGU×nDGU , β = diag{βi} ∈ RnDGU×nDGU and γ = diag{γi} ∈
RnDGU×nDGU contain the control parameters as in (3.30), Cf = diag{Cf,i} are the bus
capacitances, iL = col{iL,i} are the stacked load currents, and v = col{vi} ∈ RnB ,
if = col{if,i} ∈ RnDGU and e = col{ei} ∈ RnDGU are the stacked states. The matrix
I f ∈ RnB×nDGU is a matrix composed of zeros and ones assigning the filter currents of
the nodes with a DGU i ∈ BDGU to the correct voltages.37 The variable vref ∈ RnDGU are
the stacked inputs. A group of uncoupled nE = |E| power lines is described by the
equations

Lπ i̇π = −Rπiπ + v∆, (4.2)

where if = col{if,i} ∈ RnE , v∆ = col{v∆j} ∈ RnE are the stacked states and inputs,
and Rπ = diag{Rπ,j} ∈ RnE×nE and Lπ = diag{Lπ,j} ∈ RnE×nE the parameters of
each power line j ∈ E . The interconnection of the buses i ∈ B and the power lines
j ∈ E according to the connected graph38 G(B, E) is described by the incidence matrix
E ∈ RnB×nE . In particular, the voltage drop over the power lines v∆ ∈ RnE can be
described with the voltages of the buses they are connected to, i.e.,

col{v∆j} = v∆ = E⊤v = E⊤col{vi}. (4.3)

The current drawn from bus i ∈ B is the sum of the currents through the lines connected
to bus i, i.e.,

col{−iext,i} = −iext = −Eiπ = −Ecol{iπ,j}. (4.4)

37 In the case that all nodes have a DGU, i.e., BDGU = B, I f is the identity matrix.
38 Note that the buses and power lines form a networked system as defined in Term 3.1.
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Note, however, that in the incidence matrix E, only the power lines interconnecting
nodes within the grid are considered. To consider also an interconnection of a node with a
node in another grid, an external port (v,−iint) is defined, where iint = col{iint,i} ∈ RnB

is the current injected at buses i ∈ B by other grids. The port interfaces with the system
through

−iext = −Eiπ − iint, (4.5)

i.e., it adds up to the external currents iext coming from other nodes of the same grid.
Having described the interconnection, the whole grid composed of nB = |B| nodes (4.1)
interconnected by nE = |E| lines (4.2) via (4.3) and (4.5) obeys the dynamics

Cfv̇ = I fif − iL(v)−Eiπ − iint (4.6a)

i̇f = αI
⊤
f v + βif + γe (4.6b)

ė = vref − v (4.6c)

Lπ i̇π = −Rπiπ +ETv. (4.6d)

The following result about the EIP of a grid system paves the way for proving stability
of the closed-loop system with MPC.

Proposition 4.1 (EIP at grid level)
Consider a system of independent buses and lines as in (4.1) and (4.2) interconnected
through (4.3) and (4.5) as in (4.6) forming grid m ∈M. The grid m ∈M is, for any
vref > 0, EIP w.r.t. (−ĩint, ṽ) with storage function

S(x̃) =
∑
i∈Bm

Si(ṽi, ĩf,i, ẽi) +
∑
j∈Em

Sj (̃iπ,j), (4.7)

where x̃ = col{ṽi, ĩf,i, ẽi, ĩπ,j} ∈ RnB+2nDGU+nE . The storage functions Si are the
storage functions for the nodes as in Proposition 3.5 or 3.6, and Sj for the nodes as
in Proposition 3.7.

Proof. Note that S(0) = 0 follows directly from Propositions 3.5 and 3.7. System (4.1) is
EIP w.r.t. the input-output pair (−ĩext, ṽ) with the storage function Sbus =

∑
Si(ṽi, ĩf,i, ẽi),

i ∈ B, which follows from Proposition 3.5 and 3.6, since the bus dynamics in (4.1) are
independent. Applying the same reasoning, system (4.2) is strictly EIP w.r.t. (ṽ∆, ĩπ)
with storage function Slines =

∑
Sj (̃iπ,j), j ∈ Em, by Proposition 3.7. From (4.7), it holds

that

Ṡ =
∑
i∈Bm

Ṡi(ṽi, ĩf,i, ẽi) +
∑
j∈Em

Ṡj (̃iπ,j) (4.8a)

< −ĩ⊤extṽ + ĩ
⊤
π ṽ∆

(4.3),(4.5)
= −ĩ⊤intṽ. (4.8b)
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The inequality in (4.8b) follows from the EIP of (4.1) and the strict EIP of (4.2) as in
Proposition 3.5 and Proposition 3.7. The last equality follows from the skew symmetric
interconnection (4.3) and (4.5). Recall that the EIP results are valid on the same set Di as
in Proposition 3.5 (see Remark 3.7).

Note that the EIP result holds for an arbitrary number of interconnected buses and
lines, as long as the DGU controllers fulfill Proposition 3.5. Furthermore, if the constant
power load P L = col{PL,i} of the grid m ∈ M is nonzero, Proposition 4.1 holds only
locally on the set D =

⋃
iDi.

Remark 4.1. Note that for a single grid without any external interconnection with another
grid, i.e., iint = 0, the system is asymptotically stable for any voltage reference vref > 0 and
Proposition 4.1 readily provides a Lyapunov function which is independent of any topology, line
or DGU parameters, as long as Proposition 3.5 holds.

4.2 Model Reduction and Separable Lyapunov Function

Having presented the EIP properties of a single grid, a model reduction is presented
in this subsection. The model reduction serves two purposes. First, it simplifies the
MPC problem, which depends on the system dynamics. In particular, the model is
simplified by reducing the order and neglecting the fastest dynamics, allowing thus
larger discretization steps. Secondly, the model reduction allows the derivation of a
separable Lyapunov function (see Section A.1) for networked grids later on.

The grid model in (4.6) contains fast dynamics, especially the power lines39 in (4.6d).
This requires small step sizes when describing these dynamics as a discrete-time system,
which compromises the real time optimization of the MPC. Since the power line dynam-
ics in (3.45) are a first order lag, the solution adopted here is to neglect the inductances
in the lines, i.e., to use the quasi-stationary line approximation [NTG18; VSZ95]. Note
that the resulting grid model is still EIP w.r.t (−iint,v) since Proposition 4.1 still applies
to the reduced system due to the EIP properties of static power lines. This is formalized
in the following proposition.

Proposition 4.2 (EIP static lines)
Consider static power lines with Lπ,j = 0 described by the algebraic equation

ijπ =
1

Rπ,j
v∆,j , (4.9)

39 The power line dynamics constitute a first order lag with a time constant of T =
Lπ,j

Rπ,j
, which takes values

around 10−6 for typical medium voltage power lines [Tuc+16].
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where ijπ is the line current and v∆,j the voltage drop over the line. System (4.9) is
EIP w.r.t. the port (ijπ, v∆,j).

Proof. For static power lines, i.e., if the inductance is neglected, system (4.9) is still
strictly EIP w.r.t. (ṽ∆,j , ĩπ,j), since it represents an offset-free strictly increasing map
from input to output [SP18].

With this approximation, the grid dynamics can be described with

Cfv̇ = if − iL(v)−ER−1
π E⊤v − iint (4.10a)

i̇f = αv + βif + γe (4.10b)

ė = vref − v. (4.10c)

These equations capture the dynamics of the passivity-based controlled DGUs intercon-
nected with lossy static lines. The EIP of (4.10) is stated in the next proposition.

Proposition 4.3 (EIP reduced system)
Consider a grid m ∈M composed of buses and static lines interconnected through
(4.3) and (4.5) obtaining (4.10). The grid m ∈ M is, for any vref > 0, EIP w.r.t.
(−ĩint, ṽ) with storage function

S(x̃) =
∑
i∈Bm

Si(ṽi, ĩf,i, ẽi), (4.11)

where x̃ = col{ṽi, ĩf,i, ẽi} ∈ RnB+2nDGU and Si are the storage functions as in Propos-
ition 3.5 and 3.6.

Proof. Note that the node systems are EIP as per Proposition 3.5 and 3.6 and the
static lines as per Proposition 4.2. From Proposition 3.5 it also follows directly that
S(0nB+2nDGU

) = 0. Following the same reasoning as in the proof of Proposition 4.1, the
EIP property is obtained.

Again, for nonzero power loads, EIP holds locally on D as a consequence of Propos-
ition 3.5. Note that the storage (and also Lyapunov) function (4.11) for the reduced
system does not contain any states of the power lines as the storage function (4.7) did.
This is an advantage in terms of the distributed MPC implementation (see first require-
ment in Figure 4.1). Using storage function (4.7), the states of power lines contribute
to the global storage function. Then, when considering various grids interconnected
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by power lines, the storage functions are coupled via these power line states. This
prevents the construction of a storage function that is separable in the variables of the
individual grids. With the model reduction, this is now possible. Storage functions that
are separable in the variables of the individual grids are important, because the indi-
vidual grids are the local computing agents in the distributed implementation presented
in Chapter 7. This is further studied in the next subsection. Note that since various
interconnected grids are considered from now on, the grid index m ∈M is not omitted
anymore.

4.2.1 Properties of Networked Grids

In this section, a set M = {1, . . . , nmg} of networked grids are considered, each
composed of DGUs and power lines. The nmg grids are interconnected via a set
Eint = {1, . . . , nE,int} of power lines (4.9) as defined by graph Gint(Bint, Eint). The setBint =⋃

m∈M Bm contains all the buses in the networked system, i.e., |Bint| =
∑

m∈M nmB , and
Eint ⊂

⋃
m,q∈M Bm × Bq, for m ̸= q is the set of lines interconnecting the different

grids. The power system model is composed of the grids m ∈ M as in (4.10), written
compactly as

ẋm = fm(xm) +Bmvmref +B
m
inti

m
int (4.12a)

ym = vm = Bm
int

⊤xm (4.12b)

where imint ∈ RnB is the vector containing the line currents of the power lines intercon-
necting grid m with other grids as in (4.6) and v ∈ RnB the node voltages. System (4.12)
is nonlinear in the state with fm : Rnm

B +2nm
DGU → Rnm

B +2nm
DGU when nonzero constant

power loads are connected. The matrix

Bm
int =

(
Inm

B
,0nm

B ×2nm
B

)⊤
∈ Rnm

B +2nm
DGU×nB (4.13)

in (4.12) assigns the line currents imint to the voltage dynamics or extracts the voltages
from the state xm.

The grids m ∈M are interconnected via power lines j ∈ Eint. Thus, we have

iπ,int,j =
1

Rπ,j
v∆,int,j , (4.14)

where iπ,int,j is the line current and v∆,int,j is the voltage drop over the line j ∈ Eint, i.e.,
the voltage difference between the nodes of both grids interconnected by the power
line j ∈ Eint. Similar as in (4.3) and (4.4), the grids (4.12) and power lines (4.14) are
interconnected using the incidence matrix Eint ∈ R

∑
nm
B ×nE,int of graph Gint, i.e.,

col{v∆,int,j} = v∆,int = E
⊤
intv = E⊤

intcol{vm} (4.15)
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and
−col{imint} = −iint = −Eintiπ,int = −Eintcol{iπ,int,j}. (4.16)

Similar as in Proposition 4.1 for a single grid composed of nodes interconnected by
power lines, a Lyapunov function for the networked grids is proposed here. Fur-
thermore, it is shown that the Lyapunov function is separable. This is essential for
guaranteeing stability with local conditions (see Theorem 4.6).

Proposition 4.4 (Lyapunov function of networked grids)
Consider a set of networked grids (4.12) interconnected with static power lines (4.9)
according to Gint(Bint, Eint), described by the incidence matrix Eint as in (4.15) and
(4.16). Given any vref > 0, a Lyapunov function for the networked grid is given by

V (x̃) =
∑

m∈M
Sm(x̃m) (4.17)

where x̃ = col{x̃m} ∈ Rnint and Sm(x̃m) as in40 (4.11), with nint the total number of
states of the networked grids.

Proof. Note that V (0) = 0 follows directly from Proposition 4.3, and V (x̃) > 0 for all
x̃ ̸= 0 since the storage function is quadratic. Define the variables v = col{vm} and
iint = col{imint} describing the group of nmg grids as in (4.15) and (4.16). Using Proposi-
tion 4.3 and taking into account that the storage function of the individual grids in (4.12)
are separable, the time derivative of the Lyapunov function (4.17) is

V̇ =
∑

m∈M
Ṡm(x̃m) ≤ −

∑
m∈M

ĩ
m⊤
int ṽ

m = −ĩ⊤intṽ. (4.18)

Considering the interconnection equations (4.15) and (4.16), (4.18) reads

V̇ ≤ −ĩ⊤π,intE
⊤
intṽ = −ĩ⊤π,intṽ∆ (4.19)

(4.14)
= −ĩ⊤π,intR

−1
π,intĩπ,int = −ṽ⊤EintR

−1
π,intE

⊤
intṽ ≤ 0, (4.20)

which implies stability of any equilibrium. In (4.19), Proposition 4.3 and the interconnec-
tion equations (4.15) and (4.16) were used. In the last equality, the line equation (4.14)
along with the interconnection equation (4.15) were used, and Rπ,int = diag{Rj

π,int}
was defined.

The Lyapunov function (4.17) holds locally in D when nonzero power loads are present.
The whole power system model (i.e., the networked grids) is given by

40 Remember that in (4.11), the index m was neglected, so Sm was S.
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Cfv̇ = if − iL(v)−ER−1
π E⊤v −EintR

−1
π,intE

⊤
intv (4.21a)

Lfi̇f = αv + βif + γe (4.21b)

ė = vref − v, (4.21c)

where E = blkdiag{Em}, m ∈ M, is block diagonal and describes the static power
lines inside a grid, and Eint describes the lines between grids. All the states are network
variables, i.e., v = col{vm}. By analyzing the set where the derivative of the Lyapunov
function (4.18) is zero, the following proposition is stated.

Proposition 4.5 (asymptotic stability networked grids)
All equilibria of system (4.21) induced by any vref > 0 are asymptotically stable.

Proof. Consider the Lyapunov function (4.17). With Remark 3.8 and Remark 3.10, the
derivative (4.18) becomes

V̇ ≤ −ṽ⊤EintR
−1
π,intE

⊤
intṽ − ρv⊤v, (4.22)

where ρ = diag{ρi} is a positive definite matrix. The set

L = {x̃ | V̇ = 0} = {x̃ | ṽ = 0} (4.23)

reduces to x̃ = 0 after considering (4.21) as follows. With (4.21a) and ṽ = 0, ĩf = 0

is obtained, and with (4.21b), ẽ = 0 is obtained. This proves asymptotic stability for
the origin for any equilibrium point. Furthermore, following Remark 3.7, a positively
invariant set is given by the largest sublevel set of V in D, i.e.,

Ω = {x ∈ D |V (x̃) ≤ c}, (4.24)

for a constant c ∈ R>0.

Remark 4.2. Note that the Lyapunov function (and the positively invariant set) of the networked
grids (4.17) is separable among the grids, i.e., it is composed of the sum of independent functions
of xm, or of the union of independent sets. This allows to ensure stability with independent
conditions for all grids, since every grid can evaluate its terminal cost and terminal constraints
without information of other grids states. Hence, this enables a distributed MPC implementation.

Remark 4.3. As can be seen in the system dynamics (4.21a), the dynamics of the individual
grids are coupled via the voltages with the symmetric but nondiagonal matrix EintR

−1
π,intE

⊤
int.
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4.3 Optimal Control of Networked Grids with MPC
Strategies

In the previous sections, the models and system properties for the grids that are used for
the MPC-based high level control have been derived. In this subsection, two controller
designs for networked grids based on MPC strategies are presented.

The controller computes suitable voltage references (i.e., the input of the system) such
that (i) a performance index is minimized, (ii) stability of the whole power system
depends only on local conditions for each grid, allowing thus a plug-and-play operation.
First, in Section 4.3.2, a classical, setpoint-tracking MPC is proposed, which requires the
prior computation of optimal setpoints. A formal stability proof using the results of
Proposition 4.4 and Proposition 4.5 is provided. Secondly, an economic MPC for the
same problem is designed, which is shown to have superior performance41 compared
to the classical setpoint-tracking MPC. For the economic MPC, the closed-loop stability
is studied with simulations in Section 4.4 and later in Chapter 7. Before designing the
specific MPC strategies, the performance index and the setpoint computation for the
setpoint-tracking MPC are introduced in Section 4.3.1.

4.3.1 Performance Index and Setpoint Computation

The setpoint-tracking MPC requires the a priori computation of setpoints (see Sec-
tion 3.2). In the following, the computation of those setpoints is presented.

The setpoints are computed solving a general OPF problem as in

Optss(t)
42 :=


minp,v,x J(p,v,x)

s. t. p+ P L + Y ad v ◦ v = 0

v ∈ V
p ∈ P,

(4.25)

where J is an objective function, p = col{pi} ∈ RnB is the power injection of a DGU
to the bus and P L ∈ RnB are the constant power loads. The objective function may be
designed, for example, to minimize the costs of power generation in the whole power
system, to minimize power line losses, or to fulfill similar objectives. The constraints
in (4.25) represent the power flow equations, described through the nodal admittance
matrix Y ad [Mac+20] as well as the voltage V ⊆ RnB and power constraints P ⊆ RnB ,
which may be different for each bus and DGU. Note that the matrix Y ad contains, apart
from the line admittance, also the impedance loads in (3.31) in the shunt. With an
estimation of the loads in the next time steps, this optimization problem is solved for
some optimization horizon and vopt(t) = argminOptss(t) is obtained. Such an optimal

41 With performance, it is meant the control performance, which is defined in Section 4.4.
42 The name indicates that it is an optimization to find an appropriate steady state.
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setpoint computation is typically performed every few minutes, when the estimated
load changes. Since the time constants of the network are in the range of a few seconds
and load estimation typically in the range of minutes, the voltage references are seen as
piecewise constant for the grid.

Note that for computing the optimal setpoints in (4.25), information about all grids is
necessary. This is due to the couplings introduced by the power flow equations in (4.25).
However, for OPF problems, there exist many methods for obtaining a solution in a
distributed manner, see the survey in [Mol+17].

4.3.2 MPC Design

In the following, two MPC strategies for the networked grids (4.21) are proposed.
The Lyapunov function (4.17) is used to ensure stability. Furthermore, the necessary
information exchange between grids arising from the optimization problem is studied.
The MPC problem is defined as

MPC(t) :=



min

∫ T

τ=t

l(x(τ),u(τ))dτ + VT (x(T ))

s. t. ẋ = f(x(t),u(t)),

x(τ) ∈ X
x(T ) ∈ XT

u(τ) ∈ U
τ ∈ [t, T ] ,

(4.26)

where x = col{xm}, u = col{um} and um = vmref. The input and state constraints
are described by X and U, and XT are the terminal constraints. The system dynamics
in (4.26) are the interconnected grids in (4.21). The stage cost l(x,u) in the objective
function defines whether it is a setpoint-tracking or an economic MPC and is specified
in the following.

Setpoint-tracking MPC with local stability conditions

The setpoint-tracking MPC employs an objective function for grid m ∈M of the form

lm(ym,um) = ∥ym − vmopt∥2 + ∥um − vmopt∥2αI , (4.27)

where vmopt is a given voltage reference computed in order to minimize some performance
index J(x,u) (see (4.25)). The performance index is application-specific and is described
in more detail in the simulation results in Section 4.4 and Chapter 7. The parameter
α ∈ R>0 is a constant which determines how strongly the input is penalized w.r.t. the
output. The global stage cost is defined as

l(y,u) =
∑

m∈M
lm(ym,um). (4.28)
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The following theorem ensures a stabilizing receding horizon operation of the setpoint-
tracking MPC.

Theorem 4.6 (stability of the setpoint-tracking MPC)
Let an optimal voltage reference vopt(t) be given (e.g., according to (4.25)). Consider
a setpoint-tracking MPC of the form (4.26) with an objective function as in (4.27).
Let Propositions 4.4 and 4.5 hold. For the terminal costs, use the Lyapunov func-
tion (4.17) from Proposition 4.4, and additionally the constraints from Proposition 4.5
as terminal constraints for the case of nonzero constant power loads. Then, the
closed-loop system operating in a receding horizon is asymptotically stable.

Proof. Since the terminal cost (4.17) is a Lyapunov function for all constant vopt for all
x ∈ D, condition A4 in [May+00, p. 797] is fulfilled. Condition A2 and A3 are fulfilled
as per Proposition 4.5. Condition A1 is fulfilled because the constraints are closed. Thus,
asymptotic stability follows directly from the classic setpoint-tracking MPC theory using
the separable, positively invariant set Ω from Proposition 4.5 as terminal constraint,
assuming that the system in (4.26) is stabilizable [May+00, p. 797]. When the power
loads are zero, D corresponds to Rnint and no terminal constraints in addition to the
terminal costs (4.17) are necessary.

Observe that due to the separable Lyapunov function, the stability condition of The-
orem 4.6 decomposes in local conditions for each individual grid. This can be explained
as follows: the objective function of the global setpoint-tracking MPC in (4.26)

∑
m∈M

{∫ T

t

lm(ym,um)dτ
}
+ VT (x(T )). (4.29)

decomposes, using the Lyapunov function as in Theorem 4.6, in

∑
m∈M

{∫ T

t

lm(ym,um)dτ + Sm(xm)

}
. (4.30)

Note that such a decomposition does not hold in general. It requires having a Lyapunov
function with a special (separable) structure, as in (4.17). In this method, the special
structure is obtained exploiting passivity theory at grid level. As a consequence of such
a structure, a change in the network in some grid m ∈M is only reflected in the storage
function Sm, which does only affect the objective function of grid m (see (4.30)). Due to
the modular Lyapunov function network changes in the individual grids only affect
the local stability conditions, which thus allows a plug-and-play operation without
compromising stability provided that all grids fulfill the local conditions.
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Despite the local stability conditions, problem (4.26) is a coupled, global optimization
problem. Thus, a distributed optimization algorithm is necessary for solving it in a
distributed manner (see requirements in Figure 4.1). Ideally, the algorithm should have
plug-and-play capabilities to allow network changes. Furthermore, the agents should
not be obliged to disclose their private objective function or constraints, since it may
contain sensitive information. An appropriate algorithm is developed within this thesis
and presented in Chapter 5. Then, combining the methods of this chapter and Chapter 5,
all the requirements of distributed MPC are fulfilled (see Figure 4.1).

Economic MPC

For economic MPC, the performance index J of (4.25) used to compute the optimal
setpoint for the stage cost is employed in the stage cost of the MPC, i.e.

l(x,u) = J(p,v,x) + ∥u∥2βI , (4.31)

where β ∈ R>0 is a small constant for regularization.

The traditional control structure of computing the optimal setpoint and controlling it by
feedback setpoint-tracking MPC is therefore combined into a single feedback structure
as described in Section 3.2. Thus, it is not necessary to compute or know the optimal
setpoint in advance. It can therefore react immediately to load changes without having
to compute new steady-state optimal setpoints, which is an advantage when dealing
with volatile renewable energy resources. In the context of distributed control, omitting
the prior setpoint computation is also an advantage, since for computing the optimal
setpoint, information about all the systems is necessary. However, as the objective
function does not have a minimum at the optimal setpoint to be stabilized,43 the mature
theory about classical setpoint-tracking MPC does not hold [MA17]. Nevertheless, an
economic MPC is designed and benchmarked in this work because of the superior per-
formance it achieves. Asymptotic stability is later assessed via simulations in Section 4.4
and Chapter 7.

Note that the formulation in (4.26) requires (independently of whether an economic or
setpoint-tracking objective function is used) information about all grids for computing
the solution, which is not desirable. The goal is to obtain an approach where every
grid solves an individual optimization problem and coordination is achieved through
communication. The objective function in (4.26) is separable (in both cases) and does
not couple the individual grid dynamics. However, the system dynamics in (4.26),
especially the last term in (4.21a), induces a coupling of the variables of individual grids.
More precisely, the voltage of grid m ∈ M influences the dynamics of grid l ∈ M if
they are interconnected with a power line. This couples the optimization problem and
requires, similarly as outlined above for the setpoint-tracking MPC, information about

43 Here, the deviations to a setpoint are not penalized, and the cost is not necessarily decreasing until the
setpoint is reached [MA17].
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all grids in order to compute the solution (see the second requirement in Figure 4.1).
Thus, a distributed optimization algorithm is also necessary for the economic MPC. In
the next chapter, a novel distributed optimization algorithm tailored to solving this
global optimization problem in a distributed manner is derived. But first, in the next
section, both MPC strategies are compared on a small example without using distributed
computation.

4.4 Numerical Example

In this section, the setpoint-tracking and economic MPC are illustrated via simulations.
The focus of this example is the comparison of the two proposed MPC strategies. In
particular, it is shown that economic MPC achieves a better performance than setpoint-
tracking MPC when disturbances occur. Since a suitable distributed optimization
algorithm allowing a distributed computation of the MPC problem (4.26) has not been
proposed yet (cf. Chapter 5), a single grid is considered in this illustrative example,
since this is enough for comparing both MPC approaches. We refer to Chapter 7 for a
scenario with three networked grids using distributed optimization.

The grid considered in this work is based on the CIGRE medium voltage benchmark
system, since it represents the network topology of a typical distribution system, and it
is aimed to serve as a benchmark system for voltage control studies [Rud+06], [Far+18,
p. 42ff.]. It is composed of 11 nodes and 12 power lines and shows a meshed structure
(see Figure 4.2). Since the benchmark system is conceived as an AC system, the system
is adapted as in [Str24, Section 4.4]. The high voltage connection at Node 1 is eliminated,
and a DGU and a ZIP load is added to each node. Typical DC system parameters are
taken from [Str24, Section 4.4] and [Tuc+16] for the lines and DGU filters. The step
size is chosen to be h = 10ms for both MPCs, since it is in the order of magnitude of
the largest step size that lead to a stable discrete-time system using the forward Euler
discretization method. The optimization horizon is set to N = 300, which corresponds
to 3 s and covers the typical transients in converter-based grids. The problem is set up
with CasADi in Matlab and the nonlinear programming solver ipopt44 [WB06] is used.
For the setpoint-tracking MPC, new optimal setpoints are computed every 30 seconds.
The parameter α in (4.27) is set to α = 10−2 in order to achieve a better voltage tracking.
The parameter β in (4.31) is also set to β = 10−2 for regularization.

44 Ipopt is an open source solver used in many (commercial) nonlinear optimization tools (GAMS, AMPL,
CasADi, Yalmip, JuMP, Pyomo, Matlab, etc.) and is widely regarded as one of the best in its class.
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Figure 4.2: Structure of the CIGRE medium voltage benchmark system [Rud+06].

4.4.1 Performance Index for Setpoint Computation

First, the optimal setpoints for the setpoint-tracking MPC are to be computed. Exem-
plary, the power line losses in the networked grids are minimized.45 Hence, the objective
function in (4.25) is chosen to be

J(v) = v⊤ER−1
π E⊤v + v⊤EintR

−1
π,intE

⊤
intv, (4.32)

whereR−1
π describes the line resistances of the lines strictly inside all grids m ∈M, and

R−1
π,int describes the resistances of the lines between the different grids, i.e., grids k, i ∈
M, i ̸= k (see Sections 4.1 and 4.2.1). The matrices E and Eint are the corresponding
incidence matrices describing the line interconnection topology (see Section 4.2.1).

4.4.2 Simulation Results

In the following, both MPC approaches are compared in the nominal case, i.e., when
the load is known with no error. Afterwards, the case when load disturbances occur is
considered. As disturbances, load noise, load steps and a line failure are considered. A
quantitative comparison is provided in Table 4.1.

45 Indeed, to best fulfill the Objective of the Thesis, minimizing the total cost of power injection is the best
option. This is done in Chapter 7, where also a comparison with the other methods derived in this work
is presented. To show one of the strengths of this method, i.e., that the optimization objective can simply
be changed by computing different setpoints without compromising the stability result of Theorem 4.6,
the power line losses are minimized in this illustrative example.
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Scenario 1: Nominal Case

First, the nominal case is considered, where the load is assumed to be known with
no error by the predictive controllers. The load during the simulation time is shown
in Figure 4.3. At time t = 30 s, a load step occurs in all nodes. The load step time
is chosen to be at the same time when new optimal setpoints are computed for the
setpoint-tracking MPC, such that the MPC always receives the optimal setpoints. Note
that in real applications, the optimal setpoints will likely not be computed at the same
time as the load changes. The scenario presented here is hence the best case scenario for
the setpoint-tracking MPC in order to allow a fair comparison with the economic MPC.
The node voltages in the grid with the setpoint-tracking MPC and the economic MPC
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Figure 4.3: Load at Nodes 1 to 11 over the simulation time in the nominal case.

are shown in Figure 4.4. The dot-dashed lines are the optimal setpoints computed by the
setpoint computation (4.25). Due to voltage, current or power flow constraints in (4.25),
different voltage references that induce power flows through the lines are necessary.
In the case of setpoint-tracking MPC, the node voltages follow the optimal setpoints
(dot-dashed) accurately. Since the optimal setpoints of the voltages are computed
with (4.25) and lead to minimal power line losses, the closed-loop behavior with the
setpoint-tracking MPC is (only) steady-state optimal. Considering the system dynamics
also during transients for the explicit task of minimizing losses instead of regulating a
setpoint may improve performance. The economic MPC achieves the optimal steady-
state voltages (dot-dashed) without requiring a priori voltage setpoints. The node
voltages with the economic MPC are identical to the voltages with the setpoint-tracking
MPC, except for the time around the load step.

The line losses resulting from the node voltages are computed for comparing the
performance of setpoint-tracking and economic MPC. The economic MPC achieves
0.2% less transmission losses than the setpoint-tracking MPC in the nominal case
(viz. Table 4.1). This improvement is due to a better transient behavior during the
load step at t = 30 s. In the case of the setpoint-tracking MPC, since the deviations
are penalized, the node voltages follow the steps arising from the setpoint vopt(k)
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Figure 4.4: Grid bus voltages when using a setpoint-tracking MPC (above) and an economic MPC (below) in
the nominal case.

which changes once at t = 30 s. This is, however, not optimal w.r.t. minimizing the
losses. On the other hand, the economic MPC does not minimize the deviations to
some setpoint, it chooses the input on the basis of minimizing the losses, also during
transients. Thus, it achieves a better performance. This effect is assumed to gain
importance when disturbances occur. Thus, in the next subsection, the performance
of both MPC approaches will be compared for the case when disturbances in the load
occur.

Scenario 2: Disturbances

In the following, load variations are considered in order to highlight the performance of
economic MPC. Three types of disturbances are considered, 1) unknown load steps, 2)
load noise and 3) a line failure. The unknown load steps and load noise are depicted
in Figures 4.5 and 4.7, respectively. The unknown load steps occur in Nodes 2 and
6, while the load noise occurs only in Node 1. Since the predictive controllers need
a prediction of the load over the optimization horizon, it is assumed that the actual
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load is measured and considered to be constant over the optimization horizon of 3 s.
The optimal setpoint computation in (4.25) is assumed to not have knowledge about
these measurable disturbances, since it computed the optimal setpoints in advance. The
voltage trajectories are reported in this section, while the performance comparison is
made in Table 4.1.

Unknown load steps The node voltages in the grid equipped with both predictive
controllers can be seen in Figure 4.6. The setpoint-tracking MPC still achieves an accept-
able regulating behavior when the load step occurs, since it penalizes the deviations
to that given setpoint. However, note that the optimal setpoint computed in advance
is no longer optimal due to the load steps, which are not known in advance and not
considered in (4.25). On the other hand, the node voltages set by the economic MPC
differ with respect to the setpoints from (4.25) when the disturbances occur. Since the
economic MPC does not minimize the deviations to a given setpoint and instead directly
minimizes the losses, a new but optimal steady state arises.
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Figure 4.5: Predicted (dot-dashed) and real load in the case of unknown steps in Node 2 (above) and 6 (below).

Load noise The node voltages in the grid with both predictive controllers in the case
of load noise (see Figure 4.7) are shown in Figure 4.8. All the node voltages set by the
setpoint-tracking MPC show significant oscillations around the given optimal setpoints,
even if the load noise is only in Node 1. In contrast, the node voltages produced by the
economic MPC are smooth and slightly differ from the optimal steady-state voltages
computed in advance, as expected.

Line failure In the scenario of a line failure, the line between Node 3 and 8 fails at time
tfail = 20 s and is unavailable thereafter. The line failure is assumed to be measurable
and known by the predictive controllers, but not by the optimal setpoint computation
in (4.25) which happens in advance. The node voltages in the grid with both predictive
controllers in the case of a line fail can be seen in Figure 4.9. The setpoint-tracking MPC
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Figure 4.6: Grid bus voltages when using a setpoint-tracking MPC (above) and an economic MPC (below)
under an unknown load step.
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Figure 4.7: Predicted (dot-dashed) and real load in the case of load noise in Node 1.

minimizes the deviation to the provided setpoint (dot-dashed line), which is not optimal
for the new grid topology. The voltages when using the economic MPC converge to a
new steady state, which is optimal under the new grid configuration.
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Figure 4.8: Grid bus voltages when using a setpoint-tracking MPC (above) and an economic MPC (below)
under unknown load noise.

Performance comparison

The performance increase of the economic MPC with respect to the setpoint-tracking
MPC is shown in Table 4.1. It shows the reduction of transmission losses for the
described scenarios normalized to the transmission losses from the economic MPC. The
economic MPC achieves a better performance in all cases. The increase in performance
depends clearly on the severity of the disturbance. The small disturbance from the load
noise shows a 2.6% less transmission losses. For greater disturbances, the reduction
increases to 9.3% (load step), and 15.6% (line failure). Thus, greater disturbances yield
greater performance benefits from the economic MPC, since the optimal voltages differ
more from the a priori calculated setpoints. Since the economic MPC does not need
to compute any optimal setpoint in advance, it has a clear advantage also in terms of
computation and enjoys a simpler feedback control structure naturally achieving the
optimal setpoints as a result of the control action. Lastly, note that the setpoint-tracking
MPC is operated in the best case scenario, since it receives the setpoints exactly when
the load change occurs. If this is not the case, the performance increase of the economic
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Figure 4.9: Grid bus voltages when using a setpoint-tracking MPC (above) and an economic MPC (below)
under a line failure.

MPC is expected to be greater.

Table 4.1: Performance increase of economic MPC over setpoint-tracking MPC in different scenarios.

Scenario Performance increase of economic MPC

Nominal 0.2 %
Unknown load steps 9.3 %
Unknown load noise 2.6 %

Line failure 15.6 %

4.5 Discussion and Outlook

The main contribution of this chapter is a setpoint-tracking MPC framework with local
stability conditions. The MPC framework exploits EIP theory to obtain a separable
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Lyapunov function, which yields the local stability conditions. These conditions are
independent for each grid. As a result, each grid can independently assess its own
stability requirements when network changes occur, without the need for coordination
with other grids. This allows individual grids to disconnect from or reconnect to the
network without jeopardizing overall system stability.

This local, independent stability conditions also allow a distributed implementation
of the MPC framework without relying on information from (or communication with)
other grids for achieving stability. However, recall that this distributed implementation
has not been shown in this chapter, since the required distributed optimization algorithm
is an original contribution of this dissertation and is presented in Chapter 5.

A further contribution is the design of an economic MPC framework, which does not
necessitate any setpoints in advance and drives the system to an optimal steady state as
a result of its control actions. It has been shown that it achieves superior performance
while solving a comparable optimization problem from the point of view of complexity.
However, the overall computation complexity of the economic MPC is less, due to the
omission of the setpoint computation. The rigorous stability proof of the economic MPC
is not addressed in this chapter and thus still remains an open challenge.

Both proposed approaches result in a framework for regulated power systems. This is
due to various reasons. On the one hand, the objective function is a global objective
function of all grids, for example to minimize the sum of all power line losses or power
injection costs. Thus, the objective function is given by a superordinate entity or is agreed
upon by the grids. A profit-driven agent, who would rather seek to minimize own costs,
is not allowed to use another objective function while guaranteeing system stability.
The fact that the objective function in (4.27) or (4.31) is a sum over all grids makes every
single grid act network friendly, which may not be compatible with own interests of
profit-driven agents.

The setpoint-tracking exhibits a control structure which is conceptually similar to the
status quo in power systems (see Figure 2.1 and Section 2.1). The setpoint computation
corresponds to the feedforward part (i.e., the energy market in current power systems),
and the MPC corresponds to the feedback control (i.e., the balancing and balancing
capacity market). For the MPC approach considered here, however, asymptotic stability
has also been rigorously shown under varying network or load conditions. In contrast
to that, in current power systems, only regulations concerning the amount of balancing
capacity exist, which are based on probabilistic worst-case scenarios (see Section 2.1).
On the other hand, the economic MPC breaks this conceptual control structure, since no
feedforward term is necessary. Hence, as shown in Section 4.4, it can react better (i.e., in
an optimal way) to uncertainty.

A challenging aspect of the proposed approaches are the computation requirements.
The model was discretized with a sample time of 10ms, and thus the MPC problem
has to be solved in, at most, 10ms. Conventional MPC controllers for power electronics
already function with even higher sample rates [Gey+11], in the range of microseconds.
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However, the MPC problem of a grid in this case comprises several nodes and devices
and thus has a higher complexity. Consequently, powerful hardware is necessary. An
alternative may be to explore multi-step MPC strategies. In such an approach, not only
the next control action computed by the MPC is applied, but a number of next control
actions. These approaches are active research topics in the literature [Bai+20; Bai+19;
GP14].

4.6 Summary and Contributions

In this chapter, two MPC frameworks for optimization and control of future power
systems have been presented. Exploiting EIP theory, the proposed methodology ensures
stability using local conditions for the individual grids. This opens up the possibility
of a distributed implementation, without necessitating information or communication
with the other grids to ensure stability. Furthermore, these frameworks establish a
technically regulated power system as in Term 2.1.

In Figure 4.10, a summary of the main results of this chapter and their relation to the
contributions of this dissertation is shown. On the left, the main steps in the setpoint-
tracking MPC operation are shown as presented in Figure 3.2. On the right, the main
results of this chapter are shown. These are grouped together in contributions of the
dissertation, and connected to the main steps in the MPC operation. For the first step,
the setpoint computation, standard OPF algorithms from the literature (gray color)
are used [Mol+17]. The setpoint-tracking MPC along with the stability conditions, the
distributed optimization algorithm and the system model and analysis are original to
this work. The setpoint-tracking MPC design provides local stability conditions for
each grid (see Theorem 4.6). This corresponds to the first requirement in Figure 4.1.
The distributed optimization algorithm necessary to solve the problem in a distributed
manner is presented in the next chapter (green color) and corresponds to Contribution 2
of this dissertation. The main result regarding the grid properties is the EIP property
at grid level. This is achieved using underlying passivity-based controllers to prove
EIP properties at grid level. The storage function which certifies the EIP properties at
grid level then serves as a pillar for the separable Lyapunov function of the power sys-
tem, i.e., all networked grids. The setpoint-tracking MPC design, based on the proposed
power system model and its EIP properties, along with the distributed optimization
algorithm allowing a distributed computation, fulfills Contribution 1 of this work (red
color).

A further contribution of this chapter is the comparison of economic and setpoint-
tracking MPC. It has been shown that economic MPC outperforms setpoint-tracking
MPC when disturbances occur. Furthermore, it has advantages for the distributed
implementation, since an optimal steady state has not to be computed — or even known
— in advance.
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Figure 4.10: Overview and interrelation of the contributions presented in this chapter. Grey color represents
methods taken from the literature, and in blue contributions of other chapters of this thesis.



5 Local Design Requirements for Global
Optimality in Distributed Convex
Optimization

In this chapter, a novel distributed optimization framework addressing Research Gaps 2
and 3 is presented.46 The goal is that the agents compute the global optimizer47 without
disclosing their private objective function and constraints. In the existing work, specific
algorithms are proposed, and optimality and convergence are proven provided that all
agents follow the same algorithm. Thus, these are global conditions for optimality and
convergence. In sharp contrast to that, in this dissertation, local design requirements for
distributed optimization algorithms are derived.

The proposed distributed optimization can be utilized to solve the MPC problem
of Chapter 4 in a distributed manner. It thus corresponds to requirement two in Fig-
ure 3.3. Every grid then corresponds to an agent in the distributed optimization frame-
work. The technical aspects regarding the practical implementation of the distributed
optimization algorithm introduced in this chapter for the MPC problem of Chapter 4
are presented in detail in Chapter 7. Note that the proposed distributed optimization
algorithm is general and is not limited to power system applications.

The chapter is structured as follows. In Section 5.1, the mathematical problem for-
mulation and main idea is introduced. In Section 5.2, the local design requirements
for both the agent and controller dynamics are presented. Two types of requirements
are proposed: requirements to obtain optimality in Section 5.2.1 and requirements to
obtain convergence in Section 5.2.2. These design requirements are posed to the agent
dynamics, controller dynamics and communication topology in order to achieve global
optimality and convergence.48

In Section 5.3, specific agent and controller dynamics complying with those design
requirements are given. These dynamics have different EIP properties, which are neces-
sary to ensure convergence in different scenarios, i.e., when directed communication
topologies are considered.

46 Preliminary results leading to the content of this chapter have been presented in [JS+22] and have been
submitted to a publication in a journal [JS+25a].

47 In this chapter, global is used in the sense of networked systems, i.e., global means for the whole net-
work. However, global optimizer should not be understood in the sense of global minima in nonconvex
optimization.

48 In this chapter, the word convergence is used as a synonym for asymptotic stability. This is done because
convergence is typically used in the literature about distributed optimization, but it means asymptotic
stability of the difference (or differential) equation of the optimization algorithm.
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In Sections 5.4 and 5.5, less restrictive convergence results are proposed by impos-
ing minor further restrictions on the agent dynamics. In Section 5.4, convergence is
established under undirected topologies requiring only strict convexity of the sum
of all objective functions. In Section 5.5, convergence is established under directed
communication topologies.

An illustrative example of the proposed methodology is presented in Section 5.6. In Sec-
tion 5.7, the proposed methods are discussed. Finally, in Section 5.8, the chapter is
concluded with a summary of the contributions and an outlook.

Note that in this chapter, similar to Chapter 4, Lyapunov theory is used to ensure that a
dynamic system converges to an equilibrium point. However, observe that the same
methodology is used for two tasks of different nature: in Chapter 4, Lyapunov theory is
used to ensure that a feedback control law, stemming from repeatedly solving an MPC
problem and applying the optimizer every time, stabilizes an equilibrium point of the
system when time passes. In contrast to that, in this chapter, Lyapunov theory is used
to ensure convergence of an optimization algorithm, described as a continuous-time
dynamic system. The stability property is then not in the time domain, but in the
iterations of the optimization. Compared to Chapter 4, Lyapunov theory here ensures
that the MPC optimization converges to the optimizer at every individual time step.

5.1 Problem Formulation and Main Idea

Consider a set of agents A = {1, . . . , nA}, nA ∈ N. Next, consider the network optimiz-
ation problem

min
∑
i∈A

fi(y) (5.1a)

s.t. gil(y) ≤ 0, ∀l ∈ Cin,i, ∀i ∈ A (5.1b)

hij(y) = 0, ∀j ∈ Ceq,i, ∀i ∈ A (5.1c)

where y ∈ Rn. The objective function fi : Rn → R and the constraints gil : Rn → R and
hij : Rn → R are private to agent i ∈ A. The variable y ∈ Rn is a global variable of the
agents. The sets Cin,i = {1, . . . , nIC,i} and Ceq,i = {1, . . . , nEQ,i} are the sets of inequality
and equality constraints of agent i ∈ A. The functions gil : Rn → R are assumed to be
convex, the functions hij : Rn → R to be affine, i.e., hij(y) = a⊤

ijy + cij . Further, it is
assumed that (5.1) is strictly convex and Slater’s condition holds, i.e., there exists an
y ∈ Rn where constraints (5.1c) hold and constraints (5.1b) are strictly feasible [BV04,
p. 244]. Note that these are standard assumptions in convex optimization [Hat+18;
LCF16; BV04].

In this work, the focus is on enabling agents to collaboratively solve the network-wide
optimization problem (5.1) using only local information and communication with their
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Figure 5.1: Block diagram of the proposed algorithm structure, composed of agent systems Σi and controller
systems Πk . The block diagonal structure of the nodes and edges systems indicates that the node
(and edge) systems are not directly dynamically coupled, but only via the feedback.

neighbors. For that, each agent i ∈ A holds a local estimate yi ∈ Rn of the global
optimizer y∗ ∈ Rn. The agents can perform local computations based on their private
objective functions and constraints, and communicate the local estimate yi with the
neighbors. The communication topology is described by an undirected graph G(A, E),
where nodes represent agents and an edge ok ∈ E ⊂ A×A between agent i and j means
that the agents i and j can exchange their local estimations.

In this thesis, a novel class of algorithms that decompose into the form shown in
Figure 5.1 is proposed. It consists of agent systems Σi, i ∈ A and controller systems
Πk, k ∈ C, where C = {1, . . . , nC} is the set of controllers49. Each controller is associated
with an edge of graph G, i.e., with the communication between two agents, and thus
|C| = |E|. The agent systems

Σi :
ẋi = χi(xi,ui)

yi = ψi(xi,ui),
(5.2)

with χi : Rn × Rn → Rn and ψi : Rn × Rn → Rn, hold the state xi ∈ Rn, which
represents an intermediate value for the estimation yi ∈ Rn of the global optimizer
y∗ ∈ Rn. The input of the agent systems is ui ∈ Rn, which should be chosen such that
the output yi ∈ Rn of the agents converges to the global optimizer y∗. The controller
systems are described by

Πk :
żk = Φk(zk, ζk)

dk = σk(zk, ζk),
(5.3)

with Φk : Rn × Rn → Rn, σk : Rn × Rn → Rn, state zk ∈ Rn, input ζk ∈ Rn, and
output dk ∈ Rn, which is fed back to the agent systems in order to find the global
49 Note that the agents and controllers form a networked system as defined in Term 3.1.
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optimizer y∗. The agent and controller systems are interconnected by an incidence
matrix E ∈ RnA×nC lifted to the space Rn of the optimization variables as in

ζ = (E ⊗ In)⊤ y (5.4a)

u = − (E ⊗ In)d, (5.4b)

where ζ ∈ RnC·n, u ∈ RnA·n, d ∈ RnA·n and y ∈ RnA·n are the stacked variables of the
agents and controllers, e.g., y = col{yi}, which are called network variables further on.
Taking into account the definition of the incidence matrixE, it becomes clear from (5.4a)
that the inputs ζk of the controller systems are the differences between the outputs yi of
different agents, i.e., the estimations yi of different agents of the global optimizer y∗.

With the partitioning of the algorithm into agent and controller systems, the question
arises of where to physically implement the controller systems. In the next example, it
is shown that this is a purely technical implementation issue which does not limit the
findings of this chapter.

Example 5.1:
Consider a network of four agents interconnected as in Figure 5.2.

1 2

3 4

A

B
C

D

E

Figure 5.2: Exemplary network composed of four agents (nodes) and communication links in blue (edges).

The proposed method introduces five controllers A - E, one for each edge. The
controller dynamics can be interpreted as independent entities with computation
capabilities or, alternatively, as part of the same system implementing the agent
dynamics, as shown in Figure 5.3. In the first case (see Figure 5.3a), the controllers
are independent entities. In the second case, the agents implement the subsystems
inside the dashed line in Figure 5.3b, composed of the agent dynamics (5.2) and
the controller dynamics (5.3). Depending on the interpretation, the agents have to
exchange different variables and different information flows occur. When the con-
trollers are independent entities, the agents send their estimation yi and receive the
input ui. When the controllers are implemented together with the agent dynamics,
the agents send either their estimation yi or the controller output dk, depending on
whether they have the controller or not (c.f. Figure 5.3b).
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Figure 5.3: Different technical realization of the controller systems.

The decision of considering the controllers as independent entities or not may depend on
the application. When the agents are likely to leave or rejoin the network often and there
exists an independent computing infrastructure, a configuration with controllers as
independent entities may be favorable. Otherwise, a configuration with the controllers
as part of the agents may be advantageous.

5.2 Local Design Requirements for Global Optimality
and Convergence

In this section, local design requirements for the agent systems (5.2), the controller sys-
tems (5.3), and the communication structure (5.4) are derived such that the networked
systems (see Figure 5.1) achieve global optimality and convergence. First, in Section 5.2.1,
the design requirements for optimality are presented. Next, in Section 5.2.2, the design
requirements for convergence are derived.

First, a definition which is paramount to deriving the local design requirements for the
distributed optimization algorithms is introduced.

Definition 5.1 (system with integral action)
A state space system (3.7) is called a system with integral action, if there exist no
other input ū leading to an equilibrium other than ū = 0.

In the next subsection, Section 5.2.1, the design requirements for the agent systems Σi,
the controller systems Πk, and the communication topology are explored.



84 5 Local Design Requirements for Global Optimality in Distributed Convex Optimization

5.2.1 Design Requirements for Global Optimality

In this subsection, the design requirements for the agent systems (5.2), the control-
ler systems (5.3), and the communication structure (5.4) are proposed such that the
closed-loop, networked system in Figure 5.1 meets the network-wide optimality condi-
tions (3.24) or (3.26) (see Section 3.3) at steady state.

Unconstrained Optimization

First, the local design requirements in the case of an unconstrained optimization prob-
lem, i.e., (5.1) without (5.1b)-(5.1c) are stated.

Theorem 5.1 (design requirements unconstrained optimization)
Consider systems (5.2) and (5.3) interconnected by (5.4). Let the communication
graph be connected. If the equilibria of the agent systems (5.2) fulfill

ūi = ∇fi(ȳi) (5.5)

and the controllers (5.3) are systems with integral action as in Definition 5.1, all
equilibria (ȳ, d̄) of the networked system are in the manifold given by Meq =

{(ȳ, d̄) ∈ RnA·n × RnC·n | ȳ = 1nA ⊗ y∗}, where y∗ ∈ Rn is the minimizer of the
unconstrained problem (5.1).

Proof. With Definition 5.1, it follows for the equilibria of the controller systems Πk that
ζ̄k = 0. Inserting it in (5.4a) yields

0 = (E ⊗ In)⊤ ȳ, (5.6)

which is fulfilled if and only if ȳ is contained in the kernel of (E ⊗ In)⊤. Since the
graph is connected, using Proposition B.150 from Appendix B.2, it follows from (5.6)
that all agents are in consensus, i.e., ȳ = 1nA ⊗ θ, where θ ∈ Rn is some constant
vector. Left-multiplying (5.4b) with the matrix (1⊤

nA
⊗ In) and taking into account that

1⊤
nA
E = 0 and property P1 of the Kronecker product as in Appendix B.1, it follows

(1⊤
nA
⊗ In)ū = −(1⊤

nA
⊗ In) (E ⊗ In) d̄

= −(1⊤
nA
E ⊗ In)d̄ = 0. (5.7)

50 Proposition B.1 is original from this work. However, it is presented in the appendix to improve the
reading flow, since it is a purely mathematical proposition characterizing the kernel of a matrix multiplied
with the unity matrix with a Kronecker product.
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Note that the left-hand side of (5.7) can be rewritten as

(1⊤
n ⊗ In)ū =

∑
i∈A

ūi. (5.8)

Inserting the design requirement (5.5) for the equilibrium of the agent systems into (5.8),
the optimality condition (3.24) is obtained. Thus, together with the consensus estab-
lished above, it holds that ȳi = y∗ ∀i ∈ A in steady state. Since the controller outputs
dk remain unspecified, any value d̄ ∈ Rn·nC may be an equilibrium. Thus, the equilibria
are described by the manifoldMeq as stated in the theorem.

Remark 5.1. Note thatMeq is a positively invariant set w.r.t. the networked system composed
of systems (5.2) and (5.3) interconnected by (5.4).

Remark 5.2. Note that the equilibria of systems (5.2) and (5.3) interconnected by (5.4) are not
unique, since z̄ remains unspecified apart from ζ̄k = 0. Depending on the initial values of the
states zk and xi, different equilibria arise in closed-loop operation. However, for all equilibria it
holds that ȳi = y∗, ∀i ∈ A.

Remark 5.3. Even if not included in the definition of the manifoldMeq, the equilibria for the
controller inputs ζk are also uniquely determined by (5.5), viz. ζk = 0, as it becomes clear from
the proof of Theorem 5.1.

Constrained Optimization

In the following, the design requirements for the agent and controller systems in the
case of a constrained optimization problem as in (5.1) are stated.

Theorem 5.2 (design requirements constrained optimization)
Consider systems (5.2) and (5.3) interconnected by (5.4). Let the communication
graph be connected. Let Li : Rn → R be the Lagrange function of agent i ∈ A as
in (3.25) in Section 3.3. If the equilibria of the agent systems (5.2) fulfill

ūi = ∇yi
Li(ȳi, λ̄i, µ̄i) (5.9a)

gil(ȳi) ≤ 0 (5.9b)

hij(ȳi) = 0 (5.9c)

λ̄∗il ≥ 0 (5.9d)

λ̄∗ilgil(ȳ) = 0, (5.9e)

∀l ∈ Cin,i and ∀j ∈ Ceq,i, and the controllers (5.3) are systems with integral action as
in Definition 5.1, all equilibria (ȳ, d̄) of the networked system are in the manifold
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given byMeq = {(ȳ, d̄) ∈ RnA·n×RnC·n | ȳ = 1nA ⊗y∗}, where y∗ is the minimizer
of the constrained problem (5.1).

Proof. This proof largely follows the proof of Theorem 5.1 for the unconstrained case.
Due to the interconnection (5.4), consensus on the outputs yi of the agents is obtained
using Proposition B.1 of Appendix B.2 and the integral action of the controller systems.
Further, following the same procedure as in the proof of Theorem 5.1, (5.7) is obtained.
Inserting condition (5.9a) on the left side and taking into account that all outputs ȳi

are in consensus together with (5.9b)-(5.9e), the KKT optimality condition (3.26) are
obtained.

Due to the proposed algorithm structure in Figure 5.1, the classic optimality condi-
tions (3.24) and (3.26) hold per design at steady state. Consequently, in contrast to the
literature (see Research Gap 2 in Chapter 2), no global initialization or other condi-
tions have to be imposed to achieve global optimality. This implies that agents with
optimization dynamics complying with the requirements given in (5.5) or (5.9) may
leave or rejoin the networked optimization, while the remaining agents in the network
automatically have an equilibrium at the new global optimum y∗ arising from the new
network configuration.

Remark 5.4. Note that in the proofs of Theorems 5.1 and 5.2, only the fact that the nullspace
of the transposed communication incidence matrix E⊤ is of dimension one and contains the
vector 1nA is used to achieve consensus and global optimality. Thus, any matrix fulfilling this
nullspace property can be used.

Communication Topology

At this point, design requirements on the agent and controller dynamics have been
posed such that all equilibria correspond to the global optimizer y∗. In this subsection,
the effects of different agent communication structures on global optimality are studied.
First, the case where a controller is connected to more than two agents is studied.
It is shown that such generalized communication structures exhibit a certain skew-
symmetry property, and are thus amenable to common passivity theory. Afterwards,
the proposed framework is extended to allow directed communication topologies, in
which a controller does not have to send its state back to the agents from whom it
received the estimations, but can instead send it to other agents in the network. Hence,
such directed communication topologies are called non-symmetric communication
structures from now on.
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Figure 5.4: Network composed of three agents and two controllers with a generalized symmetric communica-
tion structure.

Generalized Undirected Topology Consider the interconnection equations (5.4) in
matrix form [

−u
ζ

]
=

[
0 E ⊗ In

(E ⊗ In)⊤ 0

] [
y

d

]
. (5.10)

Instead of considering the controller systems to be located on the edges of the commu-
nication graph between agents, the structure can be interpreted as a bipartite graph.
The disjunct set of agent and controller systems are the nodes of the graph, and the com-
munication between agents and controllers are the edges. The matrix in (5.10) can be
interpreted as the weighted adjacency matrix51 of the bipartite graph [BH12]. Observe
that the adjacency matrix is symmetric, which implies a bidirectional or undirected
communication topology. This symmetry property is instrumental in the derivation of
the Lyapunov function in Section 5.4. However, the only property of the communication
incidence matrix E⊤ that is used in Theorems 5.1 and 5.2 is that E⊤ has a nullspace of
dimension one spanned by the 1nA vector, i.e.,

ker{E⊤} = {α1nA | α ∈ R} (5.11)

(recall Remark 5.4). The incidence matrices of connected graphs are, however, only a
subset of the matrices with this nullspace property (5.11). Thus, any matrixR ∈ RnA×nC

with the nullspace property (5.11) can readily be used, and this is the only requirement
for the communication structure. In particular, all the results of Theorems 5.1 and 5.2
hold for such an R. Figure 5.4 shows the effect of generalized communication for
the graph structure. Observe that a controller is connected to more than two nodes,
instead of being associated with an edge between only two agents as before. With
the generalized communication structure, the second equation in (5.10) computes a
weighted average of the outputs yi. Such a communication matrix is called mixing
matrix in [Shi+15]. The next proposition provides a relation between the number of
agents and controllers necessary to obtain the nullspace property and thus globally
optimal equilibria.
51 A definition where the weights of the adjacency matrix can be negative is adopted here as in [CKG16;

ZB15].
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Proposition 5.3 (minimum number of controller systems)
The network has to contain at least nA − 1 controllers in order to fulfill the nullspace
property.

Proof. The nullspace property states that the communication matrix R⊤ ∈ RnC×nA

should have a nullspace of dimension one spanned by the vector 1nA . Assume nC <
nA − 1. Then, the rank of R⊤ ∈ RnC×nA is at most nA − 2, since it has at most nA − 2

rows. Due to the rank-nullity theorem [HJ12, p. 6], having nA columns and a rank of
nA − 2 implies that the kernel of R⊤ must have dimension two, which violates the
nullspace property.

Directed Graphs and Non-Symmetric Communication Structure In the case of
a directed communication structure, the information exchange is not necessarily bi-
directional between agents and controllers. This is described by a non-symmetric
communication structure, composed of two different matricesRA andRC ∈ RnA×nC of
identical size, i.e., [

−u
ζ

]
=

[
0 RC ⊗ In

(RA ⊗ In)⊤ 0

] [
y

d

]
. (5.12)

The matrixRA describes the information flow from agents to controllers,RC from con-
trollers to agents. An example is given in Figure 5.5. The directed communication from
agents to controllers described byRA is displayed in blue, and the directed communica-
tion from controllers to agentsRC in red. Observe that an agent may send its output yi

to a controller which does not send its integrator state back. As before, the only require-
ment for global optimality in Theorems 5.1 and 5.2 is that the communication matrices
RA and RC have, individually, the stated nullspace property (5.11). Graphically, the
nullspace property ofRA means that the weights of incoming edges at any controller
have to sum up to zero. Similarly, the nullspace property ofRC means that the weights
of the outgoing edges at the controller have to sum up to zero (see Figure 5.5).

The main issue with the directed communication topology is that it does not generally
translate into a skew-symmetric interconnection. This is, however, crucial for a direct
passivity-based stability analysis. The matrix in (5.12) describes a non-symmetric
adjacency matrix of a bipartite graph. In order to cope with that, a greater excess of
EIP on the agent dynamics will be necessary to ensure convergence, as is explained in
Section 5.5 in detail.

Remark 5.5. Note that in both undirected and directed communication structures, the nullspace
property can be trivially fulfilled individually by the controllers and does not require any
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Figure 5.5: Network composed of three agents and two controllers with a directed, non-symmetric commu-
nication structure.

global coordination. Provided that all agents send their output yi, each controller can assign
individually a weight to each incoming (or, similarly, outgoing) edge such that the sum is zero.

In the next subsection, requirements for the agent and controller dynamics to converge
to the global optimizers characterized in this subsection are derived.

5.2.2 Design Requirements for Convergence with Undirected
Communication Topologies

The design requirements which are posed on the agent and controller systems to ensure
convergence to the global optimizers characterized in Section 5.2.1 are, in a broad sense,
EIP properties [SP18; AMP16]. Depending on the scenario, i.e., unconstrained or con-
strained optimization with undirected or directed communication topologies, different
EIP properties are necessary. The following theorem provides local design requirements
for achieving convergence in the case of undirected communication topologies.
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Theorem 5.4 (design requirements for convergence)
Let the agents i ∈ A and controller systems k ∈ C fulfill the design requirements
of Theorems 5.1 or 5.2 and Definition 5.1, respectively. Further, let the agents be
interconnected by a communication structure (5.10) fulfilling property (5.11). In
addition, let the agent systems i ∈ A be EIO and OFEIP(ρi) with ρi > 0 and positive
definite storage function Si, and the controller systems k ∈ C be EIO and EIP
with positive definite storage function Wk. Then, all trajectories of the networked
system converge to a point in the invariant equilibrium manifoldMeq as specified
in Theorem 5.1 or 5.2, which implies that the estimation yi of all agents converges to
the global optimizer y∗.

Proof. Consider the network-wide Lyapunov function

V =
∑
i∈A

Si +
∑
k∈C

Wk. (5.13)

The time derivative, using the OFEIP(ρi) and EIP properties of the agent and controller
systems, reads

V̇ ≤
∑
i∈A

(
ũ⊤
i ỹi − ρiỹ⊤

i ỹi

)
+
∑
k∈C

ζ̃
⊤
k d̃k. (5.14)

Written in stacked network variables, (5.14) reads

V̇ ≤ ũ⊤ỹ − ỹ⊤ (diag{ρi} ⊗ In) ỹ + ζ̃
⊤
d̃

= −ỹ⊤Kỹ, (5.15)

where the last equality follows by inserting the interconnection topology (5.10) into
the first and third term, and introducingK = diag{ρi} ⊗ In. The matrixK is positive
definite, since ρi > 0. Hence, all trajectories converge to ỹ = 0, which corresponds to
the manifoldMeq, and yi = y∗. Since all agents are in consensus, ζk is zero and with
EIO, all zk, k ∈ C and xi, i ∈ A are constant.

Note that Theorem 5.4 covers both unconstrained and constrained optimization. The
state-of-the-art algorithms for the constrained case in continuous time, however, com-
prise discontinuous agent dynamics [Hat+18; CMC16] or differential inclusions [LW15;
ZYH17]. In this case, Theorem 5.4 can still be applied to such dynamics using general-
ized gradients and Lyapunov theory for discontinuous dynamic systems (e.g., [Cor08,
Th. 1] or [BC06, Lemma 1]). To do so, the following additional assumption needs to
hold (see Section 5.4.2 for details):
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Table 5.1: Summary of the design requirement theorems.

Global optimality Convergence

unconstrained Theorem 5.1 Theorem 5.4

constrained Theorem 5.2 Theorem 5.4 (+ Assumption 5.1
for discontinuous agent dynamics)

Assumption 5.1 (existence of solutions)
Consider a discontinuous dynamic system composed of agents i ∈ A and controllers
k ∈ C interconnected by a communication structure (5.10). For all admissible initial
states, a solution of the discontinuous dynamic system exists.

Remark 5.6. Assumption 5.1 is stated as an additional requirement instead of merging it into
Theorem 5.4, since technically, the agent dynamics must not necessarily have discontinuities in
the constrained case. Continuous agent dynamics for a constrained, distributed optimization
problem as in (5.1) may be conceivable, but, to the best of the authors’ knowledge, have not been
proposed yet.

In addition, note that the global optimality design requirements in Theorems 5.1 and 5.2
are local properties for each agent and controller system. Also, OFEIP and EIP are per
design local subsystem properties. Therefore, with the proposed framework, there is
no need for all agents to follow a specific, given algorithm. Networks composed of
agents with heterogeneous optimization dynamics converge to the global optimizer,
provided that the local design requirements for global optimality and convergence
given in Theorems 5.1, 5.2, and 5.4, as well as the nullspace requirement (5.11) for the
communication structure are satisfied. This make the proposed distributed optimization
framework easily scalable and enables agents to leave or (re)join the optimization
without compromising global optimality and convergence. A summary of the original
theorems regarding the design requirements for optimality and convergence is shown
in Table 5.1.

Remark 5.7. The requirement of OFEIP agent dynamics may be restrictive in some cases and can
be relaxed for both the unconstrained and constrained problem with an undirected communication
topology under minor additional information on the agent dynamics (see Section 5.4).

After introducing the novel distributed optimization framework and deriving local
requirements for the agent and controller subsystems, system dynamics for both sub-
systems satisfying these requirements are proposed in the next section.
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5.3 Agent and Controller Dynamics

In this section, various agent and controller dynamics are proposed and their EIP
properties are analyzed. In Section 5.3.1, different agent dynamics for unconstrained
optimization are proposed. Different EIP properties can be derived depending on the
convexity properties of the objective function or on the specific form of the dynamics.
In Section 5.3.2, agent dynamics for constrained optimization are proposed and ana-
lyzed. Lastly, in Section 5.3.3, various controller dynamics are proposed and their EIP
properties are analyzed.

5.3.1 Agent Dynamics for Unconstrained Optimization

First, the EIP properties of a simple gradient descent as agent dynamics are studied.
This is the simplest form of agent dynamics. Although it does not consider any con-
straints, strong passivity properties can be derived without having to do conservative
approximations.

Basic Gradient-based Agent Dynamics Consider the system dynamics for the
agents

Σi :
ẋi = −αi∇fi(xi) + αiui

yi = xi,
(5.16)

where αi > 0 is a scalar design parameter and fi the objective function of agent i ∈ A as
described in (5.1). Condition (5.5) of Theorem 5.1 is trivially fulfilled. The EIP properties
of (5.16) are studied in the next proposition.

Proposition 5.5 (OFEIP agent dynamics)
Consider the storage function Si(x̃i) =

1
2αi
x̃⊤
i x̃i. System (5.16) is EIP, if fi is convex,

and OFEIP(Mconv,i), if fi is Mconv,i-strongly convex.

Proof. Consider the time derivative of the storage function

Ṡi =
1

αi
x̃⊤
i ẋi (5.17)

=
1

αi
x̃⊤
i (−αi∇fi(xi) + αiui). (5.18)
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Next, add x̃⊤
i (∇fi(x̄i)− ūi), which equals to zero for any equilibrium x̄i, ūi, to (5.18)

to obtain

Ṡi = x̃
⊤
i (−∇fi(xi) + ui)− x̃⊤

i (−∇fi(x̄i) + ūi)

= ỹ⊤
i ũi − ỹ⊤

i (∇fi(yi)−∇fi(ȳi)). (5.19)

Taking into account the convexity condition for differentiable functions (3.20), it follows
from (5.19) that Ṡi ≤ ỹ⊤

i ũi, if fi is convex, which shows EIP of (5.16). Furthermore,
it follows from (5.19) that Ṡi ≤ ỹ⊤

i ũi −Mconv,iỹ
⊤
i ỹi if fi : Rn → R is Mconv,i-strongly

convex, which proves OFEIP(Mconv,i) of (5.16).

Corollary 5.6 (EIP agent dynamics)
The system dynamics of the agents (5.16) is also equilibrium-independent dissipative
with a supply rate w(ũi, ỹi) = ỹ

⊤
i ũi−Ψi(ỹi) with Ψi(ỹi) = ỹ

⊤
i (∇fi(yi)−∇fi(ȳi)),

as follows directly from (5.19). Note that Ψi(ỹi) ≥ 0 if the function fi : Rn → R is
convex, thus obtaining EIP as in Definition 3.3.

Agent Dynamics with Feedthrough The agent dynamics (5.16) proposed above show
an excess of output passivity OFEIP, but it does not have any excess of input passivity
IFEIP. However, in some applications, an additional excess of IFEIP is necessary. For
example, when using directed communication topologies, an excess of input passivity
is necessary to ensure stability (c.f. Section 5.5). Therefore, consider the modified agent
dynamics

Σi :
ẋi = −αi∇fi(xi + γiui) + αiui

yi = xi + γiui,
(5.20)

with γi ∈ R≥0. Note that the dynamics (5.20) fulfill the equilibrium requirement of
Theorem 5.1. These particular agent dynamics exhibits a direct feedthrough from input
to output, which is expected to induce an excess of input-feedforward EIP [SJK12, p. 36].
This is formally proven in the next proposition.

Proposition 5.7 (IF-OFEIP agent dynamics)
Consider the storage function Si(x̃i) =

1
2αi
x̃⊤
i x̃i. System (5.20) is IF-OFEIP(νi, ρi)

w.r.t. the supply rate w(ũi, ỹi) = ỹ⊤
i ũi − νiũ

⊤
i ũi − ρiỹ

⊤
i ỹi, with νi = 1

2γi and
ρi = Mconv,i − 1

2γiMLip,i, if the objective function fi : Rn → R is Mconv,i-strongly
convex and has MLip,i-Lipschitz gradients.
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Proof. Consider the derivative of the storage function

Ṡi =
1

αi
x̃⊤
i ẋi

=
1

αi
x̃⊤
i (−αi∇fi(xi + γiui) + αiui)

= x̃⊤
i ui − x̃⊤

i ∇fi(xi + γiui) (5.21)

Next, add x̃⊤
i (∇fi(x̄i + γiūi)− ūi), which equals to zero, to (5.21) and obtain

Ṡi = x̃
⊤
i ũi − x̃⊤

i (∇fi(xi + γiui)−∇fi(x̄i + γiūi)) . (5.22)

Substituting yi = xi + γiui and x̃i = ỹi − γiũi in (5.22) and defining for convenience
f̃i(yi, ȳi) := fi(yi)− fi(ȳi) yields

Ṡi = (ỹi − γiũi)
⊤
ũi − (ỹi − γiũi)

⊤∇f̃i(yi, ȳi)

= ỹ⊤
i ũi − γiũ⊤

i ũi − ỹ⊤
i ∇f̃i(yi, ȳi) + γiũ

⊤
i ∇f̃i(yi, ȳi). (5.23)

In the following, an upper bound for the third and fourth term in (5.23) is derived, since
they are not in a form amenable to the quadratic supply rate provided in the statement
of the proposition. Taking into account the strong convexity condition (3.20), it holds
for the third term that

−ỹ⊤
i ∇f̃i(yi, ȳi) ≤ −Mconv,iỹ

⊤
i ỹi. (5.24)

For an upper bound for the fourth term, first consider that the shifted dynamics ˙̃xi =

−αi∇f̃i(yi, ȳi) + αiũi and note that

1

α2
i

˙̃x⊤
i
˙̃xi =

(
ũi −∇f̃i(yi, ȳi)

)⊤ (
ũi −∇f̃i(yi, ȳi)

)
= ũ⊤

i ũi +∇f̃i(yi, ȳi)
⊤∇f̃i(yi, ȳi)− 2ũ⊤

i ∇f̃i(yi, ȳi) ≥ 0 (5.25)

always holds. Furthermore, bringing the third term of (5.25) into the right-hand side
and taking into account the MLip,i-Lipschitz property (3.22) of∇fi, (5.25) reads

ũ⊤
i ∇f̃i(yi, ȳi) ≤

1

2
ũ⊤
i ũi +

1

2
∇f̃i(yi, ȳi)

⊤∇f̃i(yi, ȳi)

≤ 1

2
ũ⊤
i ũi +

1

2
MLip,iỹ

⊤
i ỹi. (5.26)

Substituting (5.24) and (5.26) in the third and fourth term, respectively, in the derivative
of the storage function (5.23), it results

Ṡi ≤ ỹ⊤
i ũi −

1

2
γiũ

⊤
i ũi −

(
Mconv,i −

1

2
γiMLip,i

)
ỹ⊤
i ỹi, (5.27)

which concludes the proof.
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In the last proposition, it is shown that the agent dynamics (5.20) are IF-OFEIP(νi, ρi)
with indices νi = 1

2γi and ρi = Mconv,i − 1
2γiMLip,i. Note that by choosing γi = 0, the

result of Proposition 5.5 are recovered as expected. As known from the literature, the
OFEIP and IFEIP indices cannot be chosen independently of each other. An increase
of the OFEIP index implies a decrease of the IFEIP index and vice versa [SP18], which
also applies to (5.27). However, even if typically the Lipschitz index is greater than the
strong convexity parameter, i.e., MLip,i ≥ Mconv,i, by choosing γi small enough, it is
always possible to obtain IF-OFEIP(νi, ρi) for system (5.20) with an excess of input and
output passivity, i.e., νi, ρi > 0. The largest bound for γi can be computed by imposing
that ρi > 0 and solving for γi, i.e., γi <

2Mconv,i
MLip,i

≤ 2. Thus, the upper bounds on the
indices are ρi =Mconv,i (when γi = 0) and νi = 1 (when γi = 2).

Agent Dynamics with Quadratic Objective Functions When agents use quadratic
objective functions, Proposition 5.7 can be improved to remove the need for strong
convexity. In Proposition 5.7, strong convexity is required because, without Mconv,i > 0,
the output passivity index ρi cannot be greater or equal to zero. However, for quadratic
objective functions, fewer conservative approximations are necessary, resulting in tighter
bounds for both the OFEIP and IFEIP indices.

Corollary 5.8 (agent dynamics with quadratic objective function)
Assume an agent i ∈ A has a convex quadratic objective function of the form fi(xi) =
1
2x

⊤
i Qixi + q

⊤
i xi + ci, with Qi ∈ Rn×n positive semidefinite, qi ∈ Rn and ci ∈ R.

Consider the storage function Si(x̃i) =
1

2αi
x̃⊤
i Gix̃i with Gi = (In + γiQi)

−1 pos-
itive definite for γi ≥ 0. System (5.20) is IF-OFEIP(νi, ρi) with ρi = eigmin{GiQi}
and νi = eigmin{γiGi}.

Proof. With (5.20), the time derivative of the storage function Si is given by

Ṡi =
1

αi
x̃⊤
i Giẋi

=
1

αi
x̃⊤
i Gi (−αiQi(xi + γiui)− αiqi + αiui)

= x̃⊤
i Gi (−Qi(xi + γiui)− qi + ui) . (5.28)

Adding x̃⊤
i Gi (Qi(x̄i + γiūi) + qi − ūi), which equals to zero, to (5.28), it results

Ṡi = x̃
⊤
i Gi (−Qi(x̃i + γiũi) + ũi)

= x̃⊤
i Gi(In − γiQi)ũi − x̃⊤

i GiQix̃i. (5.29)
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Substituting x̃i = ỹi − γiũi in (5.29) and expanding all the products yields

Ṡi = ỹ
⊤
i (Gi − γiGiQi)ũi − (ỹi − γiũi)

⊤GiQi(ỹi − γiũi)− γiũ⊤
i Gi(In − γiQi)ũi

= ỹ⊤
i (Gi − γiGiQi)ũi + γiỹ

⊤
i QiGiũi + γiỹ

⊤
i GiQiũi

− ỹ⊤
i GiQiỹi − γ2i ũ⊤

i GiQiũi − γiũ⊤
i Gi(In − γiQi)ũi

= ỹ⊤
i (In + γiQi)Giũi − ỹ⊤

i GiQiỹi − γiũ⊤
i Giũi

= ỹ⊤
i ũi − ỹ⊤

i GiQiỹi − γiũ⊤
i Giũi. (5.30)

Note that GiQi in (5.30) is positive semidefinite, which is proven in Proposition B.2
in the Appendix Section B.2. Thus, from (5.30) follows the supply rate stated in the
corollary.

With the last corollary, it is shown that the agent dynamics (5.20) have an IFEIP index
greater than zero even without having a strongly convex objective function. Inspecting
the OFEIP and IFEIP indices as a function of γi, it results

νi(γi) = eigmin{γi (In + γiQi)
−1} (5.31)

ρi(γi) = eigmin{(In + γiQi)
−1
Qi}. (5.32)

Due to the positive definiteness of (In + γiQi)
−1, it directly follows that νi(γi) ≥ 0 and

equality holds only when γi = 0. Furthermore, ρi(γi) ≥ 0, and ρi(γi) = 0 for all γi ifQi

does not have full rank, which is the case for convex (i.e. not strongly convex) objective
functions. For a strongly convex objective function, Q−1

i exists and thus ρi(γi) =

eigmin{
(
Q−1

i + γiIn
)−1}. For γi → 0, it results νi(γi) → 0 and ρi(γi) → eigmin{Qi}.

For γi →∞, it results νi(γi)→ 1
eigmax{Qi}

and ρi(γi)→ 0 from simple limit calculations
as proven in Proposition B.3 in Appendix B. Thus, compared to Proposition 5.7, in
Corollary 5.8 the upper bound γi ≤ 2 is dropped and a wider range of possible OFEIP
and IFEIP index values are obtained. Furthermore, when the objective function is only
convex, the OFEIP index is zero instead of negative.

All in all, in this subsection, various agent dynamics for unconstrained optimization
fulfilling the local design requirements of Section 5.2 have been proposed. The basic
agent dynamics (5.16) are OFEIP(Mconv,i) if the objective function fi is Mconv,i-strongly
convex. Adding a feedthrough in (5.20) introduces an excess of input passivity, obtaining
then IF-OFEIPagent dynamics if fi is strongly convex and the gradient is Lipschitz.
Finally, it has been shown that choosing a quadratic objective function, sharper bounds
on an excess of input and output EIP are obtained.

5.3.2 Agent Dynamics for Constrained Optimization

For considering constraints in the distributed optimization framework, the approached
developed in this dissertation is inspired by the approach in [Hat+18]. It uses a gradient
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descent and projected dual ascent studied in detail in [CMC16]. The method implicitly
constraints the Lagrange multipliers λil to the positive real numbers. Consider the agent
system dynamics

Σi :


ẋi = −αi∇xi

Li(xi,λi,µi) + αiui

λ̇il =

{
0 if λil = 0 and gil(xi) < 0 (mode 1)

gil(xi) otherwise (mode 2)
µ̇ij = hij(xi)

yi = xi,

(5.33)

with αi > 0 and the Lagrange function Li as in (3.25). The variables λi = col{λil} and
µi = col{µij} are defined as in Section 3.3. Note that system (5.33) has discontinu-
ous dynamics and the solutions are understood in the Carathéodory52 sense [Cor08].
The time derivative of a storage function Si(xi,λi,µi) may thus not exist everywhere.
Therefore, the nonpathological derivative of [BC06, Definition 4] is used, which for a
function V (x) is defined as V̇ = ∇xV

⊤ẋ in the case that V is continuously differen-
tiable. Before analyzing the EIP properties, the properties of a steady state of (5.33)
are studied in order to show that it complies with the design requirements for global
optimality (5.9).

Proposition 5.9 (local design requirements fulfilled)
Consider system (5.33). Any equilibrium point

(
x̄i, λ̄i, µ̄i

)
fulfills the design require-

ments (5.9). Further, it holds that λ(t) ≥ 0 ∀t ≥ 0 if λ(0) ≥ 0.

Proof. Equations (5.9a), (5.9c) are trivially fulfilled in the equilibria of (5.33). Further-
more, the multiplier λil is always greater or equal than zero, which can be seen by
inspecting the derivative of λil in (5.33). When the multiplier is zero, the derivative
λ̇il is either positive or zero, in the case gil(x̄i) < 0. Thus, for any steady state, λ̄il ≥ 0

must hold, which is (5.9d). Condition (5.9b) also follows from the previous argument-
ation, since gil(xi) > 0 implies λil is not in an equilibrium. Thus, in all equilibria, it
holds either that λ̄il = 0 and gil(x̄i) ≤ 0, or λ̄il ≥ 0 and gil(x̄i) = 0 per design of the
algorithm (5.33), which corresponds to (5.9e).

After showing that all equilibria of the proposed agent dynamics for constrained optim-
ization (5.33) fulfill the global optimality design requirements (5.9), their EIP properties
are investigated next.

Proposition 5.10 (EIP properties of constrained agent dynamics)

52 The notion of solutions for discontinuous dynamic systems is introduced in Section B.3.
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Consider the storage function Si(x̃i, λ̃i, µ̃i) = 1
2αi
x̃⊤
i x̃i +

1
2 λ̃

⊤
i λ̃i +

1
2 µ̃

⊤
i µ̃i, with

λi = col{λil} and µi = col{µij}. System (5.33) is EIP if the objective function fi
is convex, and OFEIP(Mconv,i) if fi is Mconv,i-strongly convex, provided that the
constraints gil and hij are convex and affine, respectively.

Proof. The nonpathological derivative of Si along (5.33) is

Ṡi =
1

αi
x̃⊤
i ẋi + λ̃

⊤
i λ̇i + µ̃

⊤
i µ̇i. (5.34)

Next, inserting ẋi from (5.33) in (5.34) yields

Ṡi =
1

αi
x̃⊤
i

(
− αi∇xi

Li(xi,λi) + αiui

)
+ λ̃

⊤
i λ̇i + µ̃

⊤
i µ̇i. (5.35)

Adding∇xi
Li(x̄i, λ̄i, µ̄i)− ūi, which equals to zero, to (5.35), it results

Ṡi = x̃
⊤
i

(
−∇xi

L̃i(xi,λi,µi) + ũi

)
+ λ̃

⊤
i λ̇i + µ̃

⊤
i µ̇i. (5.36)

Substituting the Lagrange function and expanding x̃i yields

Ṡi = x̃
⊤
i ũi − x̃⊤

i ∇f̃i(xi, x̄i)︸ ︷︷ ︸
(A)

− x̃⊤
i

(
∇gi(xi)

⊤λi −∇gi(x̄i)
⊤λ̄i

)︸ ︷︷ ︸
(B)

− x̃⊤
i

(
∇hi(xi)

⊤µi −∇hi(x̄i)
⊤µ̄i

)︸ ︷︷ ︸
(C)

+ λ̃
⊤
i λ̇i︸ ︷︷ ︸
(D)

+ µ̃⊤
i µ̇i︸ ︷︷ ︸
(E)

, (5.37)

where gi : Rn → RnIC,i are the stacked functions gil, i.e., gi = col{gil}. The function
hi : Rn → RnEQ,i is defined analogously. Subsequently, it is shown that −B+D ≤ 0 and
−C + E = 0. Hence, Ṡ ≤ x̃⊤

i ũi − A follows from (5.37), which is identical to (5.19) in
Proposition 5.5 and thus the EIP and OFEIP(Mconv,i) properties follow with the same
argumentation.

First, it is shown that −C+ E = 0. Inserting µ̇i from (5.33) into term E and taking into
account that in any equilibrium x̄i, hi(x̄i) = 0 holds, it results

µ̃⊤
i hi(xi) = µ̃

⊤
i hi(xi)− µ̃⊤

i hi(x̄i) = µ̃
⊤
i h̃i(xi, x̄i)

= µ̃⊤
i Aix̃i. (5.38)

Taking into account that∇hi(xi) = A
⊤
i ,Ai = col{a⊤

ij} (as introduced in (5.1)), the term
C is identical to (5.38), thus proving

−C+ E = 0. (5.39)
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W.r.t. term D, both modes are analyzed, i.e., when λi = 0 (mode 1) and gi(xi) < 0 or
when λi > 0 (mode 2), where all operations apply component-wise. In mode 1, λi = 0

holds and the term D becomes

λ̃
⊤
i λ̇i = 0 = λ⊤

i gi(xi). (5.40)

Adding −λ̄⊤
i gi(xi) + λ̄

⊤
i gi(xi), which equals to zero, yields

λ̃
⊤
i λ̇i = λ̃

⊤
i gi(xi) + λ̄

⊤
i gi(xi) ≤ λ̃

⊤
i gi(xi), (5.41)

since λ̄i ≥ 0 and gi(xi) < 0, and thus λ̄⊤
i gi(xi) ≤ 0. In mode 2, it holds that

λ̃
⊤
i λ̇i = λ̃

⊤
i gi(xi), (5.42)

and thus it can be concluded that

λ̃
⊤
i λ̇i ≤ λ̃

⊤
i gi(xi) (5.43)

always holds, regardless of the actual mode. Furthermore, adding−λ̃⊤
i gi(x̄i)+λ̃

⊤
i gi(x̄i)

to (5.43) yields

λ̃
⊤
i λ̇i ≤ λ̃

⊤
i g̃i(xi, x̄i) + λ̃

⊤
i gi(x̄i). (5.44)

Note that λ̃igi(x̄i) =
(
λi − λ̄i

)
gi(x̄i) ≤ 0, since −λ̄igi(x̄i) = 0 and λigi(x̄i) ≤ 0 (c.f.

Proposition 5.9), and thus (5.44) reads

λ̃
⊤
i λ̇i ≤

(
λi − λ̄i

)⊤
g̃i(xi, x̄i). (5.45)

Taking into account the fact that the functions gi are convex and using (3.21), (5.45) can
be overestimated by

λ̃
⊤
i λ̇i ≤ λ⊤

i ∇gi(xi)
⊤x̃i − λ̄⊤

i ∇gi(x̄i)
⊤x̃i,

and factorizing x̃i yields

λ̃
⊤
i λ̇i ≤ x̃⊤

i

(
∇gi(xi)λi −∇gi(x̄i)λ̄i

)
. (5.46)

Define the right-hand side of (5.46) as term D̃, which is equal to term −B. Note that
D ≤ D̃ and thus

−B+D ≤ −B+ D̃ = 0. (5.47)

With (5.39) and (5.47), it has been shown for (5.37) that

Ṡi ≤ ỹ⊤
i ũi − ỹ⊤

i ∇f̃i(yi, ȳi),

holds, which completes the proof.

Having specified agent dynamics for different optimization cases and investigating
their EIP properties, the dynamics for the controller systems are considered next.
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5.3.3 Controller Dynamics

For the controller systems, consider the integrator with feedthrough

Πk :
żk = βkζk
dk = zk + βkζk.

(5.48)

The controller dynamics (5.48) with βk ∈ R>0 are chosen in that form since they then
are a system with integral action as in Definition 5.1, and thus ζ̄k = 0, as required for
an optimal steady state by Theorem 5.1 and 5.2. In addition, (5.48) is EIO. In the next
proposition, the EIP properties of (5.48) are established.

Proposition 5.11 (EIP properties of controller systems)
Consider the storage function Wk(z̃k) = 1

2βk
z̃⊤k z̃k. System (5.48) is IFEIP(βk) for

any βk > 0.

Proof. Consider the time derivative of the storage function Wk and insert the system
dynamics of (5.48) to obtain

Ẇk =
1

βk
z̃⊤k żk (5.49)

=
1

βk
z̃⊤k βkζk. (5.50)

Next, subtracting the equilibrium 0 = z̃⊤k ζ̄k on the right-hand side yields

Ẇk = z̃⊤k ζk − z̃⊤k ζ̄k
= z̃⊤k ζ̃k

= d̃
⊤
k ζ̃k − βkζ̃

⊤
k ζ̃k, (5.51)

where the output equation of the system dynamics (5.48) is used in the last equation.
Note that (5.51) verifies the IFEIP(βk) property with βk > 0.

Remark 5.8. If the feedthrough in the output equation of (5.48) is eliminated, (5.48) is merely
EIP instead of IFEIP(βk), which directly follows from the proof of Proposition 5.11.

Remark 5.9. Note that the controller dynamics (5.48) are a special case of the agent dynam-
ics (5.20) with γi = αi = βk and the objective function fi = 0. However, Proposition 5.11 is
stated here because it allows to state less conservative results compared to Proposition 5.7, since
there several over- and underestimations of the (nonlinear) objective function using the Lipschitz
constant and the strong convexity index were required.
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In this section, different agent and controller dynamics have been proposed and their
EIP properties have been analyzed. The proposed agent dynamics exhibit OFEIP and
IFEIP properties and are capable of handling private, convex constraints. Furthermore,
it has been shown that the design requirements of Theorems 5.1 and 5.2 are fulfilled
with the proposed systems, thus ensuring globally optimal equilibria. In the next
sections, milder conditions for convergence to these equilibria using a similar reasoning
as in Theorem 5.4 are developed.

5.4 Convergence for Undirected Communication
Topologies

In this section, the convergence of the closed-loop system in Figure 5.1 is analyzed
for both unconstrained and constrained optimization with undirected communication
topologies. It is shown that Theorem 5.4 can be applied with the dynamics proposed in
Section 5.3. Furthermore, it is demonstrated that less restrictive convergence require-
ments can be obtained when the admissible agent and controller dynamics are narrowed
to the ones proposed in Section 5.3.

The case of unconstrained optimization is covered in Section 5.4.1, and constrained
optimization in Section 5.4.2.

5.4.1 Unconstrained Optimization

In Section 5.3, it has been shown that the agent dynamics (5.16), (5.20), and (5.33) are
OFEIP with an excess of passivity if the objective function of the agent is strongly convex
(see Propositions 5.5, 5.7 and 5.10).53 In this case, with any of the controller systems
proposed in Section 5.3, convergence to the global optimizer directly follows from
Theorem 5.4. In some applications, however, the agents may only have convex objective
functions, thus having EIP but no OFEIP dynamics according to Propositions 5.5, 5.7
and 5.10. In the following theorem, it is shown that for the unconstrained problem and
an undirected communication topology, the proposed agent and controller dynamics
from Section 5.3 achieve still achieve convergence requiring only convex (and not
strongly convex) objective functions, provided that the sum of all objective functions is
strictly convex.

Theorem 5.12 (convergence without strong convexity)
Let the agents i ∈ A and controller systems k ∈ C obey the dynamics (5.16)

53 Note that the assumption of strongly convex functions is widely adopted in the literature (see, e.g., [LCH20;
LSL20; KCM15]).
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and (5.48), respectively, and let Propositions 5.5 and 5.11 hold. Further, let the
agents be interconnected by a symmetric communication topology (5.10) fulfilling
property (5.11). Then, all trajectories converge to an equilibrium point in the invari-
ant manifoldMeq as specified in Theorem 5.1, if the objective functions of the agents
fi : Rn → R are convex and the sum of all objective functions is strictly convex.

Proof. Consider the network-wide Lyapunov function (5.13) and the time derivative

V̇ ≤
∑
i∈A

(
ũ⊤
i ỹi −Ψi(ỹi)

)
+
∑
k∈C

(
ζ̃
⊤
k d̃k − νkζ⊤k ζk

)
, (5.52)

where Corollary 5.6 is used for the derivative of the agent systems. In network vari-
ables, (5.52) reads

V̇ ≤ ũ⊤ỹ −
∑
i∈A

Ψi(ỹi) + ζ̃
⊤
d̃− ζ̃⊤ (diag{νk} ⊗ In) ζ̃

= −
∑
i∈A

Ψi(ỹi)− ỹ⊤Kỹ, (5.53)

where the last equality follows by inserting the interconnection topology (5.4) into the
first, third and fourth term, and introducingK = (E ⊗ In) (diag{νk} ⊗ In) (E ⊗ In)⊤.
The first term in (5.53) is positive semidefinite, since every Ψi(ỹi) is nonnegative when
fi : Rn → R is convex, see Corollary 5.6. Furthermore, the first term in (5.53) is positive
definite when all ỹi, i ∈ A are in consensus. To show that, assume that the agents are in
consensus, i.e., ỹi = ỹc∀i ∈ A, and since y∗ is unique due to strict convexity of the sum
of all fi, it holds that∑

i∈A
Ψi(ỹi) = ỹ

⊤
c (
∑
i∈A
∇fi(yc)−

∑
i∈A
∇fi(ȳc)),

which is positive for all yc other than y∗, if the sum of all objective functions is strictly
convex (see condition (3.20)), as required in the theorem. The second term ỹ⊤Kỹ

in (5.53) is nonnegative, and positive whenever ỹi are not in consensus. This is because
the matrixK is positive semidefinite, and ỹ⊤Kỹ = 0 is equivalent to (E ⊗ In)⊤ ỹ = 0

[HJ12, Observation 7.1.6]. With Proposition B.1, it holds that ỹ⊤Kỹ = 0 if and only
if ỹi, i ∈ A are in consensus. Thus, (5.53) is nonpositive, being zero only if the agents
are at the optimizer and at consensus, i.e., yi = y∗, i ∈ A, which also is the definition
of the manifoldMeq in Theorem 5.1. Thus, it can be concluded that the output yi of
all agents converge to an equilibrium in Meq. Furthermore, with the EIO of the Σi

systems, the states xi are also constant. Since in the equilibrium manifold Meq the
outputs of the agents yi are in consensus, it holds with (5.4a) and Proposition B.1 in the
Appendix B.2 that ζk = 0, and thus also żk = 0, which means that all z̄k, and thus d̄k,
are constant.
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5.4.2 Constrained Optimization

In this subsection, the convergence behavior for constrained optimization using the
discontinuous agent dynamics (5.33) with undirected communication structures is in-
vestigated. In this case, Theorem 5.4 is only applicable under Assumption 5.1. Thus, the
closed-loop networked system (see Figure 5.1) is analyzed to ensure that appropriate
solutions exists, i.e., that Assumption 5.1 holds. Afterwards, similar steps as in The-
orem 5.12 are followed for the unconstrained case to show via Lyapunov theory that
the convergence of all solutions to the global optimizer y∗ requires only the sum of all
objective functions to be strictly convex.

The closed-loop system is composed of agent systems (5.33) and controller systems (5.48)
interconnected by a generalized communication structure (5.10), i.e.,

ẋ = −α◦∇xL(x,λ,µ)−α◦(R⊗ In)d (5.54a)

λ̇ =

{
0 if λ = 0 and g(x) < 0

g(x) otherwise
(5.54b)

µ̇ = h(x) (5.54c)

ż = β◦(R⊗ In)⊤y, (5.54d)

with the outputs y = x and d = z + β◦ (R⊗ In)⊤ y. The variables x, λ, µ, z, and
functions L : RnA·n × RnEQ × RnIC → RnA·n, g : RnA·n → RnIC , h : RnA·n → RnEQ

are network variables and functions, respectively, i.e., x = col{xi} ∈ RnA·n and L =

col{Li}, i ∈ A. The variables α◦ and β◦ are diagonal matrices, i.e., α◦ = α ⊗ In and
α = diag{αi}.54 In (5.54b), the operations apply component-wise. Note that the closed-
loop system is a dynamic system with discontinuous right-hand side due to (5.54b). For
such systems, the existence of a solution is not ensured by classical theorems, since the
vector field is not locally Lipschitz. Instead, the existence of solutions has to be studied
for each specific system before the properties of their solutions are analyzed [Cor08]. In
the following, existence, uniqueness and continuity w.r.t. initial states of the solution of
(5.54) is proven. For that, similar arguments as in [CMC16] are followed leveraging the
theory of projected dynamic systems, which are a special type of dynamic systems with
discontinuous right-hand side. For projected dynamic systems, there exist useful results
about the existence of solutions, see Appendix B.4. The following proposition shows
that the closed-loop system (5.54) can be cast as such a projected dynamic system.

Proposition 5.13 (equivalence with projected dynamic system)
The discontinuous system (5.54) can be written as a projected dynamic system.

54 Note that the notation with the circle as a subscript has been introduced in Section 1.2 and is used in the
rest of this chapter without further explanation.
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Proof. The proof consists of finding a continuous vector field and a closed convex set
K such that the projected dynamic system defined thereby is equal to system (5.54).
Consider the vector field

ϕ(x,λ,µ, z) =


−α◦∇xL−α◦(R⊗ In)z

g(x)

h(x)

β◦(R⊗ In)⊤x

 , (5.55)

which is a version of (5.54) without the discontinuity at λ = 0, and the closed and
convex set K = RnA·n × RnIC

≥0 × RnEQ × RnC·n. Observe that the set K excludes negative
Lagrange multipliers λ, understood to be component-wise. Next, consider the projected
dynamic system 

ẋ⋄

λ̇
⋄

µ̇⋄

ż⋄

 = ΓK(ϕ((x
⋄,λ⋄,µ⋄, z⋄)), (x⋄,λ⋄,µ⋄, z⋄)). (5.56)

The notation with a diamond in the superscript is chosen for the projected dynamic
system in order to distinguish it from the discontinuous dynamic system (5.54). Note
that as per Proposition B.4, Case (i), in the interior of K, i.e., when λ⋄ > 0, the projection
is not active and (5.56) is identical to (5.54), i.e., λ̇

⋄
= g(x⋄). Thus, (5.56) has to be

investigated only at the boundary of K by comparing it with (5.54). Note that the
boundary of K is also where the discontinuity in (5.54) is. On the boundary of K, some
Lagrange multipliers are zero, i.e., λ⋄q = 0, with q ∈ I, where I ⊆ Cin is the set of
multipliers that are zero. For these multipliers on the boundary of K, either gq(x⋄) ≥ 0

or gq(x⋄) < 0 holds. In case of gq(x⋄) ≥ 0, note that the vector field points inwards into
K and thus the projection is not active. In this case, (5.54) has no discontinuity, and thus
it holds λ̇⋄q = gq(x

⋄) in (5.56) and λ̇q = gq(x) in (5.54), which is equal in both systems.
When gq(x⋄) < 0, the vector field points outwards perpendicular to the boundary of K,
and due to Remark B.1, in such a case the vector projection onto K is zero, i.e., λ̇⋄q = 0.
For (5.54), in case that gq(x) < 0, it holds that λ̇q = 0, which is again identical to the
projected system. This completes the proof.

With Proposition 5.13, Proposition B.5 in Appendix B.4, and by assuming that all func-
tions fi, gil and hij are Lipschitz, it can be concluded that the closed-loop system (5.54)
has a unique continuous solution which is continuous w.r.t. the initial state. Con-
sequently, the stability properties of the system trajectories can now be studied. For that,
Lyapunov theory for systems with discontinuous right-hand side is used, in particular
the invariance principle for Carathéodory systems proposed in [BC06].

Theorem 5.14 (convergence constrained optimization)
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Let the agents and controller systems obey the dynamics (5.33) and (5.48), respect-
ively, let Propositions 5.10 and 5.11 hold, and let the systems be interconnected
by (5.4). Then, the equilibrium ȳi = y∗, i ∈ A is globally asymptotically stable, if
the sum of all objective functions fi : Rn → R, i ∈ A is strictly convex, fi and gi are
Lipschitz, and λil(0) ≥ 0.

Proof. Consider the Lyapunov function (5.13) and its time derivative

V̇ =
∑
i∈A

Ṡi +
∑
k∈C

Ẇk (5.57)

which holds for almost every t ∈ [0,∞), [BC06]. Note that the agent dynamics (5.33)
are dissipative w.r.t. the same supply rate as the agent dynamics (5.16) as per Proposi-
tion 5.10. Thus, with identical arguments as in the derivation of the inequality (5.53), it
holds for (5.57)

V̇ =
∑
i∈A

Ṡi +
∑
k∈C

Ẇk ≤ −
∑
i∈A

Ψi(ỹi)− ỹ⊤Kỹ, (5.58)

whereK = (E ⊗ In) (diag{νk} ⊗ In) (E ⊗ In)⊤. With the invariance principle in [BC06,
Proposition 3], all trajectories converge to the largest invariant set in the set {(x,λ,µ, z) ∈
RnA·n×nC·n×nEQ×nIC | V̇ = 0}. With the same reasoning as in Theorem 5.12, it can be
concluded that all trajectories are bounded and converge toMeq. Since the sum of all
objective functions is strictly convex, the minimizer is unique [BV04] and thus λ = λ∗

and µ = µ∗ at steady state. Since all ỹi are in consensus, the states z and outputs d are
constant.

Note that inequality (5.58) is fulfilled when using any agent dynamics (5.16), (5.20)
and (5.33), since they have structurally identical EIP properties. Thus, convergence is
ensured even when agents use different system dynamics (5.16), (5.20) or (5.33) with
convex functions, or other dynamics as long as these dynamics are OFEIP(ρi) and the
design requirements from Theorem 5.1 or 5.2 hold.

5.5 Convergence for Directed Communication
Topologies

In this section, the unconstrained problem in which agents and controllers are connected
via a directed communication structure is considered. First, it is shown that such a
directed communication structure hampers obtaining convergence results as in the
previous sections. Afterwards, convergence results are derived that require, in contrast
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to the case of undirected communication, verifying a global linear matrix inequality to
ensure convergence.

Consider a set A of agents Σi, i ∈ A and a set C of controllers Πk, k ∈ C. Assume
the agent dynamics are OFEIP(ρi) and the controller dynamics IFEIP(νk). Consider
a Lyapunov function (5.13) as in Theorem 5.12. Using the OFEIP(ρi) and IFEIP(νk)
properties, the time derivative of the Lyapunov function in network variables is

V̇ ≤ ũ⊤ỹ − ỹ⊤(ρA ⊗ In)ỹ + ζ̃
⊤
d̃− ζ̃⊤(νC ⊗ In)ζ̃, (5.59)

with ρA = diag{ρi} and νC = diag{νk}. Inserting the directed interconnection struc-
ture (5.12) into (5.59) yields

V̇ ≤ −1

2

[
ỹ

d̃

]⊤ [
2K (RC −RA)

(RC −RA)
⊤

0

]
⊗ In

[
ỹ

d̃

]
, (5.60)

withK = ρA+RAνCR
⊤
A. Note that the matrix in (5.60) is indefinite ifRA ̸= RC since it

is a so-called saddle-point matrix [BGL05], and thus fails to prove asymptotic stability.55

To provide remedy, the zero block in the bottom right of the matrix in (5.60) needs
to be replaced by at least a positive semidefinite matrix in order to achieve positive
semidefiniteness. This can be accomplished either by requiring the agent dynamics to
possess, in addition to the OFEIP(ρi) property, an IFEIP(νi) property, or by requiring the
controller dynamics to be OFEIP(ρk) as well as IFEIP(νk). Then, the matrix becomes[

2K (RC −RA)

(RC −RA)
⊤

2L

]
, (5.61)

with L = ρC +R⊤
C νARC and ρC , νA analogously to ρA in (5.60). Since an OFEIP(ρk)

property for the controller systems would prevent the systems having integral action
as in Definition 5.1, which is instrumental for achieving global optimality, the only
option is to require the agent dynamics to be IFEIP(νi). In (5.20), a system which is
IF-OFEIP(νi, ρi) is proposed. This system is used in the next theorem to establish con-
vergence to the global optimizer. Consider a group of agents (5.20) and controllers (5.48)
without feedthrough as in Remark 5.8 interconnected by a directed, non-symmetric
communication structure (5.12)

ẋ = −α◦∇f(x+ γ◦u)−α◦ (RC ⊗ In)d (5.62a)

ż = β◦ (RA ⊗ In)⊤ y, (5.62b)

with y = x+γu, γ = diag{γi}, d = z and u = − (RC ⊗ In)d, andα◦,β◦ as in (5.54).

Theorem 5.15 (convergence with directed communication topology)

55 Note that the Kronecker product with In does not alter the definiteness of the matrix.
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Consider the closed-loop system (5.62). Let the dynamics of the agents i ∈ A and
controllers k ∈ C fulfill Propositions 5.7 and 5.11, respectively. Assume that the
matrices RA and RC of the non-symmetric communication structure (5.12) fulfill
property (5.11). Then, the equilibrium ȳi = y∗, i ∈ A is a globally asymptotically
stable equilibrium point of the closed-loop system (5.62), if the singular matrix[

2K (RC −RA)

(RC −RA)
⊤

2L

]
, (5.63)

withK = ρA andL = R⊤
C νARC , is positive semidefinite and the matrixβR⊤

AK
−1R̃,

with R̃ = RC −RA and β = diag{βk}, has eigenvalues which are either zero or
have a positive real part.

Proof. Since the agent dynamics (5.20) are IF-OFEIP(νi, ρi) as in Proposition 5.7 and the
controller dynamics (5.48) are EIP, the derivative of the Lyapunov function (5.13) is

V̇ ≤ −1

2

[
ỹ

d̃

]⊤ [
2K RC −RA

(RC −RA)
⊤

2L

]
⊗ In

[
ỹ

d̃

]
, (5.64)

withK andL as stated in the theorem. Since it is required by the theorem that the matrix
in (5.64) is positive semidefinite, V̇ ≤ 0 holds and boundedness of the trajectories is
guaranteed. For proving that all trajectories converge to the setMeq, Lasalle’s Invariance
Principle is invoked. The proof consists of showing that the trajectory converges to a
point, i.e., there are no persistent oscillations. Since all equilibria are in the setMeq as
per Theorem (5.1), it suffices to show that the convergence is to a point.

Denote v⊤ = (ỹ⊤, d̃
⊤
) and U the matrix in (5.64). Note that a vector v ∈ R(nA+nC)n

corresponds to the set L = {(x, z) ∈ R(nA+nC)n | V̇ = 0} if and only if v⊤Uv = 0 holds.
To inspect which vectors v belong to the set L, consider first

1

2
v⊤Uv = ỹ⊤K◦ỹ + ỹ⊤ ((RC −RA)⊗ In) d̃+ d̃

⊤
L◦d̃, (5.65)

whereK◦ =K ⊗ In and L◦ = L⊗ In for convenience. With [HJ12, Observation 7.1.6],
it holds that v⊤Uv = 0 if and only if Uv = 0. The first equation in Uv = 0, i.e,

K◦ỹ + ((RC −RA)⊗ In) d̃ = 0, (5.66)

relates the output of agents and controllers in the set L. Solving (5.66) w.r.t. ỹ and
inserting it in the system dynamics (5.62b) of the controllers, it results

˙̃
d = ˙̃z = −β

(
R⊤

A ⊗ In
)
K−1

◦ ((RC −RA)⊗ In) d̃, (5.67)
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which describes the dynamics in L. Thus, it suffices to show that the output d and state
z in (5.67) converge to a steady state. Note that the system matrix in (5.67) does not
have full rank and thus cannot be Hurwitz. However, if the matrix in (5.67) has only
eigenvalues at the origin or with a positive real part, all trajectories d(t) converge to a
steady state56. Thus, the input of the agent systems (5.20) is constant, and the system
reaches a steady state. The condition stated in the theorem that βR⊤

AK
−1R̃ has only

eigenvalues at the origin or with a positive real part implies that the matrix in (5.67) has
also only eigenvalues at the origin or with a positive real part, since they are related by
the Kronecker product with the unity matrix. Since the conditions of Theorem 5.1 are
fulfilled, all equilibria correspond to the global minimizer ȳi = y∗, which concludes the
proof.

Remark 5.10. For undirected communication, RA = RC holds, so R̃ = 0 and ˙̃
d = 0.

Therefore, the eigenvalue condition in Theorem 5.15 is always satisfied, and we obtain exactly
the results for undirected topolgies of Theorem 5.12 in that special case.

With the following corollary, the second condition in Theorem 5.15 can be dropped
when a certain number of controllers are used.

Corollary 5.16 (less restrictive convergence with directed communication)
Consider the setup of Theorem 5.15. Then, the equilibrium ȳi = y∗, i ∈ A is a
globally exponentially stable equilibrium point of the closed-loop system if exactly
nC = nA − 1 controllers are used and the matrix[

2K RC −RA

(RC −RA)
⊤

2L

]
, (5.68)

withK and L as in (5.63) is positive definite.

Proof. Consider the same Lyapunov function as in Theorem 5.15. Note that the matrices
K andL in (5.59) are, in general, positive definite and positive semidefinite, respectively.
If nC = nA − 1, matrix L = R⊤

C νCRC is positive definite sinceRC has full column rank.
Thus, depending on the communication topology, the matrix (5.68) may be positive
definite, which is set as a condition in the corollary.

56 This follows from linear systems theory: the solution of the state space differential equation is a linear
combination of exponential functions with exponents given by the eigenvalues. Persistent oscillations can
only occur if there are purely imaginary eigenvalues, which is excluded by the stated condition of having
eigenvalues at zero or with a negative real part.
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Note that both results for directed communication structures require, in contrast to the
case with undirected topologies, to check global LMIs of the size nA+nC , i.e., the added
number of agents and controllers. While such a check is numerically cheap and feasible
for small networks, it becomes costly for larger networks with many participants. Thus,
undirected communication topologies seem preferable for large-scale networks.

5.6 Numerical Examples

In this section, we give numerical examples to illustrate some of the theoretical results
obtained throughout the chapter. We highlight that the agents may use different op-
timization algorithms and may leave/(re)join the optimization without compromising
global optimality and convergence nor requiring a global initialization. First, we demon-
strate these features by means of an illustrative example comprising also constrained
optimization. Afterwards, we provide a comparison with prevalent algorithms from
the literature to show the advantages of the proposed framework.

5.6.1 Illustrative Example with Constrained Optimization

Consider 100 agents with scalar objective functions fi : R→ R and constraints randomly
generated out of the three possible objective function models

Model 1: fi(y) = aiy
2 + biy (5.69)

Model 2:
fi(y) = aiy

2 + biy

s.t. y ≤ 0.5
(5.70)

Model 3: fi(y) = ey+bi + e−(y+bi) . (5.71)

The parameters ai ∈ [0, 2] and bi ∈ [−2, 2] are randomly generated with uniform
distributions. Note that the objective function Models 1 and 2 have an optimizer at
y∗ = − bi

2ai
, and Model 3 at y∗ = −bi. Since all bi are uniformly distributed with a mean

at zero, it is to be expected that the nA agents have an optimizer near to zero.

Further, each agent has a controller (5.48) with βk = 35. The agents use heterogeneous
dynamics, i.e., (5.16) or (5.20), randomly, for the unconstrained Models 1 and 3. Dynam-
ics (5.33) are used for all agents having Model 2. The parameters of the agent dynamics
are set to αi = 1 and γi = 1. For the generalized communication structure (5.10), a
randomly generated matrix R ∈ R100×100 fulfilling property (5.11) is generated. The
probability of an agent i ∈ A to exchange information with agent j ∈ A is 10%, such
that every agent is on average connected to 10 other agents. At time t = 100 s, the group
of 100 agents is separated into two groups of 50 agents, which form two independent
groups. The groups are chosen such that the 50 agents with the greatest bi, roughly
speaking with bi ∈ [0, 2], are in a group. Since Models 1 and 2 have on average in this
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Figure 5.6: Estimations of the global optimizer of all agents.

group an optimizer at y∗ = −0.5 and Model 3 at y∗ = −1, an optimizer at around
−0.75 for this group is expected. Conversely, the 50 agents with the smallest bi, roughly
speaking with bi ∈ [−2, 0], are in the second group. Analogously, for this group, an
optimizer at 0.75 is expected, which is restricted to 0.5 due to the constraint of Model 2.
Then, two connected groups of agents remain in individual distributed optimizations.
The probability to be connected with another agent remains 10%, such that every agent
is on average connected to 5 agents of its group.

In Figure 5.6, the local estimations of the agents are shown. Until time t = 100 s, all
agents are connected and the global minimizer y∗ = 0.0258 is found cooperatively. At
time t = 100 s, the group splits in two (in real applications this could be due to network
failure of critical links, or due to agents disconnecting). However, the two groups find
cooperatively their respective global minima of y∗

1 = 0.5 and y∗
2 = −0.7789.

5.6.2 Comparison with State of the Art

In this section, the proposed framework is compared with the most prevalent distributed
optimization algorithms, i.e. EXTRA [Shi+15, Algorithm 1], DIGing [NOS17, Algorithm
1], and distributed PI [KCM15, (4)]57. In this example, the same scenario as in the
previous example is implemented but without the constraint in Model 2, since EXTRA,
DIGing and distributed PI are not designed for handling constraints. All algorithms
use the same initial estimation x(0). As in the previous example, the 100 agents split up
in two groups of 50 agents at time t = 100 s (or iteration k = 250 for the discrete time
algorithms).

Note that the algorithms from the literature require a global initialization. In contrast,
the framework proposed in this work does not require any global initialization at any

57 Note that all these algorithms have a similar computational complexity. The algorithms comprise sums,
multiplications and gradient function evaluations.
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Figure 5.7: Evolution of all agents’ optimizer estimates during distributed optimization. DIGing, EXTRA and
dPI are (re-)initialized at the beginning and after the split.

time. The advantage of not requiring a global initialization is showcased in the follow-
ing. In order to illustrate the effects of this initialization requirement, the distributed
optimization is performed with each algorithm in two ways: (1) the algorithms are
executed as described in the respective papers without any special routine during the
agent split at t = 100 s (or iteration k = 250); and (2) performing again, in a synchron-
ous manner, the respective global initialization right after the agents split into two
groups. The results of this distributed optimization for each algorithm can be seen in
Figures 5.7-5.9.

First, the mode of execution (2) is considered. Figure 5.7 shows the evolution of the
estimations of all agents for each algorithm. Until t = 100 s (or k = 250 for the discrete-
time algorithms), the agents form a group and all algorithms converge to the global
optimizer, y∗ = 0.0258. At t = 100 s (or k = 250), the agents split in two groups and
each group converges to its respective optimizer at y∗1 = 0.7825 and y∗2 = −0.7789. It
can be observed that the dynamics of each algorithm are different despite converging to
the same optimizer. It is important to note that the step sizes have not been tuned for
achieving best performance, but for achieving a similar convergence rate to improve
comparability. The average distance to the optimizer of all agents can be seen in
Figure 5.8 for EXTRA, DIGing, distributed PI and the proposed method. It can be seen
that all four algorithms are able to reduce the distance to the optimizer when all agents
form a group (blue line, until t = 100 s or k = 250) and also after the agents split up in
two groups (orange and yellow). This is because the initialization is performed right
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Figure 5.8: Average distance to the optimizer of all agents’ estimates during distributed optimization. DIGing,
EXTRA and dPI are (re-)initialized at the beginning and after the split.

after the split in all algorithms as described for mode of execution (2) (except for the
proposed method, which does not require any initialization).

Now, the mode of execution (1) is studied, i.e. the algorithms are executed as described
in the respective papers without any special routine during the agent split at t = 100 s
(or k = 250). In Figure 5.9, the average distance to the optimizer of all agents is shown
for the mode of execution (1). It can be seen that all existing algorithms (EXTRA, DIGing,
dPI) fail to converge to the optimizer after the agents split due to the need of a global
initialization. Thus, as shown in Figure 5.8, the EXTRA, DIGing and distributed PI
only converge if they are reinitialized whenever a change in the network occurs. In
the proposed method, convergence to the optimizer is given per design. In terms of
functionality, this is the main difference between the proposed method and the literature.
This is an advantage when considering scenarios where the number of agents is not
constant, i.e. where agents may join or leave the distributed optimization.

5.7 Discussion and Outlook

The main contribution of this chapter are local design requirements for distributed
optimization algorithms. All existing methods assume that all agents use a specific
algorithm and thus rely on a centralized convergence and optimality analysis. The
method proposed here opens up the possibility to use heterogeneous algorithms for
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Figure 5.9: Average distance to the optimizer of all agents’ estimates during distributed optimization. DIGing,
EXTRA and dPI are (re-)initialized only at the beginning (k = 0 or t = 0) and not after the split.

each agent within a distributed optimization. In addition, individual agents may leave
or (re)join the distributed optimization and the communication topology may change
almost arbitrarily.58 The local design requirements are derived by exploiting the classic
control structure of passivity-based control as seen in Figure 5.1, yielding a distributed
optimization framework without requiring any global coordination or initialization.
The proposed optimization structure first introduces controller systems in distributed
optimization, that are responsible for achieving consensus among the agents by penaliz-
ing the consensus error with a PI-like structure. However, the controller systems raise
the question of where such controller systems should be physically implemented. It has
been shown in Example 5.1, that the controller systems may be physically implemented
as part of the agent systems, or alternatively as independent entities with computation
capabilities, leading both possibilities to (mathematically speaking) identical algorithms.
For the practical implementation, protocols regarding where and by whom controller
systems are created and physically implemented are necessary. These practical imple-
mentation aspects lay outside of the scope of this thesis and were not considered in this
work.

Still regarding the controller systems, it is important to note that only an integrator with
feedthrough (PI controllers) is considered in this chapter. However, the only local design
requirement posed on the controller systems is that they are systems with integral action

58 It is assumed that the communication topology is always described by a connected graph. If the graph
is not connected for some time period, it results automatically in individual distributed optimizations
corresponding to the connected subgraphs during that time period, as presented in the numerical example.
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as in Definition 5.1. Thus, a nonlinear function weighting the consensus error59 can be
readily considered and analyzed via Proposition 5.11. With a nonlinear weighting, large
consensus errors can be penalized60 more than small errors. This may lead to higher
performance, i.e., faster convergence, if properly designed. Even an adaptive consensus
error weighting is possible and complies with Proposition 5.11 whenever βk(t) > 0.

Furthermore, the proposed distributed optimization framework is formulated in con-
tinuous time, exploiting the large body of passivity theory which is traditionally formu-
lated in continuous time. Despite the strong theoretical results in the continuous-time
setting, for a practical implementation, a discrete-time version is necessary. In this work,
forward Euler and Runge-Kutta methods have been used for solving the differential
equations (via SIMULINK). Apart from simply discretizing the continuous-time system
with well-known methods, the distributed optimization framework may be entirely for-
mulated in discrete time using the corresponding discrete-time passivity theory [SP18].
This may open up a whole new dimension for the agent dynamics, which may profit
from widely used algorithmic refinements such as the proximal operator [PB14]. By
using the proximal operator, it is expected that OFEIP discrete-time agent dynamics are
be obtained even without strong convexity.

Convergence and optimality are also ensured when using directed communication
topologies within the distributed optimization framework. In this case, however, the
feasibility of a network-wide LMI of the order nA+nC has to be checked. This is because
the structure of the closed-loop system does not correspond to a pure skew-symmetric
interconnection anymore, and passivity theory is not readily applicable. A possibility to
avoid the feasibility check of a network-wide LMI in the proof of convergence may be
to use non-separable Lyapunov functions along with complex variable transformations
as it is done for a particular algorithm in [KCM15].

Finally, the flexibility introduced with the local design requirements implies that, if
satisfied, the agents can use heterogeneous agent dynamics. Thus, it is possible to
include other popular optimization algorithms, i.e., heavy ball [Pol64] or Nesterov
acceleration [Nes18]. For that, the analysis of their EIP properties is necessary. This
docks on recent pioneering work [Les22; Zhe+24], which studies the EIP properties of
such algorithms for achieving robustly, with minimal information about the objective
function, the fastest convergence rate in central optimization.

5.8 Summary and Contributions

In this chapter, a novel passivity-based perspective for distributed optimization al-
gorithms composed of agent and controller systems has been presented. Local design

59 The nonlinear function must be strictly monotone and pass through the origin.
60 With penalized it is meant that the PI controller gives a larger output and the integrator grows faster,

leading to a faster response from the agents.
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Figure 5.10: Summary and interrelation of the main theorems presented in this chapter. Blue color indicates
that minor information on the agent dynamics has to be known, and brown color that the
feasibility of a network-wide LMI has to be checked.

requirements for the agent and controller systems ensuring convergence to the global
optimizer are derived. Therefore, in contrast to the literature, the focus is not on deriving
a specific algorithm which all agents have to follow, but on deriving the conditions the
agents have to fulfill to achieve global optimality and convergence. In particular, the ap-
proach works without any global initialization and by exchanging only a single variable,
in contrast to existing methods (see Research Gap 2 in Section 2.4). As a consequence,
the agents may leave and rejoin the distributed optimization without compromising
global optimality and convergence. Hence, the approach is especially suited for flexible
multi-agent systems, where the network size and participants may vary. An example of
such a use case are power systems, where a DGU or market participant may leave the
networked optimization due to a lack of available power or other, economic reasons.

With this chapter, Research Gaps 2 and 3 are addressed and a method fulfilling Contri-
bution 2 is proposed. In Figure 5.10, the interrelation of the main theorems proven in
this chapter is shown. Theorems 5.1 and 5.2 set the basis for the distributed optimization
framework by introducing the local design requirements ensuring global optimality at
steady state in both the unconstrained and constrained case. Assuming that every agent
fulfills the design requirements, the remaining theorems ensure convergence when dif-
ferent convexity conditions on the objective function of the agents or the communication
topologies are posed. Blue color indicates that minor information on the agent dynamics
has to be known, and brown color indicates that the feasibility of a network-wide LMI
has to be checked.

This distributed optimization framework can be readily utilized for solving the dis-
tributed MPC presented in Chapter 4, by incorporating the grid dynamics as a private
constraint for agent i ∈ A. With the proposed distributed optimization framework,
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the individual grids may disconnect from the rest of the grid and reconnect without
compromising the solution of the distributed optimization — and without the other
agents even noticing.



6 Economic Ports for Optimal Operation of
Liberalized Power Systems

In this chapter, a framework for the optimal operation of power systems compatible
with a liberalized power system as defined in Term 2.2 is presented.61 The method
proposed in this chapter is an alternative to the method of Chapter 4 for achieving
optimality and stability, but considering a liberalized power system. In sharp contrast
to Chapter 4, there is no superior authority that dictates which computations have to be
performed.

The framework proposed in this chapter addresses Research Gaps 4, 5 and 6. To
tackle these gaps, a novel price-forming mechanism and the concept of economic ports
are introduced, specifically designed for future power systems dominated by power
electronics.

The chapter is organized as follows. In Section 6.1, the system dynamics and the network
participants are presented. The system dynamics are based, analogously to Chapter 4,
on the power system components introduced in Section 3.4. However, in this chapter,
different control paradigms, which represent different agents or network participants,
are considered for the DGUs. The grid-forming DGUs which stabilize the system belong
to the system operator. The grid-following DGUs, which inject a specified amount of
active power irrespectively of the grid state, belong to the flexible prosumers which are
rational, profit-driven agents.

In Section 6.2, the participants along with their goals are modelled mathematically
through the perspective of a liberalized power system. As mentioned before, two
fundamental types of network participants are distinguished: system operators and
prosumers. The prosumers can be further categorized in flexible and inflexible prosumers.

In Section 6.3, the controllers for each participant are derived. The controllers are
designed such that the goals of the network participants, modelled in the previous
section, are fulfilled at steady state. The profit-driven prosumers implement a controller
aimed at minimizing their own cost. The system operator implements a price-forming
mechanism linked to the stabilizing grid-forming DGU. The price-forming mechanism
can be interpreted as connecting the control effort necessary to stabilize the grid to the
price.

Sections 6.4 and 6.5 consider a single grid. In Section 6.4, a grid and its interconnection
ports are defined mathematically. Two types of ports are distinguished, electric and
61 Preliminary results leading to the content of this chapter have been presented in the conference pa-

pers [JS+23a; JSDH23; JSH23].
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novel economic ports. In Section 6.5, the stability of a single grid is studied by means of
Lyapunov theory.

In Section 6.6, the interconnection of several grids forming a power system is studied.
The stability properties of networked grids are analyzed using the EIP properties of the
individual grids characterized in Section 6.6.1. In Sections 6.6.2 and 6.6.3, the electric
and economic interconnection of grids is proposed and their stability and optimality
properties are studied. In particular, it is shown that all equilibria arising in the proposed
framework correspond to a uniform marginal pricing (UMP) as resulting from the merit
order principle in current energy markets (see Section 2.1).

Finally, the chapter is concluded with a discussion and a summary in Sections 6.8
and 6.9.

6.1 Network Participants and Power System Model

In this section, the whole power system model and the network participants are intro-
duced. A main difference with respect to the power system model in Chapter 4 is that
also grid-following DGUs are considered in this framework, which belong to the price
takers that do not exist as such in the regulated framework in Chapter 4.

6.1.1 State-Space Grid Model

A set of grids m ∈ M = {1, . . . , nmg} is considered, where each grid consists of a
set Bm containing nmB = |Bm| electrical buses or nodes, interconnected by a set Em of
nmE = |Em| electrical lines. By assigning an arbitrary direction to the positive line current
on each power line, the topology of each grid can be represented as a directed graph
Gm(Bm, Em), where Bm denotes the nodes and Em the edges. A subset of nodes, i.e.,
BmL ⊆ Bm, are equipped only with a nonlinear load, while other nodes, i.e., BmDGU ⊆ Bm,
also include a DGU. The sets BmL and BmDGU together comprise all nodes in the grid, i.e.,
BmL ∪ Bm

DGU = Bm. The nodes i ∈ BmDGU are equipped with a DGU and its voltage vi can
be directly controlled.

In the following, the model of a single grid is considered. Thus, the grid index m is
omitted until further notice.
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Grid-forming and grid-following control of DGU

The dynamics for every bus i ∈ BDGU are derived in detail in Section 3.4 (see Figure 3.4).
The dynamics are governed by the differential equations

Cf,iv̇i = if,i − iL,i(vi)− iext,i (6.1a)

Lf,ii̇f,i = vt,i −Rf,iif,i − vi, (6.1b)

where iext,i is the cumulative current injected by interconnecting lines. The load iL,i is
modelled as a nonlinear, static ZIP load as introduced in (3.31).

The DGU described above is normally equipped with a grid-forming or a grid-following
controller [Roc+12]. Grid-forming controllers inject the necessary current if,i (and
thus indirectly the necessary power) in order to regulate the node voltage vi to a
desired voltage reference vref,i, and stabilize thus the grid voltages regardless of the load
disturbance or volatile power injections. Grid-following controllers set the converter
voltage vt,i such that a given power reference pref,i (indirectly the filter current if,i) is
injected, without considering the resulting node voltage level vi. Grid-forming DGUs
are used to achieve robust voltage stability and grid-following DGUs to inject a certain
amount of power irrespective of grid stability, e.g., for achieving optimal dispatch. In
this chapter, it is assumed there is exactly one grid-forming DGU in every grid, and an
arbitrary number of grid-following DGUs. The first DGU 1 ∈ BDGU is defined, without
loss of generalization, as the grid-forming DGU, while i ∈ BDGU \ {1} are grid-following
DGUs.

The grid-forming controller is taken from [Nah+20] and is designed by introducing an
error state (6.2b) and a state feedback as

vt,1 = kα,1v1 + kβ,1if,1 + kγ,1e1 (6.2a)

ė1 = vref,1 − v1, (6.2b)

where kα,1 ∈ R, kβ,1 ∈ R and kγ,1 ∈ R are the controller parameters. The grid-following
controller is designed as

vt,i = kα,ivi + kβ,iif,i + kγ,iei (6.3a)

ėi = pref,i − viif,i, (6.3b)

for all i ∈ Bdgu \ {1}, using the injected power error (6.3b) instead. Note that the grid-
following DGU introduces a nonlinearity when computing the injected power viif,i in
(6.3b). Applying either (6.2) or (6.3) to the DGU (6.1) thus yields

Cf,iv̇i = if,i − iL,i(vi)− iext,i (6.4a)

i̇f,i = αivi + βiif,i + γiei (6.4b)

(6.2b) or (6.3b), (6.4c)

depending if it is a grid-forming or grid-following DGU, with the variables αi =
kα,i−1
Lf,i

, βi =
kβ,i−Rf,i

Lf,i
and γi =

kγ,i

Lf,i
containing the controller parameters. A schematic

representation of both control schemes is shown in Figure 6.1.



120 6 Economic Ports for Optimal Operation of Liberalized Power Systems

Buck
converter

Lf,i Rf,i

Cf,i

il,i

iext

vt,i

if,i vi

K ∫
pref

×

−

grid-following
controller

(a) Control scheme of a grid-following DGU.
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(b) Control scheme of a grid-forming DGU.

Figure 6.1: Grid-following and grid-forming DGUs with their control schemes (K = [kα,i, kβ,i, kγ,i]).

Grid Model

The whole grid is then composed of nB electrical buses with nDGU = |BDGU| > 1

DGUs62. With respect to the nDGU DGUs, recall that there is one grid-forming DGU
which stabilizes the grid voltages and nDGU − 1 grid-following DGUs that may inject
power according to their availability or preferences. The grid model reads

Cfv̇ = I fif − iL(v)−Eiπ (6.5a)

i̇f = αI
⊤
f v + βif + γe (6.5b)

ė = IvI
⊤
f v + Ip diag{I⊤f v}if +

[
vref,1

pref

]
(6.5c)

Lπ i̇π = −Rπiπ +ETv, (6.5d)

where α = diag{αi}, β = diag{βi} and γ = diag{γi} contain the control parameters;
Cf = diag{Cf,i}, Rf = diag{Rf,i}, Lf = diag{Lf,i}, iL = diag{iL,i}, Rπ = diag{Rπ,j}
and Lπ = diag{Lπ,j} are the filter, load and line parameters; and v = col{vi} ∈ RnB ,
if = col{if,i} ∈ RnDGU , e = col{ei} ∈ RnDGU and iπ = col{iπ,j} ∈ RnE are the stacked
states of the DGUs i ∈ B and power lines j ∈ E . The voltage and power references
vref ∈ R>0 and pref ∈ RnDGU−1 are inputs, where nDGU defines the number of inputs of
the grid. The matrix I f ∈ RnB×nDGU is a permutation matrix assigning the filter currents
of nDGU DGUs to the correct nB ≥ nDGU nodes.63 The matrices Iv = diag{1, 0, . . . , 0} ∈
RnDGU×nDGU and Ip = diag{0, 1, . . . , 1} ∈ RnDGU×nDGU are diagonal matrices such that the
correct error signals are induced for the integrator states64 as in (6.2b) and (6.3b). Note
that in (6.5a) and (6.5d) it has been taken into account that the voltage drop over the
power lines v∆ ∈ RnE can be expressed as v∆ = E⊤v and the current drawn from

62 Note that the buses and power lines form a networked system as defined in Term 3.1.
63 If all nodes have a DGU, the vectors v and if have the same dimension and the matrix I f is the unity

matrix (and is thus not necessary and can be left out.)
64 See Remark 6.1 for more details.
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the buses by the power lines as iext = Eiπ, where E is the incidence matrix of G (see
Section 4.1.2).

Remark 6.1. The matrices Iv = diag{1, 0, . . . , 0} ∈ RnDGU×nDGU and Ip = diag{0, 1, . . . , 1} ∈
RnDGU×nDGU have this form assuming the Node 1 contains the grid-forming DGU. Then, in (6.5c),
the first error state integrates the voltage error and the remaining states the power error. Further,
it always holds that Iv + Ip = InDGU , since all DGUs are either grid-forming or grid-following.

A schematic representation of the grid model can be seen in Figure 6.2. The system
inputs are the power references of the grid-following DGUs pref, and the scalar output
is the current if,1 of the grid-forming DGU. The voltage reference vref,1 for the grid-
forming DGU is seen as an internal variable instead of as an input, because it is not
supposed to be controlled in closed-loop. Note that the current of the grid-forming
DGU contains information about the effort necessary to maintain stability in the grid.
This is formalized in the next proposition. This aspect is exploited later by the system
operator (see Section 6.2.3 and 6.3.2) for defining a novel, control-inspired price-forming
mechanism.

physical
system

(6.5)

vref,1

pref,2

pref,nDGU

if,1...

Figure 6.2: Schematic representation of a grid with inputs, outputs and the voltage reference for the grid-
forming DGU.

Proposition 6.1 (grid-forming DGU as power balance indicator)
Let vref ∈ R>0. Let the sum of the power usage and losses in a grid as in (6.5), which
includes all the loads and transmission losses, be denoted by pL,Σ. Then, at steady
state, it holds if,1 = 0 if and only if

nDGU∑
i=2

pref,i = pL,Σ. (6.6)
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Proof. In any steady state with vref ∈ R>0 and pref ∈ RnDGU−1, it holds from (6.5) that

0 = I fif − iL(v)−Eiπ (6.7a)

0 = αI⊤f v + βif + γe (6.7b)

0 = vref − v1 (6.7c)

0 = pref − Ip diag{I⊤f v}if (6.7d)

0 = E⊤v −Rπiπ. (6.7e)

Rearranging (6.7e) to iπ = R−1
π E⊤v and inserting it in (6.7a), it results

0 = I fif − iL(v)−ER−1
π E⊤v. (6.8)

Multiplying (6.8) with v⊤ from the left yields

0 = v⊤I fif−v⊤iL(v)− v⊤ER−1
π E⊤v︸ ︷︷ ︸

−pL,Σ

. (6.9)

Note that the last two terms in (6.9), denoted as pL,Σ, describe the sum of all loads and
the power line losses. The first term of pL,Σ corresponds to the power of the ZIP loads,
and the second are the losses over the lossy power lines. With that, (6.9) simplifies to

v⊤I fif = pL,Σ. (6.10)

Now, sum over all equations (6.7d) to obtain

v⊤I fIpif =

nDGU∑
i=2

pref,i, (6.11)

and note that, due to Remark 6.1, it holds that

v⊤I fif = v
⊤I fIpif + v

⊤I fIvif. (6.12)

Insert equations (6.11) and (6.12) into the left-hand side of (6.10) to obtain

nDGU∑
i=2

pref,i + v
⊤I fIvif = pL,Σ. (6.13)

Then, taking into account that v1 = vref > 0, it follows from if,1 = 0 that (6.13) is
equivalent to (6.6), since if,1 = 0 leads to v⊤I fIvif = v1if,1 = 0.

The last proposition relates a particular steady state of the grid to the power balance
equation (6.6). Concretely, it proves that whenever the grid-forming DGU does not need
to inject or withdraw power in order to stabilize the system, the whole power usage
pL,Σ is being met entirely by the grid-following DGUs i ∈ BDGU \ {1}. This is a crucial
result for the development of the novel price-forming mechanism, which is designed to
exploit this connection in the next sections.
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6.1.2 Network Participants and their Roles

After modelling the grid, the different network participants and their roles are outlined.
The network participants and their proposed roles are inspired by the functioning of
current, unbundled power systems. Thus, two sides coexist in the power system design:
the regulated sector responsible for the stable operation, and the liberalized, competitive
sector. In the following, the roles of a system operator, inflexible prosumers and flexible
prosumers are introduced.

The system operator is responsible for ensuring that the system is stable. The task of a
system operator in the proposed framework is thus comparable to the tasks of a system
operator in current power systems as outlined in Section 2.1.2. However, the means how
the system operator achieves that task are very different in the proposed framework.
Here, a price generated by a suitable price-forming mechanism reflecting, in real time,
the current state of the grid is to be used in order to be compatible for volatile power
systems with a large share of renewable generation. For designing the price-forming
mechanism, the system operator may use any measurement available taken from its
own grid. As in the current power systems, the system operator does not have natural
competition (i.e., no other system operator can offer their service in the same grid) and
needs to receive a compensation for ensuring system stability.

The prosumers are divided into two disjunct sets: the set flexible prosumers F and
the set of inflexible prosumers U . Inflexible prosumers may represent uncontrollable
power generation or loads that do not change according to the price. On the other hand,
flexible prosumers represent controllable generators, that can inject power according to
the current price, and flexible loads responding to the price of electric power.

6.2 Mathematical Modelling of Network Participants

In this subsection, the different network participants are mathematically modelled. It
is distinguished between flexible and inflexible prosumers, and the system operator
in Sections 6.2.1, 6.2.2 and 6.2.3. In particular, their respective goals are modelled with
an objective function as an optimization problem, capturing the rational profit-driven
behavior of the different participants.

6.2.1 Flexible Prosumers

In the proposed framework, flexible prosumers i ∈ F correspond physically to the
grid-following DGUs, thus F = BDGU \ {1}. They can freely choose their injected (or
consumed) power and are interfaced to the grid via power electronics as modelled
in Section 3.4. The next assumption characterizes the behavior of prosumers in this
chapter.
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Assumption 6.1 (rational decision makers)
Prosumers i ∈ F are rational decision makers driven to maximize their own benefit.
They do not provide ancillary services and act irrespectively of the system stability.

Since prosumers are assumed to be rational decision makers, the power reference pref,i

is chosen to maximize their own profit. First, DGUs injecting power, i.e., operating as a
source, are considered.

The cost of prosumer i ∈ F is modelled as an objective function fflx,i : R→ R

fflx,i(pref,i), (6.14)

and it is assumed to contain all the costs, in particular also the indirect or external
costs such as the cost arising from the greenhouse gas emission allowance trading
scheme [Cou03]. These external costs can typically be described by an additional affine
term in the costs (6.14), which may have slope zero or near to zero for DGUs based
on renewable energy sources [Koe22]. On a mathematical level, the next assumption
is introduced, which is a common assumption both in convex optimization theory
(see Chapter 5) and in power systems (see Remark 6.2).

Assumption 6.2 (strong convexity of costs)
The functions fflx,i are strongly convex and their gradients are Lipschitz for all i ∈ F .

Remark 6.2. Assumption 6.2 is mild and standard in power systems literature concerning
traditional, thermal generation [Ber09; ZP15; ZDMK12]. However, recent research also justifies
strongly convex costs for power electronics-based generation due to increased wear-out at high
active power setpoints. It has been empirically shown that wear-out and aging effects are
proportional to the power routed through the converters due to increased thermal [Pey+19] and
electrical stress on the transistors, causing, e.g., the hazardous gate oxide [Hos+24].

The profit Jflx,i of the prosumers i ∈ F reads then

Jflx,i = −fflx,i(pref,i) + λpref,i, (6.15)

where λ ∈ R is a given price for remuneration of the power injection. The first term
of (6.15) describes the total (direct and indirect) cost of the power generation. The
second term describes the revenue the individual rational prosumers receives due to
the power injected to the grid. The rational prosumers thus want to maximize the profit,
i.e., choose a power injection pref,i in order to solve the optimization problem

max
pref,i

Jflx,i(pref,i). (6.16)
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Remark 6.3. Note that (6.16) automatically includes the case of producers and consumers. A
consumer does not have costs fflx,i(pref,i), but have concave utility functions Uflx,i(pref,i) such
that Assumption 6.2 holds for −Uflx,i. Thus, to maximize its utility, a consumer solves the
optimization problem

max
pref,i
{Uflx,i(pref,i) + λpref,i}, (6.17)

which is structurally identical to (6.16). Thus, it suffices to use the objective function (6.15) to
model prosumers in both operating regions, power injection and power consumption. When
pref,i < 0, −fflx,i is considered to be a utility instead of a cost function. Thus, a unified
consideration of flexible producers and consumers is possible.

The unifying consideration in Remark 6.3 allows DGUs capable of operating in both
regimes, as a producer or consumer (e.g., a battery), to describe their operation in both
regimes with the profit maximization introduced above.

6.2.2 Inflexible Prosumers

Inflexible loads and producers i ∈ U are described with the physical ZIP loads intro-
duced in (3.31) in Section 3.4, thus U = BL. Inflexible producers are associated with a
negative constant power in the ZIP load. This is because inflexible producers are typic-
ally weather dependent renewable energy sources, which inject the specific amount of
power they are currently transforming from, e.g., wind or solar power. These renewable
energy sources thus behave like a constant power source. Since there are no inflexible
produces in power systems typically modelled as a negative constant resistance or
negative constant current, the inflexible producers are restricted to the constant power
loads.

Inflexible loads for i ∈ U are considered as in Section 3.4, with Yi(t) > 0, PL,i(t) > 0

and Ii(t) > 0. Depending on the concrete values of the ZIP load parameters, the static
function

iL,i(vi) = Yi(t)vi +
PL,i(t)

vi
+ Ii(t), (6.18)

is strictly monotone (i.e., EIP, see [Kha02]) or not. Note that in the proposed analysis,
it is not necessary that every load is EIP by itself. Instead, the EIP properties of the
whole grid are studied in Section 6.5 and 6.6, such that EIP and non-EIP subsystems
may compensate each other. A structured study when such compensations occur in DC
grids with identical models can be found in [Mal+24a]. However, in this chapter, the
focus lies on deriving EIP properties for the grid defining suitable ports by implicitly
profiting from these compensation mechanisms as outlined in Section 6.5.

Analogously to the revenue of the flexible prosumers in (6.15), the inflexible prosumers
i ∈ U have to remunerate the consumed power according to

Jup,i = λpL,i, (6.19)
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where pL,i = iL,ivi is the power consumed (or generated) by the inflexible load (or
producer). Inflexible producers have a negative load current iL,i and thus a negative
remuneration, meaning that they receive a monetary compensation. As can be observed
in (6.19), the prosumers cannot react to a changing price or to other system variables or
states, since they do not have any controllable system variable.

6.2.3 System Operator

The exclusive responsibility of the system operator is to maintain the system stability
while inducing an economically efficient operation. By exclusive, it is meant that there
is no other entity in the grid sharing the same responsibility.

The system operator is not a profit-driven agent.65 Thus, it operates one grid-forming
DGU and, in particular, no other grid-following DGU to comply with the unbundling
principle in liberalized power systems as outlined in Section 2.1. For achieving the
goal of enabling a stable and economically efficient operation in the whole grid, in the
proposed framework, the system operator makes use of the grid-forming DGU, which
is present in every grid.

A basic requirement for an economic efficient operation is that the sum of all positive
and negative cashflows of the network participants sum up to zero, in order to avoid
any inefficient accumulation of wealth. Thus, the main task of the system operator is to
make sure that

λ

nDGU∑
i=2

pref,i − λpL,Σ = 0 (6.20)

holds. The first term is the revenue of the flexible producers, whereas the second term
describes the cost of inflexible loads and other losses. For achieving this, the system
operator can freely choose a price, i.e., by designing a suitable price-forming mechanism
such that (6.20) is fulfilled.

From (6.20), assuming that in general λ ̸= 0, it can be observed that a necessary condition
to fulfill the equation is that there is power balance, i.e.

nDGU∑
i=2

pref,i − pL,Σ = 0. (6.21)

This is comparable to the traditional role of the system operator, who maintains power
balance by managing primary, secondary, and tertiary control as described in Sec-
tion 2.1. In contrast, the approach presented here enables the system operator to achieve

65 The remuneration of the system operator could be oriented on the remuneration of a distribution system
operator in current power systems. Its task is to make sure that the system works and the electrical energy
is available to the customers.
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power balance by dynamically adjusting the price in real time, rather than coordinating
different control layers.

It is well established in power systems that a stable steady state can only be achieved
when power balance is maintained; ensuring this balance is the primary objective
of control systems in power networks [GECC18]. Therefore, the system operator’s
goal in (6.20) inherently promotes stable operation. The fact that this approach also
guarantees economic efficiency will be demonstrated later, in Proposition 6.3 and Pro-
position 6.8.

In the next section, suitable controllers for the flexible prosumers and the system
operators, e.g., the price-forming mechanism, are provided.

6.3 Controller Design for Network Participants

In this subsection, controllers are derived taking into account the models of the network
participants from Section 6.2. In particular, the controllers are designed such that the
respective network participants can fulfill, using their controllable variables, their goals
as modelled mathematically in the previous section. These controllers form together
with the grid dynamics (6.5) the closed-loop system for a single grid, which is formally
analyzed in the next sections using EIP and Lyapunov theory.

6.3.1 Flexible Prosumers

The flexible prosumers i ∈ F are rational decision makers and are thus interested in
controlling its power generation in order to maximize their profit as in (6.16). First, a
crucial assumption for the functioning of the power system is introduced.

Assumption 6.3 (market dominance)
No flexible prosumer i ∈ F in charge of a DGU is large enough to exercise market
dominance. In particular, the price is independent of the generation of every DGU,
mathematically speaking, ∂λ

∂pref,i
≈ 0.

Assumption 6.3 is a standard assumption in microeconomic theory describing market
equilibria [MCWG+95; Koe22]. This assumption is satisfied if there is a high amount
of flexible prosumers, together with the assumption that no one is large enough to
influence sufficiently the market solution.



128 6 Economic Ports for Optimal Operation of Liberalized Power Systems

With Assumption 6.3, the gradient of the objective function (6.15) of the flexible prosumers
i ∈ F is

∇Jflx,i(pref,i) = −∇fflx,i(pref,i) + λ. (6.22)

The optimal power injection p∗ref,i can be computed with a continuous-time gradient
ascent to maximize (6.16), e.g.,

ṗref,i = τ

(
−∇fflx,i(pref,i) + λ

)
, (6.23)

where τ ∈ R>0 is a tuning parameter. The multiplier λ can be interpreted as an
exogenous input to the gradient ascent in (6.23), and the injected power pref,i adapts via
gradient ascent to this exogenous input. Alternatively, since fflx,i is strongly convex as
per Assumption 6.2 and thus ∇fflx,i strictly monotone, for a given price λ, the optimal
power injection p∗ref,i can be uniquely determined by solving the equation

−∇fflx,i(p
∗
ref,i) + λ = 0. (6.24)

6.3.2 System Operator

In order to achieve the primary goal of the system operator in (6.20), the price-forming
mechanism

λ̇ = κ

(
pL,Σ −

nDGU∑
i=2

pref,i

)
, (6.25)

with κ ∈ R>0, is proposed. The price λ varies according to the unmet power bal-
ance (6.21), which is identified as a necessary condition for the primary goal in Sec-
tion 6.2.3. When the total power usage pL,Σ is greater than the total generation of the
grid-following DGUs the price increases in order to incentivize more power genera-
tion by the grid-following DGUs, which are rational, price-driven decision makers.
Conversely, if there is too much power injection, the price decreases.

The price-forming mechanism (6.25) can also be interpreted as the result of applying
a primal-dual optimization [Arr+58; LY16] algorithm to an optimal dispatch problem.
In particular, (6.25) represents the dual ascent of the dual variables in the optimization
problem

min J(pref,i) (6.26a)

s.t. pL,Σ −
nDGU∑
i=2

pref,i = 0. (6.26b)
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This directly follows since a primal-dual algorithm for (6.26) is given by

ṗref,i = −τ
(
∇J(pref,i) + λ

)
(6.27a)

λ̇ = κ

(
pL,Σ −

nDGU∑
i=2

pref,i

)
, (6.27b)

which converges to the global optimizer if the objective function is strictly convex.66

The variable λ corresponds here to the Lagrange multiplier. Thus, the price-forming
mechanism corresponds to the dual ascent in (6.27). The concise interrelation of the
proposed framework with global optimality is analyzed later in Proposition 6.7 and Pro-
position 6.8.

The price-forming mechanism (6.25) requires that the system operator measures the
total power usage pL,Σ in the system and the sum of all generations pref,i. The total
power usage pL,Σ includes all ZIP loads and all losses over the power lines or filter
resistances within the own grid. To measure all these variables would be costly, and
the price-forming mechanism would be prone to error whenever a single measurement
device fails. In order to simplify and yet retain the essence of the price-forming mechan-
ism, Proposition 6.1 proven in Section 6.1 is applied, and the equivalent price-forming
mechanism

λ̇ = κif,1 (6.28)

is obtained. As per Proposition 6.1, the price-forming mechanism (6.28) steers the system
to exactly the same steady state as mechanism (6.25); the price dynamics differ only
during transients. Thus, for computing the price with price-forming mechanism (6.28),
the system operator simply needs to measure the current of the stabilizing, grid-forming
DGU for which it is responsible. The current of the grid-forming DGU acts thus
as a proxy for the system stability and the power balance. When the grid-forming
DGU needs great effort (viz., current) for stabilizing the system, the price increases
and incentivizes the rational, price-driven decision makers to generate more power.
Similarly, a negative current indicates a great stabilizing effort due to an excess of
power injection in the grid, and the price decreases. Furthermore, the price-forming
mechanism (6.28) considerably simplifies the relation of the price with the system
variables, which is crucial for the EIP analysis in the next section, considering that the
price will form one of the interconnection ports of the grid.

In this section, controllers have been proposed such that the network participants with
degrees of freedom, i.e., the flexible prosumers and the system operator, control their
variables such that their own objectives are fulfilled. The flexible prosumers seek to
maximize their profit irrespective of system stability. The system operates aim to induce
a stable and economically efficient operation irrespective of the economic profit of

66 This only applies to the continuous-time formulation; in a discrete-time formulation an appropriate step
size has to be chosen.
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the remaining agents. In the next section, the interconnection ports of the resulting
grid composed of the physical system as well as the controllers are defined, and the
stability properties are studied.

6.4 Definition of Interconnection Ports of a Grid

This section provides a formal mathematical definition of the interconnection ports for
a grid. Before presenting the precise mathematical definition, some background and
context regarding the role and significance of these ports is discussed.

The resulting physical system equipped with the controllers derived in Section 6.2 is
depicted in Figure 6.3. The physical system is composed of the lossy, dynamic power
lines, grid-forming and grid-following DGUs, and the loads. The system operator,
which operates the grid-forming DGU, measures the filter current and determines in
real-time the price following the price-forming mechanism (6.28). This price is defined
as the output of the physical system and is called the local price λloc ∈ R in the rest of
the chapter. Conversely, the flexible prosumers determine the power injection of their
respective grid-following DGUs using the price as an input, which may be, but is not
necessarily, the local price λloc. Thus, the price for the flexible prosumers is defined as
an input, and is called an external price λext ∈ R in the rest of this chapter. The local
price λloc and external price λext together form the economic port (λext, λloc). This port is
later used for an economic cooperation of different grids, without needing to share any
other information such as costs of power generation or physical system parameters.

Moreover, the grids can also be electrically interconnected with other grids via power
lines. For that, the electric port as shown in Figure 6.3 is defined. The definition of
such an electric voltage-current port is common in passivity-based approaches for
power systems [Str+21; Nah+20; Mal+23]. However, up to now, such an electric port
has been defined at node level in order to build a grid out of passive nodes. Here,
we use an electric port at grid level for interconnecting with other grids. Such an
electric port at grid level as here first proposed allows to study the EIP properties of
the entire grid system w.r.t. this port. This allows the compensation of EIP and non-EIP
subsystem, such as loads, implicitly in the grid. In the next subsection, both ports are
defined mathematically.

Mathematical Definition of the Interconnection Ports

Consider the dynamic system formed by the physical system (6.5), the controllers of
flexible prosumers (6.23) and the system operator (6.28). The nonlinear system dynamics
neglecting the electric and economic ports can be written as

ẋ = A(x)x (6.29)
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physical
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vextiext
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Figure 6.3: Definition of the grid composed of the physical system (6.5) with inflexible prosumers (6.18),
flexible prosumers (6.23) and system operator (6.28), including the economic and electric ports.

where

A(x) =



−C−1
f diag{ iL,i(vi)

vi
} C−1

f I f 0 −C−1
f E 0 0

αI⊤f β γ 0 0 0

−IvI⊤f −Ip diag{I⊤f v} 0 0 Ĩp 0

L−1
π E 0 0 −L−1

π Rπ 0 0

0 0 0 0 −diag{τi∇fflx,i
pref,i
} 0

0 −κ1⊤
nDGU

Iv 0 0 0 0


(6.30)

and with the state

x =
[
v⊤ i⊤f e⊤ i⊤π p⊤ref λloc

]⊤ ∈ Rn, (6.31)

with n = nB + 3nDGU + nE . All matrices and parameters are as defined in Section 6.1.1,
and Ĩp is the matrix Ip but without the zero row and column. The nonlinear sys-
tem (6.29) can be represented as a matrix vector product, which enables the analysis of
EIP properties via LMIs in the next sections. First, the electric port for the autonomous
grid system (6.29) is defined.
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Definition 6.1 (electric ports)
Let iext,i ∈ R be an external current injected at a node i ∈ B and vi ∈ R the voltage
at that node for grid m ∈M. The input-output pair (−iext,i, vi) is called an electric
port67 for that grid.

The electric port is interfaced with system (6.29) through the vectors bext = 1
i
nm ∈ Rn

and cext = b
m⊤
ext , where 1in ∈ RnB has a 1 at the i-th element and zero elsewhere,68 since

an external current drawn to a node i ∈ B acts on the voltage dynamics (6.1a) or (3.39)
of node i ∈ B. Note that a grid may contain an arbitrary number next ∈ N of electric
ports at any node i ∈ B, yielding the matrices

Bext =
[
bext,1 . . . bext,next

]
∈ Rn×next (6.32)

and Cext = B
m⊤
ext . Also, note that the current in the electric port is defined as negative

because it enters negative into the voltage dynamics (6.1a) or (3.39).

The electric port defined here aligns with the concept of ports in port-Hamiltonian
system theory and Dirac structures, where the product of port variables yields power,
representing the energy exchanged with the system. In contrast, the economic port
defined next provides an interface for economic interconnection between grids, but does
not use traditional physical effort-flow pairs (such as voltage-current or pressure-flow).
Instead, it is formulated as an input-output pair of prices, which flexible prosumers
use to determine and optimize their power injection. Although the economic port
differs in nature from physical ports such as the electric port, its analysis follows the
same methodological approach, which is the reason why it is also called a port. The
properties of both ports are studied using EIP theory, and stability is established via a
skew-symmetric interconnection structure. The formal definition of the economic port
is given below.

Definition 6.2 (economic ports)
Let λext ∈ R denote an external electric power price and λloc ∈ R the local price
for a certain grid. The input-output pair (λext, λloc) is called the economic port for
grid m ∈M.

The input and output vectors becon ∈ Rn and cecon ∈ Rn have to be defined such
that they properly interface with the system dynamics. The output is the local price
arising from the price-forming mechanism of the system operator, and thus cecon =

col{0nB+2nDGU+nE−1, 1}, since the local price is defined as the last state in (6.31) in
system (6.29). The input matrix has to be defined such that the external price λext is
67 Note that electric ports have been used in the literature for interconnecting DGUs and lines within a grid,

as pointed out before. Definition 6.1 can hence be understood as leveraging these ports between grids in
order to study the EIP properties of grids instead of individual nodes.

68 This notation is introduced in Section 1.2.



6.5 Analysis of a Single Grid 133

routed to the flexible prosumers, i.e., becon = col{0nB+2nDGU+nE+1,1nDGU−1, 0}, since the
states corresponding to the power generation are the second last vector of states in (6.31).
Note that there is exactly one economic port in each grid. The local price can be seen as
metric for the control effort to stabilize the grid, and the external price as a signal for
the power injection of prosumers.

Remark 6.4. An alternative approach to defining the economic ports is to include a direct
feedthrough from the input price. Specifically, the output can be expressed as

λ̂loc = λloc + ιλext, (6.33)

where ι ∈ R is a weighting parameter. This formulation introduces an additional degree of
freedom, which may improve the EIP properties of the economic ports by leveraging the direct
feedthrough of the external price on the local price.69

6.5 Analysis of a Single Grid

In this section, a scenario with a single grid is considered. Such an operation occurs
whenever a grid disconnects from the other grids and operates in an islanded mode.
This may happen due to communication failures or due to the choice of a system
operator to not exchange power with other grids.

In an islanded mode, the grid has no electric ports, i.e., next = 0. Furthermore, the
economic port is closed with the simple feedback uecon = yecon, i.e., λext = λloc. This
means that the flexible prosumers act on the price directly as it comes out of the price-
forming mechanism.

In the following subsection, the stability of a single, islanded grid as described above is
analyzed using Lyapunov theory. Additionally, the steady states that arise in an islanded
grid are examined to assess their optimality.70 Since only one grid is considered, the
superscript m = 1 is further omitted for the remainder of this section.

Stability of a Single Grid in Closed-Loop

Consider the grid system (6.29) equipped with economic ports, but without electric
ports, i.e.,

ẋ = A(x)x + beconλext (6.34)

yecon = λloc = c
⊤
econx. (6.35)

69 It is well known that a direct feedthrough improves the EIP properties of a system, more specifically the
IFEIP index [SJK12, p. 36].

70 Stability and optimality are thus two separate questions: stability answers if the system converges to a
steady state, and optimality evaluates the quality of the steady states reached by the system.
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Let the economic port be self-closed, i.e., yecon = uecon or λext = λloc, as shown in Fig-
ure 6.4.

physical
system

price-forming
mechnism

flexible
prosumer 1

...

flexible
prosumer nDGU

if,1

pref,2

pref,nDGU

λext

λext

λloc
1nDGU

Figure 6.4: A single grid in islanded mode with self-closed economic ports and no electric ports.

Let x̄ denote a steady state arising from the closed-loop system with a constant vref for
the grid-forming DGU. Next, shift system (6.34) to obtain

˜̇x = As(x̃, x̄)x̃, (6.36)

where

As(x̃, x̄) =

−C−1
f diag{̃iL,i} C−1

f I f 0 −C−1
f E 0 0

αI⊤f β γ 0 0 0

−IvI⊤f − Ipdiag{̄if,i} −Ip diag{I⊤f v} 0 0 Ĩp 0

L−1
π E 0 0 −L−1

π Rπ 0 0

0 0 0 0 −diag{τi∇f̃flx,i} diag{τi}
0 −κ1⊤

nDGU
Iv 0 0 0 0


,

(6.37)

with

ĩL,i =
iL,i(v̄i + ṽi)− iL,i(v̄i)

ṽi
(6.38)

and

∇f̃flx,i =
∇fflx,i(p̄ref,i + p̃ref,i)−∇fflx,i(p̄ref,i)

p̃ref,i
. (6.39)

Remark 6.5. Note that the term ĩL,i as in (6.38), which appears in the voltage dynamics,
represents the derivative of the nonlinear load map iL,i : R → R from (3.31). Furthermore,
it is well known that monotonicity properties of static maps are tightly connected to its EIP
properties [SP18]. The load iL,i is EIP if and only if it is monotone, i.e., (6.38) is always greater
or equal than zero. Observe also that the same argumentation holds for the objective function
∇f̃i in the dynamics of pref,i.
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Before stating the main stability theorem, the feasible set of the grid states is defined,
which is used later in the stability analysis.

Definition 6.3 (feasible subspace)
The feasible subspace of the state space X ⊂ Rn for safe operation is defined as

X = V× I× R2nDGU+nE , (6.40)

where V = [vmin,vmax] ⊂ RnB and I = [if,min, if,max] ⊂ RnDGU are polytopic sets
describing maximum and minimum feasible node voltages and filter currents.

Further, define the sets of feasible steady states of voltages V̄ and filter currents Ī, and the
load derivative bounds L = [̃iL,min, ĩL,max] ⊂ RnB . In the following, a condition to assess
stability of the closed-loop system by solving a semi-definite program is presented.

Theorem 6.2 (stability of the islanded grid)
Any equilibrium point of the grid system (6.36) x̄ with v̄ ∈ V̄ and īf ∈ Ī is asymptot-
ically stable if there exists a symmetric S ∈ Rn×n such that

S > 0 (6.41)

As(x̃, x̄)
⊤S + SAs(x̃, x̄) < 0, (6.42)

hold for all steady states v̄ ∈ V̄, īf ∈ Ī and ĩL ∈ L, and for the subset of the state
space ṽ ∈ Ṽ, ĩf ∈ Ĩ, where Ṽ = [ṽmin, ṽmax] ⊂ RnB and Ĩ = [̃if,min, ĩf,max] ⊂ RnDGU are
sets describing the maximal deviation of node voltages and filter currents.

Proof. Denote X̃ = Ṽ× Ĩ×R2nDGU+nE . Consider the Lyapunov function V : X̃→ R with
V (x̃) = x̃⊤Sx̃. With (6.41), the positive definiteness V > 0 in X̃−{0} is ensured, as well
as V (0) = 0. The time derivative of the Lyapunov function is V̇ = x̃⊤(A(·)⊤S+SA(·)

)
x̃.

The linear matrix inequality (6.42) ensures that the time derivative of the Lyapunov
function is negative in X̃ − {0} for any possible steady state v̄ ∈ V̄, īf ∈ Ī. Thus,
there exists a Lyapunov function fulfilling the conditions in [Kha02, Theorem 4.1] for
all possible steady states, which implies asymptotically stability for any steady state
contained in the feasible set. Likewise, the conditions (6.41) and (6.42) on the Lyapunov
function hold for all loads within the derivative bounds L, which makes it robust against
load changes.

Remark 6.6. Computing a matrix S that fulfills (6.41) and (6.42) ∀x̃ ∈ X̃, ∀x̄ ∈ X̄ and
∀iL ∈ L is a semi-definite program if the sets X̃, X̄ and L are convex polytopes (see Section A.1).
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Then, matrix S has to satisfy (6.41) and (6.42) for all the vertices of the convex hull of X̃, X̄,
L [Boy+94, Ch. 5.1].

The next proposition characterizes the properties of equilibria of the islanded grid (6.36).

Proposition 6.3 (properties of equilibria in islanded mode)
Let pL,Σ be the total power usage of the islanded grid (6.36). All equilibria x̄ of the
islanded grid are such that pref,i, i ∈ F fulfill

min
pref,i

∑
i∈F

fflx,i(pref,i) ∀i ∈ F (6.43a)

s.t.
∑
i∈F

pref,i + pL,Σ = 0. (6.43b)

Proof. The proof consists in showing that all equilibria fulfill the KKT conditions of (6.43).
The KKT conditions of (6.43) are

0 = −∇fflx,i + λM, ∀i ∈ F (6.44a)

0 =
∑
i∈F

pref,i + pL,Σ. (6.44b)

The gradient descent of the power injection (6.23) automatically fulfills (6.44a) if the
Lagrange multiplier λM corresponds to the external price λext. The external and local
prices are equal, λloc = λext, since the economic port is self-closed. Thus, the dynamics
of the price λloc of the grid evolves according to (6.28) (or, equivalently, as per Proposi-
tion 6.1, to (6.25)), which induces exactly the same steady state as the dual ascent of the
constraint (6.44b). Consequently, all equilibria also fulfill (6.43).

This means that the equilibria of an islanded grid are such that (i) the total usage of
power pL,Σ is equal to the total power injection of the flexible proseumers, and (ii) the
power injection of each flexible prosumer is such that it minimizer the sum of the cost
functions of all flexible prosumers. This is a direct consequence of the price-forming
mechanism, which is designed to achieve optimal dispatch in the grid and to ensure
that the total power usage is equal to the total power injection.

6.6 Analysis of the Interconnection of Grids

After analyzing the stability properties of feasible equilibria of an islanded grid, the
stability properties of a set of networked grids are studied in this section. For that,
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passivity theory is leveraged to derive local conditions on the respective grids. Firstly,
in Section 6.6.1, the EIP properties of a single grid are studied. In Section 6.6.2, stability
of an electric interconnection of grids is studied. Lastly, in Section 6.6.3, an intercon-
nection scheme for the economic ports leading to UMP is proposed and the stability of
the electrically an economically networked grids are studied. Since various different
grids are considered, the superscript m is recovered.

6.6.1 EIP Properties of a Grid

Consider the grid system m ∈Mwith electric and economic ports described by

ẋm = Am(x)x + bmeconλ
m
ext −Bm

exti
m
ext (6.45)

ymecon = λmloc = c
m⊤
econx

m (6.46)

ym
ext = v

m
ext = C

m
extx

m, (6.47)

where Am is the system matrix in (6.30), Bm
ext and Cm

ext are as in Definition 6.1, and
bmecon and cmecon are as in Definition 6.2. The electric port (−imext,v

m
ext) is also denoted as

(um
ext,y

m
ext), and the economic port (λmext, λ

m
loc) as (umecon, y

m
econ). Note that the current imext

enters negatively into the dynamics, as remarked in Definition 6.1. Shift the system to a
feasible steady state (x̄m, ūm) to obtain

˙̃xm = Am
s (x̄, x̃)x̃ + bmeconλ̃

m
ext −Bm

extĩ
m

ext (6.48)

ỹmecon = λ̃mloc = c
m⊤
econx̃

m (6.49)

ỹm
ext = ṽ

m
ext = C

m
extx̃

m, (6.50)

whereAs is the matrix in (6.37).

First, the EIP properties for the electric port are analyzed, assuming that each grid self-
closes its economic port and thus there is no economic cooperation between grids.

Proposition 6.4 (EIP properties of electric port)
Let a grid self-close its economic port with umecon = λmext = ymecon = λmloc, i.e., without
interconnecting economically with other grids. System (6.45) is strictly EIP w.r.t. the
electric port (ṽmext,−ĩ

m

ext) and the positive definite function Ψm(x̃m) = ϱmextx̃
m⊤x̃m if

a there exists a symmetric S ∈ Rnm×nm

and a scalar ϱmext solving

S > 0 (6.51a)[
Am

s (x̃m, x̄m)⊤S + SAm
s (x̃m, x̄m) + ϱmextInm SBm

ext −Cm⊤
ext

Bm⊤
ext S −Cm

ext 0next×next

]
≤ 0 (6.51b)

ϱmext > 0 (6.51c)
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for all x̄m ∈ X̄, x̃m ∈ X̃ and ĩ
m

L ∈ L, with X̄, X̃ and L defined as in Definition 6.3.

Proof. Consider the storage function S(x̃m) = x̃m⊤Sx̃m with S > 0. The EIP condition
Ṡ ≤ ṽm⊤

ext (−ĩmext) − ϱmextx̃
m⊤x̃m = x̃m⊤C⊤

extB
m
extu

m
ext − ϱmextx̃

m⊤x̃m leads to the coupled
LMIs (6.51) for the system with self-closed economic port, i.e., λmext = ymecon, by following
the same steps as in Proposition 3.2.

Remark 6.7. LMI (6.51) is easy to solve numerically and solutions appear to exist with a wide
range of voltage, currents and loads. This seems plausible since it is similar to the approaches
in [Str+21; Nah+20], where similar EIP results are shown analytically with a similar system.
The main difference, however, is that in the proposed approach, a price-forming mechanism and
grid-following controllers are included, and that the EIP property is at grid level instead of node
level.

Proposition 6.4 ensures EIP w.r.t. the electric port and may serve for assessing stability of
a scenario where different grids are interconnected via electric ports. Since an economic
port is not considered, the electric power prices in the grids are independent, yielding
optimal operation in each grid but suboptimal operation of the networked grids. This is
shown later in a mathematically precise way in Proposition 6.7 in Section 6.6.2.

In order to interconnect the grids via the economic port and achieve an economic
cooperation, the EIP properties of both port types are simultaneously studied.

Proposition 6.5 (EIP properties of electric and economic ports)
System (6.45) is SIOEIP with indices νmecon and ρmecon and the positive definite function
Ψm(x̃m) = ϱmextx̃

m⊤x̃m w.r.t. the electric (ṽmext,−ĩ
m

ext) and economic ports (λ̃mext, λ̃
m
loc)

if there exists a symmetric matrix S ∈ Rnm×nm

, and indices νmecon ∈ R, ρmecon ∈ R and
ϱmext ∈ R>0 such that

S > 0 (6.52a)X(x̃m, x̄m, ρmecon, ϱ
m
ext) SBm

ext −Cm⊤
ext Sbmecon − cm⊤

econ
Bm⊤

ext S −Cm
ext 0nm

ext×nm
ext

0nm
ext×1

bm⊤
econS − cmecon 01×nm

ext
νmecon

 ≤ 0 (6.52b)

ϱmext > 0 (6.52c)

holds for all x̄m ∈ X̄, x̃m ∈ X̃ and ĩ
m

L ∈ L, where

X(x̃m, x̄m, ρmecon, ϱ
m
ext) = A

m
s (x̃m, x̄m)⊤S + SAm

s (x̃m, x̄m) + ρmeconc
m⊤
econc

m
econ + ϱmextI .

(6.53)
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Proof. Consider the storage function S(x̃m) = x̃m⊤Sx̃m with S > 0. The EIP condition
Ṡ ≤ vm⊤

ext (−imext) + λ̃mlocλ̃
m
ext − νmecon(λ̃

m
ext)

2 − ρmecon(λ̃
m
loc)

2 − ϱmextx̃
m⊤x̃m leads to (6.52b)

when using (6.45) in the derivative of the storage function following the same steps as
in Proposition 3.2. The indices νmecon and ρmecon indicate the excess or lack of passivity
[SJK12, Ch. 2.2.2].

Remark 6.8. Depending on the loads, parameters, topology or the DGUs of a grid, and due
to becon ̸= c⊤econ, the indices νmecon and ρmecon may be negative, indicating a lack of passivity of
the economic port. This may hamper to prove stability. Thus the lack of passivity needs to be
compensated by a feedback structure as proposed in Section 6.6.3 or by using the alternative
definition of economic ports as in Remark 6.4.

In this subsection, the EIP properties of the interconnection ports in several scenarios
have been studied. Next, an interconnection scheme for the electric and economic ports
of networked grids ensuring global economic optimality and asymptotic stability is
proposed.

6.6.2 Electric Interconnection of Grids

To highlight the effects of non-cooperation of the grids, first only electrically inter-
connected grids are considered. Each grid uses its own local price, i.e., λmext = λmloc.
In Section 6.6.3, an economic coordination scheme is proposed that yields UMP for the
whole power system.

Consider a setM of independent grids with self-closed economic ports, each having nmext
electric ports. Define the network variables x = col{xm} ∈ Rn, u = col{um} ∈ Rnext

and y = col{ym} ∈ Rnext , where n =
∑

m∈M nm and next =
∑

m∈M nmext are the total
number of states and electric ports in the set of grids m ∈ M. Then, the set M of
independent grids can be described by

ẋ = A(x)x +Bextiext (6.54a)

yext = vext = Cextx, (6.54b)

with A(x) = diag{Am(xm)} ∈ Rn×n, Bext = diag{Bm
ext} ∈ Rn×next and Cext =

diag{Cm
ext} ∈ Rnext×n. Note that system (6.54) may be shifted to a feasible steady

state as done for a single grid in (6.37). Further, consider a set Eint of nE,int = |Eint| lossy
power lines71

Lπ,int i̇π,int = −Rπ,int iπ,int + v∆, (6.55)

71 Note that in Section 4.2.1, the grids are also interconnected via lossy power lines, and the skew-symmetric
interconnection is exploited. This skew-symmetric interconnection is exploited here again.
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where iπ,int = col{iπ,int,j} ∈ RnE,int , v∆ = col{v∆j} ∈ RnE,int are the stacked states
and inputs, and Rπ,int = diag{Rπ,int,j} ∈ RnE,int×nE,int and Lπ,int = diag{Lπ,int,j} ∈
RnE,int×nE,int the parameters of the power lines j ∈ Eint. The grids (6.54) and the power
lines (6.55) are interconnected according to the graph Gint. The nodes represent a grid72

m ∈M, respectively, and the edges represent power lines. Thus, the voltage drop over
the power lines reads

v∆ = E⊤
intvext, (6.56)

whereEint ∈ Rnext×nE,int is the incidence matrix of graph Gint and vext = col{vmext} ∈ Rnext

the voltages of the electric ports. The power line currents are associated with the
grids with

−iext = −Eintiπ,int. (6.57)

In the following, the stability results of the grids interconnected via electric power lines
are presented.

Theorem 6.6 (stability of electrically networked grids)
Let the group of independent grids m ∈ M in (6.54) be interconnected via (6.56)
and (6.57) with the power line dynamics (6.55). Further, let all grids m ∈ M
fulfill Proposition 6.4. Then, any feasible steady state of the networked grids is
asymptotically stable.

Proof. Consider the Lyapunov function for any feasible steady state (x̄, īπ,int)

V (x̃, ĩπ,int) = x̃
⊤Sx̃+ ĩ

⊤
π,intLπ,int ĩπ,int (6.58)

where S = diag{Sm} is composed of the matrices computed in Proposition 6.4 for each
grid m ∈ M. The derivative of (6.58) along the shifted dynamics of (6.54) and (6.55)
reads

V̇ = x̃⊤S ˙̃x+ ˙̃x⊤Sx̃+ ĩ
⊤
π,intLπ,int

˙̃iπ,int +
˙̃i⊤π,intLπ,int ĩπ,int

= x̃⊤
(
As(x̃, x̄)

⊤S + SAs(x̃, x̄)

)
x̃− 2x̃⊤SBextĩext − 2ĩ

⊤
π,intRπ,int ĩπ,int + 2ṽ⊤∆ĩπ,int,

(6.59)

where As(x̃, x̄) = diag{Am
s (x̃m, x̄m)} is the shifted system matrix as in (6.37). Note

that the LMI (6.51b) in Proposition 6.4 implies73 As(x̃, x̄)
⊤S+SAs(x̃, x̄)+ϱ

minx̃⊤x̃ ≤ 0

72 More precisely, the nodes are not the grids but the next electric ports of the grids where the lines are
connected. This ensures a correct mathematical representation of the interconnection via the incidence
matrix Eint ∈ Rnext×nE,int which is compatible with the electric ports of the grids in (6.54).

73 Take into account that LMI (6.51b) is for a single grid m, and here it is considered the aggregated grids.
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with ϱmin = minm ϱm ∈ R>0 and SBext = Cext (see Proposition C.1 in Section C.1).
Substituting SBext = Cext and (6.57) into the second term, and (6.56) into the fourth, it
yields

V̇ = x̃⊤
(
As(x̃, x̄)

⊤S + SAs(x̃, x̄)

)
x̃− 2x̃⊤CextEintĩπ,int

− 2ĩ
⊤
π,intRπ,int ĩπ,int + 2ṽextEintĩπ,int. (6.60)

Recall that ỹext = ṽext = Cextx̃ and insert it in the second term of (6.60) to obtain

V̇ = x̃⊤
(
As(x̃, x̄)

⊤S + SAs(x̃, x̄)

)
x̃− 2vextEintĩπ,int (6.61)

− 2ĩ
⊤
π,intRπ,int ĩπ,int + 2ṽextEintĩπ,int (6.62)

≤ x̃⊤
(
As(x̃, x̄)

⊤S + SAs(x̃, x̄)

)
x̃− 2ĩ

⊤
π,intRπ,int ĩπ,int, (6.63)

where the last inequality arises cancelling out the second and fourth term. Taking into
account the LMI (6.51b) and that Rπ,int is positive definite, it follows that V̇ < 0 for
all x̃, ĩπ,int other than zero. With classic Lyapunov theory [Kha02, Ch. 4], asymptotic
stability of any feasible equilibrium x̄ follows.

Remark 6.9. Theorem 6.6 can also be proven using the classical passivity theory [Kha02,
Th. 6.3], since the interconnection between the independent grids and independent lines can
be seen as a skew-symmetric interconnection (see Figure 6.5). Note that this is exactly the
same interconnection structure as exploited in Chapter 5 for the novel distributed optimization
framework, with the grids corresponding to the node systems Σ and the lines corresponding to
the edge systems Π. One of the main differences is that the edge systems, here the power lines, are
not systems with integral action as in Definition 5.1, but rather have first order lag dynamics.
As a consequence, the voltages of the electric ports are not in consensus as it is the case with the
estimations of the global optimizer of different agents in Chapter 5.

With Theorem 6.6, it is proven that any feasible steady state is asymptotically stable,
and that the convergence is to a point. In the next proposition, the properties of the
equilibria of the electrically networked grids are studied. In particular, it is shown that,
within each grid, the DGUs are operated economically optimal. However, the lack of
cooperation due to not using the economic ports yields a globally suboptimal operation
of the electrically networked grids.

Before introducing the proposition, some important variables are defined. The total
power usage of all grids m ∈ M is denoted as pL,Σ =

∑
m∈M pmL,Σ, where pmL,Σ is the

power usage of grid m ∈ M as introduced in Section 6.5. Further, denote p̂mL,Σ as the
power injected by grid m ∈ M, which does not necessarily coincide with the power
usage in that particular grid m ∈M. For having power balance, it needs to hold that∑

m∈M
p̂mL,Σ = pL,Σ. (6.64)
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Figure 6.5: Feedback structure representing the interconnection between independent grid systems Σ and
power lines Π. The block diagonal structure indicates that the node (and edge) systems are not
directly dynamically coupled.

Now, the proposition is presented. An extensive interpretation of the results is provided
afterwards.

Proposition 6.7 (properties of equilibria of electrically networked grids)
Consider the group of networked grids interconnected via lossy power lines as
in Theorem 6.6, and let the grids fulfill Proposition 6.4. Assign the transmission
losses of the power lines arbitrarily to grids m ∈M. Further, as introduced above,
let p̂mL,Σ be the power that grid m ∈ M is injecting, which does not necessarily
correspond to its power usage pmL,Σ. Then, at steady state, the power injections
p̄mref,i of each DGU i ∈ Fm in grid m ∈ M are also the solution to the optimization
problem

min
pm

ref,i

∑
i∈Fm

fmflx,i(p
m
ref,i) ∀i ∈ Fm,∀m ∈M (6.65a)

s.t.
∑
i∈Fm

pmref,i + p̂mL,Σ = 0 ∀m ∈M. (6.65b)

Furthermore, at steady state, the global power balance equation∑
m∈M

p̂mL,Σ =
∑

m∈M
pmL,Σ (6.66)

is always fulfilled.
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Proof. The Lagrange function for optimization problem (6.65) in each grid m ∈ M is
given by

Lm
ext =

∑
i∈Fm

fmflx,i(p
m
ref,i) + λmM

( ∑
i∈Fm

pmref,i + p̂mL,Σ

)
, (6.67)

where λmM ∈ R is the Lagrange multiplier corresponding to the power balance con-
straint (6.65b) of each grid m ∈M. Then, the KKT conditions of (6.65) are

0 = −∇fmflx,i + λmM , ∀i ∈ Fm,∀m ∈M (6.68a)

0 =
∑
i∈Fm

pmref,i + p̂mL,Σ, ∀m ∈M (6.68b)

The proof consists in showing that every equilibrium of the electrically networked
grids m ∈ M fulfills (6.68), which corresponds to the optimization problems (6.65)
for each m ∈ M, and that (6.66) is automatically fulfilled at any steady state. The
gradient descent dynamics of the power injection (6.23) automatically fulfills (6.68a)
if the Lagrange multiplier λmM corresponds to the external price λmext. The external
and local prices are equal, λmloc = λmext, since the economic ports are self-closed. The
dynamics of the price λmloc of every grid evolve according to (6.28) (or, equivalently, as
per Proposition 6.1, to (6.25)). Observing the price dynamics (6.25), it becomes clear
that at steady state, the constraint (6.68b) is fulfilled, since the error of constraint (6.68b)
changes the local price λmloc. Consequently, the local prices λmloc correspond, at steady
state, exactly to the Lagrange multipliers λmM . Furthermore, at steady state, all prices
λmloc, m ∈ M are constant. This implies, due to the integral action in (6.28), that no
grid-forming DGU has to provide control effort to stabilize the system, which occurs
when power balance is met as per Proposition 6.1. Thus, (6.66) is automatically fulfilled
at steady state.

Note that the equilibria of electrically networked grids are characterized by nmg indi-
vidual optimization problems (6.65) over each individual gridm ∈M coupled implicitly
via the global power balance equation (6.66) that holds at any steady state. There exist
an infinite number of solutions to this coupled optimization problem, since the constants
p̂mL,Σ ∈ R in constraints (6.65b) are not further specified and do not need to meet further
criteria other than the global power balance (6.66). This results in no coordination of the
power injection between grids, since any power injection configuration ensuring power
balance is a valid optimizer. However, within each grid m ∈ M, the power injections
pmref,i are coordinated and each DGU i ∈ BmDGU injects power pref,i at marginal cost, since
all the DGUs within a grid m ∈M receive the same price λM as is seen in (6.68a).

The power sharing arising between grids is not controllable and depends on the dynam-
ics of each grid and the initial values. In particular, it depends on the time constant κm

in the price-forming mechanism of each grid. A grid having an aggressive price-forming
mechanism, i.e., κm ≫ 1, is prone to reach steady states with a very low price (thus
injecting less power and contributing only to a small share of the total power usage of
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all grids, i.e., p̂mL,Σ ≪ pL,Σ) or very large prices (thus contributing to a large share of the
total power usage, possibly more than the load within the grid itself, i.e., p̂mL,Σ ≫ pmL,Σ).

The following academic example illustrates the operating principle of two electrically
interconnected grids.

Example 6.1:
Consider two grids electrically interconnected via electric ports over two power lines
as in Figure 6.6. Nodes with grid-forming DGU are represented as a red square,
nodes with grid-following DGU as a green circle, and load nodes in gray. Recall
that a load can also be present in a node with a grid-forming or grid-following
DGU. Grid 1 consists of eight nodes, from which three contain grid-following DGUs
(nodes 1, 2 and 3) and one a grid-forming DGU (node 4), representing the system
operator and implementing the price-forming mechanism for stabilizing the system.
Grid 2 consists of four nodes, including two grid-following (nodes 1 and 4) and
one grid-forming DGU (node 3). Table 6.1 shows the variation of the loads in both
grids over time. The cost of the power injection is set to fmflx,i(p

m
ref,i) = qmi (pmref,i)

2, and
the parameter qmi is given in Table 6.2 for all DGUs.

Table 6.1: Total grid load.

0 s− 20 s 20 s− 40 s 40 s− 60 s

Grid 1 16 kW 20.4 kW 9.5 kW

Grid 2 8 kW 8kW 11 kW

Sum 24 kW 28.4 kW 20.5 kW

Table 6.2: Parameter qmi of quadratic cost of power injection of the DGUs in both grids. The DGUs are
numerated as number of the node.

DGU 1 DGU 2 DGU 3 DGU 4

Grid 1 1.2 1.3 1.4 -
Grid 2 1.4 - - 1.5

The power injection of the grid-following DGUs and the price in both grids are shown
in Figures 6.7 and 6.8, respectively. When the load step at t1 = 20 s occurs, the DGUs
in Grid 1 increase their power injection, while the DGUs in Grid 2 decrease their
power injection, even if the sum of the loads increases and the load in Grid 2 remains
constant (see Table 6.1). At t2 = 40 s, the power injection in Grid 1 decreases and
increases in Grid 2, following the trend of their own load (see Table 6.1). The power
injections follow proportionally the price in Figure 6.8. It can be clearly observed
that the resulting price (and thus the power injections) do not follow any specific
coordination such as power sharing, but result from the system dynamics, especially
from the grid-forming DGUs.
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Figure 6.6: Schematic representation of the two electrically (purple) interconnected grids and self-closed
economic ports (brown). The grid-following DGUs are represented as green circles, and the
grid-forming DGUs as red squares.

0 10 20 30 40 50 60

3000

4000

5000

6000

7000

8000

Figure 6.7: Power generation of the DGUs of both grids over the simulation time.
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Figure 6.8: Local price of both grids over the simulation time.

In this subsection, the asymptotic stability of electrically networked grids has been
shown. Furthermore, it has been shown that the prices arising in each grid in closed-
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loop operation are not controllable, which results in a changing, non-assignable power-
sharing configuration. In order to achieve a power-sharing configuration corresponding
to the minimal cost in the power system (i.e., all networked grids), economic ports
as per Definition 6.2 are used. Next, an interconnection scheme for economic ports is
proposed.

6.6.3 Economic Interconnection of Grids

In this section, the stability properties of electrically and economically networked
grids are analyzed. For that, the EIP properties of a single grid as established in Pro-
position 6.5 are exploited. Moreover, an interconnection scheme for the economic ports
yielding UMP is proposed.

Consider a set M of nmg = |M| grids with electric and economic ports as in (6.45).
Defining network variables analogously to (6.54), the setM of grids is described by

ẋ = A(x)x +Beconuecon +Bextiext (6.69a)

yecon = λloc = Ceconx (6.69b)

yext = vext = Cextx, (6.69c)

with yext, iext ∈ Rnext and yecon = col{ymecon} = col{λmloc} ∈ Rnmg , uecon = col{umecon} =

col{λmext} ∈ Rnmg , since each grid m ∈ M has exactly one economic port. Further,
consider a set Eint of lossy power lines

Lπ,int i̇π,int = −Rπ,int iπ,int + v∆, (6.70)

interconnected with (6.69) via the electric ports with (6.56) and (6.57). Note that, in
contrast to Section 6.6.2, the economic ports remain open and can be used to design an
economic cooperation. An interconnection scheme achieving such an economic cooper-
ation by inducing a UMP in the whole power system is proposed in the following.

Interconnection Scheme for Economic Ports

The grids are interconnected economically via the economic ports according to the
graph Gecon(M, Eecon). The set Eecon contains the edges, where (i, j) ∈ Eecon means that
the grids i and j ∈ M exchange their local prices. The graph Gecon is assumed to be
undirected, i.e (i, j) ∈ Eecon implies (j, i) ∈ Eecon. Before designing the interconnection
scheme, a globally optimal steady state for economically networked grids is character-
ized. The following proposition represents the counterpart of Proposition 6.7 but with
an economic cooperation of the grids m ∈M realized through the economic port (i.e.,
the local and external prices).
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Proposition 6.8 (global optimal dispatch with UMP )
Consider a group of electrically networked grids m ∈M. Further, let the external
electric power prices λmext ∈ R be equal for all grids m ∈M, i.e.,

λmext = λ̄, ∀m ∈M (6.71)

with a constant λ̄ ∈ R>0. Then, at steady state, the power injections p̄mref,i of the all
networked grids fulfill the global optimal dispatch problem

min
pm

ref,i

∑
m∈M

∑
i∈Fm

fmflx,i (6.72a)

s.t.
∑

m∈M

∑
i∈Fm

pmref,i +
∑

m∈M
pmL,Σ = 0 (6.72b)

where
∑

m∈M pmL,Σ is the total power usage over all grids.

Proof. The proof consists in relating the optimization problems (6.65) in Proposition 6.7
with (6.72) by taking into account condition (6.71). First, problem (6.65) is recalled and
the implication of condition (6.71), i.e., that the external prices are all equal and constant,
is explored.

Consider the sum of the Lagrange functions (6.67) of problem (6.65) of all grids m ∈M

Lecon =
∑

m∈M
Lm

ext (6.73)

=
∑

m∈M

{ ∑
i∈Fm

fmflx,i + λmM

( ∑
i∈Fm

pmref,i + p̂mL,Σ

)}
(6.74)

=
∑

m∈M

∑
i∈Fm

fmflx,i +
∑

m∈M
λmM

( ∑
i∈Fm

pmref,i + p̂mL,Σ

)
. (6.75)

Observe that with condition (6.71), the function (6.73) reads

Lecon =
∑

m∈M

∑
i∈Fm

fmflx,i + λ̄

( ∑
m∈M

∑
i∈Fm

pmref,i +
∑

m∈M
p̂mL,Σ

)
. (6.76)

Taking into account that at steady state, (6.66) holds, the function Lecon reads

Lecon =
∑

m∈M

∑
i∈Fm

fmflx,i + λ̄

( ∑
m∈M

∑
i∈Fm

pmref,i +
∑

m∈M
pmL,Σ

)
. (6.77)

Note that (6.77) is in one to one correspondence with the Lagrange function of (6.72).
Thus, imposing a common price in the grid-specific individual optimization prob-
lems (6.65) leads to global optimal dispatch (6.72). Mathematically speaking, imposing
equal Lagrange multipliers leads to an aggregation of the respective constraints.
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It directly follows from Proposition 6.8 that it suffices to give a uniform price over the
whole power system in addition to stabilizing the system in order to achieve global
optimal dispatch. The question is how to compute the uniform price λ̄ that stabilizes the
system. In power systems nowadays, this stabilizing uniform price is computed in the
market via a merit order mechanism which ensures that generation meets demand. The
approach presented in the following proposes to compute the stabilizing price directly in
the feedback via a distributed averaging algorithm. This allows to achieve the uniform
price λ̄ in a distributed manner, without the need for a central entity. Furthermore, it
is more suited for power systems with a large share of volatile renewable generation,
since the price is computed in feedback and taking into account the current state of the
grid, rather than being computed in advance and being fixed for a certain time period
(cf. Section 2.1.2).

To achieve λmext = λ̄ for all m ∈ M at steady state as in Proposition 6.8, a distributed
averaging algorithm is proposed. In such algorithms, the grids perform a distributed
dynamic averaging of the local prices ymecon = λmloc, i.e., the outputs of the economic port.
The output yDA of the distributed dynamic averaging is used as the external price λmext,
i.e., the input of the economic port. The main requirement for achieving consensus is
that the communication graph Gecon is connected. Such a distributed dynamic averaging
reads

SDA :
ẋDA = fDA(xDA,uDA)

yDA = CDAxDA,
(6.78)

and it is interconnected with the economic ports of the grids with

uDA = −yecon = −λloc (6.79a)

uecon = yDA = λext, (6.79b)

with uDA,yDA ∈ Rnmg and yecon, uecon ∈ Rnmg . The output of the economic port in (6.79a)
is negative in order to achieve a skew-symmetric interconnection (6.79) between the
grids and the distributed averaging as required by the EIP stability analysis. This
negative sign will be taken into account in the design of the distributed averaging in the
following.

One of the main properties of such a distributed averaging is that, at steady state, each
output in the output vector yDA is the average of the inputs if a connected commu-
nication graph is used. Thus, with the interconnection (6.79), the external prices λmext
(which are the inputs of the economic port umecon = λmext) of all nmg grids taking part in the
distributed dynamic averaging are equal, i.e., λmext =

1
nmg

∑nmg
m=1 λ

m
loc, and Proposition 6.8

is fulfilled. In addition, the averaging is performed in a distributed manner, using only
neighbor-to-neighbor communication according to the graph Gecon. There exist many
dynamic consensus algorithms, see [Kia+19] for a survey. In this chapter, a dynamic
consensus algorithm that has an excess of EIP is needed to compensate a potential lack
of EIP of the economic port (characterized in Proposition 6.5 via νmecon and ρmecon).
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The next assumption is necessary to ensure that the steady state aimed by the distributed
averaging exists.

Assumption 6.4 (existence of suitable equilibria)
Consider a set of gridsM interconnected with lossy power lines. Then, there exists
a price λ̄ such that, if all grids use this price, i.e., λmext = λ̄, an equilibrium x̄∗ exists,
with x as in (6.31).

A constant price corresponds to a constant power injection. The existence of an equi-
librium implies the existence of a voltage configuration such that the power injection
serves the loads and power balance is achieved. This is also described by the power
flow equations. Thus, the assumption is equivalent to assuming that there exists at least
one solution to the power flow equations with a given power injection configuration.
In general, little can be proven about the solutions of power flow equations, and the
assumption of existence of solutions is typically made [SP17]. If such an equilibrium
exists, it is optimal as per Proposition 6.8.

Choice and Analysis of a Distributed Averaging Algorithm

Distributed averaging algorithms have been widely studied in control theory and related
fields of research. There exist plenty of different algorithms with different stability or
accuracy properties, both in continuous and discrete time [Kia+19]. In this chapter, the
linear distributed averaging system

ẋDA = ADAxDA +BDAuDA (6.80a)

yDA = CDAxDA +DDAuDA (6.80b)

with
ADA = −LL ∈ Rnmg×nmg

CDA = −L ∈ Rnmg×nmg

BDA = −L ∈ Rnmg×nmg

DDA = −I ∈ Rnmg×nmg
(6.81)

from [Kia+19, Eq. (36)] is used74 due to the favorable EIP properties arising from the
feedthrough and the fact that C⊤

DA = BDA ∈ Rnmg×nmg . The matrix L ∈ Rnmg×nmg

is the Laplacian of the graph Gecon. The Laplacian L is symmetric because Gecon is
undirected. Next, a condition for quantifying these favorable properties is derived. The
quantification of the EIP properties is essential for the upcoming stability analysis.

74 Observe that the input matrix BDA has been changed from L in [Kia+19, Eq. (36)] to −L since the inputs
are the negative local prices due to the skey-symmetric feedback interconnection (6.79) required for the
EIP analysis. Thus, to obtain the average of the positive prices, the input matrix is multiplied by minus
one.
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Proposition 6.9 (EIP properties of distributed averaging)
Consider a distributed averaging system (6.80) over a connected and undirected
graph Gecon. Then, the system is IF-OFEIP with indices ρDA, νDA ∈ R and storage
function SDA(x̃DA) =

1
2 x̃

⊤
DASx̃DA if the LMI[

A⊤
DAS + SADA + ρDAC

⊤
DACDA SBDA − 1

2C
⊤
DA + ρDAC

⊤
DADDA

B⊤
DAS − 1

2CDA + ρDAD
⊤
DACDA νDAI + ρDAD

⊤
DADDA − 1

2 (DDA +D⊤
DA)

]
≤ 0

(6.82)

holds.

Proof. The objective of the proof is to verify that ṠDA ≤ w(ỹDA, ũDA), where w is the
IF-OFEIP(ρDA, νDA) supply rate as in Definition 3.3. First, the derivative of the storage
function is computed, and then it is compared with the supply rate.

The derivative of the storage function SDA along (6.80) reads75

ṠDA =
1

2
˙̃x⊤

DASx̃DA +
1

2
x̃⊤

DAS ˙̃xDA (6.83)

=
1

2
(ADAx̃DA +BDAũDA)

⊤Sx̃DA +
1

2
x̃⊤

DAS(ADAx̃DA +BDAũDA). (6.84)

Writing derivative (6.84) as a vector matrix multiplication, it reads

ṠDA =

[
x̃DA

ũDA

]⊤ [
A⊤

DAS + SADA SBDA

B⊤
DAS 0

] [
x̃DA

ũDA

]
. (6.85)

Now, consider the IF-OFEIP(ρDA, νDA) supply rate

w(ỹDA, ũDA) = ỹ
⊤
DAũDA − ρDAỹ

⊤
DAỹDA − νDAũ

⊤
DAũDA. (6.86)

Inserting ỹDA = CDAx̃DA+DDAũDA in the first and second term of the supply rate (6.86)
yields

w(ỹDA, ũDA) = (CDAx̃DA +DDAũDA)
⊤ũDA

− ρDA(CDAx̃DA +DDAũDA)
⊤(CDAx̃DA +DDAũDA)− νDAũ

⊤
DAũDA,

(6.87)

75 Since system (6.80) is linear, the shifted error dynamics w.r.t. any equilibrium (x̄DA, ūDA) is identical to
the unshifted dynamics (6.80).
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and in matrix vector notation it reads

w(ỹDA, ũDA) =[
x̃DA

ũDA

]⊤ [ −ρDAC
⊤
DACDA

1
2C

⊤
DA − ρDAC

⊤
DADDA

1
2CDA − ρDAD

⊤
DACDA −νDAI − ρDAD

⊤
DADDA + 1

2 (D
⊤
DA +DDA)

] [
x̃DA

ũDA

]
.

(6.88)

Subtracting (6.88) from (6.85) to obtain ṠDA − w(ỹDA, ũDA) ≤ 0, the EIP condition (6.82)
in form of an LMI is obtained, which completes the proof.

In the last proposition, a method for quantifying the EIP properties of the distributed
averaging algorithm (6.80) have been derived. Notably, system (6.80) is chosen because
it shows an excess of input and output EIP due to the feedthrough. Observe that
other popular distributed averaging algorithms, such as the PI-DDA or P-DDA [FYL06;
Kia+19], either do not provide an excess EIP properties due to a lack of feedthrough
or do not achieve exact consensus at steady state. The distributed averaging algorithm
chosen here with an excess of EIP is necessary for the interconnection with economic
ports, since the indices ρecon and νecon may be negative and show a lack of passivity
(see Remark 6.8), which needs to be compensated by the distributed averaging system.

In this section, a suitable distributed averaging algorithm has been chosen and a method
for quantitatively characterizing its EIP properties have been derived. The EIP proper-
ties are used in the next section for proving asymptotic stability of feasible equilibria of
the electrically and economically networked grids.

Stability Analysis for the Electrically and Economically Networked Grids

In the next theorem, one of the main results of this chapter is presented. It characterizes
the stability of electrically and economically networked grids, i.e., grids with electric
and economic ports as in Definitions 6.1 and 6.2 interconnected as in Sections 6.6.2
and 6.6.3. Such an interconnected system is shown in Figure 6.9. It is composed of the
independent grid systems Σ (middle) in feedback with the power lines Π (bottom) and
the distributed averaging SDA (top).

After the formal proof, an interpretation of the result and an illustrative example are
provided.

Theorem 6.10 (asymptotic stability with electric and economic ports)
Consider a group of independent grids m ∈ M in (6.69) fulfilling the conditions
of Proposition 6.5, a group of independent power lines (6.70) fulfilling the condi-
tions of Proposition 3.7, and the distributed averaging system (6.80) fulfilling the
conditions of Proposition 6.9. Let the grids and power lines be interconnected via
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Figure 6.9: Feedback structure representing the interconnection between independent grid systems Σ, power
lines Π and the distributed averaging SDA.

electric ports through the interconnection structure (6.56) and (6.57). Further, let
the grids (6.69) be interconnected via economic ports with the distributed averaging
system (6.80) with the interconnection structure (6.79). Then, all trajectories of the
power system are bounded and converge to a point in the equilibrium manifold
Meq = {(x̄, x̄DA, īπ) | x̄ = x̄∗}with x̄∗ characterized in Assumption 6.4, if

ρmin
econ + νDA ≥ 0 (6.89)

νmin
econ + ρDA > 0 (6.90)

hold, where ρmin
econ = minm ρmecon ∈ R, νmin

econ = minm νmecon ∈ R, ϱmin
ext = minm ϱmext ∈ R>0

and ρDA, νDA are the EIP properties derived in Proposition 6.5 and Proposition 6.9,
respectively.

Proof. Consider the Lyapunov function candidate

V (x̃, x̃DA, ĩπ,int) =
∑

m∈M
V m(x̃m) + SDA(x̃DA) + ĩ

⊤
π,intRπ,int ĩπ,int. (6.91)
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The derivative of (6.91) reads, using network variables as defined in (6.69)

V̇ ≤ ỹ⊤
econũecon − ρmin

econỹ
⊤
econỹecon − νmin

econũ
⊤
econũecon + ỹ⊤

extũext − ϱmin
ext x̃

⊤x̃ (6.92a)

+ ỹ⊤
DAũDA − ρDAỹ

⊤
DAỹDA − νDAũ

⊤
DAũDA (6.92b)

+ ĩ
⊤
π,intṽ∆ − ρπ ĩ

⊤
π,intĩπ,int (6.92c)

by taking into account the EIP properties from the grids as in Proposition 6.5 in (6.92a),
the EIP properties of the distributed averaging system (6.80) in (6.92b) and the EIP prop-
erties of the power lines as in Proposition 3.7 in (6.92c). Note that ρπ = min{Rπ,int} is
the smallest resistance of the power lines interconnecting the grids (see Proposition 3.7).
Inserting the interconnection equation of the distributed averaging with the economic
ports (6.79) into (6.92), the variables uecon and uDA are eliminated to obtain

V̇ ≤ ỹ⊤
econỹDA − (ρmin

econ + νDA)ỹ
⊤
econỹecon + ỹ⊤

extũext − ϱmin
ext x̃

⊤x̃ (6.93a)

− ỹ⊤
DAỹecon − (ρDA + νmin

econ)ỹ
⊤
DAỹDA (6.93b)

+ ĩ
⊤
π,intṽ∆ − ρπ ĩ

⊤
π,intĩπ,int. (6.93c)

Observe that the first term in (6.93a) and the first term in (6.93b) add up to zero. Fur-
thermore, inserting the electric interconnection equations (6.56) and (6.57) into the third
term of (6.93a) and into the first term of (6.93c), both terms add up to zero and it follows
that

V̇ ≤ −(ρmin
econ + νDA)ỹ

⊤
econỹecon − ϱmin

ext x̃
⊤x̃ (6.94a)

− (ρDA + νmin
econ)ỹ

⊤
DAỹDA (6.94b)

− ρπ ĩ
⊤
π,intĩπ,int. (6.94c)

With ρmin
econ + νDA ≥ 0 and νmin

econ + ρDA > 0 it follows

V̇ ≤ −ϱmin
ext x̃

⊤x̃− (ρDA + νmin
econ)ỹ

⊤
DAỹDA − ρπ ĩ

⊤
π,intĩπ,int ≤ 0. (6.95)

From (6.95), it follows that all trajectories of the networked system are bounded. Fur-
thermore, due to Lasalle’s Invariance Theorem, all trajectories converge to the largest
invariant set in L = {(x,xDA, iπ) | V̇ = 0}, i.e., L = {(x,xDA, iπ) | x̃ = 0, ỹDA =

0, ĩπ,int = 0}. Observe that L is already contained in the equilibrium manifoldMeq

stated in the proposition. Thus, it only remains to show that convergence is to a point.
For that, the dynamics of the networked system inside the set L are studied. Note
that in L, the grid states x̃ and ĩπ,int are already at equilibrium. Furthermore, it holds
that ỹDA = 0, which, taking into account the output equation (6.80b) of the distributed
averaging, induces the relation

0 = −Lx̃DA − ũDA. (6.96)

between x̃DA and ũDA. Inserting (6.96) into the distributed averaging dynamics (6.80a)
yields

˙̃xDA = −2LLx̃DA. (6.97)



154 6 Economic Ports for Optimal Operation of Liberalized Power Systems

Since the matrixLL in (6.97) is symmetric and positive semidefinite (i.e., the eigenvalues
have a nonnegative real part), the system (6.97) is stable in the sense of Lyapunov. Due
to symmetry, the eigenvalues ofLL are real, and thus all the trajectories x̃DA(t) converge
to a point.76

Remark 6.10. The last part of the proof where it is shown that the convergence is to a point,
could be circumvented by imposing EIO to all three subsystems, the grids, the power lines,
and the distributed averaging algorithm. For the grids and power lines it can be easily shown
that they are EIO. But it can also be proven that, in general, distributed averaging algorithms
are not EIO. This is because the input and output matrices are typically weighted Laplacian
matrices [Kia+19], which makes the system not fully controllable and observable, since the
Laplacian matrices do not have full rank [BH12, Ch. 1.3.7]. This can, however, be circumvented
by dividing the distributed averaging algorithm into a controllable and observable part, which is
EIO, and an uncontrollable and unobservable part depending on the initial states. This elegant
path is chosen in [Mal25] for proving stability with a distributed averaging in feedback. Here,
the path exploiting Lasalle’s Invariance Theorem is chosen instead in order to not depend on
state transformations, which do not work for more performant, nonlinear distributed averaging
algorithms [Kia+19].

It is noteworthy that the stability and optimality results in Theorem 6.10 require only
the communication of their local prices with other grids. In particular, no information
about the loads, grid parameters or costs functions of the DGUs have to be disclosed to
or exchanged with other grids at any time. The stability analysis is completely based on
local EIP properties of the grids, the distributed averaging system and the power lines.
The following example illustrates the presented results. In particular, it is shown that
the economic interconnection scheme leads to UMP.

6.7 Numerical Example

Consider the same scenario as in Example 6.1, but using the economic ports with the
interconnection scheme (6.80) proposed and analyzed in Section 6.6.3. A schematic
representation of both grids with economic ports is shown in Figure 6.10.

76 For undamped oscillations to occur, complex eigenvalues are necessary.
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Figure 6.10: Schematic representation of the two electrically (purple) and economically (brown) interconnected
grids via a distributed averaging algorithm. The grid-following DGUs are represented as green
circles, and the grid-forming DGUs as red squares.

The power injection of the grid-forming DGUs and the price in both grids are shown in
Figures 6.11 and 6.12, respectively. When a load step occurs, the prices in both grids vary.
However, after a transient period, the prices in both grids become equal. This is due to
the distributed averaging algorithm (6.80) interconnecting the grids via the economic
port, which achieves a price consensus at steady state. The power injections of the
grid-following DGUs in Figure 6.11 adjusts automatically according to the price in the
grids. Note that the DGUs of Grid 2 inject less power than the DGUs in Grid 1, since
they have greater injected power costs (see Table 6.2). DGUs with the same cost function
(e.g., DGU 3 in Grid 1 and DGU 4 in Grid 2, see Table 6.2) inject the same amount of
power in steady state despite being in different grids with different loads. Since at
steady state a price consensus of both grids is achieved, it results, as per Proposition 6.8,
global optimal dispatch. Note that global optimal dispatch is achieved solely by an
exchange of the local prices in a distributed manner via the economic ports, without
requiring further communication.



156 6 Economic Ports for Optimal Operation of Liberalized Power Systems

0 10 20 30 40 50 60 70

4000

5000

6000

7000

Figure 6.11: Power generation of the DGUs of both grids over the simulation time using economic ports and
distributed averaging.
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Figure 6.12: Local price of both grids over the simulation time using economic ports and distributed averaging.

6.8 Discussion and Outlook

The main contribution of this chapter is a control framework compatible with liberalized
power systems as in Term 2.2. The proposed method complies with the unbundling in
current power systems due to the following reasons. Firstly, the flexible prosumers are
rational market participants and do not share any information. Secondly, the roles of
power system operation and energy trading are performed by different, independent
entities. This is achieved by designing a novel price-forming mechanism. This price
signal features two main advantages. On the one hand, it provides enough information
to the prosumers such that they can inject the amount of power to maximize their profit.
On the other hand, the price signal induces asymptotic stability and convergence to
an equilibrium where global optimal dispatch as in Proposition 6.8 holds. This novel
price-forming mechanism also allows measuring just one variable to determine the
unmet power balance and thus the price. In contrast, the existing approaches reviewed
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in Section 2.5 need to measure all voltages and compute the losses for determining the
price evolution. In the proposed approach, the control effort of the grid-forming DGU
is used as a proxy signal for the unmet power balance and thus for determining the
price.

In this chapter, the roles traditionally fulfilled by the market mechanism in power
systems are partially assumed by the distributed averaging system and the system oper-
ators. The system operators determine a price, while the distributed averaging system
establishes a UMP that each grid uses for the cost of power generation. Although UMP
offers advantages such as social fairness, it does not account for transmission line con-
straints and necessitates a redispatch mechanism as implemented in Germany [Bun24b].
This limitation can be addressed by introducing weighting factors for the averaged
prices λext in order to achieve location-dependent prices [Koe22].

One of the main novelties of the proposed method is that the stability analysis in The-
orem 6.10 requires only local conditions at grid level. This is a direct consequence of the
introduction of the economic ports, which allow an economic cooperation and at the
same time an EIP of an individual grid. Comparable approaches reviewed in Section 2.5
necessitate the EIP properties of the aggregated grids, including the interconnecting
power lines, the objective functions or the communication matrices, which are not
separable in individual grids, as shown graphically in Figure 2.3. All in all, the local
conditions on all subsystems allow a plug-and-play operation of grids without com-
promising on stability or optimality. Note, however, that if a grid disconnects only
economically and remains electrically interconnected, the results of grids interconnected
via electric ports (see Theorem 6.6) still apply. Then, as per Proposition 6.7, a steady
state arises that is locally (for each grid individually) optimal but globally suboptimal.

Another key element to underline in the proposed framework is the clear separation of
roles between the system operator and prosumers. This role separation is reflected in
the control paradigms of the power electronics corresponding to the different agents,
i.e., grid-forming for the system operators and grid-following for the prosumers. The
existing methods use controllers for power electronics of prosumers mimicking the
linear droop-relation of synchronous generators. Thus, prosumers automatically are
grid-forming entities and provide ancillary services, such as voltage regulation. In
the proposed approach, the system operator is actually the only grid-forming entity,
deciding on an adequate voltage level via vref,i, yielding a clear separation of the roles.

An appropriate and fair remuneration scheme for all network participants is essential
for practical operation. As it requires comprehensive legal and economic considerations,
it lays outside the technical scope of this thesis. Apart from the payments of the flexible
or inflexible prosumers, taken into account with (6.15) and (6.19), a scheme where the
system operators are remunerated for stabilization and price-forming services they
provide is necessary. These types of fixed costs for the regulated part of the power
system have to be transferred adequately to the flexible and inflexible prosumers. Such
a remuneration scheme has, however, not been proposed yet in the literature.
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Another interesting extension would be the design of such a control framework for
AC systems. First attempts show promising results, see [Dik23; JSDH23]. In [JSDH23],
we have shown that, from a practical perspective, the same framework works when
considering AC systems and linking the price-forming mechanism with the active
power injection of the grid-forming DGU. This confirms that the extension of control
approaches from DC to balanced, three-phase AC systems modelled in the dq (rotating)
frame works well in practice, as is also observed in the literature in Section 2.6. However,
the theoretical stability analysis was not studied and is left to future work.

As a matter of interest, a link between the proposed method and the distributed op-
timization in Chapter 5 is drawn. In both chapters, the subsystems are designed such
that all equilibria automatically comply with optimality requirements. In the case of the
distributed optimization, the edge systems are systems with integral action as in Defini-
tion 5.1, forcing the agents to reach consensus and optimality. Similarly, in this chapter,
the novel price-forming mechanism is a system with integral action and ensures that,
at steady state, power balance holds along with global optimal dispatch (due to the
distributed averaging inducing UMP). Hence, both approaches are designed in such a
way that all possible equilibria fulfill the given optimality requirements using integral
action. Also, in both methods these equilibrium properties hold independently of the
interconnection topology or the number of systems that are interconnected. This enables
the possibility of a plug-and-play operation in both methods.

Finally, it has to be highlighted that the proposed control theory-inspired price-forming
mechanism, using the control effort of a grid-forming DGU to determine the price, may
be conceptually used in any domain of multi-energy systems. In heating networks, the
control effort to stabilize the temperature of the medium in the pipes may be used as
a price-forming mechanism. In gas networks, an analogy would be to use the control
effort to stabilize the pressure. Such price-forming mechanisms may help to control and
optimize meshed networks with numerous connections at all distribution levels, when
those energy markets cannot be treated independently anymore.

6.9 Summary and Contributions

In this chapter, a liberalized framework for optimal operation of networked grids has
been proposed. For that, the concept of electric ports at grid level and economic ports
has been introduced. With EIP theory, asymptotic stability in the case of an inter-
connection with electric ports has been shown. Furthermore, an additional economic
interconnection leading to UMP has been proposed, and it has been shown that an
equilibrium manifold describing global optimal dispatch is asymptotically attractive.
Two examples have been presented in order to showcase the proposed method. A more
representative example as well as a more detailed analysis and comparison with the
other methods proposed in this thesis is presented in Chapter 7.
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With this chapter, Research Gaps 4, 6 and 5 are addressed. The proposed method
fulfills Contributions 3 and 4. In Table 6.3, the propositions, theorems and corollaries
proposed in this work are summarized and their interrelation is shown graphically. The
statements are categorized depending on the scenario they address, i.e., a single islanded
grid, electrically interconnected or electrically and economically interconnected grids.
Furthermore, the statements are categorized w.r.t. their content — if they establish
EIP properties, stability properties of suitable equilibria or optimality properties of
equilibria.

Table 6.3: Summary and interrelation of the propositions and theorems.

islanded
electrically
interconnected

electrically &
economically
interconnected

EIP properties - Proposition 6.4
Proposition 6.5,
Proposition 6.9

stability
properties

Theorem 6.2 Theorem 6.6, Theorem 6.10

optimality of
equilibria

Proposition 6.3 Proposition 6.7 Proposition 6.8





7 Simulation Results: Comparison of the
Proposed Methods

In this chapter, simulation results for the regulated and liberalized power system control
frameworks, proposed in Chapter 4 and Chapter 6, are presented and compared. The
goal is to illustrate the advantages and disadvantages of both approaches. Special
attention is paid to comparing the performance, the information exchange and the
computational complexity in order to assess the technical viability of each method.

First, in Section 7.1, the simulation scenario is presented. In particular, the system
topology and the objective functions of the prosumers are stated. In Section 7.2, the sim-
ulation results for the regulated power system control framework proposed in Chapter 4,
using the distributed optimization proposed algorithm in Chapter 5, are presented. De-
tails about the implementation using the distributed optimization algorithm presented
in Chapter 5 are given. Afterwards, in Section 7.3, the simulation results for the method
compatible with liberalized power systems proposed in Chapter 6 are shown. Lastly, in
Section 7.4, both results are compared in terms of performance, information exchange,
and computational complexity.

7.1 Simulation Scenario

The simulation scenario considered in the rest of this chapter is composed of three
networked grids forming a power system as in Figure 7.1. The first grid, in blue,
comprises five nodes and six power lines. The second grid, in orange, is composed of
four nodes and three lines, and the third grid, in yellow, of six nodes and five power
lines. Grid 1 has a meshed topology, while Grids 2 and 3 have radial topologies. The
grids are interconnected via three power lines, in purple, and create thus a meshed
topology in the power system. Each grid m ∈ {1, 2, 3} has two DGUs injecting power,
depicted in green. The power injection of the DGUs has a quadratic77 cost fmflx,i(p

m
ref,i)

(see (6.14)), with m ∈ {1, 2, 3} the grid index and i = {1, 2} the DGU index, as in

fmflx,1(p
m
ref,1) =

(
pmref,1

)2

, k = {1, 2, 3}, (7.1a)

fmflx,2(p
m
ref,2) = 2

(
pmref,2

)2

, k = {1, 2, 3}. (7.1b)

77 Quadratic cost functions are used for simplicity, without loss of generality.
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Hence, the cost of the DGUs i = {1, 2} of all three grids m ∈ {1, 2, 3} are identical.
All grids m ∈ {1, 2, 3} have a DGU with cost fmflx,1, and another one with double the
cost, i.e., fmflx,2 = 2fmflx,1. This is chosen in order to easily compare the power injection
of different grids. Due to the cost of power injection, it is expected that, in each grid,
the expensive DGU injects half the power that the cheap DGU injects. The cheap and
expensive DGU should, respectively, inject a similar amount of power in each grid, since
they have identical costs of generation. The system parameters are shown in Table D.1 in
Section D.1. The simulation time is 80 s. At time steps t1 = 20 s, t2 = 40 s and t3 = 60 s,
the load changes as summarized in Figure 7.2. At time step t1, the loads in Grid 3
increase by 3 kW (see Figure 7.2). At time step t2, the loads in Grid 3 further increase by
900W and, at the same time, decrease by 450W in both Grid 1 and 2, such that the total
load in the system remains constant but shifts between grids. In time step t3, the load
in Grids 1 and 2 decreases such that the total load is equal to the total load in the first
time period 0 - 20 s (see Figure 7.2 (bottom)). However, even though the total load in
the time periods 1 and 4 (and also 2 and 3) is equal, the load is distributed differently
among the grids in each of the time periods. It can be further observed that the load
differences between the grids increase over time, i.e., the load shifts from Grids 1 and 2
to Grid 3.

Grid 1 Grid 2

Grid 3

1

5

3

4

2
1

4

3
2

12

34
5

6

Figure 7.1: Simulation scenario of the power system comprising three grids. Gray nodes indicate there is only
a load, green nodes have additionally a DGU.

Furthermore, as can be seen in Table D.1, apart from the total load, the load characterist-
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Figure 7.2: Load variations in the grids over the simulation time (top), and the sum of all loads in the three
grids (bottom) over the simulation time. The loads are computed with a nominal voltage 1000V.

ics also vary. In time period 0 - 20 s, the load is a pure impedance and thus linear. In the
rest of the time steps, there is a nonlinear constant power load (see Table D.1).

In the next section, the results of applying the method proposed in Chapter 4 for
regulated power systems to the scenario described above are presented.

7.2 Regulated Power System Operation

In this section, the results of a distributed setpoint-tracking and economic MPC as
proposed in Chapter 4 using the distributed optimization algorithm of Chapter 5 are
shown. First, in Section 7.2.1, details of the practical implementation of the distributed
optimization algorithm for the regulated control framework of Chapter 4 are presented.
Afterwards, in Section 7.2.2, the simulation results are presented.

7.2.1 Practical Implementation of the Distributed Optimization
Algorithm for MPC

Recall that the method for regulated power systems in Chapter 4 provided an MPC
framework with local stability conditions for the individual grids. However, to addi-
tionally achieve a distributed computation, a distributed optimization algorithm as
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presented in Chapter 5 has to be used. Thus, this subsection is devoted to provide the
details of the implementation of the distributed optimization algorithm of Chapter 5 to
the approach of Chapter 4. First, the system dynamics used in Chapter 4 are discretized,
and then transformed to an appropriate form.

Note that the system dynamics derived in Section 3.4 and used in Chapter 4 are in con-
tinuous time. However, to numerically solve the MPC problem (4.26), a discretization
of the nonlinear system dynamics is necessary. For that, the forward Euler method

x(k + 1) = x(k) + hTf(x(k),u(k)) (7.2)

is employed. For choosing an appropriate discretization time hT ∈ R>0, the system is
linearized around an appropriate operating point and the eigenvalues of the resulting
matrix are computed. With the eigenvalues, the largest discretization time hT which
retains the stability properties of the continuous-time system can be computed [JS+23c,
Prop. 4].

The forward Euler integration method [RMD17] is used due to its sparsity preserving
properties for distributed systems, i.e., it preserves the sparsity structure of the continuous-
time system as in the state function f in (7.2) [Col+12; FCS13; DTS13].

As a consequence, the coupling between the grids in the system dynamics via the
voltages explained in Remark 4.3 in Section 4.2.1 remains the same after discretizing
the system [FCS13]. This is important, since any additional coupling between the
grids implies more communication in the distributed optimization and should thus be
avoided when discretizing.

Every grid m ∈M is described by discrete-time dynamics of the form

xm(k + 1) = fm
T (xm(k)) +Bmum(k) +

nmg∑
l=1,l ̸=m

Am,lxl(k), (7.3)

where the last term describes the interconnection with other grids, and k describes the
discrete-time step. According to the reduced model (4.21), the dynamics of a node in
grid m ∈Mwhich is connected to a node in grid l ∈M are influenced by the voltage
of the corresponding node in l, which is included in the state xl. This corresponds to
the term EintR

−1
π,intE

⊤
intv in (4.21a).

The system equations (7.3) of each grid m ∈ M are the private constraints for the
local optimization problem of each grid. The objective function depends on whether
setpoint-tracking or economic MPC is implemented. In the case of setpoint-tracking,
the objective function for the MPC problem is

lm(x(k),u(k)) = ∥vm − vopt∥+ ∥um(k)− vopt∥α, (7.4)

where vopt is an optimal voltage reference computed via OPF (4.25) in advance, and
α ∈ R≥0 a constant for weighting the error of the input. Note that there exist standard
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methods for computing the OPF problem in a distributed manner, see the survey
in [Mol+17]. The OPF problem for the networked grids m ∈M reads

min
pm

ref,i

∑
m∈M

∑
i∈Bm

fmflx,i(p
m
ref,i) (7.5a)

s.t. Y v ◦ v − p = 0, (7.5b)

where Y is the admittance matrix of the whole grid and p the constant power loads. OPF
problem (7.5) computes the setpoints such that the total cost of generation is minimized.
Afterwards, the setpoint-tracking MPC ensures, with local conditions, that the nonlinear
power system follows these setpoints and is asymptotically stable.

The MPC problem for an individual gridm ∈M is, as introduced in (3.14) in continuous
time,

min
um(k)

∑
m∈IN−1

lm(xm(k),um(k)) + VT (x
m(nT )) (7.6a)

s.t. (7.3) (7.6b)

xm(k) ∈ Xm (7.6c)

um(k) ∈ Um (7.6d)

xm(nT ) ∈ Xm
T , (7.6e)

where IN−1 = {1, 2, . . . , nT − 1} is the set containing the discrete time steps, and
nT = ⌈ ThT

⌉.
Note that through constraint (7.3), the MPC optimization problem of grid m is coupled
with the MPC optimization problems of the other grids. To achieve global optimality, the
distributed optimization algorithm proposed in Chapter 5 is used. For that, problem (7.6)
is rewritten in network coordinates z = col{xm(k),um(k)},∀m ∈ {t, . . . , T} containing
all optimization variables to obtain

min
z

Fm(z) (7.7a)

s.t. (7.3) (7.7b)

z ∈ Zm, (7.7c)

where Fm(z) =
∑T−1

k=t l
m(xm(k),um(k))+V (xm(T )) and Zm =

⋃
m∈IN−1

{Xm
k ∪Um

k }∪
Xm

T . Note that writing problem (7.6) in network coordinates z does not change the
coupling of the individual optimization problems via (7.3). It just casts the problem
in the structure needed in Chapter 5, in particular with a network variable z already
containing the coupling variables for grid m ∈ M. This is explained in the following.
Consider the global optimization problem

min
z

∑
m∈M

Fm(z) (7.8a)

s.t. (7.3), ∀m ∈M (7.8b)

z ∈ Zm,∀m ∈M. (7.8c)
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Observe that optimization problem (7.8) has a structure as required for the distributed
optimization in Chapter 5: the global objective is the sum of the objectives of the
grids, and the constraints Zm are private to grid m ∈ M. The network variable z
contains variables from all grids, but it is clear from (7.3) that only the own and coupling
variables affect the objective function Fm(z) and constraints Zm of grid m ∈M. With
the algorithm proposed in Chapter 5, the grids need to exchange only the coupling
variables in every iteration, and the convergence to the global optimum is ensured
by Theorem 5.14 if the objective functions are convex.

The continuous-time distributed optimization algorithm of Chapter 5 is implemented
to solve (7.8) in MATLAB/SIMULINK R2022b and the variable-step size implicit solver
ode15s [TM24b] is used. For solving the MPC problems, a discretization time of 10ms

together with an optimization horizon of 100 steps is chosen. This leads to an optimiza-
tion problem with around 3300 optimization variables, which is solved in a distributed
manner.

7.2.2 Simulation Results

In this subsection, the simulation results of the regulated approach of Chapter 4 together
with the distributed optimization of Chapter 5, implemented as presented in the last
subsection, are shown.

Setpoint-tracking MPC

The power injections of both DGUs in all grids controlled by a distributed setpoint-
tracking MPC are shown in Figure 7.3. The power injections are drawn in the colors
of the respective grids as in Figure 7.1, Grid 1 in blue, Grid 2 in orange, and Grid 3 in
yellow. The power injections of all DGUs vary at time steps t1 = 20 s, t2 = 40 s and
t3 = 60 s, where load steps occur. At time step t2, the power injections remain nearly
constant because the total load remains the constant even if it shifts among the grids
(see Figure 7.2). The small variations are only to achieve fewer losses with the new load
configuration such that the objective function (7.5) is minimized.

Furthermore, it can be clearly seen that the DGUs with low power generation cost inject
nearly two times the power the expensive DGU inject, which corresponds to the ratio
of their generation cost (see (7.1)). However, the power injections of the DGUs with
low costs are between 3-4 kW and are not identical, even if they have identical cost
functions. Similarly, different injections between 6-8 kW are observed for the DGUs
with high generation costs. These differences arise, depending on the load configuration
and location, in order to minimize the total power injection costs.
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Figure 7.3: Power injection of the DGUs controlled by a distributed setpoint-tracking MPC in the three
networked grids of the scenario of Figure 7.1.

The node voltages of the networked system are shown in Figure 7.4. The voltages
fulfill the constraints of ±10% of the nominal voltage 1000V at all times,78 also during
transients, since it is specified as a constraint for the MPC in (7.6c). When a load
change occurs, the voltages vary and a new steady state which allows the power flows
in Figure 7.3 arises. It can be further seen that the voltages are increasingly spreading as
time increases. The voltages in the nodes of Grid 1 are the highest, and Grid 3 the lowest.
This is due to the load steps, that induce increasingly high load differences between the
grids at every time step, as can be seen in Figure 7.2. Grid 3 has the largest load, and
has to receive power from the other grids. To allow greater power flows between grids,
the voltage differences between nodes have to increase.

Lastly, the convergence properties of the distributed optimization algorithm solving the
distributed setpoint-tracking MPC problem are discussed. In Figure 7.5, the error to the
optimizer for the variables of Grid 1 is shown for two different time steps. The blue curve
corresponds to the optimization at t = 0s. In the first time period 0 - 20 s, which includes
time step t = 0 s, the constant power loads are zero, and the constraint (7.6b) is affine
(see Table D.1). Thus, the optimization problem is convex, and a faster convergence
than in time step t = 20.7s is observed. Time step t = 20.7s is chosen because it
corresponds to the time period 20 - 40 s, when there are nonzero power loads and the
optimization problem is nonconvex due to the nonlinear equality constraint (7.6b). The
algorithm also converges to the global optimizer in this case,79 but slower compared

78 Constraints of ±10% are very common in power systems, see, e.g., the North American grid code [Ass20].
79 Note that convergence to the global optimizer is not guaranteed in general, but common in OPF problems
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Figure 7.4: Node voltages of the networked system controlled by a distributed setpoint-tracking MPC in the
three networked grids of the scenario of Figure 7.1.

to the convex problem. Note that convergence was not formally proven in the case of
nonconvex optimization problems in Chapter 5, but it shows a good performance also
in the nonconvex case. The number of iterations necessary to reach an accuracy of 10−5

and 10−8 is shown in Table 7.1. At t = 20.7s, due to the nonconvexity, around 50 more
iterations are necessary. Note, that a standard initialization is used for the initial guess
for both optimizations, which is in the order of 101 away from the optimizer, to be able
to assess the effect of the nonlinearity introduced by the static loads.

Table 7.1: Number of iterations necessary for the distributed optimization to achieve an accuracy of 10−5 and
10−8.

t = 0 s t = 20.7 s

10−5 147 282
10−8 206 318

Economic MPC

In this subsection, the results of a distributed economic MPC controller are shown.
Note that, in contrast to setpoint-tracking MPC, asymptotic stability is not formally
proven for this controller. However, it is subsequently shown (and has been also shown
in Chapter 4) that it can achieve better performance, while not necessitating any setpoint
in advance. This is an advantage when dealing with networked systems. The grids use
the objective function (7.5a) for the economic MPC.

[COC+12].
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Figure 7.5: Error to the optimizer ∥z− zopt∥ of Grid 1 using the proposed distributed optimization algorithm.
The error is plotted over the time of the continuous-time distributed optimization algorithm. The
continuous-time optimization algorithm is solved numerically with ode15s [TM24b], thus yielding
variable step sizes.

In Figure 7.6 the power injections of the DGUs are shown. In gray, the power injections
computed by the setpoint-tracking MPC are depicted. It can be observed that the
economic MPC achieves the same steady state as the setpoint-tracking MPC, but without
knowing the setpoint in advance. The setpoint arises automatically from closed-loop
operation. Both MPC controllers thus compute different power injections only during
transients. However, observing more in detail, it can be seen that the steady state
is not exactly identical. The steady-state error is inverse proportional to the length
of the optimization horizon. Thus, the steady-state error can be further reduced by
increasing the optimization horizon of the economic MPC. This is shown quantitatively
in Figure 7.7.

Economic MPC has a great potential for the control of distributed power systems.80

Furthermore, it is shown in Section 4.4 that it has improved performance in comparison
to setpoint-tracking MPC, in particular when disturbances occur. From here on, the
setpoint-tracking MPC is used for further comparison with the liberalized control
framework, since only for setpoint-tracking MPC stability has been proven.

7.3 Liberalized Power System Operation

In this section, the liberalized control framework presented in Chapter 6 is studied in the
same scenario as the regulated control framework (cf. Section 7.1). The grid-following
DGUs represent the flexible prosumers and the loads are the inflexible prosumers.

80 Specially, it has a great potential for general large-scale systems due to the fact that no setpoint has to be
computed or known in advance.
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Figure 7.6: Power injection of the DGUs controlled by a distributed economic MPC in the three networked
grids (blue, yellow, orange) of the scenario of Figure 7.1. In gray, the power injections computed
by the setpoint-tracking MPC are depicted.

In each grid, in Node 1, a grid-forming DGU that represents the system operator
is deployed. The system operator implements the price-forming mechanism (6.28).
The simulation scenario including the system operators represented as red squares is
shown in Figure 7.8. The load parameters and generation costs are chosen as presented
in Section 7.1. Note that the controllable power generation is located in the same nodes
as in the distributed MPC strategies, and all parameters are chosen identically. Hence,
the simulation scenario is directly comparable to the simulation results when using the
distributed MPC strategies of the previous section.

The system is implemented in MATLAB/SIMULINK R2022b and simulated numerically
with the fixed time-step explicit solver ode3 [TM24a]. The standard solver parameters
for fixed time-step solvers of Simulink are used.

In Figure 7.9, the power injections of the DGUs are depicted. The power injections vary
when the load steps occur, at time steps t1 = 20s, t2 = 40s, and t3 = 60s (see Figure 7.2
in Section 7.1). It can be seen that, at steady state, after each load step, the power
injections of all DGUs with the same generation costs are identical. In particular,
the power injection of the DGUs with low and high generation cost are, respectively,
identical at steady state even if they are located at different grids. This is a consequence
of the fact that each DGU operates at the point where they maximize profit with a given
price, and the price is equal at steady state for all grids, leading to UMP.

The external prices in each grid over the simulation time are shown in Figure 7.10.
At steady state, all prices are identical. This is due to the distributed averaging. The
external prices are formed by passing the local prices, which are all different, through
a distributed averaging in order to achieve an identical price at steady state and thus
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Figure 7.7: Steady-state error of the economic MPC compared to setpoint-tracking MPC.

a coordination of all flexible prosumers which inject power according to the price
changes.

The price curves in Figure 7.10 arise from the price-forming mechanism (6.28). The
price-forming mechanism defines that the local prices vary according to the current of
the local grid-forming DGU, which in turn describes the control effort of the system
operator to stabilize the system. The current of the grid-forming DGU in each grid is
depicted in Figure 7.11. At time t1, when the first load step occurs, the current of the
grid-forming DGU in Grid 3 shows the largest step. This is due to the location of the load
step, which is exclusively in Grid 3 (see Figure 7.2). At time step t2, the load increases
in Grid 3 but decreases in Grids 1 and 2. Thus, the currents of the grid-forming DGUs
corresponding to Grids 1 and 2 are negative, whereas the current of the grid-forming
DGU in Grid 3 is positive. This is because in Grid 1 and 2 there is a surplus of generation,
and the control effort is to consume power from the grid, which hence lowers the price.
In Grid 3 there is a lack of power and the price increases. At time step t3, the currents of
the grid-forming DGUs in Grids 2 and 3 show negative steps, since the load decreases
in those two grids (see Figure 7.2). The current of the grid-forming DGU in Grid 3 also
varies, but much less in magnitude, since no load step occurs in Grid 3. The current
variation here is due to the load step in the other grids, which is propagated through
the dynamic system. Hence, indirectly, all grids help to stabilize the system when a
disturbance occurs.

The node voltages of all nodes are depicted in Figure 7.12. The voltages fulfill the
constraints of ±10% of the nominal voltage 1000V at all times, even if this is not
explicitly taken into account in the controller design. When a load change occurs,
the voltages vary and a new steady state which allows the power flows in Figure 7.9
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Figure 7.8: System of networked grids as described in Section 7.1 but including a grid-forming DGU in node
1 of each grid. The flexible prosumers are represented as green nodes, the inflexible prosumers
as gray nodes, and system operator as a red square. The black dotted line is the communication
graph for exchanging the local prices λm

loc.

arises. It can be further seen that the voltage differences between nodes increase as time
increases. This is due to the load steps, that induce increasingly high load differences
between the grids at every time step, as can be seen in Figure 7.2. To allow greater
power flows between grids, the voltage differences between nodes have to increase.
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Figure 7.9: Power injection of the controlled DGUs over the simulation time when using the control framework
for liberalized power systems.
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Figure 7.10: External price for each grid over the simulation time.
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Figure 7.11: Current of the grid-forming DGU in each grid over the simulation time.

0 10 20 30 40 50 60 70 80

960

980

1000

1020

Grid 1 Grid 2 Grid 3

Figure 7.12: Node voltages of the networked system using the control framework for liberalized power
systems.
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7.4 Comparison and Discussion

In this section, the simulation results of the regulated control framework in Section 7.2
and the liberalized control framework in Section 7.3 are analyzed and compared. Special
attention is paid to the interpretation of the different dynamics seen in the simulation
results, the comparison of the performance, the information exchange, and the compu-
tational complexity.

Dynamics and Performance

By performance, it is meant how well the Objective of the Thesis is met. Thus, a lower
power injection over time (and hence also a lower energy injection) while stabilizing
the system corresponds to a better performance.

In Figure 7.13, the power injection of the DGUs in both proposed control frameworks
are shown. The power generation in the liberalized framework is identical for DGUs
with the same cost functions at steady state. In contrast to the liberalized approach, the
power injections in the regulated framework are not identical for DGUs with identical
generation costs located in different grids. This is because in the regulated framework
there is no price to which the generators adapt according to its cost. The optimization
problem (7.5) in the regulated framework computes the references by taking the location
of the load into account. In general, two DGUs with identical cost functions may inject a
different amount of power to minimize the overall costs. For instance, when one of the
DGUs is located far away from the load, it should inject less power to avoid transmission
losses despite having identical cost functions. This effect is seen in the power injections
of the DGUs in the regulated framework, which leads to a power injection with 0.7%

lower energy during the simulation time81 than the power injection in the liberalized
framework. Thus, the regulated framework shows better performance.

Furthermore, it can be observed in Figure 7.13 that the liberalized framework shows
slower dynamics. This is in part due to the distributed averaging, which introduces
further dynamics similar to a first order lag. On the other hand, the distributed setpoint-
tracking MPC achieves a much faster regulation due to the large optimization horizon
employed.

The voltage dynamics of both approaches in Figure 7.4 and Figure 7.12 also show
considerable differences. Note that the steady-state node voltages arising in the lib-
eralized framework in Figure 7.12 are similar to the node voltages arising from the
distributed setpoint-tracking MPC in Figure 7.4. This is because similar power flows

81 This number is obtained by integrating the power injections during all simulation time and comparing the
energy injected in the liberalized and regulated framework. The lower injection is due to considering the
global optimization problem including the losses in the regulated framework, rather than the profit-driven
minimization of the own costs in the liberalized framework. The power from the stabilizing grid-forming
DGU is considered for the computations in the liberalized framework, even if not shown in Figure 7.13



176 7 Simulation Results: Comparison of the Proposed Methods

0 20 40 60 80
2000

3000

4000

5000

6000

7000

8000

9000

regulated liberalized

Figure 7.13: Comparison of the power injection of the DGUs in the regulated (green) and liberalized (purple)
frameworks proposed in this work.

arise (see Figure 7.13), even when using completely different control frameworks where
the distributed controllers exchange information of completely different nature (prices
vs voltages). Note that when using the control framework for liberalized power systems,
the voltage dynamics are slower, similar to the power injection in Figure 7.13. This
is because, in contrast to the setpoint-tracking MPC, the voltages are not the control
variables. In the liberalized framework, the voltages arise automatically in the nonlinear
grid-following DGUs from the flexible prosumers in order to inject the correct amount
of power. The voltages are, thus, a byproduct instead of the control variable. In addition,
the distributed averaging introduces further dynamics similar to a first order lag. All in
all, this also results in slower voltage dynamics.

Information Availability and Communication

Both approaches differ considerably w.r.t. the information and communication required
by the controllers. The regulated approach is based on MPC strategies which use
the system dynamics as a constraint. Hence, the system dynamics has to be known.
Accurate knowledge about system dynamics implies accurate knowledge of the loads,
which are possibly time-varying and have to be measured and/or estimated at all
times. Similarly, the parameters (see Section D.1) of the power lines and DGUs have
to be known. The performance of the MPC controller strongly depends, in general, on
accurate knowledge of all the system parameters [Lan+24; CHM23]. In addition, during
the real-time operation, the voltages have to be measured. For the underlying control,
each DGU has to measure its own states to compute the state feedback as in (3.28). All
in all, the regulated approach requires a large amount of measurements and system
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information during operation.

In contrast to that, the liberalized framework needs less information for operation: the
system operator only needs to measure the current of the grid-forming DGU in order to
compute the price. The price is then forwarded to other grids according to a connected
communication topology, and the distributed averaging algorithm (6.80) is performed.
The averaged price is sent to the flexible prosumers, which inject an amount of power
such that their profits are maximized (see Section 6.2). Via the system dynamics itself,
these power injections are reflected in the current of the grid-forming DGU and, as
a result, also in the price, thus closing the loop. As a consequence, the loads do not
have to be known or measured. The only measurement necessary for coordination and
stability is the current of the grid-following DGU.82

All in all, the liberalized framework requires less information about the system dynamics
or system variables for operation. While the regulated framework needs to measure
or estimate all the loads and voltages, the liberalized framework just requires the
current of the grid-forming DGUs. This comes, however, at the price of additionally
requiring a grid-forming DGU functioning as system operator, which is not required in
the regulated framework.

Along with the differences regarding the information required for operation, the commu-
nication effort in the regulated framework is higher than in the liberalized framework.
In the regulated framework, the information exchange is determined by the distrib-
uted optimization algorithm. With the distributed optimization proposed in Chapter 5,
the grids exchange the coupling variables (i.e., voltages) in each iteration. As stated
in Table 7.1, between 150 and 350 iterations are necessary at each time step, depending
on the accuracy required. This then leads to 150 - 350 communication events in every
time step. On the other hand, the liberalized framework relies only on the communica-
tion requirements of the distributed averaging algorithm (6.80), which is designed in
continuous time in this dissertation. Thus, the communication requirements depend on
the discretization time of the system dynamics.83 In every time step, the grids need to
exchange the local prices according to the communication topology of the distributed
averaging once, in contrast to the 150 - 350 times per time step needed in the regu-
lated framework.84 However, the MPC in the regulated framework employs a reduced
model, which can use discretization step sizes an order of magnitude larger than the full
model.85 Hence, the number of communication events in the regulated framework is
reduced by an order of magnitude. As a result, the number of communication events of
both approaches are roughly within an order of magnitude. The communication events

82 For the underlying control, each DGU has to measure additionally its own states. This is the same in both
the regulated and liberalized framework, and is thus not part of the comparison.

83 This is only valid if the distributed averaging is discretized together with the system dynamics after
a continuous-time-based system and control design. Larger discretization times may be possible, e.g.,
employing a real discrete-time controller design. However, this is not considered in this work.

84 Since every time step, 150 - 350 iterations of the distributed optimization algorithm are necessary, and
information exchange is necessary at each iteration.

85 This is due to removing the fast dynamics of the power lines, see Section 4.2.
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in the liberalized framework are around 10 times less than in the regulated framework
in the same period of time. It may be possible to further reduce the discretization step
size also in the liberalized framework for reducing the communication requirements,
e.g., with a discrete-time system design, but this analysis lies outside the scope of this
dissertation.

Computational Aspects

The computational requirements that the grids necessitate for implementing the regu-
lated and liberalized approaches differ considerably. On the one hand, the regulated
framework is based on MPC strategies which solve, in a distributed manner, a global
optimization problem in every time step. The computational requirements strongly de-
pend on the distributed optimization algorithm employed. As reviewed in Section 2.4,
the well known ADMM approaches need to solve a nonlinear programming problem in
every iteration, i.e., potentially hundreds of times within a single time step. In Chapter 5,
a continuous-time primal-dual algorithm is proposed. Compared to ADMM, it reduces
the computational complexity because only a gradient descent (or dual ascent, for the
constraints) is performed at every iteration. However, regardless of the optimization
algorithm, it holds in general for the MPC, that at each time step a global optimization
problem has to be solved via the distributed optimization algorithm.

On the other hand, in the liberalized framework, no optimization problem has to be
solved explicitly in every time step.86 The price-forming mechanism and the underlying
controllers perform simple integrations and multiplications. Similarly, the distributed
averaging algorithm also performs basic multiplication and addition operations. Thus,
the computational complexity of the controllers in the liberalized framework that the
grids need to implement is significantly lower than in the regulated framework. This is
an advantage of the liberalized framework.

However, despite high computational requirements, the regulated framework has an
advantage in performance due to explicitly solving the global optimization problem in
every time step. As explained in Section 7.4, by taking into account the location of the
load,87 a better optimization performance is possible (see Section 7.4). This is translated
into 0.7% less energy injection in the simulation scenario. This may seem like a small
performance increase, but it has to be taken into account that this may translate into a
significant amount of energy in absolute numbers. In contrast, the steady state induced
by the liberalized framework characterized in Proposition 6.8 does not take into account
the location of the loads and establishes a single UMP, leading to worse performance.

86 As a consequence, optimality is achieved only at steady state.
87 This is possible since it has to measure or estimate all the loads, in contrast to the liberalized framework.
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7.5 Summary and Outlook

In this chapter, both approaches for the optimization-based control of a future power
system presented in this work have been compared using a simulation study. The regu-
lated framework (Chapter 4) achieves better performance, at the cost of necessitating
more information about the system dynamics and state, and higher computational
capabilities. The liberalized framework achieves less performance. This is due to the
fact that the loads are not known, measured or estimated, and thus the exact location
of the load is not known. However, the computational complexity and information
exchange is lower, since no global optimization problem has to be solved at every time
step. Furthermore, the liberalized framework complies with the legal and operational
unbundling of current power systems. As outlined in Section 6.8, there exists a clear
separation of the tasks of maintaining system stability, which corresponds exclusively to
the system operator, and power injection, which corresponds exclusively to the flexible
and inflexible prosumers.

Moreover, the implementation details for employing the distributed optimization
presented in Chapter 5 for achieving a distributed operation in the regulated framework
of Chapter 4 have been presented. In Chapter 5, local stability conditions have been
derived, therefore ensuring stability also when a grid connects or disconnects from the
power system. However, the distributed computation of the MPC problem is necessary
to fulfill Contribution 1, which contributes towards the Objective of the Thesis.

The control framework to choose in practice depends strongly on the requirements of
the particular application. In power systems where the system is well known and a
high quantity of states are estimated, the regulated framework may be used to increase
performance if enough computational resources and a high-bandwidth communica-
tion infrastructure are available. In power systems in which the system dynamics,
i.e., the loads or uncontrollable injection, are rapidly changing, the liberalized frame-
work is more suitable, since less information has to be estimated. Furthermore, if the
legal and operational unbundling is important, or if the computational resources or
communication infrastructure are scarce, the liberalized framework is better suited.

All in all, this chapter illustrates the Contributions 1 - 4, which have been developed
theoretically in the previous chapters, by means of a practical example. The regulated
framework (Contributions 1-2) and the liberalized framework (Contributions 3-4) are
compared in relevant aspects in order to showcase the strengths and requirements of
each methodology. Although the computational and informational requirements of
both methods are completely different, both methods fulfill the Objective of the Thesis,
i.e., the design of control frameworks allowing for an optimal operation of large-scale,
networked power systems based on power electronics.
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The ongoing shift towards distributed, renewable generation results in power systems
with small time constants that are more prone to large state deviations and instability
when disturbances occur. Moreover, future power systems have an increasingly large
number of volatile DGUs that may disconnect and reconnect, inducing frequent changes
in network configuration and power generation. The current market mechanism re-
sponsible for the optimization of a power system is designed for systems with predictable
loads and few large generators, and is thus not suitable for future power systems with a
large share of volatile renewable generation.

The thesis at hand closes this gap by developing control frameworks for the optimization-
based control of future power systems, as defined in the Objective of the Thesis
in Chapter 1. To be suitable for future power systems, the individual controllers should
operate in a distributed manner. Furthermore, local stability certificates allowing to assess
stability of the interconnected power system with local conditions on the individual sub-
systems are necessary in power systems with a large number of power generators, since
the analysis of the whole networked system becomes prohibitive. In particular, two
different control frameworks for the optimal control of future power systems have been
developed in this work. Both allow the optimal operation of future power systems in a
distributed manner, and allow the individual grids to disconnect and reconnect without
compromising stability due to local stability certificates exploiting passivity theory. All
the methods proposed in this thesis are showcased on networked DC grids.

The first control framework proposed in this work (Chapter 4) creates a regulated power
system as defined in Term 2.1. The approach is based on MPC strategies considering
a global optimization problem over the interconnected grids. The problem is solved
in a distributed manner with the novel distributed optimization algorithm proposed
in Chapter 5. The main novelty is the modular Lyapunov function for MPC exploiting
passivity theory and the distributed optimization, in combination allowing a plug-and-
play operation of grids. In this approach, there is no distinction between different
roles such as the system operator or market participants, and consequently there is no
separation of tasks as in the current unbundled power system.

The second control framework proposed in this work (Chapter 6) pertains to a liberalized
power system as in Term 2.2. The approach is based on a control theory-inspired
price-forming mechanism implemented by the system operator that changes the price
according to the control effort necessary to stabilize the power system. Therefore,
the framework is specifically designed for systems with high volatility, where any
disturbance that leads to a stabilizing control effort is reflected on the price of electric
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power. With the novel concept of economic ports, the local prices of each grid are then
exchanged in order to achieve coordination, i.e., global optimality. Economic ports do
not only provide means for the coordination of grids, but also for ensuring stability via
its EIP properties.

Both approaches have been compared within this thesis using an academic example.
The regulated approach requires more knowledge about the system, more computation
capabilities and communication, but achieves better performance. On the other hand,
the liberalized approach relies on less exchange of information and simpler computa-
tions, and shows a separation of roles between system operation and energy trading
compatible with current unbundled power systems. Furthermore, the liberalized ap-
proach encourages competition and can lead, combined with an appropriate legal frame,
to lower prices and a greater participation in the network. Thus, both approaches have
different advantages and properties, and should be chosen according to the specific
needs of the power system in question.

Outlook

A natural extension of the regulated approach is to use economic MPC instead of
setpoint-tracking MPC. It has been shown in this work that economic MPC achieves
better performance. In addition, economic MPC does not need setpoints computed in
advance, which significantly simplifies the control structure. An open question is how
to design the economic MPC such that asymptotic stability is ensured while employing
only local conditions for the grids.

The liberalized framework of Chapter 6 can be extended in various ways. The intro-
duction of a price-forming mechanism and a corresponding local price opens up a
wide range of possible extensions. For instance, by adequately extending the price-
forming mechanism and the price consensus in Section 6.6.3, well-studied features
such as congestion management can be included. Furthermore, additional incentives,
e.g., to achieve long term goals, can be included. For example, price incentives for the
installation of DGUs in a certain geographical area [Koe22], e.g., where a large thermal
power plant is scheduled to disconnect in near future, could be included within the
liberalized control framework.

Another aspect to be investigated is the utilization of predictions or priorly known
information in the proposed method for liberalized power systems, in particular in
the price-forming mechanism. The proposed price-forming mechanism determines the
price according to the feedback control effort to stabilize the system. When a load step
occurs, the grid-forming DGU stabilizes the system and this induces a price variation,
until the grid-forming DGU does not have to stabilize the system anymore and hence a
constant price is achieved (see Figure 8.1a). The price is, hence, formed in a feedback
structure, with no information or prediction about the loads or other priorly known
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Figure 8.1: Comparison of the proposed novel price-forming mechanism (a) and the traditional price-forming
mechanism used in power systems based on predictions (b).

information. In contrast to that, nowadays, the price is formed exclusively via predic-
tions with a feedforward structure instead of feedback information (see Figure 8.1b
and cf. Section 2.1.2). In summary, the current power system optimization uses only
predictions, and the proposed method uses only feedback information. In a volatile
power system, feedback control information is advantageous for forming the price
rather than predictions and a feedforward structure. However, adding a feedforward
part to the feedback structure proposed in this work may lead to an even more efficient
price-forming mechanism. The feedforward structure then accounts for the potentially
few predictable loads in the power system. This follows the doctrine use feedforward
control as much as possible, use feedback control as much as necessary. A sketch of this idea is
depicted in Figure 8.2. The price prediction could arise in an energy market similar to
the one currently used. Including predictions in the novel price-forming mechanism can
be seen as a trade-off between using the available information about the loads, like it
has become standard in power systems, but also implementing a feedback structure that
does not rely exclusively on those predictions. This may be the key for the deployment
of the proposed methodology in actual power systems, paving the way towards an
effective optimization in future power systems.

In summary, this thesis is the first to exploit passivity theory for the design of distributed
optimization-based control methods for power systems, obtaining local conditions that
guarantee both optimality and stability.
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A Appendix to Chapter 4

A.1 Separable Functions and Constraints

In Chapter 4, separable objective functions and constraints form the basis for obtaining
local stability conditions for each grid. The following definitions introduce separable
functions and constraints as used in this work.

Definition A.1 (separable function)
Consider a set A = {1, 2, . . . , |A|} of agents, each having the variables x1, x2, . . . ,
x|A|. Define x = col{xi} ∈ Rn, i ∈ A where n is the dimension of the stacked
variables of all agents. A function f : Rn → R is called separable, if it can be
decomposed as

f(x) =
∑
i∈A

fi(xi). (A.1)

A common example for a function for which the separability property is important in
the context of distributed MPC is a Lyapunov function. In order to split the Lyapunov
function and assign a part to each grid, it needs to be separable. If it is not separable,
the Lyapunov function contains coupling terms f ij between agents i and j, i.e.

f(x) =
∑
i∈A

{
fi(xi) +

∑
j∈A

fij(xi,xj)

}
. (A.2)

Even if those coupling terms can be assigned to a specific agent, their evaluation requires
variables from two different agents. This makes thus that the conditions for stability are
not local, but have to be checked with global information about the agents.

Similarly, separable constraints can be defined.

Definition A.2 (separable constraints)
Consider a set A = {1, 2, . . . , |A|} of agents, each having the variables x1, x2, . . . ,
x|A|. Define x = col{xi} ∈ Rn, i ∈ Awhere n is the dimension of the stacked vari-
ables of all agents. The constraint x ∈ X is called separable if it can be decomposed
as

X = X1 ∪ · · · ∪ X|A|, (A.3)
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with xi ∈ Xi.

Separable constrains are such that they can be decomposed in independent constraints
for the individual agents. This is important for the terminal constraints in the context
of distributed MPC, since the terminal constraints have to be chosen as the positive in-
variant set induced by the Lyapunov function used in the terminal costs. If the terminal
constraints are not separable, global information is necessary for their evaluation, and
the stability conditions cannot be local conditions.

An example of separable constraints that are commonly used in the context of MPC
are polytopic constraints such that every variable is constrained by a maximum and a
minimum value, i.e.

X =
⋃
i∈A

[xi,min,xi,max]. (A.4)

Note that, with such polytopic constraints, each agent can evaluate independently of
each other if the constraints are fulfilled, leading to local stability conditions for the
grids when used as terminal constraints.
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B.1 Properties of the Kronecker Product

The following Kronecker product properties [Eve80, p. 107] are used in some proofs
throughout the dissertation. Consider matricesA,B,C andD of appropriate dimen-
sion.

(P1) The mixed-product property:

(A⊗B)(C ⊗D) = AC ⊗BD. (B.1)

(P2) Associativity:
A⊗ (B +C) = A⊗B +A⊗C. (B.2)

B.2 Auxiliary Proofs

Proposition B.1 (kernel of Kronecker product)
Consider a matrix A ∈ Rm×n with m ≥ n, rank(A) = n − 1 and a nullspace
ker{A} = {α1n | α ∈ R}. Then, the matrix

(A⊗ Ip) ∈ Rmp×np (B.3)

has a nullspace which is spanned by the vectors 1n ⊗ ap, where ap ∈ Rp is an
arbitrary constant vector.

Proof. Let ei, i ∈ {1, . . . , n} and ej , j ∈ {1, . . . , p} be basis vectors of Rn and Rp,
respectively. The vectors ei⊗ej then form a basis for Rn×Rp, which contains the kernel
of matrix (B.3). To determine the kernel of (B.3), we have to find vectors v ∈ Rn × Rp

such that

(A⊗ Ip)v = 0. (B.4)
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For that, we parametrize the vector v using the basis as v =
∑n

i=1

∑p
j=1 vij(ei ⊗ ej),

with vij ∈ R. Then, (B.4) reads

(A⊗ Ip)
n∑

i=1

p∑
j=1

vij(ei ⊗ ej) = 0. (B.5)

Using the mixed-product and associative properties P1 and P2 of the Kronecker product
as in Section B.1, (B.5) can be rearranged to

n∑
i=1

p∑
j=1

vij(Aei ⊗ ej) =
p∑

j=1

(
n∑

i=1

vijAei

)
⊗ ej = 0. (B.6)

Since the vectors ej in (B.6) are linearly independent, all the individual addends over
index j have to be zero in order to fulfill the equality. The only way to achieve this is if
the left-hand side of each of the Kronecker products is zero, i.e.,

p∑
j=1

vijAei = A

p∑
j=1

vijei = 0. (B.7)

Equation (B.7) is true if and only if
∑n

i=1 vijei is a nullvector ofA, i.e., αj1n for some
αj ∈ R. Thus, the vectors

v =

p∑
j=1

αj1n ⊗ ej = 1n ⊗

 p∑
j=1

αjej

 = 1n ⊗ ap (B.8)

span the kernel of (A⊗ Ip).

Proposition B.2 (semidefiniteness of special matrix product)
The matrix M = (In + αQ)−1Q ∈ Rn×n, with Q ∈ Rn×n positive semidefinite, is
positive semidefinite for any α ∈ R≥0.

Proof. The proof consists of two parts. First, nonnegativity of the eigenvalues ofM is
proven. Afterwards, it is proven that M is symmetric, both properties proving thus
positive semidefiniteness ofM .

For any α ≥ 0, considering that Q is positive semidefinite, the matrix (In + αQ)
−1

exists and is positive definite. Assume that (λ,v) is an eigenvalue-eigenvector pair of
M . Then, by left multiplyingMv = λv with (In + αQ), we obtain

Qv = λ(In + αQ)v, (B.9)
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and regrouping the terms containing matrix Q on the left we obtain

Qv =
λ

1− αλv. (B.10)

This implies that the term λ
1−αλ is an eigenvalue of Q and is nonnegative due to

the semidefiniteness of Q. Hence, λ needs to be such that the expression λ
1−αλ is

nonnegative. This in turn implies λ ≥ 0, which completes the first part of the proof.

It remains to prove thatM is symmetric. This part of the proof consists in verifying that
M =M⊤ holds true. Consider henceM =M⊤

(In + αQ)−1Q = Q(In + αQ)−1. (B.11)

Left-multiplying the equation with (In + αQ), it results in

Q = (In + αQ)Q(In + αQ)−1. (B.12)

Now, taking into account that (In + αQ)Q = Q(In + αQ), it follows from (B.12) that

Q = Q. (B.13)

Since it resultedQ = Q fromM =M⊤ only by applying equivalence relations, it can
be concluded thatM =M⊤ holds true, which completes the proof.

Proposition B.3 (Limit of special function)
Consider the function ν(γ) = eigmin{γ(In + γQ)−1}, where Q is a positive semi-
definite matrix and γ ∈ R≥0 a scalar. Then, it holds that

lim
γ→∞

ν(γ) =
1

eigmax{Q} . (B.14)

Proof. Since Q is symmetric, it is (unitarily) diagonalizable [HJ12, Th. 4.1.5]. Thus,
consider next splittingQ = PΛP−1 into a diagonal matrix Λ and a unitary matrix P .
Recall that the eigenvalues ofQ are the diagonal entries of Λ. Note that (In + γQ)−1 is
the same as P (In + γΛ)−1P−1. Observe that

(In + γΛ)−1 = diag{ 1

1 + γλi
}, (B.15)

where λi are the diagonal entries of Λ (or, equivalently, the eigenvalues of Q). Equa-
tion (B.15) follows directly from the fact that the eigenvalues ofQ−1 are 1

λi
and that the

eigenvalues of (I +Q) are 1+λi. Next, since γ is a scalar, multiplying (B.15) by γ yields

γ(In + γΛ)−1 = diag{ γ

1 + γλi
}. (B.16)
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Then, since P is unitary, the eigenvalues of γ(In + γQ)−1 are the eigenvalues of P (In +

γΛ)−1P−1, which in turn are the entries in (B.16). Consider the limit

lim
γ→∞

γ

1 + γλi
=

1

λi
. (B.17)

Hence, the eigenvalues of γ(In + γQ)−1 for γ →∞ are (B.17). The smallest eigenvalue
is then the one corresponding to the largest λi, thus obtaining the statement (B.14),
which completes the proof.

B.3 Discontinuous Dynamic Systems

For discontinuous dynamic systems, i.e., systems that have a nonsmooth right-hand side,
classical solutions do not necessarily exist in general. With classical solutions, solutions to
the differential equation with the classical notion of a derivative in mathematical analysis
is meant. In this dissertation, Carathéodory solutions for discontinuous dynamic
systems are considered. They are defined as follows.

Definition B.1 (Carathéodory solutions [Cor08])
A Carathéodory solution of a discontinuous dynamic system is a continuous map
x : [0, t]→ Rn that satisfied the differential equation with discontinuous right-hand
side for almost all τ ∈ [0, t]. Almost all is understood in the sense of Lebesgue
measure, i.e., the solution must fulfill the differential equation except for a set of
time instants that has measure zero.

Equivalently, Carathéodory solutions are continuous solutions that solve the integral
version of the discontinuous differential equation [Cor08]. Thus, every classical solution
is also a Carathéodory solution.

In the following, an example taken from [Cor08] of a system where classical solutions
do not exist, but Carathéodory solutions do exist, is presented.

Example B.1:
Consider the system ẋ = f(x) with discontinuous right-hand side at x = 0

f(x) =


1, x > 0
1
2 , x = 0

−1, x < 0

(B.18)

This dynamic system does not have a classical solution x(t) for the initial value
x(0) = 0. But the system has two Carathéodory solutions, i.e., x1(t) = t and
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x2(t) = −t. Note that both solutions violate the differential equation at t = 0,
but not at t > 0 (or t < 0 for the case of x2), while t = 0 is a set of Lebesgue measure
zero.

Note that Carathéodory solutions are not the only notion of solution that has been
developed for discontinuous dynamic systems. There exist, for example, the more
general definition of a Fillipov solution, among others [Cor08].

B.4 Projected Dynamic Systems

Projected dynamic system theory use the concept of projecting a vector onto a closed
convex set [NZ12, Ch. 2.2]. It makes use of the common (point) projection of point
z ∈ Rn onto the closed convex set K defined as projK(z) = argminx∈K ∥x − z∥. The
vector projection is defined as [NZ12, Eq. (2.14)]

ΓK(v,x) = lim
δ→0+

projK(x+ δv)− x
δ

. (B.19)

The following proposition gives a geometrical interpretation of the vector projection,
which is used later to establish that the system under study can be indeed casted a
projected dynamic system.

The interior and boundary of a set A is denoted by int{A} and bnd{A}, respectively.

Proposition B.4 ([NZ12, Lemma 2.1])
Let n(x) denote the set of inward normals to K at x on the bnd{K}.

(i). If x ∈ int{K}, then ΓK(v,x) = v

(ii). If x ∈ bnd{K}, then ΓK(v,x) = v + β(x,v)n∗(x) with
n∗(x) = argmaxn∈n(x) v

⊤(−n) and β(x,v) = max{0,v⊤(−n∗(x))}.

Remark B.1. It directly follows from Proposition B.4 case (ii) that if x is at the boundary
and x points inwards into K, ΓK(v,x) = v since v⊤(−n∗(x)) ≤ 0, which implies that
β(x,v) = 0. Furthermore, if x is at the boundary and v points outwards and is perpendicular
to K, β(x,v)n∗(x) = −v and ΓK(v,x) = 0.

With the vector projection (B.19), a special type of constrained, discontinuous system
can be defined. Given a dynamic system ẋ = ϕ(x) and a closed and convex set K, the
projected dynamic system is defined as

ẋ = ΓK(ϕ(x),x), x(0) ∈ K. (B.20)
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Proposition B.5 ([NZ12, Th. 2.5])
Let ϕ : Rn → Rn be Lipschitz on a closed and convex set K. Then,

(i) for any x(0) ∈ K, there exists a unique solution x(t) to the initial value prob-
lem (B.20);

(ii) if the sequence xm(0) → x(0) as m → ∞, then xm(t) converges to x(t) uni-
formly on every compact set of [0,∞).
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C.1 Auxiliary Propositions

Proposition C.1 (semidefiniteness of symmetric block matrix)
Consider matricesA ∈ Rn×n andB ∈ Rn×m. The semidefiniteness condition on the
block matrix [

A B

B⊤ 0

]
≤ 0 (C.1)

is equivalent toA ≤ 0 andB = 0.

Proof. Matrix (C.1) is a saddle point matrix, which is indefinite wheneverB ̸= 0 [BGL05,
p. 21]. Thus, the semidefiniteness condition can only be fulfilled whenB = 0. This is a
standard result in matrix analysis as is widely used in passivity theory, see e.g. [AMP16,
p. 7].
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D.1 Supplementary Simulation Data

All the parameter are chosen in accordance to the literature, e.g., [Tuc+18; Mal25;
Nah+20]. All lines are chosen, without loss of generality, identical with a resistance
of Rπ,j = 1.5Ω and an inductance of Lπ,j = 2mH. The DGU filter parameters are
Rf,i = 0.2Ω, Lf,i = 1.8mH and Cf,i = 2.2mF, and the DGU control parameters are
k1 = −0.1, k2 = −2.5, and k3 = 179.9. In Table D.1, the load parameters of each node
at each time period are given. The variable that changes between time steps is the
constant power load. This is chosen since the constant power load introduces a strong
nonlinearity, and thus is the most challenging load change. The values of Z−1 are given
in 1

Ω , I in A, and P in W.

Table D.1: Simulation parameters of the loads in each node. The first number of the node is the grid, the
second the node number. The color of the node number indicates to which grid it pertains
(see Figure 7.1).

0 - 20s 20 - 40s 40 - 60s 60 - 80s
node number Z−1 I P Z−1 I P Z−1 I P Z−1 I P

11 0.02 2 0 0.02 2 0 0.02 2 -100 0.02 0 -450
12 0.02 2 0 0.02 2 0 0.02 2 -100 0.02 0 -450
13 0.02 2 0 0.02 2 0 0.02 2 -100 0.02 0 -450
14 0.02 2 0 0.02 2 0 0.02 2 -100 0.02 0 -450
15 0.02 2 0 0.02 2 0 0.02 2 -100 0.02 0 -450

21 0.02 0 0 0.02 0 0 0.02 0 -100 0.02 2 -450
22 0.02 0 0 0.02 0 0 0.02 0 -100 0.02 2 -300
23 0.02 0 0 0.02 0 0 0.02 0 -100 0.02 2 -450
24 0.02 0 0 0.02 0 0 0.02 0 -100 0.02 2 -450

31 0.02 5 0 0.02 5 500 0.02 5 700 0.02 5 700
32 0.02 5 0 0.02 5 500 0.02 5 700 0.02 5 700
33 0.02 5 0 0.02 5 500 0.02 5 700 0.02 5 600
34 0.02 5 0 0.02 5 500 0.02 5 600 0.02 5 700
35 0.02 5 0 0.02 5 500 0.02 5 600 0.02 5 600
36 0.02 5 0 0.02 5 500 0.02 5 600 0.02 5 600

The MPC framework consider voltage constraints for all nodes. The constraints are
±10% of the nominal value. In particular, in Chapter 7, the constraints are [900V, 1100V].
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The parameter α of setpoint-tracking MPC is chosen to be α = 1 to penalize node voltage
and input deviation equally. The discretization time of the model is hT = 10ms.

The distributed averaging of the liberalized method uses the Laplacian matrix

L =

 2 −1 −1
−1 2 −1
−1 −1 2

 . (D.1)

The voltage reference of the grid-forming DGU is set to 1000V.
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Abbreviations

ADMM alternating direction method of multipliers
DGD distributed gradient descent
DGU distributed generation unit
DiGing distributed gradient tracking
EIO equilibrium-independent observability
EIP equilibrium-independent passivity
EXTRA exact first-order algorithm
IFEIP input feedforward EIP
KKT Karush-Kuhn-Tucker
LMI linear matrix inequality
MPC Model Predictive Control
OFEIP output feedback EIP
OPF optimal power flow
SIOEIP state-input-output EIP
UMP uniform marginal pricing
ZIP constant impedance Z, constant current I, constant power P

Latin Letters

Symbol Description

A system matrix, name of edge
a equality constraint parameter
B input matrix
b input vector, equality constraint parameter
C Capacitance, output matrix, name of edge
c output function, constant, parameter in quadratic objective function
D feedthrough matrix, name of edge
d output of controller system
E incidence matrix, name of edge
e control error state
F auxiliary matrix in proofs
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Symbol Description

f objective function, frequency
G quadratic storage function
g function of constraints
H parameter of quadratic storage function
h

I identity matrix
i current, index for agents / nodes
I constant current load
J interconnection matrix in port Hamiltonian system
j index edges / controllers, index of equality constraints
J economic objective function of prosumers
K auxiliary matrix in proofs
k controller gain vector
k time step
L Laplace matrix
l stage cost, index of inequality constraints
L Inductance, Lagrange function
M Lipschitz constant
m strongly convex index
N auxiliary matrix in proofs
n□ number of elements of the set/variable/object specified in the index
o edge index
P Lyapunov matrix (in Laypunov equation)
p active power
Pbal active balancing power
Pgen active power generation
p̂ local active power of a grid
Q parameter of quadratic objective function
q parameter in quadratic objective function
R communication matrix with nullspace property, resistance matrix in port-

hamiltonian systems
R resistance
S matrix in storage function
s supply rate
S storage function
T end time
t time
hT discretization time
U utility function
u system input
v voltage
V Lyaunov function
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Symbol Description

W stroage function of controller systems
w distribtued averaging state
x system state
Y ad admittance matrix
y system output
Y admittance
z state of controller system
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Greek Letters

Symbol Description

α parameter of closed-loop system, parameter of agent dynamics, number in
reals

β parameter of closed-loop system, parameter of controller dynamics
Γ projection onto a closed convex set
γ parameter of closed-loop system, feedthrough in agent dynamics
ζ controller systems input
θ number in reals
ι feedthrough term in the economic ports
κ parameter price-forming dynamics, stabilizing control law
λ price, Lagrange multiplier
µ Lagrange multiplier inequality constraints
ν input passivity index
ξ number in reals
Π controller systems
ρ output passivity index
π correponds to power line
ϱ strcit passivity index
Σ sum, agent systems
σ auxiliary passivity index
τ time variable in integral, parameter controller in economic ports
ϕ vector field in projected dynamic systems
χ controller system dynamics
ψ voltage following control parameter (scalar, diagonal matrix)
Ψ positive definite function
Ω sublevel set of a Lyapunov function
ω parameter of storage function of a DGU
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Calligraphic and Blackboard Bold

Symbol Description

A set of agents
B set of nodes of a graph G
C set of controllers
Ceq set of controllers
Cin set of controllers
D subset of the state space where passivity holds
E set of edges of a graph G
G graph
Eeq set of equilibria
F set of prosumers
I set of active inequality constraints
I set of feasible currents
K set of configurable systems
L set where the derivative of the Lyapunov functions is zero
L load derivative bounds
M set of grids
Meq equilibrium manifold
N set of natural numbers
P set of fesible power loads
R set of real numbers
U set of inflexible prosumers
V set of feasible node voltages
U input constraints
X state constraints
Z state space
e element of a set of edges
v element of a set of nodes
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Indices and Exponents

Symbol Description

□L corresponds to load
□A corresponds to agent systems
□C corresponds to controller systems
□cl corresponds to close-loop system
□flx corresponds to the flexible prosumers
□DA correponds to the distributed averaging algorithm
□DGU corresponds to a DGU
□⋄ corresponds to a projected dynamic system
□Σ aggregated value
□econ corresponds to the economic port
□ext corresponds to the electric port
□EQ correponds to equality constraint
□ext external, corresponds to other grids
□f relative to filter
□i corresponds to node or agent i
□IN correponds to inequality constraint
□int corresponds to the interconnection between grids
□j corresponds to edge or controller j
□◦ expanded with the Kronecker product with identity matrix
□L corresponds to the load
□loc local, corresponds to the local grid
□mg corresponds to the set of gridsM
□m corresponds to grid m ∈M
□∗ optimal solution computed by a solver
□opt optimal
□π relative to power line
□T corresponds to the terminal cost / state / constraints
□⊤ transpose
□t averaged
□up corresponds to the inflexible prosumers
□∆ voltge drop over power line
□≥0 set of positive real/natural numbers
□>0 set of strictly positive real/natural numbers
□≤0 set of negative real/natural numbers
□<0 set of strictly negative real/natural numbers
□−1 inverse of a nonsingular matrix
□̇ time derivative
□̇ nonpathological derivative
□̄ equilibrium of a variable or vector
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Symbol Description

□̃ error of a variable or vector with respect to its equilibrium □̄
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