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A B S T R A C T

Flashing two-phase flows under sub-atmospheric outlet conditions in a converging–diverging nozzle are inves
tigated using the Homogeneous Relaxation Model (HRM) within a two-phase mixture flow framework. The main 
objectives of this study are to conduct an in-depth investigation of low-temperature, low-pressure flash evapo
ration, which is essential in flash-based wastewater purification and power generation systems that utilize low- 
grade waste heat as an energy source, and to support the improvement of a proof-of-concept experimental setup 
currently being established in our laboratory through the findings of this study.

The numerical results demonstrate that the mathematical model accurately reproduces pressure and void 
fraction distributions reported in the literature. It also captures key flashing features—including pressure un
dershoots, vapor generation delays, and pressure recovery—through the relaxation-time formulation. The results 
indicate that flashing flow in a converging–diverging nozzle is characterized by a sharp pressure drop near the 
throat, followed by rapid vapor generation and partial pressure recovery in the diverging section. This behaviour 
is primarily governed by nozzle geometry and the large disparity in specific volumes between the liquid and 
vapor phases. Vapor generation increases markedly at higher inlet pressures and temperatures, driven by the 
greater availability of superheat energy. The simulations further reveal that the mass flow rate is highly sensitive 
to inlet conditions: elevated inlet temperatures intensify vapor generation and consequently reduce mass flow 
rate, whereas achieving both high vapor production and high mass flow rates requires sufficiently high inlet 
pressures. The model also predicts shorter flash-delay distances at higher pressures, indicating an earlier onset of 
phase change, while longer delays occur at elevated temperatures due to increased metastability. Additionally, 
pressure undershoots become more pronounced with higher inlet temperatures, whereas their dependence on 
inlet pressure is negligible. It is found that, under fixed inlet conditions, lower sub-atmospheric back pressures 
enhance steam generation and promote pressure recovery after the nozzle throat, while simultaneously reducing 
the mass flow rate and the magnitude of pressure undershoots.

1. Introduction

Flash boiling refers to the rapid phase change that occurs when a hot 
liquid is suddenly exposed to a pressure lower than its saturation pres
sure. Unlike conventional boiling, flash boiling happens almost instan
taneously, resulting in a high rate of phase change. While this 
phenomenon is undesirable in some situations such as in the cooling 
cycles of nuclear reactors or the accidental rupture of tanks containing 
high-temperature liquids, it is widely utilized in many industrial pro
cesses such as paper drying, fuel atomization, and thermal desalination 
due to its efficiency and cost-effectiveness [1–5]. In geothermal systems, 

flash evaporation is commonly employed to convert high-temperature 
liquid water into steam in an efficient and economical manner [3]. 
Moreover, when coupled with solar thermal collectors, flash evapora
tion presents a promising method for seawater desalination, offering a 
sustainable and energy-efficient solution for clean water production [5].

The main advantage of flash boiling is its ability to generate steam 
solely by reducing the pressure of water, without requiring any addi
tional heat input. This principle creates new opportunities for harness
ing low-temperature waste heat from industrial facilities—an energy 
source traditionally regarded as unsuitable for applications beyond 
space heating. Flash-based systems provide a practical means of 
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converting otherwise unused thermal energy into steam. Moreover, such 
systems can simultaneously treat industrial wastewater, enabling the co- 
generation of electrical power and high-purity water suitable for 
drinking or industrial use [6]. This dual benefit makes flash systems a 
promising approach for improving both energy and water efficiency in 
industrial processes. To advance this concept, a proof-of-concept 
experimental setup is currently being prepared in our laboratory to 
enable detailed investigations of flash-based water purification and 
electricity production using waste heat as energy source.

In a flash power system, the required pressure drop can be achieved 
through an expansion valve or a converging–diverging nozzle. This 
rapid reduction in pressure converts initially subcooled water into a 
metastable or superheated liquid, creating favourable conditions for 
rapid evaporation [7]. The amount of steam generated and the resulting 
mass flow rate downstream of the valve or nozzle are key parameters 
that determine the overall system efficiency. In flash-based power gen
eration or wastewater purification applications, accurately estimating 
the mass flow rate is essential for effective design and reliable operation. 
The mass flow rate depends on several factors, including the inlet 
pressure and temperature, the initial vapor volume fraction, and the 
magnitude of the applied depressurization. The presence of a vapor 
phase at the inlet reduces the average density of the two-phase mixture 
downstream of the nozzle or valve. This lower density favours flow 
deceleration, thereby reducing the mass flux through the system. As a 
result, although a higher steam volume fraction indicates more steam 
production, it also leads to a lower mass flow rate, limiting the total 
amount of steam transported. Therefore, a thorough understanding of 
two-phase flow behaviour is essential for optimizing steam generation 
and minimizing the pumping power required—both of which are critical 
to the overall efficiency of the system.

Due to the significance of flashing flows in various industrial appli
cations, numerous numerical studies have been carried out to achieve a 
detailed understanding of flash evaporation and two-phase flow, 
particularly in converging–diverging nozzles. Since flashing inherently 
involves the simultaneous presence of liquid and vapor phases, the most 
advanced mathematical representations typically adopt a two-phase 
formulation, commonly referred to as the two-fluid model [8–10]. 
These models solve separate continuity, momentum, and energy equa
tions for each phase, while accounting for complex interphase in
teractions. Such interactions include drag and lift forces, buoyancy 
effects, as well as heat and mass transfer across the liquid–vapor inter
face. This detailed modelling is essential for accurately capturing the 
dynamics of flashing flows and improving the design and performance of 
related systems. In their seminal study, Liao and Lucas [8], investigated 
flashing flow in a converging-diverging nozzle using two-fluid equations 
that incorporated both drag and non-drag interfacial forces. Phase 
change was modelled as a result of interphase heat transfer, while 
pressure-induced phase change was not considered. The simulation re
sults were compared with the experimental data of Abuaf et al [11], and 
the mathematical model was found to predict the measurements with 
reasonable accuracy. However, the model had limitation in capturing 
the pressure recovery after the diverging section of the nozzle and the 
radial distribution of void fraction. These discrepancies were attributed 
to the absence of lift force modelling.

In a subsequent study, Liao and co-workers [9] incorporated several 
wall nucleation models and re-evaluated the predictions against the 
challenging experiments by Abuaf et al [11]. Nucleation was assumed to 
occur at the walls of the computational domain. Compared to the pre
vious study that employed a homogeneous nucleation model, the wall 
nucleation approach showed improved agreement with experimental 
data. While the homogeneous model tended to overpredict the radial 
void fraction profile, the heterogeneous models were found to slightly 
underpredict it.

Despite their potential advantages, two-fluid models face significant 
challenges related to closure. These models are inherently complex and 
rely on numerous empirical closure relations, many of which include 

adjustable numerical constants. Some of these parameters can strongly 
influence the simulation outcomes, yet they are often difficult to 
determine accurately and are typically not universal—being valid only 
for the specific conditions under which they were originally derived. 
This sensitivity to poorly characterized parameters can undermine the 
predictive accuracy and general applicability of two-fluid models, 
particularly in scenarios where experimental data for calibration are 
limited or uncertain.

An alternative approach for modelling flashing flow is the Homo
geneous Equilibrium Model (HEM) or two-phase mixture models. In 
these models, the two phases are assumed to be in both thermodynamic 
and mechanical equilibrium, allowing the system to be treated as a 
pseudo-single-phase flow [12–16]. The model assumes thermal equi
librium and equal velocity for both phases, meaning that no slip occurs 
between them. For flashing systems, the thermophysical properties of 
the mixture are determined by the local temperature and pressure. One 
key advantage of the two-phase mixture approach is that it eliminates 
the need for an explicit interphase drag models. By assuming infinitely 
fast momentum exchange between the phases, the model avoids the 
numerical challenges associated with high drag rates and tightly 
coupled phase velocities—issues that often lead to high computational 
costs and potential numerical instabilities in two-fluid models. However, 
the primary drawback of the homogeneous approach is the risk of 
overpredicting interphase momentum transfer, which can lead to inac
curacies in certain flow regimes where slip effects are significant.

A notable example of the mixture modelling approach is the pio
neering study by Maxsic and Mewes [12], in which they simulated 
flashing flows in pipes and nozzles using a simplified two-fluid frame
work implemented within the commercial CFD code CFX 4.2. In their 
formulation, both phases were assumed to share a common velocity 
field. The model included separate continuity equations for the liquid 
and vapor phases, a single momentum equation for the mixture, and an 
energy equation applicable to the liquid phase only. The vapor phase 
was assumed to remain saturated throughout the flow, while interfacial 
heat transfer was modelled as being primarily driven by thermal 
conduction.

In a comprehensive study, Le et al. [13] employed a mixture model 
that incorporates a drift velocity, representing the relative motion be
tween the vapor phase and the bulk mixture. This approach enables a 
more accurate representation of phase slip in two-phase flows. The 
phase change process was modelled using a formulation based on the 
difference between the vaporization pressure and the local vapor partial 
pressure, allowing for a realistic prediction of vapor generation. To ac
count for thermal non-equilibrium effects, a simplified boiling delay 
model was introduced, capturing the time lag between the onset of 
thermodynamic boiling conditions and the actual initiation of phase 
change.

Various models have been employed in mixture-based two-phase 
flow simulations to account for mass exchange between the vapor and 
liquid phases. However, most of these models fall short in accurately 
representing complex phenomena inherent in flashing flows, such as 
pressure undershoots and delays in vapor generation. To address these 
limitations, the Homogeneous Relaxation Model (HRM) is adopted in 
this study as a more promising approach. The potential usefulness of the 
Homogeneous Relaxation Model (HRM) for describing mixture two- 
phase flows was first suggested by Bilicki and Kestin [17]. Its principal 
advantage lies in its ability to capture wave dispersion and dissipation 
phenomena more simply than traditional two-fluid models. The most 
significant dispersive effects were found to arise from the thermody
namic disequilibrium between the liquid and vapor phases, particularly 
due to the finite rate of interphase mass transfer. This is especially 
relevant when the liquid enters a metastable state before undergoing 
phase change. Schmidt et al [18] successfully applied the HRM to 
simulate steady flashing flow in channels. Their numerical predictions 
demonstrated good agreement with experimental data, highlighting the 
capability of the HRM to accurately capture the essential physics of 
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flashing flows while maintaining a manageable level of model 
complexity.

The Homogeneous Relaxation Model (HRM) is primarily employed 
in the modelling of fuel atomization processes, particularly in gasoline 
direct injection (GDI) engines and similar high-pressure applications 
[19]. However, its application to flashing phenomena involving water 
under low-pressure conditions—such as those found in vacuum or 
near-atmospheric environments—has not yet been explored. Therefore, 
this study aims to bridge that gap by adapting and integrating the HRM 
into a mixture-based two-phase flow framework using the Volume of 
Fluid (VOF) method. The objective is to develop a cost-effective and 
computationally efficient tool capable of accurately capturing the 
flashing behaviour within a converging-diverging nozzle. In particular, 
the study focuses on evaluating the influence of key process parame
ters—especially mass flow rate—on the characteristics and dynamics of 
the flashing flow.

Although numerous numerical studies have investigated flashing 
flows, most have focused on conditions with relatively high inlet and 
outlet pressures and temperatures. Comprehensive analyses under at
mospheric or sub-atmospheric (vacuum) conditions remain limited, 
representing a notable gap in the literature. This gap is particularly 
important given the relevance of vacuum flashing in flash-based water 
purification and power generation systems, which aim to simulta
neously purify wastewater and generate electricity by utilizing low- 
temperature waste heat—an abundant yet often underutilized energy 
source in industrial environments. A clear understanding of flashing 
behaviour at low pressures is essential for optimizing the efficiency and 
practical viability of such sustainable energy technologies. Furthermore, 
although flashing is inherently a highly non-isothermal process due to 
rapid phase change and the associated latent heat effects, temperature 
distributions within flashing flows have received comparatively little 
attention. Most existing studies emphasize pressure profiles and vapor 
volume fractions while overlooking the thermal field, which plays a 
critical role in both the initiation and progression of flashing.

To address these gaps, this study investigates flash boiling in a 
converging–diverging nozzle under sub-atmospheric outlet conditions 
and relatively low inlet pressures and temperatures using a compact 
two-phase mixture model integrated with the Homogeneous Relaxation 
Model (HRM). The model is first validated against experimental data 
from the literature and then applied to examine the influence of oper
ating parameters—such as inlet pressure and temperature—on vapor 
generation, pressure distribution, mass flow rate, and critical flashing 
features including pressure undershoots and flash-delay distances under 
sub-atmospheric back pressure conditions.

2. Mathematical modeling

Flash boiling is investigated in a converging-diverging nozzle, as 

illustrated in Fig. 1. This geometry is selected due to its practical rele
vance in various engineering applications and its ability to isolate the 
flash boiling phenomenon from complications arising in more complex 
geometries. The simplified structure of the nozzle enables a focused 
analysis of the flashing process. Additionally, the use of this geometry 
facilitates direct comparison with numerous existing experimental and 
numerical studies, allowing for meaningful validation of the current 
results against published data.

Instead of solving separate sets of equations for each phase, the 
Volume of Fluid (VOF) model is employed to represent flash boiling as a 
mixture model. This approach eliminates the need to explicitly model 
numerous interfacial interactions, allowing the numerical study to focus 
more directly on vapor generation resulting from the sudden pressure 
drop induced by the converging section of the nozzle. Therefore, VOF 
method offers a practical balance between computational efficiency and 
the ability to capture key phase change dynamics in flashing flows.

The Volume of Fluid (VOF) model, originally introduced by Hirt and 
Nichols [20], is implemented in the multiphase modelling framework of 
STAR-CCM+ [21]. VOF is a relatively simple yet effective multiphase 
advection model that tracks the interface between phases by solving for 
the volume fraction of each phase within computational cells. In this 
approach, all phases are assumed to share common pressure, velocity, 
and temperature fields. As a result, the governing equations for mass, 
momentum, and energy take the same form as in single-phase flow, but 
are solved using mixture properties that are weighted by the local vol
ume fractions.

Thus, following equations governing mass momentum energy con
versation along with phase change are solved in this study;

Continuity equation 

∂ρ
∂t

+∇.(ρV) = 0 (1) 

Momentum Equation 

∂(ρV)

∂t
+∇.(ρVV) = − ∇p +∇.(T) + ρg + F (2) 

Energy Equation 

∂(ρh)
∂t

+∇.(ρhV) =
∂p
∂t

+∇.(k∇T) + (T.∇)V + Sh (3) 

Volume fraction of vapor 

∂αv

∂t
+∇.(αvρvV) = SM (4) 

where ρ, V, h, k are mixture density, velocity, enthalpy and conductivity 
which represent each phase by their volume fraction, T denotes the 
viscous stress tensor, Sh source term representing energy transfer be
tween two phases, SM is the source term representing vapor 

Fig. 1. (a) Geometry (all units are in m) and (b)grid system of the problem considered.
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generation, which is calculated using the Homogeneous Relaxation 
Method as described in the subsequent section.

2.1. Homogenous relaxation model (HRM)

The Homogeneous Relaxation Model, introduced by Bilicki and 
Kestin [17], is employed to predict vapor generation in flashing flows. 
The HRM is based on the assumption that thermal equilibrium between 
the liquid and vapor phases is not instantaneous but is established after a 
finite characteristic time, referred to as the relaxation time. During this 
relaxation period, the system transitions toward thermodynamic equi
librium, allowing the model to account for the delayed phase change 
that occurs in rapid depressurization processes in the flash boiling.

The HRM method calculates the rate of change of vapor mass fraction 
using an exponential time-scale formulation, where the source term 
represents vapor generation as follows; 

SM = − ρmix
xe − x

θ
(5) 

where θ is the relaxation time scale, ρmix is the mixture density, x is the 
mass fraction of the vapor phase and xe is the equilibrium mass fraction 
of the vapor and calculated using following equation 

x =
h − hsat,l

hsat,v − hsat,l
(6) 

Where h is the mixture specific enthalpy while hsat are the vapor and 
liquid specific enthalpies at the saturated conditions.

The relaxation time scale proposed by Downar-Zapolski at al [22] 
and defined as: 

θ = θ0αa
vφb (7) 

Where αv is the volume fraction of the vapor, a and b are empirical 
constants take the values of -0.54 and -1.76 at low pressures below 10 
bar and above 10 bar take the values. φ is the non-dimensional pressure 
and calculated as: 

φ =
Psat − P

Pcrit − Psat
(8) 

where Pcrit is the critical pressure of water and Psat is the saturation 
pressure. The Antoine equation is used to calculate the saturation 
pressure of the fluid as a function of temperature and is given by: 

log10(Psat) = A −
B

C + T
(9) 

where Psat is the saturation pressure, T is the temperature (◦C), and A, B, 
and C are empirical constants specific to the fluid. The values of the 
parameters used in the HRM and Antoine equations are presented in 
Table 1.

The relaxation parameter θ (Eq.7] introduced in the Homogeneous 
Relaxation Model (HRM) governs the rate at which the liquid–vapor 
mixture approaches thermodynamic equilibrium. This parameter cap
tures the finite response time of the phase change process. As a result, 
even when local thermodynamic conditions favour vapor formation—i. 
e., when the pressure drops below the saturation pressure—the actual 

vapor content lags behind the equilibrium value. A larger θ implies a 
slower relaxation process, leading to more pronounced pressure un
dershoots and a delayed onset of observable vapor generation. This 
feature makes HRM well-suited for capturing non-equilibrium effects in 
rapid depressurization in flashing scenarios.

The second term (αa
v) in the relaxation time expression (Eq.7] used in 

the HRM framework can be interpreted as representing nucleation ef
fects. In previous studies, nucleation has been modelled either through a 
constant bubble density assumption or more detailed microscopic 
nucleation models. This term reflects the sensitivity of the vapor gen
eration rate to the local void fraction, and its inclusion captures the 
nonlinear behaviour observed during phase change initiation. Nucle
ation is considered the most energetically demanding stage of vapor 
formation, as it requires overcoming the interfacial tension to form 
stable vapor bubbles. The energy barrier and stochastic nature of 
nucleation make it one of the most complex and uncertain aspects of 
modelling flashing flows.

According to the Downar–Zapolski (DZ) equation [Eq. (7)], no vapor 
generation occurs as α→0, reflecting the absence of initial vapor nuclei. 
However, once a small amount of vapor is present, vapor generation 
becomes increasingly easier—this behaviour corresponds to the onset of 
nucleation. The exponent a in the relaxation time formulation can be 
adjusted to represent different degrees of nucleation resistance. For 
instance, setting a=0 implies no nucleation delay, meaning that flashing 
initiates instantaneously once a nonzero void fraction ϕ appears. In 
contrast, larger negative values of a, such as a=− 0.3, correspond to 
moderate nucleation resistance, while smaller values (e.g., a=− 0.5 or 
− 0.7) indicate stronger nucleation effects and a delayed onset of vapor 
formation. Since the influence of this parameter has been extensively 
examined in earlier studies, the constant values used in this work are 
adopted as recommended by Downar- Zapolski et al [22].

2.2. Turbulence modeling

The local Reynolds number (Re) calculated based on the average 
mass flow rate in the nozzle above 105 indicating fully turbulent flow for 
all cases considered in this study. Therefore, the realizable k-ε turbu
lence model [23] is selected, as it is widely used in similar flow regimes 
and offers a good compromise between robustness, computational cost, 
and accuracy. This model performs reliably across both fine and coarse 
mesh resolutions, making it well-suited for the current numerical 
investigation.

Turbulence boundary conditions at the nozzle inlet are specified by 
imposing a constant turbulence intensity. A range of turbulence in
tensity values is tested to evaluate their influence on the flow pre
dictions. Among the values examined, a turbulence intensity of 1% 
yields the best agreement with the experimental data and is therefore 
adopted for all subsequent simulations.

2.3. Numerical implementation

The computational domain is discretised using structured quadri
lateral elements, with prism layers applied near the walls to accurately 
capture boundary layer effects (Fig.1b). An outlet static pressure 
boundary condition is imposed to induce an additional pressure drop 
beyond that caused by the geometric contraction at the throat of the 
converging-diverging nozzle. This setup allows for better control of the 
downstream flow behaviour and supports the development of flashing 
conditions within the nozzle.

To reduce computational cost, a two-dimensional axisymmetric 
model of the nozzle was developed (Fig. 1b), assuming no variation in 
the tangential direction. In STAR-CCM+, the axisymmetric configura
tion corresponds to a 1-radian sector in the circumferential (θ) direction, 
with the solver performing the computations in a three-dimensional 
framework[21]. The lower boundary of the computational domain 
represents the axis of symmetry, where the axis boundary condition is 

Table 1 
Values of parameters used in the calculations.

Parameter Value

Pcrit 2.2055E7 Pa
Tcrit 647.12 K
a (Eq. (7)) -0.54
b (Eq. (7)) -1.76
A (Eq.9) 11.949
B (Eq. (9)) 3978.205
C (Eq.9) -39.801
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applied. In all simulations, both pressure and temperature are prescribed 
at the inlet, while only the pressure is specified at the outlet. The void 
fraction at the inlet is set to a small value (α=10− 5) to ensure numerical 
stability. For the same reason, the initial vapor volume fraction 
throughout the entire computational domain is also set to α=10− 5. 
No-slip and adiabatic boundary conditions are applied at the nozzle 
walls, implying that any temperature drop within the system arises 
solely from the energy consumed during the phase change of liquid 
water into vapor. A symmetry boundary condition is applied along the 
nozzle axis. A range of inlet temperatures and pressures, as well as outlet 
pressures, are considered in the simulations. The operational conditions 
and the specific cases analysed are summarized in Table 2.

Although the flow is inherently steady, the critical nature of flashing 
phenomena requires the use of a quasi-steady approach in the numerical 
simulations. A very small-time step (10− 4) is employed to satisfy the 
Courant–Friedrichs–Lewy (CFL) condition and to ensure numerical sta
bility. The simulations are run until a steady-state solution is achieved, 
at which point the flow variables no longer exhibit temporal variations. 
Only the final steady-state results are presented and discussed in this 
study.

To improve convergence and stability, an initial velocity and pres
sure field is first obtained by solving a turbulent single-phase flow in the 
same geometry, using identical inlet conditions for pressure and tem
perature. Once the single-phase solution converges, the resulting ve
locity, pressure, and temperature fields are used as the initial conditions 
for the two-phase flashing flow simulations. This approach provides a 
well-initialized flow field, which significantly enhances convergence 
behaviour. As a result, a well-converged solution is achieved for all cases 
considered in this study. The solution iterations are terminated after the 
mass balance between inlet and outlet less than 10− 4 kg/s and the 
maximum residual of all equations below 10− 6.

A grid independence study is conducted using several mesh config
urations, ranging from coarse to very fine grids. Key flow parameters 
within the nozzle are monitored for each grid system to evaluate the 
sensitivity of the numerical results to mesh resolution. Fig. 2 presents the 
predicted average vapor void fraction distributions along the nozzle for 
the different mesh sizes tested. It is seen that even very coarse grid 
system of 546 cells numerical solution can capture the main physics of 
flash boiling. The results indicate that the calculated void fractions do 
not change after a moderate grid system further and grid refinement has 
a negligible effect on the predicted void fractions. Based on this obser
vation, a medium-resolution mesh consisting of 4249 cells is selected for 
the present study, offering a suitable balance between computational 
cost and solution accuracy.

3. Results

The accurate estimation of void fraction, mass flow rate, velocity, 
and temperature distributions near expansion valves or nozzles is crucial 
for both efficient system design and safety assurance in flash boiling 

based power and pure water production systems. In this study, a simple 
yet effective approach for representing flash boiling in a converging- 
diverging nozzle is investigated numerically using a compact mixture- 
fluid formulation coupled with the Homogeneous Relaxation Model 
(HRM). The accuracy of the mathematical model and the numerical 
approach is first validated by comparing experimental data. Following 
validation, the model is applied to investigate flash boiling under vac
uum conditions to gain insight into the behaviour of such flows and to 
generate data relevant for the design of systems operating in low- 
pressure environments. Table 2 provides a summary of all cases 
considered in the computations.

3.1. Validating numerical results with measurements

To validate the numerical results, experimental data from Abuaf et al 
[11] are employed. Abuaf and colleagues conducted a comprehensive 
series of experiments at Brookhaven National Laboratory (USA) to 
investigate flash boiling phenomena in a converging-diverging nozzle. 
Their research focused on examining the effects of operating parameters 
on the mass flow rate of the liquid-vapor mixture at the nozzle outlet. 
High-precision instruments were used to measure pressure and void 
fraction at multiple locations along the nozzle. Each test case is labelled 
with a “BNL” prefix (e.g., BNL309) for ease of reference. In the present 
work, numerical predictions are compared with representative experi
mental cases from Abuaf et al [11], specifically BNL309 and BNL362.

Fig.s 3a and 3b compare the predictions of the HRM model with 
experimental results from BNL309, which is considered the most chal
lenging case due to its high inlet subcooling and elevated pressure. The 
both figures indicate that the employed mathematical model provides a 
satisfactory estimation of the experimental data. Fig. 3a presents the 
predicted void fraction distribution along the nozzle. It is observed that 
vapor generation does not occur in the first half of the nozzle. Once 
flashing initiates just after the throat, a rapid increase in vapor forma
tion ensues. Over a short distance, the average void fraction rises 
sharply, reaching approximately 0.7 at the nozzle exit. The model cap
tures this behaviour well. However, it slightly overpredicts vapor for
mation in the mid-section of the diverging part, while showing only 
minor deviation from the experimental data near the outlet. Fig. 3b
compares the predicted and measured pressure distributions along the 
nozzle. A sharp pressure drop is observed near the throat, followed by a 
gradual flattening of the pressure profile in the diverging section, pri
marily due to pressure recovery associated with the increasing cross- 
sectional area of the nozzle and low volumetric density of the vapor 
phase generated. The model shows excellent agreement with experi
mental data in the converging section. However, it slightly un
derestimates the pressure recovery after the onset of flashing in the 

Table 2 
Cases considered.

Pin(kPa) Tin(K) Pout(kPa) Note

Case 1 555.9 402.5 422.25 BNL309
Case 2 443.4 101.2 372.85 BNL362
Case 3 110 370 50 ​
Case 4 110 360 50 ​
Case 5 150 380 50 ​
Case 6 150 370 50 ​
Case 7 150 360 50 ​
Case 8 150 350 50 ​
Case9 200 380 50 ​
Case10 200 370 50 ​
Case 11 200 360 50 ​
Case 12 200 350 50 ​
Case 13 150-200 350-370 20-50 ​

Fig. 2. Grid Independence test.
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diverging part, indicating a limitation of the model in capturing the post- 
flashing pressure dynamics accurately.

Accurate prediction of mass flow rate is critical in flashing flows, as 
the presence of two phases and pressure fluctuations significantly in
fluence the overall flow behaviour. For the BNL309 case, the predicted 
mass flow rate is 8.5 kg/s, while the experimentally measured value is 
8.9 kg/s. This corresponds to a deviation of less than 5%, demonstrating 
that the mathematical model employed in this study provides a highly 
satisfactory estimation of mass flow rate. Considering potential experi
mental uncertainties in the mass flow rate measurement, this level of 
agreement can be regarded as well within an acceptable range.

The predictions of the mathematical model were further validated 
against another critical experimental case by Abuaf et al [11], referred 
to as BNL362. Fig. 4a shows that the model successfully captures the 
void fraction distribution throughout the nozzle. Although a slight 
overprediction is observed near the outlet section, the discrepancy 
gradually decreases, and the model estimates the void fraction with 
satisfactory accuracy in the outlet region.

The predicted and measured pressure distributions for the BNL362 
case are compared in Fig. 4b. As with the BNL309 case, the model 
accurately captures the pressure profile in the converging section of the 
nozzle. However, it underestimates the pressure in the diverging section, 
particularly after the onset of significant vapor generation. Despite this 
deviation, the overall trends in both the predicted void fraction and 
pressure profiles demonstrate that the model effectively captures the 
fundamental physical mechanisms governing flashing flow in a nozzle. 
The model has also been applied to other experimental cases reported by 
Abuaf et al [11], yielding similarly satisfactory agreement; presentation 
of these additional comparisons is omitted here for brevity.

3.2. Numerical Study of Flashing Flow under sub-atmospheric condition

After validating the two-phase mixture model coupled with the Ho
mogeneous Relaxation Model (HRM), it is applied to investigate flashing 
phenomena under sub-atmospheric conditions at the nozzle outlet. As 
previously mentioned, understanding flashing under vacuum is essential 
for the development of flash-based power generation and water purifi
cation systems that utilize low-temperature waste heat as their energy 
source. The same converging-diverging nozzle geometry is employed to 
focus solely on the flashing flow under vacuum, avoiding further 
complexity introduced by different geometrical configurations. This 
geometry is considered to serve as a representative model for inducing 
flashing boiling through sudden pressure drops in such systems.

Fig. 5 presents contours of vapor void fraction, pressure, tempera
ture, and axial velocity, providing an overview of the flow parameter 
distributions within the nozzle for a typical operating condition of the 
flash-based water purification and power generation system currently 
under development in our laboratory (Pinit=150 kPa, Tinit=370 K, 
Pout=50 kPa, Case-6). Fig. 5a show that vapor formation begins just 
downstream of the throat and progressively intensifies along the 
diverging section of the nozzle. This trend is attributed to the continuous 
accumulation and expansion of the vapor phase as the flow progresses. It 
is important to note that the vapor distribution shown represents volume 
fraction, not mass fraction. Due to the significantly lower density of the 
vapor compared to the liquid phase, even a small amount of vapor mass 
can occupy a large volume, causing the channel to appear rapidly filled 
with vapor in the volume fraction representation. The velocity vectors 
overlapping with the volume fraction contours around the nozzle are 
also illustrated in this figure to show the evolution of the flow field as 
vapor formation develops downstream of the throat. Further details of 

Fig. 3. Comparison of calculated results with experimental data from the literature (BNL309).

Fig. 4. Comparison of the calculated results with BNL 362.
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the velocity field are discussed in the subsequent sections.
The pressure distribution within the nozzle is presented in Fig. 5b. It 

is observed that the inlet pressure is maintained at a prescribed value, 
and the pressure gradually decreases up to the throat, followed by a 
sharp drop downstream of the throat. The pressure variation is pre
dominantly in the axial direction, with no discernible change in the 
radial direction. The temperature distribution along the nozzle is shown 
in Fig. 5c. As seen in the figure, there is no significant temperature 
change in the converging section. However, a noticeable temperature 
drop occurs downstream of the throat, where intense flashing takes 
place. Given the assumption of adiabatic flow, this temperature reduc
tion is attributed to the energy consumed during the liquid-to-vapor 
phase transition.

The velocity profile within the nozzle is illustrated in Fig. 5d. It is 
observed that the liquid accelerates through the nozzle primarily due to 
the geometric effect of the converging section and the substantial vapor 
generation occurring in the diverging section. To better highlight the 
velocity dynamics of the two-phase mixture, the axial velocity distri
bution along the centreline of the nozzle is presented in Fig. 6 for the 
same case. The velocity increases almost linearly in the converging 
section, controlled by the decreasing cross-sectional area. Two distinct 
acceleration regions are observed downstream of the throat. The first is 
attributed to the geometric expansion of the diverging section, while the 
second, more pronounced increase in velocity occurs mid-way through 

the diverging part, corresponding to intense vapor formation. This sec
ondary acceleration reflects the additional volumetric expansion asso
ciated with the phase change from liquid to vapor. Since the density of 
the vapor phase is significantly lower than that of the liquid, the mixture 
must accelerate to conserve mass flow rate during the phase transition. 
This acceleration is particularly evident in the diverging section where 
intense vapor generation occurs. However, in the downstream region of 
the diverging part, the velocity begins to decrease due to the continued 
geometric expansion of the nozzle, which reduces the flow velocity 
despite the lower mixture density.

Details of the flashing flow under sub atmospheric conditions for 
Case-6 (Pinit=150 kPa, Tinit=370 K, Pout=50 kPa) are presented in Fig. 7, 
which shows the pressure distribution, void fraction, and the calculated 
saturation pressure using the Antoine equation (Eq. (9)) at the centerline 
of the nozzle. The flow begins with subcooled liquid water, where the 
pressure is initially higher than the saturation pressure. As the water 
flows through the converging section of the nozzle, the pressure de
creases due to the geometric constriction. At the throat of the nozzle, the 
pressure drops to the saturation pressure, initiating the flashing process. 
However, flashing does not begin immediately when the fluid pressure 
drops to the saturation pressure corresponding to its temperature. 
Instead, an additional pressure drop is typically required to initiate 
flashing. This is because a temperature gradient between the liquid and 
vapor phases is necessary to enable heat transfer, which facilitates phase 
change. Therefore, the onset of flashing is delayed until the thermody
namic and kinetic conditions are sufficient to overcome this energy 
barrier.

In such condition, the liquid remains in a metastable state—where it 
is thermodynamically unstable but does not immediately vaporize. This 
phenomenon is common in rapid expansions, where the fluid does not 
have sufficient time to undergo phase change instantaneously. The dif
ference between the saturation pressure and the actual pressure at which 
vaporization begins is referred to as pressure undershoot [8–9,11–13]. 
The pressure undershoots and flashing delay distance is demarcated on 
Fig. 7 for clarity. This behaviour results primarily from the inertia of 
phase change, meaning that the metastable fluid lags behind thermo
dynamic equilibrium due to finite relaxation times associated with 
nucleation and vapor growth. This behaviour contrasts significantly 
with equilibrium boiling, in which vapor forms immediately once the 
fluid reaches the saturation pressure, with no pressure undershoot 
observed.

It should be noted that the Homogeneous Relaxation Model (HRM) 

Fig. 5. Calculated (a) void fraction and section with volume fraction contours overlaid with velocity vectors, (b) pressure distribution, (c) temperature contours, and 
(d) velocity field.

Fig. 6. Calculated mixture velocity and void fraction at the center of the nozzle.
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does not explicitly determine the flashing inception point as a distinct 
event. Instead, it assumes that vapor generation begins once a pressure 
undershoot occurs, initiating a non-equilibrium phase change process. 
As a relatively simple yet powerful model, HRM does not explicitly 
model nucleation mechanisms. Rather, it assumes that the metastable 
liquid begins to relax toward thermodynamic equilibrium once the local 
pressure, P falls below the saturation pressure Psat(T). The rate of this 
relaxation—and hence the rate of vapor generation—is governed by a 
characteristic relaxation time, allowing HRM to approximate the dy
namics of flashing without resolving the detailed microphysics of 
nucleation.

The effects of initial temperature on vapor generation and the 
resulting pressure dynamics are illustrated in Fig. 8. The average void 
fraction (Fig. 8a) and pressure (Fig. 8b) along the nozzle are presented in 
the figure. In this parametric study, the inlet pressure is fixed at 150 kPa, 
a representative value commonly encountered in wastewater treatment 
systems that utilize low-temperature waste heat sources. As expected, 
higher inlet temperatures lead to enhanced vapor generation, since more 
thermal energy is available to drive the phase change. For all cases 
considered, the vapor fraction is seen to increase rapidly—almost 
exponentially—just after the nozzle throat. At lower inlet temperatures, 
the vapor fraction remains nearly constant until midway through the 
diverging section, and flashing eventually ceases. This behaviour occurs 
because the fluid pressure remains above the saturation pressure, and 
therefore no superheating energy is available to sustain vapor genera
tion. In contrast, at higher initial temperatures—such as 380 K, which is 
only 2 K below the saturation temperature at 150 kPa—vapor genera
tion initiates shortly after the throat. The vapor fraction then increases 
rapidly and begins to level off toward the outlet, as most of the liquid has 
already been converted to vapor.

The pressure distribution (Fig. 8b) follows a similar overall trend 
across all cases, though the magnitude of the pressure drop varies with 
the initial temperature. At lower inlet temperatures, the pressure drop is 
more pronounced due to the limited vapor generation and lower vapor 
content. In contrast, at higher initial temperatures, the pressure drop is 
less severe near the throat, owing to the rapid formation and expansion 
of vapor, which mitigates further pressure reduction. However, a more 
substantial pressure drop is observed toward the outlet in the highest- 
temperature case. This can be attributed to the completion of vapor 
generation and the resulting acceleration of the vapor-dominant flow, 
which enhances momentum and lowers static pressure downstream.

The calculated velocity profiles depending on the inlet temperature 
are presented in Fig. 9. It is observed that the mixture velocity increases 

almost linearly up to the nozzle throat due to the converging geometry. 
Beyond the throat, during the flash vapor generation, the velocity re
mains nearly constant. At lower inlet temperatures, the flow velocity is 
higher up to the mid-section of the diverging part, as less vapor is 
generated and the liquid phase dominates. However, at higher inlet 
temperatures, the velocity profile exhibits a different behaviour near the 
outlet. This change is attributed to the higher vapor content at elevated 
temperatures, which leads to increased volumetric expansion. As a 
result, the flow accelerates in order to conserve mass flow rate, causing a 
noticeable rise in velocity near the outlet section. There is a competing 
interaction between the increasing flow area and the expansion caused 
by vapor production. The increase in velocity clearly correlates with 
temperature, as enhanced vapor generation drives higher mixture ve
locities. The slight decrease in velocity observed near the outlet is 
mainly due to the larger cross-sectional area resulting from the diverging 
geometry of the nozzle.

Similar trends in void fraction and pressure distribution were 
observed across the other cases considered. These cases, aimed at 
investigating the effects of varying inlet pressures and temperatures, are 
summarized in Table 2. Therefore, to avoid redundancy, only the mass 
flow rates at various inlet pressures and temperatures are presented in 
Fig. 10. It is evident that the mass flow rate through the nozzle is 
significantly influenced by both parameters. Higher inlet pressures 
combined with lower temperatures result in increased mass flow rates. 
This is due to the higher density and lower specific volume of the liquid 
phase under these conditions. In contrast, at higher temperatures, the 
mass flow rate decreases substantially because of the increased vapor 
content and lower density of the mixture. However, increasing the inlet 
pressure can counteract this effect and enhance the mass flow rate even 
at elevated temperatures. For instance, at an inlet temperature of 370 K, 
raising the pressure from atmospheric to 200 kPa nearly doubles the 
mass flow rate. This has important implications for applications such as 
wastewater treatment and waste heat recovery. Nonetheless, it should 
be noted that while higher inlet pressures improve mass throughput, 
they also increase the energy required to drive the flow. Therefore, an 
optimal balance between energy consumption and desired flow rate 
must be determined based on the specific system requirements.

Pressure undershoots and flash delay distances across a range of inlet 
pressures and temperatures are compared in Fig. 11. As illustrated in 
Fig. 11a, pressure undershoots become more pronounced at higher inlet 
temperatures. This trend is attributed to the increased thermal energy 
available for superheating, which causes a larger deviation from ther
modynamic equilibrium prior to the onset of flashing. In contrast, the 

Fig. 7. Calculated Pressure undershoot and flash delay.
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influence of inlet pressure on pressure undershoots appears negligible. 
This may be due to the shifting saturation pressure with temperature, 
leading to undershoots occurring at different absolute pressure levels for 

Fig. 8. Effects of initial Temperature on (a) void fraction (b) pressure distribution (Pinlet=150 kPa).

Fig. 9. Effects of Initial temperature on mixture velocity at the center of nozzle.

Fig. 10. Effects on inlet temperature and pressure on the mass flow rate.

M.D. Mat et al.                                                                                                                                                                                                                                  International Journal of Heat and Mass Transfer 257 (2026) 128240 

9 



each case. Fig. 11b demonstrates that flash delay distance decreases with 
increasing inlet pressure, but increases with higher inlet temperatures. 
This indicates that while superheating is more intense at elevated tem
peratures, the initiation of flashing is delayed—likely due to enhanced 
metastability and increased nucleation resistance under those 
conditions.

The flashing behaviour under sub-atmospheric conditions was 
further examined by reducing the outlet pressure from 50 kPa to 20 kPa 
in 10 kPa increments in Fig. 12. Outlet pressures below 20 kPa were not 
considered because the flash power-generation and water-purification 
system under consideration includes a turbine driven by the generated 
steam, which requires a minimum pressure difference to operate effi
ciently. Fig. 12 presents the calculated average void fraction and pres
sure distribution along the nozzle. In these simulations, the inlet 
pressure and temperature were fixed at 150 kPa and 370 K, respectively, 
while only the outlet pressure was varied. Fig. 12a shows that the void 
fraction increases as the outlet back pressure decreases, because a larger 
pressure drop provides a stronger thermodynamic driving force for 

liquid–vapor phase change, leading to enhanced steam generation.
The pressure distribution (Fig. 12b) indicates that the influence of 

the lower outlet pressure becomes significant mainly in the downstream 
section of the nozzle. At lower outlet pressures, the increased steam 
production—together with the low density (large specific volume) of the 
vapor—causes the flow to expand more strongly. This expansion leads to 
a more pronounced pressure recovery immediately downstream of the 
throat, even though the overall back pressure is lower. The figure also 
reveals that enhanced steam production at lower outlet pressures affects 
the magnitude of the pressure undershoot within the nozzle. To inves
tigate this relationship, Fig. 13 illustrates how the pressure undershoot 
varies with outlet pressure while keeping the inlet pressure and tem
perature fixed at 150 kPa and 370 K. Contrary to expectation, the results 
indicate that the pressure undershoot becomes less pronounced at lower 
back pressures. This trend can be explained by the competing mecha
nisms governing flashing in a nozzle. Although a lower outlet pressure 
increases the overall pressure drop—which promotes vapor gen
eration—the resulting high vapor volume fraction causes strong flow 

Fig. 11. Effects of inlet temperature and pressure on flashing delay and pressure undershoots.
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expansion and an associated pressure recovery downstream. As a result, 
the pressure undershoots becomes less pronounced at lower outlet 
pressures, despite the larger global pressure difference between the inlet 
and outlet.

The influence of low outlet back pressure is also evident in Fig. 14, 
which presents the variation of mass flow rate with outlet pressure over 
a range of inlet temperatures, while keeping the inlet pressure constant. 
The results show that the mass flow rate generally decreases at higher 
inlet temperatures because increased vapor generation reduces the 
mixture density and thus lowers the overall mass flux through the 
nozzle. The figure further demonstrates that, for a fixed inlet pressure, 
lower outlet pressures lead to enhanced steam production, which in turn 
reduces the mass flow rate. This indicates that simply reducing the outlet 
pressure does not increase throughput; instead, it enhances flashing and 

vapor expansion, thereby limiting the mixture mass flux.
A higher mass flow rate can be achieved by increasing the inlet 

pressure while keeping the other inlet and outlet conditions unchanged. 
Fig. 15 illustrates the effect of raising the inlet pressure from 150 kPa to 
200 kPa at various outlet pressures, and a noticeable increase in mass 
flow rate is observed across all cases. Since the fluid enters the nozzle in 
a subcooled state, increasing the inlet pressure is a relatively cost- 
effective strategy, as it enhances both the mass flow rate and steam 
production while requiring only a moderate increase in pumping power.

3.3. Summary and conclusions

The Homogeneous Relaxation Model (HRM) is employed alongside a 
two-phase Volume of Fluid (VOF) mixture model to investigate flash 

Fig. 12. Effects of the outlet pressure on (a) void fraction and (b) pressure distribution (Pinlet=150 kPa, Tinlet=370 K).

M.D. Mat et al.                                                                                                                                                                                                                                  International Journal of Heat and Mass Transfer 257 (2026) 128240 

11 



boiling phenomena in a converging-diverging nozzle. The mass transfer 
between liquid and vapor phases is modelled using the Downar–Zapolski 
flash boiling formulation, which determines the phase change rate based 
on local thermodynamic conditions. The mathematical model is first 
validated by comparing its predictions with a benchmark experimental 
case from the literature. A good agreement is observed, with only a 
slight underestimation in the pressure recovery region of the nozzle’s 
diverging section. Following validation, the model is applied to simulate 
flashing flow in the same nozzle geometry, this time with sub- 
atmospheric pressure imposed at the outlet. The results show that the 
onset of flashing occurs at the throat of the nozzle, depending on the 
inlet pressure and temperature. Once initiated, the void fraction in
creases rapidly—almost exponentially—downstream of the throat. The 
pressure profile exhibits a parabolic decline up to the throat, followed by 
partial pressure recovery toward the outlet.

The parametric study revealed that higher inlet temperatures 
enhance vapor formation due to the increased availability of thermal 
energy to drive the phase change. It was also observed that, at elevated 
inlet temperatures, the pressure drop within the nozzle is reduced. This 
behaviour is attributed to the lower specific volume of the generated 

vapor and the expansion driven by vapor production. The results also 
indicate that both inlet pressure and inlet temperature have a significant 
impact on the mass flow rate of the two-phase mixture in the nozzle. It is 
found that the mass flow rate increases substantially at higher inlet 
pressures, particularly when the inlet temperature is kept relatively low. 
This condition is advantageous for maintaining the fluid in the liquid 
state at the nozzle entrance, which in turn allows for the effective uti
lization of low-temperature waste heat sources to drive the phase change 
process.

The results show that the mathematical model effectively captures 
two critical characteristics of flash boiling in a converging-diverging 
nozzle: pressure undershoots and flashing delay. The pressure under
shoot reflects a finite temperature difference that enables heat transfer 
between the liquid and vapor phases, thereby facilitating the initiation 
of vaporization. Simulation results indicate that pressure undershoots 
become more pronounced at higher inlet temperatures due to the 
greater superheating potential. In contrast, inlet pressure appears to 
have a negligible effect on pressure undershoots, which may be attrib
uted to limitations of the current mathematical model. However, the 
flash delay distance is found to decrease with increasing inlet pressure, 

Fig. 13. Effects of outlet pressure on the pressure undershoots (Pinlet=150 kPa, Tinlet=370 K).

Fig. 14. Effects of outlet pressure on the mass flow rate (Pinlet=150 kPa).
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suggesting that vapor formation initiates closer to the nozzle throat 
under high-pressure conditions.

The effects of sub-atmospheric conditions on critical flashing pa
rameters were investigated over a range of back-pressure values. The 
results show that lower back pressures promote higher steam generation 
due to the increased pressure difference between the nozzle inlet and 
outlet, which enhances the flashing potential. However, this elevated 
steam generation also intensifies flow expansion and pressure recovery 
following the onset of evaporation. Overall, the findings indicate that 
stronger flashing at lower back pressures results in reduced pressure 
undershoots and lower mixture mass flow rates. Additionally, the study 
confirms that the mass flow rate increases significantly with rising inlet 
pressure.

This study demonstrates that the Homogeneous Relaxation Model 
(HRM), combined with a liquid–vapor mixture model, effectively cap
tures the key mechanisms of flashing flow in a converging-diverging 
nozzle. One limitation of the current approach is that HRM implicitly 
accounts for slip effects by incorporating both the vapor mass fraction 
and vapor void fraction in the calculation of the mass transfer source 
term. While this allows the model to approximate the relative motion 
between phases, it does so without explicitly solving for separate phase 
velocities. A more accurate prediction of void fraction could be achieved 
by developing and solving distinct transport equations for each pha
se—particularly the momentum equations—enabling each phase to 
evolve its own velocity field. This approach would allow direct 
computation of slip velocity from the velocity difference between pha
ses, rather than relying on indirect or empirical approximations.

The study can be further improved by relaxing the adiabatic wall 
assumption in the nozzle. In the current model, variations in vapor 
temperature are primarily driven by energy exchange with the super
heated liquid phase. However, under more realistic conditions involving 
heat transfer through the wall, wall heating or cooling can significantly 
influence the thermodynamic states of both the liquid and vapor phases. 
This, in turn, affects the extent and rate of phase change. Incorporating 
wall heat transfer would improve the accuracy of void fraction and 
vapor generation predictions, making the model more applicable to 
practical engineering systems.

Although this study demonstrates that the Homogeneous Relaxation 
Model (HRM) can be effectively used to predict the two-phase flow 
characteristics and phase distribution under sub-atmospheric pressures, 
its accuracy remains limited due to the lack of experimental validation 
under these conditions. An experimental setup is currently being 

developed in our laboratory to investigate flashing flow at sub- 
atmospheric pressures. The results of this future experimental work 
will enhance the understanding of two-phase flow behaviour in low- 
pressure environments and provide valuable data for further develop
ment of numerical models.
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