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CHAPTER 1

INTRODUCTION

Imagine throwing a dice. In a perfect setting, each side of the dice has an equal chance of appearing. However,
due to manufacturing imperfections, different dice can have different biases. Now imagine we have a bag full
of dice and we randomly select one to throw. This scenario illustrates a probability distribution (selecting a
dice) over a set of probability distributions (different dice) and illustrates the idea underlying the Dirichlet
process, which defines a probability distribution over probability measures. The Dirichlet process is widely
used in statistical modelling, particularly for tasks such as clustering, density estimation and modelling
distributions where the number of components is not fixed in advance (for example, clustering a dataset into
groups without specifying the number of groups beforehand). Examples are Ferreira da Silva (2007), which
uses a model based on a Dirichlet process to segment brain tissue in MRI images, Rodriguez-Alvarez, Inécio
and Klein (2025) for a recent density regression model and Topkaya, Erdogan and Porikli (2013), where a
method to automatically detect and track a previously unknown number of objects in videos is presented.
A comprehensive statistical perspective on Dirichlet processes can be found in Teh (2010). Moreover, Shiga
(1990) shows that the distribution of a Dirichlet process is the unique stationary reversible distribution of a
Fleming—Viot process with parent-independent mutation, a measure-valued Markov process in population
genetics. The Dirichlet process is well-known in number theory and combinatorics (cf. Billingsley (1972)
showing that the sequence consisting of the atoms of a Dirichlet process arises as limiting distribution in
prime factorisation or Pitman (2006) for random partitions). A survey connecting population genetics,
statistics and number theory is Crane (2016).

Returning to our dice example, consider the task of defining a probability distribution over a set of
probability distributions on a finite set with n > 1 elements (in case of a six-sided dice, n = 6). This can be
approached as follows. Any probability distribution on a set with n elements is characterised by a vector
(p1,-..,pn) whose entries are non-negative and sum to one. In other words, every probability distribution
on this set corresponds to a point in the simplex

An :{(ph’pn)E[O,].]npl"‘+pn:1}

The Dirichlet distribution is a probability distribution on this simplex. For n > 2 and a parameter vector
(a1,..., ) with aq,...,a, € (0,00) the Dirichlet distribution Dir(ay, ..., a,) assigns to each Borel subset
S of A,, the value

F(a1+...+an)/1 /1 1 4
Ts(z1,...,zp)xf ™ - air ™ dey ... day,
F(Oél) .. .F(an) 0 0 !

where I' denotes the Gamma function I'(z) = fooo t*~te=tdt, 2 > 0. As is customary, we extend the defini-
tion to allow for parameter vectors in which some entries vanish. Let n > 2 and suppose a; = ... =ap =0
for some k < n while ag41,...,a, > 0. Then we define Dir(ay,...,a,) = 689’“ ® Dir(ag41, .- ., an), the
product measure consisting of k£ times the Dirac measure in 0, denoted by &g, and the Dirichlet distribution
Dir(ag+1,- - -, ap) on the lower-dimensional simplex A,,_j. This reflects the fact that components corre-
sponding to zero parameters are almost surely equal to zero. A similar definition applies when parameter
vectors (aq,...,an) with ai,...,a, € [0,00) and a3 + ...+ ay, > 0 are considered. Furthermore, if n =1
and a; > 0, we set Dir(ay) = d1, the Dirac measure in 1. The Dirichlet distribution is widely applied
in various settings, including machine learning, Bayesian statistics and population genetics. A thorough
treatment can be found for example in Ng, Tian and Tang (2011).

The task of defining a probability distribution over distributions on arbitrary spaces proves to be more
intricate if the probability distribution is expected to place positive mass on a rich class of measures while
remaining analytically and computationally tractable. The fundamental idea introduced by Ferguson was
to extend the concept of the Dirichlet distribution to a general setting. The Dirichlet process is a random
probability measure such that, for any finite partition of the underlying space, the vector of probabilities
assigned to the partition elements follows a Dirichlet distribution governed by some parameter measure.
Formally, let (X, X) be a measurable space carrying a finite measure p # 0 and let (€, A, P) be a probability
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space. A random probability measure is a measurable mapping from 2 to the set of all finite measures,
equipped with the standard o-field. Ferguson’s definition now reads as follows.

Definition 1.1 (Ferguson (1973)). A random probability measure ¢ on X is called a Dirichlet process with
parameter measure p if

P((C(B1),-.-,C(Bn)) € ) = Dir(p(B1), ..., p(Bn)) (1.1)

for every measurable partition B,...,B,, n € N, of X.

One method of studying random processes is stochastic analysis. Stochastic analysis or stochastic calculus
is an extension of calculus to stochastic processes. In calculus, an elementary identity is the integration by
parts formula. Generalised to an open subset D of R™ with sufficiently smooth boundary, it states

[ (Vs@h@yde = = [ fa)divite) da

for continuously differentiable f: D — R and h: D — R™ with compact support in D. (Of course, the
assumptions can be weakened. Since we are here primarily interested in using the intuition from elementary
calculus as a guiding star, we impose stronger assumptions than necessary.) Here, (-, -) denotes the standard
scalar product in R"™, the gradient V f is, as usual, a vector containing the partial derivatives of f and the
divergence div h is defined by

divh = 01h1 + ...+ Oyhy,

where h; is for i € {1,...,n} the ith component of h. Introducing the Laplace operator A, which is for
f € C?(D,R) given by
Af =01f+...4 Onnf,

the identity
divVf=Af

follows for f € C%(D,R). Moreover, for f,g € C?(D,R) with compact support, we obtain

| Af@at@yae= [ f@ag@ as =~ [ (V1) V(@) de.

In stochastic analysis, the Lebesgue measure is replaced by the distribution of a random process and the
considered functions are random variables which are square integrable with respect to this distribution. The
construction of derivatives becomes more intricate in this infinite-dimensional setting. One possible approach
is to consider random variables of a specific form for which a gradient can be defined explicitly. Gradients
for a broader class of random variables can subsequently be defined through approximation techniques.
Another approach is to use an orthogonal decomposition of the space of all square integrable random
variables, often referred to as chaos expansion. With the help of this decomposition, every square-integrable
random variable can be represented as a (possibly infinite) sum of integrals with respect to the process.
Using this representation of a random variable, it is possible to define a gradient in terms of the chaos
expansion. Once a gradient is available, one can define an adjoint operator that satisfies an integration
by parts formula, analogous to the divergence in R™. Within the framework of random processes, the
adjoint operator to the gradient in a suitable space, commonly also referred to as the divergence operator,
is denoted by §. The composition of the divergence é and the gradient V results, as in R™, in yet another
operator. This operator is usually denoted by L and is the generator of an associated Markov process. We
conclude the motivating example with a connection to stochastic analysis. Let

1 lz— yl n
Ptf(x).:w/we fly)dy, t>0, zeR",
for bounded and continuous functions f: R™ — R. It can be shown that {P;,t > 0}, where P, is the identity
mapping, forms a semigroup of operators and that the function u: (0, 00) x R" — R with u(t, ) = P, f(x) for
a bounded and continuous function f is a solution of the heat equation d; = A, with lim; o u(t,z) = f(z)
for every z € R™. Moreover, it holds

Pf(x) =E[f(z+ Bx)), >0, x€R",

for a bounded and continuous function f and a Brownian motion (B;):>o in R™. This sparks the idea that
the Brownian motion is the associated Markov process. (For rigorous statements and proofs concerning the
heat semigroup, see e.g. Bakry, Gentil and Ledoux (2014), Ethier and Kurtz (2005) or Jost (2013).)



Regarding the Dirichlet process, preliminary steps in stochastic analysis have already been taken.
In Peccati (2008), a chaos expansion for square integrable functions is established and in Flint and Torrisi
(2023) a partial integration formula with what Dello Schiavo and Lytvynov (2023) refer to as “the discrete
gradient” is derived. The exact results will be recalled in Chapter 2. In the context of Fleming—Viot
processes, also a gradient and a generator, defined with the help of a class of smooth cylindrical functions,
are studied. We recall the Fleming—Viot process with parent-independent mutation in Chapter 2. There
are several other measure-valued processes closely related, e.g. the process on the space of all probability
measures on the unit interval [0, 1] constructed in Shao (2011), which is reversible with respect to the
distribution of a Dirichlet process, the Wasserstein diffusion on the same state space from von Renesse and
Sturm (2009) or the process considered in Dello Schiavo (2022), where also a comparison to the Wasserstein
diffusion as well as the Fleming—Viot process with parent-independent mutation can be found. More
generally, processes related to the Poisson-Dirichlet distribution or the Pitman—Yor process are explored
for instance in Petrov (2009) or Feng and Sun (2010). The study of Markov processes also encompasses
functional inequalities, such as the Poincaré inequality. A Poincaré inequality for the Dirichlet form of
the Fleming—Viot process with parent-independent mutation is proven in Stannat (2000). Functional
inequalities for the process from von Renesse and Sturm (2009) and the Poisson—Dirichlet distribution are
derived in Doring and Stannat (2009) and Feng, Sun, Wang and Xu (2011), respectively. The spectral gap
of another Dirichlet form related to the Dirichlet and the Gamma process is estimated in Ren and Wang
(2020). A Poincaré inequality for the Dirichlet distribution is established in Feng, Miclo and Wang (2017).

Despite the various works concerning different facets of stochastic analysis of the Dirichlet process, a
thorough and unified examination remains absent. The present thesis proposes an approach based on
explicit formulas for the chaos expansion. These explicit formulas are derived with the help of a multivariate
integral equation for the Dirichlet process. Before we can formulate the equation, we introduce some
notation. Let (X, X’) be a measurable space. Given a measure p on X and a natural number n € N, we
define a measure pl™ by

i (B) ::/.../13(:31,...,%) (4 0oy + 0ot 00 (). (14 60,)(dus) p(dar), B XM
X X

If the distribution of a Dirichlet process ¢ on X with parameter measure p is denoted by Dir(p) and the set
of all finite measures on X by M(X), the multivariate Mecke-type equation from Chapter 3 states

/ f(,LL,I’l,...,l’n)ﬂn(d(l'l,...,In)) Dlr(p,du)
M(X) Jxn
1
:W/ / Fps w1, ... xn) Dir(p4 0, 4 ... + 0z, dp) p(d (1, . .., 2))
P (X™) Jxn Jax)

for all measurable f: M(X) x X" — [0, 00). Using this equation, in Chapter 4, we are able to show that
every measurable mapping F': M(X) — R such that E[F({)?] < oo can be written as an orthogonal series

FO=EFI+)_ [ fa@)¢"(de), Pas.

where the convergence is in L?(P). Moreover, we can explicitly calculate the kernel functions f,, n € N. In
terms of the chaos expansion, we specify a dense subset dom(V) of all square-integrable mappings I for
which we then define a gradient VF in Chapter 5. As a next step, we introduce a divergence operator ¢§
acting as an adjoint of V in the sense that

E { /X H(x)V,;F(j(dx)} — E[5(H)F]

for mappings F' such that VF is defined and suitable H: 2 x X — R. Note that the integration on the
left-hand side is taken with respect to the random measure (, in contrast to the Gaussian and Poisson case,
where integration with respect to a deterministic measure is considered. Finally, we construct an operator
L satisfying

—0(VF)=LF, P-as.

as well as
E[(LF)G]) = E[F(LG)] = =E(VF,VQG)
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for all mappings F, G in its domain. Here, £ is the Dirichlet form associated with the Fleming—Viot process
with parent-independent mutation. We show that L is the generator of this process. An application of the
theory developed in the present thesis is a sharp Poincaré inequality and a reverse Poincaré inequality for
the Dirichlet process, deduced in Chapter 7.

This thesis is structured as follows. Chapter 2 reviews concepts and results from the literature relevant
for this thesis and explains the notation used. Chapter 3 is devoted to the study of a multivariate version
of the Mecke-type equation, which is stated in Theorem 3.7, along with an analysis of the properties of the
associated moment measures. As a corollary, an explicit formula for the moment measures of a Dirichlet
process is obtained in (3.4). The multivariate Mecke-type equation is the basis for Chapter 4, in which the
chaos expansion, stated in Theorem 4.18, is derived. An explicit formula for the involved kernel functions is
given in (4.16). Chapter 5 makes use of the chaos expansion to define the operators V., and L in dedicated
sections. The integration by parts formula connecting these three operators is established in Theorem 5.20.
The connection to the Fleming—Viot process with parent-independent mutation is drawn in Chapter 6. In
particular, in Theorem 6.5 the associated Dirichlet form is obtained (in terms of the chaos decomposition).
Chapter 7 contains the variance bounds in Theorem 7.1 (sharp Poincaré inequality) and Theorem 7.6
(reverse Poincaré inequality). For the sake of readability, two elementary summation formulas used in
various parts of this thesis have been collected in the appendix.



CHAPTER 2

DIRICHLET PROCESSES

This chapter provides an overview of key concepts from the existing literature. The first section collects
some constructions of Dirichlet processes to give the reader a brief impression of the process’s versatility.
To situate these constructions within a broader conceptual landscape, this section includes blue boxes
that point to related concepts or provide background information. The second section is devoted to the
Mecke-type equation. The third section reviews relevant concepts from the literature. The final section
explains the notation used in this thesis.

2.1. CONSTRUCTION

Since Ferguson’s seminal work in Ferguson (1973), in which he defined and proved the existence of Dirichlet
processes through the verification of Kolmogorov’s consistency conditions (conditions that ensure that
a collection of finite-dimensional distributions gives rise to a stochastic process; Ferguson shows that it
is possible to define a random probability measure by specifying the distribution on partitions under
certain conditions, which, in particular, guarantee consistency under refinements of the partitions) and
gave a construction using Gamma processes (§ 4 in Ferguson (1973)), a variety of alternative constructions
have been proposed in the subsequent literature. In this section, we provide a brief overview of different
constructions.
Let (X, X) be a measurable space with a non-zero finite measure p.

CONSTRUCTION WITH A GAMMA RANDOM MEASURE

Analogous to the construction of a random vector with a Dirichlet distribution via independent Gamma
random variables, a Dirichlet process can be constructed. This approach is described, for instance, in
Appendix 2 in Kingman (1975), in § 9.2 in Kingman (1993) or in Example 15.6 in combination with
Exercise 15.1 in Chapter 15 in Last and Penrose (2017).

Construction of a Dirichlet-distributed random vector using Gamma distributed random variables

(cf. e.g. Example 3.3.6 in Hogg, McKean and Craig (2019))

Let k € N and let 64, ...,6; > 0. Moreover, let Y7, ..., Yy be independent random variables such that
Y; follows a Gamma distribution with shape parameter 6; and rate parameter 1 for each i € {1,...,k}.
By standard properties of the Gamma distribution, Y = Y; + ... + Y, has a Gamma distribution
with shape parameter 61 + ...+ 6, and rate parameter 1.

A change of variable argument for the corresponding densities shows that the vector (Y1/Y,...,Y%/Y)
is Dirichlet-distributed with parameter (61,...,60;) and independent of Y.

Let 1 be a Poisson process on X x (0, 00) whose intensity measure is the product of p and the measure
on (0,00) that has Lebesgue-density r — r~1e~". Then,

&(B) = /Bx(o )rn(d(x,r)), BeXx,

defines a random measure £ on X (cf. Example 15.6 in Last and Penrose (2017)), which is completely
independent, i.e. for pairwise disjoint measurable sets By, ..., B,, the random variables £(B1),...,&(Bnm)
are independent (m € N). Furthermore, £(B) follows a Gamma distribution with shape parameter p(B)
and scale parameter 1 for B € X (cf. Example 15.6 in Last and Penrose (2017)). Thus, £ is called Gamma
random measure.
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As p is assumed to be finite, £(X) is finite with probability one and the random probability measure ¢,
defined by
§(B)

((B) =>=—£, BedX, 2.1

) =45 (21)

is a Dirichlet process with parameter measure p (cf. e.g. Appendix 2 in Kingman (1975)), independent

of £(X) (cf. e.g. § 4 in Ferguson (1973) or Lemma 1 in Tsilevich and Vershik (1999)). We note that the

distribution of a Dirichlet process is determined by its parameter measure (cf. Proposition 13.2 in Last and
Penrose (2017)).

CONSTRUCTION WITH THE POISSON—DIRICHLET DISTRIBUTION

Closely related to the construction with a Gamma random measure is the already mentioned construction
from § 4 in Ferguson (1973).

Let T'; > T's > ... be the points of a Poisson process 77 on (0, c0) whose intensity measure has the density
r— p(X)r~le™" with respect to the Lebesgue measure on (0,00). (We can also view 7} as the restriction

n(X x -) of the Poisson process from the last section). Since

o0

DT

i=1

E

— 5 | [Taitan]| = o0 [ oot o = pi),

the sum I' = Y2 | T'; is almost surely finite and we can set

Let Y7,Y5, ... be independent random variables in X with distribution ;&—), independent of I'y,T's, .. ..

Theorem 2.1 (Theorem 2 in § 4 in Ferguson (1973)). The random probability measure Y =, P;dy, is a
Dirichlet process with parameter measure p.

The law of the sequence (FP;);cn on the set

Voo:{(an)neN512(11zaQZ--'ZOaZanzl}
n=1

is called Poisson—Dirichlet distribution with parameter 0 and p(X), abbreviated PD(0, p(X)). This distribu-
tion, sometimes also referred to as PD(p(X)), was introduced in Kingman (1975) and later generalised to the
two-parameter setting in Pitman and Yor (1997). The component “Dirichlet” in the name Poisson-Dirichlet
distribution is explained by the following box.

Relation between the one-parameter Poisson—Dirichlet distribution and the Dirichlet distribution

(cf. Kingman (1975) and § 9.3 in Kingman (1993)))

Let Q™ = (an), o %n)) for n € N be a Dirichlet-distributed vector with parameter (ng), e 9%"))
where ng), e ,0,(ln) > 0. Furthermore, assume
n
max (0;"), e, 07(1”)) -0 and 295") — A, n— o0,
=1

for a constant A > 0. Then, for any k& € N, the decreasing order statistic (QE?)),,Q&L)) ), i.e.

Qg;‘)) > ... > QEZ)) are the k largest values in (QET)), . ,QEZ;), converges as n — 0o to (Py,..., Py),

where (P;);en follows a Poisson—Dirichlet distribution with parameter \.

We note that, according to § 9.6 in Kingman (1993), the Poisson—Dirichlet distribution is “rather less
than user-friendly”. However, in the context of population genetics, where this distribution arises as the
stationary distribution of a studied Markov process (the infinitely-many neutral alleles diffusion model,
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cf. e.g. Ethier and Kurtz (1981) for a rigorous derivation of the model and a proof of stationarity in
Theorem 4.3), Watterson (1976) establishes results on the distribution of the vector (Pi,..., P;), k € N,
for a sequence (P;);en with Poisson—Dirichlet distribution. A detailed treatment of the Poisson—Dirichlet
distribution is given in Feng (2010).

CONSTRUCTION WITH A POLYA URN SCHEME

Urn models can be used to describe many phenomena in stochastic (cf. Mahmoud (2008) for a general
overview and applications to informatics and population genetics). An urn scheme that can be used to
describe Dirichlet processes was given by Blackwell and MacQueen (1973). It is now widely known as the
Blackwell-MacQueen urn scheme in their honour. In their paper, Blackwell and MacQueen assumed that
(X, X) is a complete, separable metric space with Borel-o-field. This assumption can be weakened, as can
be seen, for example, in Pitman (1996).

Let (X,)nen be a sequence of random variables such that

p+5x1++5xn)()

P(X; €)= LGl and P(Xpt1 €| X1,..., Xp) = ( e

p(X)

(2.2)

The sequence (X, )nen is called a Pdlya sequence with parameter p.

Theorem 2.2 (Blackwell and MacQueen (1973), cf. Theorem 2 in Pitman (1996)). Let (X, )nen be a
sequence of random variables with distribution given by (2.2). Moreover, let the random measures p,, n € N,
be constructed by

pn:pﬁ»Z(;X“ n € N.
i=1

Then the measures —= converge in total variation norm for n — oo almost surely to a discrete random

n

measure ¢ which is a Dirichlet process with parameter measure p. Furthermore, given (, the random
variables X1, Xa, ... are independent with distribution (.

For every fixed N € N, the vector (X7, ..., Xx) constructed as in (2.2) induces a random partition of the
set {1,..., N} by grouping together integers ¢,j € {1,..., N} for which X; = X;. That is, the partition
corresponds to the equivalence classes of the relation i ~ j if and only if X; = X; for ¢,5 € {1,...,N}.
If p is assumed to be diffuse, i.e., it has no atoms, the resulting sequence of partitions corresponds to a
realisation of the so-called Chinese restaurant process.

Chinese restaurant process (cf. Chapter 3 in Pitman (2006) or (11.19) in Aldous (1985))

Let 6 > 0. Consider a restaurant with infinitely many tables, each with infinite seating capacity. The
first customer enters and sits at the first table. The second customer either joins the first at the same
table with probability ﬁ or chooses to sit at a new table with probability %. More generally,

suppose n € N customers are currently seated at k € {1,...,n} tables, with nq,...,ny customers at
each table, where Z?zl nj = n. Then, customer n + 1 decides to sit at table j € {1,...,k} with
probability OTn or opens a new table with probability 9+Ln‘

This procedure yields an exchangeable random partition of N, that is, a sequence (II,,)nen of random
partitions satisfying two properties: First, for each n € N, the partition II, is a random partition of
{1,...,n} whose distribution is invariant under permutations of {1,...,n}. Second, the sequence
(I, )nen is consistent in the sense that, for n > 1, the partition II,,_; is almost surely obtained from
IT,, by removing the element n.

CONSTRUCTION WITH STICK-BREAKING

In general, stick-breaking is a method for constructing a discrete random probability measure by distributing
the total mass of one to different points. The idea is as follows. We identify the mass 1 with a stick of
length 1. In the first step, we break the stick at the random variable V; taking values in [0, 1]. The amount
V1 is then assigned to the first point. Next, the remainder of the stick with length 1 — V is broken into two
pieces with lengths relative to Vo and 1 — V5 for the realisation of a second random variable V5 in [0,1]. We
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allocate the mass (1 — V7)Vs to the second point and are left with a stick of length (1 — V;)(1 — V3). By
iteratively introducing random variables Vs, ..., V;, with values in [0, 1], the mass of the n-th point (n € N)
is V,, Hz;ll (1 = V). In the statistics literature, a stick-breaking construction for Dirichlet processes was

introduced by Sethuraman (1994). However, in the context of population genetics, it was already discovered
in McCloskey (1965).

Theorem 2.3 (Theorem 3.4 in Sethuraman (1994)) Let Zy, Zs, ... and V1, Va, ... be independent random
variables such that Z,, is distributed according to ( and V,, follows a Beta(1, p(X))—distm’bution, n € N.

Then
=27

is a Dirichlet process with parameter measure p.

S

l—Vk

To prove the theorem, Sethuraman (1994) uses a distributional equation for Dirichlet processes that is
interesting in its own right. Let V' ~ Beta(1, p(X)) and X ~ ﬁ be independent. We consider the equation

PLVix+(1-V)P (2.3)

where < denotes equality in distribution and P is a random measure independent of (V, X). It can be
shown (cf. proof of Theorem 3.4 in Sethuraman (1994)) that a Dirichlet process with parameter measure p
is the unique solution to this equation.

Let

W, =W and 1_[1—V;C neNn>1,

for the random variables V;, V5, ... from the preceding Theorem. Then the distribution of the sequence

(W) nen in the set
Ay = {(an)nEN :0<ap,az,... < lazan = 1}
n=1

is called GEM(p(X))-distribution (cf. p. 321 in Ewens (2004)). The distribution is named after Griffiths
(1980), Engen (1975) and McCloskey (1965), who introduced it in the context of population genetics and
studied its properties.

One may inquire about the connection between the stick-breaking representation of a Dirichlet process
and its representation via the Poisson-Dirichlet distribution. The relationship between a sequence (W, )nen
following a GEM-distribution and a sequence (P;);cn distributed according to the Poisson—Dirichlet law
is addressed by Patil and Taillie (1977), who show that (W, )nen is a sized-bias permutation of (F;)en.
A random sequence (ﬁi)ieN is called a size-biased permutation of P = (F;);en if, conditionally given P,
the ﬁrst element 151 equals P; with probability P;, ¢ € N, and, given P, the element ]52 is equal to P,
. This process continues iteratively, selecting each subsequent element with
probablhty proportlonal to 1ts weight among the remaining unchosen components.

If the parameter measure p is diffuse, the locations of the weights in the above theorem (and in the con-
struction with a Poisson—Dirichlet distribution) are almost surely distinct. In this case, both constructions
yield almost surely the same process (cf. Corollary 9 and Corollary 10 in Pitman (1996)). By sorting the
weights from the stick-breaking construction in decreasing order, one obtains a sequence that follows the
Poisson—Dirichlet distribution. The associated locations are reordered accordingly, maintaining the corre-
spondence between each weight and its location. Conversely, starting from a Poisson—Dirichlet distributed
sequence of weights, one can recover the GEM-representation by applying a size-biased permutation to the
weights and reordering the associated locations in the same manner.

By modifying the parameters in the Beta-distribution that determine the weights in the stick-breaking
representation, we obtain the two-parameter Poisson—Dirichlet distribution and a generalisation of Dirichlet
processes: Pitman—Yor processes.
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Pitman—Yor processes (cf. Pitman and Yor (1997))

Let 0 < a<1andf > —a. Let V1, Vs,... be independent random variables with V,, ~ Beta(1l —
a,0+na), n € N. We define ¥; = V; and Y, = H?:_f(l — Vi)V, for n € N, n > 1. Further, we
denote the decreasing order statistics of (?}L)neN by (Yn)nen, i.e. Y1 > Y5 > .... Then the law of the
sequence (Y, )nen is called two-parameter Poisson—Dirichlet distribution with parameter « and € or
PD(«, 0)-distribution for short. Moreover, let X7, Xo, ... be independent and identically distributed
random variables in X such that the sequences (X, )nen and (V,,)nen are independent. Let v be the
distribution of X,,, n € N. The random measure

oo
Z Yn(an
n=1

is called Pitman—Yor process with discount parameter «, strength parameter 6 and base distribution
v. We note that the case e = 0 corresponds to a Dirichlet process with parameter measure fv.

2.2. MECKE-TYPE EQUATION

A deeper structural understanding of random measures can be gained through integral identities. In the
context of Poisson processes, a fundamental result in this regard is the Mecke equation, originally established
by Mecke (1967). Let (X, X) be a measurable space with a s-finite measure A, i.e. A is a countable sum of
finite measures and denote by N(X) the set of all measures on X that can be written as a countable sum of
finite counting measures, i.e. measures that take only values in Ny. Equipped with the smallest o-field such
that all mappings N(X) 5 pu+— u(B), B € X, become measurable, this space becomes a measurable space.
The Mecke equation (cf. e.g. Theorem 4.1 in Last and Penrose (2017)) states that a point process, i.e. a
measurable mapping 7: 2 — N(X) is a Poisson process with intensity measure X if and only if

B | [ fanan)] = [ Blr+6.,0] )

for all measurable functions f: N(X) x X — [0, co].

This identity for Poisson processes has inspired analogous identities for other random measures, commonly
referred to as Mecke-type equations. In the case of Dirichlet processes, the fixed point equation (2.3)
from Sethuraman (1994) shows that a random probability measure ¢ on a measurable space (X, X’) which
satisfies

Emo]:E[ [ [ 0=+ us) Betatr, @) viaw)

for all measurable f: M(X) — [0,00) as well as a constant § > 0 and a probability measure v is a Dirichlet
process. Here, M(X) denotes the set of all s-finite measures on X, which we equip with the smallest
o-field that makes the mappings M(X) 3> p+— u(B), B € X, measurable. A characterisation in terms of a
Mecke-type equation in the case of a diffuse parameter measure is proven in Dello Schiavo and Lytvynov
(2023) using a Mecke-type equation for a Gamma random measure (derived in Lemma 2.2 in Dello Schiavo
and Lytvynov (2023) from the Mecke equation for Poisson processes).

Theorem 2.4 (Theorem 1.1 in Dello Schiavo and Lytvynov (2023)). Let p be a finite diffuse measure on
(X, X) and 0 = p(X). A random measure { on X is a Dirichlet process with parameter measure p if and
only if

BEOAO] = | [ [ 70 =)+ )1 =) duptan)
for every measurable function f: M(X) — [0, 00).

Moreover, if ¢ is a Dirichlet process with parameter measure p, for each measurable function f: Mj(X) x
X — [0,00), where M;(X) C M(X) denotes the measurable subset of all probability measures, it holds

B[ [ renncan] <[ [ [ -+ w0 dupan)] (24)
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In the initial version of their work, published as the arXiv preprint arXiv:1706.07602 in 2017, Dello Schiavo
and Lytvynov assumed the underlying space X to be a locally compact Polish space. Subsequently, Last
(2020) achieved a more general formulation. In particular, Last (2020) considers an arbitrary measurable
space (X, X) and does not assume the measure to be diffuse. Last (2020) refers to a probability measure
v on X as good if there exists a measurable set B C X such that v(B) € (0,1) \ {3}. For instance, if

= %(575 + 6,) with distinct points z,y € X, then the measure v is not good.

Theorem 2.5 (Theorem 1.1 and Theorem 2.1 in Last (2020)). Let v be a good probability measure on

X and let G be a probability measure on [0, 1] with first moment by = fol tG(dt) € (0,1). Suppose that a
random measure ( on X satisfies the identity

E| [ f(Gz)((dr)| =E v«L%K+ﬂm@G@®WM) (2.5)
X xXJo

for all measurable f: M(X)xX — [0,00). Then ( is a Dirichlet process with parameter measure (1—by )by 'v.
Moreover, in this case, G is the Beta-distribution Beta(1, (1—b1)b;*). Conversely, if ¢ is a Dirichlet process
with parameter measure p, then (2.5) holds for all measurable f: M(X) x X — [0,00) with v = p(X)"!p

and G = Beta(l, p(X)).

Comparing the Mecke-type identity for Dirichlet processes with the Mecke equation for Poisson processes
reveals a key difference in the way new points on the right-hand side of the equation are incorporated.
Whereas in the Poisson case, a new point is added to the process, in the Dirichlet case, the process is
perturbed by forming a convex combination of the process and a new point. The weights are governed by a
Beta-distribution, ensuring that the resulting measure remains a probability measure.

2.3. SURVEY OF RELATED LITERATURE

In the following section, we summarise relevant concepts from the literature. In particular, we recall moment
formulas, the chaos decomposition from Peccati (2008), the integration by parts formula from Flint and
Torrisi (2023) and the Fleming—Viot process with parent-independent mutation.

As an initial application, the Mecke-type equation from the previous section provides a means to compute
the moments of integrals with respect to a Dirichlet process. While Corollary 3.5 in Dello Schiavo and
Lytvynov (2023) states a recursive formula directly derived from the Mecke-type equation, we instead cite
the non-recursive formulation given in Lemma 2.2 of Ethier (1990).

Proposition 2.6 (Lemma 2.2 in Ethier (1990), cf. Corollary 3.5 in Dello Schiavo and Lytvynov (2023)). Let ¢
be a Dirichlet process with parameter measure p and set 0 = p(X). Suppose n € N and let f1,..., fn: X =R
be measurable and bounded functions. It then holds

e[ ([ser00m)] - & @[T { [ T serm

d=1 Ben(n,d) i€ Pk

where 7w(n,d) denotes the set of partitions of {1,...,n} into d non-empty subsets By, ..., Bq and

(|1 =D+ (|Ba] = 1)!
00 +1)-(0+n—1)

As this result already suggests, general expressions for such moments can become intricate and combina-
torial in nature. Another formula for the moments of products of integrals, similar to the one considered in
Proposition 2.6, can be found in Corollary 3.5 of Dello Schiavo and Quattrocchi (2023). Their expression is
derived from moments of the Dirichlet distribution, which they deduced through a refined combinatorial
analysis of exponent patterns. However, the explicit formulation involves further notation and combi-
natorial concepts such as multinomial coefficients for g-coloured set partitions, defined by Dello Schiavo
and Quattrocchi (2023) in Definition 2.1, Definition 2.2 and Definition 2.3. For this reason, a detailed
exposition is omitted here and the interested reader is referred to Dello Schiavo and Quattrocchi (2023)
for a comprehensive treatment. Further formulas of this type involving cycle index polynomials of the
symmetric group are used in Dello Schiavo (2019).

A chaos expansion for square-integrable random variables of a Dirichlet process is proven in Peccati
(2008). We recall Theorem 1 from Peccati (2008), which states the decomposition.

c(B) =
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Theorem 2.7 (Theorem 1 in Peccati (2008)). Let ¢ be a Dirichlet process with parameter measure p on the
measurable space (X, X) with p(X) = 6. Each F: M(X) — R that satisfies E[F(¢)?] < co admits a unique
representation of the type

FQ) =EFQ)+ 3 [ hn()¢"(de), Pas.

where the convergence is in L*(P) and, for every n € N, the function h,: X" — R is symmetric and satisfies
E [hn(X1,...,X0)%] < o0 and E (hn(X1,.. s Xp) | X1,..., Xn1) =0, P-a.s.
for a Pdlya sequence (X,,)nen with parameter p as defined in (2.2).

A characterisation of the kernel functions h,: X" — R, n € N, appearing in the chaos expansion is
provided in Theorem 2 of Peccati (2008).

Theorem 2.8 (Theorem 2 and Lemma 1 in Peccati (2008)). If a function F admits a decomposition as
specified in the previous Theorem, then, for each n € N, the function h,, fulfils

hn(xlw-wxn)zze(mk) Z E(F(C)_E[F(C)HXl:xj17"'7Xk:m]'k)

n
k=1 1< <. <jr<n

for (x1,...,2,) in a subset of X" that has full measure under the probability measure induced by the
vector (X1,...,X,) from the Pélya sequence defined in (2.2). The coefficients 0% are for n € N and

ke{l,...,n} defined as
N\ (N -k\""
(nk) _ 1 (n,k)
(n,k

where the terms 0 ) solve the recursion

05\7;’71) = \I/N(n,n,n)_l,
S S N U (g,n5) =0, ge{l,...,n—1},

and

_

GEVN”C) =— Z Gﬁ’k), ke{l,...,N—1}, as well as GEVN’N) =1
s=k

with

q m—q
q\ (N —n (m—=r) T [0+qg+s—1]
v ,n,ng TeN—n>m—r 2= , 1<qg<m<n<N.
vla ) (T)(m—r) ez }(m—q)!H;’;{[eJrnJrs—u 1

r=

An integration-by-parts formula involving what Dello Schiavo and Lytvynov (2023) refer to as “the
discrete gradient” is established in Flint and Torrisi (2023). We recall their result. Let P(X) denote the
set of all discrete probability measures on a locally compact Polish space X with Borel-o-field X. For a
measurable function F': P(X) — R, Flint and Torrisi (2023) define for z € X and ¢ € [0,1] in equation (1) a
gradient D, F of F' by

Dy F(p) = F((1 = t)u+t6,) — F(p), peP(X).

As noted by Flint and Torrisi on p. 704, their notion of a gradient corresponds to the difference operator
in the Poisson setting (cf. chapter 18.1 in Last and Penrose (2017)), including an additional re-balancing
mechanism to ensure that the perturbed measure remains a probability measure. Moreover, let p be a
diffuse measure on X such that 6 = p(X) € (0,00) and let the probability measure p on X x [0, 1] be given
by

1
p) = [ Latant) plaa) (-0t

for all measurable A C X x [0,1]. Theorem 1 in Flint and Torrisi (2023) establishes the adjoint of D on
L3(X x [0,1], p).
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Theorem 2.9 (Theorem 1 in Flint and Torrisi (2023)). Let p, ¢ € [1, 0o] with %—I—% =landlet F: P(X) > R
be a measurable function satisfying E[F(¢)P] < co. Furthermore, assume that h: P(X) x X x [0,1] > R is a
measurable function satisfying

E

/ Ih(c,%t)lqﬁ(d(af,t))] < 0.
Xx[0,1]

Then there exists a random variable §(h) € L*(P) such that

E — E[F(Q)3(h)].

[ b DD PO )
Xx[0,1]

In population genetics, the distribution of a Dirichlet process arises as the stationary distribution of the
Fleming—Viot process with parent-independent mutation. We recall this process. Let X be a compact metric
space with Borel o-field X and denote by M (X) the set of all probability measures on X. Furthermore, let
6 > 0 and vy € M;(X) with support X. We set p = 01y. A Fleming—Viot process with parent-independent
mutation, a measure-valued stochastic process (X;);>o with almost surely continuous paths, is the solution
to the martingale problem (FC>, L,) with

Fox = {pn 5 & P = o ([ G u@..... [ i uan)

e C®RY, fic C(X),ic{l,...,d},de N}

and

LF)) =5 3 (0059) ( [ 5t / Faly >Covu<fz,fj)

o) ( / frly) u(d / fautan) [(Afe) uan, weMe, (20

where the mutation operator A is for f € C(X) given by

/ fly )p(dy), zeX. (2.7)

That means, for every F € FC, the process (M{");>¢ defined by
t
M} = F(X;) — F(Xo) f/ (L,F)(Xs)ds, t>0,
0

is a martingale with respect to the canonical filtration (F;)¢>o with F; = 0(Xs: s <t), t >0 (cf. (3.12),
(3.14) as well as (8.1) in Ethier and Kurtz (1993) for the description of the problem and Theorem 3.2
of Ethier and Kurtz (1993) for the well-posedness of the martingale problem and the uniqueness of the
solution). According to Theorem 8.1 and Theorem 8.2 of Ethier and Kurtz (1993) (with proofs provided in
the references cited therein), the distribution of a Dirichlet process with parameter measure p is the unique
stationary reversible distribution of this Markov process.

MOTIVATION FOR THE FLEMING—VIOT PROCESS

This section provides a brief motivation for the Fleming—Viot process. It is not required for the present
thesis and can be skipped. It is included for the benefit of readers who appreciate a more explicit conceptual
bridge.

Population genetics seeks to understand how genetic variation is shaped and maintained over often long
time scales, possibly ranging from decades to thousands of years. To achieve this, mathematical models
that describe genetic diversity under specific assumptions can play an important role. These models not
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only enable the analysis of the mechanisms driving evolutionary change, but also provide a framework for
investigating the impact of the underlying assumptions themselves. One of the simplest and best-known
models is the Wright—Fisher model, named after Ronald A. Fisher and Sewall Wright (cf. Fisher (1930);
Wright (1931)). A short description of the model can be found in the box below.

Neutral Wright—Fisher model (cf. Definition 2.1 in Etheridge (2011))

Consider a population of size N € N evolving in discrete generations. For each k € Ny, generation
k + 1 is formed by randomly sampling N genes with replacement from generation k. That is, each
gene in the next generation independently selects its parent at random from the individuals present
in the previous generation.

Biologically, the Wright—Fisher model assumes non-overlapping generations (as, for example, in annual
plants) of a fixed size and identical environmental conditions for all individuals. The population
is considered neutral, meaning that all variants of a gene have equal reproductive success. Most
species are either haploid, carrying only a single copy of each chromosome (e.g. bacteria), or diploid,
carrying two copies of each chromosome (e.g. humans). The Wright-Fisher model assumes a haploid
population, so each individual has exactly one parent. In diploid populations, although individuals
have two parents, each gene can be traced back to a single parental copy. Therefore, it is common to
model a diploid population of size N as a haploid population of size 2/V.

In its simplest form, the two-type Wright—Fisher model without mutation and without selection
assumes the existence of two alleles (variants of a gene), denoted by A and a. The number of A-alleles
in generation k forms a Markov chain with transition probabilities given by

Pij = (?7) (%)J (Njgi)N_j, i,j€{0,...,N}.

Here, p;; denotes the probability of transitioning from 4 copies of allele A in generation £k to j copies
in generation k + 1, 4,5 € {0,..., N}.

For further properties and extensions, the interested reader is referred to the vast literature on this
subject, e.g. Etheridge (2011); Ewens (2004); Hofrichter, Jost and Tran (2017).

The neutral K-type Wright—Fisher model with mutation considers K € N distinct allelic types Ay, ..., Ag
within a population of constant size N € N. At each time step n € Ny, the state of the population is
represented by a vector ZV¥(n) € {0,..., N}X where the ith component Z" (n) denotes the number of
genes of type A; fori € {1,...,K} and Z{¥(n) + ...+ Z¥(n) = N. Mutation is incorporated by assuming
that allele A; mutates to allele A; at a rate u;; € [0,1] for all 4, j € {1,..., K}. The transition probabilities
of the resulting Markov chain (Z¥(n)),en, are then given by a multinomial distribution. If the mutation
probabilities satisfy

i 1 -
= —= = 1,...,. K
Usj mln{NvK}y Z,jE{, ) }a
for constants p;; > 0 with p;; = 0, 4,5 € {1,..., K}, it can be shown (cf. Theorem 1.1 in Chapter 10
of Ethier and Kurtz (2005)) that the rescaled process (X7 (t));>0 with XV (¢) == w, t > 0, satisfies
A}im sup sup |]E (f (va(t), . ,XI]}]_I(t)) | (XlN(O), . ,X%_l(())) = x)
0 0<t<tgxzeS

—E(f(X0(8), -, X1 (O)(X1(0), -+, Xk -1(0)) = )| = 0

for all f € C(Ak) and to > 0, where

K-1 K-1
1 -
S::{Nm: xeN{){_l, E miSN} as well as Ay = {xE[O,l]Klz g xigl}
i=1 i=1

and (X(t))i>o is the K-type Wright-Fisher diffusion process. The Wright-Fisher diffusion process is
a Markov process with sample paths in the space of continuous functions from [0, co0) into the simplex
Ag ={z€[0,1]% : 21 +...+xx = 1}. It is characterised by its generator L: C?(Ag) — C(Ak), given
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by

1 K- 92 K-1 [K-1 P )
(L(f = § Z (Lii=jy — ;) (Mf) (z) + Z (s — pija;) <8-f) (z), =€ Ak.
J=1 iUj i

i=1 \ j=1

For general positive mutation rates between distinct alleles, the Wright—Fisher diffusion process has a
stationary distribution, but its closed form remains unknown and is an area of research (cf. e.g. Burden
and Griffiths (2019), where the stationary distribution in the case of small mutation rates, which occur,
for example, in Drosophila, is obtained). In parent-independent mutation, i.e. the probability of mutation
depends solely on the target allele, irrespective of the ancestral allele, the stationary reversible distribution
is a Dirichlet distribution.

From a biological perspective, mutations can give rise to novel alleles that have not previously occurred
in the population. Modelling this process requires an extension to an infinite type space. Under suitable
conditions on the mutation rates, the generator L can be extended when the type space X is countably
infinite. A classical example is the stepwise mutation model from Ohta and Kimura (1973), where the
set of possible alleles is the set of integers and allele ¢ € Z may mutate to ¢ — 1 or ¢ + 1. However, for
uncountably infinite type spaces, a different approach is required. The approach introduced in Fleming and
Viot (1979) is to consider a complete, separable metric space X as the set of possible types and to replace
the simplex Ak used in the previous analysis with the space P(X) of all Borel probability measures on X.
The generator becomes

2N =3 [ [ (sgmre) ) 6atan—utam wan)+ [ (4 (2op) ) @ utao), ne P,

where ¢ is an element of a suitable function space, %mcp(p) =lim. 0 ! (p(u +ed) — () and A is
an operator representing mutation. (It is also possible to include selection and recombination (cf. (3.12)
in Ethier and Kurtz (1993).) Here, we followed the presentation in the article Ethier and Kurtz (1993).
This article addresses general measure-valued diffusion processes arising in population genetics, named
Fleming—Viot processes after Fleming and Viot. Ethier and Kurtz establish the existence of these processes
under general assumptions and analyse their properties. Under suitable conditions, they show that Fleming-
Viot processes approximate Wright—Fisher diffusions. We refer the interested reader to their comprehensive
treatment or to Dawson (1993) for further details on measure-valued Markov processes.

2.4. GENERAL NOTATION

In this section, we introduce notation used throughout this thesis.

We denote by R, Z, Ny and N the real line, the set of integers, the set of nonnegative integers and the
set of positive integers, respectively. Given a,b € R, we define a A b := min{a,b}. If z € R and n € N, we
denote by (™ for n € N and x € R the rising factorial

(™ ::x(a:+1)...(a:+n—1)zﬁ(x+n—l).
=1

Moreover, let 2(?) := 1. For an arbitrary set A and r € N, we define
("o :=={0,...,7}, [r]:==1[r]o\{0} and Al :={(Giy,....i,) € A" ix #iyif k#1L,kle{l,...,r}}

if A contains at least r elements. Otherwise, let A"l := (), the empty set. By 1.y, we mean the indicator
function.

Let (X, X) be a measurable space. The Dirac measure at a point « € X is denoted by d,. Given n € N
and (z1,...,2,) € X", we define x,, = (z1,...,2,) € X" as well as dx, = 0y, + ...+ d,, and interpret
xo and dy, as void. Moreover, we sometimes write v(f) instead of [, f(z)v(dz) for a measure v on X
and an integrable function f. To enhance readability for those primarily interested in the statements, we
refrain from using this notation within the statements themselves. Let Cp(X) be the space of all bounded
and continuous functions f: X — R and denote by C°°(X) the space of all smooth functions f: X — R.
We write M(X) for the set of all finite measures on X equipped with the smallest o-field that makes the
mappings M(X) 3 p+— p(B), B € X, measurable and denote by M (X) the set of all probability measures
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on X. Given a probability space (2,.A4,P), we denote by ¢ a Dirichlet process, i.e. a random measure (a
measurable mapping ¢:  — M(X)) satisfying (1.1). We refer to Kallenberg (2017) for a comprehensive
treatment of random measures.






CHAPTER 3

A MULTIVARIATE PERSPECTIVE ON THE MECKE-TYPE
EQUATION

In this chapter, we begin by defining measures that will play a central role in the subsequent analysis.
Properties of these measures, which are used in the development of a multivariate formulation of the
Mecke-type equation, are established. Finally, a formula for evaluating certain integrals with respect to
these measures, which will be used in later chapters, is obtained.

Throughout the chapter, let (X, X’) be a measurable space.

3.1. A MULTIVARIATE MECKE-TYPE EQUATION

In this section, we derive a multivariate version of the Mecke-type equation. We begin by introducing the
measures involved.

Definition 3.1. Given a measure x on (X, X) and n € N, let the measure p™ on X™ be defined by

p"(B // /113 Z1 @) (A Op, + o4 0p, )z .. (4 6y, )(dae) p(dzy), B e x®™,

Furthermore, set ul%(c) = ¢ for ¢ € R.
We observe that in the special case n = 1, we have p!] = . We illustrate this definition with an example.

Example 3.2. Let u be a measure on (X, X') and n € N. Given pairwise disjoint By, ..., B, € X, we have

p™(By x ... x B,) = Hu(Bi)

and
Wl (BY) = p(By)(u(By) +1)... (u(By) +n — 1). o
We recall the definitions [n]o :={0,...,n} and [n] := {1,...,n} for n € N. We begin with a lemma that

characterises integrability with respect to ul™ for a o-finite measure p on X and n € N.

Lemma 3.3. Let u be a o-finite measure on X. Let p € [1,00) and n € N. A function f: X" = R is an

element of LP(ul™) if and only if f is measurable and for all m € [n — 1) and all permutations © of [n] it
holds

/n m/m Tty Ta() P ] G (i) "™ (A(@mp1, -, 20)) < 00,

k=1

Proof. Tt suffices to consider p = 1 since f € LP if and only if |f|P € L*. We proceed by induction over
n € N. For n = 1, the claim follows immediately from the fact that f € L!(x) if and only if f is measurable
and [y | f(z)] p( da:) < 00. Assume that the assertion holds for some n € N. A function f: X" — R is

an element of L*(pu[" 1) if and only if f is measurable and Ssensa | f(2)] pHt1(dz) < co. By definition of
p 1 and pl, we have

L@ i) = [ Gtmtn)] () () ) ).

Thus, [y |f(2)] p"T1(dz) is finite if and only if g € L*(u), where

g($17~-~,33n) = /X |f($la-~-axnvy)| (:U“+6$1 =+ ---+6wn)(dy)~
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According to the induction hypothesis, this holds if and only if g is measurable and for all @ € [n — 1] and
all permutations 7 of [n] it holds

/ 7/7|g($;(1),...,$;(n))| I 0= (daw) " (A(@m41, - -, 20)) < 0.
e " k=1

By the definition of g, the integral in the previous line is

/n m/m/ |f(@71ys - Treny Y| (14 Oy + oo+ 0z, ) (dy) H(Smn(d:ck)u”_m(d(merh...,:En))

k=1
S Y I QUG ICN | CACERa CCRR)
n—m m k:1
+ Z/ ,/}(|f(xﬁ(1)7“‘7$F(n)733j)| H Oz, (dag) 1 ™ (A(Tm41s -5 ¥n)) = I + Lo
j=1 YA A k=1

From this, we obtain the assertion (The cases m = 0 and m = n of the assertion for f follow from I o and
I n—1, respectively. The case m € [n — 1] follows from I3 ,,—1 and I ,,.). O

As the following example shows, the space L?(u[™) may be smaller than L?(u™).

Example 3.4. On X := [0, 1] we consider the restriction u of the Lebesgue measure to [0,1] and f: X2 — R

defined by f(z,y) = 1(0,1)2(z, Y) o= T Because of

1 rl 1 pl 1 2 1 , 2
2 = = -3
| [ rewraza= [ <@) aray= ([ atar) <o
we have f € L?(u?). On the other hand, the integral
1,1 1 1
|| fewruen = [ [ e ) @)
o Jo 0o Jo
1,1 1 1,1 1
— 2 2 _ 2 _%
= [ rewraies [ eapar= [ retades [ ot

is not finite. o

We continue with a simple yet useful lemma that collects properties of the measures.

Lemma 3.5. Let pu be a o-finite measure on X. Then the measure pul™ is symmetric for every n € N and,
for every m,n € N and B € X®"+™) it holds

W) = [ ] Anon i) (04 8y 4 8 ) A en) (3.1)
pm™(d(zy, .. zm)).

Proof. We first establish the recursion formula (3.1), which will be a key ingredient in showing the symmetry
of the measure. We use induction with respect to n € N. Let A € X®(0+™) and B € x®n+1+m) By
definition, we have

H[1+m](A):/X/X.../X/X]IA(XmH)(#+5xm)(dxm+1)(u+5xm_1)(dxm)... (1 + 6, ) (dws) p(day)
:/m/X]lA(XmH)(u+5xm)[”(dxm+1)u[m](dxmﬂ),

the base case of the induction. Furthermore, it holds

pln bl () — / . / 15 (1) (1 + S a o) ([ngrom) - (1 + 8, ) (i) ()
X X
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= / / ILJ’3(Xm+n+1) (/’L + 6Xn+m)(dx’ﬂ+1+m) M[n—i—m] (dxn+m))
Xn+m JX
= / / /X]lB(Xm+n+1> (1t + O o) ([AZrp1m) (1 + 6xm)[n] (A(@mt1y - s Tmtn)) ] (dXm)

B / /X +1 1B(Xm+n+1) (M + 5xm)[n+1] (d(xm+l7 (R xn-&-l-‘rm)) /’(’[m] (de)a

where the penultimate equality is a consequence of the induction hypothesis.
To establish the symmetry, we show the validity of

; f(acl,...,xn)u[”](d(xh...,xn)): ; f(xﬂ(l),...,xﬂ(n))u["](d(xl,...,wn))

for all n € N, permutations 7 of [n] and measurable f: X® — [0,00) by induction on n. If n = 2 and
f: X% = [0,00) is measurable, the definition of ul? yields

/ @y, w2) P (d(z1, 22)) //f‘rlva ) (1 =+ 62, ) (dw2) p(daq)
= [ s ) + [ fana)pde) = [ ) wda,a).

X2

For the induction step, let n € N and assume the symmetry of ¥ for all natural numbers k < n. Let
f: X" — [0,00) be measurable and 7 be a permutation of [n]. Define [ := 7~1(n) and assume [ > 1 (if this
is not the case, take [ = 7~!(n — 1) and modify the following calculations as necessary). We decompose 7
as ™ =00 (Il n) withoc =mo(l n). Here, (I n) denotes the transposition that exchanges the numbers [
and n. It holds o(n) = n and thus o permutes the numbers 1,...,n — 1. The recursion from (3.1) and the
induction hypothesis yield

f(%a) p" (dxy)

Xn

[ ) e B ) ) Y )
xl-1 Jxn—141

[ G (o 8 ) ) Y )
xl-1 Jxn—141

= f(Xl_l,l'n,xl_irl,...,xn_17$l)u[n](dxn)
X’IL

= /x » /Xf(Xl—l,melerl,--~,$n—1,$z) (14 0y, ) (dazy) P (dxp_q).

:/ F(Xn—l)u[nil](dxn—l)a
anl

where F : X"~1 — [0, 00) is defined by
F(xh cee 7xn—1) = / f(xla sy Ll—1,Tns Ti41s -+ -5 Tn—1, 33[) (:u + 6xn—1)(dxn)'
X

Let & be the permutation of [n — 1] that satisfies §(¢) = o (i) for every i € [n — 1]. The induction hypothesis
gives

/ F(xp_1) " N(dxa 1) = / F(z501)s - Ton—1)) p" (dxn_1)
Xn—1 Xn—1
/X » / f 0(1)5 e, X o(l-1)» T, T o(l4+1)s - -+ axo(n—l)a xa(l)) (p, + 5xn_1)(dxn) ﬂ[nil] (dxn—l)
= /X f(xw(l)v s 7$ﬂ(n)) ,LL[n] (an). O

The following superposition lemma (cf. Lemma 2.1 in Ethier and Griffiths (1993) for the weighted sum
of two independent Dirichlet processes) is a key ingredient in the multivariate version of the Mecke-type
equation.
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Lemma 3.6. Let n € N and (; be independent Dirichlet processes with parameter measures p;, j € [n].
Further, let Z be independent of (C1,...,¢n) and follow a Dir(p1(X), ..., pn(X)) distribution. Then

> 7 (3.2)
j=1

is a Dirichlet process with parameter measure p = Z;'L:1 Py

Proof. We make use of the construction of Dirichlet processes with Poisson processes (cf. (2.1) in Section 2.1)
and the superposition theorem for independent Poisson processes (cf. Theorem 3.3 in Last and Penrose
(2017)).

Let p = 2?21 p;. Furthermore, let n;, j € [n], be independent Poisson processes on X x (0, 00) with
intensity measures En;(d(x,r)) = r~te™"dr p;(dz). Let j € [n]. We define a random measure &; on X by

&(B) = / 1p(2) (7). Be X,
X% (0,00)

and set

* L €j
ST
The random variable &;(X) follows a Gamma distribution with shape parameter p;(X) and scale parameter
1. Moreover, (7 is a Dirichlet process independent of &;(X) with parameter measure p; and is thus equal in
distribution to ¢;. By the independence of the underlying Poisson processes, (£1(X),(Y),. .., (&.(X), () are
independent. Since &;(X) and (; are independent (cf. e.g. § 4 in Ferguson (1973) or Lemma 1 in Tsilevich
and Vershik (1999)), j € [n], we obtain that & (X),..., & (X), (T}, ..., are independent. Let

D=1
Y G(X)

From the superposition theorem for independent Poisson processes (cf. Theorem 3.3 in Last and Penrose
(2017)) it follows that ¢ is a Dirichlet process with parameter measure p. Further, it holds

cz 5 Zcp
]1]

where
z: = &)
Zj:l & (X)
The random vector Z* := (Z7, ..., Z}) has a Dirichlet distribution with parameter vector (p1(X), ..., pn(X)).
Allin all, Z*, (5, ..., ¢} are independent and (Z*, (5, ..., () is in distribution equal to (Z,(1,...,¢,). We

conclude " n
% % d
=D ZG =) %G =
j=1 j=1

The preceding lemma (or Sethuraman’s fixed point equation (2.3)) shows that for a Dirichlet process
¢ with parameter measure p, an independent Beta(1, §)-distributed random variable Z and z € X, the
random measure (1 — Z)( 4+ Z0, is a Dirichlet process with parameter measure p + J,. This gives rise to
the following different formulation of the Mecke-type equation from Dello Schiavo and Lytvynov (2023)
and Last (2020) recalled in (2.4) and (2.5). Let ¢, denote a Dirichlet process with parameter measure p.
For a measurable function f: M(X) x X — [0, 00), where M(X) denotes the set of finite measures on X,
equation (2.5) can be written as

| [ 5600 6a0)| =~ 58| [ 1(Gurs, ) plan)

Using this point of view, it is possible to state a multivariate version of the Meck-type equation. From
Section 2.4, we recall the notation (™ for the rising factorial

j € [n).

™ =g(z+1)... (x+n—1) qutnfl neN,zeR
=1
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Theorem 3.7. Let ¢ be a Dirichlet process with parameter measure p, let n € N and f: M(X) x X" — [0, 00)
be a measurable function. Then

E { 5 f(gp,xl,...,xn)gg(d(xl,...,xn))]

1
= WE |:/X f(Cp+6(171 +.F0z, Tiy--- ,In) p[n] (d(xla cee a‘rn)) . (33)
Proof. We proceed by induction using the Mecke-type equation (2.4) from Dello Schiavo and Lytvynov
(2023) as the base case. For the induction step, let n € N and f: M(X) x X" — [0, 00) be measurable. We
define H: M(X) x X — [0, 00) by
H(,U/, 5171) = f(p‘7 L1, X2y y $n+1) /J“n(d(m27 ey ‘rn+1))'
X’n

The Mecke-type equation from Dello Schiavo and Lytvynov (2023) (or the one from Last (2020)) yields
E |:/ . f(gp,xl,...,xn+1)Cg+1(d(x1,...,anrl))} =K |:/ H(Cpaxl)Cp(dxl)
Xnt1 X

1 1
= EE |:/X H(§p+6m1 5 .’,El) p(dfﬂ1):| = aE |:/X o f(<ﬂ+5ac1 sy LLyenn ,In+1) C/7)L+5m1 (d(l’g, PN In+1)) p(dl’l):| .

By the induction hypothesis and the recursion form Lemma 3.5, this is equal to

1 1
& [/x (94—1)(")/x FCotsurtttn, @15 Tng1) (p 4 00, (d(22, . 2ng1)) P(dfl)]
1 n
= 79(’”_'_1) E |:/X - f(<p+6z1+'“+61n+1 s L1y ,an_,’_l) p[ +1] (d($1, . ,xn+1)):| . O

A direct consequence of this multivariate Mecke-type equation is a formula for the moment measures of a
Dirichlet process.

Corollary 3.8. Let n € N. A Dirichlet process ( with parameter measure p satisfies

E[C"(B)] = oy (B), Bexen. (3.4)

3.2. INTEGRAL FORMULA FOR SUBSEQUENT APPLICATIONS

As we will later encounter integrals with respect to the sum of a measure and Dirac measures, we provide a
formula for their evaluation.

We fix some notation. Let m,r € N with m > r and (iy,...,4,) € [m][r]. Suppose 1 < j1 < jo < ... <
Jm—r < m are such that {j1,...,jm—r} = [m]\ {é1,...,4,}. Define the mapping f;, ;. : X" — R for a
function f: X™ — R by

fil,...,ir(xla"'7xm) = f(*’(i.'la"'w'fm)? (35)
where
551'1 =Ty -y 5% = Tr, .%jl = Tr41y +--y 5];,”77_ = Tm-
That is, in order to compute f;, _; (21,...,&m) for (z1,...,2,) € X, the function f is evaluated at the
point whose ig-th coordinate is xj, for k € [r] and whose remaining coordinates are filled with z,41, ..., ZTm.

Finally, for £k € N and z1,...,Zg,21,--.,2m—r € X let
ikl’m’ir(xl,...7:1%,217...,zm,r) = Z Jirrin (@ X, 21,y Zmer) (3.6)
1<51 < <jr<k
if m>r. If m =r, define
fikl,...,ir(xlv"'?xk) = Z fi17---1iT(xj1""7xj7‘)' (37)

1< << <k

We illustrate these concepts with an example.
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Example 3.9. Let f: X° = R. For z1, 22, 21, 22 € X, it then holds

2
fi14(@1,02,21,20) = > f5.1,4(x),, @4y, Ty s 21, 22)
1<5j1 <52 <js<2

= f5,1,4(21, 01,71, 21, 22) + f5,1,4(71, 71, T2, 21, 22) + f51,4(T1, T2, T2, 21, 22) + f5.1,4(22, T2, T2, 21, 22)
= f(xla 21, ZZyxlaxl) + f(xla 21, ZQ,$27$1) + f({l?g, 21, 227x27x1) + f(x27 21, Z27x27x2)' o
A special case arises when the considered function is given as a product of functions, each depending

on a different variable. Specifically, let m,r € N with m > r and fy,..., f;: X — R. The tensor product
(®L,f;): X™ = R is defined by

(X £, oay) =[] filxs)- (3.8)
Jj=1 j=1
For (iy,...,i,) € [m]l"l define
Fon =@ and = @ g 69)
J=1 J¢{ir,.vir}

where f®i1im =1, Given k € N and z1,...,7, € X, let

fg,;ly___‘ir(xla“'axk) = Z f@il ..... ir(xj13""xjr)' (310)
1<5:1<...<5r-<k

We begin with a recursive formula for integrals with respect to the sum of a measure and a Dirac measure.

Lemma 3.10. Let p be a o-finite measure on X and x € X. Then for each m € N and each g: X™ — R
that is integrable with respect to (p + 6,)™, using the notation from (3.5), it holds

[ oo (a4 ) )

— [ s @)+ Y [ e nen) G 5" o)

m—1

Proof. By assumption, the integrals on the right-hand side are finite. We proceed by induction over m € N.
The base case is

/g(y) (1 + 0z)(dy) =/g(y)ﬂ(dy)+g(x)
X X

for integrable functions g: X — R. We now assume the validity of the assertion for all functions that are
integrable with respect to (p + 0,)"). Let g: X1 — R be integrable with respect to (u + d,)" . From
the recursion (3.1) in Lemma 3.5 we obtain

/ 9(y) (1 + 6,) I+ (dy) = / / 0(Fms1) (1 + 60+ By ) dymg1) (1 + 52)™ (dynm)
Xm+1 m JX
— [ Fvm) (14 6" (dym)
with F': X™ — R defined by
F(Ym) = / o(Ymsn) (1 + 60+ 8y, )(dymsr) = / 0(Fms1) (1 + By) (1) + 9(rms 7).

The induction hypothesis and the recursion (3.1) yield

m

/XMH g(y) (p + 6,) " (dy) :/m F(ym)u[m](dym)+2/ Fi(z, Y1) (1t 4 6) 1 (dym_1)

i=1 /X!

m

=/X . g(ym+1)u[m“](dym+1)+/ 9(ym, ) 1™ (dym)
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4 Z / / 0i (2 Vet Yms1) (1 + Syen_y + 82)(dtimsa) (1 + 62)™ I (dyn_s)

+Z/ (@ Y12 (14 6) ) (dyn 1),
which is equal to

/ . g(ym+1)u[’"“](dym+1)+/ Im+1(2, ym) 1™ (dym)
Xm-+1 xm

+Z/ 9i(x:Ym) (1 + 6:)" (dym) +Z/ Gmt1,6(2: 2, Ym-1) (4 62) " (dym—1)-

An application of the induction hypothesis to the function yu, — gm+1(2, ym) shows

[ g ym) (04 8 ) = [ g, 3m) 1 )

> / G2, Yen1) (11 + )™ (dym_1):

-1 Xxm—1

Hence, we conclude
/x L, 9) (4 0,)m N (dy) :/X L, 9mia) 1 (dymea +Z/ 9i(@, ym) (1 + 62)™ (dym)

i / m+1 (2, ¥m) (1 + )" (dym). O

The next proposition considers integrals with respect to the sum of a measure and several Dirac measures.
We recall the notation introduced in (3.6) and (3.7).

Proposition 3.11. Let u be a o-finite measure. Then for all m,k € N, x1,...,x, € X and functions
f:X™ = R that are integrable with respect to (pn+ 64, + ... + 64, )™ it holds

F2) (1 8oy + -4 6,17 (d2) (3.11)
X‘nL

= f(2) u[m](dz) —I—Z Z / “7 A xl,...,xk,zl,...,zm_r),u[m_r](d(zl,...,zm_r)).

xm — . m—r
=1 (iy,..., i) €[m]l"]

n (3.11), consistent with our notation ul%(c) = ¢, ¢ € R, we interpret

3 / o ez iz = S ().

(i150esim ) €[m] 7] (i1yeenyim ) €[m] (7]

Proof. By assumption, the right-hand side is finite. We prove the assertion by induction on m. If m =1,

we have
k

(14 0) (F) = p(F) + Y flai) = p(F) + ff(n,- o 2n)
i=1
by definition of ff. For the induction step, we assume that the assertion holds for some m € N, all k € N

and all z1,..., 2, € X as well as all integrable f: X™ — R. To establish the formula for m + 1, we use
induction on k& € N. By an application of Lemma 3.10, for integrable f: X! — R, we find

m+1

(114 00) () = a0 (f) + Z [ S ym) (-4 6) Ay,

Let i € [m +1]. The induction hypothesis in the induction on m applied to the function yy, — f(ym) ==
fi(x1,¥m) shows that the second term on the right-hand side is

m—+1 m+1 m

S [ O mavm + 33 > / Pt (21,8 7 )

=1 r= 1(7’17 ;lr
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m—+1

DY R VENED SED [ i @) W )

=1 (i1 yovnyipgr ) E[mA1] 1]

m+1

Z Z / 11, ,11 xl’szr)ﬂ[m_ﬂ(dszr),

r=1 (iy,...,i)E€[m+1]]

which finishes the base case of the induction on k. Next, we assume that the assertion holds for some k& € N.
Lemma 3.10 for an integrable function f: X"+ — R yields

m—+1

(1 + 5xk+1)[m+1] (f) = (p+ dx) m+1] )+ Z fz (Th+1,Ym) (1 + 5xk+1) ](de)

m+1

= (14 0TS +Z : '(Yam) (1 + Gx2) "™ (dym),

where fO)(ym) == fi(Tki1,Ym) for ym € X and i € [m + 1]. Using the induction hypothesis in the
induction on k, we obtain

m—+1

(:u’ + 6Xk)[m+1](f) = m+1 + Z Z /X o fikl,,,‘,i,. (Xk7 Zm+17r) ’u[m+1—r] (dzm+17r)~

L (i1 yoeeyir ) Efme41]17)

Let ¢ € [m + 1]. The induction hypothesis in the induction on m yields

FO(ym) (1 + i)™ (Ayem)

Xm
m f( i) + Z Z / f( i) kJr}.ﬂ_T (Xk+1yzm7r) M[m—T'] (dszr)~

=1 (i1,...,in)€[m]]

Combining these findings, we find

(1 4 0 ) ()
m+1 m+1
= mﬂ )+ Z Z / ) fikl ..... iT(kaZerlfr)N[mH*T] (dZms1-r) + Z /i[m] (f(l))
r=1 (i,...,i,)€[m+1]"] Xmt=r i=1
m+1 m
D D I S B
=1 r=1 (7,1’ ,lr) m=r
By definition, for r € [m + 1], (i1,...,4,) € [m + 1][’“] and Zpy 1 € X™H17 we have
flh i (Xk+17 Zm+17r) = Z fil ,,,,, i (le IRERRES Zm+17r)
1< <. <gr<k+1
= > fuen @ T Zmpr ) + > firioin (@ @y, Tg1, Zmy1ox)
1<5: <. <jr<k 1<j1 < <1 <k+1
ikl,‘,.,ir(xk7zm+17r) + Z fil,...,ir(lew s g 1y Th41, zm+17r)

1< <o <jr—1<k+1
if > 2. In the case r = 1, it holds
P g1 2m) = Y fu(@izm) = D (%5, %m) + fi (Tr1,2m) = fF (% Zan) + FO (2m).
1<), <k+1 1< <k
Thus, the claim is now a consequence of

m—+1

/ zkl—j_l,w(xk+lazm+l—r) ,u[erliT] (dzm+1—r)
Z Z XmA1-—r
+1]lr

= 1(11, Lip)E[m
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m+1 m+1

- Z B (X Zmax) = Az ) + / FO (2) ™ (A2
=1 (iy,...,i,)€[m+1][7] T ;1 1:
m+1

+ Z > /X . Fivvoin @js o Ty T 1, Zmgr—r) W (dZmgn ).

=2 (1,085 €[m41]I7] T1<i<. <Jr 1<k+1

and the observation that

Z Z / 1 Jiryooin (le, sy LG _qs Thet 1, Zmil-r) :u[erlir] (dZms1-r)
X

r=2 (i1,...,3,)€[m+1]["] 1<]1< <j,~ 1<k+1

m m—+1 ,
= Z Z Z / (f(l))ih---w (wjlv s gy Zm—r) N[m_r} (dZm—r)- O
r=1 (iy,....ip)€[m]l7) i=1 "2 1<, < <]T<k+1

In the special case, when the considered function is given as a product, the proposition simplifies. We
recall the definitions (3.9) and (3.10).

Corollary 3.12. Let i be a o-finite measure on X. Then

/m<®fi>(z) (1 Oy + -+ 0y) ™ (d2)

/ ®f7 plml(dz) +Z > f§711>...,11T(:C17'-~7:17k)/ FE i (2) plm T (dz)

m—r
=1 (iy,eip) €[m]l

holds true if k,m €N, z1,...,z € X and f1,..., fm: X —= R are measurable functions such that ®, f; is
integrable with respect to (p + 0y, + ... + 0z, ).






CHAPTER 4

CHAOS EXPANSION

Orthogonal decompositions constitute a fundamental tool with widespread applications across mathematics.
In the context of stochastic analysis, the orthogonal decomposition of a square-integrable random variable
into an infinite orthogonal sum is commonly referred to as the chaos expansion. This concept was initially
introduced in the setting of the Wiener process by Wiener (1938). Subsequently, It6 (1951) proved that this
decomposition can be represented in terms of iterated stochastic integrals. Over time, this methodology
has found widespread applications and has been extended beyond the Gaussian setting (cf. e.g. Last and
Penrose (2011) for Poisson processes).

As recalled in Chapter 2.3, Peccati (2008) establishes a chaos expansion for random variables that
are square-integrable with respect to the distribution of a Dirichlet process. In this chapter, we give an
alternative, constructive proof of the chaos expansion obtained by Peccati (2008), including explicit formulas
for the projections. To this end, the first two sections are devoted to the definition of relevant function
spaces and an analysis of their structural properties. The chaos expansion is then the subject of the final
section. We consider a measurable space (X, X) with a finite measure p # 0 and set 6 := p(X). Furthermore,
let ¢ be a Dirichlet process with parameter measure p and define

L*(¢) == {F: M(X) = R | F is measurable and E[F(¢)?] < oo}.

4.1. THE SPACES H,,

This section is dedicated to the study of the spaces H,,, n € N, which consist of functions that will later
serve as integrands in the projection onto the nth chaos. At first, we define these spaces and then study
their properties.

Definition 4.1. Let n € N. A function g € L?(p[™) is said to be symmetric if
g(x1,.. ., 20) = 9(Tr1)s - ) plM-ae. (x1,...,2p) € X"

for every permutation 7 of [n]. Let I, denote the set of all symmetric functions g € L*(pl™) satisfying

/g(acl, cesZp1,2) (P+ 0y + ..+ g, _,)(dx) =0 (4.1)
X

for p"~H-almost all (z1,...,2,_1) € X"~ 1. Further, let Hy := R.

We note that in the special case n = 1, the space H; consists of all functions g € L?(p) that satisfy the
condition [, g(z) p(dz) = 0. Moreover, we recall the recursion for the measures p"), n € N, from (3.1) in
Lemma 3.5.

Since for each n € N the measure m%)p[”] is the joint distribution of the first n elements of the Pdlya
sequence (X, )nen from (2.2), we have for g € H,, that

]E(g(Xl,...,Xn)|X1,...,Xn_1) ZO, ]P’—a.s.,

or, equivalently,
E[g(Xl, e ,Xn)h(Xl, e 7Xn71)] =0

for every measurable and bounded function h: X"~ — [0, 00). The last equation gives rise to an idea for a
characterisation of the spaces H,, n € N, if n > 1.

Lemma 4.2. Letn € N, n > 1. A symmetric function g € L*(p!™) is an element of H,, if and only if for
all measurable and bounded functions h: X"~1 — [0, 00) it holds

hxy, .. @n_1)g(x1, ..., Tp) p["] (d(z1,...,2,)) =0.
XVZ
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Proof. If g € H,, and h: X1 — [0,00) is measurable and bounded, using the recursion (3.1) from
Lemma 3.5, we have

[ ) A7) = [ o) ([ atncsan) (0 b)) 0 a) 0.

On the other hand, let g € L?(p!™) be a symmetric function satisfying the equation from the statement for
all measurable functions h. We assume g ¢ H,,, i.e. we assume that there exists a measurable set B C X!
with p"~1(B) > 0 and

/Xg(xn,l,x) (p+0x, ,)(dz) #0, =x,-1€ B.

For h = 1, using once again the recursion (3.1) from Lemma 3.5, it then holds
h(Xn-1)9(Xn W= [ [ a060) (0 ey )z) ) 01
X’V‘L
This contradicts the assumption. O
The preceding lemma allows us to establish that the spaces H,, n € N, are closed.

Lemma 4.3. Given n € N, the set H,, is a closed subset of L*(pl™).

Proof. The claim holds for n = 0. Let n > 1 and (g, )men be a sequence in H,, with g, — g, m — oo, for
some function g € L?(pl™). To begin with, we observe that g is symmetric since the subspace of symmetric
functions is closed. (For every permutation 7 of [n], the mapping S;: L?(pl")) — L?(pl"!) defined by
(Saf)(@1,. . 2n) = f(Zr1)s - Ta(n)), (21,...,2,) € X", is an isometry. Hence, the set of all symmetric
functions, Nr permutation of [n) ker(id —Sx), where ker denotes the kernel of a linear mapping, is closed.) Let
h: X"~ — [0,00) be measurable and bounded. Since g,, € H,, for each m € N, Lemma 4.2 implies

h(xn—l)g(xn) p[n] (dxn) = h(xn—l)(g(xn) - gm(xn)) p[n] (dxn) + h(xn—l)gm (Xn) p[n] (dxn)
Xn Xn Xn

= o h(xn-1)(9(%Xn) — gm(%n)) p[n] (dxn).

By the Cauchy—Schwarz inequality, the absolute value of this integral is bounded by

(/n (9(Xn) = gm(xn))* pI™ (dxn)f |

which converges to zero as m — co. Thus, the claim is a consequence of Lemma 4.2. O

2

([ 12 o ax) )

We proceed with a general lemma that facilitates the evaluation of integrals. As immediate corollaries,
we obtain formulas for integrating products of functions from H,, and H,, m,n € N, required in the
subsequent analysis.

Lemma 4.4. Let m,n,r € Ny so that v < n. Further, let f: X"+t 5 R be such that f € L' (plmtr+n])
and f(x1, ..., Tmir,-) € Hy, for p™t almost all (z1,. .., Tmer) € X, Then

/ f(xlw s Tms Y- Yrs Y1, - - 7yn) p[ern](d(xh s Tmy Y1y e 7yn))
Xm+n

= Z /fxly" sTms Yl e s Yry Y1y oo o3 Yry Tigy - - - 'TLn T) [m+r](d(x17~' xmaylr"ayr))

(1,00 sin—r) E[m]™
is valid whenever m > n —r. If m <n —r, the integral on the left-hand side vanishes.

Proof. We first consider the case m > n — r. The recursion (3.1) from Lemma 3.5 leads to
/ F(¢ms ey yn) A7 (d(Xens yi))
X?n«{»n

Lo Gty ya) (0 b)) 0+ 8 ) () o o)
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B / 1 / Z fXm, Yo, yn-1,2i,) (0 + 5.Yn—1)[m] (dxm) p[n_l] (dyn-1)-
Xn— m
i1=1
If n > 2, a repetition of this procedure shows that the integral equals

/ / Z Z f(Xm, Yr;¥n—2; iy, :Cil) (P + 6yn72)[m] (dxm) P[nﬂ] (dYn—Z)
Xn—2 m

i1=11dx=1,i2#%

:/X n2 Z f(xmayraYn—Z,ziyajil)P[mjLnim (d(Xm,yn_2)),

(i1,42)€[m]?]

Inductively, we obtain

/ J(Xm, ¥r,¥n) p[m+n] (d(Xm>¥n))
Xmtn

= /X . Z f(xm7ynyr,$i17...,minﬁ)p[m‘wl(d(xm,yr)),

(it sesin—r ) Elm] =]

In particular, if m = n — r, this equals

m'/X . f(xm7Yr7 Yr, Xm) p[m—Hﬂ] (d(Xm, yr))

by the symmetry of functions in H,. If m < n — r, the defining properties of H,, provide

/ f(xm7yrayn) p[m-H’L](d(Xm’yn))
Xm+4n
= / Z f(xm7Yr7Yn—m7$i17--~7xim)p[n](d(xm7}’n—m))
£ (i1 i) Em] )
- m!/ 1 / f(va Y ¥n-m—1Yn—m> Xm) (,0 + 5xm + 6Yn7m—1)(dyn7m) P[n_l] (d(xma Ynfm—l)) =0.0
Xn— X

The following corollary gives the first of the previously announced formulas.

Corollary 4.5. Let n,l,k € Ny with n > 1> k. Then functions g € H,, and h € L?(p!) satisfy

/l+ kg(yh s 7y7l)h($13 ey Tl—ks Y1y - 7yk) p[l+nik](d('x17 sy L=k Y1, - - ayn))
Xl+n—k

n

Ly (n = B! [ g(h(a) o),

Proof. If k = n, it holds n =l = k and there is nothing to show. Now, assume k < n. Then we are in the
setting of Lemma 4.4 with m =1 — k, n, r = k and the function f: X!*” — R given by

f(x1,yn) = h(x1)g(yn)-

Since g and h are square-integrable and p is a finite measure, g and h are in L*(pl™)) and L*(pl), respectively.
Thus, the Cauchy-Schwarz inequality shows that f is an element of L'(pl"*™). Applying Lemma 4.4 to

/ h(X1-16, Y1) 9(yn) L (d(x1k, y0)) = / F(X1-1, i yn) (A (X1, i)
Xi—k+n Xi—k+n

we obtain

> /xl FO16 Yio i @iy -5 2, ) P (A G0k, yi)

(i1, eyin—k)E[l—k]m—F]

- 3 / B0 Y09 Ty 20, ,) U (A0 yi)) (4:2)
(i1semsin_p)E[i=K)In—H /X!

if | — k > n— k. Otherwise, the integral vanishes. By the assumption n > [ > k and the symmetry of g, the
assertion follows. O
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Another formula used later is stated in the subsequent corollary.

Corollary 4.6. Let k,l € N with k > 1| and g € L*(p*t1), h € L?(p"tY) such that g(x,-) € Hy and
h(z,-) € H; for all x € X. Then

/ g(xvxla e ,.’Ek)h(x,yl, e ayl) p[k+l+1](d(x7m17 ey Tk Y1y - - 7yl))
kA1
= ]l{k:l+1}k! /k g(x1, 21, xk)h(z1, ... Tk) p[k] (d(z1,...,x))
Xk
+ gy k! ( / g(2)h(z) pF(dz)
Xh+1

—|—k/kg(a:l,a:l,...,xk)h(zl,xl,...,xk)p[k](d(xl,...,xk))> .
X

Proof. If k =0, then [ = 0 as well and there is nothing to prove. Therefore, we assume k > 1.
First, assume [ > 1. An application of Lemma 4.4 (with m = k+ 1, n = [, r = 0) to the function
f: Xkt 5 R defined by

f(Xk41,¥1) = g(Xkt1)h(z1,¥1)
yields

/ g(Xk+1)h(~’C17 YI) PUCHH] (d(Xk+17 Y1))
Xk+1+1

B Z /Xk+1 g(xk-"_l)h(xl’ Ly s+ - - 7xit) p[k+1] (ka+1)- (4.3)
(i1,e0ns01) E[R+1]H

Let (i1,...,4;) € [k + 1], If there exists j € {2,...,k+1}\ {i1,...,i;}, the defining properties of T}, give
/ 9XKur1) (@, i, wy,) PP (dxesn)
Xk+1
= /Xk /Xg(XkJrl) (p + 6Xj—1 + 651?j+1 +...+ 5$k+1)(dwj)h(‘r17xi1’ e 755'1‘[) p[k] (d(Xj,1,$j+1, ceey ‘rkJrl))
= /]c 9(x1, 1, X1, Tjg1, - - Ty (X1, T4y, o T) p[k] (d(Xj—1,Tjg1y -0 Thg1))- (4.4)
X
If, in addition, there exists i € {2,...,k+ 1} \ {J,%1,...,4}, we obtain
/ 9(Xur1)h(@1, Ty, wy,) PP (A
Xk+1
= /in1 /Xg(xhxlyxj—l@jﬂ,-~-,$k+1) (p“‘(Sxk+1\i,j)(dxi)h(xlaxi17~-~7$il)p[k71](dxk+1\i,j)

:O’

where Xy 1\;,; denotes the vector xy 1 with the ith and jth entry omitted. Thus, if k > 1+ 2,

/ 9(xier1) (21, 1) pEH Y (d(xach1, 31)) = 0.
Xk+141

If k = [+1, the only summands remaining in (4.3) are the ones corresponding to tuples (i1,...,%;) € [k+1]1
not containing 1 (because, in this case, {2,...,k 4+ 1} \ {i1,...,4;} contains exactly one element). Since
there are k! tuples of this kind, using the symmetry of h in its last arguments, we obtain

/k . 9(xi+1) (@1, 1) P (A (a1, 1)) = k!/ 9(Xier1) (@1, 2,y ap) pE ) (dxiy).
Xk+I+1

Xk+1

If k = I, the right-hand side of (4.3) becomes

Z /k g(Xk+1)h($1, Lijggee- ’x’ik) p[k+1] (ka+1),
(i1,..50% ) E[R+1]IF] Xkt
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The set [k + 1] contains & - k! tuples containing 1 and k! tuples not containing 1. An application of (4.4)
and exploiting the symmetry of h yields

Z /Xk+1 91 W1, Tiy s oo, T4,) plFt1 (dxyi1)
(i1seeein ) E[k+1]F]

= kk! /k g(xlwrla s ,J}k)h(x],.fh LR 7:5/4?) p[k] (d<xla s amkt)) + k! /k+1 g(xk+1)h(xk+1) p[k+1](dz>
Xk X
If | =0, by Lemma 4.4 (withm=1,n=4k, r =0 and f(xks1) = 9(Xxr1)h(71), Xkr1 € X¥*1) we have
/ 9(acr1)h(z) P (dxaeya) = 0
Xk+1
if k>2and, if k=1,
[ gt o dxicsn) = | glan,ahian) pldn). =
X X

Several other formulas needed in the subsequent chapter are collected in the next corollary.

Corollary 4.7. Let m € No, n € N, f € H,, and h € L*>(p™ ) such that h(x,-) € H,, for all x € X.
Then

[ mw e 2)
Xm,+n+1
:n{mznﬂ}m!/ My, @1, @) [ (22, ) P (A2, )
Xm
+ ]l{m:n} (m' / - h(xh v >$’m+1)f(x27 s >xm+1) p[m+1] (d(xh v ,{L’m+1))
Xm
+mm! / M1, @1, ) f (@1, @) P (A (2, ,mm))>
+ IL{777,4»1:77,}(’rn + 1)‘ / h(l‘l, s 7xm+l)f(x1a s 7‘1'177,-‘,—1) P[m-H} (d(xla s axm-‘rl))

Xm+1

as well as
/ h(ﬂf,xl, s ,xm)f(x, Yty .- 7y'rL—1) P[ern](d(-Ta L1y s Tmy Y1y .- 7yn—1))
X7n+n

=1 {mnym! h(x1, 21, @) f(1, s @) P (d (2, 2m)
XW'L

+]I{m:n—l}m!/ h(xlv---7xm+1)f($17---7$m+1)P[m+1](d(l’17---793m+1))-

xmA1
and, if m is positive,
/XW /Xh(wvxl,---,xm) (p+ 6zy + oo+ 02,)(d2) f (Y1, -, yn) TN, Ty Y- Yn))
=l {pm—nym! /Xm+1 M Tty @1, s o) f (@1, - zm) P (A (2, - )
+ Lpm=pny1ym! /Xm BTy s ooy @) [ (21 Tmet) P (A (1, 2)).

Proof. Corollary 4.6 applied to the functions h and g: X"*! — R defined by g(xn+1) == f(z2,...,Tni1)
yields the first assertion.

For the second integral, the case n > m + 1 follows from Corollary 4.5 (with k = 1). If n < m, arguing
as in the proof of Corollary 4.5 (cf. (4.2)) yields

[ ) ) 27 e 3)
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= Z /x » h(yth)f(yhl‘il, .. 73:%71) p[m+1] (d(Xm, y1)).

(#1,0-nrin—1) E[m]ln=1)

By the properties of h(z,-) € H,,, z € X, disintegrating as in the proof of Corollary 4.6 (cf. (4.4)) yields
that the sum vanishes unless m = n and which case the integral takes the asserted value.
To conclude, we consider the third integral. An application of Lemma 4.4 to f: X™*t" — R, given by

FXemr ya) 1= / Bt Xem) (9 + b (A1) £ ()

gives

/ / h(x, Xm) (p + 6x,) (A7) f (yn) p[ern] (d(Xm; ¥n))
xm+n Jx

- Z /Xm /X hz,xm) (p+ 0x, ) (dz) f(ziy, .-, 24,) p[m] (dXm)

(81 5.+ yin ) €[m] ("]

(4.5)

unless m < n in which case the integral is zero. (Note that fe L' (plm+nl) since its L'-norm is bounded by

\/Xm-%-n A |h’(t? xl!l)f( Y n)| (p + 5xm)(dt) p[ +n] (d(Xm, yn))
= / |h( m+1)f() “)| p[m+n+1] (d(xm+17 y n))
Xm+n+1

which by the Cauchy-Schwarz inequality is bounded by the product of the L?-norms of f and h.) By the
recursion (3.1) from Lemma 3.5, the integral (4.5) equals

Z / 1 h(m’xm)f(xiw'"’xin)p[m-i—l](d(xaxm))'
(iterim) Elm] ) 7 X7
Using the properties of A and the symmetry of f yields the assertion. O

A natural question arises whether functions of the type considered in Lemma 4.4, that is, measurable
functions which, upon fixing certain arguments, belong to the space H,, for some n € N, also belong to a
space H,,, for some m > n when regarded as functions of all variables. However, the following example
shows that this is not necessarily the case.

Example 4.8. Let B € X and h: X2 = R be defined by

) = = (pUB) + Lo )L (x) = s (B) (o).
Because of
[ ot = B p(B)L8(0) + o B) (o) ~ p(B)Ln(e) =0, @ € X,

we have h(x,-) € H; for all z € X. However, the function h is not symmetric and thus cannot be an element
of Hs. Denoting its symmetrisation by h, we obtain

[ ) (o 8 ) = [ 5 (blavy) + iy ) (o +8.)(dy)
X X

- %/ pﬁxl (o(BYL () + p(B)n(y) +2- L5 () Ln(x) — —p(B) (Ln(x) + Ls(y)) (o -+ 6:)(dy)

J+1 p(%)
1 p(B)(p(B)+15(x))  2(p(B) +15(x)lp(x) pB)((p(X)+2)1s(x)+ p(B))
"2 <p(B)ﬂB(x) " pX)+1 " p(X) +1 - p(X) )
=3 (pp((gg)(z)/’(B)]lB(l‘) - WP(B) + p(X)Jrl]lB(x)> , T eX,



4.1. THE sPACES H, 33

and conclude that the symmetrisation does not need to be an element of Hs either. Moreover, also the
function f: X — R given by

Y / W) (p+ 6,)(dz)

may not be an element of Hy: Indeed, we have

1 1
fly) = /X W(P(B) +15(y)lp(x) — mP(B)]lB(x) (p+dy)(dz)

1 2
= W(P(B) +15(y))" — (X

and
/ F() p(dy) = / L (u(B)? + 20(B) L5 () + 1n(y))
X x p(X) +1

_ pB)°p(X) | 2p(B)? p(B) (B)? - p(B)> _ p(B) p(B)?
p(X)+1 pX)+1  pX)+1 (

p(X)  pX)+1 p(X)@

Finally, we consider the situation in which a function, upon fixing one of its arguments, lies in H,,,
m € N, while the full function in all variables is an element of H,,;1. The following lemma reveals a
characteristic property of the function in this case.

Lemma 4.9. Let m € N and f: X"t — R be such that f € L*(pI™*Y) and f(z,-) € H,, for p-almost
all x € X. Then f is an element of Hy, 11 if and only if f is symmetric and f(Ym,y1,...,Ym) = 0 for
pl™-almost all (yy, ..., ym) € X™.

Proof. By assumption, there exists a null set Ny € X such that f(x,-) € H,, for x € X\ Ny, i.e. f(z,-) is
symmetric and there is a pl”~-null set N,,_; € X! such that

m—1

0= [ £ ¥t (04 By ) = [ 1@ mo1,0) o) + 3 f@¥morin)  (46)

r=1

for all z € X\ Ny and yp_1 € X™ L\ N, 1.
First, let f € H,,4+1. Then the function f is symmetric and a plM-null set N,,, € X with

m

0= [ £Grme 1) (0 + 83)or0) = [ G s0) o) + 3 £ i)

r=1

for all ym € X™ \ N,,, can be found. Together with (4.6) this shows

f(Ymsym) =0

for ym € (X \ Npp) N ((X\ Np) x (X™1\ N,,,_1)). As the complement of this set is a pl™-null set, the
necessity is established. B

Second, assume that f is symmetric and satisfies f(ym, Y1, .-, Ym) =0 for (y1,...,ym) € X™\ N,,, where
N, is a pl™-null set. For (y1,...,4m) € (X™\ Np) 0 ((X\ Np) x (X" 1\ N,,_1)), which is again a set
with full measure, equation (4.6) becomes

m

0= /Xf()’maym—&-l) (,0 + 52/2 +.oo+ 5ym)(dym+1) = Af(Ym7ym+1) p(dym—H) + T; f(YmvyT)
and it thus holds
/Xf(ym, Ym+1) (P + Oy ) (Y1) = /Xf(ym, Y1) P(AYmi1) + D f(ym, o) = 0. O

r=1
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4.2. THE SPACES I,

We now consider spaces IF,,, n € N, which are formed by integrating functions from H,, with respect to a
Dirichlet process with parameter measure p. In this section, we define the spaces and then discuss several
of their properties.

Definition 4.10. Let n € N. Define the space F,, by

F,, = {/ 9(z) C"(da): g € H} c12(P).

Moreover, let IFy := R.

As a first step, we note that Corollary 3.8, together with Corollary 4.5, yields an isometry relation for
the elements of these spaces.

Corollary 4.11. Let m,n € N. For functions g € H,, and h € H,, it holds true that

B| [ ato)cman

D)€" ()| = Lo gty [ a0l ).

Xn

Proof. By Corollary 3.8, we have

E g(x) ™ (dx) [ h(y)("(dy)| =E g9(x)h(y) "M (d(x, y))
[LLawcan [ can] -z f |

= ﬁ /XTW g(x)h(y) P (d(2, y)).

According to Corollary 4.5 (with k = 0), this is equal to

n! -

Next, we show that the coincidence of two random variables in F,, n € N, implies the p["}—almost

everywhere coincidence of the functions appearing in their respective representations. This result will later
be used to show the almost everywhere uniqueness of the projections onto these spaces.

Corollary 4.12. Let n € N and h,i~z € H,, be such that
h(z)(*(dz) = [ h(z)¢"(dz), P-a.s.
X"L X’!L
Then h = h holds pl™ -almost everywhere.
Proof. Let g € L?(p™). The assumption and Corollary 4.11 yield
|

0= [ se)c@o) [ i -] = gy [ a@)hlo) - ). O

The next lemma provides yet another property of the spaces IF,,, n € N. The method employed in the
proof is a standard procedure in functional analysis. However, it is included here to help illustrate the
concepts.

Lemma 4.13. Let m,n € N. The space F,, is a closed subset of L2(P) and is orthogonal to F,,, n # m, in
L?(P).

Proof. The orthogonality is a consequence of Corollary 4.11. Let m € N and let (F},),en with

F, :/ gn(x) (M (dz), neN,

be a sequence in F,, satisfying F,, — F in L?(P) as n — oo for a random variable F' € L*(P). Corollary 4.11
yields

E[(Fr — F)’ =E

</m gk(x) — gi(x) Cm(dx)>2] = 9(?77;) /xm (gr(z) — gi(2))? pl™ (d)
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for k,1 € N. Because (F},),en is a Cauchy sequence in L?(P), this shows that the functions g,,, n € N, form
a Cauchy sequence in H,,. Since this space is closed by Lemma 4.3, there exists a limit g € H,,. Using the

inequality (a + b)? < 2a% + 2b? for a,b € R, we obtain
2
(7 [ srcan) ] .

The convergence F,, — F, n — oo, in L?(P) implies that the first expectation on the right-hand side tends
to zero. By Corollary 4.11 the second expectation is equal to

E

(F . /m g(z) Cm(dx)>2] <9E [(F . Fn)Q] 12K

E

@)™ @) — [ e @) | = o [ (gule) - ) #0) 5 0, 0 .
(L [owean) | =g |

Thus, it follows that

F = g(x) (" (dz), P-a.s. O
X’!ﬂ

4.3. PROJECTIONS ONTO THE SPACES I,

In this section, we derive formulas for the projections of a square integrable function of a Dirichlet process
onto the spaces IF,,, n € N. The general formula is given in Proposition 4.15. However, we begin with a
discussion of the underlying ideas and special cases. Readers primarily interested in the results may wish
to skip the preliminary discussion and proceed directly to Proposition 4.15.

Let F € L?(C), i.e. F: M(X) — R is measurable and satisfies

E[F(¢)?] < oco.
Let n € Ny. To determine the orthogonal projection of F' onto IF,,, we seek h,, € H,, such that
B|FQ) [ o] =2 [ mwea [

for all g € H,,. By Theorem 3.7, the left-hand side of (4.7) becomes

n

o(2) c"<dx>} (4.7)

Xn

B F©) [ o] = g5 [ Tratore a7 @ o),
where T == E[F(¢)] and

Tpi(zy,...,z5) = E [F(gpmﬁm%zk)]  (z1,...,) €XF, keN. (4.8)

Using Corollary 4.11, the right-hand side of (4.7) is

B[ hca |

n!

o)) = gy [ o) a0).

Thus, equation (4.7) is equivalent to

(0 +n)™
n!

[ Tra@igta) o) = [ glo)h(a) o o). (19)

n

In the case n = 0, the function hg = E[F({)] satisfies this equation. For n € N, we proceed with the
following approach inspired by the Gram—Schmidt process

0+ n)™ n-1
ho(x1, ..., 2p) = %prn(zl, cey Xn) Z Z Wi (i -5 Tiy), (4.10)

7=01i1<...<1;

where w; € L?(plil) for j € [n — 1] are symmetric functions and wo € R is a constant. For each g € H,,, we
then have

n (n) n—1
[ (o) = @) ) ) A0 = S [ o ote) 07 =0

n!
3=0i1<...<ij
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by Lemma 4.2. Hence, h,, fulfils condition (4.9) and it remains to determine the functions w;, j € [n — 1],
such that h,, € H,, i.e. such that

/ B2, ne1,2) (p+ 0z, + .40, )(dz) =0, plPHae (z1,...,20_1) e X", (4.11)
X

Before addressing this task, we record a useful recursive property of the functions Tr,y,.

Lemma 4.14. It holds [, Tr1(x) p(dz) = 0Trg. For each k € N, the recursion
/ TF,k(-'L'h ey Th—1, 3?) (p =+ 6331 + ...+ 5zk_1)(d$) = (9 + k- 1)TF’]€,1(1‘1, ey l‘kfl)
X

is valid for p*=Y-almost all (x1,... x)_1) € XF1,

Proof. If k =1, the definition of T, the Mecke-type equation from Theorem 3.7 and the definition of
Tro yield

/ T () plder) = / E[F(Cprs,)] p(da) = OE [F(C,)] = 0Tk,
X X

Let k> 2 and g € L?(p!*~11). By the definitions of Tr, and pl*!, we have

/ / Tr g (Ko, 2%) (p + 61 )(di)g(0i—1) pF~ Y (i) = /
xk-1 Jx

E[F(Gpta,)] 900c1) o) ().
Xk}

According to the Mecke-type equation from Theorem 3.7 and the fact that ¢, is a probability measure, this
is equal to

00| [ PGt it =0WE | [ PG00 ¢ )]

k—1
Using the Mecke-type equation from Theorem 3.7 and the definition of T ;_1, this equals

o(k)
m/k 2 [F(Cp%xk,l)} g(xi-1) PPN (dxie1) = (9+k—1)/ Trp—1(x1-1)g(Xxc—1) p*~ (dxpc_1).
Xk—1

Xk—1
O

Before deriving a general formula for the projection onto IF,,, n € N, we will first consider the cases
n € {1,2,3} to illustrate the general approach.

1)n=1
In this case, we aim to determine
hl(l‘) = (9 + 1)(1)TF71(1‘) + wo = (9 + I)TF71($) +wy, x€X.

From condition (4.11), we obtain

0= /Xhl(:c) p(dz) = /X(G + 1)Tp1(x) p(dz) + Qwp.

Moreover, Lemma 4.14 yields

. Tra(x) p(dx) = OE[F((,)]-

Hence, choosing wg = —(0 + 1)E[F'({,)] results in

hi(z) = (0 + 1)(Tra(z) —E[F()), = eX
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2) n=2
The approach from (4.10) in this case reads

(0+2)(0+3)

5 Tro(w1,22) +wi (1) + wi(w2) +wo, (21,72) € X2

ha(71,72) =
Hence, we seek wg € R and w; € L?(p) such that
0= /th(xl, x2) (p+ 0z, )(dza), p-almost all z; € X.
Given z; € X, this integral is equal to

0+2)(0+3

[ o, ) (04 82 ) () + 0+ 2 (1) + [ wao2) pdaz) + 0+ D
X X

and vanishes for the choice

0+3 1
wy (1) = 5 Tra(r1,22) (p+ 0z,)(dxe), =1 €X, and wo:= oyl LY () p(da).
X X

Using Lemma 4.14, these terms simplify to
0+3)(0+1)

wy(zy) = — Tri(r1), 1 €X,
and 1 (043)(0+1) 6+3 (0+3)0
+3)(0+ + +
wo= gy [ Tea(a) plde) = S5 20Teg = EEOBIP(G )
Thus, we obtain
0+3 2

ha(xy,22) = —5 ((0+2)Tpa(z1,22) — (0 + 1)Tp1(x1) — (0 + 1)Tra(22) +0TFo), (21,72) € X7,

3)n=3

We again use (4.10), i.e. we consider

(0 +3)(0+4)(0+5)
3!
+wi(w1) + wi(z2) + w1 (23) +wo, (21,72, 73) € X,

hs(x1, 2, x3) = Tr3(xy, 2, x3) + wa(x1, x2) + walx1, x3) + wa(xe, 3)

and aim at determining wy € R, w; € L?(p) and a symmetric function wy € L?(pl?)) satisfying (4.11). In
this setting, (4.11) requires

:/muwmmewﬁ+@mmw
X

/ (0+3)(0+4)(0+5)
3!

Trs(x1,z2,23) (p+ 0z, + 02,)(dxs) + (6 + 4)wa(z1, 22)

wa(x1,23) (p + 0z, )(dzs) + /Xwg(xg, x3) (p+ 0z, )(dzs) + (0 + 3)wi(z1) + (0 + 3)w1(z2)

%\%\

+ [ wi(zs) p(dzs) + (0 + 2)wy, pm—almost all (z1,x9) € X2
Let
_ (0+3)® >
wo (w1, T2) = RETCE) /XTF,3($173327?J) (p+ 0z, +02,)(dy), (z1,72) € X,
1
wn(@) =~y [ o) o+ ). weX
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wo = —ﬁ12 le(y)p(dy)~
By Lemma 4.14, we have
wa(a1, @s) = (9+5)(9+3)(9+2)TF2@1,¢2) (21, 22) € X2,
wi(z) = 0+5 0+2 /XTF2 2,9) (p+ 6,)(dy) = (0+5)(0;2)(9+1)TF,1(93), rex,
wo — — (9+5)(0+1)/TF1( ) p(dy) = (9+5)§$1)9TF’0’

from which it follows that

0+5

a0 — (0 4+ 3)PTp3(x1, 22, 23) — (0 + 2) P (Tpa(w1, 29) + Trao(r1,23) + Tra(r2, 23))

+ 0+ 1) (TF’l(CLj) + TF’1(£C2) + TF,1(.T3)) —(0+ I)HTF’())7 (CEl,LL'Q,CCg) e X3,

hs(x1, 9, 23) =

The formula for general n € N is the subject of the following proposition.

Proposition 4.15. Let F € L?(¢). The projection of F onto Ty is E[F(()]. The projection onto T,
neN,is [y, fn(z)("(dz), where f, € Hy is for plM-almost all (z1,...,x,) € X" given by

0+2n—1
n!

fu(@e, ... 2n) = (~1)"0"VE[F(C,)]

n

+ Z(—l)"_j(ﬁ + 7)Y Z E {F(przh totla, )} o (4.12)

j=1 1<i <. <ij<n
Proof. The first claim follows from E[F({)c] = cE[F({)] for all ¢ € Fy = R. We note that the inequality
(14 ...+ ) <k +...+c})
holds for all ¢1,...,¢x € R and k € N. Let n € N. By the aforementioned inequality, the integral
Jyn fn(z)? p")(dz) is bounded by

2(0 + 2n — 1)?
n!2

[ (67 B (PG)) o)

2
n

2(0 4+ 2n — 1)? ,
+% / 2 EnH e Y E[F(cpﬁm.‘#%) Pl (dxy).

j=1 1<i1<...<ij<n

The first integral in this expression is finite since pl" (X) is finite and the integrand is finite by Jensen’s
inequality. An upper bound for the second integral is

[ nz (@) (1) X E[FGra, e, ] Haxa)

1<ii<...<i;<n

According to the Mecke-type equation in Theorem 3.7, this integral is equal to the finite value

nZ(Q—i—j )= 1>) ( ) 0ME [F(C,)2] .

Hence, we conclude that f,, is an element of L? (p["]). Moreover, f, is symmetric. In order to show f, € H,,
we thus further need to establish

/ frn(Xn—1,2n) (p+ 0x,_,)(dz,) =0 for p"~Uoae. (z1,...,2p_1) € X"71, (4.13)
X
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Let (21,...,2,-1) € X"~!. By definition of f, and with the notation from (4.8), the integral in (4.13)
equals

0+2n—1 o (r = n—j N (n—

T/(_U 0 D Trg+ > (1) 7O+ Y Tej(wiy,. .o 2,) (p+ oy ) (dan)
’ X j=1 i1 <...<ty

_0+2n—1

n! /(_l)no(nil)TFvo + (9 + n)(nil)TF,n(Xn)
. X

n—1
+ Z Z (_1)n_j(9+j)(n_1)TF,j(xi17'-~7xij)(p+6xn—1)(dx7l)'
j=1 i1<...<ij

The integral in the first line is, according to Lemma 4.14, equal to

/(_1)n0(n_1)TF,O + (0 + n)(n_l)TF,n(xn) (P + 0xp_y ) (dy)

X

= ()"0 VO +n—1)Tro+ @ +n—1)O0+n) "V, 1(xa 1)
= (-1)"0"Tro+ (0 +n — 1) Trp_1(Xa-1),

while a closer examination of the last line reveals that the sum appearing there can be further decomposed,
leading to

n—1
/X Z S (=004 )T (@) (A Sy ) (dn)

j=11<i1<...<i;<n

:i o E)IO+ N VT, ws) (@ 40— 1)

j=11<i1<...<i;<n—1

* /(*1)"’1(9 + 1)V T (20) (p + bxay ) (dan)
X

n—1
+ Z Z /(_1)”‘7]-(0+j)(n71)TF7j(xi17"'71‘1']'7171"@) (p+5xn71)(dxn)
X

J=21<i1<...<i;_1<n—1

We proceed with the computation of the two remaining integrals in the last two lines of the above expression.
These are equal to

/(4)”*1(0 + 1) DT () p(day,) + i(q)”*l(o + 1) DT (2)
X 1=1

n—1 n—1
+3 3 S =00+ 5 Tr (@, @) (4.14)
j=21<i1<...<ij_1<n—11=1,

1¢{ir,.ri5-1}

n—1
+ Z Z /X(—l)n_j(e+j)(n_1)TF,j(xi1"'"xijfl’x”) (p+6aji1 + +(5L]71)(d$n)

j=21<i1<...<ij_1<n—1

By the recursion from Lemma 4.14, we have

/X (=1)" 10 + 1) Ty () pldn)

n—1
n Z Z /(_1)n—j 0+ j)("_l)TF,j<xi1’ s @iy @) (P Oy, (5%_71 )(day,)
X

J=2 1<i1 <...<ij_1<n—1
n—1

=(=1)" 1 T + Z Z (=)™ 0+ — )" Tpja (@i, ).
J=21<ii<..<i;_1<n—1

For j € {2,...,n — 1}, the symmetry of T ; and combinatorial counting (The sum on the left-hand side in
the following expression involves selecting a (j — 1)-tuple of distinct elements of the set [n — 1] and then
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inserting an additional integer | € [n — 1] into it, where [ is not in the set {i1,...,4;_1}. Because of the
symmetry of T ;, the value of the function remains unchanged regardless of where [ is inserted. This leads
to the sum on the right-hand side, where all possible j-tuples of integers are considered. The factor j
accounts for the j ways to insert [ into the (j — 1)-tuple.) yield

> Z (=D O+ )" VT (s, a0)
1<i1<...<ij_1<n—1 =1
l¢{117 7"] 1}

:] Z (71)n7j(9+j)(n71)TF7j(CEil,...,CEij).

1<y <. <ij<n—1

Hence, (4.14) becomes

SEDHO+ DY + (0 4+ 1)) Ty () + (1) 10 T

~

=1
n—1

J Z (=)0 + )"V Tr (i, .. 355)

1<ir<...<ij<n—1

T
™

_|_
Y
(%) ()

> (=) O+ )M T (i, ),

1=2 1<i; <...<ij<n—1
which can be simplified to

S=D"O+ DO +n— 1) Tea(z) — (n—1)O0+n—1)"" VT, 1 (xn-1)
=1

— ()" Ty — 3 3 (=1)" O+ )"0 +n — 1)Tr (@i, ..., 2,).

=2 1<i1<...<i;<n—1

Combining all our findings, we arrive at

m/fn Xn-1,Tn) (P + Ox,_y ) (dZn)

=0 +n—1)"Tp, 1(xn1)+ Z > (=)0 + )"V Tk (i, 24,)(0 + 1 — 1)

j=11<i1<...<ij<n—1

+ (-1 (n)TFo+Z DO +n = 1)Tra (@) — (n—1)(0 +n—1)""DTrp, 1 (xn-1)

— (~1)"0"™ T — Z S DO+ O+n - V)Te (@, ).

=2 1<i1<...<i;<n—1

By collecting like terms, this is equal to

Trmn—1(Xn-1) ((9 tn—1)" @ +n—1)"D@+n—1)—(n—1)O0+n— 1)(n71))

- Y DMO+ )T ()0 +n— 1)+ > (=D O+ D)0+ n— 1) T ()

1<iy<n—1 =1

=0.

Hence, f,, is an element of H,,. As a final step, we show that fxn fn(x) ¢"(x) is indeed the projection of F'
onto IF,, in L?(P). The almost sure uniqueness of the projection follows from Corollary 4.12. Let g € H,.
On the one hand, the Mecke-type equation from Theorem 3.7 yields

E [F(g,,) /Xng(x) (;L(dx)} = ﬁ/an [F(Cpise,)] 9(xn) p™ (dXn). (4.15)



4.3. PROJECTIONS ONTO THE SPACES I, 41

On the other hand, Corollary 4.11 implies

E [ IRAOIACH / (@) ¢ <dw>} e

By the definition of f,, the right-hand side equals

nl
ful@)g(2) pl")(da).

Xn

n! 0+2n—1 o - _ (e
9(2") / (_1) 9( 1)TF,O +Z(—1) ](9+j)( D Z TF’j(SUZ‘l,...,ECZ‘j>

n!
j=1 1< <)
g<xn) p[n] (dxn)'

Since g is an element of H,, and thus Corollary 4.5 (for k = 0) is applicable, this reduces to

n! 0+2n—1 e - .
6 /X ( DT ) 1)TF,n(Xn)> 9(xn) " (dxn)

which is, because of Tp, (Xn) = E[F(Cpts,,, )], in turn equal to (4.15). Therefore, [, fn(z)¢"(dz) is indeed
the orthogonal projection of F' onto IF,,. O
A structural aspect of the projection formula is discussed in the subsequent remark.

Remark 4.16. The formula for the function f,,, n € N, from (4.12) in the previous statement can, provided
the summand for j = 0 is interpreted appropriately, i.e. the second sum is for j = 0 interpreted as E[F((,)],
be written as follows

0+2n—1 i (e
falzr,wn) = TZ(*D j(9+J)( Y Z [ (Cp+6 | Totoay ) (4.16)
§=0 1<i1<...<ij<n
for pl"l-almost all (z1,...,2,) € X™. We thus see that the computation of f, involves the integration of

F € L?(¢) with respect to the Palm measures (in the sense of the definition on p. 212 in Kallenberg (2017))
of ¢. A comparison with the Poisson case (c.f. e.g. Chapter 18 in Last and Penrose (2017)) reveals a
structural similarity: In both settings, alternating sums of Palm expectations are considered. o

We finish this section with an example that gives the orthogonal projections of particular random
variables.

Example 4.17. Let m € Nand f € L?(p[™). Then [, f(z)(™(dz) is contained in the spaces F;, i € [m]o,
that is

m

f(x) ¢ (dx) € PF. (4.17)
xm i=0
Proof. Let F': M(X) — R be given by F(u) :== (), where we used our notation ™ (f) = [y, f(z) p™(dz)

(cf. Section 2.4). By the assumption on f and Corollary 3.8 it holds F € L?(¢). To begln Wlth we note
that for each n € N such that n > m and for each g € H,,, we have

m n 1 m-+n
Bl [ e [ s @] = ga [ @) <o

due to Corollary 3.8 and Corollary 4.5 (with £ = 0). Hence, F is an element of the orthogonal complement
of F; j > m. Next, we calculate the projections of F' onto Fy, k € [m]o. Let k € [m]. According to (4.16),
the projection of F onto Fy, is [y, fr(z) ¢*(dx) where f;, is for pl¥l-almost all (z1,...,z;) € X* given by

k
fulon, o) = TEREEIS 0 4 ) 6DY R[FGen, s, )]

§=0 1<in<...<i; <k

By Corollary 3.8, this is equal to

—a | V" Z )E- JM))(m Yo (pAGu, o0 )
: j=1 J 1§i1<~~<ij§k)
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The projection of F' onto IFy is

BIFQ = | [ o) ¢"an)] = g 0)
‘We now show .
FO) =E[FQ]+ Y / fel@) CF(dz), Pas. (4.18)
k=1 X¥

The right-hand side of (4.18) is

m

T . 0+2k—1 o=
e(m)p[ ](f)+z K (_l)k 9(m) p[ ](f)

k=1

(02— (090D (b 1y el
+; k! ;( 1) EE) (;) /xxc(p+5"i> (f) C*(dx).

By Proposition 3.11, for k € [m], j € [k] and x; € X7, we have
[ (o4 80 ¢Hax

=1 (i1,...,ir)

using the notation introduced in (3.6) and (3.7). Hence, the right-hand side of (4.18) becomes

T 9+2k—1 0+ 5)FD & oy
DI IS 1 SNED VN B [ SRS
j=1k=j =1 (i1, i) €M xm—r
1 "0+ 2k—1 9<k AL t9+2k—1 i (0+ )Y
| gom + 22 (-1 2 G Y gy g | -
f(m) — k! = kE—5)!5! 6+ j)(m)
(4.19)

From Lemma A.2, we obtain the following summation formula

s DR ) o
D ] 0+ =

for each m € N and j € [m — 1]. We now use this formula to simplify the second sum in the term inside the
parentheses in the second line of (4.19). This yields the following simplified form of the entire term inside

the parentheses
gk—1)

1 "0+ 2k —1 k - mej
g(m) + ]; k! ( g(m) + Z; m j l]l 1) ’
= J:

Applying the binomial theorem to the last sum, we can further simplify this term to

1 0 +2k—1 o=1  (—1)m
" Z + _1)k . ( ) )
6(m) k! 6(m) m!
k=1
Lemma A.1 shows that this expression (and thus the entire second line in (4.19)) vanishes. Using the above

stated summation formula from Lemma A.2 also for the sum in the first line of (4.19), the entire expression
n (4.19) reduces to

m

Z Z Z _] j'/XJ /m Tfljh Jr(x-l’zm I‘)p[m T](dzm r)C (dXJ)

= 1(117 77’7)6[7”]
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Let r € [m]. By the definition of f] i J € [m], it holds

.....

>t o Lo P 2m) o7 ) 0

— il
= (m=at (i1 ,me g
m (71)m7] m—r j
= Z m Z XJ m—r fi1,<~~,ir (zha ‘e axlr7 Zm—r) p{ ](dZm_r) CJ (dXJ)
=1 1< <...<1,.<j (i1, m)e[m][”
(4.20)

We now differentiate based on the number of identical arguments in the integrand, that is, we decompose
the set of all sequences (I1,...,l,) € N" with 1 <[; <... <, <j for j € [m] according to the number of
repeated entries. To this end, let j € [m], k € [ Ar] and Aq,..., Ax € N with

k
> a-
i=1

We define \ as the multiset (a multiset is a generalisation of a set that allows multiple occurrences of the
same element; formally, a multiset over a set S can be defined as a function m: S — Ny, where m(v) gives
the number of times v € S appears in the multiset) containing A1,..., A\x. A sequence (ly,...,l,) € N" is
said to have multiplicity structure X if there exist exactly k distinct values among the entries and each
distinct value appears A1, ..., A\ times, respectively. Formally, this means that the multiset consisting
of ly,...,l,. can be partitioned into k equivalence classes of equal entries, with cardinalities Aq,..., Ag.
Moreover, we set

B)\ = {(ll,...,lr) GNTZ 1§ll §§lr§]
and the multiset with elements l1,...,l. has multiplicity structure A}.

We observe that the number of elements of B) is

(8 P

?

where M ()) is the number of distinct values in A, which are denoted by v1,... (), each occurring
mx(v;) times in A, ¢ € [M(X)]. We thus have the disjoint decomposition

JAT

{(h,..., L) eN:1<h <... <L <j}t= ] U By

k=1 X\ multiset of k natural numbers
that sum up to r

and (4.20) becomes
JAT

Z l Z Z Z // Z fi1 ,,,,, ir (‘rh? sy Ly szr) p[m_r] (dszr) Cj(dxj)v

]:1 k=1 X (l1,..,l)EBx (%1,.. ,Lr)e[”ﬁl]

m J

(4.21)
where ), is used to express the sum over all multisets A consisting of k natural numbers that sum to 7.
Note that, for z,, , € X", the function

X" 3 (z1,...,20) = > Fivrin (@1, Ty Zmr)
(i1,eeeyir) E€[m]IT]

is symmetric. Hence, for fixed j € [m], k € [j A 7], a multiset A with elements Aq,..., Ay with sum r and
(I1,...,1.) € By, the integral in the corresponding summand in (4.21) simplifies to
/ / fil ..... ir(wla"'axlv"'71'16;"'axkvszr)p[mir](dszr) Ck(dxk) = I)\.
Xk JXm—r S—— N—

(41, JT)E m]lr] A1 times A times
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We note that I, now depends only on A and, consequently, on &k and r. Inserting these expressions into (4.20)
yields

SIS DD MRED 9 B) i (A
T L e
l | | M(A
=1 (m = j)ij! k=1 A (I1,...,lp)EBx k=1 X =k (m — J)] k Hi:g)m/\(%‘)!
We now evaluate
m m j
> S (e
= (m—j)\j!
for fixed k € [r]. The binomial theorem yields
m . m m—k
m 7 ( )m 7 m k—1 1
k! = -_ — 1_1m—k.
Z m() > TG = & Gk = Y

j=k =k i=0

This expression is zero unless k = m is satisfied, which can only occur when r = m and j = m. If this
is the case, the corresponding multiset A consists of m times the value 1, i.e. M(X\) = 1, mx(1) = m and
By ={(1,2,...,m —1,m)}. Putting everything together and using the symmetry of (" for the final step,
we conclude, P-a.s., that

+Z [ e = [ e ) = [ 6@, D

(i1,eeesim ) E[m]l™] xm

4.4. THE CHAOS EXPANSION

Having completed all necessary preparations, we can prove the chaos expansion in this section.

Theorem 4.18. Every F € L*(¢) admits a unique representation
FQO=EFQOI+ Y [ fa)¢"(da), Pas. (122
n:l XTI,

where the convergence is in L*(P) and f,, n € N, is pl™-a.e. given by (4.16).

Proof. Uniqueness of the projections is a consequence of Lemma 4.12. By Proposition 4.15, the projection
of Fonto IF,, n € N, is [i, fu(x) ¢"(dz) and the projection of F onto Fy is E[F'(¢)]. It remains to show

{F(¢): FeL?¢ }_@F

As a direct sum of closed subspaces, @ZO:O I, is closed in L?(PP). It contains, by definition, random variables

of the form
[

with h € H,, and n € N. Example 4.17 further shows that

n

[ s@)¢nan e B,

=0

for each g € L?(p[™), n € N. The linear hull of such random variables is dense in {F(¢): F € L?(¢)}
according to Lemma 2 from Peccati (2008). O

The functions f,, n € N, in the above expansion (4.22) are also called kernel functions. Moreover, given
F,G € L*(¢) with kernel functions f,, and g,, n € N, respectively, we obtain the isometry formula

E[F(()G(0)] = E[F(C) +29<2n> / Fo(@)gn (@) o) (). (4.23)

Building on the chaos decomposition, the following remark addresses the associated Fock space.
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Remark 4.19. Let H be the vector space of all sequences g = (gx)ren, such that go € R, g € LQ(pW) for

all £k € N and
= k!
> 92k) / gi(2)? pl(dz) < oo,
k=0 Xk

Equipped with the norm

2

k!
llgller = (Z 9k /xk gi(x)? p*! (d$)> ) 9= (9r)ren, € H,
k=0 '

the space H becomes a Hilbert space as a countable direct sum of Hilbert spaces. Moreover, the space H is
isometrically isomorphic to @Zio Fy via the mapping

N X k X
(fr)ken, sz_o/xk fr(z) ¢¥(dw). °






CHAPTER D

MALLIAVIN OPERATORS

We now turn to a powerful set of analytical tools known as Malliavin calculus or the stochastic calculus of
variations. Originally developed by Paul Malliavin in Malliavin (1976) as an infinite-dimensional integration
by parts technique in the Brownian motion case, this theory has since evolved into an important component
of modern stochastic analysis for different processes and has found widespread applications (cf. e.g. Privault
and Schoutens (2002) for Rademacher sequences, Nualart (2006) for the Wiener space and fractional
Brownian motion, Di Nunno, @ksendal and Proske (2009) for Lévy processes and Last (2016) for Poisson
processes).

In this chapter, the chaos expansion is employed to construct the fundamental operators of Malliavin
calculus: a gradient V, a divergence 6 and a generator L. Each of these operators is discussed in a dedicated
section. Throughout the chapter, let (X, X, p) be a finite measure space with 6 := p(X) > 0 and denote by
¢ a Dirichlet process on X with parameter measure p.

5.1. THE GRADIENT

In this section, we construct a gradient operator on a subset of L?(().
Let C¢ be the Campbell measure of ¢, i.e. the probability measure on €2 x X defined by

Ce(A) ::/Q/X]IA(w,x)C(w,dx)IP’(dw), Ac AR X.

We begin by specifying the set of random variables for which the gradient will be defined.

Definition 5.1. Let dom(V) denote the set of all F' € L?({) with chaos expansion (4.22) such that the
kernel functions additionally satisfy

(0 +n—1)nn! -
Z g [, @) ) <o (5.1)

We note that, since random variables of the form [, f(z)("(dz) with n € N and f € L%(pl"l) are
elements of dom(V), this set is dense in L?(¢) (cf. Lemma 2 from Peccati (2008)).
The subsequent lemma lays the foundation for the definition of the gradient.

Lemma 5.2. Let F' € dom(V) with chaos expansion (4.22). Then

oo

OxX>3 (w,z) — Zn (/an @y, yn1) " Hw, d(yrs -y Y1) —

n=1

Faly) (e dy))

Xn

converges in L*(C¢).

Proof. Given n € N, let H,,: 2 x X — R be defined by
H, (w,2) = /X ey O edyan) = [ L)y 0>
Hy(w, x) /f1 ¢(w,dy).

Let m,n € N. It holds

|t Citate.0) =B | [ 0,0 o)
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5| [ ([ fuleymem ymn) - [ fam)cna)

(/X (@ 2n-1) " (dzn-1) = [ fu(2) C"(dz)) C(dx)} .

Xn

By Corollary 3.8, this expectation is equal to

1
[m+n—1] d
m x? m— n x’ zl’l* 1.7 m— ,an
g(m—+n—1) /XM” 1f( Ym-1) fn( 1)p (d(z, ym-1 1))

gt o ) $7 A7)

According to Corollary 4.5, this reduces to

n-— 1 n 2 n
Lm=n} (H(Qn 1) / fn(x ] (dx) — 9(2”) / fa(x [ ](dx))

n—1)!
= 1{m:n}(9<T>)(9 tn=1) | fa(x)?pl"(dx).
Xn

Hence, for ng € N, we obtain

/QXX (inffn(w,x)y Z Z U nmH,( )Hm(x)g(dx)]

n=1m=1

< n2(n —1)!

B SLACELIY ARe
n=1

Since F' is an element of dom(V), the series

S @ tn—1) [ a0 o)

converges. We conclude that

o
n=1 no€EN

is a Cauchy sequence in L?(C;) and therefore convergent. Moreover, the following identity holds

/X<Zan(m)> ¢(dz) :Z%Z O+n—1) [ fu(x)?p"(dx). (5.2)

n=1 xn O
We now introduce the gradient.

Definition 5.3. Let V: dom(V) — L?*(C¢) be defined by

( = Z (/X" . l‘ ylﬁ"-’ynfl)gn_l(wvd(yla-~-ayn71)) - fn(y) Cn(wvdy)>7

— Xn

where the chaos expansion of F' € dom(V) is given by (4.22).

We work with a measurable version of the gradient (This follows from the fact that convergence in
L2(C<) implies the existence of a subsequence that converges Cs-a.e. Since each partial sum is measurable,
the pointwise limit of any such subsequence is measurable as well. Therefore, the limit function, which is
equal to the L2-limit, is measurable.) and occasionally suppress the dependence on €, writing simply V,F,
x € X, for the random variable w — (VF)(w, x).

The following corollary gathers two immediate properties of the gradient.
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Corollary 5.4. Let F,G € dom(V) and denote the kernel functions in their chaos expansions from (4.22)
by fn and gn, n € N, respectively. Then

nn!

E { /X (V.F)(V.G) C(dm)] = ; gy O+ 1= 1) | Ja()ga(e) o (da). (5.3)

Moreover, the gradient is centred in the sense that

/X(VIF)C(dx) =0, P-a.s. (5.4)

Proof. The identity (5.2) implies (5.3) (note that the summands in the defining series of the gradient are
pairwise orthogonal in L? (C¢)). To see the second claim, we may define for m € N and « € X the random
variable H]" by truncating the infinite series defining V,F at m. By the definition and the fact that ¢ is a
probability measure, we then have [ H" ((dz) = 0. Jensen’s inequality (for the probability measure ()

vields 2
([ -v.rcn)

The assertion is now a consequence of the convergence of (Hy,)men to VF in L?(C¢) established in
Lemma 5.2. O

E

<E UX(H;” — V. F)?((dz)

The next result shows that the gradient operator is closed. This property will play a key role in Chapter 6.

Lemma 5.5. Let (F),)nen be a sequence in dom(V) and assume that (VF,)nen forms a Cauchy sequence
mn LQ(CO, i.e.

lim E M(szm ~V.F,)? ((dx)] =0.

m,n— oo

Then there exists F' € dom(V) with

lim E [/X(VIF ~ V.F,)? g(dx)} =0. (5.5)

n—oo

If additionally F, — Fasn— oo in L2(¢) for some Fe L2(C), the limit function F in (5.5) can be chosen
in such a way that F = F holds P-almost surely.

Proof. Let for each n € N the chaos expansion (4.22) of F,, € L*(¢) be given by
FuQ) = BIFQ]+ 3 [ furle) o)
k=1

The assumed convergence and (5.3) yield

0= lim E [/X(vme —V.FE,)? g“(da:)]

m,n— 00

S kR
- m,lrlgoo ; m(a +k—1) /Xk(f7n7k(x) — frk())? pM (dz).

Similar to the Fock space in Remark 4.19, let H be the vector space of all sequences g = (gx)ren such that
gr € L*(p*) for all k € N and

L kklO+k—1
% /x gr(2)* p(da) < oo.
k=1

In contrast to Remark 4.19, we now include an additional weighting factor in each summand. Equipped
with the norm

1
2

o~ kEN O+ K —1 .
gl = (Z % /xk g (x)? pi" (dx)) ) g = (gr)ken € H,

k=1
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the space H becomes a Hilbert space as a countable direct sum of Hilbert spaces. The sequence ( fn)neN =
((fn,k)ken)nen from above is a Cauchy sequence in M. Hence, there exists a limit f = (fi)ren in ]H ie.

| —
i 3 MR [ sl = 502 ) = 0.

Since for each k£ € N, we have f,, , = fr asn — oo and f, , € Hj, for all n € N the fact that I}, is closed by
Lemma 4.3 implies f;, € Hy. Thus, as f € H, for each constant ¢ € R, the function F, with chaos expansion

=cC 3 T k x
FQ) = +I;/kak<><<d )

belongs to dom(V) and satisfies (5.5).
If (F,,)nen additionally converges to some F in L?(¢) and the kernel functions of F' are denoted by f,,
n € N, we have by (4.23) that

B(Fa(¢) ~ F 29(% [ i) = Fun(o) M)

for each n € N and every G € L?({) with kernel functions gy, k € N. By the convergence F, — F,n— oo,
and the Cauchy—Schwarz inequality, we thus obtain

| sla) = Fuagla) o (da) = 0. n = ox,

for each k € N and g € Hy, implying fx = ﬁ, pl¥l-a.e. for each k € N. Choosing ¢ = E[ﬁ(()] yields that

FE[E(()] = F holds P-a.s. O

5.2. THE DIVERGENCE

In this section, we introduce the adjoint in L?(C¢) of the gradient from the previous section.

Deﬁnition 5 6. Let dom(d) denote the set of all measurable functions H: M(X) x X — R such that
E[f; H ¢(dz)] < oo and for which there exists a constant ¢ > 0 such that

Nl=

B[ [ H@V.F )| < cBir? (5.6)

for all F' € dom(V).
The next lemma provides the necessary groundwork for defining the divergence.

Lemma 5.7. Let H € dom(d). Then there exists an P-a.s. uniquely determined o(¢)-measurable §(H) €

L%(P) fulfilling
E[5(H)F] = E [/X H(x)V,F g(dx)} (5.7)
for all F € dom(V).

Proof. By condition (5.6), the linear mapping dom(V) 3 F — E UX )V FQ(da:)] is continuous and
can thus be extended to a linear mapping from L?(¢) to R. The Rlesz representatlon theorem yields a
unique element §(H) € L?(P) satisfying (5.7). O

Definition 5.8. The operator ¢ is called divergence operator and equation (5.7) is referred to as integration
by parts or partial integration.

We note that the operator 0 is linear. Choosing F' = 1 in (5.7) shows E[§(H)] = 0 since the kernel
functions from the chaos decomposition (4.22) of F are given by f,, = 0, n € N, and thus, by definition,
VF =0.

For certain functions in L?(C;), it is possible to define an operator ¢’ based on the chaos expansion.
This alternative construction will be pursued in the subsequent analysis. In particular, we will show that ¢
and ¢’ coincide on the set dom(d’). We begin with a lemma that provides a criterion for the convergence
of a series in L?(C¢). The functions that can be constructed in this manner will form the domain of the
operator 4.
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Lemma 5.9. Let h,,: X"t! = R, n € Ny, be measurable functions such that hn(x,-) € Hy, for each x € X

and
o0

0+ n)*(n+1)! -
> W/ ha(2)? plH(d2) < oo, (5.8)

n=1

Then the series
(w,x) — ho(z —i—Z/ (x,y) (" (w,dy) (5.9)

converges in L*(C¢).
Proof. Let m,n € N with m > n. Define H,,: 2 x X — R by

Hy(w,z) = / (2, yn) ¢ (w, dyn).
By Corollary 3.8, we obtain

m(w,z) n(w,m) Cg(d(w,ﬂj)) = 0(m+n+1) / hm(x,ym)hn(x,zn) p[ + +1](d(x7'}’m7zn))'
OxX Xmtntl

According to Corollary 4.6, we have

/ hm(xa}"m)hn(mazn) p[m+n+1] (d(%ym,zn))
KmAn+1

= Limpym! (/ . P (X y1)? p [m+1] (dXma1 +Z/ m(ZryXm) [m](dxm)>
Xm+1

+ ]l{m:n+1}(n + 1)' / hn+1($1a Xn+1)hn(xn+1) p[nJrl] (an+1).

Xn+1

Hence, for ng,n1 € N with ng < nq, it follows

E| [ ( 3 / N y) " dy>>2<<dm> .S | [ o), () ¢(a0)

o n! n
= Yo R hn n 2 plnt] d n + hn ryXn 2 [n] d n
Z §(2n+1) (/X"H (Xnt1)"p (dxn+1) Z (@, xn)” p™ (dxn)

n=no

ny—1
n+1)! .
+ Z (Q(QTQ)) /X"+1 hn+1(x1,xn+1)hn(xn+1)p[ +1] (dxn+1) — Sl + SQ,

n=no

We treat the sums S7 and Sy individually and establish upper bounds for both. On the one hand, because

of

Z / n (2, Xn)? pl" (dxn) / / (Y, %n)” 0, (dy) pI"! (dxn)

: / /th(y,xn)2 (p + 0x, ) (dy) p") (dxn) = /X L nGenga)? ol (dxnga), m €N,

where we used the symmetry of h,, in its last n arguments, n € N, we have
ny TL'
v 2 [n+1]
S1=2 Z 9(2n+1) /Xn+1 hn(Xnt+1)" p (dXny1)-

n=ngo

On the other hand, the Cauchy-Schwarz inequality in L?(pl"*+!) yields

/ 41 h”"‘l(ml’ Xn+1)hn(xn+1) p[n+1] (dxn+1)
X’Vl
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1
2

< / hn<xn+1>2p[”+”<dxn+l>> , neN
Xn+1

=

= </ Bt (21, Xn11)? pl" Y (an+1)>
Xn+1

Inserting this in Sy yields the upper bound

ni—1 1
(n+1)! . 2 ((n+1)! .
> <9<2n+2> o e @) o ) | { Gy [ e Genen)” o1 ()

n=no

1
2

By the Cauchy—Schwarz inequality, this sum is bounded by

nlz_l (n + 1)' / h ( )2 [n+1] (d ) % nlz_l (n + 1)' / h ( )2 [n+1] (d ) %
N(oOn+9o) n L1, Xn P Xn N(on+9o) n\Xn P Xn
= 9(2n+2) —— +1{+41 +1 +1 = 0(2n+2) S—_— +1 +1

From the symmetry of h,,+1, n € N, in the last n + 1 arguments, we obtain

(041 [ oo o nin) = [ B0 Gy (00) 97 ()
Xn+1 Xn+1 JX

: /x “ /xh"“(y’x“+1)2 (04 O () P (1) = / hn1 (Xnt2)® pI" 2 (dxni2), n €N

Xn+2

Thus, an upper bound for Ss is

ni

n 4+ 1)! .
2 (9<7+)> /X o (xn1)® p™ ) (kg )-

n=mno

Combining our findings, we arrive at

5| (; [ e <"<dy>>2 ¢(dx)

Nl . (n+1)! "
S 2 Z W4n+1 hn(xn+1)2 p[ +1](dxn+1) + Z m‘/xn*—l h,n(xn+1)2 p[ +1](dxn+l)

n=no n=no
L n'(29 + 5n + 3) 2 [n+1]
=) — /X Ly mGend)” P (A ).

n=no
By (5.8), the statement is thus a consequence of the inequality

n!(20 4+ 5n + 3) < (0 +n)2(n+1)
g(2n+2) - g(2n+2) ’

neN,n>3,

yielding that the series under consideration is a Cauchy sequence in L?(C;). The validity of this inequality
can be established as follows. The inequality is equivalent to 0 < n3 + (1+20)n2+ (6% 4260 —5)n+602 — 20 — 3.
The right-hand side of this expression is monotonically increasing in n € N, and it is positive for all § > 0
when n > 3. O

We can now define the domain of §’.

Definition 5.10. Let h,: X"t! = R, n € Ny, be measurable functions such that hn(z,-) € Hy, holds for
each © € X and (5.8) is satisfied. Let H: M(X) x X — R be a measurable function such that the series of
functions from (5.9) converges in L*(C¢) to (w,x) — H({(w),x). The set of all such functions H is denoted
by dom(¢’).

In the following lemma, we establish the convergence of a series in L?(P), which will later be used to
define the operator 4.

Lemma 5.11. Let h,,: X"t! = R, n € Ny, be measurable functions such that hn(z,-) € H,, for each x € X
and (5.8) is satisfied. Then the series

o0

> ((9+n)/wl hn(z)("H(dz)f/n/th(x,yl,...,yn) (p+ 6y, +...+5yn)(dx)C"(d(y1,...,yn))>

n=1

converges in L?(PP).
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Proof. Given n € N, we define

1
0+n

X = ~/§§n+1 h”(z) <n+ (dz) and Y, = /n /th(ann) (P +4 n)(dx) gn(dyn)>

as well as Z,, = (0 + n)(X,, — Y,,). Then the series to be considered is
SO+ (Xn=Yn) =D Zn.
n=1 n=1

Let m,n € N. Applying Jensen’s inequality (for the probability measure () as well as Corollary 3.8, we

obtain
([ e

An application of Jensen’s inequality to the probability measure (6 +n)~(p + dy,.) ("(dyn), together with
Corollary 3.8, leads to

(5 [ [ v o tv@n) i)

1 1
=k UX 0+n /Xh"<x’ ¥a)* (p+dy.)(d2) C"(dynﬂ e /Xm hn(2)? p 1 (dz).

E[X?

n

|=E

1
< 2 rn+1 _ 2 [n+1] )
B[ mere@)] = gam [ mr o)

E[Y?] =E

n

Hence, X,, and Y,, are elements of L?(¢). Moreover, let g € H,, for m € N. Corollary 3.8 yields

m 1 m~+n+1
E [Xn/m 9(x) ¢ (dﬂ?)} = m/}ngrnJrl ha(2)g(x) P (d(2, 2)) (5.10)

and

B[, [ a)cm @] = gy [ oGy [ ) (4 8,060 57 ). (510

By Corollary 4.7, the expressions in (5.10) and (5.11) vanish unless m € {n+1,n,n—1} and m € {n,n—1},
respectively. Thus, we conclude X,, € F,,_1 & F, ® F,4; and Y,, € F,,_; & F,, which implies Z,, €
]Fn—l S3) ]Fn S?) IE‘n—i-l-

We show that the series from the statement converges in L?(IP). To this end, we show that the sequence
of its partial sums forms a Cauchy sequence. Let ng,n; € N with ng < n;. By the established orthogonality,
it holds

ni 2 ni
E (Z Zn) = Z ]l{|m—n\<3}E[ZmZn]

n=—no m,n=no
ny nlfl TL172
=Y E[Z)]+2) E[ZZnpa]+2 Y E[Z.Zn4a].
n=ng n=ngo n=no

From the inequality 2E [Z,,Z,,] < E[Z2] + E[Z2)], m,n € N, it follows that it suffices to consider

n1

> E[Z].

n=no

Let n € N. Corollary 3.8 yields

(L mere@ =g [ fmeva) o+ )@ 0 2]
(6 +n)?

= Gy [ k) o)

E[Z2] = (6 +n)’E
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n 2
- 9(2?1&01;’29 _)|_ n) /x2n+1 hn(Zn+1) </X by (2, yn) (p+ 5yn)(d$)> PP U (d(yn, Zni1)) (5.12)

b [ ([ ity (o600 ) ([ o) (4 82,)0) ) 922

By the recursive definition of pl?"*+2 it holds
[ () o2 )
xX2n+2
= /X /X/th(m, Xp) i (Y, ¥m) (0 + 0y + O, + Gy )(d) (p + 6, + Iy )(dy) P27 (A (%, ¥))
= / ( / ho (2, %n) B (y, yn) p°(d(2,9)) + 2/ B (2, %n) p(dx)/ B (Y5 ) O, (dy)
X2n X2 X X

+2/Xh”($7xn)p(dx)/th(yyyn)fsyn(dy) +/th(yaxn)hn(y,yn)p(dy)
+2 /X h (Y, Xn ) in (Y, ¥n) Ox, (dy) + 2 /X b (%, %Xn) 0x,, (dz) / P (Y, ) O, (dy)

X

+ / o (2, %) 8, (d2) / (5, ) By (dy) + / i (2, ) By, (d2) / hn<y,yn>6xn<dy>) P27 (A (5, 7))
= Il+2[2+2[3+I4+2[5+2[5+[7+18,

where, e.g.
L= / / o (2 %) (1Y) P2 (A(2,9)) 927 (A%, Y)-
XZTL X?

We can apply the recursion (3.1) from Lemma 3.5 to simplify the integral in the second to last line of (5.12)
to

/x2n+1 hn(Zn+1) (/x hn(x,yn)p(dx)> pl2nt] (A(Zns1, Yn))

+ Z/ zn+1 (yraYH) p[2n+1] (d(zn+17yl’1))

2n+1

= /in (/X2 hin (2, 2Zn)hn (2, yn) p~(d(z, 2)) + Z:l/xhn(x,yn)p(dx) (2hn (20 Zn) + P (Yrs Z1))

n

+ Z (hn(ziazn)hn(yjayn) + hn(yhzn)hn(ij}’n))) p[Qn] (d(YKnZn))-

=L +2+ L+ I + I,

Likewise, the integral in the last line of (5.12) equals

Lo ([ ey 04 80,06@0)) ([ Gezn) (04 02,)(00) ) 520 atrm, ) =1+ 2024 11

Consequently, (5.12) becomes

n?—0 2(n+1)(0 +n) 2(n? —0) (0 +n)? 2(0+n)? (0 +n)?
g (1 H 17 = = (B4 o) + St s Yy s & S 55+ gy
We now show that the terms |I1[,...,|Is| are each bounded by a multiple of
(n+1)!

Ay 2 ln+1]
9(2n+2) /Xn+1 hn(2)” p (dz)

and it thus holds
(n+ 10 +n)?

E[z?] <C / ha(2)? p"t(d
[ n} = p(2n+2) xn+1 (2)7p (dz)
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for a suitable constant C' > 0, independent of n € N. The integral I; can be simplified with the help of
Corollary 4.5 since h,(z,-) is an element of H,, for each x € X. Thus, we obtain

Bt [ e o)) e 0) o) =t [ ([ hn<z,xn>p<dz>)2 A7) ().

Applying Jensen’s inequality for the probability measure §~!p yields

=g [ ([ o) ;p<dx>)2 o x) <00 [ [ o plde) o))

An upper bound for this integral is

1 / n / o (2, %0)2 (p + 6 ) (d2) p" () = 110 [ Bn(2)2 pl+1)(d2).

Xn+1

Moreover, h,(z,-) € H, for each x € X also implies

I = /Xz /th(-’lf,xn) p(dx) /X I (Y, Yn) O (dy) PP (X, yn))

=t [ [ o xa) ) [ 300) B, () ) ).

From the Cauchy—Schwarz inequality, it follows
2
( L ([l an) (dxn>>
xn \JX

Bl < n! ( ([ imtesaiotan) p["wdxn))

By Jensen’s inequality for the probability measures 6~1p and n=16y, for x, € X", an upper bound for this

term is
n'F(// (2,Xn) (dx)p”dx) (// (4, %n)? 6, (dy) pI") (dxy ))

Using the recursive definition of pl"t1l, this in turn is smaller than or equal to

wViD ([ [ el (04 e )a) <dxn>) ([ [ hotasmar? o+ a0 o (dxn>)

= n!Vnb h(2)? U (dz).

Xn+1

1 1
2 2

Regarding I3, Corollary 4.5 yields

Bo=nt [ haeyn) o) [ ho(oyn) () o dy) = I

Thus, an upper bound for the absolute value of this expression is

n!Vnf ho(2)? pH(d2).

Xn+1

In the case of the fourth integral I, due to hy(z,-) € H,, z € X, Corollary 4.5 provides

Lo s 3m) o) 27 ey =t [ ) ol )
which is bounded by

|L4] =

n!/ h(2)2 T U(dz).
Xn+1
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Moreover, using h,(y,-) € H, for each y € X results in

|I5] =

Lo o 3) B ) 27 @y = [ ) i ) )
X2n n
< n!/ hn(2)? pn 1 (dz)

Xn+1

and

Is = / /h T, Xp) Ox, (dz) /h Y, ¥n) Ox, (dy) p2" (A (xn, ¥n))
XZn

_n'/” (/h — (dx)) ") (dxy) = nin? / (/h 2. %n) iéxn(dx)>2 o) (A5

Jensen’s inequality and the recursive definition of p[**! yield the upper bound

Xn+1

| < nin / / o (2, %0)2 0., (d2) p") (dxn) < mln / o (2)2 71 (d2)
nJx

on the absolute value of this integral. Using h,(y,-) € H, for each y € X once more, the penultimate
integral is

= [ [t 02) [ (03] 8 0 9% 5 )
= Z/XQ / hi (%, Xn) O, (A2) B (Y, y) PP (d(Xn, ¥n))

= Z Z / / hn(x’ Xn) 5xn (dm)hn(yla YiyTiqy- - "rin—l) p[nJrl] (d(XIU yl))
xn+1 Jx

=1 (i1,..eyin—1)€[n]n—1]

=20 > /Xﬂhn<xj,xn>hn<ymyi,xm...,xz—n,np["*”(d(xn,yi)). (5.13)

=1 J=1 (i1,....in—1)€[n]l*~1

In order to further simplify this expression, we consider first a fixed summand. To this end, let 4, j € [n]
and (iy,...,in_1) € (0] If 5 € {i1,...,ipn_1}, let k € [n]\ {i1,...,in_1}. (In fact, in this case we have
[n] = {k}U{é1,...,9p-1}.) It then holds

/X +1 h"(xj7xn)hn(yia YiyLiyyo ’xin—l)p[n+1] (d(xl’h yl))

= / / hn(xj’xl’l) (p+ 6747 + 5171 +.o+ 59%71 + 596k+1 +o+ 6In)(dxk)
n JX
P (Ui Yis Tins v i) PIHA(@1, ooy Tty Tty s Ty Y1)

- h/n(x]a YiyLigy- - axinfl)hn(yiayivxim' .. 7xin71)p[n] (d(xim' .. ;xin,17yi))~
X’VL

By the Cauchy—Schwarz inequality, the absolute value of this integral is bounded by

Nl=

(/ hn(mja YiyLiyy--- axinfl)2 p[n] (d(milv' ) minpyi)))

1
2

(/ h/n(yivyivl.im s 71.1'”71) P[n] (d(xila e 7xin17yi))>

In (5.13), we have nn(n — 1)(n — 1)! summands of this type. If j ¢ {i1,...,i,—1}, a direct application of
the Cauchy—Schwarz inequality gives

/X — hn($]7 xn)hn(yia YiyLiqy .- 7‘/'L.Z.7L71) p[n—i-l] (d(xna yz))’



5.2. THE DIVERGENCE 57

< (/ hn(xjvxn)2 p[n+1] (d(xnayi))> </ hn(yi,yi,xil,...,xinfl)z p[nJrl](d(Xn,yi)))
Xn+1 Xn+1

2

=) ([ ey o <d<xn>>); ([ e o .0

Xn Xn

There are nn(n — 1)! summands of this type in (5.13). We note that this case distinction also remains valid
in the case n = 1 (in this case we have [n]»~1 = (). Plugging these two cases in (5.13), employing the
triangle inequality and using the symmetry of h,, in its last n arguments, leads to

S o) b)) 8 ) 27 )|

/X +1 hn(xjvxn)hn(yia Yiy Ligs--- 7$in71) p[n+1] (d(Xn, yl))’

+nn(n — 10+ n) (/ ha (@1, %n)? pl" (d(xn))> % (/ I (21, %n)? pl"! (dxn>> 2

This expression is equal to

A0+ 20— 1) [ (21, %0)2 o7 (dxg) = (0 + 20 — 1) / S b (3002 ) (),
Xn Xn

which in turn is smaller than or equal to

nl(0 +2n —1) / b (2)? p"TU(dz).

Xw+1

The last integral I3 can be treated analogously. Since h,(y,-) € H, for each y € X, it holds

Is = /X2n ‘/th(x,Xn) (SYn(dx) ~/X hn(y7yn) 5Xn(dy) p[2n] (d(xn,yn))

-3 /X i), ¥) A2 (A, y)
i,j=1 "

n

=YX mlesn i) ). (6514)
e

4,5=1 (41,..urin—_1)€[n]In—1

Again, we start by examining one summand. Therefore, we fix i,j € [n] and (iy,...,i,_1) € [n]P~H. If
je{it, . in_1}, let k € [n]\ {i1,...,in—1} It follows that

:/ /hn(yi,xn)(p—&-(syi + 0z + oo+ 00y F 0z o+ 0z, )(dag)
n X
hn(xjvyiaxhv"~axinfl)p[n](d(xlv'"7$k717$k+17"'axn7yi))

= / hn(xjayivmilv s 7$in_1)hn(yi>yia Liyse-y xin—l) p[n] (d(‘riu s 7xin—17yi))'

This term is the same as the one we encountered in this case for the penultimate summand. If j ¢
{i1,...,in-1}, we have [n] = {j} U {é1,...,in—1} and can again apply the Cauchy—Schwarz inequality
directly. It holds

/X i X s 1) P G 0)
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Nl
W=

S </ hn(yi,xn)Q p[n+1](d(Xn,yi))> (/ hn(xj5yiaxi1a"'axin,71)2 p[n+1](d(xnayt)))
Xn+1 Xn+1

N / hn(2)? p"H11(dz).
Xn+1

Inserting these findings in (5.14) yields, with again the help of the triangle inequality, the following upper
bound

IIs| < nn(n—1)(n — 1)!/ B (21, X0 )? p[”] (dxn) + nn(n — 1)!/ B (2)? p[”+1] (dz)

Xn+1

n

n—l/ Zh Ty, Xp)? ](an)-i-nn'/ ha(2)? "1 (d2)

Xn+1
< nl2n—1) / ho(2)2 pl+ 1 (d2),
Xn«i»l
All in all, we have shown that E[Z?2] is smaller than or equal to

((n2 +0)20+2n=1) 2+ 1)(Vnd+n)@+n) 20 +0)Vnd  2An+ 1)<9+n>2) a1l (42)

0(2n+2) g(2n+2) 0(2n+2) 0(2n+2)

and hence conclude

2
L < (0 +n)%(n+ 1)
2 2 [n+1
(E Zn> <5> E[zl]<C § —9(2n+2) /Xn+1 i (2)? pl" 1 (dz)

n=no n=no n=no
for a suitable constant C' > 0. O

Definition 5.12. For H € dom(¢'), i.e. H is the limit in (5.9) where measurable functions h,,: X"** — R,
n € Ng, which satisty h,(z,-) € H, for each x € X and (5.8), are considered, let

oo

§(H) =3 ((a ) [ h¢ias)

n=0
—/n/xhn(:v,yl,...7yn) (p+5y1+...+5yn)(dx)<”(d(y1,--.7yn))>~

By the preceding lemma, it holds ¢§'(H) € L*(P), i.e. E[§'(H)?] < oo.
Remark 5.13. One might be tempted to set

_ 1
hn('xaylw'wyn) = hn('r7y17"'7yn)_ m/xhn(tvyla7yN) (p+6y1 ++6yn)(dt)

for (x,91,...,yn) € X" and n € N in the above expression defining §’(H). Using that ¢ is a probability
measure, ¢’ (H) can then be written as

o

SH) =Y 0+ [ B¢ ()

n—0 X'n+1
However, one has to exercise caution since h,, may not be an element of H,+1, n € N, as can be seen in the
following example. o
Example 5.14. We continue Example 4.8, i.e. let B € X and

1

h(z,y) = 0+1

(p(B) +1p(y)1p(z) - %p(B)]lB(x), (z,y) € X2

Example 4.8 showed h(z,-) € H; for € X. Furthermore, given (x,y) € X2, it holds

W, y) — QH/ha:y (0 + 6,)(dz)



5.2. THE DIVERGENCE 59

= ho) = g [ g B + 1) La(e) — ga(B)La(a) (o +5,)(ca)

1 1 1 S|
— B0 + g Le@1e0) ~ (G5 6B) +1a0)) + g r(BY6(E) + Law)

p(B)? 0—1 1

D0 +1) 006+ 1)P(B)]lB(y) e 1)2113(9).

1 1
= —ﬁP(B)ILB(l“) T 1]13(95)]13(9) +
This function is not symmetric and hence for this mapping h, the function A introduced in the previous
remark does not belong to H,. For the symmetrization h, we have

/ (e, y)(p + 6.)(dy)
X

_ %/X—ﬁp(B)nB(x) + HilnB(x)nB(y) + e(gf(ﬁ - 9(2)9(;i eI - ﬁh(y)
_ %P(B)]IB(Q) - (W(?(;il)p(B)]lB(x) — ﬁﬂg(m) (p + 6.)(dy)

- % <_:)”(B)HB($) - %h(@ * 2'09@ B 9(2?(;i 1y (B)(e(B) + 15(x))

1 1 0—1 1
G PB) + 1o() — g o(B)(B) + ae)) ~ S p(BY (o) ~ (o))
1 0 0+2 1

= ——p(B)1 1 B B)? X
indicating that it may likewise not belong to Hs. )
The next theorem shows that ¢’ satisfies an integration by parts formula.
Theorem 5.15. Let F € dom(V) and H € dom(¢'). Then
E[§'(H)F] = E { / H(z)(V. F)C(dr)] (5.15)
X

Proof. Before proving the formula, we establish the finiteness of both expectations. On the one hand,

since F' € dom(V), we have in particular F € L?(¢). Hence, it holds E[F(¢)?] < oco. Thus, from the
Cauchy—Schwarz inequality and Lemma 5.11 we obtain

E[|6'(H)F|) < (E [§'(H)?])? (E [F(¢)?])? < oo.

On the other hand, by Lemma 5.2 and definition, both VF and H are elements of L?(C¢). The finiteness
of the expectation on the right-hand side is then again a consequence of the Cauchy—Schwarz inequality.

We consider both sides of the equation separately. Let F' € dom(V) with chaos decomposition (4.22)
and let h,,: X"*!1 — R, n € Ny, be measurable functions such that h,(x,-) € H, for each x € X and (5.8)
is satisfied. Given mg,ng € N, we have

5 (:2_ (O+m [ ot = [ [ heym) (0 8,00 <M<dym>)>

(E[F(C)] £3 [ 80 <"<dz>>]
~ BIF(C)JE (:Z_ (@rm) [ @ = [ [ ey (04 6,0 <m<dym>)>]
#3030 m ([ )¢ = [ om0 b)) ¢ v ) [ ) 0]

By Corollary 3.8, this is equal to
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mo 7o

Z Z 0+m et
Qm+n+1) / nt m(Ym+1)fn(2n) P[ * +1](d(ym—&-1vzm))
m=0n=1 mntt
=3 g L [ ) (04 ) @) o) 472 (5:16)
m—0n—1 m+n X

According to Corollary 4.7, the first line of (5.16) is

mo/\(n0+1) '
Z M hm(-%‘laxm)fm—l(mQa"'axm) p[m](dxm)
—t f(2m) .
o/An
(6 + m)m!
Z Tg@mt) (/ o (Xemt1) fn (2, -« @ngr) P (dXmsn)
— X'm+1
[ 1) o) 07 )
Xm
mo/\(’nofl)
0+ m)(m-+1)! m
+ ' (9(2)# /Xm+1 Bun (Xemt1) fro1 (Xm1) o (dXimo1),

while the second equals

moA(no+1)

m! .
Z m/ hm(xmaxm)fmfl(xmfl)p[ ](dxm)
m—2 xm
mo/Ang m'
B Z W/ hon (@41, Xam) fon (Xen) P (A% 1)
m=1 0 Xmt1

We summarise these terms and obtain that (5.16) is equal to
moA(no+1)

Z % x/Xm ham (mm’ Xm)fm—l(xm—l) p[m] (dxm)

m=2

mo/Ang mm'
- Z <(2m+1)/ hm(xmﬂ)fm(l"z,...,ffm+1)/)[m+1](dxm+1)

m=1 0 Xm+1 (5 17)
m(0 +m)m! .

B %@Tl)) [ (@1 Xim) o (im) ]<de>>
mO/\(TLo—l)
0+ m)(m+1)! .

" Z (6(2)W(L+2))/X " o (Xmt1) s 1 (Xm1) P (dXin g 1),

m=0

ending the study of the left-hand side of the integration by parts formula.
Let mqg,no € N. We now consider

V (mz [t <de>> (Zn(/ an<z7yn_1><”1<dyn_1>c”<fn>>><<dx>]

n=1
mo no
= Z Z nkE |:/ h7n(5U, Xm)fn(l'7 Yn—l) Cer"(d(x, Xm; Yn—l))
m=0n=1 XmAn
- / hm(xm+1)fn(YH) <m+n+1 (d(xm+17yn)):| ,
Xm+n+1
where, in the first line, ¢"( fXﬂ fn(z) (" (dx), n € [ng], cf. Section 2.4. By Corollary 3.8, this is equal
to
mo no

> g ||

=0 a1 Xm+n

hm(x7 Xm)fn(xv Yn—l) p[m+n] (d(.’L’, Xm, yn—l))
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n n
- gl hon (Xm41) () P (A (Xmy1, ) (5.18)
1 g(m+n+1) Xm+n+1

Using Corollary 4.7, we obtain that the first sum equals

mo/Ang
mm/!
Z 9(2m) / (‘Tlvxm)fm(xm) p[m] (dxm)

mo/\(’no—l) (m+ l)m'
+ —_— hm Xm m Xm [m+1] de ’
m,Z:O 92m+1) /Xm+1 (Xm+1) fm+1(Xm+1) p ( +1)
while the second is
moA(no+1)
m — 1)m! -
=Y S horm) a2 ) 7 )
m=1 "
mo/Ang mm'
> gm+1) (/X i hon (Xen1) frn (22, - @) U (A1)
m=1 "
[ s ) 7 )
X’Vﬂ
mo/\(’no—l)

m+ 1)(m + 1)! m
Z (0@# /Xm+1 hm(xm+1)fm+1(xm+l)P[ 1] (dXmy1)-

m=0

After summarising the terms, (5.18) becomes (5.17).
Let mg,np € N and, given x € X, let

Fy(¢) = +Z 2)("(dz)  and Z / (%, Ym) ¢" (dym)-
m=0
We then have
Vol =y 1 (/Xn_l fa(@,¥n-1) " H(dyn-1) - - fn(y) C”(dy))
and
! = . m m+tl — x )™
S0t = > (O4m) [ i@t [ [ nteym) (s ¢avm)).

By Theorem 3.7 and Lemma 5.11, it holds F,,(¢) — F(¢) and &§'(H,,) — 6(H) in L*(P) for ng — oo,
respectively. Hence, with

[E (8" (Hiny ) Froo) — E[5' (H) F]|
E[(8'(Hmy) — o' (H))°] " B [|F, 2]

where we used the Cauchy—Schwarz inequality, we conclude

B [(8"(Hmy) = 6'(H)) Fno] + E[6'(H) (Fr, — F)

Jr
&=
=)
=
N
Nl=
&=
=
~
=

lim  E[5(Hp,)Fn,] = E[8 (H)F).

mo,ng—ro0

On the other hand, by Lemma 5.2 and Lemma 5.9, the convergences VF,, - VF and H,, — H in LZ(CC)
for ng — oo hold true. Therefore, from the Cauchy—Schwarz inequality we obtain

‘IE { /X Hpno (2)(VoFyy) ((dx)] -E { /X H(z)(V.F) (¢ (dx)} ’
_ ‘E [ /X (Homo () — H(2)) (Vo Fog) C(dx)} +E { /X H(z) (VoFpy — VaF) ¢ (dwﬂ ‘
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1
2

< | [ ()~ @) o) B [.r ¢

+E { /X H(x)zg(dx)rﬂ*: [ /X (Vi — Vo F)* C(dx>] ,

and consequently

lim E { /X Hmo(:c)(Vano)C(dx)] =E [ /X H(z)(V,F) C(dx)]. 0

mo,ng—>00
The preceding theorem shows that ¢’ coincides with 6 on dom(d”).

Corollary 5.16. It holds dom(é") C dom(d) and for H € dom(¢’), the random variables §(H) and &' (H)
coincide P-a.s.

Proof. Since §'(H) satisfies partial integration, the claim follows from the definition of §(H). O

5.3. THE GENERATOR

In this section, we consider the third operator in Malliavin calculus, the generator L. The designation will
become clear in Chapter 6, where we show that the operator generates a semigroup that arises naturally in
the context of Fleming—Viot processes. Again, we begin by specifying the class of functions on which this
operator is defined.

Definition 5.17. Let dom(L) stand for the set of all ' € L?(¢) such that the functions from its chaos
expansion (4.22) satisfy

Z (6 + ”9(_%1 Ful@)? p" (dz) < o0, (5.19)

Xn
A comparison with (5.1) in the definition of dom(V), where the convergence of the series
(0 +n—1)nn! 2 In
Z Ca™ [ gutap oao),

is required, reveals that dom(L) C dom(V).
The next lemma shows the convergence of a series used later in the definition of the operator L.

Lemma 5.18. Let F € dom(L) with chaos expansion (4.22). Then the series
donO+n=1) [ fulx)"(de)
n=1 xn

converges in L?(P).

Proof. Let mg,ng € N with mg < ng. Corollary 4.11 yields

E (Z n(+n—1) fn(l’)C”(dx)> =D, W fu(@)? pM(da).

Xn Xn

n=mo n=mo

Consequently, the partial sums of the series under consideration form a Cauchy sequence in L?(P) if and
only if F' € dom(L). O

We can now define the operator L.

Definition 5.19. For F' € dom(L) with chaos expansion (4.22) let
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For reasons that will become clear in the next chapter, we refer to the linear mapping L: dom(L) — L?(P)
as Fleming—Viot operator or gemerator. It plays a similar role as the Ornstein—Uhlenbeck operator in a
Gaussian or Poisson context. This fact is supported by our next theorem.

Theorem 5.20. Let F' € dom(V). Then F belongs to dom(L) if and only if VF € dom(d). Moreover, in
this case, it holds
§(VF)=—L(F), P-as. (5.20)

Proof. Let F' € dom(V) with chaos expansion (4.22). On the one hand, if F' € dom(L), we infer from (5.3)
that

5| [P0 0] = 3T [ ) o

— Xn

holds for every G € dom(V) with chaos expansion G(¢) = E[G(Q)] + Y071 [xn gn(x) ¢"(dz). The absolute
value of this expression is, according to the Cauchy—Schwarz inequality, bounded by

= (a0 40— 1) (v
Z<9<) Y <dx>> (m e p”<dx>>

n=1

2

Furthermore, by the Cauchy—Schwarz inequality, an upper bound for this series is

1(0+n—1) o :
<Znn (27: /fn p”dx) < (2n)/ gn(x )) .

n=1

The assumptions F € dom(L) and G € dom(V) imply that this equals ¢E[G(¢)]2 with ¢ = E[(LF)?]z < oo.
Thus, VF is an element of dom(d).
On the other hand, if VF € dom(J), we obtain from the integration by parts formula the equality

E[5(VF)G] = E [ [@.%.6) <<da:>]

for all G € dom(V). We set H := §(VF'). Let the chaos expansions of H and G € dom(V) be given by

Z [ m@ean GO =BOQI+ Y [ o) ¢
n=1
respectively. The isometry properties from (4.23) and (5.3) yield
= nl
BRI =3 gy [ nn(a) 7(0) (5.21)
as well as
5| [wenm.0) ¢t | = 3 G [ e oan) 6.2

Since these identities hold for all G € dom(V), by choosing, for example, g, = 0 for all n € N except for
one, we obtain

w0 +n=1) | fa(@)g(@) p"(dz) = | ho(z)g(x) pI" (dz)

X’!‘l
for each n € N and each g € H,,. Equivalently,

/ (n(0 +n = 1) fa(x) = hn(2))g(x) P (dz) = 0
for each n € N and each g € H,,. Thus,

hn=n@+n—1)f,, pM-ae,neN.
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Since H € L*(¢), the convergence of

oo

nIn2(0 +n —1)2 9 n
Z: 9(2n) /n dz = Z:l 92n) o fn(x) p[ ](de)
yields F' € dom(L). Finally, it follows
nn@+n—1 -
B(vA) =3 LD [ p (), ) o)) = B[ L(F)G] 0
X’VL

The following remark gathers immediate properties of L.

Remark 5.21. Given F,G € dom(L), by Theorem 5.20 and the partial integration formula (5.7), we
obtain

E[(~L(F))G) = E[§(VF)G] = E [ / (V. F)(V,G) <<dx>} —E[F5(VG) =E[(-L@)F],  (5.23)

showing that L is symmetric and negative semi-definite.
Since L(F) is the L2-limit of centred random variables, we further infer E[L(F)] = 0 for each F €
dom(L). o

5.4. THE UNCENTRED GRADIENT

An examination of the definition of the gradient V prompts consideration of the second term in each
summand in the defining series, which ensures that each summand is centred with respect to (. It is also
possible to define a gradient operator that omits this centring term. This alternative approach is explored
in the following section. However, we will see that this approach not only complicates calculations but
also lacks the link to the Fleming—Viot processes with parent-independent mutation studied in population
genetics.

Definition 5.22. Let dom(V?) be the set of all F € L?(¢) with chaos expansion (4.22) such that the

kernel functions satisfy
Z @n= 1)/ Fal@)? p"(dz) < (5.24)

The subsequent remark shows that the sets dom(V) and dom(V?) coincide.

Remark 5.23. The series in (5.1) converges if and only if the series in (5.24) converges. To see this, note
first that if F € dom(V°) with chaos expansion (4.22), the inequality

(0 +n—1)nn! nn!

9n) < gen-1)° " €N,

implies the convergence of

= (0 +n—1)nn!

y e [ ey o (az)
n=1

0+n—1
O0+2n—1

and thus shows F' € dom(V). Conversely, since the sequence ( )Jnen converges to 3, there exists some

no € N such that

1 < 0+n—1 S
- <—— -, n>n
4= 0+2m -1 =0
is valid, and we conclude
1 nn! (6 +n—1)nn!

1901 < gCn) ;M2 Mo ©

As for the gradient V, the convergence of the series in the definition of the domain guarantees the
convergence of a series in L?(C¢).
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Lemma 5.24. Let F € dom(V°) with chaos expansion (4.22). Then

OxX>3 (w,x) HZ / (T, 91,5 Un_1) " Hw,d(y1y -y Yn1))

converges in L*(C¢).

Proof. Let ng € N. Similar to the proof of Lemma 5.2, it holds

/}g(in/xnlfn(x,yn—l)@1(dyn—1)>2 Z H(Zniﬁ /fn dz).  (5.25)

The definition of the uncentred gradient reads as follows.

Definition 5.25. Let V°: dom(V°) — L?(C¢), be defined by

(R@a) =30 [ o) O )

where the kernel functions from the chaos expansion (4.22) of F' € dom(V?) are denoted by f,, n € N.

Although the definition of the uncentred gradient may seem simpler at first glance, computations in
terms of the chaos expansion involving the uncentred gradient can become more complicated. For example,
formulas for partial integration become more intricate when the centring is omitted.

Example 5.26. Let h: X3 — R be square-integrable with respect to pl*l and assume h(z,-) € Hy for each
x € X. Moreover, let F € dom(V?) with chaos expansion (4.22). Let ng € N, ng > 3. By Corollary 3.8 and
Corollary 4.7, we have

/x( g h(x,Z2)C2(dz2)> <§:n/xnl fn($7yn_1)C”‘1(dyn_1)> C(dx)]

Z 0 n+2) ~/X"+2 h(x, 22) fn (2, Yn-1) p[n+2] (d(x,22,¥Yn-1))

E

] .91
- 2972) /X (e, 0) ol ) o (Al ) + /X g, 2) fo(w,y, 2) pP(d(, 9, 2).

Taking the limit ny — oo, which is feasible since VOF € L?(C;), we obtain

E UX (/X h(:(:,zz)CQ(dzz)> (VIF) g(dx)}

. 91
- % /Xg h(w, @,y) fa(z,y) PP (d(x,y)) + 39(752) /XS h(w,y,2) fa(x,y,2) pP(d(2, y, 2)).

Because of

no

E /Xa h(z) ¢3(dz) (E[F(C)] +nz::1 - fu(y) C™(dy )] Z 9(n+3) /Xn+s h(z3) fo(yn) P73 (d(yn, 23))

2.2 3! .
T s / ) ol ) Q) + gy [ B2 ) 0 A )

for each ng € N, ng > 3, by again Corollary 4.7, we conclude that in this case an adjoint or divergence
§°(h), which satisfies

E [/X (/X h(m,Z2)C2(dZ2)) (VOF) C(dw)] =E[F5°(h)],
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has the form

)= 0+5) [ 1) - g [ [ heya) plda) Claya)

2(6 + 6)
0+ 4

[ e @) - G [ [ haa) o+ 8@ ). P

(Note that, according to Corollary 5.4, the adjoint to the centred gradient is in this case
042 [ 1@ @0 = [ b (048, + 5900 C.2). Pas)

In general, if a random variable §°(h,,, ), which satisfies

E { /X ( ” hm(x,zm)Cm(dZm)) (VOF) C(dx)} =E [F6°(hm)] ,

for some m € Ny and a mapping h,, € L?(pl™ 1) with h,,(z,-) € H,, for all x € X, is to be established, a
similar calculation leads to the formula

) =0+2m=1) [ o210 = 2 [ ey plde) ¢ )
m(0 +2m + 2)
a 0+ 2m
2m
0+ 2m—2)0

/m hm(xaxaym—l)cm(d(xvym—l))
[ [ rnleayme) (04 8y @) ¢ o), Pas o
xm-1JxX

This example not only illustrates that the adjoint in chaos expansion of the uncentred gradient is more
involved but also raises the question of an associated generator.

Definition 5.27. Let dom(L°) be the set of all F' € L?({) with chaos expansion (4.22) such that

S e Dt [ w2 o) <

n=1

For such F, let
=S n@+2n-1) [ folx) ¢ (dx).
n=1 Xn

We note that the condition imposed on the kernel functions in dom(L°) ensures the convergence of L°(F)
for F € dom(L%). As in the case of the gradient, compared to L, the only modification is a factor of 2 in
each summand. While L and dom(L) involve terms of the form —n(f 4+n — 1) and (6™)~1(0 +n — 1)?nn!,
the expressions for L take up —n(f + 2n — 1) and (0™)~1(0 + 2n — 1)?nn! for each n € N, respectively.
Thus, the domains of L and L° also coincide.

The next result is analogous to (5.23) for the centred case.

Lemma 5.28. The set dom(L°) is a subset of dom(V°). Furthermore, given F € dom(L%) and G €
dom(V?), it holds

Bl(-L()6] = & | [ (V2R)(26) ¢l
X
Proof. The inequality 1 < n(6 + 2n — 1) for n € N implies the inclusion dom(L°) C dom(V?).

We denote the kernel functions of F € dom(L") and G € dom(V°) by f, and g,, n € N, respectively.
From equation (5.25) and polarisation, we obtain

]E{ JIGLIGTr } 29(;?'1) | tt@)anta) o o).

Let ng, mo € N. Corollary 4.11 yields
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no mo
(Z n(@+2n—1) / fn(x) C"(dx)) (Z / gn(x) C"(dx))]
n=1 X n—o/X"
oAn
0+ 2n — 1 nn!
Z g [, In@en() o ).
By the Cauchy—Schwarz inequality, an upper bound for this expression is
1 1
mo/Ang 2 mo/Ang 2
(0+2n — 1)nn! or (0+2n —1)nn! 2 In
( Z:l I/ TCT) fn P (dz) 2:1 I/ TCT) R /Xn gn() P[ ](dff)
Since F, G € dom(V?), it follows
(0 + 2n — 1 nn!
E[(-L oy ez S ! [ ful@gn(@) #7) ). O

n=1






CHAPTER 6

CONNECTION TO MARKOV PROCESSES FROM POPULATION
GENETICS

In this chapter, the gradient and the generator from the previous chapter are connected to the operators
considered in the study of Markov processes in population genetics. To this end, first some concepts used
in the study of Fleming—Viot processes are introduced. In dedicated sections, the gradient V, a bilinear
form arising from the scalar product in L?(C,) and the generator L are related to the operators considered
in the context of Fleming—Viot processes with parent-independent mutation.

Throughout this chapter, X is assumed to be a locally compact Polish space equipped with the Borel
o-field X. By M;(X), the set of all probability measures on X is denoted. Furthermore, let § > 0 and
vy € M;(X) with support X. Let p := 0y and consider a Dirichlet process ¢ on X with parameter measure

p-

6.1. RELEVANT CONCEPTS

In this section, concepts used in the studies of Fleming—Viot processes are reviewed.
Let Cy(X) be the space of all bounded and continuous functions f: X — R and let S denote the space of
all functions F': M;(X) — R of the form

Flu) = ( [nwnta..... [ gd<y>u<dy>) ,

where d € N, g1,...,ga4 € Cp(X) and ¢ € C>®(R9). We first revisit a notion of gradient commonly used in
the study of Fleming—Viot processes (cf. e.g. Overbeck, Rockner and Schmuland (1995) or Shao (2011) for
the definition given here). For F' € S define V*:  x X — R by

(V* F)(w, 2) i= Ejj (0:0) ( [nwcewan..... [ <<w,dy>) (gz-<w> - [aw <<w,dy>) 6

=1

Similarly to before, we denote the random variable w — V*F(w, z) by ViF. We further introduce a bilinear
form £*: S xS — R by
E*(F,G) =E[Cov¢(V'F,V*GQ)], F,Ge€S. (6.2)

Here, we use the notation
Cove(H, H) = / HoH, C(dx) — / H, ¢(dz) / A, ¢(de)
X X X

for measurable functions (w, ) — H,(w) and (w,z) — H,(w) in L2(C;) and set Varc(H) := Cov¢(H, H).

6.2. THE GRADIENT

In this section, a connection between the gradient V from Chapter 5 and the gradient V* is drawn.
We recall the tensor product from (3.8).

Lemma 6.1. Let m € N and let h: X™ — R be measurable and of the form h =hy ® ... ® h,,, where each
hi: X =R, i € [m], is bounded. Let F: My (X) — R be defined by F(p) = [y, h(y) p™(dy). It then holds
F(¢) € dom(V) and

VF =V*F, C¢-a.e.
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Proof. At first, we note that F' € L?({) since h is bounded. The proof is divided into several steps. At
first, V*F is calculated. In the next part, we consider VF', where we distinguish the cases m = 1 and
m > 2. While the claim follows easily in the case m = 1, for m > 2, in a first step we consider the terms
incorporating x. The terms independent of x are then collected in a final step.

(a) Since F' can be represented as

Fu) = / ha(y) p(dy) - .. / hm(y)u(dy)Zw( / 91(y) (), .., / gm<y>u<dy>), i€ My (X),

with g; = hi, @ € [m], and ¢: R™ = R, ¢o(21,...,2m) = [[1o] 24, it is an element of S and the explicit
formula yields

m

vir =3 00) ([ 1) i), [ ) ctan) (mio) - [ it can)

i=1

=S m@ L ([ mwcan)-m [ e, zex
i=1 j=1 WX Xxm
i
(b) As a next step, we conbider VF.
First, assume m = 1, i.e. F(u fx . The chaos expansion of F is given by
F(¢) = /f1 ¢(dz), P-as.
with
1
filx)=(0+1) ( (/h( ) p(dy) + h(x ) —f/h )7 p-almost all z € X.
0+1\Jx
Because of
V.F = file) = [ fi@)Cde) = hw) = [ W) Cay). w e
X

the claim follows in this case.
Let . > 2 and = € X. By Example 4.17, the chaos expansion of F is finite, i.e. [;,, h(y) (" (dy) € @,
Consequently, F' belongs to dom(V). By definition, we have

V F = Z / l’ s Yn— 1)§ dyn 1 Z fn yn (dyn)a

n=

where the chaos expansion of F' is given by (4.22). According to (4.16), the function f, is for pl™-almost
all (z1,...,2,) € X" given by

0+2n—1<

ST EANTY Y E[FGa, b))

=0 1<ii<...<ij<n

fo(z1, ... zn) =

n!

We recall the notation introduced in Section 2.4. We decompose VF into two parts: one that contains all
terms involving x (these terms will be considered in step 1)) and another that consists of the remaining
terms independent of = (these terms will be considered in step 2)). As the second sum in the definition of
VF is independent of x, we consider it in step 2) and now decompose the first part. This gives

; /X" ) (,yn-1)¢"" 1(dYn 1)

_ (n—1) (n-1)

n—1
9 (n—1)
+> (-1 (ff))(m) > /<p+6yi1+...+6yw>[ml< )" (dyn)
Jj=1 J 1<i1<...<ij<n
i ;0 + (n=1)
+Z 49_|_J))(M) Z (p+ 6z + 0y, +...+6yij)[m](h)C"(dyn) ,
Jj=2 J 1<i2<...<i;<n
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where the sums in the last two lines are empty sums in the case n = 1. By Corollary 3.12, using the
notation introduced in (3.9), for n € {2,...,m}, the second to last sum in the square brackets is equal to

n—1 .
nf(e+ )(nil) n—1 m—r 0] yeensl
I = W | CEURD W DT T Uy

j=1 =1 (i1,...,i,)€[m]["]

while the last sum is

- n*j(0+j)(n71) n—1 m
S () |

j=2

1D DD SR S T T R

r=1(i1,...,i,)€[m]]

1) In this step, the term containing x is examined, i.e.

T h+2m—1 & O+ )V (n—1 ) ) o
275 : n" R v E E (3 ( (- x))p[m T](h®21 ,,,,, in)
—1)! ( (m) ®i1yeenyip
n=2 (TL 1) Jj=2 <9+] J= =1 (iy,...,i,) €[m]"]

T 042n—1 L0+ 1)) T X i
D TR ey ) DD DI PR Ot U

n=1 r=1(i1,....ip) €[m]l"]

Interchanging the order of summation in the first sum gives

T e 9+2n—1 6+ 4)=1 1 B o

Z Z ( )" il E E < ( ( ,x))p[m T](h®z1,m,zr)
- (m) [ ST

J=an= b= i) (6+3) r=1(i1,...,ip) €[m]l"]

m

n 0+2TL*1 n— 1 9+1 n—1) 1 [m—r] (1 ®i1,...,ip
3 m—nr Y e 2o 2 hena @ TIEE),

n=1 r=1(i1,...,ip) €[m]"]

In both lines, applying Lemma A.2 to the sum over n and inserting the definition of h{éil,...,ir for j,r € [m)
and (iy,...,i,) € [m]I" yields that the above equals
Z Z Z]—l'—j)' Z /h@m, i Wy y,) 7 (dyg-1)
=1 (i1,...,ip)€[m]l7 \J=2 1< <. <1<
(_l)m_l [m—r] (1 ®i1,...,0p
+ mh@l,...,u(%“-ax) P (R ), (6.3)
where we set y; = 2 in every summand in the first line, j € {2,...,m}. Let » € N and (i1, ...,i,) € [m]l"].

We now focus on the expression within the brackets. As in Example 4.17, we distinguish cases based on the
multiplicity of identical arguments in the integrand. However, here, we also account for the number i € [r]g
of times « = y;, j € [m], occurs. With this aim, for j € {2,...,m}, we decompose

r=1([G-DA(r—i)

{(h,....l)eN1<h <. <L <j}=Bul) U U By,

=0 k=1 A multiset of k natural numbers
that sum up to r—i

where
B, ::{(lla...Jr)ENT: 11:-'-217“:].}7

BA,O = {(ll,...,l7-) eN:1<; <... <lI, <j-—1,
and the multiset with elements Iy, ...,[, has multiplicity structure A}
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for a multiset A containing Aq,...,Ax € N with sum r and
B)\,i = {(117...,17) eN: 1< <...<l,_; <j-—-1, lr—i+1 =...=1 =7,
and the multiset with elements l1, ..., l._; has multiplicity structure A}
for i € [r — 1]p and a multiset A containing Ay,..., Ay € N with sum r — i. For such a multiset A with

M () distinct values, denoted by v, ..., vaz(n), each occurring my(vy,) times in A, b € [M())], the set By ;
contains

(j - 1) k!
kTS ma(on)!

elements, i € [r — 1]. With this decomposition, for fixed r € [m] and (iy,...,i,) € [m]I"], the term in the
brackets in (6.3) becomes

m ; r—1 (G—1A(r—i)

2 ]—1! :2: E: > X l/h®“wJJMw-~JmJ@;de—ﬂ

j=2 A (l1,..50r)EBN

o g (-
+]:Z2]71—])h®“’ ,17(./15 ...,./L')+mh®ih.“,ir(x,...7l‘),

where again ), in the first line is used to express the sum over all multisets A as specified above. Since
X" (t,. . ty) = S bt t)p T (RS
(i1,--s0p) €[m]L"]

is a symmetric function for r € [m], we have

/Q. Yo i Wy )T (R (7 (dyya)

-1
(i1,0.0y5r ) €[m] (7]

/ E h®i1,...,ir(y1a'-'7y17"'ay7€7"'aykaxa"'7x)p[m_r](h®il7m,“)Ck(dyk) = [A,iﬂ‘
— —_— —
(i1,eesir) €[m]IT] A1 times A times i times

for fixed j € {2,...,m}, i € [r—1]o, k € [(j — 1) A (r —i)], a multiset A with elements Ay, ..., Ay whose
sum is r — ¢ and (I1,...,l.) € By,;. The integral now depends solely on A, which in turn is determined by
k, i, and r. Substituting this expression into (6.3) yields

r=1([G=DA(r=1)

DI DD S DD DR

r=1j=2 A (l1,..0lr)EBN

- (_1)m—j - . . [m—r](} ®i1,...,ir
L GO P, (- )T (R )

i=1 =1 (i1 i) Elm] 7
m r—1r—i m . .
Jj—1 k! (—1)m—J
=) 3 35 IS S (g e . .
r=14i=0 k=1 X J=kt1 k Hh:(1 ) mx(vp)! (7 — Dl(m — j)!
m ( 1 m

+Z_:(J—1)l _J'Z S b @) (),

=1 (iy,...,i)€[m]I"]

Let i € [r —1]p and k € [(m — 1) A (r — ©)]o. We proceed by analysing the sum

N
2 Go1-0im

j=k+1

=)
According to an index shift and the binomial theorem, it is equal to
m—k—1 (_l)m*kflfj 1

;) Am—k—1—4)1 (m—k—l)!(l_l)m o
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which evaluates to zero unless k = m — 1, in which case the sum equals 1. If K = m — 1, we have
(r,i) = (m —1,0), (r,i) = (m,0) or (r,i) = (m,1). In the first two cases, we obtain a multiple of I o for
suitable multisets A. Being independent of x, these integrals will be considered in step 2). In the latter
case, r = m and 7 = 1, the remaining term is

1 1
I)\,l.m = L@,l,m,
Z ’ HJV]()\) (m _ 1)!

|
A multiset of m—1 natural numbers h=1 m)\(l/h)
that sum up to m—1

where the multiset x consists of m — 1 times the element 1. This expression is equal to

1 _
/ E h®1’1,...,im (y17 sy Ym—1, 1‘) Cm 1(de—1)
Xm 1

(m—1)!
(m=1) (i1,.. 7im)e[m][m1
1

= G yim 1) Zhh R (s Ym1) (™ (dymo1) = ViF +m | h(y) ¢ (dy),
Xm—l

( i—1 Xm

which concludes step 1).
2) In this step, the terms independent of = in the above calculation of VF are studied. These terms are

~Sn /X Fulyn) ' (dy),

the second sum in the definition of VF, and

O+2n—1 (61 (g+1)D GO+ -1
— 1 —1)" [nl]h
Z oot |\ o @y {””}Z o () oo

n 0+]( 1 Tl,*l m—r 71 7
+1{n>2}2 j9+j))(m) Z S )

=1 (iy,.. 7747)6[7”}[7‘]

O+ 7)Y (n—1
) Ji [m]

1
+ Z D\,o,m—lw

|
A multiset of m—1 natural numbers h=1 m)\(yh)
that sum up to m—1

1
+ > Lom DT (6.4)

|
A multiset of m—1 natural numbers h=1 mA(Vh)
that sum up to m

from the above calculations. We consider them separately, starting with (6.4). The only multiset containing
m — 1 natural numbers with sum m — 1 is the set consisting of m — 1 times the value 1. Hence, the second
to last term in (6.4) is equal to

1 - i i
/X 1 Z h®i17~~~,im71(y1w~~7ym71)cm l(defl)p[l](h® tre 77171)

(m —1)!
(m 1) (150 esim—1) €[m]lm—1]
m
- 3%

A multiset of m — 1 natural numbers whose sum is m contains m — 2 times the value 1 and once the value
2. Thus, we obtain

1 1
Z I)\,O,m By = (m — 2)' Z I)\,O,m~

[12 man)! !
A multiset of m—1 natural numbers h=1 AR ): A multiset of m—1 natural numbers
that sum up to m that sum up to m
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Furthermore, because of

i 9+2n—1(_ N (R +"‘1 Ly O+ 7)™V fn—1
~ (n-1) H(m) (64 1)m) = 6+ j)tm) J
= 9+])(" Din-1 1 1
AL A —(0+1 —
*; 01 m Go1)| TV G~ arnm
m n— m—1 m A (n—
:_29+2n—1( 1y A 1>+ 1 5 6+2n—1 (_Dn,j(eﬂ)_( b
— (n—1) 6 gl e (=1 ) 0+ )
" 6 + 2n — 1 w0450
+Z J_llz 1) (9_|_j)(7n)7

Jj=1

which, when combining the first two sums and using Lemma A.2 as well as the binomial theorem in order
to evaluate the last, reduces to

m—1 m m
1 6+2n—1 0+ 5)=b 1 _
» (-1 Y (-1
= J!,L;.H (n—1-)! (0 + 7)) ;1 (7 = D m = 5)!
m—1 m .
1 0+2n—1 (045D
- - Jrer Ty S
25 2 o1V G e 0
expression (6.4) becomes
m—1 m m
1 0+2n—1 (045D 1
= (=" . I (h) + Y plha )T (R
2.5 2 o1 @+ /)0 2

1 & f0+2n-1 (0 + m
“F‘ 7 Z +7n( 1)n_](—’_J))(m)¥ Z C (h{@nl, ¥ )p[m T](h®117 ,lr)

+ yPe— Z Ix0,m- (6.5)

" X\ multiset of m—1 natural numbers
that sum up to m

On the other hand, by Corollary 3.12, we have

m

Ui n 0+2n—1 [ < - 6+ )1 "
—;n/wfayn)c(dyn):—z e (e G ()

n=1 7

=0
V5T e

212 )] @+ 7)™
Sl & (420 —1)n (0 + 7)1V o _ L

_E 75 —1)— ] E E J(he N plm=rl(p®i1siry (6.6
= ]' = (n 7])1 ( ) 6 +] (m) il < ol C ( ®Ri1,..es zr)p ( ) ( )

Combining (6.5) and (6.6) leads to

m m

SO Zji Cido Do s )P TR ) 4 S p(hi ) (RO

|
Jj=0 J: Jj=1 =1 (i1,...,i,)€[m]l"] i1=1
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+ m Z Ix0,m, (6.7)
A multiset of m—1 natural numbers
that sum up to m
with
m . . ¥
0+2n—1 (645D n . (4 )00
C; = —_— (- (1 - — )| - (0+2j - 1) -1
1= 2 o= ) e \amg) O e e e
and ( (m—1)
0+ m)im= 1
Cn=—0+2m—-1m———=-—ml@+2m—-1)——— = —m.
(6-+2m —1m (6 +m)(m) m(6+2m )9+2m71 "
For j € [m — 1]y, Lemma A.2 implies
= (0420 1) ;0 45)Y i1
C,=-— — (- = (-1 T
D S o iy e 1 s N ey
Because of
m m—1 : m :
1 (=pm—-t 1 (=pm—7-t 1
- - ~ — = —— =—(1-1)""" =0
2G0T L G e =G~ Y
by the binomial theorem, we obtain that (6.7) equals
m m 7j—1 . X . . m 1 .
S USSP £ 3 )¢ (00
Jj=1 r=1 (iq,..., i) €[m]lr] i1=1
1
—_— Dyom.
Yoo 2 »0
A multiset of m—1 natural numbers
that sum up to m
The first term in this expression is
m m j—1 m TAJ
> ﬁ 2000 > hon (6.8)
j=1 r=1k=1 X (ly,...,l,)EBx

where ), is the sum over all multisets A consisting of k£ natural numbers that sum to r and

B)\ Z:{(ll,...,lr)GNri 1§11§§lr§j

and the multiset with elements Iy, ..., [, has multiplicity structure A} .
By symmetry, (6.8) equals
m T m m =1, 1
J
20D I Z -
; — X
r=1k=1 X\ i=k ] —k)! I (1)m/\(Vi)!

Let r € [m] and k € [r]. We now proceed to evaluate

Through a series of index shifts and applications of the binomial theorem, this sum simplifies to

"LZ’C 'm k—j— 1.7 L m—k ( 1)’m k—j 'mzk m k—j—1 i (1 _ 1)7”—k
_ _ _ R Y
= (m—Fk—j)lj! = (m—Fk—j)! = (m— k NG =1 (m —k)!

k
_ (—1)m—k=i (1-1) _ (1—1)ym—k-1 (1—1)m—*
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Thus, the only terms remaining in (6.8) are those corresponding to k = m and kK = m — 1, i.e. the cases
when (r, k) € {(m,m),(m —1,m —1),(m,m —1)}. In the case r = k = m, the expression in (6.8) is

1 m
—m Z IA,O,mW = *MIH’,O,m

|
A multiset of m natural numbers =1 mA(Vl)'
that sum up to m

m
- _ﬁ/ Z hiy,oivn Y153 Ym) (" (dym) = —m h(y) ¢ (dy),
s (1150005t ) €[m] (] gm

with x’ denoting the multiset consisting of m times the value 1 — the only multiset of m natural numbers
summing to m. If r =m — 1 and £ = m — 1, we obtain

(1) i n L
Z Ix0,m—1 M(X == Iiom—1=— E p(hi)C™ (h®“).
T _ 1\ /Y 1
A multiset of m—1 natural numbers [ Iz:(l ) m/\(Vi)! (m —1)! =1

that sum up to m—1
Finally, if r =m and k =m — 1,

(=1) 1
I0m = - Inom. O
Z 2.0, HM()\) | (m —2)! Z 2.0,

A multiset of m—1 natural numbers h=1 X (Vh)' " X multiset of m—1 natural numbers
that sum up to m that sum up to m

Building on the previous result, we establish a connection between V*F and VF for arbitrary F' € S.

Lemma 6.2. Let F € S. Then F is an element of dom(V) and it holds
E [/ (ViF — V,F)? g(dx)} =0. (6.9)
X

Proof. Let F € S with representation F (1) = ¢ (u(g1), - - -, 11(ga)), 1 € My (X), for some d € N, p € C>(R?)
and measurable as well as bounded g;: X — R, i € [d]. The boundedness of g1, ..., gr implies the existence
of a constant ¢ > 0 such that |g;(x)| < ¢ holds for all # € X and j € [k]. By the Weierstrass approximation
theorem (cf. Theorem 1.6.2 in Narasimhan (1985)), for each n € N, there exists a polynomial ¢,,: R¥ — R
such that

lim ¢, =¢ and li_>m Ojpn = 0;p, forall j € [K],

n—oo

uniformly on [—¢,c]*. Given n € N, let F,,: M;(X) — R, be defined by

Fo(p) = on (u(g1), -+, p(ga)) -

Because of
E[(Fu(C) = F(€)?] = E[((¢n — ©)(C((91),---,¢(gn))?] = 0, 1 — o0,

by dominated convergence, we have F,, — F as n — oo in L?(¢). Furthermore, dominated convergence also
yields

k

2
E [ [ @R vy <<dx>] -=|/ (Z (Oulon = 9)) (Clan)s - Clgn)) (g —<<gi>>> ((da)

i=1
— 0, n— oo.

Since each ,, is a polynomial, the corresponding function F,, n € N, can be written as a finite sum of
functions of the form considered in Lemma 6.1. Hence, by Lemma 6.1, it follows that for each n € N we
have F,, € dom(V) and

E [/X(v;;Fm — ViE,)? C(dx)] =E [/X(V,Fm — V.F,)? C(dx)} , méeN.

As the left-hand side tends to zero for m,n — oo, Lemma 5.5 yields F' € dom(V) and

lim E [/X(VwF — van)Qg(dx)} =0.

n—oo

The assertion follows from the triangle inequality in L?(C¢). O
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The above lemma also states a connection to the “the discrete gradient”. (This name is coined in Dello
Schiavo and Lytvynov (2023).) The precise connection as well as the connection between the integration-
by-parts formula from Flint and Torrisi (2023) in L?(p) and the partial integration in L?(C;) introduced in
the previous chapter is subject to further research.

6.3. THE DIRICHLET FORM

In this section, we introduce a bilinear form £ defined on dom(V) x dom(V), which we will identify with the
Dirichlet form associated with the generator L, from (2.6). For an introduction to the theory of Dirichlet
forms, we refer to Fukushima, Oshima and Takeda (1994) or Ma and Rockner (1992).

Definition 6.3. Let £: dom(V) x dom(V) — R be defined by
E(F.G)=F { / (Va F)(V.G) C(dz)] . F.G e dom(V), (6.10)
X

and set E(F) = &(F,F), F € dom(V).

By Corollary 5.4, the gradient is centred with respect to ¢ and we can thus write £(F, G) for F, G € dom(V)
as

E(F,G)E{/X(VIF)(VZG)((dx)} - [/X(v F)c(d )/(v G)c(d )] —E[Cove(VE,VG)] (6.11)

or, in terms of the chaos expansion,

Z 9(% (O +n— / Fa(@)gn(z) p" (d) (6.12)

n=1

for F,G € dom(V) (cf. equation (5.3)), where the kernel functions of F' and G are denoted by f, and gy,
n € N, respectively. From (5.23), it follows further that

E(F,G) =E|(-LF)G], F €dom(L),G € dom(V). (6.13)

Moreover, we note that, due to the properties of the covariance, £ is bilinear, symmetric and positive
semi—definit.

We now establish that £ is a closed form (cf. e.g. property (£.3) on p. 4 of Fukushima, Oshima
and Takeda (1994)), i.e. the space dom(V) with the metric dom(V) x dom(V) > (F,G) — & (F,G) =
E(F, Q)+ E[F({)G(C)] is complete.

Lemma 6.4. Let (F),)nen be a sequence in dom(V) and assume that lim, o0 E(Fm — F,) = 0, i.e.
(VE,)nen is a Cauchy sequence in L?(C¢). Then there exists F € dom(V) with

lim E(F — F,) =0.

n—roo
Proof. The assertion is a consequence of (5.4) and Lemma 5.5. O

The above lemma is a key ingredient in the proof of the next result. We recall the definition of £*
from (6.2), namely

E*(F,G) = E[Cov¢(V*F,V*G)], F,G€S.
Theorem 6.5. The operator (dom(V) x dom(V), &) is the closure of (S x S,E*).

Proof. By the polarisation identity,

E(F.G) = i E(F+G) - EF —G)), F.Gedom(V),

it suffices to consider the form £ as acting on a single argument, i.e. in the following analysis we consider
the mapping F — E(F).
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Let F' € S. According to Lemma 6.2, it holds E [Var;(V*F — VF')] = 0. Thus, by the symmetry of
E [Covc(-, )], it follows

E [Var¢(VF)] — E [Vare (V*F)] = E[Cov¢(VF — V*F,VF)] — E[Cov¢(V*F — VF,V*F)]
= E[Cov¢(VF — V*F,VF + V*F)].

Applying the Cauchy Schwarz inequality leads to
E [Varg (VF)] — E [Varg(V*F)]| < E [Varo(VF — V*F)]* E [Varc(VF + V' F)]¥ = 0.

Hence, E(F) = £*(F) for F € S. Furthermore, £ is closed by Lemma 6.4.

We now show that the closure of the graph of £* is the graph of £. On the one hand, based on the
reasoning above and the inclusion S C dom(V) from Lemma 6.2, the graph of £* is contained within the
graph of £. Since the graph of £ is closed, this inclusion also extends to the closure of the graph of £*. On
the other hand, we show that S is dense in the Hilbert space (dom(V), 1), where

&1(F,G) = E[F(O)G(O)] + E(F,G), F,G € dom(V).

(The completeness of the space is a consequence of the fact that £ is closed (cf. p. 4 in Fukushima, Oshima
and Takeda (1994)).) We already know from Lemma 5.5 and Lemma 6.2 that dom(V) is closed and that
S € dom(V). It remains to show that each F' € dom(V) can be approximated by a sequence from S. Let
F € dom(V). By (4.23) and (6.12) we have

= nl+ (0 +n—1)nn! -

Let € > 0 and choose k£ € N such that

o0

| — |
Z n+(9+n 1nn/ fo()? ) (dz) <

n=k+1

Let

Fy +Z/ fu(z) ¢ (dz)

n=1

and Sy be the subspace of S spanned by the functions

i [ i) ude) . [ (o) ulao)

with m € N and hy,..., hy, € Cp(X). Since {G(¢) : G € Sp} is dense in L?*(¢) (cf. Lemma 2 in Peccati

(2008)), there exists G € Sy such that

E|(F - G(O)] <2,

c

where ¢ := 14 (0 4k —1)k. Let G be the orthogonal projection of G(¢) onto Fo&. .. ®Fy. By orthogonality,
we then have
E[(Fy — G(0)?] = E[((Fo — G(Q) + (G(¢) = G(0))*] = El(Fy — G(¢)*] + E[(G(Q) — G())’]
> E[(Fo — G(€))?].
Let g,, n € N, denote the kernel functions of G. By Proposition 4.15 (cf. (4.16)), it holds

MZ(—l)”_j(ﬁ—kj)("_l) > [ (Cotdo, +rsy )| 5 1 € (K],

j=0 1<i1<...<i;<n

gn(xlw'wxn): nl

and g, =0, n > k. Since Ge So, Corollary 3.12 yields that G = G(() P-a.s. for some Gy € Sp. Moreover,

(P~ 6P = @) = B[P0 = O] + 3 I [ (1) —ga(w) i)
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n=1
k
<c (E [(F(O) =G+ Qgg;) (fu() = gn(x))? p" <dx)> +e
= cE[(Fo — G(¢))?| + e < 2 O

6.4. THE GENERATOR

In this section, the name Fleming—Viot operator is justified by establishing that the operator L from
Chapter 5 is indeed the generator of the Fleming—Viot process with parent-independent mutation.

In Stannat (2000), a calculation on p. 678 shows that L, from (2.6) with the mutation operator A given
by (2.7) satisfies

E[(—L,(C)(F))G] = %E [Cove(V*F,V*G)], F,Ge€S.

For completeness, we recall the computation using our shorthand notation u(f) = [y f(x) u(dx) for a
measure 1 on X and an integrable function f (cf. Section 2.4). Let F,G € S with representations

F(p) =@ (u(f1)s-- - pn(fa)) and G(p) =¥ (ug1)s -, pu(ge)) s p € Mi(X),

where d,e € N, p € C°(R%), 1 € C*(R®) and f;,g;: X — R are assumed to be measurable and bounded
for i € [d], j € [e]. Given that with F' and G the product F'G also belongs to S, we may exploit the explicit
definition of L, in order to derive

d

2L, (W)(FG) = ) (8:0;0) (u(f1), -, 1l fa)) Covyu(fis )G + D (0i05) (n(gn), - - -, 1(ge)) Covu(giy 95) F

i,j=1 ,7=1

d e
+23 3 (@) (1) - 1) (059 (1g1)s - - > 1(ge)) Coviu(fir 5)

i=1 j=1

d e
+ Z(aw)(u(fl), o D) AL)G D 0) (1lgr), - - 1(ge) ) u(Agi) B, € My (X).

=1

Given p € M;(X), this simplifies to the following expression upon collecting terms

d e
2(L, (1) (F))G + 2(Ly (1) (G)F +23 > (0ip)(pf1)s - f)) (059) (19n): - - -, 1(ge)) Covul fis g5)-

i=1 j=1
Recalling the definition of V* in (6.1), taking expectations and using that L,({) is symmetric, we infer

E[(~L,(Q)(F))C) = SE[(~Ly(O)(F))C] + SE[(~Ly(Q)H(@)F]

= SE[(-L,(O(FG))] + JE[Cove(V*F, V*G)].

As the distribution of ¢ is the stationary distribution of the corresponding Fleming—Viot process, i.e. it
holds E[L,(¢)(H)] = 0 for every H € S, we thus have

E[(~L,()(F))G] = 5E [Cove(V°F, V°G)].
Since E[Var(V*F)] = E[Var.(VF)], F € S by Lemma 6.2, we obtain
E[(~L,(O(F))G] = 36(F.G) = (E[(-L(F))G], F.GeS.

The generator L associated with the bilinear form & from (6.10) is a linear mapping from a subset of
dom(V) into L?(¢) which is defined as follows. The domain dom(L) of L is the set of all F' € dom(V) such
that there exists H € L?(¢) satisfying

E(F,G) =E[H(()G(Q)], G € dom(V).
In this case, one defines LF = H. It turns out that L is the Fleming—Viot operator L from Chapter 5.
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Theorem 6.6. It holds dom(L) = dom(L) and
LF =LF, P-as., Fedom(L).

Proof. The inclusion dom(L) C dom(L) and LF = LF, P-a.s. for F € dom(L) follow from (6.13).

Conversely, let F' € dom(L), G € dom(V) and let H € L?(() be such that £(F,G) = E[H (¢)G(¢)] holds.
Choosing G = 1 shows E[H(¢)] = 0. Let hy,, n € N, denote the kernel functions in the chaos expansion of H.
We can proceed exactly as in the proof of Theorem 5.20 (cf. (5.21) and (5.22)) to show h,, = (6 +n — 1) f,
n € N: By (6.12), we have

Z T 0+n—1) | ful@)gal@) " (dz),
0( )

Xn

where the kernel functions of F' and G are denoted by f, and g,, n € N, respectively. Since this expression

is equal to
BHQOGO)= Y gy [ n(@)on(a) o o)

and this equality holds for every G € dom(V), we can choose G € dom(V) such that its kernel functions
satisfy g, = 0 for all except one n € N to obtain h, = (§ + n — 1)f,, n € N. Because of H € L?(()
and (4.23), the series

2 n!n2(0 +n —1)2 n = nl n
> I [ e ) = 32 g [ hate)? i) = B
n—1 n el n
converges. Thus, F' € dom(L). O

Since there is a one-to-one correspondence between the family of closed symmetric forms and the family
of non-positive definite self-adjoint operators (cf. Theorem 1.3.1 in Fukushima, Oshima and Takeda (1994))
and & is generated by L, we obtain that L is the closure of 2L,(().

The semigroup generated by L can be described in terms of the chaos expansion.

Definition 6.7. Let ¢ > 0 and define

Fy= 3 e [ g @) o)
n=0 xn
for F € L*(¢) with chaos expansion (4.22) and fo = E[F(¢)].

We note that the convergence of the series is guaranteed since for F' € L?(¢) with chaos expansion (4.22)
and mg,ng € N with mg < ng it holds

2
- —n(0+n—1)t n o 6_2n(9+n_1)t7’l! 2 [n]
Z e Jn(2)C" (dx) = Z B TCTy a— fn(z)? p™(dx), t>0.

nemo Xn —mo
For every t > 0, an upper bound on this is given by E[F(¢)?], which, according to (4.23), equals

2 n
+20(2n)/ fn(z []dx)

n=1

The subsequent lemma shows that the operator L generates the family {7}, ¢ > 0}, where we follow the
definition of a strongly continuous semigroup from Fukushima, Oshima and Takeda (1994).

Lemma 6.8. The family {T;,t > 0} forms a strongly continuous semigroup with generator L.

Proof. Let F,G € L?({) with kernel functions f,, and g,, n € N, respectively. For ease of notation, we set
fo=E[F(¢)] and go = E[G(C)]. Let mg,ng € N and s,¢ > 0. By Corollary 4.11, we obtain

KZ - <dx)> (Z e / _gnl@) <"(dw>>]
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o efn(OJrnfl)tn!

e . Ful@)gn () p" (dz)

(S fomnere) (8 e

establishing the symmetry of Ty, ¢ > 0. Moreover, by definition, it holds To(F) = F. Concerning the
semigroup property, we note that T3(F) is given in its chaos expansion. Hence, we obtain

n=0

)

T(T,(F)) = Tyys(F), F€L*(), st>0.

Another consequence of the fact that T3(F) is expressed in terms of its chaos expansion is the contraction

property
el e—2n(9+n—1)tn|

BT = 3 —am |, (@) p"(dx) < ELF(Q)’]
n=0

following from (4.23). In order to show the strong continuity, we consider

0o 2
B [(T(F) ~ F)?) = E (Z(e—““"-”s 1 [ 5 <"<dx>>
n=0
s 7n(9+n 1t _ n!
=3 T [ e P

Since the series > 9(%) sn fn(z )2 p™(dz) is convergent, we can apply dominated convergence and infer
E [(Ty(F) — F)?] =0, tlo.

Finally, we first assume F' € dom(L). Using orthogonality and dominated convergence again, which is
applicable because of |+ (e (@ +n=Dt —1)| <n(d+n —1) for all n €N, ¢ > 0, we compute

E

-E <§: C (e_"(9+"_1)t — 1) +n(@+n— 1)) . fulx) C"(dx))

n=0

(3@m) -7 - L<F>)2

7n(9+n 1t _ 1 2 n!
= Z < +n(0+n-— 1)) W/ fulz)? plM(dz) -0, tlo0.
Xn

On the other hand, suppose F' € L?(¢) with chaos expansions (4.22) satisfies
1
Z<Tt<F) —F)—H, t]o0,

in L2(¢) for some H € L%(¢). We set fo = E[F(()] as well as hg = E[H(¢)] and denote the kernel functions
of H by hy, n € N. The isometry (4.23) gives

2[(Grn-m-m) 6] =3 g [ (F e - ) ), 2o

for every G € L?(¢) with kernel functions g,, n € N, and go = E[G(C)]. We conclude that F is an element
of dom(L) and H = L(F). O







CHAPTER 7

VARIANCE BOUNDS

In this chapter, we apply the concepts developed in this work to establish both a Poincaré inequality and a
reverse Poincaré inequality in the spirit of Schulte and Trapp (2024). We note that the Poincaré inequality
for Dirichlet processes is proven in Stannat (2000) by an approximation from the corresponding Poincaré
inequality for the Dirichlet distribution from Shimakura (1977).

Let (X, X) be a measurable space carrying a finite measure p with 6 := p(X) > 0 and let ¢ be a Dirichlet
process with parameter measure p.

7.1. POINCARE INEQUALITY

We can state the result directly.
Theorem 7.1. Let F € dom(V). Then

Var(F) < %E [/X(VxF)Qg(dm)] : (7.1)

Equality holds if and only if there exists a function g € L?(p) such that F(¢ fxg , P-a.s.
Proof. Let the chaos expansion of F' be given by (4.22). According to (6.12), the right-hand side of (7.1) is

1 o0
5 2 o

From (4.23), we obtain that the left-hand side of (7.1) equals

) [ fala)? pl"(da).

X

(70 ~BIP@] = X gtz [ o0

Because of
{ < n@+n-—1)
- 0
for all n € N, the first part of the claim follows. Note that the inequality 1 < with n € N is strict
for n > 2 and equality holds if and only if n = 1. (This can be seen, for example, by rewriting the inequality
in the equivalent form 0 < n? +nf —n —0 = (n+0)(n —1).)
If equality in (7.1) holds,

n(0+n—-1)
0

Fal@)? pl" (d)
Xn
has to vanish for n > 2. Hence, F' is an element of I EB .
Conversely, let g € L?(p) and F € dom(V) with F(¢) = [, g(y) , P-a.s. In this case, ' € Fo & Fq,
as shown in Example 4.17. Consequently, equality holds in (7.1). O

7.2. REVERSE POINCARE INEQUALITY

In this section, we derive a reverse Poincaré inequality in the spirit of Schulte and Trapp (2024). We begin
by defining a suitable higher-order derivative.

Definition 7.2. Let k € N. The set dom(V¥) is the set of all ' € L?(¢) with chaos expansion (4.22) such
that

iw((emn—k)(k) (n k+1)) @) pM(da) < (7.2)

2n
— f(2n)
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In the case k = 1, we obtain dom(V!) = dom(V).

Following the same line of reasoning as in Lemma 5.2, we establish the convergence of a series that will
serve to define a higher-order gradient. Of course, Lemma 5.2 is subsumed by the more general statement
given below. The choice to defer the general formulation to this section was made to maintain clarity and
readability in the earlier part of the thesis (as we have so far only worked with V! = V).

Let k € N and C¢x be the Campbell measure of ¢ k_i.e. the probability measure on £ x X* defined by

. k ok
Cer(A //Xk]lAww)g (w,dz)P(dw), A€ AR X

If k =1, we have Cs1 = C¢, the Campbell measure of ¢, which has already been frequently used in this
thesis.

Lemma 7.3. Let k € N and F € dom(V¥) with chaos expansion (4.22). Then

(w7x17"'7 HZ k+1 (k) </ kfn(xlv'"7Ikay17"'ayn—k)cnik(ﬁ"%d(yla"'ayn—k))
Xn—k

Faly) ¢, dy))

X‘Il
converges in L*(C¢r).

Proof. For n € N with n > k, we define H,: Q x X* — R by
Hn(wa Xk) = / . fn(xka yn—k) Cnik(wa dYn—k) - fn(y) Cn(wa dy)7 n> kv
Xn— Xn
Hk(w Xk) = fk Xk / fk w dy)

Let m,n € N with m,n > k. By Jensen’s inequality and Corollary 3.8, we have

/Q><ch (/Xn_k fn(XkaYnk)Cn_k(W,dYnk))z Cer(d(w,xx))

/Xk (/XM frn(Xk; Yn—x) C"’ﬂ(dyn_k)>2 ¢k (dxy)

<E [ /X k /X ey v )| =B | [ et

/ faw)? o) (dy).

As the second term in the definition of H,, is also an element of L?(C¢x), we obtain that H, belongs to
L?(C¢r). Furthermore, it holds

=E

/ Hi (0, 2) Hy (w, ) Cor (A(w, )
QxXFk

- { /X ( /X . Fon (X1, Yenx) ¢ F (dym—x) — - fm(y)cm(dy))

(/Xk (X, Znx) " F(dzn—x) — [ ful?) C(dz)) Ck(dxk):| .

X

An application of Corollary 3.8 shows that this equals

1
Nt —F) — n n— [m-+n—k] d m— n—
g(m+n—Fk) /Xmﬂik Jm (X1, Ym—x) fr(Xk, Zn—x) p (d(%Xx; Ym—k; Zn—k))

B ﬁ /Wn Fon(Yen) i (2n) P (A (Yim, 20)).-
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By Corollary 4.5, this becomes

L) (Giamsy [ ol o) 9(27,) / ula? ) )

= 1oy 9(%) (<9+2 —B)® — (= k+ 1)) | Ful@)? o (da).

Hence, for ng € N, ng > k, we obtain

fo (Z(n ket 1><’“>Hn<w,w>> Cor(d(w,2))

n=k
= Z Z [/ n—k+1)®m—-k+1)®H,(w,z)H,y(w,x) Ck(dx)} (7.3)
n=k m=~k
0 ((n— k+ 1)) (n — k)
_y (ke 93%)) =t (0+20—0)® — (= k+1)®) [ fu(@)?p(da).
n:k X"L
Because of (7.2), the sequence under consideration is a Cauchy sequence in L?(Cex ). O

Building on the previous Lemma, we define a higher-order derivative. The gradient from Chapter 5 is
included in this framework as the case k = 1.

Definition 7.4. Let k € N and let V¥: dom(V*) — L?(C¢x) be defined by

o0

(VER) (w,21,...,23) = Z(n —k+1)® </ @i, T Yy Yn k) C R (w0, d(yas - Ynk)
X

n—k
n=~k

fn(x) (”(w,dx)) . (wyzn, ..,z € Qx XE
XTL

for F € dom(V*) with chaos expansion (4.22).
Note that for k,n € N with k& > n, we have
m—k+1)® =nn-1)...(n—k+1) = (n)),

where (n)x) denotes the falling factorial, defined by (n)) ==n(n—1)...(n -k +1).
Again, we consider a measurable version and obtain the norm of the gradient directly.

Remark 7.5. Let k € N and F € dom(V¥) with chaos expansion (4.22). Equation (7.3) yields

5[ [ (e c’%d(xk))}

_ (
_ Z %le ((6+20—1)® = (n—k+1)®) [ fo(@)? o) (d2).
X?L

Furthermore, as in the case of V (cf. Corollary 5.4), we obtain

2 = nl(n —k+ 1)%) .
E |;/XK(VI€F) Ck(dx)} = ;T ((9+2n—k)(k) —(n—k+ 1)(k)> Ful2) p[ ](dl‘)

X’Vl
(7.4)
and, as with the lower-order gradient, the higher-order gradient is centred (with respect to ¢*), meaning
that

/ (VEF)¢F(dz) =0, P-as. o
X}«

We can now follow the approach of Schulte and Trapp (2024) and derive a reverse Poincaré inequality.
Schulte and Trapp (2024) prove a lower variance bound for square-integrable functionals of a Poisson
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process. As noted in their Remark 2.1, their proof relies solely on the Fock space representation of the
functional under consideration and the first two difference operators. Therefore, their approach is applicable
to any setting where a Fock space representation for the functional and the first two difference operators
(or gradients, in our terminology) is available. Since our formulas for the chaos expansions of F', VF and
V2F for F € dom(V?) are more complicated than the corresponding ones (for F', DF and D?F, where
D denotes the difference operator, cf. Chapter 18 in Last and Penrose (2017)) in the Poisson case, the
calculations here become more involved, although the underlying approach remains the same.

Theorem 7.6. Let F' € dom(V?). If the inequality

5| [ (v2n¢an] < | [ 9.5 ¢a) (75)

holds for some constant C' > 0, then there exists ¢ > ﬁ(Q +70 + C + 62 + 0C)* such that

Var(F) > %E { /X (V. F) C(dx)] . (7.6)

Proof. Take F € dom(V?) with chaos expansion (4.22) that satisfies (7.5) for a constant C' > 0. By (7.4),
we have

= nn(@+n—1) 2 [n
B | [v.r)cn)| = ¥ P g )

n=1

and

2 2 nl(n 2 [n
E[ / (V2F) () —Z o (0 20~ 2)(0 + 2n— 1)~ nin 1) [ fula? o).

Using the absolute convergence of the series, we obtain from the assumption that

Zg(‘;') O+n—1)—(n—1)((0+2n—2)(0+2n—1) —n(n—1))] ann(x)Zp["](dx)zO

On the other hand, for every ¢ > 0, we have

c¢Var(F) —E {/(V F){(dz) ] = CZ 9(%) / ful(x)? pM(daz) — Z % fo(2)? pl" ().

Hence, if we can choose a constant ¢ > 0 satisfying
c—n@+n—-1)>nCOH+n—-1)—(n—1)(0+2n—-2)(0+2n—1) —n(n—1))) (7.7)

for all n € N, it follows that

Vax(F) ~ 8 | [ (var)ctan)] = ce | [ (@.rcan] - | [ (72 an] o

The inequality (7.7) can equivalently be written as
c> -3t 4+ (8 -4+ (70 — 0> +C —6)n*+ (> +0(C —2)—C+1)n, neN.

An upper bound for the right-hand side is —3n* + (94 70 + C + 02 + 0C)n3, n € N. We will now derive an
upper bound for this expression. Let o := (9 + 70 +C + 0> +6C) > 0 and f: R — R be defined by

f(z) = =32 + ax?.
As a polynomial, f is a smooth function and its first three derivatives are given by
f(x) = —122% + 3ax? = 22(3a — 12z), f(x) = —362° + 6ax and f"(z) =72z +6a, = €R.
Thus, f has a saddle point in 0 and a local maximum in £. Since f(x) — —o0,  — F00, this maximum is

global and we obtain
4

f<w>ff<%>=—3<%>“+a<%>3=;@ .



APPENDIX A

SIMPLE SUMMATION FORMULAS

The following section contains two summation identities used in various arguments in this thesis. We begin
with a simple identity that is used in Example 4.17.

Lemma A.1. For 0 > 0 and m € N it holds

k=1
Proof. We proceed by induction on m € N. In the base case m = 1, both expressions evaluate to —6 — 1.
Assuming the inductive hypothesis for some m € N, we obtain

m—+1

3 02k =1 prgu-n = D™ gy _ g 052mELgymsagon)
— k! m! (m+1)!
m m m+1
_ D™y (0t 2m =1 ED™ gy (0EmY o ED™ ey g
m! m+1 m! m+1 (m+1)!
The subsequent lemma deals with a finite hypergeometric series.
Lemma A.2. Let § >0 and m € N, m > 2. For each j € [m — 1] it holds
m 0w2m—1 045
) (g4 ) = (—ymI L
I O =
Proof. The sum can be evaluated directly. In a first step, we obtain
G 0+2n—1
_1yn—d 0+ §) D
;( P 0+ d)
: N : N - _i0+2n—1 (e
::w+2ijW%JyjD4%9+2r+nw+0ﬂ”+'E:(—U"J——JLT%0+ﬁm D,
WS (n—j)!
Using (0 + 25 — 1)(0 + 7)Y~ = (8 + 5)\9), this is equal to
m n—2
, 0+2n—1
0+5)D | —(0+25 —)n [0 +k+j
(0 +4) 0+ J)+n;2( T kl:[j( +k+ )

If j > m — 2, the remaining sum contains at least one additional term and the expression thus simplifies to

. m n—2
NT 0+25+3 nei0+2n—1 .
(0 + 5)UtY “lt o+ doo(yri——— ] (0+k+))
: n=j+3 (n —j)! k=j+1
This, in turn, is equal to
0 + j)Ut2 u 0+2n—1 .
00 (S et 2 U
2 n=j+3 (n =)t k=j+2
Iterating this procedure leads to
(9+j)<m4>(71)m,j [ f+2m =3  (6+2m 1) +m—2+])
(m—j—2)! m—1-j (m—j—1)(m—j)
0 + j)(m—1 , 0+2m—1 0 + )™ ,
(m—j—1) m—j (m —j)!
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