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ABSTRACT Background: The use of point clouds to perform quality control (QC) of prefabricated structural
systems is growing markedly. The sustained application of point clouds on construction projects at scale,
however, requires reliable and automated frameworks to foster practicality. Literature Review: Existing
solutions seldom incorporate the impact of instrument artifacts, construction errors, and complex element
geometries, rendering the frameworks error-prone and sensitive to thresholds, outliers, and missing data.
More specifically, current methods: 1) are not generalizable to any freeform element; 2) rely on local
primitives, which increases runtime and threshold subjectivity; 3) do not formulate the point cloud to model
fitting based on geometric distance; and 4) do not incorporate a dedicated outlier detection to explicitly
handle large outliers. Methodology: This study presents, scan-to-QC, a generic solution for automatic QC
of prefabricated elements with non-analytic cross-sections using point clouds. The framework addresses the
current state-of-the-art limitations (above) by providing a generic, direct artificial-intelligence (AI)-based
geometric distance fitting robust to outliers. The proposed approach introduces four new algorithms to:
1) represent the cross-sectional boundaries of elements with trigonometric polynomials, 2) perform orthog-
onal fitting of points to these polynomials, 3) remove outlying observations through robust concentration
steps (CS), and 4) perform assembly verification of prefabricated elements in construction projects. As the
convergence of CS depends on the initial fitting parameters, the performances of seven deterministic, heuris-
tic, and AI-based (i.e., metaheuristic and global computational intelligence-based) optimization strategies
to recover these parameters were evaluated on point clouds of five common prefabricated elements with
complex geometries. The comparative analysis considered factors such as the fit quality, object detection
accuracy, and computation runtime. Results and Conclusions: Among these methods, the Particle Swarm
(PS) achieved the best results, significantly outperforming Simulated Annealing, Bayesian, and Genetic
Algorithm. Furthermore, by fine-tuning the swarm size, the PS attained 99% and 96% accuracies in object
detection and fitting quality, respectively. Finally, the calibrated PS algorithm was applied to the point cloud
of a real-world prefabricated spaceframe structure, yielding 98.5% reliability in nodal coordinate estimation
compared to the ground truth.

INDEX TERMS Building automation, building information management, metaheuristics, total quality
management, prefabricated construction.

I. INTRODUCTION
A. PREFABRICATION QUALITY CONTROL
The global prefabricated construction market has experi-
enced substantial growth since the year 2020. Projected at
$153.7 billion in 2026, [1] with a compound annual growth
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rate (CAGR) of around 7%, driven by the desire to achieve
faster construction, address skilled labor shortages, and pro-
mote sustainable practices. Multiple studies have reported
the potential of prefabricated construction to reduce cost,
duration, material waste, energy consumption, and carbon
emissions compared to conventional methods, as follows:

• Cost reduction of 10% in the European Union (EU) [2]
• Timesaving of 20–50% [3], [4]
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• Material waste reduction of 52% [5]
• Life-cycle energy consumption reduction of 4–14% [6]
• Carbon emission reduction of 4–20% in the USA [7].

Prefabricated construction capitalizes on the advantages
offered by controlled and precision manufacturing pro-
cesses, such as lean practices and total quality management.
However, unlike in the manufacturing industry, where the
entire asset can be built under controlled settings, prefabri-
cated construction requires on-site assembly and installation
of either prefabricated individual elements (e.g., structural
elements) or off-site modular elements (e.g., industrial mod-
ules [8]). Therefore, the potential risks associated with
human errors during assembly cannot be neglected. For
instance, human errors during the construction of prefab-
ricated bridges have reportedly contributed to 6–17% of
bridge collapses [9]. If these assembly errors are not found or
reported on time, they constitute omission errors, contributing
to approximately 38% of the costly rework [10].Therefore,
this study proposes a generic framework for the qual-
ity control of prefabricated elements with arbitrary cross
sections from point clouds, referred to as scan-to-QC for
brevity.

B. COMPLEXITY OF AUTOMATIC SCAN-TO-QC
The automatic processing of point clouds in construction
projects involves assigning each point to its corresponding
real-world object to derive relevant construction analytics.
Point cloud processing is challenging due to various data
artifacts, such as missing data from occlusions and outly-
ing observations, geometric disparities between the built and
planned structures caused by construction errors, and incom-
plete or inaccurate planned baseline information [11]. Based
on this, the following three construction project-specific cat-
egories of error can contribute to the complexities associated
with point cloud processing:

• point cloud errors (e.g., instrument errors, such as ran-
dom, systematic, and registration errors, along with
scene-specific data artifacts, such as mixed pixels and
incidence angle errors);

• construction errors (e.g., human errors, such as dimen-
sioning, floor levelness and assembly errors); and

• planned information errors (e.g., incompleteness and/or
errors in graphical, textual, and semantic planned infor-
mation).

To provide further perspective, point clouds with higher
instrument accuracy and/or resolution from known sources–
i.e., with quantifiable measurement uncertainty–are less
complex to analyze than those acquired using unknown
instruments. Similarly, the processing of point clouds
acquired from construction projects with lower or quan-
tifiable construction errors–e.g., through controlled robotic
fabrication and assembly methods–is easier compared to
construction projects where the existence of considerable
construction errors cannot be ruled out. Finally, process-
ing point clouds for a construction project with limited

baseline planned information is inherently more complex
than for projects with a detailed semantic digital model–
e.g., created through the building information modeling
(BIM) process–which can limit the search space and
guide the object detection process. As such, a strategy
for automatically processing point clouds must account for
the unique challenges posed by these three categories of
errors.

C. STUDY SCOPE AND PROBLEM FORMULATION
Prefabricated elements are assumed to undergo quality con-
trol before assembly, either on-site or off-site; hence, the
dimensional errors of the elements can be modeled based on
tolerances. However, significant installation/assembly errors
owing to element placement, position, and orientation remain
possible. Figure 1a shows the registered point cloud and
digital model of a hollow structural section (HSS) member,
illustrating considerable assembly error. Figures 1b and 1c
show the results of the point cloud tolerance checking using
the commercial software Verity and the proposed method
described in this manuscript, respectively. As observed, Ver-
ity, using the default settings, could not identify the correct
correspondences between the model and point cloud, likely
because of substantial outlying observations. In contrast, the
proposed method correctly determined the point-to-model
correspondences. Therefore, the desired automated scan-to-
QC method must be adaptable to different conditions, such
as noise levels and outlier ratios, to accurately quantify the
level of noncompliance.

For further context, Verity is a commercial software that
performs QC within the Autodesk Navisworks environment
as a plugin. As such, it is interoperable with current BIM
exchange formats, such as issue foundation class (IFC) partic-
ularly those acquired from software suites such as Revit and
Tekla. Furthermore, temporal point clouds can be connected
directly with 4D simulations, obtained from interoperable
suites, such as Navisworks. Similarly, the proposed scan-to-
QCmethodology can also connect to existing BIMworkflows
by improving the QC accuracy as depicted in Figure 1. The
accurate reporting of the QC reduces manual validation of the
results and increases the reliability of the tolerance checking
report.

The conceptual diagram demonstrating the relationship
between the input layers (i.e., point cloud and BIM), the
analysis layer (i.e., scan-to-QC), and the analytics layer (gen-
eration of geometric digital twins [12]) is demonstrated in
Figure 1d. The input layer includes the point cloud and
BIM. The BIM represents the baseline geometry and ele-
ments required for detection along with their tolerances. The
scan-to-QC layer involves the initial point cloud to BIM regis-
tration, followed by BIM element detection and construction
error estimation. This information is then fed to the analytics
layer, where relevant analytics such as the geometric digital
twin as well as tolerance classes (in terms of severity) are
generated.
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FIGURE 1. Prefabricated steel element with assembly error: (a) registered
point cloud and digital model 3D (left) and 2D (right); and point cloud
processing for quality control: (b) Verity and (c) proposed method.
(d) Depicts the relation between input layer (point cloud and BIM),
analysis layer (scan-to-QC), and analytics layer (geometric digital twin).

D. MODEL-BASED POINT CLOUD PROCESSING
Bosché [13], [14] presented a template matching solution,
scan vs. BIM (SvB), using a combination of frustum-based
ray-casting, iterative closest point (ICP) registration or its
many variants, [15] and random sample and consensus
(RANSAC) planar outlier detection. The primary advantage
of this method is its simplicity, and other than RANSAC [16],
the remainder is deterministic. However, the accuracy of the
method depends heavily on the magnitude of the predefined
distance threshold DThresh [13], [17]. Furthermore, ICP can-
not guarantee the recovery of transformation parameters for
large transformations.

Extensions to the original SvB (e.g., utilizing local cur-
vature analysis [18]) have proven effective, particularly for
smooth and curved surfaces, including planes (PvB in [17])
and pipes [19], [20], [21]. However, local curvature analysis

requires an optimal neighborhood definition, which can only
be solved heuristically by employing either Monte Carlo
sampling [22] or artificial intelligence (AI)-based approaches
such as Bayesian methods [23]. These methods also require
an adaptive threshold to check the agreement between the
local curvature of the BIM and point clouds. This requires
either reliable closed-form solutions for the propagation of
measurement uncertainty to predict the curvature estimation
uncertainty, [18] or sufficient historical data to train machine
learning models, such as support vector machines (SVM)
[23]. However, these approaches increase complexity and
computation time.

Another approach relies on direct fitting of the model to the
point cloud. After an initial registration between the digital
model and point cloud, a loose neighborhood around each
element is defined to encompass the points of the desired
element. The latter can also be achieved through object clas-
sification [24] and instance segmentation [25], [26]. The goal
is to fit the geometric model of the elements onto the inlier
points. Commonly suitable for elements with analytic geome-
tries, such as planes, spheres, and cylinders, this approach
combines least-squares fitting with robust outlier detection.
Robust statistical methods consist of an initial estimation of
the model parameters followed by iterative outlier removal,
referred to as the concentration step (CS). To avoid local
convergence, the performance of these methods depends on
the accurate estimation of the initial model parameters [27].
This also holds for methods that rely on grid occupancy of
the element’s cross-section to find corresponding points [28]
as they require an accurate estimation of the initial element’s
axis [8]. Monte Carlo-based random sampling strategies have
been proposed [29] to obtain at least one outlier-free set
of observations. Monte Carlo-based methods, however, are
heuristic and depend on the number and size of random
samples [30], [31].

To reduce the impact of the results on the randomness of
the initial parameter estimation, AI-based global optimization
methods [32], such as Bayesian [33], Genetic Algorithm
(GA) [34], Simulated Annealing (SA) [35], and Particle
Swarm (PS) [36], can be employed to provide systematic
strategies that help recover the initial model-fitting parame-
ters. These global optimization methods are also effective for
solving both least trimmed squares (LTS) and least median
of squares (LMS) problems in contaminated datasets (e.g.,
Bayesian [37], Genetic [38], SA [39], and PS [40]).

Metaheuristic optimization was incorporated within recent
studies in construction informatics to fit polygonal approx-
imation models to points. These included the utilization
of (i) mean squared error (MSE) to fit disjoined polygon
lines to boundary points in bridge infrastructure [41], and
(ii) logarithm of Root-MSE (RMSE), relative edge length,
and relative surface normal between point and model in steel
structure [25], [42]. While these methods show effectiveness
on the example datasets, they in their current form: (i) are not
generalizable to any freeform; (ii) rely on curvature analysis
to define the objective function, which increases runtime and
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subjectivity; (iii) do not formulate RMSE based on geometric
distance; and (iv) do not incorporate CS to explicitly handle
large outlier ratios.

This manuscript proposes the problem of detecting
BIM/CAD elements from point clouds–within a flexible
boundary around the element–as the solution to an AI-based
robustmodel-fitting process. The proposedmethod avoids the
need for local curvature analysis. Furthermore, the method is
sufficiently flexible to detect elements with cross-sections of
any shape, even in the presence of outlying observations.

Table 1 presents a summary of the comparisons between
the proposed and available methods in the construction infor-
matics literature. The content of this table shows that the
proposed approach builds on the scientific findings presented
in current literature by: (i) offering a direct point cloud model
fitting suitable to any cross-section geometry; (ii) using a
new closed-form geometric distance formulation of points to
free-form curves; and (iii) applying a dedicated robust outlier
removal strategy for large outlier ratios.

TABLE 1. Summary of state-of-the-art in direct model fitting.

E. STUDY OBJECTIVES
The objective of this study is to provide a generic solution
to the fitting of prefabricated elements (i.e., elements adher-
ing to production-line dimensional quality control standards)
with non-analytic cross-sections to point clouds in the pres-
ence of outlying observations and considerable on-site (or
off-site) construction assembly errors. Furthermore, while not
explicitly investigated, the methodology is flexible enough to
incorporate small structural deformations under construction
loads and elements with variable cross-sectional areas.

To achieve this, the sub-objectives of the study are to:
• Formulation: reformulate the problem of point cloud

detection of prefabricated elements of any shape into
robust model fitting–instead of relying on popular tem-
plate matching methods–through:

◦ Cross-section parameterization: represent the cross-
sectional area of arbitrarily shaped elements with a
double-differentiable continuous parametric equation
◦ Geometric fitting: derive the new equations required
to fit the parametric model to points, including:

� Orthogonal contact point: establish the mathe-
matical bases to formulate the orthogonal contacting
point to model

�Best fit: derive gradient-based optimization to find
the best-fit parameters
◦ AI optimization: apply metaheuristic algorithms, such
as Particle Swarm (PS), Genetic algorithm, Simulated
Annealing (SA), and Bayesian optimization, to find ini-
tial fitting parameters
◦ Robust outlier removal: develop new robust CS to
adaptively remove substantial outliers from data during
fitting

• Verification: evaluate the suitability of the proposed
point cloud fitting method on a selected set of prefab-
ricated structural steel elements with different cross-
section types, such as W-section, rectangular HSS, and
C-section, assessing object detection quality, fitting
accuracy, and computation time

• Validation: quantify the reliability and performance of
the method with the best-performing results for assem-
bly verification of prefabricated steel members from a
real-world space frame structure.

II. METHODOLOGY
The method to solve the point cloud processing of prefab-
ricated and quality-controlled elements in the presence of
large construction assembly errors involves three main steps,
as depicted in Figure 2 and Algorithm 1: Scan-to-QC of
Prefabricated Elements. Steps 1 and 3 of Algorithm 1 were
adopted from [8]. Here, the algorithm was further refined to:
(i) include elements with non-analytic cross-sections, such
as W–Sections, through parametric function approximation;
(ii) derive the mathematical bases to fit point clouds to the
derived parametric function; and (iii) systematically reduce
the possibility of local convergence of robust CS by employ-
ing AI-based optimization robust to considerable assembly
errors.

A. ORTHOGONAL FITTING OF PARAMETRIC FUNCTIONS
TO POINT CLOUDS
In this study, the derived model formulates the shortest
(orthogonal) distance from a point to the curve, referred to
as the geometric (orthogonal) distance. Given the parametric
equation of the boundaries of CAD/BIM of the element, the
generic equations for the orthogonal fitting of points to the
parametric equation are derived as follows:

DX ,Y ,t =

∥∥∥∥[
DX
DY

]∥∥∥∥ =

∥∥∥∥[
X − XI
Y − YI

]∥∥∥∥ =

∥∥∥∥[
X − fX ,t
Y − fY ,t

]∥∥∥∥ (1)

where DX ,Y ,t is the distance function; ∥.∥ denotes
the L2-norm; (DX ,DY ) represents the distance in X
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Algorithm 1 Scan-to-QC of Prefabricated Elements
INPUT: 3D POINT COORDINATES, (x, y, z)i: i ∈

{1, 2, . . . ,N }, TERMS OF PARAMETRIC
FUNCTION,(
fX ,t , fY ,t

)
k : k ∈ {1, 2, . . . ,L} , REPRESENTING THE

BIM ELEMENT TYPE BOUNDARIES, AND
NEIGHBORHOOD THRESHOLD, 1 < δN < 2.

OUTPUT: ELEMENT’S ASSEMBLY ERROR, σ̂Elk : k ∈

{1, 2, . . . ,L}.

1. Register Perform target-based registration between point
cloud and BIM through pre-surveyed control points (Figure 2a).

2. Detect For each BIM element in k ∈ {1, 2, . . . ,L}, perform
the following steps:

2.1. Select Select points within element bounding box
isometrically scaled by δN (Figure 2b);

2.2. Transform Orient the point cloud so that the BIM element’s
axis aligns with the z-axis (Figure 2b);

2.3. Fit Model Perform AI-based model fitting on the
transformed point cloud in the x-y plane to
recover transformation parameters (Figure 2c);

2.4. Robust Fit Perform Algorithm 3 on the transformed points
from Step 2.3 to determine the inlier points and
final transformation parameters (Figure 2d);

2.5. Fit Error Calculate the RMSE between the inlier points
before and after transformations of Steps 2.3
and 2.4 and store as the assembly error, σ̂El .

3. Analytics Color-code the results for each element based on
the estimated σ̂El and standard code of
practice, or k-means clustering (Figure 2e).

and Y axes; X = (x − xc) cos θ+(y− yc) sin θ,Y =

− (x − xc) sin θ+(y− yc) cos θ , ρ=(xc, yc, θ) are the geo-
metric parameters of the best fit onto the points (x, y), (XI ,YI )
are the orthogonal contacting points; and (fX ,t , fY ,t ) are
the parametric representations of the orthogonal contacting
point. Following Ahn’s geometric orthogonal least-squares
fit for ellipses [44], the problem is divided into two main
subsections: (i) estimation of the orthogonal contacting point
(XI ,YI ) = (fX ,t , fY ,t ); and (ii) minimizing the sum of the
squared distances between points and its orthogonal contact-
ing point.

B. FORMULATING THE ORTHOGONAL CONTACTING
POINT
The orthogonal contacting point corresponding to point
(X ,Y ) must satisfy the following condition:

df Y ,t

dfX ,t
.
Y − YI
X − XI

= −1 (2)

where
df Y ,t
dfX ,t

denotes the gradients of the parametric function
at the orthogonal contact point. By employing the chain
rule in differential calculus, the equation can be simplified
as:

gX ,Y ,t = f ′
Y ,t .

(
Y − fY ,t

)
+ f ′

X ,t .
(
X − fX ,t

)
= 0 (3)

where (f ′
X ,t , f

′
Y ,t ) are the derivatives of (fX ,t , fY ,t ) with respect

to the parameter t . The orthogonal contact point is estimated
through gradient-based minimization (here, Gauss-Newton)
as follows:

min
t
g2X ,Y ,t

Gauss−Newton
−−−−−−−−→ (4)

FIGURE 2. Schematics of the proposed scan-to-QC: (a) point cloud and
model registration; (b) selected points around element, axis-aligned with
z and projected onto the x-y plane; (c) AI-based fitting: convergence–left,
and final rotated points–right; (d) detected outliers after robust CS; and
(e) color-coding into three tolerance severity classes using k-means.

→



dgX ,Y ,t

dt
= g′

X ,Y ,t

δt = −
gX ,Y ,t

g′
X ,Y ,t

∣∣∣∣∣
t=tj

tj+1 = tj + δt

(5)

where g′
X ,Y ,t is the derivative of gX ,Y ,t with respect to t , δt

is the Gauss-Newton correction; tj is the decision variable
at iteration j, and (f

′′

X ,t , f
′′

Y ,t ) are the second derivatives of
(fX ,t , fY ,t ) with respect to t .

III. FITTING PARAMETRIC EQUATIONS TO POINTS
Given the orthogonal contacting point, the geometric param-
eter vector ρ = (xc, yc, θ), can now be estimated by
minimizing the following least-squares objective function:

min
ρ

N∑
i=1

DX ,Y ,ti
2

=

N∑
i=1

(
DX ,ti

2
+ DY ,ti

2
)

(6)
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Equation (6) is a nonlinear problem, but so long as the Jaco-
bian can be analytically derived, it is solvable using iterative
gradient-based methods such as Levenberg-Marquardt [31].
The Jacobian of the objective function with respect to the
geometric parameter vector ρ = (xc, yc, θ) is presented
in Appendix A in closed-form. Equations (1)–(6), along
with those presented in Appendix A, provide the math-
ematical bases to fit a parametric equation of a curve
with the CAD/BIM boundary represented by the paramet-
ric function (fX ,t , fY ,t ) to neighboring points. Based on
the derived equations, this parametric function must be (i)
represented by one parameter, t; and (ii) continuous and
double-differentiable in ℜ. In the following section, trigono-
metric polynomials (TPs) are selected as suitable parametric
functions.

A. TRIGONOMETRIC APPROXIMATION OF BIM
Parametric equations are formulations where points are repre-
sented as a function of an auxiliary variable, t , referred to as
the parameter. The parametric representation is suitable for
closed curves, where an injective function in implicit form
cannot be generated. Different strategies for parametriza-
tion, such as arc length, trigonometric (or cyclical/angular),
and Bézier, can be employed depending on the complexity
of the shape of the curve. Once an effective parameter-
ization strategy is chosen, a parametric function can be
generated to map a set of points–in our case from the
boundaries of the BIM element in 2D (XBIM ,YBIM )–onto
(fX ,t , fY ,t ). This mapping is synonymous with a regression
problem (generally non-linear) in the orthogonal Cartesian
axes.

These regressions can be formulated without prior knowl-
edge through recent developments in symbolic regression
(SR), which uses evolutionary programming to find the best
fit function in terms of parsimony, accuracy, and complexity,
or through available formulations such as rational splines or
TPs. On the one hand, the SR problem is NP–hard; on the
other hand, additional constraints must be defined within the
SR method to guarantee the continuous and double differen-
tiability requirements of the resulting function imposed by
Equations (1)–(6).

Previous studies have utilized rational splines, such as
non-uniform rational B-spline (NURBS), to parameterize the
boundaries of CAD/BIM elements. NURBS are effective in
generating accurate formulations even for sharp curve bound-
aries. This property, however, will not benefit direct point
cloud model fitting due to incidence angle error artifacts at
sharp edges. NURBS are constructed through the ratio of two
splines. As such, the general guarantee of differentiability and
continuity require effective weighting strategies to prevent
division by zero.

Another approach is to utilize epicycle mathematics by
fitting a trigonometric Fourier series (infinite series) to the
points. This form of trigonometric series satisfies all the
requirements mentioned in the previous section and its utility

has been well-established within the literature [45], [46].
However, while the infinite series is exact, it lacks parsimony.
In fact, as the number of terms of series l, increases, the
agreement between the continuous function and boundaries
also increases. In this study, TP approximation is utilized due
to flexibility, effectiveness in capturing round curves, and
numerical stability; however, the provided formulations are
agnostic to the type of parameterization, and can easily be
adjusted for other function types, such as NURBS.
Algorithm 2: Trigonometric BIM Approximation is devel-

oped to determine the TP function that achieves the desired
RMSE agreement (σThresh) between the boundary points and
the final function by iteratively adding extra terms to the TP
approximation.

Algorithm 2 Trigonometric BIM Approximation
INPUT: DESIRED PRECISION, σThresh , BIM/CAD

BOUNDARY POINTS, AND (XBIM ,YBIM )i: i ∈
{1, 2, . . . ,M}.

OUTPUT: BEST FIT TP PARAMETERS, (fX ,t , fY ,t ) ≡

(akX , bkX , akY , bkY ) : k ∈ {1, 2, . . . , l}.

1. Order Cyclically order the boundary points by solving
the traveling salesman problem (TSP) [47].

2. Terms Calculate the terms of Fourier, ak and bk to form
the parametric function (Xt ,Yt ) = (fX ,t , fY ,t )

using Equation (7).
3. Error Calculate the RMSE between original points and

parameters.
4. Check If RMSE < σThresh, retain the solution

Else , go to step 2

The following sets of equations, Equation (7), are uti-
lized within Algorithm 2. Based on these formulations and
algorithms, the best-fit parameters were estimated using the
Levenberg-Marquardt algorithm of [31]. The closed-form
derivatives of the TP function in Equation (7) are provided
in Appendix B.



ti = 2π
i− 1
M − 1

, i ∈ {1, 2, . . . ,M}

ak =
1
2π

∑M−1

i=1
XBIMi · (ti+1 − ti) · cos (kti)

bk =
1
2π

∑M−1

i=1
XBIMi · (ti+1 − ti) · sin (kti)

Xt = fX ,t =

∑l

k=1
akX sin(kt) + bkX cos(kt)

Yt = fY ,t =

∑l

k=1
akY sin(kt) + bkY cos(kt)

(7)

B. ROBUST OUTLIER REMOVAL
With the assumption that the orientation and translation are
only applied in the 2D plane of the element’s cross-section,
Algorithm 3: Robust Concentration Step was employed to
remove the outliers.

In this study, σM = 10 mm was sufficient to account for
the geometric milling cross-sectional tolerances, fabrication
camber and sweep tolerances, and point cloud measurement
uncertainties for all element types; however, larger thresholds
may be necessary, depending on the element and point cloud
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Algorithm 3 Robust Concentration Step
INPUT: TRANSFORMED 2D POINT COORDINATES OF STEP 2.2.

IN ALGORITHM 1, (x, y)i : i ∈ {1, 2, . . . ,N } , TERMS OF
TP FUNCTION FROM ALGORITHM 2, (fX ,t , fY ,t ), and

TOLERANCE THRESHOLD, σM .
OUTPUT: INLIER POINTS, ID = { i ∈ N|wi = 1, 1 ≤ i ≤ N ,

AND BEST FIT PARAMETERS, ρ = (xc, yc, θ)T .

1. TP Fit Fit the TP function to points using the above
methods (Section II-A).

2. Residuals Calculate the residuals for each observation from
the best fit.

3. Regularize Regularize the observations using Equation (8).

4. Weight Weight the observations using Equation (9).

5. Check Iterate steps 1-4 until the weight vector between
two iterations remains unchanged

errors. The following equations are recalled in the algorithm.

Zi =

ri − mode
i∈{1..N }

(ri)

min
(
MADN
i∈{1..N }

(ri) , σM

) (8)

where mode
i∈{1..N }

(ri) was estimated using the mean shift

algorithm [48] and MADN
i∈{1..N }

(ri) is the normalized mean abso-

lute deviation about the median [49].

wi =

{
1, |Zi| ≤

√
χ2
2,0.95 = 2.447

0, |Zi| > 2.447
(9)

C. AI-BASED MODEL FITTING
Here, the goal of employing the evolutionary algorithm,
swarm intelligence, and other nature-inspired model fitting
was to provide a ‘‘good’’ initial estimation of the parameters,
namely, the 3D rotation and translation, which can be repre-
sented by three Euler angles (ω, ϕ, θ ), and three translation
parameters (xc, yc, zc). To this end, the following objective
functionwas formulated (10) and (11), as shown at the bottom
of the page, where wi is calculated using Equation (9) by
performing the CS only once at each optimization evaluation
step;

(
fXi,ti , fYi,ti

)
is the orthogonal projection of the rotated

points (Xi,Yi) onto the TP function; b represents the set of
M original boundary points of the BIM/CAD element (see
Section II-B); p represents the set of inlier points (i.e., those

withwi = 1); δ (b, p) is a function representing the number of
unique nearest neighbors of p within b; C is a user-specified
threshold representing the minimum acceptable coverage of
the element; ε is a small number (0.001); and γ̄ (p, b) is the
function representing the average of the number of repetitions
of all points in p nearest to those in b.

D. VALIDATION METRICS
The percentage of the ratio between the final RMSE and
ground truth RMSE (RRMSE% ), along with relevant object
detection metrics, precision, recall, accuracy, and FMeasure,
[50] of the final set of inlier points compared to the ground
truth are calculated as follows:

RRMSE% =
RMSEGt
RMSEIn

Precision% =
tp

tp + fp
Recall% =

tp
tp + fn

Accuracy% =
tp + tN

tp + tn + fp + fn

FMeasure% = 2 ·
Precision.Recall
Precision+ Recall

(12)

where RMSEGt and RMSEIn are the RMSE of the inlier points
using the ground truth and the proposed method, respec-
tively, and tp, tn, fp, fn are the true positive, true negative,
false positive, and false negative of the detected inlier points,
respectively. For consistency and ease of interpretation, here,
the RRMSE% is reported (instead of the nominal RMSE) so that
100% indicates the best result in all metrics.

IV. EXPERIMENTAL DESIGN
Two sets of experiments were conducted. The first involved
evaluating seven methods for recovering the geometric
parameters of five common prefabricated elements acquired
from real construction sites in 1,000 different random orienta-
tions and translations. The second experiment was designed
to verify the applicability of the best method from Experi-
ment #1 for the assembly verification of the elements of a
real-world cantilever spaceframe structure usingAlgorithm 2.
Figure 3 shows the 3D point cloud and the models used in

min
(ω,ϕ,θ,xC ,yC ,zC )

ηA

τD · ϕC
(10)

ηA =

∑N
−1 wi

((
xi − fxi,ci

)2
+

(
yi − fyi,ci

)2)∑N
i=1 wi

,

Xi
Yi
Zi


T

=

 xi − xc
yi − yc
zi − zc


T

· R(ω, ϕ, θ )

ϕC =


1

δ(b, p)
M

≥ C

ε
δ(b, p)
M

< C ′

b =
{
(XBIM ,YBIM )j | j = 1 . . .M

}
τD = γ̄ (p, b) ·

M
N

, p = {(Xi,Yi) | wi = 1&i = 1 . . .N }

(11)
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FIGURE 3. Experiment #1 (a)–(f): 3D model (left); 3D point cloud
(middle); 2D plot (top-right); and 2D projected point cloud (bottom-right).
(f) TP approximation. Experiment #2: (g) 3D BIM (left) and superimposed
3D point cloud (right); and (h) TP approximation of onsite elements.

the two experiments with Figures 3a–3f and Figures 3g–3h
belonging to Experiments #1 and #2, respectively.

A. EXPERIMENT #1: INDIVIDUAL PREFABRICATED
ELEMENTS
B. I. EXPERIMENT #1: SETUP
Seven different methods, namely deterministic methods of
ICP and PvB, heuristic method of SvB, and metaheuristic
methods of Bayesian, Genetic, SA, and PS, were imple-
mented, and their performances in recovering the initial
geometric parameters were compared. Table 2 summarizes
the methods used in this study, the studies adopted for
implementation, and tunable parameters outside the default
parameters from the standard functions of MATLAB’s Opti-
mization Toolbox.

TABLE 2. Summary of considered methods with properties.

V. EXPERIMENT #1: GROUND TRUTH
For each of the elements used in this experiment
(Figures 3a–3f), the points following the pattern of the best-fit
TP function were determined using brute-force by applying
a visual manual registration in CloudCompare, followed by
evaluating 1006 uniform combinations for (ω, ϕ, θ, xc, yc, zc)
with −0.5◦

≤ ω, ϕ, θ ≤ 0.5◦ and −0.005m ≤ xc, yc, zc ≤

0.005m. Algorithm 3was applied to each of the combinations
and that achieving the lowest RMSE was chosen as the
ground truth. The results of the brute-force ground-truth
parameter estimations are summarized in Table 3.

TABLE 3. Experiment #1: Summary of ground truth.

A. EXPERIMENT #2: REAL-WORLD SPACEFRAME
The portion of the site under investigation (Figure 3g)
included approximately 13.3 million points from three scan
stations, with an overall registration precision of 1.2 mm.
Algorithm 1 was applied to the entire dataset, and the assem-
bly error compared with the digital model for each element
was derived. The degree of tolerance violation was classified
into three levels of severity using the k-means clustering
algorithm [51] to provide additional descriptive analytics for
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decision makers. Finally, the locations of the nodes of the
spaceframe were estimated using the least-squares axis-line
intersection of the intersecting elements.

The proposed node estimation framework generates the
as-built structural model, which can be used to estimate
unknown parameters in the governing structural equations,
such as the stiffness matrix. Employing this process on tem-
poral static displacement estimation of the nodal coordinates
(i.e., estimating the temporal change) can support system
identification and finite element model calibration in digital
twin applications (calibration of digital twins) [59].

VI. RESULTS AND DISCUSSIONS
A. EXPERIMENT #1 RESULTS: INDIVIDUAL
PREFABRICATED ELEMENTS
Results of the simulations (metrics of Equation (12), namely,
Precision%, Recall%, Accuracy%, FMeasure% , computation
time (in minutes), and RRMSE% ) using all methods (namely,
ICP, SvB, PvB, Bayesian, Genetic, SA, and PS) are shown in
Figure 4.

FIGURE 4. Results of Experiment #1: Precision% (top-left), Recall%
(top-middle), Accuracy% (top-right), FMeasure%

(bottom-left), compute
time (bottom-middle), and RRMSE%

(bottom-right).

From the derived results, the following observations were
made:

• Object detection quality: the best to worst methods
were PS, SA, Genetic, PvB, SvB, and ICP. Bayesian
performed worse than Genetic, SA and PS in all simu-
lations, and sometimes performed better (less than 50%
of the simulations) than PvB.

• Fitting accuracy: PS, SA, Genetic, PvB, SvB, and ICP,
in the order of best to worst performance. In approxi-
mately 58% of the cases, the Bayesian performance was
poorer than that of ICP.

• Computation time: The methods that performed best to
worst were ICP, PvB, SvB, PS, Genetic, Bayesian, and
SA. SA performed worse due to lack of parallelization.

B. I. EXPERIMENT #1: PERFORMANCE EVALUATION
The metrics presented in Equation (12) were calculated
for each method in each of the simulations. As such, for
each method 5,000 different sets of metrics were calculated.
Table 4 provides the percentage of the relative error [60]–
at the median–of each metric obtained between each method

and that of the best method. As such, zero represents the best
method and any value higher than zero quantifies the relative
error between that method’s metrics compared to the best
performing (in that category). In other words, lower values are
considered better. Table 4 suggests that PS performed the best
amongst all methods in terms of detection quality (precision,
recall and accuracy) and relative RMSE, followed by SA and
Genetic. In terms of runtime, ICP performed the best followed
by PvB and PS.

TABLE 4. Experiment #1: Performance evaluation.

Given the many simulations, the comparative performance
of the methods must be evaluated probabilistically to provide
a true representation of the capabilities of the methods for
the proposed scan-to-QC framework. As such, the stochastic
multi-criteria decision-making (MCDM) method presented
in [23] was adopted to systematically select the most suitable
method probabilistically. This stochastic method requires
only the rank ordering of the importance of each criterion.
In this study, the following ranking was utilized for the anal-
ysis: RRMSE% > FMeasure% ≥ Accuracy% ≥ Recall% ≥

Precision% > TC .

FIGURE 5. Results of the stochastic MCDM [23] based on the considered
relative importance of criteria.

Figure 5 represents the percentage of times each method
was ranked (from best to worst) based on the stochastic
scores. The results show that PS outperformed the rest in over
53% of the simulations, over 2.5 and 2.9 times that achieved
by the second and third best methods, the SA and the Genetic,
respectively. The higher performance of PS is also consis-
tent with previous studies in BIM-based model fitting [25],
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[41]. Some reasons for the higher performance of PS may
be attributed to: (i) the directional nature of the velocities
(or probabilistic movement) in PS, resembling gradient-like
progression [61]; (ii) easier and comparatively less tuning
parameters [62]; and (iii) faster convergence with parallel
evaluations [63]. Based on the stochastic analysis, the order
of the methods from the most suitable to the least was found
to be PS, SA, Genetic, PvB, SvB, ICP, and Bayesian.

VII. EXPERIMENT #1: IMPACT OF ELEMENT TYPE
Figure 6 shows the FMeasure, computation time, and RRMSE
performance for the five types of elements considered in
this study (Figure 4a–4f). The error bars show the 25th, 50th

(median), and 95th percentiles, respectively.

FIGURE 6. Results of the FMeasure(%)
(top), compute time (middle), and

RRMSE%
(bottom) vs. the element number (Figure 3) for the methods

(from left to right), ICP SvB, PvB, Bayesian, Genetic, SA, and PS.

Based on the results of Figure 6, the following observations
were made:

• Deterministic and heuristic methods: ICP, SvB, and
PvB) performed poorly on element #1 in terms of
FMeasure and RRMSE . This was likely due to the higher
number of outliers in element #1. These methods also
exhibited similar error patterns at the median for all
element types.

• Baysian: performed similarly on all elements and was
visibly poorer than the other methods, Genetic, SA,
and PS, in terms of FMeasure and RRMSE . In contrast,
Bayesian performed better than ICP, SvB, and PvB in
element #1, but poorer in all other elements.

• Genetic, SA and PS: performed well on elements #1 and
#4, with the most outliers. All the methods appeared to
perform relatively poorly on element #2 owing to the
missing data of the parallel web, leading to higher rates
of local convergence. For PS, the poorer performance at
element #2 was explained by the choice of the threshold,
which will be discussed in the next section. PS outper-
formed SA and genetics on elements #3 and #5.

VIII. EXPERIMENT #1: IMPACT OF THRESHOLD
Figure 7 shows the impact of tunable thresholds (Section IV-
A.II) for all methods on the FMeasure, compute time, and
RRMSE . The results presented in Figures 4–6 set tunable
parameter for the ICP, SvB and PvB, DThresh, at 20 cm, here,

for consistency, theDThresh parameter was also changed from
5 cm to 20 cm in 5 cm increments.

FIGURE 7. Results of the FMeasure(%)
(top), compute time (middle), and

RRMSE%
(bottom) vs. tunable thresholds (Table 1) for the methods (from

left to right), ICP SvB, PvB, Bayesian, Genetic, SA, and PS.

Based on the results of Figure 7, the following noteworthy
observations were made:

• Deterministic and heuristic methods: ICP, SvB, and PvB
improved as DThresh increased from 5 cm to 20 cm in
FMeasure and RRMSE . However, no considerable change
was observed between the 15 cm and 20 cm thresholds.

• Baysian: increasing the maximum number of evalua-
tions to convergence did not appear to considerably
impact the Bayesian results.

• Parameter Gn: the performance of Genetic, SA and PS
improved as the tunable parameter increased.

• Element #2: The results of Figure 7 demonstrate that
when Gn ≥ 30, PS at the 25th percentile achieved
FMeasure and RRMSE compliance of approximately 99%
and 96%, respectively. Because the computation time
increases as Gn increases, setting PS to Gn = 30 pro-
vides the optimal balance between accuracy and com-
putation time for the point cloud data used in this study.

For demonstration purposes, Figure 8 shows the final trans-
formed and detected points using each method for a sample
rigid body transformation on each of the five elements, with
DThresh and Gn set as 20 cm and 30, respectively.

A. EXPERIMENT #2 RESULTS: SPACEFRAME STRUCTURE
Figure 9 shows the results of assembly verification using the
method proposed in Algorithm 1. Based on Experiment #1,
the PS algorithm with a swarm size of 30 was employed.
Figure 9a shows the assembly error for each element, color-
coded using a heat map. The assembly error was calculated
as the total RMSE between the inlier points in the original
point cloud, and then after recovery of the transformation
parameters. This scalar RMSE was then converted into the
jet color scheme for visualization and descriptive analytics.

Figure 9b shows the results of the same assembly error
of Figure 9a, classified within three severity categories: high
severity (in red), medium severity (in yellow), and low sever-
ity (in green). Here, red, yellow and green were derived
through the k-means clustering algorithm. It is tomention that
this figure can be similarly generated through real tolerance
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thresholds obtained from standard code of practice, or those
set within the project’s technical specifications [64].

Furthermore, the reported tolerance violation classifica-
tion can act as one factor among many that predict the
element’s reliability, criticality, or vulnerability. These may
include engineering design factors, such as stiffness sensitiv-
ity, redundancy, betweenness centrality, damage sensitivity,
and force flux to offer a more accurate depiction of the impact
of the element’s tolerance violation on the overall structural
integrity. Decision-makers can then utilize this information to
devise data-informed rectification plans to minimize rework
by estimating the time demand of each element and prioritize
the elements (to be repaired) based on their multifactorial
severity [65]. For further visual reference, Figures 9c–9f show
the results for the three most out-of-tolerance elements.

FIGURE 8. Results of the element detection for element #1–#5 in Figure 4
subjected to rigid body transformation for the methods–from left to right,
ICP, SvB, PvB, Bayesian, Genetic, SA and PS.

B. I. EXPERIMENT #2: VALIDATION
To report on the overall performance of the methodology for
on-site assembly verification, the estimated nodal coordinates
were compared to those of the ground truth. Figure 10a
shows the estimated nodal coordinates of the space frame.
The nodal coordinates were estimated through least squares
intersection [66] of the 3D axis line of the elements shar-
ing the same node. The 3D axis line was estimated as the
inverse transformation–obtained from Algorithm 1–of the
element’s 3D axis line in the planned BIM. Given that
the nodal coordinates cannot be directly measured through
an external instrument (e.g., a total station), the ground truth,
here, was derived by using the individual element’s ground
truth transformations obtained through the manual process of
Experiment #1 (described in Section III-A.II). The maximum
error, mean radial spherical error (MRSE) and offset between
the estimated (proposed method) and ground truth estimates
of the nodal coordinates were 1.4 mm, 0.6 mm, and 0.2 mm,
respectively. As such, even the maximum deviation was well
within the expected instrument’s measurement uncertainty.
The results indicated strong agreement between the automatic
estimation of the nodal coordinates compared to the ground
truth.

Given that each estimated ground truth and nodal coordi-
nates contained measurement uncertainty, the reliability of

FIGURE 9. Results of the assembly verification using algorithm I:
(a) element assembly error with colormap; and (b) tolerance violation
based on high (red), medium (yellow) and low (green) severity. Assembly
verification before and after transformation for most severe elements:
(c) S–HSS; (d)–(e) R_HSS with different fillet; and (f) W–sections.

the estimated nodal coordinates was validated, stochastically.
This was accomplished through the standard chi-squared con-
sistency test by adopting the first-order covariance matrices
(from uncertainty propagation) as the measure of uncer-
tainty. To this end, the Mahalanobis distance between the
estimated nodal coordinates and the ground truth were cal-
culated. This Mahalanobis distance is synonymous with the
squared z-score, presented in Equation (8). As such, the prob-
ability of violation for each nodal coordinate (p-value) was
defined as the upper tail probability where the chi-squared
random variable with degree 3 (for the three Cartesian coor-
dinates) was larger than the Mahalanobis distance. Similar to
Equation (9), the nodes that fall within the chi-squared cumu-
lative probability with confidence of 95% were considered
reliable.

The results of the reliability analysis are shown in
Figure 10b. In Figure 10b the colormap of both the nodes and
elements represent the accuracy of the estimated compared
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FIGURE 10. Reliability of methodology on real spaceframe structure
based on stochastic consistency testing: (a) estimated nodal coordinates;
(b) accuracy of estimated nodal coordinates and elements compared to
ground truth (color bar units in millimeters); (c) p-value for reliability
violation (color bar units in %); and (d) reliable (green) and unreliable
(red) node estimation based on 95% confidence.

to the ground truth. Figure 10c represents the p-value–i.e.,
the probability of violating the consistency test, for each
of the estimated nodal coordinates. The larger the nodal
values, the higher the probability of violation. Figure 10d
shows the binary reliability map of the estimated nodal coor-
dinates. Here, p-values of larger than 95% are considered
as unreliable measurements (shown in red). As demon-
strated, among the 65 nodal coordinates estimated from
107 element transformations, only ‘‘1’’ was deemed unre-
liable when considering the combined ground truth and
estimated uncertainties. It is still worth noting that the nom-
inal value of the accuracy was within 1.4 mm compared to
the best achievable on all 65 nodes. We conclude that the
proposed methodology is 98.5% reliable on the presented
dataset.

IX. CONCLUSION
This study presents a new formulation for detecting point
clouds corresponding to prefabricated (quality-controlled)
elements as the solution to a robust AI-based model fitting
problem. To this end, the CAD or BIM of the element’s
cross-section was approximated as a continuous (and double
differentiable) TP. A new set of formulations for the orthog-
onal fitting of points to the TP function was derived, which
was then solved iteratively using the Levenberg-Marquardt
algorithm. The method then employed CS to iteratively
remove the outlying observations. Given that the success of
the CS method is contingent on a ‘‘good’’ initial transforma-
tion, the effectiveness of seven methods, namely ICP, SvB,
PvB, Bayesian, Genetic, SA, and PS, in recovering the initial
transformation parameters was extensively evaluated. To this

end, a new objective function was formulated to account for
three metrics when fitting TPs to neighboring point clouds,
namely, the best-fit error, element’s coverage, and point den-
sity in the element’s longitudinal axis.

The methodology was validated and verified on a selected
set of five typical prefabricated steel elements and a
real-world cantilever steel spaceframe structure. For the
single-element case, the five element types with non-analytic
cross-sectional geometries were two W-sections, MC–
section, R–HSS, and S–HSS. The cross-sectional geometries
of these sections. The point clouds of these five pre-
fabricated elements were then subjected to 1,000 random
rigid-body transformations. The results of each of the five
methods to recover the transformation parameters were com-
pared with those of the ground truth. It was observed
that PS with a swarm size greater than 30 could provide
near-optimal results for all considered transformations with
over 96% and 99% compliance regarding RMSE (fitting
accuracy) and object detection quality at the 25th percentile,
respectively.

Experiment 2 involved the automatic assembly verification
of the prefabricated steel members in a cantilever space-
frame structure from the TLS point clouds. The calibrated PS
algorithm with a swarm size of 30 (from the previous exper-
iment) was employed to further illustrate the implications of
the proposed methodology in real-world applications. The
nodal coordinates of each joint were then estimated and com-
pared with that of the ground truth. The thorough reliability
analysis revealed that the accuracies of the nodal coordinates
were within 1.4 mm for all 65 estimated nodal coordinates
compared to the best achievable through brute force. Fur-
thermore, stochastic consistency tests revealed that–when
considering the uncertainties in the measurements– 64 out
of 65 nodes were estimated reliability with 95% confidence.
This suggested that the proposedmethod achieved 98.5% reli-
ability in the estimated nodal coordinates for the real-world
spaceframe structure.

Although the results presented in this study show promise
for the proposed methodology, the findings of the study open
the following new opportunities for future research and devel-
opment:

1) VARIABLE CROSS-SECTIONS
Here, the problem of elements with fixed cross sections was
considered. However, the formulations can be easily extended
to 3D and to include scaling. Therefore, future studies in this
area are possible, and the effectiveness of these methods must
be evaluated.

2) DIMENSIONAL ERRORS
The application of new methods for transfer, reinforcement,
and deep learning, combined with the methods presented
here, may provide robust solutions to the complex problem of
point cloud processing for elements with dimensional errors,
such as large plastic deformations, shearing, and erroneous
builds.
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3) TECHNOLOGY READINESS
Given the promising results of the methodology, future
research on the practical application of the proposed method
to replace current industry best practices becomes crucial.
Among such research, scoring the technology readiness level
(TRL) as well as feedback from professional bodies within
the industry are avenues for further development.

APPENDIX A
CLOSED-FORM JACOBIAN
The Jacobian of the objective function in Equation (6) with
respect to the geometric parameter vector ρ = (xc, yc, θ) is
obtained analytically as follows:

∂DX ,t

∂ρ
=

∂X
∂ρ

−
∂fX ,t

∂ρ
∂DY ,t

∂ρ
=

∂Y
∂ρ

−
∂fY ,t

∂ρ
∂X
∂ρ

= (−C, −S,Y )

∂Y
∂ρ

= (S, −C, −X )

∂fX ,t

∂ρ
= f ′

X ,t ·
∂t
∂ρ

∂fY ,t

∂ρ
= f ′

Y ,t ·
∂t
∂ρ

∂t
∂ρ

= −

f ′
X ,t ·

∂X
∂ρ

+ f ′
Y ,t ·

∂Y
∂ρ

g′
X ,Y ,t

(13)

APPENDIX B
CLOSED-FORM DERIVATIVE OF TP FUNCTION

f ′
X ,t =

dfX ,t

dt
=

∑n

k=1
kakX cos(kt) − kbkX sin(kt)

f ′
Y ,t =

dfY ,t

dt
=

∑n

k=1
kakY cos(kt) − kbkY sin(kt)

f ′′
X ,t =

d2fX ,t

dt2
=

∑n

k=1
−k2akX sin(kt) − k2bkX cos(kt)

f ′′
Y ,t =

d2fY ,t

dt2
=

∑n

k=1
−k2akY sin(kt) − k2bkY cos(kt)

(14)
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