Journal of Statistical & <0
Mechanics: Theory and
Experiment

PAPER » OPEN ACCESS You may also like

Time-varying energy landscapes and temperature  widedn

. . . Elena Agliari, Francesco Alemanno,
paths: dynamic transition rates in locally Miriam Aquaro et al.

- Ultrametric fitting by gradient descent

U |trametI"IC CompleX SyStemS Giovanni Chierchia and Benjamin Perret

- Tropical limit and a micro-macro

To cite this article: Angel Moran Ledezma J. Stat. Mech. (2025) 113501 correspondence in statistical physics
Mario Angelelli

View the article online for updates and enhancements.

This content was downloaded from IP address 129.13.194.163 on 08/12/2025 at 13:05


https://doi.org/10.1088/1742-5468/ae120f
https://iopscience.iop.org/article/10.1088/1751-8121/acf101
https://iopscience.iop.org/article/10.1088/1751-8121/acf101
https://iopscience.iop.org/article/10.1088/1742-5468/abc62d
https://iopscience.iop.org/article/10.1088/1751-8121/aa863b
https://iopscience.iop.org/article/10.1088/1751-8121/aa863b

OPEN ACCESS

ournal of Statistical Mechanics: Theory and Experiment

An IOP and SISSA journal

PAPER: Biological modelling and information

Time-varying energy landscapes and
temperature paths: dynamic transition
rates in locally ultrametric complex
systems

Angel Moran Ledezma

Institute of Photogrammetry and Remote Sensing, Karlsruhe Institute of
Technology, Englerstr. 7, 76131 Karlsruhe, Germany
E-mail: angel.ledezma@kit.edu

Received 9 April 2025
Accepted for publication 28 September 2025
Published 7 November 2025 CrossMark

Online at stacks.iop.org/JSTAT/2025/113501
https://doi.org/10.1088/1742-5468 /ae120f

Abstract. In this work, we study the dynamics of complex systems with time-
dependent transition rates, focusing on p-adic analysis in modeling such systems.
Starting from the master equation that governs the stochastic dynamics of a sys-
tem with a large number of interacting components, we generalize it by p-adically
parametrizing the metabasins to account for states that are organized in a fractal
and hierarchical manner within the energy landscape. This leads to a not neces-
sarily time homogeneous Markov process described by a time-dependent oper-
ator acting on an ultrametric space. We prove well-posedness of the initial value
problem and analyze the stochastic nature of the master equation with time-
dependent transition-operator. We demonstrate how ultrametricity simplifies the
description of intra-metabasin dynamics without increasing computational com-
plexity. We apply our theoretical framework to two scenarios: glass relaxation
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Time-varying energy landscapes and temperature paths

under rapid cooling and protein folding dynamics influenced by temperature vari-
ations. In the glass relaxation model, we observe anomalous relaxation behavior
where the dynamics slow down during cooling, with lasting effects depending on
how drastic the temperature drop is. In the protein folding model, we incorporate
temperature-dependent transition rates to simulate folding and unfolding pro-
cesses across the melting temperature. Our results capture a ‘whiplash’ effect:
from an unfolded state, the system folds and then returns to an unfolded state
(which may differ from the initial one) in response to temperature changes. This
study demonstrates the effectiveness of p-adic parametrization and ultrametric
analysis in modeling complex systems with dynamic transition rate, providing
analytical solutions that improve our understanding of relaxation processes in
material and biological systems.

Keywords: energy landscapes, stochastic processes, glasses (structural),
protein folding
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1. Introduction

In the physics of complex systems, the so called master equation is a fundamental tool
for describing the stochastic dynamics of systems with a large number of interacting
components [5, 26, 35, 39]. These systems are constituted by a huge amount of possible
configurations, each corresponding to a specific state of the system. The master equation
provides a mathematical framework to model the time evolution of the probability
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distribution over these states, assuming the system randomly jumps from one state to
another.

A central concept in this context is the energy landscape; a multidimensional surface
representing the potential energy of a system as a function of its configurations. Each
point on this landscape corresponds to a specific configuration, and the local minima
of this surface represent stable or metastable states where the system tends to stay due
to lower potential energy compared to neighboring configurations [1, 3, 19, 21, 29, 35,
37, 39, 42].

The master equation describes a stochastic process (a continuous time Markov chain
(CTMC); a time homogeneous Markov process), where the local minima of the energy
surface are mapped to states of this Markov chain, and the transitions between them
are governed by transition rates determined by the energy barriers separating the con-
figurations. The probabilities in this process can be interpreted as relaxation processes
where systems evolve toward equilibrium [35, 38, 39, 44]. The transition rates often
depend on factors like temperature and are modeled using Arrhenius-type expressions,
reflecting the likelihood of the system overcoming energy barriers. This allows us to
model the dynamics in systems ranging from protein folding to glass relaxation and
chemical kinetics.

For example, in protein folding, each state represents a distinct three-dimensional
conformation of a protein molecule. The master equation models how the protein
explores its energy landscape to find the lowest energy conformation, navigating
through various metastable states [19, 20, 38]. In glass relaxation, the master equation
describes how the system explores a rugged energy landscape with many metastable
states [35, 36].

While the energy landscape approach offers valuable insights into the multiple times-
cales and governing physics of glass transitions and relaxation behaviors including pro-
tein folding, it can be computationally intensive due to the huge number of local minima
or states involved. As Mauro et al point out [37], it is crucial to develop simplified or
analytically solvable models that capture the essential features of these complex pro-
cesses. Moreover, recognizing the limitations and predictions of Markov state models is
important in order to have a deeper understanding on complex systems. One important
assumption in the modeling of such processes is the time-independence of the transition
rates. Nevertheless, the transition rates on certain glass relaxation models depend on
a ‘temperature path’, implying that temperature is not constant overtime, making this
transition rate time-dependent [25, 35]. Furthermore, like all chemical reactions protein
folding depends on its environment; hence, temperature and the energy landscape itself
could be not constant over time. This variability may arise from artificial manipula-
tions, where temperature changes are induced by artificial modulation (see for example
[25]), or from intracellular thermal interactions that cause energy barriers and tem-
peratures to fluctuate, moreover, due to their dynamic nature, proteins spontaneously
unfold and refold many times in vivo as shown in [42], as also capture by our simula-
tions in section 3. Therefore, understanding state models with variable transition rates
in realistic contexts—such as in glasses and proteins—becomes important for capturing
their real-world dynamics. This work aims to give some insights in this direction.
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Dealing with a large number of transition rates poses significant challenges for
the solvability of the problem, even when transitions are constant. Introducing time-
dependent transitions further complicates the scenario. To address this complexity, we
employ the approach inspired by Zuniga, where interactions within metabasins are
modeled using p-adic parametrization. This concept, used by Zuniga in [44], has proven
to be a powerful tool, allowing for the representation of an arbitrarily large number of
states within each metabasin. Moreover, in [44], Ziniga was able to show how this model
allows us to rigorously explain how, under some non-equilibrium conditions, a complex
system can reach absorbing states by imposing two different transition functions.

Our motivation for utilizing p-adic analysis comes not only from its computational
advantages but also from its widespread use in the literature as a tool to model hier-
archical complex systems, see [1-3, 11, 14, 29, 31], and the references therein. It has
been proposed as a valuable tool for analyzing energy landscapes, where recent studies
such as [7, 10] confirming the fractal and hierarchical behavior of the energy landscape
in structural glasses, and well known studies showing the ultrametric nature of protein
folding energy landscapes [19] serves also as main motivation for the ultrametric meth-
ods in this work. In this article, we show how the p-adic parametrization offers a novel
technique for modeling complex systems with time-dependent transition rates, since the
ultrametric parametrization of this states allow us to give an analytical solution to the
contribution of these states to the overall dynamics. That is, we are able to describe a
large number of states without increasing computational complexity. This approach is
particularly effective in describing the dynamics of a multitude of states inside a meta-
basin. For a broader discussion on the diverse applications of p-adic numbers in physics,
see the surveys [13] and [12].

This article aims to explore the dynamics of a CTMC with time-dependent trans-
ition rates, highlighting how p-adic analysis emerges as a powerful and natural tool in
studying these processes. Now we proceed to describe our results.

In section 2 we introduce the general master equation for a discrete system space
and what we understand by p-adic parametrization this leads to a generalization of the
classical CTMC differential equation:

G0 = Yl ()~ wafo (0] — 3wt = [ w(o—y) [£5.0) ~ £ 20)) dy

b Zy

where w,, represent the transition rate probability between states a and b, w(|-|p)
is a radial function on Z,, the p-adic integers, which can be seen as a infinitesimal
cluster of states hierarchically organized following a fractal, or self-similar, structure.
We then consider a finite set of this clusters, given by translations of Z, these are the
metabasins of the model. The transitions inside each metabasin are controlled by a
radial function, while the transitions between the metabasins I 4-Z, are controlled by a
transition rate matrix. The dynamic of such a system is introduced and briefly studied
in section 2.2. After this we allow time dependence on the transitions by introducing
the time-dependent operator

W (1) f (2) = /K [0(e.0:6)5 ) = wlyat) £ (@) dy,
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where Ky is the disjoint union of the metabasins and w(z,y,t) is the transition rate
function. The master equation attached to this operator studied in section 2—section 2.3,
give rise to a different stochastic process (a strong Markov process, not necessarily
time-homogeneous). Theorem 1 is our first main result, here we show that the initial
value problem attached to this process is well-posed. Furthermore, in theorem 2 we
describe the stochastic nature of the master equation attached to the time-dependent
operator W (t). Section 2.4 is central on the following results since here we expose how
ultrametricity (p-adic parametrization of the metabasins) leads to an easy description
of its contribution on the overall dynamics, this is achieved by using the Trotter-Kato
theorem for semigroups.

In section 3 we introduce a two metabasin model; where we denote by B, = Z, the
higher energy metabasin (which in the case of our protein example correspond to the
unfolded basin, with several unfolded-degenerate states, and by By the lower energy one,
corresponding to the folded basin in the protein example, with several folded-degenerate
states). This model can be considered as a time-dependent generalization of the one
given by the minimalist energy introduced in [37]. We are interested in understand
the behavior of the characteristic relaxation of a sub basin of By, B,, C By. Here, the
characteristic relaxation of this region, S(t), will be understood as the evolution of
population (or occupation probability) in the domain of the initial distribution, in this
case By,. In order to describe the function S(¢) we use Trotter Kato to describe the
contribution of the transitions between metabasins (or in the terminology of Mauro
in [37] on glass-relaxation the « transition, and in the context of protein folding, the
transition to the unfolded to folded metabasins), while the contribution to S(t) given
by the intra-metabasin dynamic p-adically parametrized (which correspond to the (3
transitions or the dynamic between unfolded states) is directly computed by the previous
analysis on section 2. The characteristic relaxation S(¢) has the following form,

—r -7 2 — [ty p(r)dr
S(t) = p p1(t) +p "0 E |Crinl"e Jovrw(r)dr
metabasin transition contribution Supp ¥r.jn

ZBy

(& J/

Vo
intra-metabasin (p-adic) contribution

We then apply our results to two scenarios. In the first scenario, we use similar data
used in [37] to modeled the transitions of a glass-relaxation phenomena, while allowing
the temperature to drop in a fast way with the purpose of simulating the effect of rapid
cooling at different temperatures. We can observe in section 3.2 how an anomalous
relaxation take place; the dynamic is slowed down during the cooling and the effect
depend on the magnitude of the temperature drop. Moreover the slowdown in the
dynamics has a long lasting effect, even when the temperature ceases to drop, with the
effect depending on how drastic the temperature change has been over time. In the
second scenario we use the temperature dependence on the transition rates of protein
folding studied in [25] modeled by the equations:

ko _ 1 f Tm
m(kf(T)) =7 <AHf TAS;+ACH (T Tm+T1n( - )>> ,
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ko \ 1 ’ T
(1) = (s mas e acy (r-merm (%)),

where the thermodynamical parameters associated with the in vitro case are also given
in this source. These rate equations follow the standard two-state Gibbs—Helmholtz
formulation, which connects the temperature dependence of the free-energy barrier
with the folding and unfolding transition rates. In particular, AH and AS denote
the enthalpy and entropy differences between folded and unfolded states at the melting
temperature T),. In this case we observe a highly different dynamic with the two-basin
model: The temperature dependence transitions allow us to describe in time the rate-
transitions, which vary in a way that allow the system to go from a temperature below
the melting point and above the melting point. This is reflected in the behavior of
S(t), where the system go from an unfolded state with probability 1 at time zero, to
a ‘whiplash’ effect, where the system travel to the folded state with high probability,
and then return (after crossing the melting temperature) to the unfolded metabasin.
Moreover, even though the system return with high probability to an unfolded state,
does not necessarily return to the original state B,,, this state can now be occupied
with a lower probability (corresponding to the volume of the sub-region) which tell us
how the system can occupy any other unfolded state in the return.

2. Time-dependent transition rates and p-adic transition networks

2.1. The p-adic numbers and trees

Let Q be the set of rational numbers equipped with the p-adic norm. For a given prime
number p and z = § € Q\ {0}, we define

|$|p ZZP_VI’($)a

where v,(z) is the p-adic valuation, namely

Vp(%) =vp(a) —vp(b),

with v,(a) the highest exponent a such that p® divides a. Equivalently, writing a = p®a’
and b= p’b’ with pfa’,b’, we obtain v,(a/b) = a — B. By setting |0|, := 0, the function
|1y : Qp = R define a norm on Q. The completion of Q via |-|, is called the field of
p-adic numbers, and is denoted by Q,. The space (Q,,|-|,) is an ultrmatric space, that
is the ultrametric inequality holds: |z + y|, < max{|z|,, |y|,}. The space Q, has attached
a Haar measure denoted by dz. Each p-adic number x € Q, has can be represented as
a convergent Laurent series of the form

)

k

T = E rpp -,
k=v
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Level 0: radius 2° =1 [ ]
Level 1: radius 27! = % 0 1
Level 2: radius 272 = i 00 01 10 11

\

000 | 001 [ 010 | 011 | 100 | 101 | 110 | 111

(a) Tree representation of G for p = 2.

Energy
my Mo M3 My ms Mg MMy Mg
Configuration space
(b) Hierarchical (rugged) energy landscape; minima {mi, ..., mg} in bijection with

the leaves of Gg.

Figure 1. Relation between ultrametric tree structure and hierarchical energy land-
scape for p=2. Panel (a): binary tree G3. Panel (b): energy landscape with barrier
classes wy > w9 > ws reflecting the ultrametric hierarchy.

where xj, € {0,...,p — 1}. We denote the unit ball of this metric space by Z, := {x € Q, :
|z|, < 1}. A function w: Q, — R is called radial if w(x) =w(|z|,).
Let Z,/p"Z, := Gy, be the finite group consisting on the elements of the form

G,>z= ao+a1p+---+an71pn71;

where a; € {0,...,p— 1}. Therefore we have the following decomposition.

Ly = I_l a+p"Z,.

aeGy

The elements of the group G, are in one-to-one correspondence with the leafs of a
tree. In the tree, the length of the common initial path from the root indicates how
many leading digits the two elements share; thus, the node where their paths first
diverge determines the p-adic distance between them. In particular, two leaves that
share a common path of length k are at distance p~* apart, as shown in figure 1(a).

Every node at a given level represents a p-adic ball whose radius is determined by
the number of fixed digits. The tree structure thereby encapsulates both the algebraic

https://doi.org/10.1088/1742-5468 /ae120f 7
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representation of G, and the topology given by the p-adic metric, where the closeness
of any two elements is reflected in the depth of their most recent common ancestor in
the tree.

2.2. Ultrametric dynamics and fractal energy landscapes

The dynamics of a physical system subject to random interactions with a heat reservoir
can be modeled by a master equation [35]. This is a central idea in stochastic thermody-
namics and complex systems. This approach involves the description of a random walk
on an energy landscape containing a very large number of local minima, which consti-
tute the stable conformations (or states) of the complex system. The master equation
becomes a useful technique for modeling the fluctuations and relaxations of such sys-
tems, since these phenomena correspond in this model, to jumps between states.

A master equation is defined by the jump rates wg;(¢t) > 0 from a discrete state b
to a. The system of equations has the form

% Fa®) =3 [was () £ (8) = wya () £ (1)),
b

where f,(t) is the probability distribution or population in the local minimum a. We
say that the jump rate w,; admits a p-adic parametrization if w,j, = w(|a — b|,,t) where
a,be G, for n>0. If n— oo, that is, the number of states or local minima tends to
infinity, we can obtain the infinitesimal p-adic system described by the equation

4 <x,t>=/ w(lz—yl,6) (f (0,8) — f (1)) dy. (1)

Zy

When the function w(|-|,,t) =w(]-|,) does not depend on time, the attached mas-
ter equation describes the diffusion on a p-adic ball studied, for example in [44]. The
attached energy landscape is a fractal, hierarchically organized as shown in figure 1(b),
but this time we have an infinite sequence of energy barriers; each radial value of w
depend on the corresponding height of the barrier, as schematically shown in figure 2.

Now, we are interested in a more general situation. Consider a disjoint collection of
p-adic balls of radius 1

B(I)={ze€Q,:|z—1I|<1},

where I belongs to a finite set V' with cardinality |V|= N . Let

Ky=||B(I).

1€V

Each ball represents a cluster of states or minima, or as described in, see e.g. [1], these
balls represent separated basins of an energy landscape. Each state inside these basins
represent a minima which is hierarchically organized.

https://doi.org/10.1088/1742-5468 /ae120f 8
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Conformation

Figure 2. Ultrametric energy landscape, where the infinite number of energy bar-
riers follow a self-similar and hierarchical organization in sub-basins, all minima
have the same energy level (degenerate).

Remark 1. The only balls of radius 1 are translates of Z,, i.e. I +Z, with I € Q,/Z,,
then B(I) =1+ Z,. The choice of unit balls as basins does not alter the physics of the
system: if K, Ky C QQ, are a disjoint union of the same number of balls, then the spaces
L*(K;) and L*(K5) are isometric and the corresponding operators (see section 2.3)
are unitarily equivalent under this isometry. The effect of choosing radius-one balls is
therefore only notational, allowing us to write results in terms of translates of Z, without
loss of generality.

Like all chemical reactions, protein folding is dependent on its environment, and
in the case of glass relaxation, the process may depend on a variable temperature.
In the literature, including that of p-adic mathematical physics, the energy landscape
is usually considered to be constant in time. Nonetheless, there are several situations
where the transition rates are time-dependent, e.g. if the system is subjected to artificial
modulation [23], or as described in [42], sometimes the transition rates on the folding
process of a protein are time-dependent for natural reasons, such as the cell cycle itself.

Therefore, we propose the study of the dynamic generated by a master equation of
the form

en=[ wepnsen-weens @iy

where the non-necessarily symmetric function w: Ky x Ky x (0,00) — (0,00) satisfies
the following definition.

Definition 1. A time-dependent p-adic transition function w: Ky x Ky — (0,00) is a
function of the form

U)(.Clj,y,t) = Z wr,J (l’,y,t)Q (pN|x _I|P) Q (pN|y - J‘P)
1,JeV

https://doi.org/10.1088/1742-5468 /ae120f 9
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energy

)

Conformation

Figure 3. Locally-ultramemtric landscape: the blue and green transitions are con-
trolled by a constant wy_;, meanwhile inside each metabasin (red-arrows) the trans-
itions follow a fractal and hierarchical organization controlled by a radial function

wr (|- [p)-

where

wrr(z,y,t) =w(|z—yl,t)

are bounded radial functions and

wr,y (z,y,t) = wr j (t)

for I # J. When w(x,y,t) = w(z,y) we call this function an autonomous p-adic transition
function.

The function w(z,y,t) represents the transition rate peer unit of time, which usu-
ally follows an Arrhenius type equation. Therefore, the above definition implies that,
the transition rate between two points x,y € B(I), satisfies w(x,y,t) =w(|z —yl,,1t),
i.e. the dynamic depend on energy barriers which are hierarchically organized (figure 2).
Meanwhile, for I # J, the transition rate function satisfies w(x,y,t) =wys(t), that is,
the transition rates between two basins at a given time ¢ > 0 is constant and independ-
ent of the points x € B(I), y € B(J). Note that in general wy;(ty) # w,r(to), hence this
dynamic allow us to consider non-degenerate landscapes in contrast with past ultramet-
ric models such as [1]. Hence we are working with a locally ultrametric energy landscape.
See figure 3.

In order to study the dynamics of such a system, we introduce some important
functional spaces. Let C'(Ky) denote the space of complex valued continuous functions
on Ky. The space of absolute integrable functions on Ky is denoted by LI(K ~) and
LZ(K ~) denotes the usual Hilbert space of functions over the space Ky.

An orthonormal basis of the space L?(Q,) is given by the set of functions {t,;,}
defined as

Grjn () =p2x,p (77 j2) Q (P2 = nlp) (2)

https://doi.org/10.1088/1742-5468 /ae120f 10
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where r€Z, je{1,...,p—1}, and n € Q,/Z, which are called the Kozyrev wavelet
functions, originally introduced and studied in detail in the mathematical literature
on p-adic wavelets [30, 32, 33]. In particular, it can be proved that for any f € L*(Z,),
the following expansion holds,

f (:L') = pl/ZQ (|$|p) fO + Z ern¢rjn (:L“) )
rin

where
= d
f() épf(x) €,

and C,;, € C and v,, are the Kozyrev wavelets supported on Z,. Moreover the above
expansion converges uniformly to f, for any f € C(Z,). Thus these functions form a
basis of the Hilbert space L*(Z,). This basis can be generalized to a basis of L*(K),
for any compact set K C Q,. Let K := Ky =| |, I +Z,, where V C Q,/Z,, then the
following decomposition as a direct sum of Hilbert spaces holds,

L*(K)=PL (1+z,),
IeV

then for each f € L*(K), we have

N

fl@)=2 (/*Zf(|x\p>dx>pl/Qﬂ(rx—aiD+ZC§§Lwijn<x> SC)

1=1 rin

where wf,jn denotes a Kozyrev wavelet function supported on I 4 Z,. Since

@ijn (z)dx =0.
142,

The latter implies the following decomposition,
L*(K)=CVaLy(K),

where Ly(K), is space of functions with mean zero on K, which coincides by the space
generated by the functions ¢!, (z) as a Hilbert space. Here we have identified the finite

rjn
dimensional complex vector space spanc{p'/?Q(|z —I| )} with cvl,

2.3. Time-dependent p-adic operators and Markov processes

Let w: Ky x Ky x [0,00) — (0,00) be a time-dependent p-adic transition function.
Then we define the time-dependent operator W as the function ¢ — W(t). Where

W (1) f (2) = /K [w(z00) £ )~ w(p2.0) f (@) dy

https://doi.org/10.1088/1742-5468 /ae120f 11
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Define the degree function as

y(#) (@)= Y ) Qun(x)

IeV(G)

with y7(t fB JWII (|z]p,t)da + 3 jey () wis(t). Then, we can rewrite the operator as
follows

W(t)f(w)=/Kw(x,y,t)f(y)dy—v(t)(w)f(:v)-

Now we will study the Cauchy problem associated with the time-dependent operator
W (t), given by:

Gt (2,8) = W () u(z,1)
{u< )= s (z) € O (K,C). W

This initial value problem has attached an stochastic process which is described in
theorem 2. In order to state the following results we need some definitions.

Definition 2. A continuous function u : [s,00) — C(K,C) is called a (strict) solution
of (4), ifu € C([s,00),C(K,C)), u(t) € D(W(t)) for all t > s, u(s) = z, and % =W(t)u
for t > 0.

We say the problem (4) is well-posed when for any initial condition and any time
s > 0 there exists a unique solution as in the above definition. If the time-dependent
operator t — W(t) is strongly continuous (that is, ¢t +— A(f)u is continuous for each
u € X), then the system (4) is well-posed as stated in the next proposition.

Proposition 1. Let X a Banach space and for every t> 0 let A(t) be a bounded linear
operator on X. If the function t— A(t) is strongly continuous for 0 <t <T then for
every initial condition x € X, the attached initial value problem is well-posed.

Proof. [17, Thm. 7.1.1]. O

Theorem 1. Let w(x,y,t) be a non-autonomous p-adic transition function if the func-
tions t — wr s(t), and (z,t) — wrr(|z|y,t) are uniformly continuous for each I,J €V,
then problem (4) is well-posed.

Proof. In virtue of proposition 1 its enough to prove that the time-dependent operator
t— W(t) is strongly continuous. Let u € L?(Ky,C), we want to estimate the following
norm,

[|W (t)u— W (s)ul| 2.

For € >0 and every x € K, there is a positive real number § > 0 such that

€

|t—S| <) = |w]J(t)—w]J(8)| <ﬁ7
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and
E

it —s| <0 = |wrr(|z]pt) —wrr(|z]p,8) ] < 3
Hence

w (@,y,t) = w(2,y,8) | < |wrir (@l t) = wir (@], s) [+ lwrs (t) —wry ()]

I£]
<e.

Therefore

/m- (/K [(2,9,1) = Ay, ) ||u(v) \dy)de <e? /K </K [u(y) |dy)2dx

< e Vol (K ) [[ullz,

where the last inequality is due to Holder’s inequality. On the other hand,

() () =y (s) (@) | = | D (1) =7 () Qv (@)

IeV(T)

< Z wrr (|z|p,t) —wrr (2], s) + Zwu (t) —wrs(s)

I JAI

<Le.

Hence,

/K v (8) () =y (1) () Plu(y) Pdz < e[ul[L-
Finally, we have

W (t)u— W (s)ul||r2 < el|u]|r2 <V01(KN)% + 1> :

This ends the proof. O

Remark 2. This result and the following ones generalize the results presented in [6],
here the transition rates inside each ball (or each metabasin) are not zero (compare
with [6]), that is, here we take in account variable rates which model the transitions
between states inside each basin. Therefore, the dynamic is fundamentally different,
this results are also different from the Zuniga model presented in [44]. On the other
hand, our previous work [6], can be considered the time-dependent generalization of
[43], which may be useful to study Turing patterns on time-changing graphs.

In particular the proof of theorem 1 shows that ¢ — W (%) is continuous in the uniform
operator topology.

As stated before, the master equation (4), has attached a stochastic process. This
process is a strong Markov process (in fact a Hunt process) (for definitions we refer the
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reader to [41]). The solution of the master equation (4) can be given in terms of an
evolution family, (P(t,s)):>s of linear operators [40]. This family is defined by

P(t,s)u(x) =u(z,t) (5)

where u(z,t) is the solution of (4) for the initial condition wu(z,s)=wu(z). There is
a natural correspondence between Feller evolution families and transition probability
functions of non-homogeneous Markov processes [41, Thm. 2.9]. For the sake of com-
pleteness we review the definition of a Feller Evolution.

Definition 3. A family {P(s,t):0< s <t < T} of operators defined on L>(K) is called
a Feller Evolution on C,(K) if it possesses the following properties:

(1) It leaves Cy(K) invariant: P(s,t)Cy(K) C Cp(K) for 0 < s <t < T

(2) It is an evolution: P(r1,t) = P(7,s)P(s,7) for all 7,s,t for which 0 <7< s <t and
P(t,t)=1,t€[0,T7;

B) o< f <], feCy(K), then 0< P(s,t)f <1,for 0<s<t<T.

(4) If the function (s,t,x)— P(s,t)f(z) is continuous on the space A:={(s,t,z) €
[0,T] x[0,T] x E: s < t}.

As expected, the evolution family (5) is a Feller evolution. For this, we need the next
result which proof can be found in [6].

Proposition 2. Let {A(t)}i=0 be a set of bounded operators on C(X), where X is a
Banach space. Suppose that t — A(t) is continuous in the uniform norm topology and
that each A(t) generates a strongly continuous, positive, contraction semi-group. Then
the Cauchy problem

{%—mzmu(w

u(s)=reX (6)

is well-posed and its solution evolution family P(t,s), given generates a Feller Evolution.
We are now ready to state the main result of this section.

Theorem 2. Let w(z,y,t) be a time-dependent p-adic transition function such that the
functions t — wr ;(t) and (z,t) = wr(|z],,t) are uniformly continuous for each I,J €
V. Then there exists a probability transition function P(t,z;s,-), where (t,z,s) € [0,T] X
K x[0,T], and s <t, on the Borel o-algebra of K, such that the Cauchy problem

% (z,t) =W (H)u(z,t)
u(z,s)=g(r) € C(Ky),

has a unique solution satisfying:

E[w<xt>|xs~u<x>da:1=/f(v ) ¢<y)p<t,x;s,dy>u<x>dx:/Km)u(x,t)dx.
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In addition, P(t,z;s,-) is the transition function of a strong Markov process.

Proof. Let ¢y > 0 fixed, and let wy(x,y) = w(x,y,ty). Consider the integral operator
Wul) = [ ) ()~ ula) dy
N

acting on the domain C'(Ky). It is easy to show that w' generates a Feller semigroup
by means of the Hille-Yosida theorem (see theorem 17.11, [28]), nevertheless for the
sake of completeness we include the proof. Since the operator is defined in all the
space C(Ky) we only have to show a) the range of A\g— W' is dense in C(Ky) for
some Ao >0 and b) If for xp € Ky, f(x0)=sup,eg, f(x) >0, then W' f(20) < 0. For
assertion a), the result follow from the boundedness of the operator, since |[W'|| < Ao,
for some Ay > 0 implies the existence and boundedness of the operator (1 — %W*)_l,

which implies rank (1 — %W*) = C(Ky). By proposition 2, the time-dependent operator

W (t)u () = /K (et ()~ ulx) dy,

generates a Feller evolution. That is, following [40, Thm. 2.9] there exists a strong
Markov process with probability transition P(t,x;s,dy), such that

Pu (ts)ule) = [ () Pltass.dy),

where Py is the evolution family attached to (W' (t),C(Ky)). The above equality
implies that for a given probability measure pu(dx) the random variable X; satisfies:

Bl (X)X~ pde)) = [ () Pais.dy)u(do).

A straightforward computation lead to the following identity:
| (W) @s@de= [ @)W @d
Ky Ky

for every f,g € C(Ky). Moreover, the time-dependent operator W*(t) is the L*(Ky)
adjoint operator of W(t). The above equality implies the dual relation for the evolution
families: if Pw(t,s) is the evolution family attached to W, we have that

| Pyt p@sade= [ 1@ (Pw(ts)g) (@),

Since u(z,t) = (Pw(t,s)u)(z)dx is the solution of the Cauchy problem, the above iden-
tity implies the desired result:

@(y)P(t,m;s,dy)u(ﬂc)dmz/ o (z)u(z,t)dz.

E[p(X:) | Xs ~u(z)dr] :/ K,

KNXKN
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2.4. The effect of ultrametricity on the evolution process

So far we have studied the general properties of the stochastic process attached to time-
dependent p-adic transition functions. We now study the effect of ultrametricity on the
evolution process. In particular, we show how ultrametricity implies a simple compu-
tational description of the behavior of the dynamics, allowing us to consider a high
number of states without compromising the computational complexity. In order to do
that, we will express the solution family P(t,s) in terms of the semigroups attached to
the operators W (tj). This is achieved by the well-known Trotter-Kato theorem presen-
ted below.

Proposition 3. Let W(t) be a family of strongly continuous bounded operators in C(K),
and let P(t,s) be its respective evolution family. Then

n—00

lim Het/”W(Hkt/”)f =P(s+t,s)f (7)
k=1

for all fe€C(K) and uniformly for s and t in compact intervals of R and Ry,
respectively.

Proof. [15, Ch. II1.5.9, Prop.]. O
Denote by WO the matrix representation of W (ty), for a fixed ¢y > 0, acting on

CV = spanc{Q(|z — I1,)}

Proposition 4 (Eigenvalue problem,). The elements of the set:

Spec <W<O)> |_|{—fy“, I eV,r<0},

where

- / wir (J2ly) do+ 5w () + 3 wry
Zp\p —'Zy Jev

are the eigenvalues of the operator W(ty), for fized to > 0. The corresponding eigenfunc-
tions are given by the following infinite set

Pu_ 0 I . -
{|Iwu||2'MESpeC<WF)}U{¢rjn.IeV,j€{1,---,P 1},r€Z,r<0,neQ,/Z,},

where the functions ¢, () are defined by:

ou(z) = Z ‘Pu(J)Q(p_N‘x_ﬂp) (8)

JeV(G)

and the vector (pu(J))jev(g) 5 an eigenvector of the matriz W corresponding to
1 € Spec( VV(O)), and !, are the Kozyrev functions of the form (2).

rin
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Proof. Since the space L?(Ky) admits the following decomposition L?(Ky)=CN @
Lo(K), we have only to show that every wavelet of the form ¢{jnis an eigenfunction of
the operator W (). Indeed, notice that

W (to) w{jn (SC) = 1I+Zp ('CC)/ wr.I (|3j - y|P> (ngn (y) - w{'jn (ZC)) dy - wfjn (:U) Z wrJ-

Ky Jev

Define 4, :pr\pHZp wrr(|z|,)dz + p"~tw(p”), then it is known (see for example
[44]), that

/K wrr (|2 —ylp) (W, (y) =¥k, (@) dy = =310, ().

Therefore, Wgipl. () = —717,‘1&7{%(3:), as wanted. O

rjn

Let ¢ty > 0 be a fixed positive real number. Then the operator W (t() act on the space
L?(Ky) as a direct sum. As shown in the section 2.1 we have the decomposition

L*(Ky)=CVaLy(Ky).

For any f € L?(Ky) denote by f the projection of f in the space CIVI 2 span{l,4z, tacv -
Then, by 3 we have

f@y=Ff+ > Cirtis

supp(¥; r,)CKy

The operator W () act diagonally on the Kozyrev basis 1; 1, as shown in proposition
4. Therefore, the evolution family can be expressed as

P(t+s,s)f(z)=P(t+s,s)f(z)+P(t+s,s) > Gt ()|,
supp(¥; 1) CKn

where P(t,s) is the evolution family attached to the time-dependent matrix

W (t)|cvi. For finite systems, the computation of P(t,s) is a well know matter, for
example, numerical methods like the Dyson expansion or the Trotter-Kato formula can
be used to approximate P(t,s) i.e. the solution of

d

—u

dt
Solving this equation analytically could be very difficult, and the general case of two

basins, that is, when the size of W(¢)|cyv is two, is already not trivial. However, when
the transitions between states are ultrametric, the ultrametric part of the solution

(t) = W(t) |(C|V|, U (0) =Uup € C|V|.

P(t+s,s) Z Cirjr. (z) |,

supp(¥; r,)CKn
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has an analytic closed form as shown in the next theorem.

Theorem 3. Let w(x,y,t) be a time-dependent p-adic transition function satisfying the
hypothesis of theorem 2. Then the evolution family of the Cauchy problem (4) (with
initial condition at s) is given by

P(t+s,8)ug () = P(t+5,5) 1 () + Z Crrj(s) effh""(ﬂdw]',lm (),

supp(V; 1) CKy

wheret > s, and the coefficients C.. 1 j(s) are uniquely determined by the initial condition.

Proof. Without loss of generality, we assume s =0 and 4y = 0. Let n € N. Then, since
for all t; > 0 and to > 0, the operator e"W(2) acts diagonally on the Kozyrev basis, we
have:

et(]/’n,W(t(]) . eto/nW(to—t[}/'rb) . eto/nW(to/n)uo (:L_)

= Y Cuylt/mye Ty (2).

supp(¥; 1) CKn

Notice that, this is a consequence of the fact that each semigroup act diagonally in a
same basis over all times. The result follows by taking the limit when n — oo in virtue
of equation (7). O

3. A two basin model and characteristic relaxation

In this section, we will study a simple model that consists of two metabasins each
of one consists on sub-basins parametrized p-adically. This model can be seen as a
time-dependent generalization of the minimalist model of Mauro [37]. First, we develop
further consequences on the Trotter—Kato formula, we then compute explicitly the relax-
ation process for an initial distribution on a region B,,, inside the first metabasin, cor-
responding, in the case where protein folding data is used, to the unfolded metabasin,
and in the case of glass relaxation parameters with the higher energy metabasin.

Each of the metabasins contains, as has already been discussed, an infinitesimal
infinity of states (which is an approximation of a continuous-time Markov chain. with
a large number of discrete states). The transition functions between the states within
each basin are governed by two radial functions, called wy and wy. The basins will be
denoted by By and Bp, which are two p-adic balls that we will assume have a radius
equal to 1. The transitions between By and Bp will be governed by the time-dependent
coefficients Wy, p(t) and Wy_,p(t), respectively. Let B,, C By be a small ball inside
the unfolded basin. We aim to describe the characteristic relaxation of this particular
region. where, a relaxation process will be understood as the evolution of population
(or occupation probability) in the domain of the initial distribution; in this case B,,.

For this, define the initial condition as wy(x) = p,lm 1p, (x). Then, if u(z,t) is the
solution of the attached master equation, we will compute S(t) = (p~"up(x),u(x,t)).
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The initial condition wug(z) has an expansion on the corresponding eigenbasis of the
form

Uo (33) = UAl (1') + Z CT,j,TL/lvbT,jﬂl (1‘) )

Supp 1/)7',]',71,¢BU

where () = 1p,(x), and the sum of the right is finite. Note the projection ; follows
the master equation attached to the rate matrix W (t) = [W_ ;(t)]. The solution of the
initial value problem (4) has the form

U (.I‘, t) = 'al (.’E, t) + 7:52 (.ZII, t) + Z Cr,j,n (3) e f; ’Y"“U(T)dT\I//,-J’,,L (.CC)
Supp ¢’I‘.jﬂl¢BU

where 1 (x,t) =pi(t)lp,(x) and ds(x,t) = p2(t)lp,(x). Since fBUuBFu(x,t) =1 for all
times, we have that

prt+p2=1 (9)
The evolution of 4, follows the master equation attached to W (t):

dp1 (t)
dt

=Wyr (t) b2 (t) —Wrou (t) yai (t) .
By the conservation condition (9), we derive the equation

dp (t)
dt

+A(t) p1(t) =Wy_r(t)

where A(t) = Wy p(t) + Wp_p(t). This equation can be solved in terms of its integrat-
ing factor u(t) =exp (fot)\<7') dT), and its given by

t
p(0) = (14 [ o) Wi (9)as) (10)
() 0

Its worth to mention this gives the solution for the time-dependent version of the clas-
sical two-state reaction model. The time-independent case is well known and highly
used in transition models and can be solved directly; see for example [38]. On the other
hand, the eigenvalues attached to the wavelets ), ; ,(x) supported in the basin By are
given by

Y (t) == (1=p ) p7wy (p77,t) —p " wy (07, 1) = Wosr (t).
j=0
The solution is

u(@,t) =pi () 1g, (@) +p2(O)1p (2)+ Y Crype 00O 5 (2)
Supp wr,j,71¢BU
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Therefore, the characteristic relaxation is given by

S(t)=p p(t)+p " Z |Cr7j7n|2€_jg’7r.U(7')dT. )
Supp wr,j,nngU

Now, the objective is to analyze the long-term behavior of our system in two possible
scenarios. The first involves having constant energy barriers with variable temperat-
ure. The second involves having an approximately constant temperature with time-
dependent energy barriers.

For the sake of definiteness, we will use the standard Arrhenius relation, so the radial
functions are defined by the relation:

0l

wr (|z],,t) = Wrexp (— inT (1)

where I € {U,F}, U(|x|,) is the height of the activation barrier for the transition
from state y to state z, kg is the Boltzmann constant, and T is the temperature.
Similarly, the transitions between the basins By and By are determined by the relation

AU (t)>

Wiy (t) = Wi jexp (— kT (1)

The energy barriers inside each basin are parameterized by the p-adic radial function.
The heights of the energy barriers may depend on time, as, for example, inside a cell
during its life cycle due to interactions with its environment [42], where the barriers
between the unfolded state and the folded state increase in time during the transition
of the interphase to mitosis.

3.1. Time-dependent energy barriers and temperature

Our next goal is to describe the behavior of the probability (10) and (11) in two scen-
arios. First we assume a constant energy landscape while the temperature decreases
simulating a cooling using the parameters used in a glass relaxation model proposed in
[37]. We propose this example since it is well known that the master equation attached
to glass relaxation usually depends on a temperature path 7'(¢). On the other hand,
motivated by the studies on protein folding and its dependence on temperature, we use
the temperature dependent transitions given in [25], to model a protein folding dynamic
assuming a linear increase in temperature. For additional insight into time-dependent
protocols in non-equilibrium systems, we suggest the reader to consult [39].

3.2. Anomalous relaxation caused by fast cooling

Assume the energy barriers between the two basins By and By are time independent:
AL U(t)=A;-;U. We now make some general observations of (10) based on the
theory developed in this manuscript. We can rewrite p; () as

p1(t) = ﬁ + /Otexp <— /Stx(r) dT) Wy r(s)ds,
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by performing the change of variables u =1t — s we obtain

1 t t

m(t)=—= +/ exp (—/ )\(T)dT) Wy p (t —u)du.
K (t) 0 t—u

For u sufficiently small (and therefore small ¢), we can take the first order Taylor

expansion approximation of — f;_u A(7)d7 and Wy, p(t — u) as functions of u. We obtain

the following expression

u(t)  Wousr(t) + Weou(t)
Wi r(t) a
- 1— e 2OH(1 + X\ (1)1)).
Wi (D) +WU—>F(t))2( )L+ A()1))
In particular we can make the assumption W}, (t) ~0, since in this interval the
function behaves almost constant, that is W, _,p(t) ~ Wy, p(ty). We now use Trotter—
Katto theorem to give a further approximation to p;(¢). Define a time interval of analysis

[0,%0]. And define the partition of this interval up to a resolution, that is chose 0 = ay <
a; < ...<a,=ty. Next evolve the system from ¢ =0 to t = a; according to

_ 1 Wu_r (tO) — e~ Mbo)t
PO = ot T ]+ W Gy )

pi(t) = (1)

which is a good approximation for a small intervals ¢y € [ag,a;]. Now using the property
2 of definition 3, and the Trotter—Kato formula (7), we can evolve the system until
t = ay, and then change the initial distribution of the system to be equal to pi(a;), and
evolve the system on t € [a1,as] according to

~ pi(a) Wyr (th) _ A nt
PO = Ty e )

for t; € [a1,as]. We then evolve the system until ¢t = ay, and repeat. This leads to a
recursive expression which is good enough when W}, _, () ~ 0 in sufficiently small inter-
vals [a;,a;11]. For the next figure, we set Wy_,; = W,y = 10'? Hz, AUy_,r = 0.5 eV,
AUp_y =0.8 eV. T(t) change in different ranges, from an initial 7'(¢) = 300 K to differ-
ent sub-temperatures, ranging from 290 K to 200 K in a short period of 107 to 1073 s
as shown in figure 4. These parameters follow the values adopted in [37]. While their
goal was not to fit a particular material, their calculations were carried out with sim-
ilar representative numbers to illustrate glass relaxation dynamics. On the other hand,
in contrast to [37], the choice of protocol T'(¢) follows common practices in the glass
literature [16, 22, 24|, where progressive cooling is used. The temperature steps were
imposed within the short time window 107°-1073s, corresponding to the regime where
the occupation probability exhibits the sharpest slope change.

Trotter—Kato approximation give us another important observation. If lim7'(t) = Tj,
then is clear p; achieves a stationary distribution, this is a consequence of (7), since
for sufficiently large ¢, the semigroup operator W(t) behaves approximately constant,
making the factors of the form e//"Wk/7) accumulate for k > ky. And therefore, the
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Temperature Transition from 300K to 200K
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Figure 4. Temperature path for temperature drop from 300 K to 200 K.

pa(t) for Different Temperature Changes
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Figure 5. Anomalous relaxation caused by super fast cooling.

system behaves as e/("~k0)/mW(kt/n) This can be seen in the behavior of p; (t) in figure 5.

Where the relaxation is ‘delayed’ in the same time scales as the temperature change. We
see how a more drastic cooling lead to a more extended delay, but as mentioned before,
the system achieve a stationary distribution since the temperature after a t =103
remains constant.

In order to analyze the behavior of S(¢) (the characteristic relaxation of the intra-
basin B,,, or the survival probability) we now take W; = 10'2 Hz, and we take ry = —1,
p=3,U(1) =04 eV and U(1/3) =0.38 eV. Note that this information is sufficient to
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Different Temperature Drops
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Figure 6. Occupation probability of intra-basin B,, by super fast cooling .

calculate S(t) since only the wavelets with parameter rp = —1 survive in the expansion
of the function 1p, with respect to the eigenbasis. Therefore, it is only necessary to
explicitly express the radial function wy (|- |p,t) up to the corresponding levels |- |, =
1,1/p, i.e, only specify the energy barriers up to this levels.

By using the p-adic parametrization we are able to describe the behavior of S(t)
intra-basin B, without the need to compute an extra approximation, since as shown
in theorem 3, the solution for the non-autonomous problem can be computed directly
by the expansion of the initial condition in the eigenbasis. As shown in figure 6, once
again, we see a slowing effect on the dynamics as the temperature decreases, as expected;
the relaxation slows down during the cooling period, creating tails of different lengths
depending on how drastic the cooling was. After the short-time decay, the dynamics
develops a shoulder or plateau before entering the final long-time relaxation. This plat-
eau becomes more evident as the temperature drop increases (e.g. for the 300K — 200K
case). In more detail, at short times, the fast decay of the relaxation function S(¢) is
dominated by the intra-basin modes, and can be approximated as

St) = pp(0)+ > |Cryafe

sSupp wr,j.,n ¢ By

which corresponds to the [-relaxation regime. Once these intra-basin contributions
are exhausted, a plateau emerges (see figure 6 for times between 107% s and 107° s),
indicating that the system is effectively trapped and has reached a local equilibrium
within the sub-basin. When the temperature is lowered (between 10~° s and 1072 s), the
plateau extends, the slowdown originates from the reduction of thermal fluctuations:
as the system is cooled, the thermal energy kg7 available to the system is reduced,
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lowering the transition rates for overcoming inter-basin barriers. Lastly, the dynamics
becomes dominated by inter-basin transitions attached to the final temperature:

S(t) = ™ (91 (T) + |1 (t0) = i ()| T
with

Wy r (Tf)

pi (Ty) = T,

A(Ty) = Wuor (Ty) + Weou (Ty)

where Ty denotes the final temperature. The extra duration of the plateau in this regime
is determined by the approximation S(t) ~ p~"p;(tg) + O(AN(Ty) (t —to)), for t — .
Since the inter-basin rates satisfy Arrhenius scaling,

AG
Wyp (Tf) ~ Vexp<—kBTf>,

it follows that A(7y) decreases exponentially as 7} is lowered. This explains how the
plateau extends over longer timescales for the deepest quench: the suppression of A\(T%)
delays the onset of the final decay, i.e. the a-relaxation.

Such behavior also appears in the well-known two-step relaxation found in glassy
dynamics, both in mode coupling theory and in p-spin models, where the plateau height
is associated with ergodicity breaking [4, 8, 9, 18, 27, 34].

3.3. A protein protein folding example with dynamic transition rates

In order to implement our model to a protein folding scenario, we use the following
expressions for temperature dependence for folding and unfolded transition rates imple-
mented in [25] in order to study the temperature dependence on protein folding in living

cells
()2 b (s rasysact (r- 1o ( )

ko \ 1 il T,
(2 )= L (s 18, acy (1 s (%))

where the rate prefactor kg is a function of the solvent viscosity and it is given by:

where
—(1-10° C)
n(T)=0226+1.0723e~ =
The data used in the model is also given in [25] for in vitro folding and is presented in
Table 1.
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Table 1. Thermodynamic parameters used in the study.

Parameter Symbol Value Units

Gas constant R 8.314 Jmol ' K1
Melting temperature T 312.9 K

Folding:

Enthalpy change AHy —333 x 10° Jmol~!
Entropy change ASy —1.18 x 10? Jmol K1
Heat capacity change ACI{ —48 x 10° Jmol ' K1
Unfolding:

Enthalpy change AH, 337 x 103 Jmol ™!
Entropy change AS, 0.96 x 103 Jmol ' K1
Heat capacity change ACY —38 x 10° Jmol ' K1

Folding and Unfolding Rate Constants vs Time (Variable Rates)

2x 107!

—— k¢t) (Folding Rate)
— ku(t) (Unfolding Rate)
-- wy(1, ) =k ()°

o w13, 8) = k()

129155 x 1071

Rate Constants (s~1)
5

2x107?

1.29155 x 102

1072
o 10 20 30 40 50
Time (s)

Figure 7. Rate constants ks and k, as a function of time. Additionally the first two
values of the radial function w(|-|,,t) are presented.

For the interbasin B,, we use the parameters ro = —1, p=3, w,(1,t) = k%% and
wy(1/3,t) = kY°, and we let the temperature increase linearly from 35.85 °C to 43 °C
in 50 s. The selection of these parameters for the radial function is based on the follow-
ing ‘toy-model’ assumption: throughout the entire process, the first two energy barrier
heights within By are exactly one-half and one-quarter, respectively, of the energy bar-
rier associated with k,.

The corresponding functions are shown in figure 7. We see an intersection point
at the time where the temperature reaches the melting temperature. On the other
hand, the values of the radial function (corresponding to the transition rates within
the basin U) are most of times greater than ks and k,, indicating that the unfolded

substates interconvert rapidly compared to the folding and unfolding rates.
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Probability of Being Folded and Unfolded vs Time (Variable Rates)

—— pilt) - Variable Rates
1-p,(t) - Variable Rates

Probability

10 20 30 40 50
Time (s)

e

Figure 8. As before, p; represent the probability of being in the unfolded state,
while 1 —p;(¢) is the probability of being in the folded state.

Characteristic relaxation

—— S(t) - Variable Rates

08

10 20 30 40 50
Time (s)

o

Figure 9. Characteristic relaxation of the intrabasin B,,.

To have a point of comparison, we show in the following figure the relaxations
corresponding to the case when the transition rates are constant; the values of these
transition rates are given by the values k¢(t) at different times ¢.

It is clear that in this case, the probabilities follow the usual behavior of the clas-
sical two-state transition model (see [38]). The time-dependent transition rate case is
displayed below.

We now explain the results shown in figures 8 and 9. Initially, the system behaves
very similarly to the constant case shown in figure 10. However, as the temperature
increases and approaches the melting temperature, the dynamics change dramatically.
In particular, it is interesting to note that seconds before reaching this temperature, the
system begins a whiplash effect, where the tendency toward folding reverses, reaching
an intersection, as expected, very close to the melting temperature. On the other hand,
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Probability of Being Folded and Unfolded vs Time (Constant Rates)

— Pit) - Constant Rates at t=0s

=== 1-P(t)- Constant Rates at t=0s

—— Pit) - Constant Rates at t=10s

e R e s e R T e === 1-P(t)- Constant Rates at t=10s

—— Pit) - Constant Rates at t=20s

=== 1-P(t)- Constant Rates at t=20s
P(t) - Constant Rates at t=30s

1-P(t)- Constant Rates at t=30s
PIt) - Constant Rates at t=405
1-P(t) - Constant Rates at t=40s

Probability

0 10 20 30 40 50
Time (s)

Figure 10. Probabilities in the time-independent case.

the unfolded state we analyzed corresponding to the intrabasin B,, follows this trend;
however, the effect is not completely reversible. As can be observed, the probability S(t)
approaches an equilibrium state because the system can occupy any other unfolded state
within basin U. This can be appreciated by noting that at ¢ =50, S(¢) is approximately
%. It is worthwhile to mention that the p-adic setting developed in this work allows us
to describe an infinite number of relaxation corresponding to smaller balls of the form
B,. The hierarchical organization allows us to give an analytic solution of S(¢) for any
state inside the basin U under the hypothesis, the ultrametricity of such basin prevails
during the dynamic.

4. Conclusions

Our approach demonstrates that p-adic parametrization and ultrametric analysis are
powerful tools for modeling complex systems with dynamic transition rates. By studying
complex systems with analytical solutions, we can gain deeper insights into the relaxa-
tion processes of physical and biological systems without resorting to computationally
intensive simulations. The hierarchical structure inherent in ultrametric spaces allows
for an efficient representation of the state space, which is particularly beneficial when
dealing with systems that exhibit fractal or self-similar properties.

While our model provides new insights in this direction, it relies on certain assump-
tions, such as the persistence of ultrametricity throughout the dynamics and the applic-
ability of p-adic analysis to physical systems. Real-world systems might exhibit devi-
ations from these assumptions due to perturbations or interactions not accounted in
the model. Therefore, it is essential to consider these limitations when interpreting the
results.

The successful application of our model to both glass relaxation and protein folding
suggests that this framework can be extended to other complex systems where hierarch-
ical organization and time-dependent dynamics are prominent. For instance, it could
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be applied to study of epidemiological models such as in [29] where the author propose
to study the spreading of the COVID-19 by assuming a hierarchic social clustering of
population. Adding the role of time-variant dependence on the ‘social barriers’ may lead
to new insights.
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