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ABSTRACT: As upcoming experiments aim to probe muon conversion with unprecedented
precision, equally precise theoretical predictions are crucial to maximize discovery potential.
This applies not only to the new physics signal, muon-electron conversion, but also to
its only irreducible background, muon decay-in-orbit (DIO) near the endpoint. Accurate
computation of higher-order corrections in bound states is a long-standing challenge due to
the difficulty of systematically organizing contributions. In previous work, we developed an
Effective Field Theory framework to address this issue and applied it to muon conversion.
Here, we extend this approach to the DIO endpoint, a more complex problem due to
the presence of a neutrino-antineutrino pair in the final state. We present the most precise
prediction to date of the background spectrum relevant for future muon conversion searches,
achieving next-to-leading logarithmic prime accuracy for QED corrections.


mailto:duarte.fontes@kit.edu
mailto:rszafron@bnl.gov
https://arxiv.org/abs/2506.23021v2

Contents

1 Introduction 1
2 Overview of the muon decay-in-orbit endpoint 2
3 EFT 5
3.1 EFTIL: p~ pp 7
3.2 EFTIL p~ pgp 9
3.3 EFTIV: u~ psg 10
34 EFT V:pu~ pge 11
4 Factorization 12
4.1 Factorization theorem 12
4.2 Formulee 14
5 Numerical results and discussion 16
6 Conclusions 18
A Details on the SC approach 19
A1l LO 19
A2 NLO 21

1 Introduction

Muon conversion, the process in which a muon converts to an electron in the vicinity of a
nucleus, remains to be observed. It provides one of the best limits on charged lepton flavor
violation (CLFV), expressed as R, < 7 x 10713 [1]. Since CLFV is in practice absent in
the Standard Model (SM) due to the smallness of neutrino masses, a detection of muon
conversion would provide an indisputable sign of physics beyond the SM (BSM).

Such detection might happen in the near future, as upcoming CLFV experiments are
expected to achieve a four-order-of-magnitude reduction in the bound on R,. through
improved sensitivity [2-6]. This remarkable experimental improvement requires precise
theoretical predictions for both the signal and its Standard Model (SM) backgrounds. It
turns out that there is only one non-reducible background: muon decay-in-orbit (DIO),
consisting of a muon decay in the vicinity of a nucleus. More specifically, it is the region
of the muon DIO spectrum near the electron-energy endpoint (for short, endpoint DIO,
or eDIO) that forms the dominant background for muon conversion searches. To optimize
the signal-to-background ratio and so enhance the chances of observing muon conversion,
upcoming experiments require precise theoretical predictions for the shape of each rate (i.e.



for the electron-energy spectra of both muon conversion and eDIO). Since that shape is
dictated by the QED corrections (i.e. higher-order effects in the fine structure constant «),
it is of the utmost importance to have a proper theoretical prediction for the latter.

However, QED corrections in bound states are notoriously challenging. They demand
advanced techniques to rigorously define the relevant operators, consistently organize the
various contributions, and systematically avoid double counting. In addition, they are often
dominated by large logarithms arising from the hierarchy of energy scales, which spoil the
convergence of the perturbative expansion. We addressed these challenges in a previous
publication [7], where we developed a framework that cleanly separates the multiple scales
at play using Effective Field Theory (EFT) techniques. This approach allows different
types of physics to be treated systematically, as muon conversion and eDIO simultaneously
involve a heavy nucleus, a non-relativistic muon, an energetic and massive electron, and
soft real radiation. More specifically, the nucleus requires Heavy Quark Effective Theory
(HQET) [8-12], the muon calls for both Non-Relativistic QED (NRQED) [13-15] and
potential NRQED (pNRQED) [16-20], the energetic electron entails Soft-Collinear Effective
Theory (SCET) I and II [21-26], and the soft real radiation coupled to massive energetic
particles requires boosted HQET (bHQET) [27, 28].

Although this EFT framework applies to both muon conversion and eDIO (since the
hierarchy of the relevant physical scales is the same in both), ref. [7] focused on the former
and on O(«) corrections to that process. In this paper, we do the same for eDIO, which
is complicated by the presence of the neutrino-antineutrino pair in the final state. Several
works have discussed theoretical improvements for eDIO [29-35]. In particular, a great
deal of recent efforts has been devoted to understanding the impact of nuclear effects on
eDIO [36, 37]. Radiative effects pose a complementary problem that has received much
less attention in the literature. Notably, ref. [33] calculated O(«) corrections for eDIO,
but lacked a formalism capable of addressing the complexities associated with higher-order
corrections in bound states, as discussed above. By filling in this gap, our work provides not
only the most precise shape of the rate for eDIO, but also the foundations to consistently
improve the rate even more.

The paper is organized as follows. We start by discussing basic aspects of eDIO in
section 2, after which we turn to the EFT framework in section 3. There, we build on the
concepts and techniques presented in ref. [7], emphasizing the elements unique to eDIO. In
section 4 we derive a leading power factorization theorem for the eDIO rate, which allows
us to show the most accurate predictions for its shape in section 5. After presenting our
conclusions and outlook in section 6, we provide technical details in the appendix.

2 Overview of the muon decay-in-orbit endpoint

Muon DIO is the decay of a muonic atom via the standard muon decay process. It is
depicted on the left side of figure 1. The muonic atom in the initial state (which we refer

to as muonic hydrogen, py) has the total mass M

ui» and is a bound state formed by a
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Figure 1: Bound muon decay. The left diagram shows the bound state uzr as a single field,
whereas the right diagram illustrates its composite structure. In both cases, the shaded
region represents short-distance perturbative interactions, distinct from the long-distance
Coulomb exchanges. The possible final state radiation A" is omitted. See text for details.

muon (p) with mass m,, and a nucleus (N) with mass My and atomic number Z.! The
final state includes the recoiling nucleus N, an energetic electron (e) of mass m, and energy
E., a muon neutrino (v,) and an electron antineutrino (7.) — both of which we treat as
massless — and, in principle, arbitrary radiation denoted in what follows as X (which,
near the endpoint, is necessarily soft).

The right side of figure 1 shows the structure of pg. In the ground (1s) state, the
bound muon has a binding energy FEj, which in the non-relativistic approximation equals
Ey = —(Za)?m, /2, and a typical velocity relative to the nucleus v = Za. The dots in
the diagram represent an infinite number of (potential) photons exchanged between the
nucleus and the muon. These exchanges form a ladder of velocity-enhanced interactions,
each rung contributing a factor proportional to Za/v. Because they are unsuppressed,
they must be summed to all orders using the Schrédinger equation. The shaded disk
represents arbitrary short-distance interactions among the various fields. Unlike the photon
ladder, these interactions are perturbative, which is a consequence of considering eDIO,
where E, ~ O(m,). In fact, the momentum transfer between the nucleus and the leptons
in that case is of the order of the muon mass; such a large momentum transfer puts
the intermediate states highly off-shell and thus removes the enhancement of the ladder
interactions. E. ~ O(m,,) also implies that the outgoing electron is ultra-relativistic; hence,
the Coulomb interactions between the electron and the nucleus are not velocity-enhanced
and so need not be resummed to all orders in Zao.?

In this paper, we are interested in the calculation of the eDIO rate in the SM, since it
is this that is taken as a background in muon conversion searches. Different approaches can
be used to calculate the rate. In addition to the EFT approach — which is systematically
introduced and applied for the first time in this paper — two other approaches have been
considered in the literature. One of them, traditionally used, resorts to numerical methods

In what follows, we assume that Z = 13 (aluminum), implying Za ~ 0.1, though we keep Z as a
parameter. This justifies and fixes the hierarchy between the physical scales that we adopt.

2These effects can be easily accounted by including the electron scattering wave-function; see e.g.
refs. [38-40].



both to solve the Dirac equation at leading order (LO) in «, as well as to calculate the
overlap integrals [30-32, 36, 41-44]. This treatment is exact in the muon velocity v = Z«
and makes it straightforward to include finite-nucleus-size effects (recoil corrections can
only be included perturbatively [32]). In principle, this approach can be extended to the
Furry picture [45], so as to go beyond the LO in «. In practice, however, such computation
is extremely challenging and has not yet been achieved.

The other approach used to calculate the eDIO rate is dubbed in what follows the SC
approach [33]. Besides the expansion in powers of «, it contains a double expansion. The
first is around the endpoint and amounts to retaining only the leading term in AE, defined
as the small difference between F, and the maximum (i.e. endpoint) energy of the outgoing
electron, E*®*. Then, the second expansion is performed, in powers of the velocity Za,
thereby establishing a connection with traditional Feynman diagrams for scattering pro-
cesses. In the SC approach, the rate can be calculated at the next-to-leading order (NLO)
in «; moreover, the calculation can be performed analytically. This was done in ref. [33] by
combining the fixed order NLO result, on the one hand, with the YFS resummation [46] of
the soft photons, on the other. Since it lacks systematic scale separation, the SC approach
is not suitable for resummation of collinear logarithms. Furthermore, it lacks both the
transparent field-theoretical definitions and the systematic improvability that character-
ize the EFT approach. In particular, it does not provide a clear path towards calculating
higher-power corrections in AE/m,,, which naturally appear in the EFT approach as power
corrections. It also does not justify why YFS resummation is applicable to bound muon.
However, it provides the foundation for the EFT treatment described in this article.

Therefore, we start by reviewing the SC approach. We restrict ourselves to the results
here, and leave the details to the appendix. At LO in « and Za, we have

drto o 1024T Z5a°AEP
fo = e 0o O(AES 2.1
LO = dE, 57rm2 + ( )’ (2.1)

where I'y = G%mz / (19273) is the LO free muon decay rate in the limit of a massless
electron. For aluminum (Z = 13) and AE = m,, I'[ 5 ~ 3.76 x 10733, At NLO in «, and
still assuming aluminum, we write

NLO _ g4 2 _ ELIN (m“) + [21n< m“) - 2] In <> +6.31y, (2.2)
FLO T 15 Me Me m/‘

where the term 6.31 comes from the vertex corrections, vacuum polarization effects and

the correction to the muon wave-function at the origin.®> Supplementing the NLO result
with YFS resummation for soft photons, we have*

o 2m
I AR\ 5 [2m(5E) -2 26
NL(?JrYFS _ ( ) + ¢ [6.31 B <m“> ] (2.3)

3In the subsequent parts of this article, we will provide the interpretation of this factor in terms of the
long and short distance contributions.
“Here in what follows, ‘LO’ and ‘NLO?’ refer by default to orders in powers of a.



I’/

— LO
— NLO + YFS — LO

0.95 - NLO

— NLO + YFS

107"
10714+

-16 |
10 0.90 -

107181
0! 0.85 -
104.45 104.55
0.80 -

\ ‘ : : E. (MeV) : s \ ‘ ' E, (MeV)
100 101 102 103 104 100 101 102 103 104 105

10722 L

Figure 2: Differential eDIO rate in the SC approach. Left panel: LO and NLO+YFS
rates, normalized to I'g, with inset for AE ~ m.. Right: LO, NLO and NLO+YFS rates
normalized to LO.

We compare the differential rates at LO, NLO and NLO+YFS in figure 2, normalized
to I'gp on the left panel and to I'[, on the right one. The endpoint energy is EF® :=
my, — Erec + Ep = 104.971, where E.q is the recoil energy [34]. The right panel illustrates
that the NLO corrections are large (around 13% in modulus for AE ~ m,), a result that
has its origins in the aforementioned large logarithms present in the calculation. As already
suggested, this provides one of the motivations to introduce the EFT approach that follows.

Before that, we comment on our treatment of the nucleus. We follow here the approach
of ref. [7], which we briefly summarize. We take the nucleus N as a dynamical, elementary
field, instead of a field composed of nucleons or quarks. This is justified by the fact that we
are interested in energies at and below the muon mass scale. In the leading approximation
in the expansion around the endpoint, the nuclear charge distribution only affects the
overall normalization of the eDIO spectrum; that is, it does not affect the shape of the
spectrum, which is our focus here. The prescription to include finite-nucleus-size effects
has been described in ref. [33], and can be included in the EFT framework through spatially
non-local operators.

3 EFT

As discussed in the Introduction, the EFT framework required to perform perturbative
calculations in both muon conversion and eDIO was developed in ref. [7]. The technical
details are provided there and will generally not be repeated here. Instead, we summarize
the essential elements, with a focus on eDIO, especially on the technical complications
related to the presence of neutrinos in the final state.

The eDIO spectrum is characterized by a hierarchy of scales,

My > my, ~ E. > Zam, > (Za)*m, ~ me ~ AE, (3.1)

which determines the EFT framework. That is, the framework is built to clearly separate
these different scales, and allow a systematic, field-theoretical computation of the physical
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Figure 3: Chart of the scales relevant for muon eDIO. Each scale is associated with an
EFT. See text for details.

observables. It corresponds to a double expansion, the recoil and the power expansion,
respectively organized by powers of the parameters
My

Ap = —— A=Za~ .
R MN’ @ T)’LH

Mme

(3.2)

In this work, we focus on leading recoil and leading power (LP) contributions. Nonetheless,
the power-suppressed terms, which correspond to Za and AE/m, corrections, can be
computed using the usual EFT methods. Given eq. (3.1), the EFT framework comprises
five different physical scales,

hard-nuclear scale: Phn ~ My,
hard scale: pn ~my ~ E, = O(Ar My),
semi-hard scale: psh ~ Zomy, = O(X py,),

soft scale: s ~ (Za)Qm# ~m,~AE = (’)(/\2 [h)s

AFE
soft-collinear scale: fhse ~ Me—— = (9()\4 Lh)s

My

and uses a different EFT at each of the five scales. Figure 3 illustrates this structure,
showing the Lagrangian governing the relevant dynamical fields in each EFT. This chart
differs from that of ref. [7] only by the inclusion of neutrinos. These carry negligible energy,
are electrically neutral and assumed to be massless; thus, it is sufficient to describe them
using the Weyl Lagrangian at all scales.

In what follows, we subsequently describe the relevant elements of each EFT. We start
with EFT II, since EFT I is not relevant for a perturbative description of eDIO [7], and is
only introduced to bridge our framework with the treatment of nuclear effects.”> For each

*We keep the EFT numbering convention of ref. [7].



of the following EFTs, we discuss the relevant operators as well as their matching and
running.

As a final note, it is worth mentioning a duality in muon DIO, related to bound ws.
unbound muons — the simple analog of the well-known quark-hadron duality in QCD. The
goal of the EFT framework that we are about to describe is the derivation of a factorization
theorem. This theorem concerns the rate for eDIO, which involves a bound state. However,
certain objects in the theorem are defined at high scales (for example, the hard function),
where the QED effects are perturbative. As such, those objects are computed with the
usual Feynman rules corresponding to free asymptotic states. This reveals the scattering
process underlying the bound-state calculation, and reflects the duality between the bound
muon decay and coherent scattering of muons on the nucleon.

3.1 EFTII: p~ py

EFT II is defined at the hard scale, taken to be of the order of the muon mass. The modes
with higher virtuality, such as hard-nuclear modes (of the order of My ), are integrated out.
It follows that, at leading recoil, the nucleus is taken as infinitely heavy and is described
by a static HQET field. The recoil corrections can be systematically computed using
power-suppressed HQET interactions. For leptons, EFT II can be seen as the theory of
weak interactions below the electroweak scale. The weak EFT Lagrangian is obtained after
integrating out the scales above the muon mass. Accordingly, the muon decay is described

by the renowned Fermi 4-fermion interaction,
O = ey, PLu®™ 5P Py (3.3)

with P;, being the left-chirality projection operator. For brevity, whenever all the fields
are evaluated at the same space-time point, we omit the position arguments of fields. The
Fermi Lagrangian reads

4
Lrermi = EO?I) +he., (3.4)

V2
where G'r is the matching coefficient commonly known as the Fermi constant. Since this
constant does not run (i.e. it is scale independent), we take all parameters of the weak
Lagrangian as defined at the hard scale.

Anticipating the matching between EFT's II and III, we start by considering the am-
plitude A for the scattering process uN — eNv,7..5 As was shown in ref. [33], the LO
contribution is associated with a single-photon exchanged between the nucleus and the
charged leptons.” The Feynman diagrams for this contribution are depicted in fig. 4,
with hy being the nucleus field. The muon is characterized by a four-momentum p, the
pair of neutrino-antineutrino by their total four-momentum ¢, and the virtual photon ex-

5We recall the discussion on duality. We also note that the matching coefficients do not depend on the
external states; hence, we choose the simplest states that give non-zero overlap with our operators.

"This contribution is similar to that in the spectator scattering in exclusive (semi-)hadronic decays of B
mesons [47-52].
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Figure 4: LO scattering of a muon into a nucleus with the subsequent muon decay. The
black circles represent the 4-Fermi interaction. The double line represents an HQET field.

changed between the leptons and the nucleus by ¢;.% In the infinitely heavy nucleus limit,
3-momentum is not conserved in the photon-nucleus vertex (the nucleus acts as a sink for
3-momentum). Choosing for convenience the electron momentum to lie along the z axis,

the explicit parametrization of the four-momenta is

p=(\/m3 + 1515, o = (0.0~ VEZ—m2).

@ = (g1, 01), a2 = (920, P2)- (3.5)

For the purpose of power counting, the muon is assumed to be non-relativistic, with |p] ~

myZa. Since we focus on the electron endpoint, i.e. E. ~ my, the momentum carried

by neutrinos is small |¢a| =~ g2, =~ AE. The energy transfer to the nucleus is also small,
2

q, = E—}’; ~ AFE, but the spatial momentum is large, |qi| ~ m,,.

Aiming at the O(a) NLO (hard) matching between EFTs II and III, it is sufficient to
parameterize the scattering amplitude with three form-factors Fi(H) (i = a,b,c), which are
in general a function of the momentum transfer ¢ = (p — p’ — q2)?>. We thus write the
scattering amplitude as

/

iA") = 167 Za ﬂGFue{FCEHW’;PL + M 2o py 4 £V %PR}uuuhNuhN T,y Pro,
my my, my,

(3.6)

These form-factors, which correspond to the hard region of the loop momenta of the SC
approach, are directly related to the (hard) matching coefficients of EFT III. Due to their
length, explicit expressions are omitted here.

8Here and in what follows, the formulation ‘the pair neutrino-antineutrino’ (or simply ‘the neutrinos’)
represents the final state v, and D.. For our purposes, the two particles can be treated together. In the
end, indeed, the phase space of the two particles can be simplified to that of a single particle (for details,
cf. ref. [53]).



3.2 EFT IIIL: p~ pg,

The LP matching conditions between EFTs II and III relate the scattering amplitude
discussed before to the matrix element of the operators defined at the semi-hard scale,

3

_A(H) = Z <6N176Vu‘ / dt{CZ(III) (t)OZ(HI) (t) } ‘,U/N> (37)
i=1
Here, OZ(IH) are the EFT III operators, given by
o™ (1) = A" (O)RS(0) [EPOW ] (1) TV 0)4P) (0)75™) (0) T 1™ (0), (3.8)

where £¢) represents a hard-collinear electron field and ¥() the potential muon field,
and where W) and Yn(fh) are hard-collinear and semi-hard Wilson lines, respectively (for
details, cf. ref. [7]). Finally, the following Dirac structures appear in the SM:

% y
It = %PL, TY =9_Pp, (3.9a)
% = Pr, % =v1,Pr, (3.9b)
i
ré = %PL, Iy =, Pp. (3.9¢)

We now define, for convenience, the normalized matching coefficient C’;IH)(M):

167 Za(u) \@GF C’UII)

3
My

" ()

1

()- (3.10)

Although, in principle, the matching should be performed for arbitrary electron energy
E. ~ my, we assume from the very beginning that E. = m,. This choice is justified both
by the considerable simplification it brings to the expressions, as well as by the circumstance
that the resulting factorization theorem will ultimately depend only on the hard matching

coefficients evaluated at this energy. Accordingly, up to O(a), the coefficients C’i(III) read

] 4 2
E (2 s i) = 1 — 2 oy <m> In <m#> B <m“> +4.36248
4T B Hh 3 P

(3.11a)
CSM (2my,, s ) = —1.39732 O‘El’;h), (3.11b)
C™ (2, ms i) = —0.24756 ai’;’”. (3.11c)

As the matching is performed at the hard scale, we use the on-shell subtraction scheme
in EFT II to fix both the muon mass counterterm and the muon contribution to the «
renormalization (i.e. to the vacuum polarization counterterm). The electron contribution
is renormalized in the MS scheme. This mixed scheme ensures that the muon mass does
not run below the hard scale, and that « only runs with one flavor (the electron one).
Furthermore, it allows a straightforward comparison with the results of [33].



To obtain the matching coefficients at arbitrary scales, we define Uy, ; as the renor-
malization group equation (RGE) evolution factor. It is obtained by solving the RGE
for the coefficients Ci(m), with the initial conditions at the hard scale. The fact that
C’ém) ~ C’ém) ~ O(«) implies that C’ém) and C:)(’IH) are not relevant at leading logarithmic
(LL) and next-to-leading logarithmic (NLL) accuracy. The RGE for C%IH) and its solution

U1 are the same as those for an) of ref. [7]. This identity holds since a) the neutrinos
do not modify the running, b) the identity E(h‘f)%PLw(T’) = £(h9) Ppep(P) holds and ¢) the
operators with different Dirac structures do not mix under RGE up to NLL accuracy.

Just as in ref. [7], the decoupling of the electron soft modes is required at this stage.
This is achieved via the definition

£h9) () = glhe) (2)Y, O (2_), (3.12)

(0)

(I11)

and the operators O, _5 are now written in terms of the soft-decoupled field 57[((7 f).
Finally, we follow ref. [7] in neglecting the semi-hard Wilson lines in what follows.
Given our assumption AE ~ me, they will not contribute to the final rate.

3.3 EFTIV: u~ p,

The LP matching conditions for currents between EFTs III and IV are trivial, CZ-(IV)(Qm#,
My Phsh) = C’le) (2my, my; psy). The most interesting features in this passage happen at
the level of the Lagrangian. The operators are now

O™ (1) = B ()RR (0) [€IW O (tny) TV, 0) @7 ()7 (0) Ty v (0),  (3.13)

where the soft Wilson lines, arising from the field redefinitions in eq. (3.12) factor out soft
interactions at this stage. We perform the soft decoupling of the remaining fields via [7]

7(s) _ 7(s) s o) — Py (s S(s) _ 5(8)3-(s
Ay = hN[va( )t g — ‘I’Hp),Yv( s gls) — e(my;}( "t (3.14a)
WY =vR), v® =7 ) = Vel®). (3.14b)
As a consequence, the operators of eqs. (3.3) can be rewritten as a product
v v
o™ () = 0.4(0) 0V (1), (3.15)
. aIv) ;.
with OM) being the soft-decoupled operators,
v 7 (s s ~(c c
O (1) = B, (O], (0) [€9W ] (tn)rf (D) (0), (3.16)
and Q,; collects the soft operators,
Qsi(x) = Ny i(x) Og(x), (3.17)
with?
Oy(@) = YTV @), Noal) =70 (@) TV (@), (318)

In ref. [7], there were no neutrinos, so the soft operator was simply given by O;.

~10 -



Eq. (3.17) reveals that the soft operators Q, ; are further factorized into two operators —
the neutrino operators N ; and the photon operator O; — as the neutrinos, being charge
neutral, do not interact with photons. Hence, the LO matrix element of N ; is tree-level
exact in QED and can be treated as a universal factor.

3.4 EFT V:pu~ pg

The transition to EFT V is obtained by matching the collinear electron field onto the
bHQET field, which involves integrating out collinear modes. Near the DIO endpoint,
the electron energy can fluctuate only by a small amount of order AFE, justifying this
procedure. This matching introduces the coefficient C,,(m.; ps), which beyond one loop
contains rapidity divergences. These cancel against contributions from the soft matrix
element, which receives soft massive fermion corrections starting at two loops, leading
to rapidity renormalization group equations. Since these effects lie beyond the accuracy
considered in this paper, we will ignore this technical complication.'’
The LP matching conditions between EFTs IV and V are

2(0)

Q.4(0) [ ar ™06 = Quit0) [ de e ey i )0 0) . (3.19)
with the four-fermion operator

i Tl g (3.20)

(0)*

;1) = Al vt
We note that, due to eq. (3.9), Ogv) = O:(),V). The coefficient C), belongs to a class of
radiative jet functions that, in QED with a massive electron, begin contributing already at
LP. This contrasts with the case of QCD with massless quarks, where radiative jet functions
are purely power-suppressed objects, requiring explicit soft radiation to contribute (hence
their name). The same function C,, multiplies all operators OZ(V) in eq. (3.19) and it also
appears in muon conversion [7]. This illustrates the universality of the low energy matrix
elements defined within the modern EFT approach.
For convenience, we define the complete matching coefficient in the EFT V as

C™Y (1s) = CM™) (2, s 115) Co (s 1) = / dte™e+ 0t V) (1) O (mes ). (3.21)

Finally, we perform the soft-collinear decoupling via the definitions [7]

7(s)  _7(s) sc 7P _ 5@ sc 7(sc) _ 7(s) sc
hN(ll) - hN(ll()JY7$+ )T7 \Ilrfon - lIl((ple75+ )T7 ht(f ) - he([)lYU(e )T’ (3'223‘)
(s) _ x7(s0); (s) (p) _ 57(s¢) g,(p) sc) _ vr(se)y (se)
th) - Yn+ hNu)m’ qj[ﬁ) - Yn+ ‘ljt;vuw hf(f )= Yve hewm' (3.22b)
This leads to a factorization analogous to that of eq. (3.15),
V) _ V)
O, =0(0)0;,), (3.23)

%They appear at the two-loop order [54].
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with O,. being the soft-collinear operator [7], composed of the soft-collinear Wilson lines,

n n

and OEX,)) the decoupled four-fermion operators,

OV (1) =Y, ) RE) e g

3(0) (00)"*N(00) "“e(0) (00)*

(3.25)

4 Factorization

4.1 Factorization theorem

Having derived the operators at the soft-collinear scale, we are ready to consider the phys-
ical observable — the differential decay rate for muon eDIO, for which we derive a factor-
ization theorem. The rate can be calculated using standard methods; in particular, it is
determined by the amplitude for muon DIO, in the presence of arbitrary radiation in the
final state, X. The amplitude, in turn, is obtained by inserting the current between the
initial and final states,

M/JH—NBNVHI_@X = <€(SC)N(S)Dé‘g)ylgg)X(‘g)X(=gc)

T (O)|usr), (4.1)

where the radiation X is now split into a soft component (X(*)) and soft-collinear (X'(5?))
one. The current J is defined in terms of the soft and soft-collinear operators,

3
T0) =3 M (1)0.(0) .,:(0)0.)) (0), (4.2)
=1

where the coefficients Ci(v)(us), introduced in eq. (3.21), can be related to the coefficients

C’Z-(IH) (2my,, my; pp,) through RGE; that is, up to NLL accuracy,

CY (us) = CM @my, ms 1) Un (i, prs) Con (M pas)

167 Za(ps) V2Gr -
= m3 Ci Cp, (me; Ms)7 (4-3)

i

with C; representing the hard contribution evolved to the soft scale,

A a(pp)
ci (1s)

This allows us to rewrite the current as

é@'(HI) (2m,LL> s Mh) Uh,i(uha Ms)' (44)

Q

3
7(0) = WTZUINICE § 6 0, i 0)0(0) @O0, (45)
H =1

so that the amplitude becomes

MMHHeNVuDeX -
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3
167 Z0() VAGE $ 610 6, (g ) { 2159l

w(0) [h< 9 (O)L \o>

B o) (OR5)0,(0) [T00) ()] Qui0) | ). (4.6)

Fields associated with each scale are grouped and treated collectively (i.e. soft and soft-
collinear modes are each handled collectively), enabling the separation of soft and soft-
collinear contributions. However, the matrix elements of the sterile fields can be treated
individually. For example, the soft-collinear electron field is sterile after soft-collinear

OSC(O)‘ >< o [h<m)1(0)]a‘0>
0.(0)[0) fan, .. (47)

decoupling, which allows us to write

< A(50) ls0)

O (OB (0)]0) = (2

e(0)
_ (a0

In the same way, and since the potential muon defines the bound muon wave-function
together with nucleus [7], we have

<N(S)X(S)De(5)y/(f) _g\sf?ll(‘u>(0)h§3)((it)J(O) [Ff\Il[(ﬁ()H(O)} 2si(0) )MH>
=50 00O ) (N (0, 0 [0, 0]

:< A5y ()

Q,,i(0) ’0> I u@] _Wsanr.(0), (4.8)

1 _
u u
/72m# hn Why [

where g, () denotes the position-space wave function of the muon in the 1s state of a
hydrogen-like ion. Then, using eq. (3.17), we rewrite the amplitude as

167 Z Gr Ysenr.(0) < .
My —eNvpex = T aEnS)f i wSh Z NUhy Uhel“fu\p Ci Cr(me; ps)
K i=1
o) (#l0.0l0) b W00} (49)

This allows us to finally consider the decay rate. Following ref. [7], we write it as

A3k
/ /
27T PMH_P_k _Pu_pu_zi:p/vi>(27r)32%v

FHH —eNvyve X

d? DPv d3p17

) P9 [ N
x (277)32Ee (27)32E, (27)32E1—,d73 APE | Mugsennezex|' - (410)

with dP() and dP*®) being the phase space factors of the emitted real radiation [7]. All
the integrals can be performed in 4 dimensions; however, to maintain consistency with the
scheme defined by the SC approach, we keep dP®) and dP®% in d dimensions. We now
define the soft function and the soft-collinear function respectively as [7]

d
P

Z/H 27) 12 ()5(E — Ex)(0]01(0)|X)(X)]0,(0) [0y, (4.11a)

X ()

~13 -



d
px(”)

0= [Mggras, izt (s~ B ) OOLOIX )X 10.0) ).
X(sr‘)
(4.11b)

After calculating the neutrino matrix element and evaluating the phase-space integrals, we
arrive at the final form of the factorization theorem:

, 1024 T Z5a(pus)®

pnH—eNv,ve X =

chorr’2 }01’2"’_2‘@2‘2""@3‘2 |Cm(me;us)|2

6
5Tm "

o o
X / dE,. / dE.S(E,)SC(Es.) (AE — E, — E,.)° 0(AF — E, — E,.), (4.12)
—00 —00
where |1)corr|> denotes the correction to the Schrédinger wavefunction of the bound muon [33].

4.2 Formulae

Inserting LO expressions for all the component functions, we trivially recover eq. (2.1).
Expanding all the terms to NLO (without RGE effects) and using C; = 1+ O(«a), we find
the fixed order NLO expression

, 1024 T Z5a(ps) AE ~ (11
Ful\;{LSeNyﬂﬂeX = 57ng W)Corr‘QNLO 1+ 20{ )‘O(a) |Cm(m€; H)‘QNLO,OS
AFE 5 AFE 5
AE - ES AE - Esc
X {1 +/ dE S ‘O <M> +/ dEscSC sc }O(a) < AFE > }’

(4.13)

where we have to consistently drop terms beyond the NLO accuracy when multiplying out
the terms. While the O(«) component of C’(IH)
’wcorr|NLo =1+ ( ) X 6.4 [7] and

2
i) J g 12 (m> —In <m> B (m") + 2y,
27 W I 3 7 12

can be read from egs. (3.11), we have

2
|Cr(me; 1) |NL0,0 =

2
_ o) )y o (28BN 167, (2AEN 1T
- u 30 i 8 " 1800
AE 5
AE—E,
L. emsetlo (55 )
2
s o 30 o 24 1800

The coefficient C,,(me; p), which is the matching coefficient introduced in eq. (3.19), is
originally renormalized using the MS subtraction scheme. To convert the final expression
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to the on-shell subtraction scheme, we supplemented C,,(m.;u) by a term arising from
the a renormalization in on-shell subtraction, and denoted the resulting expression by
Crn(me; )NLO,0s- This scheme conversion term, written in blue in eq. (4.14a), was included
to maintain consistency with ref. [33], which used on-shell subtraction.!! By combining
egs. (4.13) and (4.14), we confirm that eq. (2.2) is correctly reproduced. When considering
the resummation, we ignore the additional scheme conversion factor and use Cy,(m.; p) as
given in ref. [7].

In order to resum the large logarithmic corrections, the scale of each function is set to
its canonical scale (thus eliminating large logs in the matching coefficients and EFT matrix
elements). The large logarithmic corrections are thus contained in the RG running factors.
We choose the soft scale us as the ultimate scale, to which all functions are evolved. As
central values, we set the hard scale to pj, = 2m,, and the soft scale to ys = m.. To assess
the theoretical uncertainty from scale variation, we perform a standard 7-point variation:
each scale is independently varied by factors of 1/2 and 2 around its central value, while the
two extreme combinations are omitted. As mentioned above, Uy, ; (the running of C’fm))
is given in ref. [7], whereas the resummed expression for SC function can be obtained by
abelian exponentiation,

AE — E..\°
[sewo (S5 oar- £
2
al e (AEme) L o7 107 (AEme) w7909 TR
T Myl 30 Myl 24 1800

We checked that, in Uj, 1, the running of a between p;, and g, is negligible (as expected

= exp

due to the smallness of the QED coupling; more specifically, its induces a correction of
0(0.01%)).'? Neglecting it, we obtain next-to-double logarithmic accuracy; with j, = 2m,,
and ps = me, the differential rate in RG-improved perturbation theory then reads

' 1024 T Za(us) > AE®
NLO _ 0 s
T Senuoe| = 57Tm2 x [1.023 — 0.006818 In(AE)

2m,, 2
+0.002403 IHQ(AE)} X exp (509 - 90) In? 422510 | 21
907r s Me Me

i () (301 (2 )+ 107) ]} (410

where the square-bracketed prefactor comes from [tcorr|%1,, from the ratio a(uy)/a(ps)
in eq. (4.4) and from the small finite pieces from the different functions after they are set
to their canonical scales. We follow the procedure and conventions (of LL, NLL, etc.) from
ref. [7].

"'Without this term, Ci, is a universal matching coefficient, identical for instance in muon conversion [7].
20(p) does not run when the SC function is evolved from its natural scale to the soft scale, since that
natural scale is below the electron mass scale.
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5 Numerical results and discussion
We now turn to our numerical results. We use the input values [55]

m, = 105.658 MeV, me = 0.510999 MeV,
aus) = aog = 1/137.035, Gr = 1.166378 x 1071 MeV 2, (5.1)

where aog is the coupling in on-shell subtraction.' Fig. 5 displays various approaches to
the differential rate, normalized to the LO prediction. The NLO and NLO+YFS curves (in

I/Tio

0.90 »

0.88 -
0.86 -
0.84 * NLO
0.82 - NLO + YFS

0.80 -

0.78" E, (MeV)
104.0 104.2 104.4 104.6 104.8 105.0

Figure 5: Differential rate for eDIO against F,, normalized to the LO result, for different
approaches. See text for details.

solid beige and dashed yellow, respectively) correspond to those on the right panel of fig.
2, but are restricted to a tighter range. In addition, the plot includes different approaches
with our EFT framework: LL (green), NLL (red) and NLL’ (blue). Each of these curves
is accompanied by its associated 7-point variation band, as described in section 4.2.

The transition from LL to NLL accuracy leads to noticeable shifts, largely driven by
the inclusion of the factor Woorr!z, which in the on-shell subtraction scheme corresponds
to a single logarithm and is absent from the LL result. At NLL’ order, the uncertainty
band becomes significantly narrower than at NLL, reflecting the improved perturbative
stability of the expansion. The NLL and NLL’ bands overlap across the entire range
of E, displayed, except in the extreme endpoint region (large E., or equivalently very
small AF), where the assumption AE ~ m, breaks down and further resummation would
be required. Interestingly, the NLO+YFS curve lies very close to the NLL’ prediction
throughout the range. It should be emphasized, however, that the NLL’ result provides
a consistent EFT treatment with systematic resummation of large logarithms and a well-
defined estimate of theoretical uncertainties, while the NLO+YFS curve only implements

13While the on-shell subtraction scheme fixes the value of a in the so-called Thomson limit (i.e. for
vanishing photon momentum), that value is the same as a(us), since o does not run below the soft scale.
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a partial resummation tied to the on-shell subtraction scheme. For the present accuracy
and chosen parameters, the latter nonetheless provides a very good approximation to the
NLL’ result.

This result — the NLL’ curve — is the most precise prediction to date of the spectrum
of eDIO, describing a correction to the LO differential result of 12.30% for AE = m,. For
phenomenological applications, we provide an expression for that curve; defining éF =
AE/E™*, we have

[INLL (§)0.008285 (0.9930 + [0.01480 + 0.002287 In(S E)] 1n(5E))
- . (5.2)
exp(0.002323 [In( ) — 0.006527])

T'LO

We also obtain the number of DIO events near the endpoint. To that end, we integrate
the differential spectrum I‘/X, where X denotes the level of accuracy considered. The
integration is performed over an interval of size AE’ (set by the radiation cut) up to the
endpoint energy EM**. We define the ratio between this integral at accuracy X and the
corresponding LO integral as the Kx factor,

e T dEe

B Lo gp.
Egnax —AFE/ F dEe

Kx(AE') = (5.3)

In table 1, we show Kx for several values of the cut on the radiation around AE’ ~ me,
and for X = LL, NLL, NLL’.

AFE' (MeV) 0.25 0.5 0.75 1 1.25
Krn(%) 85.59T02¢  87.2370-26  88.107027  88.691537T  89.1370-28

Knin (%) 85.50T957  87.63T097  88.817000  89.6110-5%  90.2210%5
Kyop (%) 85.911537 87317035 88.147038  88.737028  89.20704%

Table 1: Kx factor, describing the reduction in the number of background events at
accuracy X with respect to LO for a given cut on the radiation energy AE’, shown for

X = LL,NLL,NLL’ and for several values of AE’ around m.. Each entry is quoted as
+

Ty, where x denotes the central value (with scales set to their central choices), and a
and b represent the upper and lower deviations from the corresponding 7-point variation

envelope.

In addition to the perturbative uncertainty of the LP term discussed earlier, three
further sources of theoretical error affect the radiatively corrected spectrum. First, power-
suppressed terms proportional to AE/m, become increasingly important away from the
endpoint, but they are already included in the existing numerical evaluations of the full
spectrum at LO. The missing contributions therefore enter only in the radiative corrections.
Second, while an all-order computation in Z« can be performed using the numerical method
outlined at the end of page 3, this approach is currently restricted to LO in a. The first
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genuine subleading Coulombic contributions, of order v X Za, are thus absent, and once
again this omission affects only the radiative corrections. These two effects introduce an
additional uncertainty that we estimate to be suppressed by a factor of order Za relative to
the NLL’ corrections computed here over the universal LL terms, and therefore expected to
remain safely below the percent level, though a more precise quantification would require
a dedicated study. Third, finite nuclear size effects, although nontrivial, do not modify the
spectral shape at LO but are expected to induce a shift in the overall normalization. A
detailed treatment of these corrections in the presence of QED radiation will be presented
in future work.

6 Conclusions

A remarkable improvement in precision is anticipated in upcoming searches for muon con-
version, the process of a bound muon decaying into an electron. It is therefore of the
utmost importance to derive precise predictions for both muon conversion and its only
irreducible background, muon decay-in-orbit near the endpoint of the electron spectrum
(eDIO). Due to bound-state effects and an intricate hierarchy of scales, however, precise
calculations for both processes are remarkably complex. In a previous work, we presented
a formalism to address this problem, resorting to a multiplicity of EFT techniques [7].
There, we applied the formalism to muon conversion, deriving a factorization theorem, as
well as the matching coefficients and their RGEs.

In this paper, we applied the formalism to eDIO. New challenges appear in this case,
due to the presence of v, and 7. in the decay products. We derived the factorization
theorem, which involves functions not present in muon conversion. On the other hand,
many of the functions participating in the factorization theorem of eDIO are the same as in
muon conversion, which stresses the power of the EFT formalism. Our approach describes
a perturbative, consistent and systematically improvable framework for the calculation of
the eDIO rate. We calculated O(«) corrections to the relevant matching coefficients, as
well as their RGEs. This allowed us to provide the most precise spectrum for eDIO, thus
increasing the chances of detecting muon conversion.

This work also opens several directions on improvement. One of them concerns the
inclusion of finite nuclear size effects or recoil corrections, which can be done in a systematic
way using our framework. Other directions involve going beyond the leading power or the
O(«) approximation, or investigating more energetic real radiation, i.e. considering electron
energies farther away from the endpoint. Our framework can also be adapted to related
processes involving bound-state decays, such as muonic atoms in BSM scenarios.

Acknowledgements

All Feynman diagrams were drawn with Feyngame [56-58], and FeynCalc [59-61] was very
useful. We thank Andrei Gaponenko and Pavel Murat for discussions. D.F. thanks the
Fermilab theory group for hospitality, and the Theoretical High Energy Physics area at

~ 18 —



the University of Notre Dame for their hospitality and support. The research of D.F. was
supported by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)
under grant 396021762 - TRR 257, while that of R.S. by the U.S. Department of Energy
under Grant Contract No. DE-SC0012704.

A Details on the SC approach

In this appendix, we present details of the calculation of the muon eDIO rate using the SC
approach. As suggested in section 2, this combines Feynman diagrams involving different
scales, on the one hand, with an informal treatment of both approximations and bound-
state effects, on the other. We start by considering the LO case in section A.1, after which
we discuss the NLO case in section A.2.

A1 LO

The bound state is a superposition of free states with different momenta, leading to

Bk - - MuN—eny ﬁe(];;)
MMH—wNu,Lﬁe = \/M/Wl/}&:h(k) \;ﬁ 5MN
1
~ wSch.(O)

2m‘u M,uN—mNyuz?e (k = O), (Al)

where is the momentum-space equivalent of 1y (), introduced in eq. (4.8), and where
MuNse Nz 18 the amplitude for the free muon scattering process,

iM,uN%eNV#De = ZM(z) + ZM(M) (AZ)

The Feynman diagrams corresponding to the subamplitudes iM ;) and M ;;) are depicted
in figure 6. We use the non-relativistic character of the nucleus to write, for diagram (i),

Yoty (D) Yaun (k) =~ youu(p)..oun(k) ~ “—uu(p)...——un (k) = uu(p)...un(k). (A.3)

A similar simplification holds for diagram (i¢). The kinematics of the process is approxi-
mately given by

(mM76)7 p/ = (Ee70707Ee)7 q1 = (anaov _E6)7 q2 = (m,u, - Ee;i?)a

p
k= (My,0), K = (My,0). (A.4)

This leads to the following approximations:

—_

! 1

~ ~

P—@)?—m2 (P +q)P-—mE m?
u u

~19 —



Ve
Ll e
P op—q 7'
q1
k K
N N

(i1)
Figure 6: Simplification of muon DIO: in the limit of E. ~ m, and of zero energy transfer
from the leptons to the nucleus, both diagrams of figure 4 reduce to a 6-fermion interaction.

which in turn leads to

IMuN—eNvp. = 116 ZaV2G p M ,MPP My, (A.6)
with
_ 2 _
MP = u(py)v"Pro(ps), M, = m%ue(p’)PRuu(p)j My =an(K)un(k). (A7)
I

Accordingly, both subamplitudes collapse in 6-fermion interactions, as depicted in figure
6. The decay width for muon DIO is then

1 454 r g K d*p' d*p,
]._‘MHaeNVHDe = oM, /(27) d (pMH —p =k —p,—py) (27T)32Ek/ (27T)32Ee (27T)32E1,
dgplj —_ 2
X WTEE ‘M,U,H—WNVHDS (A.8)

We follow ref. [32] in that we resort to g2 to simplify the integrals of the neutrino-
antineutrino pair; we find

[Ysen. Q) 1
Lpp—eNv,pe = / ;mu 5 1287°G% 22 a2 dg3

MMH
X dHNN_qu2 Z |MN’2|Ml,po"2Tp0'7 (AQ)
spins
with
2 plppg _ N (o] (=m) 5

Z Mipo|“Tpo = ms Z Uy, (p) Prue(p')te (p) Pruy(p) 3(2m)3 (42955 = 42,p42.0), (A.10a)
spins P spins

Z My |2 = 8M2, (A.10b)

spins

d3k/ d3p/ d3q2
2m)32E) (27)32E, (27)32E,,

AN —seNgs = (2m) 0 Dy — ' — K — ) (A.10¢c)

In the end, we expand in powers of AFE to find the result in eq. (2.1).
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Figure 7: Feynman diagrams representing the NLO corrections to DIO. The particle
labels are shown only whenever they are not obvious.

A.2 NLO

At NLO, we consider the diagrams of figure 7. With the exception of the first two diagrams,
each diagram has a corresponding counterterm (not displayed here), which we calculate in
on-shell subtraction. Performing approximations similar to those described in section A.1,
we write the NLO amplitude as a generalization of eq. (A.6),

- A 4NLO NLO ; 4v,
ZM,LLN—)ENI/HﬁeX :Ml,p M pMNa (All)

with M"? and My still given in eq. (A.7), and
NLO _ oy gk P’ P
MO =167 Za(ps) V2Gr te(p') Fo—3 P+ Fy> o Pr+ Fo— o Pr u,(p).  (A.12)
I I I

As a consequence, the NLO amplitude can still be generically described by the right-hand
side diagram of figure 6, but with that diagram representing now the three operators of
eq. (A.12). The coefficients of these operators can be written perturbatively in «,

Fy=FC" 4 %F}O‘” +0(a?), (A.13)
v
such that
FO) = FeY =0, Fe9 =1, (A.14)

The virtual corrections, UV-renormalized in on-shell subtraction, read

Fi%) = —1.39732, (A.15a)
F{%) = —0.49511, (A.15D)
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a 2 2 2 e
Fc(ols) :[ln< m“) —1] —21n? (m“> —l——gln (m ) —41n <m“>ln <m>
d € Me M 3 M Me o

+41n <m> +2In(4) In (’“‘) +0.10486. (A.15¢)
© my,

We note that F C(%:r)t has an IR divergence, regulated by ¢ = (4 — d)/2, with d being the
dimensions. This is canceled by the one coming from the soft real emission diagrams,
depicted in figure 8.1 These can be calculated via the usual techniques [62]. It is worth
stressing that, at one loop, all the integrals of eq. (A.8) can still be performed in 4 dimen-
sions, and only the integral relative to the real emission must be performed in d dimensions.

The final NLO rate is IR finite and given by eq. (2.2).

> g > > g > > g > > g >
> > > > »- > > >

Figure 8: Relevant real emission diagrams in DIO in the soft approximation.

References

[1] SINDRUM II collaboration, A Search for muon to electron conversion in muonic gold, Eur.
Phys. J. C 47 (2006) 337.

S

MU2E collaboration, Mu2e Technical Design Report, 1501.05241.

MUZ2E collaboration, Status and perspectives of cLFV at Mu2e, PoS WIFAI2023 (2024)
017.

[4] COMET collaboration, COMET Phase-I Technical Design Report, PTEP 2020 (2020)
033C01 [1812.09018].

[5] COMET collaboration, A search for a muon to electron conversion in COMET, JINST 18
(2023) C10010 [2308.14275].

=)

[6] MU2E-II collaboration, MuZ2e-II: Muon to electron conversion with PIP-II, in Snowmass
2021, 3, 2022 [2203.07569).

[7] D. Fontes and R. Szafron, An effective field theory for muon conversion and muon
decay-in-orbit, JHEP 05 (2025) 171 [2412.05702].

[8] N. Isgur and M.B. Wise, Weak Decays of Heavy Mesons in the Static Quark Approzimation,
Phys. Lett. B 232 (1989) 113.

[9] N. Isgur and M.B. Wise, Weak transition form factors between heavy mesons, Phys. Lett. B
237 (1990) 527.

[10] M. Neubert, Heavy quark symmetry, Phys. Rept. 245 (1994) 259 [hep-ph/9306320].

1 As in muon conversion, the real emissions from nucleus legs cancel; for details, cf. ref. [7].

—99 _


https://doi.org/10.1140/epjc/s2006-02582-x
https://doi.org/10.1140/epjc/s2006-02582-x
https://arxiv.org/abs/1501.05241
https://doi.org/10.22323/1.457.0017
https://doi.org/10.22323/1.457.0017
https://doi.org/10.1093/ptep/ptz125
https://doi.org/10.1093/ptep/ptz125
https://arxiv.org/abs/1812.09018
https://doi.org/10.1088/1748-0221/18/10/C10010
https://doi.org/10.1088/1748-0221/18/10/C10010
https://arxiv.org/abs/2308.14275
https://arxiv.org/abs/2203.07569
https://doi.org/10.1007/JHEP05(2025)171
https://arxiv.org/abs/2412.05702
https://doi.org/10.1016/0370-2693(89)90566-2
https://doi.org/10.1016/0370-2693(90)91219-2
https://doi.org/10.1016/0370-2693(90)91219-2
https://doi.org/10.1016/0370-1573(94)90091-4
https://arxiv.org/abs/hep-ph/9306320

[11]

[12]

[13]

[14]

[15]
[16]

[17]

A.V. Manohar, The HQET / NRQCD Lagrangian to order a/m?, Phys. Rev. D 56 (1997)
230 [hep-ph/9701294].

A.V. Manohar and M.B. Wise, Heavy quark physics, vol. 10, Cambridge University Press
(2000).

W.E. Caswell and G.P. Lepage, Effective Lagrangians for Bound State Problems in QED,
QCD, and Other Field Theories, Phys. Lett. B 167 (1986) 437.

T. Kinoshita and M. Nio, Radiative corrections to the muonium hyperfine structure. I. The
a?(Za) correction, Phys. Rev. D 53 (1996) 4909 [hep-ph/9512327].

G. Paz, An Introduction to NRQED, Mod. Phys. Lett. A 30 (2015) 1550128 [1503.07216].

A. Pineda and J. Soto, Effective field theory for ultrasoft momenta in NRQCD and NRQED,
Nucl. Phys. B Proc. Suppl. 64 (1998) 428 [hep-ph/9707481].

A. Pineda and J. Soto, The Lamb shift in dimensional reqularization, Phys. Lett. B 420
(1998) 391 [hep-ph/9711292].

N. Brambilla, A. Pineda, J. Soto and A. Vairo, Potential NRQCD: An Effective theory for
heavy quarkonium, Nucl. Phys. B 566 (2000) 275 [hep-ph/9907240].

M. Beneke, A. Signer and V.A. Smirnov, Top quark production near threshold and the top
quark mass, Phys. Lett. B 454 (1999) 137 [hep-ph/9903260].

M. Beneke, New results on heavy quarks near threshold, in 3rd Workshop on Continuous
Advances in QCD (QCD 98), pp. 293-309, 6, 1998 [hep-ph/9806429].

C.W. Bauer, S. Fleming and M.E. Luke, Summing Sudakov logarithms in B — X7 in
effective field theory., Phys. Rev. D 63 (2000) 014006 [hep-ph/0005275].

C.W. Bauer, S. Fleming, D. Pirjol and I.W. Stewart, An Effective field theory for collinear
and soft gluons: Heavy to light decays, Phys. Rev. D 63 (2001) 114020 [hep-ph/0011336].

C.W. Bauer and I.LW. Stewart, Invariant operators in collinear effective theory, Phys. Lett. B
516 (2001) 134 [hep-ph/0107001].

C.W. Bauer, D. Pirjol and I.W. Stewart, Soft collinear factorization in effective field theory,
Phys. Rev. D 65 (2002) 054022 [hep-ph/0109045].

M. Beneke, A.P. Chapovsky, M. Diehl and T. Feldmann, Soft collinear effective theory and
heavy to light currents beyond leading power, Nucl. Phys. B 643 (2002) 431
[hep-ph/0206152].

M. Beneke and T. Feldmann, Multipole expanded soft collinear effective theory with
nonAbelian gauge symmetry, Phys. Lett. B 553 (2003) 267 [hep-ph/0211358].

S. Fleming, A.H. Hoang, S. Mantry and I.W. Stewart, Jets from massive unstable particles:
Top-mass determination, Phys. Rev. D 77 (2008) 074010 [hep-ph/0703207].

S. Fleming, A.H. Hoang, S. Mantry and I.W. Stewart, Top Jets in the Peak Region:
Factorization Analysis with NLL Resummation, Phys. Rev. D 77 (2008) 114003 [0711.2079].

O.U. Shanker, Z Dependence of Coherent pe Conversion Rate in Anomalous Neutrinoless
Muon Capture, Phys. Rev. D 20 (1979) 1608.

0O.U. Shanker, High-energy Electrons From Bound Muon Decay, Phys. Rev. D 25 (1982)
1847.

~93 -


https://doi.org/10.1103/PhysRevD.56.230
https://doi.org/10.1103/PhysRevD.56.230
https://arxiv.org/abs/hep-ph/9701294
https://doi.org/10.1016/0370-2693(86)91297-9
https://doi.org/10.1103/PhysRevD.53.4909
https://arxiv.org/abs/hep-ph/9512327
https://doi.org/10.1142/S021773231550128X
https://arxiv.org/abs/1503.07216
https://doi.org/10.1016/S0920-5632(97)01102-X
https://arxiv.org/abs/hep-ph/9707481
https://doi.org/10.1016/S0370-2693(97)01537-2
https://doi.org/10.1016/S0370-2693(97)01537-2
https://arxiv.org/abs/hep-ph/9711292
https://doi.org/10.1016/S0550-3213(99)00693-8
https://arxiv.org/abs/hep-ph/9907240
https://doi.org/10.1016/S0370-2693(99)00343-3
https://arxiv.org/abs/hep-ph/9903260
https://arxiv.org/abs/hep-ph/9806429
https://doi.org/10.1103/PhysRevD.63.014006
https://arxiv.org/abs/hep-ph/0005275
https://doi.org/10.1103/PhysRevD.63.114020
https://arxiv.org/abs/hep-ph/0011336
https://doi.org/10.1016/S0370-2693(01)00902-9
https://doi.org/10.1016/S0370-2693(01)00902-9
https://arxiv.org/abs/hep-ph/0107001
https://doi.org/10.1103/PhysRevD.65.054022
https://arxiv.org/abs/hep-ph/0109045
https://doi.org/10.1016/S0550-3213(02)00687-9
https://arxiv.org/abs/hep-ph/0206152
https://doi.org/10.1016/S0370-2693(02)03204-5
https://arxiv.org/abs/hep-ph/0211358
https://doi.org/10.1103/PhysRevD.77.074010
https://arxiv.org/abs/hep-ph/0703207
https://doi.org/10.1103/PhysRevD.77.114003
https://arxiv.org/abs/0711.2079
https://doi.org/10.1103/PhysRevD.20.1608
https://doi.org/10.1103/PhysRevD.25.1847
https://doi.org/10.1103/PhysRevD.25.1847

[31]

[32]

[33]

[34]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

0O.U. Shanker and R. Roy, High-energy electrons from bound muon decay, Phys. Rev. D 55
(1997) 7307.

A. Czarnecki, X. Garcia i Tormo and W.J. Marciano, Muon decay in orbit: spectrum of
high-energy electrons, Phys. Rev. D 84 (2011) 013006 [1106.4756].

R. Szafron and A. Czarnecki, High-energy electrons from the muon decay in orbit: radiative
corrections, Phys. Lett. B 753 (2016) 61 [1505.05237].

R. Szafron and A. Czarnecki, Bound muon decay spectrum in the leading logarithmic
accuracy, Phys. Rev. D 94 (2016) 051301 [1608.05447].

R. Szafron, Radiative Corrections in Bound States, Acta Phys. Polon. B 48 (2017) 2183.

J. Heeck, R. Szafron and Y. Uesaka, Isotope dependence of muon decay in orbit, Phys. Rev.
D 105 (2022) 053006 [2110.14667].

M.Y. Kaygorodov, Y.S. Kozhedub, A.V. Malyshev, A.O. Davydov, Y. Wu and S.B. Zhang,
Study of atomic effects on electron spectrum in bound-muon decay process, 2506 .02416.

V.B. Berestetskii, E.M. Lifshitz and L.P. Pitaevskii, Quantum FElectrodynamics, vol. 4 of
Course of Theoretical Physics, Pergamon Press, Oxford (1982).

R.J. Hill and R. Plestid, Field Theory of the Fermi Function, Phys. Rev. Lett. 133 (2024)
021803 [2309.07343).

R.J. Hill and R. Plestid, All orders factorization and the Coulomb problem, Phys. Rev. D
109 (2024) 056006 [2309.15929].

H. Uberall, Decay of mu- Mesons Bound in the K Shell of Light Nuclei, Phys. Rev. 119
(1960) 365.

P. Haenggi, R.D. Viollier, U. Raff and K. Alder, Muon decay in orbit, Phys. Lett. B 51
(1974) 119.

R. Watanabe, M. Fukui, H. Ohtsubo and M. Morita, Angular Distribution of Electrons in
Bound Muon Decay, Prog. Theor. Phys. 78 (1987) 114.

R. Watanabe, K. Muto, T. Oda, T. Niwa, H. Ohtsubo, R. Morita et al., Asymmetry and
Energy Spectrum of Electrons in Bound-Muon Decay, Atom. Data Nucl. Data Tabl. 54
(1993) 165.

W.H. Furry, On Bound States and Scattering in Positron Theory, Phys. Rev. 81 (1951) 115.

D.R. Yennie, S.C. Frautschi and H. Suura, The infrared divergence phenomena and
high-energy processes, Annals Phys. 13 (1961) 379.

M. Beneke, G. Buchalla, M. Neubert and C.T. Sachrajda, QCD factorization for B — nw
decays: Strong phases and CP wviolation in the heavy quark limit, Phys. Rev. Lett. 83 (1999)
1914 [hep-ph/9905312].

M. Beneke, G. Buchalla, M. Neubert and C.T. Sachrajda, QCD factorization for exclusive,
nonleptonic B meson decays: General arguments and the case of heavy light final states,
Nucl. Phys. B 591 (2000) 313 [hep-ph/0006124].

M. Beneke and T. Feldmann, Factorization of heavy to light form-factors in soft collinear
effective theory, Nucl. Phys. B 685 (2004) 249 [hep-ph/0311335].

M. Neubert, Theory of exclusive hadronic B decays, Lect. Notes Phys. 647 (2004) 3.

— 24 —


https://doi.org/10.1103/PhysRevD.55.7307
https://doi.org/10.1103/PhysRevD.55.7307
https://doi.org/10.1103/PhysRevD.84.013006
https://arxiv.org/abs/1106.4756
https://doi.org/10.1016/j.physletb.2015.12.008
https://arxiv.org/abs/1505.05237
https://doi.org/10.1103/PhysRevD.94.051301
https://arxiv.org/abs/1608.05447
https://doi.org/10.5506/APhysPolB.48.2183
https://doi.org/10.1103/PhysRevD.105.053006
https://doi.org/10.1103/PhysRevD.105.053006
https://arxiv.org/abs/2110.14667
https://arxiv.org/abs/2506.02416
https://doi.org/10.1103/PhysRevLett.133.021803
https://doi.org/10.1103/PhysRevLett.133.021803
https://arxiv.org/abs/2309.07343
https://doi.org/10.1103/PhysRevD.109.056006
https://doi.org/10.1103/PhysRevD.109.056006
https://arxiv.org/abs/2309.15929
https://doi.org/10.1103/PhysRev.119.365
https://doi.org/10.1103/PhysRev.119.365
https://doi.org/10.1016/0370-2693(74)90193-2
https://doi.org/10.1016/0370-2693(74)90193-2
https://doi.org/10.1143/PTP.78.114
https://doi.org/10.1006/adnd.1993.1012
https://doi.org/10.1006/adnd.1993.1012
https://doi.org/10.1103/PhysRev.81.915
https://doi.org/10.1016/0003-4916(61)90151-8
https://doi.org/10.1103/PhysRevLett.83.1914
https://doi.org/10.1103/PhysRevLett.83.1914
https://arxiv.org/abs/hep-ph/9905312
https://doi.org/10.1016/S0550-3213(00)00559-9
https://arxiv.org/abs/hep-ph/0006124
https://doi.org/10.1016/j.nuclphysb.2004.02.033
https://arxiv.org/abs/hep-ph/0311335
https://doi.org/10.1007/978-3-540-40975-5_1

[51]

[52]

[53]

[54]

[55]

M. Beneke and D. Yang, Heavy-to-light B meson form-factors at large recoil energy:
Spectator-scattering corrections, Nucl. Phys. B 736 (2006) 34 [hep-ph/0508250].

M. Beneke, Soft-collinear factorization in B decays, Nucl. Part. Phys. Proc. 261-262 (2015)
311 [1501.07374].

M. Pruna, Low energy physics/pheno [contribution to the chipp winter school of particle
physics, slides 13-15, https: // indico. cern. ch/ event/ 744252/ contributions/
3246688/ attachments/ 1782396/ 2900341/ Pruna_ G_M_CHIPP_ 1_2. pdf], 2019.

A .H. Hoang, P. Pietrulewicz and D. Samitz, Variable Flavor Number Scheme for Final State
Jets in DIS, Phys. Rev. D 93 (2016) 034034 [1508.04323].

PARTICLE DATA GROUP collaboration, Review of particle physics, Phys. Rev. D 110 (2024)
030001.

R.V. Harlander, S.Y. Klein and M. Lipp, FeynGame, Comput. Phys. Commun. 256 (2020)
107465 [2003.00896].

R. Harlander, S.Y. Klein and M.C. Schaaf, FeynGame-2.1 — Feynman diagrams made easy,
PoS EPS-HEP2023 (2024) 657 [2401.12778].

L. Biindgen, R.V. Harlander, S.Y. Klein and M.C. Schaaf, FeynGame 3.0, Comput. Phys.
Commun. 314 (2025) 109662 [2501.04651].

R. Mertig, M. Bohm and A. Denner, FEYN CALC: Computer algebraic calculation of
Feynman amplitudes, Comput. Phys. Commun. 64 (1991) 345.

V. Shtabovenko, R. Mertig and F. Orellana, New Developments in FeynCalc 9.0, Comput.
Phys. Commun. 207 (2016) 432 [1601.01167].

V. Shtabovenko, R. Mertig and F. Orellana, FeynCalc 9.3: New features and improvements,
Comput. Phys. Commun. 256 (2020) 107478 [2001.04407].

A. Denner and S. Dittmaier, Electroweak Radiative Corrections for Collider Physics, Phys.
Rept. 864 (2020) 1 [1912.06823).

— 95—


https://doi.org/10.1016/j.nuclphysb.2005.11.027
https://arxiv.org/abs/hep-ph/0508250
https://doi.org/10.1016/j.nuclphysbps.2015.03.021
https://doi.org/10.1016/j.nuclphysbps.2015.03.021
https://arxiv.org/abs/1501.07374
https://indico.cern.ch/event/744252/contributions/3246688/attachments/1782396/2900341/Pruna_G_M_CHIPP_1_2.pdf
https://indico.cern.ch/event/744252/contributions/3246688/attachments/1782396/2900341/Pruna_G_M_CHIPP_1_2.pdf
https://doi.org/10.1103/PhysRevD.93.034034
https://arxiv.org/abs/1508.04323
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1016/j.cpc.2020.107465
https://doi.org/10.1016/j.cpc.2020.107465
https://arxiv.org/abs/2003.00896
https://doi.org/10.22323/1.449.0657
https://arxiv.org/abs/2401.12778
https://doi.org/10.1016/j.cpc.2025.109662
https://doi.org/10.1016/j.cpc.2025.109662
https://arxiv.org/abs/2501.04651
https://doi.org/10.1016/0010-4655(91)90130-D
https://doi.org/10.1016/j.cpc.2016.06.008
https://doi.org/10.1016/j.cpc.2016.06.008
https://arxiv.org/abs/1601.01167
https://doi.org/10.1016/j.cpc.2020.107478
https://arxiv.org/abs/2001.04407
https://doi.org/10.1016/j.physrep.2020.04.001
https://doi.org/10.1016/j.physrep.2020.04.001
https://arxiv.org/abs/1912.06823

	Introduction
	Overview of the muon decay-in-orbit endpoint
	EFT
	EFT II: mu ≃ mus
	EFT III: mu ≃ mus
	EFT IV: mu ≃ mus
	EFT V: mu ≃ mus

	Factorization
	Factorization theorem
	Formulæ

	Numerical results and discussion
	Conclusions
	Details on the SC approach
	LO
	NLO


