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1. Introduction

A poset is a set P equipped with a partial order <p, i.e., a binary, transitive, reflexive, and antisymmetric relation. Usually,
we refer to such a poset (P, <p) just as P and call the elements of P vertices. Let P and Q be two posets. A (strong)
embedding ¢ : P — Q of P into Q is an injective function where for any two X,Y € P, X <p Y if and only if ¢(X) <q ¢(Y).
We say that the image of ¢ is an (induced) copy of P in Q. Given a non-empty set Z, we denote by Q(Z) = (2%, C) the
Boolean lattice on ground set Z with dimension is |Z|. We use Q, to denote a Boolean lattice with an arbitrary n-element
ground set. For £ € {0, ...,|Z|}, the £-th layer of Q(Z) is the set {X € OQ(Z): |X|=1¢}.

Ramsey-type problems in extremal combinatorics are widely studied for various graph structures. Initiated by NeS3etfil
and Radl [11], such questions were also considered for posets. A blue/red coloring of a poset Q is a mapping c: Q —
{blue, red}. We say that a poset is blue if every of its vertices is colored blue, and red if every of its vertices is colored red.
For an integer k and a poset parameter p such as size, height, or width, Kierstead and Trotter [9] analyzed the minimal
p(Q) of a poset Q such that any blue/red coloring c: Q — {blue, red} contains a monochromatic induced copy of a poset
P with p(P) =k. When p(Q) is the dimension of the smallest Boolean lattice containing a copy of Q, this problem leads
to the poset Ramsey number introduced by Axenovich and Walzer [1]. For posets P and Q, let
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R(P, Q) =min{N € N: every blue/red coloring of Q y contains either
a blue induced copy of P or a red induced copy of Q }.

This extremal parameter has been actively studied in recent years with the central question being the poset Ramsey
number R(Q,, Qn) for large n. In this setting, first bounds were given by Axenovich and Walzer [1] who showed that
2n < R(Qu, Qu) <n? 4+ 2n. The upper bound was improved by Walzer [13] to n? + 1, and then by Lu and Thompson [10] to
the best known value n® — n + 2. Cox and Stolee [5] improved the lower bound to 2n + 1 for n > 13, which was extended
to all n > 3 by Bohman and Peng [3]. Winter [14] further improved the lower bound to (2.02 + o(1))n.

Note that any posets P and Q are contained as a copy in Q, for sufficiently large n, therefore R(P, Q) is well-defined.
In the off-diagonal setting, Lu and Thompson [10] showed that for n > m > 4,

R(Qm, Qn) =n(m—2+0(%)) +m+3.

Further bounds are known if one or two of the parameters m and n are small, e.g. R(Q2, Q;) = n+(~)(@), where the upper

bound is given by Grosz, Methuku and Tompkins [7] and the lower bound is by the authors [2]. Furthermore, R(Q2, Q2) =4,
R(Q2,Q3) =5, and R(Q3, Q3) =7, see [1], [10], and Falgas-Ravry et al. [6], respectively.

The first result of this paper is a strengthened upper bound on the poset Ramsey number of Q,;, versus Q, when both
m and n large.

Theorem 1. Let n, m € N with 22> <m < n. Then
2
R(Qm. Qn) <n (m -(1- m)logm) .
Moreover,ifn>mand ¢ € R, 0 < ¢ < 1, such that ”*Tm

R(Qmn. Qn) <n(m— (1 —¢)*logm).

1

. m +m_£ <§g, then

In this article, log refers to the logarithm with base 2.
Theorem 1 is the first result which improves the initial basic upper bound by Axenovich and Walzer [1], see Lemma 6,
by a superlinear additive term. Our result immediately provides an improved upper bound on R(Qpn, Qy).

Corollary 2. For ¢ > 0 and sufficiently large n € N depending on &, R(Qp, Qy) <n? — (1 — &)nlogn.

The diagonal poset Ramsey number R(P, P) is known exactly for some basic posets P. Walzer [13] determined this
number for antichains and chains. Chen, Chen, Cheng, Li, and Liu [4] found R(P, P) when P is the poset which consists of
two elementwise incomparable chains on a given number of vertices, with an added vertex smaller than all other vertices.

Here, we study the diagonal poset Ramsey number R(P, P) for further posets P. The n-fork V, is the poset consisting
of an antichain on n vertices with an added vertex smaller than all other vertices. Similarly, the n-diamond D, is the poset
consisting of an antichain on n vertices and a vertex smaller than all others as well as a vertex larger than all others.

Let n € N. We denote by o(n) the minimal dimension N such that Qy contains an antichain of size n. We call «(n) the

Sperner number of n. Sperner [12] showed that a(n) is the smallest integer such that ([NI\/IZJ) >n. It is a basic observation
that a(n) <a(2n —1) < a(n) + 2, which we will use repeatedly. Note that «(n) = (1 + 0(1)) logn, see also an almost exact

bound on «(n) by Habib, Nourine, Raynaud, and Thierry [8].

Theorem 3. For every n € N, 2a(n) < R(Dy, Dy) < a(n) + a(2n — 1). In particular, 2ce(n) < R(Dyp, Dp) < 2a¢(n) + 2, and thus
R(Dn, Dy) = (2 + 0(1)) logn.

Note that for some values of n, ®(2n — 1) < a(n) + 1, in which case the above upper and lower bounds on R(Qy, Qn)
differ by 1.

For the next result, we need two further extremal parameters. Given n, N € N with N > «(n), let (N, n) and N*(n) be
integers with

B(N,n) =min{B: <I;> >n} and N*(n) =max {N >a(m): N—B(N,n) <am)},

as illustrated in Fig. 3. Note that (’(\]’) <n< (Lao(‘é';}zj) < (Lot(rl:l)/Zj)' so 1 < B(N,n) <a(n)/2. Thus, a(n) < N*(n) < B(N*(n),n)+

o (n) < 2a(n), so in particular S(N,n) and N*(n) are well-defined.

Theorem 4. For everyn € N, N*(n) + 1 < R(Vp, V) < N*(n) + 3.
Letd = 1]Tc where c is the unique real solution of log (C_C(l — C)C_l) =1—c,ie,d~1.29.Then R(V,, V) = (d+o0(1))log(n).
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Similar to Theorem 3 our proof provides R(V,, V) < N*(n) + 2 whenever o(2n — 1) < «(n) + 1 by using more careful
estimates.

The poset Ramsey number R(P, Q) concerns induced copies of posets P and Q. A variation of this Ramsey-type problem
deals with so called weak copies. Let P and Q be two posets. A weak embedding v : P — Q is an injective function such
that for any two elements X,Y € P, X <p Y implies ¢ (X) <q ¥ (Y). In this setting, we allow that ¥ (X) <q ¥(Y) even if
X £p Y. We say that the image of v is a weak copy of P in Q. Analogously to the poset Ramsey number R(P, Q), we define
the weak poset Ramsey number for posets P and Q as

RY(P, Q) =min{N € N: every blue/red coloring of Q y contains either
a blue weak copy of P or a red weak copy of Q }.

It is a basic observation that RV (P, Q) < R(P, Q) for any posets P and Q. The best known bounds in the diagonal
setting Q, versus Q, are a lower bound by Cox and Stolee [5] and an upper bound by Lu and Thompson [10],

2n+1<RY(Qn, Qn) < R(Qn, Qn) <n* —n+2.

Groész, Methuku, and Tompkins [7] showed in the off-diagonal setting that RY(Qm, Qn) >m+n+1 for m > 2 and n > 68,
and RY(Qm, Qn) <n+2™ —1, where the second bound is derived from a result by Cox and Stolee [5].
Our final result is an improvement of the upper bound on RY(Qy, Qp).

Theorem 5. For sufficiently large n, R¥(Qn, Q) < 0.96n2.

In Section 2, we introduce some notation and definitions, and discuss the Blob Lemmas. In Section 3, we present a proof
of Theorem 1. In Section 4, we prove Theorems 3 and 4. A proof of Theorem 5 is given in Section 5. We omit floors and
ceilings where appropriate. We denote the set {1,...,n} of the first n natural numbers by [n].

2. Notation and preliminary results
2.1. Notation and definitions

In this paper we use capital letters to denote subsets of the ground set in a Boolean lattice, i.e., the vertices of Boolean
lattices. We use bold capital letters for significant ground sets. Calligraphic capital letters are used for families of sets and
thus for subposets of the Boolean lattice. Abstract posets which are not considered as subposets of a specific Boolean lattice
are denoted by capital letters, for example Qp, D, and V.

Given a set Z with disjoint subsets S, T C Z, we define a blob in a Boolean lattice Q(Z) as B(S;T)={ZCZ:SCZC
SUT}. We call T the variable set of this blob. Note that 3(S; T) is a Boolean lattice of dimension |T|. We say that |T| is the
dimension of the blob. We remark that every Z € 3(S; T) has the form SUT; where Tz C T. A t-truncated blob, denoted
B(S; T;t), is the poset {Z € B(S;T): |Z\ S| <t}. We also say that B(S; T;t) has dimension |T|. Given a Boolean lattice
Q(X) on ground set X and a non-negative integer t, t < |X|, let Q(X)" denote the t-truncated Boolean lattice, that is the
subposet {Z € O(X) : |Z| <t} = B(z; X; t). Given two non-negative integers s and ¢, 0 <s <t < |X|, let Q(X){ denote the
(s, t)-truncated Boolean lattice, that is the subposet {Z € Q(X): s <|Z| <t}. In particular, Q(X)! = Q(X)g.

Let X and Y be disjoint, non-empty sets. Let ¢: Q(X)! — Q(XUY) be a (strong) embedding. The function ¢ is X-good if
¢ (X)NX =X for every X € Q(X)!. Note that a t-truncated blob B(S; T;t) is the image of a T-good embedding of Q(T)!.
We say that ¢ is red if its image is a red poset, i.e. ¢ maps only to red vertices, and blue if its image is a blue poset. If
¢ is an embedding of a poset P into a Boolean lattice, we use the notation ¢(P) for {¢(X): X € P}. For a subposet A of
a Boolean lattice, we say that the volume of A, denoted Vol(A), is the total number of ground elements in all vertices of
A, ie, Vol(A) = ||Uxe4 XI- We shall use this notion of the volume to keep track of the number of ground elements in the
image of an embedding, constructed iteratively.

2.2. Blob lemmas
In order to show an upper bound on R(Q;;, Q,), we have to find a blue copy of Q,; or a red copy of Q. in every

coloring of a host Boolean lattice. Using our notation, let us briefly reiterate the basic approach used for previously known
upper bounds, see Lemma 1 in [9], Blob Lemma in [1], and Lemma 1 in [10].

Lemma 6 (Blob Lemma). Let n,m € N and N = nm + n + m. Any blue/red coloring of Q([N]) contains a blue copy of Qn or a red
copy of Qp.

Proof. Partition [N] arbitrarily into sets X, Y@, Y . . Y® such that [X]=n and [Y?|=m, i € {0,...,n}. We construct
a red embedding ¢: Q(X) — Q([N]). Let By = B(X,Y®). For each X € O(X), X # @, consider the blob By = B(X U

Ulilo_] YD YUXDy_If one of the blobs is monochromatic blue, it is a blue copy of Q, as desired.

3
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Suppose that there is a red vertex Zx € By for every X € Q(X). Then the function ¢: Q(X) — Q([N]), ¢(X) = Zx has
a red image. Observe that ¢(X) N X = X for every X € X. Then it is straightforward to verify that ¢ is an embedding.
Therefore, there is a red copy of Q;,. O

The general proof idea for our bound on R(Q,, Qp) is to refine Lemma 6 by considering truncated blobs instead of blobs,
moreover those chosen based on already embedded layers. In addition, we control the volume of embedded truncated blobs
while constructing the embedding. For this we need parts (i), (ii), and (iii) of the following variant of Lemma 6. Part (iv)
will be applied to achieve an upper bound on RW(Q,, Q,).

Lemma 7 (Truncated Blob Lemma). Let n,m, t, N € N. Let X C [N]. Fix a blue/red coloring of the Boolean lattice Q([N]).

(i) If |X| =n, t <n, and there is an X-good, red embedding ¢: Q(X)! — Q([N]) such that Vol(¢(Q(X)")) < N — (n — t)m, then
Q([NY)) contains a blue copy of Q. or a red copy of Q.
(ii) If X| =m, t < m, and there is an X-good, blue embedding ¢ : Q(X)" — Q([N]) such that Vol(¢ (Q(X)")) < N — (m — t)n, then
Q([NY)) contains a blue copy of Q. or a red copy of Q.
(iii) If |X| =n, t <n, and there is a set S disjoint from X and a red truncated blob B(S; X; t) such that |SUX| < N — (n — t)m, then
there is a blue copy of Qn, or a red copy of Q.
(iv) If0<s <t <n,and N = (t — s + 2)n, then Q([N]) contains a blue copy of Qn or a red copy of Q([n])-.

Proof. (i): We shall extend ¢ to a red embedding ¢': Q(X) — Q([N]). As in the proof of Lemma 6, we select disjoint sets
of ground elements and use them to define a blob for each not yet embedded X € Q(X). Let U= Ung(xy ¢(X) and note
that |U| = Vol(¢(Q(X)")). Since ¢ is X-good, X € U. Thus,

[INI\ (WUX)| = [[N]\ U] = N = Vol(¢(Q(X)")) > (n — )m.

Fix n —t pairwise disjoint m-element subsets Y+ . Y™ of [N]\ U. For every X € Q(X) with |X| > t, consider the blob
1X|—1
Bx=B[XuU\x)u ] y®;y(XD
i=t+1

where we use the convention that Uli':l YD = & for |X| =t + 1. If Bx is blue, it is a blue copy of Q, so suppose that

there is a red vertex Zyx € By. Let ¢’: Q(X) — Q([N]) with

¢(X) if|X] <t,

‘z’(X):{zx if1X] > t.

The image of ¢’ is red. Now we verify that ¢’ is an embedding. Observe that ¢'(X) N X = X for every X C X. Let X1, X € X.
If ¢'(X1) € ¢'(X2), then X1 = ¢/(X1) N X C ¢/'(X2) N X = X,. Conversely, suppose that X; C X».

If |X1] < |X2| <t, then ¢'(X1) = ¢ (X1) C d(X2) = ¢'(X2) because ¢ is an embedding.

If |X1] <t < |X2|, we have ¢'(X1) = X1 U (¢(X1) \X) € X2 U U\ X) € Zx, =9¢'(X2).

If t < |X1] < |X2|, then ¢'(X1) € Bx,, 50 ¢/(X1) € X1 UU\X) UYTHD U...uYIXD C 7y = ¢/ (X3), as desired.
(ii): This part is proven analogously to part (i).
(iii): Observe that B(S; X; ) is the image of an X-good embedding ¢: Q(X)"! — Q(SUX), ¢(X) = SUX, with Vol(¢(Q(X)!) =
|S UX]|. Apply part (i).

(iv): Let X = [n]. Choose disjoint, n-element subsets Y, ..., Y® of [N]\ X. For each X € Q(X) with s < |X| <t, we define a
blob

1X]—1
Bx=B|xu U Y(f); y(XD

i=s

where Ulils_l YD = & for |X| =s. If By is blue, it corresponds to a blue copy of Q,. So let ¢(X) be a red vertex in By.
Then, we see that {¢(X): X € X} is a red copy of 9Q(X);. O

3. Upper bound on Ramsey number R(Q ;, Q,)
First, we need the following technical proposition.

Proposition 8. Let 225 <m <n. Let ¢ = ———. Then " +m¢<e.

1
/logm n (1—¢)logm

4
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25 . . _ 1 1 . . . _ _2 .
Proof. The bound m > 2-> implies that € = Jogm <s,soin particular 4e <1 — €. Since m <n and logm = &~4, we obtain
that
n+m 1 2n g2 e 4e €
. < . = _. < —.
n 1—-g&logm ~n 1—-¢ 2 1—¢7 2
For € < % it is straightforward to check that % > 1 —loge. Thus, using again that logm = ¢2,
m¢ = z—slogm — 2—% < 2—1+10g£ — E
Therefore,
n+m 1 fmE < 3 n £ _. -
. m — —_ =
n (1—¢€)logm -2 2
Now, we show our main result.
Proof of Theorem 1. Fix n and m such that n > m. Fix an € € R with 0 < & < 1 which satisfies
n+m 1
m¢<e. (1)

n (1—¢)logm +
Let
N=n(m—(1—¢)*logm).

To prove the second statement of the theorem, we shall show that R(Qp, Q;) < N. The first statement is a corollary of this:
Indeed, if m > 225, then Proposition 8 shows that inequality (1) holds for & = —-1 thus

Jlogm’

R(Qm, Qn) <n(m— (1 —¢)*logm) <n(m — (1 —2¢)logm) =n (m -(1- \/ljﬁ)logm> )

Now we proceed with the proof of the second statement in Theorem 1, i.e., the bound R(Qm, Qn) < N. Let t, = (1 —
g)logm and t; = &t,. Note that 0 <t, <m and 0 <t; <n. In this proof, we consider t,-truncated blobs of dimension m
and ty-truncated blobs of dimension n. It follows that N =n(m —t,,) + ent;, = (n — tp,)m + emt;,.

Fix an arbitrary coloring of Q([N]). We shall find a blue copy of Qp, or a red copy of Q, in this coloring. For this, we
show that there is a blue embedding ¢ of Q([m])'* whose image has volume at most N — (m — t,)n, or a red embedding
¢’ of Q([n])"" whose image has volume at most N — (n — ty)m. In either case, Lemma 7 gives the desired monochromatic
Boolean lattice.

First, we suppose that there exist disjoint sets S, T C [N] such that |S| < emt;; —n and |T| =n, for which the truncated
blob B(S: T:t;) is monochromatically red. Then |S U T| < emt; = N — (n — ty)m. Thus, part (iii) of Lemma 7 implies the
existence of a blue copy of Qn or a red copy of Qp, which completes the proof. Thus, from now on we can assume the
following:

Property (x): In every truncated blob B(S; T;t;) with dimension |T|=n and volume |S U T| < emt,, there is a blue vertex.

Let X be an arbitrary subset of [N] of size m, and let Y =[N]\ X. In the remainder of the proof we construct an X-good,
blue embedding ¢: Q(X)'* — O([N]) such that its image has a small volume. After stating the complete construction, we
justify that the defined objects indeed exist.

3.1. Construction of a blue embedding ¢ of Q(X)'»

We shall find a blue ¢(X) for each X € Q(X)'» layer-by-layer such that ¢ (X) N X = X. We fix pairwise disjoint subsets
YO YD ¥y of Y, where [Y©|=n and [Y?| =2"¢,, for i € [t,]. In our construction, we shall make sure that
dX)NYCYOD U...uYUIXD which will ensure that the volume of the embedded poset, Vol(¢(Q(X)#), is at most |X| +
|Y(0)| R |y(tu)|.

We shall use the notation Yy to denote ¢(X) NY, i.e., ¢(X) = XU Yx. To guarantee that the defined function is an
embedding, we only need to verify that for any X; € X, we have Yx, C Yx,. Indeed, since ¢ (X) N X = X, for incomparable
X1 and X3 the images ¢(X7) and ¢(X3) are incomparable (Fig. 1).

Let ¢ (@) be a blue vertex in By := B(2; Y; t,)), which exists by property (). To embed X C X with |X|=i, 1 <i <t,,
we shall define a truncated blob Bx of dimension n and embed X to a blue vertex in this blob, as provided by (x). Recall
that the variable set of a blob is the set difference between its minimal and its maximal vertex. The variable set of By shall

5
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o [V]

XUYOuU.. . .uY®
L]

X USyUTYy
XUYOu. uy@d
‘-~-___‘___~*. "B_(XUSX;Txitn)
. o D(X)
. e X U Sy
.... ?
Q) LN et — s

*TUY, =0(D)
* g

Fig. 1. The vertex ¢(X) in B(XUSx; Tx;ty) for i=3 and [X|=4.

be the union of the set Y® of “new” ground elements and a set of ground elements of Y that were already used by the
embedding of previous layers.

Let i > 1. Assume that we constructed ¢ (X) for every X € Q(X)t, |X| <i—1, such that ¢(X)NYCYQ U...uYi-D,
For each X € Q(X)'», |X| =i, let Sx, Tx such that

sx=J ecxhny=J vx.
X'cX X'cX
Tx € YQOU-..uYD)\ Sx, |Tx|=n.

Let ¢ (X) be a blue vertex in By :=B(X U Sx; Tx: t;), that exists by (). Let Yx =¢(X)NY.
We run this procedure for all i <t,,. For any two X1, X> € QX)t» with X1 C X», it follows from the construction that
Yx, € Yx,. Thus indeed, we have an embedding of Q(X)%.

3.2. Verification that ¢ is well defined

We need to make sure that the sets Y and Tx exist, i.e., that the sets from which these are selected as subsets are
large enough. To see that Y exists for i <t,, it is sufficient to verify that [Y® U...UY®)| <|Y|. Note that for any i > 1,

i
YOU - uYP=n+Y 207" =n+ @ - Dy, 2)
j=1

Recalling that t;, = (1 —&)logm and t;, = %tu- we have

YOU. . uY®W|=n+ 2% -1,

_on
<n+m'~f—t,
m

1 —&
=|—+m " |nt,.
f

n+m

ndm 1 1
n (1—&)logm

+m~¢ < g, which implies — + % +m~—¢ <e¢. Thus,

We picked ¢ such that 0

m
YOuU...uY®™| < (e~ — |nt,

=ent, —m

=N-n(m-—ty,)—m 3)
<N-m

=1Y|. (4)
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It follows from (4) that the sets YO, i < ty, exist.

Next, we shall show that Ty exists for every X C X, |X| =1, with i € [t,]. For that, it is sufficient to verify that (YO U
S UYDY Y Uxrcx Yx/| = n. Observe that in our construction ¢(X) is chosen in a t;-truncated blob, in which every vertex
is larger than Sx = Jx/cx Yx'. Therefore, |Yx \ Uy cx Yx'| <ty, i.e., we are introducing at most t;, “new” elements from Y
for ¢ (X), compared to the images of proper subsets of X. If |X| =i, then X has 2' — 1 proper subsets X’, and each ¢(X’)
uses as most t; “new” elements of Y compared to its own subsets, so we have that

U vx U <Yx/\ U Y)(//)‘E(Zi—l)tn. (5)

X'cX X'cX X"cX'

ISx|=

Using (2) and (5) we have

‘(Y(O)U~-~UY(”)\ U x| =+ @ =Dty — @ = Dy =n,

X'cX

so we can select a set Tx of size n from (YO U---UYD)\ Uy x Yx.
3.3. Completion of the proof

Finally, we consider the volume of ¢ (Q(X)'*) and obtain the following bound using (3):

Vol(¢(QX)')) < X| + YO U--- UY | <m+ (N —n(m —t,) —m) =N —n(m—t,).

We conclude that ¢ is a blue X-good embedding of Q(X)L with Vol(¢(Q(X)'#)) < N — (m — t,)n. Thus, by part (ii) of
Lemma 7 with t =t,, we have a blue copy of Qn, or a red copy of Q,. O

4. Diagonal Ramsey numbers for D, and V,
4.1. Diamonds

Recall that the Sperner number «(n) is the smallest N such that Qu contains an antichain of size n, and Sperner [12]

showed that (La"(‘g)z J) > .

Proof of Theorem 3. For the lower bound, color the Boolean lattice Q! := Q([2«(n) — 1]) such that Z € Q' is red if |Z| <
«o(n) and blue if |Z| > «(n). Assume that there is a red copy D of D, in this coloring with maximal vertex Y. Then
|Y| < ae(n), so D is contained in the sublattice {Z € Q! : Z C Y}. We know that D contains an antichain on n vertices, but
by definition of a(n) there is no antichain on n vertices in {Z € Q' : Z C Y}, a contradiction. Similarly, we obtain that there
is no blue copy of Dj,.

In order to bound R(Dy, D) from above, let N = a(n) + o(2n — 1) and consider an arbitrary coloring of Q2 := Q([N]).
Let

3:[2692: |Z|:La(n)/2j} and T:{Zeg2: |Z|:N—Loz(n)/2j}.

We distinguish two cases.

Case 1: At least one of SU{@} or 7 U {[N]} is not monochromatic.

Suppose 7 U {[N]} is not monochromatic. Let Y € 7 such that Y has a different color than the vertex [N], see Fig. 2. Let
S'={ZeS: ZCY}.

If S’ U {2} is monochromatic, then one of Y or [N] has the same color as S’. Note that |S'| = (W(%l/zj) > (La"(‘;’;)zj) >n,
where the last inequality follows from Sperner’s theorem. This implies that the vertices S’ U{@, Y, [N]} contain a monochro-
matic copy of Dj.

If S’ U{@} is not monochromatic, then consider X € &’ such that X has a different color than the vertex @. Note that
X C Y. The sublattice {Z € Q*: X C Z C Y} has dimension |Y| — |X| > N — a(n) > a(2n — 1). This implies that there is an
antichain A on 2n — 1 vertices, such that for every Z € A, X C Z C Y. Note that X,Y ¢ A. In A we find n vertices with the
same color, say without loss of generality red. Then these n vertices together with the red vertex among @ and X and the
red vertex among Y and [N] form a red copy of Dy.

Case 2: Both S U {@} and 7 U {[N]} are monochromatic.

If SU{2} and 7 U {[N]} have the same color, then S U {&, [N]} contains a monochromatic copy of D;, because |S| =

(ng)/zj) > (La%';}zj) > n. So suppose that SU{@} and 7 U{[N]} have distinct colors. Fix the vertex X = [ (n)] € Q2. If X has
the same color as S U {@}, say red, then let S" ={Z € S: Z C X}. Note that |S”| > (W(Lf)'/zJ) >n, thus 8” U{@, X} contains

a red copy of Dy. If X has the same color as 7 U {[N]}, we find a monochromatic copy of D, by a similar argument. O

7
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QQ

°g

Fig. 2. Setting in Case 1 if S’ U {@} is not monochromatic.

(N7
Q([N])
layer [—N*;ﬂ | <n
layer >n
layer § —1 7777777770 <n
[ %)

Fig. 3. Setting for N* = N*(n) and § = B(N*, n).
4.2. Forks
Let n, N € N such that N > «(n). Recall that
B(N.,n)=min{f eN: (Z) >n} and N*(n) =max {N > a(n): N — B(N,n) <a(m)},
as illustrated in Fig. 3. Both 8(N,n) and N*(n) are well-defined.

Proof of Theorem 4. Let N* = N*(n). First, we show the lower bound R(V,, V,) > N*. We construct a coloring of Q! :=
Q([N*]) which contains no monochromatic copy of V,. Color each vertex Z with |Z| < S(N*,n) in red and all remaining ver-
tices in blue. There is no red antichain of size n, so in particular there is no red copy of V. Assume towards a contradiction
that there is a blue copy of V, with minimal vertex X. Note that |X| > B(N*,n), so the sublattice {Z € Q': X € Z C[N*]}
has dimension at most N* — 8(N*,n) < a(n). Thus there is no blue antichain of size n, and in particular no blue copy of
Vn, a contradiction.

For the upper bound, we define N to be the smallest integer such that Ny — B(N4,n) > «(2n — 1). In order to show
that R(V,, Vy) < Ni, we consider an arbitrary coloring of Q2 := Q([N,]). We shall find a monochromatic copy of V.
Without loss of generality, the vertex @ is red. We know that layer 8 := B(N,;,n) contains at least n vertices. If layer
B+ is red, we find a red copy of V,, so suppose that there exists a blue vertex X with |X| = B+. Then the sublattice
Q3:={Ze Q?: XCZC[N4]} has dimension N; — 8, > a(2n — 1). Thus we find an antichain A of size 2n — 1 in Q3.
Note that X ¢ A. Each vertex in A is either red or blue, so there are n vertices of the same color in this antichain, which
together with one of X or @ form a monochromatic copy of V,, as desired. Therefore, R(V;,, V;;) < N;.

We claim that Ny < N* + 3. To prove this, we first show that S(N* + 1,n) > B(N* + 3,n). Recall that N* > «(n), so
B(N*+1,n) < |a(n)/2] < N*/2. This implies that

N*+3 N*+1
> >n,
B(N*+1,n)) “\B(N*+1,n)) —
thus indeed B(N* + 1,n) > B(N* + 3, n). By definition of N*(n), we know that (N* + 1) — B(N* +1,n) > a(n), so

8
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Fig.4. (a) A P(n,s,t) for s=4 and t =n — 3, (b) Sausage chain in Q([N]).

(N*+3)— B(N*+3,1)> (N*+ 1) +2 — B(N* + 1,n) > a(n) + 2 > a(2n — 1).

Recall that Ny is minimal such that Ny — B(N4,n) > a(2n — 1), so N; < N* 4 3. This concludes the proof of the upper
bound. We remark that if oe(n) + 1 > o (2n — 1), a similar argument provides Ny < N* + 2.
In the Appendix, we show that N*(n) = (d + o(1)) logn, where d = ﬁ and c is the unique real solution of log (c‘c(l —

O =1-cied~129. O
5. Upper bound on Ramsey number R%(Q,, Q)

Proof of Theorem 5. Consider an arbitrary coloring of the Boolean lattice Q([N]) where N = 0.96n2. Our goal is to find a
monochromatic weak copy of Q,. While an induced copy of Q, has a rigid structure, there are many non-isomorphic weak
copies of Q. In Q([N]) we shall find a member of a class P(n, s, t) of special weak copies of Q.

5.1. Definition of P(n, s, t)

In this proof, we write P’ < P” for posets P’ and P” if any element of a poset P’ is less than any element of a poset P”.
We define the class P(n, s, t) of posets, see Fig. 4 (a), such that each member of this class is of the form

PoU---UPs_1UQ{UP,  U---UP},

where

P; is an arbitrary poset with |P;j| = (}), i€{0,....s—1},

P’ is an arbitrary poset with |P/| = (nfj) = (’}) jel{t+1,...,n},

st is an (induced) copy of an (s, t)-truncated Qy, i.e., consists of layers s, ..., t of Qp,
Po<Pi<---<Ps1<Q{<Py<--<P.

Here, if s =0 or t =n, we use the convention that PU---U Ps_1 =& or P£+1 U---U P;, = @, respectively. Observe that
every member of P(n, s, t) is indeed a weak copy of Qn, where layer i of Q, corresponds to P;, fori € {0,...,s — 1}, layer
j of Q; corresponds to P}, for je{t+1,...,n} and the remaining layers are contained in the middle part Q.

5.2. Construction of a sausage chain in Q([N])

Let N = 0.96n2. For our proof, we need to define a constant q that satisfies certain properties. For 0 < p < 1, the
binomial entropy function is defined as H(p) = —(p logp + (1 —p)log(1— p)), where log is base 2. Let g be the real number,
0 < g < 1/2, which minimizes (1 —q) + ngH(s)ds. It can be verified analytically or numerically that such a g satisfies
H(q)=1/2,ie.,0.11 <q<0.111, and foq H(s)ds < 0.033. In particular, for sufficiently large n we have that

9
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q
(1= q)n® + 2n? / H(s)ds < 0.956n° < N — en?, (6)
0

for some constant ¢ > 0.
Next, we define a sausage chain in Q([N]), see Fig. 4 (b). Let

ZOCZlC"'CZLqﬂJCZ/anJCZT_an_1C"'CZE)

be vertices in Q([N]) such that for 0 <i < [gqn],

-5 )] e - ()]

We will argue later that |Zgn)| < |Z/anJ |, which implies that these vertices are well-defined. We define subposets S; and S/,
which we refer to as sausages. Let Sp = {X € Q([N]): X C Zp}, and

Si={Xe€ Q(ND: Zi1 S X C Zi}.

Similarly, let sausages Sj = {X € Q([N]): Z; C X}, and

S{={XeQ(ND: Z{c XS Zj_y}.

Moreover, let

B=1{X€Q(ND: Zign) S X S Z{gn)}-

The subposet B is isomorphic to a Boolean lattice of dimension |Z’anJ | = 1Z\gn)l- Note that

So<S1<--<Sign <B<S[g <<

We refer to the subposet So U...S|gn UBU S[qnj U--- US| of Q([N]) as the sausage chain. Note that the sausage chain is
well-defined if all vertices Z;, Z}, i € {0, ..., [qn]}, exist. Note also that |So| < --- < |S|qn;| and |S[qnj| > > |Spl.

5.3. Finding a member of P(n, s, t) in the sausage chain

In the sausage chain, we shall find a monochromatic member of P(n,s,t) for some parameters s and ¢t depending on
the coloring, such that the middle part Q! of P(n,s,t) is embedded into B, each P; is embedded into its own Sy, and each
P; is embedded in its own S, for some £ and ¢'.

Assume, without loss of generality, that among all sausages So, ..., Sign), Sp» - - - » S/anj, most sausages have majority color
red. Then at least [qn] sausages have this majority color. Assume further, that there are s sausages among So, ..., S|gn) With
majority color red, which we denote by S, ..., Si,_;, ip <--- <is;—1. Note that possibly s = 0. Since ig > 0, we find iy > 1,
and iteratively i; > j for any je{0,...,s—1}.

Note that for any i € {0, ..., [gn]},

1§ = 2121121l 1 = pMlog (D141 _ 1 > 2(”) 1
1

so in particular |Sj;| > 2({;) —1> 2(']') —1, i.e., there are at least (';) vertices in the majority color red in Sj;. For each
j€{0,....s—1}, choose P; arbitrarily such that Pj C S, |Pj| = (’]1) and P; is red.

Similarly, we find [qn] — s sausages among S, ..., S[an with majority color red, denoted by SI.’, s Sl.’, i <<
0 [qn]—s—1

’rqn]_s_]. Here, it is possible that [gn] —s =0. For j €{0,..., [qn] — s — 1}, choose P,/i_j arbitrarily, such that P;_j C Si/,,
j
IP,_l= (nfj), and Pj_; is red. With a similar argument as before, we see that there are indeed at least (nf].) distinct red

vertices in Si/, .

i

So far, wejselected P; for je{0,...,s—1} and P; for je{t+1,...,n}, where t =n — [qn] + s. It remains to verify that
Q! is contained in B. For that, we shall show that the dimension of B is large enough to apply Lemma 7 (iv). Recall that
H(p)=—(plogp + (1 — p)log(1 — p)). Stirling’s formula implies that log (pl\ll\l) = (1+0(1))H(p)N for any positive integer N
and 0 < p < 1. Thus

10
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dlm(B) = |Z/anJ| - |ZanJ |

n-25 ()]

Lqn] n
zN—4n—ZZlog<i>
i=1

Lqn] i
>N—-4n—(24+0(1))n H{-]. 7
> (2+0(1)) ; <n> (7)
Since H is an increasing and continuous function on the interval (0, 1/2) and is bounded by 1, we have
Lgn] . qn+1 q+1/n q
ZH(%) < / H(%) dt = / H(s)n dsgn/H(s) ds+1.
i=1 1 1/n 0

Thus, using (7) and recalling the bound on N from (6), we have
q
dim(B) > N —4n— (2+o0(1)) | n? / H(s)ds+n
0

q
>N —2n? f H(s)ds — o(n?)
0

q q
> | (1= q)n? +2n2/H(s) ds + en? —2n2/H(s) ds —o(n?)
0 0
> (1 —q)n2 +2n=(mn—qn+ 2)n.
In particular, |Z/anJ| —|Zgnj| > 0, which implies that Z; and Z, i € {0, ..., |qn]}, are well-defined. Since dim(B) > (n —qn +
2)n > (t—s+2)n for t =n— [gn] + s, Lemma 7 (iv) provides that B contains either a blue (induced) copy of Q, and we

are done, or a red Q!. If there is a red Q! in B, we conclude that the sausage chain contains a red member of P(n,s,t),
and thus a red weak copy of Q,. O

6. Concluding remarks

In this paper, we focused on the upper bound on R(Q;, Q). Together with the best lower bound by Winter [14], we
have

(2.02 4+ 0(1))n < R(Qp, Qn) <n* — (1 —o(1))nlogn.

1

i n+m
We showed that for n >m and 0 <& <1 with 52 - a—/m

+m~¢ <g,

R(Qm, Qu) =1 (m= (1-¢)logm).

When applying this result for specific €, there is a trade-off between the best Ramsey bound and the smallest value of m

for which the bound holds. Our main result claims that R(Qn, Q) <n (m — (1 — L) logm) for 22> <m <n.

J/logm
In addition, if 1024 <m<norif32<m< % one could obtain the upper bound R(Qnm, Qn) <n (m — }llogm), using

8—1

=3.
Theorem 1 is an improvement of the basic upper bound on R(Qn, Qn), Lemma 6, by a superlinear additive term and a

step towards the following conjecture raised by Lu and Thompson [10].

Conjecture 9 (Lu-Thompson [10]). For n > m and sufficiently large m, R(Qm, Q,) = o(n?).

We propose a stronger conjecture:

11
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Conjecture 10. For any ¢ > 0, there is a large enough mq such that for any twom,n € N withn > m > my,
R(Qm, Qn) <n-m°.
We remark that for small m, the authors conjectured the following in [2].
Conjecture 11 ([2]). For fixed m € N and largen € N, R(Qm, Qn) =n +o(n).

In the last part of this paper, we discussed weak poset Ramsey numbers and improved the previously known upper
bound R¥(Qn, Qn) < R(Qn, Q) <n? —om?) to RY(Qn, Qn) < 0.96n2. It is still open whether or not the weak poset Ram-
sey number is significantly smaller than the induced poset Ramsey number. The second author suggests the following
conjecture.

Conjecture 12. Foranyn € N, R(Qp, Q) — ©(1) < RY(Qn, Qn) < R(Qn, Qp).
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Appendix A. Calculation for the proof of Theorem 4

We shall find d such that N* = (d + 0(1)) logn, where
N*=max{N >a@m): N—B(N,n) <a(m)} and B(N,n) =min{B e N: (2’) >n}.
For arbitrary N € N and q with 0 < g < 1, Stirling’s formula provides that
log (q%) =—(1+0(1))N(qlogq + (1 —q@)log(1 —@)) = (1 +0(1))H(@)N, (8)

where H(q) = —(q logg + (1 —q)log(1 — q)) is the binary entropy function. Let ¢ be the unique solution of 1 — c = H(c),
i.e. ¢~ 0.2271. We shall show that N* = (1 + o(1)) logn. Let q € R such that gN* = 8(N*,n), and let ¢’ € R such that
q (N* + 1) = B(N* + 1, n). The definition of g implies that

N* N* N* +1 N*+1
( ><n§( ) and ( )<n§< ) (9)
gN* —1 gN* g(N*+1) =1 g (N*+1)

By the definition of N*(n), we know that

(1—@N* <am <1 —q)(N*+1). (10)

In the following, o(1) always refers to the asymptotic behavior for large n, so equivalently for large N* as a(n) < N* <
2a(n). Recall that

a(m) = (14o0(1))logn. (11)

Each step of the upcoming computation is labeled by an inequality from (8) to (11) indicating which argument is being

applied. For example, &) means that the equality holds because of (8). To highlight the idea of our computation, we give a

two-line proof, where some steps are not yet justified:

=N % am 2 (14 0(1) logn & (1 + (1)) log (q%) D (14 o) H@N"

which would imply g = (1+ o(l))c where c is the unique solution of 1 —c = H(c). Thus,
(10 (11)
N a2 (ﬁ +o(1)) log(n) = (g +o(1)) log(n),

12
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as desired. However, some steps in the above computation require significant additional argumentation, which we give in
the following.
Observe that

1 —N* 2 am L (1+0(1)) logn 2 (1+o0(1)) log (q’;’\[*> D (14 0(1))Hg)N".

Thus, 1 —q < (1+ o(1))H(q), which implies that g < (1+ 0(1))c. Next we bound ¢’ from below. We see that

(10) (11) (9) N*+1
1—q¢)(N*+1) > am) =" (1+0(1))logn> (1+0(1))lo .
=0+ am @ (1-+0)logn (1-+om)tog
We shall show that log (q,(l\',\i*jll)_l) > (1+0(1))H(q")(N* +1). For that, we first need a rough lower bound on q'.

We know from (10) that N* —gN* < a(n) — 1. Note that gN* = B(N*,n) < a(n), so N* +1 <qN* + a(n) < 2a(n). Then

( N*+1 ><<2a(n)>@ 2?
N +1)) = \fam) — \ ()13

thus ¢’ > f&. This bound implies that

( N* 41 )_ q(N*+1) (N*+1>
gIN*+1)—1)  A—gh)(N*+ 1)+ 1\g(N*+ 1)

(I+o(1))ex(n)
) < -1.6(1+o(1))logn <n,

. N* +1
T 2-q' \g(N*+1)
1/ N*+1
>_ .
T31\g'(N*+1)
Thus,
> —log(31) +lo :1+01H/N*—|—],

Therefore, 1 —q' > (14 0(1))H(q'), which implies that ¢’ > (14 o(1))c.
We obtain that

(10) (10)
am < A=¢YN*+D)=14+01)A-0)(N*+1) < (1+0(D)(1 =g N* < (1+0(1)a(n).

In particular, N* = 1320 g (n) = 02 0gp, as desired.
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