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ABSTRACT
Quantum optimal control is central to designing spin manipulation pulses. Gradient-based pulse optimization can be facilitated by either
accelerating gradient evaluation or enhancing the convergence rate. In this work, we accelerated single-spin optimal control by combining
the finite element method with the method of moving asymptotes. By treating discretized time as spatial coordinates, the Liouville–von
Neumann equation was reformulated as a linear system, efficiently yielding a joint solution of the spin trajectory and control gradient. The
method of moving asymptotes, relying on the ensemble fidelities and gradients, achieves rapid convergence for a target fidelity of 0.995.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0305310

I. INTRODUCTION

In magnetic resonance spectroscopy (MRS) and imaging
(MRI), shaped radio frequency (RF) pulses are widely employed to
drive the state of a spin system toward a desired target. The design
of such pulses is typically framed as an optimal control problem.1

Among gradient-based optimization techniques, the gradient
ascent pulse engineering (GRAPE) method2 has become one of
the most widely used and efficient methods. The original GRAPE
method discretizes the control time into piecewise-constant inter-
vals and computes the spin trajectory via a bi-directional prop-
agation, where gradients are obtained using a first-order finite-
difference approximation under sufficiently fine time slicing.

A variety of extensions to GRAPE have since been developed,
targeting more accurate derivative computation, advanced opti-
mization strategies, and broader applicability to general quantum
systems. The derivatives of the sub-propagator to control vari-
ables have been derived by differentiating the Taylor series.3 A
higher-order finite difference method was introduced to improve
gradient accuracy.4 The auxiliary matrix formalism (AUXMAT)
was introduced to compute exact gradients and Hessians, leading
to improved convergence.5 Automatic differentiation, implemented

on graphics processing units, was introduced to accelerate gra-
dient computation.6,7 Beyond the gradient-descent update of the
original formulation, several optimization algorithms have been
incorporated into GRAPE frameworks, including Quasi-Newton
approaches,4,8,9 such as the Broyden–Fletcher–Goldfarb–Shanno
(BFGS) algorithm and its limited-memory version (L-BFGS), and
Newton–Raphson methods10 that provide quadratic convergence.
The accelerated Newton–Raphson variant was developed to reduce
the Hessian evaluation to O(N) complexity, as demonstrated
for a single-spin system.11 Extension algorithms for open quan-
tum systems demonstrated high-fidelity control when handling
decoherence effects.7,12

As modern magnetic resonance systems operate at increas-
ingly higher frequencies, various instrumental limitations have
become more prominent, including RF power constraints13–15

and hardware-induced distortions.16–19 Optimization problems also
grow more complex when modeling multi-qubit systems exhibit-
ing entanglement,20 heteronuclear spin systems with J-coupling,21

or crystalline orientation distributions in solid-state MRS.22 In
parallel transmit MRI, pulse design under safety constraints can
involve thousands of control variables and hundreds of spatial
voxels.23–25 To address crosstalk in parallel MRS, compensation
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strategies incorporate an ensemble of B0 distortions caused by gra-
dient coils,26 along with multiple cooperative pulses tailored for
parallel excitation.27

These scenarios often require ensemble-based optimization,
where system parameters vary across ensemble members. In such
cases, the gradient or Hessian must be computed for each ensemble
element and control updates are determined from the ensemble-
averaged derivatives, as in the L-BFGS and Newton methods. This
significantly increases the computational cost, potentially requir-
ing several hours or even days of high-performance computing
time.

In this work, we address the optimization of single-spin mag-
netic resonance pulses by combining the finite element method
(FEM)28,29 with the method of moving asymptotes (MMA).30 Finite
elements with linear, quadratic, and cubic Hermite basis functions
provide an efficient and scalable solution for computing single-spin
optimal-control gradients. By formulating the ensemble-averaged
fidelity maximization as a constrained optimization, MMA con-
verges more rapidly than L-BFGS and yields the lowest overall
runtime among L-BFGS and Newton–Raphson methods.

II. METHODOLOGY
The Liouville–von Neumann (LvN) equation masters the evo-

lution of a general spin system. The equation in Liouville space is
given by

d
dt

ρ(t) + iLρ(t) = 0,

ρ(0) = ρ0,
(1)

where ρ0 is the initial state. While ignoring the relaxation effect,
the Liouvillian L can be decomposed into the internal part and the
control part,

L(t) = Lint(t) +∑
m

xm(t)Lm, (2)

where Lint could contain Zeeman interaction with the magnetic
field and spin–spin couplings. Lm represents a control operator, and
xm(t) is a time-dependent coefficient. A control sequence x(t) is
applied to steer the spin system from an initial state ρ0 to a target
state σ in a specified time duration T. A measurement of the control
efficiency is the overlap between the target state and the actual final
state ρT , i.e.,

η = ⟨σ∣ρT⟩, (3)

which satisifies −1 ≤ η ≤ 1. We consider an ensemble spin system
with Nens members, for which the control amplitudes are limited, so
that the optimal control problem can be defined as

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Find x(t), t ∈ [0, T],

to maximize f =
Nens

∑
k=1

ηk,

constrained by ∣xm(t)∣ ≤ xmax
m .

(4)

A. FEM solution of the Liouville–von
Neumann equation

In the context of magnetic resonance, the FEM has previously
been applied to solve the stochastic Liouville equation for chemi-
cally induced spin polarization problems31,32 and for electron spin
resonance spectral simulations.33 In Eq. (1), the spatial variables
are absent relative to the stochastic Liouville equation. Within the
Hamilton principle, the integration domain, time interval [0, T], is
discretized into N elements with N + 1 nodes. The control variables
are represented as a piecewise-constant waveform x, rendering the
Liouvillian L constant within each element. The solution of Eq. (1)
is approximated as a linear combination of shape functions,

ρ(t) =
N+1

∑
j=1

αjϕj(t), (5)

where αj has the same dimension as the spin state vector ρ(t) and
ϕj(t) represents the jth shape function. As shown in Fig. 1, by using
the linear elements, the nodal shape functions globally defined at
node j are expressed as

ϕn
j (t) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

(t − tj−1)/Δt, tj−1 ≤ t ≤ tj ,

(tj+1 − t)/Δt, tj ≤ t ≤ tj+1,

0, otherwise.

(6)

Note that it is also possible to define the two linear shape
functions locally at element j as

ϕe1
j (t) = (t − tj)/Δt, ϕe2

j (t) = (tj + Δt − t)/Δt, tj ≤ t ≤ tj + Δt.
(7)

In the following derivation, globally defined shape functions are used
and the subscript n is omitted.

Galerkin’s method34 demonstrated that the integral of the
weighted residual equals zero, i.e.,

T

∫

0

(
dρ
dt
+ iLρ)ω̂ dt = 0, (8)

where ρ is the approximated solution expressed by Eq. (5) and ω̂ is
the chosen weighting function. Selecting each shape function as the
weighting function, i.e., ω̂ = ϕj , and substituting Eq. (5) into Eq. (8)
gives the following linear equations:

N+1

∑
j=1

αj

T

∫

0

(
dϕj

dt
+ iLϕj)ϕi dt = 0, i = 1, . . . , N + 1. (9)

FIG. 1. View of the one-dimensional linear Lagrange global shape functions. The
time interval between two nodes is uniformly set to Δt. The labels L1, L2, . . . , LN
represent the discretized Liouvillian for a piecewise-constant waveform.
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In matrix form, this can be written compactly as

K ⋅ α = f, (10)

where α is the vectorized αj ( j = 1, 2, . . . , N + 1), f = 0 is a forc-
ing function, often called the load vector, and K is an impedance
function, often called the stiffness matrix. The terms load and
stiffness appeared first in the finite element literature because of
the application to computational mechanics. An element of K is
given by

Kij =

T

∫

0

(
dϕj

dt
+ iLϕj)ϕi dt =

N

∑
n=1

tn+1

∫
tn

(
dϕj

dt
+ iLϕj)ϕi dt. (11)

Considering that ϕj is nonzero only within the elements connected
to node j, the global stiffness matrix K can be assembled from the
element stiffness matrices,

K =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ke,1
11 Ke,1

12

Ke,1
21 Ke,1

22 + Ke,2
11 Ke,2

12

Ke,2
21 Ke,2

22 + Ke,3
11 Ke,3

12

Ke,3
21

. . .

Ke,N−1
22 + Ke,N

11 Ke,N
12

Ke,N
21 Ke,N

22

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(12)

which reveals its banded structure, while the stiffness matrix of the
jth element is given by

Ke,j
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∫

tj+1

tj

(
dϕj

dt
+ iLϕj)ϕj dt ∫

tj+1

tj

(
dϕj+1

dt
+ iLϕj+1)ϕj dt

∫

tj+1

tj

(
dϕj

dt
+ iLϕj)ϕj+1 dt ∫

tj+1

tj

(
dϕj+1

dt
+ iLϕj+1)ϕj+1 dt

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(13)

Substituting the expressions for the linear shape functions yields

Ke,j
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−
E
2
+

iL
3

Δt
E
2
+

iL
6

Δt

−
E
2
+

iL
6

Δt
E
2
+

iL
3

Δt

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (14)

Equation (14) defines the element stiffness matrix derived from a
general Liouvillian. For a single-spin system, the nodal spin vec-
tor is ρ ∈ C4×1, the nodal Liouvillian is L ∈ C4×4, and E denotes
the identity matrix. Each element stiffness matrix Ke,j

∈ C8×8 cou-
ples two nodes, while the corresponding global stiffness matrix is
K ∈ C(4N+4)×(4N+4). The spin trajectory is obtained through four
steps, as presented in Algorithm 1.

The above-mentioned formulation is based on linear shape
functions, but higher-order elements can be used to improve accu-
racy. For example, quadratic elements provide a finer discretization
of the time axis but double the size of the stiffness matrix com-
pared with linear elements. When a piecewise-linear waveform is
employed to mitigate instrumental distortions,17 the Hamiltonian

ALGORITHM 1. Solve the linear system.

Input: Initial state ρ0, stiffness matrix K, and load vector f
Output: Solution vector α
Initialize α1:4 ← ρ0;
Update load vector: f← f −K[:,1:4]ρ0;

Modify stiffness matrix: K← [E4

K[5:4N+4, 5:4N+4]
];

Solve linear system: Kα = f

must remain continuous across time intervals. Hermite shape func-
tions enforce C1 continuity between elements and are, therefore,
well suited to this purpose. The stiffness matrices corresponding to
quadratic elements and Hermite elements are given in Secs. S1 and
S2 of the supplementary material, respectively.

B. Adjoint analysis
For compatibility with the FEM solution, the fidelity function

in Eq. (3) is rewritten as

η = σ†
⋅ ρT = [0 σ†

] ⋅ α, (15)

where ρT = α4N+1:4N+4 denotes the final state. The gradient of the
objective with respect to the control variables x is

dη
dx
=

dη
dα

dα
dx
=

dη
dα

K−1
(

df
dx
−

dK
dx

α). (16)

On the right-hand side, evaluating the third term df/dx − (dK/dx)α
requires N matrix–vector multiplications. Since the finite elements
are aligned with the discrete waveform, over which the Hamiltonian
is constant, this term can be computed locally on each element, using
the trajectory associated with the corresponding nodes. For instance,
when j = 1,

∂f
∂x1
−

∂K
∂x1

α =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−
∂

∂x1
[

Ke,j
11 0

Ke,1
21 Ke,1

22
]

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[
α1:8

0
], (17)

when j ≥ 2,

∂f
∂xj
−
∂K
∂xj

α =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

−
∂Ke,j

∂xj

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
α4j−3:4j+4

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (18)

The ∂Ke, j
/∂xj value can be obtained by differentiating Ke, j with

respect to xj in Eq. (14). Subsequently, multiplying K−1 by N vec-
tors can be efficiently performed using the adjoint method,35 where
an adjoint equation is defined as

KTλ = (
dη
dα
)

T
, (19)
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where λ ∈ C(4N+4)×1 is the adjoint vector. After obtaining λ, the
gradient is computed as

dη
dx
= λT
(

df
dx
−

dK
dx

α). (20)

With the adjoint method, the cost of gradient computation becomes
comparable with that of solving the spin trajectory.

C. Regularization
To ensure smooth pulse shapes, we apply the Helmholtz filter,36

defined as

xs
(t) = R2 d2xs

(t)
dt2 + xc

(t), (21)

where R denotes the filter radius. The term xc
(t) corresponds

to the original control variables, while xs
(t) denotes the filtered

(smoothed) variables. By approximating the solution with linear
shape functions, Eq. (21) is solved through a separate linear system,

Khxs
= fh, (22)

where the stiffness matrix elements are

Kij =

T

∫

0

R2 dϕj

dt
dϕi

dt
+ ϕjϕidt, (23)

and the load vector elements are

fi =

T

∫

0

xc
(t)ϕi(t)dt. (24)

The element stiffness matrix over the interval [tj, tj+1] is

Ke,j
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∫

tj+1

tj

R2 dϕj

dt
dϕj

dt
+ ϕjϕj dt ∫

tj+1

tj

R2 dϕj+1

dt
dϕj

dt
+ ϕj+1ϕj dt

∫

tj+1

tj

R2 dϕj

dt
dϕj+1

dt
+ ϕjϕj+1 dt ∫

tj+1

tj

R2 dϕj+1

dt
dϕj+1

dt
+ ϕj+1ϕj+1 dt

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (25)

By substituting linear shape functions, the equation simplifies to

Ke,j
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Δt
3
+

R2

Δt
Δt
6
−

R2

Δt
Δt
6
−

R2

Δt
Δt
3
+

R2

Δt

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (26)

Since the control variables xc are piecewise constant, the load vector
is computed as

fi =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δt
2

xc
1, i = 1,

Δt
2
(xc

i−1 + xc
i ), 2 ≤ i ≤ N,

Δt
2

xc
N , i = N + 1.

(27)

The Jacobian matrix that relates the smoothed variables to the
control variables is

dxs

dxc = K−1
h (

∂fh

∂xc
1

,
∂fh

∂xc
2

, . . . ,
∂fh

∂xc
N
), (28)

which yields

dxs

dxc =
Δt
2
[K−1

h ][1:N,1:N+1]

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
1 1

1
. . .
. . . 1

1 1
1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(N + 1) × N

(29)

For pulses expressed in Cartesian coordinates, an additional hyper-
bolic tangent scaling function is applied to constrain the waveform
amplitude within [−1, 1],

x(t) =
1 − e−κxs(t)

1 + e−κxs(t) . (30)

Here, κ controls the steepness of the transition period; a typical
choice is κ = 10, which allows the pulse to reach its maximum ampli-
tude. The gradient of the scaled waveform x with respect to the
smoothed variables xs is a diagonal matrix,

dx
dxs = diag(

2κe−κxs
i

(1 + e−κxs
i )

2 ), i = 1, 2, . . . , N. (31)

By the chain rule, the gradient of the fidelity η with respect to the
control variables xc is given by
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dη
dxc =

dη
dx
⋅

dx
dxs ⋅

dxs

dxc . (32)

III. NUMERICAL IMPLEMENTATION
The linear algebra was implemented in Liouville space using

the irreducible spherical tensors as basis operators. The global stiff-
ness matrix was assembled using the function sparse, where the
index matrices and value matrix were generated separately, and a
three-dimensional array was employed to vectorize the computation
of the value matrix. The element-wise multiplications in Eq. (18)
were vectorized using a diagonal block matrix. The details of matrix
assembly and solving are provided in the supplementary material,
Sec. S3.

The control variables are updated using MMA, a widely used
approach for large-scale, constrained nonlinear optimization prob-
lems, such as topology optimization.37,38 MMA is a gradient-based
algorithm that leverages the values and gradients of the objective
and constraint functions to iteratively construct and solve a sequence
of convex subproblems. Each subproblem has a unique optimal
solution that can be efficiently obtained via a dual approach.39 To
employ the MMA algorithm, the maximization of the ensemble
fidelity is formulated as a least-squares problem, i.e., by minimizing
the following expression:

f (xc
) =

Nens

∑
k=1
(1 − ηk)

2. (33)

ALGORITHM 2. Find an optimal control pulse shape.

Input: Parameters of the spin system; Pulse parameters
Output: Optimized control pulse x
Initialize xc

← rand(M, N); // Random initialization
Solve ηk from Eq. (15) and dηk/dx from Eq. (20);
for iter ← 2 to itermax do

if η ≥ target then
break;

else
Compute fk from Eq. (34) and dfk/dxc from Eq. (32);
Update xc using MMA; // Update control
variables

Solve xs from Eq. (22) and dxs
/dxc from Eq. (29);

// Smooth variables
if xc are Cartesian components then

Solve x from Eq. (30) and dx/dxs from Eq. (31) ;
// Scale variables

else
x← xs;

Solve α from Algorithm (1); // Solve LvN
equation

Solve ηk from Eq. (15) and dηk/dx from Eq. (20);
// Adjoint analysis

return x;

In the implementation, the least-squares objective was reformu-
lated by converting the infidelities into 2Nens linear constraints while
setting the objective function to zero,40

f0(xc
) = 0,

fk(x
c
) = 1 − ηk, k = 1, 2, . . . , Nens,

f Nens+k(x
c
) = ηk − 1, k = 1, 2, . . . , Nens.

(34)

Algorithm 2 outlines the pseudocode for solving the optimal
control problem in Eq. (4). The control variables xc consist of M
channels, each with N discrete values. Iteration proceeds until the
average fidelity η reaches the target (e.g., 0.995) or the maximum
number of iterations is reached. For an ensemble of spin systems,
the mesh is kept identical across all members, so the index matrix of
the stiffness matrix remains unchanged. Each ensemble member has
an individual Liouvillian, and the corresponding stiffness matrix is
assembled to evaluate the spin trajectory and its gradient. Handling
an ensemble system can be efficiently accelerated using MATLAB’s
parallel computing capabilities. In contrast, processing the variables
involves solving a separate linear system, executed only once per iter-
ation. For phase optimization, the smoothed variables xs define the
pulse shape; for Cartesian components (x and y) optimization, xs is
further scaled to the range [−1, 1].

IV. RESULTS AND DISCUSSION
A. Accuracy and speed

The accuracy and computational efficiency of the FEM
approach for solving the single-spin system were evaluated. The
step-by-step propagation method2 is adopted as a standard refer-
ence, where the control gradient is computed using the AUXMAT.
This referred method was executed using Spinach v2.8,41 where
step propagators are computed via the reordered Taylor expan-
sion, summing low-order terms to machine precision (2.22 × 10−16

on a 64-bit machine). All computations were performed in MAT-
LAB 2025b on a PC equipped with an AMD Ryzen Threadripper
PRO 3955WX 16-Cores processor (base frequency: 3.90 GHz) and
256 GB of RAM. For benchmarking the speed of the FEM method,
MATLAB’s parallel pool was disabled to remove the influence of
parallel computing.

The relative error of the spin trajectory is defined as

ϵρ =
1

N + 1

N+1

∑
i=1

∣ρF
i − ρP

i ∣

∣ρP
i ∣

, (35)

where N denotes the number of time steps, and ρP
i and ρF

i are the
ith spin vectors obtained from step-by-step propagation and FEM,
respectively. Since the spin state vectors are normalized, ∣ρP

i ∣ = 1. In
addition, the relative error of the gradient is computed as

ϵgrad =
1
N

N

∑
i=1
∣
∇

F
i −∇

auxmat
i

∇
auxmat
i

∣, (36)

where ∇auxmat
i and ∇F

i are the partial derivatives of the objective
with respect to the ith control variable, computed via AUXMAT
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and FEM, respectively. The approximation error is mainly deter-
mined by the discrete step size ∥L∥Δt. In typical liquid-state NMR
experiments, an RF amplitude of 10 kHz and a time step of 1 μs
yield ∥L∥Δt = 0.063. In this analysis, ∥L∥Δt was varied from 0.01 to
0.1, and for each value, 30 random pulse shapes were generated to
compute the mean values of ϵρ and ϵgrad.

Figure 2(a) shows the benchmark results for linear and
quadratic elements; using the linear elements, the spin-trajectory
error increases from 10−6 to 10−2, while the gradient error rises
from 10−4 to 10−1. Employing quadratic shape functions signif-
icantly reduces these ranges to 10−7–10−4 for the trajectory and
10−6–10−3 for the gradient. An average ensemble fidelity of 0.995
can be achieved with a trajectory error of less than 10−3, which,
for linear element approximations, requires ∥L∥Δt ≤ 0.06. The dif-
ference between ϵρ and ϵgrad arises because in Eq. (35), ∣ρP

i ∣ is
fixed at 1, whereas in Eq. (36), ∇auxmat

i can become very small
for some control variables and reaches the approximation error of
the linear or quadratic elements, resulting in an amplified relative
error.

The performance of the linear and quadratic elements was com-
pared with the AUXMAT and second-order finite difference (FD)
methods, where the propagators were approximated by truncating
the Taylor series. The linear elements achieve accuracy compa-
rable with the AUXMAT/FD results obtained using second-order

truncation, while the quadratic elements show comparable accu-
racy with AUXMAT/FD using third-order truncation (see the
supplementary material, Fig. S4). The corresponding wall-clock time
as a function of time steps is presented in Fig. 2(b). When N ranges
from 100 to 2000, the linear elements provide approximately a 7×
speedup over FD-2nd, and the quadratic elements yield roughly a
3.5× speedup over the FD third-order approximation.

The same procedure was applied to Hermite elements using
a piecewise-linear waveform, and the relative error of the Hermite
approximation is shown in Fig. 2(c). Unlike the case of piecewise-
constant waveforms, the accuracy of the Hermite discretization
depends on the smoothness of the linear waveform. Increasing the
Helmholtz filter radius R enforces smoother pulse shapes, reduc-
ing the error and exceeding the quadratic-element accuracy when
R = T/42. In addition, cubic Hermite elements offer an accuracy
intermediate to that of AUXMAT/FD methods using second- and
third-order Taylor truncation (see supplementary material Fig. S5).
The wall-clock time for evaluating gradients of the linear wave-
form is presented in Fig. 2(d), where the Hermite elements provide
approximately a 10× speedup over FD second-order approximation
when N ranges from 100 to 2000.

It is worth noting that the FEM wall-clock time is piecewise lin-
ear; this behavior arises because stiffness matrix assembly and linear
solves are performed on large sparse matrices. As the number of time

FIG. 2. Performance of FEM and the step-by-step propagation method for computing the spin trajectory and gradient in a single-spin system. Piecewise-constant wave-
form: (a) Relative error for the FEM linear and quadratic elements. (b) Wall-clock time for the FEM linear and quadratic elements, AUXMAT, and second-order finite
difference (FD). The AUXMAT and FD methods used second- and third-order Taylor-truncated propagators, as indicated in the legend. Piecewise-linear waveform: (c)
Relative error for the FEM cubic Hermite elements, where R denotes the Helmholtz-filter radius, which controls waveform smoothing. The solid and dashed lines denote
spin-trajectory and gradient error, respectively. (d) Wall-clock time for the FEM Hermite elements, AUXMAT, and FD methods. The AUXMAT and FD methods employed
second-order truncated propagators. Panels (a) and (c) use a pulse duration of T = 0.5 ms and a Liouvillian norm ∥L∥ = 2 × 104 rad s−1, with N swept from 100 to 1000.
Panels (b) and (d) fix ∥L∥Δt = 0.063 and sweep N from 10 to 2000.
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steps increases, the working set eventually exceeds the CPU cache
capacity. The computation thus transitions from a compute-bound
regime, which is dominated by small dense matrix operations, to a
memory-bound regime limited by RAM bandwidth. Consequently,
a few jumps appear in the runtime curve, and its slope increases
slightly in the large-N region.

B. State-to-state optimal control
The FEM combined with MMA was tested by optimizing a

single-spin broadband excitation pulse, which transfers Iz to Ix over
a 20 kHz offset range. The shaped pulse has a duration of 500 μs, dis-
cretized into 500 time bins, and a nominal amplitude of 10 kHz with
±20% variations. Gradients were computed using three methods:
FEM with linear elements, the auxmat second order, and FD second-
order approximations, which yield comparable numerical accuracy.
Each method was repeated 20 times from different random initial
guesses and their convergence rates are shown in Fig. 3(a). The sim-
ilar convergence rates are primarily constrained by the MMA opti-
mizer; its oscillatory convergence is analyzed in Sec. IV C. In terms
of runtime, the linear elements achieved an order-of-magnitude

FIG. 3. Performance of the excitation pulse optimization for an ensemble single-
spin system. (a) Convergence rate comparison for gradients computed using FEM
with linear elements, AUXMAT, and second-order finite differences (FD). AUX-
MAT and FD used second-order Taylor-truncated propagators. Each method was
repeated 20 times from different random initial guesses, and the MMA algorithm
was used for optimization. (b) Histogram showing the time consumption of the
three methods. The shaped pulse steers Iz to Ix with RF amplitude of 10 kHz and
±20% scaling (nrf = 5). A 20 kHz bandwidth was discretized into noff = 51 offsets,
giving Nens = 255. The 500 μs pulse was piecewise constant with 500 segments,
its amplitudes were fixed at 1, and its phases were optimized. The target ensemble
fidelity was 0.995. To eliminate the influence of parallel computation, the parallel
pool was disabled in MATLAB 2025b.

speedup over auxmat second-order approximation, while the FD
second-order approximation exhibits intermediate wall-clock time,
as shown in Fig. 3(b).

In the above-mentioned test, a single-spin system was con-
structed for each ensemble member, and all fidelities and gradients
obtained from FEM, AUXMAT, or FD methods were provided to
the MMA algorithm, in which the ensemble constraints were built
by Eq. (34). When AUXMAT is combined with L-BFGS or Newton
optimization, as implemented in Spinach, the Hamiltonians of the
non-interacting subsystems can be assembled into a block-diagonal
matrix, which allows the ensemble-averaged fidelity and gradient to
be computed more efficiently. This block-diagonal acceleration was
excluded from the comparisons.

C. Propagator optimization
The performance of MMA was tested against the L-BFGS

and Newton–Raphson methods, with the latter two executed using
Spinach v2.8. The test case involved optimizing a broadband uni-
versal rotation pulse, designed to realize the target propagator
U = exp (−iπIx/2) across a 20 kHz offset range. The shaped pulse
has a duration of 500 μs, discretized into 500 time bins, with a nom-
inal amplitude of 10 kHz and ±10% scaling variations. The linear
algebra was implemented in Hilbert space, where a unique target
propagator favored by the optimization algorithm can be defined.42

Unlike the step-by-step propagation in the GRAPE method, the
FEM model approximates spin evolution directly using a linear com-
bination of basis functions. As a result, the effective propagator is
not explicitly constructed, rendering propagator optimization cur-
rently infeasible within the FEM framework. AUXMAT was used
to compute the gradient for both MMA and L-BFGS as well as
the Hessian matrix for the Newton–Raphson method; propaga-
tors were calculated using a Taylor series expansion truncated to
machine precision. The convergence behavior shown in Fig. 4(a)
indicates that L-BFGS achieves stable but slower convergence as
the fidelity approaches the target. The Newton method converges
more rapidly and stably, while MMA achieves a convergence rate
comparable with that of the Newton–Raphson method, albeit with
a non-monotonic curve. The wall-clock times, shown in Fig. 4(b),
indicate that MMA completes the optimization faster than both
L-BFGS and the Newton–Raphson methods.

The oscillatory behavior of the MMA algorithm arises from
the implicit Hessian matrix of its first-order approximation. The
empirical choices of the moving asymptotes implicitly generate
an approximated, positive-definite diagonal Hessian (curvature),
which may be inaccurate. For example, loose asymptotes yield
smaller curvature and, consequently, an aggressive step that over-
shoots the local minimum. The algorithm then corrects this over-
shoot by moving back in the next iteration, leading to an oscil-
latory pattern. The modified variant, globally convergent MMA
(GCMMA),43 addresses this by introducing an additional inner iter-
ation that plays a role analogous to a line search. This process forces
more conservative approximations of both the objective and con-
straints, yielding slower but more stable convergence. However, each
inner iteration requires recomputing the ensemble fidelities, whose
cost is comparable with computing both fidelities and gradients
together.
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FIG. 4. Performance of implementing a universal 90o
x rotation for an ensemble

single-spin system. (a) Comparison of convergence rates for the MMA, L-BFGS,
and Newton–Raphson methods; each method was repeated 40 times using differ-
ent random initial guesses, and AUXMAT was used to compute the gradient and
Hessian. (b) Histogram of wall-clock time for three methods. The RF amplitude
was 10 kHz with ±10% scaling (nrf = 5). A 20 kHz bandwidth was sampled at
noff = 51 offsets, giving an ensemble size Nens = 255. The 500 μs pulse used
500 piecewise-constant slices with unit-fixed amplitude, and the phases were
optimized. Optimization targeted an ensemble fidelity of 0.995 and terminated
at 100 maximum iterations. Ensemble gradient and Hessian evaluations were
accelerated using 16 workers in MATLAB R2025b.

V. CONCLUSION
In this work, we employed the FEM method to solve the

Liouville–von Neumann equation for a single-spin system. Achiev-
ing gradient accuracy comparable with the step-by-step propagation
approach using second-order Taylor-truncated propagators, the use
of linear elements provides an approximate order-of-magnitude
speedup in gradient evaluation. In addition, the propagator opti-
mization benchmark confirms that the MMA optimizer converges
faster than L-BFGS, highlighting the potential of this approach for
time-constrained optimal control problems.

With the adjoint method, gradient computation is as efficient
as trajectory evaluation, which is similar to the case in step-by-
step propagation. Hence, the computational cost is dominated by
stiffness-matrix assembly and linear-system solving. While the 1-
spin system attains the largest acceleration, this speedup reduces by
∼4 for 2 spins (Fig. S7) and is expected to diminish further with
increasing spin system size due to the runtime scaling with nearly
the square of the nodal degrees of freedom in the current imple-
mentation. When the parallelization is used to accelerate the FEM

and GRAPE, it is also worth studying their relative efficiency as a
function of the number of degrees of freedom.

The oscillatory convergence behavior limits the applicability
of MMA in high-fidelity scenarios, for example, 99.99%. A hybrid
approach could use MMA to quickly reach an initial target and then
switch to a more stable method for fine-tuning. Another direction
is including spatial variables in the FEM model, either when diffu-
sion becomes a degree of freedom31 or when optimal control of fluid
samples44 is concerned.

SUPPLEMENTARY MATERIAL

The supplementary material includes the derivation of stiff-
ness matrices for quadratic and Hermite elements and includes the
matrix assembly and solution in MATLAB. It also provides perfor-
mance benchmarks for the FEM, auxiliary matrix formalism, and
second-order finite difference methods: specifically evaluating accu-
racy at small step sizes and computational speed for 1- and 2-spin
systems.
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