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Abstract

Elliptic integral-differential operators resembling the classical elliptic partial differ-
ential equations are defined over a compact d-dimensional p-adic domain, together
with associated Sobolev spaces relying on coordinate Vladimirov-type Laplacians
dating back to an idea of Wilson Zufiiga-Galindo in his previous work. The associ-
ated Poisson equations under boundary conditions are solved and their L?-spectra are
determined. Under certain finiteness conditions, a Markov semigroup acting on the
Sobolev spaces which are also Hilbert spaces can be associated with such an operator
and the boundary condition. It is shown that this also has an explicitly given heat kernel
as an L2-function, which allows a Green function to be derived from it.

Keywords p-adic numbers - Boundary value problems - Elliptic operators - Poisson
equation - Markov process - Heat kernel - Green function

1 Introduction

Elliptic partial differential equations over the p-adic numbers are much less studied
than their classical counterparts. The latter can be learned about e.g. in [13]. Certain
constructions like operators and Sobolev spaces can be carried over to p-adic domains.
In many cases, this has been done for p-adic pseudodifferential operators, as e.g. in
[23, 36, 38]. Alternative constructions of Sobolev spaces over the p-adic numbers or
more general abelian groups are found e.g. in [14-16, 26]. p-adic Sobolev embedding
theorems are proved in [17] and [24, Ch. III.7], and H6lder boundary regularity results
[18]. However, so far, the operators themselves are confined to special kinds of elliptic
operators, built on bounded versions of Vladimirov-Taibleson Laplacians, cf. [19].
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This means that they can be seen locally as p-adic pseudodifferential operators. The
applications range from p-adic diffusion (with a vast literature, by now), or the p-
adic analogue of a wave equation to non-linear cases like the p-adic version of the
Navier-Stokes equation [1].

Concerning the p-adic spaces on whose functions the operators act, other than on
the additive groups of local fields, the multivariate p-adic pseudodifferential operators
are increasingly becoming the focus of interest. They are defined and studied in the
context of stochastic processes, evolution equations and semigroups [3, 21, 27-29].
Furthermore, p-adic vector fields on p-adic Lie groups, building on these previous
ideas are considered in [31, 33].

Since a large amount of the work on p-adic differential-integral operators focuses
on the induced diffusion, many authors study the Markov process associated with it,
culminating so far in scaling limit theorems using path spaces, cf. [20, 34]. This inspired
the author to study diffusion invariant under finitely generated discrete groups which
giverise to p-adic Riemann surfaces aka Mumford curves [5, 6] after observing that p-
adic Laplacians can reconstruct finite graphs [10]. Finally, a successful approximation
approach for Green functions on manifolds via their relationship with heat kernels [11]
motivates to prove the existence of Markov processes, heat kernels and Green functions
on a compact subspace of Q‘Iﬁ for elliptic operators which resemble classical elliptic
partial differential operators and their applications to suitable Sobolev spaces under
the additional condition of vanishing on a boundary of an open subset of the compact
domain induced by the operator’s kernel functions. This is a different approach from
[8], where p-adic Dirichlet and von Neumann boundary conditions were defined.

The notion of ellipticity for operators on functions with a p-adic domain seems to
be less than straightforward. Namely, the idea of defining a symbol via the Fourier
transform as in the classical case, cf. [37] and the references therein, does not always
carry over due to a lack of a Fourier transform via unitary group representations in
in some situations. However, the idea of having a second degree homogenous poly-
nomial with coefficients from a space of real-valued functions into which coordinate
Laplacians can be inserted, and then asking for the positivity of the coefficient matrix
almost everywhere, like e.g. in [13, Ch. 6.1, Definition] does carry over. This is the
approach chosen for this article. However, a suitable notion of symbol over the p-adic
still remains open. In particular, this could be helpful in the task of bringing together
p-adic Brownian motion and algebraic structures like suitably define D-modules and
de Rham complexes in view of [25].

A note on Sobolev spaces is also in order. The ones here are different than the ones
defined in [39, Ch. 5.1] where e.g. Sobolev embeddings become straightforward. The
approach here follows the classical example of [13, Ch. 5.2] by using products of
coordinate Laplacians in place of the partial derivatives in the classical setting. These
coordinate Laplacians are locally pseudodifferential operators, if restricted locally to
p-adic discs, plus an additional term of the type in [35] which produces a kind of
non-locality within the compact p-adic domain the (global) operators are defined on.
Since in this study, only the Sobolev spaces based on the L?-norm are of interest,
questions like embedding theorems are not addressed here.

The results of this article can be summarised as follows:
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After summarising the spectra and the Feller semigroup property of component
Laplacians £; fori = 1,...,d, defined as in [9], these are used to define elliptic
operators P (L) as polynomials in degree 2 whose coefficients are L°°-functions and
the unknowns replaced with the component Laplacians, such that the coefficent matrix
in the homogeneous degree 2 part is positive definite almost everywhere and has a
positive infimum eigenvalue. First, the case of constant coefficients is treated, resulting
in an explicit expression for its L?-spectrum in Theorem 3.1.

After this, boundary conditions and Sobolev spaces are introduced. The former
depend on the kernel function in that it expresses the transitions between vertices of
a finite graph in each coordinate, whose vertices are represented as disjoint p-adic
discs, and a Vladimirov-type diffusion inside each of these discs. A p-adic divergence
property is proved in Theorem 4.7.

Energy estimates written out in Theorems 5.3 and 5.5 prepare the way to solving
the Poisson equation given by the elliptic operator P(L). It has weak solutions in the
underlying Sobolev spaces, as shown in Corollaries 5.4 and 5.6.

If the coefficients of P (L) are test functions, then it is unitarily diagonalisable with
point spectrum under certain invariance and commutativity conditions, as expressed in
Theorem 5.11. If in this case, the operator is elliptic, then there is an associated Markov
semigroup e ~*P%) for 1 > 0 acting on suitable Sobolev spaces. This is Theorem 6.3.
In this case, there is also a heat kernel function of L2-type: Theorem 6.5, and a Green
function is obtained by solving the corresponding Poisson equation: Corollary 6.6.

The following Section 2 introduces the coordinate Laplacians as so-called
Zufiga-Parisi operators and recalls their spectral and stochastic properties. Also, sub-
Laplacians of arbitrary order are defined. Their L2-spectrum is studied in Section 3.
Section 4 introduces boundary conditions and Sobolev spaces. Elliptic operators in the
form of divergence operators are introduced in Section 5, where also the correspond-
ing Poisson equations are studied, and the unitary diagonalisability together with their
spectra as point spectra are proved. Section 6 proves the Markov property of the semi-
group action on Sobolev spaces associated with P (L) and proves the convergence
properties of the associated heat kernel function as well as the Green function.

Throughout this article, only the Sobolev spaces which are also Hilbert spaces are
actually used.

The remainder of this section consists of fixing notation while recalling the standard
Vladimirov-Taibleson operator.

Let Q, denote the field of p-adic numbers. As a locally compact abelian group, it
is endowed with a Haar measure dx, normalised such that

f dx =1,
ZP

Zp:{erpHxlpfl},

where
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and where |-|, is the p-adic absolute value. The Haar measure on Q‘f, will also be
denoted as d X, and is given as the product measure

dx =dxi N--- Ndxy

/ dx =1,
z

u(A):/ dx .
A

This double notation for dx is not an issue, because throughout this articled > 1 is a
fixed natural number. The by now classical Vladimirov-Taibleson operator D on Qf,
has the following form as an integral operator:

1-p” u(x) —u(y)
—a—d/ atra 4 M
L—p Q4 llx =yl

normalised such that

and is denoted on sets as

D¥u(x) =

for functions u: Qf, — C which are locally constant and with compact support,
cf. e.g. [22], where it is shown that the Cauchy problem for the corresponding heat
equation has a unique solution, and the fundamental solution is a transition density of
a Markov process whose paths are right-continuous and have jumps as discontinuities
[22, Theorem 2].

Equation (1) is not the only way of generalising the operator D from the case
d = 1to general d > 1. E.g. in [21], the pushforward of D¢ along the projection onto
the i-th coordinate is used, in order to construct from these coordinate operators other
kinds of Laplacian operators on Q‘f,. A similar idea is also to be found in [3] and in
[32]. This observation is the starting point for what follows.

2 Zuniga-Parisi sub-Laplacian operators

Let Q, be the field of p-adic numbers, and let F C Q‘Ii, be a compact open subset. Let

i QZ — Q) be the projection onto the i-th coordinate, and fix a disjoint covering
U; of ; (F) as

Ni
mi(F) = | | Bix
k=1
with p-adic discs B;x € U; for every i = 1,...,d. This is possible, because the

projection maps 7; are continuous and open. Using multi-index notation, this yields
a disjoint covering
U=Up x - x Uy

F=||B

keN

of F given by
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with polydiscs

for

k=(k.....kgye N=]]{l.....N;}

and Ny, ..., Ny € IN.
For a polydisc By it holds true that

d
M (B&) = l_lu/l(Bkz) = p_(kl+“'+kd) ,

i=1

where k = (ky,...,kg) € Z4, and where Wi is the i-th component Haar measure
dx;fori =1,...,d. Itis also normalised such that the i-th component unit disc has
measure one fori =1,...,d.

2.1 Component hierarchical Parisi Operators

Using the notation
Ui)el, Uig)el;

for the unique polydisc in U containg z = (¢, ..., ¢g) € F, and for the unique disc
in U; containing ¢; € m; (F), it is now possible to define an i-th component Laplacian

LO)’("I, on functions f: F — C as

L")‘;if(x):/ Li&ni)(f(x) = fEr,omis .. 8a)) dn @

i (

witha; >0, x = (&1,...,&;) € F, and

LiE, ni) = & — il Ui§i) = Ui(n), & # ni
l sy i) —

w;i (Ui (&), Ui(mi)), Ui(&i) # Ui(ni)
with

w; (Ui (&), Ui(n;i)) = 0

symmetric on U; x U; outside the diagonal. The operator Lo}‘("i defines a hierarchi-
cal Parisi Laplacian operator in the terminology of [9], and is the i-th component
Laplacian, where X; indicates the i-th coordinate in Qg.

Remark 2.1 Observe that the part of L; defined for U; (&) = U;(n;) is up to a mul-
tiplicative constant the Vladimirov pseudodifferential operator restricted to functions
on U; (&), whereas the other part with U; (§) # U;(n;) is a Ziiiga operator as in [35].
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Lemma 2.2 It holds true that
LY oLy =LY o LY,
fori,j=1,...,d onthe space D(F) of locally constant functions on F.

Proof Assume thati # j. Then it holds true that
LYLY, f() = / i LY, f) =LY fEr i Ea)dni

- /_(F) LitGi.m) (/ Ly )0 = fEneeanjoeen Ea)

j(F)

- / B LT AT sd»dn,») dn;

=/ / LiG L) (FG) — FGoiyon)
i (F) Jmj(F)
—fCoomiy )+ G iy, nj,.-.)dnidn;,

which, using Fubini’s Theorem and the symmetry of the kernel functions L; (§;, n;)
and L;(&;, n;), implies the assertion. |

The following push-forward operator will now be used:

i L f (&) = / LiGi,n)(f(&) — fmi))dn;, 3)
i (F)
where
L; = L‘;"i
fori =1,...,d. The Kozyrev wavelets supported in 7r; (') will be denoted as
YB,().j = P%X(P_"_ljf?i)lB,,(a)(éi), 4)

where By, (a) is its support witha € 7;(F), j =1,...,p—1,and x: Q, — Slisa
fixed unitary character. Notice that a Kozyrev wavelet has the three parameters n € Z,
a€Qp,andjef{l,...,p—1}L

Already Zufiiga observed in [35] that his operators have two types of eigenfunctions:
Kozyrev wavelets on the one hand, and functions which are linear combinations of
indicators of maximal discs in the compact set K of ), on which the operator lives.
We will call the latter graph eigenfunctions. This classification of eigenfunctions also
holds true for the more general operators defined in [9]. For the operator ni,*Lo}‘("t_ , this
is also the case:

Theorem 2.3 (Pushforward-component operator Spectrum) The Hilbert space of com-
ponent L? -functions L2?(;(F), Wi) has an orthonormal eigenbasis for m; *LX
consisting of the Kozyrev wavelets Vg, a),j, J = 1,...,p — 1, supported in
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B,(a) C mi(F), and associated graph eigenfunctions. The eigenvalue associated
with v = 1//3”((1)’]' is

hy = p" T (prmIted Ly 4+ N w (Ui@), Ui (0) i (Ui (b)) — 1,
Ui(b)#Ui(a)

where it is assumed that U;(a) = By, (a), and contains By (a). The operator is self-
adjoint, positive semi-definite, and each eigenvalue has only finite multiplicity.

Proof Cf.[9, Theorem 3.6]. The idea behind that proof is actually a simplification of
the idea behind the proof of [5, Theorem 4.10]. O

Remark 2.4 If F is replaced by an open subset U C F, then Theorem 2.3 remains
valid with the induced graph structure on the subset of vertices represented by open
sets in 7r; U given as the intersections of the discs representing the original graph with
U. Cf. [5, Theorem 4.10], where this situation was studied under Schottky invariance.

For later reference, include the following result:

Theorem 2.5 (Component Feller Semigroup) There exists a probability measure
pi(x, )y witht > 0, x € F, on the Borel o-algebra of m;(F) such that the Cauchy
problem for the heat equation

d )
Eu(x, t) + Lg‘(’iu(x, t)=0
for a; > 0 has a unique solution in C'((0, 00), C(F)) of the form
M(X,t):/ Li(%'i» ni)pt(-xvdr]l')
i (F)

In addition, p;(x, -) is the transition function of a strong Markov process whose paths
are cadlag.

Proof The proof is analogous to that of [9, Theorem 3.5], which is an adaptation of
the proof of [5, Lemma 5.1]. O

Remark 2.6 Theorem 2.5 remains true, if F is replaced by an open subset U C F,
similarly as with the L2-spectrum of Theorem 2.3. Cf. [5, Theorem 5.2], where this
was shown under Schottky invariance.

2.2 Sub-Laplacians of arbitrary order
The operator from which the operators of interest in this article are built, is the tuple

L=(L1,....0), (5)
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where L; is the i-th operator L‘;‘("t_ defined in (2). The operator L; acts on real- or
complex-valued functions on F'.
Following ideas from [31, 33], first define the following sub-Laplacian

d
Pi(L) =) yily (6)
i=1
with y1, ..., ya: F — R suitable functions. The operator acts on functions f: F —

C. This integral operator can be viewed as a p-adic analogue of a partial differential
operator in classical analysis. Observe that P;(L) is a symmetric operator, because
all component Laplacians are symmetric. Other kinds of p-adic analoga of partial
differential operators are work in progress, e.g. such which are built from advection-
type operators as in [7].

Observe that if yy, ..., y4 are constant, then P;(L) is an integral operator of the
form
Pr(L) f(x) =/ Lx, y)(f(x)— f(y)dy @)
F
with
d d
L, y) =Y viLiGin) [ ]800 ®)
i=1 j=1
J#
forx = (&1,...,&4),y = (n1,...,nqg) € F, and where &, is the delta-function on
7; (F) supported in &; fori =1,...,d.
Using Lemma 2.2, it is possible to take a polynomial P(Xi,...,X4) €
C[X1, ..., X4], and construct the operator

k
PL)=PLxarr- - Lxgar) = Y %Ly
kE]N"'

for
d
a=(ug,...,aq) € RS,

acting on D(F), where polynomial P is given as

P(X) = Z n Xk e CX]

kelNd
in multi-index notation for the variable tuple X = (X1, ..., X4). The operator (6) is
also such an operator, determined by a linear polynomial P; € C[X1y, ..., X,].

Again, P (L) is an integral operator whose kernel function L (x, y) can be obtained
by iterating the calculation in the proof of Lemma 2.2. Notice that from this, it can be
seen that the integral operator uses higher differences of the function f(x).
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Remark 2.7 1t is also possible to take the coefficients y, appearing in operator P (L)
as functions y;: F — C, and thus produce a very general linear operator similar to
partial differential operators in the classical case. Such operators will be studied from
Section 5 in the case of degree 2. In view of the following section, sub-Laplacians w.r.t.
a polynomial P (X) of degree 2 are a special case of this kind of general operators.

3 L2-Spectrum of p-adic sub-Laplacians

The aim is to construct an explicit eigenbasis of L>(F) for a given sub-Laplacian
P(L) with P € C[Xy, ..., X4], and L taken from (5), using the decomposition

QU

L2(F) = @ (Lo )

i=1

where

L (i (F))o = {f e L*(m;(F)) | / - fE)ds = o}

and N; is the cardinality of U;. This will turn out useful for the case of the elliptic
operators defined below in Section 5.
Notice that the decomposition

L*(m;(F))o ® CNi

is an invariant decomposition of a p-adic Laplacian in the case d = 1, which was
shown in Theorem 2.3. More precisely, the part CV is spanned by eigenfunctions g;
of the Laplacian associated with the adjacency matrix

(wWwUi, Vi), v,eu;

of a simple graph G; on N; vertices (i.e. it is assumed that w; (U;, U;) = 0), called the
i-th component graph of Lo}?i, whereas the part L2(rr; (F))o is spanned by Kozyrev
wavelets 1; supported in 7r; (F) fori = 1, ..., d. Both, ¢; and ; are eigenfunctions
of the operator

P; = P(l,...,L'j("’,,...,l)

projected down to an operator acting on L?(;(F)), where P(X) € C[X] =
C[X1, ..., Xg4]is the defining polynomial of P(L). Hereby, the operator ®; is a linear
combination of tensor products of powers of 7; ,.L;, as defined in (3) with the identity
operator 1 on the other component spaces L (x j(F)) for j # i. The eigenvalue Ay,
associated with a Kozyrev wavelet ; can be calculated using Theorem 2.3.

Theorem 3.1 The space LZ(F) has an orthonormal eigenbasis for P (L) consisting
of functions of the form

d
b(x) =[] bi &,
i=1
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where x = (€1, ...,&4) € F, and b; (&) is either a Kozyrev wavelet \; supported in
7; (F), or a Laplacian eigenfunction @; for the weighted i-th coordinate graph G;.
The corresponding eigenvalue \j, equals

Ap = P()\bl» . ,A.bd)
where Ap, is the eigenvalue associated with b;(&;) fori = 1,...,d. The operator
P (L) is self-adjoint.

Proof In view of the remark in the paragraph before the Theorem, this is an imme-
diate consequence of applying Theorem 2.3 to the tensor product space, and by the
construction of operator L. O

Corollary 3.2 Given P(X) € R[Xy, ..., Xq] such that P(L) has only non-negative
eigenvalues, each having only finite multiplicity, there exists an associated heat kernel
function providing a fundamental solution for the heat equation

%u(x, t)+ P(Lu(x,t)=0

with u(x,0) = u(x) € L2(F, p) fort > 0.

Proof The prospective heat kernel function is given by

plt,x,y) = e bx)b(y),
b

where b runs through the eigenbasis of Theorem 3.1. In order to show that this sum
converges for x, y € F, assume first that x % y. In this case, there are only finitely
many functions b of the eigenbasis such that b(x)b(y) # 0. Since each eigenvalue
has only finite multiplicity, the convergence now follows also if x = y. This proves
the assertion. O

An example for Corollary 3.2 is given by a polynomial P (X) of degree 2 such that
the coefficients of the homogeneous part P>(X) form a positive definite matrix. This
is a special case of an elliptic operator which will be dealt with in Section 5.

4 Boundary Conditions and Sobolev Spaces

Boundary conditions w.r.t. the operators £; from (5) are defined, as well as corre-
sponding Sobolev spaces are introduced.

4.1 Boundary conditions
Define the i-th component boundaries of an open subset U C F as

U ={niemi(F\U) |3 en;(U): Li(&,n;) # 0}
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and the i-th component boundary condition for a function u: F — R w.r.t. £; as
uls;u(x) = M(X)/a LiGi.ni)dni =0
U

forallx = (&1,...,&;) € U.

Notice that § is used here to denote the boundary, and there is no confusion with
e.g. the Dirac §-distribution, as this plays no role here.

The boundary U w.r.t. £ is defined as

d
SU =| |W1u8iU) x -+ x 8;U x -+ x (Ugu8qU) C F,

i=1

and we say that u vanishes on the boundary U, if

ulsy(x) =0
foralli = 1,...,d and all x € U. In this case, also write
ulsy(x) =0

for all x € U. Write also
cs U :=UudlU

for the §-closure of U. It is determined by the connectivity structure of F imposed by
the kernel functions L, ..., Lg.

Lemma 4.1 The set cls U is closed-open in F.
Proof This follows immediately by construction. O

Use the notation

Ligp = L(;(ii,¢’

for the operator
Li,(pu(x):/(F) LiGi,n)ux)—ur, ...y ..., 8@ E1, . imis ..o 8a) dn

There is a Leibniz-like rule:
Lemma 4.2 It holds true that
L,(u(l)) = Li)qslxt + MLl(b

fori =1,...,d, whenever the two terms on the right-hand side are defined.
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Proof Use the notation
g :=gE1, ..., 0, ..., &)

and calculate

Li(ug)(x) = f Li (&, ni) (€ E) — u(iNg (i) dn;

7i (F)
= /_(F) Li (i, mi) (@) p(E) — (€D (i)
+uE) 0ii) — u(i)p (i) dn;
= u(é)/m Li& ., n) (@i (i) — ¢ (&) dmi
L B ) gt dn
=u)Li¢(x) + Ligux),

which implies the assertion.

4.2 Sobolev spaces

Let U C F be an open subspace. Define the following Sobolev spaces:

Whe(U) = {feLl(U)wgeZd: el <k = |etr

L4(U)

Wyt W) = | e Whaels U | flsu =0

for g > 0, where clF is the closure operator on subsets of F', and with

ceom et = ()" (o)

with £ € Z¢. The Sobolev norm on W54 (U) is defined as

q

1o = | D2 |£4

L1(U)
|e]<k (

just like in the classical case.

>

Proposition 4.3 The Sobolev spaces W*4(U) are Banach spaces for 1 < q < oo and

k > 0, and the space Wg’q (U) is a closed subspace of W& (cls U).

Proof Following the proof of [13, Theorem 5.2.2], first observe that -l wka o is
indeed a norm on WX4(U). In order to see completeness, let u, € Wk4(U) be a
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Cauchy sequence. Then LLu,, is a Cauchy sequence in L7 (U) for each |£ | < k. Thus,
there exists a sequence of functions f; € L4(U) such that

Lﬁun - fi

in LZ(U) for each |£| < k. In particular, it holds true that u := f(o,..0) € LY(U) is
the limit of u,. In order to now see that u € Wk’q(U) and Lty = fﬁ for |£| <k,
observe that for any ¢ € D(U), it holds true that

/Lludnix—/ ultpdx = llm u,ﬂ/d)dx

= lim L un¢dx—/ fepdx,

n—oo

where the self-adjointness of L2 has been used, cf. Theorem 3.1. The first assertion
now follows. It is also valid for W4 (cls U). Since WX-4 (U ) is obtained by restriction
to an open subspace U C cls U, the second assertion also follows. This proves the
proposition. O

Corollary 4.4 The Sobolev space W52 (U) is a Hilbert space for k € IN.

Proof The Sobolev norm on W*2(U) takes the form

2
2
12y = 2 |47 |
<k

L)

which comes from a suitable inner product on W*2(U) for k € IN. This proves the
assertion. O

Proposition 4.5 (Poincaré Inequality) Letru € WL-2(U). Then there exists some C > 0
such that
lull2 < ClILiullL2

fori=1,...,d.

Proof Using Theorem 2.3, it follows from Theorem 3.1 that the function u has an
expansion over an orthonormal eigenbasis ¢ w.r.t. £; as

u= Zawp
v

and the eigenvalues Ay associated with i are unboundedly increasing with shrinking
support of the wavelet eigenfunctions in the i-th coordinate. Hence,

el = Z oy [P < € oy | |2y = C &I,
¥

for some C > 0, as asserted. O



9 Page 14 of 31 P.E. Bradley

Lemma4.6 Let u € W2(cls U). The boundary condition u|sy = O in the distribu-
tional sense is equivalent with

/ L ud)(x) dx = 0
U

forallp €e D(U)andalli =1, ...,d.

Proof 1t holds true that
/Zi@(u¢xx>dx:=<u¢,tih»

_ / / WCOLi . i) s ¢ (6) dx
U Jri(F\U)

=/ M(x)/ L;(i,ni)dn; ¢(x)dx
U 5;U

=/mwmwmw,
U

whose vanishing is equivalent with the boundary condition for « in the distributional
sense. This proves the assertion. O

Observe that, if u|s;;y = 0 in the distributional sense, it follows that

/ Li pu(x) dx = —/ U(OLid () dx = —(u, i) = — (L, &)
U U

for ¢ € DU).
Define the operator 7; +A;: D(F) — D(m;(F)) on functions u: F — R as

[t () = /U LiG, nu(x) dx

forx = (&1,...,&;) € U, n; € F,andi = 1,...,d. This allows to imitate a
divergence theorem as follows:

Theorem 4.7 (p-adic Divergence Theorem) It holds true that
[ mirwax = [ Teaanlonan
U §;U

fori=1,...,d.

Proof 1t holds true that

/L,-f(x>dx=<f,ﬁi1u> =/ f(x)/ LiG,ni) iy dx
U F 7 (F\U)
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=/ /Li(éisﬂi)f(x)dxclni
suJu

= / [7i A f ] (i) dni

i

as asserted. o

5 Elliptic Divergence Operators

A suitable analogue of test functions on U with compact support in the context of the
operators L; from (5) is given by

Do(U) = {¢ eD(ElsU) |Vi=1,....dVx e U: ¢>(x)/ Li(& . ni)dn; =o},
siU

where it is assumed that x = (&1, ...,&;) € U.

5.1 Poisson equation

A homogeneous second-order divergence operator is given as the following:

Py(L)u = Xd: L () )

i,j=1
where @/ : F — R are functions such that
al = 4t

fori, j =1,...,d,1i.e.the matrix (@ (x)) € R4 s symmetric in each point x € F.
The operator P>(L) is called elliptic, if the matrix A = (@ (x)) is positive definite for
almost all x € F, and the smallest positive eigenvalue of A is always at least 6 > 0.
Of interest is the boundary value problem of the Poisson equation:

{ P (Lyu(x) = f(x), xe€U (10)

ulsy =0

with some given f € L?(U). A function u € WOI’Z(U) is a weak solution of (10), if it
holds true that

d
/ Y L@ Liwypdx = / F ) dx
U . U

i,j=1
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for all ¢ € WO1 ’2(U ). From the self-adjointness of £ ; (Theorem 3.1), it follows that
this is equivalent with

/Lj(aijﬁiuwdx:/ ai~/Liu~Lj¢dx.
U U

Hence,

d
Bolu, ¢] :/ > diLiul ¢ dx :/ F0)(x) dx
U . U

i,j=1

for all ¢ € Dy(U) is an equivalent formulation of u being a weak solution of (10).
Lemma 5.1 A function u is a weak solution of (10), if and only if
d ..
/ Z Lj’lf)(aljﬁ/iu) dx = —[ f)e(x)dx
U U
forall ¢ € Do(U).
Proof 1t holds true that
/ L@’ Liu-¢)dx = (@ Liu-¢,L;1y)
U
=/l]aif(x)niu<x)¢(x>/ Lj (&, nj)dn; dx

7 (F\U)

=/ ai-/(X)Liu(x)fb(x)/ Lj¢j.nj)dnjdx =0,
U 5:(U)

because
d)(x)/ Lj¢j,nj))dn; =0
(SjU
for all x € U. From Lemmas 4.2 and 4.6, the assertion now follows. O
Assumption 5.2 It is assumed that ¢’/ € L®°(F) fori, j=1,...,d.

Theorem 5.3 (Energy estimates, homogeneous case) There exist constants o, 8 > 0
such that

|BLu, v]l = @ llull 12 10012

B lull 12y < Blu,ul

forallu,v € W(}’z(U).
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Proof First, observe that

Blol= Y |
P

L=

o L 1 12 50] dx = el o, Wolygag

for some o > 0. Next, ellipticity means that from the properties of the Rayleigh
quotient, it follows that

d d
9/ Z|L,~u|2 dx 5f Z a’ |Liul |Lju| dx = Blu, u]
Ui=1 Ui

i,j=1

Using the p-adic Poincaré inequality in Proposition 4.5, the second inequality now
follows. m|

Corollary 5.4 Assume that the operator P>(L) is elliptic. Then (10) has a unique weak
solution in WS’Z(U).

Proof This follows from the Lax-Milgram Theorem [13, Theorem 6.2.1]. O

Now, let P(L) be of the form
PL)u = P,(L)u + P1(L)u + Py(L)u (11)

with P, (L) an operator as in (9), and

Py (L)u Xd:b";;,-u,
i=1
Py(L)u = :‘u ,
where again it is assumed that
al, b, ¢ e L®(cly U)
with U C F open. The operator P (L) is called elliptic, if P>(L) is elliptic. Now, the

boundary value problem is

(12)
ulsy =0

{ PLukx) = f(x), xeU

with some given f € L*(U). A function u € Wol’2(U) is a weak solution of (12), if

I

d
i,j=

d
Lj(aijiliu) + Zbilliu +cu|pdx = / f(x)p(x)dx
i=1 Y

1
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forall ¢ € Dy(U). Again, it follows from the self-adjointness property (Theorem 3.1)
that (12) is equivalent with

d d
B[u,¢]=/ > aiLiuly+ Y b L+ cu ¢>dx=/ F(x)(x)dx
v i=1 v

i,j=1
and, according to Lemma 5.1, the quadratic part can be replaced as follows:
d d
Blu, ¢] :/ Z a’ Liul jpdx = —/ Z Lje(a Liu)dx
Ui j=1 Vi j=1
for ¢ € Do(U).
Theorem 5.5 (Energy estimates) There exist constants «, 8 > 0 and y > 0 such that

Bl vl = o i) 0]y g

B ||u||§vol.2w) < Blu,ul +y lullZs

forallu,v € W(}’Z(U).

Proof The proof of the analogous classical result found in [13, Theorem 2] can be
adapted as follows:

d
9/ |Lul? dx 5/ Z a Liuliudx
U U .

i,j=1

= Blu,u] — / biL,-uu + cu®dx
U

/ILulluldx+||c||Loof u*dx .
L Juy U

Using Cauchy’s inequality with €, cf. [13, §B.2], obtain

1
/|£u||u|dx§e/ |Lul? dx—i——/ u® dx
U U de Jy

for € > 0. Choose € > 0 so small that

d
> |
i=1

< B[u,u]+2d: Hbi
i=1

d

0
<_
Lo® 2

This implies
0
—/ |Lul? dx §B[u,u]—|—C/ u® dx
2 U U
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for some C > 0. Again, using the p-adic Poincaré inequality in Proposition 4.5, obtain

Blully,i2,,, < Blu,ul +y llull?s )
0

2W)

for suitable B > 0, y > 0. This proves the assertions. O

Corollary 5.6 There is a numbery > 0 such that for all ;n > y and every f € L>(U),
there exists a weak solution in WOI’Z(U ) of the boundary value problem

13)

PLux)+ pux)= fx), xeU
ulsy =0

for U C F open.

Proof Due to the energy estimates of Theorem 5.5, the proof of [13, Theorem 6.2.3]
carries over. O

5.2 Diagonalisability of elliptic divergence operators

Let
¢, q; € & := {eigenbasis for L1} ® - - - ® {eigenbasis for L}

where “eigenbasis for L;” refers to the orthonormal basis of L2 (7 (U)) consisting of
eigenfunctions of the push-forward component operator m; .L;, cf. Theorem 2.3.

Proposition 5.7 The operator P>(L) is densely defined on L*>(U). It is also self-adjoint
on LZ(U). If further ai e DW) foralli, j=1,...,d, then the spectrum of P2(L)
on L>(U) is a point spectrum. If. furthermore, Py (L) is elliptic, then Py(L) is positive
semi-definite.

Proof The operator
d
Py (L) = Z LiM,iiLj,
i,j=1

is densely defined on L%(U), because each summand is defined on the space of test
functions D(U).

Next, observe that

d
PyL) = Y LjMiLi = Py(L)
i,j=1
by the double summation. Hence, P>(L) is self-adjoint.
In order to see the point spectrum, observe that for ¢ € &, there is an E-expansion:

d
PyL)p =Y Y kg jhgrildl, ¢V p¢' d")9" .
¢.¢" i=1
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Now, observe that

D ¢ og' d") = (a . ¢') (¢ e") = (aV, p¢") .
¢ ¢

because the middle sum is an ¢2-inner product, and this coincides with the L2-inner
product on the left hand side. Hence,

d
Py(L)¢ = Z< Y a Vg jhe i, q3¢/’>¢”

¢ \i,j=1

d
= Z<¢ > “ij’\¢,j)»¢",i’¢”> 9"

¢’ i,j=l

Since the a”/ € D(U) fori, j =1, ...,d, it follows that for fixed ¢ € &, the last sum
is a finite linear combination of ¢” € €. By self-adjointness of the M, it follows
also that given ¢, there are only finitely many ¢ € & such that the matrix

d
Py(¢.¢") = <¢ Y alhg g, ¢>”>

i j=1

has only finitely many ¢” € & with non-zero values. Since & is an orthonormal
basis of LZ(U), it now follows that this space decomposes into P, (L)-invariant finite-
dimensional subspaces which will be denoted as Vy for ¢ € €. Notice that for ¢" # ¢,
it may happen that Vg = V. The restriction of P»(L) to Vj is the left-multiplication
by a matrix of the form

d
Z Co.ij

ij=l1
with
Cp.ij = Dy.iA.ijDg.j »
where Ay ;; is symmetric, and Dy ;, Dy, ; are diagonal matrices for i, j = 1,...,d.

It follows that

d T d d
(%)
Y Coij| =D DojAsiiDsi = Y Dy jApjiDsi= Y Coij,
i j=1 i j=1 i j=1 i j=1
where (x) holds true because a”/ = a// for i, j = 1,...,d. Hence, this matrix

is symmetric. This implies that P>(L) is unitarily diagonalisable as an operator on
L%(U), and thus its spectrum is a point spectrum, as asserted.
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The non-negativity of the eigenvalues follows thus: let ¢ € £. From

Py(L)p = Pa(ep.¢")¢"
¢//

it follows that

d
(P2(L)g. §) = Pr(, ¢) = <¢ > aifk¢,jk¢,i,¢>

ij=1

d
Z)‘¢~1)‘¢»JZ<¢ Z aij,¢>20,

ij=1

because the matrix (a'/) is positive semi-definite almost everywhere on U (actually
everywhere on U by assumption). Hence, P>(L) is positive semi-definite, since for
f e L2(U), it now follows that

(PyL)f, Y= (f.9)(¢", ) Paieh, ¢") (", p)
¢ ¢"

=> Uf )7 Pr(¢.¢) = 0
¢

as asserted. O
In order to address the homogeneous part of degree one, observe first that
d
Pi(L)* v =) Li(b'v) (14)
i=1
for v € L2(U). It is assumed that b’ € D(U) fori =1, ...,d.

Proposition 5.8 (Normality Condition) The operator Py (L) is normal, if and only if

d
Z kwwzd’ VoY b w) = Y D hgridg (e, bIGNBIG, ¢) (15)
i,j=1 i,j=1 ¢’

forall ¢,y € €.

Proof First, observe the expansions, using also (14):

d
PiL)p =D hpilpb'.¢)e/ (16)
i=1 ¢
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d
PLLY*d =) > rpilpd' ¢)e,
i=1 ¢

from which it follows that
d . .
(PLL)p. PLLIYY = D hpidyj > (6. b'd)(bI¢ . ) (17)
i,j=1 @
d . .
(PULY ), PLLY ) = Y D hyikg (b, D'V BIG w) . (18)
ij=1 ¢/

Observe that the domain of each of the operators P; (L) and Py (L)* is the intersection
of the domains of the operators L;. Thus, they are both the same. Hence, the normality
of P1(L) is equivalent to the equality of expressions (17) and (18), as asserted. O

Remark 5.9 Assume that b',...,b% € D(U). Then Proposition 5.8 says that the

eigenvalues Ay ; for ¢ € €,i = 1,...,d satisfy an algebraic condition given by
Proposition 5.8, if and only if P;(L) is normal. The reason why this condition is
algebraic, is because the functions b, ..., b7 are test functions.

Lemma 5.10 The operator P|(L) is diagonalisable on L2(U), and its spectrum is
a point spectrum, if each eigenspace of L; is invariant under each M,;, where i =

1,...,d.

Proof Observe that the restrictions Cy ; of the operators M, L; onto the invariant
finite-dimensional subspaces V, given by

d
PiL)p = hgi D (pb'.¢)o'
i=1 ¢’

are all diagonalisable, because
Cp.i = Dy iBgyi
with By ; a symmetric and Dy ; a diagonal matrix, and
C4.iDg,i = Dy iByiDgi =Dy iCy ;.

which is known as the detailed balance property [30, (4.1) and (6.15)].

Since Vj is a direct sum of eigenspaces of P (L), it follows under the hypothesis,
that the restrictions of the operators M, L; to Vy mutually commute. Hence, since these
operators are themselves diagonalisable, they are also simultaneously diagonalisable.
This implies the diagonalisablity of P; (L) and the point spectrum property, as asserted.

O
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Theorem 5.11 Let P (L) be the operator (11) with a>/,b', ¢ € D) fori,j =
1,...,d on L*(U) for U C F an open domain. Assume further that the eigenspaces
of L are invariant under My; fori = 1,...,d, or that P1(L) is normal. Moreover
assume that

Pr(L)Pe(L) = Py(L) P (L)

holds true for k, £ = 0, 1, 2. Then P (L) is unitarily diagonalisable, its spectrum is a
point spectrum, and all eigenvalues have only finite multiplicity.

Proof According to Proposition 5.7, P, (L) is unitarily diagonalisable, and according
to Lemma 5.10, P; (L) is diagonalisable, or in the other case, P1 (L) is unitarily diag-
onalisable. Also, Py(L) is unitarily diagonalisable. Since these operators mutually
commute, they are simultaneously diagonalisable, and also unitarily diagonalisable.
This now proves that P (L) is unitarily diagonalisable.

Similarly as in the proof of Proposition 5.7, arrive at the equality

d d
P(L)¢=Z<¢ SUD S rpiaing ;| +rpuib' +c ,¢/>¢>’, (19)
¢/

i=1 \j=1

which gives, similarly as in the proof of Proposition 5.7, the restriction of P(L) to a
finite-dimensional subspace Vs of L?(U) as left-multiplication with the matrix

d d

Wyp=>% Cpij+Cpi+Cs,
i=1 j=1

where
Co,ij = Dg,iAg,ijDg.j, Cp,i = Dg,iBy,i (20)

with Dy ;, Dy, ; diagonal and Ay ;;, By ;, C symmetric. The multiplicity of the eigen-
values of P (L) is determined by the multiplicity of the eigenvalues A4 ; of m; L,
which are finite fori = 1, ..., d, cf. Theorem 2.3. Using (19) and the block struc-
ture given by the invariant subspaces Vj, this implies the finite multiplicity of the
eigenvalues of P (L), and also that its spectrum is a point spectrum. O

Remark 5.12 In the context of random walks, the condition C = D B with B symmetric
and D a diagonal matrix is called detailed balance property, because

D'c=B=B"T=Cc"D' &« cp=DC"

corresponds to [30, eq. (4.2)] with D playing the role of a stationary distribution. It
will here also be said that P; (L) satisfies the detailed balance condition, because of
(20). Similarly, we can also say that P, (L) satisfies a generalised form of the detailed
balance condition, so that the operator P (L) can be viewed as belonging to a kind of
a balanced process.
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The space of L?-functions on cls U satisfying the boundary condition u|sU = 0
will be denoted as L§(U) for 0 < g < oo.

Corollary 5.13 Under the hypotheses of Theorem 5.11, the eigenfunctions of P (L) are
inD(U). Inthis case, L% (U) is invariant under P (L) acting as an unbounded operator,
and the restricted operator is also unitarily diagonalisable with point spectrum, and
with eigenfunctions in Dy(U).

Proof From the representation (19), i.e. the P (L)-invariant finite-dimensional sub-
spaces Vy C L2(U), itfollows that the eigenfunctions of P (L) are linear combinations
of the functions ¢ € &, i.e. they belong to D(U).

The space Do (U) certainly contains the polywavelets supported in U, and the graph
test functions f w.r.t. the coordinate subgraphs conditioned by f|sy = 0. Notice that
the vertices in this case do not always correspond to p-adic discs, similarly as in the
case of Mumford curves [4, Section 4.1]. The latter graphs define in each coordinate
a finite-dimensional subspace invariant under L;, cf. Remark 2.4. It follows that the
proof of Theorem 5.11 carries over to P (L) restricted to L2, which is thus seen to be
invariant in the unbounded sense, and with eigenfunctions being test functions, hence
in Dy(U), also in this case. This proves the assertions. O

6 Heat kernels and Green function

Here, the following is assumed for £ as in (5):

Assumption 6.1 Itis assumed that P (L) is elliptic, satisfies the hypothesis of Theorem
5.11, and that its eigenvalues are non-negative.

The action of e %) on W(l)"2(U) for k € N is of interest in the study of diffusion
under boundary conditions. These are Hilbert spaces according to Corollary 4.4 and
Proposition 4.3.

Lemma 6.2 The semigroup e~'F %) acts compactly on Wé’z(U)fort > 0andk € IN.

Proof The operators e*P%) for t > 0 are trace-class as operators on the Hilbert
spaces W(I)‘ 2 by Assumption 6.1. O

Let xo € U. The Green function for the diffusion equation
d
Eu(x,t)—}—P(L)u(x,t) =0 2D

on U under the boundary condition u(-, 0)|sy = 0 is given as a solution of the
following Poisson equation:

! P(L)G(x,x0) = 8(x —x0), x €U )

G(x,x0) =0, x €dU,
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where the constants ., y asin (13) are not going to be required, because of the stronger
assumptions on P (L). The Green function is related to the heat kernel via

G(x,y) = /Ooh(x, v, t)dt (23)
0
with

he,y, )=y ey )P ()

v
Ay>0
being the part of the heat kernel

H(x,y,0) =h(x,y,0+ Y vy () (24)

14
Ay=0

associated with (21), and where i runs through an eigenbasis of W(]; ’2(U ) for P(L).
According to Corollary 5.13, these exist and are test functions. The function H (x, y, t),
if convergent, is formally the heat kernel for P (L)-diffusion under boundary condi-
tions with U C F open.

In order to prove the existence of the Green function, the strategy will be to prove
the convergence of H (x, y, t) for t > 0, as well as of the right hand side of (23) in the
generality of (22).

6.1 Markov property

In order to rightly say that P (L) defines a diffusion, the Markovian semigroup property
is established first under Assumption 6.1.

Theorem 6.3 The operator —P (L) generates a contraction semigroup e~'F =) with
t>0on Wg’z(U)for k € IN, and the action satisfies the Markov property if k > 2.

Proof Since the operator — P (L) acts on the Hilbert space L(2)(U ) (cf. Corollary 5.13),
and its eigenvalues are bounded from above (they are non-positive by Assumption
6.1), it follows that e~*P(%) is a strongly continuous semigroup acting on L(2)(U ) for
t > 0. Due to the non-positiveness of the eigenvalues of — P (L), the spaces Wé( ’2(U )

are invariant under e ~*P%) for 1 > 0, and the semigroup is also strongly continuous
on these Hilbert spaces.

The semigroup e~ F®) with r > 0 is also a contraction semigroup, because

t
UO e PPy dr < tlullyiag, - (25)

12
Wo

)
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which can readily be seen for eigenfunctions first, and then for linear combinations of
such using Pythagoras. The reason, why (25) implies the semigroup to be contractive

is that with - .
RMNu = A/ e_)‘tf e PRy dr dt
0 0
being an expression for the resolvent:
RV =G+ PEY,

it follows that

dt
W, (U)

t
/ e PRy dr
0

* A
<A e Mt lull 1, dt
< /0 I ||W012(U)

o
IRl g2, < [

= X ||u||W(;2(U) 5

implying that
1
I+ PRI <,
and thus, using the Hille-Yosida Theorem for contraction semigroups [12, Theorem

I1.3.5], it follows that e =** &) with r > 0 is a contraction semigroup on W(I;’Z(U) with
k € IN.

The Markovian property for k > 2 follows from first showing that

f>0ae = ¢ PO r>0ae. (26)
f<lae = eP®r<lae. (27)
e PP, =1y, (28)

and then by exhibiting an invariant measure for e~ %) with r > 0.

Statement (26) is seen thus: f > O means thatitis alinear combination of eigenfunc-

d
tions which is invariant under the action of (IF;) viax — jx = (jié1, ..., jiéd),

d
where x = (&1,...,&7) € cls U, andi’ = (J1,...,Jd) € (IF;) . For here, the

group (]F;)d is called torus. It follows that f is a positive linear combination of
torus-invariant sums of eigenfunctions. By the invariance of the eigenspaces under
the torus action, cf. (19) and the IF;‘ -invariance of the coordinate Laplacians L; for
i = 1,...,d (cf. Theorem 2.3), it follows that this is also the case for e_’P(L)f.
Property (27) is verified in a similar manner, because all eigenvalues of — P (L) are
non-positive. Property (28) follows from the fact that 1 is an eigenfunction of — P (L)
with eigenvalue 0.
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In order to find an invariant measure, the detailed balance condition (20) can be used
by taking for each of the finite-dimensional invariant subspaces Vj an the invariant
measure 7y for the semigroup

PR o PR

It satisfies
e P B f = /U fo(3) dms(y)

for fy € V. Write f € Do(U) as a (finite) sum
F=31
Vo
where fy is the orthogonal projection of f onto V. Then, by taking formally
T = Z T
Ve
as a direct sum, observe that

e PE) g p = Ze*lp(ﬁ)qﬁn—d)f(p - Z/U o) dmy(y) = /U fydn(y),
Ve Ve

i.e. 7 is a distribution on Dy (U). In order to see that it is also one on Wé“z(U) for
k > 2, approximate f € W(I;’z(U ) with a convergent sequence of test functions
£ e Dy(U), and observe that

3P @y 0 = Z/U () drg(y) = =P @
Vs Vo

converges for n — oo to
/ fdm= Z/ fodrg =7 " omyfy= |3 P Oomy | £ 29
U U
Ve Vs Vo

and this does converge for the following reason: first, observe from (19) and (20) that
gy € Vg is a tuple containing expressions of the form

€A irp,j + €1Agp i + €0

with A4 ¢ the eigenvalue of P (L) corresponding to eigenfunction ¢, €, € {0, 1} for
r =0,1,2and i = 1,...,d, in their respective order and multiplicities. So, for
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f € WEA(U) with k > 2, it holds true that

‘/den

2

= [(f. )P = [(fp70)|
Ve

2
d d
:Z eo—i-elz)wp,i-i-fz Z Ag,irg,j |f<f>|2
P i=1 i,j=1

2
< < o0
<112y, < 0

where

f=> fsb, foeC,
¢

is the orthogonal eigendecomposition in W(])( ’2(U ). This means that

Y e P Eeny e WUy
Ve

is a distribution on W(I; ’2(U ) for k > 2, which coincides with the formally given

distribution
e 1P

together with the identity (29). Hence, 7 is the distribution on W(]f ’2(U ) fork > 2,
invariant under ¢ %) for ¢ > 0. This now proves the assertions. O

Corollary 6.4 The semigroup e~'* &) with t > 0 has a kernel representation p;(x, -)
fort >0, x eclsU, i.e. the map A — p:(x, A) is a Borel measure and it holds true
that

/U px.dy) f(y) = e PE fx)
for f € We(U) with k > 2.

Proof The operator e~'P(%) takes positive measurable functions to positive measur-
able functions, cf. (26). Further, it holds true that e~ ¥ (%) layu = lag u- Also, e~ !Pk)
is bounded on L(])(U ) for t > 0, because the eigenvalues of P (L) are non-negative.
Thus, according to [2, Proposition 1.2.3], a kernel representation p;(x, -) exists for
x eclsU,andt > 0. O

6.2 Convergence of heat kernel and Green function

The goal here is to show that p;(x, -) given by Corollary 6.4 has a probability density
function given by the function H (x, y, t) in (24), and to show the convergence of the
corresponding expression of the associated Green function.
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Theorem 6.5 The Markov semigroup e ~'**) on Wg ’2(U ) has a heat kernel function
given by H(x, y, 1) € L3(cls U) ® L(cls U) fort > 0.

Proof In light of Theorem 6.3 and Corollary 6.4, it suffices to prove that H (x, y, t) €
L3(cls U) ® Lj(cls U) fort > 0.

Assume x = y,t > 0. Then H(x, x, t) for x € cls U is the trace of e~ P which
is finite by Assumption 6.1.

Assume x # y, t > 0. Since

VPO = ueels U)

it follows that
[Hx,y,0l <) e ™ < oo
¥

for ¢t > 0 by Assumption 6.1. This proves the assertion. O

Corollary 6.6 The Green function G(x, y) associated with — P (L) exists and is given
by
G,y =Y 2 vy

v
Ay >0
forx,y eclsU.

Proof The expression (23) yields the asserted sum. Its convergence follows from the
unbounded growth of the eigenvalues as follows: Theorem 2.3 says that for ¢ € €, it

holds true that
rpi €O <pn(l+ai))
for w; (supp(¢)) = p~" withn >> 0. Let
o = max {og, ...,aq}.
Then with (19) it follows that

Ay €0 (pzdn(1+a)) ’

where v is assumed to be finite sum of eigenfunctions ¢ € € having support maximally
of volume p~?" for n >> 0. Since the value

VOV O] = ueels )

is bounded for x, y € cls U, the asserted convergence now follows. O
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