
PHYSICAL REVIEW APPLIED 24, 044083 (2025)

Generalized approach for single-optical-access interferometric particle imaging

Christian Sax , Max Dreisbach , and Jochen Kriegseis *

Institute of Fluid Mechanics (ISTM), Karlsruhe Institute of Technology (KIT), Kaiserstr. 10, Karlsruhe 76131,
Germany

 (Received 29 March 2025; revised 21 July 2025; accepted 4 September 2025; published 27 October 2025)

Interferometric particle imaging (IPI) enables the sizing of small transparent particles, from a few
microns to several millimeters, across a large field of view, which is not feasible with typical imaging-
based methods. However, current IPI setups typically require two separate optical accesses—one for
coupling the illuminating laser beam into the measurement volume, and another to allow the scattered
light to exit toward the camera—thereby limiting their applicability in constrained environments. This
work presents a generalized IPI approach suitable across all scattering regimes—including backscat-
ter for single-optical-access configurations—and is applicable to both droplets and bubbles. This study
demonstrates how the scattering angle influences signal-to-noise ratio (SNR), measurable size range,
and uncertainty. Polarization significantly affects signal quality, particularly in backscatter. Variations
in light intensity with angular variations can introduce position-dependent uncertainties, and the sensi-
tivity of the size measurement (transfer function) varies with scattering angle. Experimental validation
with bubbles confirms the feasibility of backscatter IPI despite lower SNR. For droplets, the reduction in
SNR is less pronounced; however, the transfer function behaves differently compared to bubbles, mak-
ing both evaluation and uncertainty estimation more complex. Additional effects like glare-point splitting
can add redundancy but increase complexity. Overall, this study demonstrates that IPI in backscatter is
not only feasible but also a key step toward single-sided optical access, expanding the method’s practical
applicability of the IPI method.

DOI: 10.1103/7kc3-7yyh

I. INTRODUCTION

Dispersed multiphase flows play a central role in numer-
ous scientific and engineering problems. As such, their
investigation is at the core of many research studies. Such
flows are typically gas–liquid, gas–solid, or liquid–solid
combinations in which a dispersed phase is surrounded by
a continuous phase. In these types of flows, the continuous
phase comprises the majority of the volume fraction. Typ-
ical examples include bubbly flow, sprays, and mist flow.
In many applications, the particles of the dispersed phase
become very small compared to the field of view, so that
in-focus imaging techniques reach their resolution limit.

In the case of small particles, with diameters typically
ranging from a few microns to a few millimeters, in a large
field of view (spanning several millimeters to centime-
ters), interferometric particle imaging (IPI) has prevailed
as one of the preferred techniques for quantification. IPI
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can be applied to any flow with a transparent continuous
and dispersed phase, provided that the refractive indices
of the two phases differ and the particles of the dispersed
phase are approximately spherical. Although alternative
techniques like optical coherence tomography (OCT) [1]
and light detection and ranging (LIDAR) [2] offer use-
ful capabilities for tomographic approaches, they are less
suited to the goals of this study, since both are not imme-
diate snapshot methods and rely on scanning or traversing
to record the domain of interest. In contrast, IPI provides
single-shot, full-field imaging as is crucial for resolving an
instantaneous field of, for example, fast-moving particles
in transient flows.

Examples of the use of IPI on droplet flows include the
characterization of sprays [3,4], droplet analysis at noz-
zle outlets [5], droplets in combustion [6], and droplet
analysis in clouds and the atmosphere [7–9]. Further-
more, investigations into bubbly flow have been conducted
[10–12], with bubbly flow appearing in boiling and cavita-
tion phenomena. Originally introduced as interferometric
laser imaging for droplet sizing (ILIDS) and exclusively
for droplets [13–15], the technique employs coherent,
monochromatic light to illuminate the transparent particles
of the dispersed phase. When observed from a scattering
angle θ , interference patterns become visible at certain
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angles. The droplet size is then reconstructed from the
interference pattern. The method was soon extended to
bubbles [11,12] and renamed to the more general name
interferometric particle imaging. Further developments
include the consideration of higher-order frequencies in the
interference patterns to create redundancy [16] and there-
fore increased precision, and the generalization of the IPI
formula to arbitrary paraxial optical systems [17].

In the literature on IPI, the front-scatter region, with
scattering angles of 66◦ for water droplets in air [13–15]
and 45◦ for air bubbles in water [11,12], has been used
predominantly due to its superior scattering efficiency and
higher signal-to-noise ratio (SNR). More recently, scatter-
ing angles of 90◦–110◦ have also been used [16,18,19].
However, there is still a lack of research on the use of
IPI in the backscatter region. This is probably due to the
lower SNR in the backscatter region, which makes the
front-scatter region easier to deal with. In many cases,
however, optical access is limited; for example, walls serve
functional purposes and cannot be substituted by trans-
parent materials (e.g., walls in fuel cells). This creates
the need for backscatter-capable IPI, since measurements
in the backscatter region reduce the number of required
optical accesses to one.

In the scope of this work, a rigorous framework to con-
duct IPI in any scattering regime, including the backscat-
ter regime, is presented. First, the theoretical basis and
its extension to the backscatter region are explained. In

the second part of this work, the main factors limiting
the use of IPI, and influencing measurement limits and
uncertainties, are elaborated.

II. THEORY OF INTERFEROMETRIC PARTICLE
IMAGING

IPI utilizes the interference patterns of light scattered
by approximately spherical particles to reconstruct their
diameter dp . The formation of the interference pattern and
the reconstruction of the particle size are explained in this
section. Two physical processes must be considered: light
scattering at the particle, and interference of the scattered
light.

A. Light scattering at the particle

First, only the scattering process at a bubble or droplet
is regarded. Let us consider a single, transparent, approxi-
mately spherical particle with a refractive index n1 that is
different from the refractive index n2 of the surrounds. The
ratio between the refractive indices is then described by
m = n1/n2 (i.e., relative refractive index). The scattering
of light at the particle is initially described by the geomet-
rical optics (GO) model. Light rays are either reflected or
refracted at the particle surface (see Fig. 1). A light ray
directly reflected at the particle surface is denoted as order
zero, p = 0, while refracted light entering the particle is
of order p ≥ 1. The scattering order of the refracted light

(a) (b)

Light source

angle

by the camera

Front-scatter
Glare points

Side-scatter
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Back scatter

FIG. 1. Scattering on a sphere visualized by the GO model. (a) The relationship between the glare points and the scattering angle θ .
The blue transparent spheres show the scattering of the dominant light rays at the corresponding scattering angle. The black spheres
show the glare points as seen by the camera at that angle. (b) The relationship between the glare points and the refractive index. A
bubble m < 1 (top) and a droplet m > 1 (bottom) are shown. Depicted are the reflected ray p = 0 (green), and the first three orders
of refracted rays p = 1 (dark red), p = 2 (dark blue), and p = 3 (yellow). The position of the glare point on the sphere’s surface is
indicated by the w coordinate. Note that the light is monochromatic and the colors encode the scattering order.
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describes the number of chords traveled inside the particle
or p − 1 internal reflections. The exit points of the light
rays are called glare points and are perceived as bright
spots on the particle surface when viewed from a scattering
angle θ [20,21] [see Fig. 1(a)].

Only light rays that exit the particle in parallel with the
angle θ eventually reach the camera, and thus all other rays
can be discarded for this model. Furthermore, refraction at
the particle surface is governed by Snell’s law, which leads
to two fundamental implications for the scattering process:
the positions of the glare points depend on the scattering
angle [see Fig. 1(a)] and on the relative refractive index
[see Fig. 1(b)]. This mechanism causes, in particular, a dis-
parity between particles with m > 1 (droplets) and m < 1
(bubbles). Furthermore, the intensity of the glare points
also depends on the scattering angle, due to the angle-
dependent transmission and reflection coefficients at the
particle surface, as described by Fresnel’s formulas. There-
fore, different scattering angles are dominated by different
scattering orders (usually not more than one or two orders
at a time), as will be elaborated further in the remainder of
the paper [see also Fig. 1(a)].

In a plane scattering process, glare points are located on
the equator of the sphere. In analogy to the work of van de
Hulst et al. [20,21], the position of a glare point on the par-
ticle surface is denoted by the normalized w coordinate,
which represents the projection of the sphere’s equator
onto a straight line as seen by a camera [see Fig. 1(b)].
The position wi of a glare point of order pi can take val-
ues of [−1, 1], with |w| = 0 representing the center and
|w| = 1 the edges of the sphere as seen by the camera.
With the GO model, wi can be determined by geometrical
considerations, as is illustrated in Fig. 2(a).

Based on the commonly used convention [11,13], the
angle between the light ray and the tangent of the parti-
cle surface is defined as β. The angle of an incident ray of
order pi is denoted as β

(pi)
i and the angle of the transmitted

ray is denoted as β
(pi)
t . In the case of the reflected (p = 0)

light ray, βr is used for the incident ray. As the scattering
angle θ is assumed to be known, Snell’s law together with
the sum of the angles provides two equations for the calcu-
lation of the two angles βi and βt. The glare-point position
is then calculated from βi and the particle diameter

wphys
i = dp

2
wi = dp

2
q cos(β(pi)

i ), (1)

where wphys
i is the distance in physical units (e.g., microns),

wi is the normalized position, and the factor q = ±1
indicates on which side of the sphere the glare point is
located.

B. Formation of the interference pattern

While light is scattered in all directions, only the light
traveling parallel to the optical axis reaches the camera

and is therefore considered here. When the particle is
illuminated with coherent, monochromatic light, the light
scattered off the particle forms an interference pattern in
the far field (distance from the particle � d2

p/λ, with dp
being the particle size [23]). The underlying physical pro-
cess is comparable to the one observed at a double slit in
Young’s fringe experiment [see Fig. 2(b)]. While the scat-
tered light is visible as glare points when imaged in focus,
the glare points become defocused rings when the observer
is not located on the focal plane. At a sufficient distance
from the focal plane, the defocus rings overlap to form an
interference pattern [see Fig. 2(b) (bottom)].

The particle’s diameter can then be reconstructed from
the relationship between the number of stripes NS in the
interference pattern and the distance between the glare
points. To relate the glare-point spacing to the number of
stripes, either the distance between the particle and the
observer or the opening angle of the aperture αAP must be
known. The relationship between the particle diameter and
the number of stripes can be described for droplets (m > 1)
[15,24] by

dp = 2λNS

αAP

(
cos(θ/2) + m sin(θ/2)√

m2 − 2m cos(θ/2) + 1

)−1

(2)

and for bubbles (m < 1) [11,12] by

dp = 2λNS

αAP

(
cos(θ/2) − m sin(θ/2)√

m2 − 2m cos(θ/2) + 1

)−1

.

(3)

The problem with Eqs. (2) and (3) is that they are Taylor-
series expansions [25] limited to the forward-scattering
region (i.e., small θ ) and to the scattering orders p = 0 and
p = 1 that dominate this region. Equation (2) is restricted
to θ < 2 arccos(1/m), which represents the total reflection
of the p = 1 ray at the surface preventing the light from
entering the sphere (β(1)

i ≥ 0). Equation (3) is limited to
θ < 2 arccos(m) because the p = 0 and p = 1 glare points
collapse into a single point. Consequently, Eqs. (2) and (3)
cannot be used in the side- or backscatter regimes (i.e.,
large θ ), since the angle relations do not hold true for
this range and other scattering orders can dominate these
regions.

Alternatively, only the relation between wphys
i and the

fringe frequency F of the interference pattern can be con-
sidered. This relationship is independent of the scattering
angle and therefore avoids the first problem of Eqs. (2)
and (3). This is done by introducing the glare-point (GP)
distance between two glare points, �

phys
GP = |wphys

i − wphys
j |

[see Eq. (1)]. With the formulas from Young’s fringe
experiment, the glare-point distance can be determined
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FIG. 2. (a) Light paths of the p = 0 and p = 1 rays through the particle using the GO model to determine the angular position of
the glare point, on the example of a droplet. (b) The working principle of IPI is visualized. (bottom) From the observation angle θ ,
two glare points are visible on the particle surface, when imaged in focus. The images of the glare points begin to overlap and form
an interference pattern as they move away from the focal plane. They eventually collapse into a single circle at a sufficient distance
from the focal plane. (top) In addition, the analogy of the glare-point spacing (particle size) in IPI to a double slit in Young’s fringe
experiment [22] is visualized. The intensity maxima are depicted as dark stripes for better visibility (inverted intensity).

from [26]

1
F

= λ0ds/n2

�
phys
GP

, (4)

where ds is the distance between the particle and the
observer (i.e., the camera chip), and λ0 is the wavelength
of the light in vacuum. Equation (4) is constrained to the
propagation of light waves in open space.

However, to change the direction of light and/or to sep-
arate different fluids, most measurement scenarios involve
optical elements such as lenses and/or windows, and
therefore a generalization to arbitrary paraxial systems is
needed. Such systems can be comprehensively described
by ray transfer matrices (also known as ABCD matrices)
[27,28]. These matrices describe how the position and
angle (with respect to the optical axis) of a ray change
along two points on the optical axis. Such a matrix takes
the form

Mtot =
[

Atot Btot
Ctot Dtot

]
, (5)

where Btot is the relevant entry for this work, as it describes
the amount of defocusing. The parameter Atot describes the
magnification, Ctot is the negative inverse of the effective
focal length, and Dtot describes the angular magnification
of the system. The defocusing parameter Btot replaces the
expression ds/n2, for which it can be interpreted as the
equivalent distance for propagation through free space rep-
resenting the propagation through the optical system (with

an imaging lens, etc.). More details on Mtot can be found
in Appendix A.

Shen et al. [17] incorporated this approach into Eq. (4)
to formulate

1
F

=
∣∣∣∣∣ λBtot

�
phys
GP

∣∣∣∣∣ . (6)

Whilst this equation solves the issue of the scattering-angle
dependence, a formulation of the relationship between the
glare-point distance and the particle diameter still needs
to be found, in order to perform IPI. As described above,
the glare-point position and visible glare-point orders do
change with the scattering angle and the refractive index.
For this reason, a general formulation is introduced as

�
phys(pi,pj )

GP(θ) = |wphys
pi

− wphys
pj

|

= dp

2
|wpi − wpj | = dp

2
�

(pi,pj )

GP(θ) , (7)

which describes the glare-point separation as a function
of the particle diameter and the position of any two glare
points (pi, pj ). The glare-point spacing introduces infor-
mation from the scattering model into the interference
model.

Equation (7) can be introduced into Eq. (6) to formulate
a general relationship between the fringe frequency F and
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the particle size dp via

dp = 2

∣∣∣∣∣∣
λBtot

�
(pi,pj )

GP(θ)

∣∣∣∣∣∣ F . (8)

Unlike Eqs. (2) and (3), Eq. (8) can be applied to any
scattering angle θ = [0, 180◦], but requires prior knowl-
edge of the relative glare-point spacing �

(pi,pj )

GP(θ) . The GO
model provides information on the position of the glare
points but not on their intensity. The intensity I of the
glare points plays a crucial role in determining which glare
points form the interference pattern, since the intensity
of individual glare points pi might vary by several orders
of magnitude with the scattering angle. Consequently, the
interference pattern is not always the result of the same
scattering orders, and some scattering angles do not give
rise to visible interference patterns at all. A further model
is, therefore, required to determine the glare-point spacing
that produces the interference pattern.

III. THEORETICAL MODEL FOR IPI IN FRONT-,
SIDE-, AND BACKSCATTER

This section presents a comprehensive method to choose
a scattering angle in any scattering regime (front-, side-
, and backscatter) for IPI. Two main questions are
addressed: (i) Which scattering orders form visible inter-
ference patterns at which angles? (ii) What is the under-
lying spacing of the respective glare points that form the
interference pattern?

A. Visibility of interference patterns

The intensity of the glare point of each scattering order
depends on the scattering angle and the refractive index.
As a result, interference patterns are not as clearly visi-
ble from all angles, if they are visible at all. Therefore, the
first step is to identify scattering angles that produce visible
interference patterns. In analogy to Young’s fringe exper-
iment, where the slits can be considered as point emitters

of light, the glare points are modeled as point emitters [see
Fig. 2(b)]. Thus it can be postulated that the scattering pro-
cess at a particle leads to a visible interference pattern in
the far field if the glare points act similarly to a double slit,
as formulated in Theorem 1.

Theorem 1. A transparent, approximately spherical,
particle with refractive index m, which is illuminated
with monochromatic and coherent light, produces a vis-
ible interference pattern at a scattering angle θ if two
glare points of order pi and pj have approximately the
same light intensity I (pi)

(θ) ≈ I
(pj )

(θ) (condition 1), and the two
glare points pi and pj comprise the majority of the light

intensity summed over all glare points I (pi)
(θ) , I

(pj )

(θ) � I
(pk �=i,j )

(θ)

(condition 2).

Condition 1 ensures that the destructive interference of
the two respective waves leads to intensity values close
to zero and consequently results in good contrast between
minima and maxima of the resulting fringe pattern. This
condition has already been formulated in the literature
[16,18]. However, condition 1 is necessary but not suf-
ficient, so condition 2 takes into account all other glare
points and ensures that the interference pattern is not
eclipsed by light emitted by a third, even brighter, glare
point (see Fig. 3). When measuring in the front-scatter
region, no glare points other than p = (0, 1) dominate and
the sufficient condition is fulfilled automatically. For the
side- and backscatter regimes, however, condition 2 is
needed.

Theorem 1 provides the theoretical basis but needs to
be formulated explicitly to be of practical use. Therefore,
the intensity of the glare points needs to be quantified. A
generally accepted model for the intensity of light scat-
tered by particles in the size range relevant to IPI is the
Lorenz-Mie theory (LMT) [20]. The LMT provides an
exact solution to Maxwell’s equations for the scattering
of spherical waves at homogeneous spheres. The LMT
uses the previously introduced relative refractive index m,

Dominating glare points Dominating glare points

Intensity

Domination

Glare points

FIG. 3. The concept of visibility and the two conditions 1 and 2 are visualized in an example at a single scattering angle. Shown
are the intensity over the projected particle surface as determined by the Lorenz-Mie theory (middle), and the decomposition into
individual scattering orders with the Debye-series expansion (left and right). The glare points are the peaks of intensity.
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where �{m} = n1/n2 and �{m} describe the attenuation of
the wave for partially opaque materials. In addition, a size
factor x = πdp/(λ0/n2) is introduced for the dimension-
less parametrization of the particle radius. Van de Hulst
[20] derived the complex amplitude of the scattered light
in the far field, |S| = I , from the LMT. The intensity is
then calculated from the transverse electric (TE) S1 and
transverse magnetic (TM) S2 modes of the wave via

I =
√

S2
1(θ) + S2

2(θ). (9)

The LMT also considers the polarization of the light,
which is a crucial feature for the contrast and intensity of
interference patterns, as will be shown later. The complex
amplitudes of the scattered light in the far field are given
by [20]

S1(θ) =
∞∑

k=1

2k + 1
k(k + 1)

(ak�k(θ) + bkτk(θ)), (10)

S2(θ) =
∞∑

k=1

2k + 1
k(k + 1)

(bk�k(θ) + akτk(θ)), (11)

where �k(θ) and τk(θ) are the Mie angular functions, which
represent a component of the spherical harmonics of order
k that make up the electromagnetic wave. They represent
the influence of the scattering angle. The Mie coefficients
ak and bk, corresponding to TM waves (parallel polariza-
tion) and TE waves (perpendicular polarization), respec-
tively, are functions of m and x, which weight the influence
of each Mie angular function of order k on the wave. The
Mie coefficients reflect the influence of the particle size and
refractive index on the scattering process.

For particles relevant to IPI, the following assumptions
can be made. The sphere is relatively large compared to
the wavelength of light, x � 1; a large number of par-
tial waves are considered, k � 1; and θ �= {0, 180}. Then
�k(θ) 
 τk(θ) applies and therefore S1 becomes associ-
ated with the TE mode and S2 with the TM mode [20]
(perpendicular and parallel polarization, respectively). The
problem with the LMT, however, is that it provides only
the integral intensity over all glare-point orders, whereas
for IPI the intensity of individual glare points is of inter-
est. Starting from the LMT, the integral intensity can
be decomposed into individual scattering orders with the
Debye-series expansion of the LMT [29]. The calculation
of S1(θ) and S2(θ) by means of the Debye-series expansion
is complex and computationally intensive. An efficient and
straightforward calculation of S1(θ) and S2(θ) is possible by
means of publicly available research software such as, e.g.,
MiePlot [30], which has been chosen in the present work
(see Fig. 4).

Suitable scattering angles for IPI can be identified qual-
itatively from consideration of Fig. 4 in combination with
Theorem 1, as shown in Figs. 4(a) and 4(b). For a quan-
titative evaluation of the visibility, however, an explicit
formulation of Theorem 1 is needed. Condition 1 ensures
that the two glare points forming the interference pattern
have the same intensity, I (pi)

(θ) /I
(pj )

(θ) ≈ 1, and poses the nec-
essary condition. Taking into account the phase difference
between the two glare points, condition 1 can be quantified
as follows [16,18]:

V
(pi,pj )

C1(θ) =
2
√

I (pi)
(θ) I

(pj )

(θ)

I (pi)
(θ) + I

pj
(θ)

≈ 1. (12)

(a) (b)

FIG. 4. The complex amplitude S2
2 of each scattering order plotted over all scattering angles. Debye plots of the intensity of scattered

light for (a) a water droplet in air (m = 1.333 + i1.82×10−9, λ = 532 µm, dp = 250 µm ⇒ x = 1476.3) and for (b) an air bubble
in water (m = 1/1.333 + i0, λ = 532 µm, dp = 250 µm ⇒ x = 1967.9). The visibility criteria are visualized: scattering angles
satisfying both criteria are ringed in green, whereas angles matching only the first condition but not the second one are ringed in red.
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Condition 2 ensures that the glare points pi and pj that
satisfy condition 1 are not eclipsed by other brighter glare
points pk, and thus states the sufficient criterion. In accor-
dance with Eq. (12), Eq. (13) is formulated to approach
unity when I (pi)

(θ) and I
(pj )

(θ) comprise all the intensity of the
scattered light. Therefore, the intensity of the considered
glare-point pair is compared to the integral intensity over
all scattering orders:

V
(pi,pj )

C2(θ) =
2
√

I (pi)
(θ) I

(pj )

(θ)∑∞
k=0 I (pk)

(θ)

=
2
√

I (pi)
(θ) I

(pj )

(θ)

IMie(θ)

≈ 1. (13)

Since the Debye-series expansion approaches the Mie
solution for the sum over all scattering orders k → ∞,
the simplification

∑∞
k=0 I (pk)

(θ) = IMie(θ) can be used. This
allows for the exact and faster computation of condition
2. Both Eqs. (12) and (13) are formulated in order to
approach unity when the underlying condition is satisfied,
with V(θ) ∈ [0, 1].

Therefore, to give a quantitative description of Theorem
1, the two expressions can be multiplied to give

V
(pi,pj )

(θ) = V
(pi,pj )

C1(θ) V
(pi,pj )

C2(θ)

= 4I (pi)
(θ) I

(pj )

(θ)

(I (pi)
(θ) + I

(pj )

(θ) )IMie(θ)

≈ 1, (14)

while V(θ) ∈ [0, 1] is preserved. The visibility of an inter-
ference pattern V1 or V2 for a TE or TM wave can be
computed directly from the complex amplitudes S1 or S2
[Figs. 4(a) and 4(b)] to obtain Fig. 5. This allows the visi-
bility to be quantified and the underlying scattering orders
to be identified, solving the first problem mentioned in the
introduction to this section. Equation (14) is valid for any
transparent sphere with a homogeneous refractive index.
As outlined above, two cases need to be distinguished for
droplets (m > 1) and bubbles (m < 1). The most common
examples in IPI are water droplets in air (m = 1.333) and
air bubbles in water (m = 1/1.333), which will therefore
be used as examples in this paper. For other refractive
indices, the values presented in this work may change, but
the outlined general effects remain the same for m > 1 or
m < 1.

B. Visibility plots and examples

In this subsection, the visibility of interference patterns
at different angles is discussed and the involved phenom-
ena are elaborated. Figure 5 shows the visibility plot for
water droplets in air and air bubbles in water with a diam-
eter of dp = 250 µm and light with λ = 532 nm. High
values of V1,2 correspond to better visibility. High visibility
ultimately leads to better SNR (allowing for a better dis-
tinction between minima and maxima) and, consequently,

to more reliable signal processing. However, the SNR also
depends on the intensity of the scattered light itself, which
is not considered in the visibility.

As expected, Fig. 5 predicts good visibility in the front-
scatter regime at an angle of 66◦ for water droplets in TE
mode and at 45◦ for bubbles in water in TE mode. It can
also be seen that the orders p = (0, 1) form an interference
pattern, which is in agreement with the literature [11–15].
Figure 5 shows that these angles are preferable only in the
TE mode, but in the TM-mode angles 84.5◦ for droplets
and 41.6◦ for bubbles are preferable, while the p = (0, 1)

pair remains the dominant one. This demonstrates the
importance of the polarization of the light used for IPI.
However, for the scope of this work, the less explored side-
and backscatter regions are of greater interest.

For water droplets and TE mode [see Fig. 5(a)], high
visibility is achieved at scattering angles of 111◦–129◦
with p = (0, 3) and at 137.5◦–165◦ with p = (0, 2). The
two regions are separated by an Alexander’s dark band
(ADB) [31], a region in which the intensities of the p = 2
and p = 3 glare points plummet. The ADB is encased
by the rainbow angles, a phenomenon in which glare
points of the same order collapse into a single glare point,
increasing the intensity [21]. Both regions show a large
variability of the visibility. This is undesirable because, as
a particle moves through the field of view, the effective
scattering angle varies slightly (up to a few degrees) and
consequently interference patterns will be visible at some
positions in the image but not at others. Water droplets in
TM mode [see Fig. 5(b)] achieve similarly high visibility
at scattering angles of 111◦–129◦ with p = (0, 3) and for
angles larger than 137◦ with p = (0, 2), again separated
by an ADB. A major advantage of the TM mode is the
lower variability of the visibility, especially in the range of
111◦–129◦, which renders TM a more reliable and robust
choice.

For bubbles in TE mode [see Fig. 5(c)], the front-
scatter region is the only region to yield a visibility of
≈ 100%. The p = (0, 2) pair dominates most of the side-
and backscatter regions but with lower visibility. The p =
(0, 3) pair reaches up to 86% visibility at 173◦–179◦ but
is again subject to strong fluctuations. Bubbles in TM
mode achieve high visibility at 96◦–101◦ and 114◦–179◦
with p = (0, 2) [see Fig. 5(d)]. The two regions are sep-
arated by the Brewster angle, a region where the p = 0
ray hits the surface at an angle at which the transmission
coefficient is one and the reflection coefficient is zero. Con-
sequently, no light is reflected at this point [see Fig. 4(b)
at 106◦]. Visibility drops sharply, as the intensity ratio at
this point is very uneven. The two regions of high visibil-
ity show almost no fluctuations. Furthermore, the visibility
in the range of 114◦–179◦ is almost constant, making it
ideal for use in IPI. Around 179.8◦, the p = (0, 3) pair-
ing reaches up to 85% visibility but is subject to strong
fluctuations.
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FIG. 5. Debye plots showing visibility over the scattering angle for (a,b) a water droplet in air (m = 1.333 + i1.82×10−9, λ =
532 µm, dp = 250 µm ⇒ x = 1476.3) in (a) TE mode (V1) and (b) TM mode (V2), and for (c,d) an air bubble in water (m =
1/1.333 + i0, λ = 532 µm, dp = 250 µm ⇒ x = 1967.9) in (c) TE mode (V1) and (d) TM mode (V2). A sufficient scattering angle
for IPI is given whenever the visibility plot has a value close to 1. The glare-point pairings (0,1), (0,2), (0,3), and (1,2) are shown. In
addition, the rainbow angles of the p = 2 and p = 3 scattering orders and Alexander’s dark band (ADB) are marked in panels (a) and
(b). The Brewster angle is marked in panel (d).

The above elaboration demonstrates that the TM mode
is favorable for the side- and backscatter regimes, for
both droplets and bubbles. This is remarkable information,
since, for the forward scattering for droplets, usually the
TE mode is used, while for bubbles both modes work in the
forward-scattering region. Other effects such as ADB and
the Brewster angles lead to regions of the scattering angle
in which no interference pattern is visible and IPI cannot
be performed. It is important to note that high visibility is
necessary for IPI, but, for practical use, other effects such
as SNR and uncertainties need to be taken into account too,
which will be discussed in the following sections.

C. Determination of the glare-point spacing

The visibility plots contain information about appropri-
ate scattering angles θ and the glare-point pairing (pi, pj )

that forms the interference pattern. From this informa-
tion, the value of the glare-point spacing �

(pi,pj )

GP(θ) = |w(pi)
(θ) −

w
(pj )

(θ) | can be determined as required for Eq. (8). This
section presents two ways to compute the glare-point

position w(pi)
(θ) , which are interrelated but have different

advantages. Additional effects not considered in the visi-
bility considerations are discussed.

The first way to compute the glare-point positions is the
derivation of the intensity over the particle surface from
the complex amplitude S. Van de Hulst [21] introduced

A(w) =
∫ θ0+�θ

θ0−�θ

S(θ)e−ixw(θ0−θ) dθ (15)

as a way to obtain the intensity over the projected parti-
cle surface as indicated by w, here denoted as A1(w) and
A2(w) corresponding to S1 and S2, respectively. This is done
by applying a short-space Fourier transform on S over the
angle range �θ and around the desired scattering angle θ0.
Note that, while the positions w of the glare points do not
change with the polarization, the intensities A1(w) and A2(w)

of the glare points differ, as contrasted in Figs. 6 and 7 for
droplets and bubbles, respectively.

Equation (15) effectively describes the propagation of
the wave through a lens and shows how a camera would
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Same order
split up

Same order
split up

(a) (b)

FIG. 6. Intensity over the particle surface (the glare points are the peaks). The scattering intensity A(w) is plotted over the particle
surface w for a water droplet in air (dp = 250 µm, λ = 532 nm ⇒ x = 1476.3 and m = 1.333 + i1.82×10−9) in (a) perpendicular
(TE) mode and (b) parallel (TM) mode. The scattering uncertainty �θ = 3.7◦ was chosen based on the optical system used for the
validation experiment. The scattering angle θ0 around which A(w) was calculated is shown at the top of each plot. The intensities of
the scattering orders p = 0 (green), p = 1 (dark red), p = 2 (dark blue), and p = 3 (yellow), as well as the integral intensity of all
scattering orders (Mie intensity) (black) are shown. Unless otherwise indicated, all plots are on the same intensity scale.

see the glare points in focus. The angular range �θ =
tan(αAP) follows directly from geometrical considerations
and is defined by the opening angle of the camera, αAP,
set by the aperture, which is the same angle as used in
Eqs. (2) and (3). The opening angle is calculated from the
triangle formed by the effective optical distance of the par-
ticle from the lens, dp ,lens/n2, and the aperture diameter,
dAP, with tan(αAP) = dAPn2/(2dp ,lens). While van de Hulst
[21] introduced Eq. (15) for the integral intensity of all
glare points (LMT), the complex amplitude S(pi)

(θ) from the
Debye-series expansion of the LMT can be inserted instead
of SMie to decompose the intensity into the individual scat-
tering orders (see Fig. 3). The result is shown in Figs. 6
and 7 for droplets and bubbles, respectively, and hereafter
referred to as glare-point plots. The glare-point position
of scattering order pi is then simply determined by find-
ing the peak position of A(pi)

(w) . As Eq. (15) is a short-space
Fourier transform, the uncertainty relation �θ �w = 1/x
applies [21]. This means that for smaller particles the peaks
become less distinct, to the point where the glare-point
model collapses, i.e., when the particle approaches the size
of the wavelength of light. For demonstration purposes, a
large particle diameter has been arbitrarily chosen to make
the discussed effects more salient.

The glare-point plots allow the intensity of the glare
points to be assessed in a straightforward manner in
addition to finding the glare-point spacing, as shown in
Fig. 6(a). This allows one to judge the corresponding

visibility intuitively. However, the disadvantage of this
method is that each plot shows only a single scattering
angle. Figure 6 shows a range of scattering angles with
high visibility and other interesting effects. The first effect
that can be seen is the influence of polarization on the
intensity of the glare points, as can be identified from the
comparison of Figs. 6(a) and 6(b) at θ = 66◦.

One effect that is not considered in the visibility con-
siderations is that the same scattering order can produce
more than one glare point, as discussed by van de Hulst
[21] [see Fig. 6(b), θ = 160◦]. The intra-order split-up of
glare points can cause a significant loss in intensity of the
glare point as the light intensity is distributed over more
than one glare point [see Fig. 6(a), θ = 116◦ and 129◦].
This reveals a shortcoming of the visibility consideration,
as it considers only the integral intensity of the scattering
order at one scattering angle. If a single order splits into
multiple glare points, then this integral intensity is also
split between the two glare points of the same order, which
cannot be captured by condition 1.

Such cases can nonetheless still be used for IPI and
even have the advantage of introducing multiple frequen-
cies due to the three glare-point spacings [see Fig. 6(a),
θ = 160◦]. Dehaeck and van Beeck [16], for instance,
used a third glare point of third order in side-scatter
to create redundancy due to multiple frequencies being
present in the interference pattern. This idea might also
be extended to the use of intra-order split-ups to obtain
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(a) (b)

FIG. 7. Intensity over the particle surface (the glare points are the peaks). The scattering intensity (A(w)) is plotted over the particle
surface w for an air bubble in water (dp = 250 µm, λ = 532 nm ⇒ x = 1967.9 and m = 1.333 + i1.82×10−9) in (a) perpendicular
(TE) mode and (b) parallel (TM) mode. The scattering uncertainty �θ = 3.7◦ was chosen based on the optical system used for the
validation experiment. The scattering angle θ0 around which A(w) was calculated is shown at the top of each plot. The intensities of
the scattering orders p = 0 (green), p = 1 (dark red), p = 2 (dark blue), and p = 3 (yellow), as well as the integral intensity of all
scattering orders (Mie intensity) (black) are shown. Unless otherwise indicated, all plots are on the same intensity scale.

multiple frequencies from only two orders. Combined with
the reasonably high intensity in backscatter for droplets,
scattering angles around 160◦ can, therefore, be attrac-
tive for IPI. Note that the intra-order split-up for p = 3
at θ = 116◦ occurs only in the TE mode but not in the
TM mode, again highlighting the importance of polar-
ization for IPI. At certain angles, the so-called rainbow
angles [21], two glare points of the same order collapse
into a single glare point. The brightness of this rainbow
glare point is substantially higher, since all light intensity
of that order contributes to a single glare point [see Fig.
6(a), θ = 129◦ and 137.9◦]. If two glare points of the same
order are undesirable, measuring at the rainbow angles
[21] can get around this problem. However, measurement
at the rainbow angles is not preferable due to the uncer-
tainty characteristics, as will be elaborated further in the
following sections.

Bubbles show less complex phenomena (see Fig. 7). The
TM polarization shows more uniform intensities between
the glare points in side- and backscatter [see Fig. 7(b)].
However, the TE mode has the advantage of higher inten-
sities [see Fig. 7(a), θ = 99◦–154◦], which potentially
compensates for the lower visibility (due to uneven inten-
sity) with higher intensity-based SNR. For the TE mode,
bubbles also show a third p = 3 glare point in the side-
and backscatter regions [see Fig. 7(a), θ = 99◦–154◦], and
a third p = 2 glare point at 45◦. Again, this third glare

point could be used for multifrequency IPI as suggested by
Dehaeck and van Beeck [16]. Unlike droplets, the side- and
backscatter regimes have significantly lower intensities
compared to the front-scatter regime, potentially resulting
in lower SNR.

The second method to determine the glare-point spac-
ing builds upon geometrical considerations, as shown in
Fig. 1. This method uses Snell’s law in combination with
the reflection angles, which according to van de Hulst [21]
leads to

θ ′ = 2
[
β

(p)

i − p arccos
(

1
m

cos(β(p)

i )

)]
= 2πk + qθ

(16)

to calculate the angle of a ray relative to the surface tan-
gent of the sphere. The two unknown constants q = ±1
and k ∈ N are needed in order to formulate Eq. (16) with-
out loss of generality for m ≶ 1 and arbitrary p . Solving
this equation for β

(p)

i then allows one to compute the glare-
point position from w(p) = q cos(β(p)

i ). However, Eq. (16)
is not easy to solve analytically and it is necessary to find
values for q and k for which the equation has a real solution
within β

(p)

i ∈ [0, 90◦]. Therefore, an algorithm (Algorithm
1) for the indirect solution of Eq. (16) and the determina-
tion of the values of q and k is proposed and provided in
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FIG. 8. Glare-point maps. Glare-point position w over the scattering angle visualized for the reflected and first three orders of
refracted light rays for (a) a water droplet (m = 1.333) and (b) an air bubble in water (m = 1/1.333). For the droplet in panel (a), the
rainbow angles and ADB are marked. For the bubble in panel (b), it is shown how to measure the glare-point spacing from the plots.

Appendix B. Furthermore, Table II lists values of q and k
for m ≶ 1 and p ∈ [0, 3] (see also Appendix B).

With the solution of Eq. (16), the glare-point position
can be plotted over the scattering angle [see Figs. 8(a)
and 8(b)], hereafter referred to as glare-point maps. The
glare-point separation is determined by the horizontal dis-
tance between the two lines of the desired order [see Fig.
8(b)]. Unlike the first approach, no intensity information
can be derived and therefore shortcomings of the visibility
method cannot be identified with this approach. Accord-
ingly, this also means that polarization effects cannot be
assessed. However, the glare-point separation between a
range of scattering angles can be easily compared using
these glare-point maps. This allows one to investigate the
change of glare-point spacing with the scattering angle.
This is a crucial tool for deciding which scattering angle to
choose, since the GP spacing has a major influence on the
uncertainty and limitations of IPI (see following sections).
Furthermore, the rainbow angles can be easily identified
from this approach (with the condition dθ/dw = 0, i.e.,
local minimum or maximum [21]).

The relationship between the two approaches can be
understood as the three-dimensional interrelation of inten-
sity, scattering angle, and glare-point position, which is
accordingly visualized in Fig. 9. Both intensity and polar-
ization, as well as the change in the glare-point spacing
over scattering angles, are crucial quantities to consider for
IPI. It is therefore advisable to consider both glare-point
plots (Figs. 6 and 7) and glare-point maps (Fig. 8) when
choosing a scattering angle to take all effects into account.

IV. EXPERIMENTAL VALIDATION OF
BACKSCATTER IPI

In this section, the methodology derived above is vali-
dated experimentally. Equation (4) is the formulation for
a double slit in Young’s fringe experiment and has been
well validated in physics. Also Eq. (6) introduced by Shen
et al. [17] has been validated by, for example, Zhang et

al. [18] by measuring the same bubble size distribution
of air bubbles in oil at scattering angles of 45◦ and 90◦.
Equation (8) is a rearrangement of Eq. (6) with a model for
the glare-point position added in �

phys
GP .

To test the methodology outlined in this paper, a bubble
generator with nominally constant bubble size distribution
is chosen and characterized with IPI. Given the distri-
bution function of the generated bubble sizes, its proba-
bility density function (PDF) can be considered constant
and, consequently, the measured bubble size distributions
should always be the same—regardless of the applied scat-
tering angle. The test of the above working hypothesis is
as follows: If IPI measurements based on the methodology
outlined above all result in the same PDF, and interference
patterns are visible at the predicted scattering angles, then
the suggested method is valid. Based on Fig. 5(c), six dif-
ferent scattering angles were chosen, i.e., 45◦, 99◦, 116◦,
122◦, 135◦, and 154◦ inside the water at the bubble. To
validate Eq. (6) [17], the results at an angle of 45◦ are
additionally compared with Eq. (3) [11,12].

A. Experimental procedure

In order to conduct the outlined test verification
approach, an experimental setup as shown in Fig. 10

FIG. 9. Interrelationship between intensity, scattering angle θ ,
and glare-point position w. Glare-point plots represent vertical
slices placed on the glare-point maps (horizontal slice).
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FIG. 10. The optical system of the validation experiment. Depicted are (a) the schematic principle of the experimental setup, and (b)
an image of the real experimental setup. (c) A schematic close-up of the physical model for the optical path from the bubble generator
(cathode) to the camera, showing the field of view relative to the tip of the cathode hook.

was constructed that was able to generate a constant
distribution of bubbles. The setup allowed the scattering
angle to be varied without changing the optical path since
even small changes in the optical path can affect the result
[see Fig. 10(a)].

To achieve a bubble generation with a constant size
distribution, a generator based on electrolysis was con-
structed. The bubble generator consisted of two stainless-
steel rods sheathed in black rubber for electrical insulation
except at the ends. Both steel rods were connected to a
power source, which provided a constant current and volt-
age throughout the measurements. A sheathed silver wire
was connected to the end of the cathode (via a borehole).
The wire was bent into a hook shape and only the last
0.5 mm of the wire was left unsheathed [see Fig. 10(c),
right]. In this way, bubbles were generated only at the tip
of the hook (known location). The field of view was placed
directly on the top of the hook to ensure that the mea-
sured bubbles were at a known distance from the camera
chip. The medium surrounding the bubbles was distilled
water, with NaCl added to ensure conductivity. The gen-
erated hydrogen bubbles had a relative refractive index of
m = 1/1.333. The point of bubble generation was placed
in a water tank (glass n = 1.52, 20 × 20 × 20 cm3, 4-mm
wall thickness) and fixed at a submersion depth of 4.1 cm.

A camera (PCO Pixelfly, CCD chip, 14-bit, 1392 ×
1040 px2, pixel size 6.45 × 6.45 µm2; equipped with a
Nikon Micro-Nikkor imaging lens, effective focal length

105 mm, aperture number f /4) was positioned on an arm
outside of the tank at a fixed distance from the glass.
A laser (Quantel Evergreen Nd:YAG, λ = 532 nm, 200
mJ/pulse) was positioned on a rotating arm to allow for
different scattering angles without a change in the optical
path from the bubble to the camera [see Fig. 10(b)]. Note
that the laser head was oriented such that measurements
took advantage of the favorable TE mode with correspond-
ingly higher intensity of the scattered light (at the expense
of lower visibility); see Fig. 7.

The laser and camera were synchronized in a single-
pulse, single-exposure setup. The optical system is shown
in Fig. 10(c). The distance from the bubble to the inner
glass wall was dwater = 125.5 mm and the thickness of the
glass wall was dglass = 4 mm (nglass = 1.52). The princi-
pal plane was located at the defocused position of ddefoc

air =
11.71 mm, and the image distance from the principal plane
to the camera chip was dimage = 21.81 mm. Since a mul-
tilens camera lens was used, the position of the principal
plane was unknown, so dimage and dair were calculated from
imaging a calibration target at the position of the bubble
generator. The thin-lens equation

1/deff
obj + 1/deff

image − 1/flens = 0 (17)

with deff
i = di/ni for the effective distances in combination

with the magnification condition provide two equations to
calculate dimage and dfoc

air . When moving the camera out
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of focus by �dair, the value ddefoc
air = dfoc

air + �dair can be
calculated (see Appendix A for more details). The result-
ing defocusing parameter from the ray transfer matrix,
describing the optical system, was Btot = −7.57 mm [see
Eq. (A4)].

B. Data processing

A total of 1200 images was recorded per angle and
the laser brightness was adjusted at each angle to obtain
sufficient intensity. Example results are shown in Fig. 11
for all investigated scattering angles. The images were
preprocessed using mean image subtraction to subtract
the background with only little loss of SNR. Morpho-
logical closing (dilation and erosion) was applied to the
mean-subtracted images followed by a Hough transform
to identify the circular particle images (PIs). The detec-
tions from the Hough transform were transferred into a
bounding box around the particle (kernel). This was done
for all angles except 154◦ since the Hough transform had
a large detection miss rate due to the lower SNR and the
bounding boxes had to be drawn manually. The under-
lying problem for this seeming shortcoming is that the
light scattered by larger particles is brighter and therefore
larger particles have higher SNRs. As the smaller particles
accordingly have lower SNRs, the detection algorithm is
unable to detect them and a sampling bias toward larger
particles is introduced, thus falsifying the estimated PDF.
This limitation necessitated manual labeling of the 154◦
images to avoid the sampling bias. At the other angles, the
PIs were sufficiently distinct from the background for the
detection algorithm to operate without bias.

The validation experiment shows that interference
patterns are visible for all angles predicted with Fig. 5(d),
as can be seen in Fig. 11(a). This shows that the visibil-
ity criterion formulated in Eq. (14) can be used for real
experiments to identify applicable scattering angles for IPI.
Furthermore, Fig. 7(a) predicts a third glare point at 45◦
for the TE mode. The effect of a third glare point can also
be observed in the experiments [see Fig. 11(a), 45◦], as
the maxima from the primary glare-point pairing also have
stripes from a secondary frequency, which is the effect of a
third glare point.

A Laplacian filter was applied to the kernel to enhance
the edges while preserving their position. The kernel was
then averaged along the stripes to increase the SNR. The
signal was low-pass-filtered using an FFT with a fre-
quency cutoff to further reduce noise. The fringe frequency
was then determined in two steps. First, a peak-finding
algorithm was applied to the filtered signal to determine a
frequency prior to the peak-to-peak distance. This step was
necessary so that the subsequent fitting algorithm did not
fit the envelope frequency (the rectangle function resulting
from the defocused circle). Then, a first-order Fourier func-
tion was fitted on the raw signal [average along the stripes,
see also Fig. 12(a), alongside the uncertainty discussion in
Sec. V A], starting from the frequency prior.

To check the measured distributions for statistical sig-
nificance, the statistical measure

∑N
i=3 σ(d1,...,dN )/μ(d1,...,dN )

(standard deviation normalized by mean) was examined
starting from i = 3 sampled bubbles (three, as the
minimum for the standard deviation) and gradually
increasing the considered sample size up the number of

(a) (b)

P
ro

ba
bi

lit
y 

de
ns

it
y

fu
nc

ti
on

FIG. 11. Experimental results of the validation experiment. (a) Raw images from the validation experiment. For the image at 45◦, a
secondary frequency can be observed, which is the result of a third glare point (p = 2) in the TE mode. It can be seen that the particles
visually become less distinct from the background and the intensity decreases in the backscatter region. (b) The determined PDFs of
bubble radius for all investigated scattering angles 45◦, 99◦, 116◦, 122◦, 135◦, and 154◦ (angle in water at the bubble). The numbers
of particles in each PDF are shown above the graph. For the scattering angle of 45◦, the PDF was evaluated with both Eq. (3) (45◦ S)
and Eq. (8) (45◦). The smallest measurable bubble diameter for θ = 45◦ was reached and is marked with d45◦

min. The PI brightness in the
raw images in panel (a) is lower at higher scattering angles, as the overall intensity of the interference pattern is reduced. This can be
observed by comparing with the intensity in Fig. 13.
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FIG. 12. (a) The different kernels used to average the signal along the maxima of the interference patterns and the resulting signal
across the PI. At the top, the intensity is shown inverted for better visibility. (b) The peak-to-peak distance between the maxima of
the interference pattern over the radius (θ = 45◦). (c) The uncertainty over bubble radius, i.e., the relative error (for an uncertainty of
1 px) in the measurement of the peak-to-peak distance over the particle diameter for different scattering angles (for the setup used in
the validation experiment). In addition, the upper and lower limits of the measurable particle diameters at each scattering angle can be
determined from the respective ends of the error lines.

measured bubbles N . Statistical convergence was observed
around Nbubbles ≈ 800 bubbles. The measurements include
at least twice as many particles, except for the 154◦ eval-
uation, which was limited to 1000 particles due to manual
labeling.

Figure 11(b) shows that the measured PDFs of the bub-
ble diameter collapse, and according to the testing hypoth-
esis this consequently means that the method works for
IPI in any scattering regime. The same size distribution
was measured at each scattering angle, which demonstrates
that the shift in glare-point spacing �

(pi,pj )

GP(θ) for Eq. (8) was
correctly compensated when using Figs. 7 and 8. Small
variations in the PDFs were within the measurement uncer-
tainty, which is quantified in the next section. A closer
look at Fig. 11(a) shows that, although interference pat-
terns are clearly visible, PIs in the backscatter region are
significantly less distinct from the background than PIs in
the front-scatter region. This shows that, although the visi-
bility provides the theoretical basis for finding interference
patterns, other aspects such as the SNR need to be consid-
ered additionally in real experiments. The reduced signal
quality in the backscatter regime and the different values
of �

(pi,pj )

GP(θ) affect the uncertainties and boundaries of the
experiment, as will be elaborated further in Sec. V.

V. UNCERTAINTIES AND LIMITATIONS OF IPI

This section provides an overview of the main sources of
uncertainty in the first subsection and a further discussion
of the influencing factors in the second subsection.

A. Sources of uncertainty

In the calculation of the particle diameter by means of
Eq. (8), three terms in the equation are subject to uncer-
tainty: Btot, which describes the distance from the focal

plane; the glare-point spacing, �
(pi,pj )

GP(θ) ; and the fringe fre-
quency, F (assuming λ is well known, which holds true for
typical lasers).

For the present case the out-of-focus location of the
bubbles was quasi-constant, and accordingly considered
known and fixed. This means that Btot can be obtained
from the calibration of the measurement. The camera was
moved on a precision traverse to focus on a calibration tar-
get so as to obtain the unknowns dimage and dair as described
in Sec. IV. The precision of this calibration step is lim-
ited by the depth of field of the mounted lens, which was
experimentally determined to be less than 10 µm. This
uncertainty can be incorporated into the thin-lens equation
and the magnification condition to investigate the effect on
the calculation of dimage and dair, and the subsequent effect
on Btot. For the given depth of field and optical system, the
resulting uncertainty of �Btot = 0.005% can be considered
negligible. Note, however, that, in a scenario where the
distance from the particle to the camera is not fixed, Btot
becomes a function of the distance, and its uncertainty is
likely to be significantly larger. That is, the correspond-
ing estimation depends on the methods used to obtain the
distance of the particle to the camera, which, however, is
beyond the scope of the present work.

The uncertainty �
(pi,pj )

GP(θ) in the second term in Eq. (8)
stems from the uncertainty in the scattering angle. This
uncertainty can arise either from the measurement setup
(positioning of laser and camera) or from the motion of the
particles perpendicular to the stripes of their interference
pattern (here left and right in the image, θ = θ0 ± �θ ).
In both cases, this is a deterministic error. As shown in
Fig. 8, even such small changes in θ can change the glare-
point spacing. This relationship is highly nonlinear and
depends on the scattering angle. A further discussion and
quantification of this uncertainty is given in Sec. V B. For
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TABLE I. Uncertainty as a systematic error introduced by an
angle uncertainty of 1◦.

θ (deg) 45 99 116 122 135 154∣∣∣∣�Err
GP − �GP

�GP

∣∣∣∣ (%) 3.40 1.07 1.42 1.63 2.17 3.78

the present validation experiment, a conservative upper
limit for �θ of 1◦ was chosen. The resulting new glare-
point spacing �Err

GP can be read directly from Fig. 8. For
the scattering angles used, the resulting uncertainties are
given in Table I. A different glare-point spacing changes
the frequency of the interference pattern, thus mimicking
a change in particle diameter and corresponding changes
in the interference pattern (both change the glare-point
spacing). This, in turn, also explains the variation of
observed fringe frequencies for similar particles at different
scattering angles.

The last term to consider is the fringe frequency,
which is subject to measurement uncertainty and occurring
stochastic error. The frequency measurement is affected
by a variety of factors such as SNR, optical aberrations,
and the performance of the algorithm used to extract the
frequency, all of which render a theoretical quantification
difficult. Therefore, an experimental approach was used to
estimate an upper bound for the uncertainty. The algorithm
to extract the fringe frequency was applied four times to the
same interference pattern, each time using a different ker-
nel [see Fig. 12(a), upper part]. Each kernel was averaged
along the stripes to obtain a signal, which would result in
slightly different frequencies [see Fig. 12(a), lower part].
The absolute spread of the frequencies determined would
then give an estimate of the frequency uncertainty. For fur-
ther investigation, the peak-to-peak distance in the fringe
signal Dpp = 1/F is used as the complement metric of F
for more intuitive handling. This measure describes the
distance between two maxima in the interference pattern
[see Fig. 12(a), lower part]. The algorithm used showed a
spread between 0.1 and 0.9 px in Dpp for the same particle
and is, therefore, subpixel accurate in the frequency deter-
mination. However, a conservative upper limit of �Dpp =
1 px was chosen for further investigation.

This metric then allows one to quantify some fundamen-
tal properties of the frequency measurement. The lowest
frequency that can be measured (i.e., the smallest parti-
cle) corresponds to just one wavelength present in the PI,
i.e., Dpp = dPI, where dPI is the PI diameter. The upper
limit is given by the Nyquist criterion, for which the dis-
tance between peaks is Dpp = 2 px, which is the minimum
distance between two maxima to be distinguishable with-
out aliasing effects (giving the largest measurable particle).
The relationship between particle diameter and peak-to-
peak distance is nonlinear, Dpp ∼ 1/dp (since F ∼ dp ) [see
Fig. 12(b)]. For small particles the frequency is highly

resolved (here 130 px per signal wavelength), whereas for
larger particles the frequency is less well resolved. This
is directly related to the measurement uncertainty of the
diameter. As shown in Fig. 12(b), �dp depends on the
gradient |dDpp/ddp | and is approximated as

dDpp

ddp
= �Dpp

�dp
. (18)

Equation (18) can be inserted into Eq. (6) to obtain

�dp(dp ,θ) ≤
∣∣∣∣λBtot�Dpp

�GP(θ)

∣∣∣∣ d2
p , (19)

which depends on the particle diameter and the scatter-
ing angle due to the glare-point spacing. This relation can
be used to investigate the relative error over the particle
diameter, for different scattering angles [see Fig. 12(c)].

Note that Eq. (19) gives an estimate for the upper limit,
but does not quantify the uncertainty exactly. It can be
seen from Fig. 12(c) that the scattering angle changes the
uncertainty of the frequency determination for a constant
particle size. This means that the upper and lower limits of
measurable particle sizes are also dependent on the scat-
tering angle. The corresponding uncertainty is, therefore,
shifted in the same way. For bubbles, the largest diameter
may be measured in front-scatter, while the smallest bub-
bles may be measured in side-scatter, with the backscatter
regime approaching the uncertainty of the front-scatter
regime. This is a crucial insight, as an experimentalist
might then choose a scattering angle based on the expected
particle size distribution. This also shows that a scattering
angle should be chosen to measure close to the lower limit,
as the uncertainties are significantly lower. The frequency
uncertainty approaches 50% at the Nyquist diameter and is
therefore the dominant uncertainty for large particles.

B. Main influences on the uncertainty

The previous subsection discussed the quantities that are
subject to uncertainty; this subsection focuses on the main
sources of these uncertainties. While Fig. 12(c) would
suggest very similar properties between the front- and
backscatter regimes for bubbles, this is not the case, due to
the significantly lower SNR in backscatter. The SNR is a
result of the PI intensity compared to the background noise
on the camera chip. The performance of the algorithm
to measure �Dpp is dependent on the SNR. While this
relationship depends on the algorithm, it can be gener-
ally assumed that better performance (i.e., lower �Dpp)
is obtained with higher SNR. The SNR depends on sev-
eral factors, mainly the particle diameter, the scattering
angle, and the amount of defocusing zdefoc. Consequently,
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Eq. (19) must be modified to

�dp(dp ,θ ,zdefoc) ≤
∣∣∣∣λBtot(zdefoc)�Dpp,(SNR(θ ,zdefoc,dp ))

�GP(θ)

∣∣∣∣ d2
p ,

(20)

which accounts for the fact that �Dpp is not constant.
One important factor is the particle size, since larger par-
ticles result in brighter interference patterns, as can be
proven by the LMT [20]. This suggests that �Dpp becomes
smaller with larger particles, counteracting �dp ∼ d2

p . Fur-
thermore, this means that Eq. (19) overestimates the uncer-
tainty for large particles and underestimates it for smaller
ones. This is advantageous, as it indicates that large parti-
cles can be measured with smaller uncertainties than Eq.
(19) suggests.

The relationship between intensity and particle diameter
is exponential, suggesting radically better SNR for large
particles. A second influence on the SNR is the distance of
the particle from the focal plane zdefoc, which is also taken

into account in Btot. The intensity of the PI decreases with
the distance from the focal plane, resulting in a lower SNR.
As the diameter of the PI increases approximately linearly
with the distance from the focal plane [32], the area of the
PI increases by the power of 2. As the light intensity is
distributed over a larger PI area, the intensity of the PI
becomes accordingly weaker and the SNR decreases. At
the same time, however, a more defocused particle results
in larger PIs [17,32], as indicated in Fig. 2(b), which in
turn results in better interference pattern resolution and
lower �Dpp. Consequently, there are two counteracting
effects on �Dpp when zdefoc is changed: The increase in the
resolution of the interference pattern is countered by the
decrease in the SNR of the pattern. The increase in fringe
frequency resolution is linear with sufficient distance from
the focal plane [33], while the intensity loss decreases with
the power of 2. The linear increase of resolution coupled
with the quadratic decrease of SNR indicates that there is
an optimal amount of defocusing for the PI, which is in
agreement with earlier PI-characterization studies [34].

(a) (b)

(c) (d)

More fluctuation

Less fluctuation

FIG. 13. Debye plots of the peak intensity of the interference pattern for (a,b) a water droplet in air (m = 1.333 + i1.82×10−9,
λ = 532 µm, dp = 250 µm ⇒ x = 1476.3) in (a) TE mode and (b) TM mode, and for (c,d) an air bubble in water (m = 1/1.333 + i0,
λ = 532 µm, dp = 250 µm ⇒ x = 1967.9) in (c) TE mode and (d) TM mode.
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Finally, the intensity of the glare points depends on
the scattering angle, so the SNR is also a function of θ .
The relationship between scattering angle and intensity is
highly nonlinear. To assess the SNR of the interference pat-
tern, the intensities of its maxima can be examined. These
can be calculated from the combined intensity of the two
glare points forming the pattern, IPI,max = |S(pi) + S(pj )|
(see Fig. 13). This quantity provides a brightness mea-
sure for the maxima of the interference patterns (i.e., its
distinction from the background—the SNR), while the
intensity difference between the minima and maxima of
the pattern is evaluated on the grounds of the visibility.
Consequently, both should be taken into account, as both
influence the signal quality.

For droplets in TE and TM mode, a strong decrease of
intensity from the front- to the side-scatter can be seen
[compare Figs. 13(a) and 13(b)]. From the side-scatter
regime toward the p = (0, 3) rainbow angle, the inten-
sity increases with the scattering angle, while from the
p = (0, 2) rainbow angle, the intensity decreases toward
even larger scattering angles. As observed for the visi-
bility, the intensity is also low in the ADB, making this
angle range unfavorable for IPI. In general, the backscat-
ter regime for droplets shows higher intensities, making
it more favorable than the side-scatter regime. However,
large fluctuations in intensity [see, e.g., Fig. 13(b)] cause
large variations in SNR for even small changes in angle, as
might occur for particles moving through the field of view.

For bubbles also a strong decline of intensity is observed
when moving beyond the front-scatter regime [compare
Figs. 13(c) and 13(d)]. For bubbles in TE mode the inten-
sity—and therefore the SNR—decreases with increasing

FIG. 14. The signal strength (mean intensity of the maxima in
every PI) over the background intensity for the images used in
the validation experiment. The values correspond to the images
shown in Fig. 11(a). It can be seen that the particles gradu-
ally become less distinct from the background and the intensity
decreases from the front- over the side- into the backscatter
region.

scattering angles, which makes experimentation with these
angle ranges difficult. Notably, there is a strong increase of
intensity for scattering angles close to 180◦, while the vis-
ibility in this region is also sufficient. For the TM mode,
the intensity decreases toward the Brewster angle, but
increases afterwards again [see Fig. 13(d)]. This is valuable
information, as it indicates an increasing SNR in backscat-
ter with increasing scattering angles. This means that larger
scattering angles are potentially favorable for backscatter
in TM mode.

The comparison of Figs. 13(c) and 13(d) furthermore
reveals that the TE mode has in general higher intensities in
the side- and backscatter regimes. Similar to the TE mode,
the TM mode shows a sudden increase in intensity for
scattering angles close to 180◦. However, this higher inten-
sity is within a very narrow angular range, which again
causes problems for particles moving through the field of
view. Scattering angles approaching 180◦ present an addi-
tional challenge, as coherent backscatter (CBS) [35] in this
range can distort the fringe pattern and must be taken into
account. However, since such extreme angles are primar-
ily relevant to microscopic imaging but not for the present
setup, they are not considered further in this study.

Comparison of Figs. 5 and 13, in contrast, outlines the
complex relationship between visibility and SNR, but also
indicates both tradeoff and synergetic angle margins, with
synergistic angles being preferred.

To test the theoretical approach to SNR issues based on
the intensities calculated from the LMT, the PIs from the
validation experiment were investigated for their SNR (see
Fig. 11). While it is difficult to determine the exact SNR,
the overall ratio of PI intensity to background intensity,
IPI/IBG, can be used as a measure of SNR. The PI inten-
sity is defined here as the average value of the 50 brightest
pixels within the bounding box that encloses the PI. The
background intensity is defined as the average intensity of
a 200 × 200 px2 patch in the image that does not contain a
PI.

A set of example images as used to compute the SNR is
shown in Fig. 11(a). It is important to note in this context
that the brightness of the light source was increased dur-
ing the validation experiments in backscatter orientation to
combat lower overall intensities. Since this in turn likewise
increased the background intensity, the above-defined SNR
estimation provides reasonable information on the relative
PI brightness despite varying absolute intensity, as shown
in Fig. 14. Nevertheless, the experimental data of Fig. 14
show a good agreement with the theoretical considerations
of Fig. 13(c), where the intensity decreases strongly from
scattering angles of 45◦ compared to angles in the range
of 99◦–122◦. The decrease from 122◦ to 154◦ is then much
smaller compared to the decrease from the front- to the
side-scatter regime.

The same trend can be seen in the SNR of the experi-
mental data as indicated in Fig. 14. This suggests that the
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(a) (b)

FIG. 15. Glare-point spacing �GP(θ) over the scattering angle for (a) droplets (m = 1.333) and (b) bubbles (m = 1/1.333). The lines
are color-coded to indicate the glare-point spacing. Only the glare-point spacing of the glare-point pairing dominant at the scattering
angle is shown.

combined intensity of two glare points provides a good
qualitative guide to the SNR as a function of the scatter-
ing angle. However, it becomes clear from both theoretical
considerations and experimental data that backscatter IPI
requires methods to deal with the significantly lower SNR,
such as more robust fringe frequency extraction algo-
rithms. The lower intensities in turn also require better
detection algorithms, as smaller particles generate dim-
mer PIs, which can fall below a given detection threshold
upon data processing and accordingly bias any subsequent
evaluations of particle-size distributions. In this context,
machine-learning-based approaches for flow evaluation
and particularly for particle detection have considerably
matured in recent years [36,37] and seem promising for
this unavoidable image-processing challenge.

Finally, the glare-point spacing also plays an important
role in Eq. (20), as it is the only denominator and depends
on the scattering angle. As described earlier, a change in
the scattering angle also introduces a change in the fringe
frequency for the same particle size, which must be taken
into account. Note, however, that the actual influence on
the fringe-pattern changes also depends on the scattering
angle itself. The glare-point spacing can be obtained from
Fig. 8, which is plotted over the scattering angle in Fig. 15
to emphasize this interplay.

There are two factors to consider with respect to the
scattering angle—the spacing �GP itself and its gradient
d�GP/dθ upon changes of the scattering angle θ . The
former directly scales with the frequency and shifts the
uncertainty as well as the lower and upper limits of IPI,
as shown in Fig. 12(c). The latter describes the sensitiv-
ity of the glare-point spacing to angular changes, which
is described by Se = |d�GP/dθ |. This sensitivity is an
important quantity for typical IPI measurements in a field
of view (FOV), because particles likely move through
the FOV and accordingly experience different scattering
angles in consecutive frames. This means that the glare-
point spacing changes—independently from any physical

particle-diameter changes—and so also does the uncer-
tainty. It appears, therefore, also beneficial to furthermore
quantify the influence of this change in scattering angle for
the given experimental setup in order to evaluate the influ-
ence of the range of covered scattering angles within the
FOV under investigation.

For droplets, Fig. 15(a) reveals two important phenom-
ena in the diagrams: around θ = 55◦ there is a plateau
where the sensitivity Se is zero, which indicates that the
influence of the scattering angle on the glare-point spacing
essentially vanishes. The opposite can be observed for
the rainbow angles, where the gradient of Se approaches
infinity. In these two small indicated angular ranges, the
sensitivity becomes large and even small location changes
inside the FOV or likewise small uncertainties in the exper-
imental setup of the angle will inevitably cause large differ-
ences in the frequency of the PI for the same particle diam-
eter (i.e., large uncertainties). This illustrates why rainbow
angles, despite their favorable high intensity, are not well
suited to IPI. In the range of the intra-order split-ups of
p = 2 and p = 3, where three glare points contribute to the
interference pattern, several different gradients and there-
fore different uncertainties have to be considered at the
same time. This shows that a three-glare-point IPI as pro-
posed by Dehaeck and van Beeck [16] provides greater
reliability due to redundancy, but also requires a more
considered estimation of uncertainty.

The glare-point spacing for bubbles is shown in Fig.
15(b). Unlike the distinct droplet characteristics, in the
case of bubbles a similar trend in the �GP slope can be
identified for both the front- and the backscatter regimes.
Particularly, for the backscatter region at θ > 90◦, the
diagram has a near-constant slope, which indicates a con-
stant sensitivity Se. This information is encouraging news
for any IPI application in backscatter, as it demonstrates
that the overall low SNR for such applications does not
encounter additional uncertainty estimation issues from
angle sensitivities within a chosen FOV.
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VI. CONCLUDING REMARKS
In the course of this work, it has been shown that IPI

can be performed in the backscatter regime. In contrast to
the front-scatter regime, interference patterns in the side-
and backscatter regimes are formed by different scattering
orders and glare-point spacings, which requires a differ-
ent transfer function between fringe frequency and particle
diameter to account for these changes.

The visibility plots presented in this work can be used to
identify suitable scattering angles for IPI as well as to iden-
tify the scattering orders that form the interference pattern.
The visibility plots have been shown to predict the visi-
bility of patterns from experimental images appropriately.
With the GP pairing identified, GP maps and GP plots can
be used to determine the respective GP spacing, as required
for the transfer function between fringe pattern and parti-
cle diameter. GP maps have the advantage of giving an
overview of the GP spacing at any scattering angle, while
GP plots give more insight into the intensity distribution
of the GP and can uncover shortcomings of the visibility
approach, e.g., caused by intra-order split-ups.

The study of visibility, intensity, and GP spacing pro-
vides several insights that should be considered when
selecting a scattering angle. Generally, a high SNR is desir-
able for a good measurement. For IPI, the SNR depends on
both the visibility of the pattern (i.e., the ability to distin-
guish between minima and maxima in the pattern) and the
intensity of the scattered light (i.e., the ability to distin-
guish the PI from the background). Both factors must be
considered together to achieve sufficient SNR, especially
in the backscatter regime. In particular, large variations in
visibility or intensity can cause difficulties, since measure-
ments with large FOVs include a range of effective scatter-
ing angles, which in turn might lead to unfavorable angles
for the PIs in certain regions of the recorded image. Conse-
quently, the measurement uncertainty can change with the
in-plane position of the particle for scattering angles with
strong fluctuations. To manage such intensity fluctuations,
a reliable background subtraction, achieved, for example,
through recorded background images or adaptive filtering,
becomes crucial for evaluating PIs despite changing SNR.
Furthermore, the sensitive change of the GP position for
even small angle changes (especially in backscatter) more-
over means that the transfer function between frequency
and particle diameter effectively becomes a function of the
in-plane position of the particle as well.

For droplets, the TE mode is best suited for measure-
ments in the front-scatter region, but for the side- and
backscatter region the polarization should be changed to
TM mode to avoid strong intensity fluctuations and obtain
more equal GP intensities. While droplets have the advan-
tage of high intensities in the backscatter regimes com-
pared to bubbles, measurements with droplets in side- and
backscatter present several other challenges. The ADB
introduces a range of scattering angles at which IPI cannot

be performed due to the lack of visible GPs. Furthermore,
outside of ADB, the GPs of p = 2 and p = 3 face an intra-
order split, which can be useful for redundancy due to the
presence of three frequencies in the interference pattern.
However, this effect also requires consideration of three
different uncertainties and sensitivities to angle changes,
thus rendering uncertainty quantification cumbersome. At
the rainbow angles, the intra-order split can be avoided, but
the sensitivity of the GP spacing becomes large and, more-
over, small changes in the in-plane position of the particle
might lead to drastic changes in the interference pattern
for the same particle size. Therefore, the transfer function
becomes highly dependent on the in-plane position of the
particle, adding another challenge to the measurement.

Bubbles behave significantly differently in the side- and
backscatter regimes. For bubbles, both TE and TM modes
are usable in the side and backscatter regimes, with the
former giving higher intensities and the latter resulting in
better visibility. Interestingly, a region in the side-scatter
cannot be used for IPI due to the effect of the Brewster
angle. Moreover, the fluctuations in intensity and visibil-
ity are much smaller for bubbles than for droplets, which
renders experimentation with larger FOVs possible with-
out the aforementioned additional uncertainty introduced
by the in-plane position. Also, the angle sensitivity of
the transfer function is comparable between front- and
backscatter. For large scattering angles close to 180◦,
bubbles allow measurements with high visibility and inten-
sity, but coherent backscatter can disturb the interference
pattern.

Three main sources of uncertainty have been identified
in the application of IPI. The out-of-plane position of the
particle affects the defocusing parameter. This relationship
is typically linear, so that uncertainties in the out-of-plane
position linearly affect the size measurement. For quasi-
two-dimensional measurements with known out-of-plane
positions of the particles, this error is usually negligi-
ble. The second source of uncertainty comes from the
GP spacing, which defines the transfer function between
the interference pattern and the particle size. The spacing
changes the corresponding frequency of the pattern for a
given particle size. Consequently, the lower and upper lim-
its of measurable particle sizes can be manipulated with
the scattering angle. Since this also affects the resolution
per stripe, the accuracy of the frequency determination can
also be manipulated by changing the scattering angle.

Finally, the GP spacing affects the aforementioned sen-
sitivity of the transfer function to angular changes, i.e., the
in-plane position of the particle. The last influencing fac-
tor is the uncertainty of the frequency determination itself,
which is mainly determined by the resolution of the fringes
and their SNR. The SNR is influenced by the particle size
(larger particles have a higher scattering efficiency) and the
amount of defocusing (intensity loss due to defocusing),
in addition to the visibility and intensity dictated by the
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scattering angle. The resolution of the PI is determined by
the amount of defocusing and the GP spacing, and thus by
the particle size and scattering angle. These interrelation-
ships lead to the following two main trade-offs. (i) For a
given particle size, the scattering angle changes the fringe
frequency, which, vice versa, can be used to calibrate
the desired number of fringes for the investigated parti-
cle size distributions far away from the Nyquist criterion.
This adjustment inevitably also affects both the visibility
and intensity, and therefore the SNR of the PI will also
change. As such, a trade-off is found between a good fringe
detection accuracy and a good SNR. (ii) More defocused
PIs have better spatial resolution of the PI, but at the cost of
lower SNR due to intensity loss. Therefore, there is both an
optimal particle size and an optimal amount of defocus to
minimize the uncertainty in the frequency determination,
both of which immediately rely on the given experimental
situation and corresponding equipment.

Despite the lower signal quality and more complex han-
dling of uncertainty, the backscatter regime remains of
interest for IPI due to the ability to measure with a single
optical access. The use of a single optical access makes IPI
much more flexible and opens up the possibility of mea-
surements closer to the actual application rather than labo-
ratory models. In this context, the present work contributes
toward a more straightforward and robust applicability of
IPI for applications with limited optical access. Comple-
mentary to the presented approach, the development of
advanced data evaluation methods that are more robust to
low SNR appears promising for achieving further progress
in IPI as a single-optical-access application. Here, the pri-
mary objectives might be the detection of particles that are
less distinguishable from the background, and more robust
and accurate algorithms for fringe frequency extraction.
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APPENDIX A: FURTHER INFORMATION ON THE
OPTICAL SYSTEM

Equation (8) requires a description of the optical sys-
tem (Btot, defocusing component) to calculate the particle
diameter. This appendix provides more details on the com-
putation of the value of Btot in the validation experiment.
Three different kinds of matrices were used. The first one
is a matrix for propagation through free space of length di:

Mi =
[

1 di
0 1

]
. (A1)

The next matrix describes the refraction at an interface like
a glass wall. The initial refractive index is n1 and the index
after the interface is n2. For a curved wall the radius R > 0
is used to describe the curvature. For a flat interface R →

ALGORITHM 1. Calculation of a line with scattering order p in a GP map.
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∞ is used. The matrix is as follows:

MI12 =
[

1 0
(n1 − n2)/(Rn2) n1/n2

]
. (A2)

The third required matrix describes a thin lens with focal
length flens:

Mlens =
[

1 0
−1/flens 1

]
. (A3)

The optical system comprises propagation through free
space from the bubble to the glass wall (Mwater), the inter-
face between water and glass (MIwg), propagation through
the glass (Mglass), the interface between glass and air (MIga ),
propagation from the glass wall to the imaging lens (Mair),
the change in the light path at the imaging lens (Mlens),
and finally propagation from the lens onto the camera chip
(Mimage) [see Fig. 10(c)]. The total system is then computed
from

Mtot = MimageMlensMairMIgaMglassMIwgMwater. (A4)

APPENDIX B: ALGORITHM FOR THE
CALCULATION OF GLARE-POINT MAPS

The calculation of GP maps as conducted alongside Eq.
(16) is based on

θ ′ = 2(β
(p)

i − pβ
(p)
t ) = 2πk + qθ (B1)

and Snell’s law. As mentioned before, q is ±1 and k ∈ N

is an integer. The values of q and k remain to be deter-
mined, where only one combination of q and k satisfies the
equation for a given refractive index m and scattering order
p . A method to determine q and k while computing w(θ) is
demonstrated in Algorithm 1, which is based on a selective
trial-and-error approach.

Algorithm 1 works as follows. For a given scatter-
ing order p and refractive index m, Eq. (16) is solved
indirectly, by inserting values of β

(p)

i = [0, π/2] into
the equation and calculating the resulting values of θ .
This is done for every value of q = {−1, 1}, and k =
[0, 1, 2, . . . , kN ] (for low scattering orders, kN = 5 is suffi-
cient) in a trial-and-error approach. This results in Ntries =
2kN different arrays for θ(β

(p)

i ). The correct values of q and
k can be determined by constraints on θ . The constraints
for correct solutions of the equation are �{θ} ∈ [0, π ] and
�{θ} = 0, which is satisfied only for one pair of values of
q and k.

Also, not all values of β
(p)

i = [0, π/2] result in �{θ} ∈
[0, π ] and �{θ} = 0, since the required conditions for a
β

(p)

i determination are not given for the full range [0, π/2].
The correct entries of the β

(p)

i array can be identified by
the entries that satisfy the constraints on θ . The truncated

TABLE 2. The k and q values for the calculation of β
(p)

i and
β

(p)
t in Eq. (16).

p k for (m > 1) q for (m > 1) k for (m < 1) q for (m < 1)

0 0 1 0 1
1 0 −1 0 1
2 0 −1 0 −1
3 −1 1 1 1

arrays θoutput and βoutput are defined as the set of values in
θ and β that satisfy the constraints on θ . The glare-point
position w of order p is then computed by inserting the
values of βoutput and q into Eq. (1).

Algorithm 1 returns the two arrays of θoutput and wp , and
the used values of q and k. The values of q and k for m > 1
and m < 1 are given for the first four scattering orders p =
[0, 3] in Table II.
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