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ABSTRACT
We report the derivation and implementation of analytical nuclear ground-state second derivatives for uncoupled frozen-density embed-
ding (FDEu) within Hartree–Fock and Kohn–Sham density functional theory. Exchange integrals are evaluated using the chain-of-spheres
exchange approach, for which exact nuclear second derivatives are derived and implemented, including all grid derivative contributions,
to assess the accuracy of new approximate derivatives. The accuracy of the FDEu Hessian is assessed for selected sample systems by
comparison with corresponding supermolecule calculations, encompassing both weakly and strongly coupled subsystems to investigate
strengths and limitations of the approach. Finally, the vibrational frequencies of a naphthalene dimer embedded in a crystalline naphtha-
lene environment—comprising up to 44 molecules and a total of 792 atoms—are presented, demonstrating the method’s applicability to
extended molecular systems and its potential for the conceptual analysis of intermolecular dimer vibrations relevant to charge transport.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0308919

I. INTRODUCTION

Organic semiconductors have attracted great interest due to
their potential in flexible and lightweight electronic devices, such
as organic field-effect transistors, light-emitting diodes, and pho-
tovoltaic cells.1–5 Charge transport in organic semiconductors is
strongly influenced by weak intermolecular interactions and low-
frequency lattice vibrations, which can lead to energetic disorder and
reduced carrier mobility. Such vibrations, sometimes referred to as
“killer phonon modes,” modulate the electronic coupling between
neighboring molecules and thus play a decisive role in determining
charge-transport properties.6,7 To accurately describe these effects
from first principles, access to molecular vibrational properties and
their influence upon electronic properties in large, weakly bound
molecular assemblies is essential.

Molecular vibrational properties are accessible via nuclear sec-
ond derivatives of the electronic energy. Analytical implementations
are of central importance as they provide results at a fraction of the
computational cost and with higher accuracy compared to (semi-
)numerical differentiation techniques. Ground-state self-consistent

field (SCF) analytical nuclear second derivatives have been reported
in the literature for Hartree–Fock (HF) and Kohn–Sham density
functional theory (DFT)8–10 as well as for correlation methods,
such as Møller–Plesset perturbation theory and coupled cluster
theory.11–14 However, the computational cost of Hessian calculations
increases steeply with system size, limiting their routine application
to small- and medium-sized systems. To extend the applicability of
computational methods with significant scaling to larger systems,
subsystem approaches provide an alternative. For example, second
analytical derivatives for QM/MM approaches have been devel-
oped in the literature.15–17 The vibrational treatment becomes even
more increasingly challenging for the treatment of complex systems
beyond the harmonic approximation. Several partition schemes to
address these challenges have been reported, ranging from fixed
subspace transformations via flexible adaptions of subspaces to
embedding approaches; see, for example, Refs. 18–20 and references
therein.

Embedding techniques allow the evaluation of molecular
properties for the active subsystem while retaining the essen-
tial influence of the environment at reduced cost compared to a
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supermolecular calculation. In the uncoupled frozen-density
embedding (FDEu) QM/QM scheme, the total system is par-
titioned into an active subsystem and a frozen environment
that interacts via an embedding potential, including electro-
static, exchange–correlation, nonadditive exchange correlation, and
kinetic energy contributions.21–25 FDEu Hessians are, therefore, par-
ticularly appealing for large assemblies where only local properties
are of interest, such as vibrational effects on electronic properties
in organic semiconductors. Ground-state analytical gradients have
been reported previously for HF and DFT in the FDEu scheme.26

Analytical gradients for related embedded wave function and DFT
methods were claimed to be reported but without providing any
equations.27 Embedded gradients have furthermore been applied
in ab initio molecular dynamics simulations28 and in geometry
optimizations.29 However, to the best of our knowledge, analytical
second derivatives for frozen-density embedding have not yet been
presented with equations.

While the FDEu approach addresses the scaling of frequency
calculations with system size in principle, an efficient implementa-
tion of the Hessian remains essential for treating larger subsystems.
A well-established way to reduce computational cost of two-electron
exchange integrals over Gaussian basis functions is chain-of-spheres
exchange (COSX),30–34 which is also referred to as seminumeri-
cal exchange. In this framework, two-electron exchange integrals
are evaluated semi-numerically, i.e., the integration over one elec-
tron coordinate is performed numerically. This approach retains
near-exact accuracy if appropriate integration grids are used.35 The
COSX method has been successfully applied to a variety of elec-
tronic structure methods and properties, including, e.g., SCF energy
gradients,30,31,36 time-dependent DFT calculations,33,37 and molec-
ular Hessians.32 Exact analytical gradients of the COSX energy
expression have been reported in the literature, along with efficient
approximations that further reduce the computational scaling.30,38

Nuclear second derivatives of the COSX energy have also been
reported, albeit employing such approximations only.32 To the
best of our knowledge, exact analytical second derivatives of the
COSX energy, including grid weight derivatives and grid Pulay
contributions, have not yet been reported in the literature.

In the present work, we report the derivation and imple-
mentation of analytical nuclear second derivatives for the FDEu
approach within both the HF and Kohn–Sham DFT frameworks.
Exact analytical second derivatives of the COSX energy expression,
including grid derivative contributions, are derived and imple-
mented. The performance of the approximation to the nuclear
second derivative of the COSX energy is then evaluated by direct
comparison with the exact expressions.32 Furthermore, the accuracy
of the resulting FDEu Hessian is assessed for representative systems,
including a naphthalene dimer inside a naphthalene cluster as an
example to study the effect of local vibrations upon local frontier
orbitals.

This article is organized as follows: First, we introduce the rel-
evant theory in Sec. II, giving detailed expressions for the FDEu
gradient and Hessian. First and second derivatives of the COSX
energy are derived, including grid weight derivatives and grid Pulay
terms, and approximations for the COSX contributions to the Hes-
sian are reported. After reviewing the computational methods in
Sec. III, results are provided in Sec. IV. The article closes with a
summary and an outlook in Sec. V.

II. THEORY
In Sec. II A, analytical nuclear second derivatives are derived

within the uncoupled frozen-density embedding framework. In
Sec. II B, the COSX approximation for the intra-subsystem exact
exchange is summarized, and its analytical first and second deriva-
tives are reported including all relevant contributions. In the FDEu
approach, no inter-subsystem exact exchange occurs, and the COSX
method is, therefore, only employed as an efficient approximation in
our implementation but without a direct relation to FDEu.

A. Frozen-density embedding
In the frozen-density embedding (FDE) approach, the total

energy of the supersystem is expressed as the sum of the subsystem
energies and an interaction energy,21–25

Etot[ρ(r)] = EI[ρI(r)] + Eint[ρI(r), ρII(r)] + EII[ρII(r)]. (1)

Note that we limit the discussion to two substems for brevity, while
FDE and its implementation are not limited to two subsystems. The
interaction energy between subsystems is given as39

Eint[ρI(r), ρII(r)] = ∫ ρI(r)Vnuc,II dr + ∫ ρII(r)Vnuc,I dr

+ Enuc,I/II +∬
ρI(r)ρII(r′)
∣r − r′∣ dr dr′

+ Exck:nadd[ρI, ρII], (2)

with the nuclear Coulomb potential of the respective subsystem X,

Vnuc,X = −∑
A ∈X

ZA

∣r − RA∣
. (3)

The final term in Eq. (2) accounts for the non-additive contributions
of exchange–correlation and kinetic energies, which arise due to the
non-linear dependence of these terms on the electron density ρ. This
term is formulated using DFT, independent of the specific methods
used for the individual subsystems,

Exck:nadd[ρI, ρII] = Exc[ρI + ρII] − ∑
z=I,II

Exc[ρz] + Ts[ρI + ρII]

− ∑
z=I,II

Ts[ρz]. (4)

For the remainder of this work, subsystem I will be active and sub-
system II will be treated as a frozen environment. The closed-shell
active density is computed from Gaussian-type basis functions ϕ
contracted with the SCF density matrix DI,

ρI(r) =∑
μν

DI
μνϕμ(r)ϕν(r), (5)

DI
μν =∑

i
2 CμiCνi, (6)

where Cμi are molecular orbital (MO) coefficients. The active sub-
system experiences an embedding potential through the interaction
with the environment, which is obtained as the derivative of the
interaction energy with respect to the density matrix,

Vemb,I
μν = ∂Eint

∂DI
μν
= (μ∣Vnuc,II∣ν) + Jμν[ρII] + Vxck:nadd

μν [ρI, ρII]. (7)
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The Fock matrix of the active system contains both the embedding
terms and the intrinsic contributions of the active subsystem,40,41

Fμν = FI
μν + Vemb,I

μν , (8)

FI
μν = hμν + Jμν[ρI] − cxKμν + (1 − cx)Vxc

μν. (9)

Equation (9) comprises the usual one-electron matrix elements hμν,
Coulomb matrix elements Jμν, scaled Hartree–Fock (HF) exchange
matrix elements Kμν, and exchange–correlation (xc) matrix ele-
ments Vxc

μν . Here, cx denotes the scaling factor determining the
fraction of exact exchange included in the xc functional. Note that
index I is dropped for some terms for better readability. Through-
out this work, Greek indices μ, ν, κ, λ indicate atomic Gaussian-
type basis functions. General molecular orbital indices are denoted
by p, q, r, s, while i, j, k, l refer to occupied MOs and a, b refer to
virtual MOs.

1. Analytic nuclear gradient
To evaluate derivatives of the total FDE energy with respect

to nuclear perturbations, the first step is the formulation of work-
ing equations for the FDE restricted Kohn–Sham (RKS) energy
gradient. Although the analytical expression for the FDE energy
gradient has been reported previously,26 its derivation is summa-
rized to introduce the notation and intermediate quantities required
for the subsequent formulation of the second derivatives. In order
to ensure computational efficiency, the response of the environ-
ment to the geometry perturbation ξ is neglected throughout this
work, commonly referred to as uncoupled FDE (FDEu). As a con-
sequence, only the density response of the active subsystem is
considered. Differentiating Eq. (1) with respect to ξ yields in this
approximation,

dEtot

dξ
= E(ξ)I + E(ξ)int + EI[Dξ] + Eint[Dξ]. (10)

Terms involving upper parentheses indicate that derivatives of MO
coefficients are skipped in this particular term. Thus, the first two
terms do not depend explicitly on the perturbed orbitals, while the
latter two describe the response of the orbitals of subsystem I.

The first term in Eq. (10) corresponds to the conventional con-
tributions in vacuum and, employing density fitting (DF) for the
Coulomb energy, is given as

E(ξ)I =∑
μν

Dμνhξ
μν + E(ξ)DF−J + E(ξ)K + Eξ

nuc,I + E(ξ)xc . (11)

To give an example, the gradient contributions of the Coulomb
energy and exchange energy, respectively, with the response of the
orbitals not being included, are given as follows:

E(ξ)DF−J =
1
2∑μνκλ

DμνDκλ(μν∣κλ)ξ
DF, (12)

E(ξ)K = −1
4

cx∑
μνκλ

DμνDκλ(μκ∣νλ)ξ. (13)

The second term in Eq. (10) is given by

E(ξ)int = Eξ
nuc,I/II + E(ξ)xck:nadd +∑

μν
Dμν(μ∣Vnuc,II∣ν)ξ + ∫ ρII Vξ

nuc,Idr

+∑
g
wg∑

μν
Dμν(ϕμgϕνg)ξJg[ρII], (14)

where the electron–electron and electron–nuclear interaction
between the active subsystem and the environment are evaluated on
a supermolecular grid. Here, wg is the weight of grid point g, and rg
is its coordinate. The Coulomb potential generated by electrons of
the environment can be expressed as

Jg[ρII] =∑
κλ

DII
κλ (κ∣λ)g , (15)

with the two-index Coulomb integral,

(κ∣λ)g = ∫ dr
ϕκ(r)ϕλ(r)
∣r − rg ∣

. (16)

The electron density and the Coulomb potential of the environ-
ment are evaluated as part of the freeze-and-thaw procedure and are
stored for each grid point.26 They are read from a file and are kept
unchanged for the gradient calculation of the target subsystem.

Finally, terms containing the perturbed density matrix of the
active subsystem in Eq. (10) can be collected as

EI[Dξ] + Eint[Dξ] = −∑
μν

WμνSξ
μν, (17)

where W denotes the energy weighted density matrix,

Wμν =∑
i

2 εiCμiCνi, (18)

εi denotes orbital energies, and Sξ is the derivative overlap matrix.
This expression exploits the orthonormality condition of the molec-
ular orbitals, which leads to a cancellation of the orbital response
terms so that orbital rotation matrices are avoided in the gradient
evaluation.8 Finally, the FDEu SCF energy gradient can be cast in
the usual form26

dEtot

dξ
= E(ξ)I + E(ξ)int −∑

μν
WμνSξ

μν. (19)

2. Analytic nuclear second derivatives
Starting from the gradient in Eq. (19), further differentiation

with respect to a second nuclear Cartesian component χ yields the
target FDEu Hessian,

d2Etot

dχdξ
= E(χ)(ξ)I −∑

μν
WμνSχξ

μν − 2∑
ij

F(χ)ij S(ξ)ij

+ 4∑
pi

Uχ
piRHS(ξ)pi + E(χ)(ξ)int . (20)

Note that terms with upper parentheses indicate derivatives taken
at constant molecular orbital coefficients. For example, the first
derivative of the overlap matrix in the MO basis reads

S(ξ)pq =∑
μν

CμpSξ
μνCνq. (21)
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The coupled-perturbed Kohn–Sham (CPKS) equation’s right-hand
side (RHS) is given as

RHS(ξ)pi = F(ξ)pi − εiS(ξ)pi −
1
2∑kl

S(ξ)kl Apikl. (22)

The RKS FDEu coupling matrix A in its general form is26

Apqrs = 4(pq∣rs)DF − cx(pr∣qs) − cx(ps∣qr) + 2(1 − cx)Kxc
pqrs

+ 2Kxck:nadd
pqrs , (23)

where Kxc and Kxck:nadd denote the usual exchange–correlation
and non-additive kinetic energy exchange–correlation kernels,40

respectively. Orbital rotations within the occupied-virtual block are
obtained as solution to the CPKS equations,8,10,42,43

−RHS(χ)ai =∑
bj
[(εa − εi)δijδab + Aaibj]Uχ

bj , (24)

which are routinely solved using Davidson’s method in an iterative
fashion.44 The occupied–occupied orbital rotations Uχ

ji are defined
in terms of the derivative overlap matrix as

Uχ
ji = −

1
2

S(χ)ji . (25)

The structure of Eq. (20) looks very similar to the KS DFT
Hessian,10 with only the second derivative of the interaction energy
explicitly arising as an additional term. The first term in Eq. (20) only
contains conventional contributions,10

E(χ)(ξ)I =∑
μν

Dμνhχξ
μν + E(χ)(ξ)DF−J + E(χ)(ξ)K + Eχξ

nuc,I + E(χ)(ξ)xc , (26)

and for the sake of completeness, the second derivative of the
electronic Coulomb term employing density fitting (DF), as imple-
mented, is given in the Appendix. At first glance, the last term in
Eq. (20) seems to include all contributions from the interaction
energy,

E(χ)(ξ)int = Eχξ
nuc,I/II + E(χ)(ξ)xck:nadd +∑

μν
Dμν(μ∣Vnuc,II∣ν)χξ

+ ∫ ρII Vχξ
nuc,Idr +∑

g
wg∑

μν
Dμν(ϕμgϕνg)χξJg[ρII]. (27)

Note, however, that the embedding potential and embedding kernel
enter the expressions in many places since such contributions are,
e.g., included in the Fock matrix, cf. Eq. (8), and the coupling matrix
A, cf. Eq. (23).

B. Seminumerical exchange
Having discussed analytical nuclear second derivatives for

FDEu, efficient schemes for intra-molecular contributions are desir-
able, which are independent of environment contributions. For
example, the use of density fitting for intra-molecular Coulomb con-
tributions is employed, cf. Appendix. For an efficient treatment of
the intra-molecular exact exchange contributions, we have chosen
to employ the COSX approximation in which the integration over
one electron coordinate is replaced by a numerical integration on

a grid. The exchange contributions to the closed-shell energy then
become

EK, sem = −
1
4

cx∑
μνκλ

DμνDκλ(μκ∣νλ)sem, (28)

where the two-electron integral is approximated as follows:

(μκ∣νλ)sem =∑
g
wg ϕμg ϕκg(ν∣λ)g =∑

g
fg(RI , RJ , . . . , rg), (29)

with the grid weight being wg , the Gaussian basis functions eval-
uated at the grid point coordinate being ϕμg ≡ ϕμ(rg), and the
two-index integral being (ν∣λ)g , cf. Eq. (16). Note that the quantity
fg depends on the atomic orbitals μ ν, κ λ but we have decided to
drop those in our shorthand notation for better readability.

1. Gradient
The evaluation of first- and second-order energy derivatives,

as well as derivatives of the Fock matrix, requires derivatives of
two-electron exchange integrals. For instance, the exchange contri-
butions to the gradient in Eq. (13) are obtained using differentiated
seminumerical exchange integrals,

E(ξ)K, sem = −
1
4

cx∑
μνκλ

DμνDκλ(μκ∣νλ)ξ
sem. (30)

The seminumerical integration is carried out on an atom-centered
grid, where grid points rg directly depend on the position of the
respective nucleus RG they are centered on, via

rg = r′ + RG. (31)

Differentiating a finite grid, as occurring in fg in Eq. (29), with
respect to a nuclear Cartesian coordinate RIα ≡ ξ, derivatives of rg
also have to be taken into account,45

(μκ∣νλ)ξ
sem ≡

d(μκ∣νλ)sem
dRIα

=∑
g
( ∂ fg

∂RIα
+ ∂ fg

∂ rgα

∂ rgα

∂RIα
). (32)

In the present work, the second term in parentheses will be referred
to as grid Pulay correction. It describes the gradient contribution
occurring due to the dependence of the grid point on the nuclear
coordinate. This term only gives non-zero contributions for deriva-
tives with respect to the nuclear coordinate RG on which the grid
point is centered,

∂ rgα

∂RIα
= δIG, (33)

leading to the expression for the grid Pulay term,

∂ fg

∂ rgα

∂ rgα

∂RIα
= δIG

∂ fg

∂rgα
. (34)

This derivative of fg formally requires differentiation of the two-
index Coulomb integrals in Eq. (16), involving computationally
demanding integrals over the differentiated operator. However, such
terms can be avoided entirely, realizing that fg only depends on rg
through relative coordinates ∣rg − RJ ∣. Consequently, the derivative
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of fg with respect to a grid point can be replaced by a sum over all
derivatives with respect to nuclear coordinates RA,

∂ fg

∂rgα
= −∑

A

∂ fg

∂RAα
. (35)

Finally, the integral derivative is obtained as

d(μκ∣νλ)sem
dRIα

=∑
g
( ∂ fg

∂RIα
− δIG∑

A

∂ fg

∂RAα
). (36)

This reduces the computational effort to the evaluation of derivatives
of fg with respect to nuclear Cartesian coordinates RJα,

∂ fg

∂RJα
= ∂wg

∂RJα
ϕμgϕκg(ν∣λ)g +wg

∂ϕμg

∂RJα
ϕκg(ν∣λ)g

+wgϕμg
∂ϕκg

∂RJα
(ν∣λ)g +wgϕμgϕκg

∂(ν∣λ)g

∂RJα
, (37)

which accounts for grid weight derivatives, derivatives of the basis
functions, and derivatives of the two-index Coulomb integrals.

2. Hessian
Exchange contributions to the Hessian also require second

derivatives of two-electron exchange integrals,

E(χ)(ξ)K, sem = −
1
4

cx∑
μνκλ

DμνDκλ(μκ∣νλ)χξ
sem. (38)

Differentiation of the first derivative integrals in Eq. (36) with
respect to a second nuclear Cartesian coordinate RJβ ≡ χ yields the
required second derivative exchange integral,

d
dRJβ

d(μκ∣νλ)sem
dRIα

=∑
g

∂2 fg

∂RJβ∂RIα
−∑

g
δIG∑

A

∂2 fg

∂RJβ∂RAα

−∑
g

δJG∑
B

∂2 fg

∂RBβ∂RIα

+∑
g

δJGδIG∑
B
∑

A

∂2 fg

∂RBβ∂RAα
. (39)

Here, the grid Pulay contributions are again expressed via par-
tial derivatives with respect to nuclear displacements, cf. Eq. (35).
Thus, computationally demanding two-index Coulomb integrals
over the differentiated operator are avoided. However, this expres-
sion requires first and second grid weight derivatives as well as
derivatives of the two-index integrals in Eq. (16) and the basis
functions up to second order.

Note that the CPKS RHS in Eq. (22) requires first derivative
exchange integrals, which are evaluated using the seminumerical
scheme outlined in Eq. (36) throughout this work, including grid
weight derivative and grid Pulay terms.

3. Approximate gradient and Hessian
Up to this point, the exact gradient and exact Hessian of the

seminumerical exchange energy were addressed in Eqs. (30) and

(38), respectively. However, differentiating the original exchange
energy, cf. Eq. (13), can be cast as30,38

E(ξ)K = −cx∑
μνκλ

DμνDκλ(μξκ∣νλ), (40)

which can be approximated using seminumerical exchange,

E(ξ)K ≈ −cx∑
g
wg∑

μνκλ
DμνDκλ (

∂ϕμg

∂RIα
) ϕκg (ν∣λ)g. (41)

In such a scheme, the analytic gradient is formulated exactly
and subsequently simplified by exploiting symmetry, followed by
introducing the seminumerical exchange approximation in a sec-
ond step. By doing so, integral derivatives, grid Pulay terms, and
grid weight derivatives are completely avoided, requiring only basis
function derivatives to evaluate the gradient. However, it should
be stressed that the gradient obtained with Eq. (41) is not the
exact derivative of the seminumerical exchange energy in Eq. (28).
This approximation becomes equivalent to Eq. (30) only for a
complete integration grid, but it was demonstrated that such an
approximation yields accurate results while reducing computation
times significantly.38 A similar approximation can be applied to
first derivative seminumerical exchange contributions to the Fock
matrix derivatives required for constructing the CPKS RHS.32 In
the present work, however, the exact expression in Eq. (36), includ-
ing grid weight derivatives and grid Pulay terms, is employed
instead.

Analogous approximations can be considered for the sec-
ond derivative of exchange integrals. The exchange type Hessian
contributions can generally be cast as32

E(χ)(ξ)K = −1
4

cx∑
μνκλ

DμνDκλ(μκ∣νλ)χξ = −cx∑
μνκλ

DμνDκλ

× {(μχξκ∣νλ) + (μχκξ ∣νλ) + (μχκ∣νξλ) + (μχκ∣νλξ)}.
(42)

In this case, inserting the seminumerical approach leads to

E(χ)(ξ)K ≈ −cx∑
g
wg∑

μν
Dμν{ϕχξ

μg∑
κλ

Dκλ ϕκg(ν∣λ) + ϕχ
μg

×∑
κλ

Dκλ ϕξ
κg(ν∣λ) + ϕχ

μg∑
κλ

Dκλ ϕκg(νξ ∣λ)

+ ϕχ
μg∑

κλ
Dκλ ϕκg(ν∣λξ)}, (43)

so that second derivatives of two-index integrals, grid weight
derivatives, and grid Pulay corrections are completely avoided.
The approximation in Eq. (43) will be investigated by comparison
with the exact seminumerical Hessian contribution in Eq. (38) in
Sec. IV A.

Bykov et al. have previously derived a similar expression, but
they included second derivatives of the two-index integrals instead
of second derivatives of basis functions. The authors argue that
their approach leads to a more numerically stable procedure at the
expense of a larger computational effort.32
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III. COMPUTATIONAL DETAILS
The approaches for calculating exchange gradient contri-

butions within the seminumerical exchange approach, given in
Eqs. (30) and (41), were implemented into the program package
KOALA. Furthermore, the seminumerical evaluation of first deriva-
tive exchange integrals, including grid weight derivatives and grid
Pulay terms, was implemented for the construction of the CPKS
RHS and will be used throughout this work for Hessian calcula-
tions. An overview of the integration grids in KOALA is given in the
supplementary material. The numerical grids employed in this work
were constructed following the scheme of Treutler and Ahlrichs,46

combining Becke’s partitioning47 with a Chebyshev quadrature for
the radial integration. For the angular part, Lebedev grids48–50 were
used even for finer grids, instead of the Lobatto grids originally pro-
posed. To assess the accuracy of the different approaches for com-
puting second derivatives of seminumerical exchange, calculations
were performed for a test set of 41 organic molecules, constituting
a subset of a 47-molecule benchmark set that has been employed in
related studies.31,32,51,52

All embedding calculations have been carried out with the
program package KOALA53 using PBE54 as the xc functional and
PW91k55 as the kinetic energy functional. The xc functional for the
non-embedding type contributions may deviate and is stated for
such cases. Coulomb integrals were evaluated employing the density
fitting approximation (DF) in combination with Weigend’s uni-
versal auxiliary basis sets throughout this work.56,57 Supermolecule
geometries were optimized with TURBOMOLE58 at the respective
level of theory. In all cases, these supermolecule geometries were
used unchanged for the subsequent FDEu calculations.

Simulated vibrational spectra were generated using Lorentzian
broadening with a full width at half maximum (FWHM) of 20 cm−1,
unless stated otherwise.

Displaced geometries were obtained by scaling the normal
modes as follows: In our notation, qm is the non-mass-weighted
vector along the direction of normal mode m and μm is the
corresponding reduced mass,

μm =
1
∣qm∣

2 . (44)

The dimensionless displacement vector is then given as

Qm = μ1/2
m qm. (45)

For the quantum and thermic harmonic oscillator, the amplitude is
expressed using the respective standard deviation,

σquant
m =

√
⟨x2⟩ − ⟨x⟩2 =

√
h̵

2μmωm
, (46)

σtherm
m =

¿
ÁÁÀ kBT

μmω2
m

, (47)

where ωm is the vibrational frequency of mode m. For the thermic
approach, we have used 300 K in the current work. The displaced
geometries were obtained for both cases as

xm = σm
√

2erf−1(P), (48)

Rm = R0 ± xm Qm, (49)

where R0 are the equilibrium coordinates. We have used P = 95.45%,
which corresponds to 2σ in the Gauß function in the ground state of
the harmonic oscillator.

The directional derivative of an orbital energy,

αz,m =
dεz

dQm
, (50)

was obtained as the dot product of the gradient of εz ,59 with the
dimensionless normalized displacement vector Qm,

dεz

dQm
=∑

χ
gχ,z Qχ,m, (51)

where gz is the unnormalized gradient vector of the orbital energy
of orbital z,

gχ,z =
dεz

dχ
. (52)

IV. RESULTS
This section presents an assessment of methods for nuclear

second derivative seminumerical exchange contributions and a
validation of the FDEu Hessian implementation. First, differ-
ent approaches for computing second derivative seminumerical
exchange contributions to the Hessian are analyzed, with particular
attention paid to the validity of the approximation in Eq. (43). Sec-
ond, the FDEu Hessian implementation is validated for a set of sys-
tems designed to probe both weak and strong geometric couplings
between the active subsystem and its environment. Finally, the
applicability of the method to molecules in complex environments
containing a few hundred atoms is demonstrated.

A. Second derivative of seminumerical
exchange integrals

In the present work, we refrain from further analysis of the
seminumerical exchange gradient contributions since the validity
of the approximation in Eq. (41) has been shown elsewhere.32,38

We restrict our discussion to second derivatives of the seminu-
merical exchange energy and its respective approximation. The two
approaches for calculating exchange contributions to the Hessian
using seminumerical exchange, given in Eqs. (38) and (43), respec-
tively, were implemented in KOALA and will be analyzed in the
following.

We begin by calculating the vibrational frequencies of CH2Cl2
at the HF/def2-SVP60 level of theory using seminumerical exchange
with a range of grid sizes. The molecular orbitals were obtained
employing a fine grid 7 and kept fixed throughout all calcula-
tions in Table I. The root-mean-square deviations (RMSD) ∣Δν̃∣RMSD
and mean-absolute deviations (MAD) ∣Δν̃∣MAD of the computed
wavenumbers in cm−1 are summarized in Table I and are depicted
in Fig. 1. Reference values were generated using the second deriva-
tive seminumerical exchange expression in Eq. (38), including grid
weight derivatives and grid Pulay terms, in combination with a very
fine reference grid RF. These values have served as reference for
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TABLE I. Root mean square deviations (RMSD) and mean absolute deviations (MAD) in cm−1 of CH2Cl2 vibrations at the HF/def2-SVP level, obtained with four different schemes
for evaluating second derivative seminumerical exchange contributions to the Hessian across various integration grids. Vibrational frequencies generated using method A with
grid RF are used as references for the RMSD and MAD values.

Method A Method A′ Method B Method C

Grid ∣Δν̃∣RMSD ∣Δν̃∣MAD ∣Δν̃∣RMDS ∣Δν̃∣MAD ∣Δν̃∣RMSD ∣Δν̃∣MAD ∣Δν̃∣RMSD ∣Δν̃∣MAD

7 3.20 ⋅ 10−2 2.22 ⋅ 10−2 8.81 ⋅ 10−1 7.62 ⋅ 10−1 1.74 ⋅ 100 1.51 ⋅ 100 2.19 ⋅ 10−2 1.89 ⋅ 10−2

6 7.54 ⋅ 10−2 4.89 ⋅ 10−2 6.16 ⋅ 100 5.32 ⋅ 100 1.23 ⋅ 101 1.06 ⋅ 101 2.19 ⋅ 10−2 1.89 ⋅ 10−2

5 1.31 ⋅ 10−1 9.89 ⋅ 10−2 2.28 ⋅ 101 1.97 ⋅ 101 4.64 ⋅ 101 3.99 ⋅ 101 2.19 ⋅ 10−2 1.89 ⋅ 10−2

4 2.23 ⋅ 10−1 1.87 ⋅ 10−1 1.88 ⋅ 102 1.62 ⋅ 102 3.35 ⋅ 102 2.91 ⋅ 102 2.19 ⋅ 10−2 1.89 ⋅ 10−2

3 5.54 ⋅ 10−1 4.49 ⋅ 10−1 8.47 ⋅ 102 7.41 ⋅ 102 1.35 ⋅ 103 1.19 ⋅ 103 2.11 ⋅ 10−2 1.78 ⋅ 10−2

2 3.18 ⋅ 100 2.27 ⋅ 100 1.73 ⋅ 103 1.52 ⋅ 103 2.68 ⋅ 103 2.32 ⋅ 103 2.58 ⋅ 10−2 2.00 ⋅ 10−2

1 4.64 ⋅ 100 4.10 ⋅ 100 1.92 ⋅ 103 1.48 ⋅ 103 2.71 ⋅ 103 2.02 ⋅ 103 1.62 ⋅ 10−1 1.40 ⋅ 10−1

0 3.81 ⋅ 101 2.11 ⋅ 101 9.91 ⋅ 103 7.50 ⋅ 103 1.37 ⋅ 104 1.03 ⋅ 104 2.30 ⋅ 10−1 1.66 ⋅ 10−1

FIG. 1. Root mean square deviations (RMSD) in cm−1 of CH2Cl2 vibrations at
the HF/def2-SVP level, obtained with four different schemes for evaluating second
derivative seminumerical exchange contributions to the Hessian across various
integration grids.

the calculation of RMSD and MAD values in Table I. All calculated
vibrational frequencies are given in the supplementary material.

Four different schemes were employed for the evaluation of the
second derivative seminumerical exchange contributions to the Hes-
sian. The first approach is denoted method A in the present work.
In this approach, the exact seminumerical exchange contributions
given in Eq. (38) were used, including both grid Pulay terms and
grid weight derivatives. The corresponding results are reported in
the first two columns of Table I. For comparison, a simplified vari-
ant, denoted method A′, was considered, where grid Pulay and grid
weight derivative contributions were omitted. The results of this
poor-man’s approach are reported in columns 3 and 4 of Table I.
In the absence of grid Pulay and grid weight derivative terms, accu-
rate Hessian calculations require the use of very fine integration
grids (6–7) to even produce qualitatively reasonable results. Espe-
cially coarser grids yield extremely large errors for method A′ with
RMSD values of, e.g., 188 cm−1 for grid 4 and 847 cm−1 for grid 3;
see Table I. However, inclusion of the two terms allows for similarly
accurate results with significantly coarser grids (2–3). Consequently,
the inclusion of the grid derivative terms becomes essential for

reliable Hessian calculations when employing computationally rea-
sonable grid sizes. Moreover, since the seminumerical approach only
leads to a substantial speed-up in the evaluation of exchange inte-
grals if coarser grids are used, the incorporation of grid derivative
terms is indispensable in calculations of exact second derivatives of
the seminumerical exchange energy, cf. Eq. (28).

The third method, denoted B, employs the approximation in
Eq. (43) to obtain the second derivative exchange contributions to
the Hessian. The results are presented in columns 5 and 6 of Table I
for different grids. Qualitative agreement of the frequencies with the
reference is only given for the finest grid 7. Even mid-sized grids
(4–5) fail to predict the frequencies with large RMSD values of 335
and 46.4 cm−1, respectively. These results are in agreement with the
literature, stating that coarser grids are well-suited to approximate
the gradient of seminumerical exchange integrals, while their sec-
ond derivative can lead to pronounced errors.32 However, since the
applied approximation reduces the computational cost of the sec-
ond derivative significantly, shown in Sec. II B 3, we decided to use
a separate, very fine grid 8 for only the approximate second deriva-
tive seminumerical exchange term in Eq. (43). This scheme will be
denoted method C. Grid 8 employs the same spherical integration
grid as grid 7, but the radial grid is chosen to be finer. The result-
ing RMSD and MAD values in cm−1 are depicted in the last two
columns of Table I for a variety of different grid sizes. Again, it
should be stressed that for method C, the respective grid in Table I
is only used for seminumerical exchange integrals and their first
derivative, while the approximate second derivative term is calcu-
lated with the dedicated grid 8. The RMSD and MAD values are
below 1 cm−1 for all grids under consideration, even for the very
coarse grid 0. Therefore, a moderate scaling of the radial integration
grid for the evaluation of second derivative exchange contributions
seems sufficient to reproduce force constants for elements up to Ar.

1. Grid convergence for method C
The grid convergence of method C was further assessed for

heavier elements. Ge2H6 was selected as a test system, as it is
known to exhibit pronounced sensitivity to the choice of integration
grid.10,61 Table II summarizes the lowest three vibrational wavenum-
bers and the zero-point vibrational energy (ZPVE) obtained from
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TABLE II. Three lowest wave numbers in cm−1 and ZPVE in Eh of Ge2H6 at the
HF/def2-SVP level. Second derivative exchange contributions to the Hessian were
evaluated using method C with the very fine grid 8, independent of the grid used
elsewhere (grid 7). The radial grid size nr of grid 8 was systematically increased.

nr ntot
a ν̃1(A1u) ν̃1(A1g) ν̃1(Eu) ZPVE

RFb 2 612 456 110.17 271.42 387.92 48.748 ⋅ 10−3

110 335 196 110.14 271.42 387.96 48.748 ⋅ 10−3

105 330 004 110.14 271.48 388.07 48.751 ⋅ 10−3

100 322 638 110.14 270.90 386.65 48.723 ⋅ 10−3

95 317 506 110.14 272.18 389.86 48.785 ⋅ 10−3

90 310 082 110.14 274.32 395.01 48.885 ⋅ 10−3

85 304 948 110.14 251.09 331.52 47.764 ⋅ 10−3

80 297 588 110.14 314.12 473.18 50.702 ⋅ 10−3

aTotal number of grid points for the evaluation of second derivative exchange
contributions.
bReference values generated using exact derivatives, i.e., method A, in combination with
reference grid RF.

force constant calculations for Ge2H6 at the HF/def2-SVP level of
theory. Exchange integrals and their first derivatives were calculated
using grid 7, while the second derivative seminumerical exchange
contributions were calculated using method C, i.e., employing the
accurate grid 8. The radial grid size nr of grid 8 was systemati-
cally increased from 80 to 110. For comparison, reference data were
generated using method A, i.e., using exact second derivatives of
seminumerical exchange contributions, including grid Pulay and
grid weight derivative terms, in combination with reference grid
RF. Table II shows that quantitative agreement with the reference
requires a larger radial grid for heavier elements. For the three vibra-
tional modes considered, a radial grid size of nr = 105 is necessary to
achieve agreement within 1 cm−1. With this grid, the ZPVE is accu-
rate up to six digits. Smaller grids, e.g., nr = 80, give large errors of up
to 100 cm−1. The best agreement with the reference is achieved with
nr = 110, which is, therefore, set as default for grid 8 for elements
K–Kr.

Table III reports the relative timings and relative errors of the
ZPVE for Ge2H6 calculations at the same level of theory using dif-
ferent grid sizes. The second derivative seminumerical exchange
contributions were evaluated with both, method A and C, where
the latter uses grid 8 with nr = 110. The relative ZPVE error in %
is defined with respect to the reference calculation using method A
in combination with reference grid RF. Relative wall times for the
evaluation of second derivative exchange contributions, obtained
using the exact expressions with the corresponding integration grid,
i.e. method A, reference to calculations using method C. Note
that the wall time tC remains nearly constant because method C
always uses grid 8 for the evaluation of the relevant terms. In all
cases, except for the coarsest grid 0, the approximate scheme of
method C requires shorter evaluation times than the exact scheme
of method A. Remarkably, even for the coarsest grids, where both
methods require a comparable computational effort, method C pro-
duces ZPVEs with errors of up to two orders of magnitude smaller
than those obtained with method A. These results demonstrate that
an accurate description of the second derivative exchange term is
essential for reliable frequency calculations and requires rather large
integration grids. Moreover, the proposed approximation offers a

TABLE III. Relative ZPVE errors in % and relative wall times for Ge2H6 at the
HF/def2-SVP level. Second derivative exchange contributions to the Hessian were
evaluated using both methods, A and C, across a range of grids.

Method A Method C
Grid n Δrel(ZPVE)a Δrel(ZPVE)a trel = tA(grid n)

tC

b

7 1.4 ⋅ 10−3 1.3 ⋅ 10−3 17.28
6 1.7 ⋅ 10−3 1.3 ⋅ 10−3 9.79
5 0.6 ⋅ 10−3 1.4 ⋅ 10−3 6.89
4 37.7 ⋅ 10−3 1.0 ⋅ 10−3 4.01
3 39.3 ⋅ 10−3 2.4 ⋅ 10−3 2.41
2 227.0 ⋅ 10−3 4.2 ⋅ 10−3 1.40
1 417.7 ⋅ 10−3 6.7 ⋅ 10−3 1.04
0 806.2 ⋅ 10−3 22.5 ⋅ 10−3 0.79
aRelative ZPVE errors are defined with respect to the reference calculation (method A,
grid RF).
bRelative wall times for the evaluation of second derivative exchange contributions
obtained with method A with the corresponding integration grid, referenced to calcu-
lations using method C, which exhibits an almost constant timing tC due to the fixed
grid 8.

favorable balance of computational efficiency and accuracy when
combined with the sufficiently large grid 8. In contrast, the use of
coarser grids (0–1) for the evaluation of seminumerical exchange
integrals and their first derivatives results in comparatively small
errors, in agreement with previous reports.32

2. Benchmark of methods A and C for vibrational
frequencies

Vibrational frequencies were further computed for a test set of
41 molecules at the B3LYP/def2-TZVP level of theory and employ-
ing both method A and method C. The RMSD and MAD of the
vibrational frequencies are reported in Table IV for both methods
and for a range of integration grids. Calculations using method A
in combination with the large integration grid 7 serve as reference
for the RMSD and MAD evaluation. The molecular orbitals for each
molecule were obtained using grid 7 for seminumerical exchange
and were kept fixed throughout all calculations in Table IV.

The present results are consistent with previous findings,
showing that the RMSD of the vibrational frequencies obtained

TABLE IV. Root mean square deviations (RMSD) and mean absolute deviations
(MAD) in cm−1 of vibrational frequencies for a test set of 41 molecules at the B3-
LYP/def2-TZVP level, obtained using method A and method C to evaluate second
derivative seminumerical exchange contributions to the Hessian across various inte-
gration grids. Vibrational frequencies generated using method A with grid 7 are used
as reference for the RMSD and MAD values.

Method A Method C

Grid ∣Δν̃∣RMSD ∣Δν̃∣MAD ∣Δν̃∣RMSD ∣Δν̃∣MAD

7 0 0 0.03 0.01
2 2.76 1.66 0.11 0.06
1 3.19 1.84 0.14 0.08
0 9.35 6.12 0.20 0.13
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with method C remains below 1 cm−1 for all integration grids
considered, with a maximum value of 0.20 cm−1 for grid 0. In con-
trast, method A exhibits significantly larger RMSD values, amount-
ing, for example, to 2.76 cm−1 for grid 2. This demonstrates that
an accurate evaluation of second derivative exchange contributions
using method A requires larger integration grids, even with the grid
weight derivatives being included.

To conclude, the approximation for the second derivative
seminumerical exchange terms in Eq. (43) yields quantitatively reli-
able force constants. Achieving this accuracy requires the use of finer
integration grids with increased radial grid sizes (method C), par-
ticularly for heavier elements. Nonetheless, the approximation still
reduces computational cost, especially when the fine grid is applied
only to the terms under consideration, in comparison with the exact
evaluation of second derivative seminumerical exchange terms,
including grid weight derivatives and grid Pulay terms (method A).
Method C is used for the remainder of this work.

B. FDEu Hessian
The FDEu Hessian, introduced in Sec. II A 2, has been

implemented in KOALA employing the DF-J and seminumerical
exchange approximations discussed in the preceding sections for
both HF and DFT. In the following, illustrative calculations of the
FDEu Hessian are presented to demonstrate both the advantages
and limitations of the method. We begin with a weakly coupled sys-
tem to assess the performance of the FDEu approach in cases with
small shifts of the vibrational frequencies due to the presence of envi-
ronmental molecules. This is followed by calculations on strongly
coupled systems, for which larger shifts are obtained.

1. Weakly coupled subsystems
As an initial test case for the new method, force constant cal-

culations on formaldehyde in a tetrahedral sphere of four ethene
molecules were performed at the B3LYP62–64/def2-TZVP60 level of
theory; see Fig. 2. This system was selected to illustrate weakly
interacting subsystems, characterized by minor geometric coupling
between the active system and the environment. Both a super-
molecule and a FDEu calculation were performed, with formalde-
hyde as the active subsystem and ethene molecules as the frozen
environment.

FIG. 2. Optimized geometry of the CH2O (C2H4)4 complex as obtained with TUR-
BOMOLE using B3LYP/def2-TZVP/grid 4. Oxygen atoms are depicted in red,
carbon atoms in gray, and hydrogen atoms in white.

TABLE V. Vibrational frequencies in cm−1 of CH2O embedded in (C2H4)4, at
B3LYP/def2-TZVP level of theory, calculated for isolated CH2O, the supermolecule,
and using the FDEu approach.

Vibration ν̃isolated Δν̃supermol
a Δν̃FDE

b δc

1 1203.52 −15.22 −1.89 13.33
2 1270.59 −8.94 +0.64 9.58
3 1530.81 −0.45 −0.56 0.11
4 1802.40 +2.79 +5.62 2.83
5 2902.46 +2.61 +3.71 1.10
6 2959.24 +10.36 +9.81 0.55
aΔν̃supermol = ν̃supermol − ν̃isolated .
bΔν̃FDE = ν̃FDE − ν̃isolated .
cAbsolute FDEu error: δ = ∣ν̃FDE − ν̃supermol∣.

The resulting vibrational frequencies of formaldehyde are pre-
sented in Table V, including the isolated molecule as well as the
frequency shifts for the supermolecule and the FDEu approach.
Frequency shifts are defined relative to the vibrational frequen-
cies of the isolated formaldehyde. The FDEu results are in good
qualitative agreement with the supermolecule calculations for the
higher-energy modes (3–6). For instance, FDEu captures 98% of
the +10.36 cm−1 shift for the asymmetric stretching vibration at
2959.24 cm−1.

By contrast, the low-lying bending vibrations (1–2) exhibit
large shifts in the supermolecule calculation of −15.22 and
−8.94 cm−1, respectively, which are not accurately described by the
FDEu approach. This discrepancy can be rationalized by the rel-
atively flat potential energy surfaces associated with these modes,
and it appears that these modes are particularly lacking the density
response of the environment. However, the rather large deviations
in the frequencies in cm−1 are caused by small changes in the
Hessian. A vibrational shift of 1 cm−1 corresponds to a change of
about 5 ⋅ 10−6Eh of Hessian matrix elements, which could be caused
by lacking environment density response. Consequently, the devia-
tions, which seem to be pronounced in case of the frequencies, lead
only to an error of about 0.06 mEh in the ZPVE, being as large as
26.6 mEh in this case.

In the following, we turn to systems with stronger cou-
plings between subsystems, where the ability of the FDEu method
to describe, e.g., hydrogen bonds between different fragments is
assessed.

2. Strongly coupled subsystems
To assess systems with strong inter-subsystem interactions, the

water dimer was selected as a test system, as it incorporates hydro-
gen bonding. The first water molecule (D) acts as a hydrogen donor
and the second one as a hydrogen acceptor (A). The vibrational fre-
quencies of a water monomer, a supermolecule dimer, and a FDEu
dimer calculation at the CAM-B3LYP65/def2-TZVPPD66 level are
presented in Table VI. Applying the FDEu approach, two differ-
ent FDEu calculations need to be performed, with each of the water
molecules acting as the active subsystem once. The corresponding
vibrational spectrum is presented in Fig. 3. In comparison with the
isolated water molecule, the presence of the hydrogen bridge in the
dimer leads to a shift of the symmetric and asymmetric stretch-
ing modes of the hydrogen donor (D) to lower wave numbers,
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TABLE VI. Vibrational frequencies in cm−1 of (H2O)2, at the CAM-B3LYP/def2-
TZVPPD level of theory, calculated for an isolated water monomer, the super-
molecule, and using the FDEu approach. The results for the latter two are given
as vibrational shifts with respect to the vibrational frequencies of the isolated water
monomer.

Vibration ν̃isolated Δν̃supermol
a Δν̃FDE

b δc

ν̃bend(D)d 1622.20 +0.77 +3.35 2.58
ν̃bend(A)e +20.98 +3.57 17.41

ν̃sym(D)d 3849.53 −126.77 −78.64 48.13
ν̃sym(A)e −8.07 −9.25 1.18

ν̃asym(D)d 3950.71 −27.51 −20.00 7.51
ν̃asym(A)e −11.90 −6.92 4.98
aΔν̃supermol = ν̃supermol − ν̃isolated .
bΔν̃FDE = ν̃FDE − ν̃isolated .
cAbsolute FDEu error: δ = ∣ν̃FDE − ν̃supermol∣.
dHydrogen donor (D) .
eHydrogen acceptor (A) .

FIG. 3. Vibrational spectra in cm−1 of (H2O)2 at the CAM-B3LYP/def2-TZVPPD
level of theory, calculated for the supermolecule and using the FDEu approach.
The vibrational spectrum of a water monomer at the same level is also depicted.

cf. Table VI. On the one hand, the FDEu approach captures 62%
of the shift of the symmetric stretching vibration of the hydrogen
donor, while still exhibiting an absolute deviation of 48.13 cm−1.
On the other hand, it overestimates the shift of the symmetric
stretching mode of the hydrogen acceptor, reproducing 115% of
the −8.07 cm−1 shift. For the asymmetric stretching vibrations, the
FDEu approach yields absolute errors of 7.51 and 4.98 cm−1 and
recovers 73% and 58%, respectively, of the corresponding shifts
obtained from the supermolecule calculation. In contrast, the bend-
ing vibrations associated with the hydrogen donor and hydrogen
acceptor are shifted by +0.77 and +20.98 cm−1, respectively, in the
supermolecule calculation and exhibit a mode splitting that is not
reproduced by the FDEu approach. Instead, both bending modes are
shifted by nearly the same amount in the FDEu calculation, namely,
+3.35 and +3.57 cm−1. However, the deviations in the shifts lead
only to an error of 0.1 mEh in the ZPVE of 42.7 mEh of the total
system.

Consistent with findings for weakly coupled subsystems, cf.
Sec. IV B 1, the FDEu approach does not properly describe the

vibrational shifts of certain low-frequency bending modes. This
deficiency is most likely due to the neglect of the environmen-
tal density response in the present FDEu treatment. Overall, the
examples so far highlight the limitations of the FDEu approach: the
electronic coupling between the two water molecules is not fully
captured, which leads to pronounced absolute errors for specific
vibrational modes, most notably the symmetric stretching vibration
of the hydrogen donor. Nevertheless, the method correctly repro-
duces the qualitative environmental shifts for most vibrations, with
the notable exception of the bending vibration of the hydrogen
acceptor.

To evaluate the transferability of the observations made for the
simple dimer to a larger system, a 4-aminophthalimide–water com-
plex was investigated, cf. Fig. 4. This system incorporates multiple
interfragment hydrogen bonds: the NH2 fragment acts as hydrogen
donor to the adjacent water molecule and one of the oxygen atoms
acts as hydrogen acceptor for the other water molecule. Further-
more, the vibrations of the ring hydrogen atom adjacent to the water
molecules are coupled to their movement. For this system, only
vibrations of the active subsystem 4-aminophthalimide (4-AP) are
discussed in the following. Vibrational spectra of the 4-AP molecule
obtained from the supermolecule and the FDEu approach at the
B3LYP/def2-TZVPPD level are presented in Fig. 5, while the respec-
tive frequency data are provided in the supplementary material. In
the embedding calculations, 4-AP is treated as an active subsystem
and the two water molecules constitute the environment. Frequen-
cies of the isolated 4-AP molecule are given in the supplementary
material for better comparability.

Overall, the vibrational frequencies of the supermolecule and
the FDEu calculations show good agreement, yielding an RMSD
of 10.04 cm−1. Especially, the fingerprint region of the carbon
ring structure is well-captured. Most frequencies deviate by less
than 5 cm−1, and only four of the 54 modes exhibit errors
larger than 10 cm−1. The largest deviations occur for the NH2
group: the symmetric stretching vibration is off by 27.91 cm−1,
while the out-of-plane mode shows an error of 45.97 cm−1. This

FIG. 4. Optimized ground-state geometry of the 4-aminophthalimide–water com-
plex as obtained with TURBOMOLE using B3LYP/def2-TZVPPD/grid 4. Oxygen
atoms are depicted in red, carbon atoms in gray, and hydrogen atoms in white.
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FIG. 5. Vibrational spectra in cm−1 of the 4-aminophthalimide molecule in the
complex with two water molecules at the B3LYP/def2-TZVPPD level of theory,
calculated employing the supermolecule and the FDEu approach.

fragment acts as a hydrogen donor toward the oxygen in the adja-
cent water molecule, cf. Fig. 4. However, the out-of-plane mode
has the greatest shift of +118.94 cm−1 in the supermolecule for
which the FDEu approach captures 61%, and the error in the total
ZPVE of 132.8 mEh is only 0.1 mEh for the FDEu calculation.
These results mirror the findings for the water dimer: geometric
coupling across a hydrogen bond is not fully captured if the bond
connects the active subsystem to the environment. Most vibrations
of the system are well-described, but modes involving the hydrogen-
bonded fragments exhibit pronounced absolute errors. As to be
expected, the FDEu approach remains well-suited for describing
local properties of a target subsystem, but stronger couplings are
accounted for by incorporating the relevant molecules into the active
region.

C. Embedded dimer
As a representative example for molecules in complex environ-

ments, a cutout of the molecular crystal structure of naphthalene was
chosen, containing 44 naphthalene molecules with a total number of
792 atoms. The geometry is taken from crystallographic data,67 and
only the positions of the hydrogen atoms were reoptimized at the
PBE/def2-SVP level; see Fig. 6. The naphthalene dimer at the center
of the structure was chosen as the active system, with the environ-
ment depicted in light blue in Fig. 6. The active dimer was calculated
at the PBE068/def2-TZVP level, while the environment was treated
at the PBE0/def2-SVP level. The vibrational spectrum in the range
of 0–400 cm−1 of the naphthalene dimer embedded in the naphtha-
lene crystal environment is presented in Fig. 7 and the data are given
in the supplementary material. The dimer has three vibrations below
50 cm−1. The lowest vibrational frequency is found to be 35.05 cm−1,
of which the normal mode is indicated by the arrows shown in
Fig. 6. Furthermore, the normal modes at 43.46 and 197.75 cm−1

are illustrated in Fig. 8.
In order to apply our new method, we address the change of the

frontier orbitals localized on the target subsystem upon vibrations of
the respective subsystem. Both, local orbitals and local vibrations, are
not straightforwardly accessible with supermolecular calculations, in
particular as the cluster is no true minimum geometry as it is taken
from the condensed phase.

FIG. 6. Vibrational normal mode at 35.05 cm−1 inside a “6-stack” fragment of crys-
talline naphthalene. Carbon atoms of the active dimer are shown in gray, hydrogen
atoms in white, and the surrounding environment in light blue.

FIG. 7. Vibrational spectrum of a naphthalene dimer embedded in a cutout of crys-
talline naphthalene, zoomed to 0–400 cm−1. The simulated spectrum is depicted
in blue, generated with a FWHM of 1 cm−1, and the computed eigenvalues of the
molecular Hessian are shown in orange (neglecting intensity).

Displaced dimer geometries were generated following each
normal mode with a certain amplitude, as given in Eq. (49).
Table VII summarizes the nuclear repulsion energies, the high-
est occupied molecular orbital (HOMO) energies, and the energy
gaps between the HOMO and the lowest unoccupied molecular
orbital (LUMO) for the different displaced dimer geometries with
FDE environment. An increase in the nuclear repulsion energy cor-
responds to a shorter intermolecular distance. Note that absolute
values are given only for the reference geometry R0 in this table,
while the values for the displaced geometries are given relative to
those of R0.

For the lowest vibrational mode at 35.05 cm−1, the vibra-
tional temperature is 50 K and can thus be considered thermally
active at room temperature. Its quantum mechanical amplitude
xquant is smaller than the thermal amplitude xtherm, so that the
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FIG. 8. Zoom onto selected vibration modes of a naphthalene dimer inside a “6-stack” fragment of crystalline naphthalene. The orange arrows indicate the normal mode at
43.46 cm−1 (left) and 197.75 cm−1 (right). Carbon atoms of the active dimer are shown in gray, hydrogen atoms in white, and the surrounding environment in light blue.

TABLE VII. Energies in eV for naphthalene dimer, 6 stack cf. Fig. 6, obtained at
the PBE0/def2-TZVP level. Displaced geometries are generated following different
normal modes, and the corresponding values are given relative to those of R0.

Modea Geometry Nuc. rep.b HOMOc Gapd

R0 1319.5 −6.264 5.083

35.05

R0 − xtherm
1 Q1 +35.4 +0.090 −0.083

R0 + xtherm
1 Q1 −35.0 −0.047 +0.058
Δe 70.4 0.137 0.141

R0 − xquant
1 Q1 +9.6 +0.019 −0.020

R0 + xquant
1 Q1 −9.5 −0.016 +0.017

Δe 19.1 0.035 0.037

43.46

R0 − xtherm
3 Q3 +7.4 −0.020 −0.058

R0 + xtherm
3 Q3 −13.1 +0.017 −0.084
Δe 20.5 0.037 0.026

R0 − xquant
3 Q3 +3.0 −0.006 +0.017

R0 + xquant
3 Q3 −3.6 +0.006 −0.026

Δe 6.6 0.012 0.043

197.75

R0 − xtherm
7 Q7 −0.6 −0.015 −0.031

R0 + xtherm
7 Q7 −0.6 −0.015 −0.031
Δe 0.0 0.000 0.000

R0 − xquant
7 Q7 −0.3 −0.007 −0.015

R0 + xquant
7 Q7 −0.3 −0.007 −0.015

Δe 0.0 0.000 0.000

aVibrational frequencies in cm−1 .
bNuclear repulsion energy of the dimer without (w/o) environment, in Hartree.
cEnergy of the highest occupied molecular orbital.
dGap of HOMO and lowest unoccupied molecular orbital (LUMO).
eAbsolute splitting of the respective electronic property around R0 .

resulting change in the frontier orbitals is also less pronounced,
yielding a splitting of only 0.035 eV compared to the thermic
splitting of 0.137 eV. The mode at 43.46 cm−1 exhibits analogous
qualitative behavior. However, the corresponding thermal splitting
of the HOMO energy is less pronounced and amounts to only
0.037 eV. Displacements along the mode at 197.75 cm−1 in both
positive and negative directions do not induce a splitting of the
HOMO energies around the equilibrium geometry R0 but rather
lead to an overall constant shift. A similar behavior is found for the
HOMO–LUMO gap, independent of whether thermal or quantum
mechanical amplitudes are applied.

TABLE VIII. Selected modes of the naphthalene dimer, as embedded in the crystal
environment.

Mode Intensitya Tb αHOMO
c xtherm xquant

35.05 0.00 50 −5.8 ⋅ 10−4 3.525 1.022
43.46 0.00 62 −2.9 ⋅ 10−4 3.114 1.005
197.75 1.95 284 +4.2 ⋅ 10−7 0.750 0.516
aIR intensity in km/mol.
bVibrational temperature in K.
ccf. Eq. (50).

The directional derivatives α, cf. Eq. (50), are given in
Table VIII, providing a first measure of the effect of vibrations
on the thermal disorder. To obtain those, the orbital gradient of
the HOMO59 is multiplied by the respective dimensionless normal-
ized normal mode Qm. The table reveals that the lowest vibrational
mode exhibits the largest thermal and overall amplitude, and it also
shows a significant change in the HOMO energy, cf. Table VII.
This low-frequency mode is sometimes denoted “killer mode,” as
it induces large thermal fluctuations of the electronic coupling and
thus dominates the dynamic disorder.6 Interestingly, the mode at
43.46 cm−1 exhibits only slightly smaller values of both αHOMO and
xtherm compared to the mode at 35.05 cm−1, while giving rise to a
HOMO energy splitting that is smaller by approximately one order
of magnitude.

To summarize, the new approach was used exemplarily to
investigate the effect of local geometrical distortions upon orbitals,
both localized on a target subsystems, achieved by the FDE
approach. This approach, combining local orbitals and local vibra-
tions, shows that, among the modes analyzed, the lowest vibration
exhibits the largest modulation of the electronic properties under
thermal displacement. Such a study is not straightforwardly possible
with supermolecular methods.

V. CONCLUSIONS
In this work, we have reported the derivation of analyti-

cal nuclear second derivatives in the FDEu scheme for electronic
ground states in the HF and DFT frameworks.

Exchange integrals and their derivatives are calculated using
the COSX approximation. Different methods for the evaluation of
second derivative exchange contributions to the Hessian were imple-
mented and investigated. Only two methods, denoted A and C in the
present work, produce accurate results compared with a reference
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calculation, where method A employs the exact second derivative of
the seminumerical exchange energy, including grid weight deriva-
tives and grid Pulay terms. Method C uses an approximation for the
exact expression in method A in combination with a dedicated grid.
This approximation requires finer integration grids with increased
radial grid sizes, particularly for heavier elements, in order to yield
quantitatively reliable force constants. Nonetheless, the approxima-
tion still reduces computational cost, especially when the fine grid
is applied only to the terms under consideration, in comparison
with method A. Future benchmarks comparing the efficiency of
the approximation in method C with an exact treatment of second
derivative exchange contributions are desirable.

Our implementation of the FDEu Hessian was used for a vari-
ety of different systems, which contain weakly and strongly coupled
subsystems to show the limitations of the applied approach. As
expected, the FDEu Hessian provides a reliable description of most
vibrational frequencies for systems with only weak geometric cou-
pling between different subsystems. However, certain environment-
induced vibrational shifts are not fully captured by this approach,
suggesting that the neglect of the density response of the environ-
ment can lead to noticeable errors for some specific vibrations.
While most of the vibrations are quantitatively captured in systems
containing hydrogen bonds in between different subsystems, pro-
nounced errors occur for certain vibrations, typically the symmetric
stretching vibration of the hydrogen donor. Such strong interac-
tions should be explicitly accounted for in the FDEu approach by
incorporating the relevant environment molecules into the active
region.

Furthermore, we calculated the vibrational frequencies of a
naphthalene dimer embedded in a cutout of the crystalline structure
of naphthalene, containing 792 atoms. While such a dimer is not sta-
ble in vacuum without further constraints, the FDEu approach offers
a suitable way to investigate local properties of dimers in molecular
crystal environments. It also provides direct access to the vibrational
frequencies of the subsystem of interest, enabling a conceptual-based
localized interpretation of its (decoupled) modes. The new approach
was applied to exemplarily investigate the influence of local vibra-
tions on subsystem frontier orbitals and shall be used in future work
to investigate charge-transport properties.

SUPPLEMENTARY MATERIAL

The supplementary material is provided in a separate file, con-
taining details on the test set, integration grids, and vibrational
frequencies of the calculations performed in Sec. IV.
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APPENDIX: DETAILS OF INTEGRAL EVALUATION
1. Coulomb density fitting DF-J

Starting from the two-electron integrals,

(μν∣P) =∬ drdr′
ϕμ(r)ϕν(r) ϕP(r′)

∣r − r′∣ , (A1)

(Q∣P) =∬ drdr′
ϕQ(r)ϕP(r′)
∣r − r′∣ , (A2)

and using the effective contraction,

γP =∑
μν

Dμν(μν∣P), (A3)

ΓQ =∑
P
(Q∣P)−1γP, (A4)

the second derivative of the DF-J energy without orbital rotation
contributions is given as

E(χ)(ξ)DF−J =
1
2∑μν

∑
κλ

Dμν(μν∣κλ)(χ)(ξ)DF Dκλ, (A5)

= 1
2∑PQ

[γP(P∣Q)−1γQ]
(χ)(ξ)

, (A6)

= 1
2∑PQ

[2[γP](ξ)(P∣Q)−1γQ −∑
RS

γP(P∣R)−1

× [(R∣S)](ξ)(S∣Q)−1γQ]
(χ)

, (A7)

where

1
2∑PQ

[2[γP](ξ)(P∣Q)−1γQ]
(χ)

=∑
P
[γP](ξ)(χ)ΓP +∑

PQ
[γP](ξ)(P∣Q)−1[γQ](χ)

−∑
PQ
∑
RS
[γP](ξ)(P∣R)−1[(R∣S)](χ)ΓS (A8)

and
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1
2∑PQ

[−∑
RS

γP(P∣R)−1[(R∣S)](ξ)(S∣Q)−1γQ]
(χ)

= −∑
PQR
[γP](χ)(P∣Q)−1[(Q∣R)](ξ)ΓR

− 1
2∑PQ

ΓP[(P∣Q)](χ)(ξ)ΓQ

+ ∑
PQRS

ΓP[(P∣Q)](χ)(Q∣R)−1[(R∣S)](ξ)ΓS. (A9)

Here, we have used upper indices in parentheses for all terms
to stress that no orbital coefficients need to be differentiated for
these contributions. The full derivative contains orbital rotation
contributions, which are contained in other terms in Eq. (20).

2. Range separation
In case of range separation, the exchange energy is computed

from a screened Coulomb potential, and the integrals in Eq. (29)
then become69

Ers−K, sem = −
1
4

cx∑
μνκλ

DμνDκλ(μκ∣s∣νλ)sem, (A10)

where the two-electron integral is approximated as follows:

(μκ∣s∣νλ)sem =∑
g
wg ϕμg ϕκg(ν∣s∣λ)g , (A11)

with the range-separated one-electron integral,

(ν∣s∣λ)g = ∫ dr ϕν(r)
α + β erf(η ∣r − rg ∣)

∣r − rg ∣
ϕλ(r), (A12)

where α, β, and η are parameters that are defined in combination
with the chosen functional.
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B. Zerulla, F. Furche, C. Hättig, M. Sierka, D. P. Tew, and F. Weigend, J. Chem.
Theory Comput. 19, 6859 (2023).
59J. Weissert, A. C. Ellinger, and S. Höfener, J. Phys. Chem. A 129, 7715–7728
(2025).
60F. Weigend and R. Ahlrichs, Phys. Chem. Chem. Phys. 7, 3297 (2005).
61J. M. L. Martin, C. W. Bauschlicher, and A. Ricca, Comput. Phys. Commun.
133, 189 (2001).
62A. D. Becke, J. Chem. Phys. 98, 5648 (1993).

63C. Lee, W. Yang, and R. G. Parr, Phys. Rev. B 37, 785 (1988).
64P. J. Stephens, F. J. Devlin, C. F. Chabalowski, and M. J. Frisch, J. Phys. Chem.
98, 11623 (1994).
65T. Yanai, D. P. Tew, and N. C. Handy, Chem. Phys. Lett. 393, 51–57
(2004).
66D. Rappoport and F. Furche, J. Chem. Phys. 133, 134105 (2010).
67F. P. A. Fabbiani, D. R. Allan, S. Parsons, and C. R. Pulham, Acta Crystallogr.,
Sect. B: Struct. Sci. 62, 826–842 (2006).
68J. P. Perdew, M. Ernzerhof, and K. Burke, J. Chem. Phys. 105, 9982 (1996).
69M. T. Wachter-Lehn, K. Fink, and S. Höfener, J. Chem. Phys. 157, 134109
(2022).

J. Chem. Phys. 164, 074105 (2026); doi: 10.1063/5.0308919 164, 074105-15

© Author(s) 2026

 19 February 2026 08:41:25

https://pubs.aip.org/aip/jcp
https://doi.org/10.1021/acs.jctc.3c00347
https://doi.org/10.1021/acs.jctc.3c00347
https://doi.org/10.1021/acs.jpca.5c02433
https://doi.org/10.1039/b508541a
https://doi.org/10.1016/s0010-4655(00)00174-0
https://doi.org/10.1063/1.464913
https://doi.org/10.1103/physrevb.37.785
https://doi.org/10.1021/j100096a001
https://doi.org/10.1016/j.cplett.2004.06.011
https://doi.org/10.1063/1.3484283
https://doi.org/10.1107/s0108768106026814
https://doi.org/10.1107/s0108768106026814
https://doi.org/10.1063/1.472933
https://doi.org/10.1063/5.0102267

