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Abstract

In turbulent flows of low Prandtl number fluids,
the similarity between turbulent momentum and heat
transfer is impaired. Models, which are based on this
similarity, cannot be used for RANS simulations of
small Prandtl number flows, which then require the
adoption of more complex thermal turbulence models
for their correct description.

In this work, the Kays correlation, a k-e-kg-€g
model, a k-Q-ky-Q29 model and an algebraic turbu-
lent heat flux model with the associated k-¢ turbulence
model were implemented in OPENFOAM. The com-
parative investigation of the models and the verifica-
tion of the reproducibility of results from other authors
were carried out on the cases of flows through a chan-
nel and over a backward-facing step. The k-e-kg-€p
model and the Kays correlation in combination with
the k-w SST model show promising results for poten-
tial use in RANS simulations of low Prandtl number
flows. For all other model combinations, no conclu-
sive evaluation of the applicability for flows with small
Prandtl numbers can be made due to the lack of repro-
ducibility or low numerical robustness.

1 Introduction

Simulations based on the Reynolds-Averaged
Navier—Stokes Equations (RANS) are the industry
standard in the design of systems involving turbu-
lent flows, or in the setup of more accurate scale-
resolving simulations, such as Detached Eddy Simu-
lation (DES) and Large Eddy Simulations (LES). In
the RANS context, thermal problems pose additional
challenges, since both the Reynolds stress tensor wju’;

and the turbulent heat flux u;7" need to be consistently
modeled. The corresponding simplified averaged tem-
perature equation, which needs to be solved, is as fol-
lows:
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where u; is a velocity component along the Cartesian
directions z;, T the temperature and « the thermal dif-
fusivity. The superscript ()’ indicates a turbulent fluc-

tuation and an average value is denoted with (-). The
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most widespread turbulent thermal diffusivity models
approximate the turbulent heat flux through the Simple
Gradient Diffusion Hypothesis (SGDH) via a scalar
turbulent diffusivity o, as follows:

@

The modeling problem boils thus down to determining
the turbulent Prandtl number
pro="2%, 3)
Qg
i.e. the ratio between the already modeled turbulent
eddy viscosity 14 and the turbulent thermal diffusiv-
ity has to be determined. Pr; is the turbulent equiva-
lent of the Prandtl number Pr itself, which relates the
molecular fluid viscosity and thermal diffusivity. For
fluids with Pr ~ 1, such as air, it is customary to as-
sume the so-called Reynolds analogy, i.e. that the sim-
ilarity between the molecular diffusivities also holds
for the turbulent ones, yielding:

Pr, ~ 1. )

As Kays (1994) reports, Pr; is a constant in the
log region for high values of Pr. Therefore this sim-
ple modeling approach may be effective also for flu-
ids with Pr > 1, but it fails for fluids with Pr < 1,
where the similarity between turbulent momentum and
heat transfer is impaired. This limitation therefore
excludes for example the correct modeling of liquid
metal flows.

For the RANS momentum equations, few models
are well established in practice and broad experience
regarding their capabilities and applicability is avail-
able. In contrast, while various more advanced ther-
mal models - i.e. not resorting to the SGDH - have
been proposed, there is less consensus on the perfor-
mance of these models. As a result, advanced thermal
turbulence models have not been systematically com-
pared yet, let alone using the same spatial and tempo-
ral discretisation, and simulation framework.

Therefore, the present work aims at critically as-
sessing the most common and most promising ther-
mal turbulence models for forced convection in low



Prandtl number flows, by comparing their predictive
performance for two benchmark cases for which more
accurate simulations exist. The comparison is per-
formed utilising the same simulation framework, by
implementing the models in the open-source simula-
tion suite OPENFOAM (Weller et al., 1998).

2 Models

Overview

Most of the assessed thermal turbulence models are
calibrated to a specific momentum turbulence model.
Table 1 provides an overview of the assessed model
combinations along with relevant literature references.
The models MM, DAVIA, SHAMS-KE and SHAMS-
EBRSM solve transport equations for additional ther-
mal variables, whereby half of the temperature vari-
ance is defined as

1
ko = ST'T (5)

and €y is the corresponding dissipation rate. For the
definitions of the logarithmic variables {2 and 2y the
reader is referred to Da Via et al. (2016). The tested
models include those based on the SGDH as well as
algebraic heat flux models (AHFM). Most of the mod-
els have been implemented in OPENFOAM as part
of this study, with the exception of the k-w SST and
EBRSM models, for which the existing OPENFOAM
implementations have been used. In comparison to
the standard values of OPENFOAM v2212 the follow-
ing model coefficients of the EBRSM were changed to
A; = 0.1 and C; = 0.122. Motivated by the work
of Kays (1994), Pr; = 0.85 is used for the Reynolds
analogy model.

Implementation differences

Special attention is given to ensuring correct model
implementations, particularly concerning governing
equations, model coefficients and functions. More sig-
nificant changes compared to the formulas in the liter-
ature specified in Table 1 are summarized in the fol-
lowing.

The implementation of the turbulence model LIEN
is primarily based on the equations given in Shams
et al. (2014). However, the function F5 follows Lien
et al. (1996) and thus has different signs than those
given in Shams et al. (2014). It is given by:

B = (1-Ce ™) ©6)

with R; = k?/(ve) and C = 0.3. In addition, the so-
called Yap correction, whose concept is described in
Yap (1987), was added to the transport equation of the
dissipation rate of turbulent kinetic energy. The reason
for adding the correction term is that it is mentioned in
subsequent publications, such as the article by Shams
(2018).

The implementation of the kg-e9 model is pri-
marily based on Manservisi and Menghini (2014),

whereby for the model coefficients Cy, Prioo, Cy,
Okys Tcys Cp1, Ca1, Cpa and the functions fig, faq,
fave and Cyo formulas from Manservisi and Menghini
(2015) are used.

The kg-€2p model implementation differs from the
formulas provided by Da Via et al. (2016) by the fol-
lowing. In the transport equation of {2y the sink term
—C,,(Cygy — 1) has the additional factor C,,. Fol-
lowing Da Via and Manservisi (2019) By was set to
1/1.33. For Cy3 the function and for Cp the value by
Manservisi and Menghini (2015) were taken instead of
the formulas provided by Da Via et al. (2016).

3 Case configurations

The models are validated and their predictive ca-
pabilities are assessed based on two benchmark flow
cases, for which accurate Direct Numerical Simula-
tions (DNS) are available.

First, a turbulent channel flow with prescribed
mean wall heat flux is simulated at values of friction
Reynolds number Re between 180 and 640 and Pr =
0.025, for which DNS data by Kawamura (2004) are
available.

Second, a backward facing step (BFS) with expan-
sion ratio F R = 1.5, bulk Reynolds number (defined
by mean velocity and inlet channel height) Re, =
9610, and Pr = 0.0088, for which DNS data by Nie-
mann and Frohlich (2016) exist. The flow configura-
tion, shown in Figure 1, features a partially heated bot-
tom wall. The geometry measurements were selected
as lin/lstep = 2, lout/lstep = 10 and ltop/lstep = 32.
This flow case is utilized to assess model accuracy in a
more complex scenario with separation and recircula-
tion zones, in which near-wall turbulence is not fully-
developed and homogeneous along the wall-parallel
directions.

For both setups the so called mixed-type boundary
condition are applied to the temperature related vari-
ables, where the boundary conditions for kg, €9 and
2y can be found e.g. in the articles of Manservisi and
Menghini (2014) and Da Via et al. (2016).
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Figure 1: Schematic (not to scale) of the flow geometry over
a backward-facing step. w1 channet Symbolically rep-
resents the prescribed inlet conditions of a turbu-
lent channel flow.




Table 1: Overview of the selected combinations of momentum and thermal turbulence model, as well as literature references
for each of them. Each model combination is given an acronym.

Mom. Model Thermal Model Abbreviation
k-w SST Menter et al. (2003) Kays correlation Kays (1994) KWSST-KAYS
k-e (AKN) Abe et al. (1994) Reynolds analogy AKN-RA
k-e¢ (AKN) Abe et al. (1994) ko-€¢ Manservisi and Menghini (2014) MM
k-Q (KLW) Da Viaetal. (2016)  ky-C2p Da Viaet al. (2016) DAVIA
k-e (LIEN) Lien et al. (1996) AHFM-NRG Shams et al. (2014) SHAMS-KE
EBRSM Manceau (2015) AHFM-NRG Shams and De Santis (2019) SHAMS-EBRSM

4 Results and discussion

The models are evaluated based on the repro-
ducibility of literature data, their complexity, their
ability to accurately capture key thermal transport phe-
nomena and thus reproduce DNS results.

Channel flow

As can be seen from the results at Re, = 395 for
the velocity @ in viscous units in Figure 2, all tur-
bulence models reproduce the DNS results with suf-
ficient accuracy. The KLW and LIEN models show
small deviations from the results in the comparative
literature, which are the articles by Da Via et al. (2016)
and Shams et al. (2014).
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Figure 2: Profiles of the mean velocity in the main flow di-
rection in wall units. Channel flow at Re, = 395.
DNS data from Kawamura (2004).

In Figure 3 (a) the temperature § = Tyyqy — T, in
(b) u5T" and in (c) the root of the temperature vari-
ance V1"T" are each shown in wall units for the sim-
ulations at Re, = 395.

The Reynolds analogy in combination with the
AKN model overestimates the negative turbulent heat
flux in the wall normal direction and consequently the
temperature 67 is underestimated. Since the Reynolds
analogy model is designed for fluids with Pr ~ 1, for
which a similarity may exist, the turbulent contribu-
tion to the heat transfer process is incorrectly overes-
timated for small Prandtl numbers, as expected. The
combination of the Kays correlation and the k-w SST

model, on the other hand, can approximately repro-
duce the mean temperature profile of the DNS data.
As can be seen in Figure 3 (b), the results for the tur-
bulent heat flux of MM and the DNS are similar. Con-
sequently, this model combination can also reproduce
the profile of #F of the DNS well. In contrast to the
Reynolds analogy and the Kays correlation, all other
thermal turbulence models in the study solve a mod-
eled transport equation of ky. Its results in the form of
the root of the temperature variance in wall units are
shown in Figure 3 (c). The model combination MM
reproduces the standard deviation of the DNS temper-
ature with good approximation. Apart from minor de-
viations, DAVIA also captures the mean and the stan-
dard deviation of the DNS temperature.

The model SHAMS-KE overestimates 6. Figure
3 (c) also shows that this implemented model combi-
nation cannot be used to predict the temperature vari-
ance of the DNS data. The results for 6+ and 71"
do not reproduce the data of Shams et al. (2014). How-
ever, for the combination SHAMS-EBRSM the results
of Shams and De Santis (2019) are reproduced.

In order to compare the results at different
Reynolds numbers, the relative deviation of the Nus-
selt number from DNS reference data is shown in Fig-
ure 4. The Nusselt number for the present case is given
as:

204w

Nu —
T A,
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where 0 is the half channel height, 6, the mixed mean
temperature, ¢ the mean wall-normal heat flux and
Ar the thermal conductivity.

The model combinations KWSST-KAYS, MM,
DAVIA and SHAMS-EBRSM can predict the Nusselt
numbers of the DNS for Re,. € {180, 395, 640} at
Pr = 0.025 with a relative deviation of less than
7.22%. AKN-RA overestimates Nu by up to 23.64%
and is therefore not suitable for correctly representing
the heat transfer in the present case. Similarly, one of
the implemented variants of the AHFM-NRG model,
the SHAMS-KE, cannot reproduce the DNS data for
Re,; = 395 and Re, = 640.
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Figure 3: Profiles of the following variables in wall units:
(a) mean temperature, (b) negative turbulent heat
flux in the wall normal direction and (c) stan-
dard deviation of temperature (VI"1T" = V2ko).
Channel flow at Re, = 395 and Pr = 0.025.
DNS data from Kawamura (2004).

Backward-facing step

Because no turbulent converged solution could be
generated for SHAMS-EBRSM applied to the config-
uration of the backward-facing step shown in Figure 1,
this combination is excluded from the following dis-
cussion. Although it was possible to determine a tur-
bulent converged solution for the momentum-related
variables using the KLW model, all simulations with
the DAVIA model led to divergence. Therefore, only
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Figure 4: Relative deviation of the Nusselt numbers of the
RANS simulations (Nurans) from the results of
the DNS (Nupns). Channel flow at Pr = 0.025.
DNS data from Kawamura (2004).

the results of the KLW turbulence model are presented
in the following.
The friction coefficient

Tw

T2
2P

cf = ®)

is illustrated in Figure 5. In Equation (8) 7, is the wall
shear stress, p the density and u; the bulk velocity at
the inlet. The results of the momentum-related vari-
ables for the k-w SST and AKN models correspond to
those of Schumm et al. (2015). Similarly, the results
of the LIEN model reproduce the results of De Santis
and Shams (2018). Thus a detailed description of the
results for the friction coefficient and the velocity field
is omitted and reference is made instead to Schumm
et al. (2015) and De Santis and Shams (2018). The
results of the combination MM for the mean of the di-
mensionless over-temperature reproduce the results of
Schumm et al. (2015), so reference is made to their
explanations for a detailed interpretation. Analogous
to the channel flow, the temperature-related results of
SHAMS-KE do not match the data of the reference,
which is the article by De Santis and Shams (2018) in
the case of the BFS. For this reason, these results will
not be discussed further.
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Figure 5: Friction coefficient c; along the heated wall sec-
tion. DNS data from Niemann and Frohlich
(2016).



For investigating the mean wall temperature, the
local Nusselt number Nu, along the heated wall is
shown in Figure 6. Here, the definition of Nu, is the
same as in Schumm et al. (2016). For the present case
Nu, is the reciprocal of the mean over-temperature at
the wall. Similar to the channel flow, the Reynolds
analogy model is unsuitable for predicting Nu, for
the BFS. MM mostly yields an overestimated Nusselt
number in the region over which the DNS recirculation
area is formed, but downstream it best reflects Nug
compared to the other models. In the area near the
step, KWSST-KAYS best reproduces the results for
Nu, of the DNS compared to all other models. How-
ever, downstream, this model overestimates the mean
wall temperature, which may be partially due to the
overprediction of the reattachment length. As the ther-
mal model is dependent on the accurate prediction of
the momentum-based variables, the turbulence model
and the thermal model must be regarded as a combi-
nation. Since the numerically simple and robust Kays
correlation does not necessarily have to be used with
the k-w SST model, a turbulence model that better pre-
dicts the flow field might improve accuracy.
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Figure 6: Local Nusselt number Nu, along the heated wall
section. DNS data from Niemann and Frohlich
(2016).

5 Conclusions

In this work, various RANS-based models for
predicting heat transfer in turbulent flows of fluids
with low Prandtl numbers were investigated and par-
tially implemented in OPENFOAM. The KWSST-
KAYS and MM models deliver promising results in
the cases examined. As expected, the Reynolds anal-
ogy model is not a suitable thermal turbulence model
for flows of low Prandtl number fluids. For the DAVIA
and SHAMS-EBRSM models, the simulation settings
should be further varied in the future to obtain a
converged solution. Furthermore, the model descrip-
tion of the SHAMS-KE model and its implementation
should be further investigated.
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