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 a b s t r a c t

This work presents a physically consistent phase-field model for simulating fracture in anisotropic 
brittle solids, with a focus on preserving a uniform crack interface width across different phases 
in multiphase materials. This is achieved by incorporating anisotropy coherently into both the 
gradient and potential terms of the regularized crack surface energy. Theoretical relations be-
tween anisotropy parameters and critical fracture properties are systematically derived using an 
Iterative Graphical Method based on the Generalized Maximum Energy Release Rate criterion. 
Benchmark simulations confirm quantitative agreement with theory across a wide anisotropy 
parameter space. Compared to existing anisotropic fracture phase-field models, the present for-
mulation shows improved predictive capabilities, quantitatively capturing both crack deflection 
behavior and critical energy release rates. This work serves as the first comprehensive analysis 
of a consistent approach to incorporating anisotropic crack resistance into phase-field fracture 
models, significantly enhancing their fidelity and applicability to complex multiphase materials.

1.  Introduction

Understanding, predicting, and ultimately controlling crack propagation in brittle multiphase materials, comprising of several 
orientation-dependent solid phases, remains a central challenge in solid mechanics and materials science. Phase-field fracture models 
have emerged as a powerful and widely adopted numerical approach, reformulating the classical Griffith’s energetic criterion [1] 
into a thermodynamically consistent regularized form. The foundation for phase-field modeling of brittle fracture was laid by the 
variational formulation of Francfort and Marigo[2] and its regularized implementation by Bourdin et al. [3]. Kuhn and Müller[4] later 
reinterpreted the phase-field order parameter through a Ginzburg-Landau-type evolution equation, echoing earlier formulations [5,6]. 
The ability of phase-field method to naturally capture crack nucleation, growth, branching, and interaction in heterogeneous media, 
without explicit tracking of discontinuities, has led to its widespread use in modeling fracture growth phenomena. This versatility has 
enabled successful extensions of the method to account for multi-field couplings, dynamic and ductile failure, hybrid (energy density 
degradation) formulations, mixed-mode fracture, and fatigue phenomena [7–12].
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$\mathcal {S} > 1$
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$\ang {70}$


$\mathcal {S} = 0.1$


$10$


$\mathcal {S} = 10$


$\mathcal {S} = 0.1$


$\mathcal {S} \in \{0.1, 1, 10\}$


$\tilde {\theta } = \ang {45}$


$\mathcal {S} = 1$


$\mathcal {S} = 0.1$
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$\mathcal {S} = 0.1$


$\bar {u}_\mathrm {y}$


$\mathcal {S} = 10$
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$\varphi _c$


$\sigma ^\mathrm {M}_\mathrm {yy}$


$\bar {u}_\mathrm {y}$


$L_\mathrm {x} = \SI {400}{\milli \metre } \times L_\mathrm {y} = \SI {200}{\milli \metre }$
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$\sigma ^\mathrm {M}_\mathrm {yy}$


$\bar {u}_\mathrm {y}$


$\mathcal {S} > 1$
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\begin {equation}\begin {aligned} \mathcal {G}_c(\theta ; \tilde {\theta }) &= \mathcal {G}_c\left (\boldsymbol {n}_c(\theta ); \tilde {\theta }\right ) \\ &= \sqrt {\boldsymbol {\mathcal {G}}^2_c\left ( \boldsymbol {\mathcal {G}}_{c_{0}},\tilde {\theta } \right ) : \left ( \boldsymbol {n}_c(\theta ) \otimes \boldsymbol {n}_c(\theta ) \right )} \\ &= \sqrt {\boldsymbol {\mathcal {Q}}(\tilde {\theta }) \, \boldsymbol {\mathcal {G}}^2_{c_{0}} \, \boldsymbol {\mathcal {Q}}^T(\tilde {\theta }) : \left ( \boldsymbol {n}_c(\theta ) \otimes \boldsymbol {n}_c(\theta ) \right )} \\ &= \sqrt {\mathcal {G}^2_{{c_0}1} \sin ^2\left ( \theta - \tilde {\theta } \right ) + \mathcal {G}^2_{{c_0}2} \cos ^2\left ( \theta - \tilde {\theta } \right )} \end {aligned} \label {Xeqn17-A.1}\end {equation}


$\boldsymbol {n}_c$


$\boldsymbol {\mathcal {G}}_{c_0}$


$\boldsymbol {\mathcal {Q}}$


\begin {equation}\boldsymbol {n}_c(\theta )= \begin {pmatrix} -\sin {\theta } \\ \cos {\theta } \end {pmatrix} , ~~\boldsymbol {\mathcal {G}}_{c_0} = \begin {pmatrix} \mathcal {G}_{c_{0}1} & 0 \\ 0 & \mathcal {G}_{c_{0}2} \end {pmatrix}, ~~\boldsymbol {\mathcal {Q}}(\tilde {\theta }) = \begin {pmatrix} \cos \tilde {\theta } & -\sin \tilde {\theta } \\ \sin \tilde {\theta } & \cos \tilde {\theta } \end {pmatrix}, \label {Xeqn18-A.2}\end {equation}


$\theta $


$\tilde {\theta }$
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$\mathcal {G}_{c_{0}2}$


$\tilde {K_I}$


$\tilde {K_{II}}$


$K_I$
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\begin {equation}\tilde {K_I}=F_{11} K_I + F_{12} K_{II}, \quad \tilde {K_{II}}=F_{21} K_I + F_{22} K_{II}. \label {Xeqn19-B.1}\end {equation}


$F_{ij}$


$i,j \in \{1,2\}$


$\theta $


\begin {align}\label {eq: analytical relations: energy release rate} F_{11} &= 1 - \frac {3\pi ^2}{8}m^2 + \left (\pi ^2 - \frac {5\pi ^4}{128}\right )m^4 + \left (\frac {\pi ^2}{9} - \frac {11\pi ^4}{72} + \frac {119\pi ^6}{15360}\right )m^6 + 5.0779m^8 \nonumber \\ &\quad - 2.88312m^{10} - 0.0925m^{12} + 2.996m^{14} - 4.059m^{16} + 1.63m^{18} + 4.1m^{20},\nonumber \\ F_{12} &= -\frac {3\pi }{2}m + \left (\frac {10\pi }{3} + \frac {\pi ^3}{16}\right )m^3 - \left (2\pi + \frac {133\pi ^3}{180} - \frac {59\pi ^5}{1280}\right )m^5 + 12.313906\thinspace m^7 \nonumber \\ & \quad - 7.32433m^9 + 1.5793m^{11} + 4.0216m^{13} - 6.915m^{15} + 4.21m^{17} + 4.56m^{19}, \\ F_{21} &= \frac {\pi }{2}m - \left (\frac {4\pi }{3} + \frac {\pi ^3}{48}\right )m^3 - \left (\frac {2\pi }{3} - \frac {13\pi ^3}{30} + \frac {59\pi ^5}{3840}\right )m^5 - 6.176023m^7 \nonumber \\ &\quad + 4.44112m^9 - 1.534m^{11} - 2.07m^{13} + 4.684m^{15} - 3.95m^{17} - 1.32m^{19}, \nonumber \\ F_{22} &= 1 - \left (4 + \frac {3\pi ^2}{8}\right )m^2 + \left (\frac {8}{3} + \frac {29\pi ^2}{18} - \frac {5\pi ^4}{128}\right )m^4 \nonumber \\ &\quad - \left (\frac {32}{15} + \frac {4\pi ^2}{9} + \frac {1159\pi ^4}{7200} - \frac {119\pi ^6}{15360}\right )m^6 + 10.58254m^8 - 4.78511m^{10} \nonumber \\ &\quad - 1.8804m^{12} + 7.28m^{14} - 7.591m^{16} + 0.25m^{18} + 12.5m^{20} \nonumber ,\end {align}


$m = \theta /\pi $


$-1 < m < +1$


$\Delta u_\mathrm {y}$


$\theta = \pi $


\begin {equation}\Delta u_\mathrm {y}(r, \theta =\pi ) = \frac {4 K_I (1 - \nu ^2)}{E} \sqrt {\frac {r}{2\pi }}, \label {Xeqn20-C.1}\end {equation}


$K_I$


$E$


$\nu $


$r$


$\Delta u_\mathrm {y}$


$\sqrt {r}$


$m$


$K_I$


\begin {equation}\label {eq: K relation} K_I = \frac {m}{ \frac {4(1-\nu ^2)}{E} \sqrt {\frac {1}{2\pi }}}.\end {equation}


$K_{Ic}$


\begin {equation}\mathcal {G}^{*}_c = \frac {K_{Ic}^2(1-\nu ^2)}{E}. \label {Xeqn22-C.3}\end {equation}
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While classical phase-field formulations assumed isotropic fracture resistance for the sake of simplicity, many crystalline, compos-
ite and engineered materials display strong directionality in both elastic response and fracture toughness. Early efforts, to incorporate 
anisotropy in fracture toughness, introduced direction-dependency only in the gradient term of the surface energy density, follow-
ing the strategy first used for dendritic growth by Kobayashi [13]. In line with this idea, Clayton and Knap[14,15,16] introduced a 
second-order structural tensor to incorporate anisotropy associated with preferred cleavage planes. This concept was further general-
ized by Li et al. [17], who formulated a higher order anisotropic phase-field fracture model based on a tensorial Taylor expansion to 
represent strongly anisotropic cubic anisotropy. Building on this approach, Teichtmeister et al. [18] employed a fourth-order struc-
tural tensor combined with Laplacian regularization to model the same symmetry class. The use of such higher-order regularization 
has since been explored in combination with various modeling extensions, including mesh adaptivity [19], stochastic modeling [20], 
FFT-based solvers [21], and orthogonal strain energy decomposition [22], enabling the simulation of experimentally observed zigzag 
or sawtooth crack paths, accounting for the so-called “forbidden” crack directions reported by Takei et al. [23].

Despite their conceptual simplicity, they result in orientation- and phase-dependent regularization lengths, which manifest as arti-
ficial variations in the crack interface-thickness [18,24]. Teichtmeister et al. [18] interpreted this modeling artifact as an orientation-
dependent length scale, while Noii et al. [24] referred to it as an anisotropic regularization of the crack discontinuity. This modeling 
artifact has been reported in multiphase crack simulations of diverse polycrystalline materials [25], ranging from silicon [26] to 
geological media such as granite [27].

In phase-field models applied to materials science, several authors [28–32] have formulated surface energy anisotropy in a phys-
ically consistent manner to resolve the limitations of the earlier gradient-only models. These formulations incorporated anisotropy 
consistently in both the gradient and potential terms of the crack surface energy, thereby ensuring a uniform diffuse interface thickness 
and avoiding nonphysical artifacts related to orientation-dependent regularization. Tschukin et al. [33] highlighted the fundamental 
difference between physically consistent formulations, termed “natural", and the “classical" gradient-only approaches, and elucidated 
the conceptual framework for modeling surface energy anisotropy in phase-field models.

In spite of these significant advancements, this conceptual understanding has not yet been fully adopted in the fracture mechanics 
community. A substantial body of recent literature continues to adopt gradient-only formulations for anisotropic phase-field fracture 
[34–47], highlighting a persistent knowledge gap. Some prior works, including our own contributions [48–50] and a few others 
[51], have adopted a fully consistent treatment of anisotropy in fracture phase-field modeling. However, these studies have used 
different forms of the crack surface energy anisotropy function, and the broader significance and quantitative predictive capabilities 
of such consistent formulations remain underexplored. In particular, their applicability to multiphase systems, where phase-specific 
anisotropy and material properties must be incorporated alongside a common regularization length, has not yet been systematically 
assessed in the literature.

The present work addresses this gap by developing a physically consistent and quantitatively calibrated phase-field framework for 
anisotropic brittle fracture in multiphase solids. We recast a commonly used anisotropy formulation for fracture resistance, hereafter 
referred to as classical anisotropy formulation following the terminology used by Tschukin et al. [33], within the multiphase-field 
context and formulate the corresponding anisotropy consistently. The proposed model is systematically validated against fundamental 
principles of anisotropic fracture mechanics. Finally, the predictive performance of the consistent formulation is compared against 
the classical formulation through representative numerical examples in both single- and multiphase materials.

This article is organized as follows: Section 2 introduces the model equations, describes the procedure of derivation of theoretical 
relations for the proposed fracture resistance anisotropy formulation, and outlines the methodology for extracting critical fracture 
parameters from simulation data. Section 3 presents a detailed analysis of the theoretical relations in conjunction with the simulation 
results. Finally, Section 4 summarizes the key findings, offering perspectives for future research.

2.  Methods

Section 2.1 outlines the phase-field model for crack growth in brittle, anisotropic multiphase solids, along with the proposed 
anisotropic crack resistance formulation detailed in Section 2.1.1. Section 2.2 discusses the energetic formulation for anisotropic 
fracture and presents the analytical expressions for the energy release rate and crack resistance anisotropy function utilized in this 
work. Section 2.3 describes the graphical and simulation-based approaches employed to determine the critical crack parameters.

2.0.0.1.  Notation. Direct tensor notation is used throughout this work. Scalars are represented by 𝑑, 𝐷, or , while vectors, second-
order tensors, and fourth-order tensors are denoted as 𝒅, , and 𝔻, respectively. Solid phase-dependent quantities are labeled as 
(∗)𝛼 or (∗)𝛼 for phase-𝛼, and crack-related quantities as (∗)𝑐 . The outer (dyadic) product between two vectors 𝒄 and 𝒅 is written as 
𝒄 ⊗ 𝒅. The product of two second-order tensors  and  is . The scalar (double contracted) product is  ∶ . A double contraction 
between a fourth-order tensor and a second-order tensor, yielding a second-order tensor, is written as ℂ ∶ . In Sections 2.2, 2.3 and 
3, when considering a homogeneous material, solid phase-dependent physical quantities are denoted without the phase index (∗)𝛼
for simplicity.

2.1.  Multiphase-field crack model

We consider a multiphase material in a domain Ω ⊂ ℝ𝑑 , where 𝑑 ∈ {1, 2, 3}, with 𝑁 solid phases and a crack phase 𝑐, described 
by phase-fields 𝜑𝛼(𝐱, 𝑡) ∈ [0, 1] for 𝛼 ∈ {1,… , 𝑁} and the crack phase-field 𝜑𝑐 (𝐱, 𝑡) ∈ [0, 1], at position 𝐱 and time 𝑡. The solid phase-
fields 𝝋(𝐱, 𝑡) = {

𝜑1(𝐱, 𝑡),… , 𝜑𝑁 (𝐱, 𝑡)
} satisfy the constraint ∑𝑁

𝛼=1 𝜑𝛼 = 1. The interfaces are modeled as diffuse regions of finite width, 
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with binary interfaces 𝛼𝛽 defined by the set {𝐱 ∣ 𝜑𝛼(𝐱, 𝑡) + 𝜑𝛽 (𝐱, 𝑡) = 1, 0 < 𝜑𝛼(𝐱, 𝑡) < 1}, and the corresponding surface is located at 
𝜑𝛼 = 𝜑𝛽 = 0.5. A crack phase-field of 𝜑𝑐 = 0 denotes completely intact material and 𝜑𝑐 = 1 a fully broken state. Under infinitesimal 
strain theory, the strain tensor reads 𝜺(𝐱, 𝑡) = 1

2

(

∇𝐮 + (∇𝐮)𝑇
)

, 𝐮(𝐱, 𝑡) being the displacement field. The total free energy  of the system 
is expressed as

 (𝝋, 𝜑𝑐 ,𝛁𝜑𝑐 , 𝜺) = ∫Ω
𝑓 (𝝋, 𝜑𝑐 ,𝛁𝜑𝑐 , 𝜺) 𝑑Ω = ∫Ω

{

𝑓el(𝝋, 𝜑𝑐 , 𝜺) + 𝑓𝑐 (𝝋, 𝜑𝑐 ,𝛁𝜑𝑐 )
}

𝑑Ω, (1)

where the total free energy density 𝑓 is the sum of the effective elastic strain energy density 𝑓el and the regularized crack surface 
energy density 𝑓𝑐 which is given by

𝑓𝑐 (𝝋, 𝜑𝑐 ,𝛁𝜑𝑐 ) =
1
2
𝑐 (𝝋, 𝜑𝑐 ,𝛁𝜑𝑐 )

( 1
𝜖
𝑤(𝜑𝑐 ) + 𝜖|𝛁𝜑𝑐 |

2
)

, (2)

in terms of the effective crack resistance 𝑐 , regularized by the sum of a potential term 𝑤(𝜑𝑐 )∕𝜖 and a gradient term 𝜖|𝛁𝜑𝑐 |
2, according 

to Ambrosio and Tortorelli [52], where 𝜖 is the regularization length scale. In this work, we employ a single-obstacle potential 
𝑤(𝜑𝑐 ) = 𝑘𝑤𝜑𝑐 , with 𝑘𝑤 = 9∕16 which accurately recovers the sharp crack surface energy. The effective elastic energy density and the 
effective crack resistance are given by:

𝑓el(𝝋, 𝜑𝑐 , 𝜺) =
𝑁
∑

𝛼=1
𝜑𝛼𝑓

𝛼
el(𝜑𝑐 , 𝜺𝛼), 𝑐 (𝝋, 𝜑𝑐 ,𝛁𝜑𝑐 ) =

𝑁
∑

𝛼=1
𝜑𝛼𝛼𝑐 (𝛁𝜑𝑐 ) (3)

as volumetric interpolation of the phase-dependent quantities 𝑓 𝛼
el and 𝛼𝑐  using the order parameter 𝜑𝛼 . Following Miehe et al. [7], 

the phase-dependent elastic strain energy density is decomposed as follows

𝑓 𝛼
el(𝜑𝑐 , 𝛆𝛼) = (1 − 𝜑𝑐 )2

[

𝑓 𝛼
el(𝛆

𝛼)
]

+
+
[

𝑓 𝛼
el(𝛆

𝛼)
]

−
, (4)

using the tension [⋅]+ and compression [⋅]− parts given by

[𝑓 𝛼
el(𝛆

𝛼)]± = 1
2
𝜆𝛼⟨𝜀𝛼1 + 𝜀𝛼2 + 𝜀𝛼3⟩

2
± + 𝜇𝛼(⟨𝜀𝛼1⟩

2
± + ⟨𝜀𝛼2⟩

2
± + ⟨𝜀𝛼3⟩

2
±) (5)

which represents the tension-compression split for isotropic elastic stiffness. Here, 𝜆𝛼 and 𝜇𝛼 are the phase-specific Lamé coeffi-
cients, and 𝜀𝛼𝑖 ∀ 𝑖 ∈ {1, 2, 3} denote the phase-specific principle strains. The operator ⟨⟩± represents the Macaulay brackets defined 
as ⟨𝑝⟩± = (𝑝 ± |𝑝|)∕2 for any scalar 𝑝. This split prevents crack propagation under compression, avoiding nonphysical crack patterns. 
The anisotropy formulation of phase-dependent crack resistance 𝛼𝑐  and its advantages over existing approaches are detailed in Sec-
tion 2.1.1. Minimizing the free energy (Eq.  (1)) with respect to displacement field yields the balance of linear momentum:

𝛁 ⋅
(

ℎ(𝜑𝑐 )𝝈̄
)

= 𝟎, (6)

where ℎ(𝜑𝑐 ) is the crack degradation function defined as 

ℎ(𝜑𝑐 ) =

{

(1 − 𝜑𝑐 )2, if 1 − 𝜑𝑐 > 𝜑residual
𝜑2
residual, else.

(7)

This function smoothly degrades stresses in cracked regions while maintaining residual stiffness where the solid phase-field is below 
a threshold 𝜑residual, preventing null elastic stiffness tensor and thereby ill-posedness of the linear momentum balance Eq.  (6). The 
effective stress 𝝈̄ is computed as a volumetric interpolation of phase-dependent stresses 𝝈̄ =

∑𝑁
𝛼=1 𝜑𝛼𝝈𝛼 , with 𝝈𝛼 = ℂ𝛼 ∶ 𝜺, using the 

Voigt/Taylor homogenization scheme [53]. For a detailed discussion of the various interpolation schemes used in stress calculations 
across interface regions, refer to Schneider et al. [54]. Under quasi-static conditions, the crack phase-field evolution follows the 
Allen-Cahn equation:

𝜕𝜑𝑐
𝜕𝑡

= −
𝜇
𝜖
𝛿 (𝝋, 𝜑𝑐 ,𝛁𝜑𝑐 , 𝜺)

𝛿𝜑𝑐
= −

𝜇
𝜖

(

𝜕𝑓 (𝝋, 𝜑𝑐 ,𝛁𝜑𝑐 , 𝜺)
𝜕𝜑𝑐

− 𝛁 ⋅
𝜕𝑓 (𝝋, 𝜑𝑐 ,𝛁𝜑𝑐 , 𝜺)

𝜕𝛁𝜑𝑐

)

, (8)

where 𝜇 is a relaxation parameter, chosen sufficiently large to ensure stable relaxation of the crack phase-field 𝜑𝑐 to equilibrium. 
Note that the transient evolution of the crack phase-field (Eq.  (8)) serves only as a numerical relaxation process and does not 
correspond to a physical time history. It represents a viscous regularization of the rate-independent problem, required for robust 
numerical implementation and stabilization of the simulation [55]. To prevent flux of the crack phase-field 𝜑𝑐 across the external 
boundary 𝜕Ω, 𝜑𝑐 satisfies a Neumann boundary condition 𝛁𝜑𝑐 ⋅ 𝒏 = 0 on 𝜕Ω, where 𝒏 is the outward unit normal. Moreover, this 
boundary condition implies perpendicular crack intersection at the domain boundary. Since solid-solid phase transformations are not 
considered, the solid phase-fields are time-independent. The diffuse nature of the solid-solid interfaces ensures a smooth transition of 
the anisotropic crack resistance, preventing distortions in the crack phase-field that may otherwise arise from jumps in crack resistance 
across sharp interfaces. Moreover, if the stiffness contrast between solid phases were several orders of magnitude (not considered in 
this work), sharp interfaces would also induce abrupt jumps in the crack driving forces, that may lead to numerical instabilities and 
distortions in the crack phase-field.
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Staggered solution scheme. The governing Eqs.  (6) and (8) are solved using a staggered scheme, outlined in Algorithm 1. For a 
multiphase domain with an initial crack and diffuse interfaces (including crack surfaces and grain boundaries), these equations are 
solved iteratively at each boundary increment (e.g., displacement or traction) until the crack phase-field reaches steady state. A 
boundary increment denotes either a displacement increment in a Dirichlet-type incremental displacement boundary condition or a 
traction increment in a Neumann-type incremental traction boundary condition. Steady state is defined when the domain-averaged 𝐿2-
norm of the crack phase-field 𝜑𝑐 change between successive time steps, 𝑡𝑛 and 𝑡𝑛+1 falls below a tolerance 𝜖𝜑𝑐

. This is mathematically 
expressed as

(

1
𝑉Ω ∫Ω

(𝜑𝑐 (𝐱, 𝑡𝑛+1) − 𝜑𝑐 (𝐱, 𝑡𝑛))2 𝑑Ω
)1∕2

< 𝜖𝜑𝑐
, (9)

𝑉Ω being the domain volume. This condition ensures that the crack evolution has effectively ceased and the crack phase has relaxed 
to its equilibrium state. After reaching steady state, the next load increment is applied. The simulation ends either when the material 
is fully cracked or after the final load increment and subsequent steady state. Crack growth is modeled as a quasi-static process, where 
time steps in the crack evolution equation represent relaxation steps for the crack to reach equilibrium under a given load increment, 
rather than physical time. The intermediate stages of crack evolution therefore represent numerical relaxation states without any 
physical time associated. Physical time can be associated only with time-dependent boundary conditions.

Algorithm 1: Staggered Solution Scheme.
1 Initialize 𝝋𝑠, 𝜑𝑐 ;
2 Initialize boundary condition;
3 Initialize simEnded, steadyState, lastLoadIncrement, fullyCracked to False;
4 while not simEnded do
5 Solve linear momentum balance: 𝒖 ← ∇ ⋅

(

ℎ(𝜑𝑐 ) 𝝈̄(𝒖)
)

= 𝟎;
6 Solve crack evolution equation: 𝜑𝑐 ← 𝜑𝑐 + Δ𝑡 ⋅ 𝜑̇𝑐 ;
7 steadyState← ‖

‖

𝜑̇𝑐
‖

‖2 < 𝜖𝜑𝑐
;

8 if steadyState then
9 Increment boundary load;
10 lastLoadIncrement← Check for end of loading;
11 fullyCracked ←

(

𝑓el < 𝜖residual
)

;
12 if lastLoadIncrement or fullyCracked then
13 simEnded← True;

14 steadyState← False;

Numerical discretization. The crack evolution Eq.  (8) is solved using an explicit Euler method for time integration, while the stationary 
balance of linear momentum Eq.  (6) is solved to equilibrium in each pseudo-time step. An equidistant Cartesian grid is employed for 
spatial discretization. Regarding the crack evolution and the corresponding fluxes, i.e. 𝛁 ⋅ (𝜕𝑓∕𝜕𝛁𝜑𝑐), a cell centered finite volume 
discretization with second order schemes is used. For the momentum balance Eq.  (6), a rotated staggered discretization is employed 
where the displacements are stored at grid nodes, while stresses are evaluated at cell centers. This setup corresponds to a regular 
finite element mesh with uniformly sized linear elements and full integration. The resulting linear equation system is solved using 
the Conjugate Gradient Method.

Computational aspects. During each relaxation step Δ𝑡, the local condition 𝜑̇𝑐 ≥ 0 is enforced to ensure irreversibility. The latter 
is implemented via a Dirichlet-type constraint [56], following Schöller et al. [57]. The material is considered fully damaged (𝜑𝑐 =
1), when the crack phase-field reaches the critical value 𝜑critical𝑐 = 1 − 𝜖damage, 𝜖damage denoting a damage tolerance. This approach 
improves numerical behavior while having negligible impact on the results. Alternative strategies for enforcing irreversibility in the 
present model include the strain-history function [55], augmented Lagrangian method [58], primal-dual active-set approach [59], 
complementarity systems [60], or interior point methods [61].

The model is implemented in the Pace3D multiphysics simulation framework [62], written in C. The solver is highly parallelized 
using message passing interface (MPI) standard, incorporating domain decomposition and dynamic redistribution schemes, enabling 
large-scale simulations of multiphase composite materials containing numerous solid phases with varying material properties. Simu-
lations in this work were performed on a high-performance work station using multiple CPUs.

2.1.1.  Anisotropic crack resistance: root-squared-orthotropic formulation
We introduce a Root-Squared-Orthotropic anisotropy function for the phase-specific crack resistance:

𝛼𝑐 (𝛁𝜑𝑐 ) =
√

(

𝛼𝑐
)2 ∶ (𝒏𝑐 ⊗ 𝒏𝑐 ), (10)
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where, 𝒏𝑐 = −𝛁𝜑𝑐∕|𝛁𝜑𝑐 | is the unit crack phase-field gradient vector. In the fully intact solid regions where 𝜑𝑐 = 0, and hence the 
gradient vector 𝛁𝜑𝑐 = 𝟎, 𝒏𝑐 is not defined. For numerical implementation, 𝒏𝑐 is set to 𝟎 in these regions, ensuring that the terms 
involving 𝒏𝑐 in the evolution equation (Eq.  (8)) vanish, preventing spurious contributions outside the crack regions and avoiding 
singularities that would otherwise arise from the normalization of gradient vector. The anisotropic phase-specific crack resistance 
tensor reads

𝛼𝑐 = 𝛼𝛼𝑐0
𝑇
𝛼 , (11)

with 𝛼 being the phase-dependent rotation tensor describing the crystallographic orientation of phase 𝛼, and
𝛼𝑐0 = 𝛼𝑐0𝑖(𝒆̂𝑖 ⊗ 𝒆̂𝑖) = diag

(

αc01,
α
c02

,αc03
)

(12)

is the reference crack resistance tensor, representing the crack resistance normal to the principal directions 𝒆̂𝑖 of the crystallographic 
coordinate system of phase-𝛼. This formulation captures direction-dependent crack resistance in anisotropic solids, especially where 
fracture properties vary along orthogonal directions. The phase-specific anisotropy strength in 2D is defined as 

𝛼 =

(𝛼𝑐01
𝛼𝑐02

)2

, (13)

reflecting the squared nature of the tensor projection. The present anisotropy formulation (Eq.  (2), Eqs.  (10)-(12)) offers a physically 
consistent alternative to a commonly used anisotropic model, which is discussed in the following.

2.1.1.1.  Comparison with a Commonly Used Anisotropic Formulation. A widely used anisotropic phase-field formulation [14–16] in-
corporates anisotropy solely through the gradient term using a second-order structural tensor: 

𝝎 = 𝟏 + 𝛽(𝟏 −𝒎⊗𝒎), (14)

where 𝟏 denotes the second order identity tensor, 𝒎 is the cleavage plane normal vector and 𝛽 is the energetic penalty factor that 
controls the anisotropy strength. This modifies the gradient contribution as: 

|𝛁𝜑𝑐 |
2 → 𝝎 ∶ (𝛁𝜑𝑐 ⊗ 𝛁𝜑𝑐 ). (15)

Increasing the value of 𝛽 increasingly penalize propagation directions that are not orthogonal to 𝒎. Despite its computational sim-
plicity, this gradient-only approach, here referred as classical formulation, introduces two major artifacts:
1. Physically inconsistent alteration of crack surface energy.
2. Orientation- and phase-dependent variation in crack interface width, especially problematic in multiphase systems.
These issues have been observed but largely unaddressed in the literature [18,24,63]. While some authors interpret the interface 
width variation as an effective orientation-dependent length scale or anisotropic regularization, it remains a modeling artifact. To 
enable a direct comparison, we recast the classical formulation in the present multiphase-field framework. The corresponding crack 
surface energy density reads:

𝑓𝑐 (𝝋, 𝜑𝑐 ,𝛁𝜑𝑐 ) =
1
2𝜖

̃0𝑐 (𝝋)𝑤(𝜑𝑐 )
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

isotropic

+ 𝜖
2
̃𝑐 (𝝋,𝛁𝜑𝑐 )|𝛁𝜑𝑐 |

2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
anisotropic

, (16)

with volumetric interpolation: 

̃0𝑐 (𝝋) =
𝑁
∑

𝛼=1
𝜑𝛼 ̃𝛼,0𝑐 , ̃𝑐 (𝝋,𝛁𝜑𝑐 ) =

𝑁
∑

𝛼=1
𝜑𝛼 ̃𝛼𝑐 (𝛁𝜑𝑐 ), (17)

where ̃𝛼,0𝑐  denotes the isotropic part of the crack resistance for phase 𝛼, while ̃𝛼𝑐 (𝛁𝜑𝑐 ) represents the anisotropic contribution given 
by: 

̃𝛼𝑐 (𝛁𝜑𝑐 ) = 𝛼𝑐 ∶ (𝒏𝑐 ⊗ 𝒏𝑐 ), 𝒏𝑐 = −
𝛁𝜑𝑐
|𝛁𝜑𝑐 |

. (18)

This structure is analogous to the earlier tensor-based formulation (Eq.  (14)) and is equivalent to that used by Li and Maurini [63] 
for single-phase materials. The tensor 𝛼𝑐  here is analogous to (phase-specific) projection tensor 𝝎𝛼 in the classical formulation, and 
their 𝒎𝛼 is related to our phase-specific rotation tensor 𝛼 . In two dimensions, the anisotropy strength 𝛼 is also equivalent to (phase-
specific) 𝛽𝛼 in 𝝎𝛼 . While the classical formulation yields an orthotropic anisotropy, the consistent formulation introduced in this work 
adopts a Root-Squared Orthotropic form. The consistent formulation avoids artificial direction-dependent effects at the crack interface 
and allows for a direct comparison between the two classes of anisotropy models, similar to the “classical” versus “natural” modeling 
approaches discussed by Tschukin et al. [33] for interfacial anisotropy. Fig. 1 compares the crack interface profiles obtained from 
both formulations for different anisotropy strengths  ∈ {1, 10} and crystal orientations 𝜃 ∈ {0◦, 45◦, 90◦}. Since a single-phase solid 
is considered, phase-specific (∗)𝛼 notation is omitted. Notably, the crack phase-field 𝜑𝑐 near the crack tip adapts to the local crystal 
orientation in both formulations. However, the classical formulation shows varying interface widths depending on  and 𝜃, narrowing 
for  = 0.1 and widening for  = 10 as 𝜃 increases. The consistent formulation, on the other hand, maintains a uniform interface width, 
eliminating artificial direction-dependent effects. This uniformity is essential for accurately capturing the crack energetics, especially 
in multiphase systems with strong directional behavior.
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Fig. 1. Comparison of crack interface profiles represented by the crack phase-field 𝜑𝑐 computed using the classical anisotropy formulation and the 
consistent formulation of this work. Results are shown for anisotropy strengths  = 0.1 and 10, and crystal orientations 𝜃 ∈ {0◦, 45◦, 90◦} (indicated 
by arrows). The classical formulation exhibits a strong dependence of the crack interface width on both  and 𝜃, while the consistent formulation 
maintains a uniform interface width across all orientations and anisotropy strengths.

2.2.  Energetics and analytical expressions for anisotropic fracture

2.2.1.  Energetics
In this section, we consider the energetics of anisotropic fracture in homogeneous solids, omitting phase-specific (∗)𝛼 notation 

for clarity. Fracture growth follows Griffith’s criterion [1], where a crack advances when the energy release rate (𝜃) reaches the 
critical value 𝑐 (𝜃; 𝜃), i.e. (𝜃) = 𝑐 (𝜃; 𝜃). Under this condition, and assuming quasi-static loading, the crack path is governed by the 
Generalized Maximum Energy Release Rate (GMERR) criterion: 

𝜃∗ = argmax
𝜃∈[0,2𝜋)

(𝜃)
𝑐 (𝜃; 𝜃)

, (19)

where 𝜃 is the polar angle defining the crack direction, 𝜃 denotes the crystal orientation, and the solution 𝜃∗ corresponds to the 
kink angle. This maximization problem leads to the first-order optimality condition: 𝑑(𝜃)

𝑑𝜃
=

𝜕𝑐 (𝜃; 𝜃)
𝜕𝜃

, which physically represents 
the balance of configurational torque at the crack tip [64]. Well-posedness of the governing (Allen-Cahn-type) phase-field evolution 
equation (Eq.  (8)) resulting from the variational formulation requires angle-convexity of the Frank-plot (i.e. polar plot of the reciprocal 
function) of crack resistance (see Taylor and Cahn[65]), which is ensured by the second-order condition: 

𝜕2𝑐 (𝜃; 𝜃)
𝜕𝜃2

+ 𝑐 (𝜃; 𝜃) ≥ 0. (20)

Materials satisfying this condition are referred to as weakly anisotropic, while those that do not are termed strongly anisotropic [17,
18]. For the latter class, Li et al. [17] demonstrated that introducing higher-order Laplacian term in the surface energy regularization 
restores well-posedness of the governing equations, and allows modeling of forbidden crack directions [23], leading to saw-tooth crack 
patterns, as also confirmed by later works [18,63]. Graphical construction by Gurtin and Podio-Guidugli [66] provides a convenient 
methodology for predicting crack direction, for both weakly and strongly anisotropic materials, by superimposing the Frank plots of 
𝑐 (𝜃; 𝜃) and (𝜃). For a given mode-mixity, the minimum mode I stress intensity factor 𝐾𝐼  satisfying the tangency condition between 
the two plots determines both the critical energy release rate ∗𝑐  and the kink angle 𝜃∗. As loading increases, the plot of 1∕(𝜃) moves 
toward the origin until it becomes tangent to the fixed 1∕𝑐 (𝜃; 𝜃) plot. This procedure is illustrated in Fig. 2a,b.
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Fig. 2. a) Schematics illustrating the determination of critical crack parameters, i.e. critical energy release rate ∗
𝑐  and crack kink angle 𝜃∗, based 

on the point of tangency between the polar plots of the reciprocal crack resistance 1∕𝑐 and the energy release rate 1∕. The lowest mode I stress 
intensity factor 𝐾𝐼 at which the two curves become tangent determines the critical crack parameters (∗

𝑐 , 𝜃
∗) and the mode-I critical stress intensity 

factor 𝐾𝐼𝑐 . b) Schematic illustrating the determination of critical crack parameters for different crystal orientations 𝜃𝑖 using the graphical method.

2.2.2.  Analytical expressions
2.2.2.1.  Anisotropic Crack Resistance. For a homogeneous solid in two dimensions, the Root-Squared-Orthotropic anisotropy function 
for crack resistance (Eq.  (10)), omitting phase-specific notation (∗)𝛼 for clarity, is given by:

𝑐 (𝜃; 𝜃) =
√

2𝑐01 sin
2 (𝜃 − 𝜃

)

+ 2𝑐02 cos
2
(

𝜃 − 𝜃
)

. (21)

Here, 𝜃 is the crack orientation, defined as the angle between the crack tangent and the global 𝑥-axis, while 𝜃 denotes the crystal 
orientation of the material relative to the global frame. The reference crack resistances 𝑐01  and 𝑐02  correspond to the values normal 
to the local crystallographic 𝑥- and 𝑦-directions, respectively. The anisotropy strength is defined as  ∶= 2𝑐01∕

2
𝑐02
, with  ∈ (0,∞) to 

satisfy the convexity condition (Eq.  (20)). A detailed derivation of Eq.  (21) is provided in A.
Figs. 3a,b depict the polar plots of the normalized crack resistance 𝑐 (𝜃; 𝜃)∕0 (with 𝑐02 = 0) and its reciprocal, the Frank plot, 

for various values of anisotropy strength  and crystal orientation 𝜃. It should be noted that while the polar plots of normalized 
crack resistance can be non-convex depending on , but the Frank plots remain convex for all  ∈ (0,∞). At  = 1, both plots 
reduce to unit circles (black curves), indicating isotropic crack resistance. For  > 1, crack resistance increases away from the crystal 
direction, peaking orthogonally, see blue-shaded curves in Fig. 3a, thereby penalizing crack growth in directions other than the crystal 
orientation. Conversely, for  < 1, resistance decreases in those directions, favoring orthogonal crack growth (red-shaded curves). 
The Frank plots in Fig. 3b exhibit the inverse trends, as expected, and serve as a useful tool for determining the critical energy release 
rate ∗𝑐  and kink angle 𝜃∗, discussed in Section 2.2.1.

2.2.2.2.  Energy release rate. Amestoy and Leblond[67] derived a closed-form expression for the energy release rate, (𝜃), of a crack 
kinking at an angle 𝜃 with vanishing extension length:

(𝜃) =
𝐾2

𝐼 (𝜃) +
̃𝐾2
𝐼𝐼 (𝜃)

𝐸′ , (22)

where 𝐸′ is the effective Young’s modulus, and 𝐾𝐼 , ̃𝐾𝐼𝐼  are the effective stress intensity factors for modes I and II. For completeness, 
detailed expressions are provided in B.

2.3.  Determination of critical crack parameters

The phase-specific notation (∗)𝛼 is omitted in this section for clarity, as the discussion is restricted to a homogeneous solid.

2.3.1.  Analytical determination via an iterative graphical method
To determine the critical energy release rate ∗𝑐  and the crack kink angle 𝜃∗ for anisotropic crack resistance, we employed what 

we refer to as the Iterative Graphical Method, based on the graphical approach of Gurtin and Podio-Guidugli [66]. Using the analytical 
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Fig. 3. Polar plots showing the angular variation of the normalized crack resistance 𝑐 (𝜃; 𝜃)∕0, with respect to the crystal orientation 𝜃, along 
with its reciprocal, {𝑐 (𝜃; 𝜃)∕0

}−1, for different values of anisotropy strength . The reciprocal function is also referred to as the Frank plot of the 
normalized crack resistance.

expressions (Eqs.  (21) and (22)) from previous sections, we construct polar plots of 1∕(𝜃) and 1∕𝑐 (𝜃; 𝜃). Starting with a sufficiently 
large mode-I stress intensity factor 𝐾𝐼 , such that the plot of 1∕(𝜃) lies entirely outside the 1∕𝑐 (𝜃; 𝜃)-plot, 𝐾𝐼  is iteratively reduced 
until the curves become tangent. This tangency yields both ∗𝑐  and 𝜃∗, as illustrated in Fig. 2a. The resulting relations connect 
anisotropy strength , crystal orientation 𝜃, and critical crack parameters ∗𝑐  and 𝜃∗, across different anisotropy formulations and 
crystal orientations, schematically illustrated in Fig. 2b.

2.3.2.  Numerical estimation from simulations
2.3.2.1.  Kink Angle. The kink angle is estimated from a grayscale snapshot of the phase-field at the critical load step, where 𝜑𝑐 = 1.0
(white) denotes fully broken regions and 𝜑𝑐 = 0.0 (black) indicates intact material, see Fig. 4a. The image is lightly smoothed using a 
Gaussian filter to reduce mesh-induced pixelation while preserving crack features. The initial crack tip is identified as the rightmost 
pixel with 𝜑𝑐 ≥ 0.95 in the pre-kink image (blue dot in Fig. 4a). Using this as a reference, a small window around the kinked region 
is extracted, and the brightest pixels within are used to fit a straight line. The orientation of this line determines the kink angle.

2.3.2.2.  Critical Energy Release Rate. To estimate the critical mode I stress intensity factor 𝐾𝐼𝑐 , and the corresponding critical energy 
release rate ∗𝑐 , the Displacement Extrapolation Method (e.g., Zhu and Oterkus[68]) was employed. At the critical load step correspond-
ing to simulated crack kinking, vertical displacements 𝑢y were extracted along the upper and lower crack surfaces near the crack tip. 
The crack opening displacement (COD), denoted Δ𝑢y, was computed as the difference between the displacements across these faces 
within a narrow region adjacent to the crack tip, as illustrated in Fig. 4b. Measurements were taken at four grid points adjacent to 
the tip. These COD values were then used to extrapolate 𝐾𝐼𝑐  based on the linear elastic fracture mechanics formulation. Details of 
the mathematical procedure and relevant expressions for extracting 𝐾𝐼𝑐  and computing the simulation-based critical energy release 
rate ∗𝑐,sim are provided in C.

3.  Results and discussion

Section 3.1 provides an in-depth analysis of the theoretical findings correlating anisotropic material properties with critical crack 
parameters across a broad parameter space. These relationships are validated through numerical simulations in Section 3.2. Section 3.3 
offers a detailed investigation of the resulting anisotropic mechanical behavior predicted by the model. Finally, Section 3.4 presents 
an elaborate comparative analysis between the proposed consistent anisotropy formulation and the widely used classical approach.
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Fig. 4. (a) Schematic illustration of kink angle estimation 𝜃∗. A small window near the initial crack tip is extracted from the grayscale image of 
the simulated crack phase-field at the critical load step. The brightest pixels are identified, and a straight line is fitted through these points and the 
initial crack tip to determine the kink angle 𝜃∗. (b) Schematic of critical energy release rate estimation ∗

𝑐  from the vertical displacement field 𝑢y, 
with ±𝑢̄y indicating the boundary displacements. At the critical load step, crack opening displacements are measured at selected cells near the crack 
tip. Critical mode-I stress intensity factor 𝐾𝐼𝑐  and critical energy release rate ∗

𝑐,sim are computed using the Displacement Extrapolation Method.

3.1.  Theoretical relations between anisotropy and critical crack properties

Using the Iterative Graphical Method discussed in Section 2.3.1, we determine the critical crack parameters−the critical energy 
release rate ∗𝑐  and kink angle 𝜃∗−for varying anisotropy strength  and crystal orientation 𝜃.

3.1.1.  Critical crack parameters in a broad material anisotropy regime
Fig. 5 depicts the loci of critical crack parameters in polar coordinates as functions of the anisotropy strength  for various crystal 

orientations 𝜃. The radial coordinate represents the reciprocal of the normalized critical energy release rate {∗𝑐∕0
}−1, while the 

angular coordinate corresponds to the kink angle 𝜃∗. Surrounding the central plot, the polar-plots display the reciprocal normalized 
crack resistance {𝑐 (𝜃; 𝜃)∕0

}−1 (solid elliptical curves) and the reciprocal energy release rate (𝜃)−1 (dotted lines). Tangency points 
between these curves identify the critical parameters {∗𝑐∕0

}−1 and 𝜃∗, as determined by the Iterative Graphical Method, across 
combinations of 𝜃 and . At  = 1, all tangency points coincide at 𝜃 = 0◦, indicating horizontal crack propagation independent 
of crystal orientation. For  < 1, the kink angle lies in the fourth quadrant, reflecting negative crack deflections. In this regime, 
decreasing  lowers resistance in directions perpendicular to the crystallographic axis, thereby directing the crack path toward the 
perpendicular direction. Conversely, for  > 1, 𝜃∗ shifts into the first quadrant for all 𝜃 ∈ (0◦, 90◦), as highlighted in the zoomed 
inset. In this regime, the critical energy release rate exhibits a non-monotonic dependence on , a behavior explored further in the 
following sections.

3.1.2.  Influence of anisotropy strength
Fig. 6a,b depicts the variation of the normalized critical energy release rate ∗𝑐∕0 and crack kink angle 𝜃∗ as functions of anisotropy 

strength  for different crystal orientations 𝜃. Quadratic B-spline interpolation was used to smoothen the discrete dataset and capture 
the continuous physical trends. The resulting plots can be classified into three regimes:
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Fig. 5. Central polar plots showing the loci of tangency points that define the reciprocal normalized critical energy release rate {∗
𝑐∕0

}−1, and the 
corresponding kink angle 𝜃∗ as functions of anisotropy strength  for various crystal orientations 𝜃. A zoomed inset highlights the plots in the first 
quadrant. The surrounding outer polar plots display the Frank plots of anisotropic crack resistance and energy release rate for selected values of 
and 𝜃 for which the tangency condition is met, as determined using the Iterative Graphical Method.

• Isotropic Case ( = 1):
This case corresponds to the common intersection point of all curves in Fig. 6a,b, where ∗𝑐∕0 = 1 uniformly across all crystal 
orientations 𝜃. This indicates that the critical energy release rate ∗𝑐  matches the isotropic reference value 0, independent of 𝜃. 
Kink angles also vanish for all 𝜃, indicating horizontal crack propagation without deflection.

• Lower Anisotropy Regime ( < 1):
In this regime (magenta-shaded region in Fig. 6a), ∗𝑐∕0 increases monotonically with , but decreases with increasing 𝜃. At 
very low , 𝜃∗ approaches directions orthogonal to the crystal orientation, see zoomed insets in Fig. 6b. In the approximate 
range  ≲ 0.28 (white region, right-bounded by the red dashed line), 𝜃∗ increases with orientation. This trend reverses in the 
intermediate range 0.28 ≲  < 1 for 𝜃 < 45◦, where higher 𝜃 leads to smaller 𝜃∗, see yellow-shaded region in the smaller inset of 
Fig. 6b.

• Upper Anisotropy Regime ( > 1):
Here, ∗𝑐∕0 increases with , peaking within  ∈ (2, 5) as shown in gray-shaded region in Fig. 6a, then gradually decreases, 
asymptotically approaching unity for all crystal orientations 𝜃. The peaks indicate optimal values of anisotropy strength, Peak , 
where the crack resistance is maximum. For  ≳ 3.7 (region to the right of blue-dashed line in larger inset of Fig. 6b), 𝜃∗ increases 
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Fig. 6. Plots of a) normalized critical energy release rate ∗∕0, and b) crack kink angle 𝜃∗ as a function of anisotropy strength , for different 
values of the orientation 𝜃. The inset plots illustrates the zoomed plots in different ranges of .

with 𝜃 and approaches it asymptotically for larger values of , yielding nearly horizontal curves. In the intermediate regime 
1 <  ≲ 3.7 and for 𝜃 > 45◦, this trend reverses: kink angle decreases with increasing orientation (see bluish curves in larger inset 
of Fig. 6b).

These findings highlight the intricate, non-monotonic interplay between anisotropy strength and crystal orientation, demonstrating 
the dominant role of fracture toughness anisotropy in governing the critical crack parameters, even in materials with isotropic elastic 
stiffness.

3.1.3.  Influence of crystal orientation
Fig. 7 illustrates the variation of normalized critical energy release rate ∗𝑐∕0 and kink angle 𝜃∗ with crystal orientation 𝜃, across 

various anisotropy strengths . The analysis below follows the three anisotropy regimes introduced in Section 3.1.2, namely isotropic, 
lower, and upper anisotropy. The terms “lower" and “upper" reflect the relative positions of the ∗𝑐∕0 vs. 𝜃 and 𝜃∗ vs. 𝜃 curves with 
respect to the isotropic baseline in Fig. 7–lying below and above it, respectively. Notably, the influence of anisotropy strength 
becomes more pronounced as  deviates further from unity in either direction, indicating a symmetric amplification of anisotropic 
effects regardless of whether  < 1 or  > 1.
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Fig. 7. Plots of a) normalized critical energy release rate ∗
𝑐∕0 and b) crack kink angle 𝜃∗ as a function of crystal orientation 𝜃, for different values 

of the anisotropy strength . Top insets depicting the important regimes showing plots for additional values of  ∈ [2, 5].

3.1.3.1.  Implications on Critical Energy Release Rate. Fig. 7a shows how the normalized critical energy release rate ∗𝑐∕0 varies with 
crystal orientation 𝜃 in different regimes:

• Isotropic Case ( = 1):
This case is represented as a horizontal black line in Fig. 7a, where ∗𝑐∕0 remains constant at unity for all orientations.

• Lower Anisotropy Regime ( < 1):
Here, ∗𝑐∕0 decreases monotonically with both increasing 𝜃 and decreasing , as seen in the red-shaded region of Fig. 7a. For 
 ≲ 0.1, ∗𝑐∕0 becomes nearly invariant across 𝜃 (near horizontal darker red curves), due to highly curved Frank plots of the crack 
resistance (see outer plots in Fig. 5) yielding nearly equidistant tangency points from origin corresponding to ∗𝑐∕0 values, for all 
orientations.

• Upper Anisotropy Regime ( > 1):
In this regime (blue-shaded region in Fig. 7a), ∗𝑐∕0 increases with orientation, and for fixed 𝜃, follows a non-monotonic trend 
with : rising to a peak in the range  ∈ (2, 5) before declining toward unity. This behavior is evident in the yellow-shaded region, 
where each curve attains a maximum at an orientation-dependent peak anisotropy strength, denoted by Peak . The upper plot 
in Fig. 7a highlights this trend for selected values within this interval (shown in purple), while the green envelope marks the 
bounding behavior associated with Peak . Although this envelope theoretically captures the upper bound of ∗𝑐∕0 as a function of 
orientation, the corresponding Peak values vary with 𝜃, as also illustrated in Fig. 6a. Plots for intermediate  values in the ranges 
(2,Peak) and (Peak , 5) lie between the respective bounding curves.
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Fig. 8. a) Numerical setup of a square specimen with an initial crack under mode-I loading. Red arrows represent the orthonormal basis {𝒆̂1, 𝒆̂2} of 
the reference crack surface energy tensor rotated relative to the global basis system {𝒆̂x, 𝒆̂y} according to crystal orientation 𝜃. b) Diffuse interface 
representation of the crack, showing the distribution of the crack phase-field 𝜑𝑐 ∈ [0, 1]. The inset highlights the region near the crack tip, where 
cells exhibit distinct 𝜑𝑐 values.

Implications on Crack Kink Angle. As shown in Fig. 7b, kink angle 𝜃∗ is highly sensitive to crystal orientation 𝜃 and anisotropy strength 
. For  = 1, kink angles are zero across all orientations. The 𝜃∗-𝜃 profiles exhibit an anti-symmetry with respect to  = 1. Kink angle 
increases with  for fixed orientation, consistent with Fig. 6b. In the parts of upper ( ≳ 3.7) and lower ( ≲ 0.28) anisotropy regimes, 
kink angle increases monotonically with orientation. In the remaining regions (0.28 ≲  ≲ 3.7) also shown as yellow-shaded region 
in the inset plot of Fig. 6b, the behavior becomes non-monotonic. For 1 ≲  ≲ 3.7, kink angle increases with 𝜃, peaks, then decreases 
(see inset of Fig. 7b). For 0.28 ≲  ≲ 1, the trend reverses – kink angle first decreases, reaches a minimum, then rises again. These 
non-monotonic patterns underscore the complex, orientation-dependent nature of crack path selection in materials with moderate 
anisotropy.

3.2.  Model validation

For the following numerical examples, a square specimen of edge length a = 100mm is considered with an initial horizontal crack 
of length 𝑎∕2 located at mid-height, see Fig. 8a. The specimen is subjected to pure mode-I loading by incrementally applying vertical 
displacements ±𝑢̄y in steps of ±Δ𝑢̄y at the top and bottom boundaries, while keeping the lateral edges stress-free. The maximum applied 
displacements ±𝑢̄max

y  correspond to a total vertical elongation of 1%, consistent with the small-strain assumption. The reference crack 
resistance tensor (Eq.  (12)) is defined with respect to an orthonormal basis {𝒆̂1, 𝒆̂2}, which is rotated by an angle 𝜃 relative to the 
global coordinate system {𝒆̂x, 𝒆̂y}. A diffuse initial crack (Fig. 8b) is generated through a preconditioning step, wherein simulation 
iterations are performed on the given setup without applying any displacements at the boundaries. This numerical setup allows a 
systematic investigation of the influence of crystal orientation on crack propagation behavior. The mechanical material properties, 
chosen as representative values for studying crack growth in the small-strain regime, are summarized in Table 1. The chosen simulation 
parameters are also listed in the same table, unless stated otherwise.

3.2.1.  Mesh sensitivity analysis and prediction of critical energy release rate
A mesh sensitivity analysis was performed using the numerical setup in Fig. 8 to evaluate the influence of mesh resolution on 

model accuracy. Simulations were performed with four mesh sizes Δ𝑥 ∈ {1, 0.5, 0.25, 0.125} at a fixed crystal orientation 𝜃 = 45◦, for 
anisotropy strengths  ∈ {0.1, 1, 10}. Figs. 9a,b depict the mean vertical stress 𝜎Myy versus vertical displacement 𝑢̄y for the isotropic 
case ( = 1) and an anisotropic case ( = 0.1, 𝜃 = 45◦). All curves exhibit an initial linear elastic regime, followed by a sudden stress 
drop marking the onset of crack growth, and subsequent failure at a critical displacement. Finer mesh resolutions lead to earlier crack 
initiation, as they more accurately capture stress concentrations near the crack tip. The differences in stress-displacement curves 
diminish for Δ𝑥 ≤ 0.5mm, indicating numerical convergence. The simulated critical energy release rate ∗𝑐,sim was estimated using 
the Displacement Extrapolation Method (see Section 2.3.2) and compared to the theoretical value ∗𝑐 . The convergence ratio ∗𝑐,sim∕∗𝑐 , 
plotted in Fig. 9c against the resolution 1∕Δ𝑥, approaches unity with mesh refinement, confirming convergence towards the theoretical 
value. For the coarsest mesh (Δ𝑥 = 1mm), this ratio ranges from 1.35 to 2.1, indicating overestimation of the critical energy release 
rate. The lower-row insets showcase the simulated crack kinking patterns at the critical stage, while the upper-row insets display the 
fully cracked trajectories for different resolutions. The lowest-resolution mesh (Δ𝑥 =1mm) exhibits a reduced trajectory tilt, an effect 
we refer to as numerical pinning, which diminishes for finer resolutions.

The accuracy of ∗𝑐,sim estimation further improves with finer load step sizes, enabling more precise detection of the critical 
displacement. Considering both convergence and computational cost, ranging from under 1 CPU-hour for Δ𝑥 =1mm to over 5000
CPU-hours at Δ𝑥 =0.125mm, a mesh size of Δ𝑥 =0.5mm (requiring about 10-20 CPU-hours) was chosen for all subsequent simulations. 
This resolution offers an optimal trade-off between accuracy and efficiency for predicting crack paths and mechanical responses.
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Table 1 
Material and simulation parameters used in the study.
 Material Parameters
 Parameter  Symbol  Value  Unit
 Young’s modulus 𝐸 210 GPa
 Poisson’s ratio 𝜈 0.3 −
 Reference crack resistance 0 100 Nmm−1

 Simulation Parameters
 Mesh size Δ𝑥 0.5 mm
 Regularization length scale 𝜖 1.5 mm
 Displacement step size Δ𝑢̄y 0.5 µm
 Max. boundary displacement 𝑢̄max

y 0.5 mm
 Relaxation parameter 𝜇 10−4 −
 Residual stiffness factor 𝜑residual 10−8 −
 Steady-state tolerance 𝜖𝜑𝑐

10−5 −
 Damage tolerance 𝜖damage 0.01 −

 Simulation Domain Dimensions
 Homogeneous Square Specimen
 Edge length 𝑎 100 mm
 Multiphase Rectangular Specimen
 Length 𝐿x 400 mm
 Width 𝐿y 200 mm

Fig. 9. Plot of the mean vertical stress 𝜎M
yy as a function of imposed vertical displacement 𝑢̄y at the top boundary, for different mesh sizes Δ𝑥

(or resolutions defined as 1∕Δ𝑥), for anisotropy strength a)  = 1, and b)  = 0.1, 𝜃 = 45◦. With increasing resolution, crack initiation occurs at 
lower critical displacements due to better resolution of stress concentration near the crack tip. c) Plot of convergence ratio, ∗

𝑐,sim∕
∗
𝑐  as a function of 

resolution 1∕Δ𝑥, for selected values of anisotropy strength  and crystal orientation 𝜃. Insets show the simulated crack growth for the case  = 0.1, 𝜃
at the critical (lower row) and fully cracked stage (upper row) for different resolutions. As resolution increases, the convergence ratio approaches 
unity, indicating convergence of simulation towards the theoretical prediction.
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Fig. 10. Plots of crack kink angle 𝜃∗ as a function of crystal orientation 𝜃 for various anisotropy strengths . Solid lines shown in different colors 
represent the theoretical predictions corresponding to various values of  indicated in the plot, and discrete points in matching colors denote 
simulation results. Zoomed insets near crack tip show simulation of crack kinking at the critical stage, with magenta arrows indicating the computed 
kink angles. Simulated kink angles generally match well with the theoretical values. For anisotropy strengths near unity (i.e.  = 0.5, 2), a numerical 
pinning effect is observed, resulting in an underestimation of the kink angle magnitude in the yellow-highlighted region, which is expected to 
diminish with increasing resolution. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.)

3.2.2.  Prediction of kink angle
To investigate the influence of anisotropy strength  and crystal orientation 𝜃 on crack deflection, simulations were performed 

using a fixed mesh size of Δ𝑥 = 0.5. The orientation was varied in the set 𝜃 ∈ {20◦, 30◦, 40◦, 50◦, 60◦, 70◦}, and the anisotropy strength 
in  ∈ {0.1, 0.2, 0.5, 1, 2, 5, 10}, spanning the full range of theoretical kink-angle patterns shown in Fig. 7b. The extreme anisotropy 
values ( = 0.1 and 10) yield nearly linear and monotonic variations of the kink angle with orientation. Intermediate values ( = 0.2
and 5) show nonlinear yet monotonic trends, while  = 0.5 and 2 exhibit non-monotonic behavior. The isotropic case ( = 1) serves 
as a baseline, with no crack deflection expected. Kink angles 𝜃∗ were extracted from simulations at the critical stage marked by 
onset of crack growth, identified as the point where the stress-displacement curve begins to decline. The angles were measured 
using the image processing methodology described in Section 2.3.2. Fig. 10 compares the orientation-dependent kink angle trends 
obtained from simulations with the corresponding theoretical predictions. The simulated kink angles match well with the theoretical 
predictions across a broad range of anisotropy strength and crystal orientation. For orientations near the isotropic regime ( = 0.5 and 
2), where the magnitude of expected kink angles is small (|𝜃∗| < 20◦), the magnitude of simulated kink angles is underestimated, due 
to numerical pinning (see yellow-shaded region), as previously discussed in Section 3.2.1. These effects reduce with mesh refinement. 
Overall, the simulations accurately capture the anisotropic trends in kink angle, with deviations typically below 5%, demonstrating 
strong quantitative agreement with theoretical relations across a wide range of anisotropy parameters.

3.3.  Anisotropic mechanical response

For the simulations in Section 3.2.2, the mechanical response is analyzed using mean vertical stress-displacement curves (𝜎Myy vs. 
𝑢̄y) for varying anisotropy strengths  and crystal orientations 𝜃, as detailed in Sections 3.3.1 and 3.3.2. All cases exhibit an initial 
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Fig. 11. Simulated crack paths for varying anisotropy strengths  at crystal orientations (a) 𝜃 = 20◦ and (b) 𝜃 = 70◦, lying in the so-called low- 
and high-orientation regimes, respectively. Crack trajectories are overlaid to enable direct visual comparison. (c-d) Plots of mean vertical stress 𝜎M

yy
versus vertical displacement 𝑢̄y at the top surface, illustrating the mechanical response for different values of  at orientations (c) 𝜃 = 20◦ and (d) 
𝜃 = 70◦.

linear elastic regime, followed by a sudden stress drop upon reaching the critical energy release rate, indicating crack initiation and 
subsequent growth to complete failure, a characteristic behavior well documented in the literature.

3.3.1.  Influence of anisotropy strength
Fig. 11 shows the effect of anisotropy strength  on crack trajectories and mechanical response curves for two representative 

crystal orientations: 𝜃 = 20◦ and 70◦, corresponding to the low- and high-orientation regimes. These cases mark the limits of the studied 
orientation range, with trends qualitatively extending to nearby orientations. The discussion is organized accordingly in Figs. 11a,c 
(low-orientation) and 11b,d (high-orientation). Across both regimes, distinct deflection patterns emerge. For  > 1, cracks consistently 
deflect toward the crystal orientation, with alignment increasing as  increases, as seen in the blue contours of the crack phase-field 
𝜑𝑐 . Conversely, for  < 1, cracks deflect away from the crystal orientation (red 𝜑𝑐 contours), tilting toward orthogonal directions, 
with deflection becoming more pronounced as  decreases. These trends highlight how anisotropic fracture surface energy guides 
crack propagation along energetically favorable directions, governed by the strength of anisotropy.

Fig. 11c,d presents the mechanical responses corresponding to the simulated crack paths. A general trend across both orientation 
regimes is evident: larger crack deflections (typically exceeding 45◦) lead to a more gradual stress drop during the critical stage, 
reflecting increased geometric resistance due to the tilted crack path. In contrast, cracks that remain closer to the initial horizontal 
direction show a sharp stress drop at a distinct critical displacement, indicating crack growth with lower geometric impediment. These 
contrasting responses highlight the interplay between crack deflection and fracture resistance. For clarity, the mechanical behavior 
is further examined separately for each orientation regime in the following sections.

3.3.1.1.  Low-Orientation Regime (𝜃 = 20◦). The corresponding mechanical responses, shown in Fig. 11c, exhibit a drop in mean 
vertical stress within a narrow critical displacement range, ̄𝑢y ∈ (0.15, 0.17) mm. For  ≥ 1, a clear trend emerges: increasing anisotropy 
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Fig. 12. Plots of mean vertical stress 𝜎M
yy versus imposed vertical displacement 𝑢̄y on the top surface for different values of crystal orientation 𝜃 for 

anisotropy strengths a)  = 0.5 and b)  = 2.

strength (bluish curves) systematically shifts the critical displacement to higher values, indicating enhanced resistance to crack 
initiation. In contrast, for  < 1, the response curves (reddish tones) show no systematic pattern in peak stress or critical displacement, 
revealing a more complex interplay of fracture parameters. This behavior is elucidated by examining the joint influence of the 
(normalized) critical energy release rate ∗𝑐∕0 and the kink angle 𝜃∗ with orientation 𝜃, see Fig. 7. For  > 1 at 𝜃 = 20◦, ∗𝑐∕0
remains close to the isotropic baseline of unity, varying only slightly with . However, the kink angle increases significantly with 
, introducing additional geometric resistance of deflecting the crack. Their combined effect results in delayed onset of fracture 
growth at higher critical displacements 𝑢̄y, as reflected in the blue response curves in Fig. 11c. For  < 1, the situation becomes more 
intricate. Although ∗𝑐∕0 decreases with decreasing  (Fig. 7a), which would typically imply crack initiation at lower 𝑢̄y-values, the 
simultaneous increase in the kink angle magnitude introduces a competing geometric resistance that counteracts this effect. These 
opposing effects largely balance each other, resulting in mechanical responses (red curves) that remain close to the isotropic baseline. 
This subtle interplay highlights the nuanced coupling between fracture energetics and crack deflection, particularly in low-orientation 
regime.

3.3.1.2.  High-Orientation Regime (𝜃 = 70◦). In this regime, the mechanical response curves (Fig. 11d) exhibit a distinct and system-
atic trend: the critical displacement 𝑢̄y increases monotonically with increasing anisotropy strength . This hardening behavior is 
particularly notable given the non-monotonic variation in the (normalized) critical energy release rate ∗𝑐∕0 with  (Fig. 6a), espe-
cially within the intermediate range  ∈ (2, 5), where ∗𝑐∕0 reaches a peak value at a given Peak , see Section 3.1.2. The resolution 
to this apparent contradiction lies again in the interplay between critical energy release rate and kink angle. At crystal orientation 
𝜃 = 70◦, although ∗𝑐∕0 decreases in the range  ∈ (𝑆Peak , 50), see Fig. 7a, the kink angle 𝜃∗ continues to increase monotonically 
(blue-shaded region in Fig. 7b). This enhanced deflection contributes significant geometric resistance, effectively raising the barrier 
to crack propagation despite a lower intrinsic crack resistance. Consequently, the critical displacement 𝑢̄y shifts to higher values with 
increasing . These results emphasize the dominant role of crack path geometry in governing fracture initiation in high orientation 
regime, even when the critical energy release rate decreases.

3.3.2.  Influence of crystal orientation
Fig. 12 depicts the mechanical response as a function of crystal orientation 𝜃 for the anisotropy strength of  = 0.5 and  = 2, 

belonging to the lower ( < 1) and upper anisotropy ( > 1) regimes, respectively. A clear contrast emerges between the two regimes. 
In the lower anisotropy case ( = 0.5), the critical displacement 𝑢̄y (marked by drop in vertical stress) systematically decreases with 
increasing crystal orientation from 20◦ to 70◦ (Fig. 12a). This trend reflects a softening mechanical response at higher orientations. In 
contrast, the upper anisotropy case ( = 2) exhibits a hardening behavior, with increasing critical displacements required for crack 
initiation as 𝜃 increases (Fig. 12b). This reversal in trend between the two regimes can be explained by examining the variation of the 
normalized critical energy release rate ∗𝑐∕0 and the kink angle 𝜃∗ with orientation 𝜃, as shown in Fig. 7. For  = 0.5, ∗𝑐∕0 decreases 
with increasing orientation, indicating a reduced critical energy release rate at higher 𝜃. Conversely, for  = 2, ∗𝑐∕0 increases with 𝜃, 
implying enhanced critical energy release rate at higher orientations. Although the kink angle 𝜃∗ exhibits a non-monotonic dependence 
on 𝜃 in both cases, the difference in magnitudes remains small (typically below 10◦). As a result, the influence of kink angle on the 
mechanical response is secondary to that of the critical energy release rate, whose steeper and monotonic variation predominantly 
governs the observed trends in mechanical response for both the cases.

3.4.  Consistent vs. classical anisotropy formulation: a comparative analysis

Finally, we compare the performance of the proposed consistent anisotropy formulation with the widely adopted classical 
anisotropy formulation, discussed in Section 2.1.1.1. A detailed comparison is presented in Section 3.4.1, where crack propaga-
tion is simulated in a homogeneous single-phase solid under mode-I loading. Both formulations are evaluated based on the resulting 
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Fig. 13. a) Simulated crack paths in a single-phase solid under mode-I loading for crystal orientations 𝜃 = 20◦ and 70◦, comparing the classical and 
consistent anisotropy formulations at anisotropy strengths  = 0.1 and 10. Overlayed images highlight differences in crack deflection behavior. b) 
Mean vertical stress 𝜎M

yy versus imposed vertical displacement 𝑢̄y at the top surface, comparing the mechanical response of the two formulations for 
varying anisotropy strengths  ∈ {0.1, 1, 10} at a fixed crystal orientation 𝜃 = 45◦.

crack paths and their mechanical responses. This comparative analysis is further extended in Section 3.4.2 to multiphase materials, 
allowing us to assess the influence of anisotropy formulation on crack behavior in structurally heterogeneous solids.

3.4.1.  Crack growth in single-phase solids
Using the numerical setup and boundary conditions detailed in Section 3.2 and illustrated in Fig. 8, we compare the predicted 

crack paths and mechanical responses of the proposed consistent anisotropy formulation with those of the commonly used classical
formulation.

3.4.1.1.  Implications on Crack Paths. Fig. 13a compares the simulated crack trajectories for representative cases with crystal orien-
tations 𝜃 = 20◦ and 70◦, and anisotropy strengths  = 0.1 and 10, using both the consistent and classical formulations. In classical 
formulation, the crack deflection is systematically underestimated, along the crystal orientation for  = 10, and in the orthogonal 
direction for  = 0.1. This is due to the partially isotropic treatment of the crack surface energy, which weakens anisotropy and intro-
duces orientation-dependent variations in the interface width, as discussed in Section 2.1.1. In contrast, the consistent formulation 
fully incorporates anisotropy in the surface energy, yielding uniform interface widths and kink angles closely matching theoretical 
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Fig. 14. (a) Numerical setup of a rectangular multiphase specimen with dimensions 𝐿x = 400mm × 𝐿y = 200mm, composed of horizontally stacked 
phases and containing an initial horizontal diffuse crack of length 40mm at a vertical distance 𝑑 = 66mm, subjected to mode-I loading. The crack 
phase-field 𝜑𝑐 is shown as a contour plot. Arrows indicate the crystal orientations of each phase, corresponding to directions of lowest crack 
resistance. (b) Mean vertical stress 𝜎M

yy versus imposed vertical displacement 𝑢̄y on the top surface, comparing the material response of the classical 
and consistent models. (c-d) Simulated crack paths at selected stages for (c) the classical model and (d) the consistent model. The classical model 
exhibits variable interface widths across phases, while the consistent model maintains a constant interface width. The two models exhibit different 
crack paths and overall material responses.

predictions. Consequently, it delivers accurate and physically consistent crack deflection behavior across both weakly and strongly 
anisotropic regimes.

3.4.1.2.  Implications on Mechanical Response. Fig. 13b presents the mechanical response for varying anisotropy strengths  ∈
{0.1, 1, 10} at a fixed crystal orientation of 𝜃 = 45◦, comparing the consistent and classical formulations. For  = 1, both formula-
tions reduce to the isotropic case, producing identical horizontal crack paths and mechanical behavior. However, at  = 0.1 and 
10, clear discrepancies emerge due to the differing treatments of anisotropy. At  = 0.1, the consistent formulation predicts a softer 
response, characterized by a lower critical displacement 𝑢̄y, relative to the classical model. Conversely, for  = 10, the classical formu-
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lation exhibits a softer response. This reversal is attributed to the isotropic potential contribution retained in the classical formulation, 
which moderates the anisotropic effect. Consequently, its predicted mechanical response consistently falls between that of the fully 
anisotropic consistent model and the isotropic baseline across both ends of the anisotropy spectrum.

3.4.2.  Crack growth in multiphase solids
Fig. 14a depicts a rectangular multiphase specimen of dimensions 𝐿x = 400mm × 𝐿y = 200mm, composed of horizontally stacked 

solid phases. An initial horizontal diffuse crack of length 40mm is located 𝑑 = 66mm below the top boundary. Mode-I loading is 
applied through incremental vertical displacements 𝑢̄y and −𝑢̄y at the top and bottom surfaces, while the lateral boundaries are 
kept stress-free. Each phase is assigned an anisotropy strength of  = 10, with differing crystallographic orientations indicated by 
arrows. The mechanical and simulation parameters used are listed in Table 1. For this setup, the Voigt/Taylor homogenization 
scheme used in the present work is equivalent to the mechanical jump conditions at the interface, enabling accurate calculation of 
stresses and strains in the diffuse solid-solid interfacial region. Crack growth simulations were performed using both the consistent 
and classical anisotropy formulations. The resulting mechanical responses are shown in Fig. 14b, plotted as the mean vertical stress 
𝜎Myy versus the applied displacement 𝑢̄y. Snapshots of crack evolution at different loading stages are presented in Figs. 14c, d. As 
established in the single-phase simulations (Section 3.4.1), the classical formulation systematically underestimates crack deflection 
in each phase. Furthermore, it introduces a modeling artifact in the form of phase- and orientation-dependent interface widths (see 
insets of Figs. 14c,d), due to the partial incorporation of anisotropy in the crack surface energy. In contrast, the proposed consistent 
formulation fully integrates anisotropy in both the regularization terms of crack surface energy, thereby eliminating these spurious 
width variations, resulting in more accurate crack trajectories and a mechanical response that better captures the correct energetics 
and interfacial behavior. The mechanical response predicted by the consistent formulation is notably stiffer throughout all loading 
stages, see Fig. 14b. The onset of crack growth is marked by the first peak, where the crack begins to grows and reaches the first 
phase boundary at stage 1. At this point, the consistent formulation predicts a higher critical displacement, in agreement with the 
trend observed in homogeneous specimens for  > 1 in Fig. 13b.

Subsequent stages highlight the crack’s interaction with different phases. At stage 2, the crack enters the second phase after 
crossing a higher energy barrier at the first grain boundary. This transition is accompanied by a larger stress peak, attributed to the 
greater misorientation of the second phase, which results in a stiffer mechanical response, as expected in the regime  > 1 (Fig. 12b). 
The stress then decreases until stage 3, signaling crack propagation within the second phase. Owing to the increased misorientation in 
this phase, the consistent model again predicts a higher critical displacement and a more pronounced crack deflection. This manifests 
as a gradual stress decline, a trend also observed in earlier single-phase simulations. Upon reaching the second interphase boundary, 
the crack encounters another energy barrier before progressing toward complete failure (at stage 4) in both models. The final critical 
displacement remains higher for the consistent formulation, as anticipated.

4.  Conclusion and outlook

This work presents a physically consistent formulation of anisotropy in crack surface energy within the phase-field modeling 
framework, enabling a quantitative treatment of direction-dependent fracture in multiphase materials. At its core, the present work 
links anisotropy parameters to critical fracture properties through an iterative graphical method based on the classical Generalized 
Maximum Energy Release Rate (GMERR) criterion. These theoretical relations uncover a rich, non-monotonic interplay between crack 
kinking angles and energy release rates, shedding light on the intricate mechanics of fracture in anisotropic solids. Validation through 
benchmark simulations confirms quantitative agreement with theory across a broad range of anisotropy parameters. Numerical crack 
pinning emerges in low-anisotropy cases but diminishes with mesh refinement, affirming the numerical robustness of the formulation. 
The simulated mechanical responses reveal how anisotropy-driven variations in kink angles and fracture toughness govern whether 
materials exhibits softening or stiffening during crack growth, providing a clear physical interpretation through the lens of the 
derived relations. A critical comparison with the widely used classical anisotropy model, where only the gradient term is treated 
as anisotropic, highlights the necessity of a consistent formulation. The classical model introduces orientation-dependent interface 
widths and systematically underestimates crack deflections, leading to weakened anisotropic fracture responses. In contrast, the 
proposed model ensures accurate crack paths and uniform interface widths by treating both gradient and potential terms coherently. 
These advantages extend seamlessly to multiphase systems, where consistent anisotropy ensures a uniform interface width across 
distinct phases and orientations, crucial for quantitative modeling of failure in real-world polycrystalline and composite materials. 
By unifying numerical implementation with theoretical principles, the present work enhances both the fidelity and understanding of 
phase-field fracture simulations in anisotropic media.

The way forward is replete with possibilities. While this work focuses on two-dimensional simulations, the extension to three 
dimensions is straightforward and promises broader applicability. For poly-crystals with arbitrarily oriented grain boundaries, the 
model must be extended with the generalized mechanical jump conditions [54,69,70]. For strongly heterogeneous materials, the 
multiple crack order parameter approach of Schöller et al. [57] offers a natural extension. The current validation workflow, deriving 
and testing theoretical predictions, can accommodate arbitrary anisotropy functions within the convex (weakly anisotropic) regime. 
In the case of strongly anisotropic surface energies, which require higher-order regularization, this work provides the groundwork 
for a consistent formulation, addressing key limitations of current models that treat anisotropy only partially.
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Appendix A.  Anisotropic Crack Resistance

In 2D, the analytical expression for the Root-Squared-Orthotropic crack resistance anisotropy function (Eq.  (10)) is given by
𝑐 (𝜃; 𝜃) = 𝑐

(

𝒏𝑐 (𝜃); 𝜃
)

=
√

2
𝑐

(

𝑐0 , 𝜃
)

∶
(

𝒏𝑐 (𝜃)⊗ 𝒏𝑐 (𝜃)
)

=
√

(𝜃)2
𝑐0
𝑇 (𝜃) ∶

(

𝒏𝑐 (𝜃)⊗ 𝒏𝑐 (𝜃)
)

=
√

2𝑐01 sin
2 (𝜃 − 𝜃

)

+ 2𝑐02 cos
2
(

𝜃 − 𝜃
)

(A.1)

in terms of the unit normal vector 𝒏𝑐 to the crack surface, reference crack resistance tensor 𝑐0  and rotation tensor , given by:

𝒏𝑐 (𝜃) =
(

− sin 𝜃
cos 𝜃

)

, 𝑐0 =
(

𝑐01 0
0 𝑐02

)

, (𝜃) =
(

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

)

, (A.2)

parameterized using the polar angle 𝜃 defined between the crack tangent and the global x-axis, and crystal orientation 𝜃 relative 
to the global frame. The anisotropy arises from differences between the components 𝑐01 and 𝑐02 of the reference crack resistance 
tensor.

Appendix B.  Energy release rate

Following Amestoy and Leblond[67], the energy release rate (Eq.  (22)) in Section 2.2.2 is expressed in terms of effective stress 
intensity factors 𝐾𝐼  and ̃𝐾𝐼𝐼 , given as linear combinations of the mode I and II factors, 𝐾𝐼  and 𝐾𝐼𝐼 :

𝐾𝐼 = 𝐹11𝐾𝐼 + 𝐹12𝐾𝐼𝐼 , ̃𝐾𝐼𝐼 = 𝐹21𝐾𝐼 + 𝐹22𝐾𝐼𝐼 . (B.1)

The coefficients 𝐹𝑖𝑗 for 𝑖, 𝑗 ∈ {1, 2} are universal functions of the kink angle 𝜃, approximated by a 20th-degree power series:

𝐹11 = 1 − 3𝜋2

8
𝑚2 +

(

𝜋2 − 5𝜋4

128

)

𝑚4 +
(

𝜋2

9
− 11𝜋4

72
+ 119𝜋6

15360

)

𝑚6 + 5.0779𝑚8
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− 2.88312𝑚10 − 0.0925𝑚12 + 2.996𝑚14 − 4.059𝑚16 + 1.63𝑚18 + 4.1𝑚20,

𝐹12 = −3𝜋
2
𝑚 +

(

10𝜋
3

+ 𝜋3

16

)

𝑚3 −
(

2𝜋 + 133𝜋3

180
− 59𝜋5

1280

)

𝑚5 + 12.313906𝑚7

− 7.32433𝑚9 + 1.5793𝑚11 + 4.0216𝑚13 − 6.915𝑚15 + 4.21𝑚17 + 4.56𝑚19, (B.2)

𝐹21 =
𝜋
2
𝑚 −

(

4𝜋
3

+ 𝜋3

48

)

𝑚3 −
(

2𝜋
3

− 13𝜋3

30
+ 59𝜋5

3840

)

𝑚5 − 6.176023𝑚7

+ 4.44112𝑚9 − 1.534𝑚11 − 2.07𝑚13 + 4.684𝑚15 − 3.95𝑚17 − 1.32𝑚19,

𝐹22 = 1 −
(

4 + 3𝜋2

8

)

𝑚2 +
(

8
3
+ 29𝜋2

18
− 5𝜋4

128

)

𝑚4

−
(

32
15

+ 4𝜋2

9
+ 1159𝜋4

7200
− 119𝜋6

15360

)

𝑚6 + 10.58254𝑚8 − 4.78511𝑚10

− 1.8804𝑚12 + 7.28𝑚14 − 7.591𝑚16 + 0.25𝑚18 + 12.5𝑚20,

with 𝑚 = 𝜃∕𝜋 (−1 < 𝑚 < +1).

Appendix C.  Displacement Extrapolation Method

According to linear elastic fracture mechanics [71], the crack opening displacement (COD) Δ𝑢y near the crack tip along the crack 
plane (𝜃 = 𝜋) is given by:

Δ𝑢y(𝑟, 𝜃 = 𝜋) =
4𝐾𝐼 (1 − 𝜈2)

𝐸

√

𝑟
2𝜋

, (C.1)

where 𝐾𝐼  is the mode I stress intensity factor, 𝐸 is Young’s modulus, 𝜈 is Poisson’s ratio, and 𝑟 is the distance from the crack tip. 
Fitting Δ𝑢y vs. 

√

𝑟 yields a slope 𝑚, from which 𝐾𝐼  is computed as:

𝐾𝐼 = 𝑚
4(1−𝜈2)

𝐸

√

1
2𝜋

. (C.2)

At critical loading, Eq.  (C.2) yields 𝐾𝐼𝑐 , and the corresponding critical energy release rate reads:

∗𝑐 =
𝐾2

𝐼𝑐 (1 − 𝜈2)
𝐸

. (C.3)

For details, see e.g. Zhu and Oterkus[68]. 
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