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1 Introduction

Compact, low-loss inductive elements with high characteristic impedance are
central building blocks of superconducting quantum circuits. Their inductive en-
ergy sets the scales governing coherence and device performance in qubits [1–
4], high-impedance resonators [5–11], and tunable couplers [12–14]. A large in-
ductive impedance—ideally exceeding the vacuum impedance Z0 =

√
µ0/ϵ0 ≈

377 Ω—enhances anharmonicity, strengthens capacitive interactions in circuit QED,
and suppresses current fluctuations [2, 5, 15]. In flux-type qubits and couplers,
it also sets the sensitivity to flux-noise and the magnitude of persistent currents,
directly influencing dephasing and relaxation [3, 16, 17].

A variety of technological platforms have been developed to realize large induc-
tances in a compact footprint. Prominent examples include disordered super-
conductors with enhanced kinetic inductance, such as NbN, TiN, and granular
aluminum [7, 18–24], nanowire-based geometric superinductors [15, 25], or chains
of Josephson junctions [2, 5]. While each approach has enabled important ad-
vances, they face intrinsic limitations: disordered films suffer from dielectric loss
associated, e.g., with surface oxides or magnetic spins [7, 19, 24, 26]; geometric
superinductors are compact but exhibit fabrication variability and elevated loss
tangents [25]; and planar Josephson junction arrays require large on-chip foot-
prints and host extensive metal–substrate and metal–vacuum interfaces containing
two-level systems (TLS) that limit coherence [27, 28]. Their large island areas cause
parasitic stray capacitances that lower the impedance, introduce plasmonic modes
within the operational frequency band, thereby constraining the inductance [5, 29].

These considerations motivate the study of vertically stacked Josephson junction
arrays. In this work, we develop and characterize Al/AlOx/Al junction stacks
as high-impedance inductors and employ them in superconducting quantum
circuits. By incorporating many junctions into a compact stack, the footprint of the
array is strongly reduced while parasitic capacitances to ground are simultaneously
suppressed. Adjacent stacks are connected via suspended superconducting bridges,
ensuring that no additional dielectric material is introduced near the inductor (see
Fig. 1.1). The geometry of a stack leverages near-unity electrode utilization: almost
the entire metallic surface forms tunnel junctions, while only narrow sidewalls
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Figure 1.1: Schematics of an array of stacked junctions. Pairs of stacks are connected with
suspended superconducting bridges on top of two stacks and by wiring at the bottom. The stacks
and the arches are not to scale.

remain exposed to lossy environmental interfaces. This reduction in interface
participation can significantly reduce TLS-induced dissipation [6, 7, 19, 30, 31], a
key limitation for coherence in superconducting circuits. Moreover, the smaller
amount of exposed electrode surface leads to substantially lower parasitic stray
capacitances, thereby enabling higher impedance and pushing spurious array
modes to higher frequencies [32, 33].

In the first part of this work, we model and simulate the parasitic stray capaci-
tances in stacks and calculate their oscillation modes. We measure current–voltage
curves of fabricated junction stacks and use these measurements to develop a
multilayer fabrication method that enables compact stacks with uniform junction
characteristics.

In the second part of this work, we integrate stacked junction arrays into super-
conducting flux qubits to evaluate their performance in a realistic quantum-circuit
environment. Among flux-type qubits, devices operating in the quarton regime
have recently emerged as a compelling architecture [4, 34–37]. In this regime, the
inductive energy of the array is approximately equal to the Josephson energy
of the small-junction, resulting in a shallow, nearly quartic potential around the
minimum. The quarton regime intrinsically suppresses first-order sensitivity to
low-frequency flux noise around the flux sweet spot—typically the dominant de-
phasing mechanism in flux-type qubits [38–40]—while simultaneously maintaining
a large, positive anharmonicity of roughly one third of the transition frequency [4,
34, 41]. This combination enables fast and selective microwave control without
sacrificing robustness to low-frequency fluctuations [14, 34, 36].

We design and fabricate quarton qubits with stacked junction inductors, study
their spectra and time-domain properties, including how the coherence depends
on the geometry of the stacked junction arrays. To disentangle material-intrinsic
decoherence mechanisms from dephasing induced by external flux noise, we em-
ploy a persistent-current bias scheme that provides a low-noise and stable flux bias
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1 Introduction

for quarton qubits. This approach allows us to study flux-noise-related coherence
limits under well-controlled bias conditions. We benchmark the trapping mecha-
nism and characterize the long-term stability of the persistent current. Finally, we
investigate the coherence properties of a quarton qubit flux biased with a persistent
current.

In a complementary spectroscopy study of quarton devices with different stacked-
junction array sizes, we identify two-level systems in the tunnel barriers as the
dominant intrinsic decoherence mechanism. A systematic TLS-spectroscopy study
further links the density and coupling strength of these defects to the geometry of
the junction stacks.

The remainder of this thesis is organized as follows. Chapter 2 reviews the fun-
damentals of superconductivity and Josephson junctions. Chapter 3 introduces
flux-type qubits—particularly in the quarton regime—and the relevant noise mech-
anisms. Chapter 4 summarizes the cryogenic setup and measurement instrumenta-
tion. Chapter 5 presents stacked Josephson junction arrays, their design, fabrication,
and electrical characterization. Chapter 6 investigates quarton qubits using stacked
junctions, focusing on the qubit spectra and coherence properties. It includes sepa-
rate sections on decoherence induced by external flux noise and on decoherence
associated with TLS in the junction barriers.
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2 Superconductivity and the
Josephson Junction

This chapter introduces the theoretical foundations of superconducting circuits,
summarizing the key principles of superconductivity and the Josephson effect.

2.1 Introduction to Superconductivity

Superconductivity represents one of the most remarkable manifestations of quan-
tum mechanics on a macroscopic scale. Below a characteristic critical temperature
Tc, certain materials exhibit zero DC resistance and expel magnetic fields from
their interior, a phenomenon known as the Meissner–Ochsenfeld effect [42]. These
properties arise from the formation of a collective condensate of paired electrons—
Cooper pairs—which occupy a single macroscopic quantum state. The description
of this state and its electromagnetic properties can be approached on several theo-
retical levels, ranging from the phenomenological London and Ginzburg–Landau
(GL) theories to the microscopic Bardeen–Cooper–Schrieffer (BCS) model. This
section summarizes the key equations and concepts that are required for under-
standing Josephson junctions and their role in superconducting quantum circuits.

2.1.1 The London equations

Following the discovery of superconductivity by Kamerlingh Onnes in 1911 [43], a
central challenge was to explain its perfect conductivity and perfect diamagnetism.
The first quantitative description was given in 1935 by the London brothers [44].
The temporal evolution of the supercurrent density j⃗s in an electric field E⃗ follows
from the equation of motion

∂⃗js
∂t

=
nsq2

m∗ E⃗, (2.1)

5



2 Superconductivity and the Josephson Junction

where ns denotes the density of superconducting charge carriers (Cooper pairs)
with charge q = 2e and effective mass m∗. Equation (2.1) implies an acceleration of
the superconducting charge carriers in response to an applied field, resulting in a
current that persists indefinitely once the field is removed.

Combining Eq. (2.1) with Maxwell’s equations and considering steady-state condi-
tions leads to the second London equation,

∇× j⃗s = −nsq2

m∗ B⃗, (2.2)

where B⃗ is the magnetic flux density inside the superconductor. Taking the curl of
both sides and applying ∇ · B⃗ = 0 gives

∇2B⃗ =
B⃗

λ2
L

, (2.3)

which predicts that magnetic fields decay exponentially within the superconductor:

B(z) = B0e−z/λL . (2.4)

The characteristic decay length λL is the London penetration depth,

λL =

√
m∗

µ0nsq2 , (2.5)

typically about 50 nm for aluminum [45, 46]. This exponential screening of mag-
netic fields provides a phenomenological description of the Meissner effect and
distinguishes a superconductor from a perfect conductor, which would merely trap
magnetic flux.

Experiments further revealed that the penetration depth is not constant but ex-
hibits a characteristic temperature dependence. Empirically, this behavior can be
described by

λ(T) ≈ λ(0)

[
1 −

(
T
Tc

)4
]−1/2

, (2.6)

which lies beyond the scope of the purely phenomenological London equations [47].
In addition, the observation of an isotope effect, Tc ∝ M−1/2 with the atomic mass
M, demonstrated that lattice vibrations play a central role in the superconducting
pairing mechanism [47]. This finding provided a key experimental motivation for
the microscopic Bardeen–Cooper–Schrieffer (BCS) theory of superconductivity.
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2.1 Introduction to Superconductivity

While the BCS theory captures the microscopic origin of superconductivity, many
electromagnetic properties of superconductors can be described by effective macro-
scopic theories. In particular, the Ginzburg–Landau framework provides a phe-
nomenological description in terms of a complex order parameter and is especially
useful near the critical temperature. It is therefore introduced in the following
section as a bridge between microscopic theory and circuit-level modeling.

2.1.2 Ginzburg–Landau theory

In 1950, Ginzburg and Landau (GL) formulated a phenomenological theory of
superconductivity based on the concept of a macroscopic order parameter [48].
The superconducting state is described by a complex wave function

Ψ(⃗r) =
√

ns (⃗r) eiϕ(⃗r), (2.7)

whose squared modulus corresponds to the local density of superconducting carri-
ers ns (⃗r) and whose phase ϕ(⃗r) defines the long-range coherence of the condensate
(later identified microscopically as Cooper pairs in the BCS theory).

The total free energy density fs quantifies the energy of the superconducting
condensate including spatial variations and electromagnetic coupling. It can be
written as [47]

fs = fn + α|Ψ|2 + β

2
|Ψ|4 + 1

2m∗

∣∣∣(−ih̄∇− qA⃗
)

Ψ
∣∣∣2 + |B⃗|2

2µ0
, (2.8)

where α and β are phenomenological coefficients, m∗ is the effective Cooper-pair
mass, and fn is the free energy density of the normal state.

Minimizing Eq. (2.8) with respect to Ψ∗ and A⃗ yields the coupled GL equations:

αΨ + β|Ψ|2Ψ +
1

2m∗

(
−ih̄∇− qA⃗

)2
Ψ = 0, (2.9)

j⃗s = − iqh̄
2m∗ (Ψ

∗∇Ψ − Ψ∇Ψ∗)− q2

m∗ |Ψ|2 A⃗. (2.10)

From these equations follow two characteristic length scales: the coherence length

ξGL =

√
h̄2

2m∗|α| , (2.11)
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2 Superconductivity and the Josephson Junction

which determines the distance over which the order parameter can vary signifi-
cantly, and the penetration depth

λGL =

√
m∗β

µ0q2|α| , (2.12)

which describes the exponential decay of magnetic fields inside the material.
In the weak-field limit near Tc, λGL approaches the London penetration depth
λL extrapolated to the same temperature. The ratio κ = λGL/ξGL defines the
Ginzburg–Landau parameter distinguishing type-I (κ < 1/

√
2) and type-II (κ >

1/
√

2) superconductors.

Close to the critical temperature, α varies linearly as α(T) = α′(T − Tc) with α′ > 0,
while β remains constant. Minimization of Eq. (2.8) with respect to |Ψ| yields the
equilibrium condition |Ψ0|2 = −α/β. Substituting this into the free energy gives
the condensation energy density

fn − fs =
B2

c
2µ0

=
α2

2β
, (2.13)

where Bc is the thermodynamic critical field, i.e., the magnetic field strength at which
the free energies of the superconducting and normal states are equal.

The GL formalism provides a quantitative description of spatial variations, vor-
tex formation, and the transition between superconducting and normal regions.
Its macroscopic phase ϕ directly leads to the phenomenon of flux quantization
discussed next.

2.1.3 Flux quantization

One consequence of macroscopic phase coherence is the quantization of magnetic
flux in a superconducting loop. For the condensate wave function Ψ(⃗r) =

√
nseiϕ(⃗r),

single-valuedness requires that the phase change around a closed contour L within
the superconductor is an integer multiple of 2π:∮

L
∇ϕ · d⃗l = 2πn, (2.14)

where n is an integer winding number.

The canonical momentum in a magnetic field is

p⃗ = m∗v⃗s + q A⃗, (2.15)

8



2.2 The Josephson effect

with v⃗s the superfluid velocity. Using the gauge-invariant relation h̄∇ϕ = m∗v⃗s +

qA⃗ and inserting it into Eq. (2.14) gives∮
L

(
m∗v⃗s + q A⃗

)
· d⃗l = nh. (2.16)

If the integration path is chosen far from the surface, where v⃗s → 0, only the vector
potential contributes. Applying Stokes’ theorem yields the quantization of the
magnetic flux through the enclosed area S:

Φ =
∮

L
A⃗ · d⃗l = n

h
2e

= nΦ0, (2.17)

with the flux quantum

Φ0 =
h
2e

≈ 2.07 × 10−15 Wb. (2.18)

Flux quantization is a direct result of the single-valued macroscopic phase and
constitutes the foundation of superconducting interference devices, flux qubits,
and related circuits underlying the phase–flux relationship.

2.2 The Josephson effect

A particularly remarkable manifestation of quantum mechanics in superconduc-
tors is the Josephson effect, which links the macroscopic phase coherence of the
condensate to a measurable current and voltage across a thin insulating barrier.
It represents the fundamental quantum mechanical coupling between two macro-
scopic wavefunctions and forms the basis of all superconducting quantum devices
investigated in this thesis.

In 1962, Brian D. Josephson predicted that superconducting charge carriers can
coherently tunnel between two superconductors separated by a thin insulating
barrier, forming a weak link. [49]. This coupling between two condensates allows
for charge transport governed purely by the quantum phase difference, without
dissipation. The prediction, soon verified experimentally [50, 51], established that
a supercurrent can flow without any applied voltage as a consequence of the
phase difference φ = ϕ1 − ϕ2 between the superconducting order parameters on
both sides of the junction. The two superconductors are described by macroscopic
wavefunctions Ψ1 =

√ns,1eiϕ1 and Ψ2 =
√ns,2eiϕ2 , and weak coupling through the

insulating barrier allows for coherent tunnelling described by the Josephson equations

Is = Ic sin φ, (2.19)

dφ

dt
=

q
h̄

V (q = 2e). (2.20)

9



2 Superconductivity and the Josephson Junction

Equation (2.19) expresses the DC Josephson effect: a phase difference drives a dis-
sipationless supercurrent even at zero voltage, while Eq. (2.20) describes the AC
Josephson effect: a finite voltage induces a time-dependent phase and an oscillating
current with frequency f J = (2e/h)V. These equations reveal that the super-
conducting phase difference behaves as a macroscopic quantum variable whose
dynamics determine measurable electrical observables.

Historically and conceptually, the Josephson effect forms the foundation for the
work honored by the 2025 Nobel Prize in Physics, awarded to Clarke, Devoret,
and Martinis for demonstrating macroscopic quantum tunnelling and energy
quantization in superconducting circuits [52]. Their experiments confirmed that
φ behaves as a macroscopic quantum coordinate capable of tunnelling between
adjacent minima of U(φ), establishing Josephson junctions as analogues of quantum
particles in periodic potentials [53–55].

2.2.1 The Josephson potential and nonlinearity

The potential energy of a Josephson junction follows directly by integration of the
current–phase relation, Eq. (2.19), by integrating the current–phase relation with
respect to the phase φ (using Φ = (Φ0/2π)φ):

U(φ) =
∫ φ

0
Is(φ′)

Φ0

2π
dφ′ =

Φ0 Ic

2π
(1 − cos φ) = −EJ cos φ + const., (2.21)

which defines the Josephson energy

EJ =
h̄Ic

2e
. (2.22)

The Josephson potential is intrinsically nonlinear due to the sinusoidal current–
phase relation. As a result, the energy stored in the junction depends nonlinearly on
the phase difference across it. The critical current Ic, set by microscopic properties
such as the junction geometry and barrier transparency, determines the overall
scale of both the Josephson potential and the associated inductive response.

The nonlinear energy–phase relation of a Josephson junction results in a phase-
dependent differential inductance, commonly described by the Josephson inductance,

LJ(φ) =

(
∂Is

∂Φ

)−1
=

(
2π

Φ0

∂Is

∂φ

)−1
=

Φ0

2πIc cos φ
, (2.23)

which reduces at φ ≈ 0 to the linear inductance L0
J = Φ0/(2π Ic).

10



2.2 The Josephson effect

Figure 2.1: Current–phase relation and potential of a Josephson tunnel junction. (a) Sinusoidal
current–phase relation of a Josephson junction (red) and a linear approximation at small phase
drops across the junction (blue). (b) Josephson potential U(φ) (red) and its harmonic approximation
(blue), valid for small φ. Higher-order terms, such as the quartic contribution (green), introduce
nonlinearity essential for qubits and parametric devices.

Expanding the Josephson potential for small phase differences (φ ≪ 1),

U(φ) ≈ −EJ +
EJ

2
φ2 −

EJ

24
φ4, (2.24)

reveals a harmonic term corresponding to a linear inductor and higher-order
corrections that introduce anharmonicity [56]. This intrinsic nonlinearity is essen-
tial for qubit operation and parametric amplification, as it enables energy-level
anharmonicity and a nonlinear circuit response [57, 58].

2.2.2 Josephson inductance and kinetic inductance

Large inductances play a central role in superconducting quantum circuits, in
particular for realizing high-impedance elements and suppressing charge fluctua-
tions, as required for flux-type qubits, high-impedance resonators, and parametric
devices [2, 3, 5]. In practice, such inductances can arise from two closely related
physical mechanisms: the inertial response of superconducting charge carriers in
continuous superconductors, known as kinetic inductance, and the phase dynamics
across Josephson tunnel junctions, described by the Josephson inductance. This sec-
tion highlights the physical origin of both contributions and clarifies their close
conceptual connection, which underlies the concept of a superinductance.

In a conventional superconducting wire, an applied electric field accelerates the
superconducting charge carriers. Due to their finite effective mass, this acceleration
is not instantaneous but leads to an inertial response, giving rise to an inductive
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2 Superconductivity and the Josephson Junction

contribution even in the absence of magnetic field energy. This effect is referred to
as kinetic inductance [56].

On a phenomenological level, the kinetic inductance of a uniform superconducting
conductor of length l and cross-sectional area A can be written as [47]

Lk =
m∗

nsq2
l
A

, (2.25)

where m∗ and ns denote the effective mass and density of superconducting charge
carriers. The kinetic inductance thus increases for reduced carrier density and small
cross sections, making it particularly relevant in thin and disordered supercon-
ducting films, where structural disorder, granularity, or reduced dimensionality
suppress the superfluid density ns and strongly enhance the kinetic inductance.

For thin superconducting films of thickness d and width w, the cross-sectional
area is given by A = wd. In this geometry, it is convenient to express the kinetic
inductance in Eq. (2.25) in terms of the inductance per square,

L□
k = µ0

λ2
L

d
, (2.26)

which depends only on the film thickness d and the London penetration depth λL.

For bulk aluminum with λL ≈ 50 nm and a film thickness of d = 100 nm, this corre-
sponds to a sheet kinetic inductance of L□

k ≈ 30 pH [59]. In contrast, in strongly dis-
ordered superconductors such as granular aluminum, niobium nitride, or titanium
nitride, the sheet kinetic inductance can reach values of several nanohenries [18–20,
60]. These large values have enabled the realization of high-impedance resonators
and superinductors based on continuous materials [5, 7].

While materials with a large kinetic inductance provide one route toward compact
superinductors, their properties are intrinsically linked to material disorder and
often accompanied by increased losses and parameter variability [7, 19, 24, 26]. As
a result, circuit parameters are largely set by microscopic material properties and
offer only limited tunability at the circuit-design level [5, 7].

An alternative and conceptually closely related approach to realizing large in-
ductances is provided by Josephson tunnel junctions. As discussed in Sec. 2.2.1,
the nonlinear energy–phase relation of a Josephson junction gives rise to a phase-
dependent Josephson inductance. This inductive response originates from coherent
charge transport across the insulating barrier and can be regarded as a discrete
analogue of kinetic inductance [47].

In contrast to bulk or thin-film superconductors, the Josephson inductance is a
circuit-level property set by the junction critical current. The critical current is
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2.2 The Josephson effect

determined by the junction geometry and by fabrication parameters governing
the formation of the tunnel barrier (see Sec. 2.2.4), enabling precise control at
the circuit-design level. By connecting many junctions in series, a large effective
inductance can be realized, with its value determined by the number of junctions
and the Josephson inductance of each junction. This principle forms the foundation
of the stacked junction inductors employed in this work (see Sec. 5.1).

Both kinetic inductance in superconducting materials and Josephson inductance in
tunnel junctions thus originate from the inertial response of the superconducting
condensate, providing two complementary routes to realizing large inductances in
superconducting circuits.

2.2.3 Quasiparticles and the superconducting energy gap

The concepts introduced in this section form the basis for interpreting microscopic
effects in the cryogenic current–voltage characteristics of Josephson junctions dis-
cussed throughout this thesis. In particular, the superconducting energy gap and
quasiparticle excitations contribute to the characteristic voltage scale, subgap leak-
age, and dissipation mechanisms observed in transport measurements of stacked
junction arrays.

The microscopic origin of superconductivity was explained by Bardeen, Cooper,
and Schrieffer (BCS) [61]. For the purposes of this thesis, only the concepts di-
rectly relevant to Josephson transport and junction dynamics are summarized
here, namely the superconducting energy gap ∆ and the fermionic quasiparticle
excitations that govern tunnelling and dissipation in junctions.

Electrons near the Fermi surface experience an effective phonon-mediated attrac-
tion within the Debye window h̄ωD, leading to the formation of bound Cooper
pairs. Within BCS theory, the binding energy of a Cooper pair is given by the
superconducting energy gap ∆, which in the weak-coupling limit is

∆0 = 1.76 kBTc, (2.27)

where ∆0 denotes the energy gap at zero temperature. This relation accurately
describes superconductors such as aluminum and niobium and agrees with tun-
nelling spectroscopy measurements of the gap [47, 62]. When a Cooper pair is
broken by an excitation with energy at least ∆, two unbound fermionic excitations
are created, which are referred to as quasiparticles.

The superconducting energy gap is temperature dependent. At zero temperature,
the equilibrium quasiparticle density vanishes, while the energy gap assumes its

13



2 Superconductivity and the Josephson Junction

maximum value ∆0. With increasing temperature, thermally excited quasiparticles
are generated and the gap ∆(T) decreases continuously, eventually closing at the
critical temperature Tc. This temperature dependence is well described by the
empirical interpolation

∆(T)
∆0

≈ tanh

[
1.74

√
Tc

T
− 1

]
, (2.28)

which captures the behaviour predicted within BCS theory [47, 63]. The temperature
dependence of the energy gap directly influences measurable transport quantities
such as the critical current and the onset of quasiparticle conduction in the I–V
characteristics of Josephson junctions (see the A.–B. relation in Eq. (2.32)).

In the superconducting state, the energy spectrum of fermionic excitations is
modified compared to the normal state. Instead of a constant density of available
electronic states, the quasiparticle density of states becomes energy dependent
and exhibits a gap of width 2∆ around the Fermi level. Within BCS theory, the
quasiparticle density of states is given by

Ns(E) =


0, |E| < ∆,

N0
|E|√

E2 − ∆2
, |E| > ∆,

(2.29)

where E denotes the quasiparticle energy measured relative to the Fermi energy,
Ns(E) is the density of quasiparticle states in the superconducting state, and N0 is
the normal-state density of states at the Fermi level.

The divergence of Ns(E) at |E| = ∆ reflects the accumulation of available quasipar-
ticle states at the gap edges. These singularities, commonly referred to as coherence
peaks, are a direct consequence of Cooper pairing and constitute a hallmark of
the superconducting state. In superconducting–insulator–superconducting (SIS)
junctions, they give rise to a sharp increase of the tunnelling current once the
applied bias voltage exceeds the gap voltage. This behaviour forms the basis of
tunnelling spectroscopy, in which the differential conductance directly probes the
quasiparticle density of states [50, 51, 62].

While the density of states describes the energy distribution of available quasi-
particle states, the actual number of quasiparticles is determined by their thermal
population. At temperatures much smaller than the critical temperature Tc, as
relevant for all measurements in this thesis, the equilibrium quasiparticle density

nqp(T) ∝ N0

√
2πkBT ∆(T) exp

[
−∆(T)

kBT

]
(2.30)
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2.2 The Josephson effect

is exponentially suppressed, reflecting the energy cost required to excite quasipar-
ticles across the superconducting energy gap. In the ideal low-temperature limit,
this suppression implies vanishing quasiparticle-induced dissipation.

In real devices, however, nonequilibrium quasiparticles may persist even at mil-
likelvin temperatures and can contribute to finite subgap currents, in addition to
other circuit- and geometry-related effects, through inelastic or multiparticle tun-
nelling and Andreev-like processes [47, 64, 65]. Such effects become directly visible
in high-resolution transport measurements and provide valuable information for
assessing junction quality and dissipation in superconducting circuits.

The existence of the superconducting energy gap manifests macroscopically in the
characteristic voltage scale of Josephson junctions,

Vgap =
2∆(T)

e
, (2.31)

which marks the onset of strong quasiparticle tunnelling in the measured I–V
characteristics.

Quasiparticles generated above the gap recombine into Cooper pairs by emitting
phonons with energy 2∆, a process characterized by the recombination time τqp,
which depends on temperature and material parameters [66]. Under DC bias or
strong microwave drive, nonequilibrium quasiparticle populations can persist,
leading to excess dissipation, local heating, or features such as the backbending
of the quasiparticle branch discussed later in Sec. 2.2.5 [67–69]. Understanding
quasiparticle generation and relaxation is therefore helpful for interpreting trans-
port measurements and discussing dissipation mechanisms in stacked Josephson
junction circuits.

2.2.4 The critical current

The critical current Ic represents one of the most fundamental quantities of a
Josephson junction, defining the maximum supercurrent that can pass through the
weak link without developing a voltage across it. It provides a direct link between
the microscopic properties of the superconducting electrodes, the tunnel barrier,
and the macroscopic circuit behavior. In the context of Josephson inductors, Ic

determines the nonlinear inductance in Eq. (2.23), which at small phase excursions
φ ≪ 1 simplifies to LJ ≈ Φ0/(2π Ic). Controlling Ic therefore provides a direct
means to set the inductance in superconducting circuits, such as in qubits, SQUIDs,
and other non-dissipative superconducting devices.
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2 Superconductivity and the Josephson Junction

At the microscopic level, the critical current arises from the coherent tunneling of
Cooper pairs through the insulating barrier separating two superconductors. In the
tunneling limit of a low-transparency barrier, Ambegaokar and Baratoff derived
the relation [70]:

IcRn =
π∆(T)

2e
tanh

(
∆(T)
2kBT

)
−−→
T→0

π∆0

2e
≃ 2.34 × 10−4 V K−1 Tc

Rn
, (2.32)

where ∆(T) is the superconducting energy gap and ∆0 = 1.76 kBTc its zero-
temperature value from BCS theory. For aluminum with Tc = 1.20 K and ∆0 ≃
180 µeV [62, 71], one obtains

IcRn ≈ π∆0

2e
≈ 0.28 mV, (2.33)

in agreement with typical experimental data for Al/AlOx/Al tunnel junctions [51,
72]. Equation (2.32) thus provides a direct relation between the superconducting
energy gap and measurable macroscopic transport parameters.

For junctions with uniform tunnel barriers, the critical current scales linearly with
the junction area A according to [56]

Ic = Jc AJ, (2.34)

where Jc denotes the critical current density. The strong sensitivity of Jc to
the tunnel barrier thickness tb results from the exponential dependence of the
transmission probability on barrier width and height. Within a semiclassical
Wentzel–Kramers–Brillouin (WKB) picture of electron tunneling through a rectan-
gular barrier of height Φb, one obtains [72, 73]:

Jc ∝ exp
[
−2tb

h̄

√
2meΦb

]
, (2.35)

where me is the electron mass. This expression illustrates that even sub-ångström
variations in tb or Φb can cause orders-of-magnitude changes in Jc.

Experimentally, the barrier thickness is controlled through the oxidation of the
aluminum layer, characterized by the oxygen exposure E = pO2 tox, where pO2 is
the partial pressure and tox the oxidation time. Empirically, the dependence of Jc

on E follows a power law [74, 75]:

Jc ∝ E−α, (2.36)

with the exponent α depending on the oxygen exposure. At low Jc (below ∼
0.1 mA/µm2), α ≈ 0.4–0.6 is typically observed, while in the high-Jc regime α can
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2.2 The Josephson effect

increase up to ∼ 1.6. All junctions discussed in this thesis operate in the low-Jc

regime, and α = 0.4 is used in the relevant calculations.

In Al/AlOx/Al junctions, deviations from the ideal exponential dependence of
Jc on barrier thickness can arise from microscopic non-uniformities of the oxide,
such as inhomogeneous oxidation or interface roughness, which affect both the
normal-state resistance Rn and the subgap leakage current [51]. As a result, small
variations in barrier thickness can lead to significant device-to-device variations in
Ic and thus in the Josephson inductance, particularly for sub-micron junctions. In
this work, this strong sensitivity is not merely a limitation but is explicitly exploited
in the fabrication of stacked junction arrays, where controlled variations of the
oxidation conditions are used to compensate geometric non-uniformities within a
stack. This approach is discussed in detail in Sec. 5.5.2.

2.2.5 Dynamics of the Josephson junction (RCSJ model)

The dynamics of a current-biased Josephson junction are well described by the
resistively and capacitively shunted junction (RCSJ) model [76, 77]. It represents the
junction as three parallel branches: the lossless Josephson element, a normal resis-
tance Rn accounting for quasiparticle tunneling, and a capacitance CJ describing
charge accumulation across the barrier (see inset of Fig. 2.2 (a)). This model captures
both the static and dynamic behavior of the junction and provides the theoretical
basis for understanding its current–voltage (I–V) characteristics.

The total current through the junction is

I = Ic sin φ +
V
Rn

+ CJ
dV
dt

Eq. (2.20)
= Ic sin φ +

Φ0

2πRn
φ̇ +

CJΦ0

2π
φ̈, (2.37)

where V denotes the voltage across the junction. This nonlinear differential equa-
tion describes the time evolution of the phase difference φ. Depending on the
relative strength of dissipation and inertia, the phase dynamics give rise to quali-
tatively different regimes of junction behavior, which are conveniently classified
within the RCSJ framework.

It is convenient to normalize all quantities by the critical current Ic and introduce
the reduced bias ib = I/Ic, the characteristic frequency ωc = 2π IcRn/Φ0, and the
Stewart–McCumber parameter

βc =
2π IcR2

nCJ

Φ0
. (2.38)
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2 Superconductivity and the Josephson Junction

Equation (2.37) then becomes

φ̈ +
1√
βc

φ̇ + sin φ = ib. (2.39)

Here, time is normalized to the inverse plasma frequency ω−1
p , such that the

damping term is given by the inverse quality factor 1/Q = 1/
√

βc. Equation (2.39)
is mathematically equivalent to the equation of motion of a particle of mass mφ =

CJ(Φ0/2π)2 moving in a potential

U(φ) = −EJ(cos φ + ib φ) , (2.40)

subject to viscous damping with damping coefficient η = (Φ0/2π)2/Rn. The
potential (2.40) has the shape of a tilted washboard shown in Fig. 2.2 (a), periodic
in φ and tilted by the bias current. The resulting phase dynamics strongly depends
on the applied bias current, which controls both the tilt of the potential and the
height of the barriers separating adjacent minima.

For small bias currents ib ≪ 1, the minima of U(φ) form a series of potential wells
of depth

∆U(ib) = 2EJ

[√
1 − i2

b − ib arccos(ib)
]

, (2.41)

which decreases with increasing ib and vanishes at ib = 1. Small oscillations of the
phase particle around a potential minimum occur at the plasma frequency

ωp(ib) =

√
2π Ic

Φ0CJ
(1 − i2

b)
1/4 ib→0−−−→ ωp ≡

√
2π Ic

Φ0CJ

Eq. (2.23)
=

1√
LJCJ

, (2.42)

which corresponds to the small-signal resonance frequency. [72]. Equivalently, it
can be expressed in terms of the Josephson energy EJ (Eq. (2.22)) and the charging
energy EC of a single junction capacitor, defined as

EC =
e2

2CJ
, (2.43)

which quantifies the electrostatic energy cost associated with adding a Cooper pair
to the junction capacitance. In terms of EJ and EC, the plasma frequency reads

ωp =
1
h̄

√
8EJEC. (2.44)

This expression emphasizes that the plasma oscillation originates from the interplay
between the Josephson potential energy and the capacitive charging energy. The
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C J R

(a) (b)

Figure 2.2: Resistively and capacitively shunted junction (RCSJ) model. (a) Tilted washboard
potential U(φ) of a current-biased Josephson junction for different bias currents ib. For ib < 1, the
phase particle is trapped and oscillates at the plasma frequency ωp. At ib = 1, the barrier vanishes;
for ib > 1 the particle runs down the potential, yielding a finite time-averaged voltage. (b) Simu-
lated current–voltage characteristics for different Stewart–McCumber parameters βc. Overdamped
junctions (βc ≪ 1) are non-hysteretic, while underdamped junctions (βc ≫ 1) show pronounced
switching and retrapping.

competition between EJ and EC determines the nature of the junction dynamics
and the validity of a phase-based description. Based on these characteristic energy
and frequency scales, distinct dynamical regimes of the Josephson junction can be
identified, depending on the damping strength and the applied bias.

The RCSJ model applies in the regime EC ≪ EJ, where the phase φ is a good
quantum variable and the dynamics correspond to oscillations in a nearly harmonic
potential. In the opposite limit EC ≫ EJ, charge quantization dominates and the
junction enters the Coulomb blockade regime (Sec. 2.2.6).

When ib exceeds 1, the phase starts to run freely through successive minima.
Averaging φ̇ over time and using V = (Φ0/2π)φ̇ yields the finite-voltage branch of
the I–V curve. The resulting current–voltage characteristic thus naturally contains
a zero-voltage branch (ib < 1) and a finite-voltage branch (ib > 1).

The damping determines whether transitions between these branches are re-
versible, as illustrated in Fig. 2.2 (b). Using the definitions of ωc and ωp, the
Stewart–McCumber parameter (2.38) can also be written as

βc =

(
ωc

ωp

)2
, (2.45)

and the corresponding quality factor as

Q = ωpRnCJ = ωpτRC =
√

βc. (2.46)
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2 Superconductivity and the Josephson Junction

Physically, Q quantifies the ratio of reactive energy stored per cycle to energy dissipated
per cycle in the junction; large Q (equivalently large βc) indicates underdamped
dynamics with pronounced inertia of the phase and clear hysteresis, while small
Q corresponds to overdamped, non-hysteretic I–V curves [47, 72]. Typical oper-
ating regimes are: (i) overdamped (Q < 1, βc ≪ 1) for non-hysteretic logic/mixer
devices (e.g., RSFQ and SIS mixers) [78, 79]; (ii) moderately to strongly underdamped
(Q ∼ 3–30, βc ∼ 10–103) for switching and macroscopic quantum tunneling ex-
periments [80, 81]. In coherent superconducting qubits (transmon, flux, phase),
individual Al/AlOx/Al junctions are typically embedded in high-Q microwave cir-
cuits with a shunt capacitance; their intrinsic junction dynamics are underdamped
(βc ≫ 1), yet the device operates in the linear, small-signal regime where coherence
is set by external losses rather than DC hysteresis [82–84].

The qualitative shape of the current–voltage characteristics is governed by the
damping of the phase dynamics, quantified by the Stewart–McCumber parameter
βc. For βc ≪ 1 (Q < 1), the junction is overdamped and exhibits a single-valued,
non-hysteretic I–V curve. For βc ≫ 1 (Q > 1), it is underdamped and hysteretic:
the phase remains trapped until the bias reaches a switching current Isw ≈ Ic and
retraps at a lower retrapping current

Ir ≈
4Ic

π
√

βc
, (2.47)

as obtained from energy-balance arguments [72]. Beyond this deterministic pic-
ture, thermal and quantum fluctuations introduce stochastic escape processes that
modify the observed switching behavior.

At finite temperature, such fluctuations can excite the phase over the barrier (2.41)
before reaching ib = 1. The escape rate follows Kramers’ model for activated
escape [85]:

ΓTA(ib, T) =
ωp(ib)
2πQ

exp
[
−∆U(ib)

kBT

]
. (2.48)

The measured switching current Isw therefore becomes smaller than Ic and exhibits
a statistical spread related to ΓTA.

At sufficiently low temperatures, the phase escapes not by thermal activation but
by tunneling through the barrier. This macroscopic quantum tunneling (MQT) regime
has been observed in Al/AlOx/Al junctions below approximately T ≲ 200 mK [54,
68, 81]. In this regime, the escape rate is given by

ΓMQT = aq ωp(ib) exp
[
−36 ∆U(ib)

5h̄ωp(ib)

]
, (2.49)
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where aq ≈ (864π ∆U/h̄ωp)1/2 accounts for quantum fluctuations [47, 86]. The
crossover between thermally activated and quantum tunneling escape occurs when
kBT ≃ h̄ωp/2π.

When escape and retrapping occur repeatedly on experimentally relevant timescales,
for example due to increased damping or environmental noise, the junction enters
a distinct dynamical regime characterized by diffusive phase motion. This regime,
known as phase diffusion, produces a finite time-averaged voltage even below Ic and
results in a rounded transition region in the I–V curve. The average voltage in the
diffusive regime can be approximated by [80]

⟨V⟩ = Rn Ic
ib
Q

sinh(πib/Q)

cosh(πib/Q)− cos(π/Q)
. (2.50)

As temperature or noise level rises, the switching current becomes increasingly
suppressed, signaling the crossover from underdamped to overdamped phase
dynamics [80, 87].

In addition to phase dynamics near the critical current, the high- and intermediate-
bias regions of the I–V characteristic are governed by quasiparticle transport. Below
the gap voltage eV < 2∆, the finite subgap conductance defines the subgap resistance
Rsg(V, T), which captures inelastic and multiparticle tunneling as well as leakage
through barrier inhomogeneities. The ratio Rsg/Rn is widely used as an empirical
barrier quality metric: large values indicate low subgap leakage and a homoge-
neous, pinhole-free oxide. High-quality Al/AlOx/Al junctions reach Rsg/Rn ≳ 50
(sometimes ≳ 100, depending on bias definition) at low T; significantly smaller
ratios suggest inhomogeneous oxidation or extra conduction paths [47].

In the quasiparticle branch, deviations from a constant gap voltage often appear
as a slight downturn or “backbending” just above Vgap. This behavior arises from
nonequilibrium heating and quasiparticle relaxation in the electrodes [67, 88]. The
effective local gap ∆eff(I) decreases with current due to self-heating,

∆eff(I) ≈ ∆0

[
1 −

(
P(I)
Pth

)1/2
]

, (2.51)

where P(I) = IV is the dissipated power and Pth denotes an effective thermal
power scale set by electron–phonon coupling and heat evacuation from the junction
electrodes. For Al/AlOx/Al junctions with areas of order A ∼ 1 µm2 at millikelvin
temperatures, Pth is on the order of a few to several tens of nanowatts, depending
on electrode volume and thermalization [68, 88]. In well-thermalized Al/AlOx/Al
junctions with small P(I), this effect is strongly reduced [68, 88].
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2 Superconductivity and the Josephson Junction

In the quasiparticle-dominated high-bias regime (eV ≫ 2∆) the I–V characteristic
approaches an ohmic line with slope Rn. Including the charging energy EC =

e2/(2CJ) of the junction capacitance gives the linear asymptote

V(I) −−−−→
eV≫2∆

I Rn +
EC

e
, (2.52)

which reflects the average work per electron to charge the junction during tunneling
(for purely pairwise transfer it would be 2EC/e). Equation (2.52) holds provided (i)
the quasiparticle branch is ohmic, (ii) environmental impedances do not add extra
nonlinearity, and (iii) multiparticle/Andreev contributions are negligible; see the
orthodox theory and reviews in [47, 89, 90]. In this work, Eq. (2.52) is applied only
in the high-bias quasiparticle regime well above the gap, which in the measured I–
V characteristics corresponds to bias currents well above the critical currents of the
junctions in the array, where the response is clearly linear. Under these conditions,
the equation provides a good approximation for the stacked Al/AlOx/Al junctions
studied here.

2.2.6 Josephson junctions in the charge–dominated regime

In the limit of ultrasmall Josephson junctions or narrow superconducting wires,
the phase of the order parameter ceases to behave as a purely classical variable
and can undergo quantum fluctuations. Such events, known as quantum phase slips
(QPS), correspond to tunnelling of the superconducting phase by 2π, accompanied
by a temporary suppression of the supercurrent [91–93]. They are the dual process
to Cooper-pair tunnelling and become relevant when the Josephson energy EJ =

h̄Ic/2e (Eq. (2.22)) is comparable to or smaller than the charging energy EC = e2/2CJ
(Eq. (2.43)) of the junction.

For large junctions (EJ ≫ EC), the phase is well localized and quantum fluctuations
are negligible, corresponding to the classical regime. When EJ/EC ≲ 1, however,
the phase becomes delocalized, QPS processes occur, and the charge degree of
freedom acquires importance. These effects can lead to suppression of the super-
current, Coulomb blockade of Cooper-pair tunnelling, and an effective flux noise
contribution sometimes referred to as Aharonov–Casher noise [2, 94, 95].

The semiclassical tunnelling amplitude for a single phase slip is [72, 92]

ΓQPS ∝ ωp

√
S0

2πh̄
e−S0/h̄, S0 ≈ 8

√
2EJ

EC
, (2.53)
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where ωp =
√

8EJEC/h̄ is the plasma frequency (Eq. (2.44)). Thus, QPS are expo-
nentially suppressed in the phase-dominated regime (EJ/EC ≫ 1) but grow rapidly
as junctions become smaller and the capacitance decreases.

For aluminum tunnel junctions in stacks with parameters relevant to this work
— critical currents Ic ≈ 100–1000 nA, AJ ≈ 1–10 µm2 and capacitance densities
C/AJ ≈ 50 fF/µm2 for Al/AlOx/Al barriers [47] — one obtains ratios

EJ

EC
=

(h̄/2e)Ic

e2/(2CJ)
≈ 102–104,

placing all junctions studied here in the EJ ≫ EC regime where QPS are exponen-
tially suppressed. Only for ultrasmall areas (AJ≲0.01 µm2) or strongly oxidized
barriers (Jc≲10 A/cm2) could EJ/EC approach unity, where phase fluctuations or
Coulomb blockade effects become relevant [93, 95–97].
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3 Flux qubits and their environment

Building on the superconducting circuit elements introduced in the previous
chapter, this chapter establishes the theoretical framework required to describe
and analyze superconducting flux qubits and begins with a brief overview of
superconducting quantum bits. It introduces the circuit-level description of flux-
type qubits operated in the quarton regime and outlines how their interaction
with the electromagnetic environment and dominant noise sources enters the
interpretation of experimental spectroscopy and time-domain measurements. The
concepts developed here provide the basis for the experimental investigations
presented in the subsequent chapters.

3.1 Superconducting quantum bits

Qubits, short for quantum bits, are quantum systems that can be regarded as artifi-
cial atoms with a discrete energy spectrum, where two well-separated energy levels
encode quantum information [84, 98]. Superconducting qubits realize such artificial
atoms in micrometer-scale electrical circuits fabricated from superconducting thin
films and Josephson tunnel junctions. Their energy levels are determined by the cir-
cuit capacitances and inductances—similar to a microwave resonator—but with one
crucial difference: the Josephson junction provides a nonlinear inductive element
(Sec. 2.2.1). This intrinsic nonlinearity renders the circuit spectrum anharmonic and
thereby enables selective control of the lowest transition without simultaneously
exciting higher energy levels.

A linear LC resonator has equally spaced energy levels and therefore does not
provide a spectrally isolated two-level subsystem [40]. To operate a circuit as a
qubit, the energy spacing between the lowest transition and higher transitions must
differ (Fig. 3.1 (a)). The transition frequency between the ground state |0⟩ and the
first excited state |1⟩,

ω01 ≡ E1 − E0

h̄
, (3.1)
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defines the qubit transition frequency–or short qubit frequency–and sets the char-
acteristic energy scale for coherent control (Sec. 3.2.2). We quantify the deviation
from a harmonic spectrum by the anharmonicity

A ≡ (E2 − E1)− (E1 − E0)

h̄
= ω12 − ω01, (3.2)

where ωij = (Ej − Ei)/h̄ denote transition frequencies. A nonzero anharmonicity
A is essential for qubit control because it allows resonant driving of the |0⟩→|1⟩
transition at ω01 without inadvertently populating the next excited level |2⟩ (or
higher levels).

As reviewed in Sec. 2.2.1, the Josephson junction has an intrinsically nonlinear
energy–phase relation,

U(φ) = −EJ cos φ + const., (3.3)

with the Josephson energy EJ set by the junction critical current (Eq. (2.22)). Fig-
ure 2.1 illustrates that for small phase excursions the Josephson potential is ap-
proximately harmonic, while higher-order terms—such as the quartic correction in
Eq. (2.24)—provide the nonlinearity required for an anharmonic level structure.
In superconducting qubits, this nonlinearity is combined with circuit capacitances
that provide a kinetic (charging) energy scale [40]. For a junction capacitance CJ,
the associated charging energy is defined as EC = e2/(2CJ) (Eq. (2.43)), and the
interplay between EJ and EC sets the characteristic frequency scales of Josephson
circuits (see, e.g., the plasma frequency in Eq. (2.44)). More generally, in extended
circuits EC denotes an effective charging energy determined by all capacitances
participating in the relevant circuit mode.

One widely used superconducting qubit implementation is a Josephson junction
shunted by a large capacitor (Fig. 3.1 (b)), commonly referred to as the transmon
qubit [82]. The shunt capacitor suppresses charge dispersion and stabilizes the
device against offset-charge fluctuations, while the Josephson junction provides
the nonlinearity that makes the spectrum anharmonic. Typical transmon devices
operate at qubit frequencies of a few gigahertz, with an anharmonicity of a few
hundred megahertz, sufficient for selective single-qubit control [40, 82].

Beyond fixed-frequency qubits, many superconducting circuit designs deliber-
ately introduce additional degrees of freedom in order to shape the potential
landscape and to tune device properties during operation in situ. Such tunability
addresses practical challenges in multi-qubit quantum processors, including fre-
quency crowding, controlled qubit–qubit interactions, and the implementation of
fast and selective gate operations in large-scale architectures [84, 98]. A prominent
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anharmonicity: 𝐴 ≡ 𝜔12 − 𝜔01

𝐶sh

𝐸J, 𝐼c
𝜙

qubit frequency: 𝜔01 ≡ (𝐸1 − 𝐸0)/ℏ
𝝎𝟎𝟏

𝝎𝟏𝟐

qubit potential(a) (b)

Figure 3.1: Anharmonic spectrum of a superconducting qubit: transmon example. (a) Schematic
potential energy landscape of a superconducting qubit as a function of the superconducting phase
coordinate ϕ. The discrete energy levels |0⟩, |1⟩, and |2⟩ arise from quantization in the anharmonic
potential. The qubit transition frequency is defined as ω01 = (E1 − E0)/h̄, while the separation
between the |0⟩ → |1⟩ and |1⟩ → |2⟩ transitions defines the anharmonicity A = ω12 − ω01. The
anharmonicity ensures that the lowest transition can be selectively addressed without populating
higher excited states. (b) Example of a superconducting qubit circuit implemented as a Josephson
junction shunted by a capacitor (fixed-frequency transmon qubit). In this circuit, the Josephson
energy EJ, set by the junction critical current, and the effective charging energy EC, determined by
the circuit capacitance, set the shape of the potential in (a) and thereby determine both the qubit
transition frequency ω01 and the anharmonicity A.

example is the replacement of a single junction by a superconducting loop contain-
ing two junctions (a SQUID), which makes the circuit’s effective Josephson energy
tunable via an externally applied magnetic flux, enabled by flux quantization in
superconducting loops (Sec. 2.1.3) [40]. More generally, adding superconducting
loops and inductive elements such as junction arrays enables circuit potentials with
multiple minima, symmetry points, and tailored curvatures.

Different circuit architectures emphasize different trade-offs between anharmonic-
ity, coherence, circuit footprint, and tunability. For example, the fluxonium circuit
was proposed to combine a large inductance with strong anharmonicity and re-
duced sensitivity to charge noise, enabling long coherence times at the expense
of an increased sensitivity to magnetic flux [2]. Similar considerations motivate
a broad range of superconducting qubit designs that are actively explored in the
context of scalable quantum processors [4, 84, 98].

In flux-type circuits, the relevant bias parameter is the magnetic flux threading a
superconducting loop. Changes of the effective flux bias therefore translate into
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changes of the transition frequency (and other qubit properties such as anhar-
monicity),

δω01(t) ≈
(

∂ω01

∂Φ

)
δΦ(t) + . . . . (3.4)

Unintended fluctuations of the flux bias—for example due to magnetic noise in the
qubit environment—lead to temporal fluctuations of qubit parameters and cause
dephasing of the qubit state, motivating the detailed discussion of flux noise in
Sec. 3.3.2.

The quarton devices investigated in this thesis are flux-type qubits whose potential
landscape and transition frequency depend on an externally applied flux bias and
are typically operated near a well-defined symmetry point, commonly at half a
flux quantum, Φ = Φ0/2 ≡ h/4e. A circuit-level description and the corresponding
flux-dependent potentials are introduced later in Sec. 3.4. Before turning to this
specific implementation, the next section summarizes the dynamics of qubits,
which apply across superconducting qubit modalities and directly underpin the
spectroscopy and pulse experiments used throughout this thesis.

3.2 Theoretical basics of qubits

Having introduced superconducting qubits as anharmonic artificial atoms realized
in Josephson circuits (Sec. 3.1), we now summarize the universal dynamics of
qubits that are largely independent of the physical implementation. Specifically,
we review the Bloch-sphere representation, driven Rabi oscillations, and coherence
properties characterized by the relaxation and dephasing times T1, T2, and T∗

2 . These
concepts provide the basis for continuous-wave spectroscopy and time-domain
measurements used throughout this work.

3.2.1 Qubit states and the Bloch-sphere representation

The qubit is the quantum analogue of a classical bit, but it can exist in a coherent
superposition of two basis states, usually denoted by |0⟩ and |1⟩ within the Dirac
bra–ket formalism [99, 100]. These states correspond to the eigenstates of the Pauli
operator σz (acting on the qubit subspace) with eigenvalues ±1. A general pure
qubit state can be written as

|ψ⟩ = α |0⟩+ β |1⟩ , |α|2 + |β|2 = 1, (3.5)

28



3.2 Theoretical basics of qubits

Figure 3.2: Bloch-sphere representation of a qubit state |ψ⟩, characterized by the polar angle θ and
the azimuthal angle ϕ. The sphere provides a geometric visualization of arbitrary pure states and
single-qubit rotations.

where α and β are complex probability amplitudes. Since the global phase of |ψ⟩ is
not observable, the state can be parameterized by two real angles θ and ϕ as

|ψ⟩ = cos
θ

2
|0⟩+ eiϕ sin

θ

2
|1⟩ . (3.6)

This parameterization maps any pure qubit state onto a point on the surface of the
Bloch sphere (Fig. 3.2), where θ and ϕ define the polar and azimuthal angles of the
Bloch vector

r⃗ = (sin θ cos ϕ, sin θ sin ϕ, cos θ). (3.7)

In the absence of external driving fields, the qubit dynamics are governed by the
Hamiltonian

H0 =
h̄ω01

2
σz, (3.8)

where ω01 denotes the qubit transition frequency as defined in Eq. (3.1). This
Hamiltonian causes the Bloch vector to precess around the z-axis at the frequency
ω01 [84, 101, 102].

The Bloch-sphere representation also provides a convenient description of mixed
states within the density-matrix formalism,

ρ =
1
2
(I + r⃗ · σ⃗) , (3.9)
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3 Flux qubits and their environment

with |⃗r| ≤ 1. Pure states lie on the surface of the sphere, while mixed states are
represented by points inside.

Rotations of the Bloch vector correspond to unitary operations of the form

U(n̂, Θ) = exp
[
− i

2
Θ(n̂ · σ⃗)

]
, (3.10)

describing a rotation by an angle Θ about the axis n̂. In experiments with super-
conducting qubits, such rotations are realized by applying resonant microwave
pulses that couple to transverse components of the qubit degree of freedom.

3.2.2 Qubit control and driven dynamics

Applying a near-resonant classical drive induces coherent transitions between
the qubit states |0⟩ and |1⟩ and results in nutations of the Bloch vector about a
transverse axis [84, 101–103]. A standard semiclassical description of a driven
two-level system is given by the Hamiltonian

H =
h̄ω01

2
σz + h̄Ωd cos(ωdt + ϕ) σx, (3.11)

where Ωd denotes the drive amplitude, ωd the drive frequency, and ϕ its phase.
Here we chose a basis in which the drive couples transversely to the qubit degree of
freedom. Transforming into a frame rotating at ωd and applying the rotating-wave
approximation yields [101, 102]

HRWA =
h̄∆

2
σz +

h̄ΩR

2
σx, ∆ = ω01 − ωd, (3.12)

where ΩR is the on-resonance Rabi frequency determined by the transverse drive
amplitude. Within this effective description, the Bloch vector undergoes a rotation
about an axis in the x–z plane with angular velocity

Ω =
√

Ω2
R + ∆2, (3.13)

and a tilt angle θ relative to the z axis defined by cos θ = ∆
Ω .

Assuming the qubit is initially prepared in the ground state |0⟩, the probability to
find it in the excited state |1⟩ after a drive pulse of duration t is

P1(t) =
Ω2

R
Ω2 sin2

(
Ωt
2

)
, (3.14)
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(a) (b)

(c) (d)

Figure 3.3: Representative Rabi experiments illustrating driven qubit dynamics. (a) Schematic
pulse sequence (not to scale) consisting of a resonant drive pulse of variable duration τ, followed
by a qubit readout pulse; both are implemented using microwave excitations. (b) Measured Rabi
oscillations showing the excited-state population (arb. units) versus pulse duration; the π-pulse
length τπ is obtained from a damped-sinusoidal fit. (c) Chevron pattern measured by sweeping the
drive frequency and pulse duration, identifying the resonant condition ∆ = 0 along the symmetry
axis and yielding the Rabi frequency from the oscillation period. (d) Rabi oscillations versus drive
power, demonstrating the dependence of the Rabi frequency on the applied microwave amplitude.
All data shown are experimental measurements obtained on superconducting quarton qubits with
stacked-junction array inductors.

which defines the characteristic Rabi oscillations. On resonance (∆ = 0), the qubit
undergoes full population inversion at a π pulse, ΩRt = π. For finite detuning, the
oscillations occur at a higher angular frequency Ω and with reduced amplitude.

Figure 3.3 illustrates representative experimental manifestations of driven qubit
dynamics. The pulse sequence in Fig. 3.3 (a) applies a drive pulse of variable
duration, followed by a qubit readout pulse, both implemented using microwave
excitations. The resulting oscillatory population dynamics are shown in Fig. 3.3 (b),
from which the π-pulse duration τπ can be determined. Figure 3.3 (c) displays
the characteristic chevron pattern obtained by sweeping both drive frequency and
pulse duration; its symmetry axis identifies the resonant condition ∆ = 0, while
the oscillation period provides access to the Rabi frequency. The dependence of the
Rabi oscillations on the applied drive power is shown in Fig. 3.3 (d).

Rabi oscillations constitute a central tool for qubit control, as they enable the
calibration of the qubit transition frequency ω01, the resonant drive frequency
addressing the |0⟩↔|1⟩ transition, and the pulse duration τπ required to implement
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3 Flux qubits and their environment

a π rotation, thereby defining the basic building blocks for controlled single-qubit
operations [40, 84, 98].

Beyond pulsed control, qubit spectroscopy probes the frequency-domain response of
the driven transition using a continuous-wave (CW) microwave tone [40, 84, 98]. In
practice, the anharmonicity introduced in Sec. 3.1 ensures that a weak spectroscopy
tone near ω01 predominantly addresses the |0⟩↔|1⟩ transition.

In this approach, the qubit is driven continuously near the expected transition fre-
quency, ωd ≈ ω01, and the steady-state readout response is recorded as a function
of drive frequency; in the weak-drive limit this yields a resonance feature (peak
or dip, depending on the detection quadrature) centered at the qubit transition
frequency ω01.

Maintaining low drive power avoids strong power broadening and nonlinear
response, such that the resonance position can be determined accurately [101, 102].

In superconducting circuits, spectroscopy is commonly implemented as a two-tone
measurement: a first tone drives the qubit transition near ω01, while a second
microwave tone interrogates a coupled harmonic oscillator, typically a microwave
readout resonator (see Sec. 3.5.3), whose response depends on the qubit state [40,
84, 98, 104]. When the qubit is excited by the spectroscopy tone, the readout signal
changes, allowing one to detect at which drive frequency the qubit transition is
resonantly driven. In the so-called dispersive regime, the qubit-state dependence
of the resonator response is often described in terms of a dispersive shift, i.e., a
qubit-state-dependent shift of the resonator frequency. The microscopic origin and
quantitative description of this effect are discussed in Sec. 3.4.5.

A typical spectroscopy trace is obtained by recording the readout response versus
the spectroscopy-drive frequency ωd. From the resulting resonance feature the
qubit transition frequency ω01 can be directly obtained. For many superconducting
qubit designs, the transition frequency is not fixed but can be tuned by external
control parameters (Sec. 3.1). In flux-type qubits, for example, ω01 depends on
the magnetic flux threading the qubit circuit loop, which can be controlled by an
applied magnetic field. By repeating the measurement while sweeping a tuning
parameter—for instance the applied magnetic flux in a flux qubit—one obtains
a spectroscopic map ω01(Φ), i.e., the qubit spectrum as a function of flux [40,
98]. This measurement principle is illustrated in Fig. 3.6 (right panel), where the
readout signal is shown versus drive frequency and a resonance feature marks
the qubit transition. As the qubit frequency is tuned, the resonance position shifts
accordingly, tracing out the qubit spectrum (colormap in the center).
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The concepts introduced in this section provide the framework for interpreting
driven qubit dynamics in both the time domain (Rabi and related pulse experi-
ments) and the frequency domain (continuous-wave spectroscopy), which are used
throughout this thesis to characterize superconducting flux qubits operated in the
quarton regime.

3.2.3 Qubit coherence and characteristic timescales

In real devices, coherent oscillations such as those in Fig. 3.3 (b) decay rather than
persisting indefinitely, reflecting the coupling of the qubit to environmental degrees
of freedom that lead to energy relaxation and loss of phase coherence [84, 98].
Microscopically, relaxation arises from energy exchange with the environment,
whereas dephasing originates from fluctuations of the transition frequency ω01(t).

Energy relaxation is quantified by the time constant T1, which describes the decay
of an initially excited qubit toward its ground state. From a quantum-optical
perspective, this process corresponds to energy emission at the transition frequency
ω01 into available bath modes and is governed by the density of environmental
modes (weighted by their coupling strength) at that frequency. In the weak-coupling
limit, Fermi’s golden rule yields

Γ1 =
2π

h̄2 |⟨0|Hint|1⟩|2 ρenv(ω01) =
1
T1

, (3.15)

where Hint describes the qubit–environment interaction and ρenv(ω) is the density
of environmental modes weighted by their coupling strength [84, 101, 102]. This
emphasizes that not only electromagnetic modes but any other systems, e.g. other
quantum two-level systems, with resonances near ω01 can act as a structured bath
and thereby affect T1—a perspective that will reappear in the discussion of loss
channels to intrinsic two-level systems in materials of superconducting circuits in
later chapters.

Experimentally, T1 is measured with the pulse sequence schematically shown in
Fig. 3.4 (a): a π pulse prepares the qubit in |1⟩, followed by a free evolution of
duration t after which the excited-state population is read out. The decay is well
described by

P1(t) = P1(0) e−t/T1 . (3.16)

On the Bloch sphere, this corresponds to relaxation of the Bloch vector toward the
north pole.
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2 Echo

Figure 3.4: Time-domain coherence experiments. Representative averaged measurements of (a)
energy relaxation (T1), (b) Ramsey interference (T∗

2 ), and (c) Hahn echo (T2 Echo) experiments with
a quarton qubit with a stacked-junction array inductor. The normalized readout signal is shown
together with fit functions used to extract the respective coherence times. These traces correspond
to the statistical data summarized in Fig. 6.6 (c) and discussed in Sec. 6.4.

Dephasing without energy exchange, so-called pure dephasing with characteristic
time Tφ, results from random fluctuations of ω01(t) and causes decay of phase
coherence for superposition states in the equatorial plane. The total decoherence
time T2 satisfies

1
T2

=
1

2T1
+

1
Tφ

, (3.17)

implying the bound T2 ≤ 2T1 reached when pure dephasing is negligible [105]. In
practice, superconducting qubits often do not reach this limit because frequency
fluctuations introduce additional dephasing. This is particularly relevant for flux-
type qubits, where ω01(Φ) is intentionally tuned by the applied flux and depends
on the circuit potential landscape discussed later in Sec. 3.4 [38, 39, 106, 107].

While T2 and Tφ provide a useful theoretical decomposition of decoherence, they
are not directly accessible in a single experiment in superconducting qubits. Rather,
they are inferred from a combination of relaxation and coherence measurements
under specific noise models. Experimentally measured coherence times therefore
depend on the applied pulse sequence and the noise spectrum probed. In particular,
Ramsey and Hahn-echo experiments yield the characteristic times T∗

2 and T2 Echo,
respectively, which reflect different sensitivities to low-frequency and quasi-static
noise components.

Ramsey interferometry (Fig. 3.4 (b)) probes phase coherence in the time domain.
Two π/2 pulses, separated by a free-evolution time τ, create and later project a
superposition state. The drive pulses are typically applied with a small detuning
∆ = ω01 − ωd, such that during the free evolution the relative phase accumulates
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3.3 Noise and sources of decoherence

at approximately ∆ (in the rotating frame), producing interference fringes. A
commonly used fit model is

sRamsey(τ) = A cos(∆τ + ϕ0) e−τ/T∗
2 , (3.18)

where A is a contrast factor and ϕ0 is a phase offset set by pulse phases and
timing. The decay time T∗

2 is sensitive to quasi-static frequency fluctuations and
inhomogeneous broadening [105].

Hahn-echo measurements (Fig. 3.4 (c)) constitute a distinct time-domain exper-
iment designed to refocus phase evolution caused by slow frequency fluctua-
tions. By inserting a refocusing π pulse halfway through the sequence, quasi-static
noise contributions are suppressed, typically resulting in a longer coherence time
T2 Echo > T∗

2 [39, 105, 106]. Deviations from this trend can occur when the refocus-
ing pulse introduces additional errors or when the dephasing noise is strongly
non-Gaussian or non-stationary, effects that have been documented in particular
for flux-type qubits [39].

The characteristic times T1, T∗
2 , and T2 Echo summarize key aspects of qubit coher-

ence and provide a compact set of metrics for comparing device performance.

3.3 Noise and sources of decoherence

The coherent dynamics discussed above are ultimately limited by coupling to
environmental degrees of freedom, which causes energy relaxation and dephasing.
In flux-type circuits, fluctuations of the applied flux bias translate directly into
frequency noise through the susceptibility ∂ω01/∂Φ introduced in Eq. (3.4).

In the following, we review the dominant noise and loss channels relevant to
superconducting flux qubits, with particular emphasis on the mechanisms most
pertinent to quarton devices. For each noise source, we distinguish longitudinal
coupling that leads to pure dephasing from transverse coupling that gives rise to
energy relaxation. In the devices studied here, microscopic two-level systems in
Josephson junctions and dielectrics, as well as low-frequency flux noise, provide
the central physical framework for interpreting the measured coherence times
(Sec. 3.2.3) and spectroscopic signatures (Sec. 3.2.2).

A general framework for describing decoherence is provided by the noise–
susceptibility picture. If a circuit parameter λ fluctuates as λ → λ + δλ(t) with
power spectral density (PSD) Sλ(ω), the resulting dephasing and relaxation rates
are determined by the susceptibility of the qubit transition frequency ω01 to λ
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3 Flux qubits and their environment

and by the noise spectrum evaluated at the relevant frequencies. Low-frequency
noise components (ω → 0) primarily contribute to pure dephasing, while noise at
frequencies near the qubit transition (ω ≈ ω01) leads to energy relaxation [40].

Within a weak-coupling description, Fermi’s golden rule relates the relaxation
rate to the noise spectral density of the bath operator that couples to the qubit via
Hint = A X:

Γ1 =
1
h̄2 |⟨0|A|1⟩|2 SX(ω01), Γϕ ∝

(
∂ω01

∂λ

)2
Sλ(ω → 0), (3.19)

highlighting that different noise sources impose distinct coherence limits through
both their spectral properties and the qubit’s susceptibility. Here, SX(ω) denotes
the (one-sided) power spectral density of the bath fluctuations at frequency ω;
Sλ(ω) is defined analogously for fluctuations of the parameter λ. With the one-
sided convention used here, we absorb the convention-dependent 2π factor into
the definition of the weighted mode density and use SX(ω) = 2π ρenv(ω), such
that Eq. (3.15) and the PSD form are consistent. Consequently, the dominant
decoherence mechanism depends on the qubit transition frequency and on how
sensitively ω01 responds to fluctuations of the relevant circuit parameters.

Strategies for mitigating decoherence therefore target either the noise source itself
(by reducing Sλ(ω) through materials optimization, filtering, and shielding) or
the device susceptibility, by engineering circuits whose transition frequencies
are less sensitive to environmental fluctuations. In specific superconducting qubit
implementations, these approaches can involve trade-offs, as reducing susceptibility
to one noise channel may constrain tunability or control flexibility.

3.3.1 Two-level systems in Josephson junctions and dielectrics

Microscopic two-level systems (TLS) in amorphous oxides are a common coherence
limit in superconducting quantum circuits and can contribute to both energy
relaxation (T1) and dephasing (T2) [27, 28, 108, 109].

Across many qubit types, TLS-induced signatures appear both in spectroscopy and
in time-domain coherence measurements. In spectroscopy, additional resonances
become visible when the qubit transition is tuned through frequency and hybridizes
with a TLS, producing a characteristic avoided level crossing [27, 28, 105, 110–112].
These resonances are typically only weakly affected by the qubit control parameters
(e.g., magnetic flux in flux-type qubits), in contrast to the qubit transition itself.
In the time domain, the same frequency intervals are frequently accompanied by
pronounced reductions of T1, consistent with an additional decay channel when the
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(a) (b)

Figure 3.5: Standard tunneling model for two-level systems. (a) Example microscopic picture: a
defect in an amorphous solid may occupy two nearby, meta-stable configurations. If the configura-
tions differ in their charge distribution, the defect carries an electric dipole moment and can couple
to the electric fields of superconducting qubits, for example the field across a Josephson junction
barrier. (b) In the standard tunneling model, the defect is described by localized states |L⟩ and |R⟩
with asymmetry εTLS and tunneling amplitude ∆TLS, yielding eigenstates |ψ±⟩ split by h̄ωTLS.

qubit is operated close to a TLS frequency [27, 28, 109]. Moreover, TLS frequencies
and the apparent coupling features can drift slowly in time or change after thermal
cycling, consistent with a microscopic origin rather than a fixed electromagnetic
mode [27, 28, 113].

A consistent interpretation of these observations was proposed by Martinis et al.,
who attributed both the frequency dependence of T1 and the avoided level cross-
ings to dielectric loss from microscopic defects in amorphous oxides associated
with Josephson junction barriers [28]. As an example microscopic picture, one may
consider a defect in the disordered oxide that occupies two nearby, meta-stable
configurations (Fig. 3.5 (a)). At low temperatures, tunneling between these con-
figurations yields an effective two-level degree of freedom. If the configurations
differ in their local charge distribution, the defect carries an electric dipole mo-
ment and can couple to the electric field concentrated across a Josephson junction
barrier [114].

The devices studied in this work use Josephson junctions with AlOx tunnel barri-
ers, making TLS in amorphous oxides a natural candidate to explain frequency-
dependent relaxation and spectroscopic avoided level crossings observed later. In
the following, we summarize the minimal TLS model and the resulting qubit–TLS
interaction needed for this analysis.

Within the standard tunneling model (STM), a TLS is described by tunneling
between two localized configurations |L⟩ and |R⟩ with energy asymmetry εTLS and
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tunneling amplitude ∆TLS as illustrated in Fig. 3.5 (b) [115, 116]. In the localized
basis {|L⟩ , |R⟩}, the TLS Hamiltonian reads

HTLS =
1
2

εTLS σz +
1
2

∆TLS σx, (3.20)

where σx,z are Pauli matrices. The eigenenergies and the corresponding TLS transi-
tion frequency between the eigenstates |ψ±⟩ are

E± = ±1
2

√
ε2

TLS + ∆2
TLS, h̄ωTLS =

√
ε2

TLS + ∆2
TLS. (3.21)

The TLS asymmetry depends on the local electric and strain fields,

εTLS → εTLS + 2 p⃗·E⃗ + 2 γS, (3.22)

where p⃗ denotes the TLS electric dipole moment, E⃗ the local electric field, γ the
deformation potential, and S an applied strain. Experiments that tune individual
TLS by strain or DC electric fields directly confirm this coupling and enable
extraction of TLS dipole moments [117–121].

In superconducting qubits, high local electric fields occur in capacitive elements,
in particular across Josephson junction barriers. Thus, the same junction element
that provides the nonlinearity enabling qubit operation (Sec. 3.1) can also host
microscopic defects that limit coherence. A TLS located in such a region couples to
the qubit degree of freedom via the electric-dipole interaction

Hint = − p⃗ · E⃗, (3.23)

where E⃗ is the qubit electric-field operator evaluated at the TLS position. In the
TLS eigenbasis, this yields a transverse qubit–TLS coupling with strength [27, 109]

g =
| p⃗| |E⃗rms| cos θ

h̄
∆TLS

ωTLS
, (3.24)

with E⃗rms the zero-point rms field amplitude associated with the qubit degree
of freedom, and θ the orientation angle between dipole and field. The mixing
factor ∆TLS/ωTLS expresses that a strongly asymmetric TLS couples weakly in the
eigenbasis.

For typical dipole moments | p⃗| ∼ (0.1–1) eÅ in amorphous oxides of AlOx tunnel
barriers and junction-scale zero-point fields, couplings range from sub-MHz up
to O(10–100)MHz, depending on dipole orientation and electric-field participa-
tion [28, 109, 120–122].
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S = 2g fTLS

Figure 3.6: TLS spectroscopy and avoided level crossings. Spectroscopy of a quarton qubit mea-
sured by sweeping a weak microwave drive tone and recording the dispersive readout-resonator
response. Right: at fixed flux, the qubit transition appears as a resonance feature (dip or peak) in the
measured readout signal at the bare transition frequency ω01. Center: repeating the measurement
while sweeping the applied magnetic flux yields a spectroscopic map ω01(Φ). Left: when the qubit
is tuned into resonance with an individual TLS, the hybridized eigenstates form an avoided crossing
with splitting S = 2g. The data corresponds to Fig. 6.13 discussed in Sec. 6.6.1.

When the qubit transition frequency approaches the TLS frequency, ω01 ≈ ωTLS,
the two systems hybridize and can be described by a Jaynes–Cummings-like model
for two coupled two-level systems,

H =
h̄ω01

2
τz +

h̄ωTLS

2
σz + h̄g (τ+σ− + τ−σ+) , (3.25)

where τx,y,z (σx,y,z) are Pauli operators acting on the qubit (TLS) subspace, and τ± =

(τx ± iτy)/2 and σ± = (σx ± iσy)/2 are the corresponding raising and lowering
operators. Diagonalizing Eq. (3.25) yields the eigenenergies

E± = h̄
2 (ω01 + ωTLS) ± h̄

√
g2 + (∆/2)2, ∆ = ω01 − ωTLS. (3.26)

In spectroscopy, the hybridization appears as an avoided level crossing with split-
ting S = 2g at resonance (see Fig. 3.6) [27, 28]. Importantly, the same resonances
can also increase energy relaxation: bringing the qubit frequency close to a TLS
frequency opens an additional decay channel and T1 is frequently reduced in the
same frequency interval where the avoided level crossing is observed [27, 28, 109].

On a coarse-grained level, an ensemble of TLS with a broad distribution of transition
frequencies acts as a dissipative dielectric environment and contributes to energy
relaxation predominantly through off-resonant coupling. In this picture, TLS-
induced dissipation is parametrized by an effective loss tangent tan δ. Within the
STM, an approximately energy-independent density of TLS states per unit energy,
D0, yields the standard relation for the energy-relaxation rate [27, 28, 109]

Γ1(ω01) ≡
1
T1

≈ ω01 tan δbg, tan δbg =
πD0 p2

3 εr
, (3.27)
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where p denotes a typical TLS dipole magnitude and εr the relative permittivity.
Equation (3.27) captures the smooth background loss expected from a dense ensem-
ble of far-detuned defects. Resolved TLS, in contrast, produce sharp, frequency-local
enhancements of Γ1 when the qubit is tuned close to resonance. To connect such
resolved avoided level crossings to the corresponding variations of T1, it is useful
to express the decay rate as a sum over individual defects.

For TLS labeled by j with transition frequency ωTLS,j, detuning ∆ j = ω01 − ωTLS,j,
and coupling gj (Eq. (3.24)), Fermi’s golden rule yields the interpolating form [27,
28, 109]

Γ1(ω01) = ∑
j

2g2
j Γ1,j

∆2
j + Γ2

2,j
+ ω01 tan δbg, (3.28)

where Γ1,j and Γ2,j denote the relaxation and transverse decoherence rates of
TLS j, respectively (with Γ2,j = Γ1,j/2 + Γφ,j). The first term yields Lorentzian
enhancements of Γ1 whenever the qubit is tuned close to an individual TLS, while
the second term represents a smooth, off-resonant background. Equation (3.28)
thus makes explicit why pronounced T1 variations coincide with avoided crossings.

TLS parameters are not strictly static. Interactions within the disordered defect
environment can lead to slow fluctuations of TLS transition frequencies and ef-
fective couplings, commonly referred to as spectral diffusion [27, 113, 123, 124].
As a consequence, avoided-crossing positions can drift over time and T1 at a fixed
operating point can fluctuate. Such non-stationary loss directly degrades T2: time-
dependent Γ1 produces additional dephasing (sometimes termed “T1-noise-induced
dephasing”) and can lead to fluctuations of the measured Ramsey decay.

Beyond identifying individual TLS, spectroscopy provides access to the statistical
distribution of qubit–TLS couplings. Within the STM, TLS dipoles are randomly ori-
ented in the amorphous dielectric. For a given local field amplitude Erms, Eq. (3.24)
implies the scaling [28, 114]

g ∝ p Erms cos θ, (3.29)

with random orientation angle θ. This leads to a broad distribution of observable
splittings S = 2g and an approximately logarithmic growth of the cumulative
number of resolved avoided level crossings that appear in the spectrum [27, 28].

A compact STM-based expression for the number density of avoided crossings per
TLS energy E and coupling strength g reads [27, 28]

∂2NTLS

∂E ∂g
= σA

√
1 − g2/g2

max
2g

, 0 < g ≤ gmax, (3.30)
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where A is the junction area and σ is a material-specific defect density per energy
and area, while gmax is the maximal coupling strength set by the largest effective
dipole moment and maximal field participation.

To obtain the cumulative number of splittings in an energy window ∆E, one
integrates Eq. (3.30) over coupling,

NTLS(gres ≤ g ≤ g0; ∆E) =
∫

∆E
dE

∫ g0

gres
dg

∂2NTLS

∂E ∂g
, (3.31)

where gres is a lower cutoff set by the finite experimental resolution. Equivalently,
in terms of splittings S = 2g, the lower cutoff is Sres = 2gres: splittings below Sres

are not reliably detected and therefore do not enter the count.

The integral in Eq. (3.31) can be evaluated analytically, where the exact primitive
contains a logarithmic term plus additional contributions that vary slowly for
g ≪ gmax (Appendix A). In the experimentally relevant regime g ≪ gmax, Eq. (3.30)
simplifies to ∂2N/(∂E ∂g) ≈ (σA)/(2g). Inserting this limit into the cumulative
definition in Eq. (3.31) yields the logarithmic count:

NTLS(Sres ≤ S ≤ S0; ∆E) ≈ ∆E σA
1
2

ln
(

S0

Sres

)
, (S = 2g). (3.32)

For comparison across devices, it is convenient to express the result in terms of a
spectral TLS density in units of “TLS per GHz” in ordinary frequency f = ω/2π

(not angular frequency). In this work we define ρTLS as the number of TLS per
GHz associated with a specific junction of area AJ (i.e., ρTLS includes the junction
area and is therefore specific to a junction of size AJ):

ρTLS ≡ σAJ, [ρTLS] = TLS/GHz. (3.33)

Using ∆E = h ∆ f with ∆ f expressed in GHz and taking A = AJ for a single junction
then yields

NTLS(Sres ≤ S ≤ S0; ∆ f ) ≈ ∆ f ρTLS
1
2

ln
(

S0

Sres

)
. (3.34)

The prefactor 1/2 here follows the convention in Eq. (3.30); if alternative definitions
of g or of the coupling distribution are used, this prefactor can be absorbed into the
definition of ρTLS, while the logarithmic dependence on the ratio S0/Sres remains
the robust signature.

In the literature, the area-normalized defect density σ (often quoted as “TLS per
GHz per µm2”) is frequently used and offers a convenient comparison independent
of junction area. The relation to the spectral density used here is simply ρTLS =

σAJ. In later chapters, we use Eqs. (3.32)–(3.34) to extract ρTLS (and thus σ) from
cumulative splitting counts and to relate the result to junction geometry and oxide
volume in stacked-junction circuits.
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3 Flux qubits and their environment

3.3.2 Flux noise and low-frequency magnetic fluctuations

Low-frequency magnetic flux noise constitutes a prominent source of dephas-
ing in superconducting flux-type qubits. As discussed in Sec. 3.1, the transition
frequency of these circuits depends explicitly on the magnetic flux threading a
superconducting loop. Consequently, stochastic fluctuations of the effective flux
bias directly translate into fluctuations of the qubit transition frequency through
the susceptibility ∂ω01/∂Φ introduced in Eq. (3.4).

A wide range of experiments on flux qubits and SQUID-based circuits have estab-
lished that magnetic flux noise exhibits an approximately universal 1/ f α power
spectral density over many decades in frequency [38, 39],

SΦ(ω) = A2
Φ

(
2π · 1 Hz

ω

)γΦ

, γΦ ≈ 0.8–1.0, (3.35)

with a characteristic amplitude AΦ typically on the order of 1 µΦ0/
√

Hz at 1 Hz.
Remarkably, both the spectral form and the typical magnitude of this noise appear
largely independent of device geometry and material system across a wide range
of superconducting circuits, suggesting a common microscopic origin [38–40].

Substantial experimental evidence implicates dilute paramagnetic surface spins as
a dominant source of low-frequency flux noise. Early experiments on SQUIDs and
flux qubits identified correlations between flux noise and trapped vortices as well
as thermally polarizing surface spins [125]. More recently, on-chip electron-spin-
resonance experiments have directly detected and quantified dilute paramagnetic
spins on Al2O3 surfaces, providing strong microscopic support for this interpreta-
tion [126]. These spins generate fluctuating magnetic fields that couple inductively
to superconducting loops and produce the observed 1/ f flux noise spectrum.
While the microscopic dynamics of these spins remain an active topic of research,
their phenomenological impact on qubit coherence is well established.

Flux noise enters the qubit Hamiltonian through fluctuations of the applied flux
bias, Φ → Φ + δΦ(t), which induce transition-frequency fluctuations

δω01(t) ≈
(

∂ω01

∂Φ

)
δΦ(t) +

1
2

(
∂2ω01

∂Φ2

)
δΦ(t)2 + . . . . (3.36)

At most flux-bias points, the linear term dominates and gives rise to longitudinal
noise, which primarily causes pure dephasing. Only at special symmetry points
of the circuit potential, where ∂ω01/∂Φ = 0, first-order sensitivity to flux noise
is suppressed and dephasing is governed by the curvature term. Such first-order
“flux sweet spots” therefore play a central role in mitigating flux-noise-induced
decoherence in flux-type qubits [2, 4, 38, 39].
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3.3 Noise and sources of decoherence

Within the noise–susceptibility framework introduced in Sec. 3.3, the impact of
flux noise on coherence depends not only on the noise amplitude but also on the
specific measurement protocol. Ramsey interferometry is sensitive to quasi-static
and very low-frequency noise components and therefore yields the characteristic
time T∗

2 (Sec. 3.2.3). For 1/ f -type flux noise and operation away from a sweet spot,
the resulting Ramsey decay envelope takes the form [40]

⟨σ+(t)⟩ ∝ exp

[
− 1

2

(
∂ω01

∂Φ

)2
A2

Φ ln(ωht) t2

]
, (3.37)

where ωh is an effective high-frequency cutoff determined by filtering and experi-
mental timescales. The logarithmic factor reflects the integration of the 1/ωγΦ≈1

spectrum over the relevant frequency band.

Echo-type pulse sequences partially refocus slow flux fluctuations and suppress
the contribution of the lowest-frequency noise components, usually leading to an
extended coherence time T2 Echo > T∗

2 [39, 105].

Flux noise illustrates a fundamental trade-off in the design of superconducting flux
qubits. On the one hand, flux tunability enables in-situ control of qubit frequencies,
the realization of tunable couplers, and flexible frequency allocation in multi-qubit
processors [34, 84, 98] On the other hand, the same tunability introduces sensitivity
to magnetic fluctuations that can limit coherence away from symmetry points.
Different circuit architectures balance this trade-off in distinct ways [2].

The quarton devices investigated in this thesis are flux-type qubits whose transition
frequencies and anharmonicities depend on an externally applied magnetic flux
and are typically operated at a symmetry point, Φ = Φ0/2. Flux noise therefore
represents an inherent aspect of the operating environment of these devices.

3.3.3 Other noise sources

Beyond two-level systems and low-frequency flux noise, several additional noise
sources can contribute to decoherence in superconducting qubits. In this section,
they are briefly summarized for completeness.

Fluctuations of electric charges in the qubit environment lead to temporal variations
of the electrostatic potentials of superconducting islands and thereby modulate
the effective charging energies EC. Since the qubit frequency ω01 depends on
both EJ and EC (Sec. 3.1), such charge fluctuations translate into qubit frequency
noise. Charge noise in superconducting circuits is commonly characterized by an
approximately 1/ f power spectral density over many decades in frequency [39,
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3 Flux qubits and their environment

105]. Historically, charge noise constituted a major decoherence mechanism in early
Cooper-pair box devices [57, 127]. The introduction of large shunt capacitances,
most prominently in the transmon qubit, strongly suppresses charge dispersion by
increasing the ratio EJ/EC and thereby exponentially reduces charge-noise-induced
dephasing (in the transmon analysis the charge dispersion decreases as ∝ exp

[
−√

8EJ/EC
]
) [82, 128]. Flux-type qubits with sufficiently large effective capacitance

similarly exhibit a strongly reduced sensitivity to charge fluctuations [2]. The
devices studied in this thesis typically realize EJ/EC ∼ 10, placing them in a regime
where this exponential suppression is already significant [40].

Temporal fluctuations of the critical current in Josephson junctions lead to fluctua-
tions of the Josephson energy EJ and thus to variations of the qubit Hamiltonian.
Critical-current noise is commonly attributed to microscopic defects in the tunnel
barrier and is often observed to follow a 1/ f spectrum [129, 130]. In flux-type
qubits, such fluctuations can modulate both the effective inductance of junction
arrays and the properties of the small-junction, resulting in qubit frequency noise
proportional to ∂ω01/∂EJ. In practice, this contribution is frequently difficult to
distinguish experimentally from other low-frequency noise sources and is typically
smaller than the effects of flux noise or TLS-induced decoherence [105, 129].

Residual non-equilibrium quasiparticles in superconducting films (Sec. 2.2.3) pro-
vide an additional relaxation channel for superconducting qubits and can limit the
energy relaxation time T1 [131, 132]. Their presence may arise from stray infrared
radiation, cosmic rays, or imperfect thermalization, such that quasiparticle-induced
decay depends sensitively on device design as well as on shielding and filtering in
the experimental setup.

Residual photons in readout resonators or control lines (Sec. 3.5) can induce
dephasing through fluctuations of the ac Stark shift in the dispersive regime [133,
134]. Such photon shot noise is mitigated by operating the readout resonators at low
average photon number, employing strong attenuation and filtering at cryogenic
stages, and carefully engineering the microwave environment.

3.4 The flux qubit

Superconducting flux qubits are artificial atoms whose dynamics are governed
by the interplay of Josephson tunnelling, capacitive charging, and magnetic flux
quantization in a closed superconducting loop. They are realized by interrupting
a superconducting ring with one or several Josephson junctions, giving rise to a
potential landscape that can be tuned in situ by an external magnetic flux Φext.
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3.4 The flux qubit

Flux qubits operate in the phase-dominated regime EJ ≫ EC, where the supercon-
ducting junction phase is a well-defined quantum variable conjugate to charge.
This distinguishes them from charge-type qubits such as the Cooper-pair box or
the transmon, which operate either in the charge-dominated regime EC ≫ EJ or
suppress charge dispersion exponentially by increasing EJ/EC through a large
shunt capacitance [57, 82]. In contrast to transmons, flux-type qubits are encoded
in flux (or phase) degrees of freedom and exhibit energy levels that depend peri-
odically on Φext. They allow tunability over wide frequency ranges and can reach
very long coherence times when designed with large inductances and weak flux
sensitivity [3, 39].

Historically, the concept originated from the persistent-current qubit introduced by
Orlando et al. [135], where two potential wells correspond to clockwise and counter-
clockwise circulating supercurrents. Later implementations such as the fluxonium
qubit [2] achieved greatly enhanced lifetimes by inserting long Josephson junction
chains as superinductors. The capacitively shunted flux qubit (CSFQ) [16] further
reduced charge sensitivity by adding a large shunt capacitance, similar in spirit to
the transmon. The quarton qubit studied in this thesis is a flux-type qubit whose
conceptual design combines large anharmonicity with reduced susceptibility to
charge and flux noise, while enabling compact circuit layouts with only a small
number of junctions (N ∼ 10) [4, 34].

In the following, we first derive the general Hamiltonian of a flux qubit based on a
Josephson junction array inductance, then introduce the single-mode approxima-
tion and discuss the characteristic parameter regimes. After discussing how the
model can be extended to include non-uniform capacitances and parasitic ground
coupling, the quarton regime is introduced. Finally, the model is connected to
the Jaynes–Cummings Hamiltonian, extending the description to qubit–resonator
interaction and dispersive readout.

3.4.1 Derivation of the flux-qubit Hamiltonian

The generic circuit of a flux qubit is shown in Fig. 3.7. It consists of a super-
conducting loop interrupted by (N + 1) Josephson junctions and shunted by a
capacitance Csh. One junction (index 0) acts as the small qubit junction (in this
work called the small-junction) with Josephson energy EJ and capacitance CJ, while
the remaining N junctions form a homogeneous array with Josephson energy EJA
and capacitance CJA each. The gauge-invariant phase differences across the array
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𝐸𝐽, 𝐶𝐽

𝐸𝐽𝐴, 𝐶𝐽𝐴

𝐶sh

Φext
𝜑0

𝜑1 𝜑2 𝜑3 𝜑𝑁

Figure 3.7: Schematic of a flux-qubit circuit Superconducting loop consisting of a small Josephson
junction (EJ, CJ) in parallel with an array of N larger junctions (EJA, CJA) forming a superconducting
loop threaded by an external magnetic flux Φext. The loop is shunted by a capacitance Csh. Phase
differences ϕ0 . . . ϕN denote the gauge-invariant superconducting phases across each junction.

junctions are denoted φj (j = 1 . . . N). The externally applied magnetic flux Φext

enters via the fluxoid quantization condition (see Sec. 2.1.3)

φ0 +
N

∑
j=1

φj + φext = 2πz, φext = 2π
Φext

Φ0
, (3.38)

where Φ0 = h/2e is the flux quantum and z ∈ Z.

The full Lagrangian following the notation of Catelani et al. [132] reads

L =
1

2(2e)2

[
Csh

(
N

∑
j=1

φ̇j

)2

+ CJ φ̇ 2
0 + CJA

N

∑
j=1

φ̇ 2
j

]
+ EJ cos φ0 + EJA

N

∑
j=1

cos φj, (3.39)

where the first term represents the kinetic energy due to the junction capacitances
and the last two terms the Josephson potential of the loop (neglecting any geometric
loop inductance, which is typically much smaller than the Josephson inductive
energy). Eliminating the degree of freedom φ0 via the fluxoid constraint φ0 =

−∑N
j=1 φj − φext yields

L =
1

2(2e)2

[
(Csh + CJ)

(
N

∑
j=1

φ̇j

)2

+ CJA

N

∑
j=1

φ̇ 2
j

]
+ EJ cos

( N

∑
j=1

φj + φext

)
+ EJA

N

∑
j=1

cos φj. (3.40)
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3.4 The flux qubit

The system possesses N dynamical degrees of freedom {φj}. To capture the col-
lective flux dynamics, it is convenient to introduce the total phase drop across the
array (which is equal to the phase drop across the small-junction by the fluxoid
quantization condition),

ϕ =
N

∑
j=1

φj, (3.41)

which acts as the generalized coordinate of the loop, and N − 1 orthogonal dif-
ference coordinates ξk satisfying ∑j ξ

(j)
k = 0 (for details, see Ref. [132]). For a

homogeneous array (EJA,j = EJA, CJA,j = CJA), this transformation diagonalizes the
kinetic term [41, 132, 136]. The Lagrangian then separates into a collective “qubit
mode” and N − 1 internal plasma modes, which are typically of higher energy:

L =
1

2(2e)2

[
CΣϕ̇ 2 + CJA

N−1

∑
k=1

ξ̇ 2
k

]
+ EJ cos(ϕ + φext) + N EJA cos

(
ϕ

N

)
+ Lplasma(ϕ, {ξk}), (3.42)

with effective capacitance CΣ = Csh + CJ + CJA/N and weak coupling terms be-
tween ϕ and ξk collected in Lplasma. A Legendre transformation gives the Hamilto-
nian

H = 4ECn2 +
N−1

∑
k=1

4EC,JAn 2
k

− EJ cos(ϕ + φext)− N EJA cos
(

ϕ

N

)
+ Hplasma(ϕ, {ξk}), (3.43)

where EC = e2/(2CΣ) is the charging energy of the collective mode, EC,JA =

e2/(2CJA) that of the individual array junctions, and the operators ∂L/∂ϕ = n and
∂L/∂ϕk = nk are conjugate to ϕ and ξk, respectively. Equation (3.43) represents the
full multi-junction flux-loop Hamiltonian before any approximation. It assumes
only a homogeneous array; extensions to inhomogeneous capacitance in the array
are discussed later in Sec. 3.4.3.

3.4.2 Single-mode approximation and effective regimes

For large arrays (N ≫ 1) with small phase drops across individual junctions
(|φj| ≪ 1 or equivalently |ϕ| ≪ 2πN near the symmetry point) and EC,JA ≪ EJA,
the internal plasma modes oscillate at high frequencies

ωk ≃
√

8EJAEC,JA/h̄, (3.44)
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3 Flux qubits and their environment

which correspond to the small-signal plasma frequency of a Josephson element
(see Eq. (2.44)), identical to that obtained for a single junction in the RCSJ model
(Sec. 2.2.5) and widely used in fluxonium-type circuits [41, 136]. For typical array
junction parameters in this thesis (LJ ∼ 1 nH, CJ ∼ 50–200 fF), the corresponding
plasma frequencies are about 15–30 GHz, while ω01 are about 3–5 GHz at the qubit
operating point. This large difference in excitation frequencies justifies the single-
mode approximation, in which the internal coordinates ξk remain near equilibrium.

Expanding the potential to quadratic order in ξk and keeping the full cosine
dependence in ϕ yields the factorized Hamiltonian

H ≃ Hϕ +
N−1

∑
k=1

Hk, Hϕ = 4ECn2 − EJ cos(ϕ + φext)− NEJA cos
(

ϕ

N

)
, (3.45)

with Hk = 4EC,JAn2
k + 1

2 EJAξ2
k describing harmonic plasma oscillations (Hk is

omitted in the following). The low-energy dynamics are thus captured by the
one-dimensional Hamiltonian Hϕ, while residual mode couplings are of higher or-
der O(ξ2

k ϕ2/N2) and negligible in the experimentally relevant parameter range. Hϕ

describes a collective mode of a flux qubit with a junction-array inductive shunt.

At the bias φext = π (corresponding to Φext = Φ0/2) the potential forms minima,
at which the qubit is first-order insensitive to flux fluctuations [4]. Expanding the
potential for φext = π gives

U(ϕ) = EJ[1 − cos(ϕ + π)] + N EJA[1 − cos( ϕ
N )], (3.46)

and using cos(ϕ/N) ≈ 1 − ϕ2/(2N2) + ϕ4/(24N4) gives

U(ϕ) ≃ EJ

[
1
2

( γ

N
− 1
)

ϕ2 +
1

24

(
1 − γ

N3

)
ϕ4
]

, γ =
EJA

EJ
. (3.47)

Depending on γ/N, three regimes arise [4, 41]:

(i) the fluxon regime (γ/N < 1) with a double-well potential as in the conven-
tional persistent-current qubit [1, 135]. The fluxonium qubit extends this case
to γ/N ≪ 1 with long arrays of N ∼ 100 [2],

(ii) the plasmon regime (γ/N > 1) with a nearly harmonic potential resembling a
transmon or CSFQ [16, 82], and

(iii) the quarton regime (γ/N = 1) where the quadratic term cancels and the
potential is purely quartic.
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(i) Fluxon regime (γ/N < 1)

(ii) Plasmon regime (γ/N > 1)

(iii) Quarton regime (γ/N = 1)

Figure 3.8: Flux-qubit potentials, eigenstates, spectra, and circulating currents in three character-
istic regimes. Left: Potential U(φ) and the lowest four wavefunctions at Φext = Φ0/2, illustrating
the transition from a double-well (fluxon) to harmonic (plasmon) and nearly quartic (quarton)
confinement. Middle: Energy levels En(Φext) versus flux bias. Right: Circulating currents I(Φext)

of the lowest states. Each row corresponds to one parameter regime of Eq. (3.48) calculated with
γ/N = EL/EJ = (i) 0.35, (ii) 3.0, and (iii) 1.0.
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A combined visualization of the potentials, eigenstates, energy levels, and circulat-
ing currents in the three regimes is shown in Fig. 3.8. For γ/N < 1 the potential
exhibits two minima separated by a barrier. As γ/N approaches unity, the barrier
flattens and the potential is quartic near its minimum. At γ/N > 1 quadratic
contributions reduce anharmonicity and increase the qubit frequency [4].

In the limit where the phase drop across each junction of the array remains small,
ϕ/N ≪ 1, the cosine potential of the array can be expanded as cos(ϕ/N) ≈
1 − ϕ2/(2N2). This approximation is valid whenever the total phase ϕ distributes
over many array junctions such that each individual junction experiences only a
small phase drop, in particular, the array behaves as a nearly linear superinductance
with an effective inductive energy EL = Φ2

0/(4π2Larray). The resulting single-mode
Hamiltonian,

Hlin = 4ECn2 + 1
2 ELϕ2 − EJ cos(ϕ + φext), (3.48)

accurately captures the low-energy dynamics as long as the array remains in this
linear regime. The phase distribution between the small-junction and the array
depends on the inductive energies in the loop: in the fluxon regime (EL ≪ EJ)
most phase drop occurs across the array, in the plasmon regime (EL ≫ EJ) across
the small-junction, and in the quarton regime (EL≈EJ) the phase divides roughly
equally between both.

Equation (3.48) serves as the practical basis for modeling the measured qubit spectra
in this work. Using effective parameters (EC, EJ, EL), the model reproduces the
experimentally observed transition frequencies such as ω01 and ω12 with accuracy.
Here, EC represents the effective charging energy of the entire circuit, while EJ and
EL are phenomenological quantities that capture the nonlinear Josephson branch
and the array’s inductive response, respectively. Despite this simplification, fitted
values of EJ and EL typically provide realistic estimates of the critical current Ic of
the small-junction and of the array inductance Larray, as demonstrated in previous
experimental works employing junction arrays for fluxonium and related qubit
designs [2–5].

3.4.3 Capacitance inhomogeneity and ground coupling

For non-uniform array junctions with different capacitances Cj, the kinetic term
in Eq. (3.42) is a weighted sum ∑j Cj φ̇

2
j that cannot be diagonalized by a simple

orthogonal transformation. In this case, one introduces the capacitance matrix
C = diag(C1, . . . , CN) and defines the collective mode as the phase combination
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ϕ = ∑j φj that minimizes the kinetic energy for fixed ϕ̇. This yields an effective
capacitance

Ceff = Csh + CJ +

(
N

∑
j=1

1
Cj

)−1

, (3.49)

and hence an effective charging energy EC = e2/(2Ceff) [41, 136]. Ferguson et al. [41]
and Viola et al. [136] showed in numerical calculations with variations ∆Cj/Cj ∼ 0.1,
that corrections to EC remain below a few percent, validating the one-dimensional
approximation (3.45).

In realistic devices, each island of the array also possesses a small parasitic capaci-
tance Cg to ground or adjacent wiring. Including these terms adds

Lkin =
1

2(2e)2

[
(Csh + CJ)

(
∑

j
φ̇j

)2

+ ∑
j
(CJA + Cg)φ̇2

j

]
, (3.50)

which introduces weak cross-coupling between the collective and plasma coordi-
nates (∝ ϕ̇ ξ̇k) and slightly renormalizes the effective capacitance to

Ceff ≃ Csh + CJ +
CJA

N
+ βNCg, (3.51)

where β < 1 depends on the spatial voltage profile along the array [41]. For typical
parameters of the stacked-junction arrays in this work (Cg/CJA ∼10−3–10−2), the
resulting correction to EC is negligible.

Only even-parity plasma modes couple to the collective coordinate due to the
parity selection rule of the phase distribution [136]. Intuitively, plasma modes
with nodes at both array ends carry opposite charges on neighboring islands and
thus produce no net voltage drop across the full array, leading to vanishing dipole
coupling to the global mode. The remaining weak couplings slightly renormalize
the qubit frequency but do not invalidate the single-mode approximation for the
parameter range relevant to the stacked-junction flux qubits studied here.

3.4.4 The quarton regime

The quarton regime is a distinct operating regime of flux qubits that emerges when
the effective inductive energy of the Josephson junction array, EL, is comparable
to the Josephson energy EJ of the small-junction. Using the notation introduced
above, this balance condition is expressed as

γ

N
=

EL

EJ
= 1, (3.52)
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where γ = EJA/EJ denotes the ratio of the array-junction and small-junction
Josephson energies, and N is the number of junctions in the array.

At the symmetry point Φext = Φ0/2, this balance leads to a qualitative change of the
effective potential of the collective phase coordinate ϕ: the quadratic contribution
in the expansion of Eq. (3.47) vanishes, and the confinement is dominated by a
quartic term. This situation defines the quarton regime (Fig. 3.8 (iii)) [4, 35, 41,
136]. As a consequence of the absence of a quadratic restoring term, the qubit
transition frequency is first-order insensitive to flux fluctuations at Φext = Φ0/2 [4].
At the same time, the strong nonlinearity of the quartic confinement gives rise to a
large intrinsic anharmonicity. The quarton regime thus combines suppressed flux
dispersion with strong anharmonicity.

In the ideal quarton limit γ/N = 1, the one-dimensional Hamiltonian is

HQ = 4ECn2 +
EJ

24
ϕ4, (3.53)

where EC denotes the effective charging energy of the circuit. Solving the cor-
responding Schrödinger equation yields a discrete spectrum with a positive an-
harmonicity of approximately one third of the fundamental transition frequency,

A ≈ 1
3 h̄ω01, (3.54)

with ω01 ∝ (EJE2
C)

1/3 [4, 34, 35].

Small deviations from the ideal balance condition, γ/N = 1 + δ with |δ| ≪ 1,
reintroduce a weak quadratic contribution to the potential,

HQ = 4ECn2 + 1
2 EJδ ϕ2 +

EJ

24
ϕ4, (3.55)

resulting in a tilted quarton [36, 37, 41]. In this case, the quartic term remains
dominant while the quadratic contribution leads to small, approximately linear
corrections of the energy levels.

Figure 3.9 illustrates how the qubit properties evolve when the ratio γ/N is tuned
away from the ideal quarton point [4, 34, 36]. While the transition frequency
f01 increases approximately linearly with γ/N, the relative anharmonicity A/ f01
decreases monotonically. For γ/N < 1, the qubit operates at lower frequencies with
enhanced relative anharmonicity, whereas for γ/N > 1 the frequency increases at
the expense of reduced anharmonicity. Importantly, in the vicinity of γ/N = 1 the
confinement remains weakly curved near Φext = Φ0/2, such that the qubit retains
a suppressed first-order flux sensitivity [4, 34, 36]. As a result, the properties of the
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Figure 3.9: Calculated qubit frequency f01 and anharmonicity A as a function of γ/N = EL/EJ.
The vertical dashed line marks the quarton point γ/N = 1, where the quadratic term in the potential
cancels and the confinement is purely quartic. At this balance point, the qubit combines large
anharmonicity of A/ f01 ≈ 1/3 with minimal flux dispersion.

quarton regime—strong anharmonicity and low flux dispersion— persist over a
finite and experimentally accessible parameter range.

Experimental and theoretical research on the quarton regime is still comparatively
young and actively developing. Following the initial experimental demonstration
by Yan et al. [4], subsequent work explored quarton-based nonlinear couplers and
enhanced readout schemes, both experimentally and theoretically [34–37].

In this work, quarton qubit circuits with stacked Josephson junction arrays are
implemented experimentally and operated at the half-flux bias point. The focus of
this thesis is on their realization and characterization as computational qubits.

3.4.5 Qubit–resonator coupling and dispersive regime

In circuit quantum electrodynamics, qubits are typically operated in the dispersive
regime, where they remain far detuned from the readout resonator. This operating
point enables a non-invasive measurement of the qubit state via a state-dependent
shift of the resonator frequency, while avoiding energy exchange between qubit
and resonator [40]. At the same time, dispersive operation strongly suppresses
radiative decay through the resonator mode, known as Purcell loss (see Sec. 3.3.3).

The interaction between a superconducting qubit and a single electromagnetic
mode is captured by the Jaynes–Cummings Hamiltonian, the cornerstone of circuit
quantum electrodynamics (cQED). [84, 104]. For a qubit coupled capacitively or
inductively to a resonator mode, the total Hamiltonian reads

HJC = h̄ωra†a +
h̄ω01

2
σz + h̄g(aσ+ + a†σ−), (3.56)
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where ωr and ω01 denote the bare frequencies of the resonator and qubit, g is the
coupling rate, and a (a†) are the photon annihilation (creation) operators. The qubit
is treated as an effective two-level system with Pauli operators σz, σ±. The third
term describes coherent exchange of excitations between the two subsystems, and
the rotating-wave approximation applies when g ≪ ωr, ω01.

The eigenstates of Eq. (3.56) form the JC ladder of hybridized states

|n,±⟩ = 1√
2

(
|e, n⟩ ± |g, n + 1⟩

)
, (3.57)

whose energies

En,± = h̄ωr(n + 1/2)± 1
2

h̄
√

∆2 + 4g2(n + 1) (3.58)

depend on the detuning ∆ = ω01 − ωr. When the detuning is large compared
to the coupling strength (|∆| = |ω01 − ωr| ≫ g), the JC Hamiltonian can be
diagonalized perturbatively by means of a Schrieffer–Wolff transformation, leading
to the dispersive Hamiltonian

Hdisp = h̄
(
ωr + χσz

)
a†a +

h̄
2
(
ω01 + χ

)
σz, χ =

g2∆

∆2 − (α/2)2

|α|≪|∆|
≈ g2

∆
, (3.59)

where α is the qubit anharmonicity and χ is the state-dependent frequency shift
(dispersive shift) of the resonator [84]. Here, α is understood as the effective anhar-
monicity extracted from the lowest transitions of the qubit spectrum. The common
approximation χ ≈ g2/∆ holds strictly for weakly anharmonic systems (e.g. trans-
mons), but for flux-type qubits with large positive α the full expression must be
used. Equation (3.59) shows that the resonator frequency depends on the qubit
state, forming the basis of the dispersive readout scheme. The dispersive shift χ

arises as a second-order effect in the qubit–resonator coupling g, reflecting virtual
photon exchange processes between the two systems. These off-resonant interac-
tions lead to a state-dependent frequency renormalization of both the qubit and the
resonator, while conserving the total excitation number. In the same perturbative
picture, the Purcell decay can be interpreted as a real-photon counterpart of the
same mechanism, in which energy leakage through the resonator mode provides a
decay channel for the qubit [84, 137].

The large positive anharmonicity of the quarton qubit enhances the magnitude
of χ for a given coupling g, allowing efficient state discrimination while keeping
the system in the dispersive regime (g/∆ ≪ 1). The same large α simultaneously
suppresses the Purcell decay rate,

ΓPurcell =
κg2

∆2 + (κ/2)2

|∆|≫κ/2
≈ κ

( g
∆

)2
, (3.60)
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(a) (b)

Figure 3.10: Dispersive readout and flux dependence of the resonator frequency. (a) Readout-tone
power sweep at zero flux showing how the qubit and resonator hybridize at low photon number
and decouple at high power. The resulting shift of the resonator frequency (χ≈ 5.6 MHz) yields
a coupling strength of g ≈ 63 MHz via the dispersive relation. (b) Resonator frequency versus
applied flux in the weakly driven regime. The Φ0-periodic modulation reflects the flux-dependent
qubit transition frequency, which detunes by several GHz across the scan. The red line is a fit
to the Jaynes–Cummings model in Eq. (3.56), yielding g ≈ 63 MHz in excellent agreement with
panel (a). The avoided crossings between integer and half-integer flux values illustrate where the
qubit approaches resonance condition with the readout mode. Data shown were taken on flux-qubit
device L-D1 with a stacked-junction inductor (see Table 6.2 in Sec. 6.3).

where κ is the resonator linewidth. This expression follows from a Lindblad
treatment of the coupled qubit–resonator system and shows that large detuning and
strong anharmonicity both reduce spontaneous emission through the resonator [84,
137]. This balance of strong dispersivity and reduced radiative loss constitutes one
of the main practical advantages of the quarton qubit in cQED architectures.

All qubit spectroscopy and time-domain experiments presented in this work operate
deeply in this dispersive regime, ensuring that the resonator acts solely as a non-
invasive probe of the qubit state and Eq. (3.59) can be applied. The readout signal
arises from the qubit-state-dependent shift of the resonator frequency ωr→ωr±χ,
measurable through the transmitted or reflected microwave tone. This principle
underlies both the steady-state spectroscopy of the quarton qubit and its pulsed
readout during coherence measurements.

In the measured devices ω01/2π ≈ 3 − 5 GHz, ωr/2π ≈ 7.5 − 8 GHz, and g/2π ≈
50 − 70 MHz. The qubit–resonator detuning is |∆| ∼ (45–90) g, ensuring dispersive
operation with sufficient readout contrast while limiting Purcell loss. The dispersive
shift χ/2π is in the range of several MHz, which is consistent with experimental
observations at a representative device in Fig. 3.10. The following section introduces
the microwave environment and resonator design used for dispersive readout and
qubit control.
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3 Flux qubits and their environment

3.5 Microwave circuits

Superconducting qubits operate in the microwave frequency range and are embed-
ded in on-chip networks of resonators, transmission lines, bias elements, and filters.
These microwave circuits form an integral part of the experimental setup for qubit
experiments: they are fabricated on the same chip as the qubit, are specifically
designed for a given device, and mediate both control and readout of the quantum
degrees of freedom.

A quantitative description of these circuits is therefore essential for understanding
how qubits couple to propagating electromagnetic modes and how microwave
signals are injected, routed, and detected. This section introduces the theoreti-
cal background required to describe superconducting microwave circuits in the
frequency range of several gigahertz.

3.5.1 Impedance

The concept of impedance extends the notion of DC resistance to time-dependent
signals and provides a unified description of how microwave circuits respond to
oscillating electromagnetic fields. In the frequency domain, it relates voltage and
current via

Z(ω) =
V(ω)

I(ω)
= R(ω) + iX(ω), (3.61)

where R(ω) and X(ω) denote the frequency-dependent resistance and reactance,
respectively. For purely reactive circuit elements, the impedance reduces to

ZL = iωL, ZC =
1

iωC
, (3.62)

corresponding to ideal inductors and capacitors.

The concept of impedance becomes essential once the wavelength of the signal is
comparable to the characteristic dimensions of the circuit. In this regime, voltage
and current exhibit spatial dependence and acquire phase shifts along the circuit,
rendering a purely lumped-element description insufficient.

A circuit element can be treated within the lumped-element approximation as long
as its physical size l is much smaller than the wavelength λ of the relevant sig-
nal, typically l ≲ λ/20 [138, 139]. For superconducting qubit circuits operating
at frequencies of order 10 GHz, typical on-chip dimensions of a few hundred mi-
crometers remain well within this regime. Accordingly, qubits and their immediate
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3.5 Microwave circuits

circuit environment can be modeled using discrete inductances, capacitances, and
Josephson junctions, while extended circuit structures are more appropriately
described as transmission lines.

Coplanar transmission lines are modeled as distributed networks characterized
by a per-unit-length inductance L′ and capacitance C′. These effective parameters
account for electromagnetic energy stored both in the substrate and in the vacuum
above the conductors. The characteristic impedance and phase velocity of the line
are given by

Z0 =

√
L′

C′ , vph =
1√
L′C′

. (3.63)

For a line segment of total length l, the propagation constant is β = ω/vph.
Standing-wave modes arise when the boundary conditions enforce an integer
multiple of half the wavelength along the line. In circuit quantum electrody-
namics, nearly all on-chip microwave components—including transmission lines,
resonators, and Purcell filters—can be treated as such distributed two-port net-
works.

The free-space impedance Zvac =
√

µ0/ε0 ≈ 377 Ω provides a natural reference
scale for electromagnetic wave propagation by defining the intrinsic ratio of electric
to magnetic field amplitudes. In practical microwave systems, coplanar and coaxial
transmission lines are commonly designed for a characteristic impedance of Z0 ≈
50 Ω, enabling efficient power transfer and minimizing reflections at interfaces.

When a microwave signal encounters a load impedance ZL different from Z0,
a fraction of the incident wave is reflected. This reflection is quantified by the
reflection coefficient [138, 139]

Γ =
ZL − Z0

ZL + Z0
, |Γ|2 =

Pref
Pinc

, (3.64)

where Pref and Pinc denote the reflected and incident powers, respectively. Impedance
mismatches are particularly critical in signal paths where phase and amplitude in-
formation encode measurement data, such as in qubit readout circuits. In contrast,
moderate mismatches in drive lines are often tolerable, as increased drive power
can compensate for partial reflections.

For more complex microwave networks with multiple ports and frequency-
dependent coupling, it is convenient to generalize the impedance concept to
matrix relations between voltage and current amplitudes. This formulation nat-
urally leads to the scattering matrix (S-matrix) representation discussed in the
following subsection.
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3 Flux qubits and their environment

3.5.2 Scattering parameters and microwave networks

Linear microwave networks are conveniently described in terms of scattering
parameters, or S-parameters, which relate incoming and outgoing traveling waves at
the ports of a device. For an N-port network, the column vectors a⃗ = (a1, . . . , aN)

and b⃗ = (b1, . . . , bN) denote the complex amplitudes of the incident and outgoing
waves, respectively, and are related by b⃗ = S a⃗ [138]. The matrix elements Sij
quantify the reflection (i = j) and transmission (i ̸= j) properties of the network,
assuming matched source and load impedances Z0 = 50 Ω.

For a two-port system, this relation reads

b1 = S11a1 + S12a2, (3.65)

b2 = S21a1 + S22a2, (3.66)

where S11 and S22 describe reflections at the respective ports, while S21 and S12
quantify forward and backward transmission. The amplitudes are normalized such
that |ai|2 and |bi|2 correspond to the incident and outgoing power at each port.

For a one-port device, such as a reflection-type resonator, the relevant quantity is
the reflection coefficient S11. Its magnitude determines the reflected power fraction,
while the phase arg(S11) contains information about the frequency-dependent
impedance of the device. Deviations of the load impedance from Z0 lead to partial
reflection of the incident wave.

The incoming and outgoing wave amplitudes at port i can be expressed in terms of
the total voltage Vi and current Ii as [138, 139]

ai =
1

2
√

Z0
(Vi + Z0 Ii), bi =

1
2
√

Z0
(Vi − Z0 Ii). (3.67)

For a lossless network, power conservation implies the unitarity condition S†S = 1.

The S-matrix formalism is particularly well suited for describing complex mi-
crowave circuits composed of multiple interconnected components, as commonly
used in circuit quantum electrodynamics. Experimentally, scattering parameters
are obtained from complex transmission and reflection measurements, for example
using a vector network analyzer.

Microwave resonators used for qubit readout can be realized either as reflection-
type devices, probed via S11, or as notch-type resonators side-coupled to a transmis-
sion line and measured in transmission (S21). Both geometries can be implemented
as λ/4 or λ/2 resonators, corresponding to standing-wave modes with current
nodes and antinodes determined by the boundary conditions.
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For a reflection-type resonator coupled capacitively to a transmission line, the
scattering response takes the form [40]

S11(ω) = 1 − κc

i(ω − ωr) + κ/2
, (3.68)

where ωr denotes the resonance frequency, κc the external coupling rate, and
κ = κi + κc the total linewidth including internal and external loss contributions.
The coupling rate sets the strength of the interaction between the resonator and
the measurement line and thereby determines the measurement bandwidth and
signal strength. Knowledge of the scattering response allows one to directly infer
the frequency-dependent impedance of a device. For a one-port network, the
impedance is given by [138]

Z(ω) = Z0
1 + S11(ω)

1 − S11(ω)
. (3.69)

In the following section, these concepts are applied to coplanar microwave res-
onators, which constitute the central coupling elements between superconducting
qubits and measurement lines.

3.5.3 Resonators and Purcell filter for qubit readout

Superconducting qubits are read out dispersively via on-chip microwave resonators
that are capacitively coupled to a common transmission line. Each resonator acts as
a narrow-band filter that translates the qubit-state-dependent frequency shift into a
measurable change of the complex microwave response, as discussed in Sec. 3.4.5.
To suppress radiative qubit decay through the readout channel, a broadband Purcell
filter is integrated between the resonators and the transmission line.

The readout circuit consists of four microwave resonators, all coupled to the same
Purcell filter and transmission line (an image of a fabricated device is shown in
Fig. 6.1 in Sec. 6.1). The individual resonator frequencies are set by their geometric
lengths between 4.7 and 4.9 mm, resulting in designed frequency spacings of
approximately 100 MHz. Their resonance frequencies range from 7.55 to 7.85 GHz,
as visible in the measured scattering response shown in Fig. 3.11. The Purcell
filter is designed with a center frequency of approximately 7.6 GHz, i.e. in the
middle of the resonator band. Due to its large bandwidth (κf/2π ∼ 1 GHz), the
filter resonance spectrally overlaps with the resonator responses and is therefore
not directly resolved in the measured spectrum.

The coplanar waveguide (CPW) resonators are patterned in superconducting alu-
minum and consist of a center conductor separated by narrow gaps from ground
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Figure 3.11: S-response measurement.

Table 3.1: Results from circle fits. Resonance frequencies,
linewidths, and quality factors extracted from the circle
fits shown in Fig. 3.11. The coupling quality factor Qc

quantifies the coupling of each resonator to the shared
transmission line (including the Purcell filter; its broad
resonance around 7.6 GHz is not resolved due to a large
linewidth).

res. fr (GHz) κ/2π (MHz) QL Qc

r1 7.55 1.35 5600 4800
r2 7.65 1.25 6100 5200
r3 7.75 1.15 6600 5400
r4 7.85 1.05 7300 5900

planes on both sides. Suspended aluminum links (air bridges) connect all ground-
plane segments to avoid charging effects and parasitic modes. The CPW geometry
supports quasi-TEM modes characterized by the per-unit-length inductance L′

and capacitance C′. For a λ/4 resonator of length l, which is shorted at one end
and open at the other, the resonance frequencies follow from the standing-wave
condition

fn =
(2n − 1)vph

4l
, vph =

1√
L′C′

, n = 1, 2, . . . , (3.70)

where vph denotes the phase velocity of the coplanar mode. The fundamental mode
(n = 1) is used for qubit readout.

Each CPW resonator is implemented as a λ/4 line that is shorted to ground at the
junction with the Purcell filter and capacitively coupled to the qubit via a T-junction
at the opposite end (Fig. 6.1). This geometry results in a current antinode at the
filter side and a voltage antinode at the qubit side, consistent with strong coupling
to the transmission line network at the filter side and capacitive coupling to the
qubit at the opposite end.

Near resonance, the scattering response of a readout resonator is well described by
a Lorentzian line shape [138]

S21( f ) = 1 − QL/Qc

1 + 2iQL( f − fr)/ fr
, (3.71)

where fr denotes the resonance frequency, QL the loaded quality factor, and Qc the
external coupling quality factor; the total linewidth κ is related to QL by [138]

κ =
ωr

QL
,

1
QL

=
1

Qi
+

1
Qc

, (3.72)

60



3.5 Microwave circuits

(a) (b) (c)

Figure 3.12: Reflection response of a readout resonator. (a) Amplitude, (b) phase, and (c) polar
representation of the complex scattering response of resonator r4 listed in Table 3.1. Solid lines
indicate fits to a complex circle-fit model proportional to Eq. (3.71). The response is recorded at the
vector network analyzer as a complex transmission signal (S21), although it corresponds physically
to a reflection measurement, due to the use of a circulator in the measurement chain.

with Qi denoting the internal quality factor. Internal losses can originate from
dielectric loss due to microscopic two-level systems in amorphous surface oxides,
radiation loss, residual quasiparticles, and imperfections of the superconducting
film or substrate [24, 26, 114, 132].

Depending on the relative magnitude of Qi and Qc, resonators can be undercoupled
(Qc ≫ Qi), critically coupled (Qc ≈ Qi), or overcoupled (Qc ≪ Qi). In the devices
of this work, the readout resonators are intentionally designed to be overcoupled
to the shared transmission line, including the Purcell filter described below, such
that the loaded quality factor is dominated by the external coupling, in order to
maintain a sufficiently broad measurement bandwidth and a high signal-to-noise
ratio in spectroscopy measurements of the resonator frequencies.

In the chip layout, the readout resonators are coupled to a coplanar transmission
line that is connected to a single microwave port, while the opposite end of the line
is terminated at ground. Consequently, the readout is performed in reflection. To
separate the weak reflected signal from the strong incident probe tone, a microwave
circulator is used in the measurement chain (see Fig. 4.1 (b)), which routes the
reflected signal to the detection line. At the vector network analyzer (VNA), located
at room temperature, the reflected response is recorded as a complex transmitted
signal. For this reason, the measured quantity is denoted as S21 throughout this
section, even though the underlying physical process corresponds to a reflection
measurement of the resonator.

A representative dataset of the scattering response measured with a VNA is shown
in Fig. 3.12. As the probe frequency is swept across the resonance, the complex
response traces out a circle in the complex plane. Fitting this circular response
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using a complex-plane circle-fit model [140, 141] yields the resonance frequency fr,
the loaded quality factor QL, and the coupling quality factor Qc.

Radiative decay of the qubit into the electromagnetic modes of the readout resonator
and transmission line gives rise to the Purcell effect [142, 143]. In the dispersive
regime, where the qubit–resonator detuning ∆r = ω01 − ωr greatly exceeds their
coupling strength g, the corresponding decay rate scales as ΓPurcell ∝ κ(g/∆r)2 [137,
144]. To suppress this decay channel while maintaining a broad readout band-
width, a broadband Purcell filter is implemented between the resonators and the
transmission line [145].

The filter consists of a capacitor shunted by a short section of CPW, forming a
strongly coupled resonant network with coupling quality factor Qc ≈ 10 and
a center frequency ωf/2π ≈ 7.6 GHz in the design. Due to its large linewidth
κf/2π ≈ 1 GHz, the filter resonance overlaps spectrally with the readout resonators
and is therefore not directly resolved in the measured spectrum. In the presence of
the filter, the Purcell decay rate is expected to be reduced to [143]

Γ
(f)
Purcell = ΓPurcell

(
∆f
κf

)2
, (3.73)

where ∆f = ω01 − ωf, κf = ωf/Qc, and ΓPurcell denotes the Purcell decay rate in
the absence of the filter. For the design parameters of the Purcell filter used in
the devices of this work, a Purcell suppression factor of 10–100 is estimated for
qubit–filter detunings of 3–5 GHz.

3.5.4 Local field coils and drive lines for qubit control

Qubit control in the devices studied in this thesis is realized via on-chip microwave
lines and local field coils patterned in close proximity to each qubit loop. Each
qubit features one dedicated flux bias line for tuning its transition frequency and,
in the case of the four calculating flux qubits, an additional drive line for coherent
control of its quantum state.

A current IΦ through a local on-chip coil induces a magnetic flux Φ = MIΦ in the
qubit loop, where M denotes the mutual inductance between the coil and the loop.
To estimate this coupling, the magnetic field generated by a thin wire carrying
current IΦ at a point with distance r is expressed by the Biot–Savart law,

B⃗(⃗r) =
µ0 IΦ

4π

∫ dℓ× r⃗
|⃗r|3 , (3.74)
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where µ0 is the vacuum permeability and dℓ the differential line element along the
conductor [138]. In the simplified case of a long, straight bias line placed parallel
to the edge of a square qubit loop, the induced flux can be approximated by

M ≃ µ0l
2π

ln
(

b
a

)
, (3.75)

where l is the loop side length, and a and b denote the inner and outer distances
from the bias line to the loop edges. In this geometry, the coupling depends only
weakly on the loop size but varies logarithmically with the coil–loop separation
d ≈ a. Typical designs in this work yield estimated mutual inductances of M ≈
0.9–1.2 pH, corresponding to a flux quantum of Φ0 per bias current of roughly
1.8–2.3 mA.

The qubit loops are typically rectangular with areas of about 20 × 30 µm2 and are
placed at a vertical distance of approximately d ≈ 10 µm from the bias line. In some
devices, the loop is implemented in a gradiometric loop geometry, for which only
the magnetic field gradient contributes to the net flux. Because the magnetic field
generated by a stripline decays approximately as 1/x with distance x, gradiometric
loops are therefore typically positioned closer to the coil in order to achieve com-
parable coupling strengths. The design trade-off is that a smaller distance increases
both the capacitive coupling and the risk of microwave-induced relaxation through
the bias structure, which effectively behaves as a transmission line. To mitigate this
effect, the bias lines are dimensioned such that their fundamental standing-wave
mode is designed to lie well above 10 GHz, far from the qubit transition frequencies.
They are designed with a 50 Ω characteristic impedance, enabling the combination
of DC flux tuning with rapid flux pulses in future experiments.

The DC filtering of all flux bias lines in the cryostat is realized by a cascade of
low-pass stages on several temperature levels, comprising both RCR and LCL
filters, as described in detail in chapter 4.

While the flux bias lines control the qubit frequency via magnetic flux, the drive
lines provide coherent excitation of the qubit state through capacitive coupling to
the qubit island. Each drive line is implemented as a 50 Ω coplanar transmission
line routed close to the qubit junction loop to enable predominantly local excitation
with minimal cross-coupling to neighboring qubits. The coupling capacitance Cd
determines the external quality factor Qc of the qubit,

Qc =
2Ceff,q

C2
dω01Z0

, (3.76)

where Ceff,q is the effective qubit capacitance, ω01 its transition frequency, and
Z0 = 50 Ω the line impedance [143, 146]. The coupling capacitance was obtained
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from electromagnetic simulations of the complete chip layout. Typical values
of Cd ≈ 20–40 aF yield external quality factors in the range of Qc ∼ 106–107,
corresponding to estimated Purcell-limited relaxation times exceeding 100 µs. The
drive lines are terminated in broadband matched microwave connectors at the chip
carrier to avoid standing waves and reflections that could distort short control
pulses.

Both types of control lines are essential components of the qubit circuitry, providing
magnetic and electric access to the quantum states while being designed to maintain
low cross-talk and minimal microwave back-action.
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instrumentation

This chapter describes the cryogenic infrastructure and electronic measurement
setups used for both microwave spectroscopy and DC transport characterization of
the qubit devices.

Superconducting quantum circuits operate in a parameter regime that requires
careful control of temperature, electromagnetic environment, and signal fidelity.
The aluminum-based Josephson junctions used throughout this work become
superconducting below their critical temperature of approximately TC ≈ 1.2 K [71].
However, to reach the quantum ground state and suppress thermal excitations of the
qubit and resonator modes, the experiments must be performed at temperatures
well below kBT ≪ h̄ω01, corresponding to a few tens of millikelvin for qubit
transition frequencies around 3–5 GHz.

Besides temperature, noise and radiation play a crucial role in preserving qubit
coherence (Sec. 3.3). Moreover, stray infrared photons or black-body radiation
entering through the wiring can generate quasiparticles in the superconducting
films, which cause energy relaxation [147, 148]. To mitigate these effects, the ex-
perimental setup employs extensive magnetic and radiation shielding, typically
combining cryoperm and superconducting enclosures as well as infrared filters
and attenuators at multiple temperature stages [147, 149, 150].

A central challenge in superconducting qubit experiments lies in maintaining
high signal integrity between the room-temperature electronics and the millikelvin
stage. The control and readout electronics—such as arbitrary waveform generators,
microwave sources, and digitizers—are typically operated at room temperature,
while the qubits reside at the coldest stage of the refrigerator. This requires carefully
designed signal lines that combine strong attenuation of thermal noise from higher
temperature stages with low loss and high bandwidth for qubit control. On the
input side, microwave drive and flux-bias lines are successively attenuated at the
3 K, 700 mK, and 10 mK stages to thermalize the photons and reduce noise reaching
the sample. On the output side, the extremely weak readout signal is amplified by a
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chain consisting of a low-noise cryogenic amplifier followed by room-temperature
amplifiers and mixers.

While large-scale quantum processors now integrate hundreds of control and
readout lines in cryogenic environments [149, 151–153], even small multi-qubit
chips already demand a significant wiring complexity. In our experiment, the chip
hosts four flux-type qubits and three tunable couplers, requiring one microwave
readout line, one drive line per qubit, and one flux-bias line for each qubit and
coupler. In total, this corresponds to nine microwave lines and at least seven DC
lines for flux control.

The experiments described in the following sections were conducted using the
cryogenic setup introduced below. Figure 4.1 provides an overview of the di-
lution refrigerator, the cryogenic wiring, and the room-temperature microwave
and transport electronics. Section 4.1 introduces the dilution refrigerator and its
wiring scheme, followed by Section 4.2 on the microwave circuitry and Section 4.3
describing the transport measurement setup.

4.1 Dilution refrigerator

All experiments presented in this work were carried out in a Bluefors LD250 dry
3He/4He dilution refrigerator with a base temperature of approximately 10–20 mK.
The cryostat provides five discrete temperature stages: the room-temperature
flange, the first pulse-tube (PT) stage at about 45 K, the second PT stage at about
3 K, the still stage at approximately 700 mK, and the mixing chamber (MC) at the
base temperature.

The dilution refrigerator is pre-cooled by a two-stage pulse-tube cryocooler. High-
pressure helium gas is periodically compressed and expanded in the pulse tube,
transporting heat from the cold end to the warm end via acoustic pressure oscilla-
tions. The first stage at ∼ 45 K precools the radiation shields and wiring. The second
stage at ∼ 3 K serves as a thermal anchor for cold amplifiers (HEMTs) and acts as
the condensation point for the 3He/4He mixture. At this stage, a Joule–Thomson
valve is integrated in the cycle, cooling the mixture via isenthalpic expansion.
Below this stage, the mixture flows through a heat exchanger chain consisting
of capillaries and sintered silver blocks that provide large surface area for ther-
mal exchange. The still stage at ∼ 700 mK evaporates 3He, which is continuously
pumped out by a rotary pump at room temperature. This circulation maintains
the concentration gradient that drives cooling in the mixing chamber. Continuous
circulation of the 3He/4He mixture cools the MC by exploiting the enthalpy of
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Figure 4.1: Overview of the cryogenic and room-temperature measurement setup. (a) Photograph
of the Bluefors LD250 dilution refrigerator used in this work, showing the temperature stages
from room temperature down to the mixing chamber. (b) Schematic of the cryogenic wiring,
including attenuation, filtering, and amplification of the RF and DC lines at the temperature stages
to (a). (c) Room-temperature electronics for continuous-wave spectroscopy and pulsed time-domain
experiments, including signal generation, mixing, and digitization.
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dilution: when 3He atoms cross the phase boundary between the concentrated and
dilute phases, entropy is absorbed. The resulting cooling power scales with the
3He circulation rate ṅ3 as

Q̇mix ∝ ṅ3 (T2
still − T2

MC), (4.1)

valid for temperatures below about 0.1 K [154, 155]. In our system, typical cool-
ing powers of several microwatts are achieved at base temperatures of 10–20 mK.
According to the Bluefors LD250 specifications, the refrigerator provides approxi-
mately 10 µW at 20 mK and 250 µW at 100 mK, corresponding to circulation rates
on the order of ṅ3 ∼ 1 mmol/s [156].

The entire experimental insert is operated in high vacuum below 10−6 mbar, effec-
tively preventing convective and gaseous heat transfer. Multiple radiation shields
attached to all stages above the MC reduce black-body radiation. Copper sample
boxes offer good thermalization, while superconducting aluminum boxes addi-
tionally provide magnetic shielding. Both types were used in the experiments of
this thesis.

All signal lines are thermalized and filtered at the temperature stages, as depicted
in Fig. 4.1 (b), to minimize thermal noise and stray infrared radiation. On the input
side, microwave control lines are attenuated in steps of 20 dB at the 3 K stage,
10 dB at the still, and 10 dB at the mixing-chamber stage. Attenuators at cryogenic
temperatures serve both as power dividers and thermalizers: they dissipate ther-
mal photons from higher-temperature stages and re-emit noise corresponding to
their local temperature. For an attenuator with power loss A (in dB) anchored at
temperature T, the equivalent noise temperature is [138]

Tatt
N = Tin 10−A/10 + T (1 − 10−A/10). (4.2)

A cascade of attenuators at progressively lower temperatures yields a total atten-
uation of Atot ≈ 60–70 dB, which effectively thermalizes the line to Teff ≲ 50 mK
for microwave frequencies of a few gigahertz. The corresponding mean photon
occupation of a mode at frequency ω is

n̄ =
1

eh̄ω/kBTeff − 1
≈ kBTeff

h̄ω
(for kBTeff ≫ h̄ω). (4.3)

For qubit frequencies of 3–5 GHz, the thermal energy h̄ω/kB ≈ 150–240 mK is well
above the effective line temperature, ensuring ground-state operation of the qubit
and its input lines.

On the output side, the weak readout signal is successively amplified. The first
stage is a cryogenic HEMT amplifier at T ≈ 3 K, followed by a second amplifier at
T ≈ 45 K providing additional gain. The total power gain Gtot ≈ 60–70 dB ensures
a sufficient signal-to-noise ratio for readout.
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4.2 Microwave setup

The microwave setup provides all control and readout signals required for qubit
spectroscopy and time-domain characterization. It connects the room-temperature
electronics to the cryogenic quantum chip and defines the signal path from mi-
crowave generation to digitization. The physical principles underlying these mea-
surements are introduced in Secs. 3.2.2–3.2.3, while the general network description
of reflection and transmission measurements is discussed in Sec. 3.5.2. An overview
of the room-temperature microwave signal chain is shown in Fig. 4.1 (c).

Depending on the experiment, the setup is operated either in continuous-wave
mode or in pulsed time-domain mode. For continuous-wave and two-tone spec-
troscopy, a vector network analyzer (VNA) probes the complex scattering parame-
ters of the readout resonator (Sec. 3.5.3), while a second microwave source provides
a swept tone near the qubit transition frequency. Changes in the resonator response
induced by the qubit are used to extract spectroscopic information.

For time-domain measurements, an arbitrary waveform generator (AWG) produces
shaped baseband envelopes that are up-converted to microwave frequencies using
an IQ mixer driven by a low-phase-noise local oscillator (LO). Separate microwave
sources serve as LOs for the qubit drive and the resonator readout. The resulting
microwave pulses are routed through a switch matrix that selects the desired
experimental configuration before entering the cryostat.

Microwave control signals reach the chip either through a dedicated qubit drive
line or via the readout resonator port. In devices without a separate drive line, the
qubit drive tone is injected through the readout line using a directional coupler. In
this configuration, the drive tone traverses both the Purcell filter and the readout
resonator before coupling to the qubit. The additional insertion loss is compensated
by adjusting the drive amplitude at room temperature. This approach avoids
additional wiring per qubit and is well suited for single-qubit experiments, where
crosstalk is not a limiting factor.

The signal reflected from or transmitted through the readout resonator carries infor-
mation about the qubit state. After cryogenic and room-temperature amplification,
the microwave signal is down-converted to an intermediate frequency (IF) and
digitized by a high-speed analog-to-digital converter (ADC). Digital demodulation
yields the in-phase (I) and quadrature (Q) components of the signal. In this work,
the shot-averaged response of the demodulated signal is used to extract resonance
shifts and qubit-induced dispersive signatures.
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The microwave setup was employed for continuous-wave spectroscopy as well
as standard time-domain experiments, including Rabi oscillations, Ramsey in-
terferometry, spin-echo measurements, and energy-relaxation measurements. All
time-domain data presented in this thesis were acquired in the averaged regime,
without single-shot state discrimination.

4.3 Transport measurement setup

Four-point transport measurements were performed to characterize the supercon-
ducting properties and critical currents of the fabricated Josephson junctions. In this
measurement geometry, a bias current is applied to the device under test via two
leads, while the resulting voltage drop is detected across a separate pair of leads.
This configuration allows the intrinsic device resistance to be measured indepen-
dently of contact and wiring resistances, which is essential for the characterization
of superconducting junctions at cryogenic temperatures.

To record the current–voltage (I–V) characteristics, a current-bias scheme is used.
The bias current is generated by a home-made low-noise voltage-controlled current
source with selectable transconductance. The circuit provides transconductance
ranges between 2× 10−2 A/V and 2× 10−6 A/V, allowing stable biasing over several
orders of magnitude. The voltage control signal is supplied by a source-measure
unit (SMU) and pre-filtered by a low-noise preamplifier to suppress high-frequency
noise.

The voltage drop across the sample is amplified by a low-noise instrumentation
amplifier and measured by the second channel of the SMU. The I–V characteristics
are typically acquired by performing linear staircase sweeps of the bias current.
After each step, a short delay allows transients to decay before the voltage is
recorded. The integration time of the analog-to-digital converter is synchronized to
integer multiples of the power-line cycle to minimize residual 50 Hz noise.
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5 Compact stacked junction inductors

This chapter is based on results published in Kreuzer et al. [32]. We first summarize
Josephson junction arrays as inductive elements and introduce the stacked-junction
geometry studied in this work. We then quantify stray and ground capacitances
and derive the resulting mode structure. Finally, we characterize fabricated stacks
by cryogenic current–voltage measurements.

5.1 Junction arrays as high-impedance inductors

Inductive circuit elements set the characteristic energy scales, mode frequencies,
and coupling strengths in superconducting quantum circuits [83]. The induc-
tance L defines the magnetic energy EL = (Φ0/2π)2/L and the circuit impedance
Z(ω) = ωL at microwave frequencies. Josephson junctions provide a compact,
dissipationless inductance originating from the nonlinear phase–current relation
discussed in Sec. 2.2.1. This Josephson inductance can reach values correspond-
ing to impedances on the order of, or exceeding, the superconducting resistance
quantum RQ = h/(2e)2 ≃ 6.45 kΩ [5, 83].

Circuits with Z ≫ RQ are commonly referred to as high-impedance or superinductive
circuits. They play a central role in several architectures, including flux qubits
with an inductive shunt such as fluxonium or quarton qubits [2, 4], long Josephson
junction chains used as low-loss microwave inductors [5, 94, 157, 158], and protected
or strongly anharmonic qubit designs based on superinductors [3, 22, 159, 160].

Various physical mechanisms can be used to realize large inductances (Sec. 2.2.2):
geometric inductors based on extended current loops, kinetic inductors exploiting
the inertia of Cooper pairs in disordered superconductors such as NbN, TiN, or
granular aluminum [20, 22, 161, 162], and series arrays of Josephson junctions
operated in the regime EJ ≫ EC [2, 5, 163].

For a series array of Josephson junctions, the collective inductance scales as Larray ≈
NLJ, where N is the number of junctions and LJ the Josephson inductance of
an individual junction. An increase of Larray can therefore be achieved either by
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Figure 5.1: Equivalent circuit of a Josephson junction array. Each island couples capacitively to
ground via Cg. For small phase drops ∆φi across individual junctions compared to the total phase
drop across the array, the array behaves as a linear inductor with series inductances LJ.

reducing the critical current Ic of each junction, which increases LJ, or by connecting
many junctions in series. Reducing Ic enhances the nonlinearity of the Josephson
potential, leading to a strong phase dependence of the inductance and to large
phase drops across the junctions. In contrast, increasing the number of junctions
allows the total inductance to be scaled while keeping each junction well within the
regime of small phase fluctuations. For this reason, large inductances are typically
realized by increasing N rather than reducing Ic.

In many quantum-circuit implementations, Josephson junction arrays are realized
as planar chains of superconducting electrodes patterned directly on the substrate,
with overlapping electrodes forming the tunnel barriers. Planar junction arrays have
been studied for many years and continue to be explored in a wide range of designs
and layouts [5, 94, 157, 158, 163]. For long arrays, the parasitic capacitance to ground
and neighboring conductors lowers the frequencies of collective plasma modes
in the array, bringing them into the frequency range relevant for quantum-circuit
operation. This shift in frequency thus motivates the analysis of the oscillation
modes, which determine the regime in which the array behaves as a lumped-
element inductor versus a distributed circuit.

5.2 Parasitic capacitance and oscillation modes

In this section, we derive the oscillation modes of a Josephson junction array and
their dependence on parasitic capacitance.

We model a Josephson junction array as N identical junctions connected in series,
each characterized by a Josephson energy EJ and a junction capacitance CJ. The
superconducting islands possess a parasitic capacitance Cg to ground, as illustrated
schematically in Fig. 5.1. For small phase excursions, the array can be described as a
discrete transmission line composed of series inductances LJ and shunt capacitances

72



5.2 Parasitic capacitance and oscillation modes

Cg [5, 164]. In the low-frequency limit (ω ≪ ωp = 1/
√

LJCJ), this distributed circuit
can be approximated as an effective lumped inductance

Larray = NLJ. (5.1)

The ground capacitance Cg allows charge to accumulate on the islands, leading to
Coulomb screening of electric fields within the array. The strength of this screening
is quantified by the dimensionless screening length [5]

λ =

√
CJ

Cg
, (5.2)

which determines the number of junctions over which an injected charge or phase
perturbation spreads before being screened by ground capacitance. For λ ≫ N,
all junctions share nearly the same phase drop and the array behaves as a single
linear inductor. When λ becomes comparable to N, the islands near the center
of the array become decoupled from the ends, phase and charge fluctuations are
no longer uniform, and an array can no longer be described as a single lumped
inductive element. In the case λ < N, increasing the number of junctions no longer
increases the total inductance, as charge and current fluctuations are confined
within a screening length. This defines a practical upper bound [5, 33]

Nmax ≈ πλ, (5.3)

beyond which the array is no longer well described as a lumped inductive element.

To understand the role of screening length and ground capacitance, we now derive
the mode spectrum of the array. In particular, the lowest oscillation mode ω1 defines
the cutoff frequency below which the array can be treated as a linear inductance.
At higher frequencies, the distributed nature of the circuit becomes relevant [164].

The oscillation modes of a junction array can be derived within the linear approxi-
mation by writing the Lagrangian in terms of the node fluxes ϕi (with ϕ̇i = Vi the
node voltages) [2, 5, 94]:

L =
N

∑
i=1

CJ

2
(ϕ̇i+1 − ϕ̇i)

2 +
N

∑
i=0

Cg

2
ϕ̇2

i −
N

∑
i=1

1
2LJ

(ϕi+1 − ϕi)
2. (5.4)

Here, the first term describes the electrostatic energy in the junction capacitances,
the second term accounts for the parasitic capacitances to ground, and the last term
represents the magnetic energy stored in the Josephson inductors. The variables ϕi
are flux coordinates rather than phases, ϕi = (Φ0/2π)φi, such that the inductive
and capacitive energies appear in symmetric form.
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5 Compact stacked junction inductors

Applying the Euler–Lagrange equations yields a set of coupled linear difference
equations for the node fluxes. Assuming open-circuit (floating) boundary condi-
tions — appropriate for capacitively terminated arrays commonly used in floating-
island circuit designs — and performing a discrete Fourier transform, one obtains
the dispersion relation [5, 12, 164]

ωk = ωp

√√√√√ 2(1 − cos km)
Cg

CJ
+ 2(1 − cos km)

, km =
mπ

N + 1
, m = 1, . . . , N, (5.5)

where the overall frequency scale of these oscillation modes is set by the single-
junction plasma frequency ωp = 1/

√
LJCJ. The reduction of mode frequencies

below ωp is determined by the array length N. A larger Cg relative to CJ shortens
the screening length and shifts all oscillation modes to lower frequencies.

This expression describes N discrete oscillation modes of the array. The lowest-
frequency mode (m = 1) corresponds to an almost homogeneous phase drop across
the array and represents a collective oscillation of all junctions, the fundamental mode.
Higher-order modes exhibit spatially varying phase patterns and are generally
localized within a few screening lengths [5, 94, 157].

For m = 1, in the limits Cg≪CJ and N ≫ 1, Eq. (5.5) simplifies to [5, 33, 157]

ω1 ≃ π

N
1√
LJCg

=
πZc

Larray
, Zc =

√
LJ

Cg
, (5.6)

which gives the frequency ω1 and introduces the characteristic impedance Zc

associated with the distributed nature of the array. As the array becomes longer or
the parasitic coupling to ground increases, ω1 approaches the operational frequency
range of typical quantum circuits (∼1–10 GHz).

In realistic devices, capacitive couplings extend beyond nearest neighbors and
are not captured by the simple analytical model. We therefore generalize the
Lagrangian in Eq. (5.4) to a matrix formulation in the linear regime (small φi) to
describe oscillation modes with arbitrary stray and mutual island capacitances,

L = 1
2 ϕ̇

TCϕ̇− 1
2 ϕ

TL−1ϕ, (5.7)

where ϕ = (ϕ1, ϕ2, . . . , ϕN)
T denotes the node fluxes, and C and L are the capac-

itance and inductance matrices. The symmetric matrix C contains all capacitive
couplings between islands and to ground,

Cij =

Cg,i + ∑k ̸=i Cik, for i = j,

−Cij, for i ̸= j.
(5.8)
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Figure 5.2: Mode dispersion in planar Josephson junction arrays. (a) Eigenmode frequencies
ω(m) for three parameter sets with different ratios CJ/Cg and array lengths N. Markers denote
numerically obtained eigenfrequencies from the eigenvalue problem in Eq. (5.10), dashed lines
show the analytical dispersion from Eq. (5.5). (b) Normalized phase profiles along the array for the
three lowest modes of the red data set in (a).

Nearest-neighbor junction capacitances Ci,i+1 = CJ appear on the first off-diagonals,
stray capacitances Ci,j with |i − j| > 1 on further off-diagonals (capacitive couplings
between more distant islands that do not form a junction), and the parasitic ground
capacitances Cg,i contribute to the diagonal elements.

The inductive coupling between neighboring nodes is described by the inverse
inductance matrix

L−1
ij =


2/LJ, i = j,

−1/LJ, |i − j| = 1,

0, otherwise,

(5.9)

reflecting that each island connects to two junctions (except at the ends). Applying
the Euler–Lagrange equations yields the coupled equation of motion, C ϕ̈+ L−1ϕ =

0, which for harmonic solutions becomes the generalized eigenvalue problem

L−1ϕk = ω2
k Cϕk, (5.10)

with eigenvalues ω2
k corresponding to the squared oscillation-mode frequencies

and eigenvectors ϕk defining the spatial flux or phase profiles.

For a uniform array with only nearest-neighbor coupling (CJ), the eigenmodes of
Eq. (5.10) are plane waves ϕn ∝ eikn, and their eigenfrequencies reproduce exactly
the analytical dispersion of Eq. (5.5).

Figure 5.2 (a) shows the lowest six eigenmodes for three parameter sets calculated
with values of CJ/Cg reported for planar junction arrays in the literature [165,
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5 Compact stacked junction inductors

166]. For all three parameter sets, the single-junction plasma frequency is ωp/2π ≈
22.5 GHz, corresponding to typical junction parameters of LJ = 1 nH and CJ = 50 fF.
The fundamental mode frequency ω1 of a 16-junction array with CJ/Cg ∼ 10 (green
points) lies at roughly one half of ωp and falls close to the few-gigahertz range.
For a larger ratio CJ/Cg ∼ 100 (red squares), ω1 occurs at a higher fraction of ωp.
Increasing the array length from N = 16 to N = 64 reduces ω1 to a value close to
that obtained for the shorter array with smaller CJ/Cg, consistent with the scaling
ω1 ∝ 1/N given in Eq. (5.6). In all cases, the numerically obtained eigenfrequencies
lie slightly below the analytical dispersion relation of Eq. (5.5) (dashed curves). This
deviation arises because the analytical expression neglects stray capacitance terms
between the islands, while next-nearest-neighbor couplings Ci,i+2 are included in
the numerically calculated eigenfrequencies.

Figure 5.2 (b) shows the phase profiles at each superconducting island for the first
three modes of the red data set in Fig. 5.2 (a). The fundamental mode corresponds
to the lowest collective oscillation of the array and exhibits a smooth, monotonic
phase profile, while higher-order modes show additional nodes along the array.

The examples discussed above illustrate how parasitic ground capacitance and
array length determine the lowest collective modes of planar junction arrays.
To explore geometries with reduced parasitic capacitance to ground, alternative
array layouts have been proposed, including planar arrays suspended from the
substrate [163, 167]. In the following section, we analyze the stray and ground
capacitances in vertically stacked Josephson junction arrays.

5.3 Stray and ground capacitance in junction stacks

In a stacked junction array, multiple Josephson junctions are vertically stacked within
a single junction footprint on the substrate, forming a three-dimensional inductive
element. This geometry lifts the superconducting electrodes from the substrate and
exposes only narrow sidewalls, enabling the realization of arrays with low parasitic
capacitance to ground.

Figure 5.3 (a) schematically illustrates the basic building block of such a stacked
array. Two vertical n-junction stacks are connected by a suspended superconducting
bridge, forming an array with 2n + 1 superconducting islands. Each island i is
capacitively coupled to its neighbors via the junction capacitance CJ and exhibits
additional stray couplings Ci,j to more distant electrodes and to ground Cg,i, as
summarized in Fig. 5.3 (b). The vertical integration lifts all electrodes above the
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Figure 5.3: Schematics of a stack pair. (a) Schematic side view of two junction stacks connected
by a superconducting bridge. The bridge width wn is oriented perpendicular to the sketch plane.
(b) Equivalent circuit representation of a double stack comprising 2n Josephson junctions. CJ and LJ
denote the junction capacitance and inductance, and Cg,i the island’s capacitance to ground.

dielectric substrate, such that only the bottom electrode maintains direct contact to
the substrate, while the bridge is suspended in vacuum.

We consider square stacks with footprint width l and stack distance d, as defined
in Fig. 5.3. The bottom electrode has a thickness h0 and the bridge connects the two
top electrodes with height hn and width wn. The inner electrodes have thicknesses
hi ≪ l. The coupling between the bottom electrodes of the two connected stacks is
dominated by the electric field inside the substrate (e.g., silicon, sapphire), which
typically has a dielectric constant an order of magnitude larger than that of vacuum.
Capacitances between inner electrodes (with an effective capacitor area ∝ l · hi and
hi ∼ 10 nm) of different stacks are negligible on the scale considered here for
d > 1 µm. We consider a narrow bridge arch with wn < d and assume a linear
scaling of the associated stray capacitance with wn. Since the bridge height hn is
comparable to its width wn, we additionally include the stray capacitance between
each stacked electrode and the arch. Within this geometry, stray capacitances
originate primarily from coupling between (Fig. 5.3 (a)):

(i) next-nearest-neighbor electrodes within a stack (Ci,i+2),

(ii) the bottom electrode and all inner electrodes within a stack (C0,i),

(iii) the two bottom electrodes of opposing stacks (C0,2n),

(iv) the bottom electrode and the suspended bridge (C0,n), and

(v) all lower electrodes within both stacks coupling to the bridge (Ci,n).
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(a)

(b)

(c) (d)

Figure 5.4: Simulated stray capacitances between superconducting islands of a stacked-junction
pair. Shown as a function of (a) the footprint width l, (b) the stack distance d, (c) the number of
junctions n, and (d) the bridge height hn . The data were fitted by the empirical power-law relations
summarized in Table 5.1.
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Table 5.1: Empirical fits to the simulated stray-capacitance components as a function of footprint l,
stack distance d, junctions per stack n, bottom electrode height h0, and bridge height hn (fits to
Fig. 5.4). The indices (i)–(v) correspond to the coupling components introduced in the text.

comp. C (aF) l (µm) d (µm) n h0 (µm) hn (µm)

(i) Ci,i+2 18 l − 1 − − − −
(ii) C0,2 62 l − 2 − − 64 h0.1

0 −
(iii) C0,2n 25 l1.7 58 d−0.4 − 10 h0 + 24 −

(iv) C0,n 64 l0.8 6 d0.6 + 39 99 n−0.2 30 h0 + 60

64 h−0.1
n , hn < 1.7 m

2 hn + 59, hn ≥ 1.7 m
(v) Cn−2,n 29 l0.9 − − − −

All capacitance terms were obtained from a 3D finite-element simulation using An-
sys Maxwell [168]. The dependence of the extracted capacitances on the geometrical
parameters is shown in Fig. 5.4. For all stacks with l below 3 µm the stray capaci-
tance is dominated by C0,2 and C0,n, i.e., the coupling from the bottom electrode to
the next-nearest neighbor electrode in the stack and to the bridge (Fig. 5.4 (a)). For
footprints larger than 3 µm the substrate contribution C0,2n between adjacent stacks
becomes increasingly relevant. This contribution can be reduced by increasing
the stack distance further (Fig. 5.4 (b)). Increasing d beyond roughly 10l no longer
yields substantial reduction of stray coupling.

(a) (b)

Figure 5.5: Stray capacitance contributions of inner islands. (a) Coupling of island i to the bottom
electrode C0,i , (b) coupling of island i to the bridge Ci,n . The coupling strength decreases by about
a factor of three with distance to the bottom or bridge arch among the six next-nearest-neighbor
islands. The absolute contribution per island scales approximately with stack width l between 1 µm
(red dots) and 2 µm (blue squares) wide stacks.
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The fitted scaling laws derived from the numerical data are summarized in Ta-
ble 5.1. They indicate that the coupling to the bridge C0,n decreases with increas-
ing number of junctions n, as the bridge is separated further from the substrate
(Fig. 5.4 (c)). For narrow stacks with n ∼ 10, lifting the arch with increasing hn
allows a reduction of C0,n, while excessively tall bridges (hn > 3 µm) again increase
the coupling due to their enlarged surface area (Fig. 5.4 (d)).

Among the various stray-capacitance contributions, the direct coupling between
the suspended bridge and the bottom electrode, C0,n, is the largest single term and
reaches values on the order of 50–100 aF for the geometries considered here. Even
this contribution, however, remains at the level of ∼ 10−3 of a typical specific junc-
tion capacitance (CJ ≈ 50 fF/µm2 for Al/AlOx/Al junctions [47]). A LC estimate
illustrates why such direct couplings do not generate additional low-energy eigen-
modes. The resonance associated with a hypothetical bridge–to–bottom-electrode
oscillation would occur at ω0,n ≃ 1/

√
Lseg C0,n , where Lseg denotes the effective

series Josephson inductance between the two nodes. Comparing this to the junction
plasma frequency ωp = 1/

√
LJCJ with Lseg ∼ LJ yields ω0,n/ωp ≈

√
CJ/C0,n ≳ 30

for C0,n/CJ ∼ 10−3. Consequently, any mode primarily associated with such stray
couplings lies far above the operating band and the lowest plasma modes of the
array.

Even if individual stray-capacitance terms do not introduce additional low-energy
modes, their cumulative effect enters the inductance in a manner analogous to the
ground-capacitance term in the Lagrangian of Eq. (5.4). The total stray capacitance
of island i is therefore obtained by summing all pairwise contributions,

Cstray,i = ∑
j, |i−j|>1

Ci,j. (5.11)

This quantity determines the renormalization of the local charging energy and thus
quantifies how strongly parasitic couplings modify the low-energy dynamics [164,
169].

Table 5.2 lists the dominant contributions for an exemplary eight-junction stack
pair. The bottom electrode (island 0) couples to all electrodes in its own stack and to
the neighboring bottom electrode, while the bridge electrode (island n = 8) exhibits
additional coupling to nearly all other islands of both stacks. Inner electrodes show
decreasing C0,i and Ci,n with distance from these elements (see Fig. 5.5 for stacks
of l = 1 µm and 2 µm). The contributions for the second stack (i = 9, .., 16) follow
symmetrically.

The calculated values of Cstray,i are shown in Fig. 5.6. For parameters of fabricated
devices in this work (n = 8, l = 1–2 µm, d = 10 µm, h0 = 100 nm, hi = 35 nm,
hn = 3 µm, wn = 1 µm), the ratio Cstray,i/CJ remains below 10−3 for all islands.
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Figure 5.6: Total stray capacitance Cstray,i (dots) and ground capacitance Cg,i (squares) along an
eight-junction stack. Red markers denote a 1 µm wide stack, blue markers correspond to 2 µm. The
outermost islands correspond to the bottom electrode (i = 0) and the bridge arch (i = 8).

For the geometries considered here, the simulated stray-capacitance values indi-
cate that stray couplings primarily renormalize the inductance, leading to small
frequency shifts and weak modifications of the phase profiles, without introducing
additional low-lying resonances or mode segmentation. The stacked array is there-
fore well captured by a nearest-neighbor model augmented by island-dependent
ground capacitances [170, 171].

Table 5.2: Dominant contributions to the stray capacitance of each superconducting island in one
stack of an eight-junction stack pair. Only terms with Ci,j > 10−4CJ are included.

island i dominant contributions

0 ∑n
j=2 C0,j + C0,2n

1 C1,3 + C1,n
2 C0,2 + C2,4 + C2,n
3 C0,3 + C1,3 + C3,5 + C3,n
4 C0,4 + C2,4 + C4,6 + C4,n
5 C0,5 + C3,5 + C5,7 + C5,n
6 C0,6 + C4,6 + C6,n
7 C0,7 + C5,7
8 2 ∑n−2

j=0 Cj,n
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Analogous to the stray-capacitance terms, the ground capacitances Cg,i of the indi-
vidual superconducting electrodes (including the suspended bridge) were obtained
from FEM simulations in Ansys Maxwell [168]. All exposed or substrate-supported
metallic bodies of the stack geometry were modeled as lossless conductors. The
ground reference was implemented as an extended lossless ground plane on the
backside of a sapphire substrate. For each island i, Cg,i corresponds to the electro-
static coupling between electrode i and this backside ground plane.

The calculated ground capacitances Cg,i exhibit a non-uniform distribution along
the stack. For example, for the red squares in Fig. 5.6, the bottom electrode on the
substrate shows Cg,0 ≈ 100 aF, the intermediate electrodes yield Cg,i ∼ 10–20 aF,
and the suspended bridge reaches Cg,8 ≈ 370 aF. In a multi-stack array, this pattern
repeats periodically along the array axis.

For an eight-junction stack with l = 1 µm (AJ = 1 µm2) and CJ≈50 fF, the average
over all individual ground couplings Cg≈59 aF yields a ratio CJ/Cg≈850. Doubling
the stack width to l = 2 µm increases this ratio by more than a factor of two: for the
blue squares in Fig. 5.6, Cg ≈90 aF and CJ/Cg ≈2220. This trend follows directly
from the geometry of a stack. The sidewall area that couples to ground increases
approximately ∝ l, whereas the junction area – and thus CJ – scales ∝ l2. As a
result, the ratio CJ/Cg can increase markedly for l ≫ hi. An exception are the
bottom electrodes, whose area scales ∝ l2, similar to all junctions in planar layouts,
and which therefore couple more strongly to ground through the substrate (by
approximately a factor ε). In addition to the stack width, reducing the bridge width
wn provides an independent design parameter to further suppress the ground
capacitance Cg.

The quantitative capacitance values derived here form the basis for constructing
the complete capacitance matrix C of stacked-junction arrays. In the following
section, this matrix is used to calculate the collective oscillation modes of the array.

5.4 Collective modes in stacked junction arrays

In the previous section, we determined the stray and ground capacitances of a
single stack pair. Building on this capacitance model, we now calculate the collective
mode spectrum of junction arrays composed of multiple stacks connected in series.
Each stack consists of n Josephson junctions, and m stacks form an effective array
of N = n × m junctions.

The capacitance matrix C of the stacked junction array is assembled according to
Eq. (5.8), including all dominant stray capacitance contributions listed in Table 5.2.
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5.4 Collective modes in stacked junction arrays

The inductance matrix L is constructed as defined in Eq. (5.9). The collective
mode frequencies are obtained by numerically solving the generalized eigenvalue
problem in Eq. (5.10) for different stack geometries and array configurations, while
keeping the single-junction plasma frequency ωp constant.

(c)

(b)

Figure 5.7: Mode dispersion in stacked junction arrays. (a) Calculated dispersion relations ω(m)

for several array geometries with different stack heights and junction footprints AJ. Here, m denotes
the mode index, and 2 × 8 corresponds to an array composed of two stacks with eight junctions
each. (b) Normalized phase profiles along the array for the three lowest modes of the blue data
set in (a). (c) Comparison of the mode dispersion for uniform and tapered 2 × 8 stacks. Tapering
corresponds to a gradual increase of the junction area from the top to the bottom electrode. The
fundamental-mode frequencies ω1 corresponding to the arrays shown are summarized in Table 5.3.
Markers in (a, c) denote numerically obtained eigenfrequencies from the eigenvalue problem in
Eq. (5.10), dashed lines show the analytical dispersion from Eq. (5.5).

The resulting dispersion relations are shown in Fig. 5.7 (a). Dashed curves indicate
the analytical dispersion relation from Eq. (5.5), evaluated using the average ground
capacitance Cg = ∑N

i Cg,i/N. All curves converge to the plasma frequency ωp for
higher modes, whereas the fundamental mode ω1 varies systematically with the
effective capacitance ratio CJ/Cg. Table 5.3 summarizes ω1, the mean screening
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5 Compact stacked junction inductors

length λ =
√

CJ/Cg, the corresponding maximum array length Nmax ≈ πλ, and
the resulting array inductance Larray = NmaxLJ.

Stacks with a large footprint (red dots) exhibit the highest ratio CJ/Cg and allow
arrays exceeding one hundred junctions. However, the inductance per junction is
small for large junction areas, when compared to arrays based on smaller junctions
(see AJ = 1 µm2 in Table 5.3), which yield a larger total inductance for a given
number of junctions. Extending a 2 × 8 array (blue squares) to an 8 × 8 array (green
diamonds) reduces the fundamental mode frequency ω1 to slightly above ωp/2,
corresponding to a maximal array length of Nmax ≈ 88 junctions (Eq. (5.3)).

The maximal array length can be further increased by making taller stacks. In this
case, the ratio CJ/Cg increases because junctions and bridges are located farther
from the substrate and fewer bottom electrodes and bridges are required, resulting
in a reduced average ground capacitance Cg. This trend is illustrated by the com-
parison between the 8 × 8 (green) and 2 × 32 (orange) arrays in Fig. 5.7 (a): using
32-junction stacks, Nmax—and thus Larray ∝ Nmax—increases to approximately
130. High stacks therefore combine a compact footprint with a reduced capacitive
coupling to ground.

In fabricated devices, the junction area within a stack increases gradually from the
top to the bottom electrode. For an eight-junction stack with a nominal footprint of
1 µm2, we find a junction area of approximately 1.45 µm2 at the bottom junction
(Sec. 5.5.2). As a result, the fabricated stacks are tapered rather than uniform.

Tapered stacks are designed such that the single-junction inductance LJ remains
approximately constant, while the junction capacitance scales with junction area
as CJ = Cspec AJ (see Secs. 5.5). Consequently, the local plasma frequency depends
on the junction area, ωp(AJ) ∝ 1/

√
AJ such that an n × m stacked array exhibits n

distinct local plasma frequencies, each repeated m times across the array.

Figure 5.7 (c) compares the dispersion of arrays composed of uniform and tapered
2 × 8 stacks. Two characteristic features emerge for tapered stacks as a consequence
of the spatially varying junction parameters. First, the spectrum acquires a staircase-
like structure: instead of converging towards a single plasma frequency, the modes
cluster pairwise at local plasma frequencies ωp(AJ), resulting in a piecewise nearly
linear envelope. Second, the entire spectrum is shifted towards lower frequencies,
with ω1 reduced by approximately 1 GHz.

For stacks fabricated with tapering, this leads to a design trade-off. Increasing
the number of junctions per stack reduces the capacitive coupling to ground by
lifting the electrodes farther away from the substrate, similar to the case of uniform
stacks. At the same time, fabrication-induced tapering increases the lateral extent
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5.4 Collective modes in stacked junction arrays

of the stack and thereby the capacitance to ground. This increase in Cg lowers the
collective mode frequencies, in particular the fundamental mode ω1 ∝ 1/

√
Cg. As

a result, taller stacks can remain advantageous for reducing ground coupling, while
fabrication-induced tapering introduces an opposing contribution by increasing Cg

and compressing the mode spectrum.

Table 5.3: Simulation results for ground capacitance and derived array parameters. Shown are
representative array configurations with N junctions and single-junction footprint AJ. The average
capacitance to ground per island Cg is obtained from FEM simulations (Secs. 5.2–5.3). From these
values, the ratio CJ/Cg is calculated using a specific junction capacitance of CJ ≈ 50 fF/µm2 for

Al/AlOx/Al junctions [47]. Also listed are the screening length λ =
√

CJ/Cg, the fundamental mode

frequency ω1/2π, the maximum effective array length Nmax ≈ πλ (Eq. (5.3)), and the corresponding
array inductance Larray = NmaxLJ, where LJ/AJ is fixed for comparison. A planar array configuration
corresponding to Fig. 5.2 is included as a reference.

configuration N AJ (µm2) Cg (aF) CJ/Cg λ ω1/2π (GHz) Nmax Larray (a.u.)

2 × 8 stacks 16 4 90 2220 47 21.8 148 37
2 × 8 stacks 16 1 59 850 29 20.9 91 91
8 × 8 stacks 64 1 59 850 29 12.6 91 91
2 × 32 stacks 64 1 30 1690 41 15.2 129 129
tapered 2 × 8 stacks 16 1 72 695 26 19.9 83 83
planar array 16 1 100 500 22 20.3 70 70

The phase distributions corresponding to the modes of Fig. 5.7 (a) are shown in
Fig. 5.7 (b). Although the capacitance to ground Cg,i varies by more than one order
of magnitude along a stack (see Fig. 5.6), the phase amplitude evolves smoothly
across the array. For the fundamental mode, the phase exhibits an almost linear
variation across the two stacks, indicating a globally coherent oscillation. Only near
the air bridge and the bottom electrode, where Cg,i is largest, a slight curvature of
the phase profile is observed.

This behavior can be understood in terms of the screening length λi =
√

CJ/Cg,i

at island i. Despite the strong spatial variation of Cg,i, the ratio CJ/Cg,i remains
large throughout the array, resulting in λi ≫ 1 at all islands. For stacks with
AJ = 1 µm2, λi reaches values of ∼ 30–50 in the center of a stack, where Cg,i ∼
10–20 aF, and decreases to ∼ 10–15 near the air bridge or bottom electrode, where
Cg,i ∼ 200–300 aF. Despite these local reductions of the screening length, the phase
profiles remain extended across the array, consistent with a lumped linear inductive
element [172, 173].
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5 Compact stacked junction inductors

5.5 Fabrication of stacked junction arrays

1 µm

Figure 5.8: Connected stack pair. False-color scanning electron microscopy image of two stacks
connected by an aluminum bridge (orange). Each stack consists of eight Al/AlOx/Al junctions
(turquoise).

5.5.1 Subtractive multilayer process

The fabrication process shown in Fig. 5.9 begins with the in situ deposition of
an Al/(AlOx/Al)N multilayer in a PlassysTM evaporator on a sapphire substrate.
The multilayer consists of aluminum films separated by tunnel barriers formed by
oxygen exposure, with each intermediate aluminum layer deposited to a thickness
of approximately 35 nm, while the bottom and top layers are made thicker for
wiring and contact purposes.

In the next step, the stacked junctions are defined by a square resist mask and etched
by a dry ArCl2/ArCl2O2 reactive-ion etching (RIE) process using an inductively
coupled plasma (ICP) tool. The etch depth is calibrated to stop within the 100 nm-
thick bottom layer, which serves as a wiring layer for subsequent patterning.

To connect pairs of stacks on top, a PMMA scaffold is applied to suspend the
superconducting link above the substrate and prevent shorts to the junctions. The
PMMA layer is spun to a thickness sufficient to cover all junctions in the stack
while leaving part of the top electrode exposed to enable galvanic contact.

Stack pairs can be connected either by a suspended superconducting arch as in
Fig. 5.9 (b), which requires an additional lithography step, or by a straight super-
conducting link as in Fig. 5.9 (c). To form an arch, a reflowed positive photoresist is
patterned on top of the stacks. Before aluminum deposition and etching, native
oxides on the stack surfaces are removed in situ in the PlassysTM evaporator, after
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5.5 Fabrication of stacked junction arrays

Figure 5.9: Schematic fabrication flow (not to scale). (a) Formation of Josephson junction stacks and
wiring on a substrate. (b,c) Stack pairs can be interconnected either by a suspended superconducting
link with a bridge arch (b) or by a straight superconducting link (c).

which the suspended link is defined by lithography and etching. For straight links,
the reflowed photoresist step is omitted.

After fabrication, the wafers are diced into 5 × 5 mm2 samples, followed by solvent
stripping and an oxygen plasma clean.

The result of a representative array with 2 × 8 junctions is shown in Fig. 5.8. The
two square junction stacks have a footprint of approximately 3 µm× 3 µm, while
the bridge arch has a typical height of about 3 µm and a length of roughly 10 µm.

While the multilayer process defines the overall stack geometry, the isotropic RIE
step introduces a systematic tapering of the sidewalls, as visible in the scanning
electron micrographs in Fig. 5.8 and Fig. 6.2 in Sec. 6.1. The resulting variation in
junction area is compensated by the method described in the following subsection.
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5.5.2 Compensation of junction area inhomogeneity

𝑡ex,1

𝑡ex, 𝑛 < 𝑡ex, 1

modiefied oxida-
tion procedure

consequence
of RIE process

𝐴𝑛

𝐴1 > 𝐴𝑛

~ 75°

Figure 5.10: Tapered junction stack profile. Schematic cross section of a junction stack (not to
scale). The slightly isotropic RIE of the Al/AlOx/Al multilayer results in a tapered profile. To
compensate for the resulting junction area variations, the oxygen exposure time is progressively
reduced from bottom to top.

Fabricated junction stacks exhibit tapered profiles, with junction areas increasing
systematically from top to bottom within each stack, as illustrated in Fig. 5.10.
This results from the slightly isotropic RIE of the (AlOx/Al)N multilayer using
ArCl2/ArCl2O2, which etches aluminum faster than AlOx. Consequently, when
all tunnel barriers are fabricated with the same nominal critical current density,
the critical currents increase with junction area according to Ic = Jc A. Such inho-
mogeneities distort the current–phase relation of the array and limit its use as a
linear and scalable inductive element (see Sec. 2.2). To realize arrays that maintain
a linear current–phase relation and a well-defined inductance, these effects must
therefore be compensated.

In the underlying work of this thesis, two complementary strategies are imple-
mented to mitigate the impact of junction-area variations. First, the dry-etch process
is optimized to increase the sidewall angle from approximately 50◦ to about 75◦,
improving the intrinsic uniformity of the stack geometry. Second, and uniquely
enabled by the stacked architecture, the tunnel barriers of individual junctions
are fabricated with deliberately adjusted oxidation parameters to compensate the
remaining area variations.

Specifically, the oxidation procedure in the first step of Fig. 5.9 is modified to
gradually reduce the oxidation time from the bottom to the top of the stack, such
that the critical currents are approximately equalized across the array. This exploits
the scaling Ic = Jc A and Jc ∝ E−α with oxygen exposure E = pO2 · tox, as discussed
in Sec. 2.2.4. Consequently, the resistance–area product of each junction scales
as Ri Ai ∝ Eα, where Ri and Ai denote the normal resistance and area of the i-th
junction.

Keeping a constant oxygen pressure pO2 , the oxidation times are chosen to yield
approximately equal normal resistances across all junctions, such that (Ei/E1)

α ≈
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5.6 Transport measurements

Ai/A1, where i = 1 refers to the bottom junction with area A1. An empirically de-
termined exponent α ≈ 0.4 is used for the exposure range of 102 to 104 mbar · s [74].
During oxidation, the oxygen pressure is kept constant while only the exposure
duration is varied. The resulting oxidation times are given by

tox,i = tox,1

(
Ai
A1

)1/α

. (5.12)

Table 5.4 lists the calculated oxidation times used for area-compensated stacked
junctions with design footprints of 0.8 µm2 and 4 µm2. The individual junction
areas Ai were not directly measured in this work. Instead, the inhomogeneity
profile is inferred from the thickness of the deposited superconducting layers
and the sidewall angle extracted from SEM cross sections. From these images, a
typical sidewall angle of approximately 75◦ is estimated, which determines the
bottom-to-top area ratio A1/An.

Table 5.4: Calculated oxidation times for area-compensated stacked junctions. Times ti correspond
to the oxygen exposure time for the i-th junction from bottom (i = 1) to top (i = 8) of a stack.

Astack (µm2) t1 (s) t2 (s) t3 (s) t4 (s) t5 (s) t6 (s) t7 (s) t8 (s)

0.8 1266 1116 980 858 747 648 559 480
4.0 996 904 818 739 666 599 537 480

5.6 Transport measurements

In this section, transport measurements are used to characterize the electrical be-
havior of the fabricated stacked Josephson junction arrays. First, room-temperature
resistance measurements are presented and compared for arrays with different
stack footprints and junction numbers, providing information on how the nor-
mal resistance scales with the design parameters. Subsequently, current–voltage
characteristics measured at cryogenic temperatures are analyzed to investigate the
dynamical properties of the junctions in the superconducting state, including their
switching behavior.

5.6.1 Room temperature characteristics

To study the dependence of the tunnel barrier on oxygen exposure, four wafers
were fabricated under different oxidation conditions. In addition, for each wafer,
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5 Compact stacked junction inductors

(a) (b)

Figure 5.11: Room-temperature characteristics of stacked junction arrays. (a) Inverse normal
resistance (RJA

N )−1 for arrays of 2 × 8 junctions as a function of the designed junction area Adesign
for four oxidation pressures pO2 . Solid lines are linear fits corresponding to specific resistances ρ

listed in Table 5.5. The right-hand axis shows the estimated average critical current per junction IAB∗

c
obtained from the Ambegaokar–Baratoff relation. (b) Normal resistance RJA

N versus the number of
stacks n for arrays with fixed junction geometry (Adesign = 2 × 2 µm2). A fit to RJA

N = ρ nb yields an
exponent b ≈ 0.96, consistent with the expected linear scaling (b = 1). The right-hand axis indicates
the estimated inductance per stack.

the junction sizes were systematically varied in the design of array test structures
between 1 and 30 µm2. Figure 5.11 (a) shows the inverse normal resistance values
(RJA

N )−1 for arrays consisting of two stacks with eight junctions each (2 × 8) as a
function of the designed junction area Adesign, which is equal to the stack footprint.
Each data point represents the median value of twenty test structures, and the error
bars denote the corresponding standard deviation. From the Ambegaokar–Baratoff
relation introduced in Sec. 2.2.4, an approximately linear scaling of (RJA

N )−1 is
expected with Adesign. This expected behavior agrees with the solid lines, which are
linear fits assuming a constant specific resistance ρ for each wafer. The extracted
values are listed in Table 5.5. The right-hand axis gives the estimate of the average

critical current per junction for each data point, IAB∗

c , derived from Eq. (2.32) using
∆Al = 180 µeV [62, 71].

In a separate experiment, arrays with eight junctions per stack were fabricated,
keeping the junction footprint (2 × 2 µm2) and the oxygen exposure pressure
(6 mbar) fixed while the total number of stacks was varied between the test struc-
tures. Figure 5.11 (b) shows the resulting normal resistance RJA

N as a function of
the number of stacks n. A fit to RJA

N = ρnb yields an exponent b ≈ 0.96, con-
sistent with the expected linear scaling (b = 1). This behavior is consistent with
an approximately equal contribution of each stack to the total normal resistance.
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From the slope we obtain a specific resistance ρ = 4.8 kΩ/µm2, corresponding
to an inductance of approximately LJ = Φ0/2π Ic ≈ 5.4 nH per stack, using the
Ambegaokar–Baratoff estimate for Ic.

Table 5.5: Specific resistance of junction stacks. Average specific resistances ρ = RJA
N /Adesign

extracted from twenty arrays per wafer at different oxidation pressures pO2 . The data correspond
to the measurements shown in Fig. 5.11 (a).

pO2 (mbar) 5 6 8 12

ρ (kΩ/µm2) 36.3 43.2 57.5 79.6

5.6.2 Cryogenic current–voltage characteristics

In this subsection, the current–voltage characteristics (IVC) of stacked junction
arrays measured at millikelvin temperatures are presented and discussed within
the RCSJ framework introduced in Sec. 2.2.5. The data were acquired using the
setup described in Sec. 4.3 in the dilution refrigerator introduced in Sec. 4.1. We
first present the IVC of tapered stacks without area compensation and subsequently
compare them to compensated stacks.

Figure 5.12 shows the measured IVC of an uncompensated array comprising 2× 4 = 8
Josephson junctions with a footprint of 4 × 4 µm2. The measured IVC exhibits a
pronounced hysteresis characteristic of strongly underdamped Josephson junctions.
From the slope of the normal branch V = RJA

N I + V0 (see Eq. (2.52)) we obtain a

normal resistance RJA
N = 1.64 kΩ. The total gap voltage of the array is V(tot)

gap =

2.84 mV, corresponding to an average single-junction gap voltage V̄gap = 355 µV for
eight junctions, in good agreement with the BCS value 2∆/e ≃ 360 µV for aluminum
at millikelvin temperatures [62, 71]. The subgap resistance, determined from the
slope at small bias voltage |V| < V(tot)

gap , is Rsg ≈ 40 RJA
N . The ratio of switching to

retrapping current yields a Stewart–McCumber parameter βc = (4Ic/π Ir)2 ≈ 103,
which indicates strongly underdamped dynamics (βc ≫ 1).

A distinctive feature of the uncompensated array is the staircase-like switching on
the critical-current branch. As individual junctions switch at different bias currents,
the IVC exhibits discrete voltage jumps at approximately integer multiples of
the single-junction gap voltage. The switching currents range from about 350,nA
to 1,µA, corresponding to a spread of at least a factor of three. This spread is
likely even larger because once the first junction switches to the resistive state, a
dissipative quasiparticle current flows and heats the small volume of the stacked
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5 Compact stacked junction inductors

Figure 5.12: IVC of an uncompensated stacked-junction array. Array with 2× 4 junctions (footprint
4 × 4 µm2). (a) Detail view of the hysteresis curve, showing that the individual junctions within the
array switch to the normal state at bias currents between 350 nA and 1 µA. (b) IVC over an extended
voltage range together with a linear fit to the normal branch, from which the normal resistance RJA

N
is extracted.

electrodes. The resulting local heating suppresses the superconducting energy
gap and reduces the apparent Ic of the remaining junctions, promoting premature
switching [72, 174].

A large critical-current inhomogeneity within a stack has important implications
for the array’s inductive behavior. Even before any junction becomes normal-
conducting, nonuniform Ic causes an unequal distribution of the phase drop across
the stack. Junctions with smaller Ic experience a disproportionately large phase
drop and therefore dominate the total inductance (Sec. 5.1). For quantum-circuit ap-
plications, it is desirable to have junctions with approximately uniform Ic such that
the phase φ is evenly distributed across the array. In this case, and for small phase
excursions ∆φ < π/4, each junction contributes linearly to the total inductance,
which then scales approximately as Larray ≃ N(Φ0/2π Ic) [172, 173].

To realize arrays with a linear current–phase relation and scalable inductance,
these fabrication-induced nonuniformities must be compensated. We therefore
compare the uncompensated arrays discussed above with arrays fabricated using
an area-compensation method described in Sec. 5.5.2.

Figure 5.13 shows the measured IVC of a compensated array comprising 2 × 8 = 16
Josephson junctions with a footprint of 3 × 3 µm2. The IVC shows an almost
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Figure 5.13: IVC of a compensated stacked-junction array. Array with 2× 8 junctions (footprint 3×
3 µm2) fabricated using graded oxidation exposure from bottom to top of the stack. (a) Detail view
of the current–voltage characteristic, showing an almost simultaneous switching of all junctions.
(b) IVC over an extended voltage range together with a linear fit to the normal branch, from which
the normal resistance RJA

N is extracted.

simultaneous switching of all junctions at a bias current close to 750 nA. The
McCumber parameter is on the order of βc ∼ 105, indicating strongly underdamped
junction dynamics.

From the slope of the normal branch, a total normal resistance of RJA
N = 2.74 kΩ is

extracted. The subgap resistance exceeds 100 kΩ, corresponding to Rsg/RJA
N ∼ 102,

which is consistent with a low subgap leakage current. The total gap voltage of the
array amounts to V(tot)

gap ≈ 5.2 mV, yielding an average single-junction gap voltage
of V̄gap ≈ 326 µV, consistent with the expected value for aluminum at low temper-
atures. Using the Ambegaokar–Baratoff relation in Eq. (2.32), the corresponding
critical current is estimated as IAB

c ≃ 1.6 µA per junction.

Assuming uniform critical currents, the array inductance is estimated as Larray =

N(Φ0/2π Ic) ≈ 3.3 nH, using IAB
c and N = 16. At a representative frequency of

6 GHz, the corresponding characteristic impedance amounts to approximately
Z = ωLarray ≈ 120 Ω, below the resistance quantum RQ = h/(2e)2 ≈ 6.45 kΩ, but
sufficiently large to serve as a linear, low-loss inductive element in superconducting
circuits. This impedance can be further increased by increasing the number of
stacked junctions or reducing Ic.
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Compact stacked Josephson junctions, introduced and characterized in the pre-
vious chapter, enable highly inductive and low-loss circuit elements suitable for
superconducting qubits. In this chapter, the spectral and coherence properties of
quarton qubits employing stacked junction inductors are investigated. To identify
the mechanisms limiting qubit coherence, the role of external flux noise is examined
using a persistent-current bias scheme, and TLS-induced decoherence is analyzed
through avoided level crossings observed in the qubit spectra.

6.1 Quarton qubit design

This section presents a design of flux qubits operating in the quarton regime. As
discussed in Sec. 3.4.4, quarton qubits are characterized by comparable inductive
energy of the junction array and Josephson energy of the small-junction, EL ≈ EJ.
At Φext = Φ0/2 (half-flux bias), the qubit transition frequency becomes symmetric
and forms local minima, at which the potential is first-order insensitive to flux
noise. Near the potential minimum at Φext = Φ0/2, the qubit Hamiltonian can be
approximated by

H ≈ −4EC
∂2

∂φ2 + EJ

[
γ/N−1

2 φ2 + 1
24 φ4 +O(φ6)

] γ/N=1
≈ −4EC

∂2

∂φ2 +
EJ

24
φ4, (6.1)

which becomes purely quartic only when

EL

EJ
=

LJ

L
=

γ

N
= 1. (6.2)

Here, L denotes the total linear inductance of the junction array in the qubit loop
and LJ the Josephson inductance of the small-junction. The parameter γ = LJ/LJA
is the inductance ratio between the small-junction and a single array junction, and
N is the total number of Josephson junctions in the array, such that γ/N = LJ/L.

In this quarton regime, the qubit potential exhibits a positive anharmonicity on the
order of one third of the qubit transition frequency [4].
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Figure 6.1: Quarton qubit implementation with stacked junction inductor. (a) Schematic of a
quarton qubit circuit (purple) coupled to an external flux-bias coil (yellow), a microwave drive
line (blue), and a readout resonator (red) connected to a Purcell filter (green). The inductance is
implemented with junction stack pairs. (b) Circuit diagram of a pair of n-junction stacks (turquoise)
connected by a link (orange). LJA and CJA denote the inductance and capacitance of one junction
in a stack, and Cg,i the parasitic capacitance of superconducting islands to ground. (c) False-color
micrograph of a 5 × 5 mm2 processor chip hosting seven quarton qubits. Four computational qubits
are coupled to microwave drive lines, individual readout resonators, and a shared Purcell filter,
while three additional qubits serve as tunable couplers. The zoom shows a SEM image of one
computational qubit and parts of two couplers. Colors correspond to the schematic components in
panel (a).

In the quarton qubit circuit layout of this work (Fig. 6.1), the linear inductance
is implemented with pairs of stacked junctions. Each stack contains n Josephson
junctions, and m connected stacks form an array with N = m · n junctions in
series. These contribute to the total inductance and capacitance, resulting in L ≈
NLJA = N(LJ/γ) and C ≈ CJA/N, where LJA and CJA denote the inductance and
capacitance of a single stacked junction (see Sec. 3.4.2). The small-junction in
the loop is realized as a cross-type (Manhattan-style) Al/AlOx/Al junction, see
Fig. 6.2 (a),(d). It is formed by the orthogonal overlap of two electrodes with width
wJ. The junction area AJ ≈ w2

J sets the Josephson energy EJ and the capacitance
CJ. The total qubit capacitance is CΣ = CJ + CJA/N + Csh + Cg, including a shunt
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capacitor Csh, and stray capacitance Cg to ground. Based on FEM simulations and
design data, typical parameter values are Csh ≈ 20 fF, CJ ≈ 2 fF (estimated from
Cspec ≈ 50 fF/µm2 and a area of the small-junction ∼ 0.04 µm2), CJA/N ≈ 1–10 fF
(for stack footprints of 0.8–4 µm2 and N = 16–48), and Cg of a few fF as discussed
in Sec. 5.3. The shunt capacitance ensures operation in the flux regime EJ ≫ EC.

2 µm

(f)

(e)

5 µm

(g)

500 nm

large-stack design variant:

(a)

10 µm

(b) 5 µm

(c) 1 µm

400 nm

(d)

small-stack design variant:

Figure 6.2: Fabricated quarton qubit loops. Top: small-stack design variant. (a) False-color SEM
image of a square-shaped qubit loop comprising two stack pairs (4 × 8-junction array) and a small
cross-type junction (pink). The loop is located between the shunt-capacitor pads visible in the
zoom of Fig. 6.1 (c). (b–c) Cylindrical stacks (turquoise) have a diameter of about 1 µm and are
connected by a straight superconducting link (orange). (g) Close-up of a small cross-type junction
fabricated in Manhattan-style with a junction area ∼ 140 × 140 nm2. Bottom: large-stack design
variant. (e) Gradiometric qubit loop in the shape of a “eight”. (f–g) Two stacks with square-shaped
footprint of about 2 µm side length form a 2 × 8-junction array. The superconducting arch has a
height of about 3 µm and length of 10 µm.

The qubit loop is embedded in a cutout of a coplanar superconducting ground
plane and coupled to a λ/4 coplanar resonator for dispersive readout, as well
as to a local flux-bias coil and microwave drive line for control. The chip layout
in Fig. 6.1 (c) contains four computational quarton qubits with identical design
parameter in a row. Each qubit is capacitively coupled to its dedicated readout
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resonator with resonance frequencies fr between 7.45 and 7.85 GHz (100 MHz
spacing) and to a shared Purcell filter, and is equipped with an individual drive
line and flux-bias coil. Details on the single components are given in Sec. 3.5.

Additional quarton qubit circuits are placed between neighboring computational
qubits and used as frequency-tunable couplers. They differ from the computational
qubits mainly by larger shunt-capacitor pads and the absence of direct drive and
readout resonators. The effective transverse coupling rate between a coupler (c)
and a qubit (q) can be estimated in the weak-coupling limit as

gc,q ≈
Cc,q

2
√

CΣ,qCΣ,c

√
ωqωc, (6.3)

which follows from the standard capacitive-coupling Hamiltonian in circuit
QED [82, 104]. For the design parameter used in this work (CΣ,c ≈ CΣ,q ≈ 25− 35 fF
and an effective coupling capacitance Cc,q ≈ 0.2 fF), this yields gc,q/2π ≈ 10 −
15 MHz. In the dispersive regime, |∆c,q| = |ωc −ωq| ≫ gc,q, the residual interaction
is Jeff ≈ g2

c,q/∆c,q. In all measurements of this work, the couplers were detuned far
from the computational qubits (∆c,q/2π > 1 GHz), resulting in Jeff/2π < 200 kHz.
Under these conditions, qubit–coupler and qubit–qubit interactions are negligible.

Two distinct qubit loop design variants were implemented in fabricated qubit
devices, as illustrated in Fig. 6.2. A large-stack design variant employs 4 µm2 stacks
with square-shaped footprint and connected by round arches, forming a gradio-
metric “eight” loop, while a small-stack design variant uses 0.8 µm2 cylindrical1

stacks connected by straight links (non-gradiometric loop).

In this work, qubit loops with two, four and six junction stacks have been realized
to vary the array inductance L. For each design value of L, the width wJ of the
small-junction electrodes was adjusted to tune its overlap area AJ and inductance
LJ such that the quarton condition in Eq. (6.2) was targeted for the design values.

1 Fabrication-induced junction area variations are more pronounced for stacks with small footprints
(see Sec. 5.5). A circular footprint, featuring a lower perimeter-to-area ratio than square geometries, is
therefore employed to reduce junction-area variations within the small stack.
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6.2 Fabrication of a quarton qubit processor chip

The fabrication process of quarton qubit processor chips (Fig. 6.1 (c)) combines
junction stacks, a small cross-type junction, and on-chip microwave wiring in three
fabrication steps (Fig. 6.3):

1. Fabrication of Al/AlOx/Al junction stacks, qubit shunt capacitors, base
wiring, ground planes, and coplanar waveguides.

2. Addition of a single Al/AlOx/Al junction to the qubit loop.

3. Connection of stack pairs with suspended superconducting links.

The process started with polished 2′′ sapphire wafers featuring a 100 nm niobium
backside layer, cleaned in a piranha solution. The stacked junctions were fabri-
cated using the subtractive process described in Sec. 5.5.1. Each stack consisted of
alternating Al/AlOx/Al layers forming eight stacked junctions by controlled in
situ oxidation. For a given wafer, the stack footprint Astack is fixed to one size in
the design at all qubits, and a single oxidation recipe was used so that the critical
current density of the stacked tunnel barriers and thus LJA were nominally uniform
across the wafer. Typical oxidation pressures for the stack junctions were on the
order of a few millibar, consistent with the parameters in Table 6.1. The oxidation
times were varied for each tunnel barrier according to the compensation method
described in Sec. 5.5.2, using the graded oxidation times listed in Table 5.4. After
deposition, stacks and wiring were patterned in two electron-beam lithography
and RIE steps using a negative photoresist.

The small-junctions were fabricated using a standard Manhattan-style shadow
evaporation and lift-off process adapted from Kono et al. [175]. They were defined
in an electron-beam lithography step using an MMA/PMMA double-layer resist
and evaporated and oxidized in a PlassysTM evaporator after in situ argon plasma
milling of native oxides to ensure galvanic contact to the qubit wiring. The oxidation
pressures for the small-junctions and the stacks are given in Table 6.1.

In the final step, superconducting links between stack pairs were fabricated fol-
lowing the process steps described in Sec. 5.5.1. Two link geometries were used:
straight links in non-gradiometric layouts and arch-type links in gradiometric
“eight” loops, as shown in Fig. 6.2. At one wafer, only one link geometry is used
at the stacks. The qubit processor chip features large suspended arch-type links
("air bridges") to connect parts of the ground planes separated through coplanar
waveguides. If small arch-type links between stacks were deployed, all links on the
wafer were fabricated together in a single process step. For designs with straight
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Figure 6.3: Fabrication steps to build a quarton qubit loop. Microscope images of a qubit loop with
one stack pair, showing the completed structure after the three main process steps. The structures
correspond to the design shown in Fig. 6.2 (a)–(d), but with one stack pair.

links between stacks, the straight links were fabricated first, followed by a separate
process step to form the arch-type links connecting the ground planes.

After fabrication, the wafers were diced into 5× 5 mm2 samples (compare Fig. 6.1 (c)),
followed by solvent stripping and oxygen plasma cleaning. Finally, the chips were
mounted in sample holders, wire-bonded to the microwave circuit board and
waveguides, and cooled down in a dilution refrigerator for characterization.

Table 6.1: Fabrication parameters of the devices listed in Table 6.2. Astack is the stack footprint,
N the junction number in the array, pox,JA the oxidation pressure used for stack junctions, wJ the
width of the small-junction electrodes, and pox,J the oxidation pressure used for the small-junction.

Devices Astack (µm2) N pox,JA (mbar) wJ (nm) pox,J (mbar)

S-A1, S-A2, S-A3, S-B1, S-B2, S-C1, S-C2 0.8 32 0.75 140 3.5
S-D1, S-D2, S-D3, S-E1 0.8 16 0.75 235 3.5
L-A1, L-A2, L-A3, L-A4 4.0 48 6.0 200 0.3
L-B1, L-B2, L-B3, L-B4 4.0 32 6.0 200 0.3
L-C1, L-C2, L-C3 4.0 32 7.0 160 5.0
L-D1 4.0 16 6.0 225 0.15
L-E1 4.0 16 7.0 230 3.0

100



6.3 Investigation of the quarton spectrum

6.3 Investigation of the quarton spectrum

In this section, the focus is on measurements of the flux-dependent energy spectrum
of quarton qubits, while time-domain measurements are discussed separately in
Sec. 6.4. The qubit transition frequencies were determined by two-tone microwave
spectroscopy (see Secs. 3.2.2 and 3.4.5), where a continuous-wave tone probes the
readout resonator frequency and a second microwave tone is swept across a wide
frequency range to excite the qubit. The qubit state is inferred from the dispersive
shift of the resonator frequency.

Figure 6.4 shows a representative two-tone spectroscopy measurement of a quarton
qubit with 4 × 8 stacked junctions. Panel (a) displays the resonator signal as
a function of flux bias (horizontal axis) and drive frequency (vertical axis). A
pronounced modulation with period Φ0 is observed, with a minimum of the qubit
transition frequency at half-flux bias and a maximum near zero flux, characteristic
of flux-type qubits. The colored data points in panel (b) give the extracted qubit
transition frequencies obtained from the dips or peaks in the resonator response.
The red dots correspond to the fundamental transition f01, which tunes from about
7.0 GHz at zero flux bias to 3.2 GHz at half-flux bias. At higher drive powers,
additional transitions involving the second excited state become visible: the f12
transition (green triangles) and the two-photon transition f02/2 (blue diamonds),
where two photons of nearly equal energy excite the system.

The transition frequencies in Fig. 6.4 (b) were fitted to the eigenenergies of the
flux-qubit Hamiltonian defined by EC, EJ, and EL in Eq. (3.48), as discussed in
Sec. 3.4.2. The fits were performed using the simulation package scqubits [176]
and reproduce the measured transitions over one flux quantum Φ0. The extracted
parameters are EC = 0.8 GHz, EL = 4.3 GHz, and EJ = 4.2 GHz. This corresponds
to a ratio EL/EJ = γ/N ≈ 1.02, at which the qubit potential becomes quartic
at Φ0/2 flux bias. The corresponding potential and wavefunctions at half-flux
bias, calculated for these parameters, are shown in Fig. 3.8 in Sec. 3.4.2. The
anharmonicity versus flux bias is plotted in Fig. 6.4 (c). The anharmonicity reaches
its maximum value at half-flux bias, A ≈ 0.9 GHz, which is approximately one third
of the qubit frequency. Away from the half-flux bias point, A decreases and changes
sign around 0.4 Φ0 and 0.6 Φ0 and reaches negative minima of about −0.6 GHz
near 0.3 Φ0 and 0.7 Φ0. Positive anharmonicity is generally advantageous for qubit
operation (suppression of excitation leakage to higher energy levels), while negative
anharmonicity can be exploited in specific contexts such as multi-level dynamics
or tunable couplers [4, 14, 177].
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A(Φ0/2) ≈ 0.9 GHz 
f01(Φ0/2) ≈ 3.2 GHz 

Figure 6.4: Two-tone spectroscopy of a quarton qubit. (a) Measured readout resonator signal
(phase) as a function of applied flux and drive frequency. The readout frequency was calibrated
for each flux bias value with fr around 7.8 GHz. (b) Extracted transition frequencies together
with a numerical fit to the flux-qubit Hamiltonian. The data points correspond to the qubit
transitions f01 (red dots), f12 (green triangles), and the two-photon transition f02/2 (blue diamonds).
(c) Anharmonicity A = f12 − f01 calculated from the fits.
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After discussing the spectroscopy data of one representative device, we now com-
pare the spectroscopy results of all measured qubits. To assess how precisely the
inductive energy of stacked-junction arrays can be controlled, we fabricated and
characterized more than twenty quarton qubits with systematically varied array
geometries. The stack footprint and the array length N were adjusted to tune
the inductive energy EL, while the Josephson energy EJ of the small-junction was
scaled accordingly to target γ/N ≈ 1 across all designs (see Table 6.2 for device
parameters).

Figure 6.5 summarizes the qubit properties measured at half-flux bias as a function
of the inductive energy ratio γ/N, obtained from fits to the measured spectra.
The qubit frequency at half-flux bias increases approximately linearly with γ/N,
despite fabrication-induced scatter. The relative anharmonicity A/ f01 collapses
onto a single curve following a power-law dependence, yielding A/ f01 ≈ 0.31
at γ/N = 1, in agreement with the expected behavior of quarton qubits [4].
These results demonstrate that stacked-junction inductors enable predictable and
reproducible tuning of the inductive energy using only the stack footprint and
array length. Typical qubit frequencies of the stacked junction quarton qubits are
between 3 and 5 GHz, and the anharmonicities between 0.5 and 1.5 GHz.

(a) (b)

A/f01 ≈ 1/3

Figure 6.5: Qubit frequency and relative anharmonicity versus the inductive energy ratio. The
ratio γ/N = EL/EJ is extracted from spectral fits for each device. (a) Qubit frequency f01 at half-flux
bias versus γ/N. Despite fabrication-induced scatter, f01 follows an approximately linear trend
(dashed line). (b) Relative anharmonicity A/ f01 at half-flux bias versus γ/N. The dashed curve
shows a power-law fit, A/ f01 = a(γ/N)b , yielding A/ f01 ≈ 0.31 at γ/N = 1, consistent with the
expected scaling (Sec. 3.4.4). Data points correspond to the devices listed in Table 6.2.
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Table 6.2: Spectroscopy and time-domain measurement results of quarton qubits. The table lists the array design parameter (stack footprint Astack
and number of junctions N), the circuit parameter extracted from fits to the spectra (γ/N, small-junction critical current Ic, array inductance LJA, and
circuit capacitance CΣ), as well as the transition frequency f01, anharmonicity A = f12 − f01, and coherence times measured at half-flux bias. The
coherence times T1, T∗

2 , and T2 Echo are included for reference and discussed in detail in Sec. 6.4. Midrules separate devices fabricated on different
wafers, which differ in design and process parameters summarized in Table 6.1.

device Astack (µm2) N γ/N Ic (nA) LJA (nH) CΣ (fF) f01 (GHz) A (GHz) T1 (µs) T∗
2 (µs) T2 Echo (µs) comment

S-A1 0.8 32 1.02 9 38 24 3.2 0.91 17.6±2.0 4.9±0.6 10.6±1.3 v9C34-q1
S-A2 0.8 32 1.04 8 38 23 3.3 0.83 17.3±3.1 4.1±0.3 10.7±1.1 v9C34-q2
S-A3 0.8 32 1.10 8 33 24 3.6 0.87 15.2±1.6 1.2±0.1 5.1±0.4 v9C34-q3
S-B1 0.8 32 1.45 8 30 24 4.3 0.61 7.8±2.0 0.6±0.2 0.6±1.0 v9C15-q3
S-B2 0.8 32 1.42 8 29 25 4.2 0.61 9.6±1.2 1.3±0.1 3.9±1.2 v9C15-q4
S-C1 0.8 32 1.15 9 33 24 3.6 0.80 11.1±1.3 5.6 11.0±1.6 v9C17-q1
S-C2 0.8 32 1.10 9 34 25 3.5 0.83 15.5±1.3 3.2±0.5 13.2±0.4 v9C17-q2
S-D1 0.8 16 1.23 15 18 27 4.6 0.84 13.6±2.0 1.3±0.2 1.5±0.1 v9C42-q1
S-D2 0.8 16 1.31 16 16 28 4.9 0.76 8.3±0.5 3.7±1.0 10.2±1.0 v9C42-q2
S-D3 0.8 16 1.33 17 15 28 5.1 0.74 6.3±0.5 0.4±0.02 1.1±0.1 v9C42-q3
S-E1 0.8 16 1.15 14 20 25 4.3 0.93 2.0±0.3 0.7±0.1 1.5±0.4 v9C15-q2

L-A1 4.0 48 1.07 14 21 28 3.8 0.96 2.0±0.2 – – v7C17-q1
L-A2 4.0 48 1.37 14 17 29 4.7 0.66 0.8±0.1 0.4±0.1 1.2±0.2 v7C17-q2
L-A3 4.0 48 0.84 19 21 28 2.9 1.52 1.4±0.3 0.7±0.3 1.1±0.7 v7C17-q3
L-A4 4.0 48 0.90 18 20 28 3.3 1.33 0.8±0.1 0.7±0.1 1.4±0.1 v7C17-q4
L-B1 4.0 32 0.99 20 16 33 3.4 1.09 1.4±0.2 1.0±0.1 1.3±0.1 v7C31-q1
L-B2 4.0 32 1.07 18 17 33 3.7 0.92 1.1±0.2 0.3±0.1 0.4±0.1 v7C31-q2
L-B3 4.0 32 1.13 17 15 33 3.8 0.84 1.1±0.1 0.6±0.1 1.0±0.03 v7C31-q3
L-B4 4.0 32 0.98 19 18 34 3.2 1.05 3.8±0.2 – 0.1 v7C31-q4

L-C1 4.0 32 1.05 11 28 30 3.3 0.90 2.2±0.4 0.6 0.6 v8C24-q1

L-C2 4.0 32 1.04 11 28 29 3.3 0.92 3.1±0.5 1.7±0.2 2.6±0.4 v8C24-q3
L-C3 4.0 32 1.43 11 21 26 3.2 0.64 0.9±0.1 0.7±0.1 1.5±0.3 v8C24-q4

L-D1 4.0 16 1.37 22 11 38 4.2 0.49 2.2±0.1 1.7±0.1 2.9±0.2 v6C10-q1

L-E1 4.0 16 0.85 29 13 36 2.7 1.54 2.4 0.6 – v8C10-q2
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6.4 Decoherence versus stack footprint

(b)

(c)

large stacks, Astack = 4 µm2

small stacks, Astack = 0.8 µm2

 (a)

Figure 6.6: Coherence times of quarton qubits with small and large stack footprints. (a) Boxplots
and (b,c) histograms show the distributions of relaxation and dephasing times for two qubits, S-A1
(Astack = 0.8 µm2) and L-C2 (Astack = 4.0 µm2), measured in the same cooldown under similar
conditions and sharing an identical array length N = 32 (Table 6.2). The small-stack qubit shows
typical T1 around 18 µs and up to ≈ 24 µs at best, whereas the large-stack qubit is limited in T1 to
about 3 µs, with an upper bound near 5 µs.

To assess the influence of the stacked-junction inductor on qubit coherence, we
performed time-domain experiments on devices with different stack footprints
Astack and array lengths N. The experimental pulse sequences and analysis proce-
dures for extracting the coherence times T1, T∗

2 , and T2 Echo follow the methodology
introduced in Sec. 3.2.3. Representative single measurements for one device are
shown in Fig. 3.4. The measurement setup is described in Secs. 4.1 and 4.2.

To illustrate the characteristic dependence of coherence on the stack footprint,
Fig. 6.6 compares two devices that are nearly identical in qubit properties and
circuit parameters (N = 32, γ/N ≈ 1, f01 ≈ 3.2–3.3 GHz, A≈ 0.9 GHz), but differ
in the stack footprint. Device S-A1 employs small stacks with Astack = 0.8 µm2,
whereas device L-C2 features large stacks with Astack = 4.0 µm2. The difference in
the size of the coherence times is pronounced: the small-stack device reaches T1
values around 18 µs, whereas the large-stack device is limited to about 3 µs. The
Ramsey and spin-echo dephasing times scale similarly with T1 for both devices.
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Figure 6.7: Coherence times versus stack footprint. Mean and standard deviation (error bars) of
T1 (circles), T∗

2 (squares), and T2 Echo (diamonds) for all devices in Table 6.2, grouped by footprint
Astack (4 µm2 vs. 0.8 µm2) and sorted by T1 within each group. The small-stack group reaches mean
T1 ∼10 µs with best cases ∼20 µs, whereas large stacks are limited to ∼2 µs.

2.3 µs
1.4 µs 1.1 µs

7.3 µs

15.2 µs

Figure 6.8: Relaxation time versus array length. Data points and error bars denote the mean and
standard deviation of T1 for each device and are jittered around N = 16, 32, and 48. The numbers
indicate the median T1 for each group.

Figure 6.7 compares the coherence times (dephasing and T1) of all devices, grouped
by footprint and sorted by T1, while Fig. 6.8 shows the T1 values grouped by
stack footprint and array length. Across all small-stack qubits (Astack = 0.8 µm2),
typical T1 values are around 10 µs, with mean T1 values reaching up to ∼ 20 µs,
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consistent with previously reported quarton qubits.2 Within the small-stack devices,
increasing the array length from N = 16 to N = 32 leads to a shift of the median
T1 from approximately 7 µs to about 15 µs, as shown in Fig. 6.8. In contrast, large-
stack devices (Astack = 4.0 µm2) exhibit substantially shorter relaxation times, with
typical T1 ≈ 2 µs and best-case values near 5 µs, independent of array length. For
both stack footprints, several devices show T2 Echo values approaching T1 (e.g., S-C2
and L-D1), yet remaining below the T2 Echo = 2 T1 limit (compare with Eq. (3.17)).

Additional correlations with the inductive energy ratio are presented in Ap-
pendix B. Figure B.1 shows T1 and T2 Echo/T1 versus γ/N, confirming the absence
of a systematic dependence on γ/N.

6.5 Investigation of external flux noise using a
persistent-current bias

The results of the previous section raise the question of which mechanisms limit the
coherence of the quarton qubits investigated in this work. A prominent decoherence
channel in flux qubits is external flux noise. In this section, we therefore study the
sensitivity of the quarton qubits to flux noise using a persistent-current bias scheme.
First, the operating principle of the persistent-current bias is introduced. Second,
the bias-setting precision and long-term stability are experimentally benchmarked.
Finally, the impact of external flux noise on the qubit coherence is assessed.
The results presented in this section are part of a manuscript in preparation [179].

6.5.1 Operating principle and trapping sequence

Flux qubits must be operated at certain magnetic flux bias points to reveal their
characteristic properties. In quarton qubits, the longest coherence times are typi-
cally obtained at the half-flux bias point, where the qubit frequency is first-order
insensitive to flux noise. Maintaining this operating point with high precision and
long-term stability is therefore essential for coherent qubit operation, as even small
bias fluctuations lead to dephasing and frequency instability (see Sec. 3.3.2).

In conventional experimental setups, the flux bias is applied by driving a DC
current through a bias coil that is inductively coupled to the qubit loop. This

2 The measured coherence times fall within the broader range observed for superconducting qubits
operating in the quarton regime, such as the devices in Ref. [4, 178].
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Figure 6.9: Circuit and pulse sequence used to trap a persistent current. (a) Circuit diagram of the
superconducting circuit formed by L1, L2, and the qubit bias coil Lc, including a local heat switch.
Dashed lines indicate wire bonds connecting the bias chip to the qubit chip and to the DC wiring
leading to room-temperature electronics, highlighting that the circuit is distributed across multiple
physical components. (b) Pulse sequence to trap a persistent current Ip (not to scale). (c) Four-step
trapping mechanism and current partitioning before and after closing the loop. After the loop is
reclosed, flux quantization constrains the magnetic flux linked to the inductive network to remain
constant, leading to the expression for Ip in Eq. (6.4).

current is typically supplied by a current source or digital-to-analog converter
(DAC) located at room temperature. As a representative example, the DAC output
used in this work exhibits noise levels of 50–100 nV/

√
Hz at 1 Hz [180], resulting in

a flux-noise amplitude of S1/2
Φ ∼ 5 × 10−8 Φ0/

√
Hz. This value is within one order

of magnitude of the intrinsic 1/ f flux-noise levels reported for superconducting
circuits [38, 39, 125, 126]. More generally, any wiring to room-temperature bias
electronics provides a direct pathway for current fluctuations to couple into the
qubit. Any fluctuation on this line—including thermal noise, low-frequency 1/ f
noise, electromagnetic pickup, or slow drifts of the voltage reference—is directly
converted into flux noise in the qubit through the mutual inductance [38, 125,
181–185]. Even in carefully filtered lines, these noise sources introduce residual
bias instability, which limits coherence in flux-type qubits [186, 187].

A conceptually different approach to continuous current biasing that avoids a per-
manent connection to room-temperature electronics is based on persistent currents
stored in closed superconducting loops. As discussed in Sec. 2.1.3, flux quantiza-
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tion constrains the magnetic flux enclosed by a superconducting loop to integer
multiples of Φ0, allowing a circulating supercurrent to persist for long times.
Persistent-mode operation is widely used in precision magnet technology [188]
and in low-noise sensor systems employing persistent-current switches [189, 190].

In the context of superconducting qubits, several on-chip implementations of
persistent-current biasing have been demonstrated, including flux trapping in
unshunted rf-SQUID loops [186], persistent-current shunts with local heaters [187],
and gradiometric locking to flux-insensitive operating points [191]. While differing
in implementation, these approaches share the common principle of storing the
flux bias in a superconducting loop.

In this work, persistent-current biasing is realized by connecting an auxiliary
superconducting bias circuit to the local flux-bias coil of the qubit through wire-
bonds. Together, they form a closed superconducting circuit that allows controlled
initialization and re-trapping of a flux bias at millikelvin temperatures without
modifying the qubit layout. This circuit is depicted in Fig. 6.9 (a) and consists of
two inductors, L1 and L2, and a local heat-based switch, while the on-chip bias coil
of inductance Lc resides on the qubit chip (bond-wire inductances are neglected).

Initialization of the persistent current follows the pulse sequence shown in
Fig. 6.9(b,c). A bias current Ib is applied, after which a short heat pulse drives
the switch normal and temporarily opens the loop at the branch of L1. During
this phase, the bias current flows only through the remaining superconducting
branch. After the heater is turned off, the L1 branch becomes superconducting
again and the loop closes while the bias current is still applied. Flux quantization
in the closed superconducting loop constrains the system to retain the flux state
established during the open configuration. At this stage (t3), the loop therefore
carries a flux Φt3 = (L2 + Lc)Ib. When the external bias current is subsequently
turned off, this flux is preserved and is carried by a circulating persistent current
Ip in the closed loop, Φt4 = (L1 + L2 + Lc)Ip = Φt3 . This yields

Ip =
L2 + Lc

L1 + L2 + Lc
Ib. (6.4)

The qubit experiences a stable and low-noise flux bias via the mutual inductance
M between the local bias coil and the qubit loop.

Before trapping, low-frequency current fluctuations in Ib partition between the
parallel inductive branches. As a result, only a fraction

I2 =
L1

L1 + L2 + Lc
Ib

L2≫L1, Lc−−−−−−→ I2 ≈ L1

L2
Ib (6.5)
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Figure 6.10: Experimental implementation of the bias circuit. (a) Optical micrograph of the bias
chip (5 × 5 mm2) containing three identical bias circuits. (b) Photograph of the two-chip assembly
(bias chip and qubit chip) connected by superconducting wire bonds.

flows through the branch at the qubit. If required, a small DC bias can still be
superimposed on Ip, benefiting from the same current divider. After trapping, the
current source may be fully disconnected, eliminating current-source noise.

6.5.2 Experimental implementation

Figure 6.10 shows the experimental implementation of the auxiliary bias circuit
used for persistent-current trapping. A separate chip hosting three identical bias
circuits on silicon substrate is mounted next to the qubit chip on a sample holder
and connected via superconducting Al wire bonds (diameter 25 µm, typically two
in parallel per pad, length of a few millimeters). Together with the on-chip bias
coil Lc on the qubit chip, two wire-bond connections per bias circuit form the
superconducting loop (L1, L2, Lc) described in Sec. 6.5.1. In the experiment, three
of the four quarton qubits (qubits 2–4) are connected to auxiliary bias circuits. The
remaining device, qubit 1, is directly biased via a DC source at room temperature
and serves as a benchmark reference. All four devices are quarton qubits with
small-stack junction arrays (Astack = 0.8 µm2).

The bias circuit is designed with a strong inductance asymmetry. The small inductor
L1 has a design inductance of approximately 11 nH, while the large inductor L2
provides about 120 nH, corresponding to a design ratio L2/L1 ≈ 11.

The bias current Ib enters through a bond-wire at the junction of the two inductive
branches and splits between the L2 branch (towards the qubit chip) and the L1
branch (towards the heat-switch region). A second pair of pads addresses the
on-chip heater.
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Figure 6.11: Readout resonator and qubit spectroscopy with trapped flux at qubit 2. (a) Heat
pulse calibration. The resonator frequency shifts with increasing heat pulse amplitude Ih until
the L1 branch becomes fully normal conducting and the trapped flux saturates. The inset shows
a magnified view of the transition region. (b) Resonator response versus bias pulse amplitude
Ib (top axis: flux bias Φ/Φ0 induced in the qubit loop). The smooth periodic modulation over
several flux quanta demonstrates precise control of the persistent current. Small periodic deviations
near half-flux bias originate from qubit–resonator interactions and are not artifacts of the trapping
protocol. (c),(d) Qubit spectroscopy versus trapped flux, shown over a wide flux range and as a
high-resolution zoom around half-flux bias. The qubit transition frequency f01 follows a smooth
and continuous dispersion and no back-action of applied heat pulses on the qubit is observed.

6.5.3 Bias-setting precision

The aim of this subsection is to quantify how precisely a desired flux bias can be
set. The pulse sequence, illustrated in Fig. 6.9, is characterized by five parameters:
the heat pulse amplitude and duration (Ih, th), the bias amplitude and duration
(Ib, tb), and a relative delay tdelay between the two pulses. Short, high-amplitude
heat pulses are preferred, as they help to confine dissipation and reduce heating
of the surrounding chip volume [68, 192]. Accordingly, the heat pulse duration is
fixed to th ≈ 2–3 ms and only the amplitude Ih is varied during calibration. The
remaining timing parameters are chosen conservatively to ensure reliable operation.
We use a fixed delay of tdelay ≈ 0.5 s, such that the bias pulse has reached its full
amplitude before the heater is activated, and a bias duration of tb = 3 s, which
guarantees that the L1 branch has fully recovered its superconducting state before
the bias pulse ends.
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Via dispersive qubit–resonator coupling, changes in the qubit flux with a persistent-
current bias — and thus in its transition frequency — are directly mapped onto
shifts of the resonator frequency. We therefore calibrate the heat pulse by applying
the pulse scheme with fixed (Ib, tb, th) and varying Ih, using the resonator frequency
as a proxy for the trapped flux. Figure 6.11 (a) shows the resonator frequency as
a function of Ih. For small heater amplitudes, no frequency shift is observed,
indicating that the L1 branch remains superconducting. Above a well-defined
threshold, the resonator frequency abruptly saturates at a new value, signaling
complete trapping of the flux associated with Ib. A narrow transition region
separates these two regimes, where the trapped current increases continuously
with Ih. This behavior is attributed to incomplete switching of the L1 branch, either
due to marginal heating above Tc or insufficient opening time. All experiments
are therefore performed in the saturated plateau regime, where flux trapping is
complete and robust against small drifts in heater amplitude. The calibrated pulse
parameters are summarized in Table 6.3. All bias circuits operate at similar heater
thresholds, with sub-microjoule dissipation per pulse that is small compared to the
micro-watt cooling power of the dilution refrigerator at millikelvin temperatures
(Sec. 4.1).

Table 6.3: Pulse parameter. Listed are the calibrated heat pulse amplitude Ih and duration th,
the effective mutual inductance Ib/Φ extracted as, e.g., from Fig. 6.11 (b), and the estimated heat
dissipated per pulse ∆Q ≈ Rh I2

hth.

bias element (qubit) Ih (mA) th (ms) Ib/Φ (mA/Φ0) ∆Q (µJ)

qubit 2 0.99 2.50 4.37 0.2
qubit 3 1.28 2.75 4.28 0.3
qubit 4 1.60 2.75 3.66 0.5

Using the calibrated pulse parameters, we sweep the bias amplitude Ib and record
the resonator frequency as a function of the trapped flux, shown in Fig. 6.11 (b). The
resulting periodic modulation extends over several flux quanta and remains smooth
and reproducible, demonstrating precise and reliable control of the persistent
current. The extracted effective mutual inductances Ib/Φ are listed in Table 6.3.
The measurements were performed using approximately 1600 consecutive trapping
sequences within about 30 min. Despite repeatedly introducing heat close to the
qubit, no distortions, hysteresis, or drifts are observed in the resonator response,
and no increase in temperature was detected. This demonstrates that the trapping
protocol allows frequent and rapid bias re-setting without measurable thermal
back-action on the qubit.

112



6.5 Investigation of external flux noise using a persistent-current bias

(a) (b)

Figure 6.12: Flux-bias-setting uncertainty under repeated trapping cycles. Histograms of residual
deviations of the measured qubit transition frequency f01 from the median value, obtained from
50 repeated trapping cycles: (a) at half-flux bias, where the qubit frequency is first-order flux-
insensitive, the distribution is below the intrinsic transition linewidth, and (b) at Φ ≈ 0.41 Φ0, where
the qubit frequency is strongly flux-sensitive, yielding a Gaussian width of σ ≳ 1 MHz.

As a more sensitive probe, we perform high-resolution two-tone spectroscopy of
qubit 2 as a function of trapped flux. The qubit transition frequency f01 follows a
smooth and artifact-free dispersion shown in Fig. 6.11 (c)–(d), indistinguishable
from spectra obtained using a conventional DC current source. No jumps, dis-
continuities, or anomalous features were observed, confirming that precise flux
biasing via persistent-current trapping does not introduce detectable heat-induced
perturbations to the qubit.

Precise flux biasing requires that repeated trapping cycles reproducibly establish
the same persistent current. To quantify the bias-setting uncertainty, we repeatedly
execute the trapping sequence at fixed bias amplitude Ib and fixed pulse parameters
(Ih, th, tb), and measure the resulting qubit transition frequency f01. Each cycle
consists of trapping the persistent current, performing two-tone spectroscopy to
extract f01, and resetting the bias to remove any previously stored flux.

From the extracted transition frequencies, we compute residuals with respect
to the median value, ri = f (i)01 − median( f01), and construct histograms of these
deviations. A Gaussian fit yields the standard deviation σ, which we use as a
quantitative measure of flux-bias-setting precision (Fig. 6.12). Measurements are
performed at two representative bias points of qubit 2: at half-flux bias and bias
point (Φ ≈ 0.41 Φ0), where the qubit frequency is strongly flux-sensitive with
d f01/dΦ ≈ 15 GHz/Φ0.

At half-flux bias, the distribution is narrow, with σ ≈ 0.1 MHz, well below the
intrinsic transition linewidth of approximately 1 MHz. We therefore attribute this
value to the finite resolution of the spectroscopy rather than to fluctuations of
the trapped bias. At the flux-sensitive point, the spread increases to σ ≳ 1 MHz.
Using the measured slope d f01/dΦ, this corresponds to a flux uncertainty of
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δΦ ≈ 9 × 10−5 Φ0, which translates—via the effective mutual inductances listed in
Table 6.3—to a bias-current uncertainty of approximately 0.4 µA.

6.5.4 Long-term stability

A persistent-current bias is only useful if the trapped flux remains stable over
extended periods of time without inducing frequency drift or degrading qubit
coherence. We therefore investigate the long-term stability of a trapped half-flux
bias over a period of one week.

After trapping qubit 2 at Φ0/2, the DC source was disconnected so that the device
was biased exclusively by the persistent current. At three time points—immediately
after trapping (t = 0 h), after 61 h, and after 162 h (≈ one week)—we measured the
qubit transition frequency f01 as well as the coherence times T1, T∗

2 , and T2 Echo. The
transition frequency was extracted from a Rabi–detuning measurement (Sec. 3.2.2).
All results are summarized in Table 6.4.

Within the full measurement interval, neither the qubit frequency nor the coher-
ence times show any systematic drift. The observed variations are consistent with
statistical scatter and do not indicate a change in the underlying flux bias. This
conclusion is supported by the strong flux sensitivity of the qubit away from the
half-flux bias. Already at Φ = 0.496 Φ0, where d f01/dΦ ≈ 1 GHz/Φ0, control
measurements show strongly reduced coherence times (T1 ≈ 6.3 µs, T∗

2 ≈ 0.6 µs,
T2 Echo ≈ 3.5 µs). The absence of any comparable degradation in Table 6.4, to-
gether with the observed spread of f01 of ∼ 1.3 MHz, implies that the trapped flux
remained within ≲ 10−3 Φ0 of the half-flux bias point over the entire week.

After one week, the persistent current was intentionally released using a reset
pulse, confirming that the loop had remained in the trapped state throughout the
experiment. Overall, these results demonstrate that the trapped flux bias is stable
for at least one week without degrading qubit coherence.

Table 6.4: Long-term stability of the persistent-current bias. Qubit frequency f01, and mean and
standard deviation of T1, T∗

2 , T2 Echo of qubit 2 at three times after trapping. Each coherence time is
obtained from 50–100 repeated measurements.

Time (h) f01 (GHz) T1 (µs) T∗
2 (µs) T2 Echo (µs)

0 3.3855 14.4 ± 1.3 2.20 ± 0.08 10.5 ± 0.8
61 3.3857 15.6 ± 0.9 2.42 ± 0.06 13.2 ± 0.5
162 3.3842 14.8 ± 0.9 2.35 ± 0.04 9.9 ± 1.0
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6.5.5 Impact on qubit coherence

After benchmarking the precision and long-term stability of the persistent-current
bias method, we return to the central question of this chapter: what ultimately
limits the coherence of quarton qubits. In particular, we investigate whether biasing
quarton qubits with a persistent current leads to improved coherence.

To address this question, we directly compare the coherence properties of two
nominally identical quarton qubits located on the same chip and measured con-
secutively in the same cooldown. The two devices correspond to qubit 1 (S-C1),
which is biased through a conventional room-temperature DC line connected to
its local flux coil Lc, and qubit 2 (S-C2), which is biased exclusively via a trapped
persistent current. Both qubits share the same design parameters (Astack = 0.8 µm2,
N = 32) and exhibit very similar qubit frequencies, anharmonicity, and inductive
ratios (γ/N ≈ 1.1) at half-flux bias (see Table 6.2).

The measured qubit frequencies and coherence times at half-flux bias are sum-
marized in Table 6.5. The qubit biased via a trapped persistent current exhibits
coherence times that are comparable to, and in T1 as well as T2 Echo slightly higher
than, those obtained with conventional DC biasing. However, the observed coher-
ence times are consistent with those of other devices sharing the same junction
stack footprint and array length (Table 6.2), which rules out external flux noise as
the dominant limitation of coherence in the quarton qubits.

In the following section, we therefore turn to the qubit spectra and coherence
behavior to identify alternative decoherence mechanisms.

6.6 TLS-induced decoherence in junction stacks

Section 6.4 revealed a pronounced dependence of qubit coherence on the junction
stack footprint Astack, with larger stacks exhibiting systematically shorter T1 times.

Table 6.5: Comparison of DC-biased and trapped-flux-biased quarton qubits. Qubit frequencies
and coherence times measured at half-flux bias for two identical devices measured consecutively in
the same cooldown.

device f01 (GHz) T1 (µs) T∗
2 (µs) T2 Echo (µs)

qubit 1 (DAC bias) 3.62 11.1 ± 1.3 ≈ 5.6 11.0 ± 1.6
qubit 2 (persistent current) 3.46 15.5 ± 1.3 3.2 ± 0.5 13.2 ± 0.4
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This behavior points toward coupling to microscopic two-level systems (TLS) in
the tunnel barriers. To elucidate this mechanism, we analyze high-resolution qubit
spectra for signatures of TLS coupling in the form of avoided level crossings.
By comparing devices with different stack footprints, we extract TLS densities
from splitting size distributions and use these densities to estimate the resulting
coherence limitations of stacked-junction quarton qubits.
The results in this section are based on the manuscript in preparation [193].

6.6.1 Avoided level crossings in the spectrum

large stacks, Astack = 4 µm2 small stacks, Astack = 0.8 µm2

Figure 6.13: TLS-qubit avoided level crossings in quarton qubit spectra. High-resolution two-
tone spectroscopy around half-flux bias for two quarton qubits: (left) device with large stacks
(Astack = 4.0 µm2) versus (right) device with small stacks (Astack = 0.8 µm2). The large-stack device
exhibits a dense pattern of small avoided level crossings of the qubit transition f01, indicative of
resonant coupling to TLS in the junction barriers. In contrast, the small-stack device shows a much
cleaner spectrum with only a few weak splittings.
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Figure 6.13 compares high-resolution two-tone spectroscopy of two devices with
identical array length N = 32 but different stack footprints, recorded around
half-flux bias. For the large-stack device (L-C3, Astack = 4.0 µm2), the smooth flux
dispersion of f01 is densely punctuated by small avoided level crossings, giving the
spectrum a visibly fragmented appearance. In contrast, the small-stack device (S-
A3, Astack = 0.8 µm2) exhibits only a few isolated splittings, and the qubit transition
remains essentially smooth over a wide flux range.

These avoided level crossings constitute the characteristic spectral signature of
coherent coupling between the qubit and microscopic TLS in amorphous oxides,
as discussed in Sec. 3.3.1. At a TLS resonance, the bare qubit and TLS levels
hybridize, resulting in two frequency branches separated by a splitting S. This
splitting is related to the qubit–TLS coupling strength g (in angular frequency
units) via 2g = 2πS, see Eq. (3.24). The observed splittings correspond to typical
coupling strengths on the order of g/2π ∼ 1 MHz, consistent with TLS located in
the amorphous oxide of Josephson junction tunnel barriers [27, 28, 110].

The pronounced difference between large and small stacks already indicates that the
increased junction area in large stacks hosts a substantially higher density of TLS,
thereby opening additional relaxation channels. This observation is qualitatively
consistent with the reduced T1 times reported in Fig. 6.7.

6.6.2 TLS statistics in stacked junctions

To quantify how many TLS couple to the qubit for a given array size, we apply the
cumulative approach introduced by Martinis et al. [28], which is directly motivated
by a microscopic TLS model based on the standard tunneling model [114–116]. In
this model, TLS are described as electric dipoles with random spatial positions and
orientations within the amorphous tunnel barriers. The coupling strength between
a TLS and the qubit scales as S ∝ pE cos θ, where p is the TLS dipole moment, E
the local electric field across the junction, and θ the relative angle between dipole
and field (Sec. 3.3.1). Averaging over random dipole orientations and tunneling
asymmetries yields a broad distribution of splitting sizes with dN/dS ∝ 1/S
up to a largest observable coupling set by rare, strongly coupled defects. As a
consequence, the integrated number of splittings up to a threshold S0 increases
logarithmically with S0.

For each device, all resolvable avoided level crossings within a frequency bandwidth
of the qubit spectrum are collected and analyzed. We plot the cumulative number
of splitting sizes per GHz as a function of the threshold splitting S0. The cumulative
number NTLS(S≤ S0)/GHz thus counts how many TLS exhibit splittings with a
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Astack = 0.8 µm2, N = 32

Astack = 4 µm2, N = 32

Astack = 4 µm2, N = 48

Figure 6.14: Cumulative TLS statistics grouped by the total stacked junction area. Cumulative
number of TLS-induced avoided level crossings per GHz as a function of the splitting threshold
S0, grouped by the total junction area of the array AJA = N Astack. The dashed lines correspond
to fits using Eq. (6.6) with a fixed resolution cutoff Sres ≈ 0.5 MHz; thin dotted lines indicate
extrapolations beyond the fitted range. Shaded bands indicate the uncertainty of the cumulative
counts, estimated by assuming a finite spectroscopic resolution of the extracted splitting sizes of
≈ 0.5 MHz, comparable to the typical linewidth of the qubit transition in the measured spectra. The
uncertainty increases in regions with a high density of splittings in the cumulative statistics. The
statistics are derived from approximately 200 avoided level crossings observed in 14 qubit spectra.

size smaller than a chosen threshold S0. Figure 6.14 shows the resulting cumulative
distributions grouped by the total stacked junction area, AJA = N Astack. A clear
trend emerges: the cumulative curves shift systematically upward as AJA increases.

For a single curve, splitting sizes below a small threshold Sres ≈ 0.5 MHz fall below
the spectroscopy resolution, while at large S0 an apparent cutoff Smax emerges,
reflecting the largest observed couplings. The cumulative statistics follow the
logarithmic form derived in Sec. 3.3.1, Eq. (3.34), with the cumulative number
given by

NTLS(Sres ≤ S ≤ S0) = ρTLS ln
(

S0

Sres

)
, (6.6)

where ρTLS is the spectral TLS density (number of TLS per GHz associated with the
stacked junction array) and the constant offset accounts for the limited spectroscopy
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resolution at small splitting sizes [28, 194]. Here, Sres denotes the minimum resolv-
able splitting set by the finite spectroscopic resolution, where TLS with smaller
splittings are not detected and therefore do not contribute to the cumulative count.
The cumulative distributions in Fig. 6.14 are fitted using Eq. (6.6) (dashed lines),
excluding the low-S regime affected by the resolution limit and the high-S region
near saturation, where statistics are low. The results are summarized in Table 6.6.

The extracted spectral TLS density increases markedly with AJA, demonstrating
across many measured devices that the number of TLS per GHz grows with the
total tunnel-barrier area of the stacked junctions. Normalizing ρTLS by AJA yields
areal TLS densities between 0.3 and 0.9 TLS /(GHz·µm2), in good agreement with
literature values for Al/AlOx/Al tunnel barriers [27, 28, 194–197].3 This confirms
that the TLS population responsible for the observed avoided level crossings resides
in the stacked junction arrays.

Comparing the values of ρTLS/AJA in Table 6.6, we note a decrease with increas-
ing AJA, whereas a constant areal density would be expected for a uniform TLS
distribution in Al/AlOx/Al tunnel barriers [114, 196, 198]. We attribute this trend
to the reduced qubit–TLS coupling strength at larger N due to capacitive voltage
division across the array, which shifts an increasing fraction of splitting sizes below
the spectroscopy resolution. Consequently, the extracted TLS densities should be
regarded as a lower bound on the true defect density in the tunnel barriers.

Table 6.6: TLS densities extracted from cumulative TLS statistics. The spectral TLS density ρTLS is
obtained from fits to the data in Fig. 6.14 using Eq. (6.6). Quoted uncertainties are regression errors.
Normalizing by the total stacked junction area AJA yields an areal TLS density.

Astack N AJA (µm2) ρTLS (1/GHz) ρTLS/AJA (1/GHz·µm2)
4.0 48 192 60± 1 0.3
4.0 32 128 48± 1 0.4
0.8 32 26 22± 1 0.9

3 For completeness, attributing all observed splittings to the small-junction (area AJ ∼ 0.04 µm2) would
imply unrealistically large areal TLS densities.
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6.6.3 Dependence of energy relaxation on the array geometry

The results obtained in the previous section establish a relation between the stacked
junction sizes and the TLS density in their tunnel barriers. Finally, we connect these
findings to the observed relaxation times using a Fermi’s golden rule description
of qubit decay in the presence of TLS, as introduced in Sec. 3.3.1.

When a qubit interacts with many weakly coupled TLS, each defect in the vicinity
of the qubit transition frequency opens an additional relaxation channel. Experi-
mentally, this results in Lorentzian dips in T1( f ) (Sec. 3.3.1) [27, 199]. Instead of
resolving individual line shapes, a coarse-grained argument is used: averaging
the Golden-rule relaxation rate of the qubit in Eq. (3.28) over a bath of TLS with
spectral density ρTLS leads to the scaling [28, 199]

⟨Γ1⟩ ∝ ρTLS ⟨g2⟩ , (6.7)

where ⟨g2⟩ is the mean squared qubit–TLS coupling.

In an ideal homogeneous array of N identical junctions (neglecting the small
parasitic ground capacitances discussed in Sec. 5.3), the phase drop across the
array is approximately uniformly distributed among the junctions, such that the
array voltage divides equally across the series junctions. Consequently, the mean
coupling of a TLS in one array junction is reduced by a factor 1/N. Equation (6.7)
reduces to ⟨Γ1⟩ ∝ ρTLS/N2. Since ρTLS is proportional to the total tunnel-barrier
area, N Astack, we obtain

⟨Γ1⟩ ∝
Astack

N
⇒ ⟨T1⟩ ∝

N
Astack

. (6.8)

These simplified scaling relations, together with the extracted TLS densities, provide
a qualitative explanation for the T1 behavior observed at the quarton qubits with
stacked junctions (Sec. 6.4). Devices with Astack = 4 µm2 exhibit substantially
more TLS in a stacked junction than those with Astack = 0.8 µm2 and thus shorter
relaxation times. For small stacks, a trend toward longer T1 at N = 32 compared to
N = 16 is observed, in agreement with the reduced mean coupling at larger N for
otherwise identical junction footprints. For large stacks, increasing N from 16 to
48, we do not note a clear trend in the coherence times.

Overall, the combined spectroscopic signatures, cumulative statistics, and Fermi’s
golden rule analysis provide compelling evidence that microscopic TLS in the
stacked junction arrays constitute the dominant decoherence channel limiting T1 in
the quarton qubits.
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Superconducting quantum circuits require compact, low-loss inductive elements,
strongly anharmonic potential landscapes, and stable flux biasing. The goal of this
thesis was to investigate how these requirements can be experimentally realized
and understood using stacked Josephson junctions, flux qubits operated in the
quarton regime, and a persistent-current biasing approach.

The first part of this thesis established vertically stacked Josephson junctions as
compact linear inductors. Their three-dimensional geometry lifts the supercon-
ducting electrodes from the substrate and stacks multiple junctions within a small
footprint, while exposing only narrow sidewalls to the substrate, thereby reducing
the capacitance to ground. Using a stack-pair model and electrostatic simulations,
stray and ground capacitances were quantified, capacitance matrices for realistic
geometries were derived, and eigenmodes of extended arrays were calculated.
The results show that stacked junction arrays exhibit a much smaller capacitance
to ground than their junction capacitance, long Coulomb screening lengths, and
resonant frequencies well above those relevant for quantum-circuit operation. This
enables the realization of large inductances or impedances in compact arrays. A
subtractive fabrication process with layer-by-layer oxidation allows compensation
of junction-area variations and enables uniform tunnel barriers. Cryogenic trans-
port measurements confirmed strongly underdamped Al/AlOx/Al junctions with
high subgap resistance and McCumber parameters on the order of 105.

Building on these inductors, the second part of the thesis investigated flux qubits
operated in the quarton regime. In these devices, stacked-junction arrays provide
the linear inductance, while small Manhattan-style junctions introduce strong an-
harmonicity. By varying stack footprint and array length, the circuit inductance was
systematically tuned while maintaining the quarton condition across many devices.
At the qubit operating point, qubit frequencies between 3−5 GHz and positive
anharmonicities of 0.5−1.5 GHz were measured, consistent with a quartic potential
landscape. Time-domain measurements revealed that coherence is strongly influ-
enced by the stack footprint: qubits with large stacks exhibited typical T1 times
of about 2 µs, whereas qubits with small stacks reached T1 values around 10 µs
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and up to 20 µs. For small stacks, longer arrays showed a trend toward increased
median T1 times.

Decoherence from external flux noise was investigated using a persistent-current
bias, which provides a stable and low-noise flux bias for quarton qubits. To trap
and store a persistent current in a local bias coil, the experimental setup was
extended by an auxiliary circuit and short heat pulses employed to trap a desired
current value during operation at millikelvin temperatures. Spectroscopy and time-
domain measurements demonstrated that the persistent-current bias can be set
with high precision and remains stable over time scales of up to one week. A direct
comparison of two nominally identical quarton qubits—one biased conventionally
and one biased via a trapped persistent current—ruled out external flux noise as
the dominant coherence-limiting mechanism.

High-resolution spectroscopy revealed dense avoided level crossings in devices
with large stacks and significantly fewer in devices with small stacks, identifying
two-level systems (TLS) in the amorphous tunnel-barrier oxides of stacked junctions
as the dominant relaxation channel. Cumulative splitting statistics extracted from
more than a dozen qubit spectra show that the spectral TLS density scales with the
total tunnel-barrier oxide volume of the arrays, set by the stack footprint, while the
array length determines the average qubit-TLS coupling strength through voltage
division. These observations are consistent with a Fermi’s golden rule description of
qubit decay in the presence of many weakly coupled TLS and provide a qualitative
explanation for the observed dependence of T1 on array geometry. The results
motivate further improvements in coherence by reducing the stack footprint or
increasing the number of junctions in the array.

Future work may further explore the microscopic origin of coherence limitations
in stacked-junction circuits. Controlled spectroscopy of individual and collective
TLS, for example by tuning their energies using strain or local electric fields,
could distinguish TLS located in tunnel barriers from surface-related defects. Such
experiments may clarify how TLS density and coupling strength vary within a
stack and how the three-dimensional geometry of stacked arrays influences them.
The persistent-current bias provides a complementary opportunity to investigate
flux-noise-related decoherence in a well-isolated setting, allowing external flux
noise to be largely suppressed and intrinsic flux-noise mechanisms to be probed.
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Appendix

A Exact integration of the cumulative TLS-count model

Integrating Eq. (3.30) over coupling can be carried out in closed form. With the
substitution x = g/gmax one obtains

∫ √
1 − g2/g2

max
2g

dg =
1
2

[√
1 − x2 + ln

(
x

1 +
√

1 − x2

)]
+ const. (A.1)

Evaluating Eq. (A.1) between a lower cutoff gres (set by the finite experimental
resolution) and an upper counting threshold g0 yields the cumulative number of
splittings in a given energy window ∆E,

NTLS(gres ≤ g ≤ g0; ∆E) = ∆E σA
[

F
(

g0

gmax

)
− F

(
gres

gmax

)]
, (A.2)

F(x) ≡ 1
2

[√
1 − x2 + ln

(
x

1 +
√

1 − x2

)]
. (A.3)

In the experimentally relevant regime g ≪ gmax, where gmax is the maximal
coupling strength set by the largest effective dipole moment and maximal field
participation (see Eq. (3.24)), equivalently x ≪ 1 and thus

√
1 − x2 ≈ 1, such that

F(x) ≈ 1
2

[
1 + ln

( x
2

)]
, (A.4)

so that constants cancel in the difference and the cumulative count reduces to the
logarithmic form used in Eq. (3.32),

NTLS(g ≤ g0; ∆E) ≈ ∆E σA
1
2

ln
(

g0

gres

)
= ∆E σA

1
2

ln
(

S0

Sres

)
, S = 2g.

(A.5)
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Appendix

B Decoherence versus inductance ratio γ/N

To complement the analysis in Sec. 6.4, this section shows the measured coherence
times as a function of the inductive energy ratio γ/N = EL/EJ defined in Eq. 3.47
in Sec. 3.4.2, which parametrizes the balance between the Josephson energy of the
small-junction and the inductive energy of the junction array. In particular, T1 and
the ratio T2,Echo/T1 versus γ/N are plotted in Fig. B.1. Despite a small trend for
larger T2 Echo close to γ/N = 1 for the small stack footprint data set, no clear trend
of the data on γ/N is noted.

(a)

(b)

Figure B.1: Coherence times versus inductance ratio γ/N. (a) Relaxation time T1 versus γ/N.
(b) Spin-Echo time normalized by the relaxation time versus γ/N. Each marker represents one
qubit device, with color and symbol distinguishing the stack footprint. The vertical dashed lines
mark the ratio γ/N = 1.
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