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ARTICLE INFO ABSTRACT

Communicated by Stefan Wiggins Using nonlinear projections and preserving structure in model order reduction (MOR) are currently active
research fields. In this paper, we provide a novel differential geometric framework for model reduction on

g{fAC 2 6 smooth manifolds, which emphasizes the geometric nature of the objects involved. The crucial ingredient is
34C20 the construction of an embedding for the low-dimensional submanifold and a compatible reduction map, for
37C05 which we discuss several options. Our general framework allows capturing and generalizing several existing
37N30 MOR techniques, such as structure preservation for Lagrangian- or Hamiltonian dynamics, and using nonlinear
65P10 projections that are, for instance, relevant in transport-dominated problems. The joint abstraction can be
Keywords: used to derive shared theoretical properties for different methods, such as an exact reproduction result. To

connect our framework to existing work in the field, we demonstrate that various techniques for data-driven
construction of nonlinear projections can be included in our framework.
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1. Introduction

To remedy the computational cost associated with repeated solutions of high-dimensional differential equations, model order reduction (MOR)
has become an established tool over the last three decades. For an overview of MOR we refer to [1-5]. The essential idea of MOR approaches can
be summarized as follows: Given a high-dimensional initial value problem, which we refer to as the full-order model (FOM), find a low-dimensional
surrogate system, referred to as the reduced-order model (ROM), which is computationally efficient to evaluate. A computationally efficient surrogate
model can be interesting in various contexts; for instance (i) if the FOM has to be evaluated for many different parameters (e.g., for parameter
studies, sampling-based uncertainty quantification, optimization, or inverse problems), (ii) if the FOM has to be evaluated in realtime (e.g., for
model-based control), or (iii) if the computational resources are too little to run the FOM (e.g., on embedded devices). To achieve this goal,
classical linear-subspace MOR strives to identify a problem-specific low-dimensional linear subspace such that the state of the initial value problem
approximately evolves within this subspace. While this is possible in many applications, the existence of a low-dimensional subspace with good
approximation properties cannot always be guaranteed. Mathematically, this can be analyzed by studying the Kolmogorov n-widths [6,7] (or
equivalently, as shown in [8], the Hankel singular values), associated with the set of all solutions (see the forthcoming Section 3 for the precise
definition). For wave-like phenomena in solutions as observed in transport-problems (e.g., the wave-equation or advection-equation) it is now
well-understood that the n-widths decay slowly for certain initial conditions [9,10], thus requiring a large dimension of the ROM for a good
approximation. To resolve this problem, different paths are pursued in the literature, most of which try to replace the linear-subspace assumption
with a nonlinear ansatz. We refer to [11, Cha. 1.3.1] for an overview. In more detail, we assume to be given an initial value problem (the FOM) of
the form

Sx(t ) = Fx(t ) p),  x(to3 ) = xo(u) € R, 1.1)
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with time interval T := (ty, #), 1 < t; < co parameter set P C R?, corresponding parameter y € P, and right-hand side f: I xRN x P — RN, which
we want to solve for the unknown state x : Z x P — RN. Roughly speaking, the idea of MOR is to construct a projection gop using two mappings
0:RY - R” and ¢: R" —» RN with n < N and to then derive a low-dimensional surrogate model of the FOM with these mappings. In classical
linear-subspace MOR, the mappings ¢ and ¢ are linear, i.e., o(x) = W' x and @(X) = V% with matrices W,V € RV*" satisfying W'V = I,. The
associated ROM is given by

Skt ) = W@ VEG 0, Ko )= W xo(u) € R, (1.2)

which we solve for the reduced state % : T x P — R”". In contrast, we allow for nonlinear mappings in this manuscript, which motivates us to study
the FOM (1.1) as a differential equation on a manifold.

1.1. Main contributions

In the present paper, we introduce a differential geometric framework for MOR as a unifying framework that contains classical linear-subspace
approaches, nonlinear projection frameworks (including machine learning approaches such as autoencoders), and structure-preserving MOR. Our
main contributions are:

(i) We provide a general differential geometric framework for MOR on manifolds in Section 3.1. Although the geometric elements we introduce
in Section 2 are, of course, not novel, to the best of our knowledge, there is no framework unifying this for MOR. Moreover, we inspect
recent approaches of MOR on manifolds and show that these fit into this framework (> Table 3).

(ii) On top of the general framework for MOR on manifolds, we introduce the manifold Petrov-Galerkin (MPG, 1> Section 3.3) and generalized
manifold Galerkin (GMG, 1> Section 5.1) reduction, which generalize the MOR techniques from [12-14]. Moreover, the GMG reduction forms
the basis for novel structure-preserving variants on manifolds for

(a) Lagrangian systems (> Section 5.2), which we denote by Lagrangian manifold Galerkin (LMG), thus extending the linear-subspace model
reduction methods in [15,16], and
(b) Hamiltonian systems (> Section 5.3), which we denote by symplectic manifold Galerkin (SMG), extending the MOR method in [17].

(iii) For the respective MOR methods, we give an overview of techniques existing in the literature to construct the nonlinear mappings ¢ and ¢
in a data-driven fashion in Section 6.

Moreover, we provide an exact reproduction result for MOR on manifolds (> Theorem 3.5) and discuss a relaxation of the point projection
property (3.4a) for autoencoders in Theorem 6.4.

We emphasize that we start with the differential geometric perspective already at the level of the FOM. The main reasons for this choice are
that starting directly with a differential equation on a manifold (i) highlights the different geometric objects that appear, (ii) sets a clear path
for structure preservation for MOR on manifolds, and (iii) has applications in systems involving rigid body motions and multibody systems (see,
e.g., [18, Sec. 1]), flexible multibody systems based on Lie groups (see, e.g., [19]), and, in general, index-0 differential-algebraic equations can be
recast as differential equations on manifolds, where the manifold is defined via the algebraic equation (see, e.g., [20, Sec. 4.5]). Moreover, note
that we focus on a general framework and not on an efficient-to-evaluate surrogate model, which calls upon efficient numerical implementations
or additional approximation steps commonly referred to as hyper-reduction.

1.2. State-of-the-art
In the following we provide an overview of the various aspects of MOR that fit into this geometric framework.

1.2.1. MOR and manifolds

Using (smooth) manifolds in the MOR community is a concept that has been introduced previously. For parametric linear models, interpolation
of the linear subspaces or the reduced system matrices on certain manifolds is discussed, for instance, in [21-24] and has recently been extended to
a non-intrusive setting in [25]. To reduce a high-dimensional parameter space during the training phase, the concept of active manifolds [26] was
developed as a generalization of the so-called active subspace [27], which can be interpreted as the dual concept of the Kolmogorov n-widths [8].
A reduction formulation especially popular in quantum mechanics is the Dirac-Frenkel formalism [28, Sec. 2] based on [29,30]. Moreover, lifting
techniques may be used to obtain a nonlinear projection of the original system, e.g., [31,32] or for a non-intrusive setting [33].

1.2.2. Nonlinear mappings and transport MOR

If a (localized) quantity is transported through the spatial domain of a PDE over time, such as a shock wave, then it is often not possible
to construct a low-dimensional linear subspace that well-approximates the solution since the Kolmogorov n-widths do not decay exponentially.
Examples studied in the literature are, for instance, the advection equation [34,35], the wave equation [10], Burgers’ equation [9], a pulsed
detonation combustor [36], a wildland fire model [37], and a rotating detonation engine [38].

Several nonlinear approaches have been presented to overcome the slowly decaying Kolmogorov n-widths, many revolving around the symmetry
reduction framework [39-42]. We mention here exemplarily the shifted proper orthogonal decomposition [43-45], the Lagrangian reference frame
method [46,47], a registration method [48,49], and front transport reduction [50]. The central idea underlying these methods is to either first
transform the state with a suitable transformation such that the resulting transformed FOM is easy to approximate or to encode this transformation
directly in the MOR ansatz space.

While the previous approaches are all inspired by the underlying physics of the problem at hand by exploiting the symmetries inherent to
the initial value problem, the approaches can be generalized by considering arbitrary nonlinear mappings, for instance, obtained via machine
learning paradigms. The natural method for dimensionality reduction is a (shallow) autoencoder [12,13,51-53]. In particular, the work [13] uses
terminology from differential geometry and has inspired our work to a large extent. Another parameterization of the nonlinear mappings that are
currently investigated is given by polynomials; see, for instance, [54-58].
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Table 1
Formulation of a dynamical system in the time interval Zon a vector space (left) in comparison to a differential geometric formulation
(right).

Dynamical system on a vector space Dynamical system on a manifold

RN N-dim. vector space M N-dim. smooth manifold

T, M, TM Tangent space, tangent bundle

fiRN > RN Right-hand side X M—->TM Vector field

x:I - RN Solution curve y:I-M Solution curve

Lx(t) e RV Time-derivative 4y| e M Velocity

1
{ Lx(t) = fx(1)) € RV Lv], = X1 € ToM
x(ro)szERN V(’0)=70€M

1.2.3. Structure-preserving MOR for Lagrangian and Hamiltonian systems

Classical linear-subspace MOR for Lagrangian systems is discussed in [15,16]. Notably, the authors of [15] already mention that the same
methods can be used with nonlinear embeddings ¢, albeit without explicitly formulating the required differential geometric objects. Moreover,
we show how a reduced Lagrangian system can be interpreted as a projection of the Euler-Lagrangian vector field using the GMG reduction
(>Theorem 5.7).

Structure-preserving MOR for Hamiltonian systems is discussed in [59-62] using linear subspaces and in [17,58] for manifolds (in coordinates)
and in [63, Sec. VII.2.3]. A Hamiltonian-preserving Neural Galerkin scheme is presented in [64]. Moreover, some of the ideas for structure-
preserving MOR for port-Hamiltonian systems [65], a generalization of Hamiltonian systems to open systems, can be used for structure-preserving
MOR for Hamiltonian systems. We refer to [66, Rem. 8.2] for an overview.

Besides classical MOR schemes that rely on a given large-scale dynamical system, non-intrusive methods aim to learn a potentially low-
dimensional representation from system measurements directly. In the context of learning Hamiltonian systems, we exemplarily mention [67-70].
Learning Lagrangian systems has been addressed, e.g., in [71-74].

1.3. Structure of the paper

To render the manuscript self-contained, we start our exposition by reviewing all necessary concepts from differential geometry (> Section 2).
Readers familiar with these concepts might skip this section and directly start with Section 3, where we introduce our general MOR framework for
initial value problems on manifolds. Additional structure preservation is detailed in Section 5, which is based on additional geometrical structures
(> Section 4). A discussion on specific data-driven construction approaches for the required nonlinear mappings is presented in Section 6 and
followed by conclusions (> Section 7).

1.4. Notation

We use the index notation, which differentiates between upper indices ¢! and lower indices 4,. Let us emphasize that indices that concern the
index notation are underlined. The position of the index indicates the type of the geometric object. Moreover, we utilize the Einstein summation
convention, which implies the summation over an index if the index appears twice (once as a lower index and once as an upper index). For an
N-dimensional vector space V, this notation is used to abbreviate (i) the linear combination of a basis {E; }i’i , €V with coefficients {vi} ,]i L ER,
(ii) the linear combination of a dual basis { F’} I’i , € V* with coefficients {’15 } l"=’ , € R, or (iii) the dual product of the respective coefficients,

i=1

N N N
() V'E, 1= ) v'E, €V, (i) A, FL:= ) 4, FLe V", (i) vt := Y vl A €R. (1.3)
i=1 i=1

Moreover, we use € RN to stack scalars vt € R as a vector in R"V. Further notation is introduced in Section 2.7.

[+, <i<N
2. A primer on differential geometry

We start this work by recalling several important definitions and results from the theory of smooth manifolds to render this manuscript self-
contained. Our presentation is largely based on the monograph [75]. In particular, all material within this section that is not explicitly referenced
is adopted from [75].

To motivate the forthcoming definitions, we briefly discuss the tools required

(i) to formulate a differential equation on a manifold and
(ii) to define the submanifold and mappings needed

to perform model reduction on manifolds. For the differential geometric formulation of the FOM, we introduce the structure of a smooth manifold
(>Section 2.1). Then, having the needed structure at hand, we continue to define continuously differentiable functions on smooth manifolds
(> Section 2.2). Subsequently, we introduce the tangent space at a point on the manifold (> Section 2.3) to be able to formulate the differential
of a function (> Section 2.4), which is used to generalize the time-derivative of the state to the manifold setting. In order to describe the evolution
of an initial value problem, we set the right-hand side to be a vector field (>>Section 2.5). With these preparations, a differential equation on a
manifold can be formulated (>Section 2.6). We refer to Table 1 for a comparison of a dynamical system on a vector space and on a smooth
manifold. Furthermore, for the model reduction framework, we discuss embedded submanifolds (> Section 2.8).
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2.1. Chart and smooth manifold

Let M be a topological manifold of dimension N (> Appendix A.1). A chart is a tuple (U, x) where the chart domain U C M is an open set and
the chart mapping x: U — x (U) C RN is a homeomorphism (i.e., it is bijective (and thus its inverse x~! : x (U) — U exists), and both x and x~! are
continuous). For two charts (U, x) and (V,y) with U NV # @3, we can define the transition mappings

xoy liyWUnV)-xWUNV) and  yox':x(UNV)->yUNV),

which are homeomorphisms as composition of homeomorphisms (> Fig. 3). The charts (U, x) and (V, y) are called C*-compatible for k € N or k = oo
if either UNnV =@ or

xoy leckyWUnV),xWnV) and yox'ecCxWUNV),yUNV)),

where differentiability is defined in the classical sense since x (U N V),y(U nV) C RN, A collection of charts A = {(U,, x;) | i € I'} with some index
set I is called an atlas for M if M = |J,c; U;. The atlas is called of class C¥ (or a C*-atlas) if all charts in A are mutually C¥-compatible. We call a
Ck-atlas .A maximal if all charts that are C¥-compatible with any chart in .A are already elements of A. If A is a maximal C*-atlas for M, then the
tuple (M, A) is called a C*-manifold and, in particular, a smooth manifold if k = co. As common in the literature, we omit the explicit mentioning
of the maximal atlas whenever possible and say that M is a C¥-manifold, implicitly assuming a maximal C*-atlas to be available.

2.2. Diffeomorphism and partial derivative

Assume now that we have smooth manifolds M and Q of dimension N and Q. A mapping F : M — Q is called of class C¥, or in short notation
F € CK(M, Q), if for every m € M, there exist charts (U, x) containing m and (V,y) containing F (m) such that yoFox~! € C¥(x (U),y(V)) in the
classical sense since x (U) C RN and y (V) C R?. Note that due to the C*-compatibility of the charts, this definition of differentiability does not
depend on the choice of the chart. Throughout the document, a smooth mapping is synonymous with mappings of the class C*. We restrict ourselves
in this work to smooth manifolds and smooth mappings to simplify the presentation. A smooth bijective map F € C*(M, Q) which has a smooth
inverse is called a smooth diffeomorphism (from M to Q).

For calculations, we formulate the derivative in the index notation (>Section 1.4). In more detail, we denote for 1 < i < Q the ith component
function of the chart mapping as x%: U — R and the ith component function (of F) with Fi := yioF : U — R. Then, the ith partial derivative of the jth
component of F € C'(M,Q) at m € M (in (U, x) and (V,y)) is defined by

IFL

oxt
m

= (ai(Fiox’l))(x (m)  for1<i<N, 2.1)

where 0,(-) describes the ith partial derivative of functions mapping between Euclidean vector spaces. For scalar-valued functions f € C!(M,R),

we omit the index, i.e., f1 = f and thus i—i,l’l = %) . For the derivative of the chart mapping, we obtain
. T\
) . L oi=j.
xeCOMRY)  with 25| =g,(dox!) (x(m) = 67 := r=J 2.2)
0% |y - 0, i#}j,

due to (xlox~!) = (xox“)i = (idg~ ). The function 5{; is known as the Kronecker delta.
2.3. Tangent and tangent space

Consider a smooth manifold M of dimension N. The tangent space of M can be defined in multiple alternative ways (see, e.g., [76, Sec. 1.6]
for an overview). In the present work, we present the derivation approach and closely follow [77, Sec. 1.7]. For an arbitrary but fixed point m € M,
we consider the set

Fy :={f€C®U,R)|U C M open with m e U}.
Then, a tangent at m € M is a function on this set v: Fr - R which is (i) linear and (ii) fulfills the product rule, i.e., for every f,g € F Pt and
a,b € R, it holds'

@D v(af +bg)=av(f)+bv(g) ER, i) o(f-o=v(f) -gm+f(m- -v(geR
In a broader context, the properties (i) and (ii) define a derivation. The set of all tangents at m € M

T,M :={v: F — R|vis a tangent at m} (2.3)
defines the tangent space at m, which can be shown to be an N-dimensional vector space. Thus, we also refer to elements v € T,, M as tangent vectors

at m. The ith partial derivative (2.1) of a scalar-valued function f € F:° can be used to define elements in 7,,M,
)

| eT,M with 2 i F® SR, fe oL
oxt |m

oxt |m m oxt|m”

9
Moreover, ( -
ox=

) is an ordered basis of T,, M, and, thus, we can represent each tangent vector

B

m 7 o

veT, M with v= u5§

o

where we refer to 0! € R, 1 <i < N, as the components (of v) and where we implicitly sum over 1 <i < N by the Einstein summation convention

(1.3). Note that for this formalism to work, the index i in the denominator of % counts as a lower index. In the case of a vector space V, the
= Im

tangent space T,V can be identified with the vector space T,V = V for all m € V [75, p. 59], in particular T,,R¥ = R* for k € N.

1 Note that for the sum/product of functions f : U >R and g : U,—~R from F°, the domain of the products/sums is shrinked to the intersection U s NU,,
which is still open and m € Uu,nU, and thus (f +g),(f - g) € F°.
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2.4. Differential and chain rule

Consider smooth manifolds M, Q, and L of dimension N, Q, and L with charts (U, x), (V,y), and (W, z) and a point m € U. The differential of
a smooth map F € C®(M,Q) at m is a linear map

i)

. P9 idF| o
dFl,, : TyM = TpnQ. o axi(m i i (2.4)

Ox-

F(m)’

which maps between the respective tangent spaces using the ith partial derivative (2.1) of the jth component function F. of F, where we sum over
1 <i< N and 1 <j < Q by the Einstein summation convention (1.3). The chain rule is an important property of the differential: For two smooth
mappings F € C®(M,Q), G € C®(Q, L), it holds

d(GoF),, = dG| p(uodFl,, : Ty M = Tigopyum L- (2.5)
In respective charts (U, x), (V,y), (W,z) with m € U, F (m) € V and (GoF) (m) € W, the chain rule reads
P
a(Gc'F)L’ -5 o for all IsjsN,
oxl Im Oyﬁ F(m) oxL m 1<i<L,

where the right-hand side sums over 1 < k < Q by the Einstein summation convention (1.3).
2.5. Tangent bundle and vector field

The tangent bundle is the disjoint union of all tangent spaces
™™=, TaM :={(m,u))meM, veT, M}, (2.6)

which bundles all points m € M and corresponding tangent vectors v € T,,M in one set. The tangent bundle itself is a smooth manifold of dimension
2N. In the scope of the present work, we typically use (m, v) € T.M to denote elements in 7M. Whenever we have a mapping into a tangent bundle,
then we use the notation (- )‘ to denote the second part of the mapping. For a given smooth mapping F € C*(M, Q), the differential (on the tangent
bundle)

dF € C®°(TM,TQ), (m,v) = (F (m),dF|,(v) (2.7)

collects the differentials dF|,, € C*(T,, M, T(,,,Q) at m for all points m € M. For a given chart (U, x) of M, the differential of the chart mapping
dx € C*(TU,TRN) defines a natural chart of TU by identifying TRV with R?V. It maps

) _ i 2N
dx((m wg ))-(x(m),[v’—]lSisN)eR (2.8)
since for a chart mapping® y € C®*(RV,RN) of RV, it holds with (2.2) and (2.4) that
i i 0x. ) i 0 N
d (ULLI >=Ur,o_xi B P [ T. RV,
Xl (0557 " pred e I o | W |y & X

which we identify with [of],__, € RV.

Since M and T M are both smooth manifolds, we are able to define smooth mappings from M to T M based on Section 2.2. A smooth vector field
is a mapping X € C®(M,TM) with zoX =1id,, with 7: TM — M, (m,v) — m. It assigns each point m € M an element X (m) := (m, X|,,) € TM
in the tangent bundle, where we denote the vector field at m € M with X|,, € T,, M. The set of all smooth vector fields on M is denoted with X ;.

2.6. Curve and initial value problem

For a given smooth manifold M and an interval T := (¢, 1) with ¢, < t; < oo, we call the mapping y € C*(Z, M) a smooth curve. We refer to
elements ¢ € T as time points. By custom, we use for the derivative w.r.t. time the notation %(-). The velocity of a curve y att € I is

g|._ 25‘)1
dty,'_ dfyt oxt

i.e., an element in the tangent space based on the (classical) derivative of the component functions y.: R 2 T — R of the curve.’
For a smooth vector field X € X ,,, we call y € C*(I, M) an integral curve of X with initial value y, € M, if

d | —
{ 8] =Xl eToM ret
y(to):yOGM.

T7(1>M’

€
y(@)

(2.9)
We refer to (2.9) as an initial value problem (on M). For a given chart (U, x), the system (2.9) can be solved via an N-dimensional initial value
problem on RY

%ri|,=<le)ieR for 1<i<N, (1) =xt(r) €R. (2.10)

2 This chart mapping may seem redundant as y = idgv. However, we use it to illustrate how T,
€ TyRN.

x(m)

RN is identified with RY by using y to denote the basis

vectors a%' "
x(m

3 Alternatively, the velocity of a curve can be understood in terms of the derivative introduced in Section 2.4 with —y = dy|,. In the presented notation, this

would require to understand 7 as a smooth manifold with the chart (Z, x;), chart mapping x; =id; : T — R and the derlvauve —y—' = d‘i”
1~ 1
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Table 2
Bold notation for two smooth manifolds M, Qwith charts (U, x),(V, y), respectively.
Type Element Bold notation
Point meUCM m :=x(m) € RN
Mapping Fec®WU,V) F:=yoFox™:RN2x(U)—- yV)CR?
Tangent vector v= u’—& L ETU vi=[v] RV
Jacobian matrix? dF|,, € C*(T,,U,Tg(, V) DF|, := [% ] oo, ERON
xX= ] 1=i=0:
1<j<N
d d N
—y| =Xl,, €T,,U, -yl = X|,, €R",
Dynamical system d |f o= dr ” o
1)) = 1o € M 1) =yo €RY

0o be more precise, the Jacobian matrix is the coordinate matrix o: e linear mapping described by the differential in coordinates
2 To b the Jacob: t thy dinat t f the 1 d bed by the differential dinat
dy| F(m,odF|modx|;ll : R¥ — RC. Moreover, we use in the last column of this row a notation for stacking scalars as matrices similarly to
stacking scalars as vectors from Section 1.4.

Due to the assumption of a smooth vector field, we know that there exists a unique integral curve by the fundamental theorem on flows [75,
Thm. 9.12], if the final time f; is small enough. If we assume that there exists a time interval such that all integral curves exist for a set M, C M
with the starting points y, € M, the flow of X can be defined as

0,: Mg =M, ryrr(tin).
2.7. Bold notation

We introduce a notation that collects all previously introduced types of differential geometric objects (like points, functions, tangent vectors) in
a fixed chart and thereby reduces to computations in R-vector spaces. We refer to this notation as the bold notation.* For a given smooth manifold
M with a chart (U, x), we use

x € C®(U,RY),  dx|, € C°(T,U,RY) withmeU, dxeCc®TU,R¥™)

to map the different types of objects accordingly, where we identify T, R with RY for dx|, and TRY with R?V for dx. Let us state clearly that
(i) this formulation loses geometrical information (as it treats different types of objects as a vector in R") and (ii) it only works for one fixed
chart (since the explicit dependence on the chart is neglected). However, this formulation can be helpful for readers new to the field of differential
geometry with more background in classical numerical analysis and engineering. The notation for the different types of differential geometric
objects for two smooth manifolds M, Q with charts (U, x), (V, y), respectively, are summarized in Table 2.

2.8. Embedding and embedded submanifold

Consider two smooth manifolds M and M of dimension n and N, respectively. A smooth mapping F € C®(M, M) is called an immersion
if the respective differential dF|;: T;M — TruzM is injective at each point m € M. Moreover, F is called a smooth embedding if it is a
smooth immersion and a homeomorphism onto its image F (M) C M. For a given smooth embedding ¢ € C®(M, M), the image @(M) is an
n-dimensional smooth manifold, which is called an embedded (or regular) submanifold of M. We denote the tangent space of @(M) at ¢ (/) with
T(p(,;,)((p(M)) := dg|; (T M). From the assumptions, it follows automatically that the embedding ¢ is a smooth diffeomorphism onto its image [75,
Prop. 5.2].

Lemma 2.1. Consider smooth manifolds M, M and smooth mappings ¢ € C®(M, M) and ¢ € C®(M, M) with pop = idy,. Then, ¢ is a smooth
embedding and @(M) C M is an embedded submanifold.

Proof. (>Appendix A.2). [
3. Model order reduction on manifolds
With the geometric sundries at hand, we can now introduce model order reduction on manifolds. We start with the general framework for model

order reduction (> Section 3.1). Then, we detail conditions such that exact reproduction can be achieved (> Section 3.2). Finally, we present an
example fitting this framework, the so-called manifold Petrov—Galerkin (> Section 3.3).

3.1. General framework

This section sits at the heart of this paper and introduces the general framework upon which the remainder is built. We start this section by
defining the FOM on manifolds (>Section 3.1.1). We then focus on the goal that MOR strives to achieve and what assumptions are required to
reach this goal (> Section 3.1.2). Subsequently, we define the reduction map, which is needed to define the reduced-order model (> Section 3.1.3).
We conclude the general framework with a workflow for MOR on manifolds (> Section 3.1.4).

4 Be aware that bold symbols may be used for other purposes in other scripts on differential geometry.
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Fig. 1. Schematic illustration of the full manifold M (dark blue), the set of all solutions S (yellow), and the approximating embedded submanifold q;(M) (red). The set of solutions
is schematically depicted as three separate trajectories that may occur due to a possible discontinuous behavior in the parameter u.

3.1.1. Full-order model

In the scope of the present work, we consider high-dimensional parametric initial value problems. More precisely, assume that we are given a
time interval T := (¢, ;) with initial time 7, and final time #; > 7, a parameter set 7 C R?, an N-dimensional smooth manifold M with large N,
a (possibly parametric) smooth vector field X : P — X ,,, and a (possibly parametric) initial value y,: 7 — M. We consider for 4 € P the initial
value problem

d _
d,}’lw =Xl € TyaM, 1€1T 3.1)

v (to: 1) = vo(w) € M,

which we want to solve for the integral curve y (-; u) € C*(Z, M). We refer to (3.1) as the FOM and to X (u) as the FOM vector field.

Remark 3.1 (Parameter Dependency). In the following, we may suppress the explicit notation of the parameter dependence for the sake of brevity.
This is possible since the parameter is fixed for each FOM evaluation. We indicate the parameter dependence only if it is relevant in a specific
context.

3.1.2. Goal of model order reduction
The goal of MOR can be formulated as to be able to well-approximate the set of all solutions

Si={rtweM|tmeIxXxPIM (3.2)

computationally efficiently. Sometimes, the set of all solutions is referred to as the solution manifold. However, this set does not necessarily have
the structure of a manifold. For example, [78, Ex. 2.9] describes a case where the solution might be arbitrarily complex in the parameter (including
discontinuous behavior).

The idea of (projection-based) MOR is to reduce the dimension on the FOM by approximating the set of all solutions by a low-dimensional
embedded submanifold ¢(M) C M defined by an n-dimensional manifold M and a smooth embedding ¢ € C®(M, M) with dim(M) =n < N =
dim(M). We refer to M as the full(-order) manifold and to M as the reduced(-order) manifold. Let us emphasize that the goal is to approximate
the set S C M, not the full manifold M. We refer to Fig. 1 for a schematic illustration of the relation between the full manifold M, the set of all
solutions 5, and the approximating embedded submanifold @(M).

3.1.3. Reduction map and reduced-order model

Assume that we have identified an n-dimensional embedded submanifold ¢(M) C M with smooth embedding ¢ € C®(M, M). To find a ROM,
we proceed in two steps: First, we replace y (¢) in (3.1) with the approximation ¢ (7 ()) based on a reduced curve y € C*(Z, M). Second, a reduction
map R : TM — TM on the tangent bundles is introduced, which is used to define the ROM as a reduced initial value problem on M.

Definition 3.2 (Reduction Map). A map R € C®(TM,TM) is called reduction map for a smooth embedding ¢ € C®(M, M) if it satisfies the
projection property

Rodg = idy - (3.3)
As in Section 2.5, we split the reduction map

ReC®(TM, TM), (m,v) = (0(m), Rl ()
with ¢ € C®(M, M) and R|,, € C*(T,, M, TO(M)M) for m € M. We refer to ¢ as a point reduction for ¢ and to R|,, as a tangent reduction for ¢.

Note that (3.3) immediately implies that dpoR € C®(T M, To(M)) is idempotent and thus a projection. Moreover, (3.3) implies that a point
reduction and a tangent reduction for ¢ satisfy

00 =idy, (3.4a)

Rl piodol; =idp o for all m € M, (3.4b)

which we refer to as the point projection property and the tangent projection property, respectively. The relation between the embedding ¢ and the
reduction map R is illustrated in Fig. 2.

Example 3.3 (Linear-Subspace MOR). Projection-based linear-subspace MOR with a reduced-basis matrix ¥ € R™*" and a projection matrix

W e RV*" is contained as a special case of the presented formulation with M =U =RV, M=U =R", x = idgn, X = idgs and

om) :=W'm, R|,() :=WTo, @ () 1= V.
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m e M

(a) Schematic illustration of the relation of the embedding ¢ and the point reduction p.

T;‘(I?l)(;('\v/l)) // df‘m T""“"\h

dp™!

<

Loy M

7

@(m)

R‘s@(

)

(b) Schematic illustration of the relation of the tangent spaces involved in MOR on manifolds.
The reduced tangent space T}, M is displayed orthogonally to M for a better visualization.

Fig. 2. Schematic illustration of the relation between the embedding ¢ and the reduction map R (m,v) = (o(m),le (u)) with m € M.

>
2

Fig. 3. Two intersecting chart domains U,V C M with respective chart mappings x,y and transition mappings xoy~!, yox~! on x(UnV)C RN and y(U nV)CRN.
4 g P! ppIng. ppIng

This exactly covers the case where ¢ and g are linear. The projection property (3.3) then relates to the biorthogonality of W and V'
0@ = idpn = WV =1,eR™,
R| pginyod@l s = idgn = WV =1, e R™,

which is often assumed in linear-subspace MOR.

Definition 3.4 (Reduced-Order Model). Consider the FOM (3.1), a smooth embedding ¢ € C®(M, M), and a reduction map R € C®(TM, TM) for
¢ with point and tangent reduction for ¢ given by R (m,v) = (o(m),le (u)). We define the ROM vector field as X : P — X w1 via

X(H)"h 1= Rl iy (X poy) € T M.
Then, for u € P, we call the initial value problem on M
iy| = X(y)( € Ty M
e lep Py TR

7 (toim) = 7o) 1= 0 (ro (W) € M

(3.5)

the ROM for (3.1) under the reduction map R with solution y(-; u) € C*®(Z, M).

We emphasize that both, the point and the tangent reduction, are relevant for the ROM, since the point reduction is used to map the initial
value y,, while the tangent reduction maps the FOM vector field to the tangent space of the reduced manifold M. Moreover, we see that it is not
sufficient to define ¢ and R|,; only in the image of ¢ and dg|,, respectively, since the initial value and the evaluated FOM vector field may be
elements of M \ ¢ (M) and ToiyMN\ T, (p(,;,)((p(M)), respectively. Especially the discrepancy in the tangent vectors (affected by the choice of the
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tangent space T, ((p(M)) of the submanifold and the tangent reduction map R| ;) has been shown to impact the quality of the approximation,
which can, e.g., be seen in the error bounds derived in [12, Sec. IV.A] or [28, Sec. 2.2].

3.1.4. MOR workflow
MOR (in the scope of this work) can be summarized in three steps:

(i) ApproxivATION: Given the FOM (3.1), find a reduced manifold M and a smooth embedding ¢ € C®(M, M) such that the embedded
submanifold ¢(M) C M approximates the set of all solutions S C M.
(ii) Repucrion: Identify a reduction map R € C*(TM,T M) for ¢ and construct the ROM (3.5).
(iii) ReconstrucTioN: Solve the ROM (3.5) for y and approximate the FOM solution curve y with

rGw e @)  for (t,u) € IXP. (3.6

In the remainder of the manuscript, we discuss all three steps, starting with the Reconstruction step in the subsequent subsection. Possible
constructions of the reduction map in the Repucrion step are discussed in Sections 3.3 and 5. The construction of the embedding ¢ in the
AprprOXIMATION step is analyzed in a data-driven framework in Section 6.

3.2. Exact reproduction

A desirable property in the ReconstructioN step is to answer the question when the approximation in (3.6) is exact, which we refer to as exact
reproduction. Clearly, if for a given parameter u € P, the FOM solution y evolves on ¢(M), i.e., y (t; u) € (M) for all t € 7, then we can define the
smooth curve

f =0 'y (i) € C™(I, M), 3.7

since, by assumption, ¢ is a diffeomorphism onto its image. With this choice, we immediately obtain

d d X d x
X0l g(n) = Xy = 37, = 5woB)|, = dolsu (54],.,)- (3.8)

where the last equality follows from the chain rule (2.5). It remains to prove that the ROM (3.5) is able to recover the reduced curve ﬁ, which we
show in the following.

Theorem 3.5 (Exact Reproduction of a Solution). Assume that the FOM (3.1) is uniquely solvable and consider a reduction map R € C*(T M,T M) for
the smooth embedding ¢ € C*(M, M) and a parameter u € P. Assume that the ROM (3.5) is uniquely solvable and y (t; 4) € @(M) for all t € T. Then
the ROM solution y (-; u) exactly recovers the solution y (-; u) of the FOM (3.1) for this parameter, i.e.,

et =7y forallte1. (3.9)

Proof. Since y (1; u) € (M) for all 1 € I, we can construct £ as in (3.7). It remains to show that § satisfies the ROM (3.5). First, we obtain

Yot = 0 (o) = 0 (v (to: 1)) = (009) (B (to: 1)) = B (tos 1) »

where the last equality is due to the projection property (3.4) for the point reduction. Second, / satisfies the initial value problem of the ROM since
the tangent projection property (3.4b) implies with (3.8)

Rl () <X(/‘)|w(ﬁ“(r;u>)> = (le(ﬁ(t;ﬂ))od(plﬁ(t:u)> (%ﬂvLm) = %ﬁ’,m' u

In the following, we give an example for which the exact reproduction can be achieved for a specific choice of M and ¢.

Corollary 3.6 (Canonical Form). For a given FOM (3.1) on M, assume that M=1IXPisan (n, + 1)-dimensional smooth manifold, that the FOM is
uniquely solvable, that the FOM solution y : T x P =: M — M is a smooth embedding, and that there exists a reduction map R € C*(T M, T M) for the
smooth embedding ¢ = y. Then, the ROM (3.5) reproduces the FOM solution exactly with the reduced integral curve y (t; u) = (t, u) such that the flow of
the ROM is és(t, 1) = (t + s, u). Moreover, the ROM in bold notation reads

d v
¥ =e eRW Folk) = (tg. ).
tu

where e, € R"»*! denotes the first unit vector.

Proof. With the assumptions of Corollary 3.6, the choice ¢ = y guarantees that the assumptions of Theorem 3.5 are fulfilled and Bt w) =@, ) is
a valid choice for the curve in (3.7), which was used in the proof of Theorem 3.5 as the ROM solution candidate. For the remaining statement, we
observe

dal dsl -
o, dtﬂ| =0 forl<i<n,+1,

‘t;u Lp

and 7y(4) = f (to; 1) = (ty, ), which completes the proof. []

Example 3.7. A particular example describing the situation from Corollary 3.6 is given by the linear advection equation with constant coefficients
and periodic boundary conditions, see for instance [44, Ex. 5.12].
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3.3. Manifold Petrov-Galerkin (MPG)

Now we want to address one example of how to construct a reduction map (> Definition 3.2), i.e., how to do the Repucrion step from the
general MOR workflow described in Section 3.1.4. Note that this specific choice of reduction map has been independently developed in [12].
Moreover, we emphasize that the specific choice of the reduction map is crucial for the approximation quality of the ROM; see, for instance, [79]
(linear-subspace MOR) or [12] and references therein (MOR on manifolds), where the latter reference uses that, based on [80, Thm. 1.15], the
projection gog : M — (M) induces fibers in the tangent bundle transversal to T, q,(,;,)((p(./\;l)) and characterizes the reduction map by condensing
the states and tangent vectors along these fibers. Nevertheless, our goal here is not to present an optimal choice but rather an example of leveraging
the smooth embedding ¢ to construct a reduction map using the previously introduced framework in Section 3.1.

Assume that we have completed the Approxmvation step from the general MOR workflow, i.e., we have already identified a reduced manifold
M together with a smooth embedding ¢. Since ¢ is a homeomorphism onto its image, we know that ¢! : (M) — M exists. Additionally, we
assume that we can find a smooth extension ¢ : M — M of ¢~! : p(M) — M (for instance (a) if M is diffeomorphic to R" by the smooth extension
lemma [75, Lem. 2.26] or (b) if M is a tubular neighborhood of @(M) (by [75, Prop. 6.25]), where a tubular neighborhood exists, e.g., if @(M) C RN
by the tubular neighborhood theorem [75, Thm. 6.24]). By construction such a reduction map satisfies the point projection property (3.4a). We
refer to Fig. 2(a) for an illustration of the relation between ¢~! and o. Differentiating the point projection property (3.4a) with the chain rule (2.5)
implies

dol ygmodply, = diid )| = idy, g : TyM — Ty M, (3.10)

i.e., dol, is a left-inverse to dg|;. In particular, we have proven the following duality result.

Theorem 3.8 (MPG Reduction Map). Consider a smooth embedding ¢ and a point reduction o for ¢. Then, the differential of the point reduction ¢ is a
left inverse to the differential of the embedding ¢. Consequently,

Rypg : TM —>TM  (mv) - (0(m),dol, (v)) (3.11)
is a smooth reduction map for ¢, which we call the MPG reduction map for (o, ¢).

We refer to the ROM (3.5) obtained with the MPG reduction map from Theorem 3.8 as the MPG-ROM for (g, ). In index and bold notation, the
tangent projection property (3.10) reads

9

axk

agk

| =4, Dol Dopliy = I, € R™". (3.12)
G 9%

L

P
It can be interpreted as that the columns of D¢|; span an n-dimensional reduced vector space that changes with the reduced coordinates m € R”,
whereas the rows of Do, span an n-dimensional vector space dual to the reduced vector space.

Example 3.9 (Linear-Subspace MOR). If ¢ and ¢ are linear as in Example 3.3, then the MPG-ROM (3.5) with the MPG reduction map from
Theorem 3.8 is the ROM obtained in classical linear-subspace MOR via Petrov—-Galerkin projection

_ i
Ry gy = Dolgoy = W', 37| =W Xl

which is the motivation for the terminology MPG.
4. Manifolds with structure

As a next step, we want to discuss structure-preserving MOR on manifolds (> Section 5). Beforehand, we specify the relevant structures on
the FOM level in the present section. The idea is to equip the underlying full manifold M with additional structure to formulate a FOM vector
field X, which guarantees physical properties, e.g., that the FOM solutions preserve energy over time. We introduce additional structure on M
(> Section 4.1), which allows us to formulate Lagrangian systems (> Section 4.2) and Hamiltonian systems (> Section 4.3) on manifolds. Both
systems admit a FOM vector field, which guarantees that the FOM solutions preserve the corresponding energy over time.

4.1. Additional structure on M

To keep this work self-contained, we proceed by detailing more concepts of differential geometry. We discuss the cotangent space and covectors
(> Section 4.1.1), tensors (>>Section 4.1.2), tensor fields (>Section 4.1.3), structured tensor fields (> Section 4.1.4), and pullbacks of covectors,
tensor fields, and functions (> Section 4.1.5).

4.1.1. Cotangent space, covectors, and cotangent bundle
The dual of the tangent space at m € M (2.3) is the cotangent space at m € M

ToM :={i]|A:T,M — R linear},
which is again an N-dimensional vector space. Elements in the cotangent space are called cotangent vectors or simply covectors. Covectors can be
constructed from scalar-valued functions: For each scalar-valued function f € C*(M,R), its differential at m, df|,, € C*(T,,M, T;,,R), defines a
linear functional on 7,, M if we identify T, R with R. Thus, the differential at m of a scalar-valued function is a covector df|, € 7, M. For a
given chart (U, x) of M, this construction can be used to define a basis of 7;.M: For each i € {1,..., N}, the ith component function of the chart
mapping x! € C*(U,R) is a scalar-valued function and thus dxf|,, € T;:.M. Moreover, with (2.2), (2.4), and identifying T,(,,R = R, it holds for all
basis vectors of the tangent space % i €T, M, 1< j <N the dual relationship

i 2 oxt
dxt (—| ) = =
m\ oxL\m oxL Im

L ~
:%ERZRWR

10
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The differentials {dx|, } <;<x define a basis of 7*M and we can represent each covector A € T)* M as
A=k dxt|, € TiM,

with (covector) components 4; € R, where the right-hand side sums over 1 <i < N by Einstein summation convention (1.3). By the duality of the
bases of T,, M and T}; M, it holds for each covector 1 € T M and vector v € T,,M that

- J P9 Y= vdd| (2

A(v) = (}idx—> (Ufoxl|m> = /liu dx )m (axi

Analogously to the tangent bundle (2.6), a cotangent bundle T* M can be formulated as the disjoint union of 77} M, which can be shown to be a
smooth manifold of dimension 2N.

):)»,-Ui eR.
m i

4.1.2. Tensors
A generalization of vectors and covectors are the so-called tensors. For a vector space V and its dual V*, the space of (r, s)-tensors given by

TIW) =V @ -~ @ VRV @ @ V*.
—_—— —— —
r times s times
In the present work we consider tensors on the tangent and cotangent space, i.e., V = T,,M and V* = T s M. Special cases are 74O, M) = T,,M
and TON(T, M) = T* M. An element ¢ € T"9(T,, M) of a general (r, s)-tensor space is called an r-times contravariant s-times covariant tensor. This
element can be represented by

_ et o d i Js
=0 —F| Q| Q@dx*| Q- Q@dx=
Jids gL, x| m m
i
with components o‘ﬁ eRforl <iy...,i.js...,j; < N, where the right-hand side sums over each index 1 < i|,...,i,.j,...,j; < N by the

Einstein summation convention (1.3). The position of the index (upper or lower index) indicates which type (co- or contravariant) the respective
index belongs to. To extend the bold notation from Section 2.7 for tensors, we stack the components with

NXNX--xN
——

ip.dy g

c .= |lo— € R r+s times
J1---Js
S i g s SN

4.1.3. Tensor field and bundle of (r, s)-tensors
A so-called tensor field is a mapping which assigns each point m € M a tensor in the corresponding (r, s)-tensor space T"**)(T,,.M) analogous to
the smooth vector field introduced in Section 2.5. To this end we define the bundle of (r, s)-tensors as the disjoint union of all (r, s)-tensor spaces

(r,s) P (r,s) — (r,s)
TENTM) = UmeMT (T, M) = {(m,6) | me M, o € T")NT, M)}.
Similarly as before, we obtain the special cases T"Y(T M) = TM and TOD(T M) = T* M. An (r, s)-tensor field is defined as a map

7: M = TN T M), m e (m,7|,,) such that z|,, € T"(T,,M).

iy iy ip..
-

For a given chart (U, x) of M, we denote the ((* + ) - N) functions ©-—: U > R, 1 < iy, ....ip,jis....jy < N, with 75— (m) := (z],,) ! ‘jr as the

J1e--Js Ji---Js J1--

component functions to stress the dependence on the point m. To extend the bold notation from Section 2.7 for tensor fields, we stack the component
functions with
NXNX--xN

ip...i _ g
T = [le jrox 1] CRY D x(U) - R s times
= 1< ecidpojy s SN

iy
An (r, s)-tensor field 7 is called smooth if all of its component functions are smooth, i.e., Tj:.“j.

fields is the so-called smooth section of the (r, s)-tensor bundle I (T"*)(T M)). A special case are the smooth vector fields X, = I' (T"O(T M)).

€ C*®(U,R). The set of all smooth (r, s)-tensor

4.1.4. Structured tensor fields and musical isomorphisms

Tensor fields may possess additional properties, which we refer to as structure. In the following, we introduce two important examples of tensor
fields with special structures, namely Riemannian metrics and symplectic forms.

For a smooth (0, 2)-tensor field = € I' (T%?(T M)) with its component functions ; €EC*(U,R) for 1 <i,j < N in a given chart (U, x), the tensor
field 7 is called

» symmetric, if @lw)ij = @l for each m € U and for all 1 <i,j < N;
« skew-symmetric or 2-form, if @iy = =@l for each m € U and for all 1 <i,j < N;

+ nondegenerate, if [(z],,);;]1<i ;<N € RN*N s invertible for each m € U;

* positive definite, if [(z],,);;]1<ij<n € RNXN is positive definite for all m € U;

* a closed 2-form, if 7 is a 2-form and for each m € U
9Tjy.

oxt
m

0ty;
oxt

0t;;
—=| =0 forall1<i<j<k<N. 4.1

m

*
m ox=

Combining some of the previous properties, we obtain the following concepts. A smooth (0, 2)-tensor field = € I' (T®?(T' M)) on M is called

11
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+ a Riemannian metric on M if r is symmetric and positive definite;
+ a symplectic form on M if 7 is skew-symmetric, nondegenerate, and closed.

If 7,0 € I (T"?(T' M)) are a Riemannian metric and a symplectic form on M, respectively, then we call (M, 7) and (M, ®) a Riemannian manifold
and symplectic manifold, respectively. Note that the nondegeneracy of a symplectic form implies that a symplectic manifold has even dimension.
Both the Riemannian metric and the symplectlc form are nondegenerate tensor fields. This allows to formulate the inverse (2, 0)-tensor field
=l e r@®9%TM)) such that (zl,, 1) (Tl ;= 5 where the components are typically denoted with (z],, yE = (z[,, 1)* for the sake of brevity.
Moreover, the nondegeneracy allows to formulate an isomorphism between the tangent and the cotangent bundle. Loosely speaking, this means
that the indices in the index notation can be switched from covariant (superindices) to contravariant (subindices) and vice versa. This is typically
referred to as musical isomorphisms

b € CTMT M), (m ot 2| Y (m, (el o dx£|m) , (4.2)

fo e = MTM),  (m 3,4, ) o (m @100, 2

) . 4.3)

Due to the nondegeneracy of 7, the two mappings are inverses of each other, i.e.,
#.0b, =idy,,. (4.4)
By a slight abuse of notation, we use the same symbols from (4.2) and (4.3) also to map between (co)tangent spaces b, : T,M — T M and

f, : T:M — T, M (instead of the respective bundles).

4.1.5. Pullback of covectors, tensor fields, and functions
Consider two smooth manifolds M, Q and a smooth map F € C®(M, Q). Let (U, x) and (V,y) be charts of M and Q respectively such that
m € U and F (m) € V. The differential (2.4) of F can be used to define the pointwise pullback (of covectors) by F at m via

dF*|, €C* ( F(m)Q’Tr:M)’ Ay 5 iy

I 4 dxt
oxL m;tL dx |m‘ (4.5)

For a smooth (0, s)-tensor field = € I'(T®*)(T'Q)), the pullback of = by F, denoted by F*z € I' (T®(TM)), is a smooth tensor field (see [75,
Prop. 11.26]) with component functions °

oFZL|  oFZ
axiL axlz m

A scalar-valued smooth function 4 € C*(Q, R) can be interpreted as a (0, 0)-tensor field. Then, as a special case of (4.6), the pullback of (a function)
h by F is a smooth function F*h € C*(M,R) with

(4.6)

(F*zl,);, . = Clra)y,

(F*h) (m) = h(F (m)) = (hoF) (m). 4.7)

By Section 4.1.1, the differential of a smooth scalar-valued function G € C*(Q,R) defines a covector dG| Fomy € T, Q. Then an analogue to the
chain rule (2.5) is

d(F*G)|,, = dF*|,,dG| gy € TiM, (4.8)

Lo

which uses the pullback of a function (4.7) on the left-hand side and applies the pointwise pullback dF*|, € C*(T,;Q,T, M) to the covector
dG|p(yy € T,,Q on the right-hand side of the equation.

4.2. Lagrangian systems

This subsection defines Lagrangian systems formulated on a manifold and additionally introduces further structure required for the MOR part
discussed in the forthcoming Section 5.2. For more details we refer, e.g., to [81, Cha. 7] or [82, Part II]. Consider a Q-dimensional smooth manifold
O with chart (V, y). As mentioned in Section 2.5, the tangent bundle 7Q is a 20-dimensional smooth manifold and the differential dy € C®(T'V, R29)
defines a natural chart (2.8). We abbreviate this chart with & := dy for brevity. By (2.8), it holds

E:TV > R, <q,y _‘ ) (), [u]1<l<Q)
It will be relevant to differentiate between the first O and the latter Q entries of £ for a point Y, = (¢,v) € TQ, which will be denoted with
& (Yy) = ¥ (@), 2t (v,) = o, for1<i<O.
To lift a smooth curve yy € C*(Z, Q) to its tangent bundle, we define
o d
L, €C™L.TQ. 1+ (100, 21| ).

We denote a Lagrangian system as the tuple (Q,.%) of a smooth manifold Q and a smooth function .¥ € C®(T'Q,RR), which we refer to as the
Lagrangian function. The associated second-order differential equation on the manifold is given by the Euler-Lagrange equation

d 0L . q
_E(W ) =0 for1 <i<O, r,Q(zo)=<°>, (4.9)
Ty T ©)

0]
5 The pullbacks from (4.5) and (4.6) can be related in the case of smooth covector fields « € I'(T®)(TQ)), i.e., s = 1, with (F*a)|,, = dF*|, |z, € T;M.

0L
FER

12
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with initial value (g, vy) € TQ, which has to be solved for y, € C*(Z,Q). In bold notation, the equation in coordinates reads for the Lagrangian
L = Lot i RY D ETV) - R, (q,v) » L(q,v)

D .,sf| -dp e =0eR9,
a (ygm,%m(r)) ] |<yg<»>,§yg(»>)

where D ) denotes the derivative with respect to the first O coordinates (named g here) and D () the derivative for the last O coordinates (named
v here).

Since the Euler-Lagrange equations are obtained from a variation of an action functional, it is well-known that the scalar-valued function
(typically referred to as the energy)

. _ i 0 j 0L
gTQ —)R, YQ = <q’UL¢3_y£‘q> =4 Uid‘g@

-2 (Y).
Yo

is conserved along the lift of the solution curve y, of the Euler-Lagrange equations, i.e.,
d -
de (ryQ (.))'t =0 forallreT,

(see, e.g., [76, Sec. 3.5] and [81, Prop. 7.3.1]).
The Lagrangian is called regular if the smooth (0, 2)-tensor field defined by the second-order derivative of the Lagrangian w.r.t. the velocity

P

o O+i O+j
Polyg = g |, 4y, @4 (4.10)

|y Y,
Yo Q Q

at each point Y, € TQ is nondegenerate (> Section 4.1.4). In this case, we can formulate the Euler-Lagrangian vector field X o, € X7 such that at

a point Yy = (q, viﬁ‘ ) € TQ, it holds
—1q
AN
v -

where we use the convention from Section 4.1.4 to use upper indices to denote the corresponding inverse tensor field. This vector field can be
used to formulate the Lagrangian system: Let y € C*(Z,TQ) be an integral curve of X o, with starting point (gy,vy) € TQ. Then, solving the
Euler-Lagrange Egs. (4.9) for y, is equivalent to finding the integral curve y of X o, with y (r) = FyQ (). In bold notation, the system for y reads

P’
agk 9g2ts

e i 0
XleQ '_Ufagi

s 4.11)
Yo

(O+i)(Q+)) [ 0&L
+ (TU|YQ — <¥

Yo Yo

Yo (D

d
a7l =1, - 2
a7, (ru|ym(Dq.?‘y(t)—qu.Sf‘ymyu(t)

)> € E(TV) CR¥. (4.12)

Here we denote by Df} q,? ’Y € R2*C the mixed derivative w.r.t. v and q and the solution curve is split y (¢) = (y sy, (1) €ETV) C R2C in a
part for q and a part for v. The system (4.12) is typically referred to as the first-order formulation for the Lagrangian system.

4.3. Hamiltonian systems

In this subsection, we derive a formulation of Hamiltonian systems on a manifold,® providing the structure to perform MOR in the forthcoming
Section 5.3. For a more detailed introduction we refer, e.g., to [81, Cha. 5], [75, Cha. 22], or [82, Part III]. Let us recall from Section 4.1.1 that
the differential of a smooth function G € C*(M,R) at a point m € M defines a covector dG|, € T, M. Extending this idea, the differential
dG € C*(T M, TR) defines a smooth covector field dG € I' (T»(TM)) with component functions (dG|,,); = ZTGL =

For a given symplectic manifold (M, w) and a smooth function # € C®(M, R) referred to as the Hamiltonian (function), the Hamiltonian vector
field

X i=H,@#) e T @O M), orin index notation: (X - |,)" = (@|,)2 (dA#1,,);

is uniquely defined due to the nondegeneracy of w. A Hamiltonian system (M,w,¢) is an initial value problem (2.9) with an integral curve
y € C*(I, M) of X 5 with starting point y, € M, i.e.,

d

ay'[ =Xl €ToM and  y(5) =7y € M. (4.13)
We denote a Hamiltonian system in bold notation” with

d _ -1 T N _ N

3y|, = (@)™ DI}, €RY, v (1) =7v0 €RV. (4.14)
This special construction of the vector field guarantees that the Hamiltonian is conserved along the solution curve, since

d (2.5) d L 4.13) ij

E(%”’)’, = (d%]b«))i(ad,) = (070),(@l0) (4 1) ; = O,

where the last step uses that for skew-symmetric tensors o € T9(T,, M), it holds 4,62 4; = —4; 6" 4; = 0 for all covectors 4 € T M.
For two given symplectic manifolds (M, w) and (Q, 1), we call a smooth diffeomorphism F € C®(Q, M) a symplectomorphism if F*» = n. It can
be shown that the flow of a Hamiltonian system 6, : M — M is a symplectomorphism.

6 Hamiltonian systems may result from Lagrangian systems via a Legendre transformation, but this is not the subject of the current work, so we refer to [76,
Sec. 3.6].
7 As the Jacobian DJ#|, € RV is a row vector, we need to transpose it for the multiplication to match dimensions.

13
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The theorem of Darboux (see e.g. [76, Thm. 3.2.2]) guarantees that for each point m € M, there exists a chart (U, x) with m € U which is
canonical, i.e., the symplectic form in these coordinates can be represented with ®|,, = J;N by the canonical Poisson tensor®

0 I .
oy = <—IN 0N> € R2Nx2N for which J;N =-Ihy = JEI{,, (4.15)
v Oy

where Iy,0y € RNV are the identity matrix and matrix of all zeros, respectively. In the case of M = R*N with |, = J], for all m € M, we call

(R2N | J;N,Jf’) a canonical Hamiltonian system.

5. Structure-preserving MOR on manifolds
With the general model reduction framework presented in Section 3 at hand, we now discuss how the general framework can be specialized to

preserve important features of the initial value problem on the manifold. In more detail, we first introduce the generalized manifold Galerkin (GMG)
reduction map in Section 5.1 and then use it to discuss the structure-preserving MOR of

+ Lagrangian systems in Section 5.2, and
» Hamiltonian systems in Section 5.3.

5.1. Generalized manifold Galerkin

Assume that the manifold M of dimension N is endowed with a nondegenerate (0, 2)-tensor field z € I (T®?(T'M)), as defined in Section 4.1.4.
As in Section 3.3, we assume that we have already constructed an embedded submanifold (M) C M defined by a smooth embedding ¢ €
C®(M, M), i.e., we have completed the ApproxiMATION step from the general MOR workflow in Section 3.1.4. The straightforward way to define a
reduced tensor field is to use the pullback from Section 4.1.5. Hence, we make the following assumption.

Assumption 5.1. Given the nondegenerate (0, 2)-tensor field z € I (T®?(T'M)), the smooth embedding ¢ € C®(M, M) is such that the reduced
tensor field
ti=g*'ce I TPTM),
is nondegenerate.
Note that the reduced tensor field in bold notation reads
tly=Doll 7l gy D@l € R™, (5.1)

which immediately illustrates that Assumption 5.1 may not be satisfied, in general. For instance, if we take M = R? and M = R, the tensor field
to be a constant skew-symmetric matrix and a linear embedding, then Assumption 5.1 is violated. See also the forthcoming Example 5.14. On the
other hand, if the tensor field is a Riemannian metric on M, i.e., symmetric and positive definite, then the reduced tensor field is also a Riemannian
metric.

We immediately obtain the following relation between the full and reduced musical isomorphisms discussed in Section 4.1.4.

Lemma 5.2. Under Assumption 5.1, it holds

de*| ;00 0dpl; = by € C¥(T;, M. T M). (5.2)

Proof. We prove the statement in index notation. Using (4.2), (4.6), (2.4), and (4.5), we obtain for all m € M, all v e T,;,M andall 1 <i<n

. a(pfl a(pfz
by (), = GEla)y; B = (7 i —_— =&
(T( ))L ( |m)l ( |(p(m))flf2 oxl 0 6x’— .
2] 7y
_ — — ~ * ~
= ok 'h(TLp(,;,))f]fz L ,;,Ui_ ((dg |,;1°bf°d(0|,h)(U))£~ O

The additional structure allows us to construct an alternative reduction mapping to the MPG reduction map (3.11), which we refer to as the
generalized manifold Galerkin (GMG)

Rowg i TM 2 Ey = TM,  (mv) (o(m), (ﬁfodw*h(mob,) (u)), (5.3)

which is defined on the vector bundle

E, o 1= Ume¢(M)TmM.
The domain E (XD C TM of the GMG reduction map is in general smaller than in the original definition of a reduction map (> Definition 3.2).
Nevertheless, all previous results are valid for reduction maps R : E ) — TM as the reduction map is only used in the ROM to project
Xy € TyumyM which is part of E ;). We avoided introducing E, ; earlier for a better readability. The restriction of the domain for the

: * .o NV s *
GMG is necessary as de*|;, : Tw(M)M - T M is defined on T(p(%)M only.

8 Note that in contrast to existing work in the field of structure-preserving MOR of Hamiltonian systems, we speak of the symplectic form |, = J], instead
of J,y. This yields the same Hamiltonian vector field X , |, = J,y D2#|] and does not change the reduction formulas later, but it helps to understand the more
general case of noncanonical coordinates |, # JJ -

14
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By construction, (3.4a), Lemma 5.2, and (4.4), we obtain

RGMG|¢(m)°d(P|ﬁ, = ﬂ%°d¢*|(goq,)(,;,)°br°d(ﬂ|rh =flzob; = idTtha

which proves the following result.

Theorem 5.3. The GMG reduction (5.3) is a reduction map for ¢.

The corresponding ROM (3.5) obtained with the GMG reduction map is called GMG-ROM. In bold notation, the associated reduced vector field
for the FOM vector field X € X, reads with (3.4a)

-1
_ T T
Rl (Xlgin) = <D¢|(po{p)(rh) | gy D ‘l’|(oo¢><rh)) Dol opyiny Tloptin X lpain
-1
= (Do} Tl ooy P@lin) D@} Tl X gy € R”. (5.4)

To motivate the name GMG, we consider the special case that M = RY, M = R” are vector spaces over R (with identity charts x = idgn,

X = idps) and the nondegenerate tensor field 7 is a Riemannian metric that is constant in coordinates, i.e., z|, = 7 = const. We then obtain with
(5.4)

-1
Reno] iy (Xlgam) = (Dol ') (/2 Doly)) (Dol ?) o2 X o)
= (¢ Dola) T2 Xl gy

where (-)" denotes the Moore-Penrose pseudoinverse. In particular, we recover the manifold Galerkin projection introduced in [13, Rem 3.4] and [14,
Thm 3.5], which allows interpreting the reduced vector field as the optimal projection w.r.t. the Riemannian metric z; see [13, Sec. 3.2] or [14,
Eq. 6] based on the Dirac-Frenkel formalism [28-30].

Example 5.4 (Special Case: Linear-Subspace MOR). In the case of ¢, ¢ being linear as in Example 3.3 with z = const and V¢V = I, the GMG
reduction is exactly the ROM obtained via standard Galerkin projection

—1 .
Rancloum®@ = (VTV) " Voo =V, 7, =V Xl

As discussed in Section 4, the FOM vector field may possess additional structure in specific applications, such as Lagrangian or Hamiltonian
dynamics. In the following, we show that the GMG reduction can be used to formulate structure-preserving MOR (on manifolds) for Lagrangian
and Hamiltonian systems by choosing a specific nondegenerate tensor field.

5.2. MOR on manifolds for Lagrangian systems

As in Section 4.2, consider a Q-dimensional smooth manifold Q with a chart (V/, y) and the corresponding chart (T'V, &) of the tangent bundle
TQ (> Section 4.2). The manifold to be reduced in the context of Lagrangian systems is the tangent bundle TQ. To be consistent with the notation
introduced before, we thus set M := T'Q with even dimension N := dim(M) := 2Q. Instead of working directly on M, we still aim for a construction
on Q by employing that the differential of a smooth map (> Section 2.5) is a mapping between the associated tangent spaces.

Definition 5.5 (Lifted Embedding and Lifted Point Reduction). Consider an embedded submanifold wQ(Q) C Q defined by a O-dimensional manifold
0 and a smooth embedding ¢, : @ — ¢(9). Then, we call

9 i=dgg: T = T(p@), @0 (9@ dog

;)
the lifted embedding for ¢4. Analogously, for a point reduction o4 : Q — 9, we define the lifted point reduction
0:=d0g:TQ =T, (g0~ (00(@).dogl,®).

Let us emphasize that ¢ is indeed a point reduction on M = TQ for the lifted embedding ¢, which is a straightforward consequence of

Theorem 3.8. For (q, {)Eﬁ ) e TQ with a chart (V, ) for Q and (T'V,§) for TQ, we immediately obtain
J

999" <i< <j<O
o |y 1<i<Q,1<5j<0,
, 0, 1<i<0,1<j-0<0,
(% 0 1) T %002 | 5
(k9 . k. 1<i—-0<0,1<j<
<,U,Mg) ST | 1si-es0 sy <0,
2902 R
—7 1<i-0<£0,1<,;-0<0,
dyl— g
which reads in bold notation
. Doy, 0
v @o (9) 20 q 20%20
Q. 0) = o | €R™, Doy = y eR .
<D¢Q|qv @’ D(D(pgl(‘)v) . D¢Q|7;
q
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Example 5.6. For a linear embedding ¢4 (§) = V ¢ as in Example 3.3, the lifted embedding from Definition 5.5 is described by a block-diagonal
basis matrix

vV o q
ean=(4 )(2).

which is frequently used in MOR for second-order systems (see, e.g., [83]).

With these preparations, let us now assume that we have a Lagrangian system (Q, .¢’) with initial value (g, v,) € TQ together with embedded
submanifold wg(é) € Q with the embedding ¢4 and a point reduction ¢4 available. Let ¢ and ¢ denote the corresponding lifted embedding
and lifted point reduction as in Definition 5.5. To preserve the Lagrangian system structure in the ROM, we do not aim for a projection of the
Euler-Lagrange Egs. (4.9) but rather start by constructing a reduced Lagrangian via

L =" L = Lop € CX(TI) (5.5)

and immediately obtain the reduced Lagrangian system (9,.2) with reduced initial value Gy, 0p) = o0 (qo,uo) € TQ =: M. Note that with
this strategy, we immediately obtain the ROM that itself is a Lagrangian system, which is not automatically guaranteed if we reduce the vector
field (4.11). Straightforward calculations (see Appendix B.1) show that the Euler-Lagrange equations of the reduced Lagrangian system read

J

_ 999= 2L > dpo” dy f)
= o j - O+j 7 a’Q
W i \ 0 lo(ry0)  oetoe= w(r; 0) 5 lign ™
i’z 0 d p| dy f|
L < 5.6
02tk 520+ (F (T)) dt Yo ¢ dr a’e 5-6)
Pz 990t i;, 4
02tk 520+ w(l';Q(t)) Ea 7Q(’)dt2 Q ;

for 1 <i < n where the right-hand side sums over 1 < j,k<Qand 1 <7¢,p < 0 by the Einstein summation convention (1.3). In bold notation, the
reduced Euler-Lagrange equations read

T 2 d .
0=Dg,l! D,Sf) -D ,sf| Do,|, —y‘
Q"Q(’)< lo(ron.gre]) T o(ra0 7] ) elromatel,

t T

-D: ¥ D? (Ev 45 ) '
v ‘qz(?Q(r)’%?Q,) (pg‘?Q(r) dny’r®d'yQ)r 67

2 <
-0 3‘ Dog; izt ‘ e RY.
" qf(?g(z),%yg’ ) QlYQ(f) azte|

By construction, the reduced Lagrangian system fulfills the Euler-Lagrange equations for the reduced Lagrangian .Z. Thus, the reduced energy

2 ) 0L
Wy EeH |y,
is preserved along the lift of the solution curve 4. Moreover, it holds &= Eogp.

Following the construction in Section 4.2 and assuming that the reduced Lagrangian 2 is regular, we can formulate a reduced vector field

)eTQas
q

-2 (i)

&:TQO - R, ?Q=<q:ﬁ£

X € I (T4 M) for the reduced Euler-Lagrange Egs. (5.7). Indeed, we obtain for a point Y, = (q, ﬁiaiﬂ

VP ~F i}
U= | ——
)ggQ*" v

s — i

5 O+ Pyt
xj|YQ =il )y (5.8)

T ook a,f

2
H

U
%2y, +(6|?Q)f<<X$|W(?Q)
2
with indices 1 <k,# <Q and 1 <i,j,p,r <O and

(fv|w<?g> )

In order to relate this reduction to our framework, we show in the following that the reduced Euler-Lagrangian vector field (5.8) can be
interpreted as a GMG reduction (5.3) of the Euler-Lagrangian vector field (4.11) if an appropriate tensor field is selected. We refer to this as the
Lagrangian manifold Galerkin (LMG). With the nondegenerate tensor field z, from (4.10), we define a tensor field 7 yg € I’ TOD(TM)on M =TQ
with

i U dq)Q
Oy T,
(05 )y 1= ]y 25

. Q i O+j
T'-MGlYQ o <Tq)YQ>-- = ‘ ®déj‘ ( ”|YQ) dé* |YQ ®de== (5.9)
ij
where (r, ‘Y ) are additional components. A typical choice could be (z, ) ) = (Tulyg)“. In bold notation, the tensor field reads
Q ij Yo i v

0 Tb|YQ

Tivoly, = |4 | 0 (5.10)
q YQ

The associated reduced tensor field is denoted with # ;g (as in Section 5.1). Assuming that # g is nondegenerate, we define the LMG reduction
map

Riwe : TM2E i = TM,  (mu) - (g(m), (ﬁim 0d*| TLMG) (u)) . (5.11)
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The LMG reduction map (5.11) is a particular case of a GMG reduction map, and thus, we immediately obtain from Theorem 5.3 that R, ;g is
a reduction map for the lifted embedding ¢.

Theorem 5.7. Consider the ROM obtained by reducing the Euler-Lagrange vector field with R yg. Then solving this ROM for y is equivalent to solving
the reduced Euler-Lagrange Egs. (5.6) for yo with 7 (t) = I o @

Proof. (>Appendix B.2). []

We conclude this section with three remarks.

Remark 5.8. In the special case of classical MOR Q = R2, § = RO with a linear embedding ¢4(§) = V¢ as in Example 5.6, a linear point reduction
00(q) = VTq, and a quadratic Lagrangian %, the reduced Euler-Lagrange Egs. (5.7) recover the ROM from [15]. In our framework that relates to
the choice M = R?2, M =R, ¢ as in Example 5.6, and Ry yg(v,.v,) = (vZVT, vIVT)T.

Remark 5.9. In [15], the authors argue that the reduced Euler-Lagrange equations cannot be obtained from a projection with the embedding ¢g
of the first-order system (which is formulated with the Euler-Lagrange vector field (4.11) in the scope of our work). This is no contradiction to
our work since we suggest a projection based on the lifted embedding ¢ from Definition 5.5 to obtain the reduced Euler-Lagrange equations via
a reduction of the Euler-Lagrange vector field.

Remark 5.10 (Second-Order Derivatives of ¢g). The reduced Euler-Lagrange equations require the computation of second-order derivatives of ¢,
which might be computationally intensive. Notably, the formulation of the ROM in structure-preserving MOR for Hamiltonian systems presented
in the following subsection is independent of second-order derivatives of the embedding ¢g.

5.3. MOR on manifolds for hamiltonian systems

Lastly, we assume to be given a Hamiltonian system (M,w,.7’) as FOM and demonstrate how structure-preserving MOR on manifolds can
be formulated. The procedure works analogously to the GMG from Section 5.1, while choosing the symplectic form © as the nondegenerate
tensor field r = w. First, we assume that the ApproxmvaTiON step is completed and we are given a reduced manifold M and a smooth embedding
@ € C®(M, M) fulfilling Assumption 5.1, i.e., p*w is nondegenerate. We show at the end of this section (>Lemma 5.13) that this assumption is
sufficient for & := ¢*w being a symplectic form and (M, @) being a symplectic manifold. In this case, the embedding ¢ : (M, ®) — (@(M), ®| o(A)
is a symplectomorphism. Second, we use the reduction map

Revg ! TM 2 Eyy = TM,  (m.v) = (g(m), (]i{bod(p*|g(m)obm) (v)) i (5.12)

which we refer to as the symplectic manifold Galerkin (SMG) reduction map. The SMG reduction map is a special case of the GMG reduction map
(5.3) with 7 = @ and ¥ = @, and, thus, we obtain from Theorem 5.3 that Rgyg is a reduction map for ¢. Hence, the SMG reduction fits in our MOR
framework from Section 3.1 and it defines a ROM by (3.5), which we refer to as the SMG-ROM. It remains to show that the SMG-ROM indeed is a
Hamiltonian system, which was the motivation for preserving the underlying structure.

Theorem 5.11. The SMG-ROM is a Hamiltonian system (M, &, 52) with the reduced Hamiltonian 52 := ¢* H# = #og.

Proof. The ROM vector field with the SMG reduction (5.12) reads with (a) Egs. (4.4) and (3.4a), and (b) equation (4.8)

R | i X o2 L) = (ﬂdpd‘/’* |(ooq:)<rh>°bw> (fo (47 Ty )

@ 4 (0™ (4710)) 2 H (a],). 642
which is exactly the Hamiltonian vector field of the Hamiltonian system (M, @, 20). O
Using (5.4), the reduced vector field in the SMG-ROM in bold notation reads
Rsw g (X% |w(rﬁ)) = (D130l gy D@li) " D@10l g X 2| iy € R (5.14)
———— —
:D"’&D”';@ﬁ)zbk';

For a canonical Hamiltonian system, our generalization of the SMG-ROM is consistent with the definitions existing in the literature, which is
shown by the following lemma.

Lemma 5.12. For a canonical Hamiltonian system (R*N ,JIZTN,JZ’) and reduced symplectic manifold (M, &) = (R?", J];n), it holds that
(i) the SMG reduction evaluated at the base point ¢ (n) equals the symplectic inverse
RSMG|¢(,;‘) ()= Deoliv =1, D¢|; J;Nv for dll v e R?N,

(ii) the SMG-ROM is consistent with [17], and
(iii) if, moreover, the embedding ¢ is linear, the SMG-ROM equals the symplectic Galerkin ROM introduced in [59,60].
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;aObI:etfchniques from different references that are covered by MPG (3.11), GMG (5.3), LMG (5.11), and SMG (5.12) introduced in our work.
Name Ref. Details
QPROM [54,55,57] MPG o linear, ¢ quadratic
EncROM [12] MPG 0, @ autoencoders
qmf [56] GMG v =1y, o linear, ¢ quadratic
Manifold Galerkin [13,14] GMG 7 independent of m, symmetric, pos. def.
[15,16] LMG T as in (5.10), ¢, ¢ linear
Symplectic Galerkin [59,60] SMG T= J;N, 0, @ linear
SMG [171 SMG t=17},, 0,9 autoencoders
SMG-QMCL [58] SMG T= J;N, ¢ linear, ¢ from manifold cotangent lift

Proof. By assumption, it holds M =R*N, @ = JIN, M=R>" &= JL. (i) Inserting the quantities in (5.14) yields the statement. (ii) For ¢ to be a
symplectomorphism, i.e., (¢p*w)|; = @|; for all m € M, is with (5.1) equivalent to

Dol 1) Doly=1;,  forall meR™. (5.15)

Considering J;N = —J,5 and J;" = -J,, and multiplying the previous equation on both sides with (—1), gives exactly the definition of a
symplectic embedding from [17, Def. 2]. Thus, the assumptions on the embedding are equivalent (up to smoothness requirements). Moreover, the
SMG-ROM in [17] is projected with the symplectic inverse which (by point (i)) is equivalent to the SMG reduction map for the case assumed in
the present lemma (M =R*N, 0 = J], M=R" ¢ = 7).

(iii) If the embedding is linear, then there exists V' € R*¥*2" such that ¢ (f1) = V. Then, the requirement of ¢ to be a symplectomorphism is
equivalent to V' J,5V = J,,, which is in [59, Equation 3.2] formulated as the condition that V is a symplectic matrix. Moreover, the symplectic

inverse of V is used to obtain the ROM, which is, again, by point (i), equivalent to our approach in this particular case. []

However, our approach extends the existing methods, as it also works (i) on general smooth manifolds (not just M = R*V) and (ii) even in the
case M = R?N for noncanonical symplectic forms o # J]gN. Structure-preserving MOR for noncanonical Hamiltonian systems (for the particular
case of a linear embedding) is discussed in [84]. Compared to that approach, however, we use the noncanonical symplectic form prescribed by the
FOM, which generalizes the symplectic inverse straightforwardly.

It remains to show that assuming nondegeneracy of ¢p*w is sufficient for ¢*w being a symplectic form, which we show in the following.

Lemma 5.13. Consider a symplectic manifold (M,w), a smooth manifold M, and a smooth embedding ¢ € C®(M, M) such that & := ¢*w is
nondegenerate. Then ¢ is a symplectic form, (M, ®) is a symplectic manifold, and ¢ is a symplectomorphism.

Proof. It is sufficient to show that @ = ¢*w is a symplectic form, which in this case results in showing that @ is skew-symmetric and closed. The
skew-symmetry is inherited for all points m € M since with (4.6)

(3(/—1

w1
i 0X= |

= —(@l,)

D) = (0] n —_— - = — (D ,m e Pl
( |M)M ( |w(m))[lf2 656/71 'ﬁa)vcjl . ( |q7(m))£2il aj&/l Jad1

Closedness is inherited since the pullback of a closed form is closed again [75, proof of Prop. 17.2]. []

Note that this is a central difference to reduced Riemannian metrics, which are automatically nondegenerate due to positive definiteness.
The following example shows that the reduced tensor field can degenerate if arbitrary embeddings ¢ in combination with a symplectic form are
considered.

Example 5.14 (Example for Degenerate ¢*w). For an arbitrary n with 2n < N, consider M =R?N, @ = J;—N, M =R?, and the embedding

¢(Yh) =Em with E = < Iln > = RZN)Qn.
02N72n

In this case, it holds D¢|; = E and the reduced tensor field is
. 0 1 I
ol = D(P|;, ®l oy PPl = (I,  Oan_2,) <_IN 0N> <0 2n ) =0 € R¥™=2n,
N N ON-2n

which is clearly not invertible.

6. Snapshot-based generation of embedding and point reduction

Another key task in MOR is the choice of a particular embedding ¢ (the ApproxivaTiON step in Section 3.1.4). In this section, we thus consider the
construction of the embedding in a data-driven setting, which is directly combined with the construction of a point reduction ¢. We first introduce
the data-driven setting (> Section 6.1) and then detail four techniques to generate an embedding and a corresponding point reduction. In Table 3,
we present an overview of selected methods discussed in the literature and how they fit into our general framework. Throughout the section, we
assume to be given the N-dimensional smooth manifold M and a metric d; : M X M — Ry,.
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6.1. Snapshot-based generation

In the scope of the present work, we focus on snapshot-based generation of an embedding and a point reduction. Consider a finite subset .S, € .S of
the set of all solutions .S C M from (3.2), which is referred to as the (training-)set of snapshots and its elements m,;, € Si;qin as snapshots. Typically,
the embedding and the point reduction are determined by searching in a given family of functions

Fpo = {((p, 0) € C®(M, M) X C®(M, M) | ¢ is a point reduction for ¢ (3.4a)}

by optimizing over a functional L: F,, — R, that measures the quality of approximation based on the snapshots mi, € S, i-€.,

(¢*,0%) 1= argmin L (p,0). (6.1)
(@.0€F
We emphasize that Lemma 2.1 guarantees that searching within 7, , automatically yields that ¢ is a smooth embedding and @(M) is an embedded
submanifold. Note that for practical purposes, which we do not further consider, one might want to relax the smoothness assumptions in 7, .
One well-established functional is the mean squared error (MSE)

2
LMSE ((p’ 0) = Z (dM (mtrain’ ((pOO) (mtrain))) € Rz()‘ (62)
|Strain| Mirain €Strain
The motivation of minimizing the MSE is that if Lyge (@, 0) = 0, it is guaranteed that all snapshots m,,;,, € S;,,i, are in the image of the embedding
¢ and thus directly lay on the embedded submanifold, i.e., S, € @(M). In general, however, the MSE is not equal to zero. Nevertheless, then we
know that for each addend of (6.2) it holds that

(dM (mtrain’ (gaop) (mtrain)))2 < |Strain| ) LMSE (Co, 0) (63)

for all snapshots m,;, € S, due to non-negativity of the respective addends.

In the following we present four examples for snapshot-based generation for the case where M = RN, M = R", T,M = RN, T; M = R" are
Euclidean vector spaces with chart mappings x = idgn, ¥ = idg. and the metric d,, is defined by a symmetric, positive-definite matrix g € RV*N
with

lmlly := VmTgm, dy (m, w)=lm-wl,, for m,w € RN.
With this choice, the MSE (6.2) in coordinates reads
1 2
LMSE ((P, 0) = |S_ 2 “mlrain - ((pOO) (mlrain) ‘g . (6~4)
t

mi“| Mirain € Strain
For each of the four presented approaches, we

(i) formulate the respective family of functions as a subset of 7, ,,

(ii) describe how the MSE functional (6.2) is optimized,
(iii) refer to existing work that uses the respective technique.

6.2. Linear subspaces

As discussed in Example 3.3, linear-subspace MOR is included in our framework if the embedding ¢ and the point reduction ¢ are linear maps
Pin (1) := Vi, Oiip (m) 1= W m, (6.5)

based on the matrices V,W € RV*" with n < N. Due to the linearity of the mapping ¢;;,, we get that ¢;, (R") is a linear subspace of M = RY,
which is why we refer to this technique as linear-subspace MOR. We formulate the respective family of functions by

Fopotin = {((plin, o) from (6.5)| V. W € R¥*" such that WTV = I,,} .

Proposition 6.1. The family of functions F,, ,;;, is a subset of F,, .

Proof. The assumption W'V = I, implies the point projection property (3.4a) with
(Q1in®Pyin) (1) = W Vin = tn. []

Minimizing the MSE (6.4) over F, is equivalent to finding matrices V*, W* € RV*" with

,0,lin
2
* * ; T
VW)= arg min Z H(IN VW m il -
N N
(V’WEF.!}.VX”IX[R X Myain € Strain
=In

This is, in turn, equivalent to the proper orthogonal decomposition (POD)

V* = argmin 2 ”(IN —VVTiom,, Z

Nxn
VTEJR My1gin €Sirain
vTgv=I,

s (6.6)

since (i) H(IN - VWT)m” > H(IN - VVTg)m” for all W € RV>*" and all m € RY, due to the projection theorem (see, e.g., [85, Sec. 4.3]), and
g g

since (ii) the matrix V can always be chosen to have orthonormal columns VTgV = I,. An optimal solution of (6.6) can be computed with the
truncated singular value decomposition (see, e.g., [86]).
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For structure-preserving linear-subspace MOR techniques, 7, ,;, may have to be restricted to a class that preserves the respective structure.
For example, for the structure-preserving MOR for Hamiltonian systems, the SMG is used, which assumes ¢ to be a symplectomorphism and
W =1l,y V.,]I; is the so-called symplectic inverse. Such MOR techniques are used, e.g., in [59,60,87].

In more general cases, an explicit solution procedure for the corresponding optimization problem (6.1) may not be available. This includes,
e.g., cases where the loss function L is not the MSE or cases where the loss function is optimized over a set of embeddings ¢ and point reduction
maps ¢ which have to fulfill additional constrains (e.g., the embedding being a symplectic map for structure-preserving MOR of Hamiltonian
systems). In such cases, iterative, gradient-based optimization schemes are typically used. Formulating the set of the considered embeddings and
point reduction maps itself as a manifold (e.g., as the (symplectic) Grassmann or Stiefel manifold), enables the usage of techniques from optimization
on manifolds. Examples for such techniques include optimizing on the Grassmann manifold [12], on the product of two Grassmann manifolds [79],
on the symplectic Stiefel manifold [88-90], or on the symplectic Grassmann manifold [91].

6.3. Quadratic manifolds

Recently, so-called MOR on quadratic manifolds has become an active field of research [54-58]. In our terms, the embedding and point reduction
are set to

Pquad (1) 1= Ayin® 7 + Ayt + A, Oquaa(m) := A] (m— Ay). 6.7)

with 4, € RN#HD/2) 4 e RNxn Ao € RN, By (%2 : R" — R+D/2 iy > mn®"2, we denote the symmetric Kronecker product, which produces all
pairwise products of components [rh]/ € R of i for 1 <i < n while neglecting redundant entries, i.e.,

N N R T e O R T S
The respective family of functions is

F(,o,p,quad = {(q’quad’ pquad) from (67) ‘ AIAI = In and AIAZ = 0nxn(n+l)/2} . (68)

Proposition 6.2. The family T, , ,..q i @ subset of .

,0,qua

Proof. The assumptions (6.8) on A, and A, imply the point projection property (3.4a),

(Oquad®Puad) (1) = A] (Az'h®sz +Am+ Ay - Ao) .

The matrices A, and A, are obtained in [54-58] from the MSE functional (6.4). In this setting, the assumptions in (6.8) allow to determine the
matrices Ay, A; and A, sequentially: First, A is chosen, e.g., as the mean of S,,,;,. Then, (6.4) is optimized for A, (similarly to (6.6)). Finally, (6.4)
is optimized for A,, which results in a (regularized) linear least squares problem. The preceding papers use different tangent reductions to derive
the ROM, which can be classified with the framework introduced in the present paper: [54,55,57] use the MPG reduction map (3.11), while [56]
relies on the GMG reduction map (5.3) (but neglects a few higher order terms). The major difference between using MPG or GMG in that context
is that the MPG projects the FOM vector field with the tangent reduction

T
1

R - = Do, =
MPG |¢quud("’) Oqudd ‘pquad('ﬁ)

which is constant, while the GMG uses the tangent reduction from (5.4) with z|,, = Iy for all m € RY and D¢|; = A, B,(i) + A, with a linear
function B, : R" — Rr+1)/2xn describing the derivative of (-)®2, resulting in
T - T
RGMG|¢quad('h) = (Dq)lﬁl Tl(l’quad(’me)lf") D(plﬁl Tl?quad('h)
LT .\ g T
= (In + (B, () A;Asz(m)) (AyBy() + A))

which is typically nonlinear in 7, and, thus, so is the reduced vector field in general.

In [58], structure-preserving MOR of Hamiltonian systems on quadratic manifolds is investigated. Two approaches are presented and compared:
(i) The blockwise quadratic approach uses an embedding of a comparable structure as (6.7) in combination with the MPG tangent reduction. In
contrast, (ii) the quadratic manifold cotangent lift uses the SMG-ROM. In order to construct a symplectomorphism from a quadratic embedding, the
so-called proper symplectic decomposition cotangent lift from [59] (which generates a linear embedding ¢) is generalized to the case of nonlinear
embeddings ¢ by introducing the so-called manifold cotangent lift. Based on this idea, the authors construct an embedding ¢ : R?* — R2N, where
the first N component functions are of the structure (6.7) and the last N component functions are rational functions. The SMG (as a special case
of the GMQG) is then used for a structure-preserving tangent reduction of the Hamiltonian vector field.

6.4. Nonlinear compressive approximation

Following the idea of the previous subsection, the embedding and the point reduction can be defined more generally with
@nca () = Ay f () + Ay + A, onca(m) 1= BT (m— A), (6.9)

where 4, € RV, A, € RV A, € RV, B € RV*" are matrices, and f € C®(R",R") is a smooth nonlinear mapping for a given # € N.
Following [92], we refer to this approach as nonlinear compressive approximation (NCA). The respective family of functions is

Fpanca = { @ncas oxca) from (6.9)| BTAy =T, BT Ay = 0,5} (6.10)

Proposition 6.3. The family F, ,nca is a subset of F, .
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Proof. The assumptions on A;, A,, and B in (6.10) imply the point projection property (3.4a) with
(OncaO@nca) () = BT (Ao f () + Ay + Ay — Ag) = . [

The MSE for this approach may be optimized sequentially as in the MOR on quadratic manifolds discussed in the previous section using B = A,.
This method is, e.g., used in [93], where f is a neural network.

Multiple works investigate NCA: First, the quadratic embedding (6.7) discussed in the previous subsection is a special case of the NCA when
choosing f (i) = n®2, Similarly, f can be chosen as a higher-order polynomial in 7 to obtain a more general approximation. Second, in [93],
[ is learned with an artificial neural network, while a time-discrete setting is considered for the reduction, which is not covered by our methods.
Third, [92] analyzes the approximation of a set of traveling wave solutions with (and without) varying support on the PDE level using decision
trees and random forests in their numerical experiments. Interestingly, the authors show that a linear point reduction is enough to reproduce the
set of traveling wave solutions. Fourth, in [94], it is shown that the NCA has its limitations in terms of the Kolmogorov (7 + n)-width since the
solution is contained in an (7 + n)-dimensional linear subspace of R".

6.5. Autoencoders
Autoencoders are a well-known technique in nonlinear dimension reduction (see, e.g., [95, Cha. 14]). In the understanding of the present work,
MOR with autoencoders chooses
@ae € CX(R",RY), oA € CO (RN, R™), (6.11)

where both functions are artificial neural networks (ANNs) with network parameters 6 € R" (like weights and biases). Since p¢ : RY — R” and
@ac - R" — RV, the concatenation @,go0,e maps from RV over R" back to RY. The in-between compression to R” is typically referred to as the
bottleneck, pe as the encoder, @,e as the decoder, and the concatenation @zooac as an autoencoder. The respective family is

FoohE 1= {((pAE,gAE) from (6.11) | 6 € R"0 network parameters}.

Without special assumptions about the architecture of the ANNSs, it is generally impossible to show the point projection property (3.4a). However,
whenever the minimum of the cost functional (6.1) is small, then we show in the following that the point projection property (3.4a) holds
approximately. We assume to be given a norm ||-||; : R" — Ry, such that e and o,e are Lipschitz continuous, i.e., there exists a constant C,, > 0
such that for all points m, w € R"

|l@ae () — @ae (11/)||g <C,llm—wllg (6.12)
and a constant C,20 such that for all points m,w € RN

lloae (m) = ope @)z < C, llm —wll, . (6.13)

Theorem 6.4. For a given tuple (@ g. 0ae) € 'y, ae from the family of functions for MOR with autoencoders with an MSE value of Lysg (@aE-0ag) 20,
the point projection property (3.4a) is fulfilled approximately in the sense that for each m € R"

) — i z < 0 train s
[(@aco@ae) () — ||, < C \/|S | Liise (@ 0ae)
+(C,C,+1) min

m— OAE (Wirain
Wirgin €Strain ( )

Thus, for a bounded set M ¢ R”, a fine sampling in S, of M and small values of the MSE functional such that the term | S, | Lvise (@ag: 0ac)
is small, the point projection property (3.4a) holds approximately on M, i.e., OAEOP A | iy = 1d gy

Proof. The proof is split in two parts. In the first part, we show that the inequality holds in the encoded training points i, := @ag (Wirain) With
Wirain € Sirain- Then, we show that the inequality holds for general m € R” by applying Lipschitz continuity.
Consider a fixed but arbitrary training point w,,;, € S, Using (6.3) and (6.13), it holds

rain*

”(OAEW’AE) (Wrrain) = Prrain ;= H(OAE°(PAE°0AE) (Wieain) — One (Wirain)

< Co ”((pAEooAE) (wtrain) — Wirain g

< Cg \/|Slrain| LMSE (¢AE» oAE)‘

This property can be generalized to points 1 € R" \ gag (i, )- The idea is that for a general Lipschitz continuous function f : R" — R" with
Lipschitz constant C > 0 and H J (W) |, < Cp for some Cp > 0, it holds for all m € R" by adding a zero, triangle inequality, and Lipschitz
continuity

IF @)l < | (@ieain)

14

‘g + ”f ('h) - f (wlrain)

\g < Cp + C it = i -

For our case, we use f (i) = (@agoPag) () — m with Lipschitz constant C = C,C, + 1, bound Cp = Co\/|S[rain| Lyse (®ags 0ag), and points
Wirain = OAE (Wirain)- Thus, it holds

[(@aeo@AE) () — '7’||g <C, \/lStrain| Lyse (Pag- 0ac)

+ (Cgc(p + 1) “'h — OAE (wlrain)

Taking the minimum over all w,,,;, € S,;,;, on the right-hand side yields the result. [
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Remark 6.5 (Constrained Autoencoders). In [12], the authors introduce a novel autoencoder architecture, which aims at fulfilling the point projection
property (3.4a) exactly. The architecture of the encoder is chosen to invert the decoder layer-wise based on the assumption that the linear layers
of the decoder and encoder are pairwise biorthogonal. This biorthogonality is guaranteed by projecting iterates onto the so-called biorthogonal
manifold during the iterative optimization of the autoencoder.

One of the first works to combine autoencoders with projection-based MOR is [13]. As discussed in Section 5.1, the time-continuous formulation
in that work considers the GMG reduction for a state-independent Riemannian metric. A structure-preserving formulation for Hamiltonian systems
in combination with autoencoders is discussed in [17]. As shown in Lemma 5.12, this work is based on the SMG reduction.

7. Conclusions

This work proposed a differential geometric framework for MOR on manifolds in order to analyze two important efforts in MOR jointly: (i)
The use of nonlinear projections and (ii) structure preservation. The key ingredient for our framework is an embedding for a low-dimensional
submanifold and a compatible reduction map. The joint abstraction allowed us to derive shared theoretical properties, such as the exact reproduction
result. As two possible reduction mappings, we discussed (a) the manifold Petrov—Galerkin (MPG) using the differential of the point reduction and
(b) the generalized manifold Galerkin (GMG), which is based on a nondegenerate tensor field. Moreover, we showed that structure-preserving MOR
on manifolds for Lagrangian and Hamiltonian systems can be accomplished by choosing specific nondegenerate tensor fields in the GMG reduction
map, which we refer to as the Lagrangian manifold Galerkin (LMG) and symplectic manifold Galerkin (SMG). In order to connect our framework to
existing work in the field, we demonstrated how different techniques for data-driven construction of the embedding and point reduction map are
reflected in our approach. We discussed four approximation types (linear, quadratic, nonlinear compressive, and autoencoders) and linked each of
these types to multiple existing works in the field.

We believe that our framework can be extended in several regards: First, other structure-preserving MOR techniques might be formulated in
the framework, such as Poisson systems [96], port-Hamiltonian (descriptor) systems [65,66], or (port-)metriplectic systems [97-99]. Thereby,
all the described nonlinear projections (quadratic, nonlinear compressive, autoencoders) become available for such structured systems. Second,
the framework should be extended to other established MOR approaches like lifting [32,33], symmetry reduction [100] and shifting-based
mechanisms [35,42-44,48,57]. Third, as the high-dimensional differential equations we consider as FOM are often obtained from the semi-
discretization of systems of partial differential equations (PDEs), the framework should be extended to the PDE level. Such a formulation would
forward the structures formulated on the PDE level to the ODE level.
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Appendix A. Topological spaces and topological manifolds

A.1. Fundamentals

Consider a set M. A topology on M is a collection 7 of subsets of M (which are called open subsets of M) that satisfy that (i) both the empty
set ¢ and the set itself M are open, (ii) each union of open subsets is open, (iii) each intersection of finitely many open subsets is open. The pair
(M, T) is called a topological space. If the specific topology is clear from the context or not particularly relevant for the discussion, then we simply
write M instead of (M, 7).

For two topological spaces M and Q, a map F : M — Q is called continuous, if for every open subset V C Q, the preimage {m € M | F (m) € V'}
is open in M. We call F a homeomorphism, if (i) it is bijective (and thus the inverse F~' : Q — M exists) and (ii) both F and F~! are continuous.
Correspondingly, two topological spaces M and Q are called homeomorphic if there exists a homeomorphism from M to Q. Moreover, M is called
locally homeomorphic to RN for N € N if for every point m € M there exists an open set U C M with m € U, which is homeomorphic to an open
subset of RV.

A topological space M is called a topological manifold of dimension N if it is locally homeomorphic to RV (and additionally Hausdorff and
second-countable, see e.g. [75, Cha. 1 and App. A]). We denote the dimension with dim(M) = N.

A.2. Proof of Lemma 2.1
By assumption, ¢ € C®(M, M) and ¢ € C®(M, M) are smooth maps. Then, the restrictions to (M) C M are smooth maps in the subspace
topology, i.e., p € C*(M, @(M)) and o] o0 € C®(p(M), M). Thus, ¢ is a smooth diffeomorphism onto its image in the subspace topology. By [75,

Prop. 4.8. (a)], ¢ is a smooth immersion and thus a smooth embedding.

Appendix B. Proofs for Lagrangian systems

B.1. Derivation of the reduced Euler-Lagrange equations

The derivatives of . can be computed for }V’Q = (ti, ﬁia%i > eTOwith1<jk<Qand1<i<O as
q

12| _ ez oL 0L 22
3 Iwvl ISy I 0+ | . 7|
vy (i) % Iy 9 le(Y) % 1o
_ oz dpgt 02 Pog” |k
= i . ] 0t | o ook |.T
(= o(¥g) oy~ 0E== | )0y 9= |4
0.2 0 Fra 0. 02t
o, = oa | e or | 07| . ol
0E0H Yo 0 | (Vo) 029t [y = o (v,) Pl Yo
j
_ L 0pg=
0e2t o(¥o) ot |

Evaluation for the lifted curve I} 0 € C*(1,TQ) and derivation with respect to the time, yields for 1 < j,k<Qand 1 <i,Z,p<Q

g<o.§é >_g<af£ dpg
dr 0+ Todr \ QY N M
=100/, ° (p(ri’g(-)) 0 /|,
- P2 dwgt| agk| 4 ( oz
T ogk 02t o |, o0& ar \ g™
9¢=0¢ ‘ﬂ(rfgu)) 7 lr % U0 !
Bz | ok |4 (g2
k 1-0+] W LO+¢ dr \" 7o)
06 06— 4’(ryQ(y)> o5 Po() 0c—— I"?Qm t
4+ 0z dpot 22tk a4 ( I £
O+k .0+j ol i dr \" 7)™
90 ‘P(Tygm) W lrg % Trom ¢ !
402 dpol| a2tk 4 ( o O
O+k .0+ Wl 20+¢ dr 7o)
0= 0= o (100) P i 0¥y o) 2 i
02 Poo”| 4 (Fv <)£>
0+J Foi . ar \U ol
0= V)(l‘yg(,))‘)y el IO Q '
Ry 0pgt opok dy ¢
= Tk 04 OE L ol |, darfeT
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23



P. Buchfink et al.
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In total, it holds for 1 < j,k<Qand 1 <i,#,p<Q in
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B.2. Proof of Theorem 5.7
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In order to show that the systems are equivalent, we show that the underlying vector fields are identical, i.e., we show that the LMG
reduction (5.11) of the Euler-Lagrange vector field (4.11) results in the reduced Euler-Lagrangian vector field (5.8). To simplify the notation,

we use 7 = 7 g and ¥ = 7 g in the following, with 7, as in (5.9). Let IV/Q = (4.0 = (4. ﬁi§| )€ TQ. The reduced tensor field ¥ = dp*r reads
q
for1 <a,p <20
oy = e <T| y ) 22 dea), ®d§£|v
Yo = aet |y \lelo) Jys o |7, " e Yo
Pogk | p i awgﬁ‘ 2O+ dnot ]
= (| . 7| wad| + 2] aH] e 2| e
< qlfﬂ(YQ))M(‘)yg"y‘ Yo g Yo o Wy, g Yo o |y, g Yo
dpo | oot | 2 dpol| 420+
+ (T & ) —_— dffl . [y —— U’Ld«ff) L d§
olo(io) M( EIN P oot |y, o ' o Iy, Yo
- 20+ 5 y % 5
= (7|, ) |, ®a| +<T ) > | ®@d|,
< a YQ>U Yo Yo 1Y, o o Yo
- zi 20+j
+(#ly,) 0|, @
L|YQ ij Yo Yo
with the abbreviations
v opok dpot
<Tq’?> :a_gv<fq|?> o |y,
e/ij Y 1Y, (o) ke 9 1Yo
(TU|YQ >l T o Y'Q Tl)l(p(YQ) % o YQ’
. oz(pQ& “p ( ‘ ) ()q,gﬁ ,)(I,Qk' ( ) azwgﬁ p
T . = -\ 7, . e i T, o 7 U—
( a Yg)i ool |y, \ (Vo) ) o Iy, T 0y, tlotio) )y o520 Yo
for 1 <k, <Qand 1<i,j,p<0Q.Itis easy to verify that the inverse of  is given by
o i 9 )
o =(,]. — —
| o ( q YQ) oéL ?Q dEQi )V’Q
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with 1 <, j,k,Z < O, which in bold notation reads
v v | 0 v -1
T T,|vy T
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Moreover, we obtain for the indices 1 < f,y <2Q and 1 <a <20 and 1<j k<Qand1<?,p,r<Q
be (Runo X)), = (4015, (b (Xl ) ), 082

_ ot
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and observe that the last term equals (%‘l‘y ) . Combining (B.2) with (B.1), the LMG reduction (5.11) of the Euler-Lagrange vector field (4.11)
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Thus, the vector field obtained with the LMG reduction (5.11) with the LMG tensor field 7 g from (5.9) results in the reduced Euler-Lagrange
vector field (5.8), which is equivalent to solving the reduced Euler-Lagrange Egs. (5.6) by construction.
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