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ABSTRACT 

Chemo-mechanically coupled phenomena such as stress-driven diffusion and diffusion-induced stresses are of high interest, 
for example, in battery materials and metals. In this work, a chemo-mechanically fully coupled multiphase-field model for 
a multicomponent system is derived and validated with a sharp interface solution. Ensuring mechanical compatibility, the 
model accounts for balance equations on singular surfaces and the Hadamard jump conditions. The models’ capability to 
address stress-driven diffusion and diffusion-induced stresses is demonstrated through the presentation of an illustrative 
diffusion example. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1 Introduction 

An important task in materials science is the prediction of mate-
rial characteristics. In crystalline materials, it is well established
that the microstructure controls the overall material proper-
ties. Insights into the evolution of crystalline microstructures
and the underlying mechanisms can be gained by modeling
and simulation. Many material systems exhibit microstructural
changes due to chemical and mechanical driving forces. The
employment of chemo-mechanical microstructure simulations
facilitates the investigation of such evolutions. The (multi)phase-
field method allows the numerically efficient modeling of systems
with an evolving microstructure, cf., e.g., [ 1, 2 ]. The position of an
interface, e.g., a grain boundary, is implicitly given by a field of
order parameters. In that manner, no interface tracking is neces-
sitated. The development and application of chemo-mechanical
multiphase-field models represents an active research field,
cf., e.g., [ 3–5 ]. Regarding the diffuse interface area, different
assumptions are made: While the model by Wheeler, Boettinger,
This is an open access article under the terms of the Creative Commons Attribution License, which perm
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and McFadden (WBM) assumes equal chemical compositions 
in the interface regions, cf. [ 6 ], the Kim–Kim–Suzuki (KKS)
approach [ 7 ] assumes equal diffusion potentials in the interface
regions. Similarly, equal diffusion potentials are assumed in grand
chemical potential models, cf. [ 8, 9 ], and in the work at hand. In
a similar manner, a number of models have been formulated to
address the handling of mechanical fields in the diffuse interface
area: The Voigt–Taylor approximation assumes equal strains and 
the Reuss–Sachs approximation assumes equal stresses in the 
diffuse interface area, cf., e.g., [ 10 ]. In this work, a jump condition
approach is employed, cf., e.g., [ 11–13 ], which is consistent
with sharp interface modeling, cf., e.g., [ 14 ]. The coupling of
mechanical and nonmechanical fields is a recent research topic
regarding phase-field models, cf., e.g., [ 15, 16 ]. Different chemo-
mechanical coupling approaches are compared in a recent work
[ 17 ]. As described therein, a full coupling is characterized by a
mutually dependent balance of linear momentum and diffusion
equation, where stresses are concentration-dependent and the 
diffusion equation comprises mechanically driven fluxes. Both 
its use, distribution and reproduction in any medium, provided the original work is properly 
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mechanical and chemical driving forces govern the evolution of
phases. Within this work, the recently presented fully coupled
multiphase-field model for two components [ 17 ], which accounts
for jump conditions in the diffuse interface area, is extended to
the multicomponent case. The model is validated with a sharp
interface solution that is derived. Moreover, it is demonstrated
that this chemo-mechanically fully coupled model allows for the
representation of stress-driven diffusion and diffusion-induced
stresses in the multicomponent case. The work at hand is
organized as follows. The model formulation is extended to the
multicomponent case in Section 2 . In Section 3 , the model is
validated, and an illustrative example that highlights the model’s
ability to capture stress-driven diffusion and diffusion-induced
stresses is presented. The work is concluded in Section 4 . 

2 Model formulation 

2.1 Functional 

Based on a functional of Ginzburg–Landau type [ 18 ] 

[𝝓, 𝒄̄ , 𝒖 ] = ∫ 
𝑓grad (𝝓, ∇𝝓) + 𝑓pot (𝝓) + 𝑓chem 

(𝝓, 𝒄̄ ) 

+𝑓el (𝝓, 𝒄̄ , grad ( 𝒖 ) ) d 𝑣 (1)

a multicomponent, multiphase-field model is derived for the
simulation of isothermal chemo-mechanical transformation pro-
cesses. The order parameters are written as an 𝑁-tuple 𝝓 =
{ 𝜙1 , . . . , 𝜙𝑁 

} and their gradients as ∇𝝓 = {∇ 𝜙1 , . . . , ∇ 𝜙𝑁 

} . An order
parameter adopts the value 𝜙𝛼 = 1 within its assigned region 𝛼
and 𝜙𝛼 = 0 outside of it. Within the diffuse interface region at
least two phases coexist. Their order parameters vary continu-
ously between one and zero and are constrained by 

∑𝑁 

𝛼= 1 𝜙𝛼 = 1 .
The gradient energy density 𝑓grad , cf. [ 19 ], and the potential energy
density 𝑓pot , cf. [ 2 ], are given by 

𝑓grad (∇𝝓) = − 𝜖

𝑁 ∑
𝛽= 2 

𝛽− 1 ∑
𝛼= 1 

𝛾𝛼𝛽∇ 𝜙𝛼 ⋅ ∇ 𝜙𝛽 , 

𝑓pot (𝝓) = 

16 

𝜖𝜋2 

𝑁 ∑
𝛽= 2 

𝛽− 1 ∑
𝛼= 1 

𝛾𝛼𝛽𝜙𝛼𝜙𝛽 , (2)

respectively. The interfacial energy density is given by 𝑓intf =
𝑓grad + 𝑓pot . The width of the interface in equilibrium 𝑙eq is related
to the interface parameter 𝜖 via 𝑙eq = 𝜖𝜋2 ∕4 and the interfacial
energy is denoted by 𝛾𝛼𝛽 . The potential energy is set to ∞, if
𝝓 is not within the Gibbs simplex  = {𝝓 ∶

∑𝑁 

𝛼= 1 𝜙𝛼 = 1 , 𝜙𝛼 ≥
0} , cf. [ 2 ]. The chemical and mechanical energy densities are
given by interpolation of the phase-specific energy densities, i.e.,
𝑓chem 

=
∑𝑁 

𝛼= 1 𝜙𝛼𝑓𝛼
chem 

and 𝑓el =
∑𝑁 

𝛼= 1 𝜙𝛼𝑓𝛼
el 
. In contrast to the

two-component model [ 17 ], where a single scalar concentration
variable is considered, this work considers a tuple of 𝐾 − 1

independent concentration variables, written as ̄𝒄 = {𝑐1 , . . . , 𝑐𝐾− 1 } .
The last component is calculated as 𝑐𝐾 = 1 −

∑𝐾− 1 
𝐼= 1 𝑐𝐼 . Each of the

𝐾 − 1 independent concentrations 𝑐𝐼 is given by interpolation of
the phase-specific concentrations 𝑐𝛼

𝐼 

𝑐𝐼 =
𝑁 ∑

𝛼= 1 
𝜙𝛼𝑐𝛼

𝐼 . (3)
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In this context, capital Latin letters are used to indicate that no
Einstein summation convention is used with regard to the compo-
nents. Employing a small strain framework, the displacement 𝒖
is related to the infinitesimal strain tensor ̄𝜺 via 

𝜺̄ =
𝑁 ∑

𝛼= 1 
𝜙𝛼𝜺 𝛼 = sym (grad ( 𝒖 ) ) . (4) 

Herein, phase-specific strains are denoted by 𝜺 𝛼 and sym ( ⋅) =
(( ⋅) + ( ⋅) 

𝖳 
)∕2 denotes the symmetric part of a tensor. 

2.2 Evolution Equation of Order Parameters 

With the variational derivative 𝛿( ⋅) ∕𝛿𝜙𝛼 = 𝜕( ⋅) ∕𝜕𝜙𝛼 − 

div ( 𝜕( ⋅) ∕𝜕(∇ 𝜙𝛼) ) , cf., e.g., [ 20 , Eq. (13.63)], the evolution
equation of order parameters is modeled as the superposition of
pairwise interactions of 𝑁̃ locally present phases, cf. [ 21 ]. The
evolution equation reads 

𝜕𝜙𝛼

𝜕𝑡 
= −1 

𝜖

𝑁̃ ∑
𝛽= 1 ,𝛽≠𝛼

𝑀𝛼𝛽

( 

1 

𝑁̃ 

( 

𝛿𝑓intf 

𝛿𝜙𝛼

−
𝛿𝑓intf 

𝛿𝜙𝛽

) 

+
4( 𝜙𝛼 + 𝜙𝛽) 

𝜋

√ 

𝜙𝛼𝜙𝛽Δ
𝛼𝛽

bulk 

) 

. (5) 

A detailed discussion on the bulk driving force prefactors
can be found in [ 22 ]. Ignoring the derivative of 𝑓el with
respect to ∇ 𝜙𝛼 , cf. [ 13 ], the driving force is given by Δ

𝛼𝛽

bulk 
=(

𝜕∕𝜕 𝜙𝛼 − 𝜕∕𝜕 𝜙𝛽

)
(𝑓chem 

+ 𝑓el ) . The derivative of the chemical 
and mechanical energy densities with respect to 𝜙𝛼 yields 

𝜕(𝑓chem 

+ 𝑓el ) 

𝜕𝜙𝛼

= 𝑓𝛼
chem 

+ 𝑓𝛼
el 
+

𝑁 ∑
𝛾= 1 

𝐾 ∑
𝐼= 1 

𝜙𝛾

𝜕 ( 𝑓
𝛾

chem 

+ 𝑓
𝛾

el 
) 

𝜕𝑐
𝛾

𝐼 

𝜕𝑐
𝛾

𝐼 

𝜕𝜙𝛼

+
𝑁 ∑

𝛾= 1 
𝜙𝛾

𝜕 𝑓
𝛾

el 

𝜕𝜺 𝛾
⋅

𝜕𝜺 𝛾

𝜕𝜙𝛼

. (6) 

A chemo-mechanical potential difference is defined as the 
diffusion potential 𝜇𝐼 = 𝜇̂𝐼 − 𝜇̂𝐾 . Furthermore, equal diffusion 
potentials are assumed, i.e., 𝜇𝐼 = 𝜇𝛼

𝐼 = 𝜇𝛼
chem ,𝐼 

+ 𝜇𝛼
el ,𝐼 

∀𝛼. Herein,
the chemical diffusion potentials read 𝜇𝛼

chem ,𝐼 
= 𝜕 𝑓𝛼

chem 

∕𝜕𝑐𝛼
𝐼 and 

the mechanical diffusion potentials read 𝜇𝛼
el ,𝐼 

= 𝜕 𝑓𝛼
el 
∕𝜕𝑐𝛼

𝐼 . Fur- 
thermore, the concentrations 𝑐𝛼

𝐼 are not independent but fulfill
the constraint 

∑𝐾 

𝐼= 1 𝑐
𝛼
𝐼 = 1 , cf. [ 23 ]. It follows for the sum of

the derivatives 
∑𝐾 

𝐼= 1 𝜕𝑐𝛼
𝐼 ∕𝜕𝜙𝛼 = 0 . Moreover, given the indepen-

dence of 𝝓 and 𝒄̄ , and with Equation ( 3 ), it is concluded that∑𝑁 

𝛾= 1 𝜙𝛾𝜕𝑐
𝛾

𝐼 ∕𝜕𝜙𝛼 = − 𝑐𝛼
𝐼 . Accounting for these relations, Equa- 

tion ( 6 ) simplifies to 

𝜕(𝑓chem 

+ 𝑓el ) 

𝜕𝜙𝛼

= 𝑓𝛼
chem 

+ 𝑓𝛼
el 
−

𝐾− 1 ∑
𝐼= 1 

𝜇𝐼 𝑐
𝛼
𝐼 +

𝑁 ∑
𝛾= 1 

𝜙𝛾

𝜕 𝑓
𝛾

el 

𝜕𝜺 𝛾
⋅

𝜕𝜺 𝛾

𝜕𝜙𝛼

. (7) 

The mechanical energy densities 𝑓𝛼
el 

are given by 
𝑓𝛼

el 
= 1 

2 
( 𝜺 𝛼 − 𝜺̃ 𝛼c ) ⋅ ( ℂ𝛼[𝜺 𝛼 − 𝜺̃ 𝛼c ]) . Herein, the phase-specific 

stiffness tensors are denoted by ℂ𝛼 and concentration-dependent 
eigenstrains 

𝜺̃ 𝛼c =
𝐾− 1 ∑
𝐼= 1 

( 𝑐𝛼
𝐼 − 𝑐𝛼

ref ,𝐼 
)𝜺̃ 𝛼ref ,𝐼 (8) 
PAMM, 2026
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TABLE 1 Material and simulation parameters. 

Parameter Symbol Unit Value 

Young’s modulus 𝐸 GPa 146.0 
Poisson’s ratio 𝜈 — 0.33 
Diffusivity 𝐷 m2 s− 1 1 . 0 × 10− 11 

Molar volume 𝑉m 

m3 mol 
− 1 

7 . 0 × 10− 6 

Interfacial energy 𝛾𝛼𝛽 J m− 2 0.49 
Domain size 𝐿 nm 400 
Spacial discretization Δ𝑥 nm 2 
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are considered. In this context, 𝜺̃ 𝛼ref ,𝐼 and 𝑐𝛼
ref ,𝐼 

denote the so-
called reference strain tensor and the reference concentration,
respectively. It is highlighted that in the multicomponent model,
eigenstrains pertaining to multiple independent components
are taken into account. Additional inelastic phenomena such
as plasticity are not considered in this work. For the incor-
poration of crystal plasticity the reader is referred to [ 24–26 ].
The Cauchy stress tensor 𝝈𝛼 is related to 𝑓𝛼

el 
via Hooke’s

law 𝜕 𝑓𝛼
el 
∕𝜕𝜺 𝛼 = ℂ𝛼[𝜺 𝛼 − 𝜺̃ 𝛼c ] = 𝝈𝛼 . Furthermore, interpolation of

the phase-specific stresses yields 𝝈̄ =
∑𝑁 

𝛼= 1 𝜙𝛼𝝈𝛼 . The quasi-static
balance of linear momentum without body forces div ( ̄𝝈) = 𝟎

is solved for in the bulk and the balance of angular momen-
tum 𝝈̄ = 𝝈̄𝖳 is considered. This work employs the jump condition
approach [ 13 ]. The phase-specific strains can be expressed as

. In the diffuse interface context, the
jump of a quantity 𝜓 of arbitrary tensorial order across an
interface is defined as . The jump of the strain
tensor and the normal vector 𝐧𝛼𝛽 between phases 𝛼 and 𝛽
are given by 

(9)

The jump vector is denoted by 𝒂 

𝛼𝛽 . Consequently, Equation ( 7 )
can be further simplified to 

(10)

In conclusion, the bulk driving force employed in Equation ( 5 )
reads 

(11)

The multicomponent model is distinguished by its ability to
account for multiple chemo-mechanical potentials when ana-
lyzing the evolution of order parameters. For a more detailed
derivation the reader is referred to the analogous two-component
model in [ 17 ], where a single chemo-mechanical potential
is considered. 

2.3 Evolution Equation of Concentration 

The diffusion is modeled based on Fick’s law as 𝜕𝑐𝐼 ∕𝜕𝑡 =
−div 

(
−
∑𝐾− 1 

𝐽= 1 𝑀̄𝐼𝐽 ∇ 𝜇𝐽 

)
. Herein, the chemical mobility is given

by 𝑀̄𝐼𝐽 =
∑𝑁 

𝛼= 1 𝜙𝛼𝑀𝛼
𝐼𝐽 . The phase-specific mobilities 𝑀𝛼

𝐼𝐽 can
be determined by 𝐷𝛼

𝐼𝐽 =
∑𝐾− 1 

𝐿= 1 𝑀
𝛼
𝐼𝐿 𝜕𝜇𝐿 ∕𝜕𝑐𝛼

𝐽 , cf., e.g., [ 27 ]. For
simplicity, the interdiffusivities are neglected, and thus, 𝑀𝛼

𝐼𝐽 = 0

for 𝐼 ≠ 𝐽. In conclusion, the evolution equation reads 

𝜕𝑐𝐼 

𝜕𝑡 
= div 

( 

𝑁 ∑
𝛼= 1 

𝜙𝛼𝐷𝛼
𝐼𝐼 

( 

𝜕𝜇𝐼 

𝜕𝑐𝛼
𝐼 

) − 1 

∇ 𝜇𝐼 

) 

. (12)
PAMM, 2026
In this work, substitutional and interstitial diffusion are not
distinguished. It is emphasized, that the diffusion is governed by
the gradient of a chemo-mechanical diffusion potential. 

2.4 Local Problem 

Locally, the sum constraint for 𝑐𝛼
𝐼 ( 𝐾 − 1 equations), the balance

of linear momentum on a material singular surface ( ̃𝑁 − 1 equa-
tions), and the equilibrium condition for the diffusion potentials
( ( 𝐾 − 1)𝑁̃ equations) are solved. In summary, the local problem
comprises the following equations 

𝑟𝑐𝐼 
∶ =

𝑁 ∑
𝛼= 1 

𝜙𝛼𝑐𝛼
𝐼 − 𝑐𝐼 = 0 ∀𝐼 ∈ [1 , 𝐾 − 1] (13) 

(14) 

𝑟𝛼
𝜇𝐼 

∶ = 𝜇𝛼
el ,𝐼 

+ 𝜇𝛼
chem ,𝐼 

− 𝜇𝐼 = 0 ∀𝛼 ∈ [1 , 𝑁̃ ] , 𝐼 ∈ [1 , 𝐾 − 1] . (15) 

The jump conditions are solved with respect to a reference
phase R. Thus, the number of unknown jump vectors 𝒂 

Rα

reduces to 𝑁̃ − 1 . The local problem is solved for the unknowns
{ 𝑐𝛼

𝐼 , 𝒂 

Rα, 𝜇𝐼 } . 

3 Results 

3.1 Assumptions 

3.1.1 Material 

In the subsequent examples, an Fe–Mn–C alloy is considered. An
austenitic phase is denoted with 𝛼 and a ferritic with 𝛽. The mate-
rial parameters are reported in Table 1 . For simplicity, a constant
diffusivity is assumed, i.e., 𝐷𝛼

𝐼𝐼 = 𝐷 ∀𝛼, 𝐼. Moreover, equal elastic
constants are assumed. The mobility 𝑀𝛼𝛽 is treated as a numerical
parameter and selected ensuring numerical stability. 

3.1.2 Fitting of Chemical Free Energy Densities 

The chemical free energy densities 𝑓𝛼
chem 

are approximated by 
parabolic functions 

𝑓𝛼
chem 

= 1 

𝑉m 

(
𝐴𝛼( 𝑐𝛼

C )
2 + 𝐵𝛼( 𝑐𝛼

Mn )
2 + 𝐶𝛼𝑐𝛼

C 𝑐
𝛼
Mn + 𝐷𝛼𝑐𝛼

C + 𝐸𝛼𝑐𝛼
Mn + 𝐹𝛼

)
(16)
3 of 7
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TABLE 2 Fitting parameters used for the parabolic fitting of chem- 
ical free energy densities, cf. Equation ( 16 ), at 𝑇 = 898 K with the 
Thermo-Calc [ 28 ] TCFE7 Calphad database. 

Parameter Unit Austenite – 𝜶 Ferrite – 𝜷

𝑐TC 
C at.-% 4.23 3 . 71 × 10− 2 

𝑐TC 
Mn at.-% 7.37 1 . 33 

𝐴 J mol 
− 1 220500.00 28046875.00 

𝐵 J mol 
− 1 52750.00 196625.00 

𝐶 J mol 
− 1 − 36250.00 56250.00 

𝐷 J mol 
− 1 16865.12 16231.11 

𝐸 J mol 
− 1 − 34964.16 − 33723.89 

𝐹 J mol 
− 1 − 35336.05 − 35790.99 
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in the vicinity of the equilibrium concentrations, cf., e.g., [ 29 ].
Herein, equal molar volumes are considered, i.e., 𝑉m 

= 𝑉𝛼
m 

∀𝛼.
A least square method is employed to fit the coefficients to
a Calphad database at the absolute temperature 𝑇 = 898 K .
The resulting parameters, fitted with the TCFE7 database in
Thermo-Calc [ 28 ], and the equilibrium concentrations 𝑐TC 

𝐼 are
summarized in Table 2 . 

3.1.3 Diffusion Potentials 

In the following examples, a constant stiffness tensor and
concentration-dependent eigenstrains, cf. Equation ( 8 ), are con-
sidered. Thus, the mechanical diffusion potentials read 

𝜇𝛼
el ,𝐼 

=
𝜕 𝑓𝛼

el 

𝜕𝑐𝛼
𝐼 

= −𝜺̃ 𝛼ref ,𝐼 ⋅ 𝝈𝛼 , 𝐼 ∈ [C , Mn ] . (17)

With Equation ( 16 ), the chemical diffusion potentials read 

𝜇𝛼
chem , C 

=
2 𝐴𝛼𝑐𝛼

C + 𝐶𝛼𝑐𝛼
Mn + 𝐷𝛼

𝑉m 

, 𝜇𝛼
chem ,Mn 

=
2 𝐵𝛼𝑐𝛼

Mn + 𝐶𝛼𝑐𝛼
C + 𝐸𝛼

𝑉m 

. 

(18)

3.2 Validation 

3.2.1 Setup 

For validation of the model, the approach presented in [ 17, 30 ]
is adapted to account for the two independent components C
and Mn in a two phase system with phases 𝛼 and 𝛽. In this
regard, the sharp interface solution of a 2D inclusion problem
is compared to a phase-field simulation, which is run until
equilibrium is reached. The equilibrium conditions for a two-
phase, multicomponent system are derived from the generalized
Gibbs–Thomson equation, cf., e.g., [ 31, 32 ], and read 

(19)

𝑔2 ∶ = 𝜇𝛼
chem , C 

+ 𝜇𝛼
el , C 

− 𝜇
𝛽

chem , C 
− 𝜇

𝛽

el , C 
= 0 (20)
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𝑔3 ∶ = 𝜇𝛼
chem ,Mn 

+ 𝜇𝛼
el ,Mn 

− 𝜇
𝛽

chem ,Mn 
− 𝜇

𝛽

el ,Mn 
= 0 (21) 

𝑔4 ∶ = 𝑐tot , C − 𝜉𝛼𝑐𝛼
C − 𝜉𝛽𝑐

𝛽

C = 0 . (22) 

In the sharp interface context, 𝝈̄ = (𝝈𝛼 + 𝝈𝛽)∕2 , cf., e.g., [ 14 ],
is used and the mechanical solutions of the boundary value
problem, as given, e.g., in [ 17, 33, 34 ], are substituted. The
curvature 𝜅̄ of the circular inclusion is expressed in terms of the
radius 𝑎 and is given by 

𝜅̄ =
1 

2 
𝑎− 1 = 1 

2 

( 

𝜉𝛼
𝐴tot 

𝜋

) − 1 

2 

, (23) 

cf., e.g., [ 30 , Eqs. (41)–(42)]. Herein, 𝐴tot refers to the total area of
the simulation domain and is given by 𝐴tot = 𝐿2 , cf. Figure 1a . The
phase-fraction 𝜉𝛼 depends on the phase-specific concentrations 
via the lever rule 

𝜉𝛼 =

√ 

( 𝑐
𝛽

Mn − 𝑐tot ,Mn )2 + ( 𝑐
𝛽

C − 𝑐tot , C )
2 √ 

( 𝑐
𝛽

Mn − 𝑐𝛼
Mn )

2 + ( 𝑐
𝛽

C − 𝑐𝛼
C )

2 

. (24) 

The equilibrium conditions above are solved for the equilibrium
concentrations { 𝑐𝛼

C , 𝑐
𝛼
Mn , 𝑐

𝛽

C , 𝑐
𝛽

Mn } . For the phase-field simulation,
the simulation domain, cf. Figure 1a , is initialized with homo-
geneous concentration fields 𝑐C = 1 . 2 at.-% and 𝑐Mn = 3 . 0 at.-%,
which correspond to the average concentrations 𝑐tot , C and 𝑐tot ,Mn , 
respectively. Zero-flux boundary conditions are enforced for the 
component fluxes. Dirichlet boundary conditions are applied 
according to the analytical solutions given, e.g., in [ 33, 34 ]. The
circular inclusion is austenitic and subjected to concentration- 
dependent eigenstrains, cf. Equation ( 8 ), with 𝜺̃ 𝛼ref , C = 0 . 2𝑰 and
𝜺̃ 𝛼ref ,Mn = − 0 . 05𝑰 and 𝑐𝛼

ref , C 
= 𝑐𝛼

ref , C 
= 0 . These values are not repre-

sentative for the material system and are chosen for illustrative
purposes. The matrix is ferritic and ̃𝜺 𝛽c = 𝟎 is considered. 

3.2.2 Results 

The results of the validation are reported in Figure 1 . The
inclusion grows until it reaches its equilibrium size. In Figure 1b ,
the inclusion is illustrated at time 𝑡 = 𝑡0 and in equilibrium at
time 𝑡 = 𝑡eq . The sharp interface consideration, i.e., the solution
to Equations ( 19 )–( 22 ), predicts a phase fraction in equilib-
rium 𝜉𝛼

eq , SI = 30 . 40 % , while the phase-field simulation predicts
𝜉𝛼

eq , PFS = ∫ 𝜙𝛼 d 𝑣 ∕(∫ d 𝑣 ) = 30 . 23 % . Consequently, the relative
error is less then 1 % . The concentration profiles along a horizon-
tal line with 𝑦 = 200 nm obtained with the phase-field simulation
are compared to the equilibrium concentrations predicted by the
sharp interface consideration in cf. Figure 1c . In equilibrium, a
convincing agreement of the equilibrium concentrations with the 
sharp interface solution is observed. 

3.3 Diffusion Example 

3.3.1 Setup 

In the following example, the chemo-mechanically fully coupled 
model’s ability to capture stress-driven diffusion and diffusion-
PAMM, 2026
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FIGURE 1 For validation, an inclusion problem is considered, cf. [ 17 ]. A finite section of length 𝐿 with Dirichlet boundary conditions is used 
as simulation domain (a). The inclusion grows until it reaches its equilibrium size (b). The concentration profiles at 𝑦 = 200 nm in equilibrium are 
visualized (c). Moreover, the corresponding sharp interface solutions are given by dashed lines. 
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FIGURE 2 The impact of mechanical fields on component diffusion is examined. Initially, the concentration fields are homogeneous. The resulting 
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in equilibrium is heterogenous and visualized in (a). The C distribution (b) and Mn distribution (c) are inhomogeneous in 
equilibrium. Regions of elevated C content exhibit reduced Mn content. 
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FIGURE 3 Diffusion potentials are visualized at time 𝑡 = 𝑡0 (top row) and in equilibrium 𝑡 = 𝑡eq (bottom row). The chemical diffusion potentials 
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ch , C 
and 𝜇𝛼1 

ch , Mn 
of each phase are homogeneous at 𝑡 = 𝑡0 and inhomogeneous at 𝑡 = 𝑡eq (a). The mechanical diffusion potentials 𝜇

𝛼1 

el , C 
and 𝜇𝛼1 

el , Mn 
have 

gradients (b). The chemical and mechanical diffusion potentials in (a) and (b) are phase-specific and visualized for a single phase 𝛼1 in the bulk. As a 
result, the chemo-mechanical diffusion potentials are inhomogeneous at 𝑡 = 𝑡0 and homogeneous in equilibrium 𝑡 = 𝑡eq (c). 
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induced stresses is highlighted. In this regard, a polycrystal with
austenitic grains is considered without phase transformation.
Each grain is subjected to a concentration-dependent eigenstrain.
The reference strain tensor, cf. Equation ( 8 ) is assumed to be
anisotropic. Moreover, each grain is randomly rotated around the
out-of-plane axis. For illustrative purposes, opposite signs of the
reference strain tensors for C and Mn are assumed. The reference
PAMM, 2026

e

concentrations are set to zero. The setup is analogous to the two-
component diffusion example in [ 17 ]. The domain is initialized
with homogeneous concentration fields 𝑐C = 𝑐TC ,𝛼

C and 𝑐Mn = 

𝑐TC ,𝛼
Mn , cf. Table 2 . A periodic boundary condition is considered for
all concentration fluxes. Furthermore, the domain is subjected to
a periodic boundary condition that fulfills a macroscopic strain
𝜺̄ = 0 . 005𝒆 x ⊗ 𝒆 x . 
5 of 7

 C
om

m
ons L

icense



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 16177061, 2026, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.70090 by K

arlsruher Institut Fã¼
R

, W
iley O

nline L
ibrary on [12/02/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative
3.3.2 Results 

The results of this diffusion example are visualized in Figures 2
and 3 . The initially homogeneous concentration fields cause an
inhomogeneous stress distribution, as visualized in terms of the
von Mises stress 𝜎vM 

in Figure 2a . Due to the inhomogeneous
stress fields, component fluxes of C and Mn are inhomogeneous.
This results in an heterogeneous concentration distribution of
C, cf. Figure 2b , and Mn, cf. Figure 2c , in equilibrium. The
reference strains for C and Mn have opposite signs for illustrative
purpose. Consequently, the gradients of the chemo-mechanical
diffusion potentials, and thus, the component fluxes, have oppo-
site signs, cf. Figure 3 . As a result, regions with elevated carbon
concentrations 𝑐C exhibit reduced levels of manganese 𝑐Mn in
equilibrium. In this example, component fluxes are induced
due to concentration-dependent stresses. Initially, the chemo-
mechanical diffusion potentials 𝜇𝐼 are heterogeneous due to a
gradient in the mechanical diffusion potentials. In equilibrium,
the chemo-mechanical diffusion potentials are homogeneous, cf.
Figure 3 . 

4 Conclusion 

The chemo-mechanically fully coupled multiphase-field model
for two components, which is presented in a previous work [ 17 ],
is extended to enable the modeling of multicomponent systems.
The model accounts for balance equations on singular surfaces
and the Hadamard jump conditions in the diffuse interface
regions. The model is validated using a sharp interface solution.
A convincing agreement with the sharp interface solution is
observed. The model’s functionality is further investigated with
the help of a diffusion example. It is clearly visible how diffusion-
induced stresses and stress-driven diffusion can be addressed
with this chemo-mechanically fully coupled multiphase-field
model for multicomponent systems. 
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