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Abstract: We estimate the lock-in domain of the origin of a current control system which is
used in common DC/AC inverter designs. The system is a cascade connection of a 4-dimensional
linear system (current controller, CC) followed by a two-dimensional nonlinear system (phase-
locked loop, PLL). For the PLL, we construct a Lyapunov function via numerical approximation
of its level curves. In combination with the quadratic Lyapunov function of the CC, it forms a
vector Lyapunov function (VLF) for the overall system. A forward-invariant set of the VLF is
found via numerical application of the comparison principle. By LaSalle’s invariance principle,

convergence to the origin is established.
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1. INTRODUCTION
1.1 Practical Background

Vector current control is a technique for regulating the
AC current in three-phase power electronics. It is based
on controlling a vector that represents the three-phase
current in a rotating dq reference frame. In equilibrium,
the reference frame rotates at a constant speed, and the
current vector is constant in that frame.

DC/AC inverters, also called grid-tied voltage source con-
verters, are power electronic devices tasked with supplying
DC power to an AC grid. Grid-following inverters aim
to synchronize with the voltage oscillation that already
exists in the grid. To this end, the phase angle of the
grid voltage is estimated by the so-called phase-locked loop
(PLL). The PLL provides a dq frame in which the vector
current controller operates.

In the present paper we consider a common inverter design
which uses a synchronous reference frame PLL, and the
current controller itself is a simple PI controller.

1.2 The Problem

The closed-loop error dynamics of our control system can
be described as a cascade: the current controller (CC) is
a 4-dimensional linear time-invariant system that feeds
into the PLL which is a two-dimensional nonlinear system.
The CC subsystem is asymptotically stable, and the PLL
resembles a nonlinear pendulum, see (Ponomarev et al.,
2024, Fig. 1). If the coordinates of the PLL are (a6, aw)
with A the phase angle error, then the PLL dynamics are
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2m-periodic in A0 with stable equilibria (2kw,0), k € Z,
interlaced with unstable ones.

Asymptotic behavior of the system is clear: as the CC part
exponentially converges to zero, the PLL reduces to an
unforced oscillator whose behavior is well documented —
e.g., see Liet al. (2024) and references therein. Under the
assumption of small grid impedance, it almost certainly
converges to one of the stable equilibria — i.e., the set of
points not converging to one of those has measure zero.

However, the transient process is just as important as
asymptotic stability: suppose that the system rests at the
origin when a sudden disturbance occurs — for example, it
may be a change in the reference point for the current. This
translates to a jump in the CC subsystem. Before the CC
returns to zero, it may disturb the PLL enough to cause
it to move from (0,0) to another equilibrium like (27, 0).
During the transient, Af goes through values around ,
i.e., the current is regulated with the phase angle opposite
to the correct one. It may lead to power losses, overheating,
and may even trigger fault protection.

With the above explanation in mind, it is clear that the
domain of attraction (DoA) would not be the right concept
to describe the behavior of our system since the DoA of
the origin includes points with A6 too far from 0 which
produce undesirable transients.

Instead of the DoA, the notion of a lock-in domain has long
been in use in the theory of synchronization — e.g., Preston
and Tellier (1953) analyze it in a frequency control circuit
which handles frequency modulation for the purposes of
analog color television. A formal definition of the lock-in
domain was proposed by Leonov et al. (2015) as the set of
initial conditions that do not lead to cycle slipping which
roughly means that Af should not make 27-turns before
settling at an equilibrium.
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The problem we address in the present paper is to estimate
the lock-in domain of the closed-loop system.

1.3 Existing Results

There are many results on the stability of grid-tied in-
verters obtained via linearization-based analysis in the
frequency domain, e.g., see Vieto and Sun (2018). There
is also the method of harmonic linearization that, unlike
the pure linearization, is able to capture coupling between
several frequencies, e.g., see Golestan et al. (2021). Such
small-signal results are, of course, local, and it is hard to
quantify how far from the equilibrium they are applicable.

Among the recent nonlinear studies, let us mention Ma
et al. (2022) where the nonlinear transient dynamics of
the inverter are investigated using bifurcation theory.
An important assumption in that work is negligible CC
dynamics which is motivated by the claim that the CC
is much faster than the PLL. The slow-fast dynamics
argument can be formalized by the singular perturbation
method of Kokotovié et al. (1986) — this kind of analysis
is done by Lu et al. (2024).

Li et al. (2024) used an energy-like Lyapunov function
and LaSalle’s invariance principle to estimate the domain
of attraction of the zero equilibrium. However, the CC
dynamics are neglected in their work as well.

The assumption of negligible CC dynamics is justified in
many, but not in all cases. For instance, Midtsund et al.
(2010) demonstrate that the interaction between the PLL
and CC plays an important role when the inverter is
connected to a weak grid: the system may become unstable
if the grid inductance is too high.

In the present paper, we consider the complete system
including not only the fully nonlinear PLL but also the
CC dynamics.

1.4 Our Approach

This work continues the analysis of the PLL dynamics
started in Ponomarev et al. (2024). Therein, we studied
the PLL under the influence of a small periodic signal and
obtained estimations of a stable periodic solution and its
lock-in domain. In the current paper, the PLL is forced by
the CC subsystem which produces a signal that is not small
but exponentially vanishing. We modify our technique
to estimate the lock-in domain of the zero equilibrium.
Modification is required to capture the relation between
the vanishing disturbance affecting the PLL and the initial
conditions of the CC.

Our approach utilizes the method of two-dimensional com-
parison systems which traces back to Elshin (1954). A
comparison system is a simpler system whose trajectories
can only be crossed by the original system in a certain
direction. Then the portrait of the original system can in
some sense be bounded by the trajectories of the compari-
son system. Belykh (1975) applied a similar technique to a
time-varying system designing an autonomous comparison
system.

We construct a comparison system for the PLL dynam-
ics treating the CC influence as a bounded time-varying

disturbance. This yields nested forward-invariant sets for
the PLL. From a collection of such sets we build a Lya-
punov function for the PLL. Together with the standard
quadratic Lyapunov function of the CC, it forms a two-
dimensional vector Lyapunov function (VLF). Applying
the comparison principle from the VLF theory of Bellman
(1962), we obtain an invariant set in the phase plane of the
VLF which is our final estimation of the lock-in domain.

1.5 Outline of the Paper

Section 2 contains a precise formulation of the system and
the goal of the analysis.

In Section 3 the Lyapunov functions of the PLL and
CC are defined. At this step, we are able to formulate
the first estimation of the lock-in domain that we call
“trivial” (Theorem 9). An improved (larger) estimation is
then obtained via the comparison principle from the VLF
theory (Theorem 10).

In Section 4 we clarify some details concerning the prac-
tical realization of the approach. It is explained how the
estimations by Theorems 9 and 10 can be approximated
numerically using standard DAE solvers and optimizers.

Section 5 presents a numerical example.

2. PRELIMINARIES
2.1 System Description

We consider a standard DC/AC inverter current control
design based on a synchronous reference frame phase-
locked loop and a vector proportional-integral current
controller. The output current of the inverter goes through
an RL filter. The dynamics of the high-frequency switches
that generate the AC voltage are omitted, and the ref-
erence point of the current controller is assumed to be
constant. The equations of the system can be derived in
a standard way, e.g., see Li et al. (2024) and references
therein. We skip the derivation here to save space and
only present the result: the closed-loop error dynamics

CC: i = Az, (1a)
_ 20 = —kpf(20, rw, ) + Aw,
PLL: {Aw = —kif(n0, rw, ) (1b)

where k, > 0, k; > 0, A0 € R, rw € R, z € R, matrix A
is Hurwitz,

(00, rw) — h(ow) Tz 2)
uw—vTx ’

i € R and v € R* are constant, g € R and h € R* are
certain functions with ¢(0,0) = 0 and g # 0. The full
expressions of u, v, g, and h are omitted. They depend on
the proportional and integral coefficients x, and &; of the
current controller which appear in the example (Table 1).

f(r0, rw, ) =

System (1) can be separated into two subsystems which
we shall address by name:

o subsystem (la) is the current controller (CC), written
in the synchronous reference frame;
e subsystem (1b) is the phase-locked loop (PLL).

Note that system (1) has a zero equilibrium. We make the
following assumption regarding its stability.
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Assumption 1. The eigenvalues of the Jacobian of (1b)
—22£.0(0,0,0)  1—22£..,(0,0,0) -

— L £,6(0,0,0) 0

are non-real with negative real parts (subscripts denote
partial derivatives). That is, the zero equilibrium of (1) is
locally asymptotically stable, and the PLL subsystem (1Db)
is oscillatory near the origin.

Remark 2. With Assumption 1 we limit our attention to
the case of oscillatory PLL behavior. Non-oscillatory or
overdamped behavior can be treated similarly.

2.2 Goal

Our goal is to estimate the lock-in domain of the zero
solution of system (1) defined as follows, cf. Ponomarev
et al. (2024).

Definition 3. The lock-in domain of the origin of sys-
tem (1) is the set of initial conditions from which the
solution converges to the origin without crossing the lines
Al = £

By an estimation of the lock-in domain we understand a
forward-invariant set contained in the lock-in domain.

3. GENERAL PRINCIPLES

In this section we describe the theoretical approach to the
problem. We start with a quadratic Lyapunov function
for the CC subsystem, use it to construct a comparison
system for the PLL in the sense of Belykh (1975), and
define a Lyapunov function for the PLL via the limit cycles
of the comparison system. Then we immediately have a
“trivial” estimation of the lock-in domain. The estimation
is enlarged based on the comparison principle from the
vector Lyapunov function theory due to Bellman (1962).

3.1 Lyapunov Function for the CC

As a Lyapunov function of the CC subsystem (1a) we take
VCC(z) = 27 Pz where P is a positive definite symmetric
matrix such that the matrix ATP + PA + P is negative
definite with some « > 0. Then along the solutions of (1)

dyvce

dt
3.2 Comparison System for the PLL

< Ve, (4)

Let us pick a number V > 0 and consider the PLL
subsystem of (1) where z is treated as an uncertain
time-varying parameter that satisfies VCC(z) < V. We
apply the general concept of a left comparison system
(Ponomarev et al., 2024, Definition 4) to system (1) and
arrive at the following definition.

Definition 4. For a given constant V' > 0, system

£ = —kp fu(20, Aw) + 2w, (5a)
2w = —k; (08, rw) (5b)
where
ch}ir)lﬂ/f(AG, rw, ), Aw >0,
fol26, 0w) = max f(a8, rw,x), 2rw <0 (5¢)
VCC(z)<V

is called the V-comparison system for the PLL (1b).

Fig. 1. Direction of the V-comparison system (5) is left-
most in the range of possible directions of the PLL
subsystem (1b) under the constraint V°¢(z) < V. If
a clockwise limit cycle of (5) bounds a region A(V)
then its boundary dA(V') is crossed by (1b) inward.

Remark 5. The V-comparison system is only defined for
such V that the set VCC(z) < V does not contain the
singularities of f, i.e., points with 7z = p.

The main property of system (5) is illustrated by Fig. 1:
under the condition that VCC(z) < V, all possible tra-
jectories of (1b) cross the trajectories of (5) rightward,
looking in the direction of motion of (5). Therefore, the
following holds.

Proposition 6. Suppose that the V-comparison system (5)
has a limit cycle orbiting clockwise. Then the inside of the
limit cycle is a forward-invariant set of the PLL (1b) under
the condition VC¢C(z) < V.

System (5) is autonomous. For small enough V', it is close
to (1b) with 2 = 0 and thus has a stable limit cycle
encompassing the origin clockwise. This follows from the
phase portrait of the PLL with z = 0 which looks like a
nonlinear pendulum — e.g., see (Ponomarev et al., 2024,
Fig. 1). As V increases, the limit cycle inflates until V/
reaches a critical value.

Suppose that the limit cycle of (5) exists for some interval
V € [0,V] (for V = 0 it reduces to the zero equilibrium).
For each V € [0, V], let A(V') be the closed region bounded
by the limit cycle corresponding to this value of V. The
boundary OA(V) is the limit cycle itself. The limit cycles
do not intersect each other because that would contradict
Proposition 6, i.e.,

A(Vy) C int A(V3)
where int A = A\ OA.

forall 0<V;<Va<V (6)

Let us also note that the limit cycles are smooth because
the switching between the minimum and maximum in (5¢)
occurs on the line Aw = 0 where the direction of the vector
field of (5) is independent of the value of f.. That is,
although the vector field of (5) is discontinuous, the limit
cycle as a curve in the (A6, aw)-plane is still smooth.

As for how the limit cycle depends on V', we make the
following assumption.

Assumption 7. The limit cycle OA(V) changes smoothly
with V' on the interval [0, V].
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VPLL

Y/

1% 1%

VI’LL — ‘I’(VCC)

Theorem 10

VCC

Fig. 2. Estimations of the lock-in domain provided by
Theorems 9 and 10 are given in the (VCC VFLL).
plane. The comparison inequality (14) prescribes that
the boundary should only be crossed inward, as shown
by small black arrows.

3.8 Lyapunov Function for the PLL

VPLL

Let us define the following function whose sublevel

sets are the sets A(+) described above:
VPEL (A0, nw) =V for all (a0, aw) € ON(V).  (T7)
Due to (6) we have
AV) ={(20, 0w) : VP <V} (8)
and Proposition 6 is equivalently formulated as follows.
Lemma 8. At the points (a8, rw,x) such that
VOC(z) < VP (40, rw) (9)

VPLL is non-increasing along the solutions of system (1).

3.4 Trivial Estimation of the Lock-In Domain

The above construction trivially leads to the following
statement.
Theorem 9. Suppose V is such that the set A(V) is con-
tained between the lines Af = +7. Then the set

{(260, 2w,2) : VFH(20, 00) <V, V9 (2) <V} (10)
is an estimation of the lock-in domain of the origin of (1).

Proof. Consider the function

(20, 2w, z) — max{ V" (20, aw), VO (2) }. (11)
Suppose that a point (A6, Aw,x) inside (10) is such that
VCC > VPLL Then, since VCC is decreasing by (4),
function (11) is decreasing as well. On the other hand,
if VCC < VPLL then VP is non-increasing by Lemma 8,
and so is (11). Thus, (11) is non-increasing in (10).

Furthermore, the minimal forward-invariant set of (1)
contained in (10) must lie in the plane = 0, and the only
such set for the PLL (1b) is the origin. Thus, by LaSalle’s
invariance principle, all solutions inside (10) converge to
the origin.

3.5 Improved Estimation

As the final step, we improve the trivial estimation (10) us-
ing the vector Lyapunov function idea of Bellman (1962).
Consider the vector function

(12)

(20, rw, x) {Vcc(x) }

VPLL (A0, nw) |
Whenever VPEL is defined, function (12) maps the state
space of (1) to the (VCC VFLL) plane where the trivial

estimation (11) is the square [0, V] x [0, V]. We would like
to extend this square in the direction of larger values of
VCC as shown in Fig. 2 so that the estimation would be
given by the inequality

VPLL < (VOO (13)
with some non-increasing smooth function ® such that
®(-) =V on [0, V]. Function ® is defined on some interval

[0,V] with V >V and ®(V) = 0.

To exclude the possibility of system (1) crossing the
boundary of the set (13) outward, let us request that the
comparison inequality

dVPHE < 9/ (VEC) av e (14)
holds along the solutions of system él) at all points of the
boundary, i.e., with VFIE = &(VCC). Suppose that we
know a function F’ such that

PLL
d‘/(vit S F(VPLL, VCC) (15)
along (1). Then condition (14) is satisfied if
chC
F(VPEEVEC) < @/(VE9) = (16)

Since &' < 0 and due to (4), it is sufficient to demand that
the inequality

F(VPLL,VCC) < _,yvCCq)/(VCC) (17)

holds on the boundary VF = (VCC). This leads to the
following statement.

Theorem 10. Suppose V is such that the set A(V) is
contained between the lines A = +x. Let ®(V) be a
function given by

V)=V forall Vel0,V] (18)
and as a solution to the differential equation
F(o(V),V _ _
vy - LY ey v )
v

on the interval [V, V] with V such that ®(V) = 0 where F
is a function that satisfies (15) along the solutions of (1).
Then the set

{(20, 20,2) : VI (20, 2w) < @(VOC(2))} (20)
is an estimation of the lock-in domain of the origin of (1).

Proof. By the comparison argument preceding the the-
orem, set (20) is forward-invariant. Since VCC is strictly
decreasing, the system eventually enters the set (10) where
Theorem 9 asserts convergence to the origin.

4. REALIZATION OF THE METHOD

In order to carry out the construction of Theorems 9
and 10 numerically, one needs to complete the following:

e simulate the V-comparison system (5) and compute
its limit cycles for different values of V', thus approx-
imating the function V'L,

e approximate function F' defined by (15) and solve the
ODE (19) for ®.

For these tasks, we suggest the following tools.
4.1 Solving the Comparison System

To find an optimality condition for the problem (5c), we
compute the gradient of f with respect to z:
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b(a8, rw) + Hz
(n—vTa)?

where b = ph(aw) — g(20, aw)r € R* and H = h(aw)vT —
vh(sw)T = const € R¥**. We observe that the gradient is
never zero. Therefore, the extremum in (5¢) is reached on
the boundary, and optimality conditions can be written as
TPz =V, (22a)

Pz = AV, f(n0, rw, x) (22b)

where Lagrange multiplier A\ is positive in case of maxi-
mization and negative for minimization. We combine the

optimality conditions together with the dynamics of (5) in
a single system of differential-algebraic equations (DAE)

vzf = (21)

20 = —kpfu (20, Aw) + 2w, (23a)
rw = —k; fo (00, rw), (23b)
0= 'IInlnPIHlln Va (230)
0= Pxmin — n(b(AG, rw) + Hmmin), (23d)
0=2al Pry.—V, (23e)
0= meax = Amax (b(20, 2w) + Hpax) (23f)
where
f(nr0, rw, xmin), ow >0,
f+(20, 00) = {fEA@, Aw,mmax)), rw < 0. (23¢)

This is a 12-dimensional system where the state contains
Af and Aw as well as two 4-vectors Tmin and xmax which
are the minimizer and maximizer of problem (5c) and two
scalars Apin < 0 and Apax > 0 which are the corresponding
Lagrange multipliers. System (23) has index 1 and can be
tackled, e.g., by the DAE solvers included with Matlab.

Remark 11. The DAE approach relies on the fact that the

minimizers Zp,i, and Tyayx in our problem (5¢) depend at
least piecewise continuously on A6 and Aw.

4.2 Approximating the Function F

To satisfy (15), we are looking for the function
F(VPLL,VCC) _ X
VPLL (50, n0) = VP
VCC(I)SVCC
). —kpf(20, rw, x) + Aw
O —ki f (20, rw, T)

where is the dot product. Assuming we know the gradi-
ent VVPEL optimization (24) can be done approximately
by iterating through the level curves of VFLE

The problem is now to find VV P, Observe that VIV PLL
is related to the linear part of the variation of the limit
cycle (a6, rw) of system (23) with respect to the parameter
V. To find the linear part, we differentiate (23) with
respect to V:

VVFPEL (A0, A (24)

w9

A@" = —kyfi + 2w, (25a)
_— (25b)
0= QImmemm —1, (25¢)
0= Pl — Ain (0(20, 6w) + Hain)

— Amin (02000 + bp, 00 + Ha! ), (25d)
0=2z% Pzl _—1, (25e)

0 = PZ 0 — Mo (040, 8w) + Hmax)
— Amax (bag20" + baprw’ + Ha!l ) (25f)

where

, f fr008 + frosw + (Vo f)
o {fmm@ + fawtrw + (Vo )z (25g)

prime denotes the derivative with respect to V, and
subscripts denote partial derivatives. System (25) is an-
other 12 dimensional system of DAEs whose state is
(20, A N A s Toase) -

min? ITIII]’ max) ma.x

Aw >0,
Aw <0,

IIlln )

maxv

Suppose that the combined system (23),
certain value of V has a limit cycle

(20(t), rw(t), ..., 00 (1), 0’ (1), ... ).
Then the fact VP (A0, aw) =

VY PLL . {iﬂ =0 and VVFLE. {AQ} =1 (27

(25) with a

(26)

V implies two equations

AW

from which VVPLL is determined along the limit cycle.
4.8 A Sketch of the Implementation

Systems (23) and (25) together form a 24-dimensional
index-1 system of DAEs that we solve in Matlab while
increasing V' in small steps, at each step waiting until the
system converges close enough to a limit cycle. The process
is stopped once the system escapes the range —m < A6 <
m. The final value of V' is used as V. The collection of thus
obtained limit cycles is an approximation of the level sets
of VPLL Knowing Af" and aw’ along the limit cycles, we
approximate VVFLE by solving two linear equations (27).
Function F is found via approximate optimization in (24)
along the limit cycles (a6, Aw) and interpolation between
them. Equation (19) is then integrated to attain function
® that bounds the estimation (20).

5. NUMERICAL RESULTS

Parameters used for the numerical example are shown in
Table 1. There are two versions of the PLL coefficients k),
and k; that we are going to compare.

For version I, Fig. 3 shows the Lyapunov function VPN

of the PLL subsystem (1b) constructed according to the
idea of Section 3.3 and method of Section 4. The largest
sublevel set of VP is interpretable as an estimation of
the lock-in domain of the PLL assuming there is no error
in the current (V¢ = 0) — this set extends to A0 ~ £7/2
which is far enough to be meaningful. For version II of k,,
and k;, function VP looks similar and is not shown.

For both versions I and II, Fig. 4 presents the main result:
an estimation of the lock-in domain in the (V¢ VFPLL)
plane. To explain the difference between the two versions,
we note that version II is a 10 times faster PLL than
version I. Within the hatched region (the trivial estimation

Table 1. Parameters of the numerical example

Inverter Grid
version I version I1 w8 1007
k, 3x107* 3x1073 Le 2x 1073
E;  1x107%* 1x1072 RS 6 x 104
Kp 1x1072 o8]l 325
K 1
Lt 1x1073
Rf 4x10~4
i [10 0T
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/2

0.25 T/ o

Fig. 3. Surface plot and level curves of the Lyapunov func-
tion VFLL of the PLL subsystem (1b) with version I

of parameters k, and k; in the numerical example.

given by Theorem 9), VP strictly decreases for both

versions, and the speed of the decrease is mostly irrelevant,
hence the trivial regions are almost the same for both
versions. However, the extended region (Theorem 10)
for version II is much smaller — this is because here
VPLL can increase temporarily until V¢ drops enough
that the system reaches the trivial region. The faster
version II is prone to “overreacting” and leaving the lock-
in domain — a trait that can be predicted directly from
the PLL equations (1b): increasing k, and k; makes the
dynamics faster but at the same time more sensitive to
the disturbance z.

6. CONCLUSION

We introduce a method to estimate the lock-in domain of
the origin of the current control system (1). The estimation
is given as an inequality involving two Lyapunov functions
V€ and VFLL designed for the subsystems (1a) and (1b).
It has the shape shown in Fig. 4, i.e., a square [0, V] x [0, V]
with a bulge on its side. In our implementation, we tried
finding the largest possible V. It would be possible to take
smaller values of V' and thus obtain smaller invariant sets
attracted to the origin. A collection of such sets would
define a Lyapunov function of the system near the origin.

The technique can also be directly applied to other systems
structured as a linear subsystem feeding into a nonlinear
two-dimensional subsystem.
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